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Abstract approved:

Two thermal convection problems of geophysical interest are

examined, theoretically. First, convectionin the earth's mantle is

treated on the basis of a one-dimensional 'strip model'. This model

results from further simplification of the well known 'Rayleigh model'.

For homogeneous, Newtonian fluids, the strip model yields results

similar to those obtained by the Rayleigh method.

The strip model is used to determine the critical Rayleigh

number for convection in an internally heated two-phase fluid. The

critical number depends on the parameters of the phase transition,

the physical properties of the fluid, and the depth of the fluid layer.

Depending on these factors, a univariant phase transformation may

either enhance or hinder convective instability. For the olivine-

spinel and spinel-oxides transitions in (MgFe)2SiO4 which are thought

to take place in the upper mantle, it is shown that the critical Rayleigh
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number is altered only slightly from the critical number for convection

in a fluid with one phase. This result holds both for convection in the

entire mantle or convection restricted to the upper mantle. Hence the

phase changes are of minor importance regarding the existence of

mantle convection in general.

A method for estimating the order of magnitude of the displace-

ment of the phase surface as a function of Rayleigh number is outlined

for a fluid with only one phase transition. The strip model is also

used to treat convection in non-Newtonian fluids obeying a power law

rheological equation. If the mantle is governed by a flow law of this

type, it appears that convection can take place. Lastly, the procedure

for applying the strip model to fluids with variable viscosity and

thermal conductivity is outlined.

The second convection problem concerns some aspects of con-

vection of fluids in thin vertical fractures in the crust. A steady

state model is developed to estimate the magnitude of the mass flow

as a function of fracture thickness. It is shown that fractures of the

order of a millimeter thick or greater can carry a measurable con-

vective flow. A time dependent model is used to estimate the rate of

decay of the mass flow with time. The results indicate that in frac-

tures of the order of a centimeter thick, a measurable decrease of

the mass flow takes place after a period of the order of a day. This

rapid decay rate suggests that the principal effect of sea water



convection in extensive fracture systems which are expected on mid-

ocean ridge crests is to cool a volume of crustal rock in the vicinity

of the fractures. Circulation of sea water in vertical fractures in the

upper crust may provide an explanation of 1) the relatively low con-

ductive heat flow measured at some locations on ocean ridge axes

and 2) the very 'noisy' data obtained in the axial zone.
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LIST OF SYMBOLS

All symbols are defined as they are introduced. Of necessity,

some symbols are used for more than one quantity. Below are the

most frequently used symbols. Numbers in parentheses refer to

equations where the symbol is defined.

a thermal diffusivity of rock

b a dimensionless velocity parameter in the strip model
(b uLla)

a dimensionless velocity parameter in two phase fluid
(b' ud1/a)

c specific heat of rock

d thickness of a vertical fracture

d1d2 location of phase boundaries

g acceleration of gravity

h thickness of the fluid layer, or height of vertical fracture

n the exponent in power law rheological equation

p the Laplace transform variable

q mass flow

q the initial mass flow in a fracture (8. 46)

s specific heat of water

t time

u average velocity (3. 2, 5. 14)

x,y,z cartesian coordinates



A heat production per unit mass and time

B proportionality constant in power law rheological equation

separation of phase levels (3. 44)

H total hydrostatic head (3. 3, 3. 30, 8. 6)

K thermal conductivity of rock

L conduction length of strip model (L = Zh)

fluid flow path length on strip model (3. 4)

M latent heat of phase transition (1.2)

P pressure

R a Rayleigh number (2. 24, 2. 25, 3.49)

R a critical Rayleigh number

RM dimensionless parameter associated with effect of latent
heat on critical Rayleigh number for two-phase fluid (4. 2)

R dimensionless parameter associated with effect of density
p difference on critical Rayleigh number for two-phase

fluid (4. 3)

T temperature

T*(P) transition temperature

T a constant temperature at base of convection cell or base of
fracture

Tr1, Tr2 functions associated with effect of horizontal heat transfer
on strip model (I. 17, I. 18)

a volumetric coefficient of thermal expansion

a conduction gradient

a physical constant (3. 50)



dTslope of Clapeyron curve, , (1. 1)

dimensionless strip width ( = T /h)

dynamic viscosity

0(p) the Laplace transform of a function

X wavelength of convection cell

dimensionless fluid flow parameter in vertical fracture,
=

v kinematic viscosity

p mass density of rock

Pf mass density of water

stress

T width of strip

(t) dimensionless fluid flow parameter in vertical fracture
(c 2K/sq)

dimensionless initial fluid flow parameter in vertical
fracture

heat transfer coefficient (8. 2, I. 2)



AN APPROACH TO THERMAL CONVECTION PROBLEMS IN
GEOPHYSICS WITH APPLICATION TO THE EARTH'S

MANTLE AND GROUND WATER SYSTEMS

I. CONVECTION IN THE MANTLE

Introduction

Solid-earth geophysics has undergone a revolutionary develop-

ment over the past decade. One of the major achievements has been

to synthesize observed data into a relatively unified model concerning

large scale motions of the lithosphere. In this model, termed plate

tectonics, it is maintained that the earth's main tectonic features are

explained by postulating the relative displacement of a few large,

rigid, aseismic plates. Earthquake epicenters delineate the bound-

aries of the plates; and the relative motion between adjacent blocks

may be deduced from focal mechanisms of earthquakes and marine

magnetic anomalies. The reader should refer to the papers of

Morgan (1968), LePichon (1968), Isacks, Oliver, and Sykes (1968)

and later authors for details concerning the theory and its historical

development.

One of the most prominent unsettled problems of the plate model

is that of a driving mechanism. The observed data provides only a

kinematic, empirical description of the surface motions. Thermal

convection in the mantle has often been postulated as the cause (Hess,



1962; Runcorn, 1962, 1969; McKenzie, 1968, 1969), and a substantial

amount of recent research has been devoted to the theory of convection.

The model of cellular convection in a homogeneous, incompressible

Newtonian fluid layer heated from below (Rayleigh, 1916) has frequently

been the basis for discussing mantle convection. Other models include

a) convection driven by horizontal temperature gradients (Allan,

Thompson and Weiss, 1967; Ichiye, 1971); b) convection of internally

heated fluids (Tozer, 1965, 1967); c) convection attributed to floating

heat sources (Howard, Malkus, and Whitehead, 1970; Knopoff, 1970)

and d) convection controlled by the sinking lithospheric slab

(Elsasser, 1969). Finite amplitude convection (Turcotte and Oxburgh,

1967, 1969; Rice, 1970, 1971) and deep mantle convection plumes

(Morgan, 1971a, 1971b) have also been discussed.

Despite the current interest in the theory of convection, few

firm conclusions have been reached regarding the dynamic state of the

mantle. Many results have indicated that convection may be a

plausible driving mechanism of the plate motions. There are many

difficulties which must be overcome before the mantle convection

problem can be completely solved, however.

Difficulties in Treating Mantle Convection

Many of the difficulties encountered in the study of mantle

convection have been reviewed at length by Knopoff (1964, 1967a,
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1967b, 1969a, 1969b). They are briefly outlined below. The primary

problems stem from:

1) lack of data on thermal properties particularly the radiative

transport contribution to the thermal conductivity

2) uncertainty in the rheological properties

3) the existence of chemical and/or phase change inhomo-

gene ities.

One of the main purposes of this thesis is to examine the effects of

phase transitions on mantle convection. The model which is devel-

oped for this study can be used to treat convection in Newtonian and

non-Newtonian fluids as well as fluids with non-uniform properties.

Uncertainty in Physical Properties

A principal difficulty arises from insufficient data on the

physical properties of rock forming minerals. Until recently

laboratory measurements could not be performed under mantle con-

ditions of temperature and pressure. As a result, experimental data

on thermal parameters such as expansivity, conductivity, diffusivity

and specific heat as functions of pressure, temperature and composi-

tion is lacking. The most uncertain of these is the radiative compo-

nent of the thermal conductivity. Consequently, the average total

thermal conductivity of the mantle is known only to within an order of

magnitude. Clark (1966) has compiled the existing data on properties
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of materials of geological and geophysical interest Simmons (1968)

reviews the state of the art concerning high pressure geophysics.

There is also uncertainty regarding the rheological properties

Of the mantle. With the exception of Orowan (1965), nearly all con-

vective models to date assume a Newtonian viscosity. Even if the

mantle can be approximated by a Newtonian fluid, the temperature and

pressure dependence of a Newtonian viscosity severely complicates

the theoretical treatment. Limited discussions of convection in a

fluid in which the viscosity varies over several orders of magnitude

have been given (Foster, 1969; Takeuchi and Sakata, 1970; Torrance

and Turcotte, 1971).

A non-Newtonian feature to be considered is the finite strength

of mantle rocks. It is usually assumed that on the large time scales

involved, rocks have zero strength, but this is not certain. Clearly,

the discussion of mantle convection is limited by these uncertainties.

Inhomogeneity in the Mantle

Birch (195Z) showed that the region of the mantle between about

400 and 800 km is inhomogeneous as a result of chemical and/or

phase changes. Anderson (1968) postulates an increase in the Fe/Mg

ratio in this region. Fujisawa (1968) and Ringwood and Major (1970)

believe that the inhomogeneity can be completely explained by poiy-

morphic phase transitions. If there is a chemical gradient,
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convection, being essentially a homogenizing process, must be absent

from this part of the mantle. This problem is still unsettled. The

lower mantle, however, is generally assumed homogeneous, though

this has not been determined conclusively (Anderson, 1967a;

Anderson and Jordan, 1970).

Recent studies of seismic P velocity as a function of depth

indicate the existence of two discontinuities in the upper mantle

(Niazi and Anderson, 1965; Johnson, 1967; Kanamori, 1967; Julian and

Anderson, 1968; Archambeau, Flinn and Lambert, 1969; Helrnberger

and Wiggins, 1971). The P velocity increases by approximately

10% across the two discontinuities located at about 400 and 650 km.

It is generally believed that (MgFe)2SiO4 is a major component

of the upper mantle. High pressure and temperature measurements

have established that the Mg2SiO4-Fe2SiO4 system undergoes a

transformation from olivine to spinel structure (Akimoto and

Fujisawa, 1966, 1968; Akimoto and Ida, 1966; Ringwood and Majors

1970). It is also expected that the spinel structure will collapse at

higher pressures to a phase composed of MgO, FeO, and Si02 with

a density increase of about 8% (Anderson, 1967b). Since these

transitions occur at approximately the pressure and temperatures

which are expected to prevail in the neighborhood of the seismic dis-

continuities, it is highly probable that the inhomogeneity is mainly due

to solid-solid phase transformations of the Mg2SiO4-Fe2SiO4 system



(Anderson, 1967b; Fujisawa1 1968; Ringwood and Major, 1970).

The influence of phase changes on mantle convection has been

discussed by several authors (Vening Meinesz, 1962; Knopoff, 1964;

Verhoogen, 1965; Gebrande, 1967; Schubert, Turcotte, and Oxburgh,

1970; Schubert and Turcotte, 1971; Busse and Schubert, 1971); but

their results differ. This arises in part from an incomplete analysis

of the physical effects of a phase transition on convection. A qualita-

tive examination of these effects is presented below.

For a phase transition of the first kind in a univariant system,

the slope of the Clapeyron curve is given by

Mp1p2
-1dTThp (1.1)

where P is the pressure, T the absolute temperature, M the

latent heat of the transition, and p p2 p1 the density change

associated with the transition. The subscripts 1 and 2 refer to

the lighter and denser phases respectively. M is defined by

M = Tts (1.2)

where s is the change of entropy of the transition. For most

materials the slope of the Clapeyron curve is positive implying that

heat is absorbed when the material transforms from phase 2 to phase

I and is released when the transition is in the opposite direction. It
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appears that the olivine-spinel transition is of this type (Anderson,

1967b; Ringwood and Major, 1970), but that the equilibrium curve for

the spinel-oxides transformation has a negative slope (Anderson,

1967b).

In either case, assuming thermodynamic equilibrium, the

location of the phase boundary is determined by the intersection of the

Clapeyron curve with the temperature vs. depth curve in the fluid.

Consider, for instance, a fluid in which thermal conduction is the only

mechanism of heat transport. If the fluid becomes convectively

unstable, the redistribution of the temperature field brings about a

perturbation of the phase boundary. Thus, for a transition with posi-

tive slope, the phase boundary is displaced upward in the region of the

cooler, descending fluid; whereas the boundary moves deeper in the

region of the warmer, upwelling fluid. The relative displacement of

the phase boundary adds an additional hydrostatic pressure head

which drives the flow. Figure 1 qualitatively depicts this situation.

The temperature T is plotted against the depth z (or pressure

P). Curve (a) denotes the steady state conduction curve; (b) and (c)

correspond to the steady state temperature distribution in the ascend-

ing and descending limbs of a convection cell, neglecting the effects

of the phase change. Temperature curves (d) and (e) include the effect

of the latent heat of the transition

is given by tD.

The separation of the phase level
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Figure 1. Qualitative temperature vs. depth curves depicting the
effects of a phase transition with a positive slope Clapeyron
curve.

Figure 1 indicates that the displacement of the phase surface is

modified by the latent heat of the transition. The rising fluid absorbs

heat at the boundary as it transforms from phase 2 to phase 1, causing

a decrease of the temperature. The latent heat thus tends to neutral-

ize the displacement of the phase surface. In the sinking fluid, heat

is evolved as the transition occurs, causing an increase in the tem-

perature. Again the latent heat tends to counteract the displacement



t,J

of the phase boundary. Furthermore, the latent heat acts as a heat

sink in the warmer, rising fluid and as a heat source in the cooler,

sinking fluid. Since the total buoyant force is proportional to the area

enclosed by the temperature curves (d) and (e), Figure 1 shows that

the latent heat causes a reduction in the total buoyant force. This is

indicated by the stippled regions in Figure 1.

A phase change, therefore, influences convection in two oppos-

ing ways. The density difference between the phases provides an

additional driving force; the latent heat of the phase change lessens

the total buoyant force. Both of these effects vanish for a transition

with no latent heat (corresponding to a vertical Clapeyron cuve in

Figure 1), and such a transition has no effect on convection. For a

transition with a negative slope, the two effects are reversed. The

latent heat would promote instability whereas the density difference

would tend to stabilize the fluid.

Knopoff (1964) and Verhoogen (1965) considered only the latent

heat effect. Knopoff concluded that a phase change inhibits convection.

Verhoogen expects mantle phase changes to slightly hinder convection.

Schubert and Turcotte (1971) consider both effects, concluding that the

olivine-spinel phase transition enhances instability. Busse and

Schubert (1971) indicate that, depending on the parameters, phase

changes may either promote or hinder convective instability. None of

the above authors have discussed transitions of the spinel-oxides type.
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Some difficulties of relatively minor importance also arise in

the discussion of mantle convection. These are the effects of corn-

pressibility, rotation, and sphericity. Jeffreys (1930) and Knopoff

(1964) have discussed the influence of compressibility. Chandrasekhar

(1961) treats the effects of rotation and sphericity. None of these

complications are critical regarding the existence of mantle convec-

tion.
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II. THEORY OF CONVECTION IN NEWTONIAN FLUIDS

In order for a fluid in a gravitational field to be in mechanical

equilibrium, the temperature can depend only on the vertical coordi-

nate z. Furthermore, if the vertical temperature gradient is

directed downwards and exceeds the adiabatic gradient, the equilib-

rium may be unstable. In this case, fluid motions occur which tend

to equalize the temperature. This process is termed free convection.

The Fundamental Equations

The state of a chemically homogeneous convecting fluid is

completely determined if the velocity u, and any two thermody-

namic parameters, for instance the temperature T and the density

p are known; along with the equation of state. In general these

quantities are functions of the coordinates x, y, z, and time t.

The equations which govern these quantities embody the physical laws

of conservation of mass, momentum, and energy. As a general

reference for the derivation of these equations, the reader should

refer to Landau and Lifshitz (1959) or Chandrasekhar (1961).

The notation used below is that of cartesian tensors with the

standard summation convention. That is, the position coordinates

are x. (i = 1,2,3) and the velocity components are u. (i = l 2,3).

The convention is that if in some expression a certain index appears
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twice, that expression is to be summed with respect to that index over

all its allowed values.

Conservation of mass is expressed by the continuity equation.

Opu.10
Ot Ox.

1

(2. 1)

For a Newtonian fluid with viscosity coefficients ii and ,

conservation of momentum is expressed by the Navier-Stokes equa-

tion:

Ou.
1

r Ou. Ou01 1 k 2

kL k i1

+ + pxi
Ox. x

1

(2. 2)

where X. is the ith component of the external forces and P is

the pressure. This equation will also be referred to as the equation

of motion. It may also be written as

Ou. Ou. Ocr

+pX (2.3)

where is the stress tensor given by

°ik ik
+ °ik (2.4)
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The term Ok is called the viscosity stress tensor. For an incom-

pressible fluid with constant viscosity, the continuity and momentum

equations reduce to
au.10
ax.

1

(2. 5)

au. au.
1 2

p( + uk ) = + nv u. + pX. (2.6)

respectively.

Let the total energy of a unit volume of fluid be written

Epu2+pE (2.7)

where is the internal energy per unit mass. For a fixed volume

of fluid, V, the rate of change of total energy is given by

+
SEu dS Su.cr. dS + pu.X.dV
s

k k shhl( k v11

+ SpAdV+SK-'dSk

The terms on the right hand side of (2. 8) represent the rate at which

work is done by the stresses ik' the rate at which work is done by

the external forces; the rate at which energy is produced by internal

heat sources A; the rate at which heat is conducted across the

boundary S of the volume. In (2.8) K is the thermal conductivity.
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Following Chandrasekhar (1961), we may determine the rate of

change of kinetic energy in the volume V. Multiplying (2. 3) by u.

and integrating over V we obtain

au 8o-.

p--dV+j'pu --dV$PXudV+$u ikdV
V kaxk v v'k

(2. 9)

This may be transformed to

pudV $ pu.X.dV + $ujr. dS ! SPU.UkdSk
v' v silk k 2

(2. 10)

ikxk

which expresses the rate of change of kinetic energy. Substituting

(2. 10) into (2. 8) and transforming the last term on each side of (2.8) by

Gauss's theorem we obtain:

$PEdVC
a 5'cr --dV+5'pAdV+

J (pEuk)dV ik axk V

+5'
----(K--'-)dV

V 3Xk aXk

Inserting (2.4) into (2. 11) yields

(2. 11)
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au

S pEdV+5 ----(pEu )dV+5PdVvk k v 8Xk

(2. 12)

- 5 (K)dV+5pAdV+5
au.

vk axk ikax

Since (2. 12) must hold for every volume, V, we have

au.
d E p-- (K L) +0 +pA (2.13)
dt p dt axk axk ik

But combining the first and second laws of thermodynamics

pTds dE - dp
2

p

(2. 14)

In a moving fluid these differentials must be interpreted as substantial

derivatives. Multiplying (2. 14) by p we write

dspT dt = dt p dt
(2. 15)

Equation (2. 15) is then combined with (2, 13), yielding

Du.
- (K + °ik + pA (2. 16)pT dt OXk aXk Xk

By considering s = s(P, T) and calculating ds /dt, the heat

transfer equation may be expressed in a more convenient form.



ds as dT 85) dP
dt dt (p

T
dt

-
[

T dPi
aT dt +

8s dtj()
But from Morse (1964),

Thus

16

(2. 17)

-() (2. 18)

()

ds 8s 1dT 8T dPi
= (i)[- () -j (2.19)

The potential temperature e may be defined as the temperature of

a fluid element reduced isentropically from its ambient pressure to a

reference pressure P. That is,

then

P
0 = T (1r) dP' (2.20)

P
0

__I 8T dP
dt dt

(2.21)

5
cP

Since (}) = one obtains
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(2. 22)dtT dt

The heat transfer equation then becomes

a11.

cr' + div(K grad T) + pA (2. 23)
dt ik aXk

This equation shows that the conductive flow depends on the absolute

temperature T whereas the time rate of change of heat depends on

the potential temperature. Equations (2. 1), (2. 2), and (2. 23), along

with an equation of state, initial, and boundary conditions completely

describes the state of a homogeneous convecting fluid.

The Rayleigh Method

A problem of particular importance is that of determining the

condition for the onset of convection Consider an incompressible,

homogeneous, Newtonian fluid layer of thickness h and infinite

horizontal extent. The upper surface is held at a constant tempera-

ture and the fluid is heated slowly from below so that a uniform tern-

perature gradient is maintained throughout the layer. When a certain

finite value of the temperature gradient is attained, we expect further

heating to cause the fluid to become unstable; that is, at some critical

value of the temperature gradient, convection will occur.

Lord Rayleigh (1916) first deduced the condition for the onset of



convection in the above situation. He showed that a dimensionless

parameter

4
R

ga3h

18

(2. 24)

must exceed a certain value (Rc 1O) for convection to occur. In

this expression, h is the depth of the fluid layer, P is the con-

stant downward temperature gradient which is maintained, g is the

acceleration of gravity and a, a, v are the coefficients of thermal

expansion, thermal diffusivity, and kinematic viscosity respectively.

R is called the Rayleigh number. Rayleigh's work has been expanded

by Jeffreys (1926, 1928), Low (1929), Pellew and Southwell (1940) and

others to include various boundary conditions.

Application to an Internally Heated Fluid

Recently, convection in internally heated fluids has been treated

along similar lines (Sparrow, Goldstein, and Jonsson, 1964; Debler,

1965; Roberts, 1967). For this case the Rayleigh number is given by

R
gapAh5
vKa

(2. 25)

As an example of the 'Rayleigh' treatment of the convection

problem, we shall outline the model of Roberts (1967), since this

model forms the basis of later discussion of the effects of phase
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changes on convection in the mantle.

Consider an incompressible fluid bounded by two infinite hori-

zontal planes separated by a distance h. The upper surface is in

contact with a rigid conducting plane which is held at temperature

T 0. The lower surface is in contact with a rigid, thermally insu-

lating slab. The physical properties of the fluid are constant, and the

heat source distribution is uniform.

Initially, the fluid is in a steady state and at rest. The equations

for the unperturbed state are then

with

and

LI (2.26)
2 Kdz

T(0)0; =0
dz

z =h

= gp (2.27)

The steady state temperature distribution is

T
pAz (Zh-z) (2.28)
2K

This system is then slightly perturbed. We wish to find the condition

for which this perturbation results in the occurrence of steady state

convective flow. The new set of variables is then given by



TtT+T' Pt=P+PI

where the primed quantities are considered small compared to the

initial state values. The velocity u which appears, due to the

perturbation, is assumed to be small. The governing equations are

then written:

du 2 A

Pt
= -grad(P+P') + VpV u + (p+p')gz (2. 29)

8u. 8u
i k2pc f(T+T') = Kv2(T+T') + pA + (j-+ -) (2. 30)

div u = 0 (2.31)

The equation of state becomes:

p (1-aT) - paT' = p + p' (2. 32)

Thus p' is identified with -paT'. The initial state temperature

and pressure distributions allow some simplification of the above

expressions. The equations are simplified further by employing the

Boussinesq approximation and by neglecting all second order terms.

The Boussinesq approximation is that the thermal expansion is

neglected in all terms except the body force term. With these approxi-

mations, the perturbation equations become:

p = -grad P' + vp V u ap T'g' (2. 33)
0 0
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2 (2.34)+u KVT
zaz

div u 0 (2.35)

The above equations may be transformed to

d2 2 -k2]W = agk20 (2.36)[pv( k
dz dz

d2[p-a( -k2)]e = --W (2.37)
dz

dz

where solutions of the form

W(z) exP[i(kxx+1cyY)lPt] (2. 38)

T' = e(z) exp[i(kx+kyH-pt] (2.39)

has been assumed, and k2 = k2 + k2 . Since we seek the condition
x y

for which the flow is steady, we set p 0. Introducing dimensionless

variables W', 0', z', k' defined by

WW'; 0h0L zhz'; k2
K h2

we obtain
2

d
2

- k'2)e' = (l-z')W' (2.40)
dz'

d2 22 2

2
-k' )W' -Rk' 0' (2.41)

dz'
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where R is the Rayleigh number defined by (2. 25). For the model

described above the required boundary conditions are

W' = 0 at z' = 1
dz dz'

(2.42)

w' = = = 0 at z' = 0
dz'

For a given parameter, k', Equations (2. 40), (2. 41) and (2. 42)

pose an eigenvalue problem for R. The minimum of R with

respect to any k' determines the critical Rayleigh number Rc and

the wave number at which convection first occurs. Roberts (1967)

obtains R = 2772.28 and k' = 2. 629. This wave number corres-
c c

ponds to a two-dimensional disturbance with a semi-wavelength of

1. 195h. The corresponding result for rigid-rigid boundaries for a

fluid heated from below is Rc = 1707.8 with a semi-wavelength of

1.008h (Chandrasekhar, 1961).

Discussion of Approximations in the Rayleigh Method

Tritton and Zarraga (1967) have performed qualitative experi-

ments on internally heated fluids. They did not attempt to experi-

mentally determine the critical number. For fluids heated from

below, Chandrasekhar (1961) has noted that experimental determina-

tions of the critical Rayleigh number agree well with the theoretical

calculation. Therefore the approximations in the Rayleigh method are
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valid. It should be realized, though, that the mathematical approxi-

mations are actually physical simplifications of the model. These

implications are mentioned here primarily to relate the Rayleigh

model to one which will be developed in the next chapter..

For reference, the perturbation equations are rewritten assum-

ing the convection is marginally stable. Equations (2. 33), (2. 34),

and (2. 35) then become,

A
o = -grad P' + Vp V u - ap gT'z (2.43)

0 0

dT 2
U aV T' (2.44)z dz

divu = 0 (2.45)

and the non-linear terms which have been dropped are

pugradu (2.46)

ugradT' (2.47)

au. 3u
r 1 k2

+ g-) (2. 48)
k i

Omitting (2. 46) means that the flow is assumed to be laminar;

ignoring (2. 48) implies that viscous dissipation of heat is neglected.

The heat transport equation (2. 44) contains only the u component

of velocity. This velocity term represents the vertical component of

convective heat transport. All of the horizontal heat transport terms,
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aT'u -, u are neglected. A contribution to the vertical heatx8x yDy
8T'transport, u -b--- is also omitted on the Rayleigh model.

The resulting Rayleigh model, then, is physically quite simple.

Laminar, viscous fluid circulation is driven by pressure gradients

resulting from the thermal expansion of the fluid. Heat is transported

vertically by conduction and convection; but thermal conduction is the

only mode of horizontal heat transfer.
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III. THE STRIP MODEL

In this chapter we take a somewhat different approach to the

convective instability problem. We construct a one-dimensional

'strip model'; and as a result of the mathematical simplifications

which occur, this model can be used to study convection in complex

geophysical systems. In particular, this model will be used to deter-

mine the critical Rayleigh number for convection in an internallyheated,

two-phase fluid. This has not been done previously. The procedure

for applying the strip model to fluids with variable thermal and

rheological properties will also be discussed.

Description of the Model

Consider the model of a two-dimensional convection cell of

wavelength X, depicted in Figure 2. An incompressible, homogene-

ous fluid is confined between rigid horizontal planes separated by a

distance h. The walls of the cell are assumed rigid and thermally

insulated. It is further assumed that the flow takes place around

rigid, thermally insulating cores. This assumption simplifies the

calculations considerably; but it is not expected that the flow and heat

transfer in the cores seriously alter the convection process. This

matter is examined in the Appendix. Two different conditions will be

used at the lower boundary of the cell. If the fluid is heated from



below, the condition at the lower surface is T T . If the fluid is
0

internally heated, the condition of zero heat flux, dT/dz 0, is

employed.

T=0

/ I

I

I

I

I
I

I

N

N

T=T ; or dTIdzO
0

Figure 2. Two-dimensional convection cell model.
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An equivalent of the model in Figure 2 is shown in Figure 3.

Instead of dividing the flow at the upper boundary, the flow is assumed

to proceed in only one direction. The width of the flow channel is

labeled T. Clearly, the stability problem presented here is of the

same nature as the Rayleigh problem. Convection will not occur until

the heat supply exceeds a certain critical value. At that point, the

fluid will circulate about the central core; and new temperature con-

ditions will be induced. The critical condition for the onset of steady

convection is to be determined. The essential difference between a
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two-dimensional Rayleigh model of fixed wavelength and the present

model lies in the assumption of an insulating core. Physically this

assumption corresponds to neglecting horizontal heat conduction.
2 2Mathematically, the term d T'/dx has been dropped from the

perturbation equation (2. 44).

T=O

II

IIII

0
/

I

I

II

T=T ; or dT/dzO
0

Figure 3. Equivalent convection model.

h

To arrive at the strip model we now make the further simplifi-

cation that convection takes place and that there is uniform flow about

the core. The working model for calculating the temperature then



becomes that shown in Figure 4. The cell has been cut along the

dotted line (Figure 3), and the flow channel has been stretched out as

a strip. The bottom of the channel has been folded into the plane

x = LIZ. Heat losses through the upper surface of the cell now take

place through the ends of the strip. The problem then reduces to that

of determining the temperature distribution in a strip of length L

and width T. The ends of the strip are held at T = 0; there are no

heat losses through the rigid, horizontal surfaces. For a fluid heated

from below, the condition T = T exists at the plane x = L/2; for

an internally heated fluid, there is no condition at the median plane.

There is uniform flow in the x direction. There is negative

buoyancy in the region 0 < x < LIZ; and positive buoyancy in the

region L12<x<L.

T=0

x0 xLIZ x=L

Figure 4. The strip model of a convection cell.

T
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The Basic Equations for the Strip Model

Due to the insulation of the walls, we make the simplification

of assuming the temperature to be independent of the transverse

coordinate. Then, we need only solve a one-dimensional heat trans-

port equation,

d dT dT- pcu = -pA (3.1)

to determine the temperature T(x).

The velocity, u, is assumed to be the average velocity for

steady, laminar flow between rigid, parallel planes in the presence of a

horizontal pressure gradient. For a Newtonian fluid, this is given

by (Landau and Lifschitz, 1959, p. 56)

u = 1211 dx (3. 2)

where dP/dx is the pressure gradient. We may replace (-dP/dx)

by H/L' where H is the total head driving the flow, and L' is

the fluid flowpath length. This head results from the thermal expan-

sion of the fluid and is given by

rL L/2
H pag T(x)dx -j T(x)dx (3.3)

LL/Z 0



where T(x) is the temperature in the fluid. The length L in

(3. 3) must be identified with the length scale for heat conduction.

Hence L Zh. The fluid flow length must be determined from Fig-

ure 3. It is found that

30

L'X+Zh-3-r (3.4)

The general method of solution with the strip model is to first

find the temperature T(x). This temperature distribution is then

integrated over the length of the strip according to (3. 3) in order to

find the total buoyant force. Equation (3.3) combined with the flow

equation (3. 2) yields an equation for the velocity u. We will find

that this equation has only the solution u = 0, unless the Rayleigh

number exceeds a certain value. Thus the condition for the onset of

thermal instability can be obtained on the basis of this relatively

simple model.

Despite the difference in approach, the similarities between the

strip model and the Rayleigh model should be emphasized. Both

models assume laminar flow and neglect viscous dissipation and

horizontal convection of heat. The strip model contains the additional

simplifications of 1) neglecting horizontal heat conduction, 2) using

an average flow velocity, 3) assuming the cell size on physical

grounds. The essence of the two models is the same in that the flow

is driven by buoyant forces arising from the non-uniform density
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distribution and that convection occurs only if the heat supply exceeds

a certain critical value. Before discussing the problem of convection

in inhomogeneous fluids, the strip model will be used to treat the

stability problems of Rayleigh-Jeffreys, and Roberts.

Application to a Fluid Heated from Below

For constant thermal conductivity and in the absence of heat

sources, Equation (3. 1) reduces to

d2T dT- pcu 0 (3.5)
dx

dx

The boundary conditions are

T(0) T(L) 0; T(L/2) = T (3. 6)
0

Due to the discontinuity of the heat flow at x LIZ, Equation (3.5)

must be solved separately in the regions 0 < x < LIZ and

L12 <x <L. We obtain

T [exp()-l]
0 <x <L/Z T1

° (3.7a)
exp( )-1

T [exp((x-L)-l)J
LIZ <x <L T11 0

auL (3.7b)
exp(- )-1
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Substituting (3. 7a) and (3. 7b) into (3. 3), the total head, H, is

found to be

pctgT L b
pagT L

H { ---+ coth}= °
f(b) (3.8)

where b = uL/a and f(b) is the function in the bracket. Inserting

(3.8) into the flow equation (3.2) and multiplying both sides by L/a

yields a transcendental equation

where

b = ()f(b) (3. 9)

2 gTL2T pa
0N= (3.10)paL'

The question arises as to whether (3.9) has a solution for all

values of N. Expanding f(b) for small values of b yields

f(b)

Equation (3. 11) in conjunction with Figure 5 then implies that

N > 288

is required to have a solution other than u = 0.

(3. 11)

(3. 12)

Recalling that L Zh, and by writing T/h = f3, the con-

duction gradient, the critical condition for convection becomes
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R>7ZL (3.13)
T

where R is the Rayleigh number given by (2. 24). The ratio

hL'/T2 is simply a numerical factor, hence (3. 13) is of the same

form as the results obtained on the Rayleigh model.

0.8

07

0.6

0.5
y

0.4

0.3

0. 2

0. 1

0

/

0
r\J //

I,

I I I

2 4 6 8 10 12 14 16 18 20 22 24

b

Figure 5. Determination of the critical Rayleigh number on the strip
model, for a fluid heated from below.

Since the parameters and are indeterminant on the

strip model, we shall take advantage of the Rayleigh method results to

determine them. First, though, the effect of horizontal heat transfer

will be considered. It can be shown that another factor is to be

inserted into the right hand side of (3. 13). This calculation is
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performed in the Appendix.

Employing the result of the Rayleigh model that X Zh and

the results of the Appendix, (3. 13) can be written

R
7Z(4-3) (3. 14)
2Tr1R)

where = T/h and Tr1(ç,) is Equation (I. 17). We then use the

result that Rc 1707.8 to determine the parameter . It is

found that

= 0. 43

gives nearly the correct result. With = 0.43, (3. 14) becomes

4
R

gah > 1676

This value of the parameter will be used in the discussion of

more complicated convection problems.

Application to an Internally Heated Fluid

(3 15)

In the strip model treatment, we consider only the heat sources

located in the ascending and descending limbs of the cell in deter-

mining the temperature distribution. Since the core is small, this

approximation should not result in serious error. The lower boundary

of the cell is in contact with a thermally insulating slab, hence the
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temperature gradient is continuous at all points in the strip. Assum-

ing constant conductivity, we must solve

d2T dTK -i pcu = -pA (3. 16)
dxdx

with the boundary conditions

T(0) = T(L) = 0 (3. 17)

For A constant, the temperature T(x) is

UX -i

A
L[exp()-1J1

T(x) - (3.18)a
KUL uLexp()-1

a

Inserting (3. 18) into (3. 3) we obtain

H
p2agAL3 1 h)} p2agAL3

4K
{(1-tan 4K g(b) (3.19)

for the total head, where g(b) is the function in brackets. Substi-

tuting (3. 19) into (3.2) and multiplying by L/a yields

where now

b ()g(b) (3.20)

N' p2AagL4T2 (3. 21)KTaL'

The condition for which (3. 20) has a solution other than u = 0 is
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g(b) (3.22)

From Figure 6, then, it is seen that the condition for convection is

that

N'>2304 (3.23)

Setting L Zh, the critical condition then becomes

R>'4?' (3.24)
T

where R is the Rayleigh number given by (2. 25). This is of the

same form as Roberts' (1967) result. To determine the numerical

value of the critical condition, we use Roberts' result that X 2. 4h.

Considering the effect of horizontal heat transfer, (3. 24) becomes

(4. 4-3)
R

2T(c)
(3. 25)

where Tr2(T,) is given by (I. H) and = T/h. Utilizing the previous

result that

gives

r = f)43

R
pagAh5 >3560 (3.26)
Kva
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This number is about 30% greater than the number 2772 obtained by

Roberts. Some of the mantle parameters are known only to an order

of magnitude, however. Therefore, the error introduced by the strip

model calculation is much less than the uncertainty in the mantle

parameters.

0.06 I- oI o/
I oI 0/
I \OII c

0.05k// j1'7

III/i
0.04

y

0.03

0.02

0.01

-fl
1 2 3 4 5

b

y= g

6 7 8 9 10

Figure 6. Determination of the critical Rayleigh number on the strip
model, for an internally heated fluid.
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Application to an Internally Heated Fluid with Two Phases

The strip model for a two-phase fluid is shown in Figure 7. Let

p1 and p2 denote the densities of the two phases with p2 > p1.

The phase boundaries are located at d1 and d2 in the sinking and

rising branches of the cell respectively. The strip is then divided

into three regions. Phase 1 exists in the section 0 <x <d1 and

<x< L; whereas phase 2 exists in the section d1 <x <d2.

T=0

x0 xzd1 xL/2 xd2 x=L

T=0

Figure 7. Strip model for an internally heated two-phase fluid.

For simplification, it is assumed that there is uniform mass

flow down the strip such that p1u1 = p2u2 = q, and that the heat

sources vary such that p1A1 = p2A2 = pA. Lastly, the thermal con-

ductivity, specific heat, thermal expansivity, and kinematic viscosity

of the two phases are assumed equal. Thus,
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K1K2K; c1c2c; a1za2a; vvv

The heat transport equation (3. 16) must be solved separately in

each section of the strip. In addition to the boundary conditions at the

ends of the strip, given by (3. 17), joining conditions are required at

the phase boundaries. They are:

T1 = T11 = T*(P)

at xd1 (3.27)

at xd2

dT dT
_L _
dx dx K

T11 = T111 = T*(P)

dT11 dT111 -qM
dx dx K

(3. 28)

where T*(P) is the transition temperature. The latent heat M is

assumed to be constant and is defined so that in (3. 28) and (3. 27)

M > 0.

The equation of state is modified slightly because of the phase

transition. We have

p = p1(1-aT); T <T*(P)
(3. 29)

p = (p1+zp)(1-aT); T >T*(P)
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This modification is reflected in the equation for the total head. In

the present case, the driving head is given by

d d
2 1 LIZ

H = T11(x)dx + T111(x)dx -$ T1(x)dx
-s

T11(x)dx
d2 d1

(3. 30)
dLIZ 2

+ T11(x)dx
-5

T (x)dx
LIZ

where L - d2 d1 = tD is the difference in the depths at which the

phase change occurs in the rising and descending limbs of the convec-

tion cell. Equation (3. 30) thus contains the additional pressure head

term arising from the density difference between the phases, as dis-

cussed in Chapter I.

The temperature distribution which satisfies (3. 16), (3. 17),

(3.27) and (3.28) is

region I, 0 <x <d1

c L -cqd1 -cqd2

T1(x) = T°(x)
Mexp(- )[exp( K

)-exp(
K )1) cgx][exP( Kexp(

K

(3. 31)
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region II, d <x <d2

M
çexp(

T (x)T°(x)+
II C

-cqd
1

K
)-exp(

K exp(
KcqLexp(

K
(3. 32)

cgL
MeXp( K +exP(?(L-d2))-exP(?(L-di))-1j
c caexp(

K
)-1

region III, d2 < x < L

-cqd1 -cqd2

M
exp(C )[exp(

K
-exp(

K
x- L)) -1]T111(x) T°(x) +

f exp()-1
K (3.33)

where T°(x) is given by (3. 18), the temperature in a fluid without a

phase transition.

By substituting (3. 31), (3. 32), (3. 33) into (3. 30), the driving

head may be determined. The relative displacement of the phase

boundaries is expected to be small. Therefore the temperature and

density effects are treated independently; the phase levels are

assumed equal in computing H due to the temperature differences

in the fluid, and thermal expansion is assumed zero in computing the

head due to the difference in the density of the two phases. The total

head is then found to be

=
pAL3 [! ± ZML '{tanh-tanh+ pgDH p1ag (1 tanh ) - sinhb
4K b b 4 cb

(3. 34)
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where now b = cqL/K and b' cqd1/K.

Inserting (3. 34) into the flow equation (3. 2) and multiplying

both sides by cL/K yields

TcL p1agAL 4 b 8KM hb'[tanh-tanhH]tanh- sinb 12KvL'
{

4K [b b2 pAL cb
35)

+ PgD]

By defining a temperature T1 = pAL2 1K, and factoring the expres-

sion T1gLp1uI4 from the right hand side of (3. 35) we can write

N'b = (-)k(b,b') (3.36)

where N' is given by (3. 21) and

or

k(b,b') = (--tanh-) cT1b (4 tanh-)
(3. 37)

+ 4p
p1aT1L

k(b,b') = g(b) + m(b,b') + n(b,b') (3. 38)

The function g(b) is defined by (3. 19). The functions

m(b,b') and n(b,b') are due to the phase change. These corres-

pond to the latent heat effect and the density effect of the phase transi-

tion respectively. We may expand m(b,b') and n(b,b') for small



43

b and b' to determine the modification of the phase change on the

critical Rayleigh number. Keeping only terms of lowest order, and

setting L = Zh, m(b,b') reduces to

-Md1d12
(3.39)m(b,b') = cT1h

In order to determine n(b, b') for small b and b', an

estimate of D, the phase level difference, is required. Assuming

that the slope of the Clapeyron curve is constant, Equation (1. 1) may

be integrated with the result that

T* = yP + 0 (3.40)

where 0 is an empirical constant. Since only a small range of the

equilibrium curve is considered in the analysis the error involved in

this procedure is negligible. Writing the pressure as P = p1gz,

where z is the depth, (3.40) becomes

T* = p1gyz + 0 (3.41)

At the phase boundary, the temperatures (3. 31) and (3. 33) must coin-

cide with the transition temperature. Therefore,

T1(d1) = p1gyd1 + 0 (3. 42)

T111(d2) = p1gy(L-d2) + 0 (3.43)



Setting d2 L - d1

found to be

in the temperature distributions, tD is

T111(L -d1) -T1(d1)
ED =

p1g'y

In the case of small b and b' (3. 44) reduces to

T d d12 Md1 d'\
ch (1-)J

Therefore, for small b and b',

Md d 2tpk(b,b') cT1hh +

pT1gyh

T d d12 Md d
x [('- )(1-(1-

ch )]j b24 h

Consequently, the condition for convection to exist is,

44

(3.44)

(3.45)

(3.46)

2304N' >
Md d48Md1 d1

+ 96
[d(1-)(1-(1)2) ch (l-)JcT1h (l--j;--)

pagyT1h
(3.47)

or

l44hL' 48Md1 d
R> 1 (1 --)+ 96

T2Tr2() { cT1h pagyT1h

(3.48)

T d d12 Md1
X [(1-)(l-(1-) ch



Utilizing the wavelength determined by Roberts (1967) and = 0.43

as determined previously, we find

3560

45

R> d6Md d d
4L p

c1h2 pagyh
((1)Z) 3Md1 (l-)]

c1h2
(3.49)

In the above inequality T1 has been replaced by the quantity 8131h

where

Ah (3.50)

is the average, steady state conduction gradient in the fluid.

The expression on the right of (3. 49) represents the critical

Rayleigh number for an internally heated fluid with two phases.
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IV. THE IMPLICATIONS OF THE STRIP MODEL RESULTS
FOR CONVECTION IN TWO-PHASE FLUIDS

General Discussion

Inequality (3. 49) shows that the critical Rayleigh number for a

two-phase fluid is different from that for a fluid with only one phase.

Basically there are two opposing effects. If the transition curve has

a positive slope, the latent heat tends to raise the critical number

(promoting stability); the density difference tends to lower the critical

number (promoting instability). These effects reverse their respec-

tive roles if the Clapeyron curve has a negative slope. Inequality

(3. 49), then, expresses quantitatively the phase change effects which

were outlined previously.

In addition to the phase transition parameters, however, the

physical constant, l' the depth, h, and the ratio, d1 /h influ-

ence the critical condition. The effects of the phase change are not

very sensitive to the ratio d1 Ih. To simplify the discussion, the

transition will be fixed at the mid-plane of the fluid layer. With

d1 h/2, (3.49) becomes,

3560R> (4.1)3M
+

3tp 2M
2cP1h 2pagyh

(1- c1h

Defining the quantities
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3M
RM Zc1h (4.2)

3t p
R = (4.3)

2pagyh

the critical condition (4. 1) is written

3560 (4.4)
l-R +R (lIRM)M Ep

The expression RM represents the stabilizing effect of the latent

heat; R represents the destabilizing influence of the density

difference between the phases.

Figure 8 shows the variation of Rc with RM for different

fixed values of R . It is observed that for a given R the

critical number increases as RM increases. This is expected in

view of the stabilizing effect of the latent heat. Also, for a fixed

R , the critical number decreases as R increases. This
M

reflects the fact that as the density difference associated with the

phase change increases, the phase transition assumes an increasingly

important role in driving the convection. An important feature of

these curves is that as RM approaches 0. 75, the critical num-

ber becomes insensitive to R , and for R > 0.75, the criti-
M

cal number increases extremely rapidly. Consequently, a condition

is obtained on RM. In order for the critical number to be finite,
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Figure 8. Critical Rayleigh number R for convection in a two-
phase fluid (with positive slope Clapeyron curve) as a
function of R for various values R

M



it is necessary that

hence
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RM < 1

M 2

c131h
(4.5)

Therefore, for convection to be possible, for a given parameter l3

an upper limit is placed on the latent heat. Alternatively, for a given

latent heat, (4. 5) places a lower limit on 131. Since
13

varies

chiefly through the heat production A, (4. 5) sets a lower limit on

A. For a wide range of values of RM and R, Figure 8 shows

that the critical number for a two-phase fluid is lower than that for a

single phase fluid. These results agree in general with those of

Schubertetal. (1970), Schubert and Turcotte (1971) and Busse and

Schubert (1971) for the simpler case of a fluid heated from below.

Figure 9 shows the corresponding curves for a transition with a

negative slope. In this case Rc is plotted against IRI for van-

ous values of RMI from the equation

3560 (4.6)
l-R I+RMI(1R I)Ep

where R and R
I

represent the absolute values of the
M

expressions given by (4. 2) and (4. 3). It is apparent from comparing

(4. 6) with (4. 1) that Figures 8 and 9 are identical except that RM



50

10

1

0

R
C IRM= 1_

3
10

RM=

10

0.01 0.1 1.0

E,p

Figure 9. Critical Rayleigh number R for convection in a two-
phase fluid (with negative slope Clapeyron curve) as a
function of R for various values R

M



and have been interchanged. For a transition with negative

slope the condition

hence
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R 1<1 (4.7)

Ep 2

paghy
< (4.8)

is obtained. This inequality may be looked upon as placing a limit on

the parameter p/ of the phase transition. The precise form

of the above results would be modified slightly if the phase transition

does not occur at the mid-plane of the fluid layer. The principal

effects of phase changes on convection can be understood in terms of

the preceding analysis, however.

Application to the Mantle

In this section the strip model formula (3. 49) will be applied to

the phase changes expected to occur in the upper mantle. The prin-

cipal purpose is to determine to what extent these phase transitions

affect convective instability of the mantle.

Discussion of Mantle Parameters

The upper mantle is generally assumed to be composed of

peridotite consisting of about 75% olivine (Ringwood, 1966, 1970;

Clark and Ringwood, 1967). The Mg/Fe ratio of the olivine is
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expected to be approximately 9:1. This composition is similar to

that of chondritic meteorites The lower mantle is probably composed

of the component oxides MgO, FeO, and Si02 (Anderson, 1967b; Clark

and Ringwood, 1967; Anderson and Jordan, 1970). The properties

of the mantle will be estimated on this basis.

The specific heat is expected to be nearly constant throughout

the mantle and to closely approach the classical high temperature

value given by the well known Dulong and Petit law (Birch, 1952).

Hence the specific heat will be taken to be c = 10 j/kg0C.

Soga and Anderson (1967) have found the linear coefficient of

thermal expansion of Mg2SiO4 at atmospheric pressure and at a tern-

perature of 1000°C to be about 12 x 105/°C. Hence the volumetric

expansion coefficient should be approximately a = 4 x 105/°C.

Birch (1952) showed that the thermal expansivity of the mantle should

decrease with pressure. Therefore the value a = 2 x i051°c

should not be in serious error.

The total thermal conductivity is generally separated into lat-

tice and radiative components. Horais (1971) measurements of the

lattice conductivity of olivines at atmospheric pressure and 23°C and

Clark's (1969) estimates of the radiative contribution at about 1500° C

suggests that the average, total, mantle conductivity is of the order of

K 10 watts/m-°C. Since c is nearly constant and K and p

increase with depth, the thermal diffusivity, a = K/pc, does not



vary as rapidly with pressure and temperature as the conductivity.

Choosing a = 2 x 106 m2/sec

of two.
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should be correct to within a factor

A plausible value for the heat generation in the entire mantle is
-12of the order of A = 10 watts/kg. This is of the same order 0±

magnitude as the heat production in dunite (Stacey, 1969).

As discussed previously, the phase changes in the mantle

appear to be mainly the olivine-spinel and. the spinel-oxides trans-

formations in the (Mg, Fe)2SiO4 system. It will be assumed that the

parameters of these transitions can be approximated by the transition

parameters of pure forsterite (Mg2SiO4) and pure fayalite (Fe2SiO4).

Table 1 and Table 2 list the pertinent data.

Table 1. Properties of silicates and oxides. *
Molar Wgt. Molar Vol.. p x 10

Compound -3
(x 10 kg/mole) -6 3(10 m /mole) 3(kg/m

Mg2SiO4 (forsterite) 140. 7 43 79+ 3 213

Mg2SiO4 (spinel) 140. 7 39. 58+ 3. 555

MgO (periclase) 40.32 11. 25 3. 584

Si02 (stishovite) 60. 09 14. 02 4. 287

ZMgO + Si02 140.7 36.50 3. 855

Fe2SiO4 (fayalite) 203. 79 46. 39 4 393

Fe2SiO4 (spinel) 203. 79 42. 03+ 4. 849

FeO (wiistite) 71.9 12.05 5. 969

2FeO + Si02 203.79 38. 12 5. 346

After Anderson (1967b).

Ringwood and Major (1970).



Table 2 Phase transition parameters in Mg2SiO4-Fe2SiO4 system.

Transition Transition tp dP 51

Pressure Temp. x io-6 1O dT ts M 10
Transition (k bar) (°K) m3/mole kg/rn3 bar/OK j/kg0K j/kg

Mg2SiO4 Mg2SiO4

(forsterite) (spinel) 125+ 1273+ 4 .342 30+ 89. 8 1.6

Mg2SiO4 (2MgO + Si02)

(spinel) (oxides) 350* 298* 2.2* . 300** -60* -93. 8 -2. 1

Fe2SiO4 Fe2SiO4

(fayalite) (spinel) 49+ 1273+ 4.36+
. 456 28+ 59 9 1

Fe2SiO4 (2FeO + Si02)

(sDinel) (oxides) 245* 298* 3.0* .497** -40* -58.9 -1.3

*
Anderson (1967b).

+ Ringwood and Major (1970).
o dP Lsxmo1. wgt.Computed from

#Computed from M = TESs with T = 1800°K for olivine spinel and T = 2200°K for
spinel oxides transition.

.j-.

From Table 1.
Ui
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Critical Rayleigh Number for a Two-Phase Mantle

First consider the case of convection throughout the entire

mantle. From Equation (3. 50) and the above values for the physical
- -3properties 131 = 10 0C/rn. The ratio d1/h is approximately 0. 1

and 0. 2 for the 400 km and 650 km transitions respectively. With the

data of Table 2 and g = 10 rn/sec2 the critical number has been cal-

culated for the various transitions from (3. 49). The results are

listed in Table 3.

Table 3. Critical Rayleigh numbers for a two-phase mantle-wide
layer (based on (mks units) ).
h = 3 x io6; A 1012; a = 2 x io6; c io; g 10;

a = 2 x 10; '°

Critical Critical
Rayleigh No. Rayleigh No.
W. Phase W/OPhase

Transition Change Change Difference

Mg2SiO4 Mg2SiO

forsterite spinel 3310 3560 7

Mg2SiO4 2MgO + Si02

spinel oxides 4670 3560 +31

Fe2SiO4 Fe2SiO4

fayalite spinel 3390 3560 - 5

Fe2SiO4 ZFeO + Si02

spinel oxides 4100 3560 +15
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Table 3 shows that the olivine-spinel phase change lowers the

critical number slightly, whereas the spinel-oxides transition raises

the critical number slightly. Since the effects of each transition are

small, the interaction between the two transitions should introduce

only a slight error into the critical Rayleigh numbers shown in Table

3. Although there is a fair amount of uncertainty in the data, Table 3

indicates that the mantle phase transitions modify the critical

Rayleigh number by less than a factor of two from the critical number

for a one phase fluid.

To calculate the Rayleigh number for the entire mantle, Equa-

tion (2. 25) is rewritten in the form

R
agAh5

2cva

All the needed parameters have been estimated except the kinematic

viscosity. Fennoscandian uplift data give values from 1015 to

3 x 1017m2/sec for the asthenosphere (McConnell, 1965, 1968;

Lliboutry, 1971). Munk and MacDonald (1960) have suggested that the

non-equilibrium flattening of the earth requires the viscosity of the

lower mantle to be of the order of 1022m2/sec, however Goidreich

and Toomre (1969) have suggested that such a high viscosity is not

needed.

For the range of viscosity 1015 to 1022m2/sec, the Rayleigh
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number for the entire mantle falls in the range

l0 < R < 1010

Therefore for mantle-wide convection, the viscosity is the dominant

factor as to the dynamic state of the mantle. The known phase changes

are of only minor importance.

Next consider convection in the upper mantle only. Because h

is smaller, the critical number is more greatly influenced by the

phase changes. Suppose, for example, that convection occurs in the

range 100-700 km. Then the ratio d1/h is 0.5 and 0.9 respec-

tively. The critical number has been recalculated for this case with

the assumption that
13

= 103°C/m despite the smaller value of h.

This is a reasonable assumption since the heat production in the upper

mantle is probably greater than 1012w/kg. The results of these cal-

culations are listed in Table 4.

Table 4 shows that the results for a 600 km layer are essen-

tially the same as for convection in the entire mantle. The effects of

the phase change tend to be larger, but only the spinel-oxides transi-

tion in Mg2SiO4 alters the critical number by a significant amount.

For viscosity in the range 1015 to 3 x 1017m2/sec, the Rayleigh

number falls in the range

3x10 <R<10



Therefore the 400 km phase change does not appear to affect the

criticalness. Table 4 shows that the spinel-oxides transition may

have a greater effect on the critical number; and the effect of this

transition may be to restrict convection to depths less than 650 km.

Table 4. Critical Rayleigh numbers for a 600 km two-phase layer
(based on (mks units) ).

h 6 x io; A = 5 x 1o2; a = a x io6; c =

a x i0; g = 10; =

Critical Critical
Rayleigh No. Rayleigh No.
W. Phase W/OPhase

Transition Change Change Difference

Mg2SiO4 Mg2SiO4

forsterite spinel 3010 3560 - 15

Mg2SiO4 ZMgO + SiO2

spinel oxides 9120 3560 +160

Fe2SiO4 Fe2SiO4

fayalite spinel 2850 3560 - zo

Fe2SiO4 ZFeO + SiO2

spinel oxides 4900 3560 + 40

The principal results of this section are that the known phase

changes in the upper mantle are not likely to be an important factor

regarding the existence of convection in the mantle. These results

are contrary to those of Knopoff (1964). Knopoff, however, consid-

ered only the stabilizing latent heat effect of the olivine-spinel
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transition; he neglected the destabilizing effect resulting from the

displacement of the phase surface

The Displacement of the Phase Surface

An important aspect of convection in a two phase fluid involves

the displacement of the phase boundary. Bott (1971) has suggested

that a displacement of the phase surface of the order of 1 km could

cause approximately a 10 mgal gravity anomaly. Because the velocity

u is not restricted to small values on the strip model, the order

of magnitude of separation as a function of R may, in principal at

least, be estimated for a fluid with one phase transition. The sepa-

ration of the phase levels, iD, as a function of b is given by

Equation (3. 44), and R as a function of b is determined from

b 3(4.4-3) k(b,b') (4.9)

where k(b,b') is given by (3. 37).

As an example of the method, we find D vs. R for the

olivine-spinel transition, assuming mantle-wide convection involving

only this one phase change. In making these calculations, the cell

and mantle parameters have been chosen as above, but the transition

parameters have been assumed to be: 1/y = 30 bar/°K;

M 1.5 x 10 j/kg; p = 3.5 x lO3kg/m3. Figure 10 shows a graphical



representation of the results. It is seen that tD reaches a rather

sharp maximum for R slightly greater than R . A contribution to

the shape of this peak may partially result from a deficiency of the

strip model. The consequences of not satisfying the boundary condi-

tion dT/dz = 0 at the base of the cell may be most pronounced in

this range of R.

72
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Figure 10. Phase boundary separation as a function of Rayleigh
number for the olivine-spinel transition.

In the model D becomes negative for R > 4 x io6 due to

the fact that the latent heat term, M/c, dominates the temperature

difference in this range of R. A negative value of D suggests,

theoretically, that the phase change appears to hinder convection; but
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since R becomes large chiefly through small viscosity, a negative

D rather indicates that the strip model assumption of stationary

flow does not hold. A further complication is that convection becomes

turbulent in this range of R (Elder, 1967).

The results shown in Figure 10 do not appear unreasonable; but

for convection in the entire mantle, we must include the effect of the

spinel-oxides transition. The displacement of the phase surface for

this transition is opposite to that for the olivine-spinel transition.

Because the interaction between these transitions may be important

for R > Rc it may not be meaningful to calculate the phase level

difference for each transition independently. Therefore it is doubtful

whether Figure 10 can be used to estimate the effect of the displace-

ment of the two mantle phase change boundaries on the observed

gravity field. Figure 10, then, serves mainly to demonstrate that in

a fluid with one phase transition, the strip model can be used to treat

an important aspect of finite amplitude convection. This can not be

done with the Rayleigh model.
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V. FURTHER APPLICATIONS OF THE STRIP MODEL

The fact that many of the properties of the mantle may vary

strongly with temperature and pressure raises questions concerning

the validity of convection models which assume constant fluid proper-

ties. However, convection in inhomogeneous fluids is extremely dif-

ficult to treat by the Rayleigh method. By formulating the convection

problem on a simpler mathematical basis, as in the strip model,

convection in fluids with non-uniform properties can be discussed.

Convection with Depth Dependent Viscosity

It has been suggested that Nabarro-Herring creep (Herring,

1950) may be an important flow mechanism within the mantle (Gordon,

1965, 1967). This flow law leads to a temperature and pressure

dependent Newtonian viscosity which reaches a minimum in the

neighborhood of a few hundred kilometers, then rises rapidly with

increasing depth (Gordon, 1965; Turcotte and Oxburgh, 1969;

Weertman, 1970). Since the upper boundary of a mantle wide convec-

tion cell is probably located near the viscosity minimum, convection

in a fluid in which the viscosity increases with depth should be con-

side red.

Foster (1969) incorporated an exponentially increasing depth

dependent viscosity into a numerical treatment of finite amplitude
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convection. A viscosity dependence of this form can be included in

the strip model calculation of the condition for the onset of convection.

The heat transport equation remains unchanged, but the flow equation

(3. 2) is replaced by

2
-T dP

q 12v(x) dx (5. 1)

where q is the mass flow, q = pu. Equation (5. 1) must be inte-

grated to obtain the total head. The head H is given by (3. 3) as

before, but the viscosity must be integrated around the total path

length of the flow. We therefore have

2
T H

q L' (5.2)

v(x)dx
0

Assuming v = v exp(dz), where z is the depth and 4, is

a constant, implies

v= V
0

Tfor O<x<-

X Tv = vexp(4,(x-+)) X Tfor <x X 3T

v = v exp(4,(h-T)) for h + - < x < h + X ZT

v vexp(4,(L'-x)) for h + X - Zi- <x <L'
(5. 3)
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With L' given by (3. 4) we obtain

v(x) r Tdx = v
2

-)(exp(4)(h-T))+1) +(exp(4)(h-T))-l)} (5.4)

Transforming to dimensionless parameters = Pr/h and 4)' =

and considering an internally heated fluid, we have the critical condi-

tion for convection that

R> 144 {i. 2-)(exp(4)'(l-))+1) + (exp(4)'(1-))-1)} (55)Tr)

where now V replaces V in R.

Although may be different from the value used for the con-

stant viscosity model, we shall assume that = 0.43. Inequality

(5. 5) then becomes

R > iiiz{o. 985(exp(0. 574)')+l) + (exp(0. 574)')-l)} (5. 6)

Inequality (5. 6) may be relevant in considering convection in fluids

with variable viscosity.

Convection in Non-Newtonian Fluids

It is quite likely that the mantle does not behave as a Newtonian

fluid. A viscosity derived on the basis of a linear flow law such as

Nabarro-Herring creep is then not applicable. Weertman (1970)
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suggests that the rheological behavior of the mantle may be described

by a non-linear flow law. He relates the rate of strain, , to the

stress, a-, by

n
E = Ba- (5.7)

where n 3 to 6 and B is a temperature and pressure dependent

constant. Power law creep is expected to dominate at stresses

greater than about lO bar. At lower stresses Nabarro-Herring

creep is expected to dominate.

A flow law of the form (5. 7) may be incorporated into the strip

model formulation. The essential modification to the Newtonian fluid

model is that the velocity profile in the strip, and hence the average

velocity, is altered.

Consider uniform flow between two rigid horizontal planes in

the presence of a horizontal pressure gradient We take one of these

planes as the xz plane, with the x axis in the direction of flow.

Clearly the velocity and stress depend only on y, and the pressure

gradient, dP/dx, is constant. Therefore we must solve

du n- = -Ba- (5.8)
dy

(5.9)
dx dy

with the boundary conditions, u = 0 at y = 0 and y T (T being



the distance between the planes). Similar equations arise in prob-

lems involving rolling and extrusion of plastics (Gaskell, 1950;

Wilkinson, 1960). Flow of a power law fluid through an annulus has

been discussed by Frederickson and Bird (1958).

Equation (5.9) may be integrated, yielding,

dP T
= -;(y- ) (5. 10)

noting that the shear stress vanishes along the central plane. Sub-

stituting (5. 10) into (5.8) gives

a. B(
dy ;) (y-) (5.11)

The velocity distribution is then given by

u = -B()dPn(T)nd 0 z <
dx

TdPn Tfl
u -B() (z-) dz <Z <Tdx

y

Integrating (5. 12) yields

-B(-)'dx Tn+1 i- n+1u= [(i)

-B(--)''dx Tn+1 Tn+1u=
n+1 (y) <T

(5. 12)

(5. 13)



The mean fluid velocity, averaged over the thickness of the layer, is

given by

1
(b T

u = -\ u(y)dy (5. 14)
av T,J0

Substituting (5. 13) into (5. 14) we obtain

dx Tfl+l
Uav n+2

(5. 15)

Setting n 1 and identifying B with 1 In, it is observed that

(5. 15) reduces to (3. 2), the average velocity for a Newtonian fluid.

If we assume that B is constant, we may write

B()11
H n

U =
av n+2

(5. 16)

where H and L' are defined by (3.3) and (3.4) respectively. If

B is treated. as temperature and pressure dependent, we must inte-

grate B around the flow path as in the case of variable

viscosity.

Assuming B is constant and taking H from (3. 19), the

case of an internally heated fluid, we arrive at the equation

T n+1BL(-) PaAL]nb=
(n+2)aL' 192K

(5. 17)



for b << 1 . To have a solution to (5. 17) other than b = 0 means

that

BL() (pUgAL )fl
> 1 (5. 18)

(n+Z)aL" 192K

or, taking into account the effect of horizontal heat transfer,

p2agA (hB)l/n 48(4.4-3) n+2 1/n
K a Tr2R) n+l (5.19)

The quantities B and n are given for a particular fluid. We

shall assume that 0.43 as before. Inequality (5. 19) is then the

critical condition for convection in an internally heated, non-

Newtonian fluid for which the rheological equation is of the form (5.7).

Weertman (1970) gives estimates of B and n for two dif-

ferent creep mechanisms. For dislocation climb creep n 4. 5 to

6. For n 4. 5 he estimates that B o40 cgs at T = 1800° K.

Substituting n 4.5 into the right hand side of (5. 19) gives

R >900
C

(5. 20)

assuming = 0.43. Calculating the Rayleigh number for the entire

mantle with the above values of B, n and the previously determined

parameters gives

R 5 x o6 (5. 21)



which greatly exceeds the critical number given by (5. 20). There-

fore, if this creep mechanism is predominant in the mantle, convec-

tion could occur.

For creep controlled by dislocation glide, n = 3. At

T 1800°K, Weertman estimates that B = 1030 cgs. With n = 3

and = 0. 43 the critical number becomes

R > 1200 (5. 22)
c

and the Rayleigh number for the entire mantle is

R 2 x 106 (5. 23)

Comparison of (5. 22) and (5. 23) indicates that the mantle may be

convectively unstable if dislocation glide is an important creep

mechanism.

Convection with Variable Thermal Conductivit

The lattice and radiative components of the thermal conductivity

vary with temperature and pressure. At temperatures below 1000° C,

the lattice conductivity is the dominant component. At greater tem-

peratures, the radiative contribution is expected to become important.

The functional form of the total conductivity K(P, T) is not corn-

pletely known, however. Lubimova (1967) has given estimates of the

depth dependence of the total conductivity.
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To consider the effect of a temperature-pressure dependent

conductivity on the strip model formulation, the heat transport equa-

tion (3. 1) must be solved. Because the functional form of K(P, T)

is uncertain, only a formal solution of (3. 1) is derived. Rewriting

(3. 1)

- pcu = -pA

it is clear that one integration can be performed. Thus, assuming A

is not a constant,

K(P, T) - pcuT = -p $ A(x)dx + C1 (5. 24)
dx

where C1 is a constant of integration. One method of solving (5.24)

involves an iteration procedure in which K(P, T) is treated as a

function of x in each step. With K = K(x), the formal solution of

(5. 24) is given by

r rd
T(x) = C2 ex[cuj K(x) ]

A(x)dx+C1

I dx
dx 1 C

L

Pcu$ dx 1
+ exp [cu$ K(x)] j K(x)

exp
K(x)J

(5. 25)

The first approximation to the temperature T(x) is obtained by
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setting K = K, a constant, and integrating (5. 25). This tempera-

ture T is then inserted into K(P, T) and a new function K (x)
0 1

is obtained. The second approximation T1(x) is obtained by inte-

grating (5. 25) with K = K1(x).

obtained by repeated iterations

Successive approximations are

The algebra encountered in this

process may become involved, but no serious difficulties should arise.

One can resort to numerical methods if the algebra becomes too

cumbersome.

Time Dependent Convection

The radiogenic heat production in the mantle is a function of

time; and if this effect is included in the strip model, the heat trans-

port equation becomes

a a (K) - pA(x, t) (5. 26)pc pcu(t)

The time dependent velocity u(t) is still given by (3. 2) but with

T(x) replaced by T(x, t). It may be possible to solve the pair of

integro-differential equations (3. 2) and (5. 26) numerically.

An example of time dependent convection involving a set of non-

linear integro-differential equations is examined in later chapters in

connection with convection of water in the crust. Before proceeding

to this problem, the precedirg results are summarized.



72

VI. SUMMARY AND CONCLUSIONS ON CONVECTION
IN THE MANTLE

The onset of thermal instability has been examined on the basis

of a one-dimensional strip model. It has been shown that this model

derives from further simplification of the well known 'Rayleigh mode1

For homogeneous, Newtonian fluids, the strip model yields results

similar to those obtained by the Rayleigh method.

The mathematical simplifications in the one-dimensional model

has facilitated treatment of convection in complex geophysical sys-

tems. As the primary example, the strip model has been used to

determine the critical Rayleigh number for convection in an internally

heated two-phase fluid. The critical Rayleigh number has been found

to depend on the parameters of the phase transition, the thermal

properties of the fluid, and the depth of the fluid layer. Depending on

these factors, a univariant phase transition may either enhance or

hinder convective instability. With reference to the mantle, the

olivine-spinel transition tends to promote instability; whereas the

spinel-oxides transition tends to increase stability. The overall

effects of these phase changes are not large either for the case of

mantle -wide convection or convection restricted to the upper mantle.

Consequently, it appears that the known phase transitions are of

minor importance regarding the existence of mantle convection in

general. This result should be valid despite the uncertainty in the
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parameters which have been used.

The above result is opposite to that of Knopoff (1964), but he

considered only the stabilizing latent heat effect of the olivine-spinel

transition. On the other hand, the present result is generally in

accord with Schubert etal. (1970), Schubert and Turcotte (1971) and

Busse and Schubert (1971). These authors, however, have discussed

the simpler case of a two-phase fluid heated from below and have

treated only the olivine-spinel transition.

A method for estimating the order of magnitude of the displace-

ment of the phase surface as a function of Rayleigh number has been

outlined for a fluid with one phase transition. The one-dimensional

model has also been used to treat convection in non-Newtonian fluids

obeying a power law rheological equation. If the mantle is governed

by a flow law of this type, it appears that convection can take place.

Lastly, the procedure for applying the strip model to fluids with

variable viscosity and thermal conductivity is outlined. Complica-

tions of this type are extremely difficult to handle on the Rayleigh

model.
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VII. CONVECTION OF WATER IN THE CRUST

Flow of thermal fluids through permeable media is of consider-

able geophysical importance. Of particular interest is the role of

thermal fluids in the formation of ore deposits and geothermal sys-

tems. A geothermal system basically consists of a heat source and a

ground water circulation system. Bodvarsson (1950, 1961a, 1961b,

1966a, 1966b, 1970) has discussed the main physical processes which

characterize thermal areas. Elder (1965) presents a schematic of

the principal features of the Wairakei geothermal system in New

Zealand. It has been suggested that a significant portion of the verti-

cal permeability in geothermal systems is controlled by deep

vertical fractures and dikes (Bodvarsson, 1961a, 1970).. It might be

anticipated that open fractures, though thin, could transport large

quantities of water and heat. The process of heat exchange between

water flowing in fractures and the surrounding rock is therefore of

considerable importance in geothermal areas.

Palmason (1967) has postulated that convection of sea water in

the basaltic layer of the oceanic crust could explain the variations in

the observed surface heat flow field over mid-ocean ridges.

Palmason's model is that of steady convection in a porous medium,

but he observes that along active belts, vertical fractures would con-

tribute to the vertical permeability. Talwani, Windisch, and
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Langseth (1971) have employed this hypothesis to explain the heat flow

pattern on the Reykjanes Ridge.

Finally, Bostrom and Peterson (1966, 1969) have found samples

of sediment from the crest of the East Pacific Rise to be enriched in

certain metals. They have postulated hydrothermal emanations at

the ridge crest as the source of the metals, the mineralizing solutions

reaching the sediment-water interface through fractures along the

ridge crest.

Since water flowing in fractures has been postulated as

an important mechanism of heat and mineral transport on ocean

ridges, and is considered to be significant in continental thermal

areas, it is worthwhile to discuss some aspects of convection in frac-

tures theoretically. Apparently, there has been little work done on

this problem. Toulmin and Clark (1967), Bodvarsson (1969), and

Deffeyes (1970) have discussed some problems concerning heat

exchange between water flowing in fractures and the surrounding rock.

The flow was generally assumed constant in these treatments. Carsiaw

and Jaeger (1959, chapter 15) have treated a few related problems

pertaining to heat exchangers and heat regenerators. In the following

chapter, some aspects of stationary and time dependent convection of

water in thin vertical fractures will be investigated. The implications

of convection in fractures with regard to heat flow anomalies on mid-

ocean ridges is duscussed.
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VIII. CONVECTION IN THIN VERTICAL FRACTURES

A Steady State Model

Before examining the more complicated case of time dependent

flow, a stationary state model will be discussed. The purpose of this

calculation is to estimate the magnitude of convective flow in thin

fractures.

Consider a long thin vertical fracture of height h and width

d between two blocks of homogeneous, isotropic, and impermeable

rock. The rock forms a semi-infinite medium. A rectangular

coordinate system is located at the upper surface such that the plane

y 0 coincides with one edge of the fracture, with the y axis

directed into the adjacent rock. The x axis is directed downward.

The fracture is assumed to extend to infinity in the z direction.

Let q designate the mass flow in the fracture per unit time and per

unit length of the z axis. It is assumed that the flow in the fracture

occurs in the form of adjacent ascending and descending sheets in the

plane y = 0. The flow in each sheet is assumed constant. Heat

transfer between the sheets is neglected, so the temperature T of

the fluid is independent of z. It is also assumed that a constant

vertical temperature gradient 1 is maintained in the rock at some

distance from the fracture. For simplification in the stationary state

case, let the heat transfer between the water and rock be expressed
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in terms of a simple contact resistance; that is, the heat flow across

the rock-water interface in a plane at x is

t4i(T(x) - x) (8. 1)

where 4i is a heat transfer coefficient of the form

(8.2)

where K is the thermal conductivity of the rock and L represents

the thickness of the resistance. The magnitude of L must be deter-

mined on physical grounds. Bodvarsson (1950) has used an approxi-

mation of this type in investigating the temperature-rate of flow

relationship of springs in Iceland,with good results. Finally, assume

that the descending front is at temperature T = 0 at the surface.

The temperature T(x) in the fracture is found from

dT
sq = 4J(3xTd)

[V

T(0) = 0

for the descending front; and

dT
sq

-j-- = (T

(8. 4)
T (h) = T (h)

u d



for the upwelling front, where s is the specific heat of the fluid.

The mass flow is derived from

d H
q 24v h (8. 5)

where H is the total head driving the flow. This head arises from

the thermal expansion of the fluid and is given by

h
H = pfag $ (T -T )dx (8. 6)u d

Expressions (8.5) and (8. 6) are essentially the same as (3.2) and

(3. 3) respectively, the difference being in the definition of q and in

the assumption that the path length of the flow is Zh.

The solution to Equations (8. 3) and (8. 4) is found to be

Td = [x-l+exp(-x)]
(8. 7)

where

T = [x+l + exp((x-2h)) -2 exp (x-h)]up.

sq

Inserting this temperature distribution into (8. 6) yields

p1agPh
H [Z-(1-exp(-p.h))(exp(-p.h)-3)] (8.8)

p.
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Substituting H into (8.5) and multiplying both sides by s/ui gives

1R 1 (8.9)

wh e r e
pfagsd

(8.10)
VLIj

is a dimensionless number. We seek the condition for which (8. 9) has

a solution other than q = 0. Expanding the right hand side of (8. 9)

for large i, the condition

R>12 (8.11)

results. As an example, (8. 10) is evaluated with the following param-
3 3 -4eters (in mks units): s = 4 x 10 , Pf = 10 , a = 10 , g = 10,

-6 -1
V 10 , K = 2.5, and 3 = 10

It will be assumed that L h, and that the fracture is 1O3 m

deep. Then

R = 1.6 x l0'1d3 (8. 12)

Clearly, R is extremely sensitive to the width of the fracture.

For thicknesses in the range d 0. 1 to 10 mm,

d = 0. 1 mm

d = 1.0 mm

d=10 mm

R = 1.6 x 10_i

R = 1. 6 x 102

R 1.6 x 10



On the steady state model, then, a fracture of width d 0. 1 mm

will not convect; but fractures of greater thicknesses will flow. For

a given R the flow rate can be computed from (8. 9). It is found

that

for d = 1.0 mm q kg/rn-sec

for d 10 mm q 4 x 10 kg/m-sec

Thus a fracture 1.0 mm wide and 100 m long would transport approxi-

mately 0. 1 kg/sec, which is a measurable flow.

Though the model presented here is over-simplified, the essen-

tial results should be valid; namely, that the heat transfer between

the rock and the fluid in the fracture can cause convection, and that

thin fractures can carry a measurable mass flow. The weakest

approximation in this model is the assumption of a simple contact

resistance between the water and the rock. That the thickness of the

resistance is expected to be large, of the order of the fracture depth,

indicates the flow in the fracture may alter the temperature field in

the rock over a large lateral extent. Due to the extremely long

relaxation time associated with heat conduction in rocks, though, the

temperature at great distances from the fracture changes very slowly.

Consider the simple example of a semi-infinite solid with its surface

at T 0 and an initial temperature of unity. The temperature in

the solid is given by (Carsiaw and Jaeger, 1959, chapter 2),



T = erf (8. 13)

where a is the thermal diffusivity and the symbol "erf repre-

sents the error function defined by,

erf(x) edy

For a = 1o6 m2/sec, the time required for a plane at x 0.5km

to cool to one-half of its initial temperature is about 10 years. This

result implies that a steady state temperature field will take a long

time to set up. For this reason it is necessary to consider time

dependent convection.

Time-Dependent Models

The Basic Equations

To calculate the time-dependent flow and temperature, the

fracture system depicted in Figure 11 will be used. It is assumed

that the fluid enters fracture (1) and emanates from (2). The frac-

tures are assumed to be widely spaced so that the effects of each on

the temperature distribution in the rock can be treated independently.

A horizontal fracture serves to connect (1) and (2). In the horizontal

fracture, it is assumed that the temperature is constant and that there



is no flow resistance.
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Figure 11. Working model for treating time-dependent convection in
thin vertical fractures.

Since the vertical fractures are to be treated independently, a

rectangular coordinate system is placed at the edge of each fracture

as shown in Figure 11. The mass flow q(t) in each fracture is a

function of time but is assumed independent of spatial coordinates.

The surface boundary condition is also assumed independent of z so

the temperature in the rock T(x, y, t) will be independent of z.

Furthermore, the temperature field is taken to be symmetric about

each fracture. Lastly, let the width d be so small that the tem-

perature of the fluid can be assumed constant over any cross section

of the fracture and hence equal to T at y = 0. The heat transport

problem is one of pure conduction in the rock but of pure convection

along the x axis in the fracture. The temperature in the rock is

determined from the conduction equation
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+

1

(8. 14)

The convective transport term appears in the boundary condition at

the wall of the fracture. Due to the symmetry of the T field about

the plane y 0, this condition has the form

dT &T 8T = 2K at y=O (8. 15)Pf5d PfSd+ sq(t)
ax ay

The left hand side of (8. 15) is the total derivative of T at y = 0

and corresponds to the heat transported by the fluid; the right hand

side represents the heat conducted through both rock surfaces. This

expression is furnished by Carsiaw and Jaeger (1959, p. 396).

Two further approximations will be made in order to solve

(8. 14) and (8. 15). First, only the initial stages of cooling are dis-

cussed; and. the heat transfer due to the moving fluid is assumed to

be greater than heat transfer in the x direction by conduction in the

rock. Hence

Secondly, the width of the fissure is assumed to be so small that

aT' -'
PfSd

j

s q (t)



The fundamental equations (8. 14) and (8. 15) then reduce to

1 3T
2 a at

(8. 16)

.L =±cI(t)

where (t) = 2K/sq(t) and the ± signs refer to descending and

ascending flow respectively. The surface boundary condition is that the

descending front enters the fracture at T = 0. Initially there is a

constant vertical temperature gradient 1
in the rock. Thus

T1(0, 0, t) = 0 t > 0 (8. 17a)

T(x,y,0) = x (8. 17b)

The flow is driven by the buoyant forces which result from the thermal

expansion of the fluid. This flow is given by (8. 5) and the total

buoyant force is given by (8. 6). Combining these equations, we have

pfagd h
q(t) Z4vh S0

[T2(x,0,t)-T1(x,O,t)Jdx (8. 18)

or
1

pfctgsd h

(t) 48vKh S [T2(x,O,t)-T1(x,0,t)]dx (8.19)

where subscripts 1 and 2 refer to fractures (1) and (2). Equa-

tions (8. 16), (8. 17), and (8. 19) show that the temperature and flow
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fields are governed by a system of non-linear, integro-differential

equations. An iteration method may be used to solve this set of equa-

tions, the goal being to estimate the flow rate as a function of time.

The procedure of the proposed method is to: 1) Compute 4'(t) = c1,

a constant,from (8. 19). Z) With this value,
,

Equations (8. 16)

and (8. 17) are solved. 3) The resulting temperature field T(x, y, t)

is then inserted into (8. 19) and a first order approximation 41(t)

is determined. 4) 1(t) is determined at a fixed time t = t1, and

the arithmetic average of the flow over the time interval 0 to

is found. 5) The average flow 1(t1) is then used to calculate the

temperature, and hence a new value 42(t1) is computed. Repetition

of this procedure results in a sequence of functions, 4.(t1), repre-

senting successive approximations to the average flow in the time

interval 0 to t1. It seems physically reasonable that the sequence

of averages converges and that the average flow in the interval 0 to

t1 may be used in the temperature distribution to obtain a better

estimate of the actual flow at time t1.

In the next section, the zeroth order approximation to the tern-

perature field is determined.

Zeroth Order Solution to the Temperature

The zeroth order approximation to the temperature is found by

setting (t) 4, a constant, in (8. 16). Two separate cases will be



considered. In the first case it is assumed that there is a linear

temperature distribution in the descending fluid. The temperature at

the base of the fracture is then a constant, T At time t 0, the
0

fracture (2) opens and the fluid flows upward (as in Figure 11). The

temperature of the fluid at the base of the upwelling fracture is

assumed to be T. In the second case, the temperature in fracture

(1) is a function of time. The boundary condition at the base of the

fracture is

T1(h,O,t) = T2(h,0,t) (8.20)

where the subscripts refer to fractures (1) and (2) respectively.

Consider now the case where the condition at the base of the

fracture is

T(h,O,t) = T
0

(8. 21)

This condition, together with Equations (8. 16) and (8. 17b), determine

the temperature in the upwelling fracture and the surrounding rock.

Making the transformation

T* = T - (8. 22)

has the effect of separating space variables. The transformed Equa-

tions (8. 16), (8. 17b) and (8. 21) are



a T* 1 8T*
2 a

ay

+ =
aT

; y = o (8. 23)

T(x,y,O) = 0

T*(h,0,t) = T Ph
0

These equations are in a convenient form for solving by the method of

Laplace transforms. The Laplace transform of a function f(x, y t)

is defined by

L(f) 0 etf(x,y,z,t)at

Applying the Laplace transformation to the set of Equations (8. 23)

yields

+-4 -; y=O (8.24)
ax p oay

T-13h
0(h,0,p)

op

Solving the set of Equations (8. 24) gives

T-h
e

° [J( (h-x)+y)]+ exp
a o

o 'Ja (8. 25)



The inverse transform is found in Carsiaw and Jaeger (1959, Appen-

dix V). Therefore

2 -k (h-x)+y]2
T*(x,y,t) 12 [exp()-exp( °

at4) N/IToL
T 4)

+ [
°

-4) x}erfc (8. 26)
0

y+ y[erfc 2JE eric

and hence
2

T(x,y,t) =fz [exp() -exp( 4t
OL

4) (h-x)+y
- y[erfc - eric 0

2T j (8. 27)

T 4) 4) (h-x)+y00 0
+ eric +4)xerf

o 2'.Tf J

The temperature of the water is given by (8. 27) with y = 0.

We next treat the situation where the temperature at the base of

the fracture is time-dependent. The variable T* is again intro-

duced and the Laplace transformation is applied. For the descending

front, the transformed Equations (8. 16), (8. l?a) and (8. 17b) become

2 a

p
; y = 0 (8. 28)

L



The solution to these equations is

e exp(-jr)(exp(- j)-1)
a o a

oia

and the temperature in the rock surrounding fracture (1) is then

=12 [expT1(x,y,t)
, .

-(x+y)2 2

exp()J4at 4at

4x+y 4x+y1
- y[erf - erf J + x erf

2T o 2'JT

The transformed Equations (8. 16) and (8. 17b) for the upwelling frac-

ture region are

Le
ae p ao+--4 -; y-o8x p o8y (8. 31)

The Laplace transform of the boundary condition at the base of the

upwelling fracture is given by (8. 29) with y 0 and x = h. Thus

- (exp(- Jh)1) (8.32)O(h,0,p)-
Ii o a

oN'a

and hence the zeroth order approximation to the temperature field in

the rock surrounding fracture (2) is given by



T2(x,y,t)
p -[ct(2h-x)+y]2 -[(h-x)+y]2 2

)+ex2j_{exp( 4at )-Zexp 4at p()]
0

(2h-x)+y
(8. 33)+ [ (Zh-x)+y]erf

0

+ [(h-x)+y] erf + y erf

The temperature of the water is given by Equations (8. 30) and (8. 33)

with y=O.

Details of the Iteration Method

As discussed above, the next step in the iteration procedure is

to calculate the first order time dependence of the flow from (8. 19).

For the first case (T(h, 0, t) T ), the integral of (8. 27) with
0

y = 0 must be performed. The first order approximation is found

to be

-2h2 T
R 1 at o 1 1ji o o

2h2
) erf + exp( 4at +

0 (8. 34)
22

T h 2T -h
- erf2 (exp( )1)}

whe r e

pfags 13d3h
R= (8.35)

vK



The initial approximation, 1 is found by setting t = 0 in

(8. 34). The result is

91

T

96
(1- (8.36)

0

Depending on the magnitude of T, the flow will either decrease or

increase with time to some finite value. Setting t = in (8. 34)

gives the final flow as

RT
1 o
(oo) 9613h

(8. 37)

Thus if T /b < 1/2, the flow decreases to (8.37) whereas if
0

T lh > 1/2, the flow increases to (8. 37). Assume for the moment
0

that T 0 so that the flow at t = 0 is maximum. In this case the

rate of cooling, and hence the rate at which the flow decays is over-

estimated by (8. 34). That is, at time t1 the flow 1/(41(t1)), is

smaller than the actual flow. At time t1, therefore, a better

estimate of the true flow obtained by using the average flow over 0

to t1 in the temperature distribution. For this reason the average

flow in the interval is calculated. A similar argument can be made

for the case of monotonically increasing flow. The first approxima-

tion to the average is simply,

1 1

2 1(t1)
(8.38)



The next step in the iteration is to insert (8. 38) into (8. 34), thus

obtaining 1 /(cj2(t1)). Clearly the ith average in the interval 0

to t1 is given by the recursion relation

1 ! 1(+
(ti) 2 4.l(t1)

92

(8. 39)

A recursion relation of this form is also found for the situation

where T(h, 0, t) = T(t). The first approximation to the flow is found

by integrating the temperature difference T2 T1 over the height

of the fracture where T2 and T1 are given by (8. 33) and (8. 30)

with y = 0 respectively. It is found that

- h
R (4 -2h2 22

48th [1-exp( 4t +exp( °
at

at o 4at o+24 )erf+
h2

+240)erf-(
h2 °

0 0

At t 0 it is found that (8. 40) goes to zero, which is expected

since the system is in equilibrium at t = 0. We must assume that

the flow has been started by some external perturbation. Assuming

that the flow has begun, it is apparent that the flow will increase to

some maximum and then decay monotonically with time. To find an

initial approximation 1 /4, we find the time, t, at which (8. 40)

is maximum. The flow at time t , from (8. 40), is then used as the
0



initial approximation. The iteration method is the same as above

with the ith average in the interval 0 to t1 given by (8. 39).

The time t1 may be either greater than or less than to.

A Special Case

We shall discuss the important special case in which the fluid

temperature at the base of the fracture is T 0. The initial flow

is then
1R

96

and from (8. 34)

93

(8. 41)

1 R
at1 h -2h2o1

1(t1) 2
2)erf

h
h

exp( 'tat1 )j (8.42)
0

0

We assume that the time t1 is small enough so that

2NTZFj
>> 1 (8. 43)

Expanding (8. 42) for short times yields

2 at
(8.44)

0

or

ZaR2t1
q(t1) = q [1 1 (8.45)

° (96)2h2



where
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KR (8.46)

On the short time approximation, the flow is not expected to decrease

substantially. Hence a meaningful estimate of the initial rate of

decrease can be obtained on the basis of the first order approxima-

tion (8.45).

Since R is a function of d, the range of validity of (8. 45)

depends on the thickness of the fracture. Table 5 lists the fracture

width d, the initial flow q , the time t at which = 1,
o m m

and the flow rates at 0. 01 t and 0. 1 tm for the various frac-.m

ture widths. The values of R are those given on page 79. Table

5 shows that for a 0. 1 mm fracture, the short time approximation

is always valid. The flow decreases very slowly, but the magnitude

of the flow is too small to be detected, and is therefore of little inter-

est. On the other hand, for a 10 mm fracture, the short time approxi-

mation is essentially not valid on a geologic time scale, that is on

times of the order of tens of thousands of years. The initial flow in

this case is quite large, and consequently decays rapidly. Finally,

for a 1.0 mm fracture, (8. 53) is valid for a relatively short time.

The flow rate decreases by about 5% after about 300 years. Higher

order approximations do not appear to alter the results shown in

Table 5.
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Table 5. Flow rates as a function of time and fracture thickness on
the short time approximation.

q t q(0.Oit ) q(0. it
d o m m rn

mm R kg/rn-sec sec kg/rn-sec kg/rn-sec

0. 1 1.6 10_i 2 x io6 9 x io16 z x io6 1. 9 x 1O6

1. 0 1.6 102 2 x 9 x 1010 2 x 1. 9 x i0

10 1.6 x 10 2 9 x 1O 2 1. 9

Although Table 5 provides little information concerning the flow

rate in fractures greater than a millimeter thick for large times, the

figures indicate that the decay rate is relatively rapid. To obtain a

crude order of magnitude estimate of the flow at large times, we may

again use the first order approximation (8. 42). Assuming

<< 1 (8.47)

Equation (8. 42) becomes, in terms of q,

128h (8.48)
q0 Rfir1

For a 10mm fracture, R = 1.6 x 10. With a 106m2/sec and

h = 10 m we find that

at t2x107sec
q0



Since we have used a rather large flow in the temperature distribu-

tion to obtain the above estimate, the actual time for the flow to decay

an order of magnitude may be somewhat larger than given above.

Another rough estimate may be obtained by replacing by 4 in

the right hand side of (8. 42). This is mathematically improper, but

on physical grounds, we expect the result may be of some practical

value. Substituting for 4 in (8. 42) and assuming

we obtain

<<1

(_9_)2 128h
(8. 50)

q0

With the same parameters as above, we obtain

at t2xlO9sec
q0

From these two estimates it appears that the flow rate in a 10 mm

fracture decays one order of magnitude after a time of the order of

tens of years. Although the above arguments are quite crude, the

results tend to substantiate the result in Table 5.

These results should also hold in the case of time dependent

temperature at the base of the fracture, for fractures of the order of

centimeters wide. In the time dependent case, the flow increases
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initially. For fractures of the order of centimeters wide, however,

the flow is expected to reach its maximum after a very short time

and then to decay rather rapidly. For the case where T(h, 0, t) = T(t),

assuming (8. 47) holds, the first approximation to the time dependence

of the flow (8. 40) shows that

q(t) a

These results suggest, then, that the main effect of convection

in an extensive fracture system is to cool a volume of rock in the

vicinity of the fractures. Convection of sea water in vertical frac-

tures has important implications regarding heat flow anomalies on

ocean ridge crests.

Geophysical Implications

LePichon and Langseth (1969) and Taiwani etal. (1971) have

found relatively low conductive heat flow at some locations on the

axes of mid-ocean ridges. These measurements are inconsistent

with the surface heat flow expected on the ocean-floor spreading

model. Talwanietal. (1971), following Palmason (1967), interpret

the low heat flow as resulting from convection of sea water in the

upper crust. Palmason's (1967) model, however, is that of steady

convection in a porous medium, which is somewhat inappropriate for

the basaltic oceanic crust. Furthermore, the semi-wavelength for



convection in a porous medium is of the order of the depth of the con-

vecting layer. Since the semi-wavelength of the heat flow anomalies

transverse to the ridge axes is generally of the order of a few tens

of kilometers, the model implies that there is substantial horizontal

permeability at depths of the order of tens of kilometers. This seems

somewhat unreasonable. It is here proposed that the low conductive

heat flow can be explained more plausibly on the basis of convection

of sea water in vertical fractures in the upper crust.

Palmason (1967) and Talwani etal. (1971) have indicated that

the upper crustal structure of the Mid-Atlantic Ridge is similar to

that of Iceland. There are numerous open fractures on the Reykjanes

peninsula (Jonsson, 1967), and fractures of the order of meters wide

have been observed at the surface (Einarsson, 1967). Furthermore,

temperature measurements in a borehole at Kaldirsel in Southwest

Iceland shows a nearly isothermal temperature distribution to a

depth of about 750 m (Palmason, 1967, Figure 4) which suggests that

circulating fractures may extend at least to depths of the order of

kilometers. Lastly, plate tectonics theory and earthquake source

mechanisms characterize ocean ridges in general as tensional fea-

tures (Sykes, 1967). It seems probable, then, that fractures of the

order of centimeters wide and extending a few kilometers deep may

exist over substantial segments of ocean ridge crests.

Table 5 shows that the flow rate in fractures a millimeter wide



or greater decreases on a rather short time scale. For instance, the

flow in a one centimeter fracture decreases a measurable amount

after a period of the order of one day. Flow in larger fractures is

expected to decay even faster. Thus in regions of little sedimenta-

tion, as is generally the case on ridge crests, circulating sea water

would transport heat from the rock at a rapid rate. The net effect of

non-steady state convection in an extensively fractured crust, there-

fore, is to rapidly cool the crust down to the depth, h, of the frac-

ture system. This cooling would result in low conductive heat flow

through the shallow sediment ponds near the ridge axes. Moreover,

because the fracturing is expected to be non-uniform, the convective

transport is expected to be greatly variable in space and time. New

fractures may be created which would provide progressive cooling of

the crust. Thus one would expect convection in fractures to result in

greatly variable heat flow along the axial zone. There is large

scatter in the observed data on ocean ridge crests (Langseth and

Von Herzen, 1970).

Deviations from these results may arise due to chemical

effects. Fractures may tend to become clogged by mineral deposits.

This is evidenced by the presence of thick, impermeable cap rock in

older continental geothermal areas (Bodvarsson, 196lb). The

importance of chemical effects in oceanic thermal areas is not known,

however, and the creation of new fractures tends to counteract the
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chemical effects.

To summarize, then, the implicit assumption of a substantial

horizontal permeability at large depths in Palmason's (1967) model,

suggests that the underlying model is somewhat inappropriate. On

the other hand, circulation of sea water in vertical fractures appears

to explain, qualitatively at least: 1) the relatively low conductive heat

flow measured at some locations on ridge axes; 2) the extremely

'noisy' data observed in the axial zone. If convection in vertical

fractures is accepted as the explanation of the observed heat flow data

on ridge crests, the heat flow data is not necessarily inconsistent

with the ocean-floor spreading model.
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THE EFFECTS OF HORIZONTAL HEAT TRANSFER
ON THE STRIP MODEL

To estimate the effect of horizontal heat transfer on the strip

model, the model shown in Figure I. 1 may be used. This model is

essentially equivalent to the strip model except that there can be heat

transfer between the upflowing and downflowing branches of the cell.

We wish to determine the effect of horizontal leakage on the total

buoyant force driving the convective circulation.

T=0
x= 0

xh

Figure I. 1. Equivalent strip model including horizontal heat transfer.

Let the vertical coordinate, x, be measured positively down-

ward. At x = 0 the temperature T(x) is maintained at T = 0; at

x h, T T. Let the temperature in the descending limb be T1 and

in the ascending limb T11. To obtain an order of magnitude estimate

of the horizontal heat transfer, it is assumed that, at a plane at x,

1) T1 and T11 are replaced by their average values 2) the heat



leakage can be expressed by

qi ( T1 (x) T11 (x))

where the heat transfer coefficient i is given by

K
d

K being the thermal conductivity of the fluid and d being the
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(I. 1)

(I. 2)

average distance between the upgoing and downgoing limbs. For the

strip model (from Figure 3)

_X T
d 22 ('.3)

Assuming that u is the average velocity in each branch and that

steady state conditions exist, the temperatures T1 and T11 are

governed by

d2T dT
I

2 a dx '(T1-T11) = 0 (I. 4)
dx

d2T dTII u II
2

+ a dx 4i'(T11-T1) 0 (I. 5)
dx

where = The boundary conditions are
KT
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T1T110 at x0
(I. 6)

T =T T at xzh
I II 0

The total head, resulting from the thermal expansion of the fluid, is

given by

H = pag ShTIITIJdX (1.7)

Equations (I. 4) and (I. 5) can be uncoupled, yielding

where

d4T1 d2T
-w =0 (1.8)

dx4 dx

d4T11 d2T11

dx4
-w

dx2
=0 (1.9)

2

w + zqi'.

The solution of (I. 8) and (I. 9) with the conditions (I. 6) is

T1(x)

h+

T 1x-(1-coshx)+,sinhx0

2
U tanhfld

a4i

a2 4i'

(I. 10)
2

u Th 1

2 a[
+

a2J!ta1 + sinhh
[1-coshx -----sinhxflaJT1-coshfh+ sinh[h u

j
U



and

T -sinhx0

U

T11(x)
2

x

h+ tanh
a2t4i"TZ

2
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(I. 11)
2

u 'Jh sinh5h
aTr2

+

[1-coshx+ sinhxJaf51coshh+sinh[h U
j

U

Inserting the temperature distributions (I. 10) and (I. 11) into (1.7), the

total head H may be found. The result is

H
T

f
pctg 2 a1jJ'

(h sinh1h) L (coshRh-1)
h+ u h

2

(I. 12)
2

2a (coshh-1)( u tanhh
U a2jLi 2

+sinhJYh)

1-coshh+ sinhJh Ju

To determine the critical condition for convection, H is expanded

for small u. In this case w Zqit and (I. 12) reduces to

pctgT J7h)] (I. 13)h
° tanh

2

where b = uh/a. It can be shown that in the limit 4' 0, (I. 13)

becomes (3.8) for b << 1. For convenience a factor of six is inserted



into the right hand side of (I. 13). Then writing T, = T /h and

we have

where
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1

X T
(1.14)

T(-)

pagT h
H

6

° TrR)b (I. 15)

Tr() = tanh
I

(I. 16)

From (I. 15) it is seen that the effect of horizontal heat transfer

is expressed by the numerical factor Tr(,). We shall use (I. 16)

for fluids heated from below or internally, taking into account the

difference in X for the two cases. Hence

1
Tr1R) 3(Z-)[1-Nf(Z-) tanh (Z-) (I. 17)

for a fluid heated from below;

Tr2() 3(Z. 4-)[1-(Z. 4-c) tanh (z.4) (I. 18)

for a fluid heated internally.

Expressions Tr1 and Tr2 are plotted as functions of

in Figure I. Z.
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Figure I. 2. Horizontal heat transfer factor as a function of strip
width parameter, .




