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1.  Abstract

Approximate string matching is commonly used to align genetic sequences (DNA or RNA) to determine their shared
characteristics.  Most genetic string matching methods are based on the edit-distance model, which does not provide
alignments for inversions and translocations.  Recently, a heuristic called the Walking Tree Method [2, 3] has been
developed to solve this problem.  Unlike other heuristics, it can handle more than one level of inversion, i.e.,
inversions within inversions.  Furthermore, it tends to capture the matched strings’ genes while other heuristics fail.
There are two versions of the original walking tree heuristics: the score version gives only the alignment score, the
alignment version gives both the score and the alignment mapping between the strings.  The score version runs in
quadratic time and uses linear space while the alignment version uses an extra log factor for time and space.

In this paper, we will briefly describe the walking tree method and the original sequential and parallel algorithms.
We will explain why different parallel algorithms are needed for a network of workstations rather than the original
algorithm which worked well on a symmetric multi-processor. Our improved parallel method also led to a quadratic
time sequential algorithm that uses less space.  We give an example of our parallel method.  We describe several
experiments that show speedup linear in the number of processors, but eventual drop off in speedup as the
communication network saturates.  For big enough strings, we found linear speedup for all processors we had
available.  These results suggest that our improved parallel method will scale up as both the size of the problem and
the number of processors increase.  We include two figures that use real biological data and show that the walking
tree methods can find translocations and inversions in DNA sequences and also discover unknown genes.

Keywords: sequence alignment, genome alignment, heuristic, inversions, dynamic programming, translocations,
walking tree, parallel algorithm

2.  Related Work

Most biological string matching methods are based on the edit-distance model [15].  These methods assume that
changes between strings occur locally.  But, evidence shows that large scale changes are possible [7].  For example,
large pieces of DNA can be moved from one location to another (translocations), or replaced by their reversed
complements (inversions).  Schöniger and Waterman [14] extended the edit-distance model to handle inversions, but
their method handled only one level of inversion.  Hannenhalli’s algorithm [10] for the “translocation” problem runs
in polynomial time, but it requires gene locations to be known.  Furthermore, it seems unlikely that any simple
model will be able to capture the minimum biologically correct distance between two strings.  In all likelihood
finding the fewest operations that have to be applied to one string to obtain another string will probably require
trying all possible sequences of operations.  Trying all possible sequences is computationally intractable.  This
intractability has been confirmed by a recent proof by Caprara [2] that determining the minimum number of flips
needed to sort a sequence is an NP-complete problem.  Although signed flips can be sorted in polynomial time [11],
apparently, we need a method that can handle insertions, deletions, substitutions, translocations, and inversions
altogether.  The Walking Tree heuristic handles translocations and multi-level inversions well, and also tends to
highlight genes [3, 4, 5].



3.  The Walking Tree Methods

3.1 The Basic Method

Figure 1: This picture shows the walking tree’s structure, a
binary tree.  Leaves of the tree contain the characters of the
pattern string P.  After comparing each leaf with a corresponding
character of the text string, the walking tree updates its nodes
with new scores, then moves to the next position by moving each
of its leaves one character to the right.  Then it repeats the leaf
comparison, and updates its node scores until it reaches the end
of the text string.

The problem is to find an approximate biologically reasonable alignment between two strings, one called pattern P,
and the other called text T.  Our metaphor is to consider the data structure as a walking tree [13] with |P| leaves, one
for each character in the pattern.  When the walking tree is considering position l + 1, the internal nodes remember
some of the information for the best alignment within the first l characters for the text (see Figure 1).  On the basis
of this remembered information and the comparisons of the leaves with the text characters under them, the leaves
update their information and pass this information to their parents.  The data will percolate up to the root where a
new best score is calculated.  The tree can then walk to the next position by moving each of its leaves one character
to the right.  The whole text has been processed when the leftmost leaf of the walking tree has processed the
rightmost character of the text.

To define a scoring system that captures some biological intuitions, we use a function that gives a positive
contribution based on the similarity between aligned characters, and a negative contribution that is related to the
number and length of gaps, translocations, and inversions. A gap in an alignment occurs when adjacent characters in
the pattern are aligned with non-adjacent characters in the text.  The length of the gap is the number of characters
between the non-adjacent characters in the text.

The computation at each leaf node makes use of two functions, MATCH and GAP.  MATCH looks at the current
text character and compares it with the pattern character represented by the leaf.  In the simplest case we use

MATCH(Pi, Tj) = c if Pi = Tj

MATCH(Pi, Tj) = 0 if Pi ≠ Tj

For many of our examples we use c = 2.  If we were matching amino acid strings then MATCH could return a value
depending on how similar the two compared amino acids are.  There are standard methods like PAM (point accepted
mutation) matrices for scoring this similarity.

If we only used the MATCH function, the leaves would simply remember if they had ever seen a matching character
in the text.  We use the GAP function to penalize the match for being far from the current position of the tree.  So
the leaf needs to remember both if it found a match and the position of the walking tree when it found a match.  For
example, a simple GAP function could be:

GAP(currentpos, pos) = log |currentpos – pos|,

where currentpos is the current position of the walking tree, and pos is the position at which the walking tree found a
match.  Then the leaf could compute

SCORE = max[ MATCH(Pi, Tj), SCORE – GAP(currentpos, pos) ]

and update pos to currentpos if MATCH is maximal.  This means that a leaf will forget an actual match if it occurred
far from the current position.
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An internal node will only look at what it is remembering and at what its children have computed.  Like a leaf node,
the internal node computes

SCORE – GAP(currentpos, pos)

which depends on what the node is remembering.  From its two children, the node computes

SCORE.left + SCORE.right – GAP(pos.left, pos.right).

This will penalize the sum of the children’s scores because the position for the two scores may be different.  But, the
internal node also has to penalize this score because the left or right position may be far from the current position, so
it also subtracts

min[ GAP(currentpos, pos.left), GAP (currentpos, pos.right) ].

The internal node will keep the better of the score from its remembered data and the score computed from its
children.

The walking tree will be computing a score for the current position of the tree.  It is possible that it could forget a
better score that was far from the present position.  To avoid this problem, we add a special root node which simply
keeps track of the best score seen so far.

In short, the walking tree finds an alignment f so that

f : [1, … , |P|] → [1, … , |T|]

The alignment found approximately maximizes
|P|        |P| – 1

Σ MATCH(Pi, Tf(i)) – Σ GAP(f(i), f(i + 1)).
i=1          i=1

The actual functional being maximized is best described by the method itself and has no simple formula.  Among
other reasons, the above formula is only an approximation because the method tries to break strings into substrings
whose lengths are powers of 2, even when using other lengths would increase the value of this formula.

3.2 Performance Characteristics
The basic method computes the score of an alignment with no inversions.  The method is modified: 1) to compute a
better placement of gaps, 2) to construct the alignment, and 3) to use inversions in the alignment.  The extensions to
the basic method may be used individually or in combination.  The detailed description of the resource usage of the
method can be found in Cull and Holloway’s papers [3, 4]:
• The method will execute in time proportional to the product of the length of the text and the length of the

pattern.
• The work space used is proportional to the length of the pattern.  The work space used is independent of the

length of the text.
• The method underestimates the actual alignment score of a pattern at a given position in the text by, at most, the

sum of the gap penalties in the alignment at that position.

To construct the alignment, a parent node has to replace its current alignment by concatenating the alignments from
its children whenever it observes a better score.  The resource usage for constructing an alignment is:
• In the worst case, the method to construct the alignment will run in Θ(|T|*|P|*log|P|) time given a text string T

and a pattern string P.  In practice, alignment construction takes Θ(|P|*|T|) time, as the log|P| factor for
constructing the alignment does not appear since a “better” alignment, requiring that the best alignment be
updated, is only rarely found as the walking tree moves along the text.

• Work space of Θ(|P|*log|P|) is used to construct an alignment given a text string T and a pattern P.
• The method never needs to go backwards in the text.



3.3 Adjusting Gaps
The basic method places gaps close to their proper positions.  If we use the method to align the string “ABCDEF” in
the string “ABCXXDEF” the gap may be placed between ‘B’ and ‘C’, rather than between ‘C’ and ‘D’.  This is a
result of the halving behavior of the basic method.  By searching in the vicinity of the position that the basic method
places a gap we can find any increase in score that can be obtained by sliding the gap to the left and right.  The cost
of finding better placements of the gaps is a factor of log|P| increase in runtime since at each node we have to search
a region of the text of length proportional to the size of the substring represented by the node.

3.4 Including Inversions
An inversion occurs when a string, pi pi+1… pj, is reversed and complemented givingp j p j-1… p i.  We use p i to

indicate the complement of pi (e.g. A↔T and G↔C for DNA.)  The basic method can be modified to find
alignments when substrings of the pattern need to be inverted to match substrings of the text.  The idea is to invert
the pattern and move a walking tree of the inverted pattern along the text in parallel with the walking tree of the
original pattern.  When the match score of a region of the inverted pattern is sufficiently higher than the match score
of the corresponding region of the pattern, the region of the inverted pattern is used to compute the alignment score.
The introduction of an inversion can be penalized using a function similar to the gap penalty function.  Running both
the pattern and the inverted pattern doubles the runtime.

Note that inversions are incorporated into both the walking tree and the inverted walking tree so that it is possible to
have inversions nested within a larger inverted substring.

3.5 Parallelization
Figure 2: This picture shows the parallelization of the walking tree
method.  Given one processor per node of the tree, each child sends its
current information to its parent; so a parent can update its best score and
scan position by the information.  Since the tree is log2|P| high, Θ(log2|P|)
startup time is needed for the root to receive its first information from
leaves.  After the startup time, all nodes work simultaneously; so, each
text scan step takes Θ(1) time.  The score version’s parallel runtime is
Θ(log2|P| + |T|), i.e., Θ(|T|) because |T| ≥ |P|.  The alignment version may
take longer because a child can’t send messages to its parent if the parent
is occupied copying an alignment.

The binary tree structure of the Walking Tree makes it extremely easy to implement a parallel version.  Furthermore,
it can use less expensive vector processors because each node of the tree does the same operations at each scanning
position.  Each parent node of the walking tree simultaneously updates its score and position whenever it observes a
better score.  Given Θ(|P|) processors, the score version runs in Θ(|T|) time (see Figure 2.)

However, the alignment version’s parallel runtime can be as bad as Θ(|T| * |P|) if each parent node has to copy the
alignments from its children, and if it can’t do other operations until the alignment copying is done.  Although the
frequent alignment copying is rare, there are cases in which it occurs at every scanning position, e.g., when the
pattern string is the same as the text string.

4.  Our Improvements

4.1 Why Are Our Improvements Needed?
In a multi-processor computer, each processor usually has a dedicated data channel to access shared memory.  All
processors can access shared memory simultaneously.  Such machines are often modeled as PRAMs [8], but the
PRAM model is considered unrealistic [1, 6] because it assumes unlimited bandwidth and free interprocessor
communication.  Moreover, there is no shared memory in a network of workstations where only one processor can
access non-local memory at a time via the network which can carry only one message at a time.  The fact that the
network bandwidth is limited is not a serious threat if we can efficiently overlap computation and communication so



that communication won’t delay computation.  However, if communication delays computation, this overlapping
idea can’t help the speed.  So, we need solutions that truly minimize the network traffic for cases in which the
alignment copying creates nearly Θ(|P| * |T|) network messages which could overload the limited network
bandwidth.  Since the network can carry only one message at a time, Θ(|P| * |T|) network messages mean Θ(|P| * |T|)
runtime which means no parallelization at all.

To achieve a reasonable network parallelization, the alignment copying has to be eliminated, which is what our
improvements will do.  Surprisingly, our attempt to minimize the network traffic led us to discover a sequential
version that uses only Θ(|P| * (log2|P|)1/2) space, but runs in Θ(|T| * |P|) time which improves the Θ(|P| * log2|P|)
space usage and the Θ(|T| * |P| * log2|P|) worst case runtime for the original sequential algorithm.  From this new
sequential version, it is easy to design a network parallel version.

4.2 The Sequential Version

Figure 3: In the original alignment method, when the parent node X updates its
best score, it also reconstructs its current alignment by concatenating the two
alignments it copies from its children (node Y and node Z).  This alignment
copying can be avoided by knowing exactly when to copy the alignments that
contributes to the best overall alignment in the root node, i.e., we have to know
whether a node’s score update is related to the best overall alignment.

The alignment copying problem is caused by parent nodes attempting to copy their children’s alignments whenever
they see better ones (see Figure 3).  To avoid such copying, an intuitive solution is to let parent nodes know exactly
when to copy the best alignments instead of frequently replacing existing ones with better ones.

4.2.1 Method Naïve: Θ(|T| * |P| * log2|P|) Runtime and Θ(|P|) Space

Figure 4: This picture demonstrates Method Naïve.  Let Tree(X) be the
walking tree rooted at node X.  “a-b-c-d-e” is a depth-first path of
Tree(a).  First, Tree(a) scans the entire text T, from position 0 to |T|, and
finds the position i(a) where the best overall score occurs for node a.
Then, Tree(b) scans T, from position 0 to i(a), and finds i(b) where node b
last updates its score which contributes to  a’s best overall alignment.
Tree(c) scans T, and finds i(c) is where node c updates its latest score and
alignment in the scan range from 0 to i(b).  This alignment would later be
copied by node b, and then copied by node a via node b as a’s best overall
alignment.  Eventually, we come to scan a one-node walking tree (a leaf)
on T, and find i(leaf) where the leaf aligns with a position of T,
contributing to a’s best overall alignment.  So, once every i(leaf) is
known, the best overall alignment is known.

To find exactly when a parent node copies the alignment that contributes to the best whole alignment, we can run the
walking tree method with its alignment copying disabled for the tree rooted at the root node, and find the scanning
position, ibest, where the root updates its best score (e.g., the position i(a) at Figure 4.) So, the two alignments that the
root concatenated into the best alignment must be manufactured at the root’s children no later than ibest.  Then, we
can rerun the same walking tree method, scanning from the beginning to ibest, for the left subtree and the right
subtree to find out at which scanning positions the latest alignments are manufactured at the subtrees’ roots.  Once
the scanning positions are known, we can use them as the endings of the scan range, and run the same walking tree
method for the subtrees’ subtrees recursively until each node knows the scanning position where it updates its
alignment that contributes to the best alignment at the root.  Each scan for a |P| node subtree takes Θ(|P| * |T|) time.
So, the sequential runtime of this naïve approach will be Time(|P|, |T|) = 2 * Time(|P| / 2, |T|) + constant * |P| * |T|.
By induction, Time(|P|, |T|) = Θ(|P| * |T| * log2|P|).
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4.2.2 Sequential Method A: Θ(|T| * |P| * loghlog2|P|) Runtime and Θ(|P| * h) Space

Figure 5: We use a technique similar to recovering a crashed
program by saving its state before crashes.  The memorized states
record the states of the walking tree and the corresponding
scanning positions of the text string.  Once we have the recorded
information, we can scan the text from the position we have
memorized to avoid scanning from the first position of the text.

The Original Walking Tree Method
DO:

FORALL parents nodes DO:

If a parent node calculates a better score from
its children’s scores and positions, it copies its
children’s alignments.

END { FORALL }
Move the walking tree one character to the right of
the text string.

UNTIL the walking tree moves to the end of the text
string.

The New Walking Tree Method
DO:

Memorize the state of the walking tree at every (|T| /
h) scanning position.
FORALL parent nodes DO:

If a parent node calculates a better score from its
children’s scores and positions, it copies its
children’s alignment manufacture dates, i.e., the
scanning positions where new alignments occur.

END { FORALL }
Move the walking tree one character to the right of
the text string.

UNTIL the walking tree moves to the end of the text
string.

Do the above for the root’s subtrees, then their subtrees
recursively until all leaf children’s alignment
manufacture dates are recorded.  The text scanning
range starts from the beginning to the recorded
manufacture dates; but can start from one of the
recorded states if it provides a shorter text scan.

Figure 6: This figure shows the comparison of the original and the new Walking Tree Methods.  Note there is no
alignment copying in the new method’s “FORALL” loop.

Method Naïve is slow because it scans the entire text string for each subtree.  By letting each node remember its
state (see Figure 5), we can guarantee Θ(|T| * |P| * loghlog2|P|) sequential runtime using only Θ(|P| * h) space (see
Figure 6), where h is an integer, and 2 ≤ h ≤ log2|P|.  Note that if h = (log2|P|)1/2, this method uses only Θ(|T| * |P| *
(log2|P|)1/2) space and runs in Θ(|T| * |P| * 2) time, i.e., it improves the original’s space usage and worst case runtime
by factors of (log2|P|)1/2 and log|P|, respectively!

Because each node can remember its state at a particular scanning position, the walking tree doesn’t need a fresh
start.  Instead, it can start the walking tree method from the scanning position it remembers.  This technique is like
recovering a crashed program from somewhere near where it crashed by saving its state periodically.  For example,
if h = 2, let each node in the tree remember its state at the middle scanning position of the first run of the walking
tree method (see Figure 7).  So, if we want to find out when the root’s children copy alignments, we can start the
method from the recorded middle scanning position for each of the root’s two subtrees if the children’s alignment
update for the root occurs at or after the middle scanning position.  Otherwise, we can start fresh from the first
scanning position.  So, the text scanning is cut in half (see Figure 7.)  The worst case sequential runtime of this
approach is Θ(|T| * |P| * loghlog2|P|).  This performance is explained in the section 4.3.1.

the text scanned so far

ATGCAA ......            Walking Tree          max score &
                                        Method              score’s position

current
scanning                     the memorized state at
position                      the scanning position

ATGCAA ......            Walking Tree          max score &
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Figure 7: This picture shows the scheme we call Method
A, for the case when h = 2.  In any scan, a subtree can
start from one of the memorized states, and can memorize
the state at the middle scanning position.  The initial
memorized state is the one at the 0th position.  Of course, a
subtree can’t memorize or see the states of its siblings,
i.e., it can only memorize or see the nodes within the same
subtree.

Figure 8: This picture shows Method A’s space usage.  In the sequential
version, we first compute node A’s position that contributes to the best
overall alignment by running the first round of the new walking tree
alignment on the entire text string.  After the first round, we know the
manufacture dates of the alignments that node A copied from its children.
Using these dates as the new scanning range for the text string, we run the
second round of the method on Tree(B) to get the manufacture dates that
node B copies from its children.  Then, we run the third round of the method
on Tree(C), and so on.  We eventually know the manufactured date in the
leaf node, G.  Since this is a binary tree, Tree(A) is twice the size of Tree(B),
Tree(B) is twice the size of Tree(C), and so on.  There are only h memorized
states created for each subtree in the depth-first-search path, and the space of
a memorized state can be reused by other subtrees of the same size.  Thus,
the total space used by memory states is Space(|P|) = Space(|P| / 2) + constant
* |P| * h = Θ(|P| * h).  The total space for the parallel version is Space(|P|) = 2
* Space(|P| / 2) + constant * |P| * h = Θ(|P| * log2|P| * h) because both
subtrees of the same parent are computed simultaneously.

The space needed for parent nodes to store alignments they copy from their children is no longer necessary.  Each
leaf node now knows exactly when it copies the alignment that contributes to the best one in the root, i.e., every
piece of the best alignment is stored in the corresponding leaf node.  Since the space of a memorized state can be
reused by subtrees of the same size, and there is only one subtree computed at a time in a depth-first-search fashion,
the total space usage for memorized subtree states is Space(|P|) = Space(|P| / 2) + constant * |P| * h.  By induction,
Space(|P|) = Θ(|P| * h) (see Figure 8.)

4.2.3 Sequential Method B: Θ(|T| * |P|) Runtime and Θ(|P| * log2|P|) Space

Figure 9: This picture shows Method B’s scheme.  In the
first run of the Walking Tree method, the tree state is
memorized at every (|T| / log2|P|) scanning position, i.e.,
log2|P| memorized states in total.  For later runs, no state
memorization is required.  A later run directly starts from
one of the memorized states to shorten the scan.
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At the first run of the walking tree method, Method B memorizes log2|P| states, one state per (|T| / log2|P|) scanning
positions, then uses these memorized states for later runs (see Figure 9.)  No state memorization is necessary in later
runs.  Since a subtree can scan from one of the log2|P| memorized states, the runtime will be Θ((|T| / log2|P|) * N) for
any later run of an N-node subtree, where N = 2k – 1, and k = 0, 1, 2, … , log2|P|.  Since there are (|P| / (N + 1)) N-
node subtrees, the total runtime for such subtrees will be Θ(|P| * |T| / log2|P|).  So, the total runtime of all subtrees
will be Θ((|P| * |T| / log2|P|) * log2|P|) = Θ(|P| * |T|).  Since Θ(|P|) space is required for each memorized state, and
there are log2|P| states to memorize, the total space usage is Θ(|P| * log2|P|).

4.3 The Parallel Version

4.3.1 Parallel Method A: Θ(|T| * loghlog2|P|) Runtime and Θ(|P| * log2|P| * h) Space
This method is essentially the same as Sequential Method A (see Figure 7), except that all nodes work in parallel
(see Figure 2.)  In addition, this parallel method easily explains Sequential Method A’s runtime complexity.  Since
both child subtrees of a parent X will simultaneously scan the text after Tree(X) scans the text, h memory states will
be needed for each of both child subtrees.  So, the space usage of this method will be ParallelSpace(|P|) = 2 *
ParallelSpace(|P| / 2) + constant * |P| * h.  By induction, ParallelSpace(|P|) = Θ(|P| * log2|P| * h) (see Figure 8.)

Since the tree state is memorized at every (|T| / h) scanning position, each text scan of a subtree creates h equal
length intervals for later scans of other subtrees in a depth-first path (see Figure 7.)  For example, if the first
subtree’s text scan length is |T|, h length (|T| / h) text scans will be needed for later runs in the worst case because
later runs can start from one of the h memorized positions, probably all of them.  So, the h length (|T| / h) text scans
probably further create h2 length (|T| / h2) text scans.  In the worst case, the text scan lengths will be one |T|, h scans
of (|T| / h), h2 scans of (|T| / h2), … , and hk scans of (|T| / hk); there are (1 + h + h2 + … + hk) scans in total.  Since
these scan lengths are created by subtrees in a depth-first path whose depth is log2|P|, the total number of scans in the
path will be (hk+1 – 1) = log2|P|, i.e., k ≈ loghlog2|P|.  Recall that each subtree’s text scan incurs a Θ(log2|P|) start up
runtime cost (see Figure 2), assuming Θ(|P|) processors are used, one per node of the walking tree.  So, the
Θ((log2|P|)2) start up runtime cost is needed in a depth-first path because each of the log2|P| subtrees in the path
needs a Θ(log|P|) startup runtime.  Without the startup cost, the total text scan runtime in the depth-first path is Θ(|T|
+ h * (|T| / h) + h2 * (|T| / h2) + … + hk * (|T| / hk)) = Θ(|T| * k).  So, if including the start up cost, the total runtime of
scans of all subtrees in a depth-first path is Θ((log2|P|)2) + Θ(|T| * k) = Θ(|T| * k) = Θ(|T| * loghlog2|P|) because |T| ≥
|P| and k ≈ loghlog2|P|.  Since all other depth-first paths have the same worst case runtime, this parallel method’s
runtime will be Θ(|T| * loghlog2|P|), assuming Θ(|P|) processors are used.  An example of the worst case scenario is
shown in Figure 10.

Figure 10: This picture shows the worst case scenario of Method
A, when h = 2.  The letters “a” … “p” label the nodes of a depth-
first path rooted at node a.  Let Tree(X) be the tree rooted at node
X.  Run0 represents the scan length when Tree(a) scans the entire
text string T.  After Run0, Tree(b) scans from the middle to the
end of the text, as shown by Run1.  After Run1, Tree(c) scans
from the last ¼ position to the end of the text, as shown by Run2.
Then Tree(d) scans from the last 1/8 position to the end of the text,
as shown by Run3.  All other runs’ start and end positions are
shown in the picture.  As the picture shows, there are one length
|T| scan, h length (|T| / h) scans, h2 length (|T| / h2) scans, and so
on.  That’s |T| * logh(the depth-first path’s depth), i.e., |T| *
loghlog2|P|.  Note the “in order” binary tree traversal pattern of
scans.

Since this method’s worst case parallel runtime is Θ(|T| * loghlog2|P|) for |P| processors, its sequential runtime will
be no worse than Θ(|P| * |T| * loghlog2|P|).  Since Figure 10 is an example of the worst case, if examples of this type
run by Sequential Method A also requires at least Θ(|T| * loghlog2|P|) time, then Sequential Method A runs in Θ(|T| *
loghlog2|P|) time because all other cases should be no slower than the worst case.  Let Tree(X) be the tree rooted at
node X, Size(X) be the number of nodes of Tree(X), and Scan(X) be the text scan length of Tree(X).  In Figure 10,

        0       |T|/2       |T|
a: Run0
b: Run1
c: Run2
d: Run3
e: Run4
f: Run5
g: Run6
h: Run7
i: Run8
j: Run9
k: Run10
l: Run11
m: Run12
n: Run13
p: Run14



Size(a) = 2 * Size(b), Size(b) = 2 * Size(c), and so on.  Also, there are only one tree of such a size of Tree(a), only
two trees of such a size of Tree(b), only four trees of such a size of Tree(c), and so on.  So, the total runtime should
be SequentialTimeA = (Size(a) * Scan(a) + 2 * Size(b) * Scan(b) + 4 * Size(c) * Scan(c) + … ) = Size(a) * (Scan(a)
+ Scan(b) + Scan(c) + … ).  Actually, Scan(a), Scan(b), Scan(c), etc, are the text scan lengths of the subtrees in a
depth-first path mentioned in the previous paragraph, i.e., (Scan(a) + Scan(b) + Scan(c) + … ) = |T| * loghlog2|P|.
So, SequentialTimeA = Size(a) * (|T| * loghlog2|P|) = (2 * |P|) * (|T| * loghlog2|P|) = Θ(|T| * |P| * loghlog2|P|) time.
Parallel Method A is intended to deduce Sequential Method A’s worst case runtime.

4.3.2 Parallel Method B: Θ(|T|) Runtime and Θ(|P| * log2|P|) Space
This method is essentially the same as Sequential Method B (see Figure 9), except that all nodes work in parallel
(see Figure 2.) The first run of the walking tree requires Θ(|T| + log2|P|) parallel time, assuming |P| processors are
used, one for each node of the walking tree.  Any later run for a subtree runs in Θ((|T| / log2|P|) + log2|P|) parallel
time because any scan length of a later run is no more than (|T| / log2|P|), and a Θ(log2|P|) start up cost is used (see
Figure 2).  Since there are log2|P| nodes in a depth-first path, the total runtime is Θ(((|T| / log2|P|) + log2|P|) * log2|P|)
= Θ(|T| + (log2|P|)2) = Θ(|T|) because |T| ≥ |P|.  This Method runs faster than Parallel Method A and uses less space.

4.3.3 Network Parallel Method

Figure 11: This picture shows the CPU assignment for parallelization.
Let P(i) be a workstation or a CPU.  The master CPU, P(0), computes
the tree from the root down to a certain depth.  Let the tree computed
by P(0) be named “Master Tree.” Then the leaves of the Master Tree
will be roots of the subtrees assigned to the slave CPUs, P(1), P(2),
P(3), … , etc.  Let the tree computed by a slave CPU be named “Slave
Tree.” Each Slave CPU updates the root of its own Slave Tree, and
sends the root’s information to P(0) which will update the Master
Tree’s leaves by collecting results sent by slave CPUs.  Certainly, a
Slave Tree can also have its own Slave Trees, recursively.

In most cases, the number of available network computers is much less than the walking tree size.  To fully utilize
CPUs and minimize the network traffic, a CPU is assigned to compute a cluster of tree nodes (see Figure 11).  The
workload of a CPU has to be carefully assigned to ensure the computation to communication ratio is high enough to
maintain parallelization.

If we are using a network cluster of K workstations where only one machine can send a message at a time, the
parallel runtime is either O(|T| * K) or O(|P| * |T| / K).  If the runtime is O(|T| * K), the pattern string must be small
enough for all workstations to fully utilize the network.  If the runtime is O(|P| * |T| / K), then the pattern string is
large enough to keep all workstations busy updating nodes of subtrees.  If, at each scanning position, a workstation
takes Tr(|P| / K) time to compute a result, and the result takes Tm time to stay on the network until it’s completely
received by its parent workstation, then Tr(|P| / K) ≥ (K * Tm) must hold in order to get O(|P| * |T| / K).  In order to
get O(|P| * |T| / K) runtime, the (|P| / K) ratio has to be high enough.  In general, the faster the workstations, the
higher the ratio has to be.

5.  An Example

Here is an example (see Figure 12) to illustrate Method A.  Assume the length of the pattern string is 512, and the
length of the text string is 800.  The total number of scanning positions is 512 + 800 – 2 = 1310.  Assume the best
alignment occurs at the root node (node A) when the scanning position is at 900.  Because the middle scanning
position is (1310 / 2), i.e., 655, each node has to remember its own state when the walking tree scans to the 655th

scanning position.  Now, because node B copies the best alignments when the scanning position is at 900, i.e., when
i = 900, which is greater than the recorded middle position 655, the subtree rooted at node B can start the method
from the 655th scanning position.  The subtree rooted at C has to start the method from the first position 0 because it

                P(0)

                       ......

     P(1)   P(2)   P(3)

      ...    ...    ......

  P(i)   P(j)   P(k)

The leaves of the tree computed by a
CPU are roots of the subtrees computed
by other CPUs at the same level. P(i) is
a workstation or a CPU.



copies the best alignments for the root node when the scanning position is 300, i.e., when i = 300, which is less than
655.

Figure 12: Instead of copying the alignments from its children,
each node of the walking tree records the manufacture dates (“left”
and “right”) of the alignments it intended to copy.  For example,
node A knows the alignment it intended to copy from its left child
is manufactured at node B at the 900th scanning position of the text
string, and node A also knows the alignment it intended to copy
from its right child is manufactured at node C at the 300th scanning
position of the text string.  Once the dates are known, the method
can use them to find children’s dates recursively by scanning the
text again and again until each leaf node is computed and knows
the date of its alignment that contributes to the best root alignment.
Each leaf will then have recorded the text position with which it
aligns.

By doing the above procedure recursively for each subtree, one can find when each node copies the best alignments
for the root node.  Notice that each node in the picture also has to use “left” and “right” to remember its children’s
scanning positions when their alignments are updated.  This method runs in Θ(|T| * |P| * loghlog2|P|) sequential time.

6.  Experiments
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Figure 13: Because of the limited network bandwidth, all speedups eventually decline when adding more
workstations.  The new method seems to show better speedups.

We ran tests comparing Parallel Method B to the original parallel method.  Both methods are coded in C and
compiled using gcc version 2.7.2.3.  Parallelization was provided by MPICH (version 1.1.0) [9], which is an
implementation of the MPI standard [12].  The programs were run on cluster of Pentium II 300MHz processors
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i=700  i=900  i=300  i=50
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connected by a 100Mbps switch.  Each processor ran Redhat Linux 5.2 and had sufficient local memory to avoid
thrashing.  We tested the programs on 1, 3, 5, 17, and 33 processors and used randomly generated test strings of 214

through 218 characters.

As expected from Figure 13, both methods’ speedups eventually decline when adding more workstations because of
the limited network bandwidth.  Although the new method seems to show better speedups, it’s still unclear that the
new method really performs better in network parallelization.  So, we need other experiments to see whether the
new method really improves the network parallelization.
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Figure 14: As the first picture shows, when only 1 workstation is used, the new method is about 2.7
times as fast as the original one; therefore, we should see the same speed ratio when using more
workstations, if both methods are equally good in network parallelization.  As the first picture shows,
both are equally good when 5 workstations or less are used, but the new method prevails when 9
workstations or more are used.  In addition, if both are equally good in network parallelization, the ratios
of their best (i.e., the shortest) runtimes should be around 2.7 as well. That is, each method can use any
number of the 33 workstations to get the best result for a particular input size.  However, as the second
picture shows, the new method prevails constantly with speed ratios better than 2.7, especially when the
input size = 131072.

As shown by the first picture in Figure 14, when only 1 workstation is used, the new method is about 2.7 times as
fast as the original one; therefore, we should see the same speed ratio when using more workstations, if both
methods are equally good in network parallelization.  As the first picture shows, both are equally good when 5
workstations or less are used, but the new method prevails when 9 workstations or more are used.  In addition, if
both are equally good in network parallelization, the ratios of their best (i.e., the shortest) runtimes should be around
2.7 as well. That is, each method can use any number of the 33 workstations to get the best result for a particular
input size.  However, as the second picture shows, the new method prevails constantly with speed ratios better than
2.7, especially when the input size = 131072.  Note that our test samples didn’t include the worst case of the original
method to bias the tests.  The worst case of the original method is when the text string is the same as the pattern
string where alignment copying is necessary at every scanning position, and generates Θ(|P|*|T|) total network
messages, i.e., no parallelization.  The new method will not be affected because it has no alignment copying.

Certainly, the result may differ significantly in an SMP (symmetric multi-processor) machine like the 28-processor
Sequent Balance 21000 where the processor communication bandwidth is so much higher than a 100Mbps network.
In such machines, the alignment copying can be done very quickly, and won’t create a serious performance problem.
Here is the original method’s speedup for the input size of 4096 from Cull et al’s paper [5]:

Processors 1 2 4 8 12 16 20
Speedup 1.0 1.97 3.83 7.26 10.5 13.6 16.7

In Figure 15 and Figure 16, we show two alignments of two pairs of real DNA sequences.  These alignments were
computed using Method B.  They are identical to the alignments found in Cull et al’s paper [5].  Detailed
descriptions of these alignments can be found in that paper.
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Pattern: (in the middle) X. laevis gene cluster X03017
Text    : (at both sides) X. laevis gene cluster X03018
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Figure 15: An alignment of two histone gene clusters from Xenopus laevis, GenBank accession number: X03017
(in the middle) and X03018 (at both sides).  Note that genes H2A, H2B, H3, and H4 are marked on both sequences.
The alignment shows that the orientation of H2A and H3 are reversed in the two sequences.  This picture shows the
Walking Tree Method is capable of finding inversions and translocations of genes.
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Pattern: (in the middle) Anopheles Quadrimaculatus mitochrondrial genome MSQNCATR
Text    : (at both sides) Schizosaccharomyces pombe mitochrondrial genome, MISPCG
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Figure 16: An alignment of the mitochondrial genomes of Anopheles quadrimaculatus, GenBank locus
MSQNCATR (in the middle), and Schizosaccharomyces pombe, GenBank locus MISPCG (at both sides).  The
previously unrecognized Cytochrome c oxidase 3 (COX-3) region in this map is identified by the Walking Tree
Method.



7.  Conclusion

Will analysis techniques be able to keep up with the amount of data (millions of bases per day) pouring out
sequencing labs?  We believe that the answer is YES!  In this paper, we have shown that an alignment method
which works well sequentially, can be practically parallelized.  The original parallel method was run on both a
SEQUENT Balance symmetric multi-processor and a Meiko CS-2 supercomputer, and in both cases almost linear
speedup occurred.  We have created new parallel methods which are more tailored to a network of workstations.
Our experiments show that our new method will still produce linear speedups as long as the size of the problem
grows with the number of processors being used.  In a recent realistic test we aligned the complete genomes,
Borrelia burgdorferi (910724 base pairs) and Chlamydia trachomatis (1042519 base pairs), in 53 hours using 33
Pentium II 300 MHz PC’s.
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