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The purpose of this study is to evaluate three latitude-longitude

finite-difference grids (A, B and C) that are conunonly used in general

circulation models of the atmosphere and ocean. The evaluation leads to

the choice of an optimum grid which best simulates: (1) the dispersion

relation for the inertia-gravity modes and consequently the geostrophic

adjustment process, and (2) the dispersion relation for the Rossby modes

and consequently the quasi-geostrophic motion.

The evaluation is based upon a comparison of the finite-difference

normal modes for the shallow water equations for each grid with the con-

tinuous normal modes. The comparison is made for a value of the govern-

ing dimensionless Lamb's parameter = 0.1. The continuous normal modes

are obtained by asymptotic expansions in . The finite-difference normal

modes are obtained from the eigenvalue-eigenvector problem for each grid.

In the simulation of the inertia-gravity modes, for grid A, the

eigenfrequency (c) - meridional index (z) relations obtained for c = 0.1

are similar to those found by previous investigators for c = 8.75 and

875 on the sphere and for the f-plane. For grid B, the a-i. relations for

the inertia-gravity modes on the sphere for c = 0.1 are presented here

for the first time, and are similar to those previously obtained for the

f-plane. For grid C, the -2 relations for the inertia-gravity modes

for c = 0.1 are also similar to those found by previous investigators

for c = 8.75 and for the f-plane. For c = 0.1 the a-9. relations for the

inertia-gravity modes for grid C are much closer to those for the con-
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tinuous modes than are those for either grid A or B. Thus, grid C is

clearly superior to both grids A and B in simulating the inertia-gravity

modes for = 0.1.

In the simulation of the Rossby modes, for grid A, the a-2. relations

for c = 0.1 are similar to those for c = 8.75 and 875 found by the pre-

vious investigators, and their characteristics are similar to those for

the inertia-gravity modes for c = 0.1. For grid B, the characteristics

of the a-Z relations are also similar to those for the inertia-gravity

modes, and are presented here for the first time. For grid C, the a-2..

relations are very close to those of the continuous modes for 2 K-i,

where K is the number of grid points between the equator and pole. Grids

A, B and C each simulate the Rossby modes for Z > K-i with some error.

It is therefore concluded that grid C simulates the Rossby modes better

than either grid A or B for c = 0.1.
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Analysis of the Normal Modes Simulated by Latitude-Longitude

Grids Used in General Circulation Models

1. Introduction

While the earth's climate influences human lives in many ways,

human activities have begun to show impacts on the climate. It has

been found that the climate of the present century has influenced

the global patterns of food production and population (U.S. Committee

for the Global Atmospheric Research Program, 1975). A major climatic

change would thus force economic and social adjustments on a worldwide

scale. Conversely, human activites produce impacts that include

changes of the atmospheric composition which may directly influence

the earth's heat balance.

Mathematical models of the general circulation of the atmosphere

and oceans have been developed to quantitatively understand the physi-

cal basis of climate and climatic change. The basis for these models

was first stated by V. Bjerknes in 1904, and the first use of such a

model to forecast the weather was performed by L. F. Richardson in 1922.

However, such numerical weather predictions were impractical until the

development of the digital computer in the l940s. Charney et al. (1950)

accomplished the first successful numerical integration of the vorti-

city equation, and Charney and Phillips (1953) were able to forecast

cyclone development using baroclinic models. These accomplishments

led to the operational use of mathematical models for numerical weather

prediction in 1955.

Numerical studies of the atmospheric general circulation began

in the late 1950s and early 1960s. Phillips (1956) simulated the atmo-

spheric energy cycle with an idealized model with sources and sinks of

energy and momentum. Smagorinsky (1963) carried out the first success-

ful hemispheric circulation experiments, and Mintz (1965) performed

the first extended global integration of a primitive equation general

circulation model. These general circulation models have been employed

to study the earth's climate. Mintz et al. (1972) performed a global

simulation of the seasonal and interannual variation of the primary

climatic elements.
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General circulation models employ the primitive equations which

can be written as follows.

- - / VJ7/14XV (1.1)dt_

--I,,
(1.2)

- (1.3)

fr=j'Ry (1.4)

15
P4t JdI ' (.)

where for spherical coordinates

aztaosr+ p±LAT

is the total differential operator;

_/f.;_/.
tZC CoSç#

the horizontal del operator; Vh tu + 3v the horizontal velocity

vector; f 22 sin the Coriolis parameter; t is time; p the density;

p the pressure; t, 3 and are the unit vectors in the X-(longitudinal

or zonal), -(latitudinal or meridional), and z-(vertical) directions,

respectively;
h
the horizontal friction force per unit mass; g the

acceleration of gravity; u, v, and w the velocity components in the

A-, -, and z-directions, respectively; R the gas constant; T the tem-

perature; c the specific heat at constant pressure; Q the diabatic

heating rate per unit mass; and a and 2 are the mean radius and rota-

tion rate of the earth, respectively. There are five dependent var-

iables in (1.l)-(1.5), 'th' w, p. p, and T, and these primitive equations

thus form a closed set
h
and Q can be expressed in terms of the

dependent variables. Because the heating rate depends in part on the

release of latent heat during the condensation of water vapor, a prog-

nostic equation for the water vapor mixing ratio q (the ratio of the

density of water vapor to the density of dry air) is usually included

in the primitive equation models,
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(1.6)

where C and E are the condensation and evaporation rates of water vapor

per unit mass of dry air, respectively. Again, (l.l)-(l.6) form a

closed set for six dependent variables, Vh, w, p, p, T and q, provided

that C and E can also be expressed in terms of the dependent variables.

The primitive equations are "solved" as a time-marching problem

to predict the future state of the atmosphere. Because it is not

possible in general to obtain the solution of this coupled set of

nonlinear partial differential equations by analytical techniques,

the solution must be obtained by numerical methods. Three numerical

methods have been used: the finite-difference method, the spectral

method, and the finite-element method. In the following we shall con-

sider only the finite-difference method.

In the finite-difference method the dependent variables are deter-

mined at discrete levels in the vertical and at discrete grid points

in the horizontal as shown schematically in Figs. 1.1 and 1.2, and

the differential terms are represented by finite-difference analogs.

In Fig. 1.1, the layers identified by integer values of 9. carry the

prognostic variables T and q. The levels which bound the layers

are identified by half-integer values of 9. and carry a, where &

da/dt is the "vertical" velocity in the a-coordinate. Here a

T' p5 is the pressure at the earth's surface and

the pressure at the top of the model atmosphere.

Under normal conditions in the atrrnsphere (small Rossby and Froude

numbers), the primitive equations govern two distinct classes of motion:

(I) high frequency, quasi-irrotationa]. inertia-gravity waves; and (II)

low-frequency, quasi-nondivergent quasi-geostrophic motion. In the

latter the horizontal pressure gradient force - Vp is very nearly

in balance with the Coriolis force - fI x
h'

and the vertical shear

of the horizontal velocity is in thermal wind balance with the hori-

zontal temperature gradient. Disturbances to these balances caused

by some mechanism such as heating in a limited region will generate

inertia-gravity waves which disperse their energy into a wider domain,

and thereby restore the mass, velocity and temperature fields to the

quasi-geostrophic, thermal wind balance. This process is called geo-

strophic adjustment (Blumen, 1972).
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Fig. 1.1. The vertical structure of a model atmosphere.
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Consequently, there are two principal computational problems in

simulating the large-scale motion with primitive equation models:

the correct simulation of the geostrophic adjustment process; and the

correct simulation of the slowly changing quasi-geostrophic motion.

Winninghoff (1968) investigated the simulation of the geostrophic

adjustment process, and found that it depends on the distribution of

dependent variables over the horizontal grid. The five grids shown

in Fig. 1.3 were studied with a homogeneous, incompressible, inviscid,

shallow rotating fluid with a flat bottom boundary and a free top sur-

face. (This is the simplist model fluid in which geostrophic adjust-

ment can take place.) The equations that govern the motion of this

fluid are called the shallow water equations. Winninghoff (1968)

linearized these equations about a basic state at rest on an infinite

cartesian f-plane (on which the Coriolis parameter f is constant),

to obtain

(1.7)

(1.8)
3

?J1 L+ '
(1..)

where u and v are the velocity components in the x- and y-directions,

respectively, and h is the perturbation of the height of the free sur-

face about the mean depth D. The finite-difference analogs of (1.7)-

(1.9) were written using centered space differencing for the grids

shown in Fig. 1.3, and the solutions were assumed to be of the form

(1.10)

/4

where u, v and h are constants; i = v'T; k and 9. are the wavenumbers

in the x- and y-directions, respectively; and is the frequency. Sub-

stituting (1.10) in to (1.7)-(l.9) and their finite-difference analogs

for each grid, and using the condition for a non-trivial solution,

Winninghoff determined c as a function of k and 9. (the dispersion

relation) for the continuous and discrete shallow water equations

(this procedure is called normal mode analysis).
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For the one-dimensional (x-direction) case, grids A-D shown in

Fig. 1.3 reduce to the corresponding grids shown in Fig. 1.4. The

dispersion relations for the one-dimensional case are shown in Fig.

1.5 for X/d = 2, where A //f is the radius of deformation and

d is the grid distance. Fig. 1.5 shows that the frequencies of all

the waves simulated by each grid are smaller than the frequencies

for the continuous solution, and therefore the phase speed (c = a/k)

of the simulated waves is smaller than that for the continuous solution;

in particular, the two-grid size wave (kd/rr = 1) simulated by grid D

is stationary (a = 0). Furthermore, Fig. 1.5 shows that the group

velocity (Cg = aa/3k, the velocity at which the wave energy is propa-

gated) is zero for each grid at a particular wavenumber, and is nega-

tive for kd/ir > 1/2 for grids A and D in contrast to the continuous

solution. On the basis of the one-dimensional results, the simulation

of the inertia-gravity waves by grids B and C appears to be closer to

the continuous solution than that by grids A and D (and E).

Winninghoff (1968) also examined the simulation of geostrophic

adjustment by solving the classical Rossby-Cahn initial-value problem

(Cahn, 1945), which is governed by (l.7)-(1.9) with 0 and the

initial conditions (at t = 0):

and

h = constant
for - < x <

u= 0

V , lxi < b
v=

0, xl <b.

For b/d = 1 and A/d = 2, the time variation of h at x = b is shown in

Fig. 1.6, and the space variation of h at t = 80 hours is shown in

Fig. 1.7. As expected grids B and C are superior to A, D (and E) in

the simulation of one-dimensional geostrophic adjustment.

Winninghoff (1968) extended his analysis of the dispersion rela-

tions for each grid and the continuous case to two dimensions, and

his results are shown in Fig. 1.8. For grid C and the continuous

case, the values of and are always positive. For grids A, B,

D and E the dash-dotted lines show the loci of wavenuinbers for which

I al/f is maximum; for these waves the wave energy is stationary. The

two dimensional analysis therefore shows that grid C is the best grid
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10

004

000

004

0.00

I
0.04

0.00

t Chr)

Fig. 1.6. The continuous solution and discrete solutions (grids

A-D) of the time variation of dimensionless height per-

turbation at x = b for the initial-value problem posed

by Cahn (1945). (After Arakawa and Lamb, 1977.)

000

C

004

1$ 24 12 4$ 4$

x/d

Fig. 1.7. The continuous solution and discrete solutions

(grids A-D) of the spatial variation of dimension-

less height perturbation at t = 80 hours for the

initial-value problem of Fig. 1.6. (After Arakawa

and Lamb, 1977.)
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for the simulation of inertia-gravity waves and geostrophic adjustment

on an infinite f-plane, at least for X/d = 2.

However, we are interested in simulating the inertia-gravity waves

on a rotating sphere. Because the meridional structure of the contin-

uous normal modes on a rotating sphere is different from (1.10) (Lon-

guet-Higgins, 1968), and because the Coriolis parameter varies with

latitude, it is likely that the inertia-gravity waves on a rotating

sphere differ from those on the f-plane. Furthermore, as noted above,

the second problem is the correct simulation of the slowly changing,

quasi-geostrophic motion, and the existence of this motion (Rossby

waves) requires that the Coriolis parameter f not be constant. There-

fore the purposes of the present study are: (1) to investigate the

behavior of the inertia-gravity and Rossby waves simulated by grids

A, B and C on a rotating sphere; and (2) to determine which of these

grids, if any, gives the best simulation of both of these waves. We

have chosen grids A, B and C because these grids are used by the con-

temporary general circulation models (see Table 1.1).

Table 1.1. Grids used by the contemporary atmosphere general circula-
tion models (AGCMs) and ocean general circulation model
(OGCM).

Grid A:

Geophysical Fluid Dynamics Laboratory AGCM (Manabe, et al., 1975)

NCAR AGCM (Washington and Williamson, 1977)

United Kingdom Meteorological Office AGCM (Corby, et al., 1977)

Grid B:

Goddard Institute for Space Studies (GISS) AGCM (Somerville, et aZ.,
1974)

Goddard's Laboratory for Atmospheric Sciences (GLAS) AGCM (Halem,
et al., 1979)

Oregon State University (OSU) AGCM (Schlesinger and Gates, 1980)

Siberian Branch of the USSR Academy of Sciences AGCM (Marchuk,
et al., 1979)

Grid C:

European Centre for Medium Range Weather Forecasts AGCM (Burridge
and Haseler, 1977)

OSU OGCM (Kim, 1979)

UCLA AGCM (Arakawa and Lamb, 1977)



13

Related analyses of the discrete normal modes on a rotating

sphere have been performed by Dickinson and Williamson (1972) for

grid A, Temperton (1977) for grid C, and Dee (1979) for grid B. Dick-

inson and Williamson (1972) linearized the shallow water primitive

equations about the basic state of rest, and obtained

&cesr
-r

3

1::' rQ+
wt ' acspL

(1.11)

0 (1.12)

(1.13)

(these equations are sometimes called the equivalent shallow water

equations, or the horizontal structure equations, which are derived

from a set of three-dimensional primitive equations using separation

of variables); where u and v are the velocity components in the zonal

(X-) and meridional (4)-) directions, respectively; and h is the pertur-

bation of the surface height about the constant mean depth D (or the

equivalent depth determined as an eigenvalue of the vertical struc-

ture equation of the three-dimensional primitive equations mentioned

above). Solutions of (l.11)-(1.13) were assumed to be of the form

IL -.

'V I'r) I
c+ct)

, (1.14)

Ii L'c'J
where I(4)), (4)) and fi(4)) are functions of latitude only, s the zonal

wavenumber, and a the frequency. The finite-difference analogs of

(l.11)-(l.13) were written for each latitude of a latitude-longitude

grid and the normal modes were determined as an eigenvalue-eigen-

vector problem. These normal modes were then classified with refer-

ence to the characteristics of the continuous normal modes which are

described below.

A single differential equation for h, Laplaces tidal equation,

can be obtained from the shallow water equations by first assuming

that the solutions for u, v and h are periodic in the zonal direc-

tion, and then eliminating u and v from the resulting equations.
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Then introducing the dimensionless variables = a/(2c) and h = h/D,

the dimensionless Laplace's tidal equation is obtained, and in this

equation there is only a single dimensionless parameter, c E 4c2a2/

(gD), Lamb's parameter. The case for E = 0 is formally equivalent

to ç2 = 0 with fixed D or to that for D with fixed c; the latter

case, however, violates the condition for which the shallow water

equations are valid. When 2 = 0, Laplace's tidal equation reduces to

the associated Legendre equation with a = ±[N(N + l)gD]/a, where N

is the degree of the associated Legendre polynomial P. These fre-

quencies represent eastward-Ca < 0) and westward-propagating (a > 0)

gravity waves. For these waves the meridional structure of the height

perturbation h is given by the single associated Legendre polynomial

in which N = s + 9, and 9, is the number of zeros of h along a meri-

dian excluding those at the poles. The motion field of these gravity

waves is divergent and irrotational. A second class of solution

exists for = 0, namely motion for which a = 0 and h = 0. The motion

field for this solution is independent of time (stationary) and non-

divergent.

For c 0, Longuet-Higgins (1968) expressed the velocity compo-

nents in terms of the velocity potential x and streamfunction p, and

expanded each of x and iL' in an infinite series of spherical harmonics
s i(sA+at) .

e . Written in terms of x and 1', the divergence and vorti-.

city equations derived from the shallow water equations were then con-

verted into two systems of (an infinite number of) governing equations

for c and the expansion coefficients; one system for the wave modes

symmetric about the equator, and the other for the antisynunetric wave

modes. In the case of small c (c 0), approximated equations for a

(and the expansion coefficients) can be obtained by considering the

predominant terms in the unapproximated governing equations. It was

found that the frequency of the class I (inertia-gravity) waves is

given by a ±EN(N + l)gD]'2/a, that is the same form as that for

= 0; however the stationary modes for = 0 become nonstationary

class II (Rossby) waves with frequencies given by a 2c2s/[N(N + 1)].

For the inertia-gravity waves the divergence dominates the vorticity,

while for the Rossby waves the vorticity dominates the divergence.

Because the meridional structure of the velocity potential (stream-
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function) for each inertia-gravity (Rossby) mode is closely repre-

sented by a single associated Legendre polynomial P, Longuet-Higgins

(1968) identified each of the inertia-gravity (Rossby) modes for any

fixed zonal wavenumber s by the meridional index Z = N - s of its

velocity potential (streamfunction). It can be shown that among u, v

and h derived from x and ip, the meridional structure of the height

perturbation h (meridional velocity v) for each inertia-gravity

(Rossby) wave mode is also closely represented by a single associated

Legendre polynomial; these characteristics were first found by Hough

(1898).

For arbitrary c, Longuet-Higgins (1968) cast each system of the

governing equations for a and the expansion coefficients of x and

as an (infinite) eigenvalue problem, truncated to consist of a finite

number of equations, and then solved by a numerical method for any

given . The meridional structure of each continuous normal mode for

arbitrary E was identified by the meridional index of its correspon-

ding mode for small c. Longuet-Higgins' (1968) results, presented

only for s < 5 and 2 < 9, show that there are eastward- and westward-

propagating inertia-gravity waves, and westward-propagating Rossby

waves. For fixed s, as shown in Fig. 1.9, the magnitude of the eigen-

frequencies of the continuous inertia-gravity (Rossby) waves mono-

tonically increases (decreases) with increasing 2. Furthermore, as

shown in Fig. 1.10, the number of zeros in the meridional structure

of h for the inertia-gravity modes for large c is not equal to that

for small , i.e., 2.(e) Z( + 0).

Dickinson and Williamson (1972) computed the eigenfrequencies of

the discrete normal modes for the earth (2 = 7.27 x 105sec, a =

6.37 x 106m, and g = 9.81 m sec) for equivalent depths of D = 10 km

and 100 m (the external and first internal modes, respectively, as

obtained from the vertical structure equation for the typical verti-

cal distribution of the temperature in the atmosphere), that is for

c = 8.75 and 875 respectively. Dickinson and Williamson then class-

ified the discrete normal modes as either inertia-gravity or Rossby

modes as follows:
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Fig. 1.9. Dimensionless eigenfrequencies of the continuous normal modes on a

rotating sphere for s 4: (a) the eastward-propagating inertia-gravity

mode (2=n-s), (b) the westward-propagating inertia-gravity (=n-s) and

Rossby (9.=n'-s) modes. (After Longuet-Iliggins, 1968).
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Fig. 1.10. The meridional profile of the height perturbation

(h) for s = 1 westward inertia-gravity waves given

by the continuous solutions of the shallow water
2 3 o

equations for c = 1, 10, 10 and 10 . 0 = 90 -

and £=n-s is the meridional index for the limit

0. (After Longuet-Higgins, 1968.)
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"For fixed longitudinal wavenumber k [s in the present study],
the low-index modes of the difference equation ( ... ) corres-
pond closely to modes of the differential equation and are
classified accordingly. Higher-order modes are classified as
Rossby modes if their [eigen-] frequencies are no larger in
magnitude than the [eigen-] frequency of the lowest-index
Rossby mode. Likewise, higher-order modes are classified
as [inertia-I gravity modes if their [eigen-] frequencies
are no smaller in magnitude than the [eigen-J frequency of
the lowest-index [inertia-I gravity modes."

The method of classifying the meridional structures of the discrete

normal modes, however, was not described in their paper. Dickinson

and Williamson's results show that grid A simulates both eastward-

and westward-propagating inertia-gravity waves, and Rossby waves.

For fixed s, as 9. increases, the magnitude of the eigenfrequencies

of the discrete inertia-gravity modes (both eastward- and westward-

propagating branches) monotonically increases for 9. < -(L - 1), where

L is the (odd) number of grid points on a meridian, but monotonically

decreases for 9. > .(L - 1). The latter behavior is contrary to that

of continuous modes, and Dickinson and Williamson therefore called

these discrete modes computational inertia-gravity modes; these com-

putational modes are similar to those found by Winninghoff in his

f-plane analysis of grid A (See Fig. 1.8(A)). Furthermore, the
1

the eigenfrequencies of the discrete Rossby modes for 9. < .(L - 1)

are positive (westward propagating) and monotonically decrease with

increasing 9., but those for 9. > 4(L - 1) are negative (eastward

propagating) and monotonically increase in magnitude. The behavior

of the discrete Rossby modes for 9. > -(L - 1) is contrary to that

of the continuous Rossy modes, and Dickinson and Williamson therefore

called these discrete modes computational Rossby modes.

Temperton (1977) computed the discrete normal modes for grid C

on a rotating sphere using the method of Dickinson and Williamson

(1972), but classified the discrete normal modes as follows:

"Considering now the discrete system with finite depth, we
find that the Rossby modes are always clearly distinguish-
able in terms of their [eigen-] frequency... . The number
of zeros does not always correspond exactly with the index
9., partly because of the finite depth and partly due to
round-off error as the modes become very close to zero
over certain latitude ranges. However, the indexing can
still be done in terms of the [eigen-] frequency ordering."
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The eigenfrequency ordering method can be illustrated by the follow-

ing example. For the discrete normal modes whose height perturbation

is symmetric about the equator, Temperton assigned the meridional in-

dices (subscripts) to the following sequence which represents the

modes in the order of decreasing eigenfrequencies for a fixed s:

GM2, ,G22

where GW, R and GE denote westward-propagating inertia-gravity, Ross-

by, and eastward-propagating inertia-gravity modes, respectively, and

M is the number of meridional grid intervals in one hemisphere. Tern-

perton's results for D = 10 km (c = 8.75) show that there are eastward-

and westward-propagating inertia-gravity modes, and Rossby modes for

any s. Also all the Rossby modes have positive eigenfrequencies (west-

ward-propagating), thus computational {eastward-propagating] Rossby

modes were not found for grid C. Furthermore, the Rossby modes whose

zonal wavelengths equal twice the longitudinal gridlength (2iX) are

stationary (zero eigenfrequencies). Temperton's (1977) results for

grid C, contrary to those of Dickinson and Williamson (1972) for

grid A, show that the eigenfrequencies of inertia-gravity (Rossby)

modes monotonically increase (decrease) in magnitude with increasing

£. While this behavior of the inertia-gravity waves agrees with

that obtained by Winninghoff for grid C on an f-plane (Fig. 1.8(C)),

it was nevertheless guaranteed by the method of mode indexing (eigen-

frequency ordering), and thus may not represent the true behavior of

grid C.

Dee (1979) computed the discrete normal modes for grid B on a

rotating sphere using Dickinson and Williamson's (1972) approach and

classified the modes as follows:
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"... In Tables ... we present sample listings of the eigen-
values and the corresponding frequencies, classified as
characterizing eastward [inertia-i gravity modes, Rossby
modes and westward [inertia-] gravity modes. Within the
class of Rossby modes we indexed the modes according to
the number of zeros 2 of v. The [inertia-I gravity modes
are indexed according to the number of zeros of h ( ... ).

The Rossby modes can be distinguished from the [inertia-]
gravity modes by considering their frequency and the rela-
tionship between vorticity and divergence. The frequen-
cies of the Rossby modes are generally much smaller than
those of [inertia-] gravity modes."

Dee's results for D = 10 km (presented only for s = 1 and 4) show that

the eigenfrequencies of the eastward- and westward-propagating inertia-

gravity modes monotonically increase in magnitude with increasing 9.;

this is in contrast to Winninghoff's f-plane results for grid B which

show computational modes for kd/rr > (see Fig. 1.8(B)). Furthermore,

Dee's results also show that all the Rossby modes have positive eigen-

frequencies, and there are no "eastward-propagating Rossby modes

[negative eigenfrequency]" as was found by Dickinson and Williamson

(1972) for grid A. Finally, Dee commented:

"... The low index modes correspond closely to modes of
the differential equations from which the finite difference
equations are derived. The modes with high index can be
referred to as computational, since they result directly
from the difference equations and are not related to the
modes of the differential equations.... The mode shown
in Fig. 12 [Dee, 1979] does not lend itself to classifi-
cation, being a somewhat odd result .. .

The determination of the normal modes in the above studies was

for the purpose of normal mode initialization of finite-difference

numerical weather prediction models using grids A, B and C. That is,

the observational data which are required as initial conditions for

these models are expanded in terms of each model's normal modes, and

the unwanted modes are filtered to suppress the large-amplitude,

high-frequency oscillations which would otherwise occur during the

early state of the numerical weather prediction (Williamson, 1976).

For the above purpose, it is not strictly required that the identifi-.

cation of the discrete normal modes be consistant with that of the

continuous normal modes. For the purpose of the present study, how-

ever, it in necessary to compare each discrete normal mode with its
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corresponding continuous normal mode. Thus, both the discrete and

continuous normal modes must be identified in the same manner.

In the present study, we should not use the method of eigen-

frequency ordering as used by Temperton to determine the meridional

index 2, for arbitary because the eigenfrequencies of the inertia-

gravity modes for grids A and B on the sphere may behave in a similar

way to those on an f-plane. That is, these eigenfrequencies may not

be a monotonic function of L (see Fig. 1.8). Furthermore, we cannot

use the number of zeros of the height perturbation (meridional velo-

city) to identify the inertia-gravity (Rossby) modes for any fixed e

because, as shown in Fig. 1.10, the number of zeros for the continuous

normal modes is not unique.

One possible method to identify both the continuous and discrete

normal modes for arbitrary c is to choose first a sufficiently small

c such that the height perturbation (meridional velocity) of the con-

tinuous inertia-gravity (Rossby) modes is well represented by a

single associated Legendre polynomial P; for this small e, the mode

can be identified by Q = N - s, the number of zeros along a meridian.

Then, assuming that the distribution of the eigenfrequencies with

respect to Q is similar for all c in both the continuous and discrete

cases, we could determine the meridional index 9, by ordering the eigen-

frequencies of the normal modes for arbitrary c in a sequence such

that the distribution of these eigenfrequencies is similar to that

for small E (in fact, this is the case for the continuous normal modes

presented by Longuet-Higgins as shown by Fig. 1.9). However, it

is not clear that this procedure can be justified in the case of the

discrete normal modes. Therefore, in the present study, we only com-

pare the discrete normal modes with their continuous counterparts for

the case where E is sufficiently small such that inertia-gravity

(Rossby) modes can be identified by the number of zeros of their

height perturbation (meridional velocity) along a meridian.

In the following we first obtain the continuous solutions

for the eigenfrequencies and eigenfunctions of the inertia-gravity

and Rossby wave modes. As described in Chapter 2, the continuous

solutions are expanded in terms of the asymptotic series for small

c. A sufficiently small c such that the meridional structure of



the normal modes can be closely represented by a single associated

Legendre polynomial is also determined in this chapter. In Chapter

3, we describe the formulation of the eigenvalue-eigenvector problem

for solving the finite-difference solutions of the normal modes for

arbitrary . Three finite-difference grids are used in the present

study, and an eigenvalue-eigenvector problem is developed for each

grid. The continuous and finite-difference solutions of the normal

modes are computed for = 0.1. In Chapter 4, we present the results

computed from the continuous and finite-difference solutions. We

then compare the normal modes of the finite-difference solution for

each grid with those of the continuous solution, as well as the nor-

mal modes for one grid with those for another. In Chapter 5, we

interpret the results of the comparison presented in Chapter 4, and

evaluate the simulation of the inertia-gravity and Rossby wave modes

by each grid. Finally, in Chapter 6 we summarize the characteristics

of the discrete normal modes for each grid, and present the best

èhoice of grid for the simulation of both the inertia-gravity and

Rossby modes.
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2. Solution of the Continuous System

In the Introduction we described why it is necessary in the pre-

sent study to identify the normal modes of the continuous and discrete

shallow water equation models in the same manner. Because for c 0

the meridional profile of the height perturbation (meridional velocity)

of a continuous inertia-gravity (Rossby) mode is closely represented

by a single associated Legendre polynomial P, the meridional struc-

ture of a normal mode can be identified by a meridional index which

equals the number of zeros of P along a meridian. For the computa-

tion of the continuous normal modes, a sufficiently small value of

is required to obtain a meridional structure which is well represented

by P. To determine this value of c it is desirable to have an anal-

ytic solution in the form of an asymptotic expansion in . The evolu-

tion of the solution for c increasing from zero to some small value

can then be determined, and a sufficiently small value of c chosen.

A few low order terms of each of the asymptotic expansions for

the inertia-gravity and Rossby modes on a spherical earth have been

obtained by Dikii (1961). Those asymptotic expansions, however, cannot

be used to determine our sufficiently small c because the eigenstruc-

tures of the inertia-gravity modes were not determined, and those for

the Rossby modes were not determined uniquely (see Appendix B for de-

tailed description).

Therefore new asymptotic expansions for the inertia-gravity and

Rossby wave modes have been determined as described in detail in Appen-

dix B. Here we briefly summarize those expansions and then employ them

to determine our sufficiently small value of c.

2.1. Inertia-Gravity Modes

For a given zonal wavenumber s the dimensionless frequencies of

the two inertia-gravity modes with the same N are given by (B5.78).

(Hereafter, we use prefix B to indicate the equation number in Appen-

dix B.) Using (B4.3) to recover the dimension of the frequency, we

obtain
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0 =--(gD) C± +

+ a /-s

+
N (N#I I#i N +

+ (2.1)

where , , p and q are defined by (B3.26), (B3.27), (B3.28) and

(B3.29), respectively; and = . For a given pair of N and s, one

of the inertia-gravity modes whose frequencies are given by (2.1)

propagates eastward (aN < 0) and the other mode propagates westward

> 0) (cf (B3.l)-(B3.3)).

The asymptotic solutions for UN and VN can be derived from those

for the velocity potential XN and the streafunction N
using (B2.l0)

and (B2.11). For convenience, we rewrite those equations using u =

sin and obtain the following:

/ r ' (2.2)U = ', L C' "- J

/ r __
(2.3)L Y\ /

Substituting (B5.80) and (B5.81) in (2.2), we obtain the zonal velo-

city component UN for the inertia-gravity mode (N,$):

=
' a(i-,y/- f

s)')

/- £ CCN-//, #V-/1

-I- <(IV#/) e N, Z2,> ,z,çi)

S
(iw ) J
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± ± (N7)j,,, C,,,> ii)J
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/ -,(3)

+ S - ('v- /) &-, :' (/-.2)3 3> &J")N-a

<(") e (.a) - e (..)\
v','/ 4-/ #V-//

- /s - (N'3),,3 * (iw.z)/,,,, 4a)\ ,V,'a

* '3 (2.4)

where the C-coefficients are functions of N and s only and are listed

in Table B.l. Similarly, substituting (B5.80) and (B5.8l) in (2.3)

we obtain the meridional velocity component VN for the inertia-gravity

mode (N,$):

/ et(50JL) [Nb

- S. S C,
+ !(,v.-z) f,/-:L 2,ij3 i)
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I (I)- S y, 2'1)j..a V> ?//'

- (N, 3)

a3f-.4c13f - c> 9"
/5 + (,v-/) C4>' '-Iv-,

.11. .) 2 £;' - g e,,>

+c1vt.)L 3çI/)

. .3. . (2.5)

The asymptotic solution for the height perturbation hN can be derived

from the velocity potential XN using the continuity equation. Substi-

tuting the normal mode solutions (B3.l) and (B3.3) in (82.16). we

obtain

A (2.6)

Then substituting (B5.80) in (2.6) we obtain the height perturbation

hN for the inertia-gravity mode (N,$):

t{5A+Ot)

' 2. fd + ( Cd,'.2. N#

J , (2.7)

where we have used the following relation for the Laplacian operator
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'J5')e
, (2.8)

t('S.)+t)

which can be derived using the associated Legendre equation.

The asymptotic expansions for UN VN and hN contain only one ar-

bitrary coefficient aN as shown by (2.4), (2.5) and (2.7). In these

equations, the quantities
n' 1n and q (for example, n=N-2, etc.)

defined by (B3.26), (B3.28) and (B3.29), respectively, are functions

of N and s only, and so are
N

and the C-coefficients as shown by

Table B.l. Thus for a given Lamb's parameter the meridional struc-

tures of uN, VN and hN for an inertia-gravity wave mode are uniquely

determined. That is, the number of zeros along a meridian for each

asymptotic expansion is uniquely determined by the associated Legen-

dre polynomials in the expansion. As a first step to investigate

the number of zeros along a meridian, we list the associated Legendre

polynomials in each expansion according to the terms in which they

occur, as shown in Tables 2.1-2.3.



Table 2.1. The associated Legendre polynomials

solution of UN given by (2.4).

0
0(6 ) term PS

N

0(6) term P2

0(62) term P

O(6) term P4 P2 P

in the asymptotic

PS
N+2

PS
N+ 2

PS P5
N+2 N+4

Table 2.2. The associated Legendre polynomials in the asymptotic

solution of VN given by (2.5).

0(60) term
-1 +1

0(6) term P1

0(62) term
3

P+l
+3

0(5) term
5 S

N-1
S

N+l
5

N+3

Table 2.3. The associated Legendre polynomials in the asymptotic

solution of hN given by (2.7).

0(60) term p5

0(6) term

0(62) term S

N+2

0(6) term
N-2

S

N+2
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From these three tables we see that: (1) the number of associated

Legendre polynomials increases for higher order terms; (2) as c

approaches zero (cS 0), VN is represented by the linear combination

of and P1; (3) as c 0, UN and hN are closely represented by

P alone; and (4) as c 0, the meridional structure of hN approaches

faster than that of UN because the 0(S) term of hN does not exist.

The number of zeros of hN (and UN) along a meridian therefore ap-

proaches N-s as E approaches zero.

2.2. Rossby Moe8

For given s the dimensionless frequency of the Rossby mode N is

given by (B6.78). Using (B4.3) to recover the dimension of the fre-

quency, we obtain

= a--a (/, C, f,,,.,

.t (2.9)

where
'2

has been replaced by 2a/(gD)'2. For given N and s we

see that: has a single value, and is proportional to the rotation

rate 2. Thus the Rossby wave mode for given N and s propagates only

westward because the dominant term
8N

is positive (cf (B3.l) - (B3.3)),

and its frequency approaches zero as 2 approaches zero.

Similar to those of the inertia-gravity modes, the asymptotic

expansions for UN and VN of the Rossby modes can also be derived from

those for the velocity potential
XN and the streamfunction using

(2.2) and (2.3). Substituting (B6.80) and (B6.81) in (2.2), we obtain

the zonal velocity component UN for the Rossby mode (N,$):
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u41-t4 /

+ (4' )

-

(N-,)2 'L> PNL,5')

+ <S
(;

- (N,'.) 91)

Cw3? cL&ffpo7
£2 r- (iv- 4/)

;;- 2::-c"-'

t <S Ci3 2v-3)j _(v>2)
-/-'scf''

I,,-,

+ <'Sc: - t >
+ <'S43 -(9,>4")

(2.10)

where the C-coefficients are also functions of N and s only (see Table

B.2). It should be noted that the C-coefficients for the Rossby modes

are different from those for the inertia-gravity modes. Similarly,

substituting (B6.80) and (B6.81) in (2.3), we obtain the meridional

velocity component VN for the Rossby mode (N,$):

- / &s.A+c,,t)-

+ E<(,v-') -
1/v.., 4f-/



± i) e, - N/,,, 2:,>/)
K's c, + c2v,' e,c,> p,ça)

+

+ C,v', ) L3 '> IM)

+ <(,v,') c,:, -A/g,,c> ,ça)

+ <(v'3) 63 Y,d3
- (,v,'z) 6:,

()
+
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(2.11)

The asymptotic solution for the height perturbation hN can be derived

by substituting (B6.80) into (2.6) and using (2.8) to obtain hN for

the Rossby mode (N,$):

A4, = i%f
2

&C(s.t*c,) rdd,C4,:I)
'I

,/,'/ çA?.

+ £Lc('..3 C, &-3$2 o(g..,

+c(*j#, c,1,I) '_o,f,43 3&39OJ

+
3[ C,)7) 1d 13pc

c,

.7g. '4f,3

.7L. .
. (2.12)
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The asymptotic expansions for UN, VN and hN contain only one

arbitrary coefficient bN as shown by (2.l0)-(2.12). The quantities

ct, p and q1 defined by (B3.26), (B3.28) and (B3.29), respectively,

and the
°N

(Table B.2) and C-coefficients (Table B.2) are functions

of N and s only. Thus for given Lamb's parameter c, the meridional

structure of each of UN, VN and hN for a Rossby wave mode (N,$) is

uniquely determined. That is, the number of zeros along a meridian

for each asymptotic expansion is uniquely determined by the associated

Legendre polynomials in the expansion. To investigate the number of

zeros of UN, vN and hN along a meridian, we list the associated Legen-

dre polynomials in each expansion according to the term in which they

occur, as shown in Tables 2.4 - 2.6. From these three tables, we see

that: (1) the number of associated Legendre polynomials increased for

higher order terms; (2) as c approaches zero, UN is closely represented

by the linear combination of P1 and P1; (3) as c 0, hN approaches

zero because the lowest order term in the expansion of hN is 0(c); and

(4) as c 0, vN is closely represented by P alone. The number of

zeros along a meridian for VN of a Rossby wave mode therefore approaches

N-s as c approaches zero.

2.3. Determination of the Sufficiently Small c

As shown in the previous section, the meridional structure of

the height perturbation of an inertia-gravity wave mode and that of

the meridional velocity of a Rossby wave mode are closely represented

by the associated Legendre polynomial P alone as c approaches zero.

For the purpose of computing the meridional structures we search for

a sufficiently small c such that the meridional structures can still

be closely represented by P alone. There are two additional con-

straints for selecting our sufficiently small value of c. First,

because we are interested in the external mode for which c = 8.75,

we would like to choose an c that is as large as possible yet con-

sistent with c < 1 which was assumed in the scaling of the asymp-

totic expansions (see Appendix B, section 4). Second, the ratio
R IG . . .

derived from (2.9) and (2.1) is directly proportional to 6

(for the dominant term) as given by
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Table 2.4. The associated Legendre polynomials in the asymptotic

solution of UN given by (2.10).

0(c°) term
-1 +1

0(c) term
S S S S
N-3 N-1 N+l N3

0(c2) term
_3 -1 +1 +3 +5

Table 2.5. The associated Legendre polynomials in the asymptotic

solution of
N

given by (2.11).

0(0)
term

0(c)
5

term S S
N-2 N N+2

0(c2) term P4 p+4

Table 2.6. The associated Legendre polynomials in the asymptotic

solution of hN given by (2.12).

0(c0) term

0(c) term
5 S
N-1 N+1

0(c2) term P1
+3

0(c3) term p+1
+5
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± I

(2.13)

where and are the eigenfrequencies of the continuous Rossby and

inertia-gravity waves, respectively. Thus we would like to choose an

s which is sufficiently small that the magnitude of the eigenfrequencies

for the discrete Rossby waves is at least one order smaller than that

for the discrete inertia-gravity waves (assuming that the ratio

for the discrete normal modes is also directly proportional to 6).

In that case, we can determine whether a discrete normal mode is an

inertia-gravity or a Rossby mode by the magnitude of its eigenfre-

quency alone. The maximum value of the factor s/[N(N + 1)13/2 in

(2.13) is 0.354 (Table 2.7), and we would like to choose an such
3/2

that the maximum value of 6s/[N(N + 1)] approximately equals 0.1.

We have therefore chosen c = 0.1 to satisfy the two additional con-

straints.

To test whether c = 0.1 satisfies the primary constraint, we have

computed the height perturbation of the inertia-gravity wave modes and

the meridional velocity of the Rossby wave modes using their asymptotic

expansions truncated at each order (0(60), 0(6), ... for inertia-

gravity modes, and O(°), 0(c), ... for Rossby modes) for s and N-s

each equal to 0,1,2,3,9 and 18. (Zonal wavenumbers s=l,9 and 18

represent long, medium and short waves, respectively, pertaining to

the zonal grid size of 10 degrees longitude chosen for the finite-

difference solutions discussed in Chapter 3. Similarly, meridional

indices N-s = 1,9 and 18 represent large-, medium- and small-scale

meridional grid size of 10 degrees latitude chosen for the finite-

difference solutions.) The corrections of the higher order terms are

small (generally less than two percent of the lowest.order term, ex-

cept of course when the lowest-order term is close to zero) and do not

change the number of zeros along a meridian. Two typical examples

are shown in Tables 2.8 and 2.9. For c = 0.1, the higher-order cor-

rections displace each nodal point of the meridional structures only



-3/2TABLE 2.7. Values of s[N(N + 1)]

N-s s=l s=2 s=3 s=4 s=5 s=6 s=7

0 3.54xlO l.36xlO 7..22x102 4.47x102 3.04x102 2.20x102 l.67x102

1 6.80x102 4.81x102 3.35x102 2.43x102 l.84x102 l.43x102 l.15x102

2 2.41x102 2.24x102 1.83x102 l.47x102 l.l9x102 9.82x103 8.20x103

3 1.12x102 l.22x102 l.10x102 9.55x103 8.18x103 7.03x103 6.07x103

4 6.09x103 7.35x103 7.16x10'3 6.55x103 5.86x103 5.20x103 4.62x103

5 3.67x103 4.77x103 4.91x103 4.68x103 4.33x103 3.96x103 3.59x103

6 2.39x103 3.27x103 3.51x103 3.47x103 3.30x103 3.08x103 2.85x103

7 l.64x103 2.34x103 2.60x103 2.64x103 2.57x103 2.44x103 2.30x103
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TABLE 2.8. The height perturbation of the eastward-propagating inertia-
gravity wave mode for E = 0.1, s = 1 and N-s = 18 using (2.7)
truncated at O(50)(HEO), O(2)(HE2) and O(53)(HE3). Dashed
lines indicate the sign change between two adjacent latitudes.

LATITUDE HEO HE2 HE3

90 0 0 0

85 4.28x103 4.28xl03 4.28x103

80 l.32x103 l.32xl03 l.32x103

75 -2.51x103 -2.5lx103 -2.51x103

70 -4.78x102 -4.79x102 -4.79x102

65 2.06x103 2.06x103 2.06x103

60 -6.29x101 -6.19x101 '-6.l9xlO'
55 -l.75x103 -l.75x103 -l.75x103

50 4.69x102 4.68x102 4.68x102

45 1.46x103 l.46x103 1.46x103

40 -7.87x102 -7.86x102 -7.86x102

35 -l.16x103 -1.16x103 -1.16x103

30 l.03xl03 l.03x103 1.03x103

25 8.46x102 8.47x102 8.47x102

20 -1.20x103 -l.20x103 -l.20x103

15 -S.lSxlO2 -5.15x102 -5.15x102

10 1.30x103 1.30x103 l.30x103

5 l.73x102 1.73x102 1.73x102

0 -1.34x103 -1.34x103 -l.34x103
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TABLE 2.9. The meridional velocity of the Rossby wave mode for
c = 0.1, s = 1 and N-s 18 using (2.11) truncated at
0(co) (VO), 0(c) (Vi) and 0(c2) (V2). Dashed lines
indicate the sign change between two adjacent latitudes.

LATITUDE VO Vl V2

90 0 0 0

85 -11.27 -11.27 -11.27

80 -3.48 -3.49 -3.49

75 6.61. 6.61 6.61

70 1.26 1.26 1.26

65 -5.41 -5.41 -5.41

60 0.17 0.16 0.16

55 4.60 4.60 4.60

50 -1.24 -1.23 -1.23

45 -3.84 -3.84 -3.84

40 2.07 2.07 2.07

35 3.06 3.06 3.06

30 -2.71 -2.71 -2.71

25 -2.23 -2.23 -2.23

20 3.16 3.16 3.16

15 1.36 1.36 1.36

10 -3.43 -3.43 -3.43

5 -0.45 -0.45 -0.45

0 3.52 3.52 3.52
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by a short distance. This is substantiated by selected cases with one

degree latitude interval which show that the displacement of the nodel

points is less than one degree latitude. We therefore use c = 0.1

to compute h and v for the continuous inertia-gravity and Rossby wave

modes, respectively, and u, v and h for all the discrete normal modes.

The meridional structures of the height perturbation (meridional velo-

city) of the discrete inertia-gravity (Rossby) wave modes will be com-

pared with their counterparts in the continuous case. The methodology

for computing the discrete normal modes is presented in the next chapter.
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3. Solutions of the Finite-Difference Systems

In this chapter we first present the finite-difference analogs

of the linearized shallow water equations for grids A, B and C which

are shown in Fig. 3.1. We then use the finite-difference shallow

water equations for each grid to formulate a problem which can be

used to obtain the normal mode solution for arbitrary c. The problem

for each grid is finally cast in the form of an eigenvalue-eigenvec-

tor problem, where the eigenvalue is the frequency of a normal mode

and the eigenvector is the discrete meridional structure of the velo-

city components and height perturbation.

3.1. Finite-Difference Analogs of the Governing Equations

The shallow water equations linearized about a basic state of

rest are

(3.1)

i fa + 0 (3.2)

a coc f L 4 c-17 COS , (3.3)

where the symbols are as previously defined. Keeping the time deri-

vatives in the differential form, we can write the finite-difference

analogs of (3.l)-(3.3) for grids A, B and C as:

Grid A

a E4)h)J.= 0 (3.4)

(VT) 5u.. ++[(,h)3.. = 0 (3.5)

"1w

()___ p . [4,, (lYcaS = 0 .61cas?
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Fig. 3.1. Spatial distributions of the dependent variables .on grids A, B and

C on a spherical surface.
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Grid B

faL4' 1

r + CoS 9?,i: ('A h)J = 0 (3.7)

(?tr
+ = (3.8)

(.ft),.+ = 0 (3.9)

Grid C

(3.10)

1.4 +
(feos + (49,h)..ç 0 (3.11)

( )+ [(Z.Tca r)J} (3.12)

where subscripts i and j are respectively (i,j) (see Fig. 3.1); ( )

and ( ) are respectively the longitudinal and latitudinal space-.

differencing operators

[4
)J AA

[4( )J4+,

C ).
(3.13)

41'.

( ;
(3.14)

and
()X

and (i are respectively the longitudinal and latitudinal

space-averaging operators
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(C -f-[ C
(3.15)

, ..k [C ), .+ I + )., . (3.16)

The Coriolis terms in (3.4)-(3.12) have been written in such a form

that, as in the differential equations, they do not change the kinetic

energy (see Appendix C for further details). In explicit form (3.4)-

(3.12) are:

Grid A

+ / (hg,.- igO (3.17)accç 24J

+fUij-t- (3.18)

/* k; C

2724 (1'j#i = 0 (3.19)

Grid B

-
_-,1 -I. 2L4AC (h

_J) 1- I.) ki)4I)0 (3.20)

t f- :iLç ''k I14jl

-1 t,). h1.)- 0 (3.21)



g
fl4. a 4'S ( -tj

.,- /Is,

t [C'2+,, + -v;3 -"

43

= 0, (3.22)

Grid C

+w. 1+i.J3 (,&jJt. ;Ij. (i;+,,
£, 44

+ (1c&4cosç 2+i'1,) = 0 (3.23)

/
-

a, ch14i,_)o (3.24)

::* h+ (u+j.---

V. casç)J 0 (3.25)

In the present study we consider only distributions of the depen-

dent variables for which there are h points at the equator and poles

as shown in Fig. 3.2 for the Northern Hemisphere; here j = 0 repre-

sents the equator and j = J the north pole. Because the north and
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S
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S
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Fig. 3.2. Spatial distributions of the dependent variables on grids A, B and C

from the equator to the north pole.



south poles are singular points of the spherical coordinate system,

the velocity components u and v are not defined at the poles. We

shall derive appropriate equations for the polar regions in the fol-

lowing section.

3.2. Matrix Foznulation of the Nornal Mode Equations

For (3.].7)-(3.25) we seek normal mode solutions in the form

1uz4..I IL1.I
LJ=

I
et(4+(t)

IA

where ii., v. and fi. are functions of j only.
3 3 3

(3.17)-(3.25) we obtain:

Grid A

A

csç

45

(3.26)

Substituting (3.26) in

= 0 for Iii < J

£ -a. + 2ao - = 0 for j

(3.27)

(3.28)

2'c',+ LI'e2 *
for il < J-1, (3.29)

Grid B
.4i

for -J < < j (3.30)

A

J +Uk+ for-J < j J (3.31)

A s" (4

2..ci,1 (i,cez p, =')

for Iji < J, (3.32)
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A .4ta-it. (2%) ts"/=dt
for < (3.33)

A #4

, /.1os* '/ -t-

for .-J+]. < j < J (3.34)

T oSç ).o
for Iii < (3.35)

where

/ e/sa' -,:'c4)
s [ (4Jq)J

(3.36)S (s)
= .2 f St)1(SdA)h4)J (3.37)

-1 (e" = (3.38)

/
i$44

. (3.39)

Following Dickinson and Williamson (1972) we introduce
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(3.40) 

(3.41) 

(3.42) 

C (3.43) 

= c,s (3.44) 

where u, v and h' each has the dimension of velocity, to obtain: 
3 3 3 

Grid A +±° forljl<J (3.45) 

1J- ,* +V-;'=, 
1/ 

for jJ <J (3.46) 

p-, ' 7,7:* * o aa' a d- 2-a4f GI S. /- 
for JjJ < J-i, (3.47) 

Grid B 

a -' 

S'C/ -T=" 
for -J < j < J (3.48) 

Vfrj. '4r' -' 

-4- 
" 

for -J < j J (3.49) 

s"c tkC - a.4r' & 

for Iii < (3.50) 
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Grid C

- + '4- , +0 f :' o

for j < J (3.51)

)3cAv -.f;u- -44V-
+

j-, / J- -'-r

for -J+]. < < J (3.52)

(fr 21*' + o 4; p
oI_ --r

for j < J . (3.53)

We note that the above equations are not valid for the polar regions

and that the appropriate equations are given in subsection 3.2.3.

3.2.1. Equations for Iii < J-1

Each of the sets of equations (3.45)-(3.47), (3.48)-(3.50) and

(3.5l)-(3.53) can be written in matrix form for Iii < J-1 as

(c A 'ç
(3.54)

where 1T
indicates the transpose of the matrix, or as

Ca. 'ri + +
+

= 0' (3.55)

where:

Grid A

; (3.56)
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s2
o a

= 0 (3.57)

0 0

O 0 0

C - (3.58)

0
/

o

C- 0 (359)

-
0

0

0 0 (3.60)

0 0



Grid B

j1I
)

aI
a

C
JL

0

0 0 0

I

0
L

a.

(0 2

0 0

0)

r h p 0 SI

0 0 H

La 0

50

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)



Grid C

yC 1L h

0

0
J

'7

0 '7

a

0

0
J

10 0

-
-, 4-

0

0

a

a

2)

51

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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For each grid A is a real symmetric matrix, B. = cT1, and Q. is

a real diagonal matrix.

In the present study we take the velocity of the basic flow to

be zero. Thus, following Dickinson and Williamson (1972), we can

change the global problem for each grid into two hemispherical pro-

blems: one which governs the normal modes that are symmetric about

the equator, and the other those that are antisymmetric. The sym-

metric normal modes have

*
U . U. (3.71)

-a.

*
-a.

(3.72)

= h , (3.73)

and the antisymmetric normal modes have

IA*. = (3.74)

-a.

v;= 'v; (3.75)

1* 1*
t) ' . (3.76)

Conditions (3.7l)-(3.76) are illustrated in Fig. 3.3 for the equatorial

region. Therefore, it suffices to solve the normal mode equations for

one hemisphere, and hereafter we shall derive equations for the Northern

Hemisphere alone. The spatial distributions of u,

grids A, B and C from the equator to north pole are

We note that v* = 0 for the symmetric case, and u*

the antisymmetric case (see Fig. 3.3). Thus, the e

v, h' and Y. on
3 3 3

shown in Fig. 3.4.

0 and h* = 0 for

juations for u,
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v and h for the equatorial region can be simplified. In the follow-

ing we derive the normal mode equations in matrix form first for the

equatorial region and then for the polar region.

3.2.2. Equations for j = 0 and 1

Substituting the symmetric conditions (3.7l)-(3.73) with v = 0,

or the antisymmetric conditions (3.74)-(3.76) with u = 0 and h = 0,

in (3.45)-(3.53) for j = 0 and 1 and using v = 1,
,

f0 = 0,

f1 = f, etc., we obtain

A0Y0 + B0'+ a-Q00 0

C, + + B + o-Q = Q

where

Grid A, Symmetric Case

0

0

s-,c

S 'C

0 0

0

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)



/

-z

Q=[
0

(3.82)

/
0 a

Ia
0 (3.83)

cV4O

La

Grid A, Antisymmetric Case

(3.84)

,4= [ 0 (3.85)

'p= [
0 (3.86)

(3.87)

a 0 (3.88)
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Grid B, Symmetric Case

r

'i1 #9
(3.89)

,p= [
(3.90)

£9
L et

J
(3.91)

(3.92)

r___
7

4 L 0 J (3.93)

Grid C, Symmetric Case

'[ a

,,Sc

& 0

(3.94)

(3.95)
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oj

0

0 0

0 Yjc:!

c' o
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(3.96)

(3.97)

(3.98)

For the antisymmetric case for grids B and C matrices A0 B0, Q and

C1 do not exist; thus (3.77) and (3.78) reduce to

+ B3'i + = 0 (3.99)

3.2.3. Equations for j = J and J-1

For the polar region we can see that (3.45)-(3.47) and (3.50)-

(3.53) are invalid for j = J, and that (3.47) is invalid for j = J-l.

Furthermore, for j =J-1, (3.55) would contain for grid A, Y would

contain u, v and h (see (3.56)); for grid B, Y would contain

(see (3.61)); and for grid C, Y. would contain u and h (see (3.66)).
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Among these dependent variables, u and v are not defined, and h

is related to by

P )J h e4A + t) (3.100)

Since h1 must be single-valued, we have

h*=o 5*0 (3.101)

7
Thus, we must re-define for the polar region and derive special

equations for j = J and J-l.

For s = 0 we determine h from the conservation of mass within

the polar cap enclosed by the adjacent grid latitude shown by the stip-

pled areas in Fig. 3.5; that is, the temporal variation of h is de-

termined by the meridional mass flux at the enclosing adjacent grid

latitude. The equations for h for grids A, B and C for s = 0 are:

Grid A

c' , (3.102)__,c
I

Grid B

0 3 (3.103)

Grid C

- *.' c_ , 0 &-Jt I ,r-

4r g /?,7.D (3.104)

The equations which we use for j = J are listed in Table 3.1.

We note that for s 0 we use h = 0 in (3.48), (3.49) and (3.52) for

j = J. Furthermore, for j = J (3.52) contains jfu3; since = 0,

we ignore this term for all s although u is undefined. For 5 = J-1



L C

Fig. 3.5. Spatial distributions of the transformed dependent variables on grids

A, B and C in the polar region. The stippled area for each grid is

used to derive the prognostic equation for h (see Subsection 3.2.3).
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Table 3.1. Equations used for the polar region for j = J.

Grid s=0 sO

A (3.102) none

B (3.48), (3.49), (3.103) (3.48), (3.49)

C (3.52), (3.104) (3.52)



we use (3.45)-(3.53) for all s with h = 0 for s 0. We note that

for j = J-1, (3.47) contains ('c/(2ai))v,. and that this term is

ignored because = 0 although v is undefined. Thus, the matrix

equations for grids A, B and C obtained from the above equations are:

+ + -Q.'( = 0
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(3.105)

+ + + 0' (3.106)

where

Grid A, s=0

'i;r [
;i*) (3.107)

,
[ £9

(3.108)

Cj [ 0 (3.109)

r

)
(3.110)

-r

0 (3.111)

L .24.4ço

Grid B, s=0

0 0 (3.112)

a tO 9)



Grid B, sO

cJ7

0

0

s2
0 0

o 0

L
2'

0

0 0

a

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)



Grid C, s=O

y [ jT

44r

-),y, 0

0

(J_-I
0

0
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(3.118)

(3.119)

(3.120)

(3. 121)

(3.122)



Grid C, s0

c

=

i1 r-
[)ii

2 ao
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(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

For grid A, sO, matrices A. C, Q and B1 do not exist and (3.105)-

(3.106) reduce to

+ ° = 0 (3.128)

3.3. Eigenvalue-Eigenvector Problems

Summarizing the matrix equations for the grid latitudes from the

equator to the north pole for all cases derived in Section 3.2, we obtain



(/10Y0) + (B0'r') + (a-Q00).=o

(C1Y) + M,Y + 8,'f' + 0

C, Yi + /4, + B.'j+1 + c. Q.'T = 0

a

p

+ + + 0 Q'= a

+ [1%.'1.] + Uo Q'.] = o

1(3.129)

where the terms in parentheses do not exist for the antisymmetric case

for both grids B and C, and the terms in brackets do not exist for grid

A, s0. Eq. (3.129) can be written as a matrix equation

LY + o = 0 (3.130)

where

L=

/40 a a . 0

0
a a p a

S V V p

a 4 p 5
5

c, L,

o 5 0 C

(3.131)



a 0 0 0

i7 0 .

0 0 4 9

- o Q3 0 (3.132)

o 0

o
9

9

o
9 9

. 0

[
J.(3.133)

We note that the first row and column of L, the first row and column

of Q and the first element of Y do not exist for the antisymnietric case

for both grids B and C (cf (3.129)). We also note that the last row

and column of L, the last row and column of Q, and the last element of

Y do not exist for grid A, s0. Furthermore, from the matrices obtain-

ed in Section 3.2 we can see that:

(1) A. is a real symmetric matrix for j =
T

(2) B. = for j = 0,1,2,..

(3) Q. is a real diagonal matrix for j = 0,1,2,... ,J; and

(4) Y. is a column vector for j = 0,1,2,... ,J.

Consequently, for matrices L, Q and Y we see that:

(1) L is a real symmetric matrix;

(2) Q is a real diagonal matrix; and

(3) Y is a column vector.

Following Dickinson and Williamson (1972) we can transform (3.130)

into a standard eigenvalue-eigenvector problem. We define

= (3.134)



where

0

a I

p 0 a

= a I a

a a
V S

9 5 a 0

o - a

For 1 j J-1, Q2 can be written as:

Grid A

0

0 0

Lo 0
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(3.135)

(3.136)

(3.137)



Grid B

71'7

L 0

Grid C

±1

[
)' a o1
0 0

Lo 0

, (3.138)

(3.139)

1
Similar expressions for Q1 and Q2 can be obtained from and Q

given respectively in subsections 3.2.2 and 3.2.3. Pre-multiplying

(3.130) and Q and using (3.134) and (3.135), we obtain

+ o-' = 0 , (3.140)

the standard eigenvalue-eigenvector problem. For grids A, B and C,

all elements of Q are non-negative, hence Q is a real diagonal matrix.

Then by (3.134), L is a real symmetric matrix. Thus, (3.140) has real

eigenvalues a and eigenvectors Y . Pre-multiplying (3.135) by Q,

we obtain

Y = , (3.141)

hence Y is a real column vector.
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We have derived the normal mode equations in matrix form for arbi-

trary values of a, g, 2, D, X and i. The eigenvalue-eigenvector prob-

lems derived in this chapter are therefore valid for arbitrary c.

3.4. Solution Method and Normalization of Eigenvectors

In the present study we compute the eigenvalues and eigenvectors

of (3.140) for every s for each case given in Section 3.2 using the com-

puting routine "EIGRS" in the International Mathematical and Statistical

Library (IMSL). "EIGRS" automatically performs the normalization of

each eigenvector Y such that its Euclidean length is unity. As an exam-

ple, an eigenvector Y for grid A, symmetric case and s0 can be written

as

I = [1* /
47 A y, u' ) i(

yj' e 21* )1J 11* 11 (3.142)
7-I :-i :-i 7., it-, 7-, ,J

which is normalized such that

(+a0*2+ h

+,a; +,7+,h*a " / . (3.143)-
Eigenvectors Y are then transformed into Y using (3.141).
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4. Results

In this chapter we present the results for the normal modes of

the finite-difference systems using grids A, B and C (the discrete

normal modes) and compare them with those of the continuous system

(the continuous normal modes). In section 4.1 we explain the choice

of the values of the parameters in the discrete equations and the

horizontal grid size. In section 4.2 we describe a classification

and indexing scheme for the discrete normal modes. In sections 4.3,

4.4 and 4.5 we respectively present the discrete and continuous

inertia-gravity modes, the discrete and continuous Rossby modes, and

the discrete stationary modes.

4. 1 Parcvneters and Horizontal Grid Resolution

In the present study we compute the discrete normal modes in

dimensional form for c = 0.1 by choosing the following values for
6 -2

the parameters: a = 6.375 x 10 m and g = 9.80617 m Sec , which are

respectively the mean radius and gravitational acceleration of the
4

earth; D = 10 m, which is the equivalent depth of the external mode
- -6 -1

of the atmosphere; and c = 7.76o75 x 10 sec , which is the value re-

quired to make = 0.1. We note, however, that c is the key parameter;

hence this particular choice of a, g, D and is not unique nor signi-

ficant.

We must also specify the latitudinal and longitudinal grid lengths

( and X, respectively) for the computation of the discrete normal

modes. For computational economy, and to facilitate the presentation

and understanding of the results, we would like to choose and X

as large as possible, consistent with the values used by contemporary

atmospheric general circulation models (AGCMs) and oceanic general

circulation models (OGCvts) as shown in Table 4.1. Because the study

of grid A by Dickinson and Williamson (1972) for i4 = = 100, 50

and 2 1/2° demonstrated that the characteristics of the normal modes

were independent of resolution, we have chosen & = = 10 degrees.

Then s can take on all integer values from zero to 18, where 18 is

the zonal wavenumber of the 2X wave.
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Table 4.1. Grid sizes used by contemporary atmospheric and oceanic
general circulation models.

GCM' Grid
(degrees) (degrees)

Geophysical Fluid Dynamics Lab. AGCM A 4 5

NCAR AGCM A 5 5

United Kingdom Meteorological Office AGM A 3 5

Goddard Institute for Space Studies AGCM B 4 5

Goddard's Laboratory for Atmospheric B 4 5

-'

10

Sciences AGCM 20

Oregon State University AGCM B 4 5

Siberian Branch of the USSR Academy B 5 5

(3
'

10

of Sciences AGcM'

European Centre for Medium Range Weather C 3.75 3.75

Forecasts AGcM

OSUOGCM C 4 5

UCLA AGCM C 4 5

FOr references, see Table 1.1.

50 for 66°S-66°N; A = 10° for 72°-78°S and 72°-78°N; and
= 20° for 82°-86°S and 82°-86°N.

= = 5° for the hemispherical AGCM and & = = 10° for the

global AGCM.
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For each s and grid we compute the eigenfrequencies and eigen-

vectors of the symmetric and antisymmetric discrete normal modes

separately from the eigenvalue-eigenvector problems. Each eigenvector

is then separated into its u, v' and h* components, and each discrete

normal mode is classified and indexed as described below.

4.2 Classification of Discrete Normal Modes

In the continuous solution for c = 0.1 there are two classes of

normal modes: eastward- and westward-propagating inertia-gravity

modes (with negative and positive eigenfrequencies, respectively),

and Rossby modes (with positive eigenfrequency). For given s the

magnitudes of the eigenfrequencies of the inertia-gravity and Rossby

modes respectively increase and decrease with increasing , where

9. = N-s is the meridional index (see Appendix A). We might use these

characteristics of the continuous normal modes to classify the dis-

crete normal modes as either inertia-gravity or Rossby modes. However,

Dickinson and Williamson's (1972) study of grid A shows that for given

s the magnitude of the eigenfrequency of the inertia-gravity modes

increases for the first half of the modes and then decreases for the

second half as the meridional index 9.. increases from the smallest to

the largest value. Furthermore, for given s half of the Rossby modes

propagate eastward and the other half propagate westward; the eastward-

propagating Rossby (ROE) modes have higher meridional indices and their

eigenfrequencies increase in magnitude as 9. increases while the west-

ward-propagating Rossby (ROW) modes have lower meridional indices and

their eigenfrequencies decrease in magnitude as 2, increases. Further-

more, Winninghoff's (1968) study of grid B on a Cartesian f-plane shows

that for small wavenuniber (index) in one direction, the frequency of

the inertia-gravity waves increases as the wavenumber (index) in the

other direction increases; but for large wavenumber in one direction,

the frequency of the inertia-gravity waves decreases as the wavenumber

in the other direction increases (see Fig. 1.8(B)). Therefore we can-

not classify the discrete normal modes based on their eigenfrequency-

index relationship.
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As discussed in section 2.3, the eigenfrequencies of the contin-

uous Rossby modes are well separated from those of the continuous

inertia-gravity modes for all s and 9. except s=l,2 for 2,=N-s=0. For

£ = 0.1 the ratio of the largest eigenfrequency in magnitude for the

continuous Rossby modes to the smallest eigenfrequency in magnitude

for the continuous inertia-gravity modes is at most 0.1. It should

therefore be possible to classify the discrete normal modes based on

the gap between their eigenfrequericies, except possibly for the modes

with small zonal wavenumbers. Furthermore, in the continuous solution

the number of eastward-propagating inertia-gravity (IGE) modes is

equal to the number of westward-propagating inertia-gravity (1GW)

modes. This characteristic might be used to help separate the discrete

inertia-gravity modes from the discrete Rossby modes with small zonal

wavenumbers.

For each s and grid we list the eigenfrequencies of the symmetric

discrete modes in an ascending sequence from the largest negative

value to the largest positive value. Then, for every pair of adjacent

eigenfrequencies in this sequence we compute the ratio of the larger

absolute value to the smaller absolute value. We also perform the

same calculations for the antisymmetric discrete modes.

Examples for the symmetric modes for grids A, B and C are shown

respectively in Tables 4.2, 4.3 and 4.4. In these tables s=l,9 and 17

are chosen to represent the small, medium and large zonal wavenumbers,

respectively. We note that for grid A the ascending sequence of eigen-

frequencies for s=17 is the same as that for s=1 (Table 4.2); this

relation also holds for s=l6 and 2, s=l5 and 3,..., s=l0 and 8.

For grid A, and for s=9 and 17 for grids B and C, the ratios of

adjacent eigenfrequencies in the tables display two gaps, one in the

negative portion of the eigenfrequency sequence and the other in the

positive portion. These gaps clearly differentiate the low-frequency

ROW and ROE modes from the high-frequency IGE and IGE modes, respec-

tively, and these modes can thus be easily classified. Such a classi-

fication is possible for all modes with the exception of the symmetric

and antisymmetric s=l modes for grid B, and symmetric s=2 modes for

grid B, and the symmetric s1 modes for grid C. For these modes



Table 4.2. The eigenfrequencies
symmetric modes, and
value to the smaller
frequencies.

in ascending sequence for grid A,
the ratios of the larger absolute
absolute value of adjacent eigen-
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s=l s=9 1

a ratio a ratio

-3.55 x 10 -1.63 x 10
1.25 1.92

-2.83 x 10 -8.47 x lO
1.01 1.42

-2.81 x 10 -5.98 x 10
1.18 1.24

-2.39 x l0 -4.84 x l0
1.00 1.14

-2.38 x 10 -4.26 x 10
1.45 1.11

-1.64 x l0 -3.85 x 10
1.01 1.01

-1.63 x l0 -3.80 x 10
2.23 1.25

-7.32 x 10 -3.05 x 10
1.12 1.01

-6.55 x 10 -3.03 x 1O
26.31 202.00

-2.49 x io6 -1.50 x io6
3.65 2.13

-6.83 x l0 -7.04 x l0
2.64 2.48

-2.59 x l0 -2.84 x l0
3.68 4.88

-7.04 x l0_8 -5.82 x io

7.04 x 108 5.82 io8
3.68 4.88

2.59 x 10 2.84 x l0
2.64 2.48

6.83 x l0 7.04 x 1O7
3.65 2.13

2.49 x io6 1.50 x io_6
26.31 202.00

6.55 x 10 3.03 x l0
1.12 1.01

7.32 x l0 3.05 x 10
2.23 1.25

1.63 x l0 3.80 x 10
1.01 1.01

1.64 x l0 3.85 x l0
1.45 1.11

2.38 x l0 4.26 x 10
1.00 1.14

2.39 x 10 4.84 x 10
1.18 1.24

2.81 x l0 5.98 x 10
1.01 1.42

2.83 x 10 8.47 x l0
1.25 1.92

3.55 x 1.63 x



Table 4.3. The eigenfrequencies
symmetric modes, and
value to the smaller
frequencies.

in ascending sequence for grid B,
the ratios of the larger absolute
absolute value of adjacent eigen-
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s=l s=9 s=l7

a ratio a ratio a ratio

-5.60 x I0 -1.92 x -2.69 x l0
1.02 2.18 2.24

-5.47 x l0 -8.80 x 10 -1.20 x 10
1.06 144 151

-5.18 x 10 -6.10 x 10 -7.95 x l0
1.10 122 128

-4.72 x 10 -4.98 x 10 -6.23 x 1O4
1.14 1 12 1 12

-4.13 x l0 -4.44 x 10 -5.55 x 10
1.21 1 06 1 15

-3.41 x l0 -4.17 x l0 -4.81 x 10
1.32 1 03 1 31

-2.58 x l0 -4.04 x l0 -3.66 x i0
1.54 1 01 1 59

-1.67 x l0 -3.99 x 10 -2.30 x io
2.55 1 01 2 58

-6.56 x l0 -3.97 x l0 -8.90 x 10
4.23 26 64 10 31

-1.55 x l0 -1.49 x l0 -8.63 x i0

1.21 x l0 5.89 x io_8 5.24 x 10
1.07 5.04_______

1.30 x 10 2.80 10 2.64
8

1.16 207 226
1.51 x l0 5.80 x 10 5.97 x io8

1.25 149 162
1.89 x 10 8.67 x 10 9.70 x 1018

1.38 1:26 1:39
2.60 x l0 1.09 x 10 1.13

1.58 1 13 1 55
4.12 x 10 1.23 x l06 2.09 x 10

1.98 1 07 2 08
8.16 x l0 1.31 x lO_6 4.34 x 10

3.19 103 401
2.60 x io6 1.35 x io_6 1.74 x lO_6

28.27 295:56 53:74
7.35 x l0 3.99 x 10 x

2.29 1.00 2.47
1.68 x l0 4.00 x 10 2.31 x 10

1.54 1 01 1 58
2.58 x l0 4.05 x 10 3.66 x l0

1.32 1:03 1:31
3.4lx104 4.18x10 4.81xl04

1.21 1 06 1 15
4.13 x 10 4.45 x 10 5.55 x l0

1.15 1 12 1 12
4.73 x l0 4.99 x 10 6.23 x l0

1.10 1 22 1 28
5.18 x 10 6.10 x 10 7.95 x l04

1.06 1:44 1:51
5.47 x l0 8.81 x 10 1.20 x 10

1.02 2 18 2 24
5.60 x 1.92 x 2.69 x l0



Table 4.4. The eigenfrequencies
symmetric modes, and
value to the smaller
frequencies.

in ascending sequence for grid C,
the ratios of the larger absolute
absolute value of adjacent eigen-
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s=l s=9 s=17

a ratio a ratio a ratio

-5.72 x 10 -2.33 x l0 -3.25 x
i.o2 1.89 1.92

-5.59 x 10 -1.23 x ° -1.69 x l0
1.05 1.37 1.42

-5.30 x l0 8.99 x 10 -1.19 x 10
1.10 1.19 1.23

-4.83 x 10 -7.56 x ° -9.67 x 10
1.15 1.03 1.06

-4.21 x ° x -9.09 x 10
1.21 1.08 1.07

-3.47 x l0 -6.81 x lO -8.48 x 10
1.32 1.09

-2.62 x 10 -6.15 x lO -7.76 x 10
1.55 115 1.10

-1.69 x ° -5.36 x -7.07 x lO
2.47 1.19 1.14

-6.83 x l0 -4.50 x ° -6.19 x 10
6.76 225.00 3419.89

-1.01 X 10 -2.00 x l06 -1.81 x 10
5.87 1.94 1.83

-1.72 x 106 -1.03 x io6 -9.90 X lO
3.61 2.23 2.17

-4.77 x l0 -4.61 x l0 -4.57 x 10
6.00 4.27 4.23

-7.95 x io8 -1.08 x l0 -1.08 x 10

7.49 x io 1.44 X ° 1.48 x 10
1.91 2.43 2.59

1.43 x 10 3.50 x 10 3.83 x
1.90 1.44 1.49

2.72 x 5.04 x 10
5.72 x 10

2.61 1.38 1.28
7.11 x 10 6.95 x 10 7.35 x 10390 147 1.32
2.77 io6 1.02

4.51 x

io_6

l0

9.67 X
-810_

27:26 442.16 6401.24
7.55 X 10 6.19 x 10

2.25 1.19 1.14
1.70 x 5.36 x 7.03 x 10

1.54 1.15 1.10
2.62 x l0 6.15 x 10 7.76 x 10

1.32 1.11 1.09
3.47 x 6.81 x ° 8.48 x 10

1.21 1.08 1.07
4.21 x 10 7.37 x l0 9.09 x 10

1.03 1.06
4.83 x l0 7.56 x 9.66 x 10

1.10 1.19 1.23
5.30 x l0 8.99 x ° 1.19 x 10

1.05 1.37 1.42
5.59 x ° 1.23 x l0 1.69 x 10

1.02 1.89 1.92
5.72 x 10 2.33 x 10 3.25 x 10
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there is a clear gap for the positive eigenfrequencies (westward-

propagating modes), but no clear gap for the negative eigenfrequencies

(eastward-propagating modes) as shown in Tables 4.3 and 4.4. For the

latter cases we differentiate between the 1GW modes and the ROW modes

as before, and impose the additional condition that the number of IGE

modes be equal to the number of 1GW modes, thereby differentiating the

IGE modes from the ROE modes. Then we obtain the following results:

(1) the division between the inertia-gravity and Rossby modes always

coincides with the largest ratio; (2) the number of 1GB modes is inde-

pendent of s (1 s s 18) for the same grid; and (3) the number of ROB

modes is independent of s ( 17) for the same grid.

Among the discrete Rossby (ROW and ROE) modes there are some

whose eigenfrequencies have magnitudes smaller than lO4sec1. In

particular, (1) grid A, s=O and 18, symmetric and antisymmetric modes;

(2) grid A, sl,2,. . .,17, antisymmetric modes; (3) grid B, s=O and 18,

symmetric and antisymmetric modes; and (4) grid C, s=O and 18, symme-

tric modes. These eigenfrequencies are at least six orders of magni-

tude smaller than the smallest eigenfrequency of the continuous Rossby

modes, and they are different from zero probably because of the trunca-

tion and the round-off errors in the computer calculations. Thus we

classify these discrete modes as stationary Rossby (SR) modes.

For each classified discrete normal mode, except for the station-

ary modes, we assign a meridional index 2. The meridional index of

a discrete inertia-gravity mode is taken equal to the number of zeros

along a meridian of its h* profile excluding the zeros at the poles.

Similarly, the meridional index of a discrete Rossby mode is taken

equal to the number of zeros of its v profile along a meridian be-

tween the grid latitude adjacent to the north pole and that to the

south pole. This indexing scheme for the discrete inertia-gravity

and Rossby modes is consistent with that for the corresponding contin-

uous normal modes. We do not index the discrete SR modes because

their identifications are not required for investigating the varia-

tions of their eigenfrequencies nor for comparing their eigenfunctions

(including u, v and h*) with those of the continuous SR modes which

exist only for s=O.
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In the following sections we present the results separately for

the continuous and discrete inertia-gravity modes, the continuous and

discrete Rossby modes, and the discrete stationary modes.

4.3 Inertia-Gravity Modes

In this section we first present the distributions of the discrete

inertia-gravity wave modes in the zonal wavenumber-meridional index

domain. Then, we present the variation of the eigenfrequencies of the

inertia-gravity modes with respect to the meridional index for given

zonal wavenumber. For the eigenfunctions of the inertia-gravity modes

we present only the meridional profiles of h*.

4.3.1. Distributions of Discrete Inertia-Gravity Modes

The distributions of the discrete inertia-gravity wave modes in

the zonal wavenumber-meridional index domain are shown in Fig. 4.1

for grids A, B and C for the resolution i = = 10 degrees. For

the zonal resolution there are 36 grid intervals along a latitude

circle, hence grids A, B and C can resolve zonal wavenumbers s=0,l,

,18. For the meridional resolution there are 19 grid latitudes

from the south pole to the north pole, and there are 18 grid intervals.

For s=O, the values of h* at the south and north poles may be dif-

ferent from zero. Thus, for s=0 there are 18 meridional grid inter-

vals, and grids A, B and C can resolve the discrete inertia-gravity

modes for 9= 1,2,... ,18. We note that the mode for s=0 and 9=0

is the basic state, which is at rest and is excluded from the present

study as shown by the hatching in Fig. 4.1. For s0 the values of h*

at the south and north poles are zero. However, these zeros do not

count in the indexing of discrete normal modes. Thus for s0 there

are 16 meridional grid interva1s, and grids A, B and C can resolve

the discrete inertia-gravity modes for 9=0,1,2,.. .,l6; the unresol-

vable values of 9 are thus hatched in Fig. 4.1.

When there is more than one IGE or 1GW mode for a given pair

of s and 9, we call this the multiplicity of the mode. There is

multiplicity of the IGE and 1GW modes for grids A and B, but not for



Fig. 4.1. Distributions of the discrete inertia-gravity wave

modes in the zonal wavenuniber-meridional index

domain. The number in a box indicates the number

of modes for the s and £ associated with the box,

and a blank box represents one mode. A stippled

box indicates the absence of the mode. A hatched

box indicates a mode which cannot be resolved by

the grid (see text). The mode for s=O and 2,=O

is the basic state which is excluded.
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grid C. The number of discrete inertia-gravity modes for each IGE or

1GW branch is fixed for given s, A, X and grid; thus when there is

an extra mode for one 2., there is absence of the mode for another 2..

Grid A

For given s in the interval 1 s 18 the distribution of the

1GW modes with respect to 2. from 2=16 to 2=0 is the same as that of

the IGE modes from 2.=0 to 2.=l6. For the IGE and 1GW modes the number

of L's with multiplicity is largest for 6 < s < 12 and, correspond-

ingly, the number of 2's for which the IGE and 1GW are absent is

maximum for 6 < s < 12.

Grid B

The distribution patterns for the IGE and 1GW modes are identical.

For each branch there is multiplicity for s=3,4,.. . ,8 but not for

other zonal wavenumbers. The number of L's with multiple modes is

maximum for s=6,7 and, correspondingly, the number of L's for which

the IGE and 1GW modes are absent is largest for s=6,7.

Gird C

The distribution patterns for the IGE and 1GW modes are also

identical. There is no multiplicity for all zonal wavenumbers.

4.3.2. Eigenfrequencies

In this subsection we present the variation with respect to 2. of

the eigenfrequencies of the discrete IGE and 1GW modes for given s

for grids A, B and C, and compare with that of the continuous modes.

We use tables to explain the variation of eigenfrequencies, and

graphs for the comparison between the discrete and continuous modes.

Grid A

The eigenfrequencies of the IGE and 1GW modes are illustrated

by the examples in Table 4.5. First we note that the distributions

of eigenfrequencies with respect to 2. for the IGE modes are the same
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Table 4.5. Eigenfrequencies of the inertia-gravity waves for grid A.

s=l,17

1GW IGE

2
-1

a(sec )

-1
a(sec )

0 7.32x105 -7.32x105 16

1 l.20x104 -l.20x104 15

2 l.64x104 -1.64x104 14

3 2.05x104 -2.05x104 13

4 2.39x104 -2.39x104 12

5 2.65x104 -2.65x104 11

6 2.83x104 -2.83x104 10

7 3.55x104 -3.55x104 9

8 3.55x10'4 -3.55x104 8

9 2.88x104 -2.88x104 7

10 2.81x104 -2.81x104 6

11 2.64x104 -2.64x104 S

12 2.38x104 -2.38x104 4

13 2.04x104 .-2.04x104 3

14 l.63x104 -1.63x104 2

15 l.17x104 -1.17x104 1

16 6.55x105 -6.55x105 0

s=8,10

1GW IGE

.

-1
a(sec )

-1
a(sec )

0 3.01x104 -3.01x104 16

1 3.44x104 -3.04x104 15

2 3.81x104 -3.81x104 14

7 1.61x103 -1.61x103 9

8 1.61x103 -1.61x103 8

8 8.35x104 -8.35x104 8

9 8.35x104 -8.35x104 7

9 5.90x104 -5.90x104 7

10 5.90x104 -5.90x104 6

10 4.79x104 -4.79x104 6

11 4.79x104 -4.79x104 5

11 4.19x104 -4.19x104 5

12 4.22x104 -4.22x104 4

13 3.96x104 -3.96x104 3

14 3.76x104 -3.76x104 2

15 3.43x104 -3.43x104 1

16 2.98x104 -2.98x10'4 0
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for zonal wavenunibers 1 and 17, 2 and 16,...; 8 and 10, and this is
also true for the IGE modes. For given s the IGE and 1GW modes have
eigenfrequencies with the same magnitude as shown in Table 4.5. The

meridional indices of these two modes are related by 2.IGE + 2.IGW
2(K 2), where K is the number of h* latitudes from the equator to
the north pole (K = 10 for = 10 degrees). We call this relation
the "complement relation," and it holds even when there is multiplicity
of the IGE and 1GW modes (Table 4.5, s=8 and 10).

For s=l and 17 there is no multiplicity of the IGE and 1GW modes
(Table 4.5). For these two zonal wavenuinbers the magnitude of the
eigenfrequency of the ICE modes increases as 2. increases from zero to
eight, and decreases as 2. increases from nine to 16. Obeying the
"complement relation," the eigenfrequency of the 1GW modes increases
as 2. increases from zero to seven, and decreases as 2. increasess from
eight to 16.

For s=8 and 10 there is multiplicity of the IGE modes for 2.=5,6,

7,8, and of the 1GW modes for 2.=ll,lO,9,8. Consequently, there is
absence of the IGE modes for 2.=lO,ll,12,13, and of the 1GW modes for
Z=6,5,4,3. We note that for 2 s 16 there are multiplicity and
absence of the IGE and 1GW modes for medium i's (see Fig. 4.1). The

lower-index IGE and 1GW modes have eigenfrequencies whose magnitudes
increase with increasing 2., while the higher-index modes have eigen-
frequencies whose magnitudes decrease with increasing 2. as illustrated
in Table 4.5.

For each s in the interval 0 s 17 some discrete ICE and 1GW
modes with consecutive meridional indices occur in pairs in the sense
that their eigenfrequencies are the same at least to the third signi-
ficant digit. Two examples of these "paired" modes in Table 4.5 are
the ICE modes for s=l, 9.=8 and 9; and for s=8, 2.=5 and 6.

The eigenfrequencies of the ICE modes resolved by grid A are
illustrated in Fig. 4.2. The zonal wavenuinbers presented in this
figure are chosen to show the significant changes as s increases from
one to nine. For each s the magnitude of the eigenfrequency of the
continuous modes increases as 2 increases; that of the discrete modes
also increases as 2. increases from zero to eight, but decreases as
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Fig. 4.2. EigenfrequeflCieS of the eastward-propagating inertia-

gravity modes for grid A. The solid lines are for

the continuous modes, circles are for the discrete

modes and the shaded circles are for the "paired"

modes (see text).



2. increases from nine to 16 except when there is multiplicity. Con-

sequently, the eigenfrequencies of the low- and medium-index discrete

modes are close to those of the corresponding continuous modes.

For 10 < s < 17 we do not present the graphs for the eigenfre-

quencies of the IGE modes for grid A. However, for given 2. the magni-

tude of the eigenfrequencies of the continuous IGE modes increases as

s increases from zero to 18; that of the discrete 1GB modes also in-

creases as s increases from one to nine, but decreases as s increases

from 10 to 18 except for the 2.'s with multiplicity or absence of the

IGE modes. Consequently, the eigenfrequencies of most discrete IGE

modes for 10 < s < 17 are smaller in magnitude than those of the cor-

responding continuous IGE modes. Only a few medium-index discrete 1GB

modes for 10 s 14 have their eigenfrequencies close to those of

the corresponding continuous modes.

The "paired" 1GB modes are indicated by the shaded circles in

Fig. 4.2. The number of "paired" 1GB modes increases as s increases

from one to eight, and decreases as s increases from 10 to 17 (not

shown).

The characteristics of the eigenfrequencies of the 1GW modes

(Fig. 4.3) are similar to those of the discrete IGE modes, except that

the variation with respect to 2. is opposite (see Table 4.5). Thus for

given s the graph for the discrete 1GW modes in Fig. 4.3 is the mirror

image about 2.=8 of that for the discrete IGE modes in Fig. 4.2. The

eigenfrequency of the continuous 1GW modes increases as 2.. increases

for given s, and it also increases as s increases for given 9... Con-

sequently the eigenfrequencies of most of the discrete 1GW modes for

10 s 17 are smaller than those of the corresponding continuous 1GW

modes. Only a few medium-index discrete 1GW modes for 10 s 14

have their eigenfrequencies close to those of the corresponding con-

tinuous 1GW modes.

Obeying the "complement relation," for given s, the number of

"paired" 1GW modes equals the number of "paired" IGE modes (see Figs.
4.2 and 4.3).

The eigenfrequencies of the 1GB and 1GW modes for s=O are shown

in Fig. 4.4 (those for grids B and C are also shown in the same figure,
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but will be discussed later). The magnitude of the eigenfrequency

of the discrete IGE modes increases as 9. increases from one to eight

and decreases as 9. increases from nine to 17, except for the modes

with multiplicity. There is one set of "paired" discrete IGE modes

for £=8 and 9. The magnitude of the eigenfrequency of the discrete

1GW modes increases as 9. increases from one to nine, and decreases

as 9. increases from 10 to 17. There is no multiplicity of 1GW modes,

but one set of "paired" discrete 1GW modes for 29 and 10. The eigen-

frequencies of the low-index discrete 1GB and 1GW modes are very close

to those of the corresponding continuous modes.

The eigenfrequencies of the 1GB and 1GW modes for s=l8 are shown

in Fig. 4.5 (those for grids B and C are also shown in the same figure,

but will be discussed later). The magnitude of the eigenfrequency of

the discrete 1GB modes increases as 9. increases from zero to eight,

except for the multiple 9.=l mode, and decreases as 9. increases from

eight to 15. Obeying the "complement relation," the eigenfrequency

of the discrete 1GW modes increases as 9. increases from one to eight,

and decreases as £ increases from eight to 16, except for the multiple

9.=15 mode. The graphs in Fig. 4.5 for the discrete 1GB and 1GW modes

for grid A are the mirror images of each other about Z=8. All the

discrete 1GB And 1GW modes for s=18 have eigenfrequencies whose mag-

nitudes are smaller than those of the corresponding continuous modes.

Grid B

The eigenfrequencies for the IGE and 1GW modes are illustrated

by the examples in Table 4.6. For each s in the interval 0 s 2

there is no multiplicity and the magnitudes of the eigenfrequencies

of the IGE And 1GW modes increase as 9. increases (Table 4.6(a),s=1).

For each s in the interval 3 s 18 there are two groups of IGE and

1GW modes: a lower-frequency group in which the magnitude of the

eigenfrequencies increases as 9. increases, and a higher-frequency

group which consists of "paired" modes and in which the magnitude

of the eigenfrequencies decreases as £ increases (Table 4.6(a),s=8).

For each s in the interval 9 s 18 there is no multiplicity and

the magnitudes of the eigenfrequencies of the IGE and 1GW modes

decreases as 9. increases (Table 4.6(b)).
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Table 4.6. Ligenfrequencies of the inertia-gravity waves for grid B.

(a)

s=l

1GW IGE

2,

-1
c(sec )

-1
(sec )

0 7.35x105 -6.56x105 0

1 1.21x104 -1.18x104 1

2 1.68x104 -1.67x104 2

3 2.14x104 -2.13x104 3

4 2.58x104 -2.58x104 4

5 3.01x104 -3.00x104 5

6 3.41x104 -3.41x104 6

7 3.78x104 -3.78x104 7

8 4.13x104 -4.13x104 8

9 4.45x104 -4.44x104 9

10 4.73x104 -4.72x104 10

11 4.97x104 -4.97x104 11

12 5.18x104 -5.18x104 12

13 5.34x104 -5.34x104 13

14 5.47x104 -5.47x104 14

15 5.56x104 -5.56x104 15

16 5.60x104 -5.60x104 16

s=8

1GW IGE

9
-1

a(sec )

-1
a(sec ) 2,

10 3.72x104 -3.70x104 10

1]. 3.90x104 -3.88x104 11

12 4.04x104 -4.03x104 12

13 4.16x104 -4.15x104 13

14 4.24x104 -4.23x104 14

15 4.30x10'4 -4.28x104 15

16 4.32x104 -4.30x104 16

14 4.42x104 -4.41x104 14

13 4.42x104 -4.41x104 13

12 4.81x104 -4.80x104 12

11 4.81x104 -4.80x104 11

10 5.75x104 -5.74x104 10

9 5.75x104 -5.74x104 9

8 8.13x104 -8.13x104 8

7 8.13x104 -8.13x104 7

6 1.75x103 -1.75x103 6

5 1.75x103 -1.75x103 S



Table 4.6. (Continued)

(b)

s=9

1GW IGE

2.

-1cY(sec )
-1c(sec ) 2.

16 3.99x104 -3.97x104 16

15 4.00x104 -3.98x104 15

14 4.00xl04 -3.99x104 14

13 4.05x104 -4.04x104 13

12 4.05x104 -4.04x104 12

11 4.l8x104 -4.l7x104 11

10 4.18x104 -4.17x104 10

9 4.45x104 -4.44x104 9

8 4.45x104 -4.44x104 8

7 4.99x104 -4.98x104 7

6 4.99x104 -4.98x104 6

5 6.10x104 -6.10x104 5

4 6.10x104 -6.lOxlO4 4

3 8.81x104 -8.80x104 3

2 8.81x104 -8.80x104 2

1 1.92x103 -1.92x103 1

0 1.92x103 -l.92x103 0

s=17

1GW IGE

2.

-1a(sec )
-1a(sec ) 2.

16 9.35x105 -8.90x105 16

15 l.61x104 -1.59x104 15

14 2.31x104 -2.30x104 14

13 3.00x104 -3.00x104 13

12 3.66x104 -3.66x104 12

1]. 4.27x104 -4.27x104 11

10 4.81x104 -4.81x104 10

9 5.29x104 -5.29x104 9

8 5.55x104 -5.55x104 8

7 6.23x104 -6.22x104 7

6 6.23x104 -6.23x104 6

5 7.95x104 -7.95x104 5

4 7.95x104 -7.95x104 4

3 1.20x103 -1.20x104 3

2 1.20x103 -1.20x103 2

1 2.69x103 -2.69x103 1

0 2.69x103 -2.69x103 0
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The eigenfrequencies of the 1GB modes are illustrated in Fig. 4.6.

The zonal wavenumbers presented are chosen to show the significant

changes of the eigenfrequency as a function of 2.. Except for small

s and 9, the magnitude of the eigenfrequency of the discrete 1GW

mode is the same as that of the discrete IGE mode up to the second

significant digit (see Table 4.6). However, the variation pattern

of the eigenfrequencies of the 1GW modes is similar to that of the

1GB modes for all s and 2.. Thus we present only the variation of the

eigenfrequencies of the IGE modes for grid B.

For s=l and 2 the eigenfrequencies of the 1GB modes for all . are

close to those of the corresponding continuous IGE modes as shown in

Fig. 4.6. For each s ? 7 there exists at least one set of "paired"

1GB modes. The number of "paired" 1GB modes increases as s increases

from two to nine and decreases with s from nine to 19 (see Table 4.6

(b)).

In the interval 3 s 8 there are 2.'s with multiple discrete

1GB modes. As s increases the number of discrete ICE modes in the

higher-frequency group increases, and that in the lower-frequency group

decreases. Only a few discrete ICE modes have their eigenfrequencies

close to those of the corresponding continuous 1GB modes (e.g., =3

for 2.=13,l4).

For s=9 the variation with respect to 2. of the eigenfrequencies

of the discrete IGE modes is the reverse of that of the corresponding

continuous ICE modes. We note that for 10 s 17 the variation of

the eigenfrequencies of the discrete IGE modes is similar to that for

s=9.

The eigenfrequencies of the ICE and 1GW modes for s=O are shown

in Fig. 4.4. The eigenfrequencies of the discrete 1GB and 1GW modes

for all 2. are close to those of the corresponding continuous modes,

in particular those of the low-index discrete 1GB and 1GW modes are

very close.

The variation of the eigenfrequencies of the discrete ICE and

1GW modes for s=l8 (Fig. 4.5) is similar to that for s=9 (Fig. 4.6),

except that the magnitude of the eigenfrequency of the higher-index

modes for s=l8 decreases faster as 2. increases than that for s=9.
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Fig. 4.6. Eigenfrequencies of the eastward-propagating inertia-

gravity modes for grid B. The symbols are the same

as in Fig. 4.2.
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There are "paired" IGE and 1GW modes for j,=O,l,. . . ,5 for s=18, and

the number of the "paired" modes for s=18 is less than that for s=9

(Fig. 4.6). We note that the variation of the eigenfrequencies of

the discrete IGE and 1GW modes for s=18 is similar to that for the

large zonal wavenumbers such as s=17 (not shown). Most of the dis-

crete IGE and 1GW modes for s=18 have their eigenfrequencies different

from those of the corresponding continuous modes, except for = 2

and 3.

Grid C

The eigenfrequencies of the IGE and 1GW modes are illustrated by

the examples in Table 4.7. For each s, the magnitude of the eigen-

frequencies of the IGE and 1GW modes increases as . increases, and

for given £ that for larger s is greater than that for smaller s.

The eigenfrequencies of the IGE modes are illustrated in Fig.

4.7. The zonal wavenumbers in this figure are chosen to show the

significant changes in the variation with respect to z of the eigen-

frequencies of the discrete IGE modes as s increases. The variation

of the eigenfrequencies of the discrete 1GW modes is the same as that

of the discrete IGE modes. Except for small s and 9, the magnitude

of the eigenfrequency of the discrete 1GW modes is the same as that

of the discrete IGE mode up to the third significant digit (see Table

4.7). Thus we present only the eigenfrequencies of the IGE modes.

For s < 7 the eigenfrequencies of the low-index discrete IGE modes

are very close to those of the corresponding continuous IGE modes. For

each s > 2 there is at least one set of "paired" IGE modes. The number

of "paired" IGE modes increases as s increases. For large s most of

the medium- and high-index discrete IGE modes are "paired" modes except

for 9=8 (see Table 4.7, s=16 and Fig. 4.7, s=l7).

For s=O the magnitude of the eigenfrequency of the discrete IGE

and 1GW modes monotonically increases as 9.. increases (Fig. 4.4). The

eigenfrequencies of the discrete IGE and 1GW modes for all 2.. are close

to those of the corresponding continuous modes, in particular those of

the low-index discrete ICE and 1GW modes are very close.

L -
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Eigenfrequencies of the eastward-propagating inertia-

gravity modes for grid C. The symbols are the same

as in Fig. 4.2.



The variation of the eigenfrequency of the discrete IGE and 1GW

modes for s=18 (Fig. 4.5) is similar to that for s=l7 (Fig. 4.7),

except that the number of "pairedt' ICE and 1GW modes for s=18 is less

than that for s=l7. The eigenfrequencies of the discrete IGE and

1GW modes are close to those of the corresponding continuous modes,

in particular those of the discrete modes for 2.. = 13 and l4.are

very close.

4.3.3. h Profiles

In this subsection we present only the h* profiles of the discrete

eigenfunctions in an effort to minimze the number of figures necessary

to show the salient results. We focus on the h* profiles of the inertia-

gravity modes because these profiles have been used to index both the

continuous and discrete modes. We present the h* profiles for the IGE

and 1GW modes shown circled in Fig. 4.8 to elucidate the characteristics

previously shown, and we shall contrast the structures of the discrete

modes with their continuous counterparts.

Grid A

We first present a unique characteristic of the h* profiles of

the discrete ICE and 1GW modes. In Table 4.8 we show an example of

the h* profiles of one discrete IGE mode and one discrete 1GW mode

which have the "complement relation" (see subsection 4.3.2). In this

table the values of h* have been normalized such that the Euclidean

length of the eigenvector (including u*, v* and h*) of each mode is

equal to one (see section 3.4). At each grid latitude the magnitudes

of h* of the discrete IGE and 1GW modes are equal, and at every other

grid latitude the signs of h* of the IGE and 1GW modes are opposite.

We note that the h* profile of each IGE mode is related to that of its

"complementary" 1GW mode in the manner illustrated in Table 4.8.

For given s the relation between the signs of h* of a discrete

IGE mode and those of its "complementary" discrete 1GW mode yields

the relation between the numbers of the zeros of the two h* profiles,

and consequently the relation between
2.IGE

and

In the following we present the graphs of the h* profiles of

the continuous and discrete inertia-gravity modes. For each curve



Fig. 4.8. The zonal wavenumbers and meridional indices for which

the h* profiles of the discrete and continuous inertia-

gravity modes are presented are shown by circles. The

other symbols are as in Fig. 4.1.





Table 4.8. Comparison of the h* profiles for the eastward-
and westward-propagating inertia-gravity modes for
s=l, grid A.

1GW 1GB

6.55x105 -6.55x105

2, 16 0

h* h*

90 0 0

80 -6.27x102 6.27xlO2

70 l.24xl0 l.24x1O

60 -l.83xlO l.83xlO

SO 2.36xlO 2.36xlO

40 -2.82x1O 2.82x101

30 3.2lxl0 3.2lx10

20 -3.49xlO 3.49x10'
10 3.66x1O 3.66xlO

0 -3.72xl0 3.72xl0
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in each graph the values of h* have been normalized such that the

maximum value of h* over the grid latitudes is equal to one.

For s=9 we present the h* profiles of the IGE modes for =6,7,8
in Fig. 4.9, and those of the 1GW modes for 2=8,9,l0 in Fig. 10. These

two figures are used to illustrate two characteristics of the discrete

IGE and 1GW modes. The first characteristic concerns the relation

between the h* profiles of the "complementary" IGE and 1GW modes with

multiplicity. The second characteristic concerns the relation be-

tween the h* profiles of the "paired" IGE and 1GW modes (see subsection

4.3.2).

We arrange the panels for the IGE and 1GW modes such that for a

given position in Figs. 4.9 and 4.10 (e.g., the upper left panel in

each figure) the graphs show the h* profiles of the "complementary"

discrete IGE and 1GW modes. We note that there are two modes for

each whose h* profile is shown in Figs. 4.9 and 4.10 (also see Figs.

4.2 and 4.3). The values of h* of the "complementary" IGE and 1GW

modes are very small at the grid latitudes where the h* of the discrete

IGE and 1GW modes have opposite signs. Thus, each h* profile shown in

Fig. 4.9 for a discrete IGE mode appears very similar to that shown

in Fig. 4.10 for the "complementary" IGE mode. We note that this is

true for all the "complementary" IGE and 1GW modes with multiplicity.

In Figs. 4.9 and 4.10, there are four sets of "paired" discrete

IGE and 1GW modes: (1) 9=6 and 7, c=-5.98xl04sec; (2) 9=7 and 8,
a=-8.47xl04sec; (3) 9..=9 and 10, a=5.98x104sec; (4) 9=8 and 9,

a=8.47x104sec1. In each pair the values of the h* of one discrete

mode are close to those of the other discrete mode, and consequently

the two h* profiles appear quite similar. We note that this is also

true for all the "paired" modes.

As illustrated in Figs. 4.9 and 4.10, none of the h* profiles of

the discrete IGE and 1GW modes with multiplicity is similar to that of

the corresponding continuous mode, nor are the h* profiles of the

"paired" discrete IGE and 1GW modes.

Grid B

We present three graphs to explain the large-scale features of

the h* profiles of the discrete IGE modes. For given s and 9. the h*
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Fig. 4.9. h* profiles of the eastward-propagating inertia-

gravity modes for s=9; 2=6,7,8; and grid A. Solid

lines are for the continuous modes and dotted lines

are for the discrete modes. a is the eigenfrequency

(sec) of the discrete modes.
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profile of the discrete 1GW mode is similar to that of the discrete 1GW

mode. Thus, we do not present the h* profiles of the discrete 1GW modes.

In Fig. 4.1 we present the h* profiles of the lowest-index discrete

IGE modes for s=2,3,5,7,8,9 and the h* profiles of continuous IGE modes.

The continuous 1GB modes presented have either the same meridional

indices as the discrete modes or h* profiles which are similar to those

of the discrete modes. The eigenfrequencies and h* profiles of the

discrete IGE modes for s=2, Z=0; s=3, 2=2; s=5, 2=4; and s=7, 2=6 are

similar to those of the continuous IGE modes for s=2,3,5,7 and 2=0,

respectively (see Fig. 4.6). The values of h* of the discrete IGE modes

for s=8, 2=5 and s=9, 2=0 are negligibly small for 60 degrees,

and the h* profiles of these two modes do not resemble the h* profile

of any continuous IGE mode. Each discrete IGE mode for 3 s 7

presented in Fig. 4.11 is the lowest-index lowest-frequency mode (see

Figs. 4.6 and 4.8), and it preserves the identity of the continuous

mode for 2=0.
To illustrate the structures of the h* profiles of the medium-

index IGE modes for 3 s 8, we present the h* profiles of the discrete

and continuous IGE modes for s=2,3,5,7,8,9 and p.,=8 in Fig. 4.12. In

this figure the h* profiles of the continuous IGE modes for s=3, 2=6;
s=5, 2=4; and s=7, 2=2 are also presented in the panels for s=3,5 and 7,

respectively. The h* profiles of the discrete IGE modes for s=2,3,5,7
and 2=8 are similar to those of the continuous 1GB modes for s=2, 2=8;
s=3, 2=6; s=5, 2=4; s=7, 2=2, respectively. However, the eigenfrequency

of each discrete mode is not very close to that of the continuous mode

which has a similar h* profile (see Fig. 4.6). We note that the discrete

IGE modes for s2,3,5,7 and 2=8 are respectively the nineth, the seventh,

the fifth and the third lowest-index modes (see Fig. 4.6). If the dis-

crete IGE modes for s=2,3,5,7 were indexed with increasing 2 starting

from 20 according to the increasing magnitudes of the eigenfrequencies

for each s, these modes would have 2=8,6,4,2, respectively. Thus, these

discrete IGE modes preserve the structures of the h* profiles of the con-

tinuous IGE modes for s=2, 2=8; s=3, 2=6; s=5, 2=4; and s=7, 2=2, respec-

tively. The h* profiles of the discrete IGE modes for s=8,9 and 2=8

are different from the h* profile of any continuous IGE mode:
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To investigate the h* profiles of the discrete IGE modes with multi-

plicity, we present the h* profiles of the discrete IGE modes and those

of the continuous IGE modes for s=7 and 2=9,10,11 in Fig. 4.13. There

are two IGE modes for each 2 for s=7 (see Fig. 4.6). For each s we

place the discrete IGE mode in the lower-frequency group (see subsection

4.3.2) on the left hand side. The h* profiles of the discrete IGE modes

for s=7 and 2=9,10,11 in the lower-frequency group are similar to those

of the continuous IGE modes for s=7 and 2=3,4,5, respectively. However,

the h* profiles of these discrete IGE modes are shifted equatorward com-

pared to those of the similar continuous IGE modes. For each discrete

IGE mode in the higher-frequency group (see subsection 4.3.2), the values

of h* are negligibly small at lower latitudes (I 60 degrees for 2=9,

10 and 40 degrees for 2=11). The h* profiles of the discrete IGE

modes in the higher frequency group are different from the h* profile

of any continuous IGE mode for the same s. We note that the discrete

IGE modes for s=7 and 2=9,10,11 in the lower-frequency group are respec-

tively the fourth, the fifth and the sixth lowest-index modes (see Fig.

4.6), and that they preserve the identities of the h* profiles of the

continuous IGE modes for 2=3,4,5, respectively.

In Fig. 4.13, the discrete IGE modes for s=7 and 2=9,10 in the high-

er-frequency group are "paired" modes, and their h* profiles are similar.

Grid C

We present the h* profiles of the higher-index discrete inertia-

gravity modes. The h* profiles of the discrete 1GW modes are similar

to those of the discrete IGE modes. Thus, we present only the h* pro-

files of the discrete IGE modes as illustrated in Fig. 4.14 for s=7.

In this figure the h* profile of each discrete IGE mode for 2=9,l0 is

similar to that of the corresponding continuous IGE mode at lower lati-

tudes, but is different at higher latitudes. In the rest of the figure

there are two sets of "paired" discrete IGE modes for 2=11,12 and

2=13,14 (see Fig. 4.7). The h* profiles of the discrete IGE modes for

s=7 and 2=11,12,13,14 are similar to those of the corresponding contin-

uous IGE modes only at higher latitudes and the values of h* of these

discrete modes are negligibly small at lower latitudes (Il 20 degrees

for 2=11,12 and 4f < 50 degrees for 2=13,14).
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4.4 Rossby Modes

In this section we first present the distributions of the discrete

Rossby wave modes in the zonal wavenumber-meridional index domain.

Then, for given zonal. wavenumber we present the variation of the eigen-

frequencies of the Rossby modes with respect to meridional index. For

the eigenfunctions of the Rossby modes we present only the meridional

profiles of v*.

4.4.1. Distributions of Discrete Rossby Modes

The distributions of the discrete Rossby wave modes in the zonal

wavenuinber-meridional index domain for grids A, B and C with the reso-

lution = = 10 degrees are shown in Fig. 4.15. The zonal wave-

numbers which can be resolved by grids A, B and C with X = 10 degrees

for the discrete Rossby wave modes are s=0,l,2,. . . ,l8, where s=l8 is

the zonal wavenumber of the 2X wave modes. The mode for s=0 and 9=0

is the basic state which is excluded from the present study. The dis-

crete Rossby modes for s=0 and Z0 do not exist. Thus, the boxes for

s=0 in Fig. 4.15 are hatched. We note that for s0 the discrete Rossby

modes are indexed using the number of zeros of their v profiles. For

grid A, v is distributed at latitudes 4=0,10,... ,70,80 degrees (Fig.

3.4), hence there are eight v*_grid latitudes in the Northern Hemisphere

and 17 v*_grid latitudes between the north and south poles. Grid A

can therefore resolve meridional indices 9.=0,l,.. .,16 for the discrete

Rossby modes. For grids B and C, v' is distributed at latitudes 4=5,

15,... ,75,85 degrees (Fig. 3.4), hence there are nine v*_grid latitudes

in the Northern Hemisphere and 18 v*_grid latitudes between the north

and south poles. Thus grids B and C can resolve meridional indices

9..=0,l,.. . ,17 for the discrete Rossby modes. For s0 the boxes in Fig.

4.15 for the unresolvable values of £ are hatched.

For grids A, B and C there are both westward- and eastward-

propagating discrete Rossby wave modes (ROW and ROE, respectively).

We note that the discrete ROE modes do not have their continuous coun-

terparts. There is multiplicity of the discrete RO!1 modes for grid

B, and of the ROE modes for grid C.
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Fig. 4.15. Distributions of the discrete Rossby wave modes

in the zonal wavenumber-meridional index domain.

The symbols are the same as in Fig. 4.1 except for

the modes for s=O and £O. These modes do not

exist, and are therefore shown by hatched boxes.
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Grid A

As shown in Fig. 4.15, for each s in the interval 1 s 17,

grid A has ROW modes for 0 2 7 and ROE modes for 9 2 16. There

are no discrete Rossby modes for 2=8, and grid A does not have either

ROW or ROE modes for s=18.

Grid B

For each s in the interval 1 s 17 grid B has 17 ROW modes and

two ROE modes. For 1 s 9 there is multiplicity of the ROW modes,

but not for 10 s 17. The two ROE modes for each s have consecu-

tive meridional indices. In the interval 1 s 8, the ROE modes

have their values of 2 increase as s increases. For each s in the
interval 9 < s 17 the two ROE modes have meridional indices 9=16,17.
For s=18 grid B has one ROW mode and one ROE mode, each with 2=16.

Grid C

For each s in the interval 1 s 17 grid C has 10 ROW modes

which have 2=0,1,.. .,9, and eight ROE modes which have multiplicity.

In the interval 1 s 9 the ROE modes have larger values of 2 for

larger s, while for each s in the interval 10 s 17, half of the

ROE modes have 2=8 and the other half have 2=9. Grid C does not have

either ROW or ROE modes for 1 s 17 and 10 17, nor for s=18

and 0 9. 17.

4.4. 2. Bigenfrequencies

In this subsection we present the variation with respect to 2 of

the eigenfrequencies of the discrete ROW and ROE modes for given s

for grids A, B, and C, and compare the eigenfrequencies of the discrete

ROW modes with their continuous counterparts. We use tables to explain

the variation of eigenfrequencies, and graphs for the comparison be-

tween the discrete and continuous modes.
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Grid A

The eigenfrequencies of the ROW and ROE modes are illustrated by

the examples in Table 4.9. First we note that the distribution of

eigenfrequencies with respect to of the ROW modes for s=1 is the

same as that for s=17, and that this is also true for the pairs s=2

and 16, s=3 and 15, ..., s=8 and 10. For these pairs of s the distri-

butions of eigenfrequencies with respect to Z of the ROE modes are

also the same. For given s the ROW and ROE modes have eigenfrequencies

with the same magnitude as shown in Table 4.9. The meridional indices

of these two modes have the relation + £ROE = 2(M-1), where M is

the number of v*_grid latitudes from the equator to the north pole (the

polar point is excluded and M=9 for A = 10 degrees). We call this the

"complement relation" between the ROW and ROE modes for grid A.

For given s the eigenfrequencies of the ROW modes monotonically

decrease as 2. increases, and the magnitude of the eigenfrequencies

of the ROE modes monotonically increases.

The eigenfrequencies of the ROW and ROE modes for grid A are illus-

trated in Fig. 4.16. As 2. increases the eigenfrequencies of the contin-

uous and discrete ROW modes decrease, but the magnitude of the eigen-

frequencies of the ROE modes increases. For given s the eigenfrequencies

of the discrete ROW modes decrease faster as £ increases than those of

the continuous ROW modes. For s=4,7,lO and 0 2. 4, and for s=l3,l5,

17 and 9,=2,3,4 the discrete ROW modes have their eigenfrequencies close

to those of the corresponding continuous ROW modes. For given s the

discrete ROW and ROE modes have the "complement relation" (see Table

4.9), and thus the circles (for the discrete ROW modes) and the crosses

(for the discrete ROE modes) shown in Fig. 4.16 are symmetric about 2=8.

Grid B

The eigenfrequencies of the ROW modes for grid B are illustrated

in Table 4.10. In this table the eigenfrequencies are listed in de-

creasing magnitude for each s. There is multiplicity of the ROW modes

for s=1 and 7, but not for s=1O or 17 (also see Fig. 4.15). For s=l

the eigenfrequencies of the ROW modes monotonically decrease as 9.



Table 4.9. Eigenfrequencies of the Rossby modes for grid A. ROW
and ROE represent westward- and eastward-propagating
Rossby modes, respectively.

s=l and 17

ROW ROE

2.

-1
c7(sec )

-1
CY(sec ) 9,

0 7.72xl06 -7.72x106 16

1 2.49x106 249x106 15

2 l.20xlO6 -l.20x106 14

3 6.83x107 -6.83x1O7 13

4 4.17x107 -4.17x107 12

S 2.59x107 -2.59x107 11

6 l.S2x1O7 -1.52x107 10

7 7.04xlO8 -7.O4xlO8 9
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s=8 and 10

ROW ROE

9,
-1

c(sec )

-1
sec ) 2.

0 2.25x106 -2.25x1O6 16

1 l.52x106 -1.52x1O6 15

2 1.04x106 -1.04x106 14

3 7.10x107 -7.10x1O7 13

4 4.68x1O7 -4.68x107 12

5 2.87x107 -2.87x107 11

6 1.52x107 -1.52x107 10

7 5.88x108 -5.88x108 9
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Fig. 4.16. Eigenfrequencies of the Rossby modes for grid A.

The solid lines are for the continuous Rossby modes,

and the circles and cross are for the westward-

and eastward-propagating Rossby modes, respectively.
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Table 4.10. Eigenfrequencies of the ROW modes for grid B.

s=l s=7 s=l0 s=17

2.

-1
a(sec ) 2,

-1
a(sec ) 2.

- -1
a(sec ) 2,

-1
cy(sec )

0 7.76x106 6 l.78x106 16 1.59x106 16 6.98x106

1 2.60x106 7 1.53x106 15 1.54x106 15 1.74x106

2 l.33x106 8 1.35x106 14 l.46x106 14 7.61x107

3 8.16x107 9 1.22x106 13 l.37x106 13 4.34x107

4 5.59x107 10 1.12x106 12 1.27x106 12 2.87x107

5 4.12x107 11 1.05x106 11 1.19x106 11 2.09x107

6 3.21x107 12 1.00x106 10 1.14x106 10 1.63x107

7 2.60x107 13 9.68x107 9 1.01x106 9 1.35x107

8 2.18x107 14 9.52x107 8 1.01x106 8 1.21x107

9 1.89x107 15 9.02x107 7 7.88x107 7 9.70x108

10 1.67x107 14 9.02x107 6 7.88x107 6 9.67x108

11 1.51x107 13 6.91x107 5 5.12x107 5 S.97x108

12 1.39x107 12 6.91x107 4 S.21x107 4 5.97x108

13 1.30x107 11 3.69x10'7 3 2.40x107 3 2.64x108

14 1.24x107 10 3.69x107 2 2.40x107 2 2.64x108

15 1.21x107 9 8.26x108 1 4.97x108 1 5.24x109

14 1.19x107 8 8.26x108 0 4.97x108 0 5.24x109
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increases, except for the lower-frequency mode for 2.=14. For s=7

there are two groups of ROW modes: a higher- and a lower-frequency

group. In the higher-frequency group the eigenfrequencies of the ROW

modes monotonically decrease as 9. increases from six to 14. In the

lower-frequency group the ROW modes for 8 2. 15 occur in pairs,

and we call these "paired" modes. For each set of "paired" modes two

ROW modes have consecutive meridional indices and their eigenfrequencies

are the same at least to the third significant digit. In the lower-

frequency group the lower-index ROW modes have smaller eigenfrequencies.

For s=lO and s=17 the eigenfrequencies of the ROW modes increase

as 9. increases, and the lower-index modes are "paired" modes. The

number of "paired" ROW modes for s=17 is less than that for s=lO. We

note that for given s in the interval 10 s 17 the eigenfrequencies

of the ROW modes increase as 2. increases, the lower-index ROW modes

are "paired" modes, and there are fewer "paired" ROW modes for larger s.

The eigenfrequencies of the ROE modes for grid B are listed in

Table 4.11. For each s in the interval 1 s 15 there are "paired's

ROE modes. For given 2. the magnitude of the eigenfrequencies of the

ROE modes decrease as s increases.

The eigenfrequencies of the ROW and ROE modes for grid B are illus-

trated in Fig. 4.17. The zonal wavenuinbers are chosen in such a manner

that the graphs show the significant changes of the eigenfrequency as a

function of 2.. For s=2 the eigenfrequencies of the discrete ROW modes

monotonically decrease as 2. increases except for the multiple modes for

2.=14, and the eigenfrequencies of the discrete ROW modes are close to

those of the corresponding continuous ROW modes.

For given s in the interval 3 s 8 the discrete ROW modes can

be separated into two groups: a higher- and a lower-frequency group.

The higher-frequency group consists of the discrete ROW modes which

have larger eigenfrequencies for meridional indices up to 9.=l4, and

the eigenfrequencies of these modes monotonically decrease as 9. in-

creases. The lower-frequency group consists of the discrete ROW modes

which have smaller eigenfrequencies for meridional indices up to 2.=l4

and the mode for 2=15. Most of the discrete ROW modes in the lower-

frequency group are "paired" modes, and the eigenfrequencies of these
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Table 4.11. Eigenfrequencies of the ROE modes for grid B.

S (sec) a(sec)

1 2 -l.55x105 3 -l.55x105

2 2 -l.54x105 3 -l.54x105

3 4 -l.54x105 5 -l.54x105

4 4 -l.53x105 5 -1.53x105

5 6 -l.52x105 7 -1.52x105

6 8 -1.51x105 9 -l.51x105

7 8 -l.51x105 9 -1.51x105

8 12 -l.50x105 13 -l.50x105

9 16 -1.49x105 17 -l.49x105

10 16 -l.47x105 17 -1.47x105

11 16 -1.46x105 17 -l.46x105

12 16 -l.44x105 17 -1.44x105

13 16 -l.41x105 17 -l.41x105

14 16 -1.38x105 17 -l.38x105

15 16 -1.32x105 17 -1.32x105

16 16 -1.23x105 17 -1.20x105

17 16 -l.09x105 17 -8.63x106

18 16 -8.97x106 --
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modes increase as £ increases. For s 9 the eigenfrequencies of the

discrete ROW modes also increase as Q increases, except for the multiple

modes for s=9 amd £=3. The variations with respect to £ of the eigen-

frequencies of the discrete ROW modes in the lower-frequency group for

3 < s 8 are contrary to that of the corresponding continuous ROW

modes, and so are the variations for s 9. For given s 3 only a

few discrete ROW modes have their eigenfrequencies close to those of

the corresponding continuous ROW modes.

As shown in Fig. 4.17, for given s the magnitude of the eigen-.

frequency of the ROE modes is larger than that of both the continuous

and discrete ROW modes. We note that all the ROE modes shown in Fig.

4.17 are "paired" modes (also see Table 4.11).

Grid C

The eigenfrequencies of the ROW modes for grid C are illustrated

by the examples in Table 4.12. In this table the eigenfrequencies of

the ROW modes decrease as 2. increases. There is one set of "paired"

ROW modes for s=9, and there are two sets each for s=1O or 17. We

note that for given s the eigenfrequencies of the ROW modes for grid

C decrease as 2. increases, for each s in the interval 2 s 9 there

is one set of "paired" ROW modes (L=8 and 9), and for each s in the

interval 10 s s 17 there are two sets of "paired" ROW modes (2.=6

and 7 and £=8 and 9). The eigenfrequencies of the ROE modes for grid

C are illustrated by the examples in Table 4.13. As shown in th.e table,

all the ROE modes for grid C occur as "paired" modes, and the largest

magnitude of the eigenfrequencies for given s decreases as s increases.

The eigenfrequencies of the ROW and ROE modes for grid C are

illustrated in Fig. 4.18. Except for the "paired" modes the eigen-

frequencies of the discrete ROW modes are close to those of the corres-

ponding continuous ROW modes for s 10. We note that for s > 10 the

variation with respect to 2. of the eigenfrequencies of the discrete

ROW modes is similar to that for s=l0, except that for given 2. the

eigenfrequencies of the discrete ROW modes for 11 s 17 decrease

faster as s increases than those of the corresponding continuous ROW

modes.
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Table 4.13. Eigenfrequencies of the ROE modes for grid C.

s=1 s=9 s=lO s=17

2,

-1
a(sec )

2,
-1

a(sec )
2,

-1
a(sec ) Z

I -1
(sec )

_ A flflylfl6 _ I - giin7
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Fig. 4.18. Eigenfrequencies of the Rossby modes for grid

C. The symbols are the same as in Fig. 4.17.
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As shown in Fig. 4.18, there are multiple sets of "paired" ROE

modes for all s (also see Fig. 4.15). For s=2 all three sets of the

higher-frequency "paired" ROE modes have Z=2 and 3, and the lowest-

frequency "paired" ROE modes have 96 and 7. As s increases from two

to 10, the meridional indices of all "paired" ROE modes increase to

£=8 and 9. For s 10 the eigenfrequencies of the ROE modes have

their magnitudes similar to those of the discrete and continuous ROW

modes. We note that for s > 10 all ROE modes are the "paired" modes

with =8 and 9, the magnitudes of the eigenfrequencies of all ROE

modes decrease faster as s increases than those of the continuous

ROW modes, and for s=16 and 17 and Q 9 the eigenfrequencies of all

ROE modes have smaller magnitudes than those of the continuous ROW

modes.

4.4.3. v* Profiles

In this subsection we present only the v profiles of the Rossby

modes in an effort to minimize the figures necessary to show salient

results. We focus on the v profiles of the Rossby modes because

these profiles have been used to index both the continuous and discrete

Rossby modes. We present the v profiles of the ROW and ROE modes for

the zonal wavenumbers and the meridional indices shown in Fig. 4.19 to

elucidate the characteristics previously shown, and we shall contrast

the structures of the discrete ROW modes with their Continuous counter-

parts. We note that there are no continuous counterparts of the dis-

crete ROE modes.

Grid A

For the discrete ROW modes for given .Q the v* profiles are identi-

cal for the pairs s=1 and 17, s=2 and 16, ..., s=8 aid 10; this is also

true for the ROE modes. In Table 4.14 we show an example of the v*

profiles of one discrete ROW mode and one ROE mode which have the

"complement relation" (see subsection 4.4.2). In this table the v

values have been normalized such that the Euclidean length of the

eigenfunction (including u, v and h*) of each mode is equal to one
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Fig. 4.19. The zonal wavenunibers and meridional indices for

which the v' profiles of the discrete and continuous

Rossby modes are presented are shown by circles.

The other symbols are as in Fig. 4.15.





127

Table 4.14. Comparison of the v profiles of the ROW and ROE modes
for s=l and grid A.

ROW ROE

a 2.49x106 -2.49x106

2. 1 15

v* v*

80 -4.68xi0 4.68x10

70 -4.43x1O -4.43x1O

60 -4.O7x1O 4.07*10_i

50 -3.60x10' -3.60x10

40 -3.O2x1O 3.O2x1O

30 -2.35x1O -2.35x1O

20 -1.61x1O 1.61x10

10 -8.16x102 -8.16x102

0 0 0



128

(see section 3.4). For the discrete ROW and ROE modes shown in the

table the magnitudes of v are equal at every grid latitude, and the

signs of v are opposite at every other grid latitude. For grid A

this relation holds between the v profiles of every discrete ROW

mode and its "complementary" ROE mode.

For given s the relation between the signs of v of a discrete

ROW mode and those of its "complementary" ROE mode yields the relation

between the number of zeros of the two v profiles, and consequently

the relation between and

In the following we present the graphs of the v profiles of

the continuous and discrete ROW modes, and of the ROE modes. For

each curve in each graph the v values have been normalized such that

the maximum v value over the grid latitudes is equal to one.

We present the v profiles of the ROW modes for s=4,l0,17 and

9=0,7 in Fig. 4.20, and those of the ROE modes for s=4,lO,l7 and 9=

9,16 in Fig. 4.21. We arrange the panels for the ROW and ROE modes

such that for a given position in Figs. 4.20 and 4.21 (.e.g., the upper

left panel in each figure) the graphs show the v profiles of the

"complementary" discrete ROW and ROE modes. These figures show the

opposite signs of v at every other grid latitude for each set of

the "complementary" discrete ROW and ROE modes. The v profiles

of the discrete ROW modes for s=4 and 10 and Z=0 shown in Fig. 4.20

are similar to those of the corresponding continuous ROW modes.

Grid B

We first present four graphs to explain the large-scale features

of the v profiles of the discrete ROW modes, and then one graph for

the ROE modes.

In Fig. 4.22 we present the v* profiles of the lowest-index dis-

crete ROW mode for s=2,3,7,8,9 and 10 for grid B, and the v profiles

of the continuous ROW modes. Each continuous ROW mode has either the

same meridional index as the discrete mode presented in the same panel

or a v profile that is similar to that of the discrete mode. The

eigenfrequencies and v profiles of the discrete ROW modes for s=2
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and i=0, s=3 and 2=2, s=7 and 2=6 are close to;:those of the continuous

ROW modes for s=2,3,7 and 2=0, respectively (also see Fig. 4.17). The

v values of the discrete ROW modes for s=8 and 2=2, s=9 and 2=0, and

s=lO and 2=0 are negligibly small for [
55 degrees, and the v

profiles of these modes do not resemble the v' profile of any contin-

uous ROW mode. As illustrated in Fig. 4.22, for given s in the interval

1 s 8, the highest-frequency discrete ROW mode preserves the iden-

tity of the continuous ROW mode for 2=0.

To illustrate the structure of the v profiles of the medium-

index discrete ROW modes, we present the v profiles of the discrete

and continuous ROW modes for s=2,3,7,8,9,lO and 2=7 in Fig. 4.23. In

this figure the v profiles of the continuous ROW modes for s=3 and

2=5, and s=7 and 2=1 are also presented in the panels for the corres-

ponding s. The v profiles of the discrete ROW modes for s=2,3,7 and

2=7 are similar to those of the continuous ROW modes for s=2 and 2=7,

s=3 and 2=5, and s=7 and 2=1, respectively. The eigenfrequency of

the discrete ROW mode for s=7 and 2=7 is very close to that of the

continuous ROW mode for s=7 and 2=1, but is not for the discrete ROW

modes for s=2,3 and 2=7 (see Fig. 4.17). The v* profiles of the dis-

crete ROW modes for s=8,9,10 and 2=7 are different from the v' profile

of any continuous ROW mode. The discrete ROW modes for s=2,3,7 and

2=7 are respectively the eighth, the sixth and the second lowest-index

mode for each s (see Fig. 4.17). Thus, these discrete ROW modes

preserve the structures of the v profiles of the continuous ROW modes

for s=2 and 2=7, s=3 and 2=5, and s=7 and 2=1, respectively.

To investigate the v profiles of the discrete ROW modes with

multiplicity we present the v profiles of the discrete and continuous

ROW modes for s=7 and 2=8,9,10, and those of the continuous ROW modes

for s=7 and 2=2,3,4 in Fig. 4.24. There are two discrete ROW modes

for each pair of s=7 and £=8,9,10 (see Fig. 4.17). For each 2 in

Fig. 4.24 we place the discrete ROW mode that is in the higher-fre-

quency group (see subsection 4.4.2) on the left-hand side.

The v profiles of the higher-frequency discrete ROW modes for

2=8,9,10 are similar to those of the continuous ROW modes for 2=2,3,4,

respectively. However, the v profiles of these discrete ROW modes
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are shifted equatorward compared to those of the similar continuous ROW

modes. The higher-frequency discrete ROW modes for s=7 and 2=8,9,l0

are the third, the fourth and the fifth lowest-index mode, respectively

(see Fig. 4.17). Thus, the higher-frequency discrete ROW modes for s=7

and 2=8,9,l0 preserve the structures of the v profiles of the contin-

uous ROW modes for Z=2,3 and 4, respectively.

The v values of the lower-frequency discrete ROW modes for s=7

and 2=8,9,10 are negligibly small at lower latitudes (II 55 degrees

for 9=8 and 9 and 35 degrees for 9=10), and their v profiles

are different from the v profile of any continuous ROW mode for the

same s. In Fig. 4.24 the lower-frequency discrete ROW modes for 2.=8

and 9 are "paired" modes, and their v* profiles are close to each

other.

To examine whether the higher-index discrete ROW modes for 2 s s

8 also preserve the identity of continuous ROW modes, we present the

v* profiles of the ROW modes for s=2 and 8 for 2.=14 and 15 in Fig.

4.25. There are two discrete ROW modes for 2=14 for each s (see Fig.

4.19). For s=2 the v* profiles of the discrete ROW modes are similar

to those of the corresponding Continuous ROW modes at high latitudes,

but the v* values of the discrete modes are smaller at middle and low

latitudes than those of the continuous modes; in particular the v

values of the lower-frequency 2..=14 discrete mode and of the 2=15 dis-

crete mode for s=2 are negligible at 55 degrees. These two

discrete ROW modes are "paired" modes. For s=8 the v* profiles of

the discrete ROW modes for 2=l4 and 15 are different from those of

the corresponding continuous modes. The number of discrete ROW modes

that preserve the identity of the continuous modes for each s 8

decreases as s increases, and the v* profiles of the discrete ROW

modes for s > 8 do not resemble any continuous v profile.

The v* profiles of the ROE modes are illustrated in Fig. 4.26.

For each s the ROE mode presented in this figure is one of the "paired"

ROE modes which have consecutive meridional indices and close eigen-

frequencies (see Table 4.11). For s=2 and 9=2 the v values of the

ROE mode are negligibly small at 55 degrees. The region in

which the v' values of the ROE modes are negligible shifts toward the
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equator as s increases. For s=10 and 2=16 the v values of the ROE

mode are negligibly small at 25 degrees.

Grid C

The v profiles of the ROW modes are illustrated in Fig. 4.27.

For s=2 and 2=0 the v profile of the discrete ROW mode agrees with

that of the corresponding continuous ROW mode except in high latitudes.

For s=6 and 10 and 2=0 the v profiles of the discrete ROW modes agree

with their continuous counterparts. For s=2,6 and 10 and 2=9 the v

profiles of the discrete ROW modes are different from their contin-

uous counterparts. We note that for 1 s 17 and 0 2 3 the v

profiles of the discrete ROW modes are similar to those of the corres-

ponding continuous ROW modes.

The v profiles of the ROE modes are illustrated in Fig. 4.28. In

this figure the even-index mode has the largest eigenfrequency among the

ROE modes with the same s, and the odd-index mode has the smallest eigen-

frequency among the ROE modes with the same s. Every ROE mode presented

in the figure is one of the "paired" ROE modes which consist of one mode

with even index and the mode with adjacent higher odd index (see Fig.

4.18). For given s presented in this figure the v values of the high-

est-frequency mode are negligibly small at middle and low latitudes

(Is! 55 degrees for s=2 and 2=2 and for s=6 and 2=6, and J5 45

degrees for s=lO and 2=8), while those of the lowest-frequency mode are

negligibly small at low latitudes (Is! 25 degrees for s=2 and 2=7, and

Is! < 15 degrees for s=6 and 2=9 and for s=lO and 2=9). For every s in

the interval 1 s 17 the v values of the highest-frequency "paired"

ROE modes are negligibly small at middle and low latitudes, and the

region in which the v values of the ROE mode are negligibly small shifts

toward the equator as the eigenfrequency decreases.

4.5 Stationary Modes

The discrete stationary (SR) modes have their eigenfrequencies very

close to zero (see section 4.2). Thus, in this section we present for

grids A, B and C only the distributions of the SR modes in the interval

0 s 18 and the eigenfunctions (including u, v* and h*) of the SR
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modes. The u, v and h* values of each SR mode are normalized such

that the Euclidean length of the eigenfunction is equal to one.

In the continuous solution for cO there are SR modes only for

s=O (see Hough, 1898). However, the solution for the eigenfunctions

of the continuous SR modes for c=O.1 is not obtained in the present

study, because the solution method is not valid for s=O (see section

4 of Appendix B) and these eigenfunctions have to be solved using a

different approach which has not been found. We therefore only

present the discrete SR modes for grids A, B and C.

Grid A

The SR modes for grid A exist for 0 s 18 (see Table 4.15).

There are 18 SR modes for s=O, one antisymmetric SR mode for each s

in the interval 1 s 17, and 17 SR modes for s=l8.

Table 4.15. Numbers of the stationary modes for grids A, B and C.

Grid s=O s=l,2,..., and 17 s=l8

A 18 1 17

3 19 0 17

C 17 0 18

The eigenfunctions of the SR modes are illustrated in Table 4.16.

As shown in Table 4.16(1), the magnitudes of the v' values of the SR

mode for s=0, i =3 and 2. =14 are at least 11 orders smaller than those
v h

of the u and h* values. The v values are probably equal to zero,

and their small magnitudes are due to the round-off and truncation

errors in the computer calculations. For s=0, all the SR modes

have negligibly small v values. As shown in Table 4.16(2), the

magnitudes of the u* values of the SR mode for s=9, v8 and

are negligibly small at every other grid latitude. Furthermore, the

magnitudes of the v* and h* values are negligibly small at the grid

latitudes where the magnitudes of the u values are not negligible.

This is also true for every SR mode for each s in the interval 1 s

17. As shown in Table 4.16(3), the magnitudes of the v* values of
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Table 4.16. Eigenfunctions of the stationary modes for grid A:
(1) s=0, 9,-=3 and h='4; (2) s=9, 2=8 and Zh=7; and
(3) s=l8, Z=lO and h11

(1)

h* u v'

90 -l.38x101 -

80 -4.86x10'2 -l.62x10° 1.07x10'15

70 -3.14x1O 5.83xl0 -1.4lx104

60 1.19x102 5.87xlO -5.O2x105

50 -2.57x101 -6.58x102 -1.O3x1O4

40 6.29x103 -2.23x1O -4.84xl05

30 -2.73x101 7.40x103 -8/86x105

20 6.70x103 l.92x102 -1.89x105

10 -2.73x10 5.08x103 -2.56x105

0 6.80x103 0 0

(2)

h* u

90 0 -

80 1.93x102 -5.97x103 2.04x10°

70 -6.48x10'4 -2.86x101 -3.58x1012

60 -1.04x102 9.82x103 -4.34x10'

50 3.01x1014 1.97x101 1.15x1012

40 6.25x103 -4.02x103 2.30x10

30 -5.51x107 -1.68xl0 -6.99x10'4

20 -3.01x103 9.39x105 -l.69xl0

10 -2.61x106 l.57x101 -4.18xl04

0 0 0 l.54x10'
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Table 4.16. (continued)

(3)

h* u v

90 0 - -

80 6.56x102 -2.30x10' -7.12x1011

70 -2.50x101 -8.18x101 1.37x1011

60 -1.92x102 5.38x101 8.66x102

50 2.64x102 1.77x10' -9.77x102

40 -4.28x103 -5.50x101 9.42x10'3

30 -1.26x102 2.38x1O S.74x1012

20 8.84x103 3.35x10 -4.40x1012

10 -3.88x1015 -4.61x101 -1.91x1012

0 0 0 5.28x102
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the SR mode for s=18, =lO and 2,=ll are at least eight orders

smaller than those of the u and h* values. For s=18 all the SR

modes have negligibly small v values, similar to those presented

in this table.

Grid B

The SR modes for grid B exist only for s=lO and 18 (see Table

4.15). There are 19 SR modes for s=O, and 17 SR modes for s=l8.
The eigenfunctions of the SR modes are illustrated in Table 4.17.

As shown in Table 4.17(1), the magnitudes of the v values of the SR

mode for s=O, 9'v5 and Z.=6 are negligibly small, and the largest

magnitude of the u values over the grid latitudes is one order

greater than that of the h* values. For all the SR modes for s0

the magnitudes of the v values are negligibly small. As shown in

Table 4.17(2), the magnitudes of the u values of the SR mode for

s=l8, 2v=13 and 9=l4 are negligibly small, and the largest magnitude

of the v values over the grid latitudes is one order greater than

that of the h* values. For all the SR modes for s=l8 the magnitudes

of the u values are negligibly small, and the largest magnitude

of the v values over the grid latitudes is greater than that of the

h* values.

Grid C

The SR modes for grid C also exist only for s=O and 18 (see

Table 4.15). There are 17 SR modes for s=O and 18 SR modes for s=18.

The eigenfunctions of the SR modes are illustrated in Table 4.18.
As shown in Table 4.18(1), the magnitudes of the v values of the SR

mode for s=O, Z=9 and h=8 are negligibly small, and the largest

magnitude of the u values over the grid latitudes is greater than

that of the h* values. This is also true for all the SR modes for

s=O. As shown in Table 4.18(2), the magitudes of the h* values of

the SR mode for s=18, =l3 and £h-lO are negligibly small, and the

largest magnitude of the v values over the grid latitudes is greater

than that of the u values. This is also true for all the SR modes

for s=18.
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Table 4.17. Eigenfunctions of the stationary modes for grid B:
(1) s=0, =l5 and h=6; and (2) s=18, 2,=l3 and £h=l4.

(1)

h* u* v*

90 -2.28x104
4.49x102 1.64x1022 85

80 2.24x10'3
4.OlxlO2 -1.O9x1O6 75

70 4.38x103
1.49x102 l.71x1016 65

60 5.13x103
-3.12x103 2.93x1O6 55

50 4.99x103
-1.53x10 -1.32x106 45

40 -9.68x104
-1.81x102 1.53x107 35

30 -l.54x103
-1.01x10 -4.08x106 25

20 -3.89x103
1.00xlO° 1.13x106 15

10 1.04x10'2
1.40x102 -2.78x106 S

0 1.05x10'2

(2)

h* v*

90 0
-1.16x10'2 5.49x10 85

80 2.63x103
2.10x102 -5.24x10 75

70 -9.87x103
-3.74x102 4.34x10 65

60 1.90x102
5.23x102 -1.89x10 55

50 -2.39x102
-5.O7x1O -2.00x101 45

40 1.84x102
2.O6x1O2 5.49x10 35

30 -4.19x103
2.66x102 -5.26x10 25

20 -6.92x103
-5.22x102 2.38x102 15

10 7.23x103
2.67x102 5.26x10 5

0 -4.23x103
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Table 4.18. Eigenfunctions of the stationary modes for grid C:
(1) s=0, 9,=9 and £h=8; and (2) s=18, 2,?=l3 and £h=lO.

(1)

h* u*

90 2.23x104 -

-6.57x1026 85
80 1.57x1O4 -1.22x103

75
70 1.23x104 -3.57x104

3.77x10'8 65
60 -l.82x105 -4.71x103

1.62x1018 55
50 -1.26x104 -4.07x104

-7.29x1O9 45
40 -7.27x105 3.19x103

5.42x108 35
30 3.34x105 3.65x103

5.80x108 25
20 -1.54x103 -l.66x10'

-3.74x10'8 15
10 3.85x103 l.42x10°

-4.32x102° 5
0 1.06x102 0

(2)

h* u* v*

90 0 -

1.62x100 85
80 6.31x105 -3.37x10

-20.SxlO0 75
70 6.01x104 4.48x10

8.63x10 65
60 -7.11x105 -2.68x10

-2.98x10 55
50 2.04x10'4 -1.91x102

-2.96x10 45
40 4.02xl04 4.01x102

35
30 -4.05x105 1.21xl0

1.25x10 25
20 -5.18x105 -1.54x10

-2.01xl0 15
10 6.33x1016 1.29x10

4.54x102 S

0 -1.78x105 -2.26x102
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5. Discussion

The purpose of the present study is to determine the grid among

grids A, B and C that best simulates the inertia-gravity and Rossby wave

modes on a slowly rotating sphere. Thus, in this chapter we discuss

the characteristics of the discrete normal modes for grids A, B and C,

and we compare the discrete normal modes to the continuous normal modes

in order to evaluate the simulation of the latter by these grids. First,

however, we discuss in section 5.1 the special characteristics of the

discrete normal modes. Then, in section 5.2 we discuss the simulation

of the continuous normal modes by grids A, B and C.

5.1 Special Characteristics of the Discrete Normal Modes

In this section we discuss the possible reasons for the multiplicity

of the discrete normal modes and for the "paired" discrete normal modes.

5.1.1 Multiplicity

The multiplicity of the discrete normal modes has not been reported

by previous investigators (Dickinson and Williamson, 1972; Temperton,

1977; and Dee, 1979). There are several possible reasons for the multi-

plicity of the discrete normal modes when these modes are indexed as

in the present study.

We first explain the relation between the number of equations in

an eigenvalue-eigenvector problem and the number of discrete normal

modes that can be obtained from this problem. For given grid, symmetric

or antisymmetric case, and s, we solve an eigenvalue-eigenvector problem

to obtain the discrete normal modes. Each mode corresponds to one

eigenvalue and its associated eigenfunction. The number of eigenvalues

is equal to the number of rows in the square matrix L of the eigenvalue-

eigenvector problem. The number of rows in matrix L is equal to the

total number of u, v and h* equations (see sections 3.2 and 3.3).

Thus, for given grid, case and s, the number of discrete normal modes
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is equal to the number of u', v' and h* equations. The number of u,

v and h* equations for each grid, case and s is shown in Table 5.1.

There are generally more equations in an eigenvalue-eigenvector problem

for grid B than for grids A and C. Thus, grid B can resolve more dis-

crete normal modes than grids A and C for a given resolution.

The discrete normal modes obtained from each eigenvalue-eigenvec-

tor problem are classified as either eastward- or westward-propagating

inertia-gravity modes (IGE and 1GW), eastward- or westward-propaga-

ting Rossby modes (ROE and ROW) or stationary Rossby modes (SR) (see

section 4.2). The numbers of these discrete normal modes for grids A,

B and C are shown in Table 5.2, along with the total number of modes

for each grid, case and s. Each total number is equal to that of the

corresponding case in Table 5.1. Each non-stationary discrete normal

mode is given a meridional index which equals the number of zeros of its

h* profile for the IGE and 1GW modes, and its v* profile for the ROE and

ROW modes. To understand whether each of these discrete normal modes

can be given a unique meridional index, we consider the maximum number of

zeros of the h* and v profiles that can be resolved by grids A, B and C.

For the discrete IGE and 1GW modes, the meridional index of each

mode is equal to the number of zeros of the h* profiles. The height

perturbation h is distributed at the grid points on the globe in the

same manner for grids A, B and C, and thus the following consideration

for h* is valid for all three grids (see Fig. 3.2). For & = 10 degrees

there are 10 grid latitudes at which h* is distributed from the equator

to the pole, inclusively. For the symmetric case, h* is generally

different from zero at the equator (see (3.73)). For s=0, h* is also

generally different from zero at the poles (see (3.l02)-(3.l04)). Thus,

for the symmetric case and s=0 the numbers of zeros of the h* profiles

that can be resolved by the grid latitudes in each hemisphere are 0,1,

2,... ,9. By the symmetry about the equator, the numbers of zeros of the

h* profiles on the globe for the symmetric case and s=0 are 0,2,4,...,

18, and 10 is the maximum number of symmetric IGE or 1GW modes that can

be resolved by the grid for s=O as shown in the parentheses in Table

5.2. For s0, h* is zero at the poles (see (3.101)), and it does not

count as a zero of the h* profile. Thus, the numbers of zeros of the h*

profiles on the globe for the symmetric case and s0 are 0,2,3,..
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Table 5.1. Number of equations in the eigenvalue-eigenvector
problems for i4 = 10 degrees.

Grid A

(a) Symmetric Case

Equation s=0 sO

u 8 9

v 8 8

h* 10 9

Total 26 26

(b) Antisymmetric Case

Equation s=0 s0

u* 8 8

v 9 9

h* 9 8

Total 26 25
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Table 5.1 (continued)

Grid B

(a) Symmetric Case

Equation s=0 sO

u 9 9

9 9

h* 10 9

Total 28 27

(b) Antisymmetric Case

Equation s=0 sO

u* 9 9

v* 9 9

h* 9 8

Total 27 26
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Table 5.1 (continued)

Grid C

(a) Symmetric Case

Equation s=0 sO

u 8 9

v* 9 9

h* 10 9

Total 27 27

(b) Antisymmetric Case

Equation s=0 sO

u 8 8

v* :9 9

h* 9 8

Total 26 25
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Table 5.2. Number of finite-difference normal modes obtained from the
eigenvalue-eigenvector problems for i4 = = 10 degrees.
Numbers in parenthesis show the maximum number of distinct
modes for each class.

Grid A

(a) Symmetric Case

Mode (4) s=0 lsl7 s=18

IGE 8 (10) 9 (9) 8 (9)

ROE 0 (8) 4 (8) 0 (8)

SR 10 0 10

ROW 0 (8) 4 (8) 0 (8)

1GW 8 (10) 9 (9) 8 (9)

Total 26 26 26

(b) Antisymmetric Case

Mode4 s=0 lsl7 s=18

IGE 9 (9) 8 (8) 9 (8)

ROE 0 (9) 4 (9) 0 (9)

SR 8 1 7

ROW 0 (9) 4 (9) 0 (9)

1GW 9 (9) 8 (8) 9 (8)

Total 26 25 25

(4) IGE = eastward-propagating inertia-gravity modes,
ROE = eastward-propagating Rossby modes,
SR = stationary Rossby modes,
ROW = westward-propagating Rossby modes, and
1GW = westward-propagating inertia-gravity modes.
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Table 5.2 (continued)

Grid B

(a) Symmetric Case

Mode4 s=0 lsl7 s=18

IGE 9 (10) 9 (9) 9 (9)

ROE 0 (9) 1 (9) 0 (9)

SR 10 0 9

ROW 0 (9) 8 (9) 0 (9)

1GW 9 (10) 9 (9) 9 (9)

Total 28 27 27

(b) Antisymnietric Case

Mode4 5=0 lsl7 s=18

IGE 9 (9) 8 (8) 8 (8)

ROE 0 (9) 1 (9) 1 (9)

SR 9 0 8

ROW 0 (9) 9 (9) 1 (9)

1GW 9 (9) 8 (8) 8 (8)

Total 27 26 26
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Table 5.2 (continued)

Grid C

(a) Symmetric Case

Mode4 s=0 1s17 s=18

IGE 9 (10) 9 (9) 9 (9)

ROE 0 (9) 4 (9) 0 (9)

SR 9 0 9

ROW 0 (9) 5 (9) 0 (9)

1GW 9 (10) 9 (9) 9 (9)

Total 27 27 27

(b) Antisyminetric Case

Mode4 s=0 1s17 s=18

IGE 9 (9) 8 (8) 8 (8)

ROE 0 (9) 4 (9) 0 (9)

SR 8 0 9

ROW 0 (9) 5 (9) 0 (9)

1GW 9 (9) 8 (8) 8 (8)

Total 26 25 25
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and nine is the maximum number of symmetric IGE or 1GW modes that can

be resolved by the grid for s0.

For the antisyinmetric case h* is always zero at the equator

(see (3.76)). Away from the equator, there are eight grid intervals

between 10 degrees and the pole. Thus, for s=0 the number of zeros

of h* profiles that can be resolved by the grid latitudes in each

hemisphere (including the equator) are 1,2,3,... ,9; for s0 they

are 1,2,3,.. .,8. By the antisymmetry about the equator, the number

of zeros of h* profiles on the globe for the antisymmetric case and

s=0 are l,3,4,...,17, and for s0 they are 1,3,5,.. .,15. Thus, the

maximum number of antisymmetric IGE or 1GW modes that can be resolved

by a grid is nine for s=0, and it is eight for s0. We call the

number of zeros of an h* profile The maximum number of discrete

IGE and 1GW modes for each case described above is listed in the

parentheses in Table 5.2.

For the discrete ROE and ROW modes, the meridional index of each

mode is equal to the number of zeros of its v* profile. For grid A,

the meridional velocity v is distributed at the same grid points as

h, except that the v component at the poles is not defined (see sub-

section 3.2.3). Thus, we have v at 4,= 0,10,20,.. .,80 for all s. By

a consideration similar to that for the h* profiles, we find that the

numbers of zeros of the v profiles () that can be rso1ved by the

grid latitudes on the globe for the symmetric case (v*=0 at the equa-

tor see (3.72)) for all s are 1,3,5,...,l5, and thoe fdr the antisyinme-

tric case (v*O at the equator, see (3.75)) are 0,2,3,.. .,l6. Thus,

the maximum number of modes that can be resolved by grid A is eight

for the symmetric case, and is nine for the antisymmetric case.

For grids B and C the meridional velocity v is distributed at

the grid points staggered between the h points (see Fig. 3.1). Thus,

v is distributed at 4' = 5,15,25,... ,85. By a consideration similar to

that for the h* profiles we find that the s that can be resolved by

the grid latitudes on the globe for the symmetric case for all s are

1,3,5,... ,17, and those for the antisymmetric case are 0,2,4,.. .,16.

Therefore, the maximum number of discrete ROE and ROW modes that can

be resolved by grid B or C is nine for both symmetric and antisymmetric
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cases. The maximum number of discrete ROE and ROW modes for each case

described above is listed in the parentheses in Table 5.2.

For given grid, (symmetric or antisymmetric) case and s, we can

now compare the number of discrete normal modes in Table 5.2 to the

number of distinctly identifiable corresponding modes in the parentheses

in the same table. We find that the number of IGE and 1GW modes is

not greater than the corresponding number in the parentheses except

for grid A, antisyinmetric case and s=l8. For this case, there are

nine discrete IGE and nine discrete 1GW modes obtained from the eigen-

value-eigenvector problem, but only eight discrete 1GW modes can be

distinctly indexed with
'h

Thus, for this case, at least two odd-

index discrete IGE modes will have the same meridional index, and

so will at least two odd-index discrete 1GW modes. This is, in fact,

what is shown in Fig. 4.1 for grid A for s=18. For the antisymlnetric

case, the IGE and 1GW modes are odd-index modes because h* is equal

to zero at the equator. We also find that the number of ROE and

ROW modes in Table 5.2 is not greater than the corresponding number

in the parentheses. Thus, all the discrete ROE and ROW modes can be

distinctly indexed with We do not index the discrete SR modes,

and we thus do not discuss the multiplicity of these modes.

However, multiplicity also occurs in the IGE and 1GW modes for

grid A for s18; the IGE, 1GW and ROW modes for grid B; and the ROE

modes for grid C (see Figs. 4.1 and 4.15).

To explore the relation between the multiplicity of the

discrete normal modes and the possible multiplicity of misrepre-

sented continuous normal modes by the grids, we consider the repre-

sentation of the eigenfunction components of the continuous normal

modes. In the comparison between the eigenfunction components of

the continuous and discrete normal modes we plotted the h* profiles

of the continuous inertia-gravity modes and the v* profiles of the

continuous Rossby modes at the grid points for each grid. For given

2, as s increases, the zeros of shift toward lower latitudes

and crowd into the low latitude region. For large s and 2. the zeros

in the low latitude region are spaced closer together than can be

resolved by the grid points which are evenly spaced in latitude along

a meridian. Thus, for large s and 2. the number of zeros of P5
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resolved by a grid with A = 10 degrees, is less than the true

number of zeros 9.. This is shown in Fig. 5.1(A) for the h points for

grids A, B and C and the v points for grid A, and in (B) for the v points

for grids B, and C. For given s all the zeros of P9 for small 2. are

resolved by the grids and
lO

= 9. as shown by the solid line (e.g. for

s=18,
lO

= 2. for 9. 8 in (A)). For large 2. the number of zeros of

is underestimated by the grids and < 2.. as shown by the dashed

lines (e.g. for s=18,
lO

< 9.. for 9. > 8 in (A)). The number of associ-

ated Legendre polynomials which have
lO

< 9. increases with increasing

s. For large 9.'s for given s, there can be more than one P9. that has

the same 9.. This is the reason for the multiplicity of the misrepre-

sented continuous normal modes.

For s=9 as an example, we compare the number of discrete normal

modes for each 9.. in each panel in Figs. 4.1 and 4.15(A) to the number of

P9. for each
lo

in Fig. 5.1(A). We find that the distribution pattern

with respect to 2.. of the former is different from that with respect to

of the latter. This is also true for Fig. 4.15 (B and C) being com-

pared to Fig. 5.1(B). Thus, the multiplicity pattern of the discrete

normal modes in the s-2.. domain is different from that of the misrepresen-

ted continuous normal modes. Therefore, the multiplicities obtained for

the discrete modes are not due to aliasing of the continuous modes by

the grids.

Another reason for the multiplicity of the discrete normal modes is

related to the indexing method used in the present study. When the dis-

crete normal modes have been classified as inertia-gravity and Rossby

modes, the number of zeros of the h* profile of an inertia-gravity mode

and that of the v* profile of a Rossby mode are assigned to be the meri-

dional indices of these modes. The zeros in a profile are indiscrimin-

ately counted no matter how small the magnitudes of the grid-point values

of h* and v* are. For some discrete inertia-gravity modes, several grid-

point values of h* are very small, yet the change of their signs from

one grid point to the adjacent grid point contributes to the number of

zeros. We call them the "weak cross-overs." The weak cross-overs also

occur in the v* profiles of some discrete Rossby modes. For given grid,

class and s, there can be more than one discrete normal mode for one 9.,,

but these modes have different meridional structures. For example, two

discrete ROW modes for grid B, s=7 and 2=8 shown in Fig. 4.24 have differ-
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Fig. 5.1. Number of zeros of resolved by the grid points

distributed with the interval ip = 10 degrees
2J0

versus the true number of zeros (2,) of P2,: (A) for

the grid points located at = 0,10,20,... ,80,90

degrees; and (B) for the grid points located at =

5,15,25,.. .,75,85 degrees. For given s the dashed line

that represents 2, versus Z coincides with the solid

diagonal line at =
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ent v' profiles, but both modes have the same 2. because of the weak

cross-overs.

If the small grid-point values of h* and v* (e.g., smaller than 10

when they are normalized as in the figures of the h* and v profiles)

were replaced with zeros, the number of zeros of a profile would be

reduced, and some weak cross-overs would be removed. However, this does

not necessarily eliminate the multiplicity of the discrete normal modes.

For example, the discrete ROW modes for grid B, s=7, 2.=8 and 9 shown in

Fig. 4.24 would have the same meridional index Z=1 if the weak cross-

overs in the v' profiles were removed.

5.1.2 Paired Modes

Another prominent characteristic of the discrete normal modes

is the existence of "paired" modes. There are paired 1GB and 1GW

modes for grids A, B and C, and "paired" ROE and ROW modes for grids

B and C. Two modes in each pair have consecutive meridional indices

and very close eigenfrequencies. The two h* profiles of each pair

of IGE and 1GW modes are very close to each other, and so are the two

v* profiles of each pair of ROE and ROW modes. The grid-point values

of h* (of IGE and 1GW modes) and v* (of ROE and ROW modes) of the

paired modes are generally negligibly small at the equator and the

low latitudes. In each pair, one is a symmetric mode, and the other

an antisymmetric mode.

For given grid and s, most elements of matrices L and Q in the

eigenvalue-eigenvector problem for the symmetric modes are the same

as those for the antisymmetric modes; the difference is in submatrices

A0, B0, C1 and Q0 which are for the equatorial region (see section

3.2). Thus, some eigenvalues and the associated eigenfunctions for

the symmetric modes may be close to those for the antisymmetric modes,

and this is possibly responsible for the paired modes.

5.2 Simulation of Nornal Modes

In this section we discuss the comparison of the discrete normal

modes with the corresponding continuous normal modes. The discrete

and continuous normal modes which will be discussed are: (1) IGE and

1GW wave modes, (2) ROE and ROW wave modes, and (3) SR modes.
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5.2.1 Inertia-Gravity Modes

For given s and = 0.1 the eigenfrequencies of the continuous

1GB and 1GW modes increase as 2. increases; the rate of increase with

respect to 2. is larger for small £ than it is for large 2.. Similarly,

for given 2., the eigenfrequencies of the continuous 1GB and 1GW modes

increase as s increases; the rate of increase with respect to s is

larger for small s than it is for large s. The h* profile of each

continuous IGE or 1GW mode is closely represented by P2..

Grid A

In the finite-difference solution for grid A, for given s, the

eigenfrequencies of the IGE modes increase as 2. increases up to eight

(except for the multiple modes for some 2.), and decrease as 2. in-

creases from nine (Fig. 4.2). Similarly, for given s the eigenfre-

quencies of the 1GW modes increase as 2. increases up to eight, and

decrease as 2. increases from seven (again except for the multiple

modes for some 2., Fig. 4.3). For given s the 1GB mode for i=9 and

the 1GW mode for Z=7 are "complementary modes" for = 10 degrees.

The variation of the eigenfrequencies with respect to s and 2. of the

IGE and 1GW modes is similar to that with respect to wavenuinber on an

f-plane which was presented by Winninghoff (1968) (see Fig. 1.8).

Furthermore, the variation of eigenfrequency with respect to 2. for

given s is similar to that in Dickinson and Williamson's (1972)

results (for s=1, compare Table 4.5 to Table 5 of Dickinson and

Williamson).

There are only a few discrete IGE and 1GW modes whose eigenfre-

quencies are close to those of the corresponding continuous modes. In

the zonal wavenumber-meridional index domain, these discrete modes

exist in the region for s and £ less than three and the region for s

from two to 14 and £ from seven to nine. Those modes in the latter

region are the paired modes, and their h* profiles are different from

those of the corresponding continuous modes (see subsection 4.3.3).

The h* profiles of the discrete IGE and 1GW modes for 2.3 for

each s3 are very close to the h* profiles of the corresponding con-
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tinuous modes. Based upon the closeness of the eigenfrequencies and

the h* profiles of the discrete IGE and 1GW modes to those of the

corresponding continuous modes, we find that grid A simulates the

continuous IGE and 1GW modes well for 23 for each s<3.

Grid B

In the finite-difference solution for grid B, for given s and £,

the eigenfrequencies and the h* profiles of the IGE modes are similar

to those of the discrete 1GW modes. For s=O,l and 2 for both discrete

IGE and 1GW modes, the eigenfrequencies monotonically increase as 2,

increases; for 94 the eigenfrequencies of the discrete modes are close

to those of the corresponding continuous modes while for £>4 they are

smaller in magnitude. For 3 s 8, as s increases, the low-index

modes subsequently shift toward higher index and the highest-index

mode for each s subsequently shifts toward lower index. A few low-

index modes for these zonal wavenuinbers preserve the eigenfrequencies

and h* profiles in the sense that these modes could be indexed with

2=O,l,2,... from the lowest-index mode for each s if the weak cross-

overs in the h* profiles were removed (see Fig. 4.6).

For 9 s 18 the eigenfrequencies of the discrete IGE and 1GW

modes decrease as 2. increases; this is contrary to the variation of

eigenfrequency with respect to 2. of the corresponding continuous modes

for given s. None of the eigenfrequencies of the discrete IGE and

1GW modes for these zonal wavenumbers is close to any of the contin-

uous modes, nor is any of their h* profiles.

In Winninghoff's (1968) results for the inertia-gravity waves

for grid B on an f-plane, for each wavenumber that is greater than

that of the four grid-length wave in one of the Cartesian directions,

the eigenfrequency decreases as the wavenuinber in the other direction

increases. For = 10 degrees the zonal wavenuinber of 4tA-wave is

nine. For s>9 for grid B in the present study, the variation of eigen-

frequency with respect to 2. is similar to the variation of frequency

for wavenumbers greater than that of the four grid-length wave in

Winninghoff's results (see Table 4.6 and Fig. 1.8(B)).
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Comparing the variation of the eigenfrequencies of the discrete

IGE and 1GW modes for grid B in the present study with that in Dee's

(1977) results (Dee presented the results only for s=l and 4 and

= 5 degrees), we find a difference between the two studies for s=4;

Dee's IGE and 1GW modes do not have multiplicity. Dee also indexed

the discrete IGE and 1GW modes according to the number of zeros of h

(see the first quotation on p. 20). Let us explain the difference by

considering the waves longer than the 4A wave. In the present study,

= 10 degrees, and s=9 for the 4LX wave. In Dee's study, X = 5

degrees, and s=18 for the 4A wave. In the present study, there is

no multiplicity of the discrete IGE and 1GW modes for three small zonal

wavenumbers (s=0,1 and 2, shown in Fig. 4.1). Let m be the number of

the small zonal wavenumbers for which there is no multiplicity (m=3 in

the present study), and m41 be the number of the zonal wavenumbers

which are smaller than the s of the 4X wave (m4=9 in the present

study and m4=lS in Dee's study). Then, if the ratio m/m4 is in-

dependent of the value of X, m would be equal to six in Dee's study.

If the distributions of the discrete IGE and 1GW modes in the zonal

wavenumber-meridional index domain normalized with respect to the S

of the 4X wave are also independent of the value of X, the largest

s without multiplicity would be five in Dee's study. Thus, the

absence of multiplicity in Dee's results is consistent with the results

in the present study.

Based upon the closeness of the eigenfrequencies and h* profiles

of the discrete IGE and 1GW modes to those of the continuous modes, we

find that grid B simulates the continuous IGE and 1GW modes well for

94 for each s2. Furthermore, the discrete IGE and 1GW modes for 9..=2

and 3 for s=3 and 4 have their eigenfrequencies and h* profiles close

to those of the continuous IGE and 1GW modes for 9=0 and 1 for s=3 and

4, respectively.

Grid C

In the finite-difference solution for grid C, for given s and Z,

the eigenfrequencies and the h* profiles of the discrete IGE modes are

similar to those of the discrete 1GW modes. For each s, the eigenfre-

quency increases as 9 increases. For each 2, the elgenfrequency also
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increases as s increases. There are paired IGE and 1GW modes for large

Z for all s except s=l, and more paired modes for larger s (see Figs. 4.4,

4.5 and 4.7).

The eigenfrequencies of the discrete IGE and 1GW modes for L<5

for s=0 and 1 are close to those of the corresponding continuous modes,

and so are those for 1 < Z < 4 for each s in the interval 2 s 8.

For all s, the eigenfrequencies of the discrete IGE and 1GW modes are

increasingly smaller than those of the corresponding continuous modes

as s increases, except for those of the paired modes. The discrete IGE

and 1GW modes whose h* profiles are close to those of the corresponding

continuous modes are the modes for: (1) Z5 for s=0 and 1; (2) 1 < Z < 3

for s=2 and 3; and (3) i=l and 3 for each s in the interval 4< s < 12.

The variations of the eigenfrequencies of the discrete IGE and

1GW modes with respect to £ for given s and with respect to s for

given £ are similar to the variations of the frequencies of the dis-

crete inertia-gravity waves with respect to wavenumber on an f-plane

presented by Winninghoff (1968). For s=1 the variation of the

eigenfrequencies with respect to £ of the discrete 1GB modes are

similar to those of Temperton's (1977). However, for & = 10 degrees

and s=1 the IGE modes for L=15 and 16 are "paired" modes in Temperton's

results, but not in the results of the present study.

Based upon the closeness of the eigenfrequencies and h* profiles

of the discrete IGE and 1GW modes to those of the corresponding con-

tinuous modes, grid C simulates the continuous 1GB and 1GW modes well

for: (1) £5 for s=0 and 1; (2) 1 < Z < 4 for each s in the interval

2 s 8; and (3) £=1 and 3 for each s in the interval 9 < s < 12.

However, grid C does not simulate the 1GB and 1GW modes for £=0 for

each s>2 as well as it does the above modes.

5.2.2 Rossby Modes

In this subsection we discuss the simulation of the continuous

ROW modes, and we also discuss the characteristics of the discrete

ROE modes. There are no continuous ROB modes, and thus the discrete

ROE modes are computational modes.

In the continuous solution for c = 0.1, for given s, the eigen-

frequencies of the ROW modes decrease as £ increases. For fixed 9,,
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however, as s increases from one to nine, the eigenfrequencies de-

crease for small 2 (L=0 and 1) and increase for large (9?5). As

s further increases from 10 to 17, the eigenfrequencies further de-

crease for small i (25) and do not change significantly for 2>5.

Furthermore, each v profile of the continuous ROW modes is closely

represented by

Grid A

In the finite-difference solution for grid A, there are only

eight ROW modes, with Z from zero to seven, and there is no multi-

plicity. For given s, the eigenfrequencies of the discrete ROW

modes decrease as 2 increases, and the rate of decrease is larger

than that for continuous ROW modes. For s<5, the eigenfrequencies

of the discrete ROW modes for 2<2 are close to those of the corres-

ponding continuous ROW modes. As s increases, the eigenfrequencies

of the low-index discrete ROW modes become increasingly larger than

those of the corresponding continuous modes; the number of these

discrete modes increases to four (2=0,l,2 and 3) as s increases to 17.

For s=1 and 2 and 22, the eigenfrequencies and v profiles of

the discrete ROW modes are close to those of the corresponding con-

tinuous ROW modes. For other s and Z, the v profiles of the dis-

crete ROW modes are different from those of the corresponding contin-

uous ROW modes, although for each s the eigenfrequencies of a few

discrete modes are near those of the corresponding continuous modes.

For s=l and 4 for grid A the variation of eigenfrequency of the

discrete ROW modes is similar to that in Dickinson and Williamson's

(1972) results. (They presented the discrete normal mode results only

for s=l and 4). The number of discrete ROW modes for each s agrees

with. that for 4
10 degrees in Dickinson and Williamson's results.

Based upon the closeness of the eigenfrequencies and v profiles

of the discrete ROW modes to those of the corresponding continuous

modes, grid A simulates the continuous ROW modes well for 92 for

s=l and 2.

Now we discuss the discrete ROE modes for grid A. There are

eight ROE modes with 2.. from nine to 16 for each s in the interval

1 s 17. For given s the number of ROE modes is equal to that of
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the ROW modes, and there is no multiplicity for the ROE modes. For

each s the magnitude of the eigenfrequencies of the ROE modes increases

as 2 increases. Furthermore, for given s the ROE modes for =9,lO,...,

15,16 are "complementary modes" of the ROW modes for 2=7,6,. .

respectively.

The variation àf the eigenfrequencies with respect to of the

ROE modes for s=l and 4 agrees with that for & = 10 degrees presented

by Dickinson and Williamson (1972). The "complement relation" also

exists in their results (see Dickinson and Williamson, 1972, Figs. 6

and 13), but was not described by them.

Grid B

In the finite-difference solution for grid B, there are 17 ROW

modes for each s. For each s<9 there are two groups of discrete ROW

modes: a high-frequency and a low-frequency group. For each s the

eigenfrequencies of the ROW modes in the high-frequency group decrease

as £ increases, while those in the low-frequency group increase. As s

increases, the modes in the high-frequency group subsequently shift to-

ward higher index. The largest meridional index is 15, and as s in-

creases the largest-index mode in the high-frequency group subsequently

turns into the low-frequency group. Furthermore, as s increases, the

modes in the low-frequency group subsequently shift toward lower index.

Most of the modes in the low-frequency group occur as paired modes (see

Fig. 4.17).

For s?9 the discrete ROW modes do not have multiplicity except

for s=9 and 9=3. For s=9, the discrete ROW mode for Z=1 and the lower

eigenfrequency discrete ROW mode for t=3 have the characteristics of

paired modes except that they do not have consecutive meridional indices.

The maximum number of paired modes occurs for s=9. For each s9 the

eigenfrequencies of the discrete ROW modes increase as £ increases. For

these zonal wavenumbers, the variation of eigenfrequencies with respect

to Z of the discrete ROW modes is contrary to that of the continuous

ROW modes.

For s=l and 2 and £3, the eigenfrequencies and v* profiles of the

discrete ROW modes are close to those of the corresponding continuous
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ROW modes. The v profiles of other discrete ROW modes are different

from those of the corresponding continuous ROW modes, although the

eigenfrequencies of some discrete modes are close to those of the cor-

responding continuous modes.

Based upon the closeness of the eigenfrequencies and the v pro-

files of the discrete ROW modes to those of the continuous ROW modes

for the sante s, grid B simulates the continuous ROW modes well for 23

for s=l and 2. Furthermore, the eigenfrequencies and v profiles of

the discrete ROW modes for £=2 (the lowest-index modes) for s=3 and 4

are close to those of the continuous ROW modes for 9=O for s=3 and 4,

respectively.

Dee presented the discrete ROW modes for s=l and 4 for grid B, and

there is no multiplicity in his results. However, there is multiplicity

of the ROW modes for s=l and 4 for grid B in the present study (see

Fig. 4.15). In his model, Dee used X = 5 degrees, & = 4 degrees and

the rotation rate of the earth for 2. The smaller grid size and larger

rotation rate in his model than those in the present model is possibly

responsible for the difference between his results for the ROW modes

and those in the present study.

Now we discuss the characteristics of the discrete ROE modes for

grid B. There are two ROE modes for each s in the interval 1 s 17,

and one ROE mode for s=18 and 2.=l6. The meridional indices of these

ROE modes are 2=2 and 3 for s=l, increasing to 9=16 and 17 as s increases

to nine, and remain to be 2=16 and 17 for s=9 through s=l7. For most

zonal wavenumbers the ROE modes occur as "paired" modes for each s.

The eigenfrequencies of the ROE modes slowly decrease as s increases.

The magnitude of the eigenfrequency of each ROE mode is at least one

order larger than that of the continuous ROW mode for the same s and 9.

There are no ROE modes in Dee's (1979) results which are for grid

B. However, there are two IGE modes more than there are 1GW modes for

given s in Dee's results. In the continuous solution for arbitrary ,

the number of IGE modes is equal to that of the 1GW modes (see Hough,

1898; and Longuet-Higgins, 1968). If the number of the discrete IGE

modes and that of the discrete 1GW modes are also equal for grid B

for arbitary c, then two extra IGE modes for given s in Dee's results

should be excluded from the class of IGE modes.
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Grid C

In the finite-difference solution for grid C, for each s there

are 10 ROW modes with 9 from zero to nine, and there is no multiplicity.

The eigenfrequencies of the discrete ROW modes decrease as Q in-

creases for given s. All the eigenfrequencies of the discrete ROW

modes are not greater than those of the corresponding continuous ROW

modes. For each s>5 all the eigenfrequencies of the discrete ROW

modes become increasingly less than those of the corresponding contin-

uous ROW modes as s increases from six to 17.

The eigenfrequencies of the discrete ROW modes for 1 s 4 and

2=0 and 1 are close to those of the corresponding continuous ROW modes,

while their v profiles are not. However, the v profiles of the dis-

crete ROW modes for 5 s 9 and .=0 are close to those of the corres-

ponding continuous ROW modes, while their eigenfrequencies are near

but not very close.

For s=1 the variation of the eigenfrequencies with respect to 2

of the discrete ROW modes for grid C in the present study is similar

to that of the discrete ROW modes of = 10 degrees in Temperton's

(1977) results, although his discrete ROW modes were indexed "in terms

of the frequency ordering." Temperton obtained 17 discrete ROW modes

with 2 from zero to 16 for 4 = 10 degrees and s=l. For s=l we

obtain six discrete ROW modes less than Temperton. Furthermore, for

each s the high-index discrete ROW modes (2.=8 and 9) occur as "paired"

modes in the present study, but for s=1 there is no "paired" discrete

ROW modes in Temperton's results.

Now we discuss the characteristics of the discrete ROE modes

for grid C. There are eight ROE modes for each s in the interval

1 s 17, and for each s there is multiplicity. For s=l the meri-

dional indices for the ROE modes range from zero to five. As s in-

creases from one to 10, the meridional indices gradually increase to

£=8 and 9. The meridional indices of the ROE modes remain as 2=8 and

9 for s from 10 to 17. All the ROE modes occur as "paired" modes.

For given s the magnitude of the eigenfrequencies of the ROE modes

is on the same order as or smaller than that of the continuous ROW

modes.



In Temperton's (1977) results there are no ROE modes for grid C.

The difference between his linearized discrete shallow water model and

the model in the present study is in the formulations of Coriolis terms

and velocity components at the poles.

We write the Coriolis terms for grid C in the form such that these

terms do not contribute kinetic energy within each grid box not on the

globe (see Appendix C). Temperton wrote the Coriolis terms in his

linearized system in the form which was adopted from "the grid-point

model of the European Centre for Medium Range Weather Forecasts."

The formulation of the Coriolis terms in that model was "chosen to

conserve both energy and absolute potential enstrophy." However,

Arakawa and Lamb (1981) proved that the formulation failed "to achieve

conservation of potential enstrophy for a general flow."

By considering the Rossby wave equation on a beta-plane, Temperton

argues that the ROE modes in Dickinson and Williamson's (1972) results

"are a consequence of aliasing in the finite-difference scheme on a

non-staggered grid." However, we also obtain the ROE modes for grid

C in the present study. In the linearized shallow water system with

uniform mean depth D on a spherical surface, the Rossby waves are due

to the spatial variation of planetary vorticity. The planetary vor-

ticity is equal to f. The averaging operators applied on the grid-

point values of Coriolis parameter are possibly responsible for the

generation of the ROE modes in the finite-difference solution for grid

C in the present study.

At the north and south poles, the velocity components u and v

cannot be defined in the spherical coordinate system. Following

Dickinson and Williamson (1972) we did not consider u and v at the

poles in the eigenvalue-eigenvector problems for the discrete normal

modes (see subsection 3.2.3). Temperton's (1977) formulation for u

at the polar point is equivalent to u=O for s=O, and u being computed

from v* for sO.
J-i
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5.2.3 Stationary Modes

In the continuous sytem ROW modes do not exist for s=O, rather

they degenerate to stationary (SR) modes (see Hough, 1898, pp. 159-160).

Thus, the time derivatives of u, v and h that are associated with the

SR modes vanish. When the time derivative vanishes in the continuity

equation, the motion becomes nondivergent (see (3.3)). For s=O the

zonal derivatives of u, v and h vanish, and the zonal component of

the divergence also vanishes. Consequently, the motion associated

with the SR modes for s=0 is nondivergent in both the zonal and meri-

dional directions.

In the finite-difference continuity equations for grids A, B and C

Eqs. (3.29), (3.32) and (3.35), the terms analogous to the zonal gra-

dient of u contain s' = sin (siX)/X for grid A, and s" = sin (siA/2)/X

for grids B and C. For s=O, s' and s" become zero, and consequently

the terms which represent the divergence in the zonal direction vanish

in the finite-difference continuity equations for grids A, B and C.

Thus, the motion associated with the SR modes for s=0 for grids A, B

and C is also nondivergent in both zonal and meridional directions.

For sO there are discrete SR modes for s=l8 for grids A, B and

C, and for £=8 and each s in the interval 1 s 18 for grid A.

For s=18 for grid A, s' vanishes because siX=ii for X = 10 degrees,

and the finite-difference equations are the same as those for s=0

everywhere except at the poles (see (3.27)-(3.29) and Table 3.1). Thus,

the motion associated with the discrete SR modes for s=18 for grid A

is nondivergent in the zonal and meridional directions (cf. the dis-

crete SR modes for s=0).

For other discrete SR modes for s0, the temporal change of h

vanishes. Thus, the finite-difference continuity equations for grids

A, B and C govern nondivergent motion (see (3.29), (3.32) and (3.35)).

Consequently, the motion associated with these SR modes is nondiver-

gent, and the divergence in the zonal direction is compensated by the

convergence in the meridional direction.

The motion associated with all the discrete SR modes for s0 is

nondivergent, and these SR modes exist for the s and 2. for which the

ROE and the discrete ROW modes do not exist. Thus, these discrete

SR modes are computationally degenerated Rossby modes.
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In Dickinson and Williamson's results, a discrete SR mode for

was presented together with the discrete Rossby modes for s=l

and 4 for A = 10 degrees. In the present study, a discrete SR mode

for 2 =8 exists for each s in the interval 1 < s < 17 for grid A.
V

This agrees with Dickinson and Williamson's results.
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6. Conclusions

The purpose of the present study is to determine the optimum

choice among grids A, B and C for the simulation of the geostrophic

adjustment process, i.e., the inertia-gravity modes, and the Rossby

modes.

In the Introduction it was noted that there is a hierarchy of the

two problems in the choice of an optimum grid. It is necessary to

select that grid which best simulates the dispersion relation for the

inertia-gravity modes, because then that grid will simulate properly

the geostrophic adjustment process. If, instead, the choice were based

on the grid which best simulates the dispersion relation for the Rossby

modes, and, if that grid poorly simulated the dispersion relation for

the inertia-gravity modes, then the quasi-geostrophic balance for the

large-scale motion of the atmosphere would be poorly simulated, and the

proper simulation of the Rossby modes would be irrelevant. Therefore,

in the following we compare the characteristics of each of the grids in

simulating the eigenfrequencies first for the inertia-gravity modes, and

then for the Rossby modes. We focus attention on the eigenfrequencies

for each of these modes, rather than on their meridional structures,

because it is the eigenfrequencies of the inertia-gravity modes which

are important for the geostrophic adjustment process, and therefore,

the consideration of the eigenfunctions, while interesting, will not

determine the choice of the optimum grid.

For grid A the eigenfrequencies of both the ICE and 1GW modes for

all s increase with for Z < K-2, in accord with the continuous modes;

but decrease with increasing 2 for K-2, in contrast to the continuous

modes. Here K is the number of h* latitudes from the equator to the

pole, inclusively, and is independent of grid (K = 10 for & = 10

degrees). This reversal of the eigenfrequency-meridional index (a-i)

relation at i = K-2 for each s is the distinguishing characteristic of

grid A for the IGE and 1GW modes, and was also found by Dickinson and

Williamson (1972) for c = 8.75 and 875 and by Winninghoff (1968) for

the f-plane.

For grid B the eigenfrequencies of both the ICE and 1GW modes

increase with 9 for all Z for small s, and decrease with increasing .Q
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for all Z for s > s(4A), with a transition in the a-9.. relation for the

intermediate zonal wavenumbers. Here s(4LX) is the zonal wavenuinber of

the 4A wave, and is equal to nine for X = 10 degrees. This reversal

of the a-.Q relation, which is completed as s goes from three to eight

for the present 10 degree resolution, is the distinguishing feature of

grid B for the inertia-gravity modes. This study shows this relation

for the first time for the motion on the sphere (the results reported

by Dee for s = 1 and 4 only were insufficiently extensive to reveal

this relation), but this feature was already obtained by Winninghoff

(1968) in his f-plane analysis.

For grid C the eigenfrequencies of the inertia-gravity modes in-

crease with increasing i for all values of s, exactly as for the contin-

uous modes. This behavior is the characteristic of grid C for the in-

ertia-gravity modes, and was also found by Temperton (1977) for = 8.75

(although his result was guaranteed by the indexing method using eigen-

frequency ordering), and by Winninghoff (1968) for the f-plane. Con-

Considering the choice of the optimum grid for the simulation of

the cs-i relation for the inertia-gravity modes, and thus the grid which

best simulates the geostrophic adjustment process on the sphere, it is

evident from the above that grid C is superior to both grids A and B for

= 0.1. Arakawa, based on the analysis of Winninghoff (1968) for the

f-plane (see Arakawa and Lamb, 1977), also recommended the choice of

grid C for the case where the (square) grid resolution d was not greater

than the Rossby radius of deformation AR = i/gD/f. On the sphere the

analogous condition is

Max (a9,aA) /gD/(2c2)

Max (i4,zA)

This condition is satisfied by the grid resolution = A = /18

and c 0.1 ( = 3.16) for the present study. For the case where

d > AR, Arakawa found that grid C was not superior to grid B in the

simulation of the inertia-gravity modes and the geostrophic adjustment
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process. For the present resolution, this condition would require E

33, while for & and X equal to 5 degrees (2½ degrees), c 131 (525)

would be required. Therefore, based on the present analysis of the

inertia-gravity modes of grids A, B and C on the sphere for = 0.1,

and the similarity of these results to those obtained for the f-plane for

arbitrary equivalent s, we hypothesize that grid C is superior to both

grids A and B in the simulation of the geostrophic adjustment process

for the external inertia-gravity modes for the earth's atmosphere for

which c = 8.75. Further study should be carried out to verify this

hypothesis.

We now turn our attention to the Rossby modes. Since these modes

require the variation of the Coriolis parameter f for their existence

(in the absence of variable topography), they could not be obtained by

Winninghoff (1968) in his analysis on the f-plane. Therefore, we cannot

use his analysis for the Rossby modes as we have done above for the

inertia-gravity modes.

For grid A the eigenfrequencies of the Rossby modes for all s

decrease with increasing 2. for 2. < K-2, and these modes are westward

propagating. For 2. > K-2 these low-frequency (Rossby) modes are east-

ward propagating with eigenfrequencies whose absolute values increase

with 2.. Thus half of the low-frequency modes propagate in the direction

opposite to their continuous counterparts, and therefore have been

called computational Rossby modes by Dickinson and Williamson (1972)

who first found them for grid A. The reversal of the sign of a and the

reversal in the a-9. relation at 2. = K-2 is the distinguishing feature

of grid A for the Rossby modes, and is very similar to what is obtained

for grid A for the inertia-gravity modes.

For grid B the eigenfrequencies of all but two of the Rossby modes

are westward propagating. The eigenfrequencies of the westward-propa-

gating Rossby modes decrease with increasing 2. for all 2. for small s,

and increase with increasing £ for all £ for s s(4A), with a tran-

sition in the a-2. relation for the intermediate wavenumbers. This

reversal of the a-2. relation, which is completed as s goes from three

to eight for the present 10 degree resolution, is the distinguishing

feature of grid B for the Rossby modes, and is very similar to what is
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obtained for the inertia-gravity modes for grid B. These characteristics

of the Rossby modes for grid B are presented here for the first time.

For grid C the eigenfrequencies of the Rossby modes decrease with

increasing 2. for 2. K-i for all values of s, and these modes are west-

ward propagating. The westward-propagating continuous modes with 9

> K-i are incorrectly simulated by grid C as eastward-propagating modes

with i < K-i, and their eigenfrequencies do not display any systematic

relation with 2,. Following the nomenclature of Dickinson and Williamson,

these eastward-propagating low-frequency modes can be called computa-

tional Rossby modes.

From the above it is evident that grids A, B and C each simulate

the Rossby modes for 2. > K-2 with some error: grid A simulates these

modes as eastward propagating, instead of westward propagating as are

the continuous modes; grid B simulates these small-scale modes with a

a-i relation that is opposite to that of the continuous modes; and grid

C also simulates these modes as eastward- rather than westward-propa-

gating modes, but with 2. < K-i. Consequently, the choice of which

grid best simulates the Rossby modes should be made on the basis of

their relative performance for 2. K-2 for all s. On this basis, grid

C is found to be superIor to grid A because although both grids produce

a decreasing a-i relation for 2. < K-2, the eigenfrequencies for grid C

are much closer to the continuous ones than are the eigenfrequencies

for grid A. Grid C is also found to be superior to grid B in the simu-

lation of the Rossby modes because the reversal of the a-i relation

from s = 3 to s = 9 obtained for grid B (for the present 10 degree

resolution) is not obtained for grid C, and for s 2, where the a-i

relation for grid B is correct, the eigenfrequencies produced by grid

C are as close to the continuous ones as are those given by grid B.

The present study has shown that the best choice of grid to simu-

late the geostrophic adjustment process for c = 0.1 is grid C. This

study also shows, for the first time, that grid C is also the best

choice for the simulation of the Rossby modes, at least for c = 0.1.

Further research is required to determine whether these conclusions

based on the present study for c = 0.1 remain valid for values of c

8.75 which are characteristic of the modes in the earth's atmosphere.
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Appendix A: List of Symbols

A5 = a (square) coefficient matrix in the eigenvalue-eigenvector

problem for the finite-difference solutions.

a = the mean radius of the earth.

= an arbitrary coefficient in the asymptotic solutions for the

inertia-gravity waves.

B5 = a coefficient matrix in the eigenvalue-eigenvector problem for

the finite-difference solutions.

bN = an arbitrary coefficient in the asymptotic solutions for the

Rossby waves.

C. = a coefficient matrix in the eigenvalue-eigenvector problem for

the finite-difference solutions.

(m) = a coefficient in the asymptotic solutions for the normal modes;

each coefficient has different values for the inertia-gravity

and Rossby waves.

c = (gD)½

D = the mean depth of the fluid in the shallow water system.

f = 2 sin th, the Coriolis parameter.

g = the acceleration of gravity.

h = height perturbation (the deviation of the fluid depth from D).

i = the grid index in the longitudinal direction.
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j = the grid index in the latitudinal direction.

L = the (square) matrix of the eigenvalue-eigenvector problem for

the finite-difference solutions.

= the meridional index of the finite-difference normal modes.

= the associated Legendre polynomial of order s and degree n.

= (n + l)(n + s)/[n(n + 1)1

Q = a coefficient matrix in the eigenvalue-eigenvector problem

for the finite-difference solutions.

q = n(n - s l)/[(n + l)(2n + 1)]

s = the zonal wavenuinber

= the transpose of a matrix.

t =time

u = the zonal velocity component on the spherical surface.

v = the meridional velocity component.

Y = the (column) eigenvector of the eigenvalue-eigenvector problem

for the finite-difference solutions.

=n(n+ 1)

= s/[n(n + 1)1

= the square root of Lamb's parameter c.
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= Lamb's parameter (=4c22a2/(gD))

X = longitude

= sin used in the continuous solutions

v = cos 4 used in the finite-difference solutions.

a = eigenfrequency.

= latitude.

x = velocity potential.

= streamfunction.

= the rotation rate of a sphere.
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Appendix B: Asymptotic Solutions for the Continuous Normal Modes

1. Introduction

In this appendix we obtain asymptotic expansions in for the

eigenfrequencies and eigenvectors of the continuous inertia-gravity

and Rossby wave modes for small c. The purpose of obtaining these

expansions is to determine a sufficiently small such that the meri-

dional profile of the height perturbation (meridional velocity) of

an inertia-gravity (Rossby) mode can be closely represented by a single

associated Legendre polynomial P.

Although Dikii (1961) derived asymptotic expansions for the

inertia-gravity and Rossby wave modes, those asymptotic expansions

cannot by used to determine our sufficiently small c for the follow-

ing reasons. Dikii (1961) expressed the velocity potential x and

streamfunction for the motion by

A a. (3#cr)

= e ° $
where A is longitude, i the sine of the latitude, t the time, s the

zonal wavenuinber, a the frequency, P(ii) the associated Legendre poly-

nomial of order s and degree n, and £ = /T. The frequency a and the

expansion coefficients A and B were then expressed by power series

in 2 that is

a_=

o) * g1

(a)

(i) (i) (i) .

where a
, an , and bn for i = 0,1,2,... are the coefficients to be

determined. Dikii obtained two classes of normal modes, 'tfast waves"

and "long period synoptic waves", which correspond respectively to the
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class I and class II modes first obtained by Hough (1898). For mode N

of the "fast waves" (inertia-gravity waves). Dikii determined a° and

but did not determine a° and a1 or b° and b. Thus, the
N n n n n
eigenstructures of the ienrtia-gravity waves were not determined by

Dikii. For mode N of the "long period synoptic waves" (Rossby waves),

Dikii determined a' a2 and b1 and
N n n n n

found that: 1) a' '' = a = 0; 2) = = 0 for all n; 3) b

and b are both arbitrary and 4) b = b 0 for all n different
N n n

from N. Thus, because the streamfunction has more than one arbitrary

expansion coefficient, the meridional eigenstructures for the Rossby

waves were not uniquely determined by Dikii. Furthermore, the solu-

tions for a and AS contain zero coefficients which (as shown below) are

extraneous.

We have therefore derived new asymptotic expansions for the inertia-

gravity and Rossby wave modes of the linearized shallow water equations

for a fluid on a rotating sphere for small Lamb's parameter . In these

new expansions, the meridional eigenstructures for both types of normal

mode are uniquely determined and the extraneous (zero) coefficients are

eliminated. Furthermore, these new expansions are carried out to the

third-order terms (in ) for the inertia-gravity modes, and to the

second-order terms (in c) for the Rossby modes.

In section 2 we present the shallow water equations for a fluid

on a rotating sphere. Normal mode solutions are introduced in section

3, and the meridional structure is represented by an infinite series of

associated Legendre polynomials. The equations governing the coeffi-

cients in the series are cast into dimensionless form in section 4, and

these equations are further scaled to develop asymptotic expansions for

the frequency and series coefficients which do not contain extraneous

terms. Finally, the asymptotic expansions for the inertia-gravity and

Rossby modes are determined and interpreted in section 5 and 6, respec-

tively.
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2. Shallow Water Equations on a Rotating Sphere

In this study we shall consider a homogeneous, incompressible, in-

viscid, shallow fluid with a free surface on a rotating, unifonu sphere.

The linearized governing shallow water equations for perturbations on a

basic state of rest are

-u -2ii '?T± (2.1)

(2.2)

[ (cac)J=o, (2.3)

where u and v are the perturbation velocity components in the longitudinal

X- and latitudinal - directions, respectively; h the departure of the

free surface from the mean depth D; and t the time.

For small Rossby and Froude numbers, the shallow water equations

govern two classes of motion: high-frequency, quasi-irrotational inertia-

gravity waves; and low-frequency, quasi-nondivergent Rossby waves. It

is therefore convenient to consider the equations which govern the di-

vergence and vorticity , where

L + : (2rc,sp)J (2.4)

/= csr L " : (ucs'sr)J (2.5)

Performing the indicated operations in (2.1) and (2.2) gives

:.rz + (C*sp +v'i4 = 0 (2.6)
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+ 4 -- 7fCO$ = (2.7) 

where the Laplacian operator 
V2 

is 

/ V = 
sr 

+ cs p A (Co r )J 
. 

(2.8) ea? L 

Eq. (2.3) may also be written with the aid of (2.4) as 

= 0 
. 

(2.9) 

The velocity components, divergence and vorticity may now be ex- 

pressed in terms of a velocity potential x and streaznfunction as 

= 
/ _L fb 

(2.10) flc4c 

__ / (2.11) a. £tc.p ?' 

(2.12) 

I7) (2.13) 

and (2.6), (2.7) and (2.9) rewritten as 

CQ5 b ,% V,'i'' a ?-'\ 
('v#+ 

'? 

= 0 (2.14) 

a->' 
+ (2.15) Ic) 

0 
. 

(2.16) 
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3. Normal Mode Solutions

We seek normal mode solutions of (2.14)-(2.16) of the form

= Xs2) ett) (3.1)

j/' Pça) tCs4'±) (3.2)

'S.

(33)

where s is the zonal wavenuinber, o the frequency, i.i=sin and i=V-1.

Substituting (3.l)-(3.3) into (2.14)-(2.l6) gives

to- t A 2.2 A

I:/-
a,Ø L/u) efJ 7&L a:A

= (3.4)

-A..Q.S A
a a_a-

(3.5)

A
(3.6)

where

5. _)/
1_ (/7? . (3.7)V

Using (3.6), h may be eliminated from (3.4) to obtain

0 2s .i. . *
(3.8)

Eq. (3.5) may also be written as

fr)7L (3.9)
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Eqs. (3.8) and (3.9) form a system of two equations for the two unknowns

and .

For each zonal wavenuniber s there are an infinite number of normal

modes, each with its own meridional structure. Letting N s be the index

of a meridional mode, we express 2 and for this mode in terms of the

infinite series

A
= VI

(3.10)
Al

VN = (3.11)

s,N s,N . . . S

where and B are the expansion coefficients for mode N, and P()

is the associated Legendre polynomial of order s and degree n. This

particular expansion has been chosen because, for given s, N
for inertia-

gravity waves and for Rossby waves must reduce to the single polynomial

P(p) in the limit as Lamb's parameter =4c22a2/gD + 0. Substituting (3.10)

and (3.11) into (3.8) and (3.9) yields

a

1.
i9, e'9) * 2 S ,p)

- L/' a) * j
+ = 0 (3.12)

60 p a.rzs -'
ry)S

/5NAaii) i,J)=i' (3.13)

where aN is the frequency of mode N.

The Laplacian operator and the first derivative of the associated

Legendre polynomials may be written such that (3.12) and (3.13) are

converted into algebraic equations. Using the associated Legendre
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=
a ?u"i/) (3.14)

and the recurrence relation

we find

(..'n */)APp +(s),51,91)=P (3.15)

/ r fl(/)('-S#,
-I-
'z('s) (3.16)

Further, the recurrence relation for the first derivative of the associated

Legendre polynomials is

It) j//) = (3.17)

Using (3.15) and (3.17) to eliminate iP(ji) gives

(/7)fT') = (m'i)i's) Z5( pç,3.18)i97_/ ( ,, )
s .

Applying the operator V on P(.i) twice and using (3.14) we obtain

r= Z'.''
&7'/f . (3.19)

Finally, substituting (3.14), (3.16), (3.18), and (3.19) into (3.12)

and (3.13) gives

q5 t { ('n+i)o -.as-

f
+ (3.20)



190 f-&(')-J')- 
-s#/)pJ]0(32l) 

I- (.'-'7#/.) - 

Eqs. (3.20) and (3.21) may be further simplified by shifting the 

index n to obtain 

-4 f(. ('n *,) c . C2. S '71 Y t/) 
:7 ,q 

/_)(27-_) 3_7' (3.22) L 
97-1 

1 £ _ 
1Ei'/ 

' 

I- (i-'), #/) =? 
. 

(3.23) 

Because the associated Legendre polynomials are orthogonal, the 

coefficient of each P(i.t) in the above equations must vanish, that is 

where 

27 )wr2(L4SV,&; ")(3.24) 
0-1 -/ 4' In 

(3.25) 

c(, '71("7?#/) (3.26) 

?i("i#') 
(3.27) 

/91 = (.alfl,i./) (3.28) 
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a
. (3.29)

4. Uimensionless Equations and Scaling

To obtain the normal modes for small c, it is convenient to

rewrite (3.24) and (3.25) in the dimensionless form

SA'_(a g, & Jc,

(&
flA= 4") (4.2)

In

where

A
(4.3)

is a dimensionless frequency and

4r2a= (4.4)

is Lamb's parameter.

We now consider the relative magnitudes of the expansion coef-

ficients A5,N and BS,N in (4.1) and (4.2) for << 1. There are three

possibilities: AS,N BS,N AS,N >> BS,N and AS,N << BS,N

The first possibility is that AS,N and BS,N, and thus the diver-

gence and vorticity, are of the same order of 5. Assume that both
s,N s,N . o

A and B are order one, that is cS . Then the right-hand-side of
sN

(4.2) and the term B ' on the left-hand-side of (4.2) are both
nfl 1+m

order 5. To balance (4.2), &N must thus be order ô where m 0.

The right-hand-side of (4.1) is then order
52+rn

while the terms on the

left-hand-side of (4.1) are (left-to-right) order
2-1-2m 2+m

and
s,N

respectively. The last term, cannot therefore be balanced by the

other terms in (4.1), hence A,N and BS,N cannot be of the same order of 5.
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s,N s,N
The second possibility is that A is of lower order than B ,

that is the divergence dominates the vorticity. Assume that AJN is of

order one. Then the right-hand-side of (4.2) is order S. Now let a
m s,N l+r N

be order cS where mO and B be order ó where r . 0. For the left-
n

hand-side of (4.2) to be order 5 requires that m = r = 0. The right-

hand-side of (4.1) is then order while the terms on the left-hand-

side of (4.1) are (left-to-right) order 5°, S and S. Eq. (4.1) is then
2

satisfied primarily by the balance between aN and c1, and both equa-

tions are satisfied by A1N_ 0(1), BSN_.O(s) and aN-O(l). It is

therefore convenient to introduce a scaled expansion coefficient BS,N

for the vorticity such that

137= £:1v,
where B is order one.

n
gives

(4.5)

Substituting (4.5) into (4.1) and (4.2) then

(eta - ) '\'= $9?,i (4.6)

-..- 2 = f*, 4' . (4.7)

Eqs. (4.6) and (4.7) govern the inertia-gravity wave (or class I) modes,

for which the divergence dominates the vorticity.

The third possibility is that BS,N is of lower order than

that is the vorticity dominates the divergence. Assume that B,N is

order one, aN is order
5m

where m .. 0, and AS,N is order 6X where

r 0. The right-hand-side of (4.1) is then order
51+m,

while the terms

on the left-hand-side of (4.1) are (left-to-right) order
2+m+r 1+r

and . A balance between the lowest-order terms therefore

requires that r = m. The right-hand-side of (4.2) is then order
2+m

while the terms on the left-hand-side of (4.2) are (left-to-right) order

and 5. Thus m = 1 is required, and (4.2) is satisfied primarily by
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the balance betweenN andS (the scaling for (4.2) in this case is

valid only for s 0 because = 0 when s = 0). Eqs. (4.1) and (4.2)

are thus satisfied by B' 0(1), 0(e) and"-O(). It is

convenient therefor&to introduce a scaled expansion coefficient
'sN

for the divergence and a scaled frequency such that

45,AI
- 0 (4.8)

I_I

(4.9)

sN
where A' and are both order one. Substituting (4.8) and (4.9) into

(4.1) and (4.2) and replacing byg gives

1 .
(c97 - di,, = L, B1+,:', (4.10)

- ,4IV)
's"

-J -i' . (4.11)

Eqs. (4.10) and (4.11) govern the Rossby wave (or class II) modes for

which the vorticity dominates the divergence.

The advantage of scaling the expansion coefficients and frequency

by (4.5), (4.8) and (4.9) is the removal of extraneous zero coefficients

in the asymptotic power series for the divergence, vorticity and fre-

quency of each normal mode.

5. Asymptotic Solution for Inertia-Gravity Modes

The governing equations for the inertia-gravity modes are

r.c

a
ç(1 $_ o,, (;h4, $,,,.I., L111 1 (4.6)
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(d l)B?l - vn*,,1'n*, (4.7)

The asymptotic power series for a AS,N and B' in terms of 6 may be
N n n

written as

(5.1)

= (5.2)

'm 0

= (5.3)

(m) (m) (m)
wnere o , a and b are order one

n n

5.1. Order 60 Solution

Substituting (5.l)-(5.3) into (4.6) and (4.7) and collecting terms

that do not contain 6 gives

f - c

3

I'D) + iD)
= #/ ;, f;_, LQ9_/ (5.5)

(0)
for n = s, s+l, s+2 ..... Since o must be a constant for mode N, (5.4)

is satisfied by

(5.6)

for all values of n except one which may be identified as N. For a non-

trivial structure, we must then require that

0 . (5.7)
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Using (5.7) in (5.4) for n = N then gives

= ± o(', = ±J,%/(A/.A/) (5.8)

Thus, to zeroth order in 5, (5.2) gives

(D)

- for 77 N-
for

and (3.10) reduces to

A (0) .5= .9i) . (5.10)

A normal mode for the velocity potential (and divergence) is, to this order

of approximation, a single associated Legendre polynomial.

We now consider (5.5) which, with (5.6) and (5.7) yields

, (°) (D)

..dD)
(5. 11)

go)
(a)

O-'D)
(5.12)

0 for . (5.13)

It will be convenient in what follows to write (5.11) and (5.12) as

- ,(0)
L..,4,_, &°' (5.14)

P,('O) ,ilo) (5.15)
ç4,

where
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II-, (°) 
(5 

. 

1 6) 

(5.17) 

Therefore, to zeroth order in 5, (5.3) gives 

/ ,,() for = 
L..4,_, , 

= 0 for 
(5.18) 

() (D) 
for 'W,/ '1W 

and (3.11), along with (4.5), reduces to 

= 21 te:;' 1;:: a) C (5.19) 

A normal mode for the streamfi.mction (and vorticity) is order and, 

for N > s, consists of two associated Legendre polynomials; for the low- 

est mode, N = s, only the second term in the bracket remains. 

It should be noted that XN and 
N 

contain only a single arbitrary coef- 

ficient hence the meridional structure of each normal mode is com- 
(0) pletely determined. The coefficient aN may be chosen to normalize the 

elgenfunction XN NI 

5.2. Order S Correction 

Substituting (5.1)-(5.3) into (4.6) and (4.7) and collecting terms 

that contain 5 gives for each normal mode N 

I[io)J_1} 
+ (2c1b_vi) jo'o) = 0 (5.20) 

1(v) + a (5.21) (D / £?, = P#i 
)-/ V-I 

For n = N, (5.20) is 
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(I)rr3-,}A, + 0 (5.22)

Substituting (5.8) and (5.7) for and a° then yields

It) -
(5.23)

(I)

a,., "arbitrary" constant. (5.24)

For n N, (5.20) with (5.6) and (5.8) gives

(1) = 0 for N . (5.25)

Thus, to first order in (5, (5.1) becomes

= ± O(' + 1 (5.26)

(5.2) becomes

F- //)

PLfl

for

(5.27)

a for n4W
and (3.10) reduces to

= [a;'-1' $a,Jpçi') . (5.28)

It should be noted that although (5.7) and (5.24) indicate that

both
,(0)

and are arbitrary, we shall find, after considering

higher order terms in the asymptotic expansion, that only the total
(0) (1)

coefficient aN + (5aN + (higher order terms) is arbitrary. Therefore,

the normal mode for the velocity potential (and divergence) given by



(5.28) has exactly the same meridional structure as that to zeroth

order in S given by (5.10).

We now consider (5.21) which, with (5.13)-(5.15), (5.24) and (5.25),

yields

Iael) (o) (/) ,f/) ,,(4')
,-1 = a,,, ,' , '_t4'

L ') , ('7) ,, (1)
LL##, '-,v ' 'v

fI) =0 for

where

4 /1/-I, ,1/'/

(V - I= a e (0)
'4,-,

-__ ___-
(o)

To first order in then, (5.3) together with (5.13)-(5.15), and (5.29)-

(5.31) gives

e4" a (' a"1 C "
'-i ' L .s'-/ /v-I ,y , .77 = 41-I

for

4') (0)
t2,,, J( C" o) -)

N,',

and (3.11), along with (4.5), becomes

! $ fcc-' i)[e, ):O c p'2?

g :' + C *"j-)
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Therefore, while a normal mode for the streamfunction (and vorticity)

is still comprised of only two associated Legendre polynomials, its

meridional structure differs from that to order 5° given by (5.19) be-

cause of presence of the terms containing and As we shall

see when we consider higher order terms in the asymptotic expansion, it

is these C-coefficients, and not the a-coefficients, which uniquely

determine the meridional modal structure. We note that the terms con-

taining and C1 first appear with the coefficient and that

the coefficient multiplying the terms containing CN1 and CN+l differs

from that in (5.19) by the additional term

2
5.3. Order cS Correction

The order equations are

{ c,J0J -) ()
o4 i

fD)± (J/)
((T'I' -)1 '-

CO)(j,
Ya)

'(a)

,,)', #,,,'/

71 4 ) (5.36)

(o) A)(o)4)
*6,-"- 7) 4" 1.

0ji4
=L,a,,, "L, t2. (5. 37)

Proceeding as for the lower-order correction we obtain from (5.36)

.4',' /44/ Af-/

"arbitrary" constant

(5.38)

(5.39)

= 0 for ,j/., , ,V,L (5.40)
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(i-) ,, (a.)'N-. () (5.41)
N

N,'.z

,1(D) (5.42)

where

,fo) ,
(5.43)

(i.)

1 'N#.2.

CM,41,
(5.44)

Then (5.2) and (3.10) become respectively

/ (D)
for

1N + ..,L a4, for

SC a for
#V*.2. 4'

0 for 92,V.1 /V, N'. (5.45)

= fa+ Sa" S 'C' J
re pD C -' V . (5.46)Wa /,y,4.2

Comparing the normal mode for the velocity potential to order

with that to order S given by (5.28), we see that: 1) two new associated

Legendre polynomials appear at order cS2 2) these new polynomials are

two degrees higher and lower than the polynomial P(ii); 3) the coef-

ficient multiplying the new polynomials is
0);

and 4) the coefficient

multiplying P5(u) differs from that in (5.28) by the additional term
2(2)

N
a.
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We now consider (5.37). Proceeding as for the lower order correc-

tion we obtain

0 for fl 3N N ,V/, ,'V,'3 (5.47)

C(a)
4,3

4(D) (5.48)

-
- (_.,_, N '

,'"
'N-/ c.v

,)
' L_4,_,

C.'(,

(5.49)

17
N# I

()
C,yL/

(a)
£24, 7'

,,(1)

L,V,I/ '4' W"/ 'V (5.50)

() (D)
A3 a4, (5.51)

where

-a. c&
(5.52)..fD.)

(/) (a) (c),,)_ /
c__dy_I = c;: - ((,.(/) N) - (24,/

J
(5.53)

= -fo) [I?V#.2 Y ((,-" -(''C''l (5.54)

, 4) = a ef (5.55)

Then (5.3) and (3.11) become respectively
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ç2,(.) ,(D) for0

e, t' + '°-) &"i. ' ii) (i')
, , L_,,,_,

'+c, 4?
c" 22=4"- /N/ ivJi

c, s '1° c44d/ y *4','

2/44'/ .4' #V.'/ (4l
22(3) cV°' for ? W'3/v#3 V

7 for 27 ,Y- 3. iv/, Vt/, (5.56)

= I sf'c' SC7 £L:;,c4') ?:6'"J
+ S (a' a,)[e, :ch')]

,(.a;) g+ 2z r:&p) 1
- : *"'-' tY()7] . (5.57)

'-44'.3 1,W3

Comparing (5.57) with (5.35), we see that: 1) two new associated

Legendre polynomials appear at order 2) these new polynomials are

two degrees lower and higher than the polynomials P1(it) and

respectively; 3) the coefficient multiplying the new polynomials is again
(0) . . . (1)

aN ; 4) the coefficient multiplying the terms containing CN1 and
differs from that in (5.35) by the additional term Sag); 5)

the coefficient multiplying the terms containing C° and differs

from that in (5.35) by the additional term
22)

5.4. Order Correction

The order cS equations are:
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o)J_4} + (: a'1'ei ) 
+ ,., ( 0) J iZ° 

P3 ( c-i" - ) -i 
=. (5.58) 

9?t/ 1#/ (- (1) ) 4,, 

= &#, a ' 
ac,? (5.59) 

From (5.58) we obtain 

___ 
,0) ___ j,. '-7 

!tarbitrarYt' constant (5.61) 

= for e,.j fl-a, A's, ,'/' (5.62) 

,. () () (5.63) 
4' 4' 

,.j3) = C'3 & (5.64) 

'.4, 

where 

/ (cr4'kZ 
fo- (0)3 

_(o)(.o)_') e'J 
(5.65) 
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,2(3) -- / 
¼ = C°J 
C, "C'" 

-,' 

" C cr" - 1" 
; 

(5.66) 
Nia -" 

and from (5.59) we find 

j3) 
= 0 for ,y ,y,, ,1/#/, Wi3 (5.67) 

= e 
-- 

e (5.68) 
'V-3 V 4'-3 .v 

(5.69) 
.4-/ 4' N-I ..y N-, 'V 

/() 
13.,., = e°' 4(3,Ca) c4 

7' (5.70) 
'Vt, 4' N 'W/ 1, 

g3) - (a) (/7 (3) (& (5.71) - _V,&3 
tZV 

#Vt3 

where 

,' (3) = 
(r'°7 

[,e...2 c,, (o-"' - ) e 7 
(5.72) - #V-3 I 

= 
P) 

EL 
A 

-& - ,_,) c (3.) 
Lw_/ - C'-" 

- - c,, - (p3) () (5.73) 

'V-I 

,.-, 
(.) f (3) = 

,-(D) 

[PNt2 
- (c-f') 

- 

e,', () (5.74) 

,V,., J 

/ 
(5.75) 46'3J 



N

4

Eqs. (3.10) and (3.11) are then

= (z "
$a2:), $24) R'p)

+ c:2z:' -f

* $3C[e%a) *C,,7)j

= t1(a-'sa:1'S'7' S3)

C eZ #

+ s
(a°"7ã'!411'

a,") [A P4

(a2 27,i.

-I- 4LC) [$:5i0

+ O #

L.49_./ //V/d
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Comparing (5.76) and (5.46) we find that: 1) there are no additional

associated Legendre polynomials; 2) two new terms appear which contain

C3 and C; 3) these new terms appear with the coefficient a°; 4)
(2) (2)

the coefficient multiplying the terms containing CN2 and CN2 differs

from that in (5.46) by the additional term 6a; 5) the coefficient

multiplying P5(u) differs from that in (5.46) by the additional term

3(3) N

6 aN

Comparing (5.77) and (5.57) we see that: 1) there are no additional

associated Legendre polynainials; 2) four new terms appear which con-

(3) (3) (3) (3)
tam CN3, CN_l, CN+l and CN+3; 3) these new terms appear with the co-

efficient 4) the coefficient of the terms containing

and CJ differs from that in (5.57) by the additional term

6a1); 5) the coefficient of the terms containing C1 and differs

from that in (5.57) by the additional term 62a2; 6) the coefficient

of the terms containing C° and differs from that in (5.57) by

the additional term

5.5. Summary, Logical Extension to the Infinite Asymptotic Series and

Consistent Truncation

The asymptotic expansion for the dimensionless frequency of mode

N is

A_

.7'. / ( 'ALL #;,L.-,)
.2oç' 9

S3 2(-,/,J_ W-lj&,) -* :' (4ff) , (5.78)

where (5.1), (5.8), (5.23), (5.38) and (5.60) have been used. In (5.78),

the plus and minus signs represent westward- and eastward-propagating

inertia-gravity waves, respectively. It should be noted that o. is uniquely

determined for each s and N > s.
The asymptotic expansions to O(6) for the velocity potential and

streaiifunction are given by (5.76) and (5.77), respectively. In the
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development of these expansions we have seen that as the order is in-

creased, new terms emerge with the coefficient and the coefficients

of existing terms are changed by the addition of a term a' with rl.

Therefore, if the asymptotic expansions were carried out to infinite

order in ô, the coefficient of each term would become the infinite series

S $ &" s3,3- + - - - . (5.79)

Then, in the limit, we may simply define a as this infinite series and

obtain

ad 1a) $ #

1 Mø-t - ë (5.80)

= .t S f 7

* L'I
S [c7ça) -?-

-1 CA ):ç-)
+

cZ ),ça) C4 ,p'7
- - -] e+4.Zz), (5.81)
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where (3.1) and (3.2) have been used. The meridional eigenstructure

for a given 5 is thus completely determined by the C-coefficients which

are functions of N and s alone. A summary of the C-coefficients for

the inertia-gravity wave modes is shown in Table B.l. The coefficient

aN in (5.80) and (5.81) is arbitrary and may be chosen to normalize

the eigenfunction IXN
N)

It is interesting to note that (5.80) and (5.81) may also be

obtained from the finite asymptotic expansions (5.76) and (5.77) simply
(1) (2) (3)

by setting the "arbitrary" coefficients aN
,

a1
,
aJ ,... equal to

zero. Thus we may formally set a' = 0 for r > 1 to obtain the fol-

lowing consistent sets of truncated asymptotic expansions for N' XN
and

1) zeroth order: (5.8), (5.10) and (5.19);

2) first order: (5.26), (5.28) and (5.35);

3) second order: (5.1) with (5.16) and (5.38), (5.46) and (5.57);

4) third order: (5.78) (with the omission of O(S)), (5.76) and

(5.77).
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TABLE B.i. Coefficients for inertia-gravity modes.

(0)
±c4

a =

N-i
-

N+i
-

=

C(i)=_ 1 (1)

N-i (0)
(a

a

cci) = - 1 (1)

N+i (0)
(a

a

(0)- NiN1

C-
N+i N+i

2

a2 = + i

-;;
T + +

N-2 C2
N-3

-

a° N-2

(0)

C2
a

N-i

N-2 (0) 2 N-i
[a I

-

[q C2 (1)
)c - a2C0

N-i (0) N-2 N-2
- (a N-i N-i N-i1

a

C2 (1)
)C - a2C0]

N+1 (0) 'N+2 N+2
- (a -

N+1 N+i N+i
a

(0)a

C°C2 =
N+2 (0) 2 N+1

{[a I
-



TABLE B.1. (Continued)

0(S3)

C2 C2
N+3 a° N+2

(3)
a

2aN
+

C3 1

[PN_2C
((1)

N-3dN-3 (0)
a

= 1 (0) (1) (1) (0)

N-2 (0) 2 [PN_l(a CNi + a CN2)
{{a I

(0) (1)- a (2cr N-2 N-2

C3 1 ) )C - - a3C0N-i (0) N-2 N-2 - (a N-i N-i N-i N-i'
a

C3 {PN+2C
(1) )C2 - - a3C°]

N+i (0)
- (a

N+i N+i Ni N+i
a

= 1
[+1(

(0) (1) (1) (0

N+2 (0)2 a C +a C ))
{[a ] N+2

N+i N+i

(0) (1) C2'- a (2cr
N+2 N+2'

C3 {ciN+2CN+2
(1)

N+3N+3'N+3 (0)
- (a

a

NOTE: a, and are defined by (3.26-3.29).

210
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6. Asymptotic Solution for Rossby Modes

The governing equations for the Rossby modes are

,
,0

43-'+ ,
(4.10)= c. L1,1

(4.11)(c, ) '=

The asymptotic series for AJN, and BS,N in powers of may be written

as:

= m cf" (6.1)

= 0

(6.2)

11='

'V :'1 (6.3)

(m) (m)
and b

(m)
are order one.where ,an n

6.1. Order Solution

Substituting (6.1)-(6.3) into (4.10) and (4.11) and collecting terms

that do not contain c gives

I) (6.4)- = 0-(a)
(#I -?' )?-/ 'i-1

(0) = 7
1

(6.5)

which are valid for n = s, s+l,s+2 ..... Eq. (6.5) gives
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(6.6)

1(0) = "arbitrary" constant. (6.7)

Since for mode N must have a unique value, (6.6) can be valid for

only a single n. We identify this n as N, that is for mode N we have

5 (68)

and

I(p)
p 0. (6.9)

Then substituting (6.8) into (6.5) gives

1.10)
, (6.10)

hence

1(''-
for N . (6.11)

Thus, to zeroth order in , (4.9) along with (6.1) yields

= (6.12)

(6.3) gives

ía)
for j=4.'

tl
for 71 A/ (6.13)

and (3.11) reduces to
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I 
(o) 

= '4, ,Pa) 
. 

(6.14) 

It should be noted that the dimensionless frequency is order E2, hence 

Rossby modes become stationary modes for 0, that is for a non- 

rotating sphere. Furthermore, a normal mode for the streamfunction 

(and vorticity) is just a single associated Legendre polynomial. 

We now consider (6.4) which with (6.9) and (6.11), yields 

(D j4') 

- - P, (6.15) 

- - 
''' 

(6.16) - d 

a = o for ,y-/,, It/# / 
. 

(6.17) 

It will be convenient in what follows to write (6.15) and (6.16) as 

4(0) j(o) 
(6.18) 

where 

(a) j(D) 4 
,+'I'/ 

CP 4 
= - 0 

Therefore, to zeroth order in c, (6.2) gives 

(6.19) 

(6.20) 

(6.21) 
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C(°' for
-'V

/. 5,4/
A= for d7t -'4'',

for (6.22)'V

and (3.10), along with (4.8) after replacing 62 by c, reduces to

= t' Cc ,7) + e$' (6.23)

A normal mode for the velocity potential (and divergence) is order E

and, for N > s, consists of two associated Legendre polynomials; for

N = s only the second term in the bracket remains.

It should be noted that both and XN contain only a single non-

zero coefficient b° which may be chosen to normalize the eigenfunction

{x N}
The meridional structure of each normal mode is therefore

completely determined.

6.2. Order Correction

Substituting (6.l)-(6.3) into (4.10) and (4.11) and collecting

terms that contain gives for each normal mode N

- o4 + (,- (a, 0jo) Z:

/ (I)
= 4 .,i. 4_I)

1(D) ,(a) \A) (i#, 4,,, 7L.j;,_ ,,_' ._) (6.24)
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(') / (1)

+ o p 4:t" J . (6.25)

For n = N, (6.25) is

I (1) 1(a) a
. (6.26)(D) .*

. (I),

= p

Substituting (6.8), (6.9), (6.18) and (6.19) then yields

o' ,P., *1 /-' " (6. 27)

,9/ 'V-/

and

J) - "arbitrary" constant. (6.28)

For n N, (6.25) with (6.8), (6.11), (6.17)-(6.19) gives

'(I, (1)= (6.29)

J(I)
(I) L'- (6.30)

= c4,,i

(1) = 9 for 91 ;
/V , (6.31)

where

Ly
( ,.D,

(6.32)

c ec2')
(6. 33)

(c,. ' I"
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Thus, to first order in c, (4.9) along with (6.1) gives

A = ('p ,-' a (6.34)L.,, ),
(6.3) gives

(1) j(o)
fE C for = Al -

j(o) (/)7'64 for

dY2 ,#

-
E C for 11 = A

a for 71 ,4'-.: ,v. A','2 , (6.35)

and (3.11) reduces to

= ,i [°'* E),jit')
(/) SE4[CZ L2' c 90J}. (6.36)

Comparing (6.36) with (6.14), we see that: 1) the coefficient

multiplying P (p) differs from that in (6.14) by the additional term

2) two new associated Legendre polynomials appear at order ;

3) these new polynomials are two degrees higher and lower than the poly-

nomial P (ji); 4) the coefficient multiplying the new polynomials is

Although (6.9) and (6.28) indicate that both and b' are

arbitrary constants, we shall find, following an argument similar to

that given in section 5.5, that only the total coefficient b0 +

+ (higher order terms) is arbitrary.

We now consider (6.24) which, with (6.8), (6.11), (6.17)-(6.19),

and (6.29)-(6.31) yields
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/1) ,O)
,4'-a (6.37)

(1) (0) iV
C I''-v..., s' ,, (6.38)

'1 c W (o)
(6.39)

iV2 (6.40)Nl3 4','3 .4'

(1)
= 0 for 21 .#-. vj ,V#/,,q,'3 , (6.41)

where

(1) C (6.42)

(I) / C ,'., o, -,
_-; i L) iv-2N-I

- a-t')).} (6.43)

/ C
(0)Ecofo)-

(D)

1 N#,) ::M,1, ,,,
- r"-J (6.44)

(/)
N#3 ,v. (6.45)

To first order in , (6.2) together with (6.17)-(6.19), and (6.37)-
(6.41) gives
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E (:1:

ga)
for = Iv 3'V-3d

(e) e (c4'- I"))
'N-/ k';v'

for '7? =N/

tZ) ) /(')
St

(o)

6 (e,% ' ?
iv,', N

for 7z =/V#/

f/)

'___t3

,(s)
:; for 'fl = N *3

c' for ?l 4/_3,,4/_/ ,Y#i', ,V#3 (6.46)

and (3.10), along with (4.8), becomes

= 6 Ic0 6[c,5io c,2iJ

+ [c:3/I4 O.),PS,11)

(I)

+ -I- C1,43 (6.47)

Comparing (6.47) with (6.23), we see that: 1) four new terms appear

at order c; 2) two of the new terms contain the same associated Legendre

polynomials as (6.23), but with different C-coefficients; 3) the other

two new terms contain polynomials two degrees lower and higher than

and P1(.i), respectively; 4) the coefficient multiplying the new terms

is b; 5) the coefficient multiplying the terms containing and
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differs from that in (6.23) by the additional term

2
6.3. Order c Correction

The order equations are

OeM + (- (0) M) C- a'-' (o) &' (ri
= c_ ( 4(_a., .,s. 4.,,,&, pn_I '-fl-I

,(I)
+ 1'c;t114,, 7'

+ ', 4,', i'/, 'L) (6.48)

) + P d'' "L1
4f1

(6.49)',i _/.n#,

Proceeding as for the lower-order solutions, we obtain from (6.49)

=&, ,4. (1)

,'.v-/

I
= "arbitrary" constant

JL[a) ,Z(o)

,O)
L,_2 /# .,v.

(6.50)

(6.51)

(6.52)

(6.53)

(a)

=
')

+ ,,(a) 4V") (6.54)v#a 4' c__#v7&. h1,



-
L,74/ k'
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(6.55)

(a)
- 0 for /j ,4'-.2, /V, ,V,'.2, , (6.56)

where

= (#9 (6.57)

f.')

C
(a) /

£-. C.....3(fa)_
(1) \

CN_a _) (6.58)

/ (,)
)

c,,3
'y,',

) (6.59)

- C (6.60)

(cr
Then, (6.3) becomes

-

2 e: for = Iv- 9'

E C" N V- ,, , 27 4' .

N- N

* £" zt.) for = Al

a) 1Ve)
E 7' c(2)j ?7 =,V#a .V .,

Jt'D)

,Y#4/ P. for .2 =. N*9

0 for (6.61)
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and (3.11) reduces to 

i f C 1r 
L 

47) 
a413.)J &2) 

+ E (47+ P)[i),i) 
1' 

i:$2O1 

() 
-t 

:IiO) (CA,..I/ 
# C,y 

4çii) 

(6.62) 
N,4.. 

Comparing (6.62) with (6.36), we find that: 1) four new terms ap- 

pear at order 
2; 

2) two of the new terms contain polynomials P2() 
and P2(j.i) as (6.36) does, but with different C-coefficients; 3) the 

other two new terms contain new polynomials two degrees lower and 

higher than P2() and P2(M), respectively; 4) the coefficient multi- 

plying the new terms is b0); 5) the coefficient multiplying the terms 

containing and differs from that in (6.36) by the additional 

term 
cb,1; 

6) the coefficient multiplying P(ii) differs from that in 

(6.36) by the additional term 
c2b2. 

We now consider (6.48). Proceeding as for the lower order solu- 

tions, we obtain 

= 
'V 

(6.63) 

Ct1) 21D 
,, - V.-3 L.y 

(6.64) 
N 

1A) 
- tV-, #I 

(6.65) 
.4/ .4' ,y 

- CeP) - 4W 
cf' 

I,',', 4' 
7 

(6.66) 
N#/ 'P. 
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(L 9)a?CCT:) 7

) EiV 6
C--27Qj

f*.
(L 9)(C::7

/iw
('1('Va

rz,w.,w
(?:(/i-/

(zL 9)-'e_çIlV£.

I-,
E4"7- 2 .'l3J -'=

(tr-dfr#r--h-i"
(i L 9)(-I-ILI

f-N V.iyf.v7(
d

-(d)-)J c,'J)E (/1

(0L9)C),=
IGt4M

E- ,',v ';' ,',qf,'E-4'f-N
k.-',1

(699Jc2 =

(. 9)
/F -F'W...-...f

CcV7 '" =

(L 99)"f "7" coji C)
zzz



(a) ,,
0(1

Then, (6.2) becomes

I',ti In

e44_4. for 'fl 4'-4

c.34- 4C2(CD ,e") ,dY3 A' 4'.-3 & J

dY../4 t 6 (c,f4°'7' e (1' E44/ V

for.6' f1../ .6/

223

(6.75)

C/
4'D) (ri) 6 (- A'#/ 'V /V;1/ 4 2 7' 1% #Vii'/ 4'

/('j%
4',/ A' for 1? =/V#J

',') /4)
ELy,L3I, Ea('c%#CF)) 9zN#3Nt.3 A' -,

for 9j = ,4" 7''I-.

0 for N_,V_3w_,,N4',13.#Vtr, (6.76)

and (3.10), along with (4.8), becomes

A1 = C I 4lPa))[c:Zcii, 7'Z$1Oi

+ 6 (/7) 0)) 52)

,7) .. S I# e,, ,çri) .,' +
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E,-:) # +

*C,$2') # (6.77)

Comparing (6.77) with (6.47), we see that: 1) six new terms appear

at order
2; 2) four of the new terms contain the same associated

Legendre polynomials as (6.47), but with different C-coefficients; 3)

the other two new terms contain new polynomials two degrees lower and

higher than P3(ji) and P3(t), respectively; 4) the coefficeint multi-

plying the new terms is b0); 5) the coefficient of the terms containing

CI, and differs from that in (6.47) by the additional

term b); 6) the coefficient of the terms containing and

differs from that in (6.47) by the additional term e2b2).

6.4. Summary, Logical Extension to the Infinite Asymptotic Series
and Consistent Truncation

The asymptotic expansion for the dimensionless frequency of mode

N is

N = E (i /'W/ .q#/+ E (0 ,-')
-t c)

'.';') , (6.78)

where (4.9), (6.1), (6.8), (6.27), and (6.50) have been used. It should

be noted that aN is uniquely determined for each N and s.

The asymptotic expansions to order for the streainfunction and

the velocity potential are given by (6.62) and (6.77), respectively.

In the development of these expansions, as the order is increased, new

(0) .

terms emerge with the coefficient bN , and the coefficients of the

existing terms are changed by the addition of a term 1'b,1') with r..1.

Thus, similar to the expansions for the inertia-gravity waves obtained in
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section 5, if the asymptotic expansion were carried out to infinite

order in c, the b-coefficient of each term would become the infinite

series

1(0) (I)
1t -t - r33

. (6.79)

Then, in the limit, we may simply define bN as the sum of this infinite

series and obtain

= I cL; ,5ii

+ fc13,2° po Zz)
+ 6 feZ ):,c/) # 7)# ecii) #

+ 3/f3510 + - -]
(s- a )

(6.80)

M I * r :5I)

+ 5ie)

,:c-J#-- (6.81)

where (3.1) and (3.2) have been used. It can be seen in (6.80) and

(6.81) that the meridional eigenstructure for a given c is completely

determined by the C-coefficients which are functions of N and s alone.
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A summary of the C-coefficients for the Rossby wave modes is shown

in Table B.2. The coefficient bN may be chosen to normalize the eigen-

function XN) N

Similar to the a-coefficients as noted in section 5.5, for

r > 1 may be formally set equal to zero. Then we obtain the following

consistent sets of trancated asymptotic expansion for aN, XN and

1) zeroth order: (6.12), (6.23), and (6.14);

2) first order: (6.34), (6.47), and (6.36);

3) second order: (6.78) (with the omission of 0(c3)), (6.77), and

(6.62).

7. Summary

In this appendix we have derived the asymptotic expansions for the

inertia-gravity and Rossby wave modes for a shallow fluid on a rotating

sphere for small Lambs parameter c. Zero coefficients do not exist in

these asymptotic expansions because they have been eliminated by scal-

ing. Each of the asymptotic expansions for both types of normal mode

contains only a single arbitrary coefficient, thus the meridional eigen-

structure of the normal modes is uniquely determined. The asymptotic

expansions for the eigenfrequency, velocity potential and streamfunction

are carried out to the third order terms (in c2) for the inertia-grav-

ity wave modes, and to the second order terms (in c) for the Rossby

wave modes.



TABLE B.2. Coefficients for Rossby modes.

0(c0):

0(c):

(0)
a

(0)
a(0)

CN1
N-i

(0)
a(0)

CN1
N+i

(1)
PNlC + q1C1a =

(0)
a

N-2 C'
N-3

N-3
N-2

Ni
N-2 (0) N-i

(a

= ' {a° [(a N_i)CN_i - q C'] (1)

N2N-2 -aN-i
N-i

i (0) (0)

N+lN+i
a [(a -

N+2 N+2N+i aNl

C(i) C0
N+2 (0) N+i

(a

(0)

=
a +2

N+3 N+2
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TABLE B.2. (continued)

0(c2):

(2)
PN+iC+ + qa =

N 1 N-i

(0)

=
a

(2)

N-S N-4

(2) "N-3 C'CN4 (0) ., N-3

1 (0) (0)

N-3 ct3 N_3)iN_3 PN_3C - q4C2]

(1) (1)
- a IN_2CN_2}

1
+ qN3N_3_a c)

N- 2N-2 (0)
(a

1 {a0 (0)
[(a N-iN-i - q2C2]

N-i
N-i

(1) (2)
+ a[(2a0 - N1)c(0) - q2C2} - a

N-i

1 (0) (0)
)C PN+2C1N+i

N+i
{a [(a

N+i N+i

+ a[(2a° -
N+1 - PN+2C

(2)

N+1 N+2'
a q}

1 (pC1 + -
N+ 2N+2 (0)
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TABLE B.2. (continued)

1 (0) (0) (1)
N+3 [(a

-
N+3N+3

- - q2CJ
N+3

(')

N+2CN+2}
-a q

N+4
(a0 -

N+4
N+3

(0)

= -
a

+4 C2
N+5

ctN+S
N+4

NOTE: c, , and q are defined by (3.26)-(3.29).
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Appendix C: Finite-Difference Analogs of the Coriolis

Terms in the Shallow Water Equations

The Coriolis terms occur in the momentum equations (3.1) and

(3.2) of the linearized continuous shallor water equations. Multi-

plying (3.1) by u and (3.2) by v and then summing the resultant

equations, we obtain the governing equation for the rate of change

of the kinetic energy

" (1)
CD.S4I' A

where the Coriolis terms have canceled each other. Thus, the Coriolis

force does not change the kinetic energy. This property should be

maintained when we write the finite-difference analogs of the shallow

water equations for grids A, B and C (Arakawa and Lamb, 1977). For

grid A, u and v are located at the same grid point. When we multiply

(3.4) by u. . and (3.5) by v. . and then sum the resultant equations
1,) 1,3

for grid A, the Coriolis terms cancel each other as they do in the

continuous equations. For grid B, u and v are also located at the

same grid point. When we multiply (3.7) by uI_½,J_½ and (3.8) by

v. and then suni the resultant equations for grid B, the Coriolis
1-i,v-i
terms also cancel each other. Thus, the Coriolis terms in the finite-

difference analogs of the shallow water equations for grids A and B

do not change the kinetic energy and this property of the continuous

equations is maintained by the discrete equations.

For grid C, u and v are located at different grid points. We

write the finite-difference analogs of the momentum equations for grid

C as (3.10) and (3.11). Letting F. . and F. . denote the Coriolis
1+2,3

terms in the u-equation (3.10) and the v-equation (3.11), respectively,

we have

F + + +
(2)
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= 1 cos ç (u., . + U.,

+1,cas, (ui+,,._1+ Ut_,,4._1)J (3)

Multiplying (2) by u. and (3) by vi,j_½ we obtain
i+-, 3

- lZtrt +1i Q)
(4)

/
4/ U )

+ cs + (5)

Equation (4) represents the rate of change of the kinetic energy due

to the Coriolis term in the u-equation, and (5) represents that in

the v-equation. In order to combine (4) and (5), we first consider

the rate of change of the kinetic energy in two grid boxes with their

centers at i½,j and i,j-½ (see Fig. 3.1). The former grid box has

its corners at i+l,j+½; i,j+½; i,j-½; and i+l,j-½; and the latter

grid box has its corners at i+½,j; i-½,j; i+½,j-1; and i-½,j-l. We

multiply (4) by the area of the grid box centered at i-'-½,j, that is

(a cos .LA)(aA) = a2Ap cos p., and multiply (5) by the area of
2

the grid box centered at i,j-½, that is a cos . . For given
2

3--2

a, & and 4, the factor a is equal to a constant. We divide
2

the equations from (4) and (5) by a and we have

Cac = - -JCa5
::

L11 (l'j,+ 7'k
-I. -ix'. wi,a.) (6)

(1'
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l_j cc's = k[COS co (u. u.)

+1cosç1 (c1 r' +
Introducing new notation, we can write (6) and (7) as

z..CO. 9' = x. . 4,.
4Je

1< .+x. +DCos .t1j. "e' '' r
where

+4
= +; ui#i4 cc's

4'

t4 A
Cc'S

(7)

(8)

(9)

(10)

(11)

(12)

(13)

We also have equations similar to (9) for other v-points surrounding

the u-point at i+½,j (see Fig. 3.1):

l7+4. cacvI = + + X1+ D.., (14)
J t

7+,, 1<. X. . + D. (15)
a PI,J+I 4+(, L,

(16)=k . +2._(
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When we add (8), (9), (14), (15) and (16), the underlined terms in

(9), (14), (15) and (16) cancel all the terms in (8). This means

that the rate of change of the kinetic energy due to the Coriolis

force at the u-point (i+½,j) is canceled by those at the currounding

v-points. Similar, we can show that the rate of change of the kin-

etic energy due to the Coriolis force at the v-point (i,j-½) is also

canceled by those at the surrounding u-points. Thus, the Coriolis

terms for grid C do not change the kinetic energy in these two grid

boxes. This is also true for all the grid boxes whose centers are

at the u- and v-points on the globe, except for those grid boxes

whose centers are at the grid points of u , v. ,
v. 1

and u
J 1,J-1 l,-J+-

where J and -J are the indices of the north and south poles, respec-

tively (see Fig. 3.2). The velocity components U and are unde-

fined and ignored in the present study, and then v. 1
and v.

1,J-i l,-J+i

do not have u and to compensate the kinetic energy due to the

Coriolis terms.

In the following we examine whether the Coriolis terms for grid

C would change the kinetic energy on the globe. Taking the summation

over i and j for each of (8) and (9), and noting that (8) is from the

u-equation and (9) is from the v-equation, we obtain

.7-i z
I
j:-:T4% :I £+,,ä!/#,&

Ce's

-I I 7-I x r- x
I I I )(.. - I 1<'..

(I j.zi_+I i=J a=-1+i jI 4.a.

.7-i

- I (17)

1! "

7 1 7 1=1 1k..I I 5cos

.7 1 Y 1 .7 1

+Z Z. .+Z EX.+Z ED.. (18)

Li ''j- -+t 'iI =-JtI
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where E denotes the summation around a latitude circle. From (10)-
i=l

(13) we find for all i around a latitude circle that K. and Z.i,J
are equal to zero because cos = 0, and that and D_11_ are

equal to zero because cos = 0. Thus, the terms of (18) can be

written as

k. =' K. (19)

' "f' FY' ) '

- (20)
4.J t '1

ci

'I

Z. )(.. .,,
z

X X. (21)
L4 =-J+.. ji ti11 :-]+%

= - I= (22)

fj1 ' ' ge:.)

where the second equations of (21) and (22) are obtained by shifting

the j index. Using (l9)-(22), (18) can be written as

tI
ii,CDS -A =j+J /'

7-i+Z IZ
r-i

.
3-!)i +

2.

(23)
ct+I =I 'k j=-TiI 4J £, r' ti

Adding (23) to (17) we obtain

7-i 1 3' 1
+ X

I. -T+I i=a

7-
=

.1 3i
CD. 1) 1-I 1 (. (24)

4-
a.=-JI

z=I -1'

For every j we have
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(P.-.)=(D-P.)(.P )+..()J OI4. i_3.

p1 -D1-24 I-),, 14) = 0 (25)

because = is the cyclic condition along the latitude circle

for each index j. Similarly, we have for every j

= (26)

Using (25) and (26) in (24) we obtain

3IZ
I ca=2n

-TJ J
d j yJ s-J.

This means that the Coriolis terms for grid C do not change the kine-

tic energy on the globe.




