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The use of efficient basis functions to model and represent flows with

internal sharp velocity gradients, such as shocks or eddy microfronts, are

investigated. This is achieved by analysing artificial data, observed atmo-

spheric turbulence data and by the use of a Burgers' equation based spectral

model. The concept of an efficient decomposition of a function into a ba-

sis set is presented and alternative analysis methods are investigated. The

development of a spectral model using a generalized basis for the Burgers'

equation is presented and simulations are performed using a modified Walsh

basis and compared with the Fourier (trigonometric) basis and finite differ-

ence techniques.

The wavelet transform is shown to be superior to the Fourier transform

or the windowed Fourier transform in terms of defining the predominant

scales in time series of turbulent shear flows and in 'zooming in' on local

coherent structures associated with sharp edges. Disadvantages are found

to be its inability to provide clear information on the scale of periodicity of

events. Artificial time series of varying amounts of noise added to structures
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of different scales are analyzed using different wavelets to show that the

technique is robust and capable of detecting sharp edged coherent structures

such as those found in shear driven turbulence.

The Haar function is used as a wavelet to detect ubiquitous zones of

concentrated shear in turbulent flows sometimes referred to as microfronts.

The location and organization of these shear zones suggest that they may be

edges of larger scale eddies. A wavelet variance of the wavelet phase plane is

defined to detect and highlight events and obtain measures of predominant

scales of coherent structures. Wavelet skewness is computed as an indicator

of the systematic sign preference of the gradient of the transition zone. In-

verse wavelet transforms computed at the dilation corresponding to the peak

wavelet variance are computed and shown to contain a significant fraction of

the total energy contained in the record. The analysis of data and the nu-

merical simulation results are combined to propose that the sharp gradients

normally found in shear induced turbulence significantly affect the nature of

the turbulence and hence the choice of the basis set used for the simulation

of turbulence.
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MODELLING AND ANALYSIS OF GEOPHYSICAL
TURBULENCE: USE OF OPTIMAL TRANSFORMS

AND BASIS SETS

1. INTRODUCTION AND MOTIVATION

Coherent structures in turbulent flows play an important role in geo-

physical turbulence, in terms of transport and dissipation. Through the use

of optimal basis functions and statistics of local transforms, this study at-

tempts to isolate the physics of coherent structures in turbulence, beginning

with the estimation of the scale of these randomly placed events.

1.1 Gust and Microfrontal nature of observed turbulence

Microfronts, or narrow zones of concentrated shear, are often observed

in the heated atmospheric boundary layer. These are also observed as burst-

ing events (Chen and Blackwelder 1978, Gibson et al. 1968) in laboratory

studies. Microfronts are often considered to be the boundary of larger coher-

ent structures such as ramp patterns (Antonia and Atkinson 1976; Antonia

et. al. 1979, Schols 1984, Mahrt 1989 and others) or asymmetric top-hats

(Mahrt 1989, Mahrt 1985; Kikuchi and Chiba 1985). These zones of concen-

trated shear, also called gust fronts, are modeled as vortex sheets (Corrsin

1962), or stretched vortices that concentrate shear across zones as thin as

the Kolmogorov microscale (Tennekes 1968), and as regions of convergence

associated with vortex stretching due to vertical acceleration of thermals

(Kaimal and Businger 1970).

In laboratory studies, similar zones of concentrated shear or temperature

gradients have been related to edges of large eddies associated with up lifting



of near surface fluid of weak momentum( Mahrt 1989 (survey), Willmarth

1975; Brown and Thomas 1977, Subramanian et al. 1982). These sharp

edges have an important effect on the cascade of energy from the main eddy

scales to smaller dissipation scales and may account for a large fraction of the

dissipation. In addition, they may play an important role in the enhancement

of mixing and transport, as noted in Schols(1984), Kikuchi and Chiba (1985)

and Chen and Blackwelder (1978).

1.2 Structural design requirements

In many operational systems (for example: tall smoke stacks, electrical

pylons, coastal structures, offshore oil platforms and bridges) the effects of

wind and turbulence can have an important impact on both safety and/or

performance. Although over-design is a possibility, it is not always practi-

cal. As noted by Pariofsky and Dutton (1984), though it may be possible to

manufacture an aircraft to withstand the strongest possible turbulent gusts,

it may not be navigable. Hence, there is the need for designers to make

intelligent design decisions on compromise. The difficulty of attempting to

translate statistical information about wind and turbulence into statistical

information about wind loading and structural response lead designers into

the use of simulation methods. In the simplest simulation, a forcing function

is applied to a system of differential equations describing the structure to

obtain the full response function which provide information on other fac-

tors such as, natural frequencies and critical loading. However, this forcing

function should be capable of simulating extreme events of low probability

while maintaining the characteristics of the wind or turbulence it is intended

to simulate. Microfronts or gusts are a major contributor to these extreme

events and need to be well understood in order to be included in the design
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process.

1.3 Analysis using statistical approaches

An attempt to completely study the characteristics of microfronts and

associated coherent structures would include two phases. In the first phase,

one would analyse observed (measured) atmospheric data and try to asser-

tam the typical characteristics of the microfronts such as their magnitudes,

frequency of occurrences and energetics. The second phase would attempt

to simulate these microfronts using models.

In the analysis of measured turbulence data, computation of spectra

plays an important role. In situations such as aircraft measured turbulence,

spectral statistics are used to obtain an insight into the nature of the flow. In

other applications such as advection and mixing of a pollutant, the spectra

are used to measure the rate of spread of the patch of contaminant.

The aperiodic nature of the microfronts (Jensen and Lenschow 1978) and

their localized sharp gradients make the use of trigonometric function based

spectral methods unsatisfactory in the detection of characteristic sizes of the

coherent structures. A large number of trigonometric Fourier coefficients are

needed to adequately describe a sharp edge and thus spread the variance

over a large number of wavenumbers. As an alternative, many previous

researchers have made use of conditional sampling techniques (Mahrt and

Frank 1988, Schols 1984 etc.,) in their analysis of these coherent events.

In an effort to quantify the scales of these coherent structures as well

as their spacing, this study uses a (localized analysis) wavelet transform

method along with spectral methods (global analysis). Initially, we examine

simulated data sets where structures with compact spatial support, such as

top-hats, sine pulses and ramps are placed with regular and random spacing.



fig 1.1 Streamlines of eddies as found in the NCAR DES model
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fig 1.2 Schematic view of the creation of a shear induced sharp edge
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In the wavelet transform one has the freedom to specify the form of the basis

used for the decomposition. Our analysis uses different basis functions, cho-

sen specifically to highlight certain properties such as gradients and coherent

structures. These results are then used to quantify the observed atmospheric

turbulence.

The spectral transform and the wavelet transform are then used to de-

compose and analyse the HAPEX, SESAME and LAMEX data. Decom-

positions using the Haar wavelet basis are computed, and the results are

interpreted using the simulated data analysis. The wavelet basis functions

have compact spatial support and thus have the ability to locally optimize

the variance explained (Daubechies 1989) and helps interpret the wavelet

transform results in terms of the sharp edges in the record. The wavelet

transform and the spectral results are combined to characterize the observed

data in terms of the sizes and spacing of the updrafts and downdrafts in the

record. Information on the microfronts associated with these updrafts and

downdrafts are also obtained.

In recent modelling studies of turbulence, spectral techniques have been

used in Direct Eddy Simulation models(DES) where the practice has been to

Fourier transform the Navier Stokes Equations and use a limited number of

modes of the resulting transformed space for analysis. The number of such

wave modes have mostly been dictated by available computing resources

and has generally been limited to 32 or 64 modes (Herring and Metais 1986,

Orzag et.al. 1981 and others). In addition, these models may incorporate

some form of hyperviscosity (Herring et.al. 1986) to ensure that dissipation

will prevent energy build up at the high wave number end. They also contain

other forms of energy sinks to prevent build up of energy at the low wave



number end. These DES models directly compute all the terms of the Navier-

Stokes equation in the spectral domain except for the non-linear term which

is computed in the spatial domain to avoid the convolution problem (Riley

et.al. 1979 and others). The interaction between scales is limited by the

number of wave modes in the model. For example, in Orzag and Patera

(1981) only three modes are allowed in the transverse direction.

In our DES study of individual eddies, where the simulation results of

the 64 mode DES model at the National Center for Atmospheric Research

(NCAR) was examined (Herring and Metais 1986), we noticed that the indi-

vidual eddies had relatively smooth edges as a result of the limited number

of (smooth) trigonometric modes (fig. 1.1). A large number of wave modes

would be needed to represent the observed sharp edges of the main eddies.

In this study the ability of square pulse and other basis sets to decompose

both artificial and observed fields are compared and the square pulse is used

as a basis for a numerical simulation of the viscous Burgers' equation. The

Burgers' equation is selected for the model simulation as the solutions yield

shock waves which are similar to the microfronts in observed atmospheric

data.

As in the trigonometric basis set, the square pulse basis consists of an

odd periodic set of square pulses, an even periodic set of square pulses and

a mean. Such a basis set is: (1) Sufficient to decompose any given field, (ii)

Orthogonal, and (iii) The energy contained in the original field is totally

contained in the coefficients of the decomposed modes (similar to Parsevals

relation).
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The advantage of selecting the square wave basis set is its ability to

describe a field with sharp gradients with a few modes. A series of tests were

performed on test data to study the behavior of this basis set (see fig. 1.3).

Naturally, this basis set efficiently decomposes a periodic square wave but

requires many modes to approximate a sine wave. In terms of total energy,

the primary square mode corresponding to the scale of the sine wave contains

60% of the total energy of the original sine wave. This is similar to the

case of a square wave decomposed into a Fourier (trigonometric) basis where

a large number of sine modes are needed to approximate the square wave and

the primary mode contains 60% of the total energy of the square wave.

Figures (1.3) and (1.4) show the spectra of such decompositions for different

test records and the two (trigonometric and square pulse) bases.

The organization of the following chapters of this thesis is as follows. In

Chapter 2 the relationship between the autocorrelation function and spec-

trum is presented along with the non uniqueness properties of the spectrum.

These relationships are investigated for the exponential autocorrelation func-

tion. Methods of generating such an exponential autocorrelation function

are considered and a theoretical development of autocorrelation functions

for randomly placed top hat records are presented. It is shown that these

records exhibit similar characteristics to those of spectra of atmospheric tur-

bulence. In view of this, the influence of the sharp gradients on the spectra

are discussed. Chapter 3 gives a detailed description of the development of

a square wave basis set and also discusses its properties.

In Chapter 4 a numerical simulation of the viscous Burgers' equation is

presented along with an investigation of how the choice of a basis set affects

the simulation of sharp gradients. Simulations using the Fourier trigonomet-

ric basis and the square wave basis are compared.
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Chapter 5 presents the theoretical aspects of the wavelet transform

method. The various formulations required to link this method to the tra-

ditional analysis methods such as, autocorrelation, structure function and

spectra are presented.

In Chapter 6 the theory developed in Chapter 5 is used to perform

a wavelet transform based decomposition of simulated data sets. Designed

with the objective of mimicking the observed data, these data sets form a test

suite for the theory developed in the previous chapter. Different wavelets are

used in the decomposition and their properties with respect to their ability

to decompose a turbulent flow are presented.

In Chapter 7 observed atmospheric data is analysed with the statisti-

cal tools presented in the earlier chapters. The results are used to define

characteristic scales of the various features of the flow. Chapter 8 provides a

summary of the results. Finally, in the Appendix, precise definitions of some

of the measures, and terms used in the thesis are described.
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2. THE AUT000RRELATION FUNCTION AND FOURIER SPECTRA

In this chapter the relationships between spectra and autocorrelation

function will be defined and their relationship to the original record from

which they are generated will be presented. The properties of some spe-

cial autocorrelation functions will be discussed and compared with observed

atmospheric turbulence spectra.

2.1 Relationship between spectra and autocorrelation function

The autocorrelation function of f(x) is defined as

R(r) = (f(x + r) f(x)) (2.1)

where r is the lag or separation distance and ) denotes the averaging op-

erator (Monin and Yaglom 1975 or Guenther and Lee 1988 and references

therein). The power spectral density of f(x), denoted by is related

to its autocorrelation function by the relationship,

S(w) = LRxz(T)e_dr (2.2)

where j is By computing the inverse Fourier transform of (2.2) one

obtains
0O

R(r) = / S(w)edw (2.3)
J -

Equation (2.2) and (2.3) define an important relationship between the auto-

correlation and the power spectral density, i.e., they are a Fourier transform

pair. This implies that a unique relationship exists between an autocorrela-

tion function and a power spectrum as stated in the following theorem.

Bochner-Herg1tz Theorem. The correspondence between the auto-

correlation function and the power spectral distribution are one to one, and

the information either one provides about its generating process is the same.
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Since the structure function (Monin and Yaglom 1975) and spectra are

also uniquely related (for the relationships in 1-D homogeneous flow and 3-D

isotropic flow see Mahrt and Gamage 1987), the specification of any one of the

three quantities would suffice, although, none of the above three are uniquely

related to the time series. This is due to the loss of phase information. Such

relationships will find use in the next section. However, since the effect

of some forms of contamination, such as trend, would have considerably

different effects on the three quantities (Lumley & Panofsky 1964, Gamage

1986) they tend to provide independent information in analysis of observed

turbulence.

2.2 The Log-Linear Spectrum and its Transforms

The spectrum of turbulent data (in log log coordinates) is typically

characterized by a constant slope (fig. 2.1) particularly at scales smaller

than the main eddies (Zhou et.al. 1985, Herring and Wyngaard 1986). This

linear region is usually explained by certain physical reasoning attributed to

Kolmogorov (1941) called the inertial sub-range energy cascade. Based on

this linear spectrum (with the appropriate constant slope) some researchers

have argued that all scales of motion exists between the largest (generating

scale) and the smallest (dissipating) scale in the spectra and that there is a

energy cascade through these successively smaller scales (Richardson 1948,

Tennekes and Lurnley 1971). This process is also called the Richardson

energy cascade. A gap in the spectrum is thought to divide the turbulence

from the large scale motions (Leyi and Panofsky 1983) and attempts have

been made to predict its frequency range in Hogstrom and Hogstrom (1975)

and later studies. A peak in the spectrum is sometimes interpreted as the

most energetic scale or the generating scale.
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fig 2.3 exponential autocorrelation for a = 1, 10, 100, 1000 and a corn-

posite of all four plots.

In this study we examine the spectra in order to determine if the exis-

tence of the linear slope of the spectrum indeed implies the existence of a

continuous cascade. Linear spectra referred to herein is on a log-log plot. As

an example consider the autocorrelation function (see fig. 2.2)

R(r) eTI - : <r <oc. (2.4)
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Computing the power spectral density of the above autocorrelation function

we obtain,

2cE

S(w)=2+2, oo<w<oo (2.5)

Now let us consider the above spectrum for different values of a and w (See

fig. 2.3). When w is much larger than a, the above spectrum will have a

slope of -2. But as a and w become of comparable magnitude, the slope of

the above curve becomes less than -2 as seen in fig. (2.3). This can be shown

by considering the following. Let w1 be selected such that w1 = a + w. Then

we can find an index ri such that

= a2 + w2 (2.6)

where n < 2. Now equation (2.5) can be rewritten as

S(wi)=fiw, c'o<w<oo where 9=f(a). (2.7)

From the above analysis it is seen that if a function has a exponentially

decaying autocorrelation function then its spectra will have a linear -2 region

and also a linear region of slope less than -2. In the following discussion the

above results will be used in conjunction with the Bochner-Herglötz theorem

to show that a spectrum of a given (specified) slope can be generated with

a random square pulse train.

2.3 Spectra and autocorrelation of randomly placed square pulses

The purpose of this development is to show that a fixed slope spectrum,

such as a -5/3 slope, does not necessarily imply a cascading process, or even a

range of scales. As a counter example we will show that the existence of only

a few intermediate scales can lead to a linear spectrum. For this purpose we



will use simulated data where top-hats of certain widths will be randomly

placed in a record. Here, the scale of the motion is defined as the width of

the square pulses. It should be noted that the selection of the square pulse

example is for the purpose of illustration only and it does not necessarily

represent a physical process. The autocorrelation function of a regularly

placed (periodic) square pulse record is periodic. If the inter-pulse gap is

gaussian, then its autocorrelation function is a decaying periodic function,

the rate of decay being governed by the given standard deviation of the gap

width. If the pulse locations are purely random in the record (Kharkevitch

1960, Larson and Shubert 1979) then the autocorrelation function is given

by

R(r) = a2(pe po) (2.8)

where p and Po are the probability of having an even and odd number of

zero crossings of the time series in r and a is the fixed height of the pulse(fig.

2.4). For the special case of the Poisson distribution this becomes a decaying

function of the form

R(r) = a2e_2ajnI (2.9)

where c depends on the variance of the position of the pulses and 'r is the

time or spatial lag.

If the magnitude as well as the location of the pulses are poisson random

(fig. 2.5) then the autocorrelation function is given by

R(r) = M(a)exp(aIrl) (2.10)

where M(a) is a function of the random height distribution. This equation

is obtained provided the randomness of the height of pulses are uncorrelated

with the randomness of the widths and that the their variances of the poisson
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processes are equal. For the more general case of unequal distributions the

form of the autocorrelation still remains the same with only changes in the

coefficients.

Since the autocorrelation function of a random pulse sequence decays

exponentially (2.10), with its spectral slope depending on the relative mag-

nitudes of the variance of the pulse position a, the spectral slope of such

a process can be manipulated by the selection of a suitable variance of the

underlying poisson generating process. A record including more than one

pulse width would have an autocorrelation function given by,

R(r) = e11I + 62iTI + e_a3 + ... (2.11)

where c, a2 and a3 are the different decay rates. Here it is assumed that

the different pulses of widths a1, a2 and a3 are placed independently of one

another and that their cross correlation is zero. By changing the values of

the position variance the slope of the spectrum can be changed.

As an idealized analogy to convectively driven turbulence where down

drafts are wider than updrafts, if one considers the possibility of having

few pulse widths instead of the one pulse width as discussed above, then the

slope of the spectra can be made linear and less than -2 for a larger frequency

range. Considering the non-uniqueness of spectra with respect to the record

as discussed earlier, this example shows that the observed sharp gradients in

turbulence alone can cause the linear (on a log-log scale) spectra as found

in many experiments. Another implication of this is that the inertial energy

cascade as predicted by dimensional arguments may not be needed to explain

the observed turbulence spectrum.
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fig 2.4 Square pulses of constant height and random width

fig 2.5 Square pulses of random height and random width
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2.4 Criteria For Determining the Basis Set

One could argue that the multiplicity of Fourier spectral scales associ-

ated with a cascading process is built into the square pulses. This is because

a Fourier (trigonometric) spectral representation of a single square pulse

train requires an infinite number of frequencies (fig. 1.4). However it can be

described by a single square pulse scale given by the pulse width. A meaning-

ful decomposition into basis functions should require only a limited number

of functions for reasonable approximation, hence the trigonometric building

blocks may be an inefficient basis. A (simple) extreme case is a perfectly

periodic square pulse train, where one function in the square pulse basis

completely describes the record while an infinite number of trigonometric

basis functions are needed to do the same. In this example the trigonometric

basis is very inefficient while the square pulse basis is ideal. Of course one

could also consider the other extreme which is the decomposition of a sine

wave into the two basis where the trigonometric basis is superior. Eddies in

geophysical turbulence may be between square pulse and trigonometric and

this thesis examines the efficiency of the use of different basis sets for the

decomposition.

Although one might attempt to choose the basis set by inspecting the

record, for example, as ramp functions, it is desirable to have an objective

technique to determine the best basis set. While the traditional EOF analysis

yields a basis set with the minimum number of modes for a approximation

of a given record, the basis functions differ from application to application,

and some of the details of the structure of even the leading eigen vector may

be insignificant ( fig. 2.6). The other extreme would be to use a Galerkin

technique, such as with Chapau functions as the basis set, where a maximum

des (of the basis) are required to represent a given record.
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Fewer elements of basis set fully describes record
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fig 2.6 Relationship between basis functions and record.
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One would rather have optimum basis functions for given class of related

records (such as weak intermittent turbulence or convective thermals) which

best approximate the desired characteristics (such as the main eddies). How-

ever there is apparently no 'automatic' way of selecting the best basis set.

In view of the fact that the spectra associated with the randomly placed

square pulses duplicated the observed energy spectra in this study of geo-

physical turbulence, our assumption is that the sharp gradients observed

in turbulence phenomena are associated with the maximum non-linearity

(Mahrt 1988 and references therein) and, adequate representation of these

sharp gradients are vital in the description of interaction between different
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turbulent scales, instability, and cascade of energy to smaller scales. To

examine this assumption we try to reformulate the present spectral mod-

els in terms of a more efficient basis function containing sharper gradients,

which will better resolve the important physics even with a finite number of

modes. Since the traditional trigonometric decomposition with truncation

of the number of allowable modes results in inadequate representation of the

sharp gradients, in chapter 4 we attempt a spectral simulation of a simplified

version of the Navier Stokes equation, i.e., the viscous Burgers equation with

the use of a square pulse basis. The complete formulation of the square pulse

basis is presented in the next chapter.
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3. THE SQUARE PULSE AS A BASIS SET

In this chapter, the theoretical aspects of defining a square pulse ha-

sis set will be developed. It will be shown that this set is orthogonal and

that the total energy of the record is conserved in the decomposition. These

derivations are similar to ones usually obtained for Fourier series decompo-

sition and good descriptions are given in Harmouth (1970) and McGillem

et.al. (1974). It will also be shown that the coefficients of the decompo-

sition a and b for a certain time series (these are the coefficients of the

nth harmonic) will decay rapidly for increasing n for certain types of test

functions.

3.1 Orthogonality relations

A representation in termsof the square pulse basis for given record f(x)

is given by,

1(x) ()+ {anSQE (!) + bsQo (ri7rx)
}

(3.1)

where, SQE() = Even periodic square pulse train, and

SQOQ = Odd periodic square pulse train.

An even function is of type 1(x) = f(-x) and an odd function is of type

1(x) = -f(-x). The above is an orthogonal representation of the basis

functions and the orthogonality relations for it are:

SQO . SQO (Tx) dx
{

m
(3.2)

fSQE().SQE(T)dx={0 mn (33)m=ri

fSQO . SQE
(rnrx)

dx = 0 V m, n (3.4)
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3.2 The constant coefficients

The constant coefficients of the decomposition in (3.1) are,

1
L

a = / f(x)dx (3.5)
Lj0

'nirx
a =

/ f(x) SQO (NT)
dx (3.6)

Lj0

1
L

1n7rx
I f(x) SQE dx (3.7)L0

Where the orthogonality relations in equations (3.2), (3.3) and (3.4)

have been used to determine a and b

3.3 Energy (power) relationships

In the idealized case the total energy contained in the original record

must be contained in the decomposed signal. If the energy is defined as

f f(x)dx, using the decomposition in equation (2.1) and the orthogo-

nality relations shown above , we obtain the following for the total energy,

jL f(x)2dx = [a + (a + b2)] (3.8)

Therefore, for finite n, we obtain (if the series is convergent )

1
L

f(xfdx= [a+ (a+b)] (3.9)

In most situations the convergence requirement is stated as a rapid decay in

the coefficients as

n-+oQ
-* 0. (3.10)

3.4 The mean square error of a truncated decomposition

In decomposing the signal into its basis set, the coefficients of the ex-

pansion are selected so as to minimize the mean square deviation from the
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original record. If some decomposition of the record f(x) into the basis is

denoted by gn(x), where,

(ao\
gn(x) T) + E IcSQE

(nlrx)
+ J3SQO

(n7rx)

}
(3.11)

n=1

and c and /3, are some arbitrarily chosen coefficients, the mean square

deviation is defined as

En=fL
(f(x)g(x))2dx (3.12).

The condition for minimum (or maximum) error (En)min is obtained by

differentiating (3.12) with respect to each ar, and 3r, and setting the resulting

expression equal to zero as

ÔEr,

-J (f(x)gr,(x))2dx_0

i.e ac = a0

and similarly a,-, = ar,, /3r, = br,V (3.13)

Thus it is seen that the coefficients found in section 3.2 are the coefficients

that decompose the signal with minimum mean square error. These results

can also be extended to a modified square pulse basis where the sharp tran-

sition of the square pulse is changed to a transition with a finite gradient.

In the numerical simulations carried out in Chapter 4, this modified basis

is used where the transition is assumed to occur over one grid point in the

x-axis direction. The advantage of this modification is that the basis is now

once differentiable and can be used to spectraly solve the Burgers' equation.
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4. NUIvIEmCAL SOLUTION OF \TISCOUS BURGERS' EQUATION

The motivation for this part of the study is to study the effect of non-

linearity on the choice of the basis set for decomposition of a flow. A simple

one dimensional (1-D) nonlinear equation, in this case the 1-D viscous Burg-

ers' equation is used to study the flow evolution for model solutions using

different basis sets. This equation can be obtained from the Navier-Stokes

equation by making certain assumptions about the flow characteristics. Al-

though simpler in form, the Burgers' equation still contains the nonlinear

term and the viscous term as they appear in the original Navier-Stokes equa-

tion and has the advantage of yielding analytic solutions (Hopf 1950, Cole

1951). As discussed in the Introduction our study of individual eddies using

a 64 mode 3-D spectral model (NCAR DES model) showed that the eddies

had very smooth edges despite the relatively high resolution of the model.

To study if this 'smoothing' was a result of spectral truncation, a spectral

model based on an arbitrary global basis will be derived using the Burgers'

equation. An advantage of this approach is the ability to change the reso-

lution and the basis of the spectral model and the ability to study a shock

wave where the non linear term is thought to be important.

The decomposition of any given field (in this case velocity) into a basis

set is said to be an efficient decomposition when the coefficients of the re-

sulting set are significant only for limited number of modes. For example,

if the variable of interest is b sin (kx) and if the basis is chosen to be the

trigonometric sinusoidal basis then all coefficients of the basis elements are

zero except for one corresponding to (kx). However a square pulse basis set,

as discussed in Chapter 3, for the above example would be an inefficient basis

as a large number of nonzero coefficients are needed. Of course the above

argument is based on the premise that such decomposition into basis sets



are used as an analysis tool to reduce the dimensionality of the problem. In

particular if an ri point observation field is written in terms of a basis set

with n significant coefficients the analysis (or representation) might as well

have been done with the original observed field. Another desirable feature

is that the sanie basis elements be used to describe another unrelated field

equally well and hence can be used in a numerical modelling situation with

comparative ease.

In this chapter we will investigate the effect of the inefficiency of the

basis on the representation of the dynamics. It should be noted that the

decomposition into basis functions that we are considering in this chapter

relate to global basis functions and not local basis functions. A global basis

set contains functions that are (usually) periodic and span the whole domain

of the flow. A familiar example for this is the trigonometric (ikx) basis.

Local basis functions have compact spatial support and span a small frac-

tion of the flow domain. An example for local basis functions are given by

cubic splines which span one or two grid points when used in finite element

methods.

4.1 The Hopf-Cole Analytic Solution

The general equation for conservation of momentum of a unidirectional

fluid flow in a viscous, isotropic, homogeneous and pressure free medium is

considered. This equation is called the viscous Burgers' equation and is given

by,

Ut + UU = vU (4.1)

where ii is the viscosity of the fluid which is considered constant for this
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study. The boundary conditions for (4.1) are

(u(0,t) = 0

for t0 (4.2)

I u(1,t) = 0

which requires that the motion be between two fixed walls. The initial con-

ditions are given by

u(x,O) = f(x) 0 x 1. (4.3)

where, 1(x) is a positive, integrable curve with compatibility conditions of

f(0) = 0 and f(1) = 0.

If U, L and T are the characteristic velocity, length and time scales then

(4.1) can be written as
1

u + uu = (4.4)

R (v/LU) is known as the non-dimensional Reynolds number.

Equation (4.3) can be transformed using the Hopf-Cole transformation

(Cole 1951, Hopf 1950), which reduces the nonlinear hyperbolic viscous Burg-

ers' equation to a linear heat equation with analytic solutions. This is ac-

complished by the use of a nonlinear transformation. Let

wx
u = 2vW (4.5)

where W W(x, t). Then, equation (4.1) can be written as

W = vW (4.6)

The boundary conditions on W(x, t) now become

I W(0,t) = 0

for t 0. (4.7)

I W(1,t) = 0
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as
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W(x, 0)f(x) = 2v
W(x,0)

(4.8)

1
t

W(x,0) = exP[_j f(y)dy] (4.9)

This system with the transformed boundary conditions and initial conditions

can be solved using separation of variables to obtain the following solution

for u(x,t)

= 2irv

oo 1 1 71

nfexp Jf(ii)dii] cos(n)d sin(nx)
n=i o L 0

00 1 1 '7 1

+ fexp Iff(ii)dii cos(nirl7)dl7 e_(nit)2uIt cos(n7rx)
n=10 L o

(4.10)
1 71

where a0 = 2fexp ff(ij) di. Solutions obtained from (4.10) will be
0 0

called analytic solutions. This result will be used as the true solution as the

summation in equation (4.10) can be carried out to a large number of terms,

thus giving any desired level of accuracy.

4.2 Spectral formulation of the Burgers' equation

The second technique for solving (4.1) is a spectral method (Spectral

solution). The Burgers' equation (4.1) can be formulated in a manner so as

to accept any global orthogonal basis set. The solution of (4.1) at any point

in space and time can be written as,

u(x,t) = ak(t)k(x) (4.11)

where is the kth element of the basis set and aj is its coefficient defined

as

ak =f(n(xt).k)dx. (4.12)
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This expansion in a basis can be carried out for an orthogonal or non-

orthogonal basis if the basis is complete. The total support of all elements

of the basis should span RTh, though individual elements may have compact

spatial support. In this spectral formulation, we assume only orthogonal,

global, complete basis sets. In addition we assume that each basis element

is at least once differentiable. Substituting (4.11) into (4.1) gives

[
ak(t)k(x)]

+ [
ak(t)k(x)]

[

atx]

[
a@)(x)]

xx

(4.13)

The second term on the l.h.s. is a convolution term and its computation is

very expensive. This can be simplified by decomposing the uu term in (4.1)

also into the same basis as u to give

uu = bk(t)k(x). (4.14)

Substituting this result in (4.13) gives

[
ak(t)k(x)]

+ [

bk(t)k(x)] =
v [ ak(t)k(x)] (4.15)

The above equation is called the spectral formulation of the Burgers'

equation model. This formulation is a proper formulation if spectral solu-

tion (4.15) converges to the Analytic 'true' solution (4.1) at all time and

space. This important requirement of any spectral formulation is discussed

in detail for the Stokes equation and the Burgers' equation in Constantin and

Foias (1989). There are many aspects to this requirement: (a) each term of

the equation in spectral form should converge to the corresponding term in

the original equation. Constantine and Foias (1989) show that the spectral

formulation (4.15) satisfies this requirement. However the non-linear term is
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shown to be weakly convergent resulting in a weak solution to the Burgers'

equation using spectral methods. (b) The rates of convergence of each term

need not be equal. Hence, the slowest converging term will dominate the

error of approximation of the spectral solution to the original solution for a

fixed number of basis elements k. For spectral model (fixed k) this is an im-

portant consideration as the accuracy will be determined by the truncation

error of the least convergent term. (c) Constantine and Foias (1989) show

that the rate of convergence, which is dominated by the non-linear term,

is dependent on the basis chosen for the spectral formulation. This implies

that for a given number of modes the basis set that is most convergent leads

to the best spectral solution. As an example of this Spiegel (1985) cites a

spectral model based on the inverse scattering transform (IST)(ablowitz and

Segur, 1981) which is an analogue to the Fourier transform for non-linear

conservative systems.

In this study we use a sinusoidal basis and a modified Walsh basis to

study the evolution of a shock wave. Multiplication of (4.15) with qk(x) and

integration over the flow domain using the boundary conditions of (0) =

q(l) = 0 gives

dak I

J
( k)dX + bk f(k k)dX = yak J((k) . (k))dx (4.16)

D D D

In the case of the trigonometric basis set. the integrals in equation (4.16)

will be equal as the derivative of the basis element also lies in the same basis.

A modified top hat basis, with finite gradient transition zones at the

edges of the top hat, such as the one described in Chapter 3 can also be

used in (4.16) although the derivative of the basis elements are not in the

same basis. This will cause the integrals in (4.16) to be unequal. For the

top hat case it can be easily shown that the derivatives are members of an
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orthogonal set and the integrals can be computed readily.

4.3 Finite difference formulation

Equation (4.1) can also be solved using an implicit finite difference

scheme. This computation is performed for the purpose of providing a

comparative bench mark for the spectral solutions. The (finite difference

solution) of the Bugers' equation is presented in Sod (1985) and is given by

ZL

k
= vDD_(u') + uDo(u') (4.17)

with initial condition

f(ih) for 0 <i < 1

and boundary conditions

n nUOUN for 0<nk<t

where 0 n < N, and h = x is the spatial grid resolution and k =

the time step. D+, D_, and D0 denote the forward, backward and centered

difference operators respectively. The proof of convergence and stability of

the scheme is shown in chapter 2 of Sod (1985) . This scheme is shown to

be accurate to O(k)+O(h2) and has the limitation that k has to be chosen

to be 0(h2) specially for small values of the parameter
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fig 4.1 Initial condition for the numerical solution

u(x, 0) = 1 + sin4rr(x 0.125) for x 0.5.
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4.4 Comparison of results

It has been shown (for example in Cole, 1955) that for a given mi-

tial condition the nonlinear equation dissipates more energy than the linear

equation. This is because of the increased conversion of energy from the

larger scales by the nonlinear term to the smaller scales where dissipation

is more effective. Moore-Miller (1987) carried out a numerical simulation of

the Burgers' equation using the Hopf-Cole solution and the finite difference

solution for the viscous and non-viscous cases and confirmed the increased

dissipation. In our simulations we use the Hopf-Cole solution as a bench

mark to compare oui spectral models with each other and with the finite

difference scheme.

The viscosity of the flow is arbitrarily chosen to be ii = 0.009 and the

initial condition for our simulations is a modified sin wave (fig. 4.1) given by

(0.5(1 + .sin(2ir(x 0.25)) for 0 x 0.5
u(x,0) (4.17)

( 0.0 for 0.5 < X 1.0

The simulations are carried out using the finite difference solution and

the spectral solution techniques. For the spectral solution, the trigonometric

(sine, cosine) basis and the modified square pulse basis (Walsh basis) are

used in separate tests. The Walsh basis (a detailed description is provided

in Harmuth 1970) has been modified with finite gradient transition zones at

the edges to allow for the required derivatives to be defined and allow fro

applications with finite resolution.
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fig 4.2 Available basis functions for spectral Models. (a) Element of

the Trigonometric basis set. (b) Element of the Walsh ('top

hat') basis set. (c) Element of the Modified Walsh basis set.
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Fig. (4.2) shows an example of the modified Walsh basis as used in our

study. The Hopf-Cole solution is computed at the same time steps as the

numerical solutions with the added condition that the summation in equation

(4.10) is carried out until the desired level of precision is achieved so that the

residual is less than 0.001. This is then considered a true representation of

the solution at that time step. The Hopf-Cole solution is shown in fig. (4.3).

The finite difference solution and the two spectral solutions are shown in fig.

(4.4) along with the Hopf-Cole solution.

For low viscosity flows, the initial field evolves into a shock wave and

then starts dissipating. As the viscosity of the flow is increased, the shock

wave formation is suppressed and the wave dissipates. The trigonometric

basis set becomes inefficient when the shock wave begins to form and a large

number of modes need to be used to maintain the same accuracy. With

a fixed number of basis elements, as used in a modelling situation there is

artificial damping of the shock wave introduced due to the inability of the

basis to adequately represent the true solution. The resulting shock wave

is damped at a faster rate than the actual solution (fig 4.4). When the

modified top hat basis set is used, the numerical convergence is better than

that obtained with trigonometric basis, as the solution approaches a shock.

This is true even though the representation of the smooth initial field is

poor. The finite difference scheme needs very small time steps to mimic the

true solution and still dissipates more energy than the spectral method. The

resulting shock is weaker than the true solution. The computational time for

the finite difference solution was large.
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fig 4.3 The llopf-Cole Solution at t = 0.1, 0.2, 0.3, 0.4, 0.5, 0.8 and a

composite of t = 0.0 to 1.0 in 0.1 steps
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In summary, the truncated trigonometric basis set is inefficient in the

modelling of a sharp flow feature, even in the highly simplified flow. However

for high viscosity fluids it will perform very well as the viscous dissipation will

dampen the magnitude of the shock. With the modelling of planetary scale

waves where the flow features are smooth the trigonometric set will perform

adequately, not warranting the added complications of using basis sets which

do not have derivatives which are members of the same basis. As can be easily

shown, the main advantage of the spectral method is that the nonlinear term

in the spectral representation, conserves energy. However it does this at the

expense of aliasing all of the energy that cannot be represented by the limited

number of modes, back into the finite number of modes used in the model.

In the (extreme) case of a one mode Burgers' equation with trigonometric

basis the solution will never form a shock for any value of viscosity.

Of course the problem with the top hat basis is that it performs poorly

in a smooth flow. In the modelling of a high Reynolds number turbulent

fluid where a large amount of the flow field consists of such sharp edges

(Frisch 1986) the top hat basis may perform better than the trigonometric

basis. Indeed our analysis of observed turbulence shows that the rate of

decay of the coefficients of the top hat basis is significantly faster than that

of the trigonometric basis for this application. Consequently, the choice of

the basis set plays an important role in adequately representing the solution

in finite mode spectral solution.
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(a) (b)

fig 4.4 Comparison of solutions to Burgers' equation. (a) Hopf-Cole

solution. (b) Finite element solution. (c) Spectral (trigono-

metric) Solution (d) Spectral (Modified Walsh) Solution
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5. THE WAVELET TRANSFORM USED IN TURBULENCE

DETECTION

The wavelet transform method of analysis can be efficiently used to de-

tect and highlight events of a particular nature found in a data field. As dis-

cussed in the Introduction, turbulence contains numerous concentrated shear

zones which probably contribute significantly to the dissipation of turbulent

kinetic energy and characterize the nature of the flow. As will be shown in

this chapter, global basis functions such as those used in the Fourier Analysis

Method, usually are not very efficient as a decomposition tool, and cannot

perform well in a situation where there are numerous local events. Hence, we

look at a more localized (both spatially and spectrally) analysis technique

such as the Wavelet Transform.

5.1 The windowed Fourier transform

The wavelet transform can be introduced in terms of a generalized win-

dowed Fourier transform. This was first done by J. Morlet to compensate for

the inconveniences of the windowed Fourier transform, and still provide good

localization in both the spatial and spectral domains. In this section we will

first investigate the windowed Fourier transform and then, in the following

sections, extend it to obtain the more general wavelet transform.

In the domain [O,L], the Fourier series coefficients of a function f(x),

denoted by Ck are given by

L

= ff(x)e2dx (5.1)
0

and the Fourier series decomposition (also called the expansion in Fourier

modes) is given by,

f(x) = Cke2x. (5.2)
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The Pasevals' Identity is given by

L

i
IC 12=1 f(x)2dx. (5.3)

0

For future use we denote the Hubert space by H, which is a complete inner

product space where the inner product is defined as

<f,g
>

(5.4)

The Hilbert space of square integrable functions on [0,L} are denoted as

L2 [0, L] , where the L2 norm is defined as

1.IL '2

1f112=(JIf(
2\x)

)
. (5.5)

The Fourier transform can be also be viewed as an isometric1 one-to-one

mapping from L2 [0, L] on to 12 [z]. Here 12 [z} denotes the space of square in-

tegrable sequences indexed on Z, where Z is the set of all integers in [oo ,co].

Note that this definition encompasses all positive and negative integers while

the usual definition of 12 includes the positive integers only. In this con-

text the function being transformed f(x) is an element in L2 [0, L] while the

Fourier series coefficients Ck are in 12 [z]

Although the Fourier transform has some advantages such as being a

standard of comparison and having the property that derivatives of the ba-

sis also remain in the basis, the L norms (specially for p > 2) are not

well represented by the Fourier coefficients (Young (1980), Chapter 4 has a

complete discussion of this topic). Also, other smoothness measures such

as Holder continuity2 are not well obeyed (Young 1980, Grossman 1988) by

' See Appendix A section A.1
2 See Appendix A section A.2
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this decomposition. In addition, the basic problem in Fourier analysis is

poor localization. Although the Fourier transform of a function, f(w), might

indicate the presence of irregularities in the original function f(x), through

the high frequency content, there is no information as to the spatial local-

ization of the irregularity. A small local change (in space) in f changes all

Fourier coefficients, thus affecting the Fourier series decomposition of the

entire record.

In an effort to localize the information content of the Fourier transform

the windowed Fourier transform is defined. First defined as the Gabor trans-

form (Gabor 1946), this process involves spatiafly windowing the function to

be transformed 1(x), (such as observations of a geophysical process) with a

function g(x) before computing the Fourier transform. The function g(x),

centered at x = 0, has compact support in x and its support is unchanged

during the whole computation. The windowing function g(x) is then trans-

lated to a position x = b to give the (definition of the) windowed Fourier

transform at frequency w0 of a function f(x) e L2(R) as,

F01bf(x) =f
eig(x b)f(x)dx. (5.6)

This can also be written in the form of an inner product as

F0,bf(x) =< f(x),g.,0,b(x) >, (5.7)

where g,0,b(x) = eiwozg(x b) and the Fourier transform of gw0,b(x) is given

as gw0,b(w). The windowing function g(x) can be viewed as a filter process,

and is mostly selected to be an even real function of x with a low frequency

Fourier spectrum. This type of window acts as a low pass filter3 (Mallet

1988). The function would have a band pass nature with the pass band

See Appendix A section A.3
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fig 5.1 A typical window function and its spectra as used in the win-

dowed Fourier transform. (a) A typical window function g(x),

(b) The function g,o(x), (c) The function g20,o(x) (a') The

spectra of g(x) = (w), (b') ( c') 20,0(w)
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frequency interval the same as that of g(x) but centered at ±w0 as seen in

fig. (5.1). It is also seen in fig. 5.1(b') and 5.1(c') that changes in w0 causes

a linear shift of the pass band along the w axis. If the window function g(x)

has a standard deviation of o in the spatial domain and o in the frequency

domain (see appendix A.4, A.5 for definition), using the Parseval's relation

(in the generalized form for two functions) and equation (5.7) we obtain:

F0,bf(x) =f g0,b(x)f(x)dx

I g0,b(w)f(w). (5.8)

This equation shows that the windowed Fourier transform F0,bf(x) de-

scribes f(x) around (x = b) with a standard deviation of a in the spatial

domain, and around (w = w0) with a standard deviation of a, in the fre-

quency domain. This implies that the spatial resolution in the (u', b) phase

space is fixed for a given window type g(x) due to its fixed spatial support

(fig. 5.1.a,b,c) and the frequency resolution in the phase space is fixed by the

fixed support in the frequency domain (fig. 5.1.a',b',c'). This fixed resolution

in the phase space dictates the minimum sampling rate in an implementation

of the discrete windowed Fourier transform. The minimum sampling rate is

sometimes cafled the Nyquist frequency and determines the minimum trans-

lation distance of the window b0 and, the minimum increment in w according

to the relation bw = 2ir (Duabechies 1988). The resulting sampling of the

(w, b) phase space is shown in fig. 5.2(a).
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From the preceding discussion we see that the windowed Fourier trans-

form provides the 'localization' in x space. However the fixed phase space

resolution due to the fixed spatial support of the window and the linear shift

in the wo space (fig. 5.2.b) remains a drawback in trying to characterize

micro front type irregularities in observed geophysical data. The linear shift

in the frequency pass band occurs due to the exponential term introduced

by the Fourier transform and also makes the resolution in the w axis of the

phase space constant.

5.2 The Continuous Wavelet Transform Method

The wavelet transform is defined as the decomposition of a signal on a

family of functions (called wavelets due to their 'local' nature) which are the

translates (x - x b) and dilates (x -* x/a) of a single function Ia,b(X).

The function Ia,b(X) is called the basic wavelet and the corresponding family

of wavelets are obtained as Ia,b(x); a, b E R, a 0. In the most general sense

'a,b is defined as,

Ia,b(X)
b)

(5.9)

An example for a wavelet family is the Haar Basis: {l, h, h_k} where

jEN and kE{0,l,2,..2il}forN={0,l,2,..}.Afewelementsofhjk
are shown in fig. (5.3) Here h is given by

(1 0<xh = 1 x 1 (5.10)

0 elsewhere

and hmn = h(2mx ri) (5.11)

The parameters a and bin equation (5.9) may be chosen to vary continuously

on their range R" x R (where V \ {0}) to produce the continuous wavelet
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transform of the function f(x) E L2(R) as,

Wf(a,b) < f,Ia,6() >=fp(a) f(x)
1(X__b)

dx (5.12)

In most cases function p(a) is chosen so that Wf(a, b) is normalized to be

unity, when the function f perfectly matches the wavelet 'a,b within its region

of spatial support. For example in the case of the Haar basis p(a) =

If I satisfies the 'admissibility condition' (Daubechies 1988, Grossman et.al

1985, and Mallet 1988) given by

jIi(w)I2
<+00 (5.13)

K
0

then W is ( as defined by 5.12 ) an isometry (up to a constant) from L2(R)

onto L2(* x R) (See v1allet 1988 and Daubechies 1988), i.e. it maps the

function from 1-D space to 2-D phase space where the x-axis is b and the

y-axis is (a). The constant K will be used in the formulation of the inverse

wavelet transform. The Fourier transform of 1(x), defined as 1(w) is obtained

as,

1
fI(x)e_idx. (5.14)

The 'admissibility condition' implies that I has mean zero, i.e f I(x)dx =

o (or 1(0) = 0) and that I(w) is small in the neighborhood of w = 0. The

decay requirements of I are called one of 'compact support' in x. The form

of equation (5.12) is that of a convolution of f and I. Hence the wavelet

transform at point [b] and dilation [a] can be viewed as filtering f with a band

pass filter I. This band pass filter is different from the traditional high-pass

or low-pass types where the weights for a group of frequencies are unity and

the rest of the frequencies are weighted to be zero to define a pass band.
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In this description of the wavelet band-pass filter the weights assigned to

the filter are determined by the shape of the wavelet and correspond to the

Fourier transform of the wavelet itself.

Since the Fourier transform of the dilated function I() is given by

(transform of scaled function) aI(a . w), the convolution of I and f more

specifically correspond to band-pass filtering of f with frequency band of

constant width on a logarithmic frequency scale (fig. 5.4). As shown in

Mallet (1988) the resolution of the wavelet transform varies with the scale

parameter.

If o and o are the respective standard deviations of the wavelet 1(x)

in the spatial4 and frequency domains5, Mallet (1988) shows that the wavelet

I(--) has energy concentrated around (w, b) with standard deviation ao

in the spatial domain and standard deviation in the spectral domain.

This shows that, depending on the dilation parameter a the shape of the

resolution cell varies on the phase plot as shown in fig. 5.5 (b). This in turn

shows that when the wavelet is dilated the spatial resolution is coarse and the

frequency resolution is fine and when the wavelet function is concentrated

(i.e a is small) in space, the frequency domain resolution is coarse. This

is the main feature of the wavelet technique that allows it to zoom in and

characterize local irregularities. If a local irregularity such as a sharp edge

is considered it has small spatial support and large frequency support. This

type of cell (in the phase space of frequency vs. space) is well resolved in the

wavelet phase plane. However as shown in fig. 5.2 (a) the windowed Fourier

transform maintains its resolution cell size in (w, b) phase space and thus is

unable to adjust the shape of the phase space cell to act in the same manner.

4 .See Appendix A section A.4

See Appendix A section A.5
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5.3 The discrete wavelet transform

In applications of signal analysis ( analysis of observed data) the di-

lation and translation parameters, (a, b) may have to be chosen to be in a

discrete lattice due to the finite rate sampling of data. This discrete form of

the wavelet transform should be a complete representation of the data. For

example if the translation parameter is chosen to be large, certain observa-

tions may be skipped over and will not enter into the computation. This

would result in an incomplete representation as these skipped observations

could assume arbitrary values without affecting the wavelet transform. In

order to build a complete representation one must sample the phase space

with adequate resolution (Mallet 1988) to maintain the isometry property

of the wavelet transform. As shown in fig. 5.5(a) the adequate sampling of

the phase space entails complete coverage of the phase space by the chosen

set of translations and dilations. In the case where one chooses ao > 1 and

0 the family of wavelets of interest become, for m, n E Z,

Im,n() = hI(a[mx rib0) (5.16)

where the choice of a = aom and b = nboaom has been used for the dilations

ant translations. The discrete wavelet transform associated with the discrete

wavelet family map functions f E L2(R) into 12(12). and is defined by

Wdf(m,n) =< f,Im,>. (5.17)

This could also be written as

Wdf(m, n) =f f(x) I(ao_mx ribo) dx (5.18)
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In order to reconstruct a function from its discrete wavelet transform (similar

to the process of computing the inverse Fourier transform) the Wd operator

must be invertible on its range and must have a bounded inverse. Daubechies

(1988) shows that if there exists an inverse then the set {hmn; m, n E z} is a

frame6. The inverse transform can be defined for a tight wavelet frame as

f(x) = K Wdf (rn, n)h(aomx - nbo) (5.19)

Here K is a constant scale factor as defined in (5.13).

The set of dilations [mao] and translations [nbo] used in the construction

of a wavelet frame can be highly redundant. The minimum set of [mao, nbo]

required to have an invertible wavelet transform was shown in fig. (5.5.a).

The dilations and translations can independently be over-sampled (i.e, cer-

tain data points influence more than one coefficient of the wavelet trans

form) an results in phase plots as shown in fig. (5.6). When the frame is

redundant the wavelet coefficients in a neighborhood are correlated to each

other. The degree of redundancy is proportional to the correlation distance

of the coefficients. If the region of influence of the coefficients (as shown in

fig. 5.6) do not overlap the coefficients are uncorrelated and the transform is

orthogonal. 'When [ao, b0] are chosen close to [1,01 respectively the resulting

frame is very redundant and close to the continuous family of wavelets. The

phase space created by a Fourier transform (where each observation influ-

ences all the coefficients) would contain a vertically aligned set of points each

influenced by horizontal bands of constant width. Duabechies (1988) shows

that over-sampling of the phase space helps in the reduction of coinputa-

tional noise in the computation of an inverse wavelet transform (also called

image reconstruction in some applications).

6 See Appendix A section A.6
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5.4 Special Formulations of the wavelet transform method

The wavelet transform method as described in sections 5.2 and 5.3

(above) can be extended using special formulations to better suit turbu-

lence time series analysis. These formulations will enable us to link spectra,

autocorrelation function and structure functions to wavelet transforms and

show that the wavelet transform encompasses all these forms of analysis. It

also shows that the other analysis techniques are sub classes of the wavelet

transform. The formulations can be broadly classified as

(a) Selection of different wavelets.

(b) Selection of special translation and dilation parameters.

(c) Further transformations of the wavelet phase plane.

5.4.1 Selection of different wavelets

The wavelet transform method was shown to have the characteristics

of a band-pass filter where the filter weights are determined by the Fourier

transform of the wavelet. The choice of the wavelet will thus affect the

attributes of the wavelet phase plane. While certain wavelet would yield a

bounded domain for the phase plane ( and hence a tight frame) others will

have an infinite domain, all for the same data set. Here we will describe 4

wavelets, and their special properties. These are:

i. The trigonometric wavelet: This wavelet (fig. 5.7.a) when extended

periodically, gives the global basis set used by the Fourier transform

and the windowed Fourier transform. It also admits all derivatives.

However this implies that the wavelet is very smooth and may not be

an efficient wavelet for the transformation of turbulence data.

ii. The ramp wavelet: This wavelet is as shown in fig. 5.7(b) and has been

chosen because of its likeness to observed turbulence phenomena such

as thermals influenced by wind shear (see Introduction and references
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therein). With a mean shear, a strong, gradient develops on the con-

vergent upstream side of the draft with diffuse gradients occupying the

other areas of it.

iii. The step (Haar) wavelet: This wavelet is as shown in fig. 5.7(c) and

has been chosen because of its wide spread use in edge detection type

situations (Marr and Hildreth 1980, Grossman and Morlet 1984). It

is also thought to have special relevance in geophysical data analysis

where the edges of coherent structures are being sought. The wavelet

transform formulated with this wavelet will be used extensively in the

following chapters.

iv. The two-unit-impulse wavelet: This wavelet is as shown in fig. 5.7(d)

and has been chosen because of its transforms similarity to the math-

ematical operation done in the computation of moments such as the

autocorrelation function and the structure function. These be discussed

in more detail as further transformations of wavelet phase space.

5.4.2 Selection of special translation and dilation parameters

As discussed in section 5.3, the selection of the translation and dilation

parameters play an important role in (i) the stability of the wavelet coef-

ficients, (ii) the formulation of a tight frame and, (iii) the invertibility of

the phase space. In practice it is not always possible to obtain a TIGHT7

frame in a finite number of translations and dilations (Daubechies 1989).

The wavelets cannot be chosen so as to have a tight frame for all types of

data. For example, while a top hat wavelet provides a tight frame for a

data set containing a single top hat, it will oniy be a sung frame if the data

contained a single sin pulse.

See Appendix A section A.7
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Daubechies (1989) explains that when a suitable wavelet has been chosen

from considerations such as the nature of the expected coherent structures,

the resulting frame might be a SNUG8 frame. In this type of frame the

inversion of the tnmcated finite sized phase space results in a reconstruction

of the original function to within finite error.

Monet in his early papers (1982, 1985) observed that a reduction in corn-

putational noise and an increase in reconstruction accuracy occurs when the

phase space is over sampled (i.e. over-lapping non-orthogonal transformation

as shown in fig.5.6) in the discretization process. Daubechies(1989) shows

that a doubling of the sampling rate i.e smaller wo and smaller b, results in

a near doubling of the accuracy of the representation in phase space. We

also show that the choice of certain parameters for translation and dilation

combined with special wavelets produce statistics (and decompositions) such

as spectra, lagged autocorrelations and higher moments. A few examples are

given below:

(a) Fourier coefficients: The Fourier transform uses as the basis set.

Hence, let the wavelet be defined as

h(x) = sin
(2(x - b)

(5.20)a)
where the dilations are represented by a and the translation is defined

by b. Now select the special translation parameters as b mb0,m =

1,2, 3... and b0 = a/4. With this special formulation the Fourier series

coefficients are obtained as,

am = Wdf(m, ni) Wdf(m, n2) (5.21.a)

tion A.8
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wheren1 = 1+4ri and 2 = 3+4n.

bm = Wdf(rn, ni) Wdf(m, 722) (5.21.b)

where n3 = 2 + 4 72 and 724 = 4 + 4 n.

n = 0,1,2,3,4....

Wd is the wavelet coefficient computed by the discrete wavelet transform

of 1(x). The special choice of b0 = a/4 is selected to get the phase

translation required in a Fourier decomposition. Once the Fourier series

coefficients are know the spectrum can be obtained. Phase information

can be extracted from the wavelet phase plane for the special formulation

discussed above. In the case of the sinusoidal wavelet the phase angle

at frequency in is 4 = tan'(am/bm). In other wavelets where a phase

shift of the wavelet defines another member of the basis (for example

the Radmacher basis or Haar basis) similar information can be obtained.

Mallet (1989) shows that phase information can be computed for these

cases if the wavelet is defined as a complex valued function. It should

however be noted that phase information is related to the shape of the

wavelet function. In general a phase angle of r should be defined as a

half width of the wavelet. Many admissible wavelets could exist where

such a definition of phase is meaningless due the wavelet being non

symmetric.

(b) Autocorrelation function: The Autocorrelation function of f(x), a

record of length L,is defined as

R(r) = 1/L f (f(x + r) Tf(x)). (5.22)

If the special wavelet shown in fig. 5.7(d) is used for the wavelet transfor-

mation with the translation selected to be to every point in the record,
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the resulting wavelet coefficient Wd, at a dilation of r at spatial location

x in the phase plane, produces the difference in f over the dilation dis-

tance. Hence, the average of the wavelet coefficients for a given dilation

r corresponds to the autocorrelation function at separation r. As dis-

cussed in chapter 3 the autocorrelation function and the spectrum form

a transform pair and once either of them have been computed the other

can be obtained.

5.4.3 Further transformations of the wavelet phase plane

A disadvantage of the wavelet transform method is the excessive amount

of information that is contained in the wavelet phase plane coefficients. Hence

it is useful to investigate possible transformations to the wavelet phase plane

to collapse the information into more manageable statistics. The compu-

tation of variance and other moments of the wavelet coefficients for fixed

spatial regions or fixed dilations can provide useful insight into the predom-

inant scales of the coherent structures in the analyzed field in a localized

region of localized frequency band. The process of further transforming the

wavelet phase plane does lead to loss of some information. While the data

and the wavelet phase plane are uniquely related (i.e. the phase plane can

be inverted to produce the data) transformed phase plane statistics such as

autocorrelations, spectra, structure functions etc., are non unique. However

the information that these provide can be much more useful in understanding

the underlying generating processes of the data.

The two special formulations described in section 5.4.2 are both trans-

formations to the wavelet phase plane. They transform the 2-dimensional

phase plane into 1-dimensional maps. The structure function of f(x), a

record of length L,is defined as



D2(r) = 1/U (f(x + r) f(x))2dx. (5.23)

If the special wavelet shown in fig. 5.7(d) is used for the wavelet transfor-

mation and the sum of the square of the coefficients Wd, corresponding to a

given dilation are computed the structure function at that dilation distance is

obtained. Higher powers of Wd summed give corresponding higher moment.

In general, the wavelet variance defined as

1
W2(n) = >{Wdf(m,

)]2 (5.24)
m

can be computed and will provide information along the dilation axis. The

structure function described above is exactly the wavelet variance with the

special wavelet in fig (5.7.d). The wavelet variance will be used as the main

analysis tool in the data analysis later in this thesis. The behavior of the

variance for special wavelet and for certain types of data will be presented

in the next chapter.
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6. THEORETICAL STUDY OF SIMULATED DATA USING

SPECTRA AND WAVELET TRANSFORMS

In this chapter, we will apply the wavelet transforms presented in chap-

ter 5 to simulated data sets and study the behavior of the transforms. Our

main goal is to test the ability of these transforms to identify characteristics

of the coherent structures in the record. Once the characteristic behavior of

the various transformations are known, we will apply the transformations to

observed data and try to predict the underlying generating process, in later

chapters.

The artificial record investigated here consists of localized events (such

as top-hat functions) placed randomly in a record (see figure 6.1). These

will be referred to as the building blocks of the record. The events are

selected to be of width 7 and placed a distance of [T + (} apart. T0 is

fixed while ( is a random number having a characteristic function of x(w).

For certain simulations, random noise i7(t) is also added to the record. The

random displacement of events and the random additive noise ij(t) are

considered to be uncorrelated. The parameters r,T0, , ri are independently

varied to obtain different simulations. For most simulations the events are

chosen to be top-hats. This is motivated by observations of top-hat like

plumes or thermals (see Introduction for a comprehensive list). For some

simulations ramp function events have been chosen to better emulate the

observed structures in the presence of significant shear. For completeness sin

building blocks will also be used in some simulations as a representation for

smooth events.
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6.1 Detailed description of the simulated data sets

A simulated record f(t) is constructed as follows (fig 6.1):

(i) Localized events such as top-hats are added to a blank field. At this

stage the record is a linear combination of local building blocks.

(ii) The location of the k th top-hat in the record, is given by (kT0 + k).

Its magnitude is Ck. The equation of the k th top hat can be obtained

by translation of the top hat function h(t) from t = 0 to t = kT0 + ç'.

Thus the equation of the k th top hat is Ckh(t kT0 (k). Here, ç is

called the random displacement of the kth event from location kT0.

(iii) At each instant an uncorrelated noise of i7(t) is added.

(iv) To understand the meaning of the Fourier and wavelet transforms dif-

ferent analytical records are systematically generated. The parameter

T0 (referred to as the spacing scale or spacing size) can be changed for

a given T ( the event scale or event size). In a given simulation and 77

can be chosen to be on or off and their distributions can be changed.

Using the above mentioned properties the expression for the artificial record

consisting of n + 1 events can be written as

f(t) = Ckh(t kT0 Ck)+77(t). (6.1)

When the amplitude of events Ck is constant and the random displacement

C, random noise i are set to zero the resulting record will be periodic with

period T0. Additionally when T0 = 2i- the record is completely described

by a single scale (i.e. spacing and event width are same) periodic square

pulse train. For the record to be composed of events, T0 > r is a necessary

condition.
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fig 6.1 Artificial record of randomly placed top-hats. The random

displacement from periodic midpoints is ç and the periodic

spacing is T0.
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6.2 Properties of the spectra of simulated data

The linearity and translation properties of the Fourier Transform can

be used in the computation of the spectra of the simulated data 1(t). If

A(t) A(w) and B(t) B(w) are Fourier transform pairs, then,

Linearity A(t) + B(t) A(w) + B(w).

Translation A(t + 'r) A(w).

Using the definition of the Fourier transform (Chapter 3 equation 3.2), we

can obtain an expression for the Fourier transform of f(t) as,

f(w) =ff(t)e_tdt (6.2)

f (E
Ckh(t kT0 (k) + (t)) e_iwtdt. (6.3)

k=O

=_L0
Ckh(t kT0 k)etdt +f?l(t)e_tdt. (6.4)

Since the additive noise , is just a linear addition to the Fourier transform

(form the linearity property) its effect depends solely on the type of noise

and its Fourier transform. Therefore, for simpler bookkeeping, we will tem-

porarily set the additive noise to zero. For simplicity, we will also fix the

amplitude of the pulses at a constant value of unity. Using the linearity

property given above, the Fourier transform of the summation in equation

(6.4) can be written as a sum of the Fourier transforms to give

+00

f(w) =
f

h(t kT0 Ck)etdt. (6.5)

k=O-00

Since the Fourier transform of an event h(t) is given by,

h(w) =fh(t)e_tdt (6.6)
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substituting (6.6) into (6.5) and using the translation properties of Fourier

transforms we obtain,
n

f(w) = (6.7)
k=0

Since h(w) is independent of k, (6.7) becomes
n

f(,) = h(w) j
6(kT0+) (6.8)

kO

For an infinite length record the spectrum is jf(w)J2. The spectrum of

a finite length random function can be computed from its Fourier transform

following the method used in Kharkevich(1960) and Stark and Woods (1986).

If f(w) is the Fourier transform of the random function f(t) then,

f(w)2 = (Jf(t)e_tdt) (Jf(t)e_itdt)
*

= fff(ti)f(t2)*e_u1_t2)dtidt2

where the [*] denotes the complex conjugate. Dividing both sides of the above

equation by the record length T and applying the expectation operator we

obtain,

TT
E [If(w)12] ff R(t1 - t2)euu12)dtidt2

00
T

I Rxx(r)e_T)dr
T

where R1, denotes the autocorrelation of f(i) as defined in chapter 3.

Since the autocorrelation function and the spectrum are a Fourier trans-

form pair, using equation (3.2) to transform the integral and considering the

limiting case of T - oo we obtain the final result as

1
F(w) lim E [jf(w)12] (6.9)T.00 T



where F(w) is the spectrum. The spectrum is a real, non- negative function.

Now, substituting from the expression for f(w) obtained in equation (6.7),
2we can compute f(w) as

If(w)12 = f(w)f(w)*

*

= (h(w) e_(kT0)) (h(w) eiT0+i))

n n

= (h(w)12 >12
k=0 1=0
n fl

= I(h()2 6iwTrj(kl) e_2J (6.10)
k=0 1=0

Substituting (6.10) into (6.9) the spectrum of the function can be obtained

as Kharkevich(1960),

F() = I(h(w)I2 (1_ I(x(w)12 + I(x(w)12 _imT0) (6.11)
m= -_

where the function x(w) is the characteristic distribution function of defined

as,

x(w) = E [(e")] (6.12)

Many steps are needed to proceed from equations (6.9) and (6.10) to (6.11)

including a variable transformation of (m = k 1). The summation term on

the right side of (6.11) can be written as

00 00

eimT0 = 2i-( 6( mwo), (6.13)
172=-CO m=0

where the S(w) denotes the unit impulse function centered at zero and

= 2ir/To is the frequency corresponding to the length scale of the pe-

riodic spacing of events. This series of unit impulse functions in (6.13) is a

discrete line spectrum.
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Discrete function

product

I'll" H L
fig 6.3 Sampling of continuous spectrum by discrete function when

the product of the two are computed.

The spectrum (6.11) contains information on two distinct scales given

by i and T0. The event width scale,r is embedded in h(w) while the spacing

scale T0 is embedded in the discrete summation term. Equation (6.11) can

be split into

(i) a continuous part: +-!(h(w)12 (i - and
00

(ii) discrete part: J(h(w)J2 (J(x(w)12 e_iwmTo).
m -00

The characteristic function x(w) of the distribution of the random dis-

placement ( affects the amplitude of both the continuous and the discrete

part. If the random displacement is zero, corresponding to purely periodic

events, then (c)j2 = 1 and the spectrum of F(w) is purely discrete. With

nonzero random displacement Ix(w)12 becomes smaller than unity and part of

the spectrum F(w) becomes continuous. Since geophysical and most other

real time series are never purely periodic, actual spectra always contain a



continuous part. Most characteristic functions never reach zero, and hence

F(w) always contains a discrete part.

(i) The continuous portion is a product of two functions:

i.(a) The continuous function h(w)12, is the spectrum of a single event

and is shown in fig (6.2) for a single top-hat event. This spec-

trum has zero amplitudes at frequency intervals of , which is the

frequency corresponding to the event width.

i.(b) The function 1 x(w)2 acts to scale the amplitude of the spec-

trum of a single event described in (a) above. Here x(w) is the

characteristic function of the random displacement C. For most sit-

uations, where the random displacement is small when compared

to the event width, this scaling function is small compared to unity

thus making the continuous part small.

(ii) The discrete portion is a product of three functions:

ii.(a) The spectrum of a single pulse h(w)12.

ii.(b) The square of the characteristic function, x(w)12, which decreases

to less than unity for increasing random displacement and results

in a smaller contribution by the discrete part of the spectrum F(w).

ii.(c) The discrete function which 'samples' the continu-

ous functions at discrete points spaced at the multiple of the fun-

damental frequency 2,r/To. Fig (6.3) shows this 'sampling effect'

graphically.
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Therefore the discrete portion of the spectrum is the scaled and dis-

cretized (sampled) spectrum of a single pulse. Since the spectrum of a single

pulse is large at low frequencies and decreases to zero at the frequency 2ir/r,

the first sample due to discretization which is at wo = 2ir/To will be the

largest. Thus the peak in the discrete spectrum will occur at w0 which cor-

responds to the spacing of events. Therefore the spectral peak emphasizes

the event spacing and not the event size.

Consequently for the purely periodic case , = 0, and the continuous

part vanishes and discrete line spectrum becomes the spectra of a single event

sampled at frequency multiples of the fundamental spacing frequency. Fig

(6.4.a) shows the discrete spectrum for a top hat event simulation. It should

be noted that although the spectrum for this case is discrete, the convention

in the literatuie has been to draw a continuous line through the discrete

points.

For the case of significant random displacement, 0, and the continu-

ous part becomes important. This spectrum is determined by the spectrum

of a single event. For the case of a top hat, the spectrum will have zero am-

plitude at frequency multiples of the event size w = Since the continuous

part has a zero at and the discrete part a peak at frequency 2ir/To the

total spectrum will still peak at frequency of 2ir/To. However the continuous

contribution will broaden the peak of the total spectrum due to the large

low frequency contribution. The frequency will be a zero in the total

spectrum. Fig. (6.4.b) shows a typical spectrum for this type of simulation.

As shown if fig (6.5) the location of the zero in the continuous spectrum will

depend on the building block being used in the record. This poses a problem

in the use of spectral methods in the detection of the event widths as the

event shape is unknown for all observed data. Furthermore the common
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fig 6.5 Spectra of 'events' (a) Event: top-hat, spectral minima: r (b)

Event: sine pulse , spectral minima: 1.5r (c) Event: ramp,

spectral minima: Zr
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practice is to infer the width of the main structures from the peak in the

spectrum.

Finally for the case when the random white noise ij(t) 0, the effect

is to add a constant value to the whole spectrum. This will not change the

location of the peaks in the spectrum though it converts the zero's of the

spectrum to relative minima and will hamper the ability to define the event

width scale.

In conclusion, the spectral analysis of the above simulated data mdi-

cates that the spectra identifies the spacing scale of events in the form of a

peak in the spectrum. While this 'spacing peak' is the strongest one lesser

peaks occur associated with the modulation role of the spectrum of a single

event of the record building block, which is a periodic decaying function.

The relative minima in the spectrum roughly corresponds to the event width

of the building blocks depending on the type of building block. However in

the presence of random noise these relative minima do not stand out in the

spectrum and is hard to detect for observed data. The random displace-

ment of the events cause a smoothing and broadening of the spectral peak

corresponding to the event spacing.
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6.3 The wavelet transform of simulated data

In this section we will apply the wavelet transform method developed

in Chapter 5 to the simulated data sets. The wavelet transform allows for

the choice of the basis (or indicator) function Ia,b(t) such that the desired

features of the record can be emphasized. Since the Fourier basis functions

are smooth we anticipate that the wavelet transform may be most useful

as complementary to the Fourier spectrum for the detection of sharp edges.

Indeed this is compatible with the physical goal of identifying microfronts in

turbulent flows, as discussed in the introduction.

as

As shown in (5.12) the wavelet transform Wd of function f(t) is defined

00It
VVd(a, b) j f(t)Ia,b(t)dt (6.12)

where [a, b] are the translation and dilation as discussed in section (5.2). This

study evaluates the performance of the step function (Haar function)

1-i, ifba/2<t<b;
Ia,b(t) = +1, if b <t < b + a/2. (6.13)

for detecting the predominant scales associated with sharp gradients. A full

wave of a sine is also used as an indicator function in some simulations for

the purpose of comparison with spectra. Since 'a,b has compact support in

1, the limits of the integral in (12) can now be changed to [b a/2, b + a/2]

to give
b+a/2

T'Vd(a, ii) =
f

f(t)Ia,b(t)dt. (6.14)

ba/2
For the artificial record of a linear combination of top-hat functions (6.1),

equation (6.14) can be written as,
b+a/2

1 i
Wd(a, b) =

J
h(i kT0 (k)Ia,b(t)dt. (6.15)

ba/2 k=O
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fig 6.6 Record containing a single pulse of T width and step weighting

function as used in equations (6.16-6.22)

For a single top-hat of width r (figure 6.6) the wavelet transform at some

translation b = x, and dilation a is can be written as,
x+a/2

Wd(a, x) 1/a f h(t)Ia,x(t)dt (6.16)

xa/2
Since h(t) is symmetric [h(t) = h(t)] and, for the Haar basis 1(t) is skew

symmetric [1(t) = I(t)], the wavelet transform is skew symmetric. Hence

computation of the transform for x < 0 is sufficient. If the half-width of

the wavelet basis function ia,b(t) is larger than the width of the top-hat

(a/2 T), equation (6.16) for x <0 becomes,
(0;

W(ax") (++x); -(+) x
d , j _( ) <X <Ia' 2 2

I.. (-2x); X

For the case where the half-width of the wavelet b

(a I T
' 2

-c,i ) (6.17)

asis is smaller than the

width of the top hat, (a/2 < r), the wavelet transform for x < 0 becomes,

-( ± + x); -( + ) x
(6.18)- a\2 2Wd(a,x)

{

0; x< -(+)
(x); -(i) <x< -(-)

-(. ) <x < 0
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fig 6.7 Wavelet transform of single top hat record for

(a) a/2> r (b) a/2 r
(c) r/2 <a/2 < r and (d)a/2 < r/2
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The wavelet transform (for a few dilations) is shown in figure (6.7) as a

function of the translation. It is seen that the wavelet transform for basis

width less than the width of the event (fig 6.7.d), isolates the edges of the

event. When the basis width increases beyond the event width (fig 6.7.a),

the response is smoothed, but still peaks at the event width. It should also

be noted that the transform separates the positive as well as the negative

edges of the events as positive and negative peaks. As discussed in the

previous chapter the wavelet transform is a mapping from 1- dimensional

space ( space or time) into a 2-dimensional space (translation and dilation),

and hence provides a large amount of localized information. However this

large information content turns out to be a disadvantage for the purpose of

identifying the statistical event width of the record.

We therefore compute the wavelet variance for the record as defined in

Section (5.4) as

or, in discrete form,

W2(a) =

/
[Wd(a, x)]2dx (6.19)

W2(a) = >{Wd(a,x)12 (6.20)

where N is the number of points in the record at which the wavelet coeffi-

cients were computed at dilation a. In general, N is a function of a, as the

translation (b) is determined by the dilation (a).

in order to determine if the wavelet variance can determine the width

of the events, we find the value of [a} for which the wavelet variance is a

maximum, i.e., find [a] such that,

1W2(a)) =0. (6.21)
da '
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For the wavelet coefficients obtained from equation (6.16), using equation

(6.19), we obtain an expression for W2(a) as,

' TI
W2(a) - j 3{1 1); (U r

(6.22)) r a _r1 T'3
I,. i ); (U i-

Applying (6.21) to (6.22) we obtain the dilation corresponding to the maxi-

mum in the wavelet variance as a/2 = r. Fig. (6.8.a) shows a plot of W2(a)

vs. {a/r] for the case of a single top-hat given above. The non zero values of

variance at dilations other than the event width is due to leakage caused by

the non orthogonal decomposition by the basis and phase errors. Therefore,

for this test case, the wavelet variance maxima identifies the event width, as

defined by the width of the top-hat.

The same analysis can be carried out for a record with a single sine pulse.

Applying (6.21) the dilation corresponding to the peak wavelet variance for

a step wavelet transform of a sine pulse is given by the solution (fig 6.8.b) to

a a acos(ir) + 2'rsirie(r--) 1 (6.23)
T T T

where, T is the wavelength of the sine pulse and a is the dilation of the step

wavelet. The peak in the wavelet spectrum obtained from equation (6.23) is

about 80% of the width of the sine pulse, because the coherent event scale

as determined by the step wavelet transform is smaller than the sine pulse

width. This analysis can be further extended to include the sine function

instead of the step function as the wavelet basis. Fig. (6.8.c) arid (6.8.d) show

the wavelet variance for the top hat record and sine pulse record computed

using the sine indicator function. Fig. (6.8.a) and (6.8.c) show that the

dilation corresponding to the peak wavelet variance coincides with the event

width, when the data record is a single square pulse, for both step function

and sine function wavelets. The peak value of the wavelet variance using the



sine wavelet is less than that using the Haar wavelet, for the record of top hat

building blocks, since the shape of the basis set is less similar to the event

shape. The wavelet variance peak is also broader than the Haar wavelet

variance due to the same reason. Therefore the corresponding wavelet frame

will be larger than that of a step basis. As discussed earlier a smaller wavelet

frame (in the case of the Fourier transform this implies a faster decay rate

for the magnitude of the coefficients) is always more efficient.

When the data is a sine pulse the location of the maximum wavelet van-

ance is shifted to smaller dilat ions even when the wavelet is a sine function.

The variance at the peak dilation is largest in the top hat record (fig. 6.8.a)

where the record has the sharpest gradient. The rate of decay of the wavelet

variance is steepest when the wavelet basis is similar to the building block

used in the record. This will be discussed in more detail in section (6.5)

where the inverse wavelet transform of a pulse is presented.
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The above analysis can be extended to simulations of data where more

than one event is placed in a record, such as described by the function (6.1).

Here again for simplicity we will consider cases where the amplitude of the

event is constant throughout the record. Fig.(6.9) shows a wavelet variance

plot where the events are top-hats (top), sine pulses (middle) and ramps

(bottom) for cases with zero random displacement {( = 0], event width of

50 points and spacing of events (T0) between 200 to 350 points. Regardless

of spacing, the wavelet variance indicates a peak at the approximate event

width, although in the case of ramp events, the peak slightly under estimates

the event size defined as the sloped part of the ramp. The location of the

peak in the wavelet variance is unaffected by the spacing of events, as long

as the spacing is larger than the event width. If the spacing is less than the

event width, for this artificial data set, the role of event size and spacing are

reversed. The magnitude of the peak in the wavelet variance decreases with

increasing spacing due to the reduction in the number of events in a fixed

length record.

Random displacement of event location has little effect on the variance

peak (fig. 6.10.a), although it contains more variance at larger scales. When

the width of the events are randomized about a mean width (fig 6.10.b) the

variance peak still corresponds to the mean event width, though the random-

ness broadens the peak in the wavelet variance. Random noise (fig (6.10.c)

which leads to variance on all scales has negligible effect on the maximum

of the wavelet variance, even when the signal to noise ratio is 1 : 10. Thus

randomness of event width and spacing and additive noise all act to broaden

the peak of the wavelet variance, but do not significantly alter the dilation

scale of the peak.



83

6.4 Computation of higher moment statistics of the phase plane.

The second moment of the wavelet phase plane coefficients is defined

(equation 6.19) as a function of the dilation (a) as,

if
W2(a) =

J
[Wj(a, x)}2dx.

b

Similarly, the third moment of the phase plane can be defined as,

1
(a) = -

L
f [Wd(a, x)}3dx.

b

Using the above two definitions, the skewness of the wavelet phase plane for

fixed dilations can be defined as,

f [Wd(a, x)}3dx

1473(a)
b (6.23)

[* f {Wd(a, x)]2dx}
b

The skewness provides information that is dependent on the sign of the

coefficient and hence may be used to determine the preferred direction of

the transition zone, or edge, in a record. The skewness, computed for ramp

building block records where the slope of the sharp transition zone has been

varied (fig 6.11), indicates its ability to detect the direction of the sharp

transition and the scale of the transition which occurs at the inflection point

of the skewness plot. The scale of the sharp transition zone is better identified

by the derivative of the skewness (fig 6.11.b). The skewness is sensitive to

added random noise (fig 6.11.c), and reduces its ability to detect the scale of

the sharp transition zone (fig 6.11.d).



5

4

5)

cj2

0

5.)

5)

C.D

sharpest ansition zone

0 50 100 150 200

Dilatinn (

0 50 100 150 200

Dilation (a)

55
5.0

5.0

0

-0
'1,

5)

5)
.) -0.

C
5)

-0.
55

-0.

55
(.0

(.0

5',

5)

5)

C.,

0
a)

(5

I)

0 50 100 150 200

Dilation (a)

0 50 100 150 200

Dilation (a)

fig 6.11 Wavelet skewness for records with periodic ramp events with

no added noise (top) and, with varying amount of added white

noise (bottom).



6.5 The image reconstruction using inverse wavelet transform

The inverse wavelet transform is defined (equation 5.19) as

f(x) = K Wdf(rn, n)h(aomx rib0). (6.24)
In n

Where the constant K is given by

I
=7

I(w)I
dw (6.25)

0

and m, n = 1 .....

The wavelet coefficients obtained for the single top-hat shown in fig (6.6)

can be used to reconstruct the top-hat using the inverse wavelet transform

defined above. The accuracy of reconstruction of the image will depend on

the snugness of the wavelet phase plane as discussed in chapter 5. Recall

that if bounds on m and ri can be found, such that the wavelet transform

coefficients vanish for all m, ii larger than the bounds, then the phase plane

is tight and precisely invertible. If the coefficients do not vanish, but remain

arbitrarily small, then the phase plane is snug and is invertible with small

error. If the resulting tight or sung frame is small, i.e. the number of elements

in the bounded set of in, ri is small, then the transform is efficient.

For the single top-hat record, a tight frame would include all dilations

with non zero wavelet variance (fig. 6.8). Since the rate of decay of the

variance for the step indicator function is faster than that of the sine indicator

function for the top hat record, the error of the reconstructed image for a

fixed frame size (i.e., fixed upper bounds of m, ri) is smaller for the step basis.

Fig (6.12) shows the original top-hat record and the reconstructed record

for a special frame. The boundaries of this frame have been chosen to include

only the dilation corresponding to the maxima in the wavelet variance peak



and all possible translations (maximum over sampling of the translations).

This reconstruction shows that the width of the event is correctly recon-

structed though the sharp edges are poorly captured. If a series of events

with different amplitudes of top-hats with the same width are used as the

record, the reconstructed image would capture the width of events as well as

the amplitude of the individual events. In other tests on artificial data made

of two sine modes (not shown here) the inverse transform successfully isolates

each mode when the inverse was computed at the dilation corresponding to

the wavelength of each mode. Also, where the data consists of a packet of

localized waves, the inverse transform accurately reconstructs the data. This

is due to the local nature of the wavelet transform. As an analogy, if this

exercise were performed with Fourier spectra, the reconstructed image would

be a single sine or cosine mode with a fixed amplitude and 'spacing' for the

entire record.

Hence it is seen that the wavelet inverse transform computed at the

dilation corresponding to the peak of the wavelet variance reconstructs an

image with accurate representation of event width and event amplitude. The

addition of few more dilations to this special frame, reduces the side lobes

of the reconstruction (similar to Gibbs phenomenon) of the top hat and

provides a modest improvement in the edge representation.

6.6 Summary of results from simulated data analysis.

Simulated data sets constructed from 'events' placed in a record were

analyzed using the Fourier transforms and wavelet transforms. The Fourier

spectrum detects the event periodicity of the records in the form of a variance

(or energy) peak. The event width may be a relative minima in the spectra

depending on the event shape and the randomness of the spacing.
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For example, in the case of top-hat events, the spectral minima occurs at

the width of the top-hat while for ramp events, the minima occurs at twice

the ramp width. The spectral shape is also dependent on the signal to noise

ratio.

The wavelet variance computed from the wavelet transform for a step

basis function detects the approximate event width for all simulations con-

sidered here. The wavelet variance is relatively unaffected by the noise due

to the band-pass nature of the transform. Addition of random components

to the spacing and event width broadens the peak with no significant change

of dilation scale corresponding to the energy peak. Higher moment statistics

of the wavelet phase plane such as wavelet skewness provide information on

the predominant direction of the sharp transition zone and provide approx-

imate estimates on the size of the transition zone. However, the sensitivity

of the wavelet skewness to noise makes the identification of sharp transition

scales difficult.

The combined spectral and wavelet analyses of data is able to provide

information on event width and in the case of periodic events the spacing.

This information can now be used in the analysis of observed data. The

inverse wavelet transform will be used to reconstruct an image of the original

record with emphasis on the predominant scale associated with the wavelet

variance peak. The inverse transform then functions as a band pass filter to

extract events that are local in space.



7. ANALYSIS OF OBSERVED TURBULENCE

Microfronts or concentrated zones of horizontal gradients of velocity and

temperature, are often located at the upstream edges of updra.fts in the pres-

ence of mean shear (Kaimal and Businger 1970, Schols 1984, Bergstrom and

Hogstrom 1989 and others). With mean shear, rising elements are charac-

terized by weaker horizontal momentum leading to horizontal convergence

and formation of sharp gradients at the upstream edges of the updrafts. Mi-

crofronts and associated coherent structures, are frequently viewed as ramp

patterns (Antonia and Atkinson 1976; Antonia et al. 1979, Schols 1984,

Mahrt 1989 and others) or asymmetric top-hats (Mahrt 1989, Mahrt 1985;

Kikuchi and Chiba 1985). These zones of concentrated shear are posed as

vortex sheets in Corrsin (1962), as stretched vortices with concentrated shear

zones as thin as the Kolmogorov microscale in Tennekes (1968), and as re-

gions of convergence associated with vortex stretching due to vertical accel-

eration of thermals in Kaimal and Businger (1970).

In laboratory studies, similar zones of concentrated shear or temperature

gradients have been related to edges of large eddies associated with up lifting

of near surface fluid of weak momentum and sometimes have been referred

to as bursting events (Willmarth 1975; Brown and Thomas 1977, Chen and

Blackwelder 1978, Gibson et al. 1968, Subramanian et al. 1982, see Mahrt

1989 for a brief survey of additional studies). These sharp edges apparently

have a role in the cascade of energy from the eddy scales to smaller dissipation

scales. In addition they play an important role in the enhancement of mixing

and turbulent transport as noted in Schols(1984), Kikuchi and Chiba (1985)

and Chen and Blackwelder (1978). This chapter reports on attempts to

isolate these coherent structures with the use of localized statistics and study



their characteristics under different stability conditions.

Toward this goal, we analyze atmospheric turbulence data from three

different boundary layer field experiments. The wavelet transform statistics

will be used to provide estimates of the scale and asymmetry of the main co-

herent structures and associated microfronts, while the global spectral statis-

tics will be used to estimate the spatial periodicity of such structures which

includes the spacing between events.

7.1 Description of the data

We will analyze data from two types of experiments, (a) aircraft based

measurements and (b) tower measurements. The aircraft speed is much faster

than the measured velocities of turbulence allowing for the assumption of

'frozen' turbulence. However, the tower measurements are to be interpreted

only as time based records. This is due to the possibility of significant flow

evolution while passing the instrumented tower. This phenomena especially

affects the larger scale motions such as boundary layer scale eddies. Advan-

tages of tower based measurements include immunity from contamination

due to movement of the sensors (which occur during aircraft turns) and the

possibility of very long continuous high resolution samples.

The primary aircraft data set being analysed is from the fast response

instrumentation on the NCAR Queen Air research aircraft used in the ob-

servation of sheared heated atmospheric boundary layers during the Special

Observation Period (SOP) of the Hydrological and Atmospheric Pilot Ex-

periment (HAPEX).



91

Table 7.1 The aircraft observations used in the anaiysis. The data reso-

lution is 4m and the average air craft speed is SUm/s. H de-

notes the heading of the aircraft and HGM is the height above

ground. U (+ east),V (+ north) are the mean values of the

measured velocities.

Program Leg length H HGM u v
km m rn/s rn/s

SESAME Li 20.48 S 67.75 5.06 -0.79
5/5/79 L2 6.56 S 58.41 2.85 -0.60

L3 11.28 N 54.08 1.27 -1.01
L4 10.08 N 52.92 0.72 0.81
L5 12.88 N 17.66 0.46 -0.62

SESAME Li 14.88 S 19.79 -1.31 3.89
5/6/79 L2 12.03 N 18.71 -1.65 5.08

L3 11.68 N 31.72 0.79 6.25
L4 10.64 N 166.95 3.65 10.17
L5 15.28 5 31.33 2.66 7.65

HAPEX Li 120 W 127.97 -2.64 3.32
5/19/86 L2 124.8 E 124.62 -2.83 2.75

L3 115.2 W 120.53 -2.40 2.33
L4 118.4 E 117.42 -2.31 2.15
L5 118.8 W 117.27 2.18 2.34
L6 80 E 129.55 -2.04 2.43

HAPEX Li 118 W 144.45 -2.99 -1.68
5/25/86 L2 122.4 E 139.54 -2.94 0.33

L3 118.88 W 226.49 -3.43 -0.76
L4 123.2 E 228.56 3.66 -0.84
L5 112.96 W 221.85 -2.97 0.18
L6 124 E 222.62 -3.17 -0.50
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This experiment was conducted in 1986 over nearly flat pine forest in

the Southwest of France (Andre 1988, Pinty et.al 1989, Noilhan and Planton

1989, Mahrt 1989). The aircraft instrumentation is similar to that discussed

in Wyngaard et. al. (1978). The aircraft flew at an average height of 150m

above ground. Occasional forest clearings contribute slightly to the surface

inhomogeneity. The scale of such inhomogeneity is probably comparable to

or smaller than the scale of the main boundary layer eddies and therefore is

expected to be of minimal importance. The forest is mainly of a single species

of pine grown on relatively uniform sandy soil. The data analysed here

consists of two sets of six east-west flight legs (table 7.1), each approximately

120km long, collected on the two fair weather days, 19 and 25 May 1986.

This data is the largest existing sample size of low level aircraft measured

data over relatively homogeneous land. These days were characterized by

significant surface heating and the average wind at 15Dm height was 3-4m/s

from the Southeast.

The second data set was collected during synoptically quiet periods of

the Severe Environmental Storms and Mesoscale Experiment (SESAME)

conducted in 1979 over rolling grassland in Oklahoma. The data from this

experiment include both windy conditions with weak stratification and weak

airflow with strong stratification sampled on 5 and 6 May 1979, respectively.

On each day, five north-south flight legs (table 7.1) were selected. On 5 May

the five legs were collected at the top of a strong inversion layer about 5Dm

deep. On this day intermittent turbulence is driven by modest shear at the

top of the inversion layer while strong stratification prevents the develop-

ment of any significant turbulence within the layer itself. On 6 May, strong

winds of nearly 10-15 rn/s maintain a boundary layer of 30Dm depth despite

strong surface radiative heat losses (Lenschow et. al. 1988).



The aircraft time was converted to distance using a constant aircraft

speed of 80m/s for both SESAME and HAPEX data. Using this constant

value could result in slight over or under estimation of the actual speed of

the aircraft on the order of 10% or less. The data has been collected at

20 samples per second resulting in an approximate interval of 4m between

adjacent samples. Further on site processing of data prior to storage leads

to an effective resolution closer to 8m. Segmentation of flights into legs has

been carried out to avoid regions of sharp turns or aircraft banking.

The tower data is from the Lammefjord experiment (LAMEX) con-

ducted over a 12 month period from June 1987 to May 1988 by the Risø

National Laboratory in Denmark. The site was chosen on the Danish island

of Zealand and is a reclaimed flat-bottomed fjord converted to agricultural

land (mainly root crops). There were no undulations greater than im for at

least 3km upwind of the instruments with the prevailing southwesterly wind

direction for the data analyzed here.

The data was recorded from an array of instruments mounted on 3 sep-

arate masts oriented such that the prevailing winds cut the plane of the mast

array perpendicularly (Fig. 7.1). Both wind speed and wind direction are

measured at 8 different locations using fast responding (8 Hz) cup anemome-

ters and wind vanes. A detailed description of the site and instrumentation

is given in Courtney (1987). In addition, a Kaijo Denki DAT 300 omnidi-

rectional sonic anemometer is located at 45m above ground on top of the

highest mast, providing all 3 components of the velocity. Calibration of the

sonic instrument was performed in wind tunnel experiments prior to instal-

latjori on site (Mortensen et.al. 1987). The sonic data is collected at a rate

of 16 Hz and corrected for instrument response errors as it is collected by a

correcting algorithm based on the measured response characteristic.



For this research we analyze 50 hours of the LAMEX sonic data collected

during a period of relatively strong uniform wind in June 1987. Fig. (7.2)

shows that the mean wind direction was relatively constant during this period

and the horizontal speed at 30m height linearly decreased from about 13 rn/s

to about 9m/s during the 50 hour period.

7.2 The Analysis of data.

The aircraft data has been analysed using spectral statistics and wavelet

transform statistics, as discussed in chapters 5 and 6. The spectra for each

variable for each leg has been computed and the results averaged over legs for

a given day to obtain the composite spectra for a given variable on a given

day. The spectral estimates are computed to a wavenumber corresponding

to about - of the record length to reduce the instability of spectral

estimates. This corresponds to spectral estimates at wavelengthsup to 1.3km

for SESAME and up to 10km for HAPEX.

The wavelet transform of the data can be plotted on a wavelet phase plot

of dilation verses translation as discussed in chapter 5. Fig. (7.3)(top) shows

a iGOOm sub-segment of vertical wind velocity for leg 1 HAPEX 19 May,

with the corresponding Haar wavelet transform for 500m dilation (center)

and the wavelet phase plot(bottom). The contours on the phase plot sug-

gests three (with some subjectivity) three different scales for coherent sharp

horizontal gradients. The smallest or resolved scale (4-12m), corresponds to

fine scale turbulence. The intermediate 50-80m scale probably corresponds

to microfront structure, while the largest coherent spatial scale of 200-250m

corresponds to the coherent eddies. Elongation of the contours in the dila-

tion direction at certain locations in the data (translation axis) correspond

to locations of sharp changes in the velocity.
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In order to reduce the subjectivity and the amount of information con-

tained in the wavelet transform, the wavelet variance and wavelet skewness

are computed. The wavelet variance (chapter 6) provides information on

the scale of the main coherent event (eddy), and wavelet skewness provides

information on the smaller microfront scale, as shown in the previous chap-

ter. The wavelet variance and skewness have been computed using the Haar

function for the wavelet as this analysis attempts to study the characteristics

of eddies from the point of view of spatial coherency of horizontal changes of

velocities. The properties of the wavelet transform using the Haar wavelet

has been presented in the previous chapter. The same type of compositing

as applied to the spectra has been applied to the wavelet variances. The

spectra vs. wavelength and wavelet variance and skewness vs. dilation (hor-

izontal scale) for HAPEX and SESAME data are shown in fig. (7.4-7.13).

In computing the skewness alternating legs are flipped to align the legs with

respect to the mean shear. The special choice of wavelength for the spectral

x-axis facilitates easy comparison between of spectra and wavelet statistics.

To analyze the LAMEX data, we partition the 50 hour sample into

segments of approximately 10 minute duration corresponding to a translation

distance of approximately 6-7km. Fig (7.14-16) shows the 50 hour composite

plots of spectra, wavelet variance and skewness for this data. The wavelet

variance and spectral plots for individual segments are not shown due to the

large number of legs.

The wavelet variances computed for each segment of LAMEX data were

sorted and the dilation corresponding to the maximum wavelet variance ex-

tracted. The bandwidth of dilations at which the variance equals or exceeds

95 % of the maximum variance were also extracted and are summarized in ta-

ble (7.2). Table (7.3) shows the same information for HAPEX and SESAME



data even though there were a smaller number of legs for these experiments.

The width of the region of dilations exceeding the 95% level provides a mea-

sure of the flatness of the wavelet variance peak, or the uncertainty of the

scale of maximum variance (fig 7.17). If the events are very similar to one

another, then the wavelet variance plot is very peaked and the difference be-

tween the two values at which the variance exceeds 95% is small. When the

wavelet plot does not have a well defined peak, the range of scales above 95%

of maximum wavelet variance is large. This information provides a measure

of the similarity of individual events that pass the sensor.

The dilation corresponding to the maximum wavelet variance and the

corresponding wavelet variance are plotted against time in fig (7.18) and the

range of dilations exceeding 95% of maximum variance is plotted in fig (7.19).

Points corresponding to HAPEX and SESAME are also shown on fig (7.20)

and (7.21). These plots indicate the variation of the nature of turbulent air

passing through the tower array with time. The value of the wavelet variance

at the peak dilation is an indication of the number of coherent events of a

given scale occurring in a 10 minute segment. Larger values of maximum

wavelet variance correspond to more frequent and organized structures at

the corresponding scale.
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Table 7.2 Wavelet analysis of LAMEX data: The Haar wavelet variance

of variable w is computed. The dilation corresponding to Max

variance is column (2). Column (3) shows the correlation coef-

ficient between the original data and the inverse wavelet trans-

form at peak variance dilation. Column (4) is the % of variance

explained by the inverse. Column (5) shows the difference in

dilations for 95% of maximum variance.

flME(5o.r.) Mx 48.0O Co8o V.64c. 95%(..Io) TM8(5or4 M 48.164 Cr480.. V.n. OS%(.p.lo
0.77 74 0.64 5.41 34 14.29 112 0.66 0.43 84
0.35 08 0.62 0.38 48 14.47 212 0.62 0.38 140
0.52 184 0.59 0.35 100 14.73 88 0.64 0.41 114
089 158 0.64 0.46 72 14.91 112 0,64 0.41 66
0.87 134 0.63 0.40 tOO 15.08 344 0.63 0.39 264
1.13 74 0.65 0.42 125 15.25 134 0.65 0.43 72
1.31 212 0.64 0.40 140 15.43 112 0.63 0.39 84
1.40 92 0,63 0.40 76 15.60 112 0.62 0,38 90
1.65 112 0.63 0.39 200 15.07 92 0.66 0.43 38
1.83 58 0.61 0.37 30 16.04 74 0.67 0.45 34
2,00 58 0.65 0.42 48 16.21 74 0.61 0.38 54
2.27 92 0.65 0.43 194 16,39 58 0.60 0.36 30
2.44 92 0.65 0.43 76 16.56 92 0.63 0.40 102
2.61 74 0.65 0,42 90 16.73 92 0.65 0.42 68
2.79 74 0,69 0.48 54 17.00 92 0.62 0.39 04
2,96 112 0.62 0.38 92 17.17 92 0,62 0,39 38
3,13 92 0.66 0.44 38 17.35 74 0,67 0.45 76
3.40 74 0.67 0,45 54 17.52 112 0.62 0,38 234
3,57 188 8.66 0,43 100 17.68 112 0.65 0.42 100
3.75 74 0,68 0.46 34 17.87 68 0,67 0.45 90
3.92 74 0,64 0.41 34 18.13 134 0.65 0.42 72
4.00 92 0,66 0.44 36 18.31 92 0.68 0.46 60
4.27 134 0.65 0.43 04 18.48 74 0.64 0.41 34
4.53 184 5,63 0.40 100 18.65 112 0.67 0.45 84
4.71 274 0.61 0.37 96 18.83 74 0.66 0.46 54
4.88 112 0.65 0.42 84 19.00 134 0.63 0.40 168
5.05 92 8.66 0.44 38 19.27 92 0.64 0.41 126
5.23 134 0.65 0.42 72 19.44 44 0.62 0.38 14
6.40 92 0.67 0.40 80 19.61 712 0.86 0.46 60
5.67 74 0.65 0.43 54 99.79 74 0.67 0.45 65
0.84 188 0.63 0.39 348 19.96 74 0.67 0.45 34
6.01 112 0,64 0.44 60 20.13 74 0.65 0.42 54
6.19 134 0,81 0.37 92 20.40 134 0,63 0.35 110
6.36 58 0.67 0.40 30 20.57 112 0.66 0,44 42
6.53 74 0.63 0.40 126 20,75 112 0.66 0,43 84
6.60 242 0.62 0,36 ISO 20.92 92 0.65 0.42 38
8.97 112 0.62 0.36 66 21,09 112 0.69 0.47 100
7,15 92 0.60 5.36 54 21.27 104 0.67 5,45 ISO
7.32 74 0.67 0.40 54 21.53 92 0.62 0.30 154
7,49 112 0,67 0.45 216 21.71 134 0.65 0.42 138
7.67 58 8.60 0.36 102 21.88 92 0.69 0.47 38
7.93 74 0,65 0,42 54 22.05 112 0.66 0.43 86
8.11 212 0.64 0.41 150 22.23 184 0.63 0.40 182
8,28 112 0.63 0.40 00 22.40 74 0.68 0,46 76
8.40 92 0.07 8.45 36 22,57 242 0.66 0.44 124
8.63 112 0,67 0.40 60 22.84 242 0,64 0.41 224
8.80 74 0.09 0.47 34 23.01 158 0.01 0,37 76
9.07 58 8.65 0.43 114 23.19 158 0,64 5.40 50
9.24 74 0.60 0.42 04 23.36 134 0.67 0.45 138
9.41 184 0,67 0.45 108 23,53 74 0.64 0.40 54
9,59 112 8,64 0.41 138 23,60 184 0.66 5,44 100
9.76 74 0.65 0.42 34 23.97 134 0.63 0.40 138
9,93 92 0.59 0.35 114 24.18 212 0,67 0,44 116
10.20 58 0,64 0.40 48 24.32 158 0.61 0.37 150
10.37 158 0.63 0.39 72 24,49 74 0.66 0.44 34
10,55 112 0,64 0.41 66 24,67 134 0,66 0,43 92
10.72 212 0.62 8.38 90 24,93 212 0,65 0.42 162
10,89 74 0.63 0.40 68 25.11 92 0.65 0,42 76
11.07 134 0.66 0,43 66 25.28 58 0,64 0,41 54
11.33 734 0.67 0,44 92 25.40 74 0.63 0.40 100
11.51 92 0,62 8.39 80 25,63 92 0.67 0.46 54
11.68 112 0.60 0.43 60 26.80 82 0,07 0,44 38
11.85 158 0,62 0.38 110 26.07 112 0.66 0,44 66
12.03 158 0.66 0.44 78 26.24 88 0,62 5,39 48
12,20 92 0.67 0.45 38 20,41 92 0.60 0,36 100
12.47 194 0.65 0,42 155 26.59 212 0,60 0.37 168
12,64 92 0,65 0,42 60 26,76 92 0.66 0,44 80
12.81 134 0,68 0,46 120 26,93 134 0,63 0,40 154
12.99 134 0,66 0.43 92 27,20 112 0.66 0,44 60
13.16 184 0.65 0,43 140 27.37 134 0,63 0.40 330
13.33 242 0,63 0.40 186 27,58 134 0.62 0.38 92
13.60 112 0,66 0,44 84 27.72 112 0,84 0.41 66
13,77 112 8.60 0,36 66 27.89 134 0,66 0,43 84
13,95 92 0,67 0,44 60 28,07 274 0.65 0.43 210
14,72 136 0,64 0.47 72 25.33 154 0,63 0.40 130
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Table 7.3 Wavelet analysis of HAPEX and SESAME data: The Haar

wavelet variance of variable w is computed. Th dilation cor-

responding to Max variance is column (2). Column (3) shows

the maximum value of variance. Column (4) shows the differ-

ence in dilations for 95% of maximum variance.

Leg Max dilation Variance 95%(up-low)
1 448 0.206 240
2 448 0.213 336

Hapex 19-May 3 296 0.223 216
4 448 0.228 264
5 368 0.283 152
6 368 0.271 400

Leg Max dilation Variance 95%(up-low)
1 536 0.206 264
2 536 0.207 732

Hapex 25-May 3 632 0.298 520
4 968 0.332 598
5 632 0.310 312
6 632 0.277 520

Leg Max dilation Variance 95%(up-low)
1 968 0.003 364
2 16 0.001 0

Sesame 5-May 3 296 0.004 72
4 536 0.003 264
5 848 0.001 336

Leg Max dilation Variance 95%(up-low)
1 16 0.015 0
2 56 0.042 0

Sesame 6-May 3 56 0.071 0
4 88 0.084 0
5 176 0.087 56
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1 95%

dilation

fig 7.17 Measure of the flatness of the wavelet variance peak is provided

by Sa. When 6a is large the curve is flat.
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7.3 Inference of principle characteristics and scales

To compare spectra and wavelet statistics recall that the scale of maxi-

mum spectral energy is expected to be most well defined with events which

are periodic with a relatively constant wavelength or frequency. The scale

of such periodicity is the distance from the beginning of one event to the

beginning of the next event (denoted by T0 in fig. 5.1). As discussed in

the previous chapters, the peak in the spectrum for almost periodic events

corresponds to the approximate scale of periodicity of the events. However

a peak in the Haar-wavelet variance corresponds to a scale twice the event

width, since it measures the distance over which the change is coherent.

When the events are periodically spaced such that the event width is half

the periodicity (i.e. event width = spacing between events), the peak in

the Haar-wavelet variance and spectra should theoretically coincide. How-

ever since the wavelet variance is (formally) unaffected by the spacing of the

events, due to loss of information of phase of each event in the record, the

spacing, in general, cannot be inferred from the wavelet transform.

The wavelet variance of vertical motion (w) for HAPEX 19 May (fig 7.5)

indicates a well defined peak at 40Dm scale implying an'average' eddy updraft

width of 20Dm. The wavelet variance of temperature (T) shows a peak at

the same scale, although the peak is more diffuse, possibly due to thermal

inhomogeneity of the updrafts. The wavelet skewness for both w and T (fig

7.8) reaches a positive maximum at lOOm apparently responding to sharper

changes at scales smaller than the wavelet variance. While the skewness is

difficult to interpret the lOOm peak is undoubtedly influenced by the smaller

scale microfronts. The positive skewness at small scales suggests a ramp like

w signal, consistent with asymmetric eddies with leading microfront edges

and weaker gradients of opposite sign occurring in the ramp (diffuse wake)
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part of the structure. The small positive gradient at larger scales may be

due to nonlinear wave activity or other unexplained 'noise'.

The variance peak in the v-component of the horizontal velocity (defined

to be normal to the flight path) is probably due to vorticity created by

convergence in the microfront region such as frontogenesis or generation of

due to horizontal convergence. Gradients of longitudinal velocity are

constrained by mass continuity and therefore do not show such peaks.

The spectrum of w and v for 19 May HAPEX (fig 7.4 and 7.5) suggest a

periodicity of 1200m implying that the spacing between the 200m drafts is on

the order of 1km. The positive skewness in w at the smallest scales indicate

that the predominant event is associated with a 'front'. This interpretation

is discussed in terms of the inverse wavelet transforms, later in this chapter.

The HAPEX 25 May data suggest results similar to that of 19 May.

However the peak in the wavelet variance of w (fig 7.7) is at slightly larger

scales and is more diffuse, suggesting a wider distribution of scales associated

with the eddies. The slightly higher elevation of the flights (average height

of 150m instead of 120m) and the greater alignment of the wind shear along

the flight path may have contributed to this spreading. The wide region

of positive skewness at smaller scales on the 25 May (fig 7.8) also suggest

that the microfront is diffuse or occur at a variety of scales. The coincidence

of skewness peak and variance peak suggest more symmetric events with a

slight preference in sign for positive gradients. The spectra suggests an event

periodicity of 1000m for this day. The weak spectral peak of w also suggest

a more aperiodic spacing of the events.

The above inferences are based on experience with application of spec-

tral and wavelet transforms to artificial data. While there is no proof that

such inferences can be made, the existence of such a proof is probably lim-
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ited by Heisenbergs uncertainty principle. However, additional supporting

evidence is provided by wavelet inverse transform at a given scale, which of-

fer information on event location and overall asymmetry of the events. The

wavelet variance peak detected in HAPEX vertical motion suggested ed-

dies on the 200-250m scale. An inverse wavelet transform computed at the

dilation corresponding to this peak is shown in fig (7.22) and (7.23). Mathe-

matically, the inverse transform provides a 'decomposition' of the record into

that scale corresponding to the maximum wavelet variance. In addition to

event location, the magnitude of the inverse transform provides a measure

of the coherency of the event. Although the inverse transform corresponds

to a single dilation, it is not periodic or symmetric.

The analysis of the SESAME data provides a different physical situation.

On 5 May the wavelet variance of vertical velocity (fig 7.10) suggests weak

turbulence with scale of few 10's of meters. The skewness peak at 50-60m in

w, T and u may be interpreted as a preference for asymmetry of the main

eddies. The negative skewness at smaller scales agrees with the concept

of concentration of gradients by mean shear and the low boundary layer

thickness of 20m on this day. The large wavelet variance and high skewness

over a broad range of scales is probably due to shear modified wave activity

or breaking waves.

The spectra (fig 7.9) increases with scale for all velocity components

possibly due to the large scale wave activity and non-periodic turbulent up-

drafts/downdrafts. That is, the turbulent drafts seem to be more randomly

distributed through the record or are of variable scale as implied by the flat-

ness in the w Haar wavelet variance. These patches of turbulence seem to be

different from the microfronts observed in HAPEX in that those microfronts

were associated with a larger more regular structure instead of isolated events
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which have little tendency to be periodic; this may be one factor preventing

a turbulence scale peak in the spectrum.

The results on SESAME 6 May indicate the presence of sheared eddies

of about 80-lOOm width. The sharp peak in the wavelet variance as seen from

the width of dilations at 95% of wavelet peak variance (fig 7.21) hints that

eddies are well organized with preferred scale, probably due to the strong

shear generation of turbulence on this day. The spectra suggests that the

eddies are placed 0.4-0.5km apart, which is the same scale as the maximum

value of the wavelet skewness. The sign of the skewness also agrees with the

expected concentration of horizontal gradients by the mean shear for this

day. Thus, for this case, we imagine shear driven updrafts and downdrafts

of comparable width, in contrast to shear modified thermals (HAPEX case)

where the spacing is much larger than the updraft width.

The LAMEX data analysis shows spectra which has minimum variabil-

ity between records for the whole experiment, while the wavelet variance

indicates a changing velocity field. This is possibly a good example of the

robust character and no unique aspect of spectra as discussed in chapter 3

and chapter 4. While the spectra indicated an approximate -5/3 law over

all the ten minute data segments, the wavelet variance changed from very

peaked variance spectrum to diffuse variance spectrum over time (shown in

fig 7.17). The measure of this effect is seen in the plot of the dilation range

exceeding 95% of maximum wavelet variance in fig (7.18). The flow seem to

have periods of 'chaotic' flow followed by periods of organization at a fixed

scale. These periods of organized eddy activity seem to last for about an

hour and are generally separated by about 3hour intervals. The organized

activity is also evident in the correlation plot in fig (7.19). For the computa-

tion of these correlations the inverse Haar wavelet transforms are computed
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at the dilation corresponding to the peak wavelet variance and correlated

with the original data. When the wavelet variance plot is very peaked, it is

associated with well defined (not necessarily periodic) events. The inverse

transform at this peak should recover these events and thus yield a high cor-

relation with the data. This concept seems to be supported by the LAMEX

data. As seen in fig (7.18) when the 95% variance is sharply peaked the cor-

relation coefficient is a local maxima. The variance explained by the single

mode inverse is approximately 40%, which is high when compared with typ-

ical values obtained with other decomposition methods such as eigen vector

decomposition. The wavelet inverse transform when correlated with the raw

record provides a measure of the variance over the whole record. Eigen value

methods provide a measure of variance from a sample of the whole record,

making the wavelet correlation a better global measure of variance explained

by the main mode. Inexplicably, the skewness of the wavelet transform does

not indicate a preferred sign at small scales.
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8. SUMMARY

In the simulation of flows with internal sharp velocity gradients, such

as shocks or eddy microfronts, the choice of the basis function can affect the

efficiency of the decomposition of the flow into global orthogonal modes. In

a modelling context, efficiency is defined as the ratio of energy contained in

a fixed number of modes of the global basis set to the total energy at a given

time step. Although the Fourier trigonometric basis forms a universal basis

set, our simulations using the Burghers' equation (Chapter 4) show that

a square pulse basis set (Walsh basis) is more efficient in representing the

evolution of the shock front in the flow. In spectral models, where the number

of modes are fixed a priori, the appropriate choice of the basis functions can

affect the simulated flow. For example, if the flow is a 1-dimensional shock

front, the Walsh basis is more suited for use in the spectral model. However

the ability to extend use of this basis to higher dimensions remains uncertain.

In flows where such sharp edges are randomly distributed, analysis based

on spectral decomposition may provide ambiguous results. These flows can

yield spectra similar to spectra predicted by Kolmogorov energy cascade the-

orems even though the underlying physics is completely different ( Chapters

2, 3). Hence, it is suggested that the existence of a certain spectral shape,

such as a -5/3 slope, does not provide unambiguous information on the en-

ergy transfer characteristics of the flow. Spectral decompositions provide

information only on the periodic spacing of coherent events (Chapter 6), and

does not provide reliable information on the scales of the randomly placed

coherent events. Local wavelet transforms provide better information on the

scale of the coherent event (Chapters 5, 6) but does not provide clear infor-

mation on the scale of the periodicity. The wavelet variance for the entire
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record detects the approximate width of the dominant coherent events. For

the artificial and observed data analysed in this study, the exact form of the

basis function was not crucial. The skewness of the wavelet coefficients for

the record identifies the systematic sign preference of the gradients across

the transition zone.

The inverse wavelet transform can be used to reconstruct efficient ap-

proximations to the record. Unlike the Fourier inverse transform, where the

whole record is reconstructed, the local nature of the wavelet basis allows

reconstruction of flow associated with certain local features, such as sharp

edges or coherent events. Furthermore, the wavelet inverse transform, com-

puted at the dilation corresponding to the wavelet variance peak, provides an

efficient representation of the coherent events. Such a single mode inverse is

not constrained to be a periodic wave of constant amplitude as in the Fourier

inverse transform.

The combined analysis of observed atmospheric data using the wavelet

transform and spectral methods provides better and more complete informa-

tion about the nature of the flow compared to the use of spectra alone. In

the heated atmospheric boundary layer observed in HAPEX, the turbulence

seems to be characterized by coherent events that are distributed randomly

about periodic mid-points. The spacing of these events seem to be larger

than the event scale itself.

In the neutral, shear driven boundary layer observed in SESAME, the

updrafts and downdrafts are of similar scale. The spectral peak and the

wavelet variance peak coincide in scale, suggesting that the events occur in

updraft-downdraft pairs. When the shear is weak, the coherent structures

seem to be less organized, as seen from the weak wavelet variance.

The spectra for the LAMEX data does not change with time, while
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the wavelet variance suggests a changing turbulent flow. The flow seem to

alternate between periods of organized eddy activity and periods of 'chaotic'

flow. The scale of the eddies decreases with decreasing wind velocity. Based

on the inverse wavelet transform, computed at dilation corresponding to the

peak wavelet variance, the eddies seem to be randomly distributed spatially

and account for about 40% of the energy contained in the flow. The -5/3

slope of the spectra seem to be unaffected by the changing of the nature of

the flow. This indicates that the -5/3 spectral slope is robust but not very

indicative of the physics of the flow.
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APPENDIX

In this appendix the definitions of some items described in the text are

given along with a somewhat exhaustive list of the notation. While most sym-

bols are selected to agree with literature on this subject some times a mod-

ified notation has been used to clarify the development. While many books

on real analysis provide 'text book' definitions of standard items this see-

tion follows "Introductory Real Analysis" by i(olmogorov and Fomin (1970)

and "Partial Differential Equations of Mathematical Physics and Integral

Equations" by Guenther and Lee (1988).

(A.1)

Definition 1. A metric space is a pair (X, p) consisting of a set X and

a distance p ( a single valued and non negative function of x, y E X )

such that

(1) p(x,y)=Oiffx=y;

(2) p(x,y) = p(y,x);

(3) p(x,z) p(x,y)+p(y,z).

Definition 2. Let f be a mapping of one metric space X into another

metric space y, so that f associates an element y = f(x) E Y with

each element x E X. Then a one-to-one mapping of one metric space

R = (X, p) onto another metric space II' = (Y p') is said to be an

isometry if p(x1,x2) = p'(f(xi),f(x2)) for all x1,x2 ER.

(A.2)

The Holder continuity measure is usually given as,

if 0 < a' < 1, then f(x) f(y) <cjx y.
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(A.3)

A low pass filter is a function which has weights of 1 in the low frequency

part of the spectrum and weights of zero beyond some pre-selected (cut-

off) frequency. The convolution of such a function with the function to

be filtered would result in an output that has a frequency content only

in the low frequency 'pass band'. A band pass ifiter is a function which

has a pass band in some frequency interval, and is obtained by filtering

the record two times with the two cut-off frequencies.

(A.4)

2 2 2a _fx g(x) dx.

(A.5)

f w2I(w)l2dw.

(A.6)

Definition A sequence of distinct vectors [fi, f2, f, ...] belonging to a

Hubert space H is said to be a Frame if there exists positive constatnts

A and B such that All f Il < <ff >2 Bj f for every

f E H. The numbers A and B are called the frame Bounds.

(A.7)

The frame is called a TIGHT frame if the numbers A and B called the

frame Bounds are equal.

(A.8)

The frame is called a SNUG frame if the numbers A and B called the

frame Bounds are such that (1 A/B) is small.




