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Abstract approved

The influence of boundary layer pumping on an externally-forced

synoptic-scale flow is examined. The results follow earlier theories of

stratified incompressible Boussinesq flow. These theories state that

the spin-down time scale and the penetration depth of the influence of

boundary layer pumping are inversely proportional to the stratification

and directly proportional to the horizontal length scale of the flow.

However, the present development is performed in isentropic coordinates

which allow estimates applicable to the atmosphere, and implicitly in-

cludes nonlinear influences due to tilting and vertical advection. This

analysis indicates that boundary layer pumping could be important syn-

optically in the lower troposphere under conditions of significant sur-

face stress and tropospheric stratification.

The influence of stratification and accelerations on synoptic-

scale, boundary layer production of vertical motion is examined for the

case of oscillating boundary-layer flow driven by time-dependent, hori-

zontally-periodic surface temperature perturbations. It is found that

only very strong stratification can significantly reduce the boundary

layer pumping through pressure adjustments within the boundary layer.

As a step in understanding the complicated dynamics of the structure of
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accelerated stratified boundary layers, order-of-magnitude analyses of

variables for each layer are examined. This structure depends on the

relative magnitude of the non-dimensional forcing frequency and the pro-

duct of the stratification parameter and Ekman number. Applications to

both synoptic and diurnal atmospheric circulations are considered.
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INFLUENCE OF STRATIFICATION AND ACCELERATIONS ON BOUNDARY
LAYER PRODUCTION OF VERTICAL MOTION

I. INTRODUCTION

A. Definition and Importance of the Problem

Interest in vertical motion induced by frictionally-driven con-

vergence and divergence in the planetary boundary layer has increased

considerably in recent years. The actual magnitude of these motions is

small, but they play a crucial role in a wide variety of atmospheric

phenomena. These include synoptic-scale precipitation patterns, the

triggering of moist convection, lifting of suspended particles and

passive tracers in the boundary layer, and the initiation of secondary

circulations.

The planetary boundary layer is usually defined as the atmos-

pheric layer adjacent to the ground which is directly and significantly

affected by turbulent exchange with the surface. However, we will con-

sider the planetary boundary layer as that layer which is directly or

indirectly (through secondary circulations) significantly influenced by

turbulent transports from the surface. In this layer, air motions are

induced by the large-scale atmospheric horizontal pressure gradients,

by the diurnal variation of radiative heating, and by secondary circu-

lations.

One of the simplest solutions of the planetary boundary layer

flow is the Ekman solution, which represents a balance between the

pressure gradient, the Coriolis and the turbulent stress terms. This

solution is valid only when the influences of the static stability and

accelerations are small compared with Coriolis effects. In the real
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atmosphere, however, motions are generally transient, and the atinos-

phere is usually stratified. Thus, consideration of accelerations and

stratification is very important in the examination of atmospheric

flows.

The vertical motion at the top of the Ekinan boundary layer is

often referred to as Ekman pumping. This Ekman pumping is thought to

be proportional to the free flow geostrophic vorticity (Charney and

Eliassen, 1949). The influence of Ekman pumping on the overlying free

flow has been demonstrated in Ekman spin-up (or spin-down) theory

(Greenspan and Howard, 1963; Holton, 1965; Sakurai, 1969; Walin, 1969;

Buzyna and Veronis, 1971). Since atmospheric flow is characterized by

a small turbulent Ekman number, the above spin-down process is far more

effective than direct turbulent diffusion of vorticity. Thus, boundary

layer pumping is thought to be an important feedback mechanism between

large and turbulent scales of motions. The underlying physical basis

of this theory is that with positive geostrophic relative vorticity,

frictionally-induced rising motion induces vortex contraction aloft, re-

sulting in destruction of geostrophic vorticity. This, in turn, de-

creases boundary layer pumping and thus leads to spin-down.

B. Review of Early Studies

It is useful to first discuss the various aspects of coupling

between boundary layer pumping and the free atmosphere in more detail,

in a framework applicable to the earth's atmosphere.

i) Homogeneous case

Greenspan and Howard (1963) considered a homogeneous, in-
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compressible fluid, and showed that the whole column of fluid responds

to the Ekman pumping. They also showed that there are three distinct

stages corresponding to three different physical mechanisms. The first

stage, of duration is the development of Ekman boundary layers re-

sulting from the stresses on the boundaries; the quantity is the

basic angular velocity of the system. in the second stage, the inter-

ior fluid spins up to within e of the new notation rate during the

time scale where E is the Ekinan number. The third stage is the

decay of the residual inertial oscillations through viscous diffusion

occurring over time scale 1E'. An example of the analogy of these

processes to flow in the atmosphere is as follows: Suppose that the

atmosphere is initially at rest, and then flow is generated by differ-

ential heating. Due to stresses at the earth's surface, a planetary

boundary layer will develop during the time scale f1, where f is the

Coriolis parameter. Then secondary circulations will be set up due to

frictional convergence and divergence within the planetary boundary

layer. The flow across the isobars in the boundary layer will require

compensating return cross-isobar flows in the free atmosphere. Due to

the Coriolis force, this return cross-isobar flow opposes the main flow

of the free atmosphere; accordingly, the circulation of free flow

diminishes. Hence, the cross-isobar flow spins down as the flow adjusts

to a new geostrophic equilibrium. In practice, the atmosphere is too

transient for the third diffusive stage to be of interest. Since the

turbulent diffusion of vorticity in the free atmosphere is too slew to

be of interest, the spin-down time may be defined as the time required

for the bulk of the cross-isobar flow to diminish to e1 of its initial
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value.

ii) Stratified Free Flow

The spin-down process of a stratified atmosphere, however,

differs from the corresponding process for a homogeneous atmosphere.

For a stratified fluid, considered by Holton (1965), Barcilon and Ped-

losky (1967, a, b), Walin (1969), and Buzyna and Veronis (1971), the in-

tensity of secondary circulations induced by the Ekman pumping decreases

with height. Thus, flow above a certain height is only weakly affected

by spin-down processes. Walin (1969) and Buzyna and Veronis (1971) have

also shown that the penetration depth scale of circulations induced by

the Ekman pumping increases with the horizontal scale of the flow.

Phillips (1963) showed that the stratification generally has an

important effect on synoptic scales in the atmosphere. Only weakly

stratified flows with large horizontal length scales behave to a first

approximation as a homogeneous fluid. The spin-down rate of a strati-

fied fluid is faster than that of a homogeneous fluid because the ad-

justment is limited to the layers near the boundaries instead of to the

whole fluid column as in the case of a homogeneous fluid. The physical

reason for this behavior is that in a stably stratified atmosphere, the

adiabatic temperature or density changes, caused by the vertical motion

induced in the boundary layer, correspond to pressure adjustments

through the hydrostatic relationship. For a given magnitude of Ekman

pumping, a greater basic stratification will yield stronger pressure

adjustments. Therefore, the spin_doivn will occur faster.

The spin-down time scale of a stratified atmosphere is more com-

plicated than the corresponding process for a homogeneous atmosphere.
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At some reference time the air has cross-isobar flow V. This cross-

isobar flow V usually decreases with height due to the stratification.

After a time interval of O(E-½f4) which corresponds to the spin-down

time scale of a homogeneous atmosphere, the cross-isobar flow at each

level decreases to the value of where c is less than unity and de-

creases with height. The spin-down time is, therefore, defined as the

time required for the cross-isobar flow to decrease to e1V. Thus,

the spin-down time for a stratified atmosphere may differ from level to

level. The stratified fluid in some regions far away from the boundary

will not have been spun down before a diffusion time has elapsed. Thus,

it is worthwhile to examine the penetration depth scale of boundary

layer pumping in a stratified atmosphere.

iii) Stratified Boundary Layer

So far we have discussed the different behavior of spin-

down processes for the stratified and homogeneous free atmosphere, but

have neglected effects of stratification in the boundary layer. All of

those studies mentioned above utilize the conventional parameterization

of Ekman pumping for a neutrally stratified boundary layer, i.e. the

boundary layer pumping is proportional to the relative geostrophic vor-

ticity. For the stratified boundary layer, however, the boundary layer

pumping is altered by pressure adjustments associated with the stratifi-

cation within the boundary layer. Such adjustments are usually neglect-

ed on the basis that their magnitudes are small. However, a number of

studies indicate they may be important in synoptic-scale circulations

if the stratification is sufficiently large (Lineykin, 1955; Stommel and

Veronis, 1957; Barcilon and Pedlosky, 1967 a, b; Leetmaa, 1971; Kuo,



1973, 1975). In this case, the convergence in the Ekman layer is almost

comparable to the divergence in the Lineykin layer (the layer partici-

pating in the secondary circulations). As stratification increases, the

Lineykin layer's effect is simultaneously felt within the Ekman layer;

thus, significant pressure adjustments might occur within the Ekman

boundary layer.

iv) Influence of Accelerations

Real wind observations suggest the importance of diurnally-

induced accelerations. At some elevations above the night time boundary

layer, air flow often reaches a maximum speed at night and a diurnal

minimum during the day. Several models have been developed to explain

this behavior, such as the diurnally-varying eddy viscosity with con-

stant geostrophic wind (Buajitti and Blackadar, 1957; Estoque, 1963;

Krishna, 1968), constant eddy viscosity with diurnally-varying geostro-

phic wind (Holton, 1967), diurnally-varying viscosity with specified

time dependent geostrophic wind for neutral stability (Paegle and Rasch,

1973). Although each of these mechanisms is an important contributing

factor, they cannot fully account for the observed wind. One important

factor which is disregarded in the above models may be the effect of

stable stratification in the boundary layer arising from the temperature

and pressure changes produced by the frictionally-induced vertical

motions.

While accelerations can significantly enhance frictionally-

driven vertical motions (Young, 1973; Mahrt, 1975) the influence of

stratification may significantly alter the character of such vertical

motions (Kuo, 1973, 1975; Weatherly, 1975; Lykosov, 1972). Thus, we
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emphasize the influence of the stable stratification on the production

of boundary pumping with accelerations. For example, the so called

nocturnal jet may involve stratification influences which have not been

previously considered.

C. Purpose of This Study

There are two problems examined in this study. First, in Sec.

II we examine the influence of boundary layer pumping with synoptic-

scale forcing on the free flow, and determine the penetration depth

scale of boundary layer pumping in a stratified atmosphere by using the

conventional parameterization of Ekman pumping. Secondly, in Sec. III

we investigate the boundary layer production of vertical motion, allow-

ing for influences of accelerations and pressure adjustments within the

boundary layer.



II. SPIN-DOWN PROBLEM WITH QUASI-GEOSTROPHIC APPROXIMATION

In this section, we construct solutions of spin-down which

allow us quantitative comparison with atmospheric flows and which in-

clude non-linear tilting and vertical advection terms. Previous analy-

tical theories have not permitted quantitative comparisons with the

atmosphere and have neglected all nonlinear effects. This neglect has

been justified by scale analyses of homogeneous flow. However, this

scale analysis breaks down in the lower part of a stratified flow where

vertical gradients are large.

We first derive the quasi-geostrophic potential vorticity

equation for Boussinesq flow in isentropic coordinates. We then solve

the quasi-geostrophic potential vorticity equation for synoptic-scale,

horizontally-harmonic motion by imposing the conventional Ekinan pumping

law as the bottom boundary condition.

The spin-down problem developed in isentropic coordinates, al-

though more general, follows the same mathematical procedures used with

earlier theories developed in the z-coordinate (Holton, 1965; Walin,

1969; Buzyna and Veronis, 1971). Art additional advantage of isentropic

coordinates may be seen by comparing the linearized quasi-geostrophic

potential vorticity equations developed in each coordinate system (see

Appendix I). We note that the stability parameter must be assumed con-

stant in either system in order to reduce the equations to a mathema-

tically tractable form. In the lower atmosphere, the stability para-

meter in the isentropic vertical coordinate varies more slowly with

height than in the other vertical coordinate systems. This is convert-



iently true in the lower troposphere where the spin-down problem is of

significance. This is demonstrated in Fig. IT-i, which is obtained from

January radiosonde data averaged over ten years (U.S. Weather Bureau,

1957) and 38 U.S. stations in a manner similar to the analysis of Gates

(1961).

A. Governing Equations in Isentropic Coordinates

Consider the atmospheric flow of a frictionless, adiabatic, hy-

drostatic fluid in an isentropic coordinate rotating with constant an-

gular velocity f/2. The equations of motion (e.g. Thompson, 1961) are:

au au au aM- + u + v - fv = -- (11-1)
Bx 3y 3x

av v By (11-2)- + u + v + fu = --
at ax By By

= CT/e (11-3)

M = CT + gz (11-4)

0 = T() K
(11-5)

p

a
+ L(.\ d (Bu Bv\

ao Bx \a0) 1) + = 0 (11-6)

where all horizontal velocities and gradients are taken on a constant 0

surface. Eqs. (TI-i) and (11-2) are the equations of motion along the

x and y directions on an isentropic surface, Eq. (11-3) is the hydro-

static equation, Eq. (11-4) is the definition of the Montgomery stream

function, Eq. (11-5) is Poisson's equation and Eq. (11-6) is the mass
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Fig. 11-1. Profiles of stability parameters for 50mb
layers from 900-200mb and 25mb layers from 200-100mb.
Layer stabilities are scaled with respect to values in
lowest layer (900-850mb). Profiles are averaged over
the 30 U.S. radiosonde stations whose surface pressure
remains above 900mb. Each station profile is the aver-
age of 10 Januarys, 1946-55 (see Gates (1961) for
analyses of additional stability parameters for a
slightly different data set).
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continuity equation. All other notations are defined in the convention-

al manner.

The measure of the stability term in Eq. (11-6) can be ex-

pressed in terms of M such that

[c()

2
R / f\ Iin) = 2n

C
C = Poo/RC v/P., Poo = 1000 mb

This equation may be obtained by combining Eqs. (11-3) and (11-5), but

the relationship between p and M is highly nonlinear. To avoid the com-

plexity, we introduce the so-called "Boussinesq approximation" into the

mass continuity equation (11-6), which yields

fz)
Iz) D(z) (3z)(u Dv+u-L- +v +

2tk.2O X \8 y e
= 0 (11-7)

This Boussinesq-approximated continuity Eq. (11-7) differs from Eq.

(11-6) in that z replaces p.

Using the definition of Montgomery stream function Eq. (11-4),

the hydrostatic relationship (11-3) becomes

M 0. = gz (11-8)

The horizontal equations of motion (Eqs. (TI-i) and (11-2)), the

Boussinesq-approximated mass continuity equation (11-7) and the hydro-

static relationship (11-8) then comprise a closed set of equations with

four unknown, dependent variables u, v, M and z.

To investigate the secondary circulations set up in the free at-

mosphere by boundary forcing, it is convenient to introduce a linear
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perturbation method which always retains the underlying local geometri-

cal properties of the original system. Suppose all variables consist

of mean and superimposed small perturbations according to

u(x,y,O,t) = U + u(x,y,6,t)

v(x,y,O,t) = v(x,y,O,t)
(11-9)

M(x,y,O,t) = + M(x,y,O,t)

z(x,y,O,t) = (0) + z(x,y,6,t)

where bar quantities represent the basic state and the prime quantities

are small perturbations superimposed on the mean values. Furthermore,

we assume the basic flow field is a constant zonal current U=const., in

which case the basic equations are simplified. Substituting Eq. (11-9)

into Eqs. (11-1), (11-2), (11-8) and (11-7), we obtain for the basic

equations

= 0 (11-10-a)

= const. (11-10-b)

- = g (11-10-c)

0 (II-l0-d)

and for the perturbation equations

+ - fv (11-11-a)

+ tr -- + fu =
2M (11-11-b)

ax ay
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3M'
M' - 0--- = gz' (11-11-c)

a faz'\ a faz'\ a fa\ a /a\ 3f3u' 3v'-I- 1+ U - I- 1+ Ut-i-J + -1+ -I--- + - = 0
at\a0 / 3x \30/ Bx\30/ ay\aeJ 30\3x 3y

(II-1l-d)

where the products of perturbations are neglected. The basic flow is

geostrophic Eqs. (11-10-a) and (11-10-b), and hydrostatic Eq. (11-10-

c). Eq. (II-l0-d) implies that the basic stability is time inde-

pendent, since the second term of Eq. (II-lO-d) is identically zero.

This can be shown by operating on Eq. (11-10-c) with
303x

and re-

calling that the basic flow is constant.

Then

\ao) \aeJt=o

and - - I and
3x 30/ of Eq. (II-ll-d) vanish. ce again utilizing
a (a\ a faE

the Poisson's equation (11-5), we can represent in terms of basic

stability such that

=
gN2

(11-12)

V .

where d is the dry adiabatic lapse rate, y = - , and

I ;j;

N = f ,- )

2 is Brunt-Vislä frequency.
Vd- /
To estimate the importance of various terms, we scale the

variables as follows:

(x,y) = L(;,y)

t = -rt

(11-13)
(u' ,v' ) = (u,v)



= LLUM

OofLU
ZT = zgO

0 = Oo +

(II-l3 contd)
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where L is a forcing length scale, T is the spin-down time scale to be

determined later, and ti is a typical velocity scale. The choice of the

scale of M' is obtained by expecting a rough balance between the Corio-

lis force and the pressure gradient force, and obtaining z' from hydro-

static balance. Oo and 0 represent, respectively, the potential temp-

erature at the bottom of the free atmosphere and the potential temper-

ature thickness of the free atmosphere influenced by boundary pumping,

which will be determined later.

Substituting Eq. (11-13) into Eq. (11-11-a) through Eq. (11-11-

d) yields

+ - - (11-14-a)
ax

+ R-- + U = - -- (11-14-b)
at ax ay

where

x ( +
at aej ax

1

U
Ti:

' 2
\ aM

)
--- (II-14-cJ

j)

B2 /au av'
+

I=
o (II-l4-d)

(l+o)(.a



B
NfQ
gi0

N = f. ..Q\½_0
)

The interpretation of the

the definition of Brunt-V

(homogeneous atmosphere),

B = !. (gae\½
L

g' \0c3)

15

stability parameter B is facilitated by using

isàlà frequency and momentarily setting 0 = 00

in which case we obtain

f2 \ L

g'H)

AO
where g' = g, H is the fluid depth and LR 4_ is the Rossby radius

0

of deformation. For mid-latitude synoptic-scale motions, B is generally

0(1). As a numerical example, for g=lO m sec2, i0 = 30°K, 0 280°K,

= 4 x iø-3 °K m', L = 106 m and £ = l0 sec 1, then 80 sec

and B 1. The parameter B defined in isentropic coordinates differs

from that defined in Cartesian coordinates (see Walin, 1969) since

varies inversely with temperature.

We now impose restrictions on values of the parameters that

appear in the above equations. This allows us to conveniently examine

special problems in which we are interested. In the intermediate stage

of the spin-down process, it is possible to assume that the dimensional

time scale -r is large compared with the Coriolis force time scale

but still small compared with the turbulent diffusion time scale in the

free atmosphere, i.e. E<<X<<l where E is the turbulent Ekman number. It

has also been assumed that advections by the mean flow are small com-

pared with the local changes induced by boundary pumping, i.e. X>>R0.

This implies that the basic flow is sufficiently weak or the length
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scale is sufficiently large. As long as we are concerned with the role

of stratification, it is natural to assume that B is at least of order

unity. Evaluation of B indicates that it is typically 0(1) for trop-

ospheric synoptic-scale flow. The parameter A is expected to be small

since quasi-geostrophic adjustments are expected to be slow. Taking

advantage of this small parameter, we expand the dependent variables in

terms of a power series in A as in Holton (1965) and Walin (1969). The

zero-and first-order equations are then

and

- = - .Q. (11-15-a)V0

= - (11-15-b)

= _(l +
) a2MO

2 (11-15-c)
OQ

B2
= 0 (II-15-d)\x ay /

00

(11-16-a)

..y_Q.+
at

u1 (11-16-b)

= _(l +__e -i.
a2 M1 (11-16-c)

B2 (l + = 0 (II-16-d)
t \aO / £0

0
ax ay )

00

where we drop the '" notation and the subscript is the expansion index.
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To 0(1) the flow is geostroDhic, hydrostatic and non-divergent. Equa-

tions of 0(A) are time dependent. Combining the first-order equations

(11-16-a), (11-16-b) and (1I-16-d) and using equations (II-15-a)-(II-15-

c), we get a single conservation equation for the zero order potential

vorticity

32M0
+ B2 (1 + .Q '\ = 0 (11-17)

/

Eq. (11-17) is a linearized version of the quasi-geostrophic potential

vorticity equation (e.g., Phillips, 1963; Charney and Stern, 1962).

The Boussinesq assumption gives us a simpler form of the potential

vorticity equation than the one considered by Bleck (1973) for numer-

ical analysis.

We observe that if M0 is known, the zero-order fields (u0, v0,

z0) are completely determined by Eq. (11-15) and the initial distribu-

tion of these variables. We now examine the development in time of the

zero-order fields.

Let us first examine the boundary conditions in order to solve

the elliptic equation for -Q. (Eq. (11-17)) as an initial value prob-

lem. We require the specification of M0 at the bottom and top of the

free atmosphere, together with side and upstream boundary conditions.

We will consider a simple harmonic x and y dependency in the form of

Re{e1l}, where Re{X} represents the real part of function X. In

this manner we may impose the horizontal forcing length scale explicit-

ly. The required boundary condition at the bottom of the free atinos-

phere may be obtained from Eq. (Il-li-c). Taking the total derivative
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('_e

dz'
dt g- at 0=90 (11-18)
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At the bottom boundary, the total change of the perturbed stream func-

tion on an isentropic surface is due to the perturbed temperature and

geopotential height changes. The height change of the constant 0 sur-

face at the bottom of the free atmosphere may be caused by irregular

terrain features and/or boundary layer pumping. At present, we assume

a flat surface so that the height change of the 0 surface is due only

to the Ekman pumping. The quasi-geostrophic theory allows the para-

dz'Imeterization of in terms of M' only
0

dz'l F '2M' 2M'\

19=00
= Fg r(,-- + _) at 0=00 (11-19)

where F is the Ekinan pumping efficiency and Cg is the geostrophic vor-

ticity. In the case of Ekman flow with constant eddy viscosity K

(Charney and Eliassen, 1949)

F sin 2c (L)½

where is the angle between surface geostrophic and actual wind. In

the case of a turbulent boundary layer paraineterized in terms of a drag

law (Mahrt, 1974),

F CDh _CDU
CD-

l+CD
fh

where CD is a surface drag coefficient and h is the boundary layer depth.

F may vary substantially for the stratified boundary layer, since K and

depend on the stratification in the first case while CD and Ii vary with
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the stratification in the second case. The influence of stratification

on the boundary layer pumping is examined more closely in section III.

For now we assume F to be constant.

Combining Eqs. (11-18) and (11-19), scaling according to

Eq. (11-13), letting R0-O, and rearranging, we obtain

/2 2
gF i0'M M\

t 0 \ O
f2L2 0O(X2 Y

+

r)
at 0=0 (11-20)

10
where we again drop the " " notations. Since <<1 for atmospheric

problems, the primary balance is

iZ 2
gF 0

t \0/
f2L2 00 x2 y2

Considering time changes to be driven by the Ekman pumping suggests the

choice,

gF 0 fL200
A_f2L2 or T=gF/0

This may be interpreted as the spin-down time scale of the barotropic

atmosphere. Choosing this time scale to be the scaling time scale and

expanding the flow in terms of powers of X, as above, we obtain the

zero-order bottom boundary conditions:

E0
- (l+ 0 = + (11-21)

0 )ej 3x2 ay2

The top boundary condition is the assumption that the perturbation

quantities vanish as 0- large.

0 as 0 large (11-22)
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For mathematical convenience, we introduce a new variable n

which is defined by

I o
n = Z 1+\ O

Substituting Eq. (I

aIa2M(.,
+

ati 2 2

LaX ay

aM0
at \ 0 an

(11-23)

r-23) into Eqs. (11-17), (11-21) and (11-22), we get

(NfL)2 a - .c.)] = 0 (11-24)

'2
) - -0

g (an

a2M)
at r = 0 (11-25)

2ax ay

0 as r -- large (11-26)

Now M0 = M0(x,y,n,t), so it will obviously be necessary to separate out

the horizontal dependence to solve (11-24), subject to boundary condi-

tions (11-25) and (11-26). We now assume the harmonic horizontal de-

pendency, in which

Mo(x,y,n,t) =

From Eqs. (11-24),

ing equation and bi

-

case the solution of Eq. (11-24) can be written as

1(n,t) Re e(i(kxZy))

(11-25) and (11-26), we obtain the following govern-

)undary conditions for m(rj,t,k,Z)

()2
= 0 (11-27)

a f am" at n = 0 (11-28)

m 0 as n large (11-29)

where.t2 k2 +
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Vie now separate the time dependence in Eqs. (11-27), (11-28) and

(11-29) by applying the Laplace transform

m(n,p) = f m(n,t)et dt

Eqs. (11-27) and (11-28) are converted to ordinary differential equa-

tions in r with constant coefficients. The solution is

l-c/ 22 (o,o)
e 211 m(,0) (11-30)

1+ct / ( 204i2) p
p p+ O

1 +

where

=[i

(\2]½
\fLN)

A+ i

Applying the inverse Laplace transform in(,t) m(,p)ePtdP
Aico

to Eq. (11-30), where the constant A has been chosen so that all the

singularities of Eq. (11-30) are on the right half-plane, and using the

residue theorem, we obtain the final solution

L ( 2

M0(x,y,,t;k,) Lm0_ m(0,0) 1 - e

e
2

] CII-31)

The associated fields Cu0,, 'D' z0) are also obtained by Eq. (II-l5a,b,c)

with Eq. (11-31). The dimensional form of Eq. (11-31) is,

t l-ct'1
M0(x,y,S,t;) =[m (60)-rn(00)(1-e c)(j

Re (11-32)

where



22

f(l+c')
te 2gFfi2

CII -33)

[1

(q\2]½
\fN)j

We first note that the amplitude of the flow does not change

with time in the absence of boundary layer pumping, i.e., when F=0.

The initial imposed perturbation remains stationary. With boundary

layer pumping, the spin-down scale te decreases with increasing strati-

fication. If we define the potential temperature 8e at the penetration

depth where the vorticity destruction rate is reduced to e of its

value near the bottom of the free atmosphere, the penetration poten-

tial temperature thickness is

= 8e = eo[exP(._i) _.l]

Since SO = 'Sz N2Sz, where t5z represents the penetration depth,

we can estimate the penetration depth scale 5z to be

1 "2' 1
= i- Le!1) lj

For mid-latitude symoptic-scale flows, >>l. For example,

for f=lO4sec, N' = 80 sec and L = 2x106m =1I. then

= 50
fN

In this case the spin-down time scale te and the penetration depth scale

5z are approximately

te (11-35)



(11-35)
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The penetration depth scale defined in Eq. (11-35) is the nat-

ural vertical scale of the stratified free flow which responds to any

perturbation whose horizontal length scale is "L". This natural verti-

cal scale is often called the Lineykin layer (Lineykin, 1955). With

increasing stratification, the spin-down time scale te and the penetra-

tion depth scale z decrease. This is because the circulation induced

by the boundary layer pumping is increasingly bottom trapped with in-

creasing stratification, thus increasing the divergence and the rate of

pressure adjustment immediately above the boundary layer. We also note

that the greater the horizontal length scale, the greater the time re-

quired for a parcel following the frictionally-driven secondary cir-

culation to complete one cycle. If the imposed horizontal length scale

is very large, so that the spin-down time scale te is comparable to

, the effect of stratification on the penetration depth scale is

no longer relevant, and the atmosphere responds like a homogeneous

atmosphere.

In Figs. 11-2 and 11-3 the perturbed relative vorticity profiles

are plotted versus time and potential temperature, respectively, for

typical values of the parameters and the initial condition i(e,O) =

rnCO,O). The influence of Ekman pumping is more significant in the lower

atmosphere than in the higher atmosphere. Near the bottom CFig. 11-2)

the fluid has spun down for three days, while far above the bottom the

fluid is still not affected by boundary layer pumping. Thus, the spin-

down time scale for the stratified atmosphere differs from level to
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Fig. 11-2. Spin-down of relative vorticity (scaled with respect to the
height-independent initial value) at different levels in the free flow.
Plots are labeled according to their potential temperature excess and
elevation above the boundary layer top.
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level as mentioned in Sec. 1. It is evident from Figs. 11-2 and 11-3

that boundary layer pumping can significantly alter synoptic-scale

motion in the lower troposphere.

C. Free Flow Response to Diurnally-Varying Boundary Layer Pumping

In developing the above spin-down problem, a constant pumping

efficiency has been employed, since a more realistic parameterization

of Ekman pumping efficiency F is quite difficult. Assuming that F is

constant implies that the eddy exchange coefficient or drag coefficient

is constant for all time and that the boundary layer thickness is also

constant. In the real atmosphere neither of these assumptions is true.

In this section, following Buajitti and Blackadar (1957), Estoque

(1963), and Krishna (1968), we assume that the Ekman pumping efficiency

has a diurnal variation of the form

F = F (1 + E Cos t) (11-36)

where P is the time-mean Ekman pumping efficiency, c is the diurnal

amplitude divided by the time-mean Ekman pumping efficiency, assumed

small enough to be applicable to the perturbation theory, and is the

diurnal frequency. With this simple parameterization of Ekman pumping

efficiency, we employ the method used above to obtain the dimensionless

solution

l-
S . 2I2(lE)\

Mo(x,y,n,t;,)=[m(n,O)m(O,O)e l-e )l+c'.

24(l+)
. ex( 22(1c)t)+

l+a44(l+)2+2(l+)2



(22(l+c)cos t-2(l+c)sin t) Re[exi(1c4Y)]

where = a. = =fLN)j

To facilitate interpretation of the above solution, we consider a weak

diurnal variation, i.e.. c<<l. Noting that c2<<N and for synoptic-

scale motion, and expanding in terms of c, we obtain the dimensional

form of the solution

l-c

.[;(Oo);(oo)(L)

t t

{(1;c) _ e - cos ct) + o(2)}] (11-37)

te

-
where te =

The first term of the inner bracket of Eq. (11-37) is the spin-down

solution for the time-mean Ekinan efficiency (see Eq. (11-32)) and the

second term of the inner bracket ( term) represents the diurnal

effects, consisting of a slowly-damping term and a diurnal oscillation.

The diurnal oscillation does not vanish as time approaches infinity

because of the oscillating pressure field caused by the diurnal Ekman

pumping.

The spin-down time scale given by e is essentially the same as

in Eq. (11-35), except that replaces F. The penetration depth scale

of the frictional effect is not affected by the diurnal oscillation of

the Ekman pumping efficiency at least to lowest order. This scale is

once again proven to be a natural property of the stratified fluid.

This decay of the diurnal oscillation with height is evident in Fig.II-4.
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Fig. 11-4. As in Fig. 11-2 except the diurnally-varying pumping efficiency.
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III. TIME OSCILLATING STRATIFIED BOUNDARY LAYER

Many investigators have studied either oscillating boundary

layers or stratified boundary layers. In geophysical flows, however,

such effects occur simultaneously with important interactions. Kuo

(1973) has considered such interactions analytically. By considering

certain simplifications to Kuo's system, the present analysis clarifies

some of the physics of such interactions and extends the analysis to a

wider range of oscillation frequencies.

Various layers in the oscillating boundary layer experience

phase shifts with respect to both the forcing stimulus and to each

other, and the amplitudes of the response decrease away from the bound-

ary. These phase shifts and amplitude decays are a consequence of the

viscosity of the fluid (Lighthill, 1954; Kestin et. al., 1960).

In this section we study boundary layers which ar forced by a

weak time-dependent surface temperature perturbation with spatial vari-

ation in amplitude. In geophysical flows, such variations in surface

temperature could be associated with horizontal variations in surface

properties such as heat capacity, as occur in the sea breeze and urban

heat island problems. The study of Stomniel and Veronis (1957) belongs

to the limiting case of this study (i.e. a-O, where w is the nondimen-

sional forcing frequency). However, their solutions are not quite com-

pleted because of the arbitrariness of the geostrophic wind used. We

will investigate the unsteady solutions for the parameter region <i

and m<<l, where m is the product of a stratification parameter B2 and

Ekinan number E. However, we will not consider the case of resonance

frequency (i.e. wl) considered by several authors (Mak, 1974; Kuo,
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1975; Cogley, 1976; Bergstrom and Cogley, 1976).

A. Governing Equations

We assume the field variables to be independent of the y-direct-

( ) .ion, i.e. = 0 and periodic with time, as for example, in Holton

(1967), such that

-it
q(x,y,z,t) = q(x,z)e (111-1)

where q represents any field variable. We introduce a stretched ver-

tical coordinate , where is the thickness of the boundary layer

and further assume the field variables are periodically dependent on x,

as for example, in Stoniniel and Veronis (1957), Leetmaa (1971), Hsueh

and Kenney (1972), and Kuo (1973) in which case

= (u'(fl),v'(fl))sin X
(111-2)

= (pt(n),8t(n)'(n))cos x

Substituting Eqs. (111-1) and (111-2) into Eqs. (A-h-b)

through (A-II-l4) (see Appendix II), we find

E d2u'
- V + dr

(111-3-a)

E d2v'
+ t = 2 d2 (111-3-b)

dP'
5of (111-3-c)

-IwO' + B2'
E (hII-3-d)
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5u' = 0 (III-3-e)

As discussed in Appendix III we explicitly neglect the Newtonian radi-

ational effect in contrast to Holton (1967) and Bluinsack et. al. (1973).

This system is similar to that examined by Kuo (1973) except here £ is

assumed constant.

B. Possible Types of Natural Boundary Layers

Combining Eqs. (III-3,a-e) we obtain an equation for p'

IE d2 \f6 2w52 . d (l-w2)5 d2 B2SG\

+ 10)\aT6 + -p- 1
+ £2 E2

1p'=O (111-4)

The factor (E d2 + iw\p' represents the thermal Stokes oscillatingV22
boundary layer with frequency u and dimensional boundary layer thick-

ness (.!)
. This layer is associated with temperature diffusion.

We first consider the possible two-term balances (as in Blum-

sack and Barcilon (1971)) in the second parenthesis in Eq. (111-4). The

restriction that the remaining terms be small compared with those re-

tained allows us to form relationships among the governing parameters,

B2, E, and A for each region of parameter space depicted in Fig. 111-1.

Subdivision of region II in Fig. 111-1 is facilitated by altering the

principal balance in thermodynamic equation III-3-d, which in turn de-

pends upon the relative magnitude of the local acceleration and diffu-

sion terms.

The six possible two-term balances are summarized in Table 1.

In the atmosphere any one of the boundary layers listed in Table 1 may

occur in nearly pure form or in combination with the other types of
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Fig. 111-1. Oscillating boundary layers in parameter space (m,)
Subdivisions are facilitated by two-term balances in Eq. (111-4).



TABLE I. OSCILLATING STRATIFIED BOUNDARY LAYERS
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boundary layers. In fact all terms in Eq. (111-4) may sometimes be

simultaneously important. In the next section, however, we consider

special cases which appear to be of particular interest for mid-lati-

tude flow situations. Particular emphasis is placed on the vertical

structure of the cross-isobar flow and vertical motion, and the de-

pendence of such a structure on cu and m for synoptic and diurnal-scale

motions forced by surface temperature perturbations.

C. Boundary Layers Driven by the Surface Temperature Forcing

For the case where the flow is driven by boundary temperature

perturbations with dimensional amplitude 0, the following boundary

conditions are applied to the system Eq. (111-3):

u',v',w' = 0, 01 = 0 at n = 0

(111-5)

u',v',w',OT 0 as n + large

where 0 is the scaled amplitude of the potential temperature

perturbation. If the motion is driven by time-dependent surface temp-

erature perturbations, the characteristic velocity amplitude V is

assumed to be o(r.) so that 0 is 0(1). That is, the amplitude of

the surface temperature perturbation 0 could be expressed in terms of

a geostrophic wind field of amplitude o(.
-)

. However, we must

assume t0<<i0 to make the above perturbation assumption applicable,

where is the basic state potential temperature thickness. As a

numerical example for typical mid-latitude synoptic-scale motions, we

choose g = lOin sec2, f = l0 sec L = lO6in, 80 = 285°K,

H = 5-l0 x 103m, 0 = 3 10 x io- oicl, and 0 = 0 5°K in which
dz
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case varies from 30-50°K and V varies from O-17 m sec*

To examine any one of the flow regimes in Fig. 111-1 we must

restrict the values of parameters B2, E, and . However, a proper re-

scaling of variables can reduce the problem to a two-parameter system

in B2E and u as indicated in Table 1. This is obtained by introducing

the following scaling;

8' = 8

= E1

W' = Ew

U' = E½u (111-6)

v' = E½v

p' = Ep

Substituting Eq. (111-6) into Eq. (111-3), we find

d2u
-iwu - v = p + (111-7-a)

d2v
-iwv + u = (111-7-b)

= 8 (111-7-c)
d

d28
-1(j)8 + mw = (III-7-d)

dwu + - = 0 (III-7-e)
d

where m = B2E. The boundary conditions are given in Eq. (111-5) if one

drops the prime notation.

When m<<l and w<l, we notice from Table 1 and Fig. 111-1 that

Eq. (111-7) governs the three prototype boundary layers; the Ekman
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layer, the oscillating Lineykin layer, and the thermal Stokes layer.

The point is that the Ekman layer is associated with the interaction

between frictional effects and the Coriolis force, the Lineykin layer

is associated with the stratification, and the thermal Stokes layer is

associated with the oscillating forcing stimulus.

Eliminating all dependent variables except p in Eq. (111-7), we

then obtain

/d2 .)(d6 d4 d2
L\ 2 + 1 + 2wi + (1-ui2) 2 - m)p = 0 (111-8)

Without loss of the essential physics, we consider the atmosphere to

be of infinite depth so that we eliminate the top boundary effects.

Then we may assume the solutionof Eq. (111-8) to be of the form

4

p = Z Ce'
i= 1

where C is constant and cjs are the roots of the following equation

(c2 + iui)(ct6 + 2wicLi4 + (l_ui2)aj2 - m) = 0 (111-9)

The roots which correspond to flow regions Il-a, 11-b and IV in Fig.

111-1 are approximately (see Appendix IV)

ct
_(.)½ (ii)

2 m
+ 0(m2)= T2 (111-10)

2 m
2(l-) (w + l)i + 0(m2)

L and l,2 are easily identified as the inverse thicknesses of



the thermal Stokes, oscillating Lineykin, and oscillating stratified

Ekman layers. Note that only four boundary conditions are required to

solve Eq. (111-8); one for the thermal Stokes layer, one for the osci-

llating Lineykin layer and two for the oscillating stratified Ekman

layer. These boundary conditions are given in Eq. (111-5).

1) Thermal Stokes Layer

In this layer, flows are driven by temperature diffusion

while in the conventional Stokes layer which is given in Table 1 the

entire flow is generated by momentum diffusion.

The governing equations for the thermal Stokes-layer variables

would be equivalent to(-2. + iw)P5 = 0 where the subscript s repre-

sents the thermal Stokes-layer contribution. We notice that, since

/d2 /d2
+ iA))Ps = 0, it follows that + i)@s = 0 and consequently,

from Eq. (111-7) that w = u5 = 0, Therefore, cross-isobar flow and

vertical motion are produced only by the oscillating Lineykin-layer

and the Ekman-layer parts of the solutions. The governing equations of

the thermal Stokes layer are

-vs = Ps

d S

(d2
= 0

r /d2
[or = 0]

The general solutions are

(111-11)

P5 = C5exp [(1i)] (111-12)
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= (1-j)C exp (1i)fl] (111-12)

= -Cs exp I (li)n]L2
where C5 is a constant which will be determined later by application of

the boundary conditions.

2) Oscillating Lineykin Layer

For u<1, the oscillating Lineykin layer represents regions

II and IV in Fig. 111-1; however, further subdivisions are possible

according to the basic governing dynamics; if the diffusive processes

play a dominant role compared with the local accelerations, which is

equivalent to the restriction of m>w(l-w2) (region Il-a in Fig. 111-1),

the conventional Lineykin layer is recovered. The governing equations

for this layer are:

VL

u d2vL
L dr

d L

d2
111W =

L dr

UL + L. = o

(111-13)

where the subscript L indicates the oscillating Lineykin layer contri-

bution. On the other hand, if the local accelerations play a dominant



38

role compared with the frictional effect m<(l-2) , the oscillating

Lineykin layer occurs. The governing equations for this layer are

_iWUL VL = PL

+ UL = 0

d L (111-14)

-iWOL + 'L = 0

UL+..L = 0
d

Regions 11-b and IV in Fig. 111-1 represent the oscillating Lineykin

layers. To distinguish between these possible two types of Lineykin

layers, we will hereafter refer to the former as the "Lineykin layer",

and the latter the "oscillatory Lineykin layer."

We notice that for a given value of m, the oscillatory Lineykin

layer is bounded in an intermediate frequency range, with the Lineykin

layer at lower frequencies and the E¼_ layer at higher frequencies

(Fig. 111-1).

From Eq. (111-13) we obtain the general solutions for the Liney-

kin layer which are

PL = CL exp

= -\/CL exP[-v/j

(111-15)
wL = CL exp [ -/ñ]

VL = -CL exp

UL = -mCL exp [-/iim]
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Here we have neglected the terms of order higher than Q(2) in view of

the restriction w(l-w2)<m<<l.

For the oscillatory Lineykin layer, we have

PL = CL e
[-

()½
]

/m_\½ 1/rn_\½
0L = CL ex[_l) n

CL 1/rn \½
VL = exp [ir) n

f 2 \½ rm \½
WL 'rn(l-)

)
CL exp [ii_) fl

1/rn \½
UL = _2 CL exp Lr2) n

(111-16)

where CL is a constant which will be determined later on in application

of proper boundary conditions. We notice that Eq. (111-16) reduces to

Eq. (111-iS) when w = rn<<i.

3) Ekman Layer

Since the governing equations for the accelerated stratified

Ekman layer are the same as given in Eq. (111-7), the general solutions

for this layer are

2
= C-

j=l

2

BE = - (111-17)

WE -[= (2 + i) c5ei]



= - + ij2cjejfl]

+ i)2 j2 - m cje1]

where the subscript indicates the Eknian layer contribution, and

______\1½

\1½

2(l-2T)j

m \1½
(111-18)

Note that the vertical structure of the accelerated stratified Ekman

layer is

exP[Pjn] = exp[E½Ijz] = exp [--i----- 'i;
m -

L/Th'
2(l-)) +

mi(1+2(l2)) çz] (111-18)

If we denote the e-folding thickness of boundary layer by and a

40

measure of the wavelength of the vertical oscillations of the velocity

profiles by 2.*, then

V2E (111-19-a)

[i. ; c) 2(l_2)

(111-19-b)
[1 ; (

+ 2(1-G)

The numerator of Eq. (111-19) represents the thickness of the classical

Ekman layer and the denominator indicates the modifications due to

accelerations and the stratification. The second and third terms in

the denominator are, respectively, the influence of the thermal Stokes



41

layer and oscillatory Lineykin layer on the Ekman layer since

m f\2
= and 2(l_2) 5L)

where o, 6 and L are, respective-

ly, the thickness of classical Ekman layer, thermal Stokes layer and

oscillatory Lineykin layer. Since the vertical motion affects the

thickness and the vertical wavelength of the Ekman layer, and since the

flow of the thermal Stokes layer is nondivergent, the net influence of

the thermal Stokes layer on 5* and 9* is zero. However, the influence

of stratification on these parameters is of significance. Note that

the e-folding thickness of the Ekman layer increases with stratifica-

tion. This behavior is clue to the increase of low-level shear induced

by the Lineykin layer. In geophysical flows where the exchange coeffi-

cient decreases with elevation, this interaction is likely to be of less

importance. The vertical wavelength of the oscillatory, horizontal

velocities decreases with increasing stratification. This implies that

the velocity components (and divergence) change their signs with ele-

vation within the e-folding boundary layer thickness. Therefore, the

resulting boundary layer pumping at a given elevation greatly dimin-

ishes with increasing stratification. In other words, as the stratifi-

cation increases, the thickness of the Lineykin layer (or oscillatory

Lineykin layer) becomes thinner. Mass continuity requires that the

convergence in the Ekinan layer must be compensated by the divergence in

the Lineykin layer. Consequently, the divergence within the Lineykin

layer is intensified near the bottom with increasing stratification so

that the net boundary-layer pumping is considerably mitigated.
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D. Approximate Solutions

Direct application of boundary conditions Eq. (111-5) to the

solutions Eqs. (111-12), (Ill-iS) (or (111-16)) and (111-17) can deter-

mine the constants C, CL, C1 and C2 as in Kuo (1973) and Leetmaa

(1971). Although solution is possible without further approximation,

at least for some regions of the m-u parameter space, it is physically

more illuminating to employ the type of perturbation analysis used in

Leetmaa (1971) and Allen (1972). Here the solution is considered to

consist of three contributions; the thermal Stokes layer, the Lineykin

layer (or oscillatory Lineykin layer) and the Ekman layer.

i) Case 1; (i_2)< m<<l

Region (TI-a) in Fig. Ill-i belongs to this case. The

scaling of the lowest order terms with respect to imposed surface temp-

erature perturbation in the governing equations for the thermal Stokes

layer (111-12), Lineykin layer (111-15) and Ekman layer (111-17) is

85 0L = 0(1), O
= 0(m)

1'-, v = 0(1)V =o( !). VLO(
(111-20)

u = 0(i5, u = 0(1)

WL = 0(1), w = 0(1)

Because the order of magnitude of the temperature perturbation in the

Lineykin-layer solution is larger than it is in the thermal Stokes-

layer or in the Ekman-layer solutions, the Lineykin-layer solutions
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approximately satisfy the temperature boundary conditions imposed at

the surface. Due to the pressure gradient force in the Lineykin layer

induced by the surface temperature forcing, Eknian pumping of O(E) is

induced.

The order that would be followed in the application of the

boundary conditions at ri=O is

=

VL + vs = 0

WL + WE = 0

UL + UE: = 0

(111-21)

The first condition in Eq. (111-21) resolves the Lineykin-layer solu-

tions, the second one determines the thermal Stokes-layer solutions and

the third and fourth ones give the complete solutions of the Ekman

layer. At this moment, it is useful to comment briefly on the physical

implication of the second condition in Eq. (111-21). The no-slip

boundary condition is initially imposed with regard to the importance of

friction adjacent to the boundary. However, the induced wind of the

Ekman layer is much smaller than that of the thermal Stokes layer or

the Lineykin layer. Therefore, to lowest order, the thermal Stokes

and Lineykin flow components in the geostrophic wind direction are of

comparable magnitude and of opposite sign at n=O.

Substituting Eq. (111-21) into Eqs. (111-15), (111-12) and

(111-17), we find

CL = (111-22)
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S -

m6(U2Cl
P1(2-ul)(l +

(111-22 cont'd)

mO(.i -Vc)
U2(1.1l-P2) (3.122 + i)

where i-'1 and 1.12 are given in Eq. (111-18) and terms of 0(w2) have been

dropped. The approximate solutions are the sum of the solutions given

in Eqs. (111-15), (111-12) and (111-17) with constants in Eq. (111-22).

The leading order solutions are

p =A \(l-i) -eV + ocj (111-23-a)

v =j [eV e\2(1 + OWm)] (111-23-b)

e = [eV' +o()] (111-23-c)

u =
312i 1(312-V)e (III-23-d)

= [eVa 1

(312-V e1 - (311)e2 (III-23-e)
1231l

Note that Eqs. (111-23-a) and (111-23-b) do not reduce to the

homogeneous limit unless some provision is made to let the applied

temperature perturbation at the surface approach zero as the stratifi-

cation decreases. Such a result was also obtained by Leetinaa (.1971)

and Stonimel and Veronis (1957). We also note that the induced pressure
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perturbation and the v-component wind velocity in the thermal Stokes

layer become finite as u-O, since they are proportional to the verti-

cal integration of the temperature perturbation which is independent

of u. The cross-isobar flow (III-23-d) and the vertical motion

(III.-23-e) can be decomposed into the real part, which is in the phase

with the horizontal temperature gradient imposed at the surface, and

the imaginary part, which is out of phase with the changing surface

temperature.

The profiles of the flow (Eqs. III-23-d) and (III-23-e)) are

presented for several different values of the parameter m in Figs.

111-2 and 111-3. As the stratification increases, the height where

the cross-isobar flow u vanished for the first time (i.e. half of the

vertical wavelength) shifts downward and is accompanied by a significant

reduction of amplitude (Fig. 111-2). The reduction of cross-isobar

flow and reduction of vertical motion Fig. 111-3) at a given level

with increasing stratification can also be explained in terms of

pressure adjustments (Lineykin layer) which lead to reduce horizontal

pressure gradients at low levels.

When the value of m is larger than 5xl02, the vertical velo-

city (Fig. 111-3) is reduced by more than 50% of the homogeneous Ekman

flow values.

a) Geophysical application

A possible application of the slowly-oscillating case to

problems of considerable comtemporary interest is that of the flow

driven by the steady or slowly varying surface temperature anomalies

(e.g. Spar, 1973; Houghton et al., 1974; Namias, 1976; Chervin and
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Fig. 111-2. Scaled amplitude of the cross-isobar flow Eq. (III-23-d)
as a function of height for several different values of m.
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Fig. 111-3. Scaled amplitude of the vertical velocity Eq. (III-23-d)
as a function of height for several different values of m.
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Schneider, 1976). Of particular interest here is the limit w-O. The

ocean surface temperature anomalies are normally defined as the devia-

tion from the long-term mean, although, here we are interested in such

anomalies only with respect to any resulting horizontal gradients of

surface temperature. These anomalies may be important for the general

circulation of the atmosphere. For example, over the North Pacific,

Namias (1976) attempted to show that warm summer sea surface temperature

anomalies lead to strong Aleutian lows in fall, resulting in a high-

index pattern with a ridge in the West and a trough in the East. This

pattern is thought to cause diminution of precipitation over much of

the West.

To estimate the potential importance of such effects of sea sur-

face temperature anomalies we let the dimensional amplitude of surface

temperature anomaly be O=2-3°K suggested by Fig. 111-4 after Namias

(1976) and also suggested by Houghton et al. (1974) over the North

Atlantic. Our simple two-dimensional model cannot include all the

features that appear in Fig. 111-4, however, basic linear components

of the governing dynamics may be resolved. The dimensional forms of

Eq. (III-23-d) and (III-23-e) for the case u-O are

z

* - (K)½ [/e -e C\/COS(2.)+ i-' . (]51fl\
)

U fLs0

r z

I'c2Z\gKiO
I

TL
e - e ) cos 2i

)

+ cl-Vc .

S1flT._I
f2L2O0 L C /

where =
1½

'

[ ( m)1½
l+

'

fL
L =

/2K \ ½
and

L j
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Fig. 111-4. Sea surface temperature anomalies for summer (top) and
fall (bottom) of 1961 where stippling indicates warm anomalies (>1°F)
and shading cold anomalies (After Namias, 1976).
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The circulation induced by the surface temperature anomalies is linearly

proportional to the amplitude of the anomalies. The dimensional ampli-

tudes of the cross-isobar flow and vertical velocity are, respectively,

gO gK8
approximated by

-)
y- and fLe . For the numerical examples of
L8Q

the mid-latitude synoptic-scale surface temperature anomalies, we also

assign L=5l0xl05m, iO=2-3°K, K=5-l0m2sec-, f=l04sec, 00=2800K, and

we obtain u*=2..7xl0 m sec and w*0.4_4xl0_4 m sec. This is

considered to be comparable to or less than the boundary layer vertical

motions in typical mid-latitude, synoptic-scale systems. However, such

vertical motions would likely be of climatic importance. It is, however,

worth noting that such an estimate is very sensitive to the choice of

horizontal length scale.

ii) Case 2; u(l_w2)>in>u2(l_w2)

This case corresponds to region TI-b in Fig. Ill-i, and can

be roughly associated with synoptic-scale flows or perhaps with diur-

nally-varying flows of small width and substantial stratification. The

synoptic-scale case can be associated with interaction between hori-

zontal variations of surface properties, such as heat capacity, and

synoptic-scale properties such as cloudiness.

As increases, the flow regions TI-b and IV in Fig. 111-1 are

further subdivided into two cases according to the altering governing

dynamics; case 2 discussed in this section, where the induced pressure

perturbation in the oscillatory Lineykin layer is larger than that in

the oscillating Ekman layer for m>w2(l-w2), and case 3 discussed in the

next section, where the thickness of oscillating Ekman layer Is no

longer thinner than that of oscillatory Lineykin layer for m<w2(l_u2) so
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that the oscillating Ekman layer plays a dominant role on the production

of vertical motion.

As long as u<l, the dynamics of the Ekman layer and thermal

Stokes layer are not drastically altered by the accelerations. There-

fore, we may once again consider the solutions to be made up of three

contributions; the thermal Stokes-layer, oscillatory Lineykin-layer

and Ekman-layer solutions. Using the order of magnitude analysis for

these layers' variables, we find

m (1- 2 )1½\
= 0(1), 3L =

j ),
e

vs V[ =

UL = 0(/5,

l/E:

0([l2)]½)
(111-24)

1-u )1
WL o(E

2 ½
o(r1_2n½\

m J ) WE: \L in j )

Eq. (111-24) can be also checked from Eqs. (111-12), (111-16), and

1 rc1_2-)½
(111-17). Note that F>L mW j . This restriction provides the

Vc
subdivisions of the flow regimes of 11-b and Il-c in Fig. 111-5. Be-

cause the order of magnitude of the temperature perturbation in the

thermal Stokes-layer solutions is larger than that in the oscillatory

Lineykin-layer or Ekinan-layer solutions, the imposed temperature per-.

turbation generates the pressure gradient through temperature diffusive

process in the thermal Stokes layer. The generated thermal wind, whose

magnitude is is generated by the imposed horizontal temperature

gradient and directly affects the oscillatory Lineykin layer. From the

second equation of Eq. (111-14) we see that the cross-isobar flow in the
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Fig. 111-5. SubdiViSOflS of the 5cj11atiflg Lineykin layer Ifl parameter
space (m,6).
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oscillatory Lineykin layer is at most OCOJVL), while YL-v3 =
v4-I

Consequently, the isallobaric wind is O(V, which is proportional to

the square root of imposed frequency. We notice that the vertical

velocity is at most which is larger than unity, while the

vertical velocity in case 1 is 0(1). Therefore, accelerations signifi-

cantly enhance the vertical motion when the adiabatic cooling term can

be balanced by temporal temperature changes instead of temperature

diffusion (Kuo, 1973).

The order of application of the boundary conditions at ri=O is

Os =

+ VL = 0

(111-25)

WL + We = 0

UL + uc = 0

The first condition in Eq. CIII-25) determines the thermal Stokes-layer

solutions Eq. (111-12), the second condition determines the oscillatory

Lineykin-layer solutions Eq. (111-16) and the third and fourth ones pro-

vide the necessary conditions to determine the Ekman layer.

The general solution is the sum of these solutions which to

lowest order is

p [(12)e e\2+ O(qy] (111-26-a)

= (1+i) ([2 (lw2)]½) 1
(11126b)



+0 ([mcl2)f)]
(111-26-c)e=e e

u = i4e 2

21 12\2

- /
e u12-1Z 2).e2] (III-26-d)

= (2
½ r (m

) ei i)(
i2 n_

2m Le 2l (2z)e_M1fl -

I im
i-\jz )

e2fl (III-26-e)
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The variations of cross-isobar flow Eq. (III-26-d) and vertical

velocity Eq. (III-26-e) with height are respectively plotted in Figs.

(111-6-a) and (111-6-b) for w=lO. Both the amplitudes of cross-

isobar flow and vertical velocity decrease with increasing m, as in

case 1. However, the amplitudes are more sensitive to stratification

when the flow is accelerated as is evident by comparing Figs. 111-6-b

and 111-3.

The influence of accelerations on the cross-isobar flow and the

vertical motion is shown in Figs. (111-7-a) and (111-7-b), respectively.

As w increases, both the cross-isobar flow and the vertical velocity

are enhanced by accelerations, but the thickness of the boundary layer

does not change as mentioned earlier.

iii) Case 3;

This case corresponds to the flow region 11-c in Fig.

111-5. For a given value of small m, the oscillatory Lineykin layer

only exists within a certain frequency range. The examination of this

case allows us to investigate most diurnally-varying motions in the
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Fig. 111-6-a. Scaled amplitude of the cross-isobar flow Eq. (TII-25-d)
as a function of height for several different values of m and
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Fig. 111-6-b. Scaled amplitude of the vertical velocity Eq. (III-25-e)
as a function of height for several different values of m and iO*
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Fig. 111-7-a. As in Fig. 111-6-a except for several different values
of and m=4x102.
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Fig. 111-7-b. As in Fig. 111-6-b except for several different values
of and m=5x102.



mid-latitudes.

w<l is
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The sequence obtained by the scaling of leading order terms for

= Ol), 0E c(/).

=

1
u =

w =

=

VL=

UL = O([(lm2)

WL =
vlsi

(111-27)

The imposed surface temperature perturbation drives the thermal Stokes

layer through the thermal diffusion process as in case 2. However, the

horizontal pressure gradient force induced by the horizontal temperature

gradient in the thermal Stokes layer directly drives the Ekman layer

without an intervening Lineykin layer.

We notice that the vertical velocity is at most O()which is

larger than unity. However, it is inversely proportional to the sqaure

root of the imposed frequency in contrast to the case 2, where it is

roughly proportional to the square root of the imposed frequency. Conse-

quently, we expect the maximum vertical velocities at the lower frequency

limit of this case, i.e. m=2(1-2). That is, in case 2 the isallobaric

contribution to the vertical motion increases with increasing frequency

but further increase of w results in the drastic change of the gover-

fling dynamics. In case 3, the induced geostirophic wind in the thermal

Stokes layer becomes weaker with increasing frequency since the depth of



the thermal wind influence decreases with increasing frequency. With

higher frequencies, the thermal influence has less time to propagate

before the forcing reverses sign. As a consequence of decreased thermal

and geostrophic winds, the frictionally-driven vertical motion decreases

with increasing frequency. As a further consequence of the small geo-

strophic winds, the isallobaric wind and its contribution to the verti-

cal motion is smaller in case 3 compared to case 2. On the other hand,

in the corresponding dynamically-driven flow, the vertical motion does

not decrease with w in this region. In the dynamic case, the depths of

the layers are not related to frequency through temperature diffusion

(see AppendLx V)

The solutions in Eqs. (111-12), (111-16) and (111-17) are deter-

mined by the application of boundary conditions at r=O in the sequence

Os =

V5 + v = 0

(111-28)

uL = 0

WE + WL = 0

The total solutions are

ê(1+i)
L
JV(1i)fl+ 1CeJ o([(12)]½)] (III29-a)

, 2w

I \(1_i)fl / m
o = OIe +O ) (111-29-b)

L



where

and

e(li)
[

()½
+ a! (2+ii)2m}eU11 C2+v= e

m

{U2(u2+i)2rn}e2n + O([2 m ½1
(l2)] )j (111-29-c)

O(l+i) F rn
n

U f(1,2)

2 iVi2) e21
ê(l+i) U1U2

n_

f(i.'1,i.i2)
L

e2

C1
m(p + iw) ( 2

f(1,u2) (2-1)

m1(12+i) (1 -ç2)
1,u2) (1-2)

C
L9(l-i) \'rn(l-2)

L

21 {
e1

(III-29-d)

2l {
(u2-\ )ei

(III-29-e)

m\? rrf(p1,2)(u21) 2u2rn(i
+ i2) Vi2 (111i)

(12+m)

Profiles of cross-isobar flow Eq. (III-29-d) are presented in

Figs. 111-8-a and 111-8-b for given values w and in. As both w and m
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Fig. 111-8-a. Scaled amplitude of the cross-isobar flow Eq. (III-29-d)
as a function of height for several different values of m and =O.3.
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Fig. 111-8-b. As in Fig. 111-8-a except for several different values of
and m=lO2.
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increase, the cross-isobar flow becomes generally weaker. The main ex-

ception is that the return cross-isobar flow above the Ekman layer in-

creases as m increases due to pressure adjustments within the oscill-

atory Lineykin layer. Once again the half-width of the vertical wave-

length does not change with increasing w.

Profiles of vertical motion Eq. (III-29-e) are plotted in

Figs. 111-9-a and 111-9-b for a given value of w and in. The influence

of stratification on the vertical motion is similar to that described

in cases 1 and 2. Even though the vertical motion is reduced through-

out the whole layer with increasing w, the reduction rate becomes

smaller above the Eknian layer. Frictional effects retard accelerations

in the boundary layer. The dependency of the vertical motion on in and

w is presented in Fig. 111-10 by evaluating Eq. (III-29-e) at the

height n=4, where the latter is considered to be the top of the classi-

cal Ekman layer.

The geophysical applicability is more interesting in this case

than in case 1 or case 2. In cases 1 and 2, the time scale is slow

enough that the diffusion processes play dominant roles in the govern-

ing dynamics even far away from the boundary. However in the geophysi-

cal flow cases, the turbulent eddy diffusivities (heat or momentum) be-

come small far away from the boundary. In case 3, the boundary layer

growth or development of the thermal diffusion layer is sufficiently

inhibited by oscillations that the assumption of constant eddy visco-

sity is less serious.

One example of the importance of surface temperature perturba-

tions is the frequent occurrence of nocturnal thunderstorms over the
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Fig. 111-9-a. Scaled amplitude of the vertical velocity Eq. (III-29-e)
as a function of height for several different values of m and =O.3.
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Fig. 111-9--b. As in Fig. 111-9-a except for several different values

of and m=l02.
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Fig. 111-10. Scaled amplitude of the vertical velocity versus w eval-
uated at the top of the classical Ekman layer, n=4. Each curve repre-
sents a specific value of m.



Great Plains. The nocturnal thunderstorm is, in part, thought to be

driven by large-scale, low-level baroclinity and the associated low-

level jet (Bonner, 1966). However, the more detailed explanation of

that phenomenon requires the introduction of the mechanical influence

of the terrain slope as well as the diuriially-varying interactions be-

tween eddy diffusivities and stratification.



IV. SUMMARY AND CCNCLUSIONS

The influence of prescribed boundary layer pumping on an ex-

ternally-forced, synoptic-scale flow is examined in isentropic coordi-

nates. The results indicate the following:

1) The influence of the stratification on the spin-down process

is important when the externally imposed length scale is smaller than

g/fN, where g is the gravitational acceleration, f is the Coriolis para-

meter, and N the Brunt-VâisFá frequency. In this case the vertical

damping of the influence of Ekman pumping is largely concentrated in the

lower troposphere. The penetration depth of boundary layer pumping is

fL/N, where L is the horizontal length scale of the flow. When the im-

posed length scale is larger than g/fN, the influence of the stratifi-

cation on the spin-down process is no longer important; instead the

atmosphere responds to the Ekman pumping as a homogeneous atmosphere.

However the synoptic length scale is usually less than g/fN, and bound-

ary layer pumping can significantly alter the flow in the lower tropo-

sphere.

2) The spin-down time scale for the synoptic-scale forcing is

L/FN, where F is the boundary layer pumping efficiency. The spin-down

rate is proportional to the Ekinan pumping efficiency and inversely

proportional to the depth scale of the free flow. That is, with large

pumping efficiency, more mass is pumped upward for a given-time scale,

while for small free-flow depth scale, the flow is more sensitive to a

given mass flux from the boundary layer.

Stratified, boundary layer flow forced by an oscillating surface

temperature perturbation is examined using the order-of-magnitude scale
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analysis for the case of m<<1 and w<l, where m is the stratification

parameter multiplied by the Eknian number and w is the non-dimensional

forcing frequency. This analysis enables us to present a picture of

three distinctive types of dynamics associated with the influence of

stratification and accelerations on boundary layer flow.

For m>w(l-w2), the oscillating Lineykin layer responds to the

imposed surface temperature perturbation as if it were a steady state

Lineykin layer. In particular, the dynamics of this layer is strongly

controlled by the heat diffusion process, consequently the isallobaric

contribution to the vertical motion is negligible. The vertical motion

is principally due to frictional effects.

For w(1_2)>m>j2(l_w2), the imposed surface temperature per-

turbation is absorbed primarily in the thermal Stokes layer through the

temperature diffusion processes. The associated velocity field (or

horizontal pressure gradient force) in this layer directly contributes

to the isallobaric wind component in the oscillatory Lineykin layer.

In the latter, the local change of temperature is more important in the

thermodynamic equation than is the diffusion process. As a result

stronger vertical motions are maintained.

l22
As u increases so that u2(.l_w2)>m> , the depth of ther-

mal influence induced by the imposed surface temperature perturbation

in the thermal Stokes layer becomes thinner so that the associated

geostrophic and vertical motion fields are weaker. This wind field

directly drives Ekman pumping through frictional effects.

(l-w2) . .

As increases beyond >rn, the oscillatory Lineykin

layer disappears and the E¼_layer assumes control of the dynamics.
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As the stratification increases, the vertical motion and the

cross-isobar flow are considerably reduced for all three cases discuss-

ed above. The Lineykin layer or oscillatory Lineykin becomes shallower

with increasing stratification causing pressure adjustments to intensify

in the lowest layers. As a result the potential convergence within the

Ekman layer is largely compensated by the divergence induced by pres-

sure adjustments. If the stratification is so strong that all the

frictional convergence within the Ekman layer is completely compensated

by the Lineykin divergence, the stretching of the fluid column by Ekman

"suction" vanishes. However, for synoptic-scale atmospheric motion,

such strong stratification seems unlikely.

The above theory is useful in predicting the possible impor-

tance and qualitative nature of the fundamental influences of acceler-

ations and stratification on the boundary layer production of vertical

motion. However, the above development cannot resolve the details of

circulation development in the real atmosphere where the variations of

eddy exchange coefficients with stratification and elevation above the

ground are likely to be important, or where the exchange coefficient

may be completely inapplicable.
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APPENDIX I

Quasi-geostrophic Potential Vorticity Equations

The results of linearized quasi-geostrophic potential vorticity

equations derived in each coordinate system are given by

+
f

/ dPç0 B2' .EOJ 1 = o (A-I-l)
dz z J J

h (R0R1 h) 4o] = 0 (A-I-2)

[2
+ / 1

0 (A-I-3)° P2 api

+ fB'(l +
))2 a21

ae2 J
= (A14)

where the subscribed "o" represents the zero order field variable ex-

panded in terms of powers of the inverse time scale

B2
Q5g

B'
NfLO

p0Lf2 ' g

Z = -2.n p

R0 fL

R1 2
a /a

Kp5)
az az

p00 = 1000mb



77

and is the scale of basic state density

is the basic state geopotential height

-- cte ..
SN = , bar quantities are mean basic state

0 ap

All quantities in Eq. (A-l-4) are defined in the text. Eq. (A-I-i) is

derived in z-coordinates (Walin, 1969), (A-I-2) in log pressure coor-

dinates (Phillips, 1963), (A-I-3) in pressure coordinates (Haltiner,

1971) arid (A-I-4) in isentrcpic coordinates.
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APPENDIX II

Governing Equations for the Stratified Boundary Layer

We employ the Cartesian coordinate system (x,y,z) in the con-

ventional manner with x increasing eastward, y increasing northward and

z increasing upward. Since our interest is to investigate secondary

flows set up in the atmosphere by boundary forcing, it is convenient

to treat the departures p', T' of the pressure, density,

potential temperature and temperature from their basic state values

P0 po, T0 (which are functions of z only) as small quantities,

i.e.,

0' '

<<1.-±- -±-- --
Po ' o ' T ' p0

The equations of motion, the thermodynamic equation and the continuity

equation with Boussinesq approximation can then be written as (e.g.

Spiegel and Veronis, 1960; Calder, 1968; Kuo, 1973)

-.3-

1 0 -- -

+ 11 + fkXV = -Vp' + ---- gk + V (kVv) (A-Il-i)
at *

-±. + + = CkHVe*') + [A-II'2)

-3-4.
Vv = 0 (A-II-3)

where is the velocity vector with components (u,v,w) in the re-

spective directions (x,y.z). is the unit vector in the z direction,

QR is radiational heating or cooling rate per unit mass, and the differ-

- 3-- a
ential operator V -i + j + -----k . Since we are seeking physical

Bx By



insight into the fundamental interactions between turbulent scales and

comparatively large scales of flow, a relatively simple parameterization

of turbulent transports is sufficient. In this study we adopt a con-

stant eddy viscosity K and a constant thermal eddy viscosity KH to

approximate the influence of turbulent transports. Furthermore, we

explicitly neglect the radiational heating or cooling term QR = 0

(see Appendix III).

We introduce nondiniensional variables such that

Cu,v,w) = V(u,v,w)

(x,y) = L(x,y)

z = Hz
(A-II-4)

p' = fLVp5p

=
O gH

where V is the characteristic velocity, L is the scale of variation of

the horizontal direction, H is the scale height, the scale of is

chosen by balancing the Coriolis force and pressure gradient terms, and

the scale for e' is determined from hydrostatic balance and the Bouss-

inesq approximation. u is the forcing frequency.

Scaling Eqs. (A-Il-i) - (A-II-3) with Eq. (A-II-4) we obtain the

following nondimensional equations:

+ R(u+ ;w) - v= E(1!+() VH2U)

(A- Ii: -.5)



3v
+ £

(32Y H 2
Li) +R0\U+v---+WJ+u Hv)

at
>' 3y 3

(H)2[3W R(ui+v+w)]+.. (H)2

H2 2)
\;2 (r) VHW

(A-II-6)

(A-II-7)

30 /' 30 30. 30 \ , iii (H)2 VHO)Li -- + R0u + V + W + Bw
Pr32 L

(A-II-8)

(A.-II.-9)

3x 3y 3z

where w nondimensional frequency

fL
Rossby number

E turbulent £kman number

E aspect ratio

B2 stratification parameter-
fL)

N = Brunt-Visãl frequency
\\0O 3z )

f Coriolis parameter, assumed constant

turbulent Prandtl number
KH

Dropping the 'p" notation and assuming R0<<l, r=1' Eqs. EA-II-5)-

(A-II-9) become
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= - + £ (A-h-b)
3z2

= - + E (A-Il-il)
3)'

= 0 (A-hI-12)

32030 -)

w - + Bw = E - (A-hI-13)

+ + . = (A-II-14)
x 3y 3z

We assign £<<i but assume a boundary layer exists so that we expect

32
£ - 0(1) in the boundary layer.

9z2
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APPENDIX III

Parameterization of Radiation

The radiation transfer processes in the real atmosphere are very

complicated since the atmosphere is highly selective and far from a

theoretical grey atmosphere. However, a brief consideration of radia-

tional effects is worthwhile because we will consider the boundary layer

flows driven by surface heating or cooling in a manner of a perturbation

temperature specified at the surface. For example Holton Cl967) showed

that the radiational effect can contribute substantially to the ampli-

tude of the diurnal wind oscillation over sloping terrain.

For our purpose we utilize the approximate transfer equations.

The radiative flux divergence for the horizontally uniform atmosphere

may be approximated by

QR = (n)[s Cos* :(Ux GX)]

where S is the solar radiation (short wave radiation), ( is the solar

zenith angle, p is the air density, p00=l000mb, p is pressure, U and

are respectively the upward and downward terrestrial radiative flux

centered at the wavelength X. In the planetary boundary layer we may

assume pp00 and that the direct absorption of solar radiation is neg-

ligible in the absence of boundary layer clouds. In this case the above

equation is simplified

1 d 1 1 dF
QR = L

E - Cx )j
p,p o z

where F is the net upward terrestrial flux at the wavelength X. There-
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fore the radiational effect can be approximated by the estimation of

net flux divergence of terrestrial radiation in the boundary layer.

Here U, G satisfy the approximate transfer equation (Kondra'yev,

1965, p. 478) such that

= -a(U Bx) (A-Ill-i)

= a(G BA) (A-III-2)
dz

where aX is the volume absorption coefficient for wavelength A and Bx

is the Plank function (source term). Combining Eqs. (A-Ill-i) and

(A-III--2) we obtain a single equation in terms of the net flux Fx

- .L a2F = 2a (A-III-3)

dz2
adz dz Xdz

Eq. (A-III-3) is the same as the transfer equation derived by Goody

(1953). We may assume the change of absorption coefficient with height

in the planetary boundary layer is negligibly small. In which case

Eq. (A-III-3) becomes

d2F dBA a2F = 2a j
(A-III-4)

Since the atmospheric absorption depends largely upon wavelength, we

define the average absorption coefficient, a, to be (Goody, 1953)

a =

fdA
For our convenience we consider two extreme groups based on the coin-
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parison of the mean free path of a photon and the local boundary layer

thickness. One is the strongly absorbed group, and the other is the

weakly absorbed group. Introducing mean absorption coefficients a5,

a for strongly and weakly absorbed groups, respectively, we obtain

from Eq. (A-III-4)

a2F5 = 2a
dz2

S dz

2F =2
2

a awd
dz

d
For the strongly absorbed group, i.e. as>>-

doF =-- -=-- (cwT4)_PCpKRr
asdz a5 dz

where ci. is the fraction of black body radiation contained in the strong-

8 0
ly absorbed group, is the Stefan-Boltzmann constant and KR= is

P pas

a radiational diffusion coefficient, and 0 is assumed to be constant

in the boundary layer. For the strongly absorbed group, a photon

travels several mean free paths before escaping from the boundary layer;

therefore the temperature smoothing proceeds differentially. For the

weakly absorbed group, i.e.

dO

dz2
2a dz

8(l-a)a003a

By integration we get flux divergence

dz AR
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where A P which is a radiative relaxation time constant.R 8(l-a)aOoia

For the weakly absorbed group, the boundary layer is optically so thin

that the temperature smoothing proceeds almost entirely through emission

losses.

We notice that the influence of the flux of terrestrial radia-

tion within the boundary layer is a pure Newtonian cooling due to the

weakly absorbed group, while the strongly absorbed group merely modifies

the eddy heat exchange coefficient.

For a numerical example, with. =5.75xl05erg cm2 sec oK-4,

if we take C=l04 erg cm3 oKi, 00=300°K, a=0.5-4xl06 ciii which.

corresponds to a water vapor content of about 7-20 g/m3 (Goody, 1960),

a=l04 cm and c=0.5; then KR=0.4m2 sec and AR=Sl0 days.

Holton (1967), in his study of diurnal oscillations of the

boundary layer wind, has chosen a (in his parameter t) = i0 cm to

make the nondimensional relaxation time scale be 0(1), even though his

boundary layer thickness is essentially that of the Ekman boundary

layer. His value is overestimated to apply the temperature smoothing

due to the Newtonian cooling effect. The above study shows that his

boundary layer thickness should be less than lOOm for the Newtonian

cooling to be comparable to the diffusive temperature smoothing. Such

a possibility is inconsistant with his numerical example where the

boundary layer was much thicker.

The above examination of the radiational effect shows that for

the diurnally-varying flow, the Newtonian cooling effect is too slow to

be of significance. However, when the boundary layer is optically very

thick the radiational diffusive process is important for the inodifica-



tion of the temperature in the boundary layer.
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APPENDIX IV

Solution of Cubic Equation

From Eq. (111-9), we get

r3+ 2wir2 + (1-w2)r - m = 0 (A-IV-l)

where r=a12. The cubic equation (A-IV-l) is to be solved with the

restrictions of parameters
;

l_2)3/'2 and mw<<(l_w2)2. These re-

strictions correspond to the flow regimes Il-a, Il-b and IV in Fig.

111-1.

2w.Introducing a new variable such that r=-- i , we obtain

a reduced cubic equation

'2 r 2 '2 1
fC) + (l-sj- ) - + - i(l-- )j = 0 (A-IV-2)

From Table 1, we can guess one approximate root

m 2w.
= i2 + i (A-IV-3)

Using Newton's method (see for example Abramowitz and Stegun, 1968,

p. 20) we get
f' ($)

where

f() (T2)3 + 2w!

mw ., m2
f' () = (l-w2) [1 + .1 + (l-)3]

'2 ' '' 32Since mw<<(1-w ) and m<<(1-w) ' , we get



in 2.
+ 1

C1-2)4
[2c12)i + m] CA-IV-4)

If m>w(1-2) which corresponds to case 1 in Sec. III, we get

m 2.
T2 (1') + 1

2

where = (12)3 <<1. The other two roots are obtained by dividing

f(s) by - The three roots of Eq. (A-IV-1) are

in

m(1-')r12 2(1Z)
(

i

(A-IV-5)

If m<(1-w2) , corresponding to the case 2 and 3 in Sec. III, we obtain

(1-"i)

2mc
where = (1_6j2)2 << 1

The roots are then

T2 (1-"i)

(A-IV-6)

r1,2 2(12) (1-"i) - (w±\'1-2'i)



APPENDIX V

Boundary Layers Driven by Oscillating Basic Flow

To facilitate understanding of the thermally-driven case dis-

cussed in Section III, we consider boundary layer flow responding to an

imposed, oscillating, basic state geostrophic wind with harmonic spa-

tial variation. The following boundary conditions are applied to the

system (Eqs. (111-3)):

u' = w' = 0' = 0, v' + V0= 0 at =0

(A-V-l)

U', V', w', 3'-- 0 as ri-+iarge

where V0 is the applied basic flow OC1). The bottom boundary conditions

in Eq. (A-V-i) represent the no-slip boundary condition without temp-

erature perturbation at the surface.

The analysis proceeds in the same manner as described in Sec-

tion III. We introduce the following scale;

5 = E½

v' = v

UI = U

= E w

B' = E0

(A-V-2)

Substitution of Eq. (A-V-2) into Eq. (111-3) yields Eq. (111-7).

Therefore, the general solutions of Eqs. (111-12), (111-15) (or 111-16),

and (111-17) are still valid for this case when m<<l; however, the

governing basic dynamics differs from that of the thermally-driven



cases. In particular, we examine only case 3 (Section III) which

appears to be of most geophysical interest. That is, we consider the

parameter range m<c2(l_2) and <l.

The lowest order scaling for the Ekman-layer, oscillatory

Lineykin-layer, and thermal Stokes-layer variables for imct2Cl-w2) and

i<l is

m 1½
v = 0(1), L = 0([2(l2)j

),

V =

8=0(m), OL=0().

(rm i½ (A-V--2)

uE 0(1), UL
°Li )

w 0(1), WL = 0(1)

The imposed velocity is mainly absorbed in the Ekinan-layer

solution and the ensuing Ekman-layer pumping drives the oscillatory

Lineykin layer. The induced large temperature perturbation due to the

stratification in the oscillatory Lineykin layer is absorbed in the

thermal Stokes-layer solution. We notice that the vertical velocity

is at most O(E½), while the vertical velocity induced by the surface

temperature forcing (see Eq. 29)) is Consequently, if E<u

which implies that the time scale of imposed velocity field is smaller

than that of turbulent diffusion, the dynamically-induced vertical

motion is larger than that of thermally-driven flow. This condition

is generally met in mid-latitude, diurnally-varying flows.

The complete solutions are easily obtained by applying boundary

conditions in the sequence

=



UE + UL = 0

w + WL = 0

+ Os = 0

CA-V-3)
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The resulting solutions are quite sinillar to Eq. (111-29) if we replace

4 byV0.




