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The problem of downward continuation of potential fields is

being considered. The basic approach involves computation in real

space using a power series expansion. The computation of the deriva-

tives required for evaluating the series is carried out on the basis of

two approximation methods, viz. (1) polynomial method, and

(2) application of band-limited functions.

The band-limited approach is also applied to the problem of

transforming the direction of the source magnetization, that is, to the

problem of transforming a given magnetic field to the pole.

The quality of these results is considered in two ways: (1) the

frequency response of the derived convolution coefficients are corn-

pared with the analogous system functions of the linear filter method;

and (2) the methods are applied to artificial magnetic test cases.
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Good quality results are obtained using these methods. The methods

are also applied to a portion of field data.
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DOWNWARD CONTINUATION AND TRANSFORMATION
OF POTENTIAL FIELDS WITH APPLICATION TO

MARINE MAGNETIC ANOMALIES

I. POTENTIAL THEORY

A potential function is one which satisfies Poisson's equation

= [a +a +a ] = f(P)xx yy zz

where f(P) is a given source function.

This is one of the most important partial differential equations.

It is fundamental to a major portion of geophysics. Some of its

primary applications are the following: gravity; electrostatics;

magnetos tatics; stationary heat flow; incompressible inviscid fluid

flow.

This chapter is a review of the fundamentals of potential theory

necessary for the development of this thesis. The gravitational and

magnetostatic potentials are discussed in derivations. The results

are analogous for all potential quantities.

Poisson's Equation

Newton's Law of Universal Gravitation states that the gravita-

tional force on an incremental mass dM at field point P due to

an incremental mass dMQ at source point Q is
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dM dMp Q-dF-'
3

rpQ
rpQ

Q = (x1,yT,z')

P = (x,y,z)

where rQ is the vector from Q to P and y is the universal

gravitation constant.

The force per unit mass at P, termed the gravitational field,

can be written as the gradient of a scalar

-. dF YdMQ
g(P) dM = c7( rQ

The negative sign is retained by convention. This scalar is termed

the gravitational potential of the incremental mass dMQ

vdMQ
dp = rQ

The total gravitational potential at P due to a distributed mass with

density p(P) is expressed as an integral

(p) = p(Q)
B rQ dvQ (1. 1)

where B is the whole space.
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Applying the Laplacian operator to both sides of this

equation

v(P) = -VSP(Q)Vp(l/rpQ)dvQ

The integral can be evaluated using the identity

V(1/rQ) = -46(P-Q) (1.Z)

where 6(P-Q) is the Dirac delta function (Duff and Naylor, 1966).

Thus

= 4YP(Q)5(PQ)dvQ

v(P) = 4yp(P) (1. 3)

This is Poisson's equation for the gravitational potential.

The magnetic scalar potential is derived on the basis of

Maxwell's equations for static fields

-' .-VxHJ
V. =O (1.4)
- -BH

Outside the source region the current density is zero

VxHO



4

When the curl of a vector vanishes, the vector H can be

expressed in the source-free region as the gradient of a scalar

(1.5)

Assume that in all space can be written

= -vtIi +

where M, termed the magnetization, is non-zero only within the

source region.

Since the divergence of the magnetic induction is zero

V B = V (iH) v [(-vp+Mfl = 0

If p. is constant throughout

V.(-Vi+M) = 0

vq(P) =v-(P) (1.6)

This is Poisson's equation for the magnetic potential in the mks

system of units (Sommerfeld, 1964).

Notice th3t comparing Poisson's equation for gravity (1.3) and

magnetics (1.6), the analogous source quantities are

Yp< >vM



From (1. 1) the magnetic potential is thus

VQM

B rQ dvQ

The magnetic potential can be obtained in a more convenient

form if the source region is bounded and the magnetization has uniform

direction

M(Q) M(Q)e

qi(P) =
r M(Q)(e.V) dv (1.7)JBrPQ Q

(Bodvarsson, 1973).

The Equivalent Stratum

The vertical component of the gravitational field from (1. 1) is

g (P) = -a (P) = p(Q)(z-z')
3

dVQ
Z Z B rpQ

Q (x',y',z')

Confine the source region to the horizontal sheet zT = 0

p(Q) o(S)6(z')

where cr(S) is the surface mass density and 6(z') is the Dirac delta



function. Thus

cr(S)
= da (1.8)

r

where is the horizontal plane z' = 0.

Taking the limit z 0 we obtain

1-2cr(S) in the upper half-space
g (5) (1.9)
Z Zirycr(S) in the lower half-space

(Grant and West, 1965).

If g(S) is produced by an unknown distribution of mass in the

lower half-space the same vertical component of the gravitational field

would be produced in the upper half-space if the source region is

replaced by a sheet source on the plane with surface density

cr(S) = -g(S)/Ziry

This is termed the equivalent stratum.

An analogous equation exists for magnetics. From (1.7) if the

magnetization is vertical

qi(P) = (z-z')M(Q)
3 dvQ

rpQ

Again using the concept of an equivalent stratum at z' = 0



M(Q) u(S)8(z')

where u(S) is the surface magnetization density we obtain results

analogous to (1.9)

u(S)/Z in the upper half-space
= ( (1. 10)

L-u(S)/Z in the lower half-space

Note that this holds only for vertical magnetization.

Upward Continuation

The potential can be determined throughout the source-free

half-space if its value is given on the plane This is termed the

upward continuation of the potential.

Upward continuation is a special case of the Dirichiet boundary

value problem

v2(P) = f(P)

p given on E

This has the formal solution

(P) Sh(P, Q)f(Q)dvQ vQh(PQ)Jda5 (1. 11)

where h(P, Q) is the Green's function for region B. For the half-

space, Green's function is



1h(P,Q) = 4rrrQ 41TrQ?

Q (x',y',z')
Q (x,yT,-z')

(Duff and Naylor, 1966).

In the source-free positive half-space f(Q) vanishes and (1. 11)

simplifies to

(P) (S)[- h(P, Q)]da5

(S) da (1. 12)
0rQ

This holds for any potential function p.

For the vertical component of the magnetic field, (1.5) and

(1. 12) provide

-S
H(S)z zH (P) -8 4(P)z z 21r

3da5r5
Integrating this over z

cc H(S)
(P)

Sz'dz' ç z

z 2ir
'-':; r5 da5

the upward continued magnetic potential is obtained in terms of the

surface vertical field
H (S)z da (1. 13)(P) r5 S



II. REVIEW OF DOWNWARD CONTINUATION

Introduction

Upward continuation of a potential field into the source-free

half-space is a well defined problem with a unique solution (1. 12).

Continuation of the potential downward toward the source region, how-

ever, is an improperly posed problem. To obtain well defined solu-

tions strong assumptions about the distribution of sources must be

made.

A number of papers have been devoted to the problem of down-

ward continuation. Quite early, Fourier series were used in direct

methods for gravity interpretation by Tsuboi and Fuchida (1937, 1938),

Tsuboi (1939), and Bullard and Copper (1948). Tomoda and Aki

(1955) used the same approach but dispensed with the need to compute

the Fourier coefficients by making use of the band-limited property of

the function (sin x)/x. Peters (1949) formulated downward continua-

tion as an analytic continuation by Taylor series. More recently,

with the development of digital computers, algebraic approaches have

been developed by Bott (1960, 1967), Tanner (1967), and Emilia and

Bodvarsson (1969). These involve formulating the problem in a sys-

tem of linear equations.

Another approach treats the upward continuation formula as an

integral equation
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9(P0) = (S) da5 (2.1)
-h r5

P0 = (x,y,O)

Given q' everywhere on the plane z = 0, determine ç(S) on the

plane z = -h. Bodvarsson (1971) used Fourier transform methods to

obtain a formal solution to this integral equation. This method is

described in the next two sections.

Downward Continuation in Fourier Transform Space

The two-dimensional Fourier transform pair is defined

f(x y) <ZdFT>kk)

(k1,k2) f(x,y) exp[-i(k1x+k2y)]dxdy (2.2)

f(x,y) f(k1,k2) exp[i(k1x+k2y)]dk1dk2

The two-dimensional convolution theorem is

f*g <ZdFT>2fg
(2.3)

f(x,y) * g(x,y)

(Duff and Naylor, 1966).
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Recognizing the upward continuation formula as a convolution,

the integral equation (2. 1) can be solved formally using Fourier trans-

forms. Making use of the transform pair

h 2-dFT
< >exp(-ph)

2r x

2 2 2
p =k +k2

and the convolution theorem (2. 3) the FT of the upward continuation

formula for the magnetic field is

H(k1,k2,O) H(k,k2, -h) exp(-ph) (2.4)

Rewriting with the unknown function on the left

H(k1,k2,-h) (k1,k2,O) exp(ph) (2.5)

This is the Fourier transformed equation for the downward continua-

tion of the vertical component of the magnetic field. It has the same

form for any potential function.

The vertical component of the magnetic field can also be down-

ward continued to obtain the magnetic potential. This is desirable for

physical reasons since the magnetization density on the equivalent

stratum (1. 10) is directly proportional to the magnetic potential on
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this plane. This downward continuation can be done in the same man-

ner by taking the Fourier transform of the upward continuation equa-

tion (1. 13). A more direct approach is to use the definition of the

magnetic potential (1.5)

H -8 i
z z

The two-dimensional FT of this gives

AH (k ,k2,O) = -8i(k1,k2,z)1zl zO

From (2.4) this derivative is evaluated directly

Thus

A.H (k ,k ,O) = p exp(-ph)i(k1,k2,-h) (2.6)zi 2
I'

(k1,k2,-h) FJ(k11k2,O) exp(ph)/p (2.7)

Observe from Equations (2.4) and (2. 6) that upward continuation

is a smoothing operation. The factor exp(-ph) suppresses high

frequencies so that the high frequency content of the spectrum is

decreased by upward continuation. Downward continuation equations

(2.5) and (2.7) act as unsmoothing operations. The high frequency

components of the spectrum are amplified by the factor exp(ph).

Equations (2. 5) and (2. 7) are formal solutions of downward con-

tinuation in FT space. For the inverse transform of (2. 7) to exist
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it is necessary that the integral

00

\ \ IH (k ,k2,O) exp(ph)/pdk1dk2,j,j z 1

00

exists. Thus must attenuate more rapidly than exp(-ph)/p

(Grant and West, 1965). This is most easily satisfied if H is a

band-limited function. A band-limited function has zero spectrum for

Pt > p0, where p0 is the cutoff frequency.

Downward Continuation in Real Space

The downward continuation equations (2.5) and (2.7) in FT

space cannot be directly inverse transformed to real space. To

alleviate this difficulty the factor exp(ph) is rewritten

exp(ph) exp(ph) + exp(-ph) exp(-ph)

Substituting this in (2. 7) and regrouping terms

A .-. exqi(k1,k2,-h) H (k ,k ,0) p(ph)-exp(-ph)1zi 2 P
(2. 8)

+ (k ,k ,0)exp(-ph)/pz 12
Recognize the second term on the right from (2. 6) as the transformed

upward continued potential. The exponential factors in the first term

on the right can be expanded in a series. Thus



00

2h
(k1,k2-h) 2h (ph) (k(Zn+1)! z

1,k2,0) + (k1,k2,h)
fl::0

To take the inverse transform of this use the FT pair

2n' 2dFT> Zn
p f(k1,k2) < (-v2) f(x,y)

where is the two-dimensional Laplacian operator +xx yy
Thus

14

00

Zn+ 1
= 2 (Zn+1)! (-vH(P0) (2.9)

0

The downward continuation equation (2. 5) inverse transforms in

the same manner

GO

Zn
H (P ) = 2 h (VZ)nH (P ) - H (P ) (2.10)

z -h (Zn)! 2 z 0 z h
0

Equations (2. 9) and (2. 10) are the downward continuation opera-

tions in real space. They have the same frequency properties as their

FT counterparts (2. 7) and (2. 5). The infinite sum of terms of

(_V)n is a severe unsmoothing process. It amplifies high frequency

components of the field. This is an especially severe problem for

real data which always contains some error. This noise has high
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frequency components which are greatly amplified by the downward

continuation operation and may severely distort the solution.

Associated with this unsmoothing property is the problem of the

convergence of the series. The factorial in the denominator provides

convergence of the series if the factor (-v7 )H is bounded for

arbitrarily large n. A sufficient condition for this to occur is that

H be bounded and a band-limited function (Bodvarsson, 1971). This
z

is identical to the condition imposed on the FT equations, (2.5) and

(2. 7), for the inverse transform to exist.

A standard approach to approximate an infinite series is to

truncate the series at a finite number of terms. Downward continua-

tion formula (2. 9) is then

k

=
h2fl+l 2
(Zn±1)! (-v2 'H (P ) + p(P ) (2. 11)

z 0
n0

This is a valid approximation if H is band-limited and the cutoff

frequency is low enough that terms with derivative greater than 2k

have negligible influence. It is termed the kth order long-

wavelength approximation and is abbreviated wk.

Downward continuation formulas (2.5) and (2.7) in FT space

are products of two terms. We expect from the convolution theorem

that in real space the downward continuation is in the form of a con-

volution. It is not immediately obvious in (2.9) and (2. 10) that this is
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the case. It is shown in the next chapter that evaluating derivatives

of a function given at discrete points is done as a convolution.

Linear Filter Methods

The use of Fourier transforms for treating upward and down-

ward continuation and other geophysical interpretation techniques is

analogous to linear filter concepts first developed for electrical cir-

cuit analysis. Geophysical applications of linear filter techniques

were first introduced in a unified manner by Dean (1958). Some of the

subsequent papers in this area have been Fuller (1967), Clarke (1969),

Black and Scollar (1969), Lavin and Devane (1970), Blakely and Cox

(1972a, 1972b), and Schouten and McCamy (1972).

One of the greatest advantages of linear filter methods is the

added insight gained through this alternative point of view. The

upward and downward continuation operations are reduced from differ-

ential and integral representations in real space to relatively simple

algebraic equations in FT space. These algebraic equations are

much easier to manipulate.

The advantage of the FT method has become more pronounced

with the introduction of the Fast Fourier Transform (FFT) algorithm

(Cooley and Tukey, 1965). It has greatly reduced the computation

time for evaluating the FT. The significance of this development is

apparent by the dramatic increase in the literature of linear filter
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techniques following its publication.

Noise is characteristic of all real data. It results from meas-

urement errors, digitizing of data, and other inherent problems. High

frequency noise causes difficulties for any method of downward con-

tinuation. This is characteristic of the improperly posed nature of

the downward continuation problem (Bodvars son, in press).

For downward continuation and other filter operations that

accentuate the higher frequencies this noise portion of the spectrum

must be suppressed in some way so that it does not severely distort

the results. This low-pass filtering of the data must be done in a dis-

criminating way, however, such that significant high frequency corn-

ponents of the signal are not completely eliminated. This aspect of

linear filter methods has received much attention (Clarke, 1969;

Schouten and McCamy, 1972; Blakely and Schouten, in press).

Another problem of the linear filter techniques is inherent in the

FFT algorithm. It assumes a function defined over a finite interval is

periodically repeated over all space. If there is a discontinuity at the

boundaries, artificial high frequencies are introduced. To eliminate

this, regional trends must be removed from the data (Gunn, 1972).

This is equivalent to high-pass filtering of the data.



Second Derivative Method

The first order long-wavelength approximation of downward

continuation formula (2. 10) is

2221)o) - h V2 p(P0) (2. 12)

The FT of this is

1(k1, k2, -h) [Z-exp(ph)h2p2}(k1, k2, 0) (2. 13)

For small p, (2. 13) is dominated by the first two terms within the

brackets. These low frequency fluctuations of the potential field are

usually associated with the broad-scale regional features. At larger

p the third term predominates. The high frequency components are

attributed to local near surface sources.

Frequently the regional trends of a potential field mask the local

anomalies. To counteract this the surface Laplacian which is sensi-

tive to high frequency fluctuations in the field provides a useful

interpretation technique. This is usually termed simply the second

derivative method. The second derivative method has been used

extensively over several decades (Evjen, 1936). It has been regarded

more as a utilitarian tool, however, than as a theoretically sound

interpretation principle. The question has occasionally been raised

concerning the real nature of the second derivative method (Grant,



19

1972). The first long-wavelength approximation to downward continua-

tion (2. 12) provides a theoretical basis for its use.

Several coefficient sets have been proposed for evaluating the

second derivative in real space (Henderson and Zeitz, 1949; Elkins,

1951; Rosenback, 1953). The frequency response of these coefficients

have been compared with the theoretical response of the second deriva-

tive operation (Mesko, 1966; Darby and Davies, 1967). Elkin's coef-

ficients have a frequency response much below the exact response at

high frequencies Rosenbach's and Henderson and Zeitz 's coefficients

show much better agreement with the exact response. Elkin's coeffi-

cients, however, clearly perform better when applied to real data

(Grant, 1972). The reason for this is the need to low-pass filter field

data to remove noise. The relatively low response of Elkin's coeffi-

cients at high frequencies contains an inherent low-pass filter. The

high frequency components are attenuated simultaneously as the second

derivative is evaluated,
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III. APPROXIMATION METHODS FOR EVALUATING THE
SERIES TERM OF DOWNWARD CONTINUATION

IN REAL SPACE

The downward continuation formula for the magnetic potential is

derived in Chapter II

Zn+1 H (S)
2 (21)(V)H (S) Z da5

2 z Zir r8
n0

In practice H is not given as an analytic function. It is

represented by its values at discrete points over a finite range. To

evaluate this downward continuation formula both the series and

integral terms must be evaluated numerically.

The series term involves a sum of derivatives of H . To
z

approximate derivatives of real data an analytic function must be used

to represent the data. In this chapter the band-limited and polynomial

functions are considered for this purpose. The results are used to

evaluate the series truncated at a finite number of terms.

The integral term is the upward continued potential on the plane

z = h (1. 13). As discussed in the previous chapter upward continua-

tion is a smoothing operation which attenuates the high frequency

content of the spectrum. It is most convenient to evaluate this integral

using linear filter methods (Schouten and McCamy, 1972).
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In the derivations only the one dimensional problem is treated.

All functions are dependent on x only. Brief consideration of how

these results generalize to the two dimensional problem is made at

the end of the chapter.

Derivatives by the Band-Limited Approximation

For the downward continuation series term to converge it is

sufficient that the function be band-limited (Bodvarsson, 1971). Thus

it is of interest to represent the data by a band-limited function.

Subsequent references to band-limited use the abbreviation BL.

Assume evenly spaced data represent a BL function with cutoff

wave number

k0 = 1T/I

where is the separation of data points. The spectrum of a BL

function is zero for Iki >k0. According to the sampling theorem

such a function can be uniquely expressed by the infinite series

f(x) f(n) sin(k0x-n)/(k0x-n) (3. 1)

(Arsac, 1966).

The mth derivative of a BL function is
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00 m sin(k0x-niij
d f(x) (m)-f (x)=

dx kx-nnm L m
.00

Evaluating this at x = j gives the mth derivative of f as a

convolution of the data

where

f(mI(.)

fl-00

f(n)a

m sin(m) d (k0x-nir)
a.

dx k0x-nirj-n m

Changing the index of summation t = j - n

00

(m)= a f[(j-1) ] (3.2)
-00

(m)Appendix I derives coefficients a in a general form.

Derivatives by the Polynomial Approximation

An alternative method of evaluating derivatives of a function

represented only at discrete points assumes the function is repre-

sented over a small range by a polynomial.

There is no problem of convergence in the downward continua-

tion formula for this case. If the data is represented by a polynomial
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of finite order n, derivatives of order greater than n vanish

within the small range of definition. The infinite summation reduces

to a finite sum.

Assume the data represents an nth order polynomial function

in the vicinity of x0

n
V.'

f(x)
2

b(x-x0)
£ =0

Coefficients b1 are uniquely determined by n+l values of the

function in the vicinity of x0, These n+l data points, f(x.),

define a system of n+l linear equations

f(x.) = (3.3)

The mth derivative of f evaluated at x x0 = jL is

(m).f (jt)=b m!m

b is determined by (3. 3). Appendix II shows that for n+l uni-

formly spaced data points about x0 = jt the mth derivative of f

can be written as the convolution

n/Z
(m) (m)f (jL) = a fi(j-fl} (3.4)

1=-n'2
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(m)Appendix II gives the method of determining coefficients a

Equations (3. 2) and (3. 4) both evaluate derivatives of the data as

convolutions. This is consistent witn the results of Chapter II. Since

the downward continuation formula in FT space is a product, the

real-space form must be a convolution.

Frequency Response of the Second Derivative Coefficients

A good criterion for evaluating these two approximations is to

compare the frequency response of the coefficient sets with the cor-

responding system function of the FT equation.

The FT of the mth derivative of a function is

dxtm
f(x) FT > (ik)mf(k) (3. 5)

The system function of the mth derivative operation is (k)m so

that the system function for the second derivative operation is

G(k) = k2 (3.6)

Figures 1 and 2 show the frequency response for the polynomial

and BL second derivative coefficients. For both, the data points are

spaced at 1 km interval. The cutoff wave number is then TF km'.
Both the magnitude of the response and the ratio of the approximate

response to the total response are shown. Subsequent references to
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frequency response use the abbreviation FR.

Figure 1 shows the FR for the 2nd, 4th, and 8th order poly-

nornial approximations. They are compared with the total response

given by the system function of the second derivative operation. The

response is good at low frequencies for all orders of polynomials.

At high frequencies the FR diverges from the total response. The

divergence is less for higher order polynomials.

Figure 2 shows the FR of the BL approximation at low fre-

quencies. The scale is exaggerated from Figure 1. The response of

the first 2, 6, and 14 BL coefficients, are shown along with

the total FR of the second derivative operation (3. 6). The FR of

the approximations oscillate about the total response. As the number

of coefficients increases the frequency of oscillation increases while

the relative amplitude decreases. At high wave numbers not shown in

this figure the approximations' FR lie very close to the total

response.

Evaluating the Summation

The mth long-wavelength approximation (2.11) is

m
hZn+l (d)n (x,O) + (x,h)i (x,-h)2m (Zn+l)! 2 zdxnO



Substituting the results obtained for the BL and polynomial approxi-

mations

m h1 n (Zn)
qi (j, -h) = Z -1) a H {(j )t] + t.Ii(j , h)m (Zn+l)! z

n0

Reversing the order of summation

m
2h n (Zn)-h) = H[(j-fl] (2n+1)! a + (j,h)

- n0

The inner summation over n can be evaluated directly

Thus

m
bm) Z(-l)'h21 (Zn)

(Zn+l)! a (3.7)
n0

(j, -h) = bm)H[(flI + (j ,h) (3.8)m

(m) .The downward continuatrnn coeffictents b and the lImLts

of the summation over are dependent on whether the BL or

polynomial approximation is used.

Frequency Response of the Downward Continuation Coefficients

Insight into the character of these downward continuation coeffi-

cients and of the long-wavelength approximation can be gained by
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examining their frequency response.

The total FR of the summation term of downward continuation

is given by the system function of the FT Equation (2.8)

G (k) [exp(kh)-exp(-kh)]/k (3.9)total

The first m+l terms of the series expansion of this gives the FR

of 1wm

m Zn+l
G(m)(k) 2 (2n+l)!

kZn (3. 10)

n=O

As m increases (3. 10) converges to (3. 9).
(m)The response of the approximation coefficients b1 (3. 7)

should at best lie near (3. 10). They are obtained as an approximation

to 1wm
Figures 3 and 4 show the FR of the BL and polynomial

approximations to 1w2 and 1w4 respectively. These are com-

pared with the response of the Lw approximation given by (3. 10)

and the total FR given by the downward continuation summation

term?s system function (3. 9). These figures are for the particular

case of data spacing t = 1 km and depth of continuation h 5 km.

The cutoff wave number is iT km'. For the BL approximation only

the first 20 coefficients have been retained. The polynomial approxi-

mation in Figure 3 assumes a 6th order polynomial and in Figure 4 a
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Figure 3. Frequency response of band-limited and polynomial approxi-

mation downward continuation coefficients to .w2.
A: Amplitudes. B: Ratios to total response.
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0 k (km') 2. 3.

Figure 4. Frequency response of band-limited and polynomial approxi-
mation downward continuation coefficients to w4.
A: Amplitudes. B: Ratios to total response.
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10th order polynomial.

In Figure 3 observe that the response of 1w2 is two orders of

magnitude below the total response at the cutoff frequency. This is

simply the difference between (3.9) and (3. 10) at large k. The poiy-

nomial coefficients have a FR close to that of 1w2 at low fre-

quencies and diverge by a factor of 3 at the cutoff frequency. The BL

coefficients have a response which oscillates about the 1w2 FR at
low frequencies and lies very close to the 1w2 response at high

frequencies. This behavior is consistent with the FR of the approxi-

mations of the second derivative operation shown in Figures 1 and 2.

In Figure 4 observe that the FR of 1w4 lies closer to the

total response. This is clearly to be expected from the convergence

properties of the series (3. 10). The polynomial FR diverges more

from the Iw response at high frequencies. The BL coefficients

oscillate more violently at low frequencies while still maintaining good

behavior at the high frequencies.

Figure 5 shows the FR of the polynomial approximation to

1w for m = 2, 4, and 6. The data interval and depth of continua-m
tion are the same as used in Figures 3 and 4.

From these figures conclude that the polynomial approximation

gives a good fit to the total response (3. 10) at low frequencies and

diverges at high frequencies. The divergence at high frequencies

decreases for high order approximations.
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k(krn)
Figure 5. Frequency response of the polynomial approximation to

1w2, 1w4, and 1w6. A: Amplitudes. B: Ratios to total
response.
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For the BL approximation, retaining only a finite number of

coefficients, the FR lies close to the w response at high frequen-

cies but oscillates about the desired response at low frequencies.

The higher order w approximations give a closer fit to the total

response at high frequencies while the oscillations at low frequencies

become more violent.

Two Dimensional Case

The downward continuation formula can also be applied to the

general two dimensional problem. The approach is the same. The

calculations only become more laborious.

Consider data given on a square grid. The two-dimensional

Laplacian is

V =8 +8
a

The most direct approach to evaluating V for real data

approximates the function in the vicinity of (x0, y0) by

'p(x,y) = q(x0,y0) + f(x-x0) + g(y-y0)

Then the Laplacian evaluated at (x0, y0) is

aV2(x0.y0) = D2f(0) + D2g(0) (3. 11)



35

This is equivalent to approximating the data along the x-axis by

analytic function of x the data along the y-axis by an analytic func-

tion of y taking the ordinary derivative of both, and adding the

results.

This simple approach is undesirable. The Laplacian operator is

invariant to rotation whereas (3. 11) is very sensitive to axis orienta-

tion. Only data points along the axis are considered while data off the

axis are ignored. The frequency response of this operation would

deviate considerably from the axial-symmetric, exact frequency

response. This has been shown to be the case for second derivative

coefficients, such as those proposed by Henderson and Zeitz (1949),

which have strong dependence on axis orientation (Darby and Davies,

1967).

A better approximation assumes the data are represented by an

analytic function of both x and y. According to the sampling

theorem a BL function of two variables can be expressed

sin[k1x-mn] sin[k2y-nrr]
f(x,y) f(m1,n2) k1x-m k2y-n

m -X n

where k1 and k2 are the respective cutoff wave numbers (Arsac,

1966). As was done with the one dimensional case derivatives of this

can be evaluated directly to give the Laplacian as a convolution over

all the data points
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j2) = a f[(i-m) , (j-n)2]
_1 m,n

n-i, n

The polynomial approximation fits the data locally in the

vicinity of (x0, y0) by an m x n order polynomial

m n
f(x y) bk(xxo)k(yyo)l

k=O =O

As with the one dimensional case, the Laplacian of f can be evalu-

ated as a convolution over N data points in nearby vicinity

m/Z n/Z
vf[i1, j2J = ak, f[(i-k)1, (j

k-m/2 -nI2

where N = (m+1)(n+1).

These approximations will show a response much closer to the

desired symmetric behavior of the Laplacian operator.



37

IV. TRANSFORMATION OF THE MAGNETIC TOTAL
FIELD ANOMALY

The downward continuation formula (2.9) applies to only the

vertical component of the magnetic field. The magnetic total field

anomaly lies parallel to the total field, which in general is vertical

only at the magnetic pole. The downward continued magnetic potential

is related to the equivalent stratum magnetization density (1. 10) only

for vertical magnetization. Thus to downward continue the magnetic

total field anomaly to determine the equivalent stratum magnetization

density it is necessary for both the total field and magnetization

vectors to be vertical.

To treat the general case it is necessary to transform the

observed total field anomaly H(S) to another anomaly He(S)

which results from the same source body having vertical magnetiza-

tion and the total field along the vertical. This is termed transforma-

tion to the pole.

Fourier Transform Method

A direct method of translating the total field anomaly to the

magnetic pole is obtained by Blakely and Cox (1972a) using Fourier

transform methods. In the one dimensional case they show that a

profile A transforms to profile B in FT space
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HB(k) = G(k)HA(k) (4. 1)

PB+ iQB sgn k
G(k) PA+ 'A sgn k

where P and Q are dependent only on the total field and magneti-

zation vectors (n1,n2,n3) and (e1, e2,e3)

Thus

P e1n1 - e3n3
(4. 2)

Q = en3 + e3n1

For translation to the pole where and ' are vertical

B1
G(k) = A + iB sgn k

A

(4. 3)

B

Band-Limited Approximation

The inverse transform of (4. 1) can be evaluated directly if the

profile HA is approximated by a band-limited function

HA(k) 0 for ki >k0

The inverse FT becomes



k

HB(x) exp(ikx)G(k)flA(k)dk

Expanding G(k) in a Fourier series in the interval [-k0,k01

G(k) = a exp[ink/k01

(4. 4) becomes

00 k0

HB(x) aj4-_ ç exp[ik(x+n1T/k0)If(k)dk
-00

Evaluate the integral using the transform pair

;EI ikbAf(x+b) < > e f(k)

(Duff and Naylor, 1966). Thus

00

H (x) a H (x+n/k0)B nA
-00
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(4. 4)

(4. 5)

If HA is given at uniformly spaced data points x jE and

the cutoff frequency is defined =

00

HB(j) = a H [(n+j)] (4.6)nA
n= -00
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The transformed profile is a convolution of the original profile.

The coefficients a of the Fourier series (4. 5) aren

k0
1 G(k) exp[-inirk/k0]dk

-k0

Substituting (4.3) this is evaluated

IA n0
a 4 ZB/n nodd (4.7)ni

0 neven

Lemouel, Courtillot, and Galdeano (in press) have obtained these

same results using analytic properties of the complex sinc function.

Frequency Response

In practice to evaluate the transformed field (4. 6) the summation

must be truncated at finite limits. Thus the transformed field is

approximated by

m
H(j) = aHA[(n+j)]

-m

To gain some insight of the character of these coefficients

a (4. 7) and the affect of truncating the summation compare the FR

of the coefficients with the system function G(k)
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G(k) = A + iB sgn k (4.3)

For translation to the pole the modulus and phase of G(k) are

G(k)I =
(4.8)

0(k) = sgnktan'(Q/P)

If the summation is truncated at the mth coefficient, the FR

of the coefficient set is given by a partial sum of (4. 5)

m
G (k) a exp[ink1 (4.9)m Lix'

-m

This summation can be evaluated directly and compared with the total

Figure 6 examines the FR of the 3rd, 7th, and 15th order

partial sums for a particular case. The inclination and declination of

the magnetization and regional field are 'M' DM)
(370 00) and

H' DH) = (0° 00). The lineation of the two dimensional body is east-

west. Note that the FR of the coefficients fits the exact response

well and improves as the order of approximation increases. This is

clearly to be expected from the convergence properties of Fourier

series.
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Figure 6. Frequency response of the band-limited approximation coefficients for transformation of
the total magnetic field anomaly to the pole. These are the mth partial sum of (4. 5)
for m = 3, 7, and 15. The exact response (4. 8) is shown dotted.
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V. APPLICATIONS

Chapters III and IV derive coefficients for evaluating downward

continuation and transformation of the total field anomaly in real

space. These operations are convolutions of the data. The character

of the convolution coefficients have been examined by comparing their

frequency response with the system functions of the FT method.

This chapter evaluates these methods by applying them to a magnetic

field produced by a known source distribution. A field profile is also

considered. The conventional cgs system of units is used in these

examples.

Downward Continuation of an Artificial Test Case

Consider for a test case the horizontal sheet source with vertical

magnetization at depth h 5 km.

M(x,y, -h) A{U(x-2O)U(2O-x)]ö(z+h)i

where U(x) is the unit step function and A is the magnetization

density. In this case A i 1O emu/cm2. The vertical component

of the field at the surface is determined over the interval from

x -120 km to x 120 km at data points uniformly spaced 1 km.

This surface field profile is downward continued to the source depth

using both the band-limited and polynomial approximations.
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At the source plane the magnetic potential is discontinuous at

the edges of the source region. This discontinuity is a severe

challenge to the method. The ability of the methods to resolve this

discontinuity and maintain stability is a good indication of its charac-

ter.

Figure 7 shows the band-limited approximation applied to this

test case. The profile of the vertical field, the upward continued

potential, and the 0th through 3rd order long-wavelength approxima-

tion are shown. Only the first 20 coefficients have been retained in

evaluating the convolution. Twenty km have been removed from each

end of the profiles to eliminate the severe edge effects.

1w0 and 1w1 are well behaved. 1w2 shows small instability

and 1w3 is completely degenerate from the known source.

This instability occurs at the higher order approximations

because 20 coefficients is not sufficient for evaluating these high order

derivatives for the BL approximation. This was apparent when the

frequency response of the first 20 coefficients was examined in Fig-

ures 3 and 4.

Figure 8 shows the polynomial approximation applied to this test

case. Through the 4th order 1w approximation is shown. A 10th

order polynomial is assumed so evaluating the derivatives is a con-

volution over 11 data points. Twenty km have been removed from each

end of the profile so that the scale is the same as Figure 7. The edge
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Figure 7. Downward continuation of an artificial test case using the
band-limited approximation. A: Vertical field at the sur-
face. B: Contribution of the integral term to downward
continuation. C-F: for k 0-3. The exact potential
is shown dotted.



500 ammas
H

A z z0
40km

46

B,
, , ,, , , . . , , , , . , . . . . . . . , , . . , .;

C ..
r___

\J.___.. ........................ . . .

E
1w2

1wF 3
I ............................ SI,II..,

1wC4_____________
Figure 8. Downward continuation of an artificial test case using the

polynomial approximation. A: Vertical field at the surface.
B: Contribution of the integral term to downward continua-
tion. C-G: .Ewk for k 0-4. The exact potential is shown
dotted.
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effects are not seen.

All orders of approximation are well behaved. Successive higher

order approximations provide a better fit at the edges of the source.

There is a slight overshot at the edges of each discontinuity. This is

a manifestation of Gibbs phenomenon which occurs when a non-

uniformly convergent series attempts to fit a discontinuity. The

root-mean-square error was computed for each approximation. For

successive higher order approximations the series converges in the

least-squares sense.

and w1 differ significantly only in the vicinity of the dis-

continuities. The effect of the second derivative term in

improves the fit to the discontinuity; otherwise its contribution is not

apparent. This provides a graphic justification for the second deriva-

tive method discussed in Chapter II.

Transformation to the Pole of an Artificial Test Case

Figure 9 illustrates the use of the BL approximation to trans-

form to the pole. The parameters of the profile are the same as those

used in the frequency response curves in Figure 6. The profile is

100 km long with data points uniformly spaced 1 km. The top profile

shows the total field anomaly for a two-dimensional triangle body with

the given profile parameters. The second and successive profiles

show the profile transformed to the pole using the mth partial sum
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Figure 9. Transformation to the pole of an artificial test case.
A: Original profile. B-F: Transformation to the pole of A
using the mth partial sum of (4.7) for m 3,7,15,31,
and 63. The exact transformed profile is shown dotted.
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of the BL approximation (4.6) for m 3,7,15,31, and 63. The

exact transformed profile is also shown dotted.

The transformation improves as the limit of the partial sum

increases. At m = 63 the maximum error is less than .5 gamma

except at the extreme edge. Near the center of the profile errors are

less than .2 gamma. For m = 31 the divergence near the edges is

greater. Near the center of the body the error is less than 1 gamma.

Application to Field Profile

Figure 10 shows downward continuation using the polynomial

convoluation coefficients applied to a field profile. The profile is

SCAN recorded by Scripps Institute of Oceanography between the

Molokai and Murray fracture zones. The profile contains 442 data

points spaced at interval t = 1. 84 km. The depth of continuation is

h 5. 2 km. The profile has total field and magnetization parameters

(IH;DH) (4490, 14.8°) and (M'DM) (11.8°,7.O°). The azimuth

of the track line of the profile is 73°.

Profile B shows the original total field anomaly (dotted) and the

profile as transformed to the pole (solid). The transformation to the

pole has been done using the convolution method derived in Chapter IV.

Profile A shows the contribution of the integral term of downward

continuation. Profiles C, D, and E show the downward continued

magnetic potential by the 0th, Zd, and 4th order w approximation.
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Figure 10. Transformation to the pole and downward continuation of field data. B: Original
profile (dotted) and transformed profile (solid). A: Contribution of the integral
term to downward continuation. C-E: Downward continuation by w0, Qw2, and
i w4.
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A 10th order polynomial is assumed in deriving the convolution coef-

ficients.

As the order of w approximation increases features in the

profile are displayed more distinctly. Some of these features are

indicated in Figure 10 with arrows. Another observation is that the

results appear noisier for higher order w approximations. Both

of these occurrences can be explained in terms of the frequency

response of the convolution coefficients (Figure 5). As the order of

approximation increases, high frequency components of the signal,

real and erroneous, become more accentuated.
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VI. SUMMARY AND CONCLUSIONS

Results of good stability and high resolution are obtained using a

polynomial approximation to evaluate the series term of downward

continuation. This has been exhibited by applying the method to an

artificial test case and examining the frequency response of the con-

volution coefficients.

For the test case considered this method is able to reconstruct

the potential at the source plane within the limitations of the observa-

tional data. As the order of approximation increases the results

converge in the root-mean-square sense.

The frequency response of the polynomial coefficients display

analogous good behavior. At low frequencies the response of the coef-

ficients is congruent with the corresponding system function of the

linear filter method. At high frequencies the response is attenuated

below the system function. This attenuation acts as a low-pass filter

of the data. It is a desirable feature of the polynomial approximation

since field data contains some inherent noise which must be sup-

pressed if it is not to distort the results of downward continuation.

The attenuation is less at higher orders of approximation.

Using the simple band-limited approximation to evaluate the

summation term of downward continuation does not yield such good

results. This is apparent from both applying the method to the



53

artificial test case and examining the frequency response of the trun-

cated set of convolution coefficients. At low frequencies the response

oscillates about the system function. At higher order long-wavelength

approximations, where higher order derivative terms are included,

these oscillations increase in amplitude.

The band-limited approximation does however yield desirable

results when applied to the translation of the magnetic total field

anomaly to the pole. Truncating the convolution summation to a finite

interval does not result in distortions. Good results are obtained when

this method is applied to a test case. The frequency response of these

coefficients show analogous good behavior. As more coefficients are

retained the frequency response converges to the corresponding system

function of the linear filter method.
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APPENDIX I

Derivatives of a Band-Limited Function

A band-limited function with cutoff wave number k0 according

to the sampling theorem is completely determined by its values at

interval t = by the infinite series

00 sin(k0x-nii)
f(x) = f(n) (k0x-n)

fl= -00
(Arsac, 1966).

The mth derivative of f is

m m sin(m) d f(x) = f(n) d (k0x-nlT)
f (x)= (I. 1)m m (k0x-nrr)dx dxn

Substituting u k0x niT

m md _kmd
m 0 mdx du

m
k m f() d sPin U (I. 2)x

0 m udun

The mth derivative of a product can be written

mm m d dmd (fg) = m- g (1.3)mdu du du=0



where () are the binomial coefficients (Dwight, 1961).

Let f sin u and g = u'
dl d 11= j [sin u] = cos u = sin(u-

d'cfdk . kir kit . kit[sin ul sin(u- --) = sin u cog sin cosu
dUk duk

-1 k k!
dUk dUk

= k+1 (u 0)

Substituting this in (1. 3)

m
dm

(sin u/u) () sin[uit/Z](1)m (rn-fl!
rndu m-+1

u

m(1)m rn!
m+1 £ 7r-' u sin[u-Lir/Z] (u 0) (1.4)

U j
At xjL

u = k0x - nit (j-n)it

(1.4) becomes

dm
(sin u/u)

(1)m
du u(j-n)it )]m+1m

e

X sin (Lrr/Z) (j I n)



59

rn
(-i)/2(i)3(l)m m!()1[(.)J (-1)1m+i[(j n)rr

odd

If m is even

dm
rn-i

(sin u/u)f
(1)3fl m! 1+1)/2

dutm u(j-n)ir m+l L T [(j-n)rr]
[(j -n)iTJ I

1? odd

Changing the index of summation I 2k-i this reduces to

dm (-i)3
m/2

ml(sin u/u)
du u(j-n) m+1 (2ki)!1(3Hm [(j -n)ir] k=i (1.5)

j In

Using this in (1.2), for m even

+00 m/2
f(m)(.) f(n) k(-l)3 m! (1)k

(2k-i)' m-2k+2((j-n)ii)
fl= -00 k 1

n j.

+ f(j)am) (I. 6)

The second term on the right is included to account for the term

The coefficient am) is evaluated expanding (I. 2) in a trigo-

nometrjc series



+00
2 4 k/2sinu u u \ k(-1)= 1 -+- L (k+1)!

k0
k even

Evaluating this at u 0

Thus1

moddmd sinu
u0m Udu________

m+1 m even

m/2(m) ktm (-1) (1.7)a0 0 m+i

The sum within the brackets in (1. 6) can be evaluated and is

denoted

m/2
m! (1)k(m) - krn(1)J n

(2k-i)! m-2k+2 (j n) (1.8)a. -n
k=1 ((j-n)rr)

(I. 6) can thus be simplified

f(m)(.)
n00a f(n)

where the coefficients are given by (I. 7) and (I. 8).

Changing the summation index

.? =j -n

(I. 9)



(I. 9) becomes

00

(m) (m).f (j) a f[(j-flt}
fl _

The coefficient sets for the first two even derivatives are

1k

(2) 1T
a

2k

2-- i10
(. ir)

(4k0

(4)a
1 4 4 244] 1O

(lii) (lit)
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(1. 10)
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APPENDIX II

Derivatives of a Polynomial Fit of the Data

An nth order polynomial fitted to a set of data in the vicinity

of x0 can be written

f(x) (x-x0) (II. 1)

The coefficients b are uniquely determined by n+l data

points in the vicinity of x0. If f. f(x.) is a set of n+l data

points (II. 1) is a system of n+l linear equations with n+i unknowns

b. In matrix notation
-p -sf = Ab (II. 2)

where I is a vector with elements [fj, b is the unknown vector

with elements [b.1], and matrix A has elements

(II. 2) has solution

a.. (x.-x0)' (11.3)

-1-'b=A f (11.4)

The mth derivative of the function (II. 1) is



nmd f(x) (m) b 1! 1-rn= f (x) = I (I .-rn) ! (x-x0)mdx I

This evaluates at x = x0

(m)f (x)b m!m

From (11.4) b is the inner product of the (m+1)th rowm
of matrix A' with vector f. Thus,

Using the notation

(11.5) becomes
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n+ 1
(m)f (xe) = rn! [A']lfk (11.5)

k=1

(m) ![A1]1 (11.6)ak -m

n+1
(m) \ (m)f (xe) L ak k (11.7)

k 1

Let n be even and the data points be equally spaced

x0 - (k-1-n/2)

Then (11.7) evaluated at x0 jL simplifies to

n+'
(m) \ (m)f (j) Lak f[(j-k++1)]

k 1
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Changing the index of summation A! k - - 1

A! n/2
(m) (m)f (jA) aA! f[(j -A! )t] (II. 8)

A!

The mth derivative of the function fitted by an nth order

polynomial evaluated at data point x j is a convolution over n+l

data points in the vicinity of j. The coefficients am) are given

by (II. 6) where the elements of A are given by (II. 3).




