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Chapter 1

Introduction

The importance of scattering and resonant features in contemporary physics cannot be overlooked.

The realization of Moore's law over the last four decades, for example, has stimulated a growing
interest in the area of mesoscopic physics, specifically in the field of nano and molecular electron-
ics. Aggressive miniaturization of electronic components requires a detailed understanding of the
quantum effects that govern them. These devices are based on the quantum properties of electrons,

moving in up to three dimensions, confined to an island or a region separated from both the source

and drain by a potential barrier [1]. Such systems include quantum dots, resonant tunneling de-

vices, and single-electron transistors. Current flow through them is intimately tied to their resonance

structure and their quantum transport properties. As computers, in turn, gain power it becomes
possible to investigate complicated models with nonseparable potentials that require the extension
of one-dimensional techniques to multiple dimensions.

One new area where this multidimensional analysis is being applied is to photonic crystal fibers
(PCFs) [2], which have been manufactured for less than a decade. These are optical fibers that
have a regular array of air channels along their length surrounding some central defect. This central

defect may be a larger hollow central channel or, as in the case of a solid-core PCF, the absence of
such a channel. For the hollow-core case the mechanism for light propagation along the fiber is not

due to total internal reflection, which requires a cladding of a relatively lower refraction index, but

instead is realized through photonic band gaps or optical suppression in the direction transverse to

the fiber's length. For the solid-core fibers, on the other hand, the average index of the channeled

medium surrounding the solid central core is reduced, making total internal reflection possible for

certain frequencies. With white light introduced at one end of the fiber, only certain colors are
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visible on the other end. The complex structure of PCFs dictate that Maxwell's equations must be
solved numerically. This task, in the case of a two-dimensional microstructured fiber, decouples into

two problems: propagation along the length of the fiber, and scattering in the transverse plane. For

transverse in-plane scattering, the full vector problem may be decomposed into a scalar Helmholtz

problem for each of the two principal polarizations E11 and H11 [3, 4]. Solid-core PCFs are now

marketed commercially as endlessly single mode [5], not possible for conventional optic fibers. The

air holes in the PCF's cross section act as a modal sieve. The fundamental mode has a transverse
wavelength too long to escape through the gaps, while higher modes can leak away between the air

holes. This caging effect may be tuned by adjusting the diameter of the holes, making it possible to

trap additional modes. Adjusting the exact geometry may resonate the fundamental mode which in
turn can affect dispersion properties. For pulsed digital communication it is obviously advantageous

to minimize packet spreading.
Exploring the foundations of this new frontier, we have made some interesting observations and

uncovered an as-yet undocumented physical behavior. In this paper the Lippmann-Schwinger tech-

nique is applied to noncentral potentials in two dimensions. We use the theory to compute transition

matrices for open quantum systems governed by repulsive soft hyperbolically-defocusing scatterers

that may trap quantum particles either through multiple internal reflection or by a quantum caging

effect. This allows us to describe the given system in terms of its wave functions, resonances, and

cross sections. Low-lying long-lived resonances are investigated for both tn-peaked and quad-peaked

repellers to determine wave function symmetries and other universal characteristics. One novel fea-

ture is a phenomenon similar to quantum tunneling which allows a wave function to penetrate a
narrow aperture less than a half wavelength wide. This is accomplished by borrowing kinetic energy

from the propagation direction, which can change the sign of the curvature in that dimension, to lo-
calize the wave transversely. This squeezing in the crucial dimension is the mechanism by which the

wave function gains passage. This phenomenon does not present itself for one-dimensional systems

due to the lack of a secondary or donor dimension.
An exact two-dimensional quantum theory is presented in chapter 3 while the particulars of its

specific implementation are covered in chapter 4. Results for the three and four-center scatterers
are given separately in chapters 5 and 6. Conclusions are summarized in the final chapter.
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Chapter 2

Literature Review

In 1900 the modern theory of integral equations was founded with a publication by Swedish mathe-

matician Erik Ivar Fredholm [6]. Being the first earnest work in the field since Volterra, this initial

paper developed the essential part of a theory of what has become to be known as Fredholm's inte-

gral equation. Building on this work, he published a fuller version of his theory in 1903 which goes
on to define and solve the Fredholm integral equation of the second kind [7],

W(r) = (r) + A
f

K(r, r')W(r') dr'. (2.1)

Much of Fredhoim's theory was founded on work done by George Hill, an American astronomer who

used linear equations involving determinants having an infinite number of rows and columns. These

findings also provided a basis for much of the subsequent research carried out by well known German

mathematician David Hilbert who extended Fredholm's work to include a complete eigenvalue theory

for the Fredhoim integral equation. These findings would be key for a formal scattering theory yet
to be revealed.

It is by scattering that the structure of things too small to measure directly may be probed.
Early scattering experiments by Ernest Rutherford on thin metal foils, for example, invalidated the

Thomson model of the atom. Intermittent large defiections of alpha particles led Rutherford to
surmise that the positive charge within an atom is packed into a small dense central nucleus [8].
This model was then upgraded in 1915 by Niels Bohr to include electron orbitals of quantized energy

[9]. The fundamental aspects of collision theory were put forward in 1933 in the book by Mott and
Massey [10] and continued to evolve with the introduction of a scattering matrix concept by Wheeler

[11] and Heisenberg [12]. The general formulation of the mathematical problem of finding the 5-
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matrix followed quickly and in the early 1950's a formal theory of scattering was presented by both

Lippmann and Schwinger [13] and Gell-Mann and Goldberger [14].

2.1 A Formal Theory
Through the application of variational principles, B. A. Lippmann and Julian Seymour Schwinger

were the first to express the scattering process in terms of a formal integral equation,

1Ii± '
Icok0) + Ek0Ho

(2.2)
I k0/ ± je

appearing in their famous 1950 paper [13] as equation number ([13]-1.61) which we recognize to be

a Fredholm integral equation of the second kind. They also provide an expression for the transition

matrix,

Tkk0 = ('kITIck0) = (k0jVjW), (2.3)

given as ([13]-1 .63). A parallel presentation of formal scattering theory developed from first principles

was also published by Gell-Mann and Goldberger [14] in which the two equations above appear

as ([14]-{2.30, 2.31}). Multiplication of (2.2) from the left by (kI V produces what has been
universally accepted as the Lippmann-Schwinger equation for the transition matrix,

1
Tkk0 = Vkk0 + f Vkk'

Ek. H0 ± iE
Tk'k. dk'. (2.4)

These equations are central to the research to follow and are presented here in the following math-

ematical context.

2.1.1 Time-Dependent Scattering
Begining with the time-dependent form of Schrodinger's equation,

and relations:

t) = HW(r, t); H = H0 + V, (2.5)

(ih H0) O(t) = (t)

(ih H) ã(t) = 8(t), (2.6)



four propagators may be defined. The first set is made up of the free propagators:

(t) = _ke(+t)e_ot1n
{

= +ke(_t)e_iHotm
{

0 : t<0
0< t

t <0
0 : 0<t,

5

(2.7)

which describe the evolution of states subject to only the kinetic energy term, H0 = h2V2/(2t),
of the Hamiltonian with the interaction, V, turned off. The following set of propagators include the

contribution from the potential and are referred to as the exact Green's functions:

= _e(+t)e_iHt1h = 0 : t <0
: 0<t

- j I +e/h t <0G(t) = _e(_t)e_it1n h (2.8)
h 10 : o<t.

The top and bottom propagators of each set may also be paired in terms of their time dependence.

The operators G and G+ describe forward propagation of states and are referred to as retarded
Green's functions. The alternate operators, G and G, describe a state's earlier history in time
and are referred to as the advanced Green's functions.

In formalizing the time-dependent theory, W (t) and WOUt (t) states are introduced in the liter-
ature. The potential is assumed to be local and short ranged, but for the moment it is assumed
to be switched off so that all time evolution is governed momentarily by the free propagators. The

in-state, given by

,lim ihGt(t t')W(t'), (2.9)

is equal to the exact state function of the complete interacting system in the infinite past where a
mixture of eigenstates forms a wave packet distant enough from the interaction region so that its
effects are not felt. This state is then evolved in the forward temporal direction by the appropriate
free Green's function until it is spatially incident upon the region where the potential's influence
would normally be effective. From the infinite future, a free scattered wave may be evolved backwards

through time in the same manner yielding an out-state,

WOUt(t) lim i7lG(t t')W(t').t'-.00 (2.10)

With the potential switched back on, further time development in the forward direction is now



governed by the exact Green's function and a full solution to 2.5 is represented by the equations:

(t) = W(t) + jO+(t t')VW(t') dt'
= WOUt(t) + O(t - tF)VW0ut(t) dt'.

6

(2.11)

(2.12)

If a general case of (2.9) is taken where a free state is allowed to evolve forward in time by a
finite amount, independent from the influence of the interaction,

= ih(t' t)W0(t); t' < t, (2.13)

W(t') within the integrand of (2.11) may then be expressed in terms of the present time t. In doing
so, the two in-states of common time may now be factored out,

i+(t)
I:

ã(t t')Vã(t' t) dt'] '1(t). (2.14)

The term in square brackets is known as a Møller wave operator [15] which after a change of variables,

(t' t) t", is written
O-F(_t"VOt"dt". (2.15)

It gives the inbound exact state in terms of the free in-state and may be expressed explicitly, after
another change of variables t" * t, as

= i dt. (2.16)

The integrand of (2.16) may be written in terms of an exact differential,

f° d
= i

J
(e tme_ulTbotm) dt, (2.17)

so that after evaluating the upper limit the MØller wave operator may be given in its most recog-
nizable form,

= lim etHte_uhI,tm. (2.18)
t--oo

Again, similar arguments may be carried through yielding the other Møller wave operator,

= urn (2.19)
t.00

which acts on the out-state and gives the exact outbound wave function,

Jr(t) = Il_WOUt(t) (2.20)
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Notice that through the use of the Møller wave operators, the solutions, (2.11) and (2.12), to 2.5

may be represented as:

= W1(t) + jO(t - t')VW(t') dt' (2.21)

W(t) = WOUt(t)
+ f ã(t t')VW(t') dt'. (2.22)

In a scattering experiment one is interested in attaching probabilities to the occurrence of ob-

servables. Starting with a state vector W (t) that is known to have been in the controlled input
state Is" (t) at some remote time of the past, one would like to find the probability of finding the
system in the state described by W, which is known to lead to Wout(t), in the distant future. The

probability amplitude may be written as

(w(t)
I

W(t)). (2.23)

Using (2.14) and (2.20) to incorporate the Møller operators,

(w(t) I ii+()) = (cl_WOUt(t)
I

+ffj1fl())
. (2.24)

This allows for the representation of (2.23) in terms of a single operator + and its adjoint, t,

W(t) W(t)) = (wOUt(t)I -.t+ IW1(t)). (2.25)

This operator product is then given as the defining relationship for the scattering matrix,

S 1ltcl+. (2.26)

The fact that the S operator is independent of time can be seen from (2.16) and (2.19). Also, because

the S operator specifies the probability amplitude for the transition between free in and out-states,

its matrix elements are only non-zero for states having equal energy,

S(k, k0) = 4(WUt(t)I S IW,(t)); lIk = 11k011. (2.27)

2.1.2 Time-Independent Scattering

The time dependence is eliminated from the formal theory by Fourier transforming back to the
time-independent energy representation. The state vectors will thus take the form

W(E) W(t)eiEtm dt, (2.28)



and the propagators, (2.7) and (2.8), are transformed back to the resolvents of the operators H0 and

H,

1
f ä(t)eiEtm dtEH0±ie j

1 O±(t)eiEt/hdt (2.29)EH±ie
To deduce the nature of a new matrix, the scattering matrix

Sks = (w w) (2.30)

given by (2.23) is expanded. After the Fourier transformation of the kets (2.21),

1
(2.31)EH0+ie

and (2.12),

w)=Iwt)+EjVIwut), (2.32)

(2.31) and the dual space element of (2.32) may be inserted back into (2.30). Using the adjoint
properties of the Green's functions,

G(E) = G'(E)
G(E) = G+t(E),

one is left with three inner products:

(2.33)

Sk8 = I w) + (wt I(E3 H0 + iEy'V I w) + (w
I

V(Ek H + iey'I w), (2.34)

if the rightmost ket above is taken to represent the left hand side of equation (2.31). Recognizing
that 'hr is an eigenfunction of H0 and that 'I' is an eigenfunction of H, (2.34) becomes

Sk8 = 8ks + (E8 Ek iE)1 (wt I V I wi-) + (Ek E3 + iE)1 (w0ut I V I w). (2.35)

This may be factored to obtain

Sks = 8ks + (Ek E + ie Ek E8 ) vj wi), (2.36)

where the remaining inner product is taken to be the transition matrix element Tk3. Formally there
are two representations for T given by:

- /TOUt 11 1+
V

T
I

V
I 'h'). (2.37)
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When the energy eigenvalues differ, k s, the matrix elements are referred to as being half-off-the-
energy-shell and are so indicated with the use of the appropriate superscript, ±. If the energies are
the same, however, the two formulations yield the same on-the-energy-shell value and the superscript

is dropped. For our purposes we shall be utilizing only the top form and therefore relax our notation

somewhat by dropping the superscript, T+ T even for off-shell elements. Using the mathematical

identity:
1

iin5(x x0), (2.38)xxo±ie xxo

where the operator P is defined as the Cauchy principal value, we see that the term given in the
parentheses of (2.36) may be replaced by 2ri5(Ek E3) to yield the relation

Sks = 8ks i2lrS(Ek E8)Tk3. (2.39)

The delta function in (2.39) allows only the on-shell T matrix elements to contribute. We see from

this relation that having the on-shell terms of the transition matrix is equivalent to knowledge of the

scattering matrix and thus provides a time independent, asymptotic, scattering picture. To deduce

characteristics within the scattering region, such as the wave function there for example, we must
have the additional half-off-shell terms of the transition matrix.

2.2 Additional Developments
The original work of [131 is applicable as it stands only to single-particle scattering or at best two-

particle scattering as viewed from a center of mass frame. Six years later Lippmann published an
additional paper [16] building on previous work in an effort to produce multi-channel multi-particle

Lippmann-Schwinger equations appropriate for more complicated collision problems. Others also
followed suit, such as Ekstein [17] and Gerjuoy [18], but their formalisms were mathematically
unsound and plagued by spurious solutions when applied to scattering with any more than two
particles. Faddeev was the first to offer a unique three-particle solution based on coupled integral
equations in 1960 [19]. In 1962 Mitra published a paper [20] showing that the three-particle problem

could be reduced to three one-body integral equations by decomposing the wave function into three

components. It was soon realized that these two formalisms coincided, which served to stimulate a

great deal of interest, as well as considerable advancements, in multichannel scattering in the years

to follow.

The Fredholm theory was first applied to quantum scattering in a discussion on the convergence

of the Born approximation by Res Jost and Abraham Pals [21]. The Born approximation is simply a
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truncated Neumann series solution, which was the preferred solution method of the time. Rewriting

(2.4) in operator notation,
T = V + VGE T, (2.40)

the first approximation is made by truncating the second term on the right hand side. Successive
approximations are then obtained by substituting previous ones in place ofT in the initially dropped

term:

T2 = V+VGV,
= V+VGV+VGVGV,
=

T = V+VGT1 = >(VG)V. (2.41)

Jost and Pais found that the Fredholm theory of integral equations made it possible to express
solutions as a quotient of infinite power series in A which still converge when the Born expansion

breaks down. Using the theory they rewrite (2.1) as

I (A; r, r')W(r) = (r) + A] (r') dr' (2.42)

where

(A; r, r') K(r, r')

°°
/dri...fdrn

Z.1 n! j
n= 1

K(r,r') K(r,ri) K(r,r2)
K(ri,r') 0 K(ri,r2)
K(r2,r') K(r2,ri) 0

K(r,r') K(r,r') K(r,r')

K(r, r)
K(ri, r)
K(r2, r) (2.43)



and

= 1

°°

/dri...fdrn
L..i n! j
n= 1

0 K(ri,r2) K(ri,r3)
K(r2,ri) 0 K(r2,r3)
K(r3,ri) K(r3,r2) 0

K(r,ri) K(r,r2) K(r,r3)

K(ri, r)
K(r2, r)
K(r3, r)

11

(2.44)

which are given as equations ([21}-{48, 49, 50}).

Interest of the scientific community in Fredhoim's method was again rekindled with a remark
made by Schwinger in 1954 [22]. Subsequent development by Baker of this idea showed the direct re-

lationship between the phase of the partial-wave Fredhoim determinant and the potential-scattering

phase shift [23]. In 1970 Reinhardt and Szabo suggested a procedure for calculating phase shifts
which depends upon the solution of an integral equation derived from the partial-wave LS equation

thereby reducing the calculation of the phase shift to the evaluation of a single finite-dimensional

determinant [24]. The following year, Walters solved an integral equation derived from the LS equa-

tion for the full wave function which was not based on a partial wave expansion [25]. His method,
however, was adapted only to central potentials. Solutions were obtained by conversion to matrix

form through the use of numerical quadrature for a screened Coulomb potential,

CeV(r) = , (2.45)r

given as ([25]-28).

At that period in time a mismatch existed between the state of computers and the level of
mathematical sophistication, putting the possibility of a multidimensional calculation out of reach.

2.2.1 Hard Potentials

First attempts at scattering from noncentral potentials would be carried out in coordinate space for

scatterers with well defined boundary conditions. This entailed the potential strength being either
zero or infinite with the interface falling on a simple geometrical contour. In this way the wave
function must identically vanish on the boundaries and is propagated elsewhere via the free particle

Green's function. We make references to two such papers [26, 27] in our work so we outline briefly

the variation on the Korringa-Kohn-Rostoker (KKR) method chosen by the authors to solve the

problem of scattering from hard discs.
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A Survey of the Gaspard-Rice Calculation

We begin by writing the solution to the Schrodinger/Helmholtz equation,

[V2 + k] I'(r) = U(r)W(r); U (2.46)
h2

with the aid of appendix A, in terms of an integral equation of the proper Green's function,

Wk0(r) = k0(r) + fGk0(rr')U(r')Wk0(r')dr'; [V2 + k] ck0(r) = 0, (2.47)

which satisfies the point source equation,

(V2 + k) Gk0 (r, r') = ö(r r'). (2.48)

We recognize (2.47) as being a general solution to the second order differential equation (2.46) in

that it contains the homogeneous solution, given by Wk0 (r), followed by a particular solution. This

has the correct form and will return the free particle state as the interaction is turned off, V 0.

We also cast Green's theorem,

J(WVG GV2W) dv f (WVG GVW) . ft da, (2.49)

into two-dimensional form,

f(W(r')V'2G(r, r') G(r, r')V'2W(r')) da' = (Ii(r')V'G(r, r') G(r, r')V'W(r')) . lids'
(2.50)

to reflect the dimensionality of the problem. Because the wave function mush vanish on the edges

of the hard discs, the integration on the left hand side of (2.50) is carried out over an area that

excludes the discs and falls within a contour that encircles them. The line integration of the right
hand side must be carried out over the edges of all the discs in addition to the closing contour which

is to be extended to asymptotic distances where the wave function falls off to negligible values. The

Laplacians appearing on the left hand side of the above equation can be found from equations (2.46)

and (2.48) if we keep in mind that the potential is zero everywhere outside of the hard disks and
the symmetry property of the Green's function with respect to variable interchange,

(V'2 + k) W(r') = 0 -f V'2'IJ(r') = kW(r')

(V'2 + k) G(r, r') = ö(r r') -p V'2G(r, r') = 5(r r') kG(r, r'). (2.51)

An expression valid within the region occupied by the hard disks is not needed, for the wave function

must vanish where V oo. Plugging these expressions back into (2.50), the left hand side of that
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equation becomes

fW(r') (ö(r r') kG(r, r')) d2r'
J

G(r, r') (kW(r'))

J
W(r')6(r r') d2r'

f
W(r')kG(r, r') d2r' + f G(r, r')kP(r') d2r'. (2.52)

As the terms in the last two integrands commute, we may cancel those integrals so that equation

(2.50) now appears as

fW(r')ö(r r') d2r' = (W(r')V'G(r, r') G(r, r')V'(r')) ñ ds'. (2.53)

If r is allowed to describe a point at the interface with the hard disks on which the wave function
must vanish the left side of (2.53) drops out. The right side in turn must be evaluated along the
full contour consisting of all three disk interfaces, indicated by ®, as well as at infinity where the

domain is closed,

0 = G(r, r')V'W(r') ñds' + (W(r')V'G(r, r') G(r, r')V'W(r')) lids'. (2.54)

As the scattering is described at asymptotically large distances from the disks, r is also taken to
approach infinity where the left side of (2.53) now becomes the wave function there and the right

side must again be evaluated in the same manner,

W(r) = G(r,r')V'W(r') . ñds' + (W(r')V'G(r,r') G(r,r')V'W(r')) . lids'. (2.55)

The Green's function takes on the free particle form,

ej(kjr'I1n/4)G(r,r') = _H1)(kIr_ruI) r'.00

2i/2irkIrr'I' (2.56)

which is proportional to the zeroth order Hankel function of the first kind, but the gradient of the
wave function at the disk interface is as yet unknown. This is handled by using the additional
equation, (2.54), to help deduce an expression for the gradient.

The free propagator (2.56) is expanded using the addition theorem for Bessel functions and the

polar angles of the position vectors,

G(r,r') = H(krI)Jm(kr)eim')
m= :c

(2.57)

Since VG is only needed when integrating over the contour at infinity, r is fixed on a disk boundary

so that we may use (2.54) and r' - oo giving the asymptotic form,

1lim G(r,r') = (2.58)
r'oo 2i/2rkr' m=00
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The gradient may now be taken directly, VG ikVG, and the asymptotic behavior of the wave
function for large r' is given in terms of the S matrix [10],

1 + Sweir'_1'1f2_u7'4]] e21'4). (2.59)/irkr' ,

With this information, the right most integral of the homogeneous equation (2.54) may be evaluated

and set equal to the left integral which in turn is the unknown expression needed for (2.55). Gaspard

and Rice, however, did not take the additional step to calculate the wave function. What they sought

were resonances and cross sections so steps are tailored to provide this information.

The gradient of the wave function is given a representation,

V"1J(r') . Ajm"'9, (2.60)
m=

determined by periodic boundary conditions [28]. Expressions for the nonzero terms of (2.54) are
expanded in terms of Bessel and Hankel functions with r set to a disk boundary. With this infor-
mation A is obtained and similar steps may be repeated for (2.55) with r set to large distances
obtaining an expression for the wave function. This expression is then compared to the asymptotic

form given by (2.59) to identify the S matrix,

Sit' = 8w + i7ra> Azjme"Jt_m(ks)Jm(ka) = AijmDtjm. (2.61)
j=1 m= j=1

where j indexes the disks, a is the radius, and s the distance to their centers from a centered origin.

In matrix notation this is
S=IiAD, (2.62)

where A takes on a rather complicated form and is given in the paper [26].

2.2.2 Computations on Parallel Processors
By the late 1990's, supercomputers had been enlisted to square off against the noncentral multidi-
mensional scattering problem [29, 30]. Highly refined parallel solvers were then subsequently utilized

to investigate electron transmission through water in 2000 [31].

Resonance Tunneling Through Water

Of particular interest are results by Peskin et al. [32] suggesting electron tunneling enhancement

by resonances. They carried out their simulations on a cell holding 197 water molecules arranged
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in three monolayers held between flat platinum electrodes separated by a distance of bA. Electron
scattering wave functions were calculated in three dimensions and the effectiveness of the tunneling

through the water monolayers was determined from probability densities.
Water molecules were allowed to thermally equilibrate, thereby creating representatives of a sta-

tistical ensemble, and then frozen, meaning that the electron dynamics are assumed to take place
on a much shorter time scale then those of the molecules. The authors found that tunneling proba-
bilities were in fact strongly peaked functions of the incident electron energy. Upon investigation of

the energies of two such peaks for a specific frozen water configuration, it was found that probability

densities for the electron within the water were several times larger than that found within the
incident wave, suggesting resonances.

In the frozen water picture, transient structures, consisting of molecular cavities formed between

repulsive oxygen cores, become static and ailow for these resonances. Figures [32]-{5, 6} give the

contour plots for the position probability of the transmitted electron as an overlay with the locations

of the oxygen atoms, which are represented by Gaussians. It is evident from these figures that
the electron probability peaks coincide with the molecular cavities at these energies of presumed

resonance.

To verify the resonances, and also to determine their lifetime, eigenvalues were sought in the

complex energy plane. Because the authors chose coordinate space for their computations, the
resulting procedure is a little awkward. This is due to the difficulty of imposing a purely outgoing
wave, or Sigert, boundary condition. Their method was to add a highly absorptive piece to the
potential,

(2.63)

given by ([321-5), which is localized to the boundaries of the tunneling axis to diminish the reflected

wave component. Because for a given value of the absorption parameter there will still be a small
reflected portion of the wave, the complex energy eigenvalues will in general be dependent on this
parameter. At resonance, however, this dependency diminishes. Resonances were thus determined
by a convergence of the energy eigenstates to fixed values which are independent of the absorption

parameter.

The resonances were found to coincide with those energies, lying low in the potential, for which

tunneling was enhanced by many orders of magnitude. Due to the complicated potential, however,

the associated wave mechanics are difficult to analyze. A much simpler potential structure in our

work allows us to see how the transmitted electron is able to negotiate its way between resonant cav-

ities. It is shown in this thesis that a particle's wave function, at energies near low lying resonances,
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is able to penetrate narrow passages by squeezing itself in the appropriate direction. Working with
relatively simple potentials also afforded us the added benefit of being able to show that the symme-

try characteristics of the wave function inside the potential at narrow, low-lying resonances reflect

the symmetry of the potential itself.

2.3 Discrete Momentum Representation
We chose to work in momentum space to avoid two of the difficulties associated with the application

of boundary conditions in the problem we chose to investigate. First, the task of assigning an
outgoing wave boundary condition, prior to evaluating the Fredholm determinant for resonances,
is greatly simplified in momentum space by simply choosing an integration contour as shown in

section 3.2.1. The second concerns our choice of a soft potential. In coordinate space, such a
potential supports an exponentially decaying solution in regions where the potential exceeds the
energy. Tiny errors, or numerical uncertainties, in these regions then exponentially diverge from the

wave function as the solution is propagated in a direction of decreasing potential strength. For this

reason, its Fourier transform space is better suited for the scattering problem.

Because we further choose to scatter from a two-dimensional potential which does not commute

with the angular momentum operator, [L, V] 0, the standard partial wave expansion method
offers little advantage. We thus chose to solve Schrodinger's equation in the full multi-dimensional
momentum space. The first publication with an implementation of such a solution appeared in 2000

[33]. The procedure is referred to as the Discrete Momentum Representation (DMR) method and
is credited to Po1áek et al. We make use of the same procedure, which was implemented by the
author of this thesis a year earlier, after a referral by R. H. Landau to the eighteenth chapter of his
book [34]. In more recent publications the DMR method has been applied to different variations
of a potential model [35, 36, 37, 38]. These publications, however, contain no calculations of wave
functions or resonances. The first three DMR papers above use scaled radial coordinates with a
long range cutoff to ensure convergence of a screened Coulomb potential that falls off more slowly

than ours. The treatment of the singularities and principal value integrations is similar to that of
Walters [25] and Sloan [39]. The fourth paper [37] presents a method for calculating the matrix
elements between two plane waves interacting with a molecular Coulombic field, and the last deals

with inelastic electron scattering on polyatomic molecules.
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2.3.1 Literature Search

The paper [33] served as the starting point for the final phase of my literature search. Being the first

published documentation of the DMR method, I searched forward in time using the Science Citation

Index (ISI Web of Science®). This was a cascading search meaning that any successful outcomes
were in turn similarly investigated, as were the references of these later papers. The term Discrete
Momentum Representation, adopted by by Po1á.ek et at. to represent this particular method, was

then additionally searched as a key phrase in the INSPEC and Academic Search Premier databases.

Similar searches were performed on other key papers such as Peskin et at. [32].



Chapter 3

Exact Quantum Theory

3.1 Basic Equations

For a given potential V the scattering solutions to the time-independent Schrodinger equation,

(H0+V)IW)=EIW), (3.1)

may be written in terms of a Green's function, GE, by first introducing the unscattered wave

I

Wk0) = ezkon/27r as a boundary condition,

Wk0)=1pk0)+GEVIWk0); GE(EH0)' (3.2)

Explicit steps are outlined in appendix A. An outwardly scattered wave is imposed as the additional

boundary condition by adding a small imaginary energy ie to E in (3.2). A superscript is added to
the resulting Green's function and wave function to reflect this choice. By introducing the transition

matrix T for outward scattering, the previous equations may now be written more compactly:

I Ii0) = IPk0) + GTI k0), G (E H0 + iE)1, TI 'Pk0) = VI w). (3.3)

To find the wave function we first find T by allowing the potential to operate on (3.2) from the left,

TIk0) = VIcok0) + VGTIc2k), (3.4)

yielding a solution in terms of the Møller wave operator,

T=1V; fZ(IVGj1. (3.5)
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In terms of this new wave operator, (3.3) is expressible in its most concise form,

Iw0) =k"k0). (3.6)

This follows by using the operator equation

V=(IVG)T, (3.7)

deduced from (3.4), to eliminate T from

IWi) = (I+GT)Icok0), (3.8)

which follows from (3.3). For an expanded treatment see a text on collision theory [10, 40, 41]. From

the wave function, the current density and velocity field,

J(r) {I1*(r)VW(r) - W(r)VW*(r)], (3.9)

v(r) = J(r)/ {i*(r)W(r)], (3.10)

may also be calculated. As the scattering amplitudes are proportional to the transition matrix
elements,

fkk, X Tkk0, (3.11)

solving (3.5) allows computation of both the differential and total cross sections.

The system's resonances correspond to complex energies for which is singular,

= 0; E E Z. (3.12)

To better understand the added information this generalization provides, consider the consequence

of an imaginary part added to the energy,

E = Er ± iE = Er ± iF/2; 0 < Er, 0 < I', (3.13)

by investigating how it affects the time dependence of a quantum state,

'11(t) o e_iEt/h = (3.14)

We see that the imaginary energy leads to a probability density,

cx e±'t/, (3.15)

that either grows or decays exponentially with time. Choosing the negative imaginary energy solution

for a resonance, so that the probability density remains bounded, we are able to assign a lifetime

parameter, r, such that

WI2 cx e; r = . (3.16)
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20

zEz.t (3.17)

we find that poles with larger F mark resonance states with shorter lifetimes which must be spread

over a broader range of energies.

3.2 Representations of Equations
Operating on (3.4) from the left with the free-particle wave function in a basis of s-function normal-

ized momentum eigenstates, I k), and rearranging terms, gives

(k lvi k') (k' IT) k0) dk', (3.18)(kIVIk0) = (kITIk0)J E(k0)H0(k')+iE
where we have used the closure identity. For a free particle Hamiltonian,

2
112k2H0(k) = = k (3.19)

2 2i

the poles of (3.18) depend only on the magnitude of the momentum, k.

Since the energy is proportional to the square of the momentum, we are faced with a choice of
two roots to use in our quest for poles (3.12). To decide which root to choose we write the incident

momentum in the complex form

k0 . = k0 (cos ü + i sin 0). (3.20)

Then the energy appears in terms of doubled angles,

E li/c => __k2ez29 - hlk2 (cos 29 + i sin 29). (3.21)
2iz 2° 2°

We require that the real part of the energy be positive and the imaginary part be negative. This
condition is satisfied with k0 falling in the fourth (3ir/4 < 9 < ir) or eighth (7ir/4 < 9 < 2ir) octant
which can be visualized easily with the aid of figure 3.1. Because the real part of k0 is negative in
the fourth octant, we focus our attention on values of k0 falling in the eighth octant when doing the
analytical continuation. This rules out values of energy located on the first Riemann sheet of the
complex energy plane in favor of those falling in the fourth quadrant of the second sheet.

Specializing to two dimensions, we simplify computations by choosing a polar representation in
terms of k and the scattering angle, 9. The explicit polar representation of the matrix elements of
(3.18) is

2j
ç2lr

V(k, 9; k0, 0) = T(k, 0; k0, 9)
f

V(k, 9; k', 0') T(k', 9'; k0, 0)
k' dk' dO'. (3.22)k k'2 + i



Im(k)

!m(k)

Re(k) > 7t

Re(k) > 3it

Im(E)

Im(E)

Re(E)

Re(E)
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Figure 3.1: Complex momenta, k, of the fourth (top left) and eighth (bottom left) octants
map to energies, E, in the fourth quadrant of the first (top right) and second (bottom right)
Riemann sheets.

Similarly, (3.3) may be projected onto a coordinate basis,
I

r),

2it J(r
I

k') (k' ITI ) dk', (3.23)
kk'2+if

to arrive at an expression for the wave function, W (r) (r Wj
),

e'o' 2r eil('r

Wj(r)
2

+
J Jo k k'2 +

T(k', 0'; k0, 0) k' dk' dO'. (3.24)
if

In two dimensions the propagator for the Helmholtz equation is proportional to the Hankel
function of the first kind and order zero [42, 43].

--_ln(ic0Irr'I) : Ir-r'I--O2ir

G(r,r') = G(r,r') 1H'(k lrr']) '-p (3.25)° °
ei(ko_r'I_'4)

r r'J - oc.
2i/2irk0Irr'I
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If the asymptotic form of this propogator is applied to (3.24) and the result then compared to the

asymptotic form of the scattered wave,

1

[eik

r +
fk0(90n1

lim 'I' (r) =
]

, (3.26)
2ir

the relationship between the scattering amplitude and transition matrix is revealed,

fk0(0) = f'(1+i)T(k,k0). (3.27)

The steps have been detailed in appendix B. It follows, as is shown in appendix C, that the
differential cross section in two-dimensional space is

dA 8ir32
= If0(0)I

h4k0
IT(k,k0)12. (3.28)

Because the cross section in two dimensions has units of length, ) is used here.

3.2.1 Migrating Poles

The adding of a small imaginary energy to E in (3.2) amounts to a prescription for how to distort
the contour into the complex plane to avoid the pole which falls on the path of integration. From

the resulting form of the radial integration,

r f(k')

k k'2
dk', (3.29)

+ if

two simple poles are evident upon factoring the denominator,

= k+ie = z= ±(k0+i), (3.30)

only one of which need be considered (0 < k'). We notice that this pole (k0 + if) will now reside

just above the real line. Alternatively one can think of distorting the radial integration paths
counterclockwise in the complex, not angular, direction about k' = k0 in the form of a small semicircle

that encapsulates the pole as shown in figure 3.2. Evaluation is carried out as a limiting process
where the pole is moved back to the real line, or the radius, p, of the small half-circle is allowed the

shrink to zero, p - 0. The way in which the pole is displaced from, and then moved back to, the
real line is equivalent to the boundary condition that must be explicitly specified when dealing with

equations written in differential form.
If one could guarantee the right asymptotic behavior, a closed contour could be established and

(3.29) evaluated using Cauchy's theorem. We desire, however, the freedom to work with a wide
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Im(k)

k0

- -. -------
I - Re(k)

Figure 3.2: Radial integration contour specified with a +if prescription.

variety of potentials for which a closed form technique may not always be possible. For this reason,

direct evaluation is carried out numerically,

rf(k') dk' = P r f(k') dk' + Ik k'2 + i io k k'2 kz' dz', (3.31)

where 'P' is understood to be the Cauchy principal value operator. Carrying out the evaluation of
the limiting process on the semicircular c_ contour, in which we move around the pole at k0 in the

counterclockwise direction, we may write

(°° f(k') dk' = p [ dk' iirR(k0). (3.32)
Jk k'2 + i Jo k

Here R is the residue of the pole at its argument, which is evaluated to yield

r f(k') dk' = f(k') f(k0)dk' ilr
2k0

(3.33)
k k'2 + ze j k k'2

An alternate approach would be to utilize energy representation. With a change of variables,

dk
2/AdE
h2 2k' (3.34)

followed by letting the energy be complex about our infinitesimal semicircle centered at E0 = h2k/2/A,

E = E0 +

we may equate the integrals

(3.35)

J
f(z') 1 p2ir f(E0 d. (3.36)dz' = lim

J pek z'2 p0 2k0

Upon evaluation and reinsertion into (3.31), this will again produce the desired result (3.33).
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Chapter 4

Numerical Methods

To find discretized approximations to our equations that could be implemented on computers, we

constructed a polar grid in momentum space having mesh points (k, 9j) and associated weights given

by w2 and w3. In the angular direction we used GauI3-Legendre points distributed symmetrically
about ir on a full azimuthal interval of [0, 2ir] to take advantage of cancellations stemming from the

differences of derivatives at interval boundries.

The radial integrals posed two challenges, at k' = k0 and k' -* oo. Aside from the singularities,

the local potentials we studied depend on the differences k k and k k,, requiring that these

integrals be carried out to large values of k'. To regularize the poles we employed two different

methods and confirmed that their results agree.
For the scattering problem k0 is real and we were able to remove the poles through a standard

subtraction technique [44, 45. Applying the identity

f(k')f(k0)
urn f°°

f(k')
d/c'

k'2
dk' (4.1)

2c0kk'2+ie
to (3.22) produces the equation

V(k, 9; k0, 9) = T(k, 0; k4,, 0)
m n2j- .

V(k,0;k,0)T(k,9;k0,90)k'

k2 k'2
j=1 j=1 0 i

m n
2 w

+wjV(k,9;ko,0j)T(ko,0j;ko,0o)ko>k2k,2

m
(4.2)

j=1
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used to solve for the matrix elements of T. Because the subtraction technique redistributes the
information held at a singularity across the entire real line, the radial integration may be sensi-
tive to truncation, dictating our use of appropriately scaled Gaui3-Legendre points in the radial
direction as well. Systems of equations were constructed by allowing (k, 9) to take on the values

of each of the mesh points in addition to the on-shell momenta (k0, 93). Observing the restriction

k' k0, these resulting systems of up to N = 7500 (which represents the upper limit for a gigabyte
of physical memory) double-precision complex equations were then solved simultaneously using the

well optimized, 'canned' LAPACK subroutine ZGESV and its subroutines provided in the netlib repos-

itory (www . netlib. org). Subsequently, the wave functions, (3.24), were then calculated by matrix

multiplication.
We tested our coding for the T-matrix calculation on an azimuthally symmetric potential which

could include both attractive and repulsive regions by the choice of two parameters, Va and Vb,

V(r) [Var2 Vb]
(4.3)

exp (r2)

Resulting cross sections from our code were compared with those obtained from the partial wave
shifts of the angular momentum eigenfunctions. Agreement was established in all cases. A couple

of typical results are shown in figure 4.1 while the corresponding phase shifts and the particulars of
their computation are left for appendix D. As in the rest of this paper, results are displayed for the

elastic channel only with the following choice for energy units:

2/1 = h2 = E = k. (4.4)

Resonances and their widths have been discussed in section 3.1 as solutions of (3.12) where the

energy, E, of the system is analytically continued to the fourth quadrant of the second Riemann
sheet of the complex plane. Because on-shell terms are no longer needed and the Green's function
is nonsingular for complex energies, the radial integration may be truncated where contributions
from the integrand are no longer significant. Near E, however, the integrand will vary rapidly as
the complex energy approaches the real axis (see figure 4.2). To treat this region we exploit the fact

that the numerator of the integrand is still smooth and apply a Taylor-Laurent series expansion,
fE2 '1E' pEei ( I\ pE2 1E'' / d'" / dE'--- / dE'

I i;' 1', I I? E'F I ' p,
JE1 JE, JE+e2

tE+e2 1

+ J" E' 1(E) + (E'E)f'(E)
2

f"(E) + O(E'E)3 dE',
Eej '

(here i dE' = !i2 k'dk') for which now

E = (krkj ,2k0k0) E Z, (4.6)
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H 0
30 60 90 120 150 180

Figure 4.1: Verification of differential cross section output (open circles) by comparison against
a partial wave analysis (filled dots) for the central test potential (4.3) where Va0, Eo/Vmax

e2/(4ir), and Vb=l6 (top) Vb=-256 (bottom).
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Figure 4.2: First Born approximations (VGV) to the corrected radial integrands with the
subtraction given by (4.1) after they have been analytically continued to complex energies of
(from top to bottom row) E={(4.0, .001), (4.0, .01), (4.0, .1), (4.0, 1.0)}, as a function of k'. Here
k = .75, k = .75 and 0 = ir/4. Real (left) and imaginary (right) parts plotted. Note how the
undulation widens as the energy moves away from the real axis.
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giving this expansion both a real and imaginary part. Uniform radial intervals in k-space of width
were used which allow for the determination of 1(E) in (4.5), along with its first and

second derivatives, through the simultaneous solution of the following three approximations:

f(E1) f(E)+(E1E)f'(E)+ (EP_i_E)2fl(E)

f(E) f(E)+(EE)f'(E)+ f"(E)
2

f(E1) f(E) + (E+1 E) f'(E) +
(E+)2

f"(E). (4.7)

The resulting three complex integrals represented by the last term of (4.5) are easily evaluated and

we then proceed to assemble the inverse wave operator 1l1. It would be possible to use an expansion

of higher order, but nothing would be gained since a trapezoidal rule is used for the remainder of
the radial integration for which the error is proportional to (k)2.

The discretized characteristic equation (3.12) must have N roots. Most of these solutions will
not be resonances but rather artifacts of the discretization. These artificial roots are expected
to lie near the real axis between the discrete grid points. They are related to the approximate
representation of the potential as the sum of delta functions along the real axis. Actual resonances
may be recognized from their independence of the numerical implementation and from widths that

decrease with increasing potential heights.

To confirm our resonances, we required verification from a second code that was written using
the alternate identity (4.1) for regularization. For this code the on-shell momenta were retained and

an irregular radial grid spacing of GauI3-Legendre points on [0, oo), as required by the subtraction
method, replaced the truncated radial points of uniform spacing from the code discussed above.
Both codes were specifically designed to find the zeros of a system of ii nonlinear functions in ri
variables through the use of a modified Powell hybrid method. In our case n = 2, where the real
and imaginary parts of the determinant (3.12) are functions of the real and imaginary parts of the
analytically continued energy, E.

We did not seek to find all the resonances in the complex plane. Because we lacked any prior
knowledge of resonance positions for the unfamiliar systems investigated, we would ideally initialize

independent searches on the vertices of a hypothetical grid placed over the complex energy plane.

If the grid were tight enough, we would expect that the result would be overlapping neighborhoods

of searched areas for which we would have exhausted the possible dwellings of any elusive poles. In

reality, however, we lacked the resources for such an extensive search, so we had to settle for an
alternate plan. This was to look for signatures of long-lived resonances in the cross sections and
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initialize searches only in their immediate neighborhoods.
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Chapter 5

3-center scattering potential

The first potential chosen was the soft hyperbolically defocusing scatterer plotted in figure 5.1. It

Figure 5.1: Three center scatterer.

has a three-fold symmetry defined by three overlapping Gaussian peaks, each of height V0 and width



1/a, lying on the vertices of an equilateral triangle with sides of length R,

V0V(r) =
exp([a(x_)]2+[ay]2)

V0
+ exp([a(x+)]2+ [a(y_)]2)
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V0+ (5.1)
( [a (x+

2

[a(y+ )]

2)

This spatial dependence allows low-energy quantum particles to be briefly trapped between the
peaks within its central region. The degree of trapping of these resonant states may be determined
from their widths and the probability densities. For a narrow resonance the trapping is more stable,

and the magnitude of the wave function at the center of the potential is large relative to the incident

plane wave, resembling a bound state. For this reason we expect the wave function within the
scatterer's interior to exhibit symmetry properties reflecting those of the potential, described by the

dihedral group D3, characteristic of an equilateral triangle. The character table (5.1) for this specific

group, which is covered in many texts on the topic [46], is given with the irreducible symmetry
representations labeled by the appropriate Mulliken symbols which are the most commonly used

symmetry labels. The A label is given to singly degenerate states which are symmetric with respect

to rotation about the principal axis. Adding a subscript, A1 or A2, indicates inversion symmetry or

asymmetry respectively through the reflection planes (3a = 1 = A1 or 3a = 1 = A2). The symbol
E indicates a doubly degenerate state. The B label, which is first used in the following chapter,
specifies a singly degenerate state which is antisymmetric with respect to rotation by ±ir/2 about the

principal axis which is normal to the plane. Visual renderings of the A1 and A2 irreducible symmetry

-- __[_
A1 1 1 1

A2 1 1 -1

E 2 -1 0

Table 5.1: D3 dihedral character table.

representations are provided in figure 5.2 for the purpose of comparisons with wave functions by

visual inspection. The two-dimensional E representation is not representable by a simple pair of

pictures for this symmetry group because its symmetry operators introduce a complex phase.

Use of the potential (5.1) provided a means of further validating results by reproducing a long

lived resonance reported by Gaspard and Rice [26] for three hard discs. A peak-to-peak distance
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Ai A2
Figure 5.2: D3 irreducible abstract representations.

of R = 2.5 was chosen for our potential to match the interdisc distance chosen in [261. For a fixed

potential height, the parameter a was adjusted to reproduce the resonance of Gaspard and Rice at
k0 = 11.547. For this value of k0, we could then examine how the phase shifts from a single peak of

the soft potential compared to those of a hard disc with unit radius. For increasing potential heights

of up to V0 = 4000 (notice that Vmax > V0 with near equality for large values of a for which the
peaks of (5.1) are narrow and overlap is minimized) we were able to show that the phase shifts for
the soft Gaussian peaks approached those of the hard disc by tracking the differences of the pairs
of phase shifts for angular momentum quantum numbers m from 0 to 7. In figure 5.3 we plot the
natural log of the differences of the first and seventh phase shifts, for the hard and soft potential,
against the natural log of the potential height. For each value of the potential height in this figure,

the width parameter is adjusted so that the zeroth order phase shifts match. We see the last eight
data points from each plot have an approximately linear relationship suggesting that convergence is

proportional to a power of the potential height,

V cx M(hardsoft) m(hard)8m(soft). (5.2)

After carrying out the regression we find that n = 2.97 x 10-6 for L6 and n = 3.74 x 102

for Lö7. This convergence is extremely slow, but nevertheless monotonic. The fact that ni I < In7 I

together with positive second derivatives in the plots of figure 5.3 suggest that this convergence will

continue to slow as the potential height increases.

For most of the computations in this document we used the parameters V0 = 1200 and a = 1.6,

because computations become more difficult for increasing potential heights. A comparison of the
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phase shifts for these values is shown in figure 5.4. This corresponds to the equipotential curve of a
single Gaussian having a radius of 0.92644 at the energy of the resonance reported by Gaspard and

Rice. For the full potential, built from three such Gaussian peaks, there will be slight overlap.

Given the momentum space representation of the D3 scatterer computed in appendix E,

V0
V(k,k0) =

4ira2 exp 4a2

[1
I(kk)R1 [(kr_kx)R1 cos(cosi I+2cos

2

/ 1(k' _k)R1 1(kk)R1
, (5.3)+i(sinl I 2sin I cos

L \/ j L 2/ j

a plane wave incident on one of the lateral faces, for example k0 = k0*, produces the upper total cross

section given in figure 5.5. We notice that the peak corresponding to the aforementioned Gaspard-
Rice resonance is absent from this cross section. The reason is that this particular resonance carries

an A2 symmetry representation. From figure 5.2 we note that this representation is asymmetric
with respect to an axis parallel to a wavefront incident normally upon the lower face. We break the
symmetry by directing the incident wave vector off axis by ir/6 radians. The resulting total cross
sections are displayed in figure 5.5. The resonance peak is now clearly visible and tabulated in table

5.2 along with two additional long-lived resonances we marked for investigation. The probability

V0 E /2 kr Order Symmetry

1200 46.1718 4.0252x103 6.7950 2.9617x104 1 A1

1200 69.9163 1.0250x10 ° 8.3618 6.1292x102 2 E
1200 133.264 3.8954x10 ° 11.545 1.6870x10' 1 A2

Table 5.2: First three 'long-lived' resonances with a= 1.6 and R=2.5.

densities for the resonances in table 5.2 are given in figures 5.6-5.8.
Due to the resolution of the plot, the effect on the total cross section of the lowest resonance in

the table is difficult to see because of its narrow width. Its energy, E=46.1718, is just above that of
the three saddle points, E = 44, which connect the peaks and surround a central local minimum at

E = 18. Classically, a particle with the energy of this resonance is unbound, as it would be able to

escape between the pillars by exiting over any of the saddle points. At energies just exceeding the
height of the saddle points, the spacing between pillars is still small which leads to resonances with

longer lives than those at higher energies. From figure 5.6 it is evident that the effective trapping of
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this long-lived resonance inside the cage generates a probability density much larger than the incident

wave, which is hardly visible by comparison. Being the fundamental resonance, it is associated with

the A1 symmetry representation of figure 5.2.

In figure 5.9 we show the probability peak of the fundamental resonance from 5.6 scaled to clearly

show the leaking of probability from inside the cage out around the potential's exit pillar. Figure
5.10 shows the probability, scaled to the same ratio with repect to the incident wave, for a slightly

higher energy for comparison. With a shortening of the wavelength, one might naively expect that
transmission of the incident wave through the potential would be improved since the wave function

would seem to fit between the pillars more easily. As figure 5.10 shows, however, this is not the
case. As the energy moves off resonance, the transmission of the incident wave through the potential

drops off drastically. This is in agreement with results reported by Peskin et al. [32] discussed in

section 2.2.2.

The second resonance is not as narrow so the trapped particle density is not as large, figure
5.7. We can begin to see the details of the incident wave approaching from the upper left and the
interference with the scattered portion. In the longitudinal direction there is now a full standing
wave within the potential's interior. Here again the leaking of probability can be seen around the

potential's exit pillar.
Calculations involving the third resonance carry with them the least accuracy since its energy is

among the greatest of all the resonances considered. To estimate the accuracy we inspect the three
regions void of probability density in figure 5.8, where the pillars of the potential are seated. The

wave function is small in these regions because of interference between the incident and scattered
waves and is not due to an imposed boundary condition. Because the energy is low compared to
the height of the potential, we expect the wave function to essentially vanish near the centers of
these regions. In figure 5.11 we plot the real part of the wave function which has been clipped so
that values below a negative cutoff are black and those above a positive one appear white. From
this format the A2 symmetry representation, which is displayed in figure 5.2, is readily recognizable.

By tracking the breakup of the gray areas between cutoffs near zero, we may estimate the precision

of our calculation. In this case our incident wave, eik01/2ir, has an amplitude relative to the gray
regions that put numerical accuracy at about 0.12 percent. When a comparison is made against
the trapped portion of the wave function for the lowest order resonance, this estimate improves to

roughly 0.003 percent.

At an energy of E = 45.0, slightly lower than the fundamental resonance, we see from the
probability density, figure 5.12, that the transverse wavelength is such that ingress between the
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potential's entrance pillars is not possible and a strong reflection peak builds in front of it. As the
energy increases toward resonance, we see from figure 5.13 that particles, with wavelengths that

are still seemingly too large, are able to squeeze through the narrow passage into the scatterer's

interior region. This occurs at the expense of the longitudinal wavelength. Energy being conserved,

the longitudinal wavenumber, k1 = k?, goes imaginary as the transverse wavelength shortens,

allowing for passage. This quantum pinching effect is evident from the longitudinal curvature away

from the z =0 plane and simultaneous transverse narrowing which can be seen from the wave function

between the entrance pillars given by figures 5.14 and 5.15. Figure 5.16 shows quantum pinching
again for a lower potential height, E =100, and the same value for the width parameter, a = 1.6.
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Figure 5.3: Difference of first (top) and seventh (bottom) phase shifts for soft and hard po-
tentials with &, matched. From fits of the last eight data points, M(hard-soft) o V' where
n = -2.97 x 10_6 (top) and n = -3.74 x 1O (bottom).
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Figure 5.4: Partial wave phase shifts for a central hard disc of unitary radius (open circles)
and one centralized exponential peak from (5.1) with V0 = 1200 and a= 1.6 (dots).
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Figure 5.5: Total differential cross section on-axis (upper) and 300 off-axis (lower) for (5.1)
with V0=1200, a=1.6 and Rz2.5.
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Figure 5.6: Probability density for the first resonance of table 5.2 for which V0 = 1200, a = 1.6

and E=46.1718 with normal incidence.
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Figure 5.7: Probability density for the second resonance of table 5.2 for which V0= 1200, a=1.6
and E=69.9163 with normal incidence.



0.3

0.:

41

Figure 5.8: Probability density for the third resonance of table 5.2 for which V0 = 1200, a= 1.6
and E=133.5. Here the incident angle is 00=ir/12.
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Chapter 6

4-center scattering potential

The second potential is quad-peaked with scattering centers placed on the vertices of a square with

sides R,

V0 V0V(r)= +
exp([a(x_ R)]2 exp([a(x+)]2+ [a(y_)}2)

V0 V0
+ + (6.1)exp([a(x+)]2+ [a(y+)]2) exp([a(x_)]2+ [a(y_)]2)

The parameter controlling the slope of the peaks is again set to the same value, a = 1.6, which
produces a partial wave phase shift pattern similar to that of a hard disc for V0 = 1200 (see figure

4.1). For uniformity, a bulky repeller, R = 2.5, was again chosen giving a basis of comparison with
the results of the previous chapter. The resulting potential is displayed in figure 6.1. In figure 6.2

we again illustrate the abstract geometric representations of the irreducible symmetry groups given

in the character table 6.1 for square symmetry.

A1 1 1 1 1 1

A2 1 1 1 -1 -1

B1 1 -1 1 1 -1

B2 1 -1 1 -1 1

E 2 0 -2 0 0

Table 6.1: D4 dihedral character table.



Figure 6.1: Four center scatterer.
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Figure 6.2: D4 irreducible abstract representations.
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After finding the potential's momentum-space representation,

V(k,k0) VO (cos [f(k k)] cos [k _k)])

exp [(kx_k')2+(k_k')2]
(6.2)

4a2

as required for equations (3.18, 3.22, 4.2), the cross sections are calculated from the on-shell transition

matrix elements. Notice that (6.2) is real while the momentum space representation of the D3

scatterer, given by (5.3), is complex. The higher degree of symmetry here results in the cancellation

of all imaginary parts for real k. Given in figure 6.3 are the total cross sections for incident angles

of 0 and ir/12 radians. For V0 = 1200 and a = 1.6 the saddle points that signal the separation of
the potential's pillars again occur at E =44 (compare this with the energy of the third resonance
appearing in table 6.2). The local minimum, however, now occurs at E = 2 making the resulting
potential well deeper than the tn-peaked potential introduced in chapter 5. From these cross sections

the two lowest order resonances cannot be seen for this potential height because they correspond
to classically bound states that fall within the well. The quantum particles will be able to tunnel
out of this well, but their lifetimes are so great that the resonances are too narrow to see in figure
6.3. For this reason additional plots (6.4) are provided for a reduced potential height V0 = 100 for

which the saddle points, at an energy of E = 3.7, now fall below the two lowest resonances entered

in table 6.2. Note that the differential cross section becomes angle independent for very low energy

scattering, as expected.
Several resonances of higher energy are still reasonably long-lived and thus produce characteristic

wave patterns that are of particular interest. These have also been tabulated in 6.2. Probability
densities for these resonances are displayed in figures 6.5-6.16.
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V0 E
]

/2 kr k Order Symmetry

100 5.51305 8.0678x iO- 2.3480 1.7180x103 1 A1

100 11.3781 2.5449x 10-1 3.3734 3.7775x 10-2 2 E
1200 45.7994 1.5048x iO 6.7675 1.1118x104 1 B1

1200 50.9141 5.6243x103 7.1354 3.9411x104 1 A1

1200 61.8927 1.2089x10' 7.8672 7.6834x103 2 E
1200 74.0325 4.1675x10 ° 8.6076 2.42O8x1O 1 A1

1200 78.8937 5.4588x10' 8.8823 3.0728x102 2 E
1200 105.017 8.3296x103 10.248 4.0641x104 1 B2

1200 109.108 1.2639x10 ° 10.447 6.0501x102 1 ?

1200 114.780 1.7712x10' 10.715 8.2660x103 2 E

1200 131.429 1.1741x10 ° 11.464 5.1208x102 1 A2

1200 134.587 1.1474x10 ° 11.601 4.9450x102 2 E

1200 147.285 1.0664x10 ° 12.136 4.3936x102 1 B1

Table 6.2: First thirteen 'long-lived' resonances with a= 1.6 and R=2.5.
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Corresponding symmetries may be quickly determined for most of these resonances. The wave

function of the third tabulated resonance, for example, given in figure 6.21 is seen from figure 6.2

to belong to the B1 irreducible representation which has inversion symmetry about a line which

intersects the centers of either pair opposing sides. The wave function of the eighth resonance, on
the other hand, is antisymmetric with respect to either of these two lines as shown in figures 6.23 and

6.24. As a result, the corresponding peak is absent from the upper cross section of figure 6.3, which

has normal incidence, and appears only in the lower. A similar analysis of their wave functions

assigns the first and second tabulated resonances to the A1 and E representations respectively.

The fourth resonance is the second occurrence of the A1 symmetry and its wave function will thus

display a single nodal line at a fixed radius within the scatterer as shown in figure 6.19. At least one

representative from each irreducible symmetry class is displayed in figures 6.18-6.25.
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The orders given in table 6.2 show that wave function symmetries belonging to the two dimen-
sional E representation are degenerate and correspond to double poles of the wave operator. The

order of each pole is determined by evaluating the determinant on a ring, with a small radius,

of complex energies that encompass the energy of the pole. In a small neighborhood about the pole,

the complex function will be governed by the pole structure and the function g(z) may be taken to
vary slowly enough that it can be approximated by a constant on a ring with a sufficiently small
radius.

Ci?0
SI \ ' 1 -+Z-Z0

(Z-Z0) jz-z0II

When graphing the real and imaginary parts of the determinant on the periodic interval [0, 2ir], each

part will exhibit an even number of sign changes, returning to the initial value. The order of the
pole is equated with the number of pairs of sign changes.

The irreducible representations comprise a type of symmetry basis from which less symmetric
waves may be constructed, such as those belonging to the sixth and seventh resonance from table
6.2. We notice from table that the spacing between these two resonances is similar to the width of
the lower one. A hybridization of wave function symmetries is thus expected for the overlapping
resonances. This mechanism is somewhat analogous to one that was offered by Ericson and others
[47, 48, 49), during the early part of the 1960's, as an explanation for fluctuations appearing in
nuclear cross sections for transition state spectroscopy experiments. The assumption is that a
group of resonances may exist whose widths exceed nearest neighbor spacings. From the energy
uncertainty argument, (3.17), all the intermediate states within the group are interpreted as being
simultaneously populated. The consequent interference results in the Ericson fluctuations appearing

in cross sections (compare this with figure 6.3).

Upon investigating the wave functions of the sixth and seventh tabulated resonances, we find
their real parts to be more strongly mixed than the imaginary parts for which hybridization is
minimal. We attempt to separate the real parts of the wave function and reveal their symmetry by
a rotation of the state vectors. As diagramed in figure 6.26, we add to each real part a piece of the
other,

Re(W6) = 0.O8Re(W7)

Re(W7i) = 0.2Re(Ws). (6.4)

Because the seventh tabulated resonance is comparatively much narrower than the sixth, W7 will
be larger than 'P6 in the region internal to the scatterer. The resulting representative vectors,
shown in figure 6.26, thus have different lengths and we expect their ratio to be similar to that of
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the coefficients a and /3 given in (6.4). We point out that because the scattering wave functions
are not square-integrable, they are not normalizable in the conventional sense. In figure 6.27 we

A1

L,6

P7

'9

--------ç----
E

Figure 6.26: Schematic for the rotation of the real parts of mixed state vectors, neglecting
normalization, belonging to the sixth and seventh resonance.

display the real part of the wave function for the sixth resonance both before and after rotation. In
figure 6.28 we do the same for the seventh. After rotation, we see that the real part of the sixth
resonance displays the angular independence of the A1 representation. Being the third occurrence
of this representation, we expect to see two nodal rings. The symmetry is not as evident as others
displayed due to distortions stemming from the fact that this is among the two widest resonances,
resulting in a larger symmetry-breaking effect of the incident wave. In figure 6.28 we see that the

vertical line of reflection, as well as the horizontal nodal lines, has become slightly cleaner after
rotation. Being the narrower of the two resonances, the changes are relatively slight.

Like the eighth, the eleventh resonance from table 6.2 can be seen only from the lower cross
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section of 6.3, indicating that the inversion symmetry about the x-axis must be broken to excite this

resonance. That this is the case is even evident for this resonance from the resulting probability
density plotted in figure 6.15 with an angle of incidence equal to ir/12.

Vector plots, 6.29, of the current density and velocity field as calculated from (3.9) have been
included to show that these more stable resonances correspond to classical multiple reflection events.

Flow is maintained across the scatterer at resonance but the velocity drops off as the probability
density peaks within the scatterer's interior region, indicative of particles undergoing numerous
reflections within the potential before escaping. Upon comparing the square profile of the low velocity

region in figure 6.29 to the square footprint of the probability density internal to the scatterer, given

in figure 6.5, we notice the relative orientation of each square is rotated with respect to the other
by an angle of 45°. This is due to the fact that the low velocity region in the vector plot reflects
the areas where the potential's four Gaussian peaks are seated in addition to the region internal to
them. The probability peak, however, is confined only to the region internal to the scatterer and
does not occupy the four areas where the potential is large and expels the wave function.

Quantum pinching has also been demonstrated for the first two resonances in table 6.2, estab-
lishing it as a universal feature. To show this, figures for the real (6.31) and imaginary (6.32) parts

of the wave function, in addition to the probability density (6.30), have been included for an energy

of 5.43750 that falls just below the energy of the fundamental resonance at 5.51305.

From more panoramic views of the probability densities, such as the one given in 6.33, one can

see clear dips in the particle densities behind the scatterer. These shadows, opposite the incident

wave, have also been seen and reported for azimuthally symmetric scatterers [50]. In addition to
the shadowing phenomenon, these panoramic views display the complex interference patterns that

result between the incident and scattered waves.
Producing a more filamentary style repeller by increasing the interpeak distance to R = 6.0, we

chose to additionally verify the most stable resonance among those graphed by Gaspard et al. [27]

for four hard discs in a square geometry. An exact value is not reported by Gaspard et at. but an
estimate taken from their graph would be (kr, k) = (0.55,0.035). With values set at V0 = 1200 and

a = 1.6, as before, we found this resonance at (kr, k) = (0.6729,0.0056). Because the parameters

used were fit at k0 = 11.547, we are not surprised that our resonance is slightly higher and narrower

due to the slight increase in width of the potential's Gaussian contours at this lower energy.
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Figure 6.29: Vector fields representing current density (top) and velocity (bottom) of the fun-
damental resonance calculated from (3.9). Vector lengths are relative, the longest being scaled
to the radius of a circle determined by the bases of the nearest neighbors. Any magnitudes
below a cutoff threshold of 0.061% (curr.) and 0.257% (vel.) of maximum are indicated by dots.
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Chapter 7

Conclusions

Present day manufacturing abilities now include micro-optic and nano-electronic devices. On these

length scales, low-mode quantum effects cannot be excluded. A clear understanding is required for

wave trapping within potentials that reflect the structure of such devices. The objective of this work

has been to contribute to the understanding of the nature of low energy scattering wave functions
that result from soft repulsive potentials with broken angular symmetries.

We have demonstrated that the geometry of two-dimensional cage potentials allows long-lived
resonances. Such states arise from the transient trapping of quantum particles between the peaks
of the potential and correspond classically to multiple reflection. This verifies, for our simple ge-
ometry, the interpretations by Peskin et al. [32] that transmission maxima correspond to scattering

resonances, and that the corresponding localized enhancement in the probability density is due to

the local geometry of the scattering centers.
Because of their spatial dependence, soft cage potentials have openings between peaks (the

distances between level curves above the saddle points) that broaden with increasing energy. As
a result, resonance widths have a strong energy dependence not seen for similar hard potentials
that have energy-independent intercolumniation. For hard potentials of this type, there are no
resonances in a gap of approximately uniform width below the positive real momentum axis. The
width of this band depends not on the energy [26, 27], but on the distance between scattering centers,

or more specifically the separation between columns which determines the degree of trapping. For

soft potentials, however, we have shown that the width of this gap increases with energy leading to

shorter lifetimes for higher-energy resonances.

That specific low-energy resonances with very narrow width correspond to classical multiple-
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reflection events is evidenced by much jarger probability densities inside the cage than outside, with
averaged velocity fields that drop significantly inside the cage as current density actually increases

there. These states mimic bound states in the sense that the symmetry-breaking effect of the
incident wave is minimal. As a result we have found that these states display the simple symmetry

characteristics of bound states.
An example has also been presented in which one of a pair of neighboring resonances has a

width that is nearly equal to the interresonance spacing. Under these circumstances the resulting
hybridization is shown to cause a mixing of symmetry classes leading to wave functions of lower
symmetry, like those exhibited for wider resonances at higher energy.

We have demonstrated that at energies below the lowest resonances of two-dimensional cages,

where the distance across the entrance of the cage corresponds to less than half a wavelength, the
wave function may still gain access to the interior region by squeezing its wavelength in the necessary

direction at the expense of the kinetic energy in the direction normal to the opening. The resulting

curvature in the donor dimension corresponds to an imaginary wavenumber, curving away from

the xy-plane. It would be interesting to replace the potentials used for this work with a lattice
of repulsive scattering centers to investigate wave function transmission at and off resonance for a

geometry that more closely resembles the structure of electronic nanocircuits or photonic crystal

fibers.
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Appendix A 

Solution by Green's Function 

Starting with Green's theorem, 

f(W(r')V'2G(r, r') G(r, r')V'2W(r')) dv' = 
j(W(r')V'G(r 

r') G(r, r')V'W(r')) ñ da', 

we show that (3.2) follows from (3.1) by first recasting the time-independent Schrödinger equation 

into the standard form for the Helmholtz equation, 

[V2 + k] I'(r) = U(r)W(r); U = (A.2) 

We then assume that a function, Gk0(r,r'), exists which satisfies the nonhomogeneous point source 
equation with respect to the operator V2+k, 

(V2 + k) Gk0 (r, r') = - r'). (A.3) 

and is symmetric with respect to interchange of its arguments. This same operator may be substi- 

tuted in place of the Laplacians, V'2 -p V'2+k, appearing on the left side of (A.1) to produce an 
equation, 

f(W(r')[V'2 + k]Gk0(r,r') - 
Gk0(r,r')[V'2 + kjW(r')) dv' 

= 
f 

(W(r')V'Gk0(r, r') 
- Gk0(r, r')V'W(r')) ñda', (A.4) 

in which the two 
k0 

terms introduced represent a canceling pair. 

If we now substitute our assumption (A.3) and the Helmholtz equation (A.2) in (A.4) we obtain 

f(W(r')5(r - r') - 
Gk0 

(r, r')U(r')(r')) dv' 

= (W(r')V'Gk0(r,r') - 
Gk0(r,r')V'W(r')) ñda'. (A.5) 
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The surface integral above will vanish if W and C both satisfy either Dirichlet or Neumann boundary

conditions. Noticing that (A.5) involves only the scattered portion of the asymptotic wave described

by (3.26),

lim 1TJj(r') fk0(0)ethoI'

(A.6)
r'.00 2irij?

and that the asymptotic form of the Green's function given by (3.25),

r'I -' 00, (A.7)Gj(r,r') = _H1)(koIr_rhI)
2i/2irk0Irr'I

will also vanish for large r', we extent this integral to infinity by integrating the left hand side over

all space. Integrating over the delta function then produces our scattered wave solution in integral

form,

Wk0
(r) f (r, r')U(r') (r') dr'. (A.8)

To obtain a complete solution to our second order differential equation, we form a linear combination

of the particular scattered wave solution above with the homogeneous solution, ck0(r), to (A.2),

[V2 + k] k0 (r) 0. (A.9)

The homogeneous solution is obtained by turning off the potential and consequently gives us a term

equal to the unaltered incident wave. We thus have the general expression for the wave function,

Wk0(r) = k0(r) + fGk0(rr')U(r')Wk0(r')dr' (A.10)

which may be written in terms of

as

CE
h2

=Gk0, V=U, (A.11)2i

k0(r) = k0(r) + fCE(rr')v(r')wko(r')dr' (A.12)

consistent with (3.2).

We conclude this appendix by mentioning that alternate forms of the assumed point source
equation (A.3) are frequently used in the literature. The three most common occurrences are as
follows:

ö(rr') : Casel
(V2 + k) Gk0(r,r') = 5(r r') : Case II (A.13)

4ir5(r r') : Case III.

The representations of the Green's functions from the different cases differ only by the corresponding

constant factor multiplying the delta functions above.
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Appendix B

Scattering Amplitude Particulars

This appendix provides details for the derivation of the scattering amplitude given by (3.27) from

the equation
(r) = k0(r) + f G(r, r')V(r')W (r') dr', (B.1)

which follows from (3.2), and the Green's function for two-dimensional space given by (3.25),

ei(ko__'4)
G(r,r') = ____________ 00. (B.2)

2i,,/2irk0lr r'I'
Using the fact that G = 2pG/h2, (B.1) and (B.2) are combined to produce

2i P
Wj(r) = 2k0(r) +

J 2.V2kI,IV(r')WiO(r')dr'. (B.3)

We approximate Ir r'I by expanding it as a power series in r',

rr'I= ,/r2_2r.rl_rI2
rr' IrXr'12 (r.r')lrxr'12

= r + +
2r5

, (B.4)
r 2r

and considering a field point, r, located a large distance from a local scattering center given by r'
as shown in figure B.1. Also shown is the incident momentum, k0, being scattered at r' toward
the field point, r. The scattering is taken to be elastic so the scattered momentum k has the same
magnitude as the incident momentum, k2 =k, and the new direction defines the scattering angle 0
between these two vectors. If the effective range of the scatterer is limited so that only small values

of r' contribute to the integral (B.3) while r >> r', then higher order terms in r' from the expansion

(B.4) may be discarded from our approximations. Taking the first two terms of the series allows us

to write the exponential appearing in (B.3) as

i(koIr_r'I _ir/4) e 0Te_0t' e''4. (B.5)
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k0

Figure B.1: Relationship between the vectors used.

As is evident from figure B. 1, if r is taken to be asymptotically distant from the localized scattering

region then the direction of the scattered wave, (r r'), may be taken to lie along r consistent with
considering only the first term in the expansion so that r r' r. We apply this first term to the
denominator of (B.3) and the second exponential appearing on the right hand side of (B.5), which
determines the numerator, and write

2 eiko?'e_i14e_ul(r'Wj(r) = k0(r) + f 2i2k0r V(r')W(r')dr', (B.6)

where r7r - 0 leads to the equality. The constants are moved outside the integration and the
approximated exponential is written as so that the resulting equation,

(r) = 0k0 (r) + f
e2Te_4ç(rF)V(r)Wj (r') dr', (B.7)

may be expressed in terms of the transition matrix.
Recognizing that T, given by (3.3),

f(r')V(r')W(r')d2r' = (IvIwi0) Tkk0,

now appears explicitly in (B.7) allows us to write

pq'j, (r) =
'k0 (r) + ec0reu1n/4 Tkk0. (B.9)
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We may now recast the additional phase factor,

/lr\e"4 = cos isin (i-) = ---(1 i), (B.1O)

where upon substitution into (B.9) we are left with

Distributinj

that when

reveals the

I'1(r) ='k0(r) _i)e?0rTkk0. (B.11)



Appendix C

Scattering Amplitude Dependence
of 2-D Differential Cross Sections

Figure C.1: Relationship between incident and scattered current densities.

From figure C.1 we see that the number of scattered particles per unit time passing through a

length of arc ds is proportional to the incident current density,

=J3.dsocJ. (C.1)

Letting dA represent the constant of proportionality,

J3ds=dAJ, (0.2)

we may express it in terms of the angle, dO, subtended by the arc length,

dA=ds=rdO. (0.3)
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The incident and scattered current densities are found by applying the expression for current density,

J(r) = [W*(r)VW(r) - 1J!(r)VW*(r)}, (C.4)
21ui

to the incident and scattered parts of the wave as given by the 2-D equation (3.26),

eui0z
fk0(0)

euicotWj(r) = (r) +3(r) = + (C.5)2ir 2irfr
Since the scattered wave propagates radially at asymptotic distances from the scatterer, only that
component of the gradient survives,

h f(9) e_0T f0(9) e0r
fk0(0) euIcor t9 f(9) e_u!0T

fk0(0)I hk
C 68(r) 8ir2i i9r \/ a \/ 4ir2r

Having chosen the unit vector to coincide with the direction of travel for the incident wave in
(C.5), the magnitude of the incident current density is found to be

8ir2pi
- etC0Z-_e_u1c0zl = ---. (C.7)9z 9z j 42

Substituting the right hand sides of (C.6) and (C.7) back into equation (C.3) reveals the dependence

of the two-dimensional differential cross section on the scattering amplitude,

fk(0)I (C.8)

As is clearly evident from equation (C.3), the cross section here actually has units of length. The
quantities r and J8 in the same formula vary inversely in such a way that their product remains
fixed.



Appendix D

Two-Dimensional Partial Wave
Basis

Although the code was specifically designed for calculations with noncentral potentials, its modular

form allows for the insertion of central potentials as well. Since the technique we employ is unbiased

toward either type of potential we are afforded the opportunity to test the code against a two-
dimensional partial wave method.

Scattering Amplitude Expansion

Since for a central potential the angular momentum operator commutes with the Hamiltonian,
[L, H] 0, the wave function may be expanded in simultaneous eigenfunctions of both operators. In

two dimensions the scattering amplitude takes on a slightly different form so we will briefly sketch
its derivation. We start by finding the spatial representation of the angular momentum operators:

L=RxP=xPy_yP=_ih(x__yI_) =L. (D.1)

Expressing terms in polar form:

x = r cos 0 a cos 0 Sfl 0 0

a sin00 CO508y = r sinO - + i--- , (D.2)

we substitute into (D.1) to find:

h2
02

(D.3)L=i?l, L2=
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The easiest way to get the partial derivatives given in (D.2) is to equate the gradients:

a aa iaVxy=Vr0 (D.4)
Ox t9y Or rOG

and find the components of the i and unit vectors in the x and directions:

= cos9*+sin9$'
0 = sin0*+cos9$'. (D.5)

We focus now on the solution to Schrodinger's equation,

[_V2 + V(r)] W(r) EW(r), (D.6)

for both a free particle and one subject to a central potential. Letting V =0 and substituting the
Laplacian

2 1O(O 102V =_r+- D.7

into (D.6) gives
[! (r) + R(r)e(0) = ER(r)e(9),

where we have assumed a s,eparable solution. Letting L2 act on W(r) = R(r)e(0) we find the
normalized eigenfunction to be

etmO
(0) = (D.9)

v 2ir

with a corresponding eigenvalue

L2e(e) = m2h2e(0), (D.10)

normalized so that
1

I
e_im8eim'0d0 = (D.11)

2ir Jo
Substituting into (D.8). and dividing out the angular dependence, we are left with Bessel's equation,

Ildfd\ m2
{--- +

R(r) = k2R(r), (D.12)

the solution to which is well known. As our differential equation is of second order, the complete
solution is a linear combination of two linearly independent functions. These are the Bessel and
Neumann functions, sometimes referred to simply as Bessel functions of the first and second kind.

Being irregular at the origin, the Neumann function is excluded from the wave function of a free

particle, so that

Rkm(r) = './itJm(kr); kf Jm(kr)Jm(k'r)rdr = 5(k k'). (D.13)
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Including the central potential, we have

lid / d\ m2

L-
(r_) + + U(r)] R(r) = k2R(r). (D.14)

We are careful to choose a potential whose influence is felt oniy locally and drops quickly for increas-

ing radial distance. This way (D.14) will reduce to (D.12) for large r and the asymptotic solution
must be a linear combination of both Bessel and Neumann functions:

Jm(kr) Jm(kr*oc) = v/i'cos1 IT

irkr L_(m+)], (D.15)

Nm(kr) Nm(kr oo) 1111 sin
V irkr (m

+ )]. (D.16)

Mathematically we are allowed to exchange the two linear coefficients for an amplitude and phase

angle,

AJm(kr )+BNm(kroo) = Ccos 1kr (m+) +öm]Virkr L 2

= Rkm(r * oo)/v', (D.i7)

where C is fixed by normalization criteria. In general a closed form solution in the region of the
potential will not be known, but if the potential is well behaved, we expect that the wave function in

the transitional region will be both continuous and smooth. If we compare the free particle solution

to one asymptotically distant from a central potential we see that (D.17) will differ from (D.15) in
its phase, öm. It is these changes in phase, one for each angular momentum quantum number m,
that carry all the information necessary to deduce the scattering amplitude for a given energy.

To explicitly show the dependence of the scattering amplitude on the phase shifts, we take the
asymptotic solution in the presence of a potential, given by (D.i7) with C set to unity, and express
it in complex form using the fact that sin(O+ir/2) = cos(0),

Rkm(r : / [ei_m2i'4+5m) - _m/2+inI4--m)]
. (D.18)

2z

A new partial wave is defined by forming the product with a global phase factor, eiöm, that has no
physical bearing:

Rkm(r °° 1VflE [ei i'4)ei2öm e_i . (D.19)
2z

We pause to compare the previous expression to the asymptotic form of the free particle solution

(D.15) when expressed first as a sine, by advancing the argument ir/2 radians, and then in complex

form. Evidently the outwardly travelling wave is shifted in phase by 25m relative to the unperturbed
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wave propagating inward toward the potential's region of influence. We continue by employing the

identity
ez2ôm = 1 + e2ôm 1 = 1 + 2iem

etöm _eöm
= 1 + 2i eiöm sin 5m, (D.20)

so that (D.19) takes the form

Rkrn(r - oo)

[ei r/4) - _i 2+ir'4) + ei rmir/2+ir/4) 2iem Sin 6rn] , (D.21)

which may be expressed as the free-wave Bessel solution plus an additional term,

J4iicos [kr (m + + örn] = Jm(kr oo) + em eie_im2e4, (D.22)

where we have used the notation established in the first line of (D.15). We now introduce a plane

wave expansion in terms of Bessel functions [43],

ei i/rn tm cos(mO) Jrn(kr). (D.23)

The parameter 1rn, defined as 1 only for m = 0 and 2 otherwise, is introduced so that the expansion

may be written to involve only positive m. This expansion gives us a clue to the coefficients required

when the potential is acting. Remember that in the absence of a potential our solution takes the
form of a superposition of Bessel functions of all orders (D.23) representing a plane wave that will

continue to propagate unaltered. With the potential present, we expect an additional scattering
term. This additional term is the second one appearing on the left hand side of (D.24). We will
relate this scattering term directly to the sum over m of the second terms appearing on the right
hand side of (D.22). We assert now that the correct coefficients for this sum will be identically the

same as those used for the plane wave expansion (D.23) for the no-potential case, giving us

e' + = rn
rn cos(mO) [Jrn(kT .' oo) + e5 sin 5rn eie_2ei/4] . (D.24)

rn=O

Justification comes from the fact that if the potential is adiabatically turned off, then the sum of
(D.22) over m must degenerate into (D.23). The second additional scattering term will drop out
because the phase shifts, öm, will all tend toward zero, giving us the desired limiting behavior. Using

the fact that
rn (e'2)rn = tm'2, (D.25)
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the C_jmln/2 term is canceled from the right side of (D.24), leaving behind the correct form of the
two-dimensional scattering amplitude,

f(9) = e4 i Urn cos(mG) eiSm sinöm. (D.26)
m=O

Calculating Phase Shifts

To actually calculate phase shifts for a given central potential, the numerical differential equation
solver, NDSolve, packaged with Mathematica® was used. After deciding on a particular mass, u, and

energy, E, the NDSolve command is evoked twice for each angular momentum quantum number,

m. Using the proper Cauchy boundary conditions at r = 0, our solutions with (D.14) and without
(D.12) the potential are extrapolated radially outward until the effect of the potential in (D.14) is

negligible. The flth intersection with the abscissa is chosen as a reference and the difference in the

radial coordinate, r, of where these two plots cross the abscissa is determined. From these data

the phase shifts are quickly resolved,

5rn = 2it = kzrrn. (D.27)

These phase shifts are then plugged back into (D.26) so that we may obtaln the scattering amplitude

and ultimately the differential scattering cross section (see appendix C),

=If(°)12. (D.28)

The actual phase shifts used to calculate the solid dots pictured in the upper and lower plots of figure

5.4 are tabulated in D.1 and D.2 respectively. The negative values indicate the repulsive potential
expelling the partial waves from the origin.
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öm (radians)

0 -2.98749548

-1 .79689945

2 -1.04183076

-.55316603
_f

-.25740429
__:

5 -.10193870

6 -.03372200

7 -.00955088

-.00233155

-.00051425

-.00010066

-.00001797

12 -.00000306

Table D. 1: Phase shifts obtained and used in the generation of the top plot of figure 5.4.
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m öm (radians) ]jm öm (radians)

0 -3.01024329 25 -.07708983

1 -4.66892510 26 -.05287917

2 -3.35447563 27 -.035773788

3 -2.19097700 28 -.02372604

4 -1.15785964 29 -.01548241

5 -.23629731 30 -.00998570

6 -5.70630729 31 -.00631711

7 -4.97002059 32 -.00395613

8 -4.30806958 33 -.00242980

9 -3.71484504 34 -.00147097

10 -3.18211529 35 -.00088324

11 -2.70725008 36 -.00051990

12 -2.28350993 37 -.00030182

13 -1.90978181 38 -.00017410

14 -1.58011677 39 -.00009837

15 -1.29396571 40 -.00005531

16 -1.04584009 41 -.00003043

17 -.83409322 42 -.00001652

18 -.65658359 43 -.00000895

19 - .50836068 44 -.00000473

20 -.38791781 45 -.00000247

21 -.29058729 46 -.00000129

22 -.21436158 47 -.00000066

23 -.15504016 48 -.00000033

24 -.11015089 49 -.00000016

Table D.2: Phase shifts obtained and used in the generation of the bottom plot of figure 5.4.



Appendix E

Momentum Space Representation
of the D3 Potential

Beginning with the coordinate representation of the D3 scatterer given by (5.1),

V(r) V0

exp([a(x_)]2+[ay]2)

V0
+ +exp([a(x+)]2-i- [a(y_)]2)

we use the following notation
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V0

exp([a(x+)]2+[a(y+)]2)' (E.1)

r = xc+y$
k' =
k = k*+k

r.(k'k) = x(kk)+y(k,k) (E.2)

to deduce the needed momentum space representation used in (3.18) and (3.22),

V(k,k') (cokIVI'k') (kIVJk'). (E.3)

Expanding the explicit form of the previous equation,

f-ikr ik'r

2
V(r) d2r,
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V0 
jiji ei(('_I) 

dxdy 
4ir 

V(r) = 2 
exp 

([a(x_)]2+[ay]2) 

eir(k'_k) 
dxdy Voff 

+ ([a(x+)]2+[a(y_f)12) 
exp 

eir(k'_k) 
dxdy. (E.5) Voff + ([a(x+)]2+[a(y+)]2) 

exp 

Because all limits of integration extend to infinity, the integrals given above factorize. We use (E.2) 

together with the fact that the exponential of a sum is the product of exponentials to write 

V0 J0°cos[x(k_kx)]+isin[x(k_kZ)] rcocos[y(k,ky)]+isin[y(k,ky)] 
dy V(r)= 

2 
exp [a( R \12 

dxj_ 
exp[ay]2 4ir 

V0 J00cos[x(k_kx)}+isin[x(kkx)1 r°°cos[y(k,k)]+isin[y(k,k)] 
dx / + 

exp 
[a (+ R \ 12 - exp [a( R 2 

dy 

V0 J°°cos'x(k_kx)]+isin[x(kkx)] '°°cos[y(k,k)]+isin[y(k,k)] 

- R [a(y+.-)] 
exp 

[a(x+ 2 
dx/ 

R 2 
dy(E.6) 

where the exponentials in the numerators have been represented as trigonometric functions. Equa- 

tion (E.6) may be expanded as ten integral pairs, four of which cancel and four of which combine. 

The remaining four integral pairs, 

cos 
[(x+ ) (k _kx)] r°°cos{y(k, ku)] 

V(r)= r° 

J 
dx / dy 

v .00 cos [(x+ 
________________ + 

) (ic kx)] 
cos [y(k, ku)] cos kr)] 

dx dy 
2ir2 J e(0x)2 

J 
e(ay)2 

sin[(x+5)(k_kx)] 
00cos[y(k,_ky)]d 

42 
j dx [ 

j 
e(aY)2 

v0 oo sin [(x-i- ) (k - 
kx)] 

cos [y(k, - kr)] cos - 
/C)J I 

+ i 

L 
e()2 

dx dy,(E.7) J 
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may be readily evaluated [51] to produce the momentum space representation of the potential,

V0
V(k,k0) =

4ira2exp [(k_k)2+(k;_k)2]
4a2

[1 (cost

IR(k'_kx)] +2 1R()1 1R(k,k)]'\

' L L 2'/ i L 2

+i I sin I sin cos
/

2
[R(kc_kx)] IR(k_k)})]

, (E.8)
2/ [2

given by (5.3).
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