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Abstract approved:

A time dependent model of the shallow, tropical convective boundary layer is

developed and tested. To simplify the treatment of thermodynamic processes and

return to first principles of physics, conserved quantities of entropy and total

water density are used as primary model variables. In addition, a new shallow

cumulus parameterization scheme is developed and is based on the use of a time

dependent cloud kinetic energy equation combining local concepts of cloud processes

with the use of a special buoyancy length scale. Two model simulations are

performed in an attempt to assess the model's performance and the effectiveness of

the parameterization scheme.

Results indicate that the model does a reasonable job in both representing the

equilibrium structure of a shallow convective boundary layer and in generating a

realistic boundary layer structure from an initial state consisting of a shallow

moist layer with dry air aloft. The cumulus parameterization scheme appears to

adequately represent the transport of thermodynamic quantities associated with

convective activity and the use of conserved variables provides an effective way of

representing the boundary layer structure and treating the mixing processes

associated with cloud processes.

This work illustrates the usefulness of generalized conserved variables,

Redacted for Privacy



particularly entropy and total water density, and indicates that the general

approach of using a time dependent cloud kinetic energy equation may be effective

for representing thermodynamic processes in the tropical boundary layer.



The Use of Conserved Variables in the Modeling and Parameterization of
Shallow Cumulus Trade Wind Boundary Layers

Philip L. Barbour

A THESIS

submitted to

Oregon State University

in partial fulfillment of
the requirements for the

degree of

Master of Science

Completed March 16, 1992

Commencement June 1992



APPROVED:

Professor of Atmospheric Sciences, in charge of major

Head of department of Atmospheric Sciences

Dean of G

Date thesis presented March 16. 1992

Thesis Prepared by Philip L. Barbour

Redacted for Privacy

Redacted for Privacy

Redacted for Privacy



TABLE OF CONTENTS

1. INTRODUCTION 1

2. THE MODEL 7

2.1 Prognostic Equations 8

2.2 Diagnostic Variables 1 4

2.2.1 Temperature Functions 1 5

2.2.2 Temperature Diagnosis 1 5

2.2.3 Pressure Diagnosis 1 7

2.2.4 Vertical Velocity 1 8

2.3 Forcing Terms 1 9

2.3.1 Subgrid-Scale Eddy Diffusion 20
2.3.2 Surface Flux 23
2.3.3 Subsidence 2 3

2.3.4 Radiation 2 4

2.4 Numerical Procedures 26
2.4.1 Solution Methods 2 6

2.4.2 Boundary Conditions 2 8

3. CUMULUS PARAMETERIZATION 3 1

4 MODEL SIMULATIONS 43
4.1 Casel 43
4.2 Casell 52
4.3 Entropy Discussion 52

5 MODELRESULTS 63
5.1 Casel 63
5.2 Casell 80

6 SUMMARY AND CONCLUSIONS 94



TABLE OF CONTENTS (CaNT.)

BIBLIOGRAPHY 98

APPENDICES 1 02

APPENDIX 1 List of Terms 1 02

APPENDIX 2 Derivation of Entropy Equation 1 04

APPENDIX 3 Numerical Solutions 108



List of Figures

Figure Paae

3.1 Terms of the turbulent kinetic energy budget for a 3-D 35

simulation of the Puerto Rico experiment (from Sommeria

and LeMone 1978).

3.2 Terms of the turbulent kinetic energy budget for a 3-D 35

simulation of GATE (from Nichols and LeMone 1978).

3.3 Sketch of relevant length scales used in the cumulus 42

parameterization scheme presented here.

4.1 Initial conditions for Case I: (a) dry air density and 45

(b) density of water substance.

4.2 Initial conditions for Case I: (a) moist entropy density 46

and (b) temperature.

4.3 Initial conditions for Case I: two horizontal components 4 7

of momentum.

4.4 Initial conditions for Case I: (a) specific entropy and 48

(b)total water mixing ratio.

4.5 Initial conditions for Case I: equivalent potential 49

temperature and saturation equivalent potential

temperature

4.6 Initial conditions for Case I: subsidence profile 5 1

4.7 Initial conditions for Case II: (a) dry air density and 53

(b) density of total water substance.

4.8 Initial conditions for Case II: (a) moist entropy density 54

and (b) temperature.

4.9 Initial conditions for Case II: (a) specific entropy and 55

(b) total water mixing ratio.



4.10 Initial conditions for Case II: (a) equivalent potential 56

temperature and saturation equivalent potential temperature.

4.11 Plot of dry specific entropy vs. temperature for dry air 5 9

conditions, along lines of constant dry air density

4.12 Variation of dry specific entropy with dry air density for 60

a dry atmosphere.

4.1 3 Variation of dry specific entropy with dry air density for 6 1

both a moist atmosphere (solid line) and a dry atmosphere

(dashed line).

5.1 Evolution of equivalent potential temperature and saturation 65

equivalent potential temperature profiles over 48 hours of

simulated time.

5.2a,b Evolution of specific entropy and total water mixing ratio 6 6

profiles with time

5.3 As in Fig. 5.1 except with moisture profile corrected. 69

5.4a,b Parameterized forcing terms of the prognostic equations 7 2

after 12 hours of simulated time.

5.5a,b Parameterized forcing terms of the prognostic equations 73

after 24 hours of simulated time.

5.Ga,b Parameterized forcing terms of the prognostic equations 7 4

after 36 hours of simulated time.

5.7a,b Parameterized forcing terms of the prognostic equations 7 5

after 48 hours of simulated time.

5.8 Terms of the cloud turbulent kinetic energy equation. 76

5.9 Terms of the cloud turbulent kinetic energy equation. 76

5.10 Evolution of important boundary layer variables including 77

a. buoyancy length scale, b. cumulus velocity scale and

c. cloud mixing coefficient.



5.11 Boundary layer values over the 48 hour simulation 7 8

5.12 Boundary layer values over the 48 hour simulation 79

5. 1 3 Evolution of potential temperature quantities over the 8 1

24 hour simulated time for case 2.

5.14 Evolution of conserved model quantities over the 24 hour 82

simulation for case 2.

5.1 5 Evolution of boundary layer values for case 2. 8 6

5.16a,b Parameterized forcing terms of the prognostic equations 87

after 6 hours of simulated time.

5.17a,b Parameterized forcing terms of the prognostic equations 88

after 12 hours of simulated time.

5.1 8a,b Parameterized forcing terms of the prognostic equations 89

after 1 8 hours of simulated time.

5.1 9a,b Parameterized forcing terms of the prognostic equations 9 0

after 24 hours of simulated time.

5.20a Terms of the cloud turbulent kinetic energy equation. 9 1

5.20b Terms of the cloud turbulent kinetic energy equation. 9 1

5.21 a Terms of the cloud turbulent kinetic energy equation. 9 2

5.21 b Terms of the cloud turbulent kinetic energy equation. 9 2

5.22 Evolution of important boundary layer variables including 93

a. buoyancy length scale, b. cumulus velocity scale and

c. cloud mixing coefficient.



The Use of Conserved Variables in the Modeling and Parameterization

of Shallow Cumulus Trade Wind Boundary Layers

1. INTRODUCTION

The tropical oceans cover an extensive region of the globe and receive a large

proportion of the Earth's incoming solar radiation. Much of this radiation is

returned to the atmosphere as sensible or latent heat that is eventually transported

equatorward in the low level flow of the easterly trades. Riehl and Malkus (1957)

showed that the transport of this sensible and latent heat is an important element

in supplying energy to fuel the deep disturbances of the Inter-Tropical

Convergence Zone and in providing energy to help maintain the tropical Hadley

circulation. By regulating the exchanges of heat and moisture across the ocean

surface, the tropical Convective Boundary Layer (CBL) plays an important role in

determining the structure of the general circulation in the tropics.

Early studies of trade wind regions concentrated on this downstream

moistening and warming process (Riehl et al.1951; Malkus 1956). These studies

showed that the tropical CBL possesses an extremely persistent and characteristic

vertical structure of temperature and moisture. This structure is made up of a

series of well defined layers including a surface boundary layer characterized by

a strong wind shear instability and a weak gravitational instability, a subcloud

mixed layer where the temperature decrease is near adiabatic and the moisture

profile is constant, a slightly stable transition layer where the moisture content

decreases, a conditionally unstable cloud layer dominated by convective processes

and a trade inversion characterized by an increase in temperature and a sharp

decrease in humidity. The cloud layer typically contains a number of shallow non-
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precipitating cumulus clouds that rise to various levels before dissipating.

Once the importance of the tropical CBL was recognized, an attempt was made

to understand in greater detail the processes involved in maintaining its uniform

and persistent structure. The Atlantic Trade-Wind Experiment (ATEX) and the

Barbados Oceanographic and Meteorological Experiment (BOMEX) were conducted

in 1969 in an attempt to quantify the magnitudes of the CBL processes acting on

space and time scales indicative of boundary layer processes. Holland and

Rasmusson (1973) used the BOMEX data to compute the mean heat, moisture and

momentum budgets for a five day period of undisturbed convection and to obtain

estimates of the magnitudes of subgrid-scale processes. The study emphasized the

existence of subsidence over the entire depth of the CBL and led to the

determination that the characteristic trade inversion is not a material boundary

but rather the result of interactions between several physical processes. A study

by Nitta and Esbensen (1974) showed similar results for the same undisturbed

period. Evidence of a moisture source and heat sink in the upper portion of the

cloud layer was also presented and thought to be a result of evaporative cooling

associated with decaying cumulus cells. The magnitude of the convective scale

processes were estimated to be large enough to maintain the inversion against the

warming and drying effects of large scale subsidence. Using idealized concepts of

cloud processes in a simple layered model, Betts (1973) also showed that the

cooling and moistening associated with detraining cumulus elements was sufficient

to maintain the characteristic trade wind inversion structure. The importance of

these studies was to introduce the concept of an equilibrium balance between the

convective processes of the CBL and the large scale processes of the tropics.

The cloud layer is seen to play a major role in maintaining this equilibrium

balance and yet, to date, few attempts have been made to obtain reliable

measurements of cloud layer heat and moisture fluxes. This is due in part to

instrumentation problems associated with making in-cloud measurements of

temperature and moisture (see Blyth et al., 1988). Temperature and humidity
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sensors often become wet and unreliable when used at high speeds inside clouds.

They also have response times too slow to be useful in computing eddy correlation

quantities. The lack of reliable measurements is also partly due to the

relatively small fraction of area occupied by clouds at any given time. It is

difficult to obtain a sufficient sampling to produce statistically reliable values.

In the absence of experimental data, diagnostic and prognostic models of cloud

populations have been developed to provide an internally consistent interpretation

of CBL processes. These models differ significantly in assumptions and complexity

but have the common goal of interpreting the role and magnitude of convective and

other sub-grid scale processes. Diagnostic models generally attempt to diagnose

the magnitude of convective processes using observed heat and moisture budgets as

constraints. Convective properties are then analysed using simple conceptual cloud

models. For example, Betts (1975) used a simple one dimensional parametric

model to interpret the magnitude and structure of convective processes during

BOMEX. His parametric model included a single cloud type that entrained and

detrained at all levels. Applying this cloud model to the BOMEX heat and moisture

budgets he found that the diagnosed cloud detrainment rates were substantially

larger than the entrainment rates, leading to the conclusion that cloud detrainment

may be the dominant process in the cloud layer under shallow convective

conditions. Nitta (1975) used the spectral cloud model of Arakawa and Schubert

(1974) to obtain a similar interpretation of the BOMEX convective transports and

observed that most clouds detrained below the trade inversion. This detrainment

was responsible for the cooling and moistening of the upper cloud layer. Esbensen

(1978) used separate cloud models to represent deep and shallow convection to

further examine the BOMEX budgets. What he found was that the convective

buoyancy of shallow cumulus are much less than for deeper convection and

illustrated that the important processes for each case may be distinct different and

must be represented differently

Time dependent models have also been used to interpret convective boundary
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layer processes by integrating a set of prognostic equations over time until an

equilibrium state of the model is reached. Convective properties appear as terms

in the prognostic equations that must be parameterized in terms of the mean model

variables. Albrecht et al. (1979) for example developed a simple layered model of

the convective boundary layer that has been used to interpret boundary layer

structures and to study the downstream variation in the trades (Albrecht 1984).

This model consists of separate prediction equations for thermodynamic quantities

at various levels of the model and also includes a prediction equation for the height

of the inversion. This model has been used to obtain estimates of the equilibrium

structure of the trades.

A variety of other budget models have been used to study the equilibrium

structure of the tropical CBL. Among these are models by Ogura (1977), Albrecht

(1979), Sarachik (1978), Betts and Ridgway (1987) and Betts (1989). Each of

these are important in that they illustrate the complex balance between the various

physical processes involved. For example Sarachik (1978) coupled a one

dimensional model to the sea surface temperature, reasoning that only a fully

coupled model was capable of determining the full equilibrium structure of the

CBL. This work implied that the equilibrium structure of the CBL was not only

dependent upon the local forcing but also on the time scales over which these

forcing mechanisms act. Betts and Ridgway (1987) and Belts (1989) used their

diagnostic model to study the interactions and adjustments on several different time

scales ranging from two days to 100 days and noted the importance of radiation in

helping maintain the equilibrium structure of the trades.

In other work, Betts (1982,1987) has shown that cloud layer profiles of

temperature and moisture can be represented using saturation point analysis. This

process consists of defining a saturation point for each level of the sounding that

represents a conserved property of that level. Belts found that all of the saturation

points through the cloud layer lie nearly on a straight line drawn between the
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saturation points for air directly above the trade inversion and air in the subcloud

layer. Using BOMEX and AlEX data, Belts (1986) interpreted this to mean that the

equilibrium structure of the cloud layer can be considered the net result of a

simple mixing process between mid tropospheric air and sub cloud mixed layer

air. The actual interactions between the processes involved may be extremely

complex but the net effect can be represented by a simple mixing line structure.

This concept has become the basis for a shallow convective adjustment scheme.

Another important aspect of the work by Belts (1982,1987) and of the work

of Paluch (1979), Raymond and Blyth (1986) and Blyth et. al. (1988) is the use

of conserved variables and conserved variable diagrams when dealing with cloud

mixing processes. Conserved variables provide an extremely convenient way of

representing the state of any system especially when mixing processes are

involved.

In spite of the effort that has been put towards studying the trade wind

boundary layer, many aspects are still not fully understood. For example, very

little is known about the exact nature of boundary layer clouds and how they act to

transport heat and moisture. There is also very little information about the

interaction between the cloud layer and the subcloud mixed layer. The purpose of

the research in this thesis is to examine a few of these unknown areas and to take a

slightly different approach at constructing a model to obtain the equilibrium

structure of the tropical convective boundary layer.

This thesis concentrates on three topics. The first deals with the use of

conserved variables in the development and testing of a one dimensional time

dependent model of the tropical convective boundary layer. By using conserved

variables, many of the traditional assumptions used in treating thermodynamic

processes can be reexamined and in some cases eliminated. The second aspect is the

description and results of a new scheme for parameterizing the transports of

thermodynamic quantities associated with shallow convection. This method is based

on some assumed physical properties of clouds and is rooted in the assumption that



local balance arguments are sufficient to characterize cloud scale transports of

heat and moisture. The third element of this work examines the interaction

between the cloud layer and the subcloud mixed layer. Uttle is known about the

interaction between these two layers and certain features of this model should

provide insight into some elements of their interaction.
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2. THE MODEL

One component of this thesis involves the construction of a one-dimensional,

time-dependent, hydrostatic model designed to explore the equilibrium structure

that exists between the tropical CBL and larger scale forcing processes. To

accomplish this, a unique modeling approach is taken that involves the direct use of

the first principles of physics in the governing equations. The method has been

proposed by Ooyama (1990), and consists of a return to first principles as a

means of separating the role of thermodynamics from the role of dynamics in the

governing equations. This achieves two main goals. First, the separation allows

the thermodynamic state of the system to be determined solely through

thermodynamic considerations rather than through a combination of

thermodynamics and dynamics; and secondly, it allows the model to be developed in

a modular fashion that provides an easy method of transition between hydrostatic

and non-hydrostatic approaches.

A variety of approaches have been developed to model different aspects of the

atmosphere. Hydrostatic models in pressure and sigma coordinates have been used

successfully to model large-scale atmospheric motions (Phillips, 1957) and

tropical cyclones (Rosenthal, 1978) and non-hydrostatic models using geometric

height (z) coordinates have been used to study mesoscale convective systems

(Kiemp and Wilhelmson, 1977). For all the differences that exist in these

approaches, a few common elements are present. The first has to do with the

treatment of moist thermodynamic processes. For the most part these models do

not begin with laws that conservatively treat the phase changes of water. For

example, most models contain separate equations for moisture and liquid water

content, making the transition between an unsaturated state and a saturated state

clumsy and often poorly represented. Secondly, once a set of equations is obtained

using the hydrostatic assumption, the configuration cannot be changed without
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writing a new set of equations. A third common element of these models is that they

generally determine pressure through dynamical arguments. While pressure does

influence the dynamics of a system, it is also a state variable, If pressure is

predicted, as in many non-hydrostatic models, then the thermodynamics are

determined by the dynamics of the system and not explicitly defined in terms of the

thermal and chemical state.

The use of a method that conservatively treats the phase change of water is of

particular interest in modeling atmospheric systems. This is especially true in

the tropics where the release of latent heat plays a major role in maintaining the

large scale Hadley circulation. Even small errors in treating surface evaporation

and moisture properties can have a tremendous impact on the amount of energy

available to drive circulation patterns.

The above points are not meant as a condemnation of past modeling

approaches, but rather serve as the basic motivation behind the approach taken in

this thesis. It is important to note that applying assumptions early in the

development stage may provide computational advantages but may also restrict a

model to a narrowly specified purpose.

2.1) Prognostic Equations

The prognostic equations used in this model follow directly from work done by

Ooyama (1990) and are based on the conservation laws of mass, momentum and

energy. For the moist atmosphere, continuity equations can be written for both the

density of dry air ( = ma/V) and total airborne water (TI = mg/V). The total

airborne water includes both water vapor and the portion condensate that moves

with the air. Moist entropy density (c=pS) will be used to represent the

conservation of energy and the two components of the horizontal momentum

equation (U,V) will be used to represent momentum conservation. This particular



combination of variables is well suited for atmospheric modeling for two reasons.

First, each of the five variables is conserved for moist adiabatic motions and can be

expressed in terms of the first principles of physics. Secondly, a natural

separation is made between the equations representing the thermodynamic

properties of the system and those representing the dynamic properties. Equations

for these variables may then be written in flux form as

+ V (v) + -(w) = 0 (2.1 a)

+ V (iv) + --(w) = 0 (2.1 b)
(Z

+ V (av) + -.-(ow) = Q (2.lc)

-5--+V(VHv)+.--(VHw)+fkxVH+VP = 0 (2.ld)

The only non-adiabatic effects to be included are those associated with radiation

and, because entropy is the only variable influenced by radiative properties, a 0

term has been included in the equation for entropy density and will be treated in a

later section. In this model, hydrostatic balance will be used as a separate

constraint to derive a diagnostic equation for vertical velocity that is consistent

with the above equations.

In a frictionless, adiabatic system the global integration of 'r and a are

conserved. However, they are not necessarily conserved for processes acting

within the system. For example, because of the density factor involved a is not

conserved following a rising parcel of air. To treat adiabatic motions within the

system, the correct variable to use would be specific entropy (s) rather than

entropy density (a). The variables that will be used to conservatively treat these

interior processes will be the specific entropy (s) and the total water mixing ratio

(r).
If it were necessary to relax the hydrostatic assumption and convert this
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system to a non-hydrostatic framework, an additional prognostic equation for

vertical velocity could be included. No changes are necessary in the other

prognostic equation greatly simplifying the transition between a hydrostatic and

non-hydrostatic approach is g really simplified.

To apply this set of equations within a one-dimensional framework we will

separate each variable into a zonal mean and perturbation part. Because of the

nontraditional nature of the variables used here, care will be taken when applying

the usual Reynolds averaging approximations. To illustrate the steps that are

needed to obtain a working set of model equations, the derivation of the entropy

equation will be used. The derivation of other model variables follow in a similar

manner.

After separating variables into zonal mean and perturbation parts and after

applying the Reynolds averaging assumptions we obtain an equation of the form

= VF4 [aJ[vHl
a[a][w]

VH
[S*] a[oi1

+ 2.2)

In this study, the mean scale velocity components [VHI and [wil will be partitioned

into a steady planetary scale component that will be imposed and a time dependent,

explicitly resolved component. The time-dependent vertical velocity acts as an

adjustment term that continually acts to restore hydrostatic balance. After

separating the vertical velocity components into two parts [wi = [w1 ± [wi we

arrive at an expression for the time rate of change of entropy density in the form

[a] ( a[w] '1 aic,] a[wal- = -falVH.[vHJ+ ) [V1.V[cY] [we]

- [cç I + EQ.3 1 (2.3)
az

We now introduce several approximations into (2.3). The first approximation is

that horizontal variations of explicitly resolved model quantities can be considered

small and can be represented as being locally homogeneous in the horizontal. As a
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consequence, the advective terms in the prognostic equations are neglected. The two

terms representing the vertical transport of mean-scale specific entropy are

considered to be the combination of two effects. The first of these involves the

vertical transport associated with the imposed, steady large-scale subsidence. The

second effect is the transport of specific entropy that results from the explicitly

calculated vertical motion. Because of the hydrostatic nature of this model, this

term represents the small adjustment necessary to keep the system in hydrostatic

balance in the presence of the various mechanisms that force the system from

hydrostatic balance.

The subgrid-scale diffusion terms that emerge from this averaging process

also need to be explored in order to ensure that the conserved properties are

maintained. For entropy, the vertical diffusion term in (2.3) takes the form

= ---Ew1

At the level of approximation considered here, eddy transports involving factors of

density will be neglected. To remove the density portion, it is necessary to express

the flux quantity above in a slightly different manner. This involves using the

definition of entropy to separate it as

= PS = [p]([s]+s )
[I = = [pl[sl

leaving an expression for the entropy perturbation of the form

a = a-[aI = [pis

When this is substituted into the above diffusion expression, the result is one term

of the form

= -(ipl[wsI (2.4)

This expression represents the sub-grid scale transport of entropy. This model

will consider that contributions to this transport are made from both boundary

layer diffusive processes and convective processes. These processes will be

considered separately and in greater detail in a later section. To simplify the
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notation here we will let

Q = [pl[wsJ) Diffusion

Q = [p][w's]) Convection

and group these forcing terms together in a single Q term as

°cT TkDaC

Using similar simplifications for the other prognostic variable and after dropping

brackets, we obtain a complete set of equations of the form

= _(v.v + + ) - --(w) + Q (2.5a)
iZ Z

( s w
)_w$L_ .!i + (2.5b)- = -rl VHVH + +

(JZ ;az

=
W s wa+ - + --

)-
w- + Q, (2.5c)

= - V'. V4 )
au awu++-- +tv+o (2.5d)

az az az az

= -\{VH.VH
aw w a av awv

+ + )-w-- - - fU +Qj (2.5e)

The term in brackets is common to each of the equations and represents the effects

of the large-scale horizontal and vertical dry-air mass balance. The one-

dimensional framework of this model does not allow the spatial gradients of the

horizontal momentum terms to be determined, therefore using an assumption of

quasi-incompressibility, the bracketed terms will be considered negligible and

neglected in the current model.

This quasi-incompressibility assumption implies that changes in dry air

density can only come about as a result of the explicitly resolved vertical motion of

the model and that the large scale effects of subsidence and horizontal divergence

have no net effect on the underlying dry-air density structure. In a completely dry
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atmosphere, this assumption of quasi-incompressibility would reduce to the usual

assumption of incompressibility used in many models. The approach taken here is

adopted in part to overcome our inability to determine horizontal gradients. It is

also a way of maintaining consistency between the mass balance of the model and the

use of the hydrostatic equation as a constraint to diagnose the model resolved

vertical velocity.

As a result of neglecting the terms in brackets from Eqs. (2.5a-e) a

simplified set of equations can be obtained and take the form

= + Q (2.6a)

=--w--)rsz
)wi

+ (2.6b)

S
= -Ews.5;---.-

)WJ
+ Qt7 (2.6c)

aU

_5i_

au --.--+fV)wU
+ Qu (2.6d)

JV
= -ws.- + (2.6e)

Ideally, this quasi-incompressibility assumption is not necessary. It should

be possible to include a specified divergence profile and use the hydrostatic

maintenance condition to diagnose a vertical velocity that represents combined

effects of both the planetary-scale and model resolved vertical velocities.

However, even small errors in this diagnosed vertical velocity would lead to a

large-scale mass budget imbalance and could result in a systematic change in the

density structure of the model. Because of the uncertainties involved in defining a

divergence profile, an imbalance is very possible and could have a tremendous

impact on the model's ability to treat boundary layer properties.

The effects of imposed large-scale subsidence in Eqs. (2.6b-e) comes through

as an advection of specific entropy and total water mixing ratio. These terms play a

major role in determining the structure of the tropical convective boundary layer.

The pressure gradient and coriolis terms have been retained in the horizontal
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momentum equations to enable a specified forcing to be included to drive the

horizontal winds. The sub-grid scale transport terms and the effects of radiation

have been combined and represented as a single 0 term. The parameterization of

these terms is discussed in section 2.3.

The Q term was retained for symmetry in (2.6a) and will be set to zero for

our calculations. The only way that dry air density can change is as a result of the

hydrostatic adjustment process and depends on the magnitude of the model resolved

vertical velocity. In this way, the dry air density equation plays an active role in

maintaining hydrostatic balance in the model.

2.2) Diagnostic Variables

Using the five prognostic variables {U,V,,11,Y), it is possible to diagnose

both the thermodynamic state of the system and the vertical velocity. The

thermodynamic state can be defined by obtaining values for the temperature and the

pressure from the predicted values of {,T1,a}, while the vertical velocity can be

determined diagnostically using the hydrostatic equation in conjunction with the

hydrostatic maintenance approximation. The determination of these variables

depends on several assumptions about the thermodynamics of the system. These

assumptions include

There exists within each volume element a chemical and thermal

equilibrium between the various phases of water. This implies that the

temperature is the same for each component of a mixture of phases and

rules out any occurrence of super-cooled droplets.

The volume occupied by any condensate is negligible compared to the

volumes of water vapor and dry air.

Daltons law of partial pressures holds, allowing separate gas laws to be
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written for the water vapor and dry air.

In the absence of ice, all specific heat values are assumed constant with

respect to temperature.

2.2a) Temperature Functions

There are several temperature dependent functions and laws that must be

defined and calculated to compute the temperature and pressure of the system.

E(T) The saturation vapor pressure is considered only a

function of temperature and will be computed using

tabulated values compiled from the Goff-Gratch

formulas.

= E(T)/(RT) The saturation vapor density or the density of water

vapor under saturated conditions. This is used primarily

for determining the saturation condition of the system.

L(T) The latent heat of vaporization/evaporation is computed

using the integrated Kirchoff law assuming constant

specific heats.

dE(T)/dT (L(T)E(T)) I (RvT) The Clausius-Clapeyron equation.

2.2b) Temperature Diagnosis.

To determine the temperature diagnostically, an equation defining entropy

must be obtained that includes the prognostic variables of the system. It is

necessary to derive two separate equations, one for a mixture of dry air and water

vapor below saturation and one for saturation conditions that includes condensed

water. This is the approach taken by Ooyama 1990. It may be possible to develop a

single equation that could be used for both conditions, (Emanuel and Rotuno 1989)

but the present approach involves fewer approximations in the moist

thermodynamics.

To derive the equations defining the entropy of the system, we use Gibbs
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theorem. Gibbs theorem states that the total entropy of a given volume containing

one or more phases of a given substance is the sum of the partial entropies of the

individual phases assuming they are mixed under reversible conditions (Iribarne

and Godson, 1981). As long as phase changes occur isentropically, there is no

change in entropy due to mixing. In this way the two forms of total entropy may be

written as

= dSa + dS for unsaturated conditions

d5aSv+dSc for saturated conditions.

where the subscripts a,v,c represent the phase components of dry air, water vapor

and condensate. Since the formation of ice is not included in the current model

formulation, the condensate will be water drops only but the c will be maintained

to help generalize the expressions. The total differential expansion of entropy for a

single constituent is

dS1 = + )T,m + sdm, (2.7)

where the i will represent either a, v or c.

To obtain the desired form of the total entropy equation it is necessary to

integrate over the change from a reference state to a final state. The choice ot a

reference state is somewhat arbitrary and several approaches have been taken in

the past. In order to simplify the integration and put it on a physically meaningful

foundation, a reference state is chosen that consists of water vapor and dry air with

a total pressure P0 and temperature T, at the point of marginal saturation. The

integration is then performed from this reference state to the final temperature

and pressures to obtain a complete equation for S. A common approach is to take

the reference state as a combination of dry air and pure condensate with no vapor

and integrate this over the change. The final integrated form should be the same,

yet the use of an initial state consisting of pure liquid and dry air with no vapor

seems counter-intuitive and somewhat confusing. A more detailed derivation of the

entropy equations may be found in appendix 2. The final forms of the equations
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represented in the form of entropy density are

= (CV lfl_!. Raln ') + 11 ( Cvin. Rvin.!_ (2.8)
co )

for unsaturated conditions, and

= , (Cvin R ln--. LCfl L(T0)
a t

+iCln1 (2.9)
o T0

for saturated conditions.

The process of obtaining the temperature consists of first solving (2.8)

analytically to obtain an unsaturated temperature estimate T1. Using this

temperature, the saturation condition

11

is checked using the computed value of 11 (T) . If this condition is satisfied then

the system is unsaturated and the temperature is T1 No additional computations

are necessary. If, however, the condition is not satisfied then the system is

saturated and the second form of the equation must be used. Because of the presence

of several functions of temperature in (2.9) the solution for the saturated

temperature, T2 must be found using iterative techniques. The form of this

iterative technique may be found in Appendix 3

It may be of importance to note that at the point of marginal saturation, Eqn

(2.8) and (2.9) are equal and would therefore give the same temperature. This is

important for maintaining a consistency while using two forms of an equation.

2.2.3). Pressure Diagnosis.

The complete description of the thermodynamic state of the system depends on

the pressure as well as the temperature. The thermal and chemical equilibrium

assumptions stated at the begining of section 2.2 make it possible to consider that

the temperature is the same for each component of a mixture of phases. Because of
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this, it is possible to write separate equations of state for dry air and for water

vapor. Using these equations, the temperature obtained from the process described

in the previous section and a knowledge of the saturation condition, the

determination of the system's total pressure is a simple matter.

The equation of state for the dry air component may be written as a RT

The dry air pressure can then be easily obtained by using the computed

temperature and the predicted value of . Obtaining the vapor pressure of the

system depends on the saturation condition, If the system is saturated the vapor

pressure is simply the saturation vapor pressure E(T). If unsaturated, then the

gas law for the vapor phase can be used to determine Ps,,. The total pressure is then

= +

Knowing the densities ot dry air, water vapor and condensate, the

temperature and the partial pressures of the system allows all other

thermodynamic variables of interest to be computed using their definitions.

2.2.4) Vertical Velocity.

To complete the set of prognostic equations it is necessary to obtain the

vertical velocity as a function of height. The determination of w will depend on the

assumption that over time the vertical velocity will act dynamically to maintain

hydrostatic balance. Using this maintenance condition it is possible to obtain a

diagnostic equation for the vertical velocity.

If we write the hydrostatic equations as

(2.10)

then e represents any imbalance that might exist over a spatial domain. To

maintain hydrostatic balance in a prognostic model it is necessary to satisfy the

condition that over time c=O. Under this approach the maintenance condition
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becomes

= pgj = 0. (2.11)

After rearranging the order of integration, this becomes

-(E) = 'Jg.. 0. (2.12)
at az at at

Pressure is not a prognostic variable yet it changes in time as a function of the

prognostic variables. The time derivative of the total pressure can be expressed in

terms of the prognostic variables as

P = P(,T',a)

Pt = P. + +
t 1at aat

(2.13)

Because pressure is a diagnostic variable, these p-coefficients are themselves

diagnostically determinable. Using the prognostic equations (Eqs. 2.6a-2.6c), the

time variations can be eliminated and the diagnostic equation for w becomes

where

a[ 2awl a--[w]+ F(Q)=0Li (2.14)

F(= t[PQ+PiQ+PaQ*,] +g[Q-+-Q1] (2.15)

Assuming that the model is initially in hydrostatic balance this can be simplified

by eliminating the terms that combine to form E and its derivatives. With this

simplification the vertical velocity equation becomes

= F( (2.16)

where

pc =

and CN represents the speed of sound in a Newtonian fluid. This equation is solved

numerically using a Galerkin approach described in Appendix 3.
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2.3. Forcing Terms

One of the greatest challenges in large-scale atmospheric modelling is in the

treatment and parameterization of the physical and dynamical processes that cannot

be explicitly resolved. These effects are represented by the Q terms in the

governing equations and represent the source and sink of model variables due to

outside and subgrid-scale influences. In the current model approach the processes

influencing model variables include the effects of sub-grid scale diffusion,

Iongwave radiation, subsidence and convection in both the cloud and subcloud

layers. The treatment of these physical processes is an essential ingredient in

bringing a model to life yet, methods of parameterization vary from model to model

and in many cases the physical process itself in not well understood. In the current

approach each of these physical processes is treated in a comprehensive manner,

while at the same time maintaining a simplicity that will allow the computational

advantages of using a one-dimensional model to be realized. The methods used to

parameterize turbulent diffusion, radiation and subsidence will be examined here.

Convective processes will be treated in section 3.

2.3.1) Sub-Grid Scale Eddy Diffusion

The eddy diffusion terms that emerge from the averaging process of Eqs.

(2.la-2.le) are treated using the first-order closure method of Troen and Mahrt

(1986). In this approach the turbulent flux of any quantity can be expressed in

terms of the local gradient of that variable and an exchange coefficient that

represents the strength of the turbulent eddies. Under unstable conditions , a

counter-gradient correction factor Y is included in the thermodynamic terms to

compensate for the enhanced diffusion when thermal or dry convective processes

are present. Following this approach the vertical turbulent flux of any

thermodynamic variable c can be expressed in the form
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** I a[wc] = (2.17)

while the turbulent flux of each momentum component v can be expressed as.

[w*v*] (k.) (2.18)

The counter gradient correction term is necessary to compensate for the fact that

convectiveor thermal elements are not related to the local gradient and in fact can

exist in the absence of any local gradient. The range over which these elements can

transport momentum is limited by pressure effects so no counter gradient term is

used for the two momentum equations.

To obtain the diffusion coefficients, subroutines were obtained from the from

the OSU 1-D Planetary Boundary Layer model of Ek and Mahrt (1990). All

computations were performed using fields of potential temperature, specific

humidity and horizontal winds. The resulting coefficients for heat and momentum

were transported for use in computing the diffusion effects on the current model

variables.

form

The final form of the diffusion coefficient for momentum is computed in the

KM = whk.{1.) (2.19)

where w is the velocity scale of the mixed layer, k the Von Karmen constant and h

the depth of the mixed layer. The mixed layer is considered to be the layer over

which turbulent processes are observed and is formulated to represent all of those

turbulent processes over portions of the spatial domain where phase changes of

water do not occur. The velocity scale of this layer is defined as

(2.20)

Here, u is the surface friction velocity, L is the Monin-Obukov length, z is the

height of the surface layer (set to 0.lh), and m is a non-dimensional profile

function. The diffusion coefficient for heat is used for the thermodynamic
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quantities of entropy and total water density, and is related to the coefficient for

momentum by a non-dimensional Prandtl number of the form

KH = KmPf1 (2.21)

The Prandtl number is defined in terms of the non-dimensional profile functions as

(z
1

z
Pr = + ck (2.22)

(z h

mT)

With this formulation, the counter-gradient term is incorporated into the Prandtl

number and as a result does not explicitly appear in the diffusion term. A more

detailed description of the profile functions can be found in Holtslag (1988).

The mixed layer height h is diagnosed using the method of Troen and Mahrt

(1986) and is used here in the form

OoIV(h)V0 12
h Ri

g[O(h)-91
(2.23)

where Ri is the critical Richardson, number 9ov the surface virtual potential

temperature, e(h) the virtual potential temperature at level h and 80v the surface

potential temperature enhanced under unstable conditions. This enhancement is

included to provide a more accurate diagnosis of mixed layer height under unstable

conditions and has been shown to work well in approximating the growth of the

daytime mixed layer. This term takes the form

°Ov stable

ev =

[w*0]s
+ C unstable

With this formulation, the time rate of change of model variables due to eddy

scale diffusion can be expressed as

au **
QUD = D = [p][w u 1) = jPKM) (2.24a)
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av
I D

a
=

** a
( [pi[w v 1) = (PKM) (2.24b)

D ID=O (2.24c)

1lD
I

a
=

a ar
( R1[w r 1) = (2.24d)

I D
a

=
a(

([][W5] ) = ___KHT) (2.24e)

2.3.2) Surface Flux

The surface fluxes of thermodynamic quantities also play an important role in

the structure of the trade wind convective boundary layer. The surface fluxes of

entropy and moisture are parameterized following Ek and Mahrt (1989). This

method consists of computing a surface exchange coefficient for heat and moisture

and relating this to the difference between the lowest model level and an assumed

surface state. This assumed surface state of the air is saturated and remains fixed

with time at the specified sea surface temperature. The exact form of the surface

exchange coefficients can be found in ER and Mahrt (1989)

Using this representation, the surface flux of moisture and entropy takes the

form
* * **

[w I [][w s I = Ch (s5 s0) (2.25a)
* * **[w r ] = r I = Ch (r r0) (2.25b)

where the s subscript represent the assumed surface values and the 0 subscripts

represent the state of the first model level.

2.3.3) Subsidence.

Large-scale subsidence is an essential feature in helping maintain the

equilibrium structure of the trade wind convective boundary layer. The strength
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of subsidence is related to the low-level horizontal divergent flow in the equatorial

branch of the Hadley circulation. The expressions representing the effects of

subsidence emerged from the derivation of the model prognostic variables in

section 2.1. For the purposes of this model, the large-scale vertical velocity or

subsidence velocity will be a prescribed quantity and will remain fixed with time.

The subsidence forcing terms take the form

Qa = ISub =[wsUbI (2.26a)
3z

aT
[WSUb]' (2.26b)= lSub

where IWSUbI represents the mean subsidence rate. It can be seen from these

expressions that the warming and drying effects of subsidence are due to large scale

vertical motions acting on the local gradient of the conservative thermodynamic

variables.

2.3.4) Radiation.

The radiative properties of water vapor and liquid water also play an

important role in maintaining the equilibrium structure of the CBL. The cooling

that results due to a net outward flux of longwave radiation helps maintain the

convective instability of the tropical troposphere. The radiative cooling effect also

plays a significant role in the maintenance of the characteristic inversion

structure. Because energy must be conserved, any net flux of radiative energy

between layers in the atmosphere must result in heating or cooling. This concept

can be expressed by the first law in the form

ds Rad= T (2.27)

By expressing the heating rate in terms of the net flux of radiation, an

approximation to this equation can be written that relates the net flux to the time



rate of change of entropy.

laF
Q = Rad (2.28)
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To compute the net radiative fluxes, a method used by Sommeria (1978) is used.

This approach treats the layer above and below a level z as isothermal and the net

flux is computed as simply the difference between the upward and downward fluxes.

The upward fluxes take the form

1F(z) = B(0)[1 A(O,z)1 + B(z)A(O,z) (2.29a)

rF1(z) = B(0)A1(O,z) + B(z)A1(O,z) (2.29b)

where the subscripts v and I are for vapor and liquid, B(0) and B(z) are the

blackbody emisivities at the surface and at level z and A(O,z) is the absorption

function for the region below level z. Similarly, the downward fluxes can be

written in the form

J.-F(z) = A(z,T)B(z)

LF1(z) = A1(z,T)B(z)

where A(z,T) and A1(z,T) are the total absorptivities of water vapor and liquid

water for the region from level z up to the top of the atmosphere. These

absortivities are given by

A(O,z) = 1 ;(u0)

A(z,T) = 1 tV(VT)

for water vapor, and

A1(O,z) = I t1(u1 )

A1(z,T) = 1 t(u1 )

for liquid water where t,,t1 repre ent transmission functions for vapor and liquid

water and UVO,UVT are the total am unts of water vapor and liquid water above and

below level z. The transmission unctions are obtained using the formulations of

Yamamoto et al.(1970) and Sasa on (1972) assuming an average over the entire

spectrum. These transmission fun tions take the form



= 0.38 1 - 0.240 log (u + 0.01) (2.30a)

= exp (-3.0 x u) (2.30b)

where u is in units of g/cm3 . Because the model domain does not extend to the top

of the atmosphere, prescribed values for u must be set for the region above the

model domain. For this region, u1 is chosen to be zero while U is chosen according

to the standard values computed by Sasamori(1 972).

2.4 Numerical Procedures:

2.4. 1) Solution Methods

The numerical procedures used in this model are a one-dimensional version

of the two-dimensional nested-grid hurricane prediction model developed by

Ooyama (1985). The numerical procedures were developed with the objective of

producing quantitatively accurate results that can easily accommodate the model's

physics and boundary conditions. The method expands any physical variable u(z)

in the form

u(z) = am,(z) (2.31)

where 4(z), m=1 ,2,3...M are linearly independent basis functions and

am, m=1 ,2,3. . .M are amplitudes. M represents the total number of nodal intervals

over the domain. In this model, cubic B-splines are chosen as the basis functions

primarily because they have the advantage of being continuously differentiable at

second order (piecewise differentiable at third) and can accommodate a variety of

boundary condition types. The cubic B-splines are smoothly joined cubic

polynomial segments rather than analytic functions and can be represented in the

form

= B1(ZZmYL\ZJ



where

o

zj) 2 IziiB)=
4

1(2 3- z) (1jzj)3 1

4

In this approach, spatial fields can be fitted by minimizing the least square

norm with a derivative constraint in the form

f{(u_u)2+cDj[u]2}dz (2.32)

where u-u is the difference between the actual and fitted values and cij is a filter

weight used to smooth the fitted profile. Substituting Eqn. 2.31 into this, we can

obtain a linear system of equations that can be written in matrix notation as

[P+cxala=b (2.33)

where

= mn = f,(z)4(z)dz

Qmn =

b bm

This approach provides a convenient and efficient way of integrating the

prognostic equations in time. This is done by first computing the spline amplitudes

associated with the forcing of model variables (am). If f(z) represents this

forcing, (the terms on the right hand side of the prognostic equations), then the

amplitudes am can be obtained for this forcing by solving (2.33) with

bm f(z)(z)dz (2.34)

These amplitudes are then used to advance the state of the model in time. To do this

the leap-frog method will be used and takes the form

= + 2M am



The variable of interest can then be obtained using Eqn. (2.31) with the new

amplitude.

By choosing cubic B-splines over more orthogonal basis functions such as

chapeau functions, some computational efficiency is sacrificed. The coefficient

matrix in (2.33) becomes a seven diagonal banded matrix as compared to the

tridiagonal matrix that would arise from the use of an orthogonal basis function.

However, because the coefficient matrix remains constant in time, an efficient

recursive algorithm may be utilized to to solve the matrix system. Any added

computational time is compensated for by the accuracy of the method and the ease to

which boundary conditions can be treated.

2.4.2) Boundary Conditions

In the framework of a one-dimensional column model, the lower boundary

must be treated as a material Surface. A closed set of basis functions is utilized

that makes it possible to easily choose a boundary condition that specifies either

the value of a variable or its first or second derivative. This is accomplished by

matching the shape of the basis function at the nodal points nearest to the boundary

to the choice of boundary condition type. If a first derivative boundary condition is

specified for a variable, then the basis elements near the boundary will be

different than if a second derivative condition is specified. By defining the basis

functions in this way, a great deal of flexibility is added to the choice of model

boundary conditions.

In addition, it is possible to include an inhomogeneous time dependent

boundary condition. If we let the lower boundary be represented by z=1, and

express the boundary condition in the form

u(z=1) = u(z=1)+z=1) (2.35)

then u(z=1) represents the homogeneous portion of the boundary condition and

)(z=1 ) the inhomogeneous portion. The condition at the boundary may then be set as



29

g(z=1) = u(z=1)

where j is the order of the specified derivative, { j = O,1,2}. The inhomogeneous

term is included in an adjustment term in the form

a(z=1) = g(z=1 )/4(z=1) (2.36)

This adjustment term is applied to the b term of Eqn. 2.33 before the matrix

system is solved so that

b1 = b1 a(z=1) [first element of matrix P+aQl

The choice of boundary conditions in this model has been partially guided by

expectations of its eventual use. As a model to help test parameterization schemes

and to diagnose subgrid scale heat, moisture and momentum properties for a larger

scale model, it is important to be able to represent the boundary layer

characteristics of these properties. It is not necessary to explicitly resolve the

model profiles through the lowest surface layer. In fact, the physics to do this have

not been included. What we wish to concentrate on is providing a boundary

condition that will maintain a fairly neutral profile at the surface, one that won't

produce any extreme or unrealistic values. To do this, the homogeneous condition

u(1) = 0

is specified for each of the prognostic variables. This condition provides a

mechanism by which the model is free to set the first derivative, the slope of the

profile, to a value that is related to the profile above the surface layer. Thus, the

surface layer profiles are linked to the atmosphere conditions above the surface

rather than matched to surface boundary layer profiles that cannot be resolved by

the basis functions.

One of the most important processes driving the convective boundary layer is

the flux of water vapor and heat across the lower surface. This is a physical

condition that must be treated. Conventionally these effects would appear as an

inhomogeneous boundary condition on the total water density and entropy terms but

here they will be included in a slightly different manner. This is done partially for
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the reasons given above but also because the model numerics provide a simple and

convenient way in which the surface fluxes may be included. The surface flux of

water vapor and entropy are included as the lower limits of integration when the

diffusive forcing terms are integrated by parts during the solution process. The

diffusion term for the lowest model node is can be written as

bd
$ t[FiJdz = 1f1I fFØmdZ (2.37)

where F1 is the flux of total water. For the lowest model level this flux is simply

the surface flux and is expressed using the ideas presented in section 2.3d as

F1 = 1w = C(q-r) (2.38)

in this way the surface flux is dependent upon the surface gradient while at the

same time the specified boundary condition is maintaining a smooth transition

through the surface layer. This same approach is taken for dealing with the flux of

entropy.
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3 CUMULUS PARAMETERIZATION

The general objective of any shallow cumulus parameterization scheme is to

provide a way of estimating the magnitude and structure of subgrid-scale

convective transports and their effect on mean model variables. Because the exact

physical nature of clouds are not sufficiently understood, this often requires that

assumptions be made about either the important physical processes involved or

about the bulk effects of these processes. In the parameterization scheme

presented here an attempt has been made to rely primarily on physical arguments

to motivate the current method, with the hope that by maintaining a physically-

based system it will be much simpler to interpret the model results.

In searching for a cumulus parameterization scheme we have settled on a

modified eddy-diffusion approach. This approach was chosen in part because of its

simplicity and in part to accommodate current boundary-layer approaches. It was

also believe that an eddy-diffusion approach can be based on physically realistic

assumptions of cloud scale mixing and at the same time help ensure that model

variables are mixed conservatively. While not much is known about the processes

responsible for cloud scale transports, the eddy-diffusion approach will provide a

simple means by which several physical concepts can be applied.

The implementation of an eddy diffusion scheme requires the definition of a

cloud mixing coefficient (K). With this coefficient the subgrid-scale transports

of conserved quantities through the cloud layer can be expressed as
* aM

1w Ml = K--- = Lw--- (3.1)

where w and L are characteristic velocity and length scales that can be used to

represent convective mixing and represents the gradient of any conserved

variable. This basic approach has been used with some success to parameterize

shallow convection in the ECMWF model with a constant value for the cloud mixing

coefficient K (Tiedtke et. al. 1 988).
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The characteristic length and velocity scales are inherent properties of the

cumulus clouds themselves. To obtain these values, it is necessary to define the

principal physical properties that influence shallow convective motions. To do

this, the assumption is made that the physical processes contributing to mixing in

shallow clouds are local in nature and that they are best described by considering a

local balance between the properties that generate and dissipate convective

motions. This local approach is taken because it is believed that the characteristic

length scale for shallow convection is short enough so that mixing across the local

gradient can account for the majority of the convective mixing. This characteristic

is only believed to be valid for shallow convection and a distinct separation is

believed to exist between the properties that govern shallow and deep convection.

While shallow cumulus are generally free of precipitation and develop as a result

of weak vertical motions, deep convection is characterized by strong updrafts and

large undilute parcels that may mix over deep layers regardless of the local

gradient.

The biggest obstacle to determining the characteristic properties of shallow

cumulus clouds comes from the lack of experimental evidence of their true nature.

Because instruments are not capable of accurately measuring temperature and

humidity inside clouds and because it is nearly impossible to sample on sufficient

time and space scales to obtain statistically meaningful measurements within the

cloud layer, our knowledge is insufficient to describe fully the physics involve in

convective scale transports. For this reason, the parameterization methods

discussed here will rely only partially on the experimental evidence from several

trade wind boundary layer studies. In addition, results from several three-

dimensional (3-D) modeling studies will be used to examine possible links

between turbulent fluxes and mean model variables and results from several

studies of continental cumulus clouds will be examined to explore several cloud

mixing concepts that may be relevant to tropical cloud systems.
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Several field studies of the trade wind boundary layer have been conducted

over the past few decades. The BOMEX and ATEX studies conducted in the late 1 960s

were primarily used to compute large-scale budgets while the Puerto Rico and

GATE studies concentrated on aircraft measurements of the lower boundary layer.

Although these experimental studies don't reveal a great deal about the physical

characteristics of the cloud layer, they do provide some insight into the possible

mechanisms responsible for the generation of shallow convective activity. ShaUow

cumulus are believed to be associated with weak, low level convergence of heat and

moisture in the subcloud-layer. Whether this convergence is due to large scale

processes or to the accumulation of heat and moisture associated with surface

processes is unclear. What is apparent is that the large mass flux and buoyancy

flux associated with deep clouds is not found in regions of shallow cumulus (Yanai

et. al., 1976). Using GATE data, Nichols and LeMone (1980) examined the

subcloud layer for any signs of cloud signature. What they found was a distinct

moistening of the subcloud-layer under convective conditions. They also found only

a weak enhancement of both the vertical velocity variance and buoyancy flux below

shallow clouds. Previous work by LeMone and PenneD (1976) showed a slightly

different structure for a strong-wind case of the Puerto Rico experiment. Here, a

distinct turbulent enhancement was observed up to 300m below the cloud base.

What these studies suggest is that the structure of the subcloud layer has a strong

influence on the cloud layer and therefore any parameterization of convective

transports must include both elements of the subcloud layer structure and the

enhancement of fluxes below cloud base.

The degree to which cloud-layer properties depend on the subcloud layer is

uncertain. Clearly, for saturation to occur at a particular level in a convective

region, air must be lifted from below and have sufficient moisture content for

saturation. This air must also have sufficient energy to reach its level of

saturation. Yet little evidence exists to suggest how the mixed layer influences the

formation and strength of convective turbulence.
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Further clues that will help in characterizing the nature of convective

transports can be found in a series of 3-0 modelling studies of the tropical CBL.

Sommeria (1976) adapted the large eddy simulation model of Deardorff (1972) to

include non-precipitating convection. Different versions of this model have been

used to simulate a number of trade wind cases. Because this model contains

second-order closure assumptions, the evolution of convective fluxes are readily

available for inspection as well as the terms of the turbulent kinetic energy budget.

Results of model simulations were compared to observations taken during

both the Puerto Rico experiment (Sommeria and LeMone, 1978, Beniston and

Sommeria, 1980) and to observations during a single period of GATE (Nichols et

al. .1982). In all cases cloud activity was seen to cycle through periods of both

strong and weak activity where substantial variations could be seen in the mean

turbulent structure. Figures 3.1 and 3.2 show the modelled and observed terms of

the turbulent kinetic energy budget for the two cases. These quantities are for the

cloud layer as a whole and not simply the regions where active clouds are found.

These figures show the relative importance of the various terms in the budget

equation. Sommeria and LeMone (1978) suggested that the cloud layer can be

divided into two layers; a lower layer where the buoyant production of turbulent

kinetic energy is strong and an upper portion where the buoyant production

becomes weak and turbulent transport from below is strong.

The significance of turbulent transport in these figures suggests that a strict

local balance between production and dissipation of cloud kinetic energy is perhaps

too simplistic and that some non-local effects must also be included. This would

seem to be particularly true in the lower region of the inversion layer where the

local production effect is essentially zero yet turbulent kinetic energy is observed.

Another interesting element of these model simulations is that they

consistently underestimate the variances of moisture and temperature. The

recognition of this fact has led to speculation that mesoscale eddies on scales larger

than the model can resolve, may be important in determining the low level
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Fig 3.1 Terms of the turbulent kinetic energy budget for a 3-D
simulation of the Puerto Rico experiment. (from Sommeria and LeMone

1978)

BP Buoyant Production
SP Shear Production
D Dissipation
PC Pressure Corr.

/ R - Turb. Transport
sP_/R- - _1_.' \Meandoudtop

'
PC - 0..- I \.- 8P-- ( )

. A Mean cloud base ( h)

: T
-2 -1 0 1 -3 -2 1 0 1 2 3 4

xiOm2s

Fig 3.2 Terms of the turbulent kinetic energy budget for a 3-D

simulation of the Gate (from Nichols and LeMone 1978).
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moisture convergence that is found during periods of convective activity (Cotton

and Anthes, 1989). It was also determined that the vertical velocity spectrum and

the cospectrum between vertical velocity and moisture both exhibited peaks at

about 700m. One implication of this is that the disturbances responsible for

producing clouds and contributing to the enhancement of model variances may

scale vertically on the order of either the boundary layer depth or the depth of the

subcloud layer.

Additional evidence of the length and velocity scales relevant to convective

transports can be found in some recent studies involving conserved variable

analysis of individual continental cumulus clouds. Conserved variables have been

used to diagnose the mixing structure of individual clouds by Paluch(1979),

Raymond and Blyth (1986), Taylor and Baker(1991), and Blyth et. aL(1988).

By examining the thermodynamic properties in and around clouds, it is possible to

determine a great deal about both the mixing structure of the cloud being examined

and about the characteristic scales involved in this mixing.

Using aircraft measurements obtained from small non-precipitating clouds

during the CCOPE and HIPLEX experiments, Blyth et. al. (1988) examined the

entrainment structure of small continental clouds and developed a conceptual model

of rising cumulus elements. While direct measurements of in-cloud fluxes were

not obtained, conserved variables were used to trace the source regions of

entrained air and to diagnose the structure of the mixing. Their analysis suggests

the use of a "shedding thermal" representation of cumulus clouds where cumulus

transports would occur on two distinct scales. The first of these would be the scale

of the potentially undilute cloud core as it rises through the cloud layer and

generates buoyant kinetic energy . The second scale would represent the transports

associated with mixtures of cloud and environmental air as they rise or sink to

their level of neutral buoyancy. In this representation the processes of

entrainment and detrainment can be thought of as a single process. Air is entrained

into the cloud along the edges where it acts to evaporate portions of the cloud liquid
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water into the relatively dry environmental air. This has the effect of reducing the

size of the cloud. This view is also consistent with the kinetic energy budgets of the

3-D simulations discussed previously. In those cases the buoyancy generation was

larger in the lower portion of the cloud layer and less in the upper cloud layer.

This could be the result of the decreasing size of the undilute core region as it rises

through the cloud layer and continuously detrains.

In the course of deriving closure assumptions for this parameterization

scheme it became apparent that a relaxation of the local closure approach was

necessary to account for convective penetration into the inversion layer. This

became necessary because a strict balance between the production and dissipation

of turbulent kinetic energy would not allow for a source of kinetic energy in the

inversion layer where the local stable stratification would prevent production of

any energy through buoyancy. In order to maintain the equilibrium structure of

the boundary layer, the convective activity must have the capacity to mix moisture

into the inversion layer.

To circumvent this problem two approaches were considered. The first

involved the development of a two scale mixing model that closely resembled the

shedding thermal view of cloud processes. In this approach two scales would be

used to compute the mixing intensity and obtain a cloud mixing coefficient. One

scale would represent the mixing by undilute parcels that would be capable of

penetrating into the inversion and the other would represent the more local mixing

associated with the smaller scale elements. This is the basic approach taken by

Raymond and Blyth (1986) except here, the parcel arguments would be used to

obtain estimates of cloud mixing intensity rather that the fluxes themselves. A

second approach involved the development of a prognostic equation for the cloud

turbulent kinetic energy that could include terms to represent the production and

dissipation of kinetic energy associated with buoyancy, turbulent transport

molecular dissipation and any other effects believed to be important. The cloud
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mixing coefficient could be obtained using the predicted cloud turbulent kinetic

energy. This second approach was chosen for several reasons. First, it is not clear

if the shedding thermal concept directly pertains to tropical cloud systems where

cloud parcels are rising through relatively humid air and are not driven by a

substantial or sustained surface forcing. In this case it would seem that parcels

would have a difficult time generating the buoyancy required to overcome mixing

through the cloud layer and penetrate into the inversion. Secondly, a prognostic

formulation would provide a much simpler means of including the physical

processes that seem important without making any further or unnecessary

assumptions.

The cloud turbulent kinetic energy equation developed here is essentially an

extension of the diagnostic approaches discussed previously only a turbulent

transport term has been included that should enable more turbulent mixing in the

lower portion of the inversion layer. The velocity scale characterizing cumulus

transports will be computed using this predicted kinetic energy. The three

fundamental relationships used in this approach can be expressed in the form

E aWCE
(3.2)

A=AP-AR (3.3)

E = cx(w)2 (3.4)

where E represents the cloud mean kinetic energy per unit mass, A represents the

net buoyancy produced, W is the cloud vertical velocity scale, 't is a kinetic energy

dissipation rate and a is a constant of proportionality. Eqn (3.2) represents the

cloud kinetic energy budget. The first term on the right hand side of this equation

represents the generation of kinetic energy resulting from buoyancy effects, the

second term is the dissipation of kinetic energy resulting from the effects of

turbulent processes and the third term represents turbulent transport of cloud

kinetic energy. Eqn (3.2) is a simple diagnostic representation of the net

buoyancy produced at each model level and is a result of two terms: the production
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of buoyancy associated with the ascent of an undilute saturated parcel and the

reduction in this amount associated with entrainment of unsaturated environmental

air. Together this set of equations is conceptually very similar to the set of

equations used in the cumulus ensemble model of Arakawa and Shubert (1974)

except here, instead of a cloud work function defined by large scale processes and

properties of the cloud layer as a whole, we define a diagnostic buoyancy function

based on local properties in the cloud layer.

The left hand side of equation 3.3 represents the net production of buoyancy

as a parcel rises through a layer and can be expressed as the balance between two

processes. The first process can be thought of as a potential buoyancy or the

amount of buoyancy a saturated parcel would generate if lifted adiabatically over a

layer. This is the maximum amount of buoyancy that can be generated and will be

expressed in terms of the local measure of conditional instability. Along these

lines, the production of buoyancy can be expressed following Holton (1979) as

-LgaO
= g = ---.- (3.5)

The second process is a correction factor that can be applied to this potential

buoyancy in order to compensate for the effects of entrainment and other processes

that act to reduce a parcel's buoyancy. The amount by which the buoyancy is

reduced depends upon the size of the parcel, its temperature and liquid water

content ,and the relative humidity of the air surrounding the parcel. The drier the

air being mixed at the cloud boundaries, the greater the potential for evaporation of

cloud liquid water and the larger the reduction in parcel buoyancy.

This correction factor will involve the use of a buoyancy length scale (,

representing the characteristic length over which an eddy is capable of producing

buoyant kinetic energy. The fundamental principal behind the use of this length

scale is presented in Fig. 3.3. If L is the length scale of a characteristic convective

eddy, then this eddy must lift a parcel a distance Z to bring it to saturation. The

remainder of the distance 1= L- Z represents the distance over which this
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individual parcel will generate buoyancy through the process of condensation. Used

in this way, Z' is analogous to the saturated deficit pressure used by Belts

(1982,1986). If the air at a particular level is moist, then Z will be small and

more buoyant kinetic energy will be produced. If the air is somewhat drier, then

Z' will be large and the net amount of buoyancy produced will be relatively small.

If Z is greater than L then it would be assumed that the conditions are such that

although conditional instability may exist, there is insutficient moisture to

produce clouds. Another way of looking at this is that by using this buoyant length

scale, we are only considering eddies that have the potential to become saturated.

Dry convection in the mixed layer will be treated separately.

With this approximation, the net buoyancy term can be expressed as

A = C1 .L&-!! (3.6)

where the basic difference between (3.6) and (3.5) is that Eqn (3.5) represents

the total production of cloud kinetic energy and Eqn. (3.6) represents the net

production. Different length scales are used to accomplish this difference.

The turbulent dissipation term is treated in a much more conventional

manner. The turbulent dissipation rate is defined by first making a substitution

using (3.3) and then relating the convective time scale to the characteristic length

and velocity scales (t = L/w). The result of this is that the dissipation rate takes

the form
3

wcC = C
L (3.7)

In this expression, L has been used rather than the buoyancy length scale because it

is more representative of the length over which dissipation will act in a typical

convective element. A similar approach has been taken by Bougeault (1981) in a

higher order closure model. No simplifications for the turbulent transport term

are needed in order for it to be included.

With these changes, the full convective turbulent kinetic energy equation can
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w a(wE)
= c1 .- -wc c2 (3.8)
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To use Eqn. (3.8), several factors must still be determined. Perhaps the

most difficult of these is the length scale L that characterizes the convective

elements. It is quite probable that clouds contain elements that mix on many scales

simultaneously and the use of a single value may be inappropriate. However, there

is some evidence to suggest that the characteristic length scale is determined by the

scale of the disturbance that helps generate the cloud (Cotton and Anthes 1989).

This scale would then be less than or equal to the mixed layer height in regions

away from the convective elements. In the approach developed here the length scale

will be set to the height of the mixed layer as described in section 2.3a. The length

scale has two main functions in Eqn. (3.8). First, it appears in the buoyancy

production term and helps set a limit that determines if convection is possible. in

shallow mixed layers, there must be a greater amount of moisture in order to

produce convective turbulence. This comes about because of the buoyant length

scale that is used I = L Z. The second ues of Lis in the turbulent dissipation

term. Here L represents the length over which turbulence can be seen to dissipate.

For shallow mixed layers it means that the same amount of turbulence would be

dissipated over a shorter length leading to a dissipation rate that is larger.

The end purpose of devising a method to determine the characteristic length

and velocity scales of shallow convection is to be able to use these quantities in

estimating the transports of thermodynamic quantities. The form for representing

these transports was given in Eqn. (3.1) One change, however, must be made to

this formulation. The method described here leads to a determination of convective

properties and represents the transports that would occur in the immediate

vicinity of the cumulus clouds. In the trade wind boundary layers this may be only

a small fraction of the total area. For this reason a simple fractional cloud cover

parameter will be included when calculating the thermodynamic fluxes. This is a
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fraction of the total area. For this reason a simple tractional cloud cover

parameter will be included when calculating the thermodynamic fluxes. This is a

common feature of parameterization schemes and leads to a flux formulation of the

form
aM[w*M*]

= = aCLWcr 3.7

In the current approach, will be a specified parameter of the model.

Fig 3.3: Sketch of relevant length scales used in the cumulus

parameterization scheme presented here.
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4. MODEL SIMULATiONS

To validate the model presented here, two separate simulations are performed

and the results used to assess the model's usefulness in parameterizing shallow,

convective trade-wind boundary layers. The first simulation is designed to explore

the model's ability to maintain a given equilibrium trade-wind structure. The

equilibrium state of a model depends on the interaction between the individual

forcing elements. By examining the equilibrium state, it is possible to gain a

better understanding of the role of each individual element. The results will be

interpreted primarily to gage the effectiveness of the convective mixing scheme

developed here. The second simulation is designed to test the model's ability to

produce a cloud layer given an initially dry, unstable atmospheric profile over an

unstable mixed layer. This is an important test of the models ability to respond in

a physically realistic manner, to a specified set of physical forcing mechanisms.

The results of these simulations will be used to explore some of the strengths and

weaknesses of the model presented here.

4.1) Case I

In in effort to examine the models ability to maintain an equilibrium trade

wind structure, initial profiles of model variables were constructed from a three

day undisturbed period of BOMEX. This data source was chosen in part because of

its availability and in part because previous studies of BOMEX will provide a

strong basis for comparison (Holland and Rasmusson, 1973; Nitta and Esbensen,

1974; and Betts 1975). Of particular interest is the conserved variable analysis

of the BOMEX structure performed by Betis and Albrecht 1987.

Profiles used to initialize the model for case 1 are Presented in Figs. 4.1, 4.2
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and 4.3. Because of the non-traditional nature of these quantities, they are used

here only as a matter of reference. To avoid confusion, more traditional variables

will be used when interpreting model results. One exception to this will be the use

of specific entropy (s) and a more detailed discussion of this quantity will be found

in section 4.3. Specific entropy is used in conjunction with the total water mixing

ratio (r) because it provides a convenient way of illustrating mixing processes.

Two additional variables used for analysis purposes are equivalent potential

temperature (8E) and saturation equivalent potential temperature (eES). These

two variables provide an excellent means of interpreting the layered structure of

the trade wind boundary layer and provide a simple way of illustrating buoyancy

concepts. The initial profiles of these quantities are presented in Figs 4.4 and 4.5

By examining these initial profiles, the characteristic structure of the trade

wind boundary layer is clearly seen. A distinct mixed layer is visible up to about

500m where s and r are constant and 8ES is nearly unstable for dry air. Just

above this layer is a conditionally unstable cloud layer reaching up to about

1500m. In this region r decreases almost linearly with height and s increases

nearly linearly. Above this is the inversion layer, diagnosed by the changing slope

of s and r and the increase of eES. The base of the inversion can be diagnosed as the

point where 0ES changes sign.

In initializing the model this way one basic simplification has been necessary.

This involves neglecting liquid water in the initial computations of both total water

density and entropy density. Both of these quantities include contributions due to

the amount of total liquid water. However, any attempt to include some estimate

would be in error. It was decided that allowing the model to reach an equilibrium

on its own was preferable to including erroneous measures of cloud liquid water.
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Fig. 4.1 Initial conditions for case I: (a) dry-air density

and (b) density of total water substance.
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Initial Conditions: CASE 1

Entropy Density Temp e r a t ur e

100 110 120 275 285 295 305

(JIkg-K) T (K)

Fig. 4.2 Initial conditions for case I: (a) moist entropy

density (b) temperature.



47

3000

2500

2000

E

1500

1000

500

U

Initial Conditions: CASE 1

U V Momentum

I I I

I
I I I I 1111 I I I

I
I I II

U

I -

\._ /
I I I I I i'\i I I I I i I I I I I I I

15 -10 -5 0 5

U (mis)

Fig. 4.3 Initial conditions for case I: two horizontal

components of momentum



Initial Conditions: CASE 1

SPECIFIC ENTROPY

3000

2500

2000

E

1500

1000

500

0
I II I I I I I I

80 90 100 110 120 130

S (J/kg-K)

TOTAL MIXING RATIO

0 5 10 15 20

r (g/kg)

48

Fig. 4.4 Initial conditions for case I: (a) specific entropy

and (b) total water mixing ratio.
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Fig. 4.5 Initial conditions for case I: equivalent potential
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In addition to the model profiles presented in Figs. 4.1 through 4.5, several

other quantities are necessary for this simulation. Of particular importance to

trade-wind studies is the profile of subsidense used to simulate the large-scale

sinking motion of the tropics. Presented in Fig. 4.6 is the subsidence profile used

for this simulation. It is derived from estimates made by Holland and Rasmusson

(1973) and is treated as a fixed quantity throughout this simulation. Two

additional quantities that must be specified prior to this simulation are the sea

surface temperature and the fractional cloud cover. A sea surface temperature of

300.8K is believed to correspond to the undisturbed period of BOMEX and a cloud

cover of 0.1 has been chosen to represent the average area covered by clouds

during this experiment. While several methods exist to obtain estimates of

fractional cloud cover, these estimates may be off by as much as a factor of two. At

this stage, it is preferred to include this as a designated parameter and concentrate

on the physics of the model at hand.

The initial conditions of the cloud kinetic energy term are also important to

the cumulus parameterization. To avoid introducing any unnecessary

perturbations, this quantity is initially set to zero. Convective mixing will then

depend on the ability of the production term to react to the conditional instability of

the cloud layer to produce kinetic energy.

To examine the model's ability to maintain a trade-wind structure, the model

is initialized and run for a simulation of 48 hours. This is believed to be a

sufficient amount of time to illustrate both the evolution of model variables and the

interactions between individual forcing terms. Because our interest lies

primarily in the thermodynamic effects, the horizontal momentum terms will

remain fixed at their initial values. The model is run with a time increment of 60

seconds using a standard leapfrog prediction scheme with a nodal spacing of 1 OOm.

The results of this simulation are presented in section 5.1
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Fig. 4.6 Initial conditions for case I: subsidence profile.
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4.2) Case II

The main purpose of this second simulation is to provide a way of examining

the model's ability to produce a cloudy boundary layer given initially dry

conditions. This is important because it illustrates the response of the model to a

specific external forcing mechanism, in this case surface latent heat flux. To run

this simulation only a few changes are made from case 1. First, the initial

conditions are changed to represent a relatively dry boundary layer structure

(Figs. 4.7-4.10). These profiles have been created simply for this purpose and

are not meant to represent a physical situation that might occur in the tropics. The

second change involves removing the effects of subsidence to allow the boundary

layer to grow without any inhibiting factors.

Other than these differences, this simulation is much like case 1. In order to

illustrate the necessary points, it was necessary only to run the model for a 24

hour simulation rather than the 48 hours used in casel. Results of this simulation

can be found in section 5.2.

4.3) Entropy Discussion

Entropy has been used regularly for thermodynamic computations in the

atmospheric sciences. However, it is not typically use to interpret atmospheric

structures. Other conserved variables are used more commonly, including

potential temperature, equivalent potential temperature and liquid water potential

temperature. Because entropy is a primary variable used in this model, a brief

discussion of its structure is useful and will help in interpreting model results.

The unsaturated form of the entropy equation as derived in section 2.2b takes

the form

RaIfl )+ i ( C
in1

)
(4.1)
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Fig. 4.8 Initial conditions for case LI: (a) moist entropy density

and (b) temperature.
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Fig. 4.9 Initial conditions for case II: (a) specific entropy

and, (b) total water mixing ratio.
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This equation can be rewritten as a specific quantity by substituting the definition

for total water mixing ratio (r=T/), and dividing by the density of dry air. In so

doing we obtain an expression for dry specific entropy (SD) that takes the form

sD = Ralfl_ + r ( c1n- i1nt _ivinL) (4.2)

For a completely dry atmosphere r=0 and this expression simplifies to

SD = C In-'- RaIfl! (43)aT0

The term dry specific entropy does not mean that no moisture is present but

merely that the entropy has been divided by the dry air density rather than the

total density. In a dry atmosphere only two terms contribute to the magnitude of

the dry specific entropy and both of these depend upon the choice of the reference

values used in deriving the initial expressions. A complete discussion of the

variation of this quantity with differing reference conditions is beyond the scope of

this discussion. The concern here will be in understanding the structure of

entropy given the conditions presented in this model.

The reference conditions used in the current model formulation are for a

parcel of air at the point of marginal saturation with at temperature of 273.15K

and a total pressure of 1000 mb. This results in a reference dry air density of

1 .267 kg/rn3. Over the conditions relevant to the tropical boundary layer, the

dry-air density will always be less than this reference quantity < 1.0) and

as a result, the second term in (4.3) will always be negative. In addition, because

density decreases with height, this term will not only remain negative but will

increase in magnitude with height. Similarly, the thermodynamics considered in

this model have dealt only with temperatures of 273.15K or greater and the first

term will also always remain positive. The first term, however, will decrease

with height as (T/T0) goes to 1.0. When combined, the increase of the second term

with height outweighs the decrease in the first, resulting in a profile of dry

specific entropy that increases with height.

The relationship between temperature and specific entropy is somewhat
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complicated by the presence of density terms. This relationship can be somewhat

simplified by examining the variations of these two quantities when the dry-air

density is held constant. This is illustrated in Fig. 4.11 and shows that

temperature varies almost linearly with specific entropy along lines of constant

density. This is significant because the dry-air density varies little with time and

can be thought almost as a height coordinate. For example, if a process was seen to

warm the atmosphere at a certain level then we would expect to see a similar rise

in the dry specific entropy.

To illustrate the variation of the dry specific entropy with height, the initial

conditions for Case 1 described in section 4.1 were used to construct the dry

specific entropy as a function of dry air density. This relationship is presented in

Fig. 4.12 and represents the dry specific entropy of this particular atmospheric

profile with all the moisture removed. The increase of SD with height is apparent

and elements of the mixed layer, the cloud layer and the inversion layer can be

seen. These features are visible because of variations in temperature through these

layers.

To consider the change in dry specific entropy when moisture is included,

Eqn. (4.2) can be rewritten in the form

SD = (C + K ) In.- (R3 +rR) ln.- rR1nL (4.4)

With moisture present, r is no longer zero as was the case in the previous

discussion. Because the mixing ratio under even the most tropical conditions

rarely exceeds values of about .02kg/kg, the first two terms in brackets are

influenced very little by the presence of moisture. In addition, the increase in the

first term is partly overcome by the reduction in the second. The third term

however exerts a significant influence. This is partly due to the fact that under the

reference condition chosen for this model, (1/b) is generally positive and large at

the surface where larger quantities of moisture are present. What this shows is

that addition of moisture in significant amounts will act to reduce the magnitude of



200

180

160

140

120

LU
100

Cl) 80

L. 60

40

20

DRY ATMOSPHERE

0 111111111111111111111111 tIll!

270 275 280 285 290 295

Temp e ra t u r e

300 305 310 315

Fig. 4.11. Plot of dry specific entropy vs. temperature for

dry air conditions, along lines of constant dry air density.



0.88

0.92

0.96

Cl)

I-

c 1.04

1.12 Li

90

BOMEX : Dry Atmosphere
u.Iuu,uI,uIuIuI uuuuuuuiuu...uuuuiu

/

/

/

/

/

/

/

/
/

/

,
,

/
/

/

I

/

/

/

/

/

I 111111111.1111111111 ,lIIII!It III

100 110 120 130 140

Dry Sp. Entropy (S)

Fig. 4.12Variation of dry specific entropy with dry air

density for a dry atmosphere.



61

0.88

0.92

Cl)

I-

c 1.04

1.08

1.12 U

80

BOMEX : Moist Atmosphere

90 100 110 120 130 140

Dry Sp. Entropy (S)

Fig. 4.13 Variation of dry specific entropy with dry air

density for both a moist atmosphere (solid line) and a dry

atmosphere (dashed line).



62

the dry specific entropy.

Figure 4.13 shows the effect of including moisture on the structure of the dry

specific entropy. As would be expected, the decrease is greater near the surface

where more moisture is present and near zero in the upper levels where the

moisture content is extremely small.

This discussion of entropy is important when interpreting the surface and

convective fluxes of the model. From the previous discussion, it is clear that a

positive moisture flux across the lower surface corresponds to a negative surface

flux of entropy. Similarly, when clouds transport moisture vertically, we would

expect to observe a negative entropy flux. For processes that do not include

moisture such as radiation and to some extent subsidence, we would expect to see a

change in entropy that revolves around the thermal exchange properties: radiation

will lead to cooling and a reduction in entropy and subsidence leads to warming and

an increase in entropy.
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5. MODEL RESULTS

In this section the results from two model simulations are presented and

discussed. Special attention is placed on interpreting the results to gain insight

into both the effectiveness of the applied cumulus parameterization scheme and the

consequences of various assumptions used in it's development. The fundamental

assumption used here is that shallow cumulus clouds are dominated by local

processes and as a result, the intensity of convective mixing can be parameterized

in terms of local measures of both the conditional instability and relative humidity.

While the two simulations presented here will not provide a sufficient basis for a

complete test of the models abilities, they do present the model with some of the

fundamental challenges that must be met by any model of the convective boundary

layer.

5.1) Case!

The purpose of case 1 is to examine the models ability to maintain the

equilibrium trade wind structure discussed in section 4.1. To accomplish this a

general balance must be reached between all of the forcing mechanisms involved.

The heat and moisture added at the surface must be distributed upward over a

sufficient depth to allow it to be balanced by the effects of radiation and subsidence.

The ability to redistribute moisture is a fundamental test of any cumulus

parameterization scheme. By examining the change from a given equilibrium

structure it is possible to assess how well the parameterizations scheme

represents this process.

Presented in Figs. 5.1 and 5.2a-b are the profiles of important model

variables and their evolution over the 48 hour simulation. These figures show

several important features of the models performance and illustrate the boundary

layer structure that resulted from this simulation. First, although it is apparent

that significant changes from the initial state occurred, the general layered
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structure of the boundary layer is preserved. The fact that the model maintains the

layered structure characteristic of the tropical boundary layer is encouraging. It

indicates that at least in a general sense, each of the physical forcing mechanisms

are being qualitatively well represented, but their magnitudes may be in error.

For example, the growth of the inversion layer illustrates that subsidence is acting

as it should, to warm and dry the upper layer. The continuation of near constant

profiles of s and r near the surface indicates that mixing is occurring in the lowest

layer above the surface and the presence of linear profiles of s and r above this

illustrates that the convective processes are maintaining a convectivly well-mixed

cloud layer.

Although the layered structure of the boundary layer is preserved, several

departures from the initial state are apparent. Two of the most dramatic of these

are the strong enhancement of the inversion layer and the moistening of the cloud

and subcloud layers. Both of these changes can be attributed to the performance of

the cumulus parameterization scheme and can be illustrated by examining Figs.

5.3-5.6. The curves in these figures represent the forcing terms of the prognostic

Eqns. (2.6a-c) and show the effects of the individual physical processes being

considered. It is fairly clear from these figures that the downward growth of the

inversion layer is a result of a strong imbalance in the region above the inversion

base. In this region the cloud effects go rapidly to zero while the subsidence terms

are at their peak. For a balance to be achieved, the convective influences would

have to reach much further into the inversion layer to a height of about 2000m.

However, this is at the top of the inversion layer and it is questionable whether

shallow clouds would be found to penetrate to this level. During BOMEX, this

balance may have been achieved as a result of mesoscale variations in the boundary

layer structure or in the presence of a limited number of deep convective cells

A second feature of interest is the initial jump and gradual increase of the
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total water mixing ratio below the inversion layer. This accumulation of moisture

is a response to the interaction of several processes. First, there is basically an

imbalance between the amount of moisture entering the model domain at the surface

and what is being removed. For a balance to be achieved this moisture would have

to be distributed over a deeper layer where it can counteract the effects of

subsidence. Again, this would be achieved if the convective effects were found to

penetrate much further into the inversion layer.

These changes from the initial mean conditions and the imbalance that exists

in the forcing terms indicate that this convective parameterization scheme may not

be accurately predicting the height to which cumulus effects are exerted. This

suggests that the local buoyancy concept upon which this method is based is

insufficient to explain completely the relevant physics involved, especially in the

region of the inversion layer. However, several other explanations are also

possible. For example it is quite possible that during the BOMEX period some

degree of deep convection was present and would account for much of the imbalance

in the upper inversion layer and above. Shallow clouds by definition will not

penetrate to such heights and some degree of imbalance is inevitable unless deep

convection occurs periodically.

Another explanation revolves around uncertainties in the initial profiles

themselves. Upon examination of other studies of BOMEX it appears that

differences exist in interpretation of the moisture structure. Tests of the

convective adjustment scheme proposed by Betts and Miller (1986) also showed

this tendency for the boundary layer to moisten. The reason given for this was that

a correction is needed to adjust BOMEX soundings to account for diurnal variations

(Holland and Rasmusen, 1973). A subsequent study by Betts and Albrecht (1988)

contains profiles of BOMEX that are on the order of 1-2 g/kg greater at all levels

than the initial conditions used here. The history of the current data set is unclear.

However, it appears that the model is at least consistent with other studies.



The resulting model profiles appear to be in better agreement with the

profiles studied by Betts (1988) than the initial conditions used here. If some

errors were present in the initial moisture values, this could have a influence on

the behavior of the convective parameterization scheme. Because this scheme

depends upon the local moisture content of the air, low moisture values would

produce weaker convective mixing throughout the cloud layer, and would also limit

the height to which the convective processes are allowed to act. The use of a

corrected moisture profile then, may help the cloud layer limit the strong

downward growth of the inversion layer.

To explore this further, a second model simulation was performed after

increasing the moisture profile of the initial profiles to more closely resemble

those found in Betts and Albrecht (1988). The exact correction used by Betts is

not known but amounted here to an increase of near 1.5 g/kg at all levels. The

results of this simulation appear to be very similar to the uncorrected case (Fig.

5.7) with only a few exceptions. First, the increase in moisture below the

inversion level is much weaker and remains closer to the initial profile (Fig. 4.5).

Secondly, the depth of the cloud layer is slightly greater due to the increase of

moisture and the downward growth of the inversion layer is slightly weakened by

the cloud effects in the upper layer. However, the downward growth of the

inversion layer is still strong and would eventually lead to a saturated boundary

layer. Because only small changes were detected between the corrected and

uncorrected cases and because the uncorrected case perhaps represents a greater

challenge for the cloud scheme, the rest of the analysis concentrates on the

uncorrected case.

The problem with the initial moisture content is perhaps why the profiles of

entropy and total water mixing ratio behave so differently over time. Both are

conserved variables, the forcing mechanisms are being parameterized in similar

manners and both have similar vertical gradients through the model domain.
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However, the moisture grows while entropy appears to be nearly balanced. The

only real difference is that entropy has one extra forcing mechanism representing

the effects of radiation. Radiation has no direct effect on the moisture term and

therefore does not enter the balance discussion for moisture. The specific entropy

profile that results from this model simulation indicates that below the inversion a

balance is achieved between the surface flux and the effects of radiation and

subsidence. If the convective effects were to penetrate to a much higher level, it is

possible that an imbalance in the entropy would occur. However, it Is also likely

that as entropy is transported upward, the surface flux would increase to help

maintain the present balance.

The surface flux is an important element of the model and plays a strong role

in balance structure of the boundary layer. Table 5.1 shows the surface flux

quantities of moisture, and entropy initially and at 24 and 48 hours of the model

run. Also included are computed values of sensible and latent heat flux . It Is clear

that as the moisture content of the boundary layer increases over the time span of

the model run, the moisture flux decreases in response. The fact that the sensible

and latent heat fluxes decrease over time is most likely due to the failure of the

cloud portion of the model to penetrate to higher levels. More surface flux would

be required to maintain a balance over a deeper layer.

Table 5.1: Model and observed surface flux values for BOMEX
BOMEX Model

Moisture (xlO-4 mIs)
Entropy (WIm**2K)
Sensible Heat (W/m**2)
Latent Heat (W/m**2)

t=0.0 t= l2hr t= 24hr
0.686 0.589 0.519

-0.047 -0.039 -0.037
15 14.1 11.7 11.2

169 171 147 129.7

Several other quantities are also important to understanding the cloud scheme

used here. These include the terms of the cloud turbulent kinetic energy equation,

the computed cumulus velocity scale, the buoyancy length scale and the cloud
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mixing coefficient used in computing the convective fluxes.

By examining Figs. 5.4-5.7 it is apparent that the cumulus forcing terms

(dashed lines) are characterized by a peculiar two layer structure. This two

layered structure is also apparent in the turbulent transport terms of the cloud

kinetic energy equation presented in Figs. 5.8-5.9 and consist of a lower positive

moisture peak near the l000m level, a second positive peak near cloud top

(1500m) and two negative moisture peaks located at 600m and 1300m. The lower

negative moisture peak seems reasonable and is consistent with the notion of clouds

removing moisture from the mixed layer. The upper negative peak, however seems

unrealistic and inconsistent with our knowledge of convective processes. This

pattern is also found in the convective forcing of entropy; only the signs are

reversed.

The fact that this two layered structure shows up in the terms of the cloud

turbulent kinetic energy equation implies that some element of the cloud scheme is

responsible. Figures 5.lOa-c contain the profiles of the convective buoyancy

length scale, the cumulus velocity scale and the model derived cloud mixing

coefficient. Examination of the convective length scale shows the presence of this

two layer structure and its enhancement over time. Variations of this length scale

is a function of the local moisture content alone and it can be seen from figure 5.2b

that a slight change in the slope of the mixing ratio can be seen through the cloud

layer. Because this length scale is a local property, the non-linear nature of the

profile through the cloud layer is propagated over time. In fact, this two layer

pattern is present in profiles from the first few time steps on.

In spite of this two layered pattern, the terms of the kinetic energy budget

appear reasonable and qualitatively resemble those in figures 3.1 and 3.2. The

production term goes from zero at the surface to a peak near cloud base where it

levels off and goes to zero near 800m. It then becomes negative in the lower region

of the inversion layer where the saturation equivalent potential temperature
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changes sign. In this region, buoyancy is acting to retard the generation of cloud

kinetic energy. The turbulent transport term is generally removing kinetic

energy from the lower regions and distributing it in the upper portion of the cloud

layer and up to a few hundred meters into the inversion layer. The model seems to

reach a relative balance after less than 1 hr of simulated time and maintains a near

constant profile of w. The only exception to this is near the top of the cloud layer

where the influence of the inversion layer is strong and pressing downward.

Another element of this model simulation that may be of interest is the

interaction between the diagnosed mixed layer height and the height of the cloud

base. Figures 5.11 and 5.12 show the change in these quantities over the 48 hours

covered by this simulation. It is clear that after an initial adjustment period the

mixed layer height remains relatively constant and the cloud base lowers slightly

as the boundary layer moistens. This overlap appears to be a continuous feature

even as the cloud top lowers and it appears that the equilibrium structure involves

a mixed layer height slightly above the cloud base height. This is even more

clearly defined for the moisture corrected case where a constant separation of

about lOOm is maintained over the most of the 48 hour simulation (Fig. 5.12).

5.2) Case II

Case 2 was run to assess the models ability to produce a cloud layer under

initially dry, unstable conditions over a warm ocean surface. Under such

conditions the surface moisture flux is expected to be large and model must respond

to this flux by redistributing moisture effectively in the vertical, If the

convection scheme fails to respond or if its response is too weak then the mixed

layer will eventually become saturated and reduce the surface flux substantially.

The model's ability to maintain an unsaturated boundary layer and the structure it

produces in doing this says a great deal about its ability to represent convective

processes.
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The evolution of model variables for this simulation are presented in Figs.

5.13 and 5.14a-b. From these figures it is apparent that the model was successful

in both maintaining an unsaturated boundary layer over time and in producing a

growing active cloud layer. It is also apparent that the model was able to produce

the characteristic layered structure that includes a mixed layer, a cloud layer and

a strong inversion layer. A significant moistening of the upper level is also

apparent and is characterized by increases in the mixing ratio of as much as

log/kg over the 24 hour period of this simulation. Associated with this moisture

increase is a significant cooling as illustrated by a drop in 0ES by over 10 deg K.

Figure 5.15 shows the evolution of several important diagnosed boundary

layer values representing cloud base, cloud top and the height of the mixed layer.

Several features of these curves are in sharp contrast to those of case 1. First, the

relationship between the mixed layer and the cloud base heights are quite different.

In case 1 they maintained a steady separation of about 100 m. Here the

relationship is much more complex. The mixed layer height begins the simulation

near 600m and slowly rises in response to the strong surface flux. At the same

time the cloud base is relatively high (bOOm) due to the dryness of the lower

layer. As the mixed layer moistens, the cloud base drops and at three hours into

the simulation, the mixed layer height exceeds the cloud base. This condition is

necessary for cloud formation and growing cloud layer forms and persists for

several hours. After about 9 hours, the mixed layer height and cloud base maintain

a similar level and on several occasions the mixed layer drops below the cloud base

and the condition for cloud activity is cut-off. This is characterized by the spikes

in Fig. 5.15.

The intermittency modeled here is a direct result of the choice of length

scales used in defining the conditions necessary for cumulus activity. These

periods do not represent a collapse and rebuilding of the cloud layer as the figure

might suggest, but rather periods when the buoyant production term is turned off.



84

Dissipation and transport of cloud kinetic energy occur as long as some kinetic

energy is present. These intermittent periods are a result of the cloud scheme

removing more moisture than is added at the surface and is only possible because

the effects of subsidence have been removed. A complete study of intermittency

would require not only a treatment of subsidence but also a reformulation of the

cumulus onset condition that allows for a smoother transition. The slight

oscillations observed in the mixed layer height are believed to be a result of sharp

changes in this condition that turn on and off the production term.

The forcing terms for this simulation are shown in Fig 5.16 through 5.19

and show the magnitudes and structure of the individual parameterized quantities.

Figure 5.16 shows the cloud and mixed layer properties at 6 hours. At this point

both the cloud and mixed layer are still growing and explains why both

parameterized quantities are removing moisture from the lowest layers and

transporting it upwards. By 12 hours the mixed layer is no longer growing and we

see a good balance in both the moisture and entropy terms below the mixed layer

height. Above this moisture is increasing and the entropy is decreasing. By 18

hours (Fig. 5.18) the pattern changes somewhat and although a relative balance is

achieved in the mixed layer, a peculiar pattern is developing. This is primarily

the result of a negative moisture forcing and positive entropy forcing just above

the mixed layer height near 1200m. What this suggests is that the cloud scheme is

removing moisture from a level above the level where surface diffusion processes

are acting. By 24 hours, this pattern develops into the same two layered forcing

pattern found in case 1. This pattern again is characterized by a balance of the

forcing terms below the mixed layer height and an additional layered structure

above.

In this case, this pattern appears to be associated with the development of a

feature of the cloud layer that is characterized by the linear profile of s and r

above the mixed layer height. Convection is still removing moisture from the

surface only if it is being deposited in the highest level. The second negative
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moisture peak near 150Cm on Fig. 5.19 is the models attempt to maintain the

linear profiles. Given sufficient time to develop, this middle section would most

likely be characterized by zero net forcing while the convection would act to

remove moisture from the lowest layer and deposit it in a thin layer near the top.

This must occur if the cloud layer is to remain unsaturated.

These forcing terms are integrally connected to the terms of the turbulent

kinetic energy budget seen in Figs. 5.20 and 5.21 and to the profiles of terms used

in the cumulus parameterization scheme (Fig. 5.22). The same pattern is seen

developing in all of these terms and the boundary layer grows. Perhaps the most

important of these is the structure that develops in the buoyancy length scale I.

Between t=l8hours and t=24 hours, a significant change occurs in the structure of

I from a distinct peaked pattern to a pattern that levels off after a lower peak. The

magnitude is also seen to decrease substantially as some of the moisture from the

mid-cloud layer is transported aloft. This same pattern can be seen in both the

cumulus velocity scale (fig. 5.22b) and in the cloud mixing coefficient. For these

variables the tendency is towards a linear profile through the cloud layer.
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6. SUMMARY AND CONCLUSIONS

A physically based model has been developed to represent the equilibrium

structure of the trade wind boundary layer. This model combines several unique

concepts including the use of conserved variables to represent boundary layer

processes and the use of a kinetic energy prediction equation to parameterize the

effects of convective mixing. In addition, several new ideas concerning cloud

mixing properties are introduced. The most fundamental of these revolves around

the notion that for shallow cumulus layers, the intensity of convective mixing

depends primarily on local properties rather than properties of the cloud layer as

a whole. A local measure of conditional instability is used along with a special

buoyancy length scale to compute the generation of the convective energy due to

buoyancy. Two model simulations were performed and the results examined to

assess the role of these assumptions in successfully modeling the tropical

convective boundary layer.

Results of these model simulations indicate that the model performs well in

responding to the effects of large-scale forcing, producing and maintaining a

realistic convective boundary layer structure. While some problems were

apparent, these simulations demonstrated the usefulness of the model and the

relative success of cumulus parameterization scheme. The use of conserved

variables also appears to provide a convenient way of both treating the

thermodynamic processes associated with convective mixing and representing the

characteristic layered structure of the convective boundary layer.

Results from the first simulation indicate that this model is capable of

representing and maintaining an equilibrium boundary layer structure for the

period of a day. The local mixing assumptions used in the development of the model

and the cumulus parameterization scheme appear to be adequate to represent

convective transports associated with shallow convection. Some problems



however, exist in the regions of the inversion layer where a strong imbalance of

forces was observed. This behavior is thought to be mainly a result of the fact that

other scales of convective activity may also contribute to the maintenance of the

boundary layer structure, at least for the case studied. The model is not able to

represent these other scales in its present form. It is apparent however, that the

model does a reasonable job of representing that portion of the convective activity

that is local in nature.

Case 1 provided a good opportunity to assess the use of several features of the

model. The first is the use of a prognostic form of a kinetic energy equation to

determine a velocity scale to represent convective transports. This method proved

to be an effective and convenient way of determining the magnitude and strength of

the convective turbulence. Although changes in the turbulent kinetic energy

equation might be appropriate, the general approach appears to have merit if used

consistently with the K-closure approach.

The use of a K-closure approach is based on the concept that shallow clouds

are local in nature and that their mixing is dependent upon both the local gradient

and the length scale of the mixing elements. The formulation used here however,

has several elements that are not strictly local. For example, the buoyant length

scale is used to help estimate the convective velocity scale, a measure of the

intensity of the local mixing. If this length scale were to become large, then the

local assumptions used and the K-closure approach might become invalid. How

large the length scale would have to be in order for this to occur is difficult to say.

For the simulations performed here the buoyant length scale remained relatively

small and did not appear to be a problem.

The introduction of a turbulent transport term also represents a departure

from a strict local approach and could also lead to a situation where the local

assumptions are invalidated. This term however, was seen as necessary in order to

represent the turbulent kinetic energy structure of the lower inversion layer and

appeared to be effective in helping maintain the layered structure of the upper



boundary layer.

One quantity that is extremely local in nature is the conditional instability

argument used in the buoyancy production term. While this term provides an

effective means of representing the strength of kinetic energy production within

the cloud layer it is incapable of representing any production associated convective

elements overshooting the inversion base. As a result, the only source for kinetic

energy above the inversion base is through turbulent transport. The use of a value

averaged or integrated over a thin layer might improve the models performance.

A second length scale was used to represent the mixing length of a typical

shallow convective eddy (La). This length scale was chosen to be on the order of the

mixed layer depth. Although some evidence was presented for this choice, in truth,

very little strong evidence is available. The value used appears to have worked out

quite well. It not only gave reasonable values for the convective fluxes but also

provided a convenient way of coupling the cloud layer and the mixed layer allowing

each to have some influence over the other. During case one, a constant overlap

was maintained between the depth of the mixed layer and the depth of the cloud base.

It appears that the use of this length scale helped the model maintain a steady

interaction between the two layers.

Results from the second simulation illustrated the ability of the model to

develop a physically realistic trade wind boundary layer structure from an initial

state consisting of a cloud-free mixed layer with a dry layer aloft. Some problems

became apparent during this simulation and were traced to the use of a convective

switch condition that turned on and off the buoyancy production term when the

cloud base was diagnosed above the mixed layer height. While the condition itself

seems to be a reasonable way to represent the decoulpling of the two layers, the

sudden adjustment lead to some strong oscillations. Over the 24 hours of simulated

time in case 2, the oscillation weakend and no signs of a growing instability was

apparent. The use of a less sudden transition time may be more appropriate.

In spite of the relative success of these model simu'ations one key point in
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particular has been neglected. This is the question of whether conserved variables

alone are sufficient to model processes in partially cloudy boundary layers over a

wide range of conditions. In a one dimensional model, a single combination of mean

variable can represent an infinite number of actual conditions ranging from 10%

to 90% cloud cover. Only when the layer is completely saturated or completely

unsaturated can the partition between vapor and liquid be known for certain. The

consequences of this are unclear and further work needs to be done to address this

problem.

From the results of these two simulations and from the discussions presented

here it is apparent that this model provides practical alternative to parameterizing

and modeling the tropical trade wind boundary layer. Many of the arguments

presented and used in this model are new and their exact nature not fully

understood. Because most of these arguments are based on physical assumptions

about the nature of convective processes, their validity and usefulness can

eventually be tested To do this, more must be known about convective boundary

layers and about clouds themselves. This will require more analysis, more field

studies and new technology that will make it possible to accurately measure

convective properties.
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Appendix 1 List or Terms

m - Total mass of air-water system

ma - Mass of dry air

m - Mass of water vapor

mm - Mass of water substances

mc - Mass of airborne condesate

m Mass of airborne liquid water

T - Temperature (same for all constituants)

V - Volume of system

P - Total pressure of system

- Pressure exerted by dry air

Pressure exerted by water vapor

E(T) Saturation vapor pressure with respect to water

p Total density of system (dry air + water)

Density of dry air
( ma/V)

ii - Density of water substances (mu/V)

Pv - Density of water vapor

Pc Density of condensate

r Mixing ratio of total water substance (mm/ma)

r Mixing ratio of water vapor (mv/ma)

c - Molecular weight ratio of vapor and dry air

Ra Specific gas constant for dry air

- Specific gas constant for water vapor

Specific heat of dry air at constant pressure

Cva - Specific heat of dry air at constant volume (Cpa = Cva+Ra)
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Specific heat of water vapor at constant pressure

Specific heat of water vapor at constant volume

L(T) Latent heat of liquid-vapor phase change

L(T) Latent heat if liquid-ice phase change

s Specific entropy

h - Height of the mixed layer

Convective mixing length scale

w Convective mixing velocity scale

w Subsidence velocity parameter

E Cloud turbulent kinetic energy

Buoyant production of cloud turbulent kinetic energy

I Buoyancy length scale
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Appendix 2. Derivation of Entropy Equation

Gibbs theorem states that the total entropy of a system is the sum of the

partial entropies of the individual constituents. This can be expressed as

dS = dS,

where the subscript i represents the phase of each constituent present. Thus i will

be either a, for dry air, v for water vapor or c for condensate. The total

differential expansion for each individual component takes the form

as. as
dS = j)p.m dT + dP + s1dm1

For each of the three components of air this total differential will become

as
dSa)pmdT +

asdSv)p,mdT +
asdS)pmdT +

asa dP + sma

as
)T,mdP + sdm

as
dP + sdm

Several thermodynamic relationships exist that can greatly simplify these

expressions. These relationships take the form

Si = sm

dSa Cpa

T

dma = 0

aSa Ra
p).Tm p
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cpv

-r

sc Cc

Sa
p),Tm

0. dm = dm

Using these relationships the component differential entropy equations become

dSa = macpadinT maRadinPa

dS = mcpd1nT mRd1nP + sdm

dS = mcdInT + sdm

With these entropy equations it is now possible to combine partial entropies using

Gibbs theorem. It will then be possible to define a reference state and integrate

over the change from this reference state to a final state. The saturation condition

of this final state leads to the necessity to compute two forms of the entropy

equation; one for unsaturated conditions (S1) and one for saturated conditions (S2)

where condensate is present. The reference state of both will be the same and

consist of a marginally saturated state at temperature T0, dry air pressure a'

vapor pressure E(T), mass of dry air ma and a mass of total moisture mm. This

moisture will be entirely in the form of vapor (m = mm)

dS1 = dSa + dS

dS1 = macp'nT fllaRadlflPa + mc dinT mRd1nP + sdm

For the unsaturated case, no condensate is formed so the masses of dry air and

water vapor remained fixed and the integrated form of the entropy equation

becomes,
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T Pa
S1 = (macp + mc)ln maRaln mR1n + S0

a0

To put this in terms of the prognostic variables, the two equations of state are used

to eliminate the pressure terms and the resulting expression is simplified by using

the relationships C = Cp Ra and c,, = c R, and the whole equation is divided

by the volume to put the mass term in the form of densities. With these changes

and the assumption that the reference state entropy is zero (S0=O),the unsaturated

form of the entropy equation is

= Ra1fl!)
I T

R1n+
1101

dS2 = dSa + dSv + dS

dS2 = (mcp + + nic)d1nT maRadinPa mRdlnP

+ sdm + sdm

Using the same initial state as in the unsaturated case, this expression can be

simplified by recognising the following relationships

= 0 no condensate present

m = mm all moisture exists a vapor

dm=dm depletion of vapor becomes condensate



107

L(T)(ss) T

These simplifications along with the property that mm and ma are constant, give an

integrated form of the saturated entropy equation of the form

T E(T)
= ma(cpain.- Ra1flJ + mmcpvin mmRvin

E(T0T

L(T)
+

T (mvmm)

This can be put in terms of the model prognostic variables by using the equation of

state for dry air to eliminate Pa and by using the Clausius Clapyron and Kichoffs

equations to get the expression,

E(T) T L(T) L(T0)
R1n

E(T0)
= cp1n C(T) + T T0

Upon substitution of this, the equation of stale for dry air, and after dividing

through by the volume, the saturated form of the entropy density equation becomes

where

= Ra1fl) + I1C(T)
* L(T) L(T0)

T T0

TCc T
C(T) = I dT =

T0 T
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3.1). Temperature
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This sections presents the details of the iteration scheme used to determine

the temperature (T2) from the saturated form of the entropy equation. This

process involves solving the following equation for T.

* L(T) La0)
= (cvin RaIfl) +

T0
+ TCclfl

Let t
To

dE(T)

dl
x = va+h1Cc

L(T0)

+11Z = a+Raln
T0

So that the entropy equation becomes

xt + G('r) z = F('r;x)

We need to find 'r such that the condition F(t;x) = 0 is satisfied. To do this we can

use Newtons method in the iterative form

where

F('r ;x)
tn+1 = tn

F ('r;x)

d2E(T)F('r;x)= x+G'('t) = x+
dT2

The iteration is performed until
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I
tolerance

3.2). Vertical Velocity

To determine the vertical velocity under the conditions set forth in the

current form of the model it is necessary to solve the following equation for w at

each model level.

al 2aWl a
PCN I = (PQ+ P1Q1+Pc,Q) + g(Q+Q,)

aZL azj

To do this in a manner consistent with the configuration of the model, a Galerkin

method is used to reduce the set of n equations to a matrix form. To do this let

F(Q)
1

(PQ+ P1Q1+PQy) + g(Q+Q1)
pC

K1(z)=
1

pC

so that the equation may be written as

[w+K1(z)wF(Q)] = 0.
Following the Galerkin method, multiply this by the basis function at each model

level and integrate over the domain to obtain

I + K1(z)w F(Q) I = 0.

5: + K1(z)w F(Q) I = 0.
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and, following the numerical representation of the model, the vertical velocity can

be represented as

M+1

w amm

Substituting this expression into the above representation we obtain

M+1 lb b b

am J 4dz +
J Ki (z)dz Ja F(Q)4dz

where the first integral can be integrated by parts to reduce the order of the

derivative. If the boundary conditions are assigned such that w(a)= w(b) = 0,

then this expression simplifies to

M-e-1
I b b l b

am
j
Ja 4qdz +

Ia Ki (z)4dz ía F(Q)4ndZ

This can be represented in matrix notation as

-9

[M + R]am = b

where the integral elements of the matrix are

M = J dz

R ía Ki (z)'dz

b J F(Q)dz
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To determine the matrix elements, analytically derived values are use for the

components of M while values for b and R must be determined numerically each

each time the equation is solved due to the presence of time dependent coefficients

inside the integrals. Upon solution of the matrix system for the spline amplitudes,

the vertical velocity can be obtained using the summation representation shown

above. It is important to note that using this form of the derivation, the boundary

conditions on the vertical velocity must always remain zero.




