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This dissertation is composed of three essays regarding the finite sample properties of esti-

mators for nonparametric models.

In the first essay we investigate the finite sample performances of four estimators for add-

itive nonparainetric regression models the backfitting B-estimator, the marginal integration M-

estimator and two versions of a two stage 2S-estimator, the first proposed by Kim, Linton and

Hengartner (1999) and the second which we propose in this essay. We derive the conditional

bias and variance of the 2S estimators and suggest a procedure to obtain optimal bandwidths

that minimize an asymptotic approximation of the mean average squared errors (AMASE). We

are particularly concerned with the performance of these estimators when bandwidth selection is

done based on data driven methods. We compare the estimators' performances based on various

bandwidth selection procedures that are currently available in the literature as well as with the

procedures proposed herein via a Monte Carlo study.

The second essay is concerned with some recently proposed kernel estimators for panel data

models. These estimators include the local linear estimator, the quasi-likelihood estimator, the pre-

whitening estimators, and the marginal kernel estimator. We focus on the finite sample properties

of the above mentioned estimators on random effects panel data models with different within-

subject correlation structures. For each estimator, we use the asymptotic mean average squared

errors (AMASE) as the criterion function to select the bandwidth. The relative performance of the

test estimators are compared based on their average squared errors, average biases and variances.

The third essay is concerned with the finite sample properties of estimators for nonpara-

metric regression models with autoregressive errors. The estimators studied are: the local linear,
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the quasi-likelihood, and two pre-whitening estimators. Bandwidths are selected based on the

minimization of the asymptotic mean average squared errors (AMASE) for each estimator. Two

regression functions and multiple variants of autoregressive processes are employed in the simula-

tion. Comparison of the relative performances is based mainly on the estimators' average squared

errors (ASE). Our ultimate objective is to provide an extensive finite sample comparison among

competing estimators with a practically selected bandwidth.
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FINITE SAMPLE PERFORMANCE OF NONPARAMETRIC

REGRESSION ESTIMATORS: THE CASE OF ADDITIVE AND

PARAMETRIC COVARIANCE MODELS

1. INTRODUCTION

Nonparametric regression models have attracted substantial attention in recent years due to their

flexibility in modelling regression functions. A large part of the existing literature has focused on

three fundamental issues associated with nonparametric kernel estimators: (1) how to circumvent

the problem known as the curse of dimensionality; (2) how to select the optimal bandwidth;

arid (3) how to improve estimation efficiency of the estimator in the presence of iion-spherical

errors. Various estimators have been proposed as viable solutions to each of these issues. While

most of the current works have focused on asymptotic properties of these estimators, very little

is known regarding the finite sample properties of these estimation procedures under a practically

selected bandwidth. This fact motivated the main theme of this dissertation. In the following

chapters, finite sample properties of competing estimators targeting issues (1) and (3) are studied

and compared through Monte Carlo simulations. The bandwidths for each estimator are selected

through plug-in methods throughout.

In chapter 2, we investigate the finite sample performance of four estimators that are cur-

rently available for additive nonparametric regression models the backfitting B-estimator, the

marginal integration M-estimator and two versions of a two stage 2S-estimator, the first proposed

by Kim, Linton and Hengartner (1999) and the second of which we propose in this essay. We

derive the conditional bias and variance of the 2S estimators and suggest a procedure to obtain

optimal bandwidths that minimize an asymptotic approximation of the mean average squared

errors (AMASE). We are particularly concerned with the performance of these estimators when

bandwidth selection is based on data driven methods, since in this case even the asymptotic prop-

erties of the estimators are currently unavailable. We compare the estimators' performances based



on various bandwidth selection procedures currently available in the literature as well as with the

procedures proposed herein via a Monte Carlo study.

In chapter 3, we investigate nonparametric regression estimators on random effects panel

data models. Some promising estimators that were recently proposed include the quasi-likelihood

estimator, the pre-whitening estimators, and the marginal kernel estimators. The asymptotic

properties of these estimators have been studied but their finite sample properties under typically

chosen bandwidth selection methods have not been studied in the literature. This essay reports

the first of a series of Monte Carlo studies designed to investigate and compare the finite sample

properties of these competing estimators. We focus on the finite sample properties of the above

mentioned estimators on a random effects panel data model with a variety of specifications for

the within-subject correlation. We use the asymptotic mean average squared errors (AMASE)

as the criterion function for the optimal bandwidth selection. The finite sample results of the

test estimators are calculated with different versions of the optimal bandwidth. Our objective is

to provide an extensive finite sample comparison among competing estimators with a practical

bandwidth selection through simulated data.

In chapter 4, the small sample properties of four recently proposed estimators are studied for

nonparametric regression models with autoregressive errors by means of a Monte Carlo simulation.

The estimators studied are: the local linear estimator, the quasi-likelihood estimator, the pre-

whitening estimator, and an alternative pre-whitening estimator. Bandwidths are selected based

on minimization of the asymptotic mean average squared errors (AMASE) for each estimator.

The estimators are appraised based on the properties of their three alternative formulations: (1)

estimators computed with the true covariance structures and the true optimal bandwidths; (2)

estimators computed with the estimated covariances and the true bandwidths; and (3) estimators

computed with the estimated covariances and the estimated bandwidths. Two conditional mean

functions and multiple variants of autoregressive processes are employed in the simulation in order

to compare the estimators with respect to their average squared errors (ASE) in the presence of

autocorrelated errors. This essay reports the second of a series of Monte Carlo studies designed

to investigate and compare the finite sample properties of the above rnentioiied estimators. Our

objective is to provide applied researchers with an extensive finite sample comparison of competing

estimators under a practical bandwidth selection method.
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2. FINITE SAMPLE PERFORMANCE OF BACKFITTING,
MARGINAL INTEGRATION AND TWO STAGE ESTIMATORS
UNDER COMMON BANDWIDTH SELECTION CRITERION

2.1. Introduction

Let (Y, X) be a random vector with joint density f, Y E and X e d a finite positive integer,

and suppose there is a random sample of size n, denoted by { (y1, x) }, available for a researcher

whose objective is the estimation of the nonparametric regression E(Y I X = x) = m(x), where

= (x,, ...,xd). Stone(1980) showed that the best rate obtainable in the estimation of m(x)

is s/(2s+d) where s is the degree of smoothness of the function m. The fact that the optimal

rate depends inversely on d is known as the curse of dimensionality in nonparametric regression

estimation. However, as shown by Stone(1985), if an additivity constraint is imposed on rn(x),

i.e.,

E(YIX = x) = + m(x) (2.1)

with E(m5(x6)) = 0, each of the directional regressions m() can be estimated at an optimal

rate s/(2s+l) which does not depend on d. This circumvention of the curse of dimensionality has

contributed to the popularity of additive nonparametric regression models in both the theoretical

and applied literatures.'

Currently three estimators have emerged as viable alternatives for the regression model

in (2.1): the Backfittirig estimator (B-estimator), proposed by Buja et al.(1989); the Marginal

Integration estimator (M-estimator), proposed by Newey (1994), Tjiostheim and Auestad (1994)

and Linton and Nielsen(1995); and a two stage estimator (2S-estimator), proposed by Linton

(1997) and Kim et aI.(1999). The estimators differ in how the additivity constraint is used to

produce final estimators of m6, but they all share the use of kernel based univariate nonparametric

estimation methods, such as Nadaraya-Watson or local polynomial fitting in intermediate stages.2

Asymptotic properties of the B-estimator have been studied by Buja et al. (1989), Opsomer

and Ruppert (1997) and Opsomer (2000). Under some conditions, asymptotic approximations

'See, inter alia Hastie and Tibshirani(1990) and Pagan and Ullah(1999).
2Alternative nonparametric smoothing methods could potentially be used, but such methods have not received

the attention given to kernel based methods. See, e.g., Wahba(1990).
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for the conditional bias and variance of the B-estimator under local polynomial fitting have been

obtained but unfortunately asymptotic distributions are still unavailable, rendering impossible

the construction of point wise confidence intervals even asymptotically. The asymptotic proper-

ties of the M-estimator were studied by Linton and Nielsen(1995) for d = 2 and by Linton and

Härdle(1996) for d > 2. They show that if regressor specific bandwidths used in estimation con-

verge to zero at a suitable rate the M-estimator for m converges to a normal distribution at the

optimal rate s/(2s+1) The 2S-estimator for m, proposed by Kim et al.(1999) is also 8/(28)

asymptotically normal under some conditions on the rate of convergence of the bandwidths.

Unfortunately, all asymptotic properties obtained for these estimators rely on the band-

widths being nonstochastic. For all estimators asymptotic properties and distributions are still

unknown when the bandwidths are stochastic. In practice bandwidths are chosen by data driven

methods, such as cross validation, and various plug-in methods such as those proposed by Sil-

verman(1986) and Opsomer and Ruppert(1998). The difficulty in obtaining previous asymptotic

normality results in this setting is two-fold. First, data driven bandwidths are stochastic sequences

that may interact way with regressors and regressand difficulty in

establishing asymptotic normality. Second, they are chosen to minimize some criterion function

(loss or risk). For the most widely used criterion functions, the resulting optimal sequence of band-

widths may not converge to zero at the specified rate necessary to obtain asymptotic normality of

the M or 2S estimators. In summary, to render the asymptotic distributional results cited above

useful it is necessary to adapt them to the case where bandwidths are a data dependent stochastic

sequence. Thus, as a practical matter, little is known about both asymptotic and finite sample

distributional properties of the above mentioned estimators.

As an alternative to asymptotic studies, experimental evidence on the finite sample per-

formance of the estimators based on data driven bandwidth selection methods can be provided.

Hence, one of our objectives in this essay is to conduct a Monte Carlo investigation to reveal some

of the finite sample characteristics of the distributions of B, M and 2S estimators for an additive

nonparametric regression model. To provide a fair assessment of the performance of the estimators

under study we present a unified method for bandwidth selection. For B-estimation, Opsomer and

Ruppert (1998) proposed an automated direct plug-in(DPI) bandwidth selection method basedon

the minimization of an asymptotic approximation of the estimator's mean average squared errors.
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Their DIP bandwidth outperformed a cross validation bandwidth in finite sample simulations. In

this essay we propose a novel DIP method for M and 2S estimation that is inspired by the DPI

method of Opsomer and Ruppert. To this end we obtain conditional squared errors for the M and

2S estimators by deriving their conditional bias and variance. Hence, our simulations compare

the performance of the B, M and 2S estimators under the DPI methods proposed in this essay

but also under the bandwidth selection rules proposed in the previous literature, including those

suggested by Linton and Nielsen(1995) and Kim et al. (1999). We are also particularly interested

in the impact of different degrees of regressor dependency on the estimation of m.3 Ultimately,

our objective is to provide applied researchers with information that allows for a more accurate

comparison of these three competing estimation alternatives in a finite sample setting. Besides this

introduction the essay has 5 more sections. Section 2 describes in a unified notation the estimators

under study and their properties. Section 3 provides asymptotic conditional bias and variance

for the M and 2S estimators, a plug-in method to select their bandwidths and a description of

the bandwidth selection method for the B-estimator. Section 4 presents the data generation pro-

and Section 5 discusses the results and makes

Section 6 provides a brief conclusion with some directives for future research.

2.2. Estimators under Study

Since the data generating processes (DGP) used in our simulations (section 4) are for a bivariate

regression model, in this section we provide a unified notation for the estimators under study for

the case where d = 2. We assume that a random sample of size ri, {yt, Xt, Zt}i, is available

on the random vector (Y, X, Z) with joint density f(y, x, z) such that E(YIX = x, Z = z) =

m(x,z) = a + mj(x) + m2(z), V(YX = x,Z = z) 2 and E(m(X)) = E(m2(Z)) = 0.

Here, a and o.2 are unknown parameters, mj(.) and m2(.) are real valued functions with regularity

properties that will be made explicit in the next section. We assume that the primary interest is

on the estimation of the unknown parameter a and the functions mi and m. We will denote the

marginal densities of X and Z by Ix (x) and fz(z) respectively, and the joint marginal density of

3Previous experimental work on the performance of B and M estimators under fairly simple bandwidth selection
rules was provided by Sperlich et al.(2000).
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(X, Z) by fxz(x, z). For expositional purposes we define the following vectors: = (yr, .,
= (xj, ...,x)', I = (zi, ..., zn)', ffij(I) = (zn1(x1), ...nLl(x))', rn2(i = (m2(zl), ...rri2(zfl))',

= (0, ..., 1, ..., 0)' is a vector of length k, with the tth element equal to 1, and for any constant c,

Ck = (c, c, ..., c)' is a vector of length k. We denote by Kd : - a d-variate symmetric kernel

function with d = 1,2 and by h1 and h2 the bandwidths associated with the estimation of ml and

m2, respectively. Furthermore, since we focus on local linear estimation in defining B,M and 2S

estimation we define the following weighting matrices,

s1(xi) S2(Zi)

S1= .andS2=
s(x) .S2(Zfl)

where si(x),s2(z) : such that

s1 (x) = e' (R (x)'W (x)R (x)) R (x)'W (x) and

S2 (z) = e' (Rz(z)'Wz(z)Rz (z))1Rz (z)'Wz(z),

, sfl -.

R(x) = (i,I 1x) andW(x) = diag{Ki (-)} Wz(z) = diag{Ki
h2 )Jt=i'

Rz(z) = (f,,I fz).

2.2.1 Backfltting Estimator

The B-estimator is based on the fact that under suitable conditions4

E(Y a m2(Z)X) = mi(X) and E(Y a mi(X)IZ) = m2(Z). (2.2)

Given that E(Y) = a and the equations in (2.2), a method of moments estimation suggests

aB = n1 = as an estimator for a and ñi(I), ñi() as estimators for ff1(I) and ñ2(z),

where

/ i s ) ( ffB(I) \ I s'
(2.3)

I is an identity matrix of dimension s = (ii. Sd = DSd for d = 1,2. As discussed

by Opsomer and Ruppert(1997), for d = 2 explicit expressions for thf (I), ñf ( exist and can be

4See Buja et aI.(1989).
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7

n) = (i (i ssy' (In sn) 7 (2.4)

ni(2)= (''SSn-''_S;)il (2.5)

provide IISSII < 1 for some matrix norm

2.2.2 Marginal Integration Estimator

The M-estimator for a bivariate model was proposed by Linton and Nielsen(1995) and is based on

the fact that for any function Q(x) : - such that j dQ(x) = 1 we have

fm(x, z)dQ(z) = f(a + m(x) + m2(z))dQ(z) = c + ml(x) (2.6)

Jm(x, z)dQ(x) = f(a + mj(x) + m2(z))dQ(x) = c2 + m2(z) (2.7)

where c1 = a+f m2(z)dQ(z) and c2 = c+f mi(x)dQ(x) are constants with respect to z and x, re-

spectively. Hence, taking Q(.) to be the empirical distribution function, the M-estimator is defined

by first obtaining an estimator for m(x, z), in this case a bivariate local linear estimator evalu-

ated at X = x, Z = z defined as rh(x, z; h1, h2) = e' (X(x, z)'W(x, z)X(x, z))' X(x, z)'W(x, z)ff,

where X(x,z) = (L- fx,i Lz) and W(x) = diag{K2 (-(Xt x), -(Zt z))}. We

then define the matrix

?n(xi,zi) rui(xj,z2) . . .

Ih(x2,z1) 1i(x2,z2)
m(x,z)=

: :

rh(x,zj) ih(x,z2) ...

and the M-estimators are given by ') = z)1. and '(z) = rh(x, )'r

together with aM =

2.2.3 Two-Stage Estimators

The 25-estimators we consider are inspired by Kim et al.(1999). They are based on the fact that

for a function w(X, Z) : where w(X, Z) and the additive structure in (2.1),

we have that when d = 2

E(Yw(X, Z) aw(X, Z)IX = x) = rni(x) (2.8)



and

E(Yw(X, Z) aw(X, Z)IZ = z) m2(z). (2.9)

The conditional moments described in (2.8) and (2.9) suggest two feasible regression procedures

for the estimation of rn1 and m2. The first, proposed by Kim et al.(1999), uses E(w(X, Z)IX =

x) = E(w(X, Z)IZ = z) = 1 to write (2.8) and (2.9) as,

and

E(Yw(X, Z)X = x) = a +mi(x) 'y(x) (2.10)

E(Yw(X, Z)IZ = z) = a + m2(z) -y2(z). (2.11)

They propose a two-step estimation procedure where first Yi (x) and 72(z) are estimated based

on nonparametric regressions of yt(xt, Zt) on ,Xt and z respectively, with tl(x, Zt) fxz(xt,z,)
and

fx(x)---K1 (x13
fl91k1 . i )

\ng21 92 1

1 (XkX\
!xz(x,z)=

>K1
Zk-Z

(ngig
k=1 91 j 9 )

where gj and 92 are bandwidths associated with X and Z respectively. Using an internalized

Nadaraya-Watson estimator5 with bandwidths g and g in this first step we obtain

where

yj(x1) / y(z1) \

'' (f)
'yf(x2)

:

and 2E(z)
I 'y(z) I

yf(x) 'y(zn))

'y(xj) = --->Ki
(xi !Z(Zj)

Yj,
j=1 91 fxz(x,zj)

.y2E(zi) = -i (Zi_- fX(x)

j=1
'¼ 92 ) fxz (xi, z)

°See Jones, Davies and Park(1994) and Kim et al.(1999)
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and i = 1, ..., ii. These first stage estimators are then used in a second stage one-step backfitting.

Using local linear estimation, the final estimators are given by,

2Sl(.j) = S1Q7 5f() and 2S1( = S2(ff iE()).

with 29 . Here we propose a new alternative two-stage estimation procedure based directly on

moment conditions (2.8) and (2.9). First, preliminary estimators for mi() and m2() are obtained

by a nonparametric regression of )1 (zt)

(Yt - a2) on Xt and Zt respectively. Using the same
fxz(zt,zt)

internalized Nadaraya-Watson estimator described above, we obtain

where

mç(x) \ / m(z) \
m(x2) I I m(z)

I

:
and ñi(z')

:

m(x) J m(z,) )

m(x) = K1
(xi x !z(zj)

(yi
91 ) !xz(xj,zj)

m(z) = ---K1 (zj -z fx(x3) (yi-)
\ 92 ) Jxz(x,z)

for i = 1, ..., n. In the second stage, a one step backfitting procedure is implemented and we define,

2S2(.) = S1( iz)) and 2S2( = S2(

2.3. Asymptotic Approximations and Bandwidth Selection

The plug-in bandwidth selection methods we consider for all estimators depend on obtaining suit-

able asymptotic approximations for the conditional squared error of the estimators. To this end

we make the following general assumptions that are sufficient to obtain the conditional bias and

variance of the 2S estimators under study. These assumptions are similar to those assumed by

Opsomer and Ruppert(1997), Linton and Nielsen(1995) and Kim et aI.(1999).

Assumption 1: The kernel K1 is such that K1 : [-1, 1] [0, BK) for some finite BK > 0,

Ki(x) = Ki(x) for x E lF, /Aj = f xKi(x)dx = 0, 2 = f x2Ki(i,b)th,b > 0 and there exists

a constant c such that IK1(u) K1(v) < v for all u, V e IR, f K?(v)dv exists and we

write RK = f K?(v)dv. K2(u,v) = Kj(u)K1(v).
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Assumption 2: The functions m(.) for ö = 1,2, fx(x), fz(z), fxz(x,z) are twice con-

tinuously differentiable and we write dkm5(x) = !x) d''fx(x) = aL(x), ddfz(z) =

ç4z) for k = 1,2, is the partial derivative of fxz with respect to its dth argu-

ment, t92fxz(x,z) is the second derivative of fxz with respect to its dt and 8th argument.

Such derivatives are continuous in their compact support given by Sx, Sz and S x Sz. We

assume further that there exist generic constants 0 < bf < B1 that are respectively lower

and upper bounds on fx,fz and fxz and dm, <Bdm.

Assumption 3: We assume that there exist nonstochastic bandwidths g1,h1 and g2,h2 as-

sociated with regression directions mi(.) and m2() respectively. We assume that these

bandwidths are such that gi,hj,92,h2 0, mhih2,ng1g2 oc as n oo, and that lid

(same order) for d = 1,2.

2.3.1 Backfitting Estimator

Opsomer and Ruppert(1997) show that when oc it is possible to obtain asymptotic

approximations for the conditional bias and variance of n1f (x) and ñi (z). These asymptotic

approximations are of limited use for applied researchers as they convey very little information

on the distributional properties of the estimator. Their most common use has been in obtaining

an asymptotic approximation for the estimator's mean average squared errors (AMASE), which

is a widely used criterion for obtaining plug-in bandwidths. By definition, for a generic estimator

rh(x, z) for in(x, z)

MASE(mnI, = (E(th(x, z)If, m(x2, z))2 + V(ih(x, z)I±, 2)

Since conditional on the regressors MASE depends on h1 and h2, it has served as an optimand for

obtaining data dependent expressions for h1 and h2 that minimize an asymptotic approximation for

MASE (AMASE). Since AMASE is highly nonlinear on the bandwidths, the optimization can only

be accomplished by a numerical procedure. However, under the assumption that the regressors are

independent and that the observations lie in the interior of the support of the joint density of the

regressors, it is possible to obtain an analytical solution for the optimization problem. Expressions

for h1 and h2 that are optimal in the sense that they minimize the AMASE for a B-estimator are
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given by:

1/5 1/5
1 (o.2RK 1S' 1hB (2RK

fl_i
fx(xt)) and h = 022n-

fz(zt)) (2.12)1 \n/220li

where Ojj n1 >_1(d2mi(xt) E(d2mi(xt)))2, 022 = n1 >_1(d2m2(zt) E(d2m2(zt)))2.

A few points are worth noting regarding the practical use of these expressions: a) Ojj, 022, Ix,

and fz are unknown, rendering h and h inadequate for producing feasible B-estimators; b)

their relatively simple analytical form comes from the strong assumption of independence among

the regressors; c) to render the expressions in (2.12) useful in practice, the unknown quantities

011, Ix, and fz must be estimated. This is standard procedure for all plug-in bandwidth

selection methods. Hence, feasible B-estimator are nonlinear (in the regressand) with conditional

biases and variances that are in general different from those used to obtain AMASE. Opsomer and

Ruppert(1998) propose an estimation procedure for the unknowns in (2.12) which we adopt in our

simulations.

2.3.2 Marginal Integration Estimator

Linton and Nielsen(1995) show that when nh1h, nh2h -* 00 then i/ hi(m'(x) E(rnr(x)))
and \/(m4 (z) E(m' (z))) are asymptotically normal. Unfortunately, as in the case of the

B-estimator, these results in general do not hold when the sequence of bandwidths is stochastic, as

when they are chosen via any type of data dependent procedure such as cross validation or plug-in

methods. Hence, for applied researchers the current asymptotic normality results for the M-

estimator are of limited, if any, use. Furthermore, the AMASE for the M-estimator, even under

regression independence does not produce closed analytical expressions for optimal bandwidths

similar to those for B-estimator. The AMASE for the M estimator and the optimal bandwidths

that minimize AMASE are presented in Theorem 2.3.2.1 whose proof is straightforward from the

results in Linton and Nielsen(1995) and is omitted. For simplicity in obtaining optimal values for

h1 and h2 below, we assume X and Z are independent.

Theorem 2.3.2.1 Let (x,z) e S x Sz the support of fxz and assume that X and Z are inde-

pendent. Assume that Assumptions 1-3 are holding and that nh1h, nh2h 00.

(i) The conditional bias and variance of rnf(x) for x E Sx are given by,

E(m'(x) mi(x)Ii, 2) = h1t2d2mi(x) + h/j2E(d2rn2(Z)) + o(h + h) (2.13)
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and

V(m(x)I,z) = RKJX(XY1 +o((nhi)1). (2.14)

Mutatis mutandis identical erpressions for m(z) are obtained. For mM(x, z) = + m'(x) +
m(z) we have,

E(mM(x,z) rn(x,z)1x,z) = htz2(d2mi(x) + E(d2ini(X))

+ h,;2(d2m2(z) + E(d2m2(z)) + o(h + FL2)

and

V(mM(x,z)I, RK ((hifx(xfl' + (h2fz(z))1) + op ( +
(2.15)

(ii) The conditional MASE for the M-estimator is given by,

1MASE = hjbii + hh14b12 +
4

c2R(K)

(_ (fx(xt)Y1 + _-. >(fz(zt)Yi)+
n

+ o(h+h+__. 1 \
nh1 + h)

where = 1(d2md(xt) + E(d2md(xt))(d2m(zt) + E(d2mô(zt)).

(iii) The bandwidths that minimize the conditional MASE, disregarding the terni o(), denoted by

h', h", must satisfy,

O2RK
/

(h)511 + (h)3(h)212
n n t=i )

(2.16)(\- (fx(xt)Y1

(hr)5pb22 + (h)3(h)2jbj2 = 2RK

(
(fz(zt)Y1) (2.17)n

The proof of part (i) is a direct consequence of the theorem in Linton and Nielsen (1995) using the

empirical cumulative distribution function as an estimate for the cumulative marginal distribution

function of Z. Part (ii) follows from (i), and (iii) is obtained by setting the partial derivatives

of (ii) with respect to h1 and h2 equal to zero. As in the case of B-estimation these optimal

bandwidths depend on unknown quantities in (2.16) and (2.17) that have to be estimated to

render them useful. Specifically it is necessary to estimate ',bd6, fx and fz. Hence, the stochastic

nature of the estimates of hr and h and their dependence on the regressand produce the same

nonlinearities and difficulties that were alluded to when discussing B-estimation.
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2.3.3 Two Stage Estimator

In this section we obtain the conditional MASE for the two stage estimators described in subsection

2.2.3. The conditional bias and variance for m2Sl are provided in Theorem 2.3.3.1, while Theorem

2.3.3.2 provides similar results for m2S2. These results are then used to construct conditional

MASE and to obtain optimal bandwidths for the two stage estimators. The proofs depend on the

auxiliary Lemma (AO.1) in the appendix which establishes uniform convergence of certain bounded

functions of X and Z. As in the case of B and M estimation, certain requirements on the speed

of convergence to zero of the bandwidths are necessary.

Theorem 2.3.3.1 Suppose that Assumptions 1-3 hold, and bandwidths satisfy ng(ln(gi))1 -* cc

and n(gjg2)3(ln(glg2))' cc. Then, the conditional bias of.,S1(x) for x e S is given by,

E (th21(x) ni1(x)I, )

= !iii2d2mi(x) - g,L2E(d2m2(Z)I)

gp2E (fd2fx(v)m(v,zi)dvI)

g1z2E
(f

2 ô2fxz(vZ))- m(v,Z)fx(v)f(v,Z)>
odad

d=1

+ o(h) + op(g)

and

V(m51(xj)I,
1 cTRK +o((nhi)') (2.18)nhifx(x)

Mutatis mutandis similar expressions are obtained for m2. The conditional bias and variance of
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and
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E(rn291(x, z) m(x2, zj)I, z)

= ! t2d2m1 (x2) - g/22E(d2m2(z) )

gj.2E (fd2fx(v)m(v,zi)dvI)

gp2E (f
2 a2fxz(v, z)- m(v,zj)fx(v)f'(v,zj)>

ôdOd
dvIi)

d=1

+ m2 (z) - g/.L2E(d2 mi (xi) 2)

g/i2E
(I

d2fz(v)m(xi,v)dvI)

g/.L2E (f

2 ô2fxz(xj,v) '\

m(xj,v)fz(v)f'(xj,v)> adad
dvIi)

d=1

+ o(h) + Op(g) + o(h) + op(g)

V(m2Sl(xj,zj)Ix,2) = EYRK 12RK +o (2.19)rihifx(x) +hf() nhj) \nh2)

proof: See appendix.

Theorem 2.3.3.2 Suppose that Assumptions 1-3 hold, that

ng(in(gj)) -+ ooandn(glg2)2"1(in(g1g2))' 00

and let u(x, z) = mi(x) + m2(z). Then, the conditional bias ofm2(x) is given by,

and

E(th2(x) mi(xj)I,2)

= 4Lp2d2mi(xj) gjj2E(d2mn2(zj)2) gp2E (fd2fx(v)I1(v,z)dvIi?)

2gIt2E(f

2 a2fxz(vz) \- z(v, z)fx(v)f(v, z2)
adad

dvIi?) + o(h) + op(g)
d=1

V(m2(xj)Ix,
1 O2RK + o((nhiY') (2,20)nhifx(x)

Mutatis mutandis similar expressions are obtained for m2. The conditional bias and variance of



m2S2(xi,zt) are

and

E(m252(x, z) m(x%, z)±, 1) =

+

+

p2d2mi(xj) - gj2E(d2m2(zj)Ii?)

gji2E (fd2fx(v)p(v, z)dvIa)

2 2fxz(vz)gii2E
(I

fx(v)f1(v, z) :
3dôd

dvIi)

-u2d2m2(zj) gL2E(d2ml(xj)lz

g1i2E
(f

d2fz(v)(x, v)dvIi)

fz(v)f(xi,v)ô
ad8d

dvl)g2E (f
2 2fxz(xi,v)

d= 1

o(h) + op(g) + o(h) + op(g)

15

1 fiVar(m2S2(xj,zj)Ix,z) 1 TRK 1 72RK +o +o I 1 (2.21)
fx(x)fz(zi) (nhi) \nh2J

proof: See appendix.

From Theorems 2.3.3.1 and 2.3.3.2 we can obtain expressions for the conditional MASE for the

two stage estimators we consider. Corollaries 2.3.3.1 and 2.3.3.2 provide conditional MASE for the

two stage estimators we consider under the assumption that X and Z are independent.

Corollary 2.3.3.1 Let X and Z be independent and assume that the bandwidths used in the first

stage gi, g - are identical to h1, h2 used in the second stage of the estimation. Then,

a) the conditional bias form1 (x) is given by,

E(m(x) mi(x)I,2) =

.:

and the conditional variance is given by

h,i2d2mi(x) - hiL2E(d2m2(Z))

hj2
f

d2fz(v)y2(z)dz + o(h + h)

V(m(x)I,z) 1 72RK / 1 \
+ op I )nhifx(x) \nh1j

Mutatis mutandis, similar expressions for (x) are obtained.
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b) The conditional bias and variance for m2Sl(x, z) are given by,

and

E(m2St(x,z) m(x,z)I,z)

= h/L2 (d2mi(x) E(d2m2(Z)) + fd2fz(v)r2(v)dv)

+ hj2 (d2m2(z) E(d2mj(X)) + / d2fx(v)yi(v)dv) + o(h + h)

1 cT2RK 1O2RK / 1 1 \
+ +o()+V(m2Sl(x,z)I,i)

nhifx(x) nh2 f(z) \Tthi

c) From b) we obtain

MASE(m2Sl(x,

1= hicbji + hiçb22 + hhjL2cbi2 + CY2RK (nh1n
fx(xt)

n
1 1

+

where

= (d2mi(xt)_ E(d2m2(Z))+fd2fz(v)12(v)dv)

22 (d2m2(zt)_ E(d2mi(X))+fd2fx(v)Y1(v)dv)

= (ei2mitxt E(d2m2(Z)) + f d2fZ(v).72(v)dv) x

x (d2m2(zt) - E(d2mi(X)) + fd2fx(v)yi(v)dv)

Corollary 2.3.3.2 Let X and Z be independent and assume that the bandwidths used in the first

stage g, 92 - are identical to h1, h2 used in the second stage of the estimation. Then,

a) the conditional bias for m2(x) is given by,

E(m52(x) mi(x)I,i = h,i2d2mi(x) - h.u2E(d2m2(Z))

+ h1L2 f d2fz(v)m2(z)dz + o(h + h)

and the conditional variance is given by

1 (Y2RK / 1 \
V(rn?s2(x)I.i1,z)

nhifx(x)
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Mutatis mutandis, similar expressions for m2 (x) are obtained.

b) The conditional bias and variance for m2S2(x, z) are given by,

and

E(m2S2(x, z) m(x, z)I,

= h2 (d2mi(x)_E(d2m2(z))+fd2fz(v)m2(v)dv)

+ h1L2 (d2m2(z) E(d2mi(X)) + f d2fx(v)mi(v)dv) + o(h + h)

1 T2RK 1 O2RK 1)+ i\V(m2S2(x,z)I,
nhifx(x) nh2 fz(z) (nhi nh2)+ +op

c) From b) we obtain

where

MASE(m2S2(x, z)J, 2)

1 1-
= h1ii411 + hpq522 + hh12çbi2 + C72RK

fx(xt)
n11\_

+ i:f())

Xn = (2mixt E(d2m2(Z)) + fd2fz(v)rn2(v)dv)

X22 = (2rn2zt E(d2mi(X)) + fd2fx(v)mi(v)dv)

X12 = (2mixt E(d2m2(Z)) + fd2fz(v)m2(v)dv) x

x (d2rn2(zt) E(d2mi(X)) + / d2fx(v)mi(v)dv)

We note that m1 (x) and m2(x) for d = 1,2 have conditional variances that are equal to

that of B and M estimators and a univariate local linear estimator. The expressions for the bias of

m1 (x) and m2 (x) have three extra terms if compared to the univariate local linear estimator.

Kim et al.(1999) are able to eliminate these extra terms if there is undersmoothing of the first stage

estimation, i.e. letting g, 92 degenerate at a faster speed relative to h1, h2. Note that this oracle

property of their estimation procedure can be obtained in the context of backfitting by choosing

bandwidths that undersmooth at various steps of the backfitting algorithm. When X and Z are
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independent and under local linear estimation the B-estimator's conditional bias and variance can

be written as

E(m(x) mj(x)I,i) = h2 (d2mi(x)
/

d2mi(x)fx(v)dv) +o () +o(h+h)
(2.22)

and

1TRK 1
V(mi(x)Ix,z) nhjfx(x)

+op(j). (2.23)

Hence, in B-estimation the bias of the estimator depends only on the total curvature of rn1,

weighted by the density. The bias of the 2S estimator as well as that of the M-estimator do

depend on the total curvature of the other variable even when X and Z are independent.

Given the AMASE results from Corollaries 2.3.3.1 and 2.3.3.2 the optimal bandwidths that

minimize the conditional AMASE for 2S1 and 2S2 must satisfy the following two sets of equations

(J2S1)52 + (ti2Sl)2(h2Sl)3/i = (T2RK
( fx(xt)) (2.24)

1(h1)522 + (h1)2(h'91)3i2j2 = cT2RK
t=1 fz(zt)) (2.25)

and

(h2S2)s2x + (h2)2(h2)3i2i2 = T2RK
( fx(xt))

(2.26)

1(h2)5.t22 + (h2)2(h')3i.i2i2 = 02RK ( £ I.. \ J
(2.27)

2.3.4 Data Driven Bandwidth Selection

The choice of data driven bandwidth selectors for the Monte Carlo experiments was based on two

considerations. First, we want to have a bandwidth selector that interfere minimally with the

performance of the estimators. By this, we mean a bandwidth estimator that transferred minimal

noises from the estimation of Ix, fz, 0dö, d,ö, d,S and Xdo for d, 5 = 1, 2, f d2fx (v)y (v)dv,

fd2fz(v)i'2(v)dv, f d2fx(v)mi(v)dv and f d2fz(v)m2(v)dv to the estimation of in1 and m2. This

provides an ideal setting to compare the performance of the estimators, as any differences can be

attributed to the structure of the estimators themselves and not to the estimation of the unknowns

in the expressions for the optimal bandwidth. Second, we want to compare the performance of

the estimators when using bandwidth selectors proposed in the previous section and those already
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proposed in the literature. Since cross-validation methods have been shown to possess several

undesirable properties6 we concentrate on plug-in bandwidth selectors.

2.3.5 True Bandwidths

Elimination of the noise that is generated by the estimation of the parameters in the expression for

optimal bandwidths equation (2.12) for B-estimator, equations (2.16) and (2.17) for M-estimation,

(2.24) and (2.25) for 2S1-estimator and (2.26) and (2.27) for 2S2-estimator - can be accomplished

in a Monte Carlo study setting since the true values of these unknowns can be obtained directly

from the specification of the DGP. Hence, the first set of bandwidths that we select are based on

complete information about the normally unknown functionals that appear on the specification of

the optimal bandwidths.7 In this case the only difficulty involves the evaluation of the integrals

that define the expectations that appears in
/Jd,5, 'd,6 and Xd for d, 6 = 1,2 and f d2fx(v)yi(v)dv,

f d2fz(v)y2(v)dv, f d2fx(v)m1(v)dv and fd2fz(v)m2(v)dv. These expectations can be difficult

to compute depending on the nature of md. In our study all integrals were calculated numerically

using the Gauss-Legendre quadrature method. These bandwidths are reported in tables 2.11

2.13.

2.3.6 Estimated Bandwidths

The estimated bandwidths for the B-estimator were obtained using the procedure recently proposed

by Opsomer and Ruppert(1998) to estimate 011, 022, a2. We assumed that Ix and fz were

uniform densities over a compact support and estimated their inverses by maxt (Xt) mint (Xt) and

maxt(zt) mint(zt), respectively, where maxt(xt) and mint(xt) are the maximum and minimum

sample values for X.

We consider two different estimated bandwidths for M-estimation. The first, which produces

an M-estimator we label ML in the tables with simulation results, was proposed by Linton and

Nielsen(1995). The estimated bandwidths are given by,

(2 1/5
2

1/5
a RK(maxt(xt) mznt(xt))\ .. ( RK(maxt(zt) mirit(zt))h1=1 - i andh2=i -

n(13 + 132)2 ) np(f3i + 132)2

6See Park, and Marron(1990), Simonoff (1996) and Opsomer and Ruppert (1998).
7Note that the true optimal bandwidths are different across samples since MASE is evaluated at sample points.
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where th and 132 are OLS estimates of the parameters associated with x?/2 and z?/2 of a

regression of Yt on a constant, x/2, z?/2, xt, Zt and The &2 is the typical estimate for the

variance in classical linear regression models. The second procedure involves the numerical solution

of equations (2.16) and (2.17). Once again, we assumed that Ix and fz were uniform densities over

a compact support and estimated their inverses by maxt(xt) mint(xt) and maxt(zt) mint(zt).

were estimated using the same procedure for the estimation of °dö proposed by Opsomer and

Ruppert with the necessary sign change inside the summations. The estimated bandwidths that

result from the numerical solution of (2.16) and (2.17) produce a set of estimators that we label

M in the tables with the simulation results.

We also consider two different estimated bandwidths for 2S1 estimation. The first is the

simple rule of thumb proposed in Kim et al.(1999) in which h1 and h2 are selected as follows,

hf = n"&x and h = n'ôz

where &x = >j(Xt )2 and &z = >i(Zt )2. These estimated bandwidths pro-

duce an estimator that we label 2S1K in the tables. The second bandwidth selection procedure we

consider for the 2S1 estimator is based on the numerical solution of equations (2.24) and (2.25).

To this end the unknown quantities ç/j must be estimated together with Ix, fz and The esti-

mation of d8 depends on the estimation of two parts d2md(xt) - E(d2m) and fd2fx(v)'yi(v)dv

(or f d2fz(v)-y2(v)dv). The first term is estimated as in the case of B-estimation, the second term

can be interpreted as E(y1 (v) d2fx()) which is estimated by n 5'i (Xt) d2Jx(xe) , where 5i

comes from a preliminary B-estimator and f is estimated by a kernel density estimator with a

Silverman rule-of-thumb bandwidth. Finally, o.2 is estimated as in the case for B-estimation.

Finally, the estimated bandwidths used to produce the 2S2 estimator are the results of the

numerical solutions for equations (2.26) and (2.27). As in the case for 2S1 the unknowns that

appear in equations (2.26) and (2.27), i.e., Xdo must be estimated together with Ix, fz and j2

We follow the same estimation procedure described above for 2S1 with the exception that i'd is

substituted by
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2.4. The Data Generating Process - DGP

2.4.1 Pseudorandom Number Generation

The generation of simulated random numbers which have distributional properties similar to those

assumed for the random variables in the model under study is a crucial step in Monte Carlo

experimentation. Generating multivariate normal variables with a general covariance matrix, as

required below, involves several algorithms. All univariate normal random number generators use

a uniform generator and a transformation of the simulated uniform random numbers to produce

simulated standard normal random numbers. Multivariate normal generators add an additional

step by transforming the simulated univariate normal random numbers into simulated multivariate

normal random vectors that possess the desired covariance structure. Hence, three algorithms are

involved and problems can arise at any step in the process.

Noticeable improvements in the methodology for all three of these steps have appeared

in the statistical computing literature. Unfortunately, these advances have not made their way

into the econometrics literature, to initial of uniformly distributed

pseudorandom numbers, most studies rely on multiplicative or mixed congruential pseudorandom

number generators. This practice continues despite the demonstration by Marsaglia(1968) that

congruential generators suffer from serious autocorrelation of various orders, and the simple illus-

trative example of this problem provided by Kennedy and Gentle(1980). Generalized Feedback

Shift Register (GFSR) uniform pseudorandom number generators have emerged as an alternative

to congruential generators. Fushimi(1990) proposed a recurrence formula that produces uniform

pseudorandom numbers that perform well in a series of tests for randomness, including a test

suggested by Marsaglia(1985). Hence, we use Fushimi's algorithm with a seed value of 1589. This

seed value was used successfully by Fushimi in testing the algorithm.

We use the pseudorandom numbers obtained from the implementation of Fushimi's method

in conjunction with the algorithm suggested by Kinderman and Ramage(1976) to obtain univariate

standard normal pseudorandom numbers. Following Graybill(1969) and Barr and Slezak(1972), we

use a triangular factorization (Cholesky's) method to generate multivariate normal pseudorandom

vectors with the desired covariance structure.
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2.4.2 Regression Model Design and Estimation

Using the procedures described above the data used in this study is generated by a fully specified

bivariate additive nonparametric regression model. First, we generate a sequence of bivariate

normally distributed random variables {Xt, Zt}i, with joint density given by

0,5 \ / 1/9 c/9(XtN(()
1/9))Zt )

where c = 0, 0.25, 0.75, gives the desired correlation between the random variables. We allow for

different correlation values because one of our objectives is to evaluate how regressor dependency

impacts the performance of the estimators. One of the assumptions required to obtain expressions

for the conditional mean and variance of the estimators under study is that fxz have compact

support. To satisfy this assumption we discard every generated data point that is outside [0, 1]

and resample until all generated pseudorandom numbers are within this interval. The regression

error t is generated independently as a standard normal, and the regressands Yt are obtained in

accordance with three models

Yt = ml(xt) + m2(zt) + which we label as Model I, (2.28)

lit = ml(xt) + rn3(zt) + which we label as Model II, (2.29)

Yt = m2(xt) + m3(zt) + t which we label as Model III, (2.30)

where mi(x) = 1-6x+36x2-53x3+22x5, m2(x) = sin(5irx) and m3(x) = exp(3x) fort = 1, ..

We chose functions that have very different curvatures making the use of a common bandwidth

inadequate. Figure 2.1 provides graphs of m1, m2 and rn3 over the relevant range of X and Z.

We chose to consider samples of relatively small size for two reasons. First, the small

sample sizes reduce the computational burden in the Monte Carlo. Second, we wanted to evaluate

the estimators' performances under fairly undesirable conditions. We generated samples of size

n = 200, 350,500 and for all sample sizes we generated 400 samples.

2.4.3 Estimation

Computer codes for the estimation were written in GA USS software version 5.0 and estimation

and random number generation was done on a PC running on an 3.1 Mhz - Intel Pentium IV

processor. The code is available upon request. Computing time in implementing nonparametric
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estimators is always an important concern, even more so in a Monte Carlo experiment. However,

we chose not to use any of the time saving procedures currently available in the literature. The

most prominent of these is binning, as described by Fan and Marron( 1994). Although estimators

based on binning provide extraordinary savings in computing time, they remain approximations

for the unbinned estimator. Fan and Marron (1994) provide experimental evidence that they are

extremely good approximations for the unbinned estimator, but their evidence is limited to one

dimensional estimation. As they observe, in higher dimensions - as the case in this essay - accuracy

questions with regards to binning are still wide open. Hence, we decided to do all computations

using the full form of the estimators and not their binned versions.

As expected, computing time for all estimators is extremely sensitive to sample size, but it is

not significantly affected by bandwidth estimation. The M estimator is by far the most demanding

with regards to computing time of all estimators under study. For this reason we chose to limit our

simulations of M estimation to the case where n = 200. All other estimators can be implemented

at fairly equivalent time with the estimated B-estimator using the procedure of Opsomer and

Ruppert(1998) being the fastest to implement. The 2S1 and 2S2 estimators when estimated using

the bandwidth selection procedure proposed in section 2.3.4 are slower to implement than the

B-estimator as the procedure requires the numerical solution for a nonlinear system of equations.

However, once bandwidths are chosen the 2S1 and 2S2 estimators are faster to implement than

all other procedures. The computational time for all estimators increases significantly with the

number of regressors.

We used a Gaussian kernel to construct the estimators. A more desirable choice would be

to use an Epanechnikov kernel, or any kernel with compact support, since it would satisfy the

compact support assumption necessary to obtain some of the theoretical results regarding these

estimators. Unfortunately, even when true bandwidths are being used in the estimation, the M

estimator is frequently not defined due to singularity of the W(x, z) matrix. Clearly, the problem

emerges because the bandwidths are in some samples numerically too small. It is reasonable to

expect that for larger samples this problem would disappear. Whether or not such problem has

been encountered by users of the M estimator is unclear. However, the application of the M

estimator in Linton and Nielsen(1995) and Linton and Härdle(1996) uses a Gaussian kernel even

though they have an explicit assumption on kernel support compactness.



24

2.5. Results

The analysis of the experimental results focuses on the average squared errors of the estimators,

their bias, variance and on the estimation of the bandwidths. Since some preliminary finite sam-

ple experimental evidence on the performance of the B-estimator and M-estimators are already

available (Opsomer and Ruppert, 1998 and Sperlich et al. ,1999), we are primarily interested on the

performance of the 2S estimators and on the relative performance of all estimators.

Tables 2.3 and 2.4 provide Average Squared Errors (ASE) across experiments using true

and estimated bandwidths respectively for all estimators and for the different sample sizes and

correlation levels. Some general regularities are promptly identified. First, increases in sample sizes

reduce ASE for all estimators and across all correlation levels with true and estimated bandwidths.8

The effects of increased correlation on the ASE of the estimators are quite different. For the

B-estimator ASE is similar across correlation levels for each sample size, l)ut they do differ across

models. In some cases the results even show mild decreases in ASE as correlation increases. These

regularities are true when true and estimated bandwidths are used. Results are quite different for

M and 2S estimation. All estimators seem to be impacted by increased regression correlation with

ASE increasing as c grows when true or estimated bandwidths are used. It is apparent, however

that ASE is not significantly affected by mild correlation among the regressors. The increase is

significant, however, when the correlation moves from low levels 0 or 0.25 to 0.75. The impact of

increases in c on ASE do vary across models, but increases in n do not seem to reduce the disparity

in ASE. Finally, the M estimator seems to be the most sensitive of the estimators considered to

increases in c.

One should also observe that, as expected, across all experiments and estimators the re-

ported ASEs increase from Table 2.3 to Table 2.4, confirming that in finite samples the noise

introduced by estimated bandwidths impacts the performance of the estimators. Also as expected,

increased sample size dampens this impact.

The most noticeable result from Tables 2.3 and 2.4 is that, as measured by ASE, the B-

estimator is superior to all estimators across all correlation levels, sample sizes and models. The

8The results on M estimation reported are for sample size n = 200 only. However, experiments for sample sizes
n = 100, 150 were also implemented and the regularities reported here regarding the impact of sample size increase
on other estimators were observed also in M estimation.
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second best is the 2S2 estimator we propose followed in order by M and 2S1 estimation. From Table

2.4 we observe that when we use our proposed bandwidth estimation procedure (2S1) the estimator

improves relative to its implementation using the bandwidth selection procedure proposed by Kim

et al.(1999)(2S1) across all experiments. The same can be said about M and ML except when the

correlation level is at c = 0.75.

Tables 2.1 and 2.2 provide average bias for all estimators across experiments using true

and estimated bandwidths, respectively. As in the case of ASE, some general regularities can be

noticed, With almost no exception (normally involving 2S2) the B-estimator shows smallest bias

across estimators followed by 2S2 when bandwidths are estimated. Table 2 reveals that the largest

bias occur with M estimation. As in the case of ASE our proposed bandwidth selection methods

reduces the bias of the 2S1 estimator but surprisingly this does not occur with M estimation.

Tables 2.1 and 2.2 also reveal that the bias increases with c across all experiments and

estimators. Again, this is particularly noticeable when c = 0.75. The impact of sample size on bias

when true bandwidths are used is different across estimators. For B and 2S1 no discernible pattern

is observed, but bias falls with sample size. When estimated the bias

falls for all estimators and models as ii increases except for B. Combining the results from tables

2.1 and 2.2 with tables 2.3 and 2.4 we can conclude that the variance of the estimators decreases

with sample size across all experiments for all estimators.

Tables 2.5 -2.8 and 2.9 2.11 provide average squared errors for the estimation of md

for d = 1, 2,3 for all correlation levels and sample sizes using true and estimated bandwidths.

The general regularities observed for ASE in tables 2.3 and 2.4 seem to apply in each regression

direction, What these directional regression results do suggest is that the ASE per direction is

impacted significantly by the curvature of the functions being estimated and that the curvature of

one function impacts the ASE properties of the other regression direction for all estimators.

Tables 2.12-2.14 and 2.15-2.17 provide the average true and estimated bandwidths across

experiments for different sample sizes, correlations and models. Tables 2.12-2.14 and 2.15-2.17

reveal that true and estimated bandwidths for all estimators are quite insensitive to correlation

levels, They do however noticeably change across models. Although expected gains from in-

creased sample size do not appear dramatic for the samples sizes considered in this experiment,

our proposed bandwidth estimation procedure produces bandwidths that are much closer to the



true bandwidths than those produced by the procedures suggested by Linton and Nielsen(1995)

and Kim et al.(1999) for M and 2S1 estimation respectively. In addition, the true bandwidths

are identical (up to two decimal points) for all estimators, across all models and experiments.

All estimated bandwidths for Models I and II undersmooth if compared to the true bandwidths

reported in tables 2.5-2.6. For Model III bandwidths oversmooth if compared to the true band-

widths reported in Table 2.7. How much under or over smoothing occurs depends largely on the

degree of curvature of the md that compose the models. When there is more curvature, as in the

case of Models I and III the degree of under and oversmoothing seems to increase, indicating that

increased curvature makes for more difficult bandwidth estimation.

2.6. Conclusion

Additive nonparametric regression models have gained increased popularity by their ease of inter-

pretation and the fact that these models allow for the circumvention of the curse of dimensionality.

Backfitting, marginal integration and two stage estimators have recently emerged as viable alter-

natives for the estimation of additive nonparametric regression models. Little is known about the

finite and asymptotic properties of all estimators when bandwidths are selected by data driven

procedures. Applied researchers are not only uninformed about the estimators' properties but are

also unaware of their relative performance. In this essay we provided experimental evidence on the

finite sample properties of these estimators and on their relative performance. We also propose

a modification of the two stage estimator first introduced by Kim et al.(1999) that outperforms

the original two stage estimator. However, the backfitting estimator seems to emerge as the best

estimator among those currently available in the literature. This superiority is based on an eva!-

uation of the estimators' ASE under estimated and true bandwidths. Separate evidence on their

bias and variance is also provided to support this conclusion. Although Monte Carlo studies suffer

from the problem of specificity, we believe that the results here are strong enough to recommend

the use of backfitting estimation.
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TABLE 2.1: Average Bias using the True Bandwidth

ii = 200 (B,M,2S1,2S2) n = 350 (B,2S1,2S2) n = 500 (B,2S1,2S2)
Model I

= 0 (0.010, -0.011,0.164,-0.008) (0.005,0.119,-0.010) (0.005,0.100,-0.006)
= 0.25 (-0.000,-0.030,0.168,-0.012) (0.003,0.126,-0.006) (0.004,0.108,-0.001)

c = 0.75 (-0.024,-0.031,0.192, -0.085) (-0.016,0.163,-0.064) (-0.012,0.146,-0.055)
Model II

c = 0 (-0.028,0.046,1.510,0.149) (-0.007,1.149,0.151) (-0.010,0.923,0.109)
c = 0.25 (0.018,0.086,1.601,0.196) (0.020,1.222,0.172) (0.030,1.030,0.168)
c = 0.75 (0.044,0.012,2.824,0.396

) (0.052,2.394,0.360) (0.060,2.160,0.328)
Model III

c = 0 (-0.022,0.097,2.082,0.240) (-0.014,1.595,0.201) (-0.006,1.302,0.173)
c = 0.25 (-0.020,0.074,2.160,0.277) (-0.011,1.609,0.204) (0.007,1.391,0.219)
c = 0.75 (0.152,0.239,3.302,0.603) (0. 160,2.893,0.591) (0.136,2.633,0.563)

00



TABLE 2.2: Average Bias using the Estimated Bandwidth
n=200 n=350 n=500

(B,M,2S1,ML,2S1K ,2S2) (B,2S1,2S1K,2S2)
Model I

= 0 (0.010,-0.459,0.176,0.037,0.213,-0.003) (0.005,0.118,0.155,-0.007)
= 0.25 (-0.000,-0.481,0. 192,0.016,0.215,-0.007) (0.003,0. 126,0.161,-0.004)
= 0.75 (-0.024,-0.439,0.197,0.005,0.247,-0.084) (-0.016,O.162,O.209,-0.061)

Model II
c = 0 (-0.028,5.378,1.976,0. 142,2.573,0. 150)

c = 0.25 (0.018,5.398,2.136,0.182,2.652,0.192)
c = 0.75 (0.044,5.294,3.411,0.091,3.823,0.348)

c = 0 (-0.022,5.895,2.377,0.206,2.427,0.221)
c = 0.25 (-0.020,5.842,2.424,0.185,2.524,0.264)
c = 0.75 ( 0.152,5.944,3.743,0.322,3.698,0.556)

(-0.007,1.329,1.968,0.155)
(0.020,1.469,2.055,0.170)

0.052,2.724,3.230,0.333)
Model III

(-0.014,1.613,1.866,0. 184)

(-0.011,1.617,1.900,0. 184)

(0.160,3.106,3.222,0.564)

(B,2S1,2S1K,2S2)

(0.005,0.097,0. 128,-0.004)

(0.004,0.105,0.138,0.000)
(-0.012,0. 140,0.185,-0.053)

(-0.010,1.022,1.612,0.108)
(0.030,1.174,1.720,0.166)
( 0.060,2.383,2.912,0.300)

(-0.006,1.270,1.532,0.161)

( 0.007,1.359,1.630,0.201)
(0.136,2.760,2.926,0.538)
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TABLE 2.3: Average Squared Errors Using the Thie Bandwidth

n = 200 (B,M,2S1,2S2) n = 350 (B,2S1,2S2) n = 500 (B,2S1,2S2)
Model I

(0.084,0.127,0.120,0.089)
(0.090,0.152,0.125,0.095)
(0.083,1.440,0.150,0.106)

(0.061,0.126,2.550,0.142)
(0.055,0.122,2.749,0.165)
(0.062,1.162,8.877,0.783)

(0.054,0.071,0.056)
(0.056,0.075,0.059)
(0.051,0.098,0.068)

Model II
(0.039,1.441,0.090)
(0.036,1.561,0.093)
(0.038,6.289,0.580)

Model III

(0.039,0.051,0.041)
(0.042,0.056,0.045)
(0.040,0.076,0.055)

(0.028,0.933,0.055)
(0.028,1.094,0.073)
(0.028,5.037,0.463)

c = 0 (0.079,0.272,4.671,0.235) (0.051,2.721,0.142) (0.039,1.809,0.101)
e = 0.25 (0.086,0.228,5.095,0.310) (0.055,2.812,0. 161) (0.040,2.045,0.128)
c = 0.75 (0.079,1.630,11.111,0.933) (0.052,8.330,0.751) (0.040,6.925,0.648)



TABLE 2.4: Average Squared Errors Using the Estimated Bandwidth

n=200 n=350 n=500
(B,M,2S1,ML ,2S1K ,2S2) (B,2S1,2S1K ,2S2) (B,2S1 ,2S1K,2S2)

Model I
c = 0 (0.097,0.150,0.139,0.233,0.150,0.102) (0.063,0.080,0.088,0.066) (0.048,0.059,0.063,0.049)

c = 0.25 (0.099,0. 185,0.147,0.229,0. 156,0. 104) (0.065,0.085,0.094,0.067) (0.047,0.061,0.069,0.050)
c = 0.75 (0.095,2.462,0.174,0.397,0.195,0.119) (0.059,0.106,0.124,0.075) (0.045,0.080,0.095,0.060)

Model II
c = 0 (0.073,0.219,4.572,0.109,7.035,0.180) (0.045,2.012,4.05,0.105) (0.031,1.199,2.720,0.062)

c = 0.25 (0.069,0.184,5.040,0.108,7.284,0.216) (0.042,2.339,4.32,0.112) (0.031,1.458,2.999,0.085)
c = 0.75 (0.077,1.847,12.970,0.413,15.677,0.915) (0.044,8.131,11.099,0.648) (0.032,6.143,8.950,0.505)

Model III
c = 0 (0.092,0.202,6.335,0.195,6.247,0.250) (0.061,2.905,3.673,0.142) (0.046,1.808,2.465,0.101)

c = 0.25 (0.101,0.406,6.694,0.212,6.819,0.328) (0.062,2.967,3.853,0.158) (0.047,2.033,2.772,0.124)
c = 0.75 (0.097,1.661,14.472,0.605,13.800,1.025) (0.063,9.731,10.274,0.778) (0.049,7.683,8.507,0.656)



TABLE 25: Model I: Average Squared Errors by Regression Direction Using the True Bandwidth

B(mi, m2) M-(m1, m2) 2S1-(mi, m2) 2S2-(m1, m2)

n=200
c = 0 (0.030,0.056) (0.047,0.079) (0.038,0.066) (0.032,0.060)

c = 0.25 (0.034,0.060) (0.063,0.092) (0.043,0.069) (0.037,0.063)
e = 0.75 (0.033,0.060) (0.562,0.902) (0.051,0.087) (0.046,0.078)

n=350
c = 0 (0.018,0.036) - (0.023,0.041) (0.019,0.038)
= 0,25 (0.021,0.036) - (0.026,0.042) (0.022,0.038)
= 0.75 (0.019,0.037) - (0.033,0.058) (0.029,0.051)

n=500
c = 0 (0.012,0.027) - (0.016,0.03) (0.013,0.028)

c = 0.25 (0.015,0.028) - (0.018,0.03) (0.015,0.029)
c = 0.75 (0.017,0.029) - (0.028,0.04) (0.025,0.040)



TABLE 2.6: Model II: Average Squared Errors by Regression Direction Using the True Bandwidth

B-(rni, m3) M-(mi, m3) 2S1-(mi, rn3) 2S2-(mi, m3)

n=200
c = 0 (0.032,0. 107) (0.053,0.142) (0.650,0.725) (0.073,0. 142)

c = 0.25 (0.027,0.103) (0.049,0.144) (0.700,0.867) (0.090,0.150)
c = 0.75 (0.036,0.114) (0.455,0.818) (2.984,2.668) (0.915,0.486)

n=350
c = 0 (0.020,0.071) (0.363,0.436) (0.040,0.092)

c = 0.25 (0.018,0.063) - (0.393,0.499) (0.048,0.087)
c = 0.75 (0.021,0.066) (2.106,1.972) (0.665,0.360)

n=500
c = 0 (0.014,0.052) - (0.231,0.285) (0.025,0.062)

c = 0.25 (0.013,0.042) - (0.272,0.364) (0.036,0.063)
c = 0.75 (0.016,0.048) - (1.670,1.621) (0.534,0.300)



TABLE 2.7: Model III: Average Squared Errors by Regression Direction Using the True Bandwidth

B-(m2, m3) M-(m2, m3) 2S1-(m2, m3) 2S2-(m2, m3)

n=200
c = 0 (0.052,0.134) (0.134,0.235) (1.205,1.300) (0.144,0.191)

c = 0.25 (0.055,0.121) (0.113,0.194) (1.334,1.377) (0.191,0.188)
c = 0.75 (0.057,0.141) (0.838,0.918) (3.683,3.466) (1.082,0.510)

n=350
c = 0 (0.033,0.071) - (0.692,0.758) (0.077,0.103)

c = 0.25 (0.034,0.084) - (0.711,0.786) (0.091,0.120)
c = 0.75 (0.036,0.091) - (2.785,2.683) (0.842,0.424)

n=500
c = 0 (0.025,0.055) - (0.456,0.524) (0.054,0.079)

c = 0.25 (0.026,0.056) (0.515,0.600) (0.066,0.089)
c = 0.75 (0.027,0.062) - (2.326,2.213) (0.702,0.352)



TABLE 2.8: Model I: Average Squared Errors by Regression Direction Using the Estimated Bandwidth

B-(mi, m2) M-(mi, m2) 2S1 (mj, m2) ML-(m1, m2) 2S1K-(mj, m2) 2S2-(mi, m2)

n=200
= 0 (0.036,0.064) (0.062,0.087) (0.046,0.075) (0.036,0.202) (0.053,0.073) (0.038,0.068)

c = 0.25 (0.039,0.064) (0.080,0.108) (0.052,0.076) (0.043,0. 196) (0.057,0.077) (0.042,0.067)
c = 0.75 (0.039,0.068) (1.037,1.376) (0.056,0.095) (0.123,0.273) (0.064,0.098) (0.051,0.086)

n=350
= 0 (0.020,0.044) - (0.025,0.049) - (0.031,0.045) (0.021,0.046)

c = 0.25 (0.024,0.043) (0.029,0.049) (0.034,0.047) (0.025,0.044)
c = 0.75 (0.021,0.043) - (0.034,0.064) - (0.041,0.067) (0.031,0.056)

n=500
c = 0 (0.014,0.034) - (0.018,0.037) (0.022,0.033) (0.015,0.035)

c = 0.25 (0.016,0.032) - (0.020,0.036) - (0.024,0.036) (0.017,0.033)
c = 0.75 (0.018,0.033) - (0.028,0.050) (0.034,0.053) (0.026,0.044)

01



TABLE 2.9: Model II: Average Squared Errors by Regression Direction Using the Estimated Bandwidth

B-(mi, m3) M-(m1, m3) 2S1 (mi, m3) IV!L-(ml, m3) 2S1K-(ml, m2) 2S2-(mj, m2)

n=200
= 0 (0.036,0.115) (0.106,0.184) (1.174,1.179) (0.047,0.116) (1.813,1.805) (0.102,0.156)

c = 0.25 (0.033,0.112) (0.074,0.177) (1.300,1.435) (0.043,0.126) (1.883,2.017) (0.133,0.166)
c = 0.75 (0.041,0.123) (0.843,1.108) (4.225,3.655) (0.208,0.307) (5.033,4.387) (1.210,0.527)

n=350
c = 0 (0.022,0.075) - (0.51,0.571) - (1.038,1.080) (0.050,0.096)

c = 0.25 (0.020,0.067) (0.59,0.689) (1.109,1.203) (0.063,0.093)
c = 0.75 (0.022,0.070) (2.66,2.440) - (3.557,3.217) (0.808,0.392)

n=500
c = 0 (0.016,0.054) - (0.301,0.349) - (0.689,0.723) (0.030,0.064)

c = 0.25 (0.015,0.044) - (0.368,0.451) - (0.763,0.859) (0.045,0.066)
c = 0.75 (0.016,0.050) - (2.001,1.901) - (2.861,2.647) (0.628,0.327)



TABLE 2,10: Model III: Average Squared Errors by Regression Direction Using the Estimated Bandwidth

B-(m2, m3) M-(m2, m3) 2S1 (m2, m3) IV!L-(m2, m3) 2S1K-(m2, m3) 2S2-(m3, m3)

n=200
= 0 (0.058,0.143) (0.105,0.186) (1.644,1.687) (0.120,0.147) (1.614,1.678) (0.159,0.195)

c = 0.25 (0.065,0.129) (0.151,0.334) (1.755,1.735) (0.129,0.150) (1.782,1.789) (0.210,0.192)
c = 0.75 (0.063,0.152) (0.726,1.042) (4.691,4.272) (0.337,0.397) (4.477,4.128) (1.249,0.484)

n=350
c = 0 (0.039,0.074) - (0.749,0.785) - (0.941,0.983) (0.079,0.103)

c = 0.25 (0.040,0.086) (0.760,0.822) - (0.983,1.035) (0.093,0.120)
c = 0.75 (0.041,0.096) - (3.203,3.016) - (3.367,3.175) (0.907,0.413)

n=500
c = 0 (0.029,0.057) - (0.462,0.515) - (0.628,0.681) (0.055,0.077)

c = 0.25 (0.031,0.058) (0.519,0.586) - (0.706,0.777) (0.068,0.087)
c = 0.75 (0.033,0.066) (2.553,2.385) - (2.800,2.612) (0.742,0.343)



TABLE 2.11: Model I: Average True Bandwidths

B

(h1,h2)

M

(hi,h2)

2S1

(h1,h2)

2S2

(hj,h2)

= 0 (0.062,0.036) (0.060,0.036) (0.061,0.036) (0.062,0.036)
c = 0.25 (0.062,0.036) (0.061,0.036) (0.062,0.036) (0.062,0.036)
c = 0.75 (0.063,0.036) (0.061,0.036) (0.063,0.036) (0.063,0.036)

= 350
c = 0 (0.055,0.032) - (0.055,0.032) (0.055,0.032)

c = 0.25 (0.055,0.032) - (0.055,0.032) (0.055,0.032)
c = 0.75 (0.056,0.032) - (0.056,0.032) (0.056,0.032)

= 500
c = 0 (0.051,0.030) - (0.051,0.030) (0.051,0.030)

c = 0.25 (0.051,0.030) - (0.051,0.030) (0.051,0.030)
c = 0.75 (0.052,0.030) - (0.052,0.030) (0.052,0.030)

00



TABLE 2.12: Model II: Average True Bandwidths

n = 200

B M 2S1 2S2
(h1,h2) (hi,h2) (h1,h2) (h1,h2)

c = 0 (0.061,0.066) (0.057,0.040) (0.055,0.059) (0.061,0.066)
c = 0.25 (0.062,0.067) (0.057,0.040) (0.055,0.059) (0.062,0.066)
c = 0.75 (0.063,0.067) (0.058,0.040) (0.056,0.059) (0.063,0.067)

n = 350
c = 0 (0.055,0.059) - (0.049,0.052) (0.055,0.059)

c = 0.25 (0.055,0.059) - (0.049,0.052) (0.055,0.059)
c = 0.75 (0.056,0.060) - (0.050,0.053) (0.056,0.060)

n = 500
c = 0 (0.051,0.055) - (0.046,0.049) (0.051,0.055)

c = 0.25 (0.051,0.055) - (0.046,0.049) (0.051,0.055)
c = 0.75 (0.052,0.056) - (0.046,0.049) (0.052,0.056)



TABLE 2.13: Model III: Average True Bandwidths

n=200
B M 2S1 2S2

(hi,h2) (hi,h2) (h1,h2) (hi,h2)

c = 0 (0.036,0.066) (0.037,0.044) (0.035,0.061) (0.036,0.066)

= 0.25 (0.036,0.066) (0.037,0.044) (0.035,0.062) (0.036,0.066)

c = 0.75 (0.036,0.068) (0.037,0.044) (0.035,0.062) (0.036,0.067)

n = 350

c = 0 (0.032,0.059) - (0.032,0.055) (0.032,0.059)

c = 0.25 (0.032,0.059) - (0.032,0.055) (0.032,0.059)

c = 0.75 (0.032,0.060) - (0.031,0.056) (0.032,0.060)

n = 500

c = 0 (0.030,0.055) - (0.029,0.051) (0.030,0.055)

c = 0.25 (0.030,0.055) (0.029,0.051) (0.030,0.055)

c = 0.75 (0.030,0.056) (0.029,0.052) (0.030,0.056)



TABLE 2.14: Model I: Average Estimated Bandwidths

B M 2S1 ML 2S1K 2S2

(h1,h2) (h1,h2) (h1,h2) (h1,h2) (h1,h2) (h1,h2)

n = 200

c = 0 (0.054,0.042) (0.053,0.041) (0.054,0.042) (0.095,0.095) (0.042,0.042) (0.054,0.042)

c = 0.25 (0.054,0.040) (0.052,0.039) (0.054,0.040) (0.093,0.093) (0.042,0.042) (0.054,0.040)

c = 0.75 (0.057,0.043) (0.055,0.041) (0.057,0.043) (0.098,0.098) (0.041,0.041) (0.057,0.043)

ii = 350

c = 0 (0.051,0.039) - (0.051,0.039) - (0.038,0.038) (0.051,0.0394)

c = 0.25 (0.050,0.038) - (0.050,0.038) - (0.038,0.038) (0.050,0.0388)

e = 0.75 (0.052,0.038) - (0.052,0.038) - (0.036,0.036) (0.052,0.0389)

n = 500

c = 0 (0.047,0.037) - (0.047,0.037) - (0.035,0.035) (0.047,0.037)

c = 0.25 (0.048,0.035) - (0.048,0.035) (0.035,0.035) (0.048,0.035)

c = 0.75 (0.049,0.036) - (0.049,0.036) - (0.034,0.034) (0.049,0.036)



TABLE 2.15: Model II: Average Estimated Bandwidths

B M 2S1 ML 2S1K 2S2

(h1,h2) (h1,h2) (h1,h2) (h1,h2) (h1,h2) (h1,h2)

n = 200

= 0 (0.054,0.048) (0.051,0.036) (0.054,0.048) (0.069,0.069) (0.042,0.042) (0.054,0.048)

= 0.25 (0.054,0.046) (0.051,0.035) (0.054,0.046) (0.066,0.066) (0.042,0.042) (0.054,0.046)

c = 0.75 (0.055,0.041) (0.052,0.035) (0.054,0.041) (0.068,0.068) (0.041,0.041) (0.055,0.041)

= 350

c = 0 (0.050,0.047) - (0.050,0.047) - (0.038,0.038) (0.050,0.0476)

c = 0.25 (0.049,0.045) - (0.049,0.045) - (0.038,0.038) (0.049,0.0450)

c = 0.75 (0.051,0.040) - (0.051,0.040) - (0.036,0.036) (0.051,0.0401)

= 500

c = 0 (0.047,0.045) - (0.047,0.045) - (0.035,0.035) (0.047,0.045)

c = 0.25 (0.047,0.043) - (0.047,0.043) - (0.035,0.035) (0.047,0.043)

c = 0.75 (0.049,0.038) - (0.049,0.038) - (0.034,0.034) (0.049,0.038)



TABLE 2.16: Model III: Average Estimated Bandwidths

B M 2S1 ML 2S1K 2S2

(h1,h2) (hi,h2) (h1,h2) (h1,h2) (h1,h2) (h1,h2)

n = 200

= 0 (0.041,0.047) (0.042,0.039) (0.041,0.047) (0.064,0.064) (0.042,0.042) (0.041,0.047)

= 0.25 (0.043,0.048) (0.042,0.040) (0.043,0.047) (0.066,0.066) (0.042,0.042) (0.043,0.048)

= 0.75 (0.043,0.040) (0.042,0.037) (0.043,0.040) (0.065,0.065) (0.041,0.041) (0.043,0.040)

= 350

c = 0 (0.039,0.047) - (0.039,0.047) - (0.038,0.038) (0.039,0.047)

c = 0.25 (0.039,0.046) - (0.039,0.046) - (0.038,0.038) (0.039,0.046)

c = 0.75 (0.039,0.040) (0.039,0.040) - (0.036,0.036) (0.039,0.040)

n = 500

c = 0 (0.036,0.045) - (0.036,0.045) - (0.035,0.035) (0.036,0.045)

c = 0.25 (0.036,0.045) - (0.036,0.045) - (0.035,0.035) (0.036,0.045)

c = 0.75 (0.036,0.039) - (0.036,0.039) - (0.034,0.034) (0.036,0.039)



3. COMPARING KERNEL REGRESSION METHODS FOR
LONGITUDINAL/PANEL DATA USING A PLUG-IN

BANDWIDTH

3.1. Introduction

Panel data with a large number of individuals, with each individual observed only over a short

period of time, is common in economic studies. Parametric regression models have long been used

to study the behaviorial relationships for such data (see for example Wooldridge, 2001, Kyrizaidou,

2001, Beaudry et al., 2001). Often, it is desirable to relax the assumption of a parametric regres-

sion function and instead, to estimate the conditional mean nonparametrically. To date, many

nonparametric methods are available, including kernel-based methods, regression splines, smooth-

ing splines, wavelet and Fourier series expansions. Among them, the kernel-based estimators have

gained increasing popularity as a method of estimating the regression function and its derivatives.

This is due to its appealing properties including simplicity in computation, superior boundary

performance and its minimax property (Fan, 1992). However, the standard local linear estimator

does not utilize potentially available higher moment structures (e.g., the conditional covariance

structure) in its construction. In recent years, a number of studies have focused on how to im-

prove the estimation efficiency of kernel-based estimators, particularly the local linear estimator.

Specifically, in the context of panel data models, the question is how to make the most efficient use

of the within-subject correlation structures to improve estimation accuracy. While most of these

studies focus on the asymptotic aspects of the issue, very little is known regarding the estimators'

finite sample properties. This paper contributes in this direction.

Incorporating the within-subject correlation into the estimation of nonparametric panel data

models can be done in various ways. A natural method is to integrate the covariance matrix of the

errors into a weighted quasi-likelihood function (Severini and Staniswalis, 1994). However, this

method produces an estimator with a larger asymptotic variance than that of the simple local linear

estimator. Other method such as "component estimation" (Ruckstuhl, Welsh and Carroll, 2000),

which fits separate regression models on the observations taken at the same time period but on

different individuals, and then combines these estimators to produce an overall estimator, though
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more complicated to implement, still does not utilize the error covariance structures. Hence, not

surprisingly, the "component estimation" does not improve the asymptotic variance over local

linear estimator either. Lin and Carroll (2000) studies a revised version of the quasi-likelihood

estimator that effectively ignores the within-subject correlation completely and treats the data as

if they were independent. This approach is referred to as the "working independence" method.

The working independence estimator is shown to have a smaller asymptotic variance than that of

the quasi-likelihood estimator.

The superiority of the "working independence" estimator over the quasi-likelihood estimator

is counter intuitive since the improved accuracy is attained by ignoring information. As part of the

effort to make proper use of the within-subject correlation in kernel-based regression, Ruckstuhl,

Welsh and Carroll (2000) propose a two-step pre-whitening procedure that involves a correction of

the residuals with the inverse of the covariance matrix. They show that this estimator could have

a smaller asymptotic variance compared to the working independence estimator. However, the

two-step procedure results in a more complicated bias expression that could be bigger or smaller

than that of the local linear estimator. An alternative version of the pre-whitening procedure is

proposed in Martins-Filho and Yao (2005) for a nonparametric model with general error covariance

structures. Applied to the panel data model, this procedure suggests a local linear regression

with an undersmoothing bandwidth in the first stage, and a second stage correction of residuals

in a different way from the original pre-whitening estimator. Unlike the original pre-whitening

estimator, this alternative pre-whitening estimator does preserve the concise bias expression of the

local linear estimator and obtains a smaller asymptotic variance. Additionally, this pre-whitening

estimator is shown to be asymptotically normal, which can be used in hypothesis testing and

confidence interval construction.

Wang (2003) proposes another two-step procedure to account for the within-subject correla-

tion. In this procedure, whenever an observation, say the is identified as in the neighborhood

of the point where the conditional mean is being estimated, all the observations taken for the same

subject are used in the local averaging. To avoid the higher bias, the points other than the th are

used only through the residuals that are calculated from a previous regression. This estimator,

like the pre-whitening estimator, has a smaller asymptotic variance but a much more complicated

bias expression compared to the working independence estimator.
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Asymptotic results are useful largely to the extent that they can serve as guide to what we

may find in samples of small or moderate size with which we typically deal in econometrics. In

comparing the relative performances of the above mentioned estimators, the asymptotic results

may not serve us well for several reasons. First, the asymptotic results only emphasize the leading

terms in the bias and variance expressions whereas the ignored terms that are of smaller order

asymptotically may have au impact in finite samples. Second, while a nonparamnetric regression

allows the researcher to estimate the conditional mean function without specifying a parametric

structure, the researcher has to select a bandwidth. It is well known that the performances of

kernel estimators is very sensitive to the bandwidth selection. Typically, a bandwidth is chosen

through the minimization of criterion functions such as asymptotic mean average squared errors

that are distinct across estimators. With different bandwidths, it is even harder to compare the

estimators' relative asymptotic efficiencies. Furthermore, how these bandwidths affect finite sample

performances of the estimators is not revealed by inspecting the results from asymptotic theories.

Therefore, we believe that a well-designed Monte Carlo experiment will serve a useful pur-

pose by increasing our understanding of the nonparametric regression in the presence of correlated

errors as in panel data. In this essay, a series of simulations are conducted in order to analyze

and compare the finite sample properties of four estimators: the simple local linear estimator,

a pre-whitening estimator by Ruckstuhl, Welsh and Carroll (2000), an alternative pre-whitening

estimator by Martins-Filho and Yao (2005), and a two-stage estimator by Wang (2003). The

quasi-likelihood estimator is not included in the final simulation since it produced a much larger

average squared errors than other estimators in our preliminary simulations.

Bandwidths for each of the estimators are selected by minimizing an asymptotic approxima-

tion of their mean average squared errors. In this simulation study, we are particularly interested

in the estimators' performances under a variety of model specifications, including different noise

scales, different levels of the within-subject dependency, and changes in the number of individuals

in the sample relative to the number of measurements taken on each individual. We are also inter-

ested in the impacts on performances of the estimators that can be attributed to the estimation of

the covariance structure, as well as other unknown quantities needed for the optimal bandwidth

calculations. Ultimately, our objective is to provide applied researchers with information that al-

lows for a better understanding of these competing estimation alternatives in finite sample settings.
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Besides this section, the essay is organized as follows. In section 2, we describe the model, the

estimators under study, and their optimal bandwidths using a unified notation. In section 3, we

describe the Monte Carlo experimental designs. In section 4, we describe the estimation strategy

and the methods used to select bandwidths. Finally, we report the results of the experiment in

section 5 and conclude the essay in section 6.

3.2. Model and Estimators under Study

Consider a nonparametric random effects panel data model with n individuals, each of which is

observed in J occasions. More precisely, let {', aj} be a sample of ri independent real-

izations of a random 3-tuple {, )?, a} where Y2 = (Y21, 1'2," , l'j)', X = (X1, X22,... , Xj)'

are J x 1 random vectors and ct, is a scalar random variable.9 The joint distribution of {, , c}

is such that,

E(Y23IX, cs) = E(Y3IXj,ctj) = c + rn(X3), for i = 1,... ,n; j = 1,... , J, (3.1)

which implies E(Yj) = E(QjIX) + rn(X), where rn(.) is an unknown smooth function that

is the object of estimation. Additionally, we assume that,

ui = Yi m(X)

E(ctII) = E(ct) = 0,

E(jjIA,aj) = E(u1jIX2) = 0. (3.2)

Then the model can be rewritten as,

Yji = m(X23) + c.tj + = m(X23) + vii (3.3)

Let u = , j)', = (v1, . , vj)', and we assume that,

and

= aIj which implies V(cI) = aIj, (3.4)

V(ctjlXt) = o which implies V(ct) = a, (3.5)

We focus on an univariate model here for the convenience of notation and experiment designs. Note that the
extension of estimation procedures discussed in this essay to a higher dimensional model is straightforward.



where Ij is a J x J identity matrix. Hence, given (3.1)-(3.5), we have

(cT + cr

I cr
V(vI) = I

'K
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(3.6)

Let Y = (}'i, ,Yj)', X = (X11,... ,Xj)' and rn(X) = (m(X11),. ,rn(Xj))'. Then for
the model defined in (3.l)-(3.6), we have Cov(YIX) = Il = I ® . As in a typical panel data

model, we assume that J is fixed and typically small compared to n. The asymptotic properties

of the estimators for this model rely on n 00.

The following assumptions are necessary for all the estimators to have the asymptotic prop-

erties described in the next section:

Al: K(.) is a symmetric, compactly supported and bounded kernel density function with a

unit variance. Let Kh(u) = kK(), where h represents the bandwidth, i(r) = fqK(cb)dçb,

and -y(r) = frK2()d <00, r =

A2: h * 0 as n - 00 such that nh - cc,

A3: m(.) has continuous second derivatives,

A4: x0 is an interior point of the support of the distribution of X. The marginal density of

X,, f(.) is twice continuously differentiable, and f(.) > 0 over its support.

Some estimators require additional assumptions to obtain their asymptotic properties and

those assumptions will be stated as we define the estimators. These assumptions are used in

obtaining an asymptotic approximation for the estimators' mean average squared errors (MASE)

properties.

The MASE has been widely used as a criterion function for the optimal bandwidth selection.

By definition, for a generic estimator () for m(.),

MASE(th; h) = EEE(rh(X)) m(Xij)12 +
-j > V(i(Xj)) (3.7)

i=1 j=1 i=1 j=1

Since the MASE for a kernel-based estimator depends on the bandwidth h, it has served

as an optimand for the obtaining data dependent expression for the optimal bandwidth h* that
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minimizes an asymptotic approximation of MASE (AMASE). Since MASE/AMASE is a global

criterion for the bandwidth selection, the resulting h* is fixed across the sample points and may

or may not be optimal for the estimator at a specific point or region.

3.2.1 Local Linear Estimator (LL)

The local linear (LL) estimator of m(xo) is defined as:

mLL(xo,h) = (10)(fl_1 (xxo) (i Xo)Kh(x. x
ii j1 h

n J

x (a_i
(xjo)Kh(xj3

xo)) (3.8)
i=i =j h

The local linear estimator results from minimizing the weighted sum of the squared dis-

tances between the observations Y and the first order Taylor expansions of m(X3) around x0.

Essentially, mLL(xo, h) is a weighted average of Y such that the closer the point is to x0 the

higher weight the corresponding Y gets. This estimator has been shown to have "high asymp-

totic efficiency" among all possible linear smoothers under certain assumptions(Fan, 1992).

The properties of the local linear estimator on a panel data model has been studied by

Ruckstuhl, Welsh and Carroll (2000). In particular, they show that the bias and variance of the

local linear estimator, given model (3. 1)-(3.6) and assumptions Al to A4, can be written as:

and

E[mLL(xo, h) m(xo)] = çm(2)(xo) + o(h2), (3.9)

V[mLL(xo, h)] = 'y(0)(o- + o){nJh . s(xo)}1 + o(1/nh) (3.10)

where s(x0) = f (x0) and m(2) (x0) represents the second derivative of m(.) evaluated at

xo.

Note that this estimator has the same asymptotic bias and variance expressions under model

(3.1)-(3.6) as it would have under a model in which the errors are independently and identically

distributed with the variance cr + o. The intuitive rationale is that as the sample size increases,

those measurements in the neighborhood of x0 will be all from different individuals, so they are

independent from each other. Hence, the off.diagonal elements in vanishes at a rate faster

than 0(1/nh), and these terms can be ignored in the variance approximation. However, in finite
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samples, particularly when J is relatively large compared to n, this approximation could be too

rough to be of practical use.

The asymptotic mean average square errors (AMASE) of the local linear estimator can be

written as:

AMASELL (h)
n '

= j-(nJ) >{m(2)(Xij)}2 + 'y(2)(o + )(nih)'(nJ)1 1/s(X),
i=1 j=1 i=1 j=1

and the optimal bandwidth that minimizes the AMASE is,

* f(0)(c+o-))1"5 (R2\"5
hLL=( J

1 V' V'where Rg = (riJY
i=1 1/s(X) and 022 = (nJY1

(3.11)

This optimal bandwidth is a result of balancing the bias and the variance. ThehL increases

with the variance of the error, o + o, and decreases with the total variation of the mean function,

measured by (nJ)' [m() (X3)12. When the noises is dominating, this mechanism will

try to enlarge the neighborhood to include more points in the local averaging to reduce the variance

of the resulting estimator; when the mean function varies a lot, this mechanism will try to limit

the size of the neighborhood to get a better approximation of the mean function. Theoretically,

this optimal bandwidth selection mechanism is effective as long as the ignored terms (of order

o(h2) or o(1/nh)) are not large compared to the leading terms. In practice, the performance of

this bandwidth selection method also relies on the estimation of the unknown quantities in the

bandwidth formula, i.e., c + o and 022.

3.2.2 Quasi-Likelihood Estimator (QL)

Severini and Staniswalis (1994) propose to integrate the covariance matrix E in the weighted

likelihood function directly. The local linear version of this quasi-likelihood estimator is defined as

follows:

xilxp -1

mQL(xo,h) = (1,0)

[

xiixo .. XjXp
'kz0 [

] }

1 h h
1

Xj

{-i
[

Xi1xo XJXp
]
E_1R0} (3.12)
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where IX = diag{Kh(Xxo)}J_1, a JxJ diagonal matrix with th element being Kh(Xjxo).

Ruckstuhl, Welsh and Carroll (2000) show that, given the model described in (3,1)-(3,6), the QL

estimator has the same bias expression as the LL estimator and a variance of order 0(1/nh). This

is true provided that assumptions Al to A4 and the following assumptions hold,

A5: m() has fifth derivatives.

A6: The bivariate density of X and X1k, denoted by f3k, is twice continuously differentiable

such that,

f(X xo)2fjk(X,xo)dX <0O , (3.13)

f(X _X0)r
(

)tfik(Xixo)dXi <00 for 1 = 1,2 and r = 1,2. (3.14)

Particularly, when the measurements on the same individual are independently and identi-

cally distributed, i.e., X,, are independent for j k and f3 = 1k = f with variance ox, the

bias and variance of the QL estimator are

E[mQL(xo, h) m(xo)] m(2)(x) + o(h2), (3.15)

and

V[mQL(xo,h)] [i+J (f(1)(xo)/f(xo))2] +o(1/nh) (3.16)

where f(')(xo) is the first derivative of f(.) evaluated at x0, and C (dJ)2(J - 1)c, with

dj = Jcr/(Jo + o). Note that the variance of the QL estimtor is greater than the variance of

the LL estimator since the term in the square parenthesis in (3.16) is greater than 1.

The QL estimator's AMASE and the corresponding optimal bandwidth are:

2

AMASEQL(h) = (nJ)1 > [m(2)(Xjj)]2
i=1 j=1

n J
+ (nJ) + cJ . f(1)(x)2/f(x)3],

n.Jh
i=1 j=1

and

I .ç-.n

hL ((0)(cr-f-u))1S (R+C(nJ)_ _ f(1)(x..)2/(f(x..))3)"5
(3.17)nJ 022
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Ruckstuhl, Welsh and Carroll (2000) also investigate an estimator they referred to as the

"working independence" estimator. The estimator ignores the within-subject correlation, i.e.,

replacing E iii (4.9) by diag(). They show that the "working independence" estimator has a

smaller asymptotic variance than that of the QL estimator. Since the local linear version of the

"working independence" estimator for model (3.1)-(3.6) coincides with the LL estimator defined

above, we do not define it separately in this essay.

3.2.3 Pre-Whitening Estimator (PW)

Ruckstuhl, Welsh and Carroll (2000) propose a two-step estimator as follows:

Step 1: Run a local linear regression of Y on X. Then construct a vector as:

Z = r1l112 (rr'/2 I)?PàLL(X) (3.18)

where 1 is a consistent estimator of Il, O-112 is its symmetric square root, T is a scalar

controlling the scale of the correction, and LL() is a vector of the local linear estimates

of m(.) at the sample points.

Step 2: The pre-whitening estimator is defined to be the local linear regression of on

n J -1
mPw(xo) = (1,0){n_1 (X1_0)(1, Xi )Kh(Xj xo)}

hi1 j=1 h

11 J{-' (x1_XO)zijKhxij xo)} (3.19)
i=1 j=1 h

where Z is the th element of Z.

Note that equation (3.18) can be rewritten as Z = 7ILLL(K) + 1,'2 [r
rnLL(K)I, which

is a sum of a vector of local linear estimates and a vector of the corrected residuals. This gives the

motivation for the pre-whitening estimator. Hall and Carroll (1989) show that the components in

Il can be estimated at the parametric rate, n./2 and thus can effectively be treated as known in

obtaining the asymptotic bias and variance of the PW estimator. In finite sample, however, the

performance of the PW estimator depends on how accurate the can be estimated, which in turn

depends on how accurate mLL (.) captures m(.).
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Assuming that one bandwidth is used for both steps, and that assumptions Al to A4 hold,

the bias and variance of the pre-whitening estimator can be approximated as follows:

and

E[mpw(xo, h) m(xo)]

h2 (vdm(2'(xo) >I= fi(xo) E(m(2)(XlkfXll =
+ o(h2) (3.20)= --T +vo

2
j=1 f(xo)

V[mpw(xo, h)] = y(0)i2 (nJh. s(xo)) + o(1/nh) (3.21)

where vd and v0 are, respectively, the diagonal and off-diagonal elements of E112. More specif-

ically, they can be written as functions of a and o, as suggested in Martins-Filho and Yao

(2005),

I 1 I

1
I

. (3.22)Vd 1[i_
+ ]

°

L

+ 2
j

oe

The AMASE of the pre-whitening estimator can be written as,

fl J TI J
AMASEpw(h) = (nJ) > h4 T2(vdm(2)(X) + v0Aj)2 +

-y(0)r (nJ)1
n.Jh

i=1 j=1 i=1 3=1

where

>j f(X23) /_.k1 E(m(2)(XlkIXlj = X))
= Js(X)

The corresponding optimal bandwidth is,

1/51/5
(-(or (nJ)' i:= i i/s(X23)iJ (nJ)' [vm,(2) (X) + VQA]2)

. (3.23)

Note that the optimal bandwidth is not a function of T.

3.2.4 Alternative Pre-Whitening Estimator (PW2)

Martins-Filho and Yao (2005) propose a different pre-whitening procedure, denoted by PW2, for a

model where the covariance of the errors has a general parametric structure. This PW2 estimator

is shown to be asymptotically normal with rate The PW2 estimator differs from the PW

estimator in two aspects: first, it utilizes an undersmoothing in the first step of the estimation;

second, it normalizes the Ilh/2 with its diagonal elements in the second step. In particular, for

model (3.1)-(3.6), the PW2 is defined as follows,
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z ±.-1/2y (±._1/2 I)rnLL() (3.24)
Vd Vd

where rnLL (X) is obtained with a starting bandwidth h3 such that - 0 as ri -+ 00.

step 2: Run a local linear regression of Z on with bandwidth h,

mPw(xo) = (10){n_1 X3 XO)K(x xQ)} x
3-1 h

n J

{n' ( x1_xO)zijKh(xij xo)}. (3.25)
i=1 j=1 h

As a result, the PW2 estimator has different bias and variance expressions from PW estimator:

and

h2
E[mpw2(xo, h) m(xo)] = -_m(2)(xo) + o(h2), (3.26)

-2 1 1
(3.27)V[mpw2(xo,h)] = JjVd

s(xo) nh

As a consequence of the undersmoothing in the first step, the PW2 estimator has the same bias

expression even though it is a two-step procedure. Compared to the variance of the LL estimator,

the leading term in the variance of the PW2 estimator is smaller since v2 <o + o. The equality

holds when the within-subject correlation is zero.

The AMASE and the corresponding optimal bandwidth for the PW2 estimator are given

by the following expressions:

j J 4 n

AMASE = (nJ)' h2(2) (X)]2 (nJ) i/s(X)
t1 3 t1 j=1

and
Hy(0) R21"5

. (3.28)

The more concise expression for the bias is a result of the undersmoothing in the first step. Since

the way in which this undersmoothing technique impacts the finite sample performances of the

estimators is not clear, in our simulation we use the bandwidth that was originally proposed with

the estimator, that is, an undersmoothing first-step bandwidth for the PW2 estimator but one

bandwidth throughout for the PW estimator and the marginal kernel (MK) estimator which will

be discussed in next section.
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3.2.5 Marginal Kernel Estimator (MK)

Wang (2003) proposes a marginal kernel estimator for panel data models as an improvement over

the working independence estimator. One appealing property of the MK estimator is that its

smallest variance is attained with the correct being used and this variance is asymptotically

smaller than that of the working independence estimator.

The MK estimator is defined to be mMK(xo) = a, where {a, 1J} solve the following equa-

tions:

mLL (X)

n1 Ki(X xo)
[

III xL ..., ] E1
a+[3,° =()

lj 1 h

mLL(X)

where mLL (X) is the local linear estimator of m(X) using a starting bandwidth h8, and E is a

consistent estimator for E. The following additional assumption is required regarding the starting

bandwidth

A7: The starting bandwidth h satisfies that rih - 0 and nh -f oo.

Given model (3.1)- (3.6) and A1-A4, A7, the bias and variance of the MK estimator are given

by:

J
h2

2(x0)
I 1 LL.E{m(2)(Xj)IXk=xo}E[mMK(xo, h) m(xo)] = j-m

Js(xo) Pd k=1 tk
+o(h2 + h), (3.29)

and

V[mMK(xo, h)] =
1

+ o(1/nh), (3.30)nJh [tdS(XO)

where Pd and Po represent the diagonal and off-diagonal elements in E'.

The MK estimator has a smaller variance than the LL estimator (or the "working indepen-

dence" estimator) since is always less or equal to o- + c. The relative scale of the leading

terms in variance expressions of the MK estimator and the PW2 estimator depends on the ratio

of Pd to Vd, which in turn depends on the specific correlation structure of the errors. If we take
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h = h3, the AMASE of MK estimator has the following expression:

2

h4 J J 1
1

E{rn2(Xz)IXk = X3} IAMASEMK(h) = -e)' Js(X3)4 i j k=I1j j
>' s(X)1

+

and the corresponding optimal bandwidth is

where

1/5

(0)(nJ)1 s(X)1 1
(3.31)hMK

[flJ(flJ)_'d [m(2)(Xjj)
2

d] I

-.'J
B 2-k=1 -4j E{m(2)(Xt)IXk = X3}

ii Js(X3)

3.3. Model Design and Data Generating Process

The goal of this paper is to provide comprehensive evidence on the performance of the estimators

on random effects panel data models. The design of the experiments is guided by considerations

in three aspects: (1) the distribution of exogenous variables {Xz}1 and the conditional mean

function m(.); (2) the covariance structures of the errors, V0, and V; and (3) the number of

individuals (subjects) and the number of observations taken for each individual, as well as the

number of repetitions in the experiment.

3.3.1 Exogenous Variables and Mean Function

The exogenous variables vectors { } are generated independently from an identical i-dimensional

multivariate normal distribution with joint density given by

1/9 1/18 .. 1/18
X 0.5

1/18 1/9 1/18
(3.32)

XII
1/18 1/18 ... 1/9

The within-subject correlation of the X is set at 0.5. To avoid the situation of estimating the

conditional mean function at points where there are very few points in its neighborhood, we discard
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every generated data point that is outside of [0, i]J, i.e., three times standard deviation away from

the mean, and re-sample until all generated pseudorandom numbers are within this unit space.

The conditional mean functions are selected based on the following criteria. First, we want

to use functions that are reasonably smooth over their domain [0, 1] so that a local linear estimation

procedure can capture its pattern given a moderate sample size. Second, these functions should

have enough curvature over the domain so that the use of nonparametric technique is justified.

Third, we want to pick functions representing different curvatures and amount of variations over

their domains to check how it affects the performances of the estimators. As a result, we selected

two functions,

exp(lOx 5) 1
(3.33)m1(x) = siri(4irx), and m2(x)

exp(lOx 5) + 1

These functions are plotted in Figure 3.1 and their second derivatives are plotted in Figure 3.2. The

first function has been employed in multiple previous simulation studies (see for example Ruppert:

Sheather and Wand, 1994, Opsomer and Ruppert, 1998). The second function is an adjusted logit

function commonly used in economic literature. Both functions vary smoothly between 1 and 1

over the domain [0, 1]. The mi(x) has significantly more variations than the rn2(x). Based on the

asymptotic results previously discussed and the bandwidth selection mechanism, we would expect

that given the sample size and the covariance structure, all the estimators should perform better

for m2(.) than for mi(.)

3.3.2 Covariance Structure of the Errors

The error terms are generated based on the following covariance structure:

where

V(YIX) =
: :

= (3.34)

0 0
1p..,p

(3.35)

p p...1



The parameter c is called the "scale of the variance", and p e [0, 1] is called the "within-subject

correlation coefficient". Since in model (3. 1)-(3.6) the error term is decomposed into two indepen-

dent parts, a and qj, their variances can be expressed as = (1 p)c and u = per. For

comparison purpose, first we want to investigate the impact from "scale of the variance" on the

estimators' performances. Theoretically, the variance, bias and mean average squared errors for all

estimators should all increase with but they may not increase by the same proportion since

the LL estimatro is a linear function of Y whereas the PW estimators and the MK estimator

are non-linear in Second, the within-subject correlation is the motivation for the proposal of

estimators other than local linear estimator, hence, as the within-subject correlation increases, the

local linear estimator should be adversely affected more than other estimators. Therefore, the per-

formances of the estimators under increasing within-subject correlations is an important objective

of this study. Hence, based on considerations in these two directions, following combinations ofo

and p are used in the DGP:

= 1/4, 1/9 and p = 0, 0.4, 0.8 (3.36)

3.3.3 Class Size and Sample Size

The other important aspect in the experimental design is the number of observations taken for each

individual, J (the class size)11, relative to the number of individuals, n (the number of subjects).

Given the correlation structure and the sample size, a larger class size means more dependence

across observations and should add obstacles in estimating the conditional mean correctly. To

investigate how the variation in the class size J relative to the sample size, n x J impacts the

performances of the estimators, four combinations of the class sizes and the sample sizes are used:

(1)nxJ=100;J=2 (2)nxJ=100;J=5

(3) n x J = 200; J = 2 (4) n x .J = 200, J = 5. (3.37)

Note that the ratio J/n = 1/50 in combination (3) represents a low level of within-subject

correlation. In this case the local linear estimator should perform fairly well compared to other two-

step estimators. On the other end of the spectrum is combination (2) with the ratio J/n = 1/4,

luThe bias increases through the optimal bandwidth selection mechanism which basically balances the average
squared biases and variances.

"class" we mean those measurements taken on the same individual or subject.
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representing a significant amount of within-subject correlation in the model. In this case, an

effective two-step estimator should outperform the local linear estimator significantly. For each of

the 48 different model specifications, 400 samples are generated and each sample is fitted by the

four different estimators.

3.4. Estimation Strategy and Bandwidth Selection

3.4.1 Covariance Component Estimation

Our objective in this essay is to investigate how efficient each estimation procedure uses the

knowledge of fl to improve the estimation accuracy. In a Monte Carlo simulation study the

covariance components, c and o-, can be readily obtained from the model specification. With

the true values of the covariance components being used in the two-step estimator, it provides us an

ideal situation for comparison since the differences in the results can be attributed to the structure

of the two-step estimator themselves rather than the estimation of the covariance components.

In practice, nonetheless, the implementation of the two-step estimators, i.e., the PW, the

PW2 and the MK estimators relies on replacing the covariance components by their estimates.

The finite sample properties of the two-step estimators depend on how the covariance components

are estimated. Therefore, we also compare the performances of the two-step estimators with the

estimated covariance matrix . Here, we use a simple but consistent estimator for the covari-

ance components, which is based on the residuals from a local linear regression since local linear

estimator is consistent. A method of moment estimator of and o is given by,

and

n(J 1) thLL(Xij)
(yi (3.38)

i=1 j=1

&= 1(ii)21&2 (3.39)

where Y = > and Um = 1iLL(X). As showed by Ruckstuhl, Welsh and Carroll

(2000), these estimators converge at a rate of h/2 and have the same limit distribution as if m(.)

were known. For the PW estimator, we set r = 1.
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3.4.2 Bandwidth Selection

Our preliminary simulation with a grid of arbitrarily chosen bandwidths shows that the kernel

estimators are very sensitive to the bandwidth selection. The actual calculation of the optimal

bandwidth in the Monte Carlo experiment is based on two considerations. First, we want to have

a bandwidth that interferes minimally with the performances of the estimators. By this, we mean

that the unknown quantities that appear in the optimal bandwidth expressions will be calculated

directly from the model specification. This set of bandwidths are truly optimal bandwidths for

each estimator as long as the MASE approximation is reasonably good for a moderate sample size

n x J. Second, we want to compare the performances of the estimators using the same bandwidth

formulae but replacing the unknowns with their estimates. The resulting bandwidths is called

plug-in bandwidths.

True Bandwidth

To eliminate the the noises from estimation of the unknowns in the optimal bandwidths formulae,

more specifically, equation (3.11) for the LL estimator, (3.23) for the PW estimator, (3.28) for the

PW2 estimator and (3.31) for the MK estimator, the first set of bandwidths are calculated based

on true parameter values in the data generating process (DOP). This set of bandwidths based

on complete information is referred to as the "true optimal bandwidths" in the sense that they

minimize the true values of AMASE.'2 Here we briefly describe how some of the quantities are

calculated from the the model specifications.

All bandwidth formulae have the quantity taking the form: R =

which can be written as = since all the X have the same marginal

density in the DGP. More specifically, the quantity R is approximated by the size of the domain

for Xj, which is one in all model specifications.

In the optimal bandwidth formula for the PW estimator, the quantity

Iri fj(X) >: E(m(2)(Xk)IX = X23)
A3 Js(X)

'2Note that the true optimal bandwidth does not vary across the sample points since AMASE is an average over
the sample points.
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needs to be calculated at every sample point. Based on the DGP, E(m(2) (Xk Xi = X3) does not

change with k and 1; therefore, the quantity can be simplified to (J-1)E (m(2)(Xjk)IX1I = x3)

where k, I E {1,... , J} and k $ 1. The vector of above expectations evaluated at n x J sample

points is approximated using the Gauss-Legendre quadrature method as,

A = (J 1) (rn(2)(Xlk)IX1I 1 ((2)(k) '/1()) ® ) /i(-)') (3.40)

where 1k is the vector of all the kt elements in each class. The ñ(2)(X.k) is the vector of the

function m(2)(.) evaluated at every point in £k, similarly for f(J?.k) and J(). The fjk(X.k,X)

is a ii x (n. J) matrix with the (i', ij)t1 element being fjk(xj'k, Additionally, "./" and "0"

are element by element division and product, respectively.

In the optimal bandwidth formula for marginal kernel estimator, the quantity B3 can be

computed similarly but with adjustments for the extra s(X),

(m(2)(i,)xi1 =
1=(J-1) f(X) n

Estimated Bandwidth

/f(X.k))o(ik(X.k,X)./(1(A)oM))').

(3.41)

In practice the unknown quantities in the optimal bandwidths hr.) have to be replaced by their

estimates. The major unknown quantities in all bandwidths formulae are
n J n J

1 1o, o, R nJ s(X) and 022 = [m(2)(Xjj)I2.
nJi=1 j= i=1 j=1

Ruppert, Sheather and Wand (1995) propose a method for estimating 922 in the context of a

uncorrelated error structure. Here we just describe the idea in the context of a panel data structure.

A natural method to estimate 022 is through a local polynomial regression of order three as follows:

n J
022(g) = ..... [th(2)(xj,g)]2, where

i=1 j=1

(2)(0 g) = 3!g3e ( ä3(Xi x0)'K9(X xo)ö3(X - xo))
-1

i=1 j=1

ä3(X - xo)'K9(X - xo)Y (3.42)
i=1 j=1
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with ô3(v) = {i, ()3} and e3 = {0,0, 1,0)'. The optimal bandwidth in above regression

is calculated using the following formula,

9(C2/Ci)(i+)R 1/7

(3.43)
8nJO24

where 024 = -4 I'
[(2) (X13 )ñi(4) (X13)], and it is calculated based on a polynomial

regression of Y on

The o and cr are estimated using the formula (3.38) and (3.39) with 1TtLL(Xj) being

replaced by a local cubic estimator used to obtain 022.

The R is estimated by

[max(Xi3) min(Xi3)]

where max(X) and mm1 (X) are the maximum and the minimum values of all the th observa-

tions in all classes.

Finally, the quantities A13 and in the optimal bandwidth formulas for the PW and the

MK estimators, respectively, need to be estimated at every sample point. These quantities are

estimated under the following assumption:

A7: The joint density function of )i is such that,

Jm(2)(Xjk)f110)cixjk = C(xo) for all k,l 1, .. , J. (3.44)

Under A7,

= (J 1)E(m(2)(Xlk)IX1I = X) and
- 1)E(m(2)(Xlk)IX1I = X)

(3.45)

The vectors A and .ê are calculated such that the conditional expectation terms are estimated

through local linear regressions with the plug-in bandwidths, and the densities are estimated

through the Rosenblatt-Parzen kernel estimations with the "rule of thumb" bandwidths. Note

that A7 is adopted for the purpose of computational convenience but it is not indispensable for

the estimation of A13 and B13. Without A7, the J x (J 1) conditional expectations need to be

calculated for each X. For large J, the cost of computation could be prohibitive, particularly in

Monte Carlo studies where the computation time is a fundamental concern. In practice, particu-

larly in situations where observations in the same class does not follow the same distribution, the

estimation of and without imposition of A7 could be more desirable.
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3.4.3 Summary of Estimation Strategy

For the purpose of comparison, three sets of results are computed for every test estimator other

than the LL estimator on each of the 48 model specifications. First, both 12 and h* are calculated

based on the true parameter values. Second, 12 is estimated but h* is calculated using the true

parameter values. Third, 1)0th ci and h* are estimated. Since the local linear estimator does not

require the knowledge of ci, only two sets of results are calculated, one with the true bandwidths

and one with the estimated bandwidths,

The computer code for implementation of the methods were written in GAUSS 5.0 and the

computation was done on a PC with 2.4Mhz - Intel pentium IV processor. The code is available

upon request.

Gaussian kernels are used for all estimators. For each scenario discussed above, the average

squared errors, average biases and variances of the estimators are computed and reported. The

corresponding optimal bandwidths are also reported. As expected, the computation time is very

sensitive to the sample size, but the differences in computation time across estimators are not

significant.

3.5. Results

The analysis of the finite sample properties focuses on each estimator's average squared errors

(ASE), average biases and variances. In the analysis, we are particularly interested in answering

the following questions:

1. Do finite sample results support what the asymptotic results suggest? How do these results

change across various model specifications?

2. Do the two-stage estimation procedures improve upon the simple local linear estimator?

3. What are the impacts from estimating the covariance components on the performances of

the two-stage estimation procedures? What are the impacts from estimating the unknown

quantities in the bandwidth formulae?
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The results of the extensive simulation are summarized in tables 3.1-3.6 at the end of this

essay. Tables 3.1, 3.2 and 3.3 contain the results for Model I computed in three scenarios: with true

C and true h*; with estimated O and true h*; and with estimated and estimated h*. Tables 3.4,

3.5 and 3.6 contain similar results for Model II. In the following analysis we attempt to answer the

above mentioned questions by describing the results qualitatively, emphasizing certain noteworthy

features. To facilitate comparison of the estimators, we first make some observations regarding the

general trends as we move across the model specifications.

For models specified with the same class size (J), the increase in sample size reduces ASEs,

average biases, average variances and optimal bandwidths for all the estimators. This is true

regardless of what method is used for obtaining the covariance components and the unknown

quantities in the bandwidth formulae. On the other hand, for models specified with the same

sample size (n x J), the increase in the class size increases ASEs, average biases and average

variances for all the estimators in most situations. This is true regardless of what method is used

for obtaining the covariance components and the unknown quantities in the bandwidth formulas.

These findings are in accordance with the asymptotic results that all the estimators converge in

probability to true values as n, the number of subjects in the sample, goes to infinity.'3

Even though the small sample biases is known to exist for all kernel regression estimators,

it is apparent that even for the small samples of sizes as specified in our simulation, such biases

are slight compared to ASEs and average variances. This is true for all the estimators across all

the model specifications. Perhaps the intuitive rationale for this virtually negligible small sample

biases is that those terms included in the o(h2) in the expression for asymptotic biases may have

alternating signs and may be cancelling out to some degree with each other. On the contrary,

those terms of order o(1/nh) in the expressions for variances are all positive. Therefore, using

the leading terms as the approximations could be over-representing for the biases and under-

representing for the variances. In the following comparison, we focus on the estimators' ASEs and

average variances. The average biases are mentioned only when it is necessary.

The effects of the increased variance of the errors, = o + a, vary across the estimators.

The ASEs, average variances and optimal bandwidths for the LL, the PW2 and the MK estimators

13The convergence relies on the number of subjects instead of the sample size. Hence, for the same sample size,
as we have more observations on each subject and therefore less subjects in the sample, larger (worse) ASEs and
average estimated variance are observed.
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increase with o, but this is not always the case for the PW estimator. This finding is consistent

with the asymptotic results that for the LL, the PW2 and the MK estimators, the leading terms in

the asymptotic variance expressions are increasing functions of o. On the other hand, the leading

term in the variance expression for the PW estimator is not a function of o due to the specific

value chosen for r in its pre-whitening process. The average biases for all estimators, as expected,

do not show a clear pattern of changes with o-.

The impacts from increasing the within-subject correlation p on the performances of each

estimator are also quite different. As one would expect, the ASEs and average variances for the

LL estimator increase with p since the LL estimator does not account for the increasing within-

subject correlations. On the contrary, the ASEs and average variances for the PW2 and the MK

estimators decrease with p in most cases. This finding is also in accordance with what we know

from the asymptotic results for the PW2 estimator since based on the DGP, both 1/v and 11d,

which are in the expressions of the asymptotic variances for the PW2 and the MK respectively,

decrease as p increases. This observation confirms that both the PW2 and the MK estimators

are effective in improving the estimation accuracy in the presence of within-subject correlations.

The picture is different for the PW estimator. Even though the asymptotic theory predicts that

its variance should stay constant as p changes, the finite sample ASEs and average variances for

the PW estimator actually increase with p. Therefore, we may say that for the PW estimator the

use of leading term as an approximation for the variance does not work well in the finite sample

settings as specified in our experiments.

The most noticeable features of the simulation results is that, as measured by ASEs and

average variances, both the PW2 and the MK estimators improve the estimation accuracy over

the local linear estimator while the PW estimator does not, even though all the three estimators

take into account the within-subject correlation in their estimation procedures. For the PW

estimator we believe that this result is partly because of the specific parameter choices in the

experiments.14 The differences between the PW2 and the MK estimator are very slight for most

model specifications.

4Based on the parameter values specified in our experiments, a + o' < 1, which makes the asymptotic variance
for the LL estimator less than that of the PW estimator, explains why ASEs and average variances for the LL
estimator in our simulation is smaller. If we choose a + c7 > 1, the results should be different. Note that in
both cases, the PW2 estimator gives smaller variances than that of the LL estimator, which is a desirable feature
in practice.
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The effects from estimating of covariance components and unknown quantities in the optimal

bandwidths expression vary across the estimators. For the PW2 and the MK estimators, when

the true h* is used, the estimation of the leads to larger ASEs and average variances compared

to the results computed with the true ft The uses of the estimated bandwidths enlarge the ASEs

for the PW2 estimator, as expected, but decrease ASEs for the MK estimator in a few cases. The

increase in the number of subjects in the sample dampens these effects.

3.6. Conclusion

Nonparametric regressions in the presence of within-subject correlation has attracted substantial

attention in recent years due to the flexibility of nonparametric methods and the popularity of

usage of panel data in economic studies. Several alternatives to the local linear estimator have

emerged in the literature to account for the dependence across observations. Little is known about

the finite sample properties and relative performances of these estimators. This essay reports

the first of a series of Monte Carlo studies designed to compare the finite sample properties of

these competing estimators. In this essay, we provided extensive experimental evidences on the

finite sample properties and relative performances of a local linear estimator (LL), a pre-whitening

estimator (PW), an alternative pre-whitening estimator (PW2) and a marginal kernel estimator

(MK) based on a plug-in bandwidth selection method. The alternative pre-whitening estimator

proposed by Martins-Filho and Yao (2005) and the marginal kernel estimator proposed by Wang

(2003) achieve better estimation accuracy by accounting for the correlation structures in the er-

rors, based on the evaluation of the estimators' ASEs and average variances. The asymptotic

distribution results, which can be used for confidence interval construction and hypothesis testing,

is available for the pre-whitening estimator but not for the marginal kernel estimator. The avai-

lability of asymptotic distribution results combined with the superior finite sample performances

in our simulations, make the alternative pre-whitening estimator an attractive procedure for the

estimation of panel data models.



0

0

0

0
c.'J

0

E

0

E

C

FIGURE 3.1: Regression Functions m1(x) and m2(x)

The dashed line is m1 (x) and the solid line is m2(x).
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TABLE 3.1: Model I Computed with True l and True h*
Para. Value Bias ASE VAR h*

J 11*J a p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.474 0.483 0.474 0.474 1.411 2.18 1.411 1.411 1.276 2.051 1.276 1.276 3.2 3.2 3.2 3.2
2 100 .11 .4 -0.165 -0.162 -0.16 -0.16 1.43 2.195 1.33 1.335 1.276 2.047 1.176 1.181 3.2 3.2 3.1 2.6
2 100 .11 .8 0.162 0.133 0.174 0.171 1.465 3.668 1.008 1.03 1.274 3.481 0.817 0.839 3.2 2.7 2.7 1.9
2 100 .25 0 -0.219 -0.238 -0.219 -0.219 2.659 2.926 2.659 2.659 2.418 2.691 2.418 2.418 3.8 3.8 3.8 3.8
2 100 .25 .4 -0.326 -0.331 -0.327 -0.327 2.749 2.76 2.556 2.594 2.394 2.407 2.2 2.235 3.8 3.7 3.7 3.0
2 100 .25 .8 -0.592 -0.617 -0.62 -0.632 2.849 2.955 1.928 1.963 2.44 2.545 1.519 1.556 3.8 3.2 3.2 2.2
2 200 .11 0 0.235 0.235 0.235 0.235 0.797 1.351 0.797 0.797 0.742 1.297 0.742 0.742 2.8 2.8 2.8 2.8
2 200 .11 .4 0.076 0.074 0.072 0.073 0.814 1.335 0.752 0.756 0.741 1.261 0.679 0.682 2.8 2.7 2.7 2.2
2 200 .11 .8 0.151 0.15 0.147 0.147 0.864 2.164 0.555 0.54 0.76 2.062 0.451 0.437 2.8 2.4 2.3 1.6
2 200 .25 0 -0.058 -0.058 -0.058 -0.058 1.564 1.754 1.564 1.564 1.436 1.626 1.436 1.436 3.3 3.3 3.3 3.3
2 200 .25 .4 -0.101 -0.108 -0.098 -0.096 1.636 1.604 1.511 1.511 1.447 1.417 1.321 1.322 3.3 3.2 3.2 2.6
2 200 .25 .8 -0.172 -0.194 -0.174 -0.163 1.635 1.655 1.059 1.067 1.411 1.434 0.834 0.843 3.3 2.8 2.8 1.8
5 100 .11 0 0.182 0.184 0.182 0.182 1.366 2.191 1.366 1.366 1.247 2.07 1.247 1.247 3.2 3.2 3.2 3.2
5 100 .11 .4 0.203 0.165 0.215 0.211 1.582 2.59 1.377 1.53 1.267 2.279 1.063 1.217 3.2 3.0 3.0 2.0
5 100 .11 .8 0.182 0.204 0.199 0.203 1.744 8.264 1.077 1.175 1.309 7.827 0.64 0.738 3.2 2.3 2.5 1.5
5 100 .25 0 -0.068 -0.089 -0.068 -0.068 2.685 2.978 2.685 2.685 2.432 2.734 2.432 2.432 3.8 3.8 3.8 3.8
5 100 .25 .4 0.472 0.455 0.469 0.451 3.15 3.062 2.695 2.931 2.448 2.362 1.992 2.228 3.8 3.5 3.5 2.4
5 100 .25 .8 0.683 0.677 0.648 0.648 3.694 6.366 2.275 2.381 2.611 5.289 1.193 1.294 3.8 2.7 2.9 1.9
5 200 .11 0 0.033 0.007 0.033 0.033 0.769 1.263 0.769 0.769 0.712 1.204 0.712 0.712 2.8 2.8 2.8 2.8
5 200 .11 .4 0.022 0.011 0.024 0.02 0.908 1.524 0.771 0.836 0.754 1.372 0.617 0.682 2.8 2.6 2.6 1.8
5 200 .11 .8 0.225 0.241 0.22 0.224 0.995 5.541 0.548 0.583 0.77 5.314 0.323 0.358 2.8 1.9 2.1 1.3
5 200 .25 0 0.097 0.109 0.097 0.097 1.587 1.726 1.587 1.587 1.468 1.608 1.468 1.468 3.3 3.3 3.3 3.3
5 200 .25 .4 -0.074 -0.074 -0.069 -0.065 1.794 1.74 1.515 1.635 1.462 1.41 1.183 1.303 3.3 3.1 3.1 2.1
5 200 .25 .8 -0.167 -0.184 -0.17 -0.174 2.027 4.174 1.122 1.183 1.523 3.67 0.618 0.679 3.3 2.3 2.5 1.5

1The results reported in Table 1 to 6 are the original results multiplied by 100.
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TABLE 3.2: Model I Computed with Estimated and True h*

Para. Value Bias ASE VAR
J 11J

c p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.474 0.487 0.472 0.470 1.411 2.485 1.417 1.436 1.276 2.355 1.283 1.302 3.2 3.2 3.2 3.2
2 100 .11 .4 -0.165 -0.161 -0.161 -0.159 1.430 2.477 1.353 1.362 1.276 2.329 1.198 1.208 3.2 3.2 3.1 2.6
2 100 .11 .8 0.162 0.111 0.170 0.167 1.465 2.742 1.078 1.062 1.274 2.554 0.887 0.871 3.2 2.7 2.7 1.9
2 100 .25 0 -0.219 -0.235 -0.218 -0.211 2.659 3.075 2.666 2.693 2.418 2.841 2.426 2.453 3.8 3.8 3.8 3.8
2 100 .25 .4 -0.326 -0.334 -0.325 -0.324 2.749 2.916 2.584 2.622 2.394 2.563 2.227 2.263 3.8 3.7 3.7 3.0
2 100 .25 .8 -0.592 -0.616 -0.619 -0.630 2.849 2.538 2.055 2.014 2.440 2.130 1.647 1.607 3.8 3.2 3.2 2.2
2 200 .11 0 0.235 0.234 0.234 0.233 0.797 1.454 0.798 0.802 0.742 1.399 0.743 0.747 2.8 2.8 2.8 2.8
2 200 .11 .4 0.076 0.072 0.072 0.073 0.814 1.435 0.756 0.758 0.741 1.361 0.683 0.684 2.8 2.7 2.7 2.2
2 200 .11 .8 0.151 0.148 0.147 0.146 0.864 1.709 0.580 0.547 0.760 1.607 0.477 0.444 2.8 2.4 2.4 1.6
2 200 .25 0 -0.058 -0.056 -0.058 -0.059 1.564 1.810 1.568 1.577 1.436 1.682 1.440 1.450 3.3 3.3 3.3 3.3
2 200 .25 .4 -0.101 -0.109 -0.096 -0.095 1.636 1.666 1.524 1.523 1.447 1.479 1.335 1.334 3.3 3.2 3.2 2.6
2 200 .25 .8 -0.172 -0.188 -0.173 -0.163 1.635 1.461 1.102 1.079 1.411 1.239 0.878 0.854 3.3 2.8 2.8 1.8
5 100 .11 0 0.182 0.193 0.180 0.181 1.366 2.537 1.371 1.386 1.247 2.412 1.252 1.268 3.2 3.2 3.2 3.2
5 100 .11 .4 0.203 0.162 0.210 0.209 1.582 2.795 1.399 1.547 1.267 2.484 1.084 1.233 3.2 3.0 3.0 2.0
5 100 .11 .8 0.182 0.203 0.198 0.204 1.744 5.264 1.127 1.200 1.309 4.828 0.691 0.763 3.2 2.3 2.5 1.5
5 100 .25 0 -0.068 -0.091 -0.069 -0.076 2.685 3.165 2.694 2.729 2.432 2.923 2.441 2.478 3.8 3.8 3.8 3.8
5 100 .25 .4 0.472 0.435 0.466 0.444 3.150 3.185 2.727 2.947 2.448 2.485 2.024 2.244 3.8 3.5 3.5 2.4
5 100 .25 .8 0.683 0.674 0.649 0.648 3.694 4.477 2.378 2.426 2.611 3.400 1.295 1.340 3.8 2.7 2.9 1.9
5 200 .11 0 0.033 0.008 0.031 0.035 0.769 1.370 0.771 0.775 0.712 1.310 0.713 0.717 2.8 2.8 2.8 2.8
5 200 .11 .4 0.022 0.011 0.024 0.021 0.908 1.576 0.778 0.838 0.754 1.423 0,624 0.684 2.8 2.6 2.6 1.8
5 200 .11 .8 0.225 0.241 0.220 0.224 0.995 3.994 0.565 0.588 0.770 3.767 0.341 0.364 2.8 1.9 2.1 1.3
5 200 .25 0 0.097 0.114 0.098 0.101 1.587 1.781 1.590 1.600 1.468 1.662 1.471 1.482 3.3 3.3 3.3 3.3
5 200 .25 .4 -0.074 -0.079 -0.071 -0.066 1.794 1.785 1.529 1.644 1.462 1.455 1.197 1.312 3.3 3.1 3.1 2.1
5 200 .25 .8 -0.167 -0.186 -0.171 -0.174 2.027 3.184 1.149 1.191 1.523 2.681 0.645 0.687 3.3 2.3 2.5 1.5



TABLE 3.3: Model I Computed with Estimated 11 and Estimated h*
Para. Value Bias ASE VAR

J *J p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.477 0.484 0.477 0.477 1.478 2.693 1.481 1.502 1.345 2.563 1.348 1.368 2.8 2.8 2.8 2.8
2 100 .11 .4 -0.169 -0.163 -0.166 -0.159 1.498 2.662 1.420 1.382 1.345 2.515 1.268 1.229 2.8 2.8 2.8 2.7
2 100 .11 .8 0.158 0.110 0.160 0.178 1.540 2.924 1.150 0.985 1.349 2.736 0.959 0.792 2.8 2.5 2.5 2.3
2 100 .25 0 -0.229 -0.235 -0.229 -0.220 2.871 3.677 2.876 2.908 2.632 3.443 2.638 2.670 3.2 3.2 3.2 3.2
2 100 .25 .4 -0.329 -0.337 -0.326 -0.331 2.926 3.441 2.757 2.723 2.571 3.088 2.401 2.364 3.2 3.2 3.2 3.1
2 100 .25 .8 -0.596 -0.621 -0.614 -0.618 3.035 2.843 2.229 1.894 2.628 2.434 1.823 1.480 3.2 2.9 2.9 2.6
2 200 .11 0 0.239 0.233 0.238 0.237 0.819 1.528 0.819 0.822 0.764 1.474 0.764 0.768 2.6 2.6 2.6 2.5
2 200 .11 .4 0.077 0.072 0.074 0.071 0.835 1.494 0.776 0.752 0.761 1.420 0.702 0.678 2.5 2.5 2.5 2.4
2 200 .11 .8 0.148 0.147 0.144 0.150 0.884 1.802 0.595 0.498 0.780 1.700 0.491 0.394 2.6 2.3 2.2 2.1
2 200 .25 0 -0.061 -0.055 -0.061 -0.062 1.641 2.046 1.644 1.652 1.514 1.919 1.517 1.524 2.9 2.9 2.9 2.9
2 200 .25 .4 -0.097 -0.108 -0.092 -0.085 1.694 1.877 1.576 1.525 1.506 1.691 1.388 1.335 2.9 2.9 2.9 2.8
2 200 .25 .8 -0.165 -0.182 -0.163 -0.170 1.704 1.578 1.152 0.974 1.479 1.357 0.928 0.748 2.9 2.6 2.6 2.4

5 100 .11 0 0.190 0.183 0.187 0.189 1.395 2.563 1.396 1.421 1.276 2.439 1.277 1.303 3.1 3.1 3.1 3.1
5 100 .11 .4 0.202 0.162 0.205 0.216 1.628 2.809 1.439 1.403 1.313 2.497 1.125 1.085 3.1 2.9 2.9 2.7
5 100 .11 .8 0.184 0.212 0.198 0.193 1.777 5.814 1.145 1.000 1.341 5.378 0.708 0.564 3.1 2.5 2.5 2.3
5 100 .25 0 -0.059 -0.084 -0.060 -0.061 2.811 3.439 2.816 2.875 2.558 3.195 2.564 2.625 3.5 3.5 3.5 3.5
5 100 .25 .4 0.462 0.421 0.447 0.470 3.273 3.331 2.831 2.777 2.571 2.632 2.130 2.067 3.6 3.4 3.4 3.2
5 100 .25 .8 0.680 0.678 0.660 0.666 3.786 4.637 2.445 2.198 2.704 3.559 1.363 1.116 3.5 2.9 2.9 2.7
5 200 .11 0 0.035 0.007 0.034 0.037 0.780 1.371 0.780 0.786 0.723 1.311 0.723 0.728 2.8 2.8 2.8 2.7
5 200 .11 .4 0.020 0.012 0.023 0.011 0.923 1.588 0.791 0.761 0.769 1.435 0.637 0.607 2.7 2.6 2.6 2.5
5 200 .11 .8 0.223 0.240 0.221 0.222 1.006 4.270 0.569 0.508 0.781 4.044 0.345 0.283 2.7 2.2 2.2 2.1
5 200 .25 0 0.095 0.112 0.095 0.100 1.629 1.849 1.630 1.641 1.510 1.731 1.512 1.522 3.2 3.2 3.2 3.2
5 200 .25 .4 -0.076 -0.079 -0.074 -0.072 1.838 1.837 1.564 1.493 1.507 1.507 1.233 1.160 3.2 3.0 3.0 2.9
5 200 .25 .8 -0.170 -0.185 -0.173 -0.165 2.060 3.230 1.163 1.045 1.557 2.728 0.659 0.541 3.2 2.6 2.6 2.4



TABLE 3.4: Model II Computed with True and True h*
Para. Value Bias ASE VAR

J *J cr p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.079 0.038 0.079 0.079 0.648 1.003 0.648 0.648 0.519 0.869 0.519 0.519 7.7 7.7 7.7 7.7
2 100 .11 .4 -0.011 -0.070 -0.016 -0.022 0.759 1.032 0.706 0.720 0.592 0.865 0.539 0.553 7.7 7.8 7.5 6.1
2 100 .11 .8 -0.197 -0.239 -0.188 -0.191 0.774 1.572 0.548 0.557 0.566 1.363 0.340 0.347 7.7 6.8 6.6 4.3
2 100 .25 0 -0.227 -0.176 -0.227 -0.227 1.306 1.460 1.306 1.306 1.060 1.215 1.060 1.060 9.1 9.1 9.1 9.1
2 100 .25 .4 -0.105 -0.111 -0.096 -0.088 1.369 1.449 1.293 1.366 1.014 1.098 0.939 1.011 9.1 9.2 8.8 7.2
2 100 .25 .8 0.140 0.122 0.136 0.114 1.562 1.463 1.086 1.091 1.116 1.014 0.640 0.642 9.1 7.9 7.8 5.1
2 200 .11 0 -0.037 -0.012 -0.037 -0.037 0.378 0.592 0.378 0.378 0.327 0.540 0.327 0.327 6.7 6.7 6.7 6.7
2 200 .11 .4 0.115 0.099 0.112 0.103 0.399 0.577 0.368 0.374 0.315 0.493 0.283 0.290 6.7 6.8 6.5 5.3
2 200 .11 .8 -0.171 -0.197 -0.168 -0.169 0.438 0.906 0.293 0.289 0.336 0.804 0.191 0.187 6.7 5.9 5.7 3.7
2 200 .25 0 -0.030 -0.034 -0.030 -0.030 0.706 0.817 0.706 0.706 0.593 0.704 0.593 0.593 7.9 7.9 7.9 7.9
2 200 .25 .4 -0.018 0.000 -0.023 -0.027 0.824 0.810 0.762 0.775 0.640 0.628 0.578 0.591 7.9 8.0 7.7 6.2
2 200 .25 .8 -0.018 -0.034 -0.028 -0.045 0.812 0.794 0.561 0.568 0.608 0.592 0.358 0.367 7.9 6.9 6.7 4.4

5 100 .11 0 0.025 0.024 0.025 0.025 0.658 1.015 0.658 0.658 0.552 0.908 0.552 0.552 7.7 7.7 7.7 7.7
5 100 .11 .4 0.065 0.028 0.070 0.078 0.823 1.198 0.718 0.776 0.559 0.939 0.454 0.513 7.7 7.5 7.3 5.1
5 100 .11 .8 -0.408 -0.383 -0.409 -0.401 1.055 4.473 0.721 0.744 0.572 3.986 0.238 0.260 7.6 5.7 5.9 3.8
5 100 .25 0 -0.014 0.040 -0.014 -0.014 1.295 1.492 1.295 1.295 1.052 1.252 1.052 1.052 9.1 9.1 9.1 9.1
5 100 .25 .4 0.147 0.172 0.148 0.167 1.716 1.674 1.504 1.616 1.096 1.056 0.882 0.993 9.0 8.8 8.5 5.9
5 100 .25 .8 0.643 0.663 0.645 0.647 2.063 3.671 1.373 1.407 1.137 2.752 0.449 0.485 9.1 6.8 7.0 4.5
5 200 .11 0 0.259 0.251 0.259 0.259 0.359 0.557 0.359 0.359 0.306 0.503 0.306 0.306 6.6 6.6 6.6 6.6
5 200 .11 .4 -0.118 -0.132 -0.121 -0.134 0.479 0.717 0.418 0.445 0.317 0.556 0.256 0.283 6.6 6.5 6.3 4.4
5 200 .11 .8 0.187 0.217 0.187 0.189 0.588 2.798 0.373 0.378 0.346 2.551 0.130 0.135 6.7 5.1 5.1 3.3
5 200 .25 0 -0.080 -0.038 -0.080 -0.080 0.771 0.879 0.771 0.771 0.635 0.744 0.635 0.635 7.8 7.8 7.8 7.8
5 200 .25 .4 0.399 0.396 0.389 0.370 0.950 0.904 0.820 0.872 0.645 0.599 0.513 0.567 7.8 7.7 7.4 5.2
5 200 .25 .8 0.094 0.074 0.092 0.104 1.159 2.079 0.747 0.757 0.673 1.586 0.260 0.270 7.8 5.9 6.1 3.9



TABLE 3.5: Model II Computed with Estimated Il and True h*

Para. Value Bias ASE VAR
J nJ o p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.079 0.035 0.078 0.077 0.648 1.070 0.649 0.654 0.519 0.936 0.521 0.526 7.6 7.6 7.6 7.6
2 100 .11 .4 -0.011 -0.057 -0.015 -0.040 0.759 1.246 0.711 0.886 0.592 1.081 0.544 0.721 7.7 6.1 7.5 4.1
2 100 .11 .8 -0.197 -0.239 -0.189 -0.197 0.774 1.375 0.568 0.597 0.566 1.165 0.360 0.387 7.7 5.9 6.5 3.9
2 100 .25 0 -0.227 -0.176 -0.228 -0.225 1.306 1.499 1.308 1.320 1.060 1.254 1.062 1.073 9.0 9.0 9.0 9.0
2 100 .25 .4 -0.105 -0.114 -0.098 -0.089 1.369 1.549 1.301 1.457 1.014 1.199 0.947 1.103 9.0 8.7 8.8 6.3
2 100 .25 .8 0.140 0.088 0.134 0.121 1.562 1.474 1.130 1.084 1.116 1.024 0.684 0.636 9.0 6.9 7.7 5.3
2 200 .11 0 -0.037 -0.011 -0.037 -0.038 0.378 0.605 0.378 0.380 0.327 0.553 0.327 0.328 6.7 6.7 6.7 6.7
2 200 .11 .4 0.115 0.099 0.113 0.105 0.399 0.606 0.369 0.381 0.315 0.522 0.285 0.297 6.7 6.5 6.5 5.1
2 200 .11 .8 -0.171 -0.195 -0.169 -0.172 0.438 0.817 0.299 0.294 0.336 0.716 0.197 0.193 6.7 5.4 5.7 3.6
2 200 .25 0 -0.030 -0.035 -0.030 -0.029 0.706 0.833 0.708 0.711 0.593 0.720 0.594 0.598 7.9 7.9 7.9 7.9
2 200 .25 .4 -0.018 0.000 -0.023 -0.023 0.824 0.969 0.766 0.960 0.640 0.789 0.582 0.778 7.9 6.3 7.7 4.2
2 200 .25 .8 -0.018 -0.037 -0.028 -0.044 0.812 0.809 0.571 0.552 0.608 0.608 0.368 0.351 7.9 6.0 6.7 4.7

5 100 .11 0 0.025 0.049 0.026 0.039 0.658 1.098 0.660 0.667 0.552 0.988 0.553 0.559 7.6 7.6 7.6 7.6
5 100 .11 .4 0.065 0.031 0.069 0.071 0.823 1.493 0.723 0.901 0.559 1.232 0.459 0.638 7.6 5.2 7.2 3.8
5 100 .11 .8 -0.408 -0.380 -0.409 -0.407 1.055 3.666 0.735 0.763 0.572 3.180 0.252 0.279 7.6 5.0 5.9 3.5
5 100 .25 0 -0.014 0.028 -0.017 -0.028 1.295 1.538 1.294 1.306 1.052 1.298 1.052 1.064 9.0 9.0 9.0 9.0
5 100 .25 .4 0.147 0.184 0.146 0.145 1.716 1.868 1.517 1.736 1.096 1.254 0.895 1.117 9.0 7.5 8.5 5.1
5 100 .25 .8 0.643 0.659 0.643 0.648 2.063 3.908 1.395 1.658 1.137 2.990 0.471 0.737 9.0 4.0 7.0 2.9
5 200 .11 0 0.259 0.250 0.259 0.258 0.359 0.578 0.359 0.360 0.306 0.525 0.306 0.307 6.6 6.6 6.6 6.6
5 200 .11 .4 -0.118 -0.143 -0.121 -0.138 0.479 0.785 0.420 0.481 0.317 0.624 0.258 0.319 6.6 5.5 6.3 3.8
5 200 .11 .8 0.187 0.218 0.187 0.188 0.588 2.591 0.377 0.375 0.346 2.346 0.134 0.132 6.6 4.2 5.1 3.4
5 200 .25 0 -0.080 -0.043 -0.082 -0.089 0.771 0.894 0.773 0.778 0.635 0.759 0.637 0.641 7.8 7.8 7.8 7.8
5 200 .25 .4 0.399 0.368 0.389 0.355 0.950 1.239 0.823 1.104 0.645 0.937 0.517 0.803 7.8 4.7 7.4 3.4
5 200 .25 .8 0.094 0.073 0.092 0.098 1.159 1.901 0.755 0.728 0.673 1.409 0.268 0.241 7.8 5.5 6.1 4.7



TABLE 3.6: Model II Computed with Estimated 1 and Estimated h*
Para. Value Bias ASE VAR. h*

J IJ o p LL PW PW2 MK LL PW PW2 MK LL PW PW2 MK LL PW PW2MK
2 100 .11 0 0.074 0.039 0.074 0.072 0.749 1.334 0.751 0.758 0.619 1.202 0.622 0.629 6.0 5.9 5.9 5.9
2 100 .11 .4 -0.023 -0.064 -0.024 -0.024 0.866 1.363 0.810 0.797 0.701 1.196 0.645 0.632 6.0 5.8 5.8 5.6
2 100 .11 .8 -0.195 -0.238 -0.196 -0.185 0.878 1.463 0.642 0.570 0.670 1.253 0.434 0.361 5.9 5.3 5.2 4.7
2 100 .25 0 -0.217 -0.170 -0.217 -0.218 1.610 2.070 1.611 1.623 1.363 1.824 1.365 1.376 6.6 6.5 6.5 6.5
2 100 .25 .4 -0.108 -0.133 -0.111 -0.099 1.727 2.094 1.629 1.621 1.376 1.744 1.277 1.268 6.4 6.3 6.2 6.0
2 100 .25 .8 0.112 0.086 0.115 0.109 1.872 1.692 1.344 1.180 1.428 1.240 0.896 0.731 6.6 5.9 5.8 5.2
2 200 .11 0 -0.042 -0.004 -0.043 -0.043 0.419 0.722 0.419 0.420 0.367 0.671 0.367 0.369 5.5 5.5 5.5 5.5
2 200 .11 .4 0.106 0.098 0.103 0.101 0.443 0.714 0.411 0.403 0.359 0.630 0.327 0.319 5.5 5.4 5.4 5.2
2 200 .11 .8 -0.170 -0.198 -0.171 -0.167 0.476 0.865 0.321 0.280 0.373 0.763 0.219 0.178 5.6 4.9 4.9 4.4
2 200 .25 0 -0.036 -0.034 -0.036 -0.036 0.841 1.085 0.843 0.846 0.729 0.972 0.730 0.734 6.2 6.2 6.2 6.2
2 200 .25 .4 -0.023 0.001 -0.023 -0.027 0.938 1.044 0.868 0.850 0.755 0.863 0.685 0.666 6.3 6.2 6.1 5.9
2 200 .25 .8 -0.018 -0.039 -0.029 -0.031 0.919 0.870 0.633 0.566 0.717 0.670 0.433 0.365 6.3 5.5 5.4 4.9

5 100 .11 0 0.020 0.035 0.021 0.028 0.729 1.252 0.731 0.739 0.623 1.142 0.625 0.632 6.6 6.6 6.6 6.6
5 100 .11 .4 0.074 0.030 0.076 0.084 0.906 1.398 0.789 0.767 0.644 1.139 0.527 0.504 6.5 6.2 6.2 6.0
5 100 .11 .8 -0.400 -0.378 -0.397 -0.400 1.117 3.563 0.764 0.717 0.634 3.078 0.282 0.234 6.6 5.4 5.3 5.0
5 100 .25 0 0.015 0.046 0.013 0.009 1.547 1.986 1.551 1.572 1.304 1.746 1.308 1.330 7.3 7.2 7.2 7.2
5 100 .25 .4 0.161 0.191 0.163 0.153 1.952 2.048 1.701 1.658 1.336 1.435 1.084 1.035 7.2 6.9 6.8 6.6
5 100 .25 .8 0.644 0.631 0.639 0.642 2.280 3.079 1.489 1.378 1.359 2.161 0.569 0.458 7.2 5.8 5.8 5.5
5 200 .11 0 0.264 0.242 0.265 0.263 0.384 0.643 0.384 0.385 0.331 0.589 0.331 0.332 6.0 6.0 6.0 6.0
5 200 .11 .4 -0.117 -0.133 -0.118 -0.110 0.505 0.783 0.441 0.430 0.344 0.621 0.280 0.269 6.0 5.7 5.7 5.6
5 200 .11 .8 0.191 0.211 0.190 0.190 0.612 2.468 0.387 0.364 0.370 2.222 0.144 0.120 6.0 4.8 4.8 4.6
5 200 .25 0 -0.066 -0.034 -0.067 -0.071 0.862 1.058 0.864 0.869 0.726 0.922 0.728 0.732 6.8 6.8 6.8 6.8
5 200 .25 .4 0.391 0.381 0.385 0.392 1.037 1.048 0.887 0.858 0.732 0.744 0.581 0.550 6.8 6.4 6.4 6.3
5 200 .25 .8 0.088 0.084 0.093 0.086 1.259 1.941 0.787 0.733 0.772 1.449 0.299 0.245 6.7 5.3 5.3 5.1
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4. FINITE SAMPLE PERFORMANCE OF KERNEL REGRESSION
ESTIMATORS FOR NONPARAMETRIC MODELS WITH

AR-ERRORS

4.1. Introduction

Nonparametric regression with correlated errors has attracted substantial attention in recent years.

Particularly, many studies have focused on the situation in which the errors follow an autoregressive

process of arbitrary order, which is not uncommon in time series economic data.

As pointed out in chapter 3, the local linear estimator by construction does not account

for the autocorrelation structure in the model. Francisco-Fernandez and Vilar-Fernandez (2001)

study the asymptotic properties of a local polynomial estimator in a fixed-design model in which

the errors have short range dependence. Martins-Filho and Yao (2005) study the case of the

random design model in which the error structure can be modelled in a general parametric way.

Both of these studies confirm that under certain regularities, the local linear estimator applied

on a model with autoregressive errors still converges to a stable normal distribution at a rate

/T/, where T and h are the sample size and the bandwidth, respectively. However, this normal

distribution has a different asymptotic variance expression from the case of independent errors.

Numerous studies have focused on how to improve the estimation accuracy over the tra-

ditional kernel regressions by accounting for the conditional covariance structures. A natural

method is to integrate the covariance matrix of the errors into a weighted quasi-likelihood function

(Serverini and Staniswalis, 1994). While the asymptotic properties of this quasi-likelihood estima-

tor for a general autoregressive model are not known yet, Vilar-Fernandez and Francisco-Fernandez

(2002) show that for a fixed-design model in which the errors follow an autoregressive process of

order one, the quasi-likelihood estimator converges at rate of to a stable normal distribution.

However, this estimator does not improve the asymptotic variance over the local linear estimator

even though it accounts for the correlation structure in its estimation procedure.

Recently, Xiao, Linton, Carroll and Mammen (2003) propose a pre-whitening procedure

based on local polynomial regressions for a random design model with an ARMA(p, q) error process.

Martins-Filho and Yao (2005) propose a different version of the pre-whitening procedure that can
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be applied to models with a more general parametric covariance structure which encompasses the

ARMA model and the panel data model as special cases.16 This procedure is highly intuitive in

its construction and is easy to compute. More important, the estimator produced by this pre-

whitening procedure converges to a stable normal distribution with a smaller variance compared

to that of a local linear estimator.

Asymptotic results are useful largely to the extent that they can serve as guide to what we

may find in samples of small or moderate size with which we typically treat in econometrics. In

comparing the relative merits of these kernel estimators, they may not serve us well for several

reasons. First, the asymptotic bias and variance results emphasize only leading terms whereas in

practice the ignored terms that are of smaller order asymptotically may have an impact on the finite

sample performance. Second, while a nonparametric regression allows the researcher to estimate

the conditional mean function without specifying a parametric function, one still has to select

a bandwidth. It is well known that kernel estimators are sensitive to the bandwidth selection.

Opsomer, Wang and Yang (2001) propose a correlation-corrected direct plug-in bandwidth for

the local linear regression and show in a simulation that it improves the performance of the

local linear regression compared to the bandwidths selected through cross-validation or plug-in

methods that do not take into account autocorrelation. How the local linear estimator compares

to other estimation procedures under their respective optimal bandwidths are clearly not revealed

by asymptotic theory.

Therefore, we believe that a well-designed Monte Carlo experiment will serve a useful pur-

pose in increasing our understanding of the nonparametric regression in the presence of autore-

gressive errors. A variety of simulations are conducted in order to compare the finite sample

properties of four estimators: the local linear estimator, the quasi-likelihood estimator and two

versions of pre-whitening estimators. Bandwidths are selected based on minimizing an asymptotic

approximation of the estimators' mean average squared errors. The main objectives of this study

are:

1. To compare the relative merits of these four methods of estimating the conditional mean

function in the presence of autoregressive errors.

IDSee chapter 3 of this dissertation for a simulation study of the pre-whitening estimator on a panel data model.
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2. To examine the adequacy of the asymptotic properties of the estimators in finite samples.

3. To investigate the impact of estimating the parameters in the error process and the unknown

quantities in the optimal bandwidth expressions on the performances of the estimators.

This essay is organized as follows. In section 2, we describe the model and the alternative

estimation procedures under study using a set of unified notation. In section 3, the Monte Carlo

experimental design is discussed. In section 4, we describe the estimation strategy and the band-

width selection method. Finally, we report the experimental results in section 5 and conclude the

essay in section 6.

4.2. Model and Estimators Under Study

Consider a rmormparametric model in which the errors follow an autoregressive process of order p,

where p is a positive finite integer. Let {Y, X, U}'i1 be a time series such that {X}1 are

independent of and

Yt=m(Xt)+Ut, for t=1,''' ,T, (4.1)

where rn(.) is an unknown but smooth function that is to be estimated, and {U}i1 is a strictly

stationary process such that

Ut=riUt_i+r2Ut..2+...+rUt_+Vt, for t=1,. ,T, (4.2)

where V is independently and identically distributed with mean 0, variance a and density function

f('). Let = (Yi,... ,YT)', I = (X1,... ,XT)' and 0 = (U1,... ,UT)'. The covariance matrix

of the error is E(OtY') = o'1l(r), where 11(r) is a T x T positive definite nonsingular matrix which

is a function of r = (rj,... , rn). Following this, a nonsingular lower-triangular matrix P(r) with

property P(r)'P(r) = 1l(r)1 always exists. This matrix will be used later to define some of the

test estimators.

The error process described in (4.2) can be equivalently written as

r(B)Ut = (1 r1B r2B2 ... - rpBt_P)Ut = V, for t = 0, ±1, ±2, .. (4.3)
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where B is the lag operator, and r(B) is called the characteristic function of the autoregressive

process. To ensure the stationarity of the U process, it is assumed that the roots of r(B) all lie

outside of the unit circle.

The following assumptions are required to establish the asymptotic properties for all the

estimators under study.

Al: Let ft(x) be the marginal density of X evaluated at x with Ift(x)I < C for all t. Let

f(d)(x) be the dth derivative of ft(x) evaluated at x and If1(x)I <C,Vx. It(s) is Lipschitz

continuous on its support, Sf. Let ft,, (a, b) denote the joint density of X and X evaluated

at aand b. Let JT(x) = >ift(x) f(s) as T - oowhere 0< f(s) < oo and

infEG If(x)I = l(1), C a compact set.

A2: The kernel function K(x) : R -* R is a symmetric bounded function with a compact

support SK. It has a unit second moment and f K(x)dx = 1. Let p(d) = .1
xdK(x)ds and

7(d) = fxdK2(x)dx.

m(d)(x) <C for all x and d = 1,2, where m(d)(x) is the dt derivative of ni(s) evaluated

at x.

A4: h*0andTh--*ooasT--oo.

These assumptions are used in obtaining an asymptotic approximation for the estimators' mean

average squared errors (MASE).17

4.2.1 Local Linear Estimator (LL)

The local linear (LL) estimator of rn(so) with a bandwidth h is defined as

mLL(xo, h) = (4.4)

where e1 = (1,0)', W0,h = diag{Kh(Xt xo)}?1, a diagonal weight matrix with ttthi element

being Kh(Xt x0), and

1 X1xp
h

(4.5)

1
XTxp

'Please see Section 3.2 of this dissertation for a definition and discussion of MASE.



F11

The asymptotic distribution of the local linear estimator is obtained in Martins-Filho and Yao

(2005) for a nonparametric model with errors that can be described in a general parametric way.

In particular, given model (4.1) and assumptions Al - A4, the bias and variance of the local linear

estimator can be written as,

and

E[mLL(xo,h) m(xo)] = m(2)(xo) +o(h2) (4.6)

+o(l/Th) (4.7)V[mLL(xo, h)]
Th J(xo)

where o is the variance of U. The asymptotic mean average squared errors of the LL estimator

can be calculated using (4.6) and (4.7). Additionally, the optimal bandwidth that minimizes the

AMASE can be written as:
2 1/5

r(o)aRx 1

[ TO22 j (4.8)

i,Twhere Rx = r 1/J(Xt) and 022 Lt=i(m(2)(Xt))2.

4.2.2 Quasi-Likelihood Estimator (QL)

Vilar-Fernandez and Francisco-Fernandez (2002) propose a GLS-like procedure based on transform-

ing the regression model with the covariance matrix E(UU') = r1l to get uncorrelated errors. This

estimator is essentially the same as the quasi-likelihood estimator proposed by Severini-Staniswalis

(1994), which is derived from generalized moment conditions that also involves ft The local linear

version of the quasi-likelihood estimator for model (4.1) is defined as follows:

7QL (x0, h) = e' (R0 P(i)'W0 ,hP()R0 )' R' P(7)'W0,hP()Y (4.9)xo

where P() is obtained by substituting r in P(r) with its consistent estimates. Comparing (4.9)

with the definition of the LL estimator in (4.4) we can see that the QL estimator is a local linear

regression of the transformed regressand P() on the transformed regressor P()X.

It is shown that if U in model (4.1) follows an AR(1) process, i.e., U = nUt_i + V, this

estimator's bias and variance can be written as,

E[mQL(xo) m(xo)] = m(2)(x + o(h2) (4.10)

and
y(0)1+ri +o(1/Th) (4.11)V[mQL(xo)] = Th 1 ni (xo)
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Note that depending on the value of ri, the leading term in the variance of the QL estimator can

be larger or smaller than that of the local linear estimator applied on a model with AR(1) error

process. The asymptotic property of this estimator with a general AR(p) error process is not yet

available in the literature. The optimal bandwidth minimizing the AMASE of the quasi-likelihood

estimator for the AR(1) model can be written as,

* Ny(0)oRx 1 + ri 1
1/5

(4.12)hQL-
[

TO22 1_ru

4.2.3 Pre-Whitening Estimators (PW and PW2)

Xiao, Linton, Carroll and Mammen (2003) propose a pre-whitening estimator (PW) and show

that it converges to a normal distribution with a smaller variance compared to the local linear

estimator. The basic idea for the PW estimator is to filter or "pre-whiten" the regression model

with the estimated r and residuals from a previous regression. More specifically, the local linear

version of the pre-whitening procedure applied to model (4.1) can be defined as follows:

. Step 1: First obtain a preliminary consistent estimate of m(.) using a local polynomial of

order three smoothing Y on X with corresponding kernel K0 and bandwidth h0. Denote

the preliminary estimates by ni(X) and calculate the residuals

= Vt th(X). (4.13)

Step 2: Conduct an ordinary least square regression to estimate the parameters in the

AR(p) process

lit = 1U-1 +j2U_2 + +pUt_p + residual. (4.14)

Step 3: Construct an arbitrary Z as

for t=p+1, ,T. (4.15)

The proposed estimator of m(xo) is obtained from a local linear regression of Z = (Z1, ,

on X with corresponding kernel K and the bandwidth h, denote the resulting estimator

mpw(xo).

An alternative pre-whitening estimator (PW2) is proposed by Martins-Filho and Yao (2005)

in a more general context. The PW2 estimator can be used on any random-design nonparametric
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case. In particular, when applied to model (4.1), the PW2 estimator can be defined as follows,

Step 1: Obtain a preliminary consistent estimate of m(.) by a local polynomial of order

three smoothing Yt on X with corresponding kernel K0 and bandwidth ho. Denote the

preliminary estimates at sample points as th(X) and calculate the residuals

(it = Yt th(X,). (4.16)

Step 2: Conduct a ordinary least square regression to estimate the parameters in the AR(p)

process

Ut = nUt_i + T2Ut2 + + pUt_p + residual. (4.17)

Step 3: Construct the lower triangle matrix P() and C = diag{P(1)}, a diagonal matrix

with its diagonal elements equal to those of P(i). Then construct an arbitrary vector Z as

Z = CP(I)Y - (C1P(i) I)rrñLL(X) (4.18)

where 7nLL(X) = (TflLL(X1), , m(X7)), a vector of local linear estimates of m(.) at

sample points. The proposed estimator of m(xo) is obtained from the local linear regression

of Z on X with corresponding kernel K and bandwidth h. We denote the resulting estimator

rflPW2(XO).

The two pre-whitening estimators described above are asymptotically equivalent in the sense

that they converge to the same normal distribution at the same rate. The proof of the asymptotic

properties of both pre-whitening estimators require that the bandwidth used in Step 1 degenerates

faster than the bandwidth used in Step 3, as stated in following assumption,

A5: -* 0 as T - .

Additionally, given model (4.1) and Al A5, the PW and the PW2 estimators share the same

leading terms in their biases and variances. These can be written as,

h2E[mpw(xo) m(xo)1 = m2(xo) + o(h2), (4.19)

and --V(mpw(xo)) = + o(1/Th). (4.20)
7(xo) Th
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Note that as a consequence of the undersmoothing, the bandwidth used in the preliminary re-

gression, h0, does not show in the leading term of bias expression. Meanwhile, the pre-whitening

estimators have a variance that is proportional to aj only and is not affected by the autocorrelation

structure. This variance is smaller than that of the LL estimator. The bandwidth minimizing the

AMASE for both of the pre-whitening estimators can be written as,
1/5

hpw
[

TO22 ]

(4.21)

4.3. Model Design and Data Generating Process

A series of Monte Carlo simulations are conducted to investigate the finite sample properties of

the estimators described in section 2. The design of the experiments is guided by considerations

in three aspects: (1) the distribution of exogenous variables and the conditional mean functions;

(2) the scale of variance and the level of dependence in the error process; (3) the sample sizes and

the number of repetitions.

4.3.1 Exogenous Variables and Mean Function

The exogenous variables {X}i1 are generated independently from a univariate uniform distribu-

tion over [0, 1]. Two conditional mean functions are used,

(x) = sin(47rx), and iTt2(X)
:: I . (4.22)

These functions are the same as those being used in Chapter 3. The plots of the functions and

their derivatives can be found in figure 3.1 and 3.2.

4.3.2 Covariance Structure of the Errors

For each of the two conditional mean functions, we pick three autoregressive processes, AR(1),

AR(2) and AR(4) as the data generating process (DGP) for the errors {U}1. The AR(1) and

AR(2) processes are most commonly used for time series modelling, and AR(4) process is usually

been used to analyze quarterly data. The choice of parameter values in autoregressive processes

is based on the following considerations. For a general AR(p) process following r(B)Ut = Vt, we

first obtain

r(B) = (1 G1B)(1 G2B). .. (1 GPB) (4.23)
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where Gj1, G2,. ,G;1 are the roots of the characteristic function, r(B) = 0. The stationarity

assumption requires that all roots must lie out of the unit circle. In the DGP, instead of using

different values for r1,... , r, to generate error processes, we use different values for the roots to

achieve the equivalent results. For the convenience of experiment design, we chose to use equal

roots, i.e., G1 = G2 = ... = G = C0 to generate autoregressive processes. Hence, the degenerating

speed of the autocorrelations in the generated processes is controlled by Go. The three groups of

error processes used in DGP are discussed separately in the rest of the section.18

AR(1): U, = riUt.1 + Vt

For the first order autoregressive process, G0 is set to five different values: 0.8, 0.4, 0, 0.4, 0.8.

Since the AR(1) process can be written as (1 GoB)U = V, we have r1 = G0. It is easy to

compute the autocorrelation function of this process as pk = (nYc for k = 1, 2,, where pk is the

autocorrelation between U and Ut_k. The autocorrelation decays exponentially as the distance

between two error terms grows. The autocorrelation functions corresponding to the chosen values

of C0 are plotted in Figure 4.1. The variance of U for AR(1) is = cr/(1 r), and the

covariance matrix for the process can be written as

1

a r
1n?

[
T-1

r1 r? rT'
1 r1 r"2

r1 1 .. rT3

T-2 T-3r1 r1

(4.24)

Since l is positive definite, a nonsingular lower-triangular matrix P(r) with property

P(r)IZP(r)' = crI always exists and it can be written as

/1r? 0 0 0

1 0 0

P(n) = 0 n1 1 0 (4.25)

0 .. U -TI 1

AR(2): U = nUt_i + r2Ut_2 + V

For the second order autoregressive process, Go is set to either 0.4 or 0.8. Since the AR(2) process

'8See Box, Jenkins and Reinsel, 1994 for a more detailed discussion of autoregressive processes.
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can be equivalently written as (1 GoB)2U = V, the parameters r1 and r2 can be computed as

r1 = 2G0 and r2 =

The autocorrelation function of AR(2) process is

Pk = ripk_1 + r2pk_2 for k > 0. (4.26)

With p = 1 and pi = ri/(1 r2), we can calculate P2 as

P2 riTh + r r? + 2 (4.27)
1 r2

The correlations between errors further apart in the process can be computed iteratively using the

autocorrelation function (4.26). The autocorrelation function corresponding to the chosen values

for C0 is plotted in Figure 4.2. The variance of U can be calculated as

1
= . (4.28)

r1p1 r2P2

The covariance matrix for the U1, U2 is

1 1 1-r2 I (4.29)iI1 r1p1 r2p2 [ i-r2 j

The lower-triangular matrix P(r) takes the following form

a11 0 0 0 01
a21 a22 0 0 ... 0

-r2 -r1 1 0 ... 0 I

P(r) =
-r 1 ... I

(4.30)

0 .. 0 r2 -Ti 1]

where a11 1(1+r2)[(1_r2)2_r112
a22 = (1 r)1I2 and a ri(1-r)'12

21 = 1-r2L 1'2 ]

AR(4): U = nUt_i + r2U_2 + r3Ut_3 + r4U_4

For the autoregressive process of order four, C0 is set to either 0.2 or 0.5. With equal roots, the

AR(4) process can be written as (1 GoR)4U = V, or equivalently U, = 4Go(J_1 6C(J_2 +

4GgUt_3 CU_4 + V. Therefore, the parameters Tp, = 1,... ,4 can be calculated as

rl = 4CO3 T2 = 6C2, 13 = 4Cg, 74 C0.



84

The autocorrelation function of this process is

Pk = ripk_i + r2pk_2 + r3Pk_3 + r4pk_4. (4.31)

With Pc = 1, the Yule-Walker equation for this AR(4) process is

P1 = r1 + r2p1 + r3P2 + r4p3

P2 = TIP1 + r2 + r3p + r4p2 (4.32)

P3 = T1[)2 + T2P1 + 73 + 4I1

The above equation system can be written into matrix form as,

r2-1 r3 T. P1 r1
r1 + T3 r4 1 0 P2 = . (4.33)

r2+r4 r1 1 r3
Therefore, the autocorrelation coefficients can be computed as function of parameter r,

1 73 r4 -Ti
P2 = r1 + 13 r4 1 0 '2 (4.34)

f)3 2 + 74 ri 1 13
Using these results, the autocorrelation order four can be calculated as p4 = r1p3

r2p2 +r3pl +r4. Similarly, the autocorrelations between errors that are further apart in the process

can be calculated using Yule-Walker equation (4.32). The autocorrelation functions corresponding

to the chosen values for Go are plotted in Figure 4.3. Furthermore, the variance of U can be

calculated using the first four autocorrelation coefficients

= ' (4.35)
1 rip1 r2p2 r3p3 r4p4

The covariance matrix for U1, U2, U3, U4 is

1 Pi P2 P3

= ______________________ p 1 P1 P2 (4.36)
1 ripi r2p2 r3p3 r4p4 P2 p 1 P1

P3 P2 P1 1

As suggested by Martins-Filho and Yao (2005), the lower-triangular matrix P(r) can be written

as

A 0

r1 1 0 0

p-1 = 0 1'4 Ti 1 ... 0 (4.37)

0 ... 0 r4 r 1



where A is a 4 x 4 lower-triangle matrix such that AI14A' = crI.

Additionally, to investigate the impact from changes in the scale of noise on the performances

of each estimator, two values are used for the variance of V, a = 1/9 or 1/4. Finally, two different

sample sizes, T = 100 and T = 200, are used for each specification described above to investigate

the impact of growing sample sizes on the estimators.

4.4. Estimation Strategy and Bandwidth Selection

4.4.1 Covariance Component Estimation

Our objective is to investigate how well each estimator uses knowledge of the autoregressive error

process to improve the estimation accuracy over the local linear estimator. In a Monte Carlo

simulation study, the true values of r = (ri . , rn)' and the autocorrelations of error processes

can be readily calculated based on the parameter values in DGP. With the true values of the

model parameters being used in the two-step estimators, this provides us an ideal situation for

comparison since the differences in the estimators' performances can be attributed more to the

structures of the two-step estimators themselves and less to the estimation of the parameters in

the error processes. Note that these estimators with true r are generally infeasible in practice.

Furthermore, even with true I available, the two-step procedures, PW and PW2, still need to use

estimated residuals in updating in step 319

In practice, nonetheless, the implementation of the estimators other than the local linear

estimator, namely, the QL , the PW and the PW2 estimators, relies on replacing r by its estimate.

Therefore, the finite sample properties of these estimators depend on how well the parameters in

the error process can be estimated. Hence, the test estimators are also computed with estimated

parameters . Here we use a simple least square regression based on the residuals from a local

cubic smoothing of Y on X,, to estimate the parameters in the autoregressive process of the errors.

The P(i) is constructed based on these estimated parameter values.

'9This is different from how the generalized least square (GLS) estimator works. With the knowledge of P, GLS
can perform the estimation directly.
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4.4.2 Bandwidth Selection

Kernel estimators are known to be sensitive to the bandwidth selection. As discussed in chapter

3, two sets of bandwidths are calculated for every estimator: the true optimal bandwidth and the

estimated optimal bandwidth.

True Bandwidth

To eliminate the noises generated from estimating the parameters in the expression of the

optimal bandwidths, the first set of bandwidths are computed based on true parameter values

in the data generating process (DGP). This set of bandwidths based on complete information is

referred to as the "true optimal bandwidths" in the sense that they minimize the true values of

AMASE.

Estimated Bandwidth

In practice, the unknown quantities in the optimal bandwidths hr.) have to be replaced by their

estimates. The major unknown quantities in all bandwidths formulae are

o, 022 = + i[m(2)(Xt)I2 and R T

The 022 is estimated using a local cubic regression of } on )? with the optimal bandwidth

being calculated based on the plug-in method proposed by Ruppert, Sheather and Wand (1995)

(See chapter 3 for more discussions of this method).

The o is estimated using the residuals from the above mentioned local cubic regression.

The R is estimated by (maxt(Xt) mint(Xt)) where maxt(Xt) and mint(Xt) are maximum and

minimum values in X.

To summarize our estimation strategy, the test estimators other than the local linear estima-

tor are calculated in three scenarios: one with true r and true h*; one with estimated parameters

and true h*; and one with estimated parameters and estimated J* Since the local linear

estimator does not require knowledge of r for estimation, only two sets of results are calculated

for it: with true h* or estimated h.

The computer code for implementation of the methods were written in GAUSS 5.0 and the

computation was done on a PC with 2.4Mhz - Intel pentium IV processor. The code is available

upon request. Gaussian kernels are used to construct all the test estimators.
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4.5. Results

In this Monte Carlo study, estimators are evaluated primarily on their basis of estimation accuracy.

Hence, the analysis of the experimental results focus on the average squared errors (ASE) of the

estimators, their average biases and average variances. The corresponding optimal bandwidths

are also reported. The thirty-six devised experiments described in last section generated a very

substantial amount of computer output, but, as extensive as the data are, they still represent only

a series of thirty-six cases from infinitely many possible designs. The experimental results are

summarized in eighteen tables. Tables 4.4 to 4.12 report results regarding Model I, with AR(1),

AR(2) and AR(4) error processes, for all three scenarios regarding r and h*. Tables 4.13 to 4.21

reports similar results regarding model II. The QL estimator is computed only for the AR(1)

models since it is clearly dominated by both the PW and the PW2 estimators across all model

specifications. Each table contains ASEs, average biases, average variances and the corresponding

optimal bandwidths, computed for various sample sizes, autocorrelation levels (controlled by Go)

and noise scales(controlled by c). As expected, computation time is very sensitive to the sample

size, but the differences in computation time across the estimators are not significant.

As we go through the computation results in table 4.4 - 4.21, some general regularities are

promptly identified and they are discussed qualitatively as follows.

1. The increase in sample sizes reduces ASEs, average biases, average variances and the optimal

bandwidths for all estimators in all model specifications. This observation supports the

asymptotic consistency of the estimators and the fact that optimal bandwidths degenerate

with T.

2. The average biases are slight compared to the corresponding ASEs and average variances for

all estimators. Two factors may contribute to this virtually negligible finite sample biases.

First, the terms included in o(h2) in the expression for asymptotic biases may have alternating

signs and therefore to some degree cancel each other out. This is particularly true for Model

I with sine function. This conjecture is verified by comparing the calculated average biases

from Model I with those from Model II. Although Model I has significantly more variations

over its domain, the finite sample biases for Model I are not much higher than those of Model



II. On the other hand, those terms of order o(1/Th) in the expression of the variances do

not cancel each other since they are all positive. For this reason, we may say that in finite

samples, using the leading terms as the approximation could be over-representing for the

biases and under-representing for the variances. Second, the average biases is calculated over

the sample points. For both of the conditional mean functions used in DGP, their second

derivatives are positive on half of the domain and negative on the other half. Therefore, bias

terms calculated from different sample points also cancel each other during the averaging.

For this reason, we focus on ASEs when evaluating the estimators' relative performances.

3. The increase in the variance of V, denoted by o, raises ASEs and average variances for all

estimators across all model specifications, regardless of how P(.) is computed. The optimal

bandwidths also increase with o. The average biases, however, does not show any pattern

of changes as o increases. The observation is in accordance with the theoretical results

discussed earlier.

4. The ASEs and average variances computed for Model I are generally larger than those for

Model II across all model specifications, regardless of how P(.) is computed. This observation

is in accordance with the fact that m(.) in Model I has significantly more variations than

Model II.

5. The quasi-likelihood (QL) estimator is dominated by both the PW and the PW2 estimators

across all model specifications with AR(1) errors, and it is also dominated by the LL estimator

for most model specifications. This observation is not in accordance with the fact that the QL

estimator's asymptotic variance could be smaller than that of the LL estimator for negative

r1. Hence, in the following analysis, we primarily focus on the relative performances of the

other three estimators.

The estimation of r has a negative effect on the performances of the PW and the PW2

estimators in most cases. The increase in sample size dampens this effect. However, note that in

the case of AR(2) with C0 = 0.8 and AR(4) with G0 = 0.5, the use of (estimated) produces

smaller ASEs for the PW and the PW2 estimators compared to the case of using r (true).

The increase in the autocorrelation (controlled by Go) has different effects on the perfor-

mances of the estimators. The ASEs and average variances for the LL, the PW and the PW2
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estimators all increase with C0 but by different proportions. The ASEs for the local linear estima-

tor increases by the largest proportion among the three, indicating that both the PW and the PW2

estimators are effective in dealing with the autocorrelation in errors. As one would expect, the

corresponding optimal bandwidths for the LL estimator also increases by the largest proportions

among the three. This is in accordance with the fact that asymptotic variance for the LL estimator

is proportional to o, and asymptotic variance for the PW estimator is proportional to cr which

is smaller than o. Since a/y increases with G0, the h*, as a tool of balancing the bias and

variance, also needs to increase more to account for the increased variance.

The relative performances of the LL, the PW and the PW2 estimators vary across different

autocorrelation structures. To make a better comparison the ASE ratios and bandwidth ratios are

calculated, with numerators obtained from the two-step estimators (the QL, the PW or the PW2)

and denominators obtained from the LL estimator. The ratios are calculated only for the scenario

of estimated r and estimated h*. A lower ratio indicates smaller ASE for that particular two-step

estimator, and a ratio below one indicates that the corresponding two-step estimator outperforms

the LL estimator. These ratios for AR(1), AR(2) and AR(4) models are summarized in tables 4.1,

4.2 and 4.3, respectively.

AR(1) Models: As a comparison, the ratios for the PW and the PW2 estimators are 1.0 for Model

I with C0 = 0, o = 0.11, T = 200, and the ratio for the QL estimator with the same specification

is 2.22. This means that when errors are not correlated, the PW and the PW2 estimators are

equivalent to the LL estimator, but the QL estimator produces a two times larger ASE than that

of LL estimator. This is not in accordance with the theoretical results that all the estimators has

the same asymptotic variance when errors are uncorrelated. When Go 0, both the PW and

the PW2 estimators have ratios less than one and the ratios decrease as IGol increases, indicating

that both the PW and the PW2 estimators are effective in improving estimation accuracy over

the LL estimator by taking account of the correlation structure in the errors. On the other hand,

QL's ratios are greater than one in most cases and increasing with CO3 even though its theoretical

asymptotic variance is smaller than that of the LL etimator when G0 <0.

AR(2) Models: As we can see from Table 4.2, both the PW and the PW2 estimator outperform

the LL estimator in terms of ASEs (with ratios less than one) across all model specifications, but

the ASE ratios with C0 = 0.8 are higher than the ASE ratios with C0 = 0.4.
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TABLE 4.1: Performance Ratios for AR(1) Models ( Estimated r and Estimated h*)

Model I Model II
Para, Value ASE Bandwidth ASE Bandwidth

G0 c T QL PW PW2 QL PW QL PW PW2 QL PW
-0.8 0.11 100 3.30 0.66 0.65 0.73 0.90 0.80 0.57 0.57 0.70 0.86
-0.8 0.11 200 5.38 0.55 0.55 0.69 0.86 1.09 0.49 0.48 0.67 0.84
-0.8 0.25 100 1.83 0.61 0.61 0.73 0.89 0.58 0.55 0.55 0.69 0.86
-0.8 0.25 200 2.81 0.53 0.53 0.69 0.86 0.76 0.49 0.48 0.67 0.84
-0.4 0.11 100 4.38 0.92 0.92 0.88 0.98 1.53 0.91 0.91 0.86 0.97
-0.4 0.11 200 5.46 0.89 0.89 0.86 0.97 1.79 0.88 0.88 0.85 0.97
-0.4 0.25 100 2.58 0.91 0.91 0.87 0.98 1.27 0.91 0.91 0.86 0.97
-0.4 0.25 200 3.37 0.90 0.89 0.86 0.97 1.41 0.88 0.88 0.85 0.97

0 0.11 100 2.27 1.01 1.01 1.00 1.00 1.33 1.01 1.01 1.00 1.00
0 0.11 200 2.22 1.00 1.00 1.00 1.00 1.27 1.02 1.02 1.00 1.00
0 0.25 100 1.83 1.00 1.00 1.00 1.00 1.20 1.01 1.01 1.00 1.00
0 0.25 200 1.86 1.01 1.01 1.00 1.00 1.14 1.01 1.01 1.00 1.00

0.4 0.11 100 8.62 0.93 0.93 1.13 0.98 2.63 0.92 0.92 1.15 0.98
0.4 0.11 200 13.77 0.91 0.91 1.16 0.98 3.43 0.92 0.92 1.17 0.97
0.4 0.25 100 5.68 0.93 0.93 1.14 0.98 2.29 0.92 0.92 1.15 0.97
0.4 0.25 200 8.96 0.91 0.91 1.16 0.97 2.64 0.90 0.90 1.17 0.97
0.8 0.11 100 25.20 0.80 0.80 1.36 0.90 4.37 0.83 0.83 1.41 0.87
0.8 0.11 200 68.70 0.74 0.74 1.43 0.87 9.10 0.79 0.80 1.47 0.85
0.8 0.25 100 13.21 0.81 0.81 1.37 0.90 3.21 0.82 0.82 1.42 0.87
0.8 0.25 200 36.16 0.76 0.76 1.44 0.87 5.42 0.80 0.81 1.48 0.85

AR(4) Models: Similar to the results computed for AR(2) models, both the PW and the PW2

estimators outperform the LL estimator(with ratios less than one) across all model specifications.

However, in Table 4.3 the ASE ratios for both the PW and the PW2 estimators decrease with
CO3

indicating that better improvement is achieved with higher order autocorrelations. In all three

tables, the differences between the PW and the PW2 estimators are virtually negligible.

Summarizing the discussion regarding the simulation results, we may say: in the presence of

autoregressive errors, both the PW and the PW2 estimators are effective in improving the estima-

tion accuracy in small samples compared to the local linear estimator, as predicted by asymptotic

theory. The Quasi-likelihood estimator, though asymptotically consistent, is not accurate in finite

samples even compared to the local linear estimator. The PW and the PW2 estimator perform
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TABLE 4.2: Performance Ratios for AR(2) Models (Estimated r and Estimated h*)

Model I Model II
Para. Value ASE ASE h*

T PW PW2 PW PW PW2 PW
0.4 0.11 100 0.801 0.801 0.929 0.799 0.799 0.911
0.4 0.11 200 0.755 0.755 0.904 0.77 0.77 0.895
0.4 0.25 100 0.811 0.811 0.927 0.789 0.789 0.907
0.4 0.25 200 0.749 0.749 0.905 0.759 0.759 0.892
0.8 0.11 100 0.816 0.821 0.755 0.85 0.85 0.726
0.8 0.11 200 0.762 0.767 0.697 0.811 0.811 0.659
0.8 0.25 100 0.819 0.824 0.744 0.844 0.84 0.723
0.8 0.25 200 0.759 0.761 0.687 0.806 0.805 0.663

TABLE 4.3: Performance Ratios for AR(4) Models
(

Estimated r and Estimated h*)

Model I Model II
Para. Value ASE ASE

Go cy T PW PW2 PW PW PW2 PW
0.2 0.11 100 0.841 0.841 0.929 0.824 0.824 0.911
0.2 0.11 200 0.771 0.771 0.914 0.771 0.771 0.9
0.2 0.25 100 0.821 0.821 0.927 0.807 0.807 0.911
0.2 0.25 200 0.769 0.769 0.912 0.799 0.799 0.901
0.5 0.11 100 0.724 0.724 0.785 0.743 0.742 0.743
0.5 0.11 200 0.649 0.649 0.728 0.703 0.705 0.684
0.5 0.25 100 0.749 0.75 0.766 0.744 0.745 0.748
0.5 0.25 200 0.683 0.683 0.716 0.725 0.724 0.685

admirably when the true optimal bandwidths are available, but the estimation of the optimal

bandwidths can make them lose some ground.

4.6. Conclusion

The local linear estimator, the quasi-likelihood estimator and the pre-whitening estimator have

emerged as viable alternatives for the estimation of a nonparametric model with autoregressive

errors. The asymptotic properties of these estimators have been studied, but very little is known

about their finite sample properties under data driven bandwidths. In this essay, we provide ex-
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perimental evidences on the finite sample properties of these estimators and on their relative per-

formances. Based on simulation results from thirty-six model specifications, the two pre-whitening

estimators are effective in accounting for the autocorrelation presented in the errors. The differ-

ences between the two versions of the pre-whitening estimators are negligible.



FIGURE 4.1: Autocorrelation Functions for AR(1)

The plots are ordered in clockwise for C0 = 0.8, C0 = 0.4, Go = 0.4 and C0 = 0.8
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FIGURE 4.2: Autocorrelation Functions for AR(2)

The plots are for G0 = 0.4 and G0 = 0.8
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FIGURE 4.3: Autocorrelation Functions for AR(4)

The plots are for C0 = 0.2 and Go = 0.5
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TABLE 4.4: Model I with AR(1) Errors Computed with True r and true h*

Para. Value Bias ASE VAR Bandwidth
ci T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2

-0.8 0.11 100 0.018 0.040 0.017 0.016 0.318 1.355 0.187 0.186 0.313 1.338 0.182 0.182 0.396 0.255 0.323 0.323
-0.8 0.11 200 0.009 0.010 0.009 0.009 0.171 1.102 0.089 0.089 0.169 1.095 0.087 0.087 0.345 0.222 0.281 0.281
-0.8 0.25 100 -0.003 -0.031 -0.003 -0.001 0.575 1.389 0.310 0.309 0.566 1.361 0.302 0.301 0.467 0.301 0.381 0.381
-0.8 0.25 200 0.010 -0.006 0.008 0.009 0.332 1.175 0.170 0.169 0.328 1.162 0.166 0.165 0.407 0.262 0.332 0.332

-0.4 0.11 100 0.009 0.054 0.010 0.010 0.149 0.794 0.134 0.134 0.143 0.775 0.129 0.128 0.335 0.282 0.323 0.323
-0.4 0.11 200 -0.011 -0.035 -0.010 -0.010 0.090 0.582 0.080 0.080 0.087 0.574 0.076 0.076 0.291 0.246 0.281 0.281
-0.4 0.25 100 0.010 0.009 0.012 0.012 0.313 0.944 0.277 0.277 0.299 0.908 0.263 0.263 0.395 0.333 0.381 0.381
-0.4 0.25 200 -0.009 0.001 -0.010 -0.009 0.173 0.690 0.153 0.153 0.166 0.675 0.146 0.146 0.343 0.290 0.331 0.331

0 0.11 100 -0.008 -0.008 -0.008 -0.008 0.142 0.142 0.142 0.142 0.130 0.130 0.130 0.130 0.323 0.323 0.323 0.323
0 0.11 200 0.020 0.020 0.020 0.020 0.080 0.080 0.080 0.080 0.074 0.074 0.074 0.074 0.281 0.281 0.281 0.281
0 0.25 100 0.019 0.019 0.019 0.019 0.263 0.263 0.263 0.263 0.240 0.240 0.240 0.240 0.381 0.381 0.381 0.381
0 0.25 200 0.005 0.005 0.005 0.005 0.153 0.153 0.153 0.153 0.140 0.140 0.140 0.140 0.332 0.332 0.332 0.332

0.4 0.11 100 I -0.062 -0.119 -0.062 -0.062 0.174 2.285 0.159 0.1591 0.144 2.196 0.129 0.1291 0.335 0.397 0.323 0.323
0.4 0.11 200 0.020 -0.019 0.020 0.020 0.104 1.857 0.094 0.094 0.087 1.821 0.077 0.077 0.291 0.345 0.281 0.281
0.4 0.25 100 -0.019 -0.046 -0.021 -0.020 0.336 2.547 0.309 0.309 0.277 2.389 0.249 0.249 0.394 0.467 0.381 0.381
0.4 0.25 200 0.003 -0.007 0.005 0.004 0.200 2.061 0.180 0.180 0.163 1.980 0.143 0.143 0.343 0.407 0.332 0.332

0.8 0.11 100 -0.135 -0.201 -0.135 -0.135 0.509 41.48 0.396 0.395 0.273 40.32 0.159 0.159 0.397 0.616 0.323 0.323
0.8 0.11 200 -0.049 -0.185 -0.048 -0.049 0.307 44.89 0.224 0.225 0.169 44.33 0.086 0.087 0.345 0.535 0.281 0.281
0.8 0.25 100 0.216 0.003 0.213 0.211 1.117 39.95 0.888 0.888 0.530 38.26 0.303 0.305 0.467 0.724 0.380 0.380
0.8 0.25 200 -0.037 -0.067 -0.038 -0.038 0.621 40.27 0.478 0.477 0.305 39.35 0.161 0.161 0.407 0.632 0.332 0.332
The results in Table 4.1 - 4.18 are the original results multiplied by 10.



TABLE 4.5: Model I with AR(1) Errors Computed with Estimated r and True h*

Para. Value Bias ASE VAR Bandwidth
c T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2

-0.8 0.11 100 0.018 0.034 0.017 0.016 0.318 1.198 0.195 0.194 0.313 1.181 0.191 0.190 0.396 0.255 0.323 0.323
-0.8 0.11 200 0.009 0.009 0.009 0.008 0.171 1.019 0.091 0.091 0.169 1.013 0.089 0.089 0.345 0.222 0.281 0.281
-0.8 0.25 100 -0.003 -0.035 -0.003 -0.002 0.575 1.266 0.325 0.324 0.566 1.239 0.317 0.316 0.467 0.301 0.381 0.381
-0.8 0.25 200 0.010 -0.006 0.008 0.009 0.332 1.103 0.172 0.171 0.328 1.091 0.168 0.167 0.407 0.262 0.332 0.332

-0.4 0.11 100 0.009 0.046 0.010 0.010 0.149 0.706 0.135 0.135 0.143 0.687 0.130 0.130 0.335 0.282 0.323 0.323
-0.4 0.11 200 -0.011 -0.035 -0.010 -0.010 0.090 0.540 0.080 0.080 0.087 0.532 0.077 0.077 0.291 0.246 0.281 0.281
-0.4 0.25 100 0.010 0.009 0.011 0.011 0.313 0.897 0.281 0.281 0.299 0.860 0.267 0.267 0.395 0.333 0.381 0.381
-0.4 0.25 200 -0.009 0.002 -0.010 -0.009 0.173 0.656 0.154 0.154 0.166 0.641 0.147 0.147 0.343 0.290 0.331 0.331

0 0.11 100 -0.008 -0.004 -0.008 -0.008 0.142 0.337 0.142 0.142 0.130 0.319 0.130 0.130 0.323 0.323 0.323 0.323
0 0.11 200 0.020 0.025 0.020 0.020 0.080 0.192 0.080 0.080 0.074 0.184 0.074 0.074 0.281 0.281 0.281 0.281
0 0.25 100 0.019 0.033 0.018 0.018 0.263 0.496 0.265 0.265 0.240 0.462 0.241 0.241 0.381 0.381 0.381 0.381
0 0.25 200 0.005 0.004 0.005 0.005 0.153 0.300 0.153 0.153 0.140 0.283 0.141 0.141 0.332 0.332 0.332 0.332

0.4 0.11 100 -0.062 -0.123 -0.062 -0.062 0.174 1.598 0.161 0.161 0.144 1.528 0.131 0.131 0.335 0.397 0.323 0.323
0.4 0.11 200 0.020 -0.018 0.020 0.020 0.104 1.473 0.095 0.095 0.087 1.440 0.077 0.077 0.291 0.345 0.281 0.281
0.4 0.25 100 -0.019 -0.027 -0.020 -0.019 0.336 1.945 0.312 0.312 0.277 1.816 0.252 0.252 0.394 0.467 0.381 0.381
0.4 0.25 200 0.003 -0.012 0.005 0.004 0.200 1.842 0.181 0.181 0.163 1.767 0.144 0.144 0.343 0.407 0.332 0.332

0.8 0.11 100 -0.135 -0.145 -0.135 -0.135 0.509 13.15 0.403 0.403 0.273 12.61 0.166 0.167 0.397 0.616 0.323 0.323
0.8 0.11 200 -0.049 -0.120 -0.048 -0.049 0.307 20.81 0.226 0.227 0.169 20.46 0.089 0.089 0.345 0.535 0.281 0.281
0.8 0.25 100 0.216 0.040 0.213 0.211 1.117 14.52 0.904 0.903 0.530 13.50 0.318 0.319 0.467 0.724 0.380 0.380
0.8 0.25 200 -0.037 -0.070 -0.038 -0.038 0.621 21.49 0.479 0.479 0.305 20.86 0.163 0.163 0.407 0.632 0.332 0.332



TABLE 4.6: Model I with AR(1) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth
G0 cr T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2

-0.8 0.11 100 0.016 0.032 0.014 0.013 0.366 1.206 0.240 0.239 0.362 1.188 0.236 0.235 0.296 0.217 0.265 0.265
-0.8 0.11 200 0.008 0.008 0.008 0.007 0.188 1.011 0.104 0.103 0.186 1.004 0.102 0.101 0.277 0.192 0.238 0.238
-0.8 0.25 100 -0.007 -0.042 -0.004 -0.004 0.709 1.299 0.431 0.429 0.701 1.270 0.422 0.421 0.335 0.243 0.297 0.297
-0.8 0.25 200 0.008 -0.007 0.009 0.009 0.387 1.088 0.206 0.205 0.382 1.075 0.202 0.201 0.310 0.214 0.266 0.266

-0.4 0.11 100 0.010 0.046 0.010 0.010 0.167 0.731 0.153 0.153 0.161 0.710 0.148 0.148 0.265 0.232 0.259 0.259
-0.4 0.11 200 -0.010 -0.038 -0.010 -0.010 0.096 0.524 0.085 0.085 0.093 0.516 0.082 0.082 0.246 0.212 0.239 0.239
-0.4 0.25 100 0.011 -0.004 0.012 0.012 0.368 0.949 0.335 0.335 0.354 0.912 0.322 0.321 0.298 0.260 0.291 0.291
-0.4 0.25 200 -0.009 0.001 -0.009 -0.009 0.191 0.643 0.171 0.170 0.184 0.627 0.164 0.164 0.276 0.237 0.268 0.268

0 0.11 100 -0.007 -0.005 -0.007 -0.007 0.157 0.357 0.158 0.158 0.146 0.339 0.146 0.146 0.258 0.258 0.258 0.258
0 0.11 200 0.020 0.025 0.020 0.020 0.086 0.191 0.086 0.086 0.079 0.183 0.080 0.080 0.239 0.238 0.238 0.238
0 0.25 100 0.018 0.019 0.017 0.018 0.307 0.563 0.308 0.308 0.283 0.528 0.285 0.285 0.290 0.289 0.290 0.290
0 0.25 200 0.004 0.003 0.005 0.005 0.167 0.311 0.168 0.168 0.155 0.294 0.155 0.155 0.269 0.268 0.268 0.268

0.4 0.11 100 -0.061 -0.122 -0.061 -0.061 0.194 1.673 0.181 0.181 0.164 1.600 0.151 0.151 0.264 0.299 0.259 0.259
0.4 0.11 200 0.021 -0.021 0.020 0.021 0.110 1.515 0.100 0.100 0.093 1.483 0.083 0.083 0.245 0.284 0.239 0.239
0.4 0.25 100 -0.019 -0.038 -0.020 -0.020 0.389 2.209 0.362 0.362 0.330 2.073 0.303 0.303 0.296 0.337 0.289 0.289
0.4 0.25 200 0.003 -0,020 0.005 0.004 0.220 1.970 0.200 0.200 0.182 1.893 0.162 0.162 0.275 0.320 0.267 0.267

0.8 0.11 100 -0.136 -0.167 -0.134 -0.134 0.560 14.11 0.448 0.448 0.325 13.62 0.212 0.213 0.292 0.396 0.263 0.263
0.8 0.11 200 -0.050 -0.121 -0.048 -0.049 0.322 22.12 0.238 0.238 0.185 21.79 0.100 0.100 0.274 0.391 0.238 0.238
0.8 0.25 100 0.215 0.036 0.210 0.208 1.251 16.53 1.007 1.007 0.666 15.57 0.424 0.425 0.331 0.452 0.297 0.297
0.8 0.25 200 -0.035 -0.070 -0.037 -0.037 0.670 24.23 0.512 0.511 0.353 23.64 0.194 0.194 0.307 0.442 0.266 0.266



TABLE 4.7: Model I with AR(2) Errors Computed with True r and True h*

Para. Value Bias ASE VAR Bandwidth
G0 a T LL PW PW2 LL PW PW2 LL PW PW2 LL PW PW2

0.4 0.11 100 -0.039 -0.039 -0.038 0.395 0.227 0.227 0.317 0.150 0.150 0.574 0.323 0.323
0.4 0.11 200 0.027 0.023 0.023 0.252 0.129 0.129 0.205 0.083 0.083 0.501 0.281 0.281

0.4 0.25 100 -0.104 -0.104 -0.104 0.665 0.477 0.478 0.476 0.288 0.288 0.575 0.381 0.381
0.4 0.25 200 0.036 0.036 0.036 0.401 0.262 0.262 0.297 0.159 0.159 0.500 0.331 0.331

0.8 0.11 100 -0.572 -0.579 -0.590 9.683 8.956 9.230 2.224 1.574 1.691 1.023 0.323 0.323
0.8 0.11 200 -0.552 -0.558 -0.564 5.232 4.353 4.448 1.467 0.620 0.664 0.892 0.281 0.281

0.8 0.25 100 0.438 0.389 0.395 21.414 20.047 20.710 3.809 2.657 2.916 1.024 0.381 0.381
0.8 0.25 200 0.879 0.865 0.860 9.950 8.527 8.620 2.388 1.029 1.086 0.892 0.332 0.332



TABLE 4.8: Model I with AR(2) Errors Computed with Estimated r and True h*

Para. Value Bias ASE VAR Bandwidth
T LL PW PW2 LL PW PW2 j LL PW PW2 LL PW PW2

0.4 0.11 100 -0.039 -0.038 -0.038 0.395 0.229 0.229 0.317 0.152 0.152 0.574 0.323 0.323
0.4 0.11 200 0.027 0.023 0.023 0.252 0.130 0.130 0.205 0.084 0.083 0.501 0.281 0.281

0.4 0.25 100 -0.104 -0.106 -0.105 0.665 0.483 0.483 0.476 0.294 0.294 0.575 0.381 0.381
0.4 0.25 200 0.036 0.035 0.035 0.401 0.263 0.263 0.297 0.160 0.160 0.500 0.331 0.331

0.8 0.11 100 -0.572 -0.580 -0.584 9.683 8.179 8.258 2.224 0.803 0.819 1.023 0.323 0.323
0.8 0.11 200 -0.552 -0.558 -0.560 5.232 4.068 4.105 1.467 0.333 0.342 0.892 0.281 0.281

0.8 0.25 100 0.438 0.368 0.372 21.414 18.807 19.007 3.809 1.399 1.427 1.024 0.381 0.381
0.8 0.25 200 0.879 0.862 0.861 9.950 8.056 8.091 2.388 0.589 0.600 0.892 0.332 0.332



TABLE 4.9: Model I with AR(2) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth
G0 a T LL PW PW2 LL PW PW2 LL PW PW2 LL PW PW2

0.4 0.11 100 -0.041 -0.039 -0.038 0.327 0.262 0.262 0.249 0.185 0.185 0.281 0.261 0.261
0.4 0.11 200 0.022 0.022 0.022 0.184 0.139 0.139 0.138 0.093 0.093 0.261 0.236 0.236

0.4 0.25 100 -0.108 -0.104 -0.103 0.702 0.569 0.569 0.513 0.380 0.380 0.313 0.290 0.290
0.4 0.25 200 0.037 0.037 0.037 0.383 0.287 0.287 0.280 0.184 0.184 0.296 0.268 0.268

0.8 0.11 100 -0.564 -0.582 -0.585 10.115 8.254 8.303 2.664 0.866 0.871 0.432 0.326 0.326
0.8 0.11 200 -0.552 -0.560 -0.561 5.381 4.102 4.125 1.624 0.365 0.368 0.390 0.272 0.272

0.8 0.25 100 0.416 0.371 0.372 23.509 19.257 19.380 6.008 1.808 1.818 0.497 0.370 0.370
0.8 0.25 200 0.862 0.864 0.865 10.747 8.158 8.181 3.193 0.688 0.692 0.454 0.312 0.312



TABLE 4.10: Model I with AR(4) Errors Computed with True r and True h*

Para. Value Bias ASE VAR Bandwidth
C0 a. T LL PW PW2 LL PW PW2 LL PW PW2 LL PW PW2

0.2 0.11 100 -0.015 -0.017 -0.017 0.373 0.211 0.211 0.310 0.149 0.149 0.568 0.324 0.324
0.2 0.11 200 0.021 0.020 0.020 0.224 0.111 0.111 0.196 0.082 0.082 0.494 0.281 0.281

0.2 0.25 100 0.015 0.018 0.018 0.593 0.417 0.417 0.455 0.280 0.280 0.567 0.381 0.381
0.2 0.25 200 0.036 0.035 0.035 0.351 0.234 0.234 0.269 0.151 0.151 0.494 0.332 0.332

0.5 0.11 100 -0.095 -0.092 -0.102 4.714 5.322 5.411 1.940 2.568 2.659 0.984 0.323 0.323
0.5 0.11 200 0.251 0.243 0.242 2.608 2.285 2.303 1.293 0.980 1.002 0.856 0.281 0.281

0.5 0.25 100 -0.660 -0.695 -0.691 9.591 10.681 10.867 3.095 4.157 4.347 0.983 0.381 0.381
0.5 0.25 200 -0.144 -0.121 -0.125 5.178 4.911 4.953 1.937 1.673 1.707 0.856 0.331 0.331



TABLE 4.11: Model I with AR(4) Errors Computed with Estimated r and True h*

Para. Value Bias ASE VAR Bandwidth
Go a T LL PW PW2 LL PW PW2 LL PW PW2

J

LL PW PW2

0.2 0.11 100 -0.015 -0.019 -0.019 0.373 0213 0.213 0.310 0.151 0.151 0.568 0.324 0.324
0.2 0.11 200 0.021 0.020 0.020 0.224 0.112 0.112 0.196 0.083 0.083 0.494 0.281 0.281

0.2 0.25 100 0.015 0.016 0.016 0.593 0.425 0.425 0.455 0.289 0.289 0.567 0.381 0.381
0.2 0.25 200 0.036 0.035 0.035 0.351 0.235 0.235 0.269 0.152 0.152 0.494 0.332 0.332

0.5 0.11 100 -0.095 -0.096 -0.097 4.714 3.597 3.597 1.940 0.862 0.867 0.984 0.323 0.323
0.5 0.11 200 0.251 0.244 0.244 2.608 1.672 1.672 1.293 0.371 0.372 0.856 0.281 0.281

0.5 0.25 100 -0.660 -0.694 -0.691 9.591 7.953 7.954 3.095 1.426 1.435 0.983 0.381 0.381
0.5 0.25 200 -0.144 -0.131 -0.134 5.178 3.879 3.881 1.937 0.636 0.639 0.856 0.331 0331



TABLE 4.12: Model I with AR(4) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth

0.2 0.11 100 -0.020 -0.020 -0.020 0.290 0.244 0.244 0.229 0.183 0.183 0.282 0.262 0.262
0.2 0.11 200 0.021 0.021 0.021 0.157 0.121 0.121 0.129 0.092 0.092 0.257 0.235 0.235

0.2 0.25 100 0.018 0.017 0.017 0.609 0.500 0.500 0.364 0.365 0.317 0.294
0.2 0.25 200 0.038 0.034 0.035 0.334 0.257 0.257 0.252 0.175 0.175 0.294 0.268 0.268

0.5 0.11 100 -0.086 -0.095 -0.097 5.113 3.701 3.701 2.361 0.972 0.972 0.405 0.318 0.318
0.5 0.11 200 0.249 0.245 0.245 2.615 1.697 1.698 1.309 0.395 0.395 0.382 0.278 0.278

0.5 0.25 100 -0.672 -0.695 -0.697 11.089 8.306 8.312 4.589 1.763 1.761 0.483 0.370 0.370
0.5 0.25 200 -0.133 -0.131 -0.134 5.808 3.965 3.969 2.581 0.721 0.722 0.433 0.310 0.310



TABLE 4.13: Model II with AR(1) Errors Computed with True r and True h*

Para. Value Bias ASE VAR Bandwidth
C0 T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2
-0.8 0.11 100 0.002 -0.012 0.000 0.001 0.126 0.139 0.066 0.066 0.121 0.131 0.062 0.062 0.984 0.634 0.802 0.802
-0.8 0.11 200 0.001 0.004 0.000 0.000 0.072 0.110 0.034 0.034 0.070 0.106 0.032 0.032 0.857 0.552 0.698 0.698
-0.8 0.25 100 0.009 0.001 0.022 0.020 0.243 0.190 0.128 0.127 0.233 0.172 0.119 0.118 1.161 0.748 0.946 0.946
-0.8 0.25 200 0.011 0.010 0.011 0.010 0.135 0.141 0.066 0.066 0.131 0.133 0.062 0.062 1.008 0.649 0.821 0.821

-0.4 0.11 100 0.002 0.010 0.004 0.004 0.069 0.123 0.063 0.063 0.063 0.112 0.057 0.057 0.829 0.700 0.800 0.800
-0.4 0.11 200 0.012 0.013 0.011 0.011 0.039 0.083 0.034 0.034 0.036 0.079 0.031 0.031 0.722 0.610 0.698 0.698
-0.4 0.25 100 0.018 0.037 0.018 0.017 0.138 0.195 0.125 0.125 0.124 0.175 0.112 0.112 0.978 0.826 0.945 0.945
-0.4 0.25 200 0.006 0.022 0.007 0.008 0.076 0.126 0.067 0.067 0.070 0.115 0.061 0.061 0.851 0.718 0.822 0.822

0 0.11 100 -0.005 -0.005 -0.005 -0.005 0.064 0.064 0.064 0.064 0.053 0.053 0.053 0.053 0.801 0.801 0.801 0.801
0 0.11 200 0.000 0.000 0.000 0.000 0.037 0.037 0.037 0.037 0.031 0.031 0.031 0.031 0.698 0.698 0.698 0.698
0 0.25 100 -0.030 -0.030 -0.030 -0.030 0.120 0.120 0.120 0.120 0.097 0.097 0.097 0.097 0.946 0.946 0.946 0.946
0 0.25 200 -0.009 -0.009 -0.009 -0.009 0.074 0.074 0.074 0.074 0.061 0.061 0.061 0.061 0.823 0.823 0.823 0.823

0.4 0.11 100 0.017 -0.007 0.016 0.016 0.095 0.257 0.087 0.087 0.064 0.209 0.056 0.056 0.829 0.982 0.801 0.801
0.4 0.11 200 -0.011 -0.028 -0.011 -0.011 0.051 0.176 0.047 0.047 0.036 0.152 0.031 0.031 0.722 0.856 0.698 0.698
0.4 0.25 100 -0.027 -0.046 -0.024 -0.025 0.192 0.391 0.177 0.177 0.119 0.303 0.103 0.103 0.980 1.161 0.947 0.947
0.4 0.25 200 0.062 0.079 0.063 0.064 0.109 0.273 0.099 0.099 0.070 0.228 0.060 0.060 0.852 1.009 0.822 0.822

0.8 0.11 100 -0.041 -0.191 -0.047 -0.045 0.388 1.949 0.331 0.330 0.112 1.517 0.057 0.057 0.984 1.527 0.802 0.802
0.8 0.11 200 0.063 0.078 0.066 0.066 0.204 1.780 0.169 0.169 0.068 1.559 0.033 0.033 0.856 1.328 0.697 0.697
0.8 0.25 100 0.125 0.328 0.120 0.119 0.844 2.358 0.714 0.713 0.238 1.589 0.109 0.110 1.160 1.799 0.945 0.945
0.8 0.25 200 -0.036 -0.030 -0.032 -0.033 0.456 2.105 0.391 0.391 0.127 1.667 0.062 0.062 1.009 1.566 0.823 0.823

C,'



TABLE 4.14: Model II with AR(1) Errors Computed with Estimated r and True h*

Para. Value Bias ASE VAR Bandwidth
C0 cr T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2

-0.8 0.11 100 0.002 -0.013 -0.001 0.000 0.126 0.136 0.067 0.067 0.121 0.128 0.063 0.063 0.984 0.634 0.802 0.802
-0.8 0.11 200 0.001 0.003 0.000 0.000 0.072 0.108 0.035 0.035 0.070 0.103 0.033 0.033 0.857 0.552 0.698 0.698
-0.8 0.25 100 0.009 0.002 0.021 0.019 0.243 0.189 0.130 0.129 0.233 0.171 0.121 0.120 1.161 0.748 0.946 0.946
-0.8 0.25 200 0.011 0.010 0.011 0.010 0.135 0.140 0.067 0.067 0.131 0.132 0.063 0.062 1.008 0.649 0.821 0.821

-0.4 0.11 100 0.002 0.011 0.003 0.003 0.069 0.120 0.064 0.064 0.063 0.110 0.058 0.058 0.829 0.700 0.800 0.800
-0.4 0.11 200 0.012 0.013 0.012 0.012 0.039 0.083 0.034 0.034 0.036 0.078 0.031 0.031 0.722 0.610 0.698 0.698
-0.4 0.25 100 0.018 0.037 0.018 0.018 0.138 0.196 0.126 0.126 0.124 0.176 0.113 0.113 0.978 0.826 0.945 0.945
-0.4 0.25 200 0.006 0.022 0.007 0.008 0.076 0.126 0.067 0.067 0.070 0.115 0.061 0.061 0.851 0.718 0.822 0.822

0 0.11 100 -0.005 -0.008 -0.005 -0.005 0.064 0.081 0.064 0.064 0.053 0.069 0.053 0.053 0.801 0.801 0.801 0.801
0 0.11 200 0.000 0.000 0.000 0.000 0.037 0.047 0.037 0.037 0.031 0.041 0.031 0.031 0.698 0.698 0.698 0.698
0 0.25 100 -0.030 -0.019 -0.030 -0.030 0.120 0.139 0.122 0.122 0.097 0.114 0.098 0.098 0.946 0.946 0.946 0.946
0 0.25 200 -0.009 -0.017 -0.010 -0.010 0.074 0.084 0.075 0.075 0.061 0.070 0.062 0.062 0.823 0.823 0.823 0.823

0.4 0.11 100 0.017 0.001 0.016 0.017 0.095 0.228 0.087 0.087 0.064 0.184 0.057 0.057 0.829 0.982 0.801 0.801
0.4 0.11 200 -0.011 -0.025 -0.011 -0.011 0.051 0.169 0.047 0.047 0.036 0.147 0.032 0.032 0.722 0.856 0.698 0.698
0.4 0.25 100 -0.027 -0.040 -0.025 -0.026 0.192 0.357 0.178 0.178 0.119 0.272 0.104 0.104 0.980 1.161 0.947 0.947
0.4 0.25 200 0.062 0.082 0.063 0.064 0.109 0.266 0.099 0.099 0.070 0.221 0.060 0.060 0.852 1.009 0.822 0.822

0.8

0.8

0.8

0.8

0.11 100 -0.041 -0.136 -0.046 -0.046 0.388 1.245 0.333 0.332 0.112 0.895 0.059 0.059 0.984 1.527 0.802 0.802
0.11 200 0.063 0.053 0.065 0.066 0.204 1.345 0.169 0.169 0.068 1.146 0.033 0.033 0.856 1.328 0.697 0.697
0.25 100 0.125 0.282 0.121 0.119 0.844 1.728 0.718 0.717 0.238 1.030 0.113 0.114 1.160 1.799 0.945 0.945
0.25 200 -0.036 -0.020 -0.032 -0.033 0.456 1.674 0.391 0.391 0.127 1.271 0.062 0.063 1.009 1.566 0.823 0.823



TABLE 4.15: Model II with AR(1) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth
C0 a T LL QL PW PW2 LL QL PW PW2 LL QL PW PW2 LL QL PW PW2
-0.8 0.11 100 0.004 -0.012 0.002 0.002 0.194 0.156 0.111 0.111 0.190 0.147 0.107 0.106 0.586 0.407 0.504 0.504
-0.8 0.11 200 -0.002 0.004 -0.001 -0.001 0.099 0.108 0.048 0.047 0.097 0.104 0.046 0.045 0.558 0.376 0.470 0.470
-0.8 0.25 100 0.003 -0.004 0.014 0.012 0.416 0.239 0.228 0.227 0.407 0.219 0.219 0.218 0.613 0.425 0.527 0.527
-0.8 0.25 200 0.008 0.009 0.007 0.006 0.202 0.153 0.098 0.097 0.197 0.144 0.094 0.093 0.605 0.406 0.509 0.509

-0.4 0.11 100 -0.002 0.009 0.000 0.000 0.092 0.141 0.084 0.084 0.086 0.129 0.078 0.078 0.549 0.473 0.533 0.533
-0.4 0.11 200 0.012 0.014 0.011 0.011 0.048 0.086 0.042 0.042 0.045 0.081 0.040 0.040 0.510 0.434 0.493 0.493
-0.4 0.25 100 0.018 0.045 0.019 0.019 0.204 0.259 0.186 0.185 0.191 0.236 0.172 0.172 0.583 0.501 0.566 0.566
-0.4 0.25 200 0.005 0.021 0.006 0.006 0.101 0.142 0.089 0.089 0.095 0.130 0.083 0.083 0.556 0.473 0.538 0.538

0 0.11 100 -0.004 -0.006 -0.004 -0.004 0.083 0.110 0.084 0.084 0.072 0.096 0.073 0.073 0.527 0.526 0.526 0.526
0 0.11 200 0.001 -0.001 0.001 0.001 0.044 0.056 0.045 0.045 0.039 0.049 0.039 0.039 0.510 0.509 0.509 0.509
0 0.25 100 -0.029 -0.014 -0.029 -0.029 0.178 0.214 0.179 0.179 0.155 0.188 0.156 0.156 0.571 0.570 0.570 0.570
0 0.25 200 -0.010 -0.020 -0.010 -0.010 0.093 0.106 0.094 0.094 0.080 0.093 0.081 0.081 0.548 0.547 0.548 0.548

0.4 0.11 100 0.017 -0.010 0.015 0.016 0.116 0.305 0.107 0.107 0.085 0.255 0.076 0.076 0.552 0.636 0.538 0.538
0.4 0.11 200 -0.010 -0.027 -0.010 -0.010 0.060 0.206 0.055 0.055 0.044 0.181 0.039 0.039 0.516 0.603 0.500 0.500
0.4 0.25 100 -0.026 -0.035 -0.024 -0.025 0.250 0.573 0.229 0.230 0.176 0.479 0.156 0.156 0.598 0.690 0.582 0.582
0.4 0.25 200 0.066 0.080 0.065 0.065 0.137 0.362 0.123 0.123 0.098 0.310 0.084 0.084 0.563 0.660 0.545 0.545

0.8 0.11 100 -0.045 -0.072 -0.048 -0.048 0.445 1.943 0.369 0.369 0.171 1.541 0.096 0.096 0.572 0.808 0.500 0.500
0.8 0.11 200 0.065 0.070 0.068 0.068 0.228 2.074 0.181 0.182 0.092 1.854 0.045 0.045 0.558 0.822 0.474 0.474
0.8 0.25 100 0.126 0.297 0.127 0.126 0.998 3.201 0.815 0.815 0.390 2.428 0.208 0.210 0.614 0.873 0.534 0.534
0.8 0.25 200 -0.034 -0.019 -0.037 -0.037 0.530 2.872 0.426 0.427 0.202 2.413 0.099 0.100 0.594 0.880 0.502 0.502

-1



TABLE 4.16: Model II with AR(2) Errors Computed with True r and True h*

Para. Value Bias ASE VAR Bandwidth

0.4 0.11 100 -0.016 -0.013 -0.013 0.195 0.141 0.141 0.111 0.056 0.057 1.426 0.802 0.802
0.4 0.11 200 0.018 0.022 0.022 0.114 0.076 0.076 0.070 0.033 0.033 1.240 0.697 0.697

0.4 0.25 100 0.089 0.102 0.101 0.366 0.297 0.296 0.176 0.106
0.4 0.25 200 -0.002 -0.002 -0.002 0.197 0.147 0.147 0.109 0.060 0.061 1.240 0.822 0.822

0.8 0.11 100 0.235 0.196 0.201 7.423 7.011 7.008 0.631 0.262 0.270 2.539 0.801 0.801
0.8 0.11 200 -0.245 -0.214 -0.217 3.693 3.353 3.349 0.428 0.105 0.109 2.213 0.698 0.698

0.8 0.25 100 -0.372 -0.386 -0.395 16.010 15.113 14.968 1.234 0.454 0.471 2.543 0.946 0.946
0.8 0.25 200 0.397 0.408 0.406 7.967 7.287 7.268 0.816 0.195 0.202 2.212 0.823 0.823

00



TABLE 4.17: Model II with AR(2) Errors Computed with Estimated r and True ht

Para. Value Bias ASE VAR Bandwidth

0.4 0.11 100 -0.016 -0.013 -0.014 0.195 0.142 0.142 0.111 0.058 0.058 1.426 0.802 0.802
0.4 0.11 200 0.018 0.022 0.022 0.114 0.076 0.076 0.070 0.033 0.033 1.240 0.697 0.697

0.4 0.25 100 0.089 0.102 0.102 0.366 0.298 0.298 0.176 0.108 0.108
0.4 0.25 200 -0.002 -0.002 -0.002 0.197 0.148 0.148 0.109 0.061 0.061 1.240 0.822 0.822

0.8 0.11 100 0.235 0.193 0.196 7.423 6.904 6.900 0.631 0.173 0.180 2.539 0.801 0.801
0.8 0.11 200 -0.245 -0.213 -0.215 3.693 3.323 3.320 0.428 0.080 0.084 2.213 0.698 0.698

0.8 0.25 100 -0.372 -0.402 -0.408 16.010 14.982 14.866 1.234 0.286 0.302 2.543 0.946 0.946
0.8 0.25 200 0.397 0.413 0.412 7.967 7.226 7.209 0.816 0.146 0.152 2.212 0.823 0.823



TABLE 4.18: Model II with AR(2) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth

0.4 0.11 100 -0.014 -0.014 -0.014 0.219 0.175 0.175 0.136 0.091 0.091 0.550 0.501 0.501
0.4 0.11 200 0.023 0.023 0.022 0.113 0.087 0.087 0.069 0.043 0.043 0.533 0.477 0.477

0.4 0.25 100 0.094 0.099 0.098 0.484 0.382 0.382 0.292 0.190
0.4 0.25 200 -0.002 0.001 0.001 0.232 0.176 0.176 0.146 0.089 0.089 0.591 0.527 0.527

0.8 0.11 100 0.196 0.182 0.185 8.520 7.242 7.240 1.769 0.517 0.526 0.625 0.454 0.454
0.8 0.11 200 -0.208 -0.212 -0.215 4.235 3.433 3.433 0.988 0.183 0.188 0.633 0.417 0.417

0.8 0.25 100 -0.394 -0.425 -0.428 18.760 15.825 15.756 4.091 1.132 1.160 0.642 0.464 0.464
0.8 0.25 200 0.405 0.396 0.394 9.256 7.457 7.448 2.164 0.400 0.409 0.649 0.430 0.430



TABLE 4.19: Model II with AR(4) Errors Computed with True r and True h*

Para. Value Bias ASE VAR Bandwidth

0.2 0.11 100 -0.054 -0.058 -0.059 0.177 0.125 0.125 0.109 0.056 0.056 1.408 0.802 0.802
0.2 0.11 200 -0.051 -0.054 -0.054 0.101 0.064 0.064 0.070 0.033 0.033 1.224 0.698 0.698

0.2 0.25 100 -0.009 -0.004 -0.003 0.280 0.227 0.227 0.154 0.102 0.102 1.405 0.943
0.2 0.25 200 0.020 0.017 0.017 0.182 0.142 0.142 0.102 0.062 0.062 1.225 0.823 0.823

0.5 0.11 100 -0.457 -0.440 -0.437 3.218 3.007 3.006 0.593 0.437 0.443 2.438 0.801 0.801
0.5 0.11 200 0.196 0.185 0.189 1.748 1.529 1.530 0.399 0.182 0.184 2.119 0.697 0.697

0.5 0.25 100 -0.283 -0.283 -0.281 7.433 7.013 7.012 1.170 0.780 0.804 2.437 0.944 0.944
0.5 0.25 200 -0.177 -0.148 -0.154 4.098 3.634 3.636 0.736 0.306 0.313 2.120 0.821 0.821



TABLE 4.20: Model II with AR(4) Errors Computed with Estimated r and True h*

Para. Value Bias ASE VAR Bandwidth

0.2 0.11 100 -0.054 -0.060 -0.060 0.177 0.128 0.128 0.109 0.059 0.059 1.408 0.802 0.802
0.2 0.11 200 -0.051 -0.054 -0.054 0.101 0.064 0.064 0.070 0.034 0.034 1.224 0.698 0.698

0.2 0.25 100 -0.009 -0.006 -0.005 0.280 0.230 0.230 0.154 0.105 0.105 1.405 0.943 0.943
0.2 0.25 200 0.020 0.017 0.018 0.182 0.142 0.142 0.102 0.063 0.063 1.225 0.823 0.823

0.5 0.11 100 -0.457 -0.449 -0.446 3.218 2.783 2.781 0.593 0.199 0.205 2.438 0.801 0.801
0.5 0.11 200 0.196 0.188 0.191 1.748 1.437 1.436 0.399 0.095 0.097 2.119 0.697 0.697

0.5 0.25 100 -0.283 -0.278 -0.276 7.433 6.632 6.630 1.170 0.390 0.406 2.437 0.944 0.944
0.5 0.25 200 -0.177 -0.151 -0.155 4.098 3.490 3.489 0.736 0.163 0.168 2.120 0.821 0.821



TABLE 4.21: Model II with AR(4) Errors Computed with Estimated r and Estimated h*

Para. Value Bias ASE VAR Bandwidth

0.2 0.11 100 -0.060 -0.059 -0.059 0.193 0.159 0.159 0.124 0.090 0.090 0.563 0.513 0.513
0.2 0.11 200 -0.058 -0.056 -0.056 0.096 0.074 0.074 0.066 0.044 0.044 0.542 0.488 0.488

0.2 0.25 100 -0.001 0.383 0.309 0.309 0.185
0.2 0.25 200 0.020 0.018 0.019 0.209 0.167 0.167 0.130 0.087 0.087 0.598 0.539 0.539

0.5 0.11 100 -0.445 -0.446 -0.444 4.237 3.147 3.144 1.637 0.556 0.556 0.631 0.469 0.469
0.5 0.11 200 0.189 0.193 0.193 2.209 1.553 1.557 0.864 0.213 0.214 0.645 0.441 0.441

0.5 0.25 100 -0.282 -0.277 -0.274 10.123 7.536 7.537 3.881 1.334 1.335 0.619 0.463 0.463
0.5 0.25 200 -0.151 -0.158 -0.159 5.198 3.767 3.765 1.864 0.435 0.438 0.655 0.449 0.449
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5. CONCLUSIONS

This dissertation consists of a series of Monte Carlo studies on estimators designed for two groups

of nonparametric regression models: additive models that circumvent the problem known as the

"curse of dimensionality" and models that incorporate a variety of non-spherical parametric error

structures. The studies are conducted under a uniform optimal bandwidth selection method for

all estimators, which is based on the minimization of an asymptotic approximation of the mean

average squared errors (AMASE).

Three estimators have recently emerged as viable alternatives to estimate nonparametric

additive models: the backfitting estimator, the marginal integration estimator and a two stage

estimator. A large part of the literature in this area has focused on the asymptotic properties of

these estimators. As a result, applied researchers have little information about the finite sample

properties of these estimators. Further, little is known regarding their relative performances,

particularly when the bandwidths are selected through data driven methods.

In the first essay of this dissertation, we provided experimental evidence on the finite sam-

ple properties of these estimators and on their relative performances under a plug-in bandwidth

selection method. We also proposed a novel version of the two stage estimator that outperformed

the original one proposed by Kim et al.(1999). Overall, the backfitting estimator emerged as the

best among all estimators under study, based on an evaluation of the estimators' ASEs under both

estimated and true optimal bandwidths.

Nonparametric regression models with non-spherical parametric error structures, particu-

larly those for panel data and for time series data, have attracted substantial attention in the

econometric literature. The second and the third essays of this dissertation present the first com-

prehensive Monte Carlo studies on the currently available estimators for these models.

More specifically, in the second essay, we studied nonparametric regression in the presence

of within-subject correlation as specified in a random effects panel data model. The local linear

estimator, the quasi-likelihood estimator, two pre-whitening estimators and the marginal kernel

estimator are four recently proposed methods to estimate a panel data model. Little is known

regarding their finite sample properties. In this essay we provided extensive experimental evidence
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regarding their finite sample properties and relative performances under a plug-in bandwidth

selection method. Both the pre-whitening estimator proposed by Martins-Filho and Yao (2005)

and the marginal kernel estimator proposed by Wang (2003) achieved better estimation accuracy

by accounting for the correlation structures of the errors. The asymptotic distribution results,

which can be used for confidence interval construction and hypothesis testing, are available for the

pre-whitening procedure but not for the marginal kernel estimator. This availability of asymptotic

distribution results combined with the superior finite sample performances, make the pre-whitening

estimator of Martins-Filho and Yao (2005) an attractive procedure for the estimation of panel data

models.

In the third essay, we investigated nonparametric regression in the presence of autoregressive

error processes. The local linear estimator, the quasi-likelihood estimator and the pre-whitening

estimators have emerged as viable alternatives for the estimation of a nonparametric autoregressive

model. Little is known regarding their finite sample properties and relative performances under a

data driven bandwidth selection method. We provided experimental evidence on the finite sample

properties of these competing estimators and on their relative performances. Based on simulation

results from thirty-six different model specifications, we recommend the pre-whitening estimators

for nonparametric models with error autocorrelation.

A variety of models were employed in order to diminish the specificity of the Monte Carlo

study. However, as extensive as the experiments are, they represent only a finite series of cases

from infinitely many possible experimental designs and must be viewed with caution. For example,

many other nonparametric models that have potential applications in econometric studies are not

included in this dissertation, like the ARMA model. The finite sample properties and relative per-

formances of estimators examined here for a nonparametric model with autoregressive and moving

average error processes (ARMA) have not been studied yet, particularly when the bandwidths are

selected through data driven methods.

Another promising estimator for nonparametric additive models, the smoothing backfit-

ting estimator that was recently discussed by Nielson and Sperlich (2005), is not included in our

Monte Carlo study. How the smoothing backfitting estimator compares to the original backfitting

estimator under their respective optimal bandwidths could be an interesting topic for future work.

Also, one natural extension of current research is to construct and study an efficient estima-
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tion procedure for a model that combines an additive conditional mean function and a non-spherical

error process. For this model, how to appropriately incorporate the error structure into an iterative

procedure like backfitting requires further investigation.
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A APPENDIX Proofs of the Theorems in Chapter 2

Theorem 2.3.3.1. proof: Let ' = (El,... , ) where = yt m1 (Xt) m2(zt). By construction,

2S1(T) =

= si(x)(1c + ñ1() + rn2(z) + - 2E(z))

= si(x)(ñi1() + c) + s1(x)(52&) - (A.1)

where 52(' = (1'2(zl), , y2(Zfl)). Under our assumptions, using the results of Fan (1992) for

local linear estimation,

E (si(x)(ii() + f) , z = s1(x)1() = m1(x) + 2d2mi(x) + o(h). (A.2)

We now look at the second term in (Al). Note that the element of (52( 5f(i) is

fZkZ\ Jx(xk)
=

flk=192 92 ) fxz(xk,zk)2(
= L1(z) + L2(z) + L3(z)

where

L1(z) = 2--K1 (zk _zi) 1xXk

k=192 \. 92 fxz(xk,zk)

L2(z) = !Xcxk)
92 ) fxZ(xk,zk)

L3(z) = IlK1 Zk z !x(xk)

k=1 192 Th fXZ(Xk,Zk) }.
rn(xk, z) Y2(Zi)

If, L = (L1(z1), . . , L17(z)), 14 = (L2(z1), .. , L2(z)), L = (L3(z1), . , L3(z,)), then

the last term in (A.1) can be written as

- 2E() = 81(x)(L1 + L2 + L3). (A.3)

and E(sj(x)(2(z) ) = s1(x)(E(L1I, z) + E(L2l, z) + E(L3I, z')). By assumption

E(L1 , z) = 0, we now treat L2 and L3 separately. In what follows we define

Jx(x) = E(fx(x)) = gj JK1() fx(v)dv

fxz(x, z) = E(Jxz(x, z)) = (9192Y' JfK1 (--) Ki fxz(u, v)dudv



and

L2(z) = --K1 (Zk_ Jx(xk) (() m2(z)).
flk=l92 '\ 92 1 fxz(xk,zk)
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Given that there exists 0 < Bdm2 such that Idm2(z)I < B2 for all z E Sz and S is compact,

we have that by using the Mean Value Theorem

I fxi !X(Xk)IL2(z) L2(z)I <Bdm2BZSILP(Xk,Zk)ESXXSZ fz(z) (A.4)
1XZxk,zk JXZ(Xk,zk)

for a bound Bz on zk z. Hence, given that there exists 0< Bi,Bi,Bi such that Ifz(z)I <

Bi for all z E Sz, Ifx(x)I < Bjr for all x E S, and IfxzL' < B1 for all (x, z) E S X Sz

which follows from Assumption 2 in chapter 2, we have

Let

!x(xk) !x(xk) I< Bdm2BZSUP(XkZk)ESXXSZ x
fXZ(xk, Zk) Jxz(xk, Zk)

x (supzeszIJz(zi) Jz(zi)I + B1)

fz(z)I + Bf) Bdm2BZ (suPxkEsX L?x(xk)Jx(xk)I

X3Up(xk,zk)E5xxSzjfx(Xk,Zk) J(xk,zk)I + BlsupxkEsXIfx(xk) JX(xk)

+ Bfxsup(xk,zk)sXxsZIf(xk,zk) J(xk,zk)I)

1(z) =dm2(zj)i>---Ki (zk_zi' fx(xk)
(zk

k=192 \ 92 1 fxz(xk,zk)

l2(z2) = d2m2(zj)i -1--K1
(zk _z". Jx(xk)

k=1 92 92 / Jxz(xk, Zk)
z)2,

ö 1 -n I Jx(xk)
(zk z2)2 and a(z) = Ygd2m2(zj). Then, for anyb(z) = K1

92 ) fxz(xk,zk)
> 0 by Taylor's Theorem we can write, IL2(z) - 11(z) l2(zj)I < b(z) and by the triangle

inequality we obtain,

IL2n(zi) a(z)I < Il(z)I + 1122(Zj) a(zj)I + 92I +

hence, we have

a'2(z2)I < StLPzESzIl21(Zi)I+SUPZESzIl22(Zi) - a(z)

+sup,s2Ib2(z) g/2I



and

P (sup5 L2(z) a(zj)I > )

< p > ) + a(zj)I > )

/ 2+P SUPZESZ Ib(zi) Y2P21 >
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Finally, since 8PZESZ IL2n(zi) a(zi)I S 'pes L2(z) L2(z) + 9UPZESZ L2(z) a(zi)I

we conclude that,L2(z) = 4j-gd2m2(zi) + op(g) uniformly in Sz.

1 IlK 1!.=a !x(xk)Let L3(z) =
93 )

-,m(x zj)_y2(zj)}, then if there exists 0 < Bm

such that m(x, z) <Bm for all (x, z) e S x Sz we have

fxxk fx(xk)
SUP!Z(Zi)L3(z) L3(z)l BmSUP(xkzk)ESXXSZ

fxz(xk,zk) JXZ(xk,zk)

which is similar in structure to inequality (A.4). Hence, using the same arguments we have that

L3(z) = L3(z2) + op(g) uniformly in S. Let

Now note that,

A(z) = -K (zk__zi) Jx(xk) and
flk=192 2 fxz(xk,zk)

JX(xk)
ml(xk).

Thk=192 92 / fxz(xk,zk)

L(z) = &A(z) +A(z) +rn2(z)A(z) 'y2(zj)

= 1'2(z)(A(z1) 1) + A(z)

and consequently E(L(z)) = 72(z)(E(A(z)) 1) + E(A(z)). We look at each expectation
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separately.

E(A (z))

=fJIK1
(Zkzi fx(xk)

fxz(xkzk)dxkdzk
92 92 ) fxz(xk,zk)

f I ---K,
(zk__Zi

!x(xk)dxkdzk I I ---K
(zk_ z\ !x(xk)

(fxZ(xk, Zk)
.i g g ) j 1 g2 \. g2 ) !xz(x*,z,)
fxz(xk, Zk))dXkdZk

ff K1
(Zk__Zi

(Jx(xk) fx(xk))dxkdzk +J 11K1 (zk _Z
fx(xk)dxkdzk

92 92 ) 192 92 1

J/ K1
(zk z \ Ix (xk)

.i 92 \ 9 ) Ixz(xk,zk) CZ(k,Zk) fxz(xk,zk))dxkdzk

=1+ z\ -

J 92 \ 92 )
(fx(xk) fxxkdxkdzk (f f

(zk_ zi)

J 92 92

( Ix(xi) fx(xk) \ -
I (fxz(x,,,,z,,) fxz(xk,zk))dxkdzkIXz(xk,zk) fxz(xk,zk)J

1
[-_Kl(zkz2"

J 92 92 )
= 1 + c(z) (c(z) + c(z)).

Also, using the fact that E(m1 (X)) = 0 we can similarly write,

E(A (z))

ff-_i1
(Zk _Z'\

(Ix(xk)fx(xk))ml(xk)dxkdzk
J 92 \.. 9 I

1
f_Ki(zkz fx(xk)

(fxz(xk, Zk) fxz(xk, zk))ml(xk)dxkdzk
J 92 \. 92 .1 fxz(xk,zk)

-JJIK1

(zk z / Ix(xk) fx(xk) (Jxz(xk,zk)fxz(xk,zk))dxkdzk
92 \ g2 I Ixz(x,z) fxz(xk,zk))

= D'(z2) + D(z) + D(z)

By Taylor's Theorem, for all (x, z) E S x Sz and c5 > 0

and

21 (2) 1 29ifx P2 P29i6 < Jx(x) fx(x) <gd2fx(x)p2 +

2
p2Vô2fxz(x,z) 2 P2

2

2 L.s 8ô
i=1 i=1

<!xz(x,z) fxz(x,z)

<P2ô2fXZ(X,Z) 2 /12
2

-i Ls aa
+ gs.

z=1



Therefore, given Assumption 2 and provided that Sx is bounded

Cj(z) P2- fd2fx(v)dv+o(1)

uniformly in Sz.
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dv+ dv+o(1)C(z)p2 ffx(v)OfhJ 1 P2 ffx(v)OfxzZ 1

g 2 30 fxz(v,z) 8232 fxz(v,zi)

uniformly in Sz. We ignore C(z) as it is of order smaller than Cr(z) and C(z). Also,

Djz(z) P2 f (2)
Ix (v)mi(v)dv+o(1)

uniformly in Sz.

O2fxz(v,zj) 1
dv

D(z)
= ffx(v)mi(v)

8i8i fxz(v,zi)g 2

i92fxz(v,z) 1
dv-I-o(1)+1ffx(v)mi(v)

8232 fxz(v,z)

uniformly in S. As above, we ignore D(z) as it is of order smaller than D(z) and D(z).

Now, note that

By Lemma AO.1

E(L3(z))

< BmSUpz..s L4(z) E(A71(z))I + SUPz,E5z L4(z) E(A(z))l.

1
SUpzESIL3n(Zj) E(L3(z))I = o(1) (A.5)

given that Jx(1k) is bounded. Now, let r(z2) = 1) - T2(z), where
fxz(xk,zk)

dvP2 2f O2fxz(v,zi) 1Tj(z) 1+gJd2fx(v)dv_--_g2 fx(v) 88 fxz(v,z)

+gffx(
82fxz(v,z) 1

dvv)
8282 fxz(v,zi)

P2 2 92fxz(v,z) 1
dvT2(z2) = -g f mi(v)d2fx(v)dv + --g2 f fx(v)mi(v) OOi fxz(v, z)

02fxz(v,z) 1
dv+ ffx(v)mi(v)

022 fxz(v,zi)

then,

1 r(z)I
1

<-supZEsXIE(A(zj)) Ti(z)I + SUPZESX IE(A(z)) T2(z)I (A.6)
92
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Hence,

1
-SUPZESX L3(z) -
g2

1 1< -supzEsxIL3n(zi) L3n(z)I + E(L3(z))I
g2 92

1
+-supzesxIE(L3n(zj)) r(zj)I

92

and combining equations (A.4),(A.5) and (A.6) we obtain

P22L3(zj) g2fd2fx(v)m(v,zi)dv+
(1

fx(v -1

o1a1
fxz@', z)dv

+ Jf82fxz(v,
z)f(v, z)dv) + Op(g)x(v)

a2a2

uniformly in S. Hence, combining the approximations for L2 (z) and L3 (z) we have

and

12= g2p2E(d m2(Z)X) +o(h) +op(g)

s1(x)L3 = gp2E (fd2fx(v)m(v,zi)dvI)

+
E(f

a2fxz(v,zj)
fx(v)fxz(v,zi),

8d8d
dvIi) +o(h)+o(g)

which completes the proof of part a) of the theorem.

b) Let denote an in x p matrix with typical element We write f(z) =

(I -B) where
- n,n

B = [K1 (z_-_z fx(x3)
I

g2 I fxz(xj,zj)]11

Hence, E(ñ'(x)j,) = si(x) (i ñ and

nhiV(ñi'(x)I±,i) = flh1O2S1(X)(I_ ---B"i (I- ---Bn'. si(x)' (A.7)
ng2 )\ fl92 I

si(x)B'si(x)' - Bsi(x)2 (nhisi(x)si(x)' nh1 nh1 /

g2

nh1
+

= a2(Vj(x) + V2(x) + V3(x) + V4(x)) (A.8)
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From Fan(1992) V1(x) j-)fK2(v)dv. Now,

V2(x)

2 (R(x)Wx(x)Rx(x)'\1 R(x)Wx(x)BWx(x)Rx(x)e1 J x
nh j n2g2hj

<
(Rc(x)Wx(x)Rx(x)' e2'

nh1 ) 1'

since
(R'(x)w4x)Rx(x)\ -1

nh1 ) converges in probability to a finite matrix we focus on the matrix that

appears in the middle, which can be written as

where

R(x)Wx(x)BWx(x)Rx(x) = (
m11 77112

m2g21z1 m1 m22

ii = h1 i<-i
I x2 x\ fx(xi) 1

K1
(zi _Z")

K1
/ '

nh1 h1 ) fz(x,z) nh1g2 92 J h1 )'i=1

(x x\ x x fx(x) 1
K1

(z_- __
K1

(X x'\
m12=

nh1 h1 ) h1 fxz(x,z)nh1921 \ g ) h1i=1

m21

= h2 1
1 K1

fx(xj) 1 K1 K192) l.h1) h1'= h1 ) h1 Jxz(x,z)Th"i92

m22

1 Jx(x,) K1 (-- 1 >K K1 (---" --i=1 fxz(x,z) \ h1 ) h1 7 t92) h1) h,

We now show that mj = o(1) for all i,j. First,

?2 lx-x'\ / Jx(xi) fx(x) \
ni11 = h1 __i__ >i: K1nh1 h ) (fxz(x, z) fxz(x, z))

i=1 \fxz(x,z) fxz(x,z))
lx-x\ fx(x)+ x, z))

nh1 h1 )
(!xz(x, z) fxz( fxz(x, z)i=1

' (x,-x\ / Jx(xi) fx(x) \
+

h1 )fxz(xzi)fXZ(T.z.) fxz(x,z))nh1
i=1

lx-x'\ fx(x)+ h1-±-K1
nh1 It\ h1 )

fxz(xzi)f(XZ)
i=1

=
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and miii < a + k2I + k3I + ki4I. Now we note that

iiI h1supZEsZIJxZ(x,z)

Jx(xi) fx(x) I_±_K1fxz(x,zi)isupx,zsxs2
!xz(x,z) fxz(xizifl nh1 h1 )

'
1

I°2i < h1B1X 8tLPz,esIJxz(X,zi) fxz(x,zi) >2K1 h )nh1 i=i

fx(x) fx(x) I

>2K1 (I 3I hjBfXZsupx,zEsxs
Jxz(xi, z) fxz(xi, z) nh1 i=1 \ h1 )

ii I.k4IhlBfx>2K h1 j
Hence, by Lemma AO.1 all expressions to the left of the inequalities converge in probability to

zero, and consequently m11 0. Now, note that m12 (m21 is identical in structure) is identical

to rn11 except for the presence in the summand of but since K (.) = 0 outside of its compact

support and S compact we have by Lemma 1 that m12 0. The same argument is also applied

to show that m22 0 and therefore V2, V3 0.

(R(x)Wx(x)Rx(x)y1
R(x)Wx(x)BB,',Wx(x)Rx(x)

x=
nh1 n3gh1

I R(x)Wx(x)Rx(x)\ i 2'X\
nh1 ) e1

and as in the case of V2, we focus on showing that the matrix R',(x)Wx(x)B,BWx(x)Rx(x) converges

in probability to zero. Note that,

where

R(x)Wx(x)BBWx(x)Rx(x) = ( u11 u12

n3gh1 U21 U22

n 2

U11 = g2>2( fx(x) "

i=1 ng2 \ h,
x)

Ki
(zi _Zj

n \ 92 1
n

1

>i: K1
(z_ zi)

K1
(x3 xx I'nh1g2 j=1

n

U12 = hig2i>2
( Jx(x) --.EKi (xi X\s)

K1
(z_zi'\

j fxz(xi,zi)) g2
1=1

' h j \\ 92 1

1 Kl(Kl(x3 xjx
X

nh192 9 j h1 ) h1
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2

U21 = hg2-- (
Jx(x1) ' 1 (xl_ x) xl x (zi_-

92 )\fxz(xi,zi))
.>2K1 K1

i=1

xi x1 Kl(ziz'X
nh1g2 \ 92 K ( h1 )'

U22 = hg21 I !x(xi)
2

i h ( 92
-J--->2K1

(xl_x) xlx zz
fXZ(X,Z)) ng h

K1
)i= 1

X
nh1 g

K1
(z Z

K1
(x_ x x

\ 92 1 \. h J h1

We will argue that uj -* 0 for all i, j. First, we observe that

U11
I

2

(_!x(xi) !z(x,zi)fz(x,zi)= 92s
fxz(xi,zi))

2

(_!x(xi) \
fY(x,z)

\fxz(x,z))

/ fx(xi)
92 (suPZEsZ fz(x,zj) fz(x,zi) +B)

92(SUPz,ES

/ 2 21 \

i(
fx(xi) / fx(x)

fxz(x,z)) fxz(x,zj))
)i=1

92 (SUPZESZ f.cz(x,zz) fcz(x,zi) +

2 I

fx(x) '\ / fx(xi) \21
x (suP(XZ)EsXXsZ

(fZ(XZ))
+ B)

and since by Lemma A0.1 fxz(x, z) fxz(x, z) = o(1) and Jx(x) fx(x) = o(1) uniformly

= o(1). We note also that u21, U12 and u22 differ from u11 only in that and appear

in the summands. Again, since K(.) = 0 outside of its compact support and Sx compact, we have

by Lemma 1 that u21, u12, u22 = o(1) and consequently V4 = o(1).

Theorem 2.3.3.2. proof: Let E' = (fi, , ) where t = Yt arni(xt) m2(zt). By construction,

2S2(x) =

= si(x)f(cii) +s1(x)(ñi()+E) +si(x)(ñ%2(i) -%(). (A.9)
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Note that for the first term it is easy to show that E(a = O(n'/2), the second term is

identical to the first term that appeared in equation (A.1) in the proof of Theorem 2.3.3.1. Now

we look at the th element of (ni2() ñ(E)) is

where

m(z) m2(z) = JK1 (zk_ z\ fx(xk)

k 92 ) !XZ(Xk,Zk)m2
= Lo(zj) + L1(z) + L2(z) + L3(z)

Lo(z) = '>JKi (zkzi !x(xk)
k=192 \ 9 I fxz(xk,zk)

L1(z) = --1--K1
(zk-zi'\)
'\

fx(xk)
=12 Th I !xz(xk,zk)

L2(z) = --K1
(zk

Zj'\ Jx(xk)
(rn2(zk) rn2(z))

k=192 92 1 fxz(xk,zk)

L3,(z) = 'K1 Zk Zi

)JXZ(Xk,Zk)kz_m2}
fxxki

: 92

= A2(z) + m2(z)(A1(z) 1).

where A1(z), A2(z), L1(z), L2(z) are as defined in the proof of Theorem 2.3.3.1. Hence, us-

ing the convergence results of Theorem 2.3.3.1 we obtain the desired expression for the conditional

bias of 7S2(x). For the conditional variance we note that,

jS2(x) E(r52(x)Ith,2) = s(x) (I (c
fl9 )

and consequently,

V(n2(x)I,z1 = s(x) (i (i __Bn)i(x)'

= a2si(x) (I LB (I Bs1(x)'
\ fl92 J\ fl92 I

y2si(x) (i (i - __B) = V1 V2
fl 92

nhiV(ñ52(x)I,z) = nh1V1 rih1V2.

The first term in the conditional variance expression is identical to equation (A.7) in the proof of

Theorem 2.3.3.1, and the second term can easily be shown to be o(1).
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Lemma A0.1 Assume Assumptions 1-3 and suppose that çb(x, z) :- R is a continuous func-

tion inC1 a compact subset of.J with I(x,z)I < B,, <00. Let

s(x) = (ng1)1 K (Xt__X (Xt
(Xt, Zt) with j = 0, 1,2.

\. gi 1

a) If ng (1n(gi)) p 00 forp> 0, then SUPXEGISj(X) E(s(x))I = Op(9)

b) Let C2 be a compact subset of 1R2 and

(x,z)=(nglg2)_1K(xt_ (zt_z)i(xtz)
gi J. 9

Ifn(gg)2P+l(ln(g1g2))_l p00 forp> 0, then sup(X,Z)EG2IS(x,z) E(i(x,z))I = o((g1g2)P)

proof: a) We prove the case where j = 0. Similar arguments can be used for j = 1, 2. Let

B(xo,r) = {x E : xci < r} for r E C1 compact implies that there exists x0 E G1

such that C1 c B(xo,r). Therefore for all x,x' E G1 jx x' < 2r. Let g > 0 be a sequence

such that 91 * 0 as n * 00 where n E {1, 2,3 }. For any ii, by the Heine-Borel theorem there

exists a finite collection of sets {B (xk, g)}'_1 such that C1 C U1B (xk, g) for xk E C1 with

I <gj2r for a E (0,00). By assumption iso(x) so(xk)i (nh)1 migj' (xk x)iB <

B,,j,rnh2 for x E B(xk,g). Similarly, 1E(so(xk)) E(so(x))j < B'mg2 for x E B(xk,g).

Hence, so(x) E(so(x))i < iso(x) E(so(xk))i + 2B;t,mg2 for x E B(xk, g) and

sup0c1iso(x) E(so(x))i < maxl<k<ljso(xk) E(s(xk))i + 2B,,mg2

a-p-2To show that iirnn,oP(supxac1iso(x) E(so(x))i gc) = 0 for p> 0 we need 9i * 0 as

n p oc and 1im0P (max1<k<1iso(x) E(so(x)) > g) = 0. But

P(maxl<k<jjso(xk) E(so(xk))i c) <P(iso(xk) E(so(xk))I gc)

Using Bernstein's inequality, we have

where

/ nhe2 \
P(lso(xk) E(so(xk))i g') < 2exp (,2(d2

+ B4))

n

= rtV(Wt)
t=1

fXtxk\ 2

= h2E(K2(\ 2

h
(XR)) (h1E(K

h
)f(XtRt)))
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Under assumptions Al and A3 and the fact that f(x, z) and fx,z(x, z) are continuous in C1 we

have that g = 0(1). Hence for the desired result the righthand side of the inequality must
h2 2

approach zero as n - oc. It suffices to show that 2ã2'wg + aln(gi) oc, which given that

gjO2 = 0(1) will result if + oo.

b) Let 0 = (x, z)' a typical element in Re2. Let B(0o, r) = {0 E : 0 <r} for r E . C2

compact implies that there exists Oo e C2 such that C2 c B(0o, r). Therefore for all 0,0' E C2

IO-O'I <2r. Letgj,g2 > Obeasequencesuchthatgi,g2 - Oasn * oowheren E {1,2,3. .}. For

any n, by the Heine-Borel theorem there exists a finite collection of sets {B (Ok, r)} such that

C2 C U1B(Ok,r) for °k EQ2 withl <r1r2, r (glg2)a for a E (0,00). For 0 E B(Ok,r),

Is(0)s(0k)l BKm(gl+g2)(glg2)a_2, Similarly, IE(.s(9k))E(s(0))l <

Hence,

supgc2(0) E((0))l < rnax1<k<jj.(Ok) E(s(Ok))I + 2BKm(gl +g2)(g1g2)2

To show that limfl_..P(supgEc2I(0) E((0))I (g1g2)) = 0 for p > 0 it suffices to have

(gg)a_2 = 0(1) and (gjg)7) = 0. But

P(max1<k<zj(Ok) E((0k))I (gg)P) P(l(Ok) E((0k))l (919)P)

Using Bernstein's inequality, we have

(
_n(9192)2P+1c2 '\

P(I.(0k) E(.(Ok))l (gg)P) < 2exp
2g1g2O2 + 2B (9192)Pcs Iw

2 lç'flwhere = z..,ti V(W), and

= ---K1 (Xt_
K1

(Zt_ E (-i-_K1 (xt_ K1
(Zt_-

9192 \ 91 J \. 92 1 '\glg2 '\ 91 1 \. 92 1)

Hence for the desired result the righthand side of the inequality must approach zero as ri 00.

2P+1
For this it suffices to have 9192j cc.1n(9192)




