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FOURIER IMAGING IN A HYDROLOGICAL MEDIUM;
A TEST OF THE LINEAR INVARIANT HYPOTHESIS

I. INTRODUCTION

Early investigations of hydrological visibility were embedded

in a language inherited from classical physics; the differential

absorption and scattering characteristics of the medium are used to

calculate the apparent radiance distribution along a line-of-sight

connecting the source and receiver (Hill, 1961). The recent

development of Fourier optics describes image transmission from a

different point of view. The microscopic details of the process

are ignored. Instead, a transfer function is devised to represent

the relationship of the object to its image.

However, the justification allowing Fourier analysis to be used

in optics, as well as in other branches of science and engineering,

lies in the presumption that the system possess the properties of

linearity and invariance. The current trend, to characterize the

hydrological medium by a vocabulary indigenous to Fourier analysis,

has not been preceded by such an investigation. This thesis examines

the validity of the linear-invariant hypothesis for aqueous media.



II. A BRIEF HISTORY

According to Goodman (1968) the first ties between optics and

cornunication theory began in the 1930's. This coincided with the

development of network synthesis by Norbert Wiener and others at MIT.

While Wiener's first notes on this subject were classfied during the

war, he later published his now famous manuscript, Extrapolation,

Interpolation, and Smoothing of Stationary Time Series, in 1949.

Lindberg (1954) credited Duffleux (1946) with initiating the

present line of thought regarding tests of image quality based on

Fourier analysis. The idea of using these same techniques to

describe image degradation through the atmosphere was conceived in

the early 1960's (Hufnagel and Stanley, 1964), and similar concepts

were applied to underwater visibility a short time thereafter

(Replogle, 1965). It soon became apparent that image degradation in

water was influenced by two separate mechanisms, summarized by Vura

(1971), who predicted different transfer functions for the two modes

of image degradation. Throughout the literature, authors have either

explicitly assumed linearity and invariance or have ensured the

existence of these properties by constraining the image degradation

process.

The author's interest in using the methods of Fourier analysis

to describe underwater visibility began in the early 1960's. Working

for the Navy at that time, I was faced with the task of evaluating

various underwater imaging devices. Characterizing the image

transmission of the hydrological medium became a major problem.
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Frequency domain analysis seemed to be a natural tool, and we

favored the concept of characterizing underwater visibility by a

hydrological MTF (Modulation Transfer Function). Upon commencing

graduate studies at OSU, I desired to experimentally examine the

behavior of the hydrological MTF, for at that time, as well as during

the intervening years, the existing publications had been exclusively

analytical in nature.

In particular, I became interested in examining the properties

of a hydrological medium to see whether or not the methods of Fourier

optics are justified. The characteristics of linearity and invariance

are essential to the use of Fourier analysis. Experimental systems

were just being introduced to quantify the loss of image fidelity

associated with a hydrological medium. These systems, imitating

the procedures used to evaluate lenses, were based on Fourier analysis.

To justify the continued use of these methods, I wished to test the

hypothesis that a hydrological medium possesses the properties of

linearity and invariance.
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III. A REVIEW OF FOURIER OPTICS

Fundamental Concepts

The purpose of this section is to introduce a few results from

the theory of Fourier optics. Excellent treatments of this subject

by Goodman (1968), O'Neill (1963), and Parrent, Jr. and Thompson

(1969) may be found.

A schematic illustration of the hydrological imaging process is

shown in Figure 3.1. We imagine a scene in object space to be

imaged by the lens, in the plane of best focus (x1, x2). An "ideal"

image denotes an exact reproduction of the object scene in the image

plane (except for magnification). In this case, the lens acts as a

1:1 transformation between the scene and its image.

In cases where the image is distorted, the image will be

denoted as s(x1', x21) to differentiate it from the ideal image

s0(x1, x2).' The units of "s" are watts/cm2. Some distortion will

always be present in the image, for even a perfect lens is affected

by diffraction. In addition, if the image carrying light is

scattered as it traverses the medium between the object and the lens,

the image will be further distorted. The experiments described in

this thesis concentrate on the distortion of the image caused by a

hydrological medium.

Perhaps the most important concept in Fourier optics is that a

scene's irradiance distribution can be equally represented by its

1This notation, while redundant, is useful in Chapter IV and

is introduced at this point for consistency.
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two dimensional spatial Fourier transform, commonly called the scene's

spectrum. (The term Wiener Spectrum is sometimes employed to

distinguish this usage of the word as a spatial spectrum of an

irradiance distribution (O'Neill, 1963)). It is then a matter of

convenience to analyze optical systems in terms of the relationship

between object and image Wiener spectra instead of the irradiance

distributions.

In x-space the action of a lens in forming an image is mathe-

matically described by a rather complex integral operator. A simpler

procedure is possible in the frequency domain.2 The spectrum of

the image is obtained by multiplying the spectrum of the original

scene by the lens' "transfer function". Finally the image in x-space

is obtained by performing the inverse Fourier transform of the image

spectrum. Diagramatically, this image formation process is shown

in Figure 3.2.

While a number of sidelights have been omitted, the principal

feature of Fourier optics presented here is that the imaging process

may be represented by a multiplication process:

s1(Q) = HL(Q) x (3.1)

In general, capital letters denote quantities described in the spatial

frequency domain in units of cycles/radian. S0 and S1 represent the

Wiener spectra of the object and image; HL is the transfer function

21n this thesis, the word frequency refers to a sDatial
frequency having units of line pairs/unit angle.



of the lens. For linear invariant optical systems, H is a unique

characteristic of the system independent of the source spectrum S0;

a feature we will scrutinize in some detail. In electrical network

theory, the procedure of obtaining a system transfer function,

as the product of individual transfer functions is well known:

n

H(Q)
il

H.(Q).

7

(3.2)

DeVelis and Parrent, Jr. (1967) have illustrated that this technique

is not generally valid for cascaded lens systems. However, when

image forming light is transported through a random medium, O'Neill

(1963) has shown that the combined system transfer function may be

decoupled into a lens transfer function, 11L' and a "random effect"

transfer function, HR,

Hs = HL X HR (3.3)

It is this relationship which validates the experimental procedure

of calculating a hydrological MTF based on comparative measurements

of the system response in air and in water. While this seems intui-

tively obvious, an identical procedure, if used to test a lens, would

lead to an erroneous result (DeVelis and Parrent, Jr., 1967).

Currently it is the vogue to represent the hydrological

imaging process by Figure 3.3. The effect of the aqueous medium is

indicated by the transfer function



Figure 3.2. A Linear Systems Approach to the Imaging Process
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Figure 3.3 A hydrological imaging system

By allowing the aqueous medium to be represented

conceptually simple language of Fourier analysis

describe hydrological visibility. The principle

this language to describe the imaging process is

the hydrological medium can be decoupled from th

system.

fl4r-i 1-4rrc

in this manner, the

can be used to

advantage of using

that the action of

rest of the imaging

A few definitions will now refine our description of Fourier

imaging.

1. A line spread function (LSF) is the image of a line source

of light as the width of the source becomes vanishingly small (Jones,

1958).

2. The square-wave response (SQWR) is calculated from the

image of a scene containing only uniformly spaced black and white

stripes. The contrast of the striped pattern is defined to be (see

Figure 3.4)

5 max - 5 mm
c

s max + s mm
(3.4)
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and is a function of the line spacing. The ratio of the contrast of

the image to the original target contrast (for each wave number)

yields the square wave response. In the frequency domain, the units

will be given as cycles/unit distance (k) or as cycles/unit angle (Q).

Here, the term wave number spectrum will refer to the former and

frequency spectrum to the latter.

3. The sine wave response (SWR) is measured in a similar fashion,

except that the target's irradiance distribution varies sinusoidally

instead of as a square wave. The sine wave response may be calculated

from the square wave response (Coitman, 1954). The Modulation Trans-

fer Function (MTF) is equal to the sine wave response; however, the

identity of the sine wave response will be maintained to denote the

measurement procedure.

4. The MIF and the LSF form a cosine transform pair (Jones, 1958).

Because of the last property there exist two techniques for

experimentally determining the MTF of a lens3; it may be measured

directly by imaging a "bar chart" or it may be found by computing

the Fourier transform of the image of a line source.

To summarize, the principal feature introduced has been that an

irradiance distribution in the image plane is equally represented by

its Wiener spectrum. By assuming linearity, the spectrum of an

image can be given as the product of the scene's spectrum and the

system transfer function H(Q). The utility of this approach lies

in its conceptual simplicity. Also, certain aspects of the imaging

3There are also a host of other techniques (t!olf, 1965).



process are conveyed more succinctly in the freciuency domain than

in x space.

Numerical Examples

A few examples are now offered to illustrate the preceding

discussion. First, consider the image of a "perfect" line source

of light by a "perfect" lens. A perfect line source is described

by a delta function, i.e., a one-dimensional distribution of light

given by

such that

12

urn s0(x) =
(3.5)

xo

dx = 1 (3.6)

The Fourier transform of this function is unity everywhere.

The Ilodulation Transfer Function (MTF) of a perfect lens is given

by (Parrent, Jr. and Thompson, 1969)

MTF(k) = 1 , 1k! < Af/ (3.7)
A f/

= 0 , elsewhere

where A is the wavelength of light and f/ if the f-number of the

optical system, the ratio of the focal length to the diameter of the

lens.4 The spatial wave-number, k, has the units of cycles/unit

length.

4mis is the form of the MTF for a perfect one-dimensional lens.
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According to Equation 3.1, the spectrum of the image is equal

to

S(k) = 1 x , k < Xf/ (3.8)

= 0 otherwise

i.e., it is equal to the MTF of the lens. Taking the inverse trans-

form, the normalized image distribution is given by (O'Neill, 1963)

L

sin Try'0x'1
2

s.(x') =
]

yox' J

(3.9)

where = (xf/). This is a similiar result, analogous to the

diffraction pattern of a point source of light. The imaging process

is illustrated in Figure 3.5.

Next, a line source of finite width is considered. As this

discussion will set the stage for the numerical routines to be used

in analyzing experimental data, this example will be handled in some

detail.

Using the geometry of Figure 3.6, let the slit be 50 i wide

located 2.5 meters from the lens, subtending an angle of 2 x l0

radians.

In Figure 3.7 the intensity of the source has been digitized

into 0.05 x lO radian increments. Because of symmetry only half

of the data are presented, and the source intensity is represented

by

s(i) = 1 1 = 1, . . ., 21

s(i) = 0 i = 22, . . ., 512
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s (x)
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k

(a) The object irradiance distribution

(b) The spectrum of the object

(c) MTF of a perfect lens

(d) Image plane irradiance distribution

XI

Figure 3.5. The Image of a Perfect Line Source by a Perfect Lens
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The Fourier transform is then computed and the resulting spectrum

plotted in Figure 3.8, labelled the "ideal image transform". (See

page 4 for a discussion of the properties of an ideal image.)

The image of the line source will be computed for a one dimen-

sional lens (Equation 3.7). The lens diameter is taken as 70 mm,

and a wavelength of 0.5 p is assumed.

The image spectrum is obtained by multiplying the MTF of the

lens by the object spectrum. Finally, the image of the line source

is obtained by computing the inverse Fourier transform of the image

spectrum. This image, plotted in Figure 3.7, is

labelled the perfect image, i.e., it is the expected irradiance

distribution formed by a perfect (diffraction limited) lens. The

general shape of the perfect image illustrates the filtering effect

of the lens. The lens acts as a low pass filter, smoothing the

irradiance distribution of the ideal image. A slight increase in

the irradiance distribution is noted at x(35). This secondary

maximum is predicted by theory and is a manifestation of the diffrac-

tion rings which normally accompany point images in diffraction limited

optical systems.

The above example is now extended to include the effects of

image degradation caused by the intervening medium. Assuming the

geometry of Figure 3.1, the hydrological medium is modeled by an

MTF of the form

ki

k0

= e (3.10)
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The particular value of k (39.3 x 1O3 cycles/radian) is chosen

somewhat arbitrarily for computational convenience. The image

spectrum in the previous example is multiplied by Fç,, the Fourier

transform computed, and the derived image plotted in Figure 3.7.

The calculation is repeated using a value of k0, half the original

value.

Figure 3.7 illustrates how the image of a line source of light

would behave, were it to be imaged in three media of differing

clarity. In the first case, the medium is absolutely clear. The

second and third images reflect an increasing deterioration of

image fidelity.

The Sampling Interval

Although the spectrum of a scene can have a very large band-

width, the image spectrum is always band limited by the lens'

transfer function. The finite bandwidth of the image spectrum allows

the sampling theorems to be rigorously invoked (Barakat, 1964). In

optical terms, for a lens diameter D and wavelength A, this theorem

states that the image irradiance distribution is uniquely determined

by uniform samples taken less than every A/2D apart (Di Francia, 1955).

For the numerical examples given in the last section, this interval is

0.357 x lO radians. However, the sampling was at 0.05 x i0

radian intervals. Hence, the digitizing scheme was inefficient; the

sampling density was higher than it need be.
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IV. A TEST OF THE LINEAR INVARIANT HYPOTHESIS

Analytically an optical system represents a transformation,

not necessarily linear, between a two dimensional distribution of

energy in object space to a related distribution of energy in the

image plane. For convenience unit magnification is assumed.

Denoting the object and image distribution by s0(x1, x2) and

s(xi', x2t) respectively, each is sufficiently well behaved to be

represented by a two dimensional Fourier series of the form

1(1< x + 1x2)
s0(x1, x2) = S0(n,m) e

1

nm

i(kx1' + 1 x
I)

(4.1)

s.(x ', xe') = S.(p,q) e q 2
11

pq

where k and 1 have the units of reciprocal length and S0 and S. are

complex numbers. Any complete set of orthogonal functions would

suffice to represent the above energy distributions. For linear

invariant systems, the trigonometric functions are an efficient

choice.

From an algebraic point of view, s0 and s are each represented

by two dimensional (Hilbert) vector spaces spanned by tile functions

i( x,+ xe,)
e n

i m .. Whether or not these two spaces are connected by a

linear transformation is the question. Whereas a great deal is known

about the properties of linear transformations, tests of these

properties represent only necessary, not sufficient, conditions for

linearity. For example, while a linear transformation is uniquely
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determined by the transformation of its basis, the reverse is not

necessarily true. A well defined transformation rule between the

bases of two vector spaces does not necessarily imply the transfor-

mation to be linear. Hence, linearity cannot be proven in this

manner. At most, the necessary conditions which support the linearity

hypothesis may be examined.

Therefore, my methodology assumes that a hydrological optical

system (an imaging system which includes a water path) is a linear

invariant system. The various properties required of linear invariant

systems are examined and tests of these properties are developed.

The hydrological optical system is subjected to these tests. Based

on the results of the test I may conclude either that the system is

non-linear or that it behaves, to my satisfaction, as a linear

system should behave.

Properties of Linear Invariant Optical Systems

For a linear invariant optical system, the image irradiance

distribution is related to the object irradiance distribution by the

convolution integral (Goodman, 1968),

s(x1',x2) jl'x2' s0(,n) ddp (4.2)

where s(x1 ', x2') is the spatial irradiance distribution of the

image owing to the object irradiance distribution s0(,r). Physically,

the kernel of the superposition integral, h(x1 -, x2' -n) represents

the image of a point source of light. The space invariant form of the



kernel implies that the image of the point source is independent of

its location.

To simplify the notation, and because our experimental work

was conducted in one dimension, the discussion will continue using

a one dimensional form of Equation 4.2, where h(x'-) is now inter-

preted as the image of a line source of light, the line spread

function.

s(x') Jh(x' -) s() d

22

(4.3)

No loss of generality is incurred by this simplification (Parrent, Jr.

and Thompson, 1969). Equation 4.3 will be established from first

principles to see how the relationship of linearity and invariance

affect its form.

Following ONei1l (1963) let the system be characterized by

an operator L. L defines a transformation which, in the case of

a simple lens, relates the image scene to the object scene.

s(x') = L [s0(xJ (4.4)

The form of the operator is restricted if we impose the requirement

that it be linear, i.e., for any two input functions a.s(x) and

b.t(x), where a and b are complex constants, we require

L s(x) + b.t(x = a.L[s(x)1 + b.Lft(x)1 (4.5)

rhe response, s(x'), of the system to a delta function input located
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at x is given by

h(x', ) = L (4.6)

Here, it is important to note that L operates on the variable x.

simply denotes the location of the impulse.

Using the sifting property of the delta function,

s0(x) = Js0() -x) d (4.7)

and using Equation 4.4

s1(x1) = L[Js() (-x) d1 (4.8)

Since L operates on x, it may be brought inside the integral and,

regarding s0() as a number, the linearity property allows s(x')

to be written as

s1(x') L (-x)] d (4.9)

However, from Equation 4.6 this is

s(x') Js0() h(x', ) d (4.10)

The physical interpretation of this last expression is stated clearly

by Goodman (1968, p. 19)



This fundamental expression, known as the super-
position integral demonstrates the very important fact

that a linear system is completely characterized by its

response to unit impulses. To completely specify the
output, the responses must in general be known for

impulses located at all possible points in the input

plane. For the case of a linear imaging system, this
result has the interesting physical interpretation
that the effects of imaging elements (lenses, stops,

etc.) can be fully described by specifying the (possi-

bly complex-valued) images of point sources located

throughout the object field.

From the above analysis, it does not follow directly that

h(x', ) = h(x' -i;)

This represents a further restriction on the system, namely that

24

(4.11)

of space invariance. Its physical significance is that the form of

the point source response must remain invariant over the image field.

In practice, this is never strictly obeyed, but the image field can

be subdivided into isoplanatic patches wherein the form of the point

source response remains unchanged.

For a linear invariant system, Equation 4.10 can then be put

into the form of a convolution integral,

s(x') Jso() h(-x') d (4.12)

This is an important result, for the function is an

eigenfunctiori of the convolution operator. Thus if s0(x) is of the

form ae10 where k is a real number and a is a complex number, the
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form of s1(x') will be b.eikX where b is another complex number.

Physically, the function eikX represents a sinusoidally varying

intensity variation; hence the image of a sinusoidally varying

intensity pattern should be a sinusoidal pattern of the same line

spacing.

Equation 4.12 takes on a particularly simple form if the

Fourier transform is taken on both sides:

S(k) = s0(k) H(k) (4.13)

The capital letters indicate the Fourier transform of the lower case

functions. It is this property, that the Fourier transform of a

convolution is representable as a product, which is at the heart of

all frequency domain analysis. Indeed, these two properties,

invariance and linearity, are completely diagnostic of the field

in which a linear analysis into trigonometric terms e1kX is appro-

priate (Wiener, 1949). By virtue of Equations 4.12 and 4.13, the

imaging process for a linear invariant system may be represented in

either of two ways. The image may be thought of as a superposition

of point sources, or the image spectrum may be related to the object

spectrum by H(k). Since h(x) and H(k) form a Fourier transform pair

either representation completely characterizes the system. Physically,

H(k) represents the contrast transmittance of the system to a

sinusoidal intensity pattern of wave number k (see Figure 3.4). Hence,

H(k) may be determined by observing the reduction of contrast in the

image of a resolution chart of varying wave number, k. The functions



e1° already have been shown to form a basis of a vector space (p. 22).

Hence, assuming a linear invariant system, the numbers H(kn) define

the linear transformation from object space to image space. Because

the transformation is unique (Paige and Swift, 1961), any object

distribution should be related to its image by the same transformation.

To summarize, the following necessary properties of a linear

invariant optical system are listed:

1. The functions e° are eigenfunctions of the transformation,

2. The reduction of contrast of the eigenfunctions defines the

system characteristic H(kn).

3. The Fourier transform of the line spread function h(x) is H(k).

4. The uniqueness of H(k) requires other object and image spectra

to be related by the same transformation.

Experimental Design

These properties would be revealed by the following experimental

scheme. First, the transfer function H(k) is measured by observing

the image contrast of a resolution chart of varying wave number k.

Next under identical conditions the line spread function is measured,

its Fourier transform computed and compared with H(k). Since a

line source of light contains a broad Wiener spectrum, non-linear

effects should be observable; the expected spectrum of the line

source should be attenuated precisely by the factors H(k). Close

agreement in the predicted and observed spectra offers a good test

of the linear invariant hypothesis.
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It is natural to inquire as to how non-linear effects might

manifest themselves in a hydrological medium. A non-linear medium

should produce an "interaction" effect violating the superposition

principle. For example, if an object scene consisted of two

superimposed sinusoidal patterns of wave-numbers k1 and k2, the

image spectrum might include other wave numbers or the observed

loss of contrast at k1 and k2 might differ in magnitude from the

predicted loss of contrast (based on individual measurements of

H(k1) and H(k2)).



V. EXPERIMENTAL APPARATUS

The experimental geometry is illustrated in Figure 5.1. The

main components of the system include a source of light, an optical

target consisting of either a slit or a transmission resolution

grating, the hydrological medium, an optical receiver coupled to a

linear photometer, and an x-y recorder.

The principle features of the light source and targets are

illustrated in Figures 5.2 to 5,4. The technical objective of the

design is to allow for rapid exchange of the two optical targets

while maintaining system alignment. Because each target has unique

lighting requirements (the line source requires very high brightness

along the slit whereas the transmission grating requires uniform

illumination over a broad area), a different optical coupling is

used for the two cases.

For the first experiments, the slit was illuminated by a

linear incandescant lamp filament (Figure 5.2) filtered by a narrow

band pass (20 mp) interference filter centered at 505 mu. The lamp

filament was imaged just behind the slit with a short focal length

lens. Later, in order to increase the radiance of the line source,

a fiber optic coupling was used (Figure 5.3). It redistributes the

energy from a circular spot of light into a rectangular distribution

(1 mm x 1 cm) about 2 cm behind the slit. In this case, as well as

for all the bar chart measurements, the light source consisted of a

100 watt mercury arc lamp, using the same filter mentioned previously.

The slit width was between 34 microns and 100 microns.
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For the resolution grating, a system of mirrors transmitted the

beam of light to uniformly illuminate an opal glass diffuser behind

the grating (Figure 5.4). The contrast (Equation 3.4) of the resolu-

tion grating exceeds 99% and the line spacings vary from 15 line

pairs per millimeter to 0.2 line pairs/mm.

The tank, for holding various aqueous solutions, measured 16"

x 18" x 12 feet. The optical source vias housed within a small

aquarium-type enclosure (Figure 5.4) and placed in the larger tank

at various ranges. Normally, the tank was filled with distilled

water. Particulate matter was added to the water during some of the

experiments to simulate optical characteristics found in sea water.

The receiver optics consisted of a Questar coupled to a photo-

metric microscope (Figure 5.5). Coincident with the reticle plane

in the microscope is a small fiber optic probe which transmits the

incident light to a linear photometer. One has the choice in such

optical geometries of scanning the detector (probe) across the image

plane, or of maintaining the receiver geometry fixed and scanning

the source across the projected field of view. The latter scheme was

chosen for mechanical simplicity. Consequently, the source was

placed on a platform (Figure 5.2) which scanned transverse to the

optical axis. The scanning speed was adjustable and was always less

than the response time of the photometer. The translation distance

of the scanning platform was monitored (via a potentiometer) and fed

to the servo on an x-y recorder. The y axis was connected to the

photometer output. Thus, during a typical experiment, the optical

target was scanned through the field of view of the receiver and
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the ensuing graph would represent the irradiance in the image plane

on the y axis as a function of target displacement.

On some occasions, thermal fluctuations in the tank were

measured. These measurements were performed using the AC bridge

network shown in Figure 5.6. The equipment has an overall sensi-

tivity which greatly exceeded our requirements; measurements of

temperature fluctuations of 0.0010 were made with ease.

The attenuation length (Duntley, 1963) of the distilled water

was determined by measuring the loss of radiance through the tank.

A telephotometer was fabricated using the photometric microscope

described earlier, with the microscope objective replaced by a 150

mm lens. The telephotometer was used to examine the radiance of a

small light bulb, using the same filter employed for the source

optics. The measurement was performed in air and through the 12 foot

water path. This two point determination of the attenuation length

agreed with a similar measurement in which the light bulb radiance

was measured as the optical path in water was varied. The atten-

uation length of the distilled water was measured at approximately

10 meters.
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VI. DATA ACQUISITION AND REDUCTION

In a typical experiment, both a square wave response and a

line spread function were recorded. The ambient light was kept to

a minimum either by performing the experiment at night or by placing

opaque material over the laboratory windows. When room vibrations

were excessive, because of nearby construction, the experiment was

postponed until evening. Normally, it would take 10 minutes to

record a line spread function and approximately 30 minutes to record

a square wave response.

In the later stages of the experimental program, the severity

of small (0.010) temperature fluctuations was realized. After that,

a great deal of attention was placed on this factor (by mixing or

purposely allowing convection cells to form). Connected with the

temperature fluctuations, of course, was the difficulty of establishing

the best focus of the telephotometer. Each time a different target

was inserted, the instrument had to be refocused. The implications

of this experimental difficulty will be discussed later.

The data reduction is quite simple owing to the relative ease

of obtaining Fourier transforms on a high speed digital computer.

The graphs of the line spread function (Figure 6.1) were converted

to digital records using a mechanical digitizer. The sampling theorem

requires the LSF to be sampled at .28 x lO radian increments to

prevent aliasing (see p. 21, X = .5 p, D = 89 mm). The digitizer

sampled the record every 0.02" which, because of the various gain

settings on the recorder, corresponds approximately to sampling the



Figure 6.1. Sample of Line Spread Function
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line spread function every 0.002 miliradians, just under the required

sampling interval. The total LSF length was approximately one

miliradian. The Fourier transform of the digitized line spread

function was computed using a canned program from the OSU computer

library. The program is based on the Goertzel 's method for evaluating

Fourier coefficients (Uchs, Baughman, and Ballance, 1970). This

program takes m equally spaced sample points and yields m/2 values

of the transform between 0 and 1/2 a (where a is the sampling

interval). For the line spread function tests, the transverse

excursion of the line source was always equal to 4.6 mm, which

subtends an angle of

4.6 radians
e

= R + R /
2/n

from the Questar. R1 is the distance from the Questar objective

to the tank and R2 is the optical range in water. The index of

refraction of water, n, was taken as 1 .33. Each record contained

512 data points; therefore, the Wiener spectrum was computed for

spatial frequencies ranging from 0 cycles/radian to 256/e cycles!

radian. The spectrum was normalized to unity at 0 cycles/radian

from

(6.1)

For the transmission grating, the spatial frequency is calculated

= f x
l
+ R2/ (6.2)

where Q is the angular frequency in line pairs/radian and f is the

line spacing in line pairs/meter. The contrast of the square wave
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pattern is defined by Equation 3.4, where the maximum and minimum

values of the recorded square wave response are taken directly

from the x-y recorder (Figure 6.2). Following Coitman (1954) the

sine wave response, SWR() is calculated from the SQWR by

SWR(c2)
SQWR(Q) SQWR (32) SQWR(52) SQWR(7Q)1

(6.3)3 5

Before comparing the f1TF's derived from the two measurement

schemes, the Fourier transform of the line spread function must be

compensated owing to the finite width of the line source. In

practice the iTF calculated from the square wave response is multi-

plied by the normalized spectrum of the line source, given by

S (c) = sin rc

ir&Q

(6.4)

where is the width of the slit expressed in an angle, (see Figure

5.1)

- Lx

R1 +

n

(6.5)

and Ax is the slit width. Thus, the spectrum of the line source

multiplied by the SWR yields an expected spectrum, S1(Q) which is to

be compared with the modulus of the Fourier transform of the line

spread function, S2(Q).

The two spectra are then plotted on graph paper. An absolute

spectral contrast error, E(Q),
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E(Q) = S1(Q) S2(Q) (6.6)

may be observed directly from the graphs (Chapter VII). In addition,

an average spectral contrast error, , ts computed according to

i
6

S(nQo) S2(nQ0fl

n= 1

and is presented in Table 8.1, p. 79.

= 5 cycles/miliradian (6.7)

Several tests were performed to examine the reliability and

accuracy of the data-gathering system. The photometer was calibrated

several times in the course of the experiments nd found to be linear

to ±1% over its full dynamic range ( lOs). The output of the light

source was found to be uniform for periods exceeding an hour (the

extent of the measurement). The accuracy of th computer program

for performing the Fourier transforms was verified by supplying as

input data several functions with known transforms. Operator error

using the digitizer was determined by digitizing one record three

times; the standard deviation in contrast was less than .012 over

the spectrum. Based on the overall precision of the apparatus and the

data reduction techniques, a contrast error of 0.05 was arbitrarily

picked as an acceptable experimental error.



VII. DATA

The data to be discussed in Chapter VIII are presented here.

The in-air calibrations precede the hydrological data. All data

are reduced according to the procedures discussed in Chapter VI and

are presented in a uniform format on log-log scales.

1ormally, four kinds of information are presented on each

graph. The sine wave response is indicated by circles. The expected

spectrum (the SWR multiplied by the ideal source spectrum) is shown

by squares. The modulus of the transform of the observed line spread

function is indicated by triangles. For comparison, the in-air SWR

is shown by a solid line.

In the case of the sine wave response, each data point

represents a measured value. For the transforms of the LSF's, each

data point is a computer print-out value. The frequency increment

is determined by the record length.

Several features are obvious from the data format. First,

the difference between the in-air calibration and the hydrological

SWR indicates the additional loss of contrast caused by the water.

Second, the expected spectrum will always fall off rapidly in the

vicinity of Q = ó where ó is the subtended angle of the sourc&s

slit width. This is true because the cosine transform of a "top

hat" function is given by

sin r'SQ -
S(Q) = mS sinc irsc2 (7.1)
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where S is the width of the pulse.

Finally, the most significant feature of each graph is the

difference between the expected spectrum and the observed soectrum

(the squares and triangles). This represents the spectral contrast

error (Equation 6.6).

Except for these preliminary observations, the discussion of

the data is continued in the next chapter.
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VIII. DISCUSSION

The aim of these experiments has been to examine two necessary

conditions of linear-invariant systems. These conditions were

previously outlined in Chapter IV and are repeated here:

I) sine waves are eigenfunctions of the transformation, and

II) the uniqueness of the transfer function requires all object

and image spectra to be identically related.

Condition I: Sine Waves and Eiqenfunctions of the Transformation

The first property is easily verified by measuring the wave-

length of an object square wave pattern and comparing it to the

wavelength of the image pattern. This "input-output" frequency

relationship is shown in Figures 7.6 and 7.7. The data are drawn

from two experiments in which the water was heavily doped with

particles. Figure 7.6 is the case when the water was doped with a

species of phytoplankton, Thalassiosira nordenskioldii, a short,

cylindrical, chain-forming diatom about 35 p diameter with long

spines on the valves (Pak etal, 1970). Figure 7.7 represents fine

particle scattering, the water being doped with sediment from a core

sample seived with a 63 p screen. As the test was performed several

hours after the sediment was added to the water, one may infer using

a Stokes velocity argument (Shepard, 1963) that the remaining particles

were between 5 p and 10 p in diameter. The solid line in each figure

represents a linear input-output relationship. The close agreement

between the expected and observed frequencies support the linear-

invariant hypothesis.



Condition II: The Uniqueness of the Transfer Function

The second property of linear invariant transformations was

more difficult to test. The design of the experiment, outlined in

Chapter IV, calls for the comparison of an expected and observed

spectrum resulting from measurements of the SQWR and LSF. With

respect to the experimental error, the hydrological data were

inconsistent. In some cases, the differences between expected and

observed spectra are within the experimental error; in others,

the differences are much greater. These inconsistencies developed

early in the experimental program

Image Degradation by Scattering

The original test plan was based on a model of underwater

image transmission that was popular at the time. That model,

proposing particulate scattering as the primary cause of image

degradation, underlies the theoretical studies which preceded this

investigation (Wells, 1969) (Funk, 1968) ( Zaneveld and Beardsley,

1969). The test plan called for an in-air calibration followed by

a second calibration in "clear" distilled water before purposely

doping the water with scatterers to perturb the image transmission.

The image degradation caused by distilled water was expected to be

related to the few scatterers present in the otherwise tclearH

hydrological medium. It was this minor effect that the second

calibration was intended to reveal.

The above model is nave. Scattering is the major cause of



image degradation only when the particulate concentration is high.

In "clear" water a different mechanism becomes important; density

inhomogeneities (in our case, due to thermal fluctuations). The

severity of this oversight was not realized at first, and my initial

impulse was to look for external flaws, i.e., in the apparatus

design or in the data reduction. Improvements in the system, however,

failed to reduce the spectral errors associated with the clear-water

calibrations. Finally the effects of optical turbulence were isolated.

Image Degradation by Optical Turbulence

Image degradation caused by optical turbulence has been

studied in the past (Duntley etal., 1963) (Hufnagel and Stanley,

1964) (Coulman, 1966) (Yura, 1971). Most of these studies are

related to atmospheric paths where image flicker is short compared

to the integrating time of the optical detector. Furthermore, all

of the analyses are based on image motion that is transverse to

the optical axis. In viewing over hydrological paths the image

plane is not stationary (especially in our case using a long focal

length lens). Optical turbulence changes the radius of curvature

of the light emanating from the source. Thus the plane of best

focus is continually in motion. To my knowledge, this problem has

not been handled theoretically. It does, however, have a simple

interpretation in the geometric optics approximation.

In this approximation, the image of a line is a line in the

plane of best focus. If the image plane is shifted along the optical

axis, the blurred image is represented by a uniform irradiance
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distrthution over its width, w.

1 w w
f(xlw) = --<x<2-

(8.2)

= 0 , otherwise

The transform of this distribution is

F(k) = sinc (irwk) (8.3)

where k is the spatial wave number and sinc x x sin x.

A rigorous treatment yielding the MTF for a defocused optical

system has been treated by many authors; e.g., O'Neill (1963).

Qualitatively, the MTF is characterized by a band-limited function

which is everywhere less than the in-focus response. Figure 8.1

shows the MTF for defocused optical systems in which the curves

labeled 1, 2, . . . etc., correspond to defocusing by amounts such

that the nA/n is the path difference introduced between the edge and

the center of the aperture (Hopkins, 1955). The k-axis is normalized

such that k = 2 corresponds to the lens' cut-off freouency. When

the maximum phase error exceeds two wavelengths, the frequency

response closely resembles Equation 8.3 (O'Neill, 1963).

In the presence of optical turbulence, it is difficult to

ascertain the best focal position. One "sees" the image fade in

and out at many focal settings, and it is a matter of judgment to

pick the optimum position. Operationally, the focusing task

becomes more difficult as the frequency spectrum (temporal) of the

optical turbulence decreases.
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To examine this phenomenon in more detail, let us approximate

an out-of-focus image by the rectangular distribution given by

Equation 8.2. If w changes in time, fluctuating about an average

width, w0, then for an exposure long compared with the fluctuation

period, the image irradiance distribution will be given by

r

f(±x) = I

p(ww0) dw
2x

72

(8.4)

where p(wIw0) is the conditional probability density that the image

has width w0. We place two constraints on p(ww0):

p(wIw0) = 0 0 (8.5)

and w p(ww) dx = w0 (8.6)

Approximating p(ww0) by a Gamma density

c.

g(w) = wa > 0 (8.7)
F(c)

=0 w0

The image irradiance distribution, Equation 8.4, will be given by

co

f(±x) = (._) .

0 F() J
y2 e dy (8.8)

wo

where is a shape parameter, 3 > 0 is a scale factor, and w0 =
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is the average width of the image (see Figure 8.2). For moderate

to large a the Gamma distribution is close to Gaussian, with the

mean of the distribution again being given by a/tB and the variance

given by a/tB2 (see Figure 8.2).

Equation 8.8 may be evaluated by reference to an incomplete

Gamma distribution. For a "disperset' example (a = 2) f(x) is easily

found:

-4 x

f(x) = e (8.9)

The Fourier transform of f(x) is well known:

F(k)=( 1
)

1 + k2
k0 = 2/irvi0 (8.10)

This example is plotted in Figure 8.3. For comparison, the

in-focus MTF is shown, as well as the MTF for a fixed focusing error

of width w0. For the example, the average width, corresponds

to a focusing error which exceeds 2A so that Equation 8.3 can be

used to approximate the MTF. Figure 8.3 shows a general feature to

be expected of defocused optical systems. For moderate to large

focusing errors, it makes little difference in the spectrum whether

the focusing error is fixed or random. Both reduce the MTF1severely

attenuating spectral components for values of k higher than

approximately 11w0, where w0 is the average width of the defocused

image. From another point of view, this is merely an example of

Perseval 's theorem which requires the image width and spectral
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bandwidth to be inversely related.

How would this type of image degradation affect the SQWR?

Theoretically, the SQWR could be calculated by convolving the above

LSF with the square wave pattern. Practically, however, the SQWR

might differ from the predicted value for two reasons. Operationally,

it is easier to determine the best focus for the square wave pattern

than for the line source. This argument is supported by a remark

made by Lindberg (1954, p. 81) that

. . the focus adjustment giving best photographic
resolution for very narrow lines corresponded to
the line image distribution with the highest peak,
though there was a considerable flare of light
around it.

In focusing the experimental apparatus, it is possible that the

"sharpest" image of the line source occurs for a different focal

setting than for that of the highest resolution.

Secondly, in measuring the maximum and minimum values of

the SQWR data,one is likely to concentrate on the maximum contrast

values and ignore sections of the record that show anomalous

behavior.

While it would be possible to reduce these anomalies through

improved experimental technique, a third difficulty arises from

optical turbulence which places an intrinsic limitation on the

accuracy of LSF and SQWR measurements.
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The Failure of Stationarity

For random media, the ergodic hypothesis must be valid if

Fourier techniques are to be applied to image evaluation (O'Neill,

1963). In many situations, the exposure time may be short compared

to twinkling" caused by thermal fluctuations. In these cases,

time averages are not statistically equivalent to ensemble averages,

and the ergodic hypothesis fails. The LSF data are more seriously

affected by this than are the SQWR patterns. One can ignore

"anomalous" behavior in sections of the SQWR data; it is impossible

to do the same with the LSF data. If the image happens to be

defocused near the central peak in the irradiance distribution, the

entire spectrum will reflect this fact.

Most of the hydrological data collected during this investi-

gation are influenced to some degree by the defocusing effects of

optical turbulence. At first, the deviations from the expected

behavior of the data were not understood. Later the experimental

procedure was modified to isolate the effects of optical turbulence.

For this reason, the data will be discussed in a reverse chronological

order.

Discussion of Data

In the last test series, the differences between expected and

observed spectra are correlated with the thermal fluctuations of the

hydrological medium. The data illustrate that when the water is

well mixed, the differences between observed and expected Wiener



spectra are minimized. When convection is allowed to predominate,

either naturally or artifically, the spectral errors increase.

The optical configuration employed is denoted by configuration

UBI (Figure 7.1). The maximum spectral contrast error of the in-air

calibration was less than .03. The first zero of the expected

spectrum (owing to the sinc-function spectrum for the line source)

coincides with the first minimum of the observed spectrum.

The tank was filled with distilled water on 26 October. A

two meter water path was used for all of the tests, and a thermistor

was placed midway in the path to record thermal fluctuations. The

gross temperature history during the test series is shown in Figure

7.8. The temperature dropped rapidly on 26 and 27 October. During

the final series of measurements on 1 November, the temperature

variation was less than 0.2°C.

Tests were run on 26 October, 27 October and 1 November. On

each occasion a SQWR and LSF were recorded when the water was

standing idle (natural convection) and when the water was continually

mixed with a paddle.

A comparison of Figures 7.9 and 7.14 shows that normally,

the spectral error is minimized by mixing the water. On 1 November,

two replications of the LSF were recorded for the unmixed case

(Figure 7.14) and three replications for the mixed case (Figure 7.15).

With the water well mixed, the expected spectra are vitually

identical below 40 cycles/miliradian (Figure 7.15). The variation

is much greater when convection predominates (Compare Figure 7.14

with 7.15).
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Table 8.1 displays the average spectral contrast error (Equation

6.7). The increased error associated with thermal fluctuations is

clearly evident.

TABLE 8.1

Average Spectral Contrast Error

Figure Caption E Figure Caption E

7.2 "A" Calibration 0.016 7.17 1 June 1 m 0.025

7.3 "A" Calibration 0.002 7.18 1 June 2 m 0.035

7.4 "B" Calibration 0.032 7.19 10 June 2 m 0.083

7.9 26 Oct. mixed 0.054 7.20 11 June 2 m O.O1

7.10 26 Oct. unmixed 0.127 7.21 11 June 1 rn 0.032

7.11 27 Oct. mixed 0.097 7.22 11 June 3 m 0.080

7.12 27 Oct. unmixed 0.180

7.13 1 Nov. mixed 0.042

7.l4a 1 Fov. unmixed 0.071

7.l4b 1 rIov. unmixed 0.030

The temperature history during this set of experiments is

shown in Figure 7.16. Of particular interest is the relatively

small order of magnitude of the fluctuations. Most important,

however, is that the "unmixed" record exhibits some low frequency

components. All of the LSF measurements were recorded by sampling

each position in the image plane for approximately three seconds.

The occurence of low frequency thermal fluctuations (of order 1

cycle/second) interferes with the stationarity of the system. Thus

it would not be unusual to expect large variations in the LSF (and

the ensuing spectrum) in such an environment.

The above discussion might be summarized as follows: Water

is intrinsically a linear-invariant medium; in measuring its transfer

function, however, the exposure time required to guarantee stationarity



may be quite long. The utility of this transfer function for

predicting visibility would then depend on the optical instrument in

mind. For a camera, with a relatively short exposure time, say 1/60

sec., the above MTF would be a rather poor index of image quality.

On the other hand, if the MTF were measured with instrumentation

having an exposure of 1/60 sec., i.e., an exposure time equal to that

of the intended optical receiver, the MTF would be non-stationary.

Correlations between image quality and the MTF would depend upon the

likelihood of the medium being statistically similar at both moments.

The theme of optical turbulence is reflected in virtually all

of the hydrological data collected prior to the October-November

test series. Unfortunately, temperature measurements did not

accompany the optical data, for the effects of thermal turbulence

were underestimated. The tests conducted in June serve to illustrate

the apparent confusion caused by an inadequate knowledge of the thermal

circulation in the tank.

The in-air calibrations (Configuration "A") reveal spectral

contrast errors only slightly greater than Configuration "B" (Figure

7.2 and 7.3). On 1 June, the spectral contrast errors for distilled

water (Figures 7.17 and 7.18) are only slightly greater than those

for air; however, the tank had been sitting idle for the previous

three days. On 10 June (Figure 7.19), the tank was filled with cold

tap water and a test performed that day. The large difference between

the observed and expected spectra may be attributed to the inferred

thermal circulation as the water began to equilibrate. On 11 June,

over five gallons of phytoplankton culture was added to the tank in
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mid-afternoon. The test series began a few hours later, in the evening.

The first experiment was performed over a two meter water path (Figure

7.20). The spectral contrast error was very small, below 0.02 over the

entire spectrum. However, when the experiment was performed at only

one meter (Figure 7.21), the errors increased. At three meters

(Figure 7.22), they were greater yet.

I believe the cold tap water of the previous day had stratified

and that the phytoplankton culture (grown in a refrigerated room),

though thoroughly mixed at mid-afternoon had also reached an equili-

brium stratification by evening. The first experiment, then, was

performed over relatively quiet water.

When the inner tank (enclosing the source optics) was moved to

the one-meter position, the stability of the water column was

perturbed. The one-meter data was collected as the water began tc

stratify. The spectral errors increased markedly. The three-meter

test, performed last, was accompanied by the largest errors. Thus

the seemingly unorthodox dependence of contrast error for the

three ranges may be accounted for by assuming turbulence to be the

predominant cause of image degradation. The "failure" of the linear-

invariant hypothesis at one and three meters is a reflection of the

non-stationarity of the medium and of the related focusing diffi-

culties during the measurement period.

At a recent international technical symposium entitled "Electro-

magnetics of the Sea," one of the participants, Dr. 1!irgin, at a

round table discussion had this to say on the theme of the linearity



and invariance of a hydrological medium (Wirgin, 1970, P. 47-4):

I have a question about the MTF modulation
transfer function. I donut know who mentioned that
you could indifferently under the hypothesis of a
linear transformation between the image and the object
consider the impulse response or the sine wave response
to evaluate the image quality. I was wondering if
this might not constitute a valid test for the linearity
of the ocean medium as a image forming system. In other
words, take, for instance, the impulse response with the
point source, measure the image and from that derive the
sine wave (MTF) response. Then operate the other way
round, see if you come to the same results. I was

wondering if a test like this had been made already,
because it does not seem to be obvious at all that the
ocean medium can be considered as a linear transformer
of the images.

Of course, the tests that Dr. Wirgin spoke of are the substance

of this thesis. The seeming ambiguity of the earlier tests reflect

the complexity of the hydrological imaging process. Perhaps the

greatest benefit to be derived from this thesis is a deeper under-

standing of the circumstances which surround the analysis of

underwater visibility.



IX. SUMMARY AND CONCLUSIONS

This investigation, which began nearly three years ago, was

based on a model of underwater visibility that linked image

degradation to the amount of suspended and dissolved matter in the

hydrological medium. The system calibration in distilled water

was expected to introduce only minimal errors, which would define

the experimental error for the remaining measurements. Because the

spectral errors were larger than anticipated, an effort was made

to resolve them by improving the experimental design. However,

after a number of refinements had been made, spectral contrast

errors remained. These errors were finally shown to be correlated

with temperature fluctuations as small as 0.01°C.

There are many oceanic regimes where water clarity exceeds

that of the water used in these experiments (derby, 1968). Further-

more, temperature fluctuations of 0.01°C, are not uncommon for

the ocean. Recent measurements by Gregg and Cox (1972) have shown

a microstructure in the vertical temperature profile exceeding

O.Ol0C. over depth scales of a few centimeters. Thus it is likely

that thermal fluctuation will play a major role in the analysis

of underwater image transmission.

The current model of underwater visibility (Duntley, 1963)

predicts contrast to fall off as

Cr = C0 ecr (9.1)

for horizontal sighting paths where Cr is the apparent contrast at



range r, C0 is the inherent contrast and c is the beam attenuation

coefficient. For an initial contrast of unity, this model predicts

the apparent contrast to fall to 0.02 (a limiting value for the

human eye) at a range of 4/c. If one applies this analogy to clear

water; e.g., c < O.lm, one would predict visibility ranges

exceeding 40 meters.

This investigation questions the propriety of applying Equation

9.1 to situations characterized by "clear" water. For example, it

would be presumptuous to assume a telescope could be used to advantage

in the example cited above.

These experiments originated from a desire to justify the

language of Fourier analysis to describe underwater visibility. For

these experiments, the contrast errors are small and occur relatively

high in the spectrum. For many applications, the errors involved in

assuming the system to be linear-invariant would be neglibible.

The data illustrate, however, that Fourier techniques may not be

used indiscriminately. This would especially be true in clear water,

where the range of visibility extends to several meters. In such

cases, characterized by a lack of suspended matter, thermal turbu-

lence may predominate. If the thermal turbulence has low (time)

frequency components, Fourier techniques might lead to inaccurate

predictions of underwater image transmission.
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