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The continuation of conductive temperature fields is being

considered. The continuation of a field involves the extrapolation of a

field known over a limited domain to an adjacent domain in such a way

that it satisfies the heat conduction differential equation and other

imposed constraints. Continuations forward in time and toward the

interior of the space from the constraining initial and boundary condi-

tions are expressed analytically as convolution integrals. Solutions

are approximated using linear filter methods in real and transform

spaces. The inverse problems of continuation toward the constraining

conditions are expressed in real space as power series of derivatives.

Solutions are approximated as convolution filtering operations.

Variational methods are also used to solve problems which do not

yield to convolution filtering operations. The suitability of these

approximation methods is shown in two ways: (1) the frequency
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response of the derived convolution coefficients are compared with the

analytic transfer functions; and (2) the methods are applied to artificial

test cases.

These field continuation methods provide a tool for the

interpretation of observational temperature data. Several examples

of field data are treated using these techniques' (1) A case of the

temperature inversion observed in a geothermal borehole is explained

by a transient flow of thermal water along a narrow horizontal frac-

ture; (2) Soil temperature data are treated to determine the in situ

thermal diffusivity and show that departures from conductive condi-

tions are accounted for by evaporative effects; (3) Shallow borehole

temperature data which exhibit the nonstationary effects of the annual

cycle are shown to be influenced by convective effects in the soil.
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ANALYTICAL AND NUMERICAL CONTINUATION METHODS
FOR CONDUCTIVE TEMPERATURE FIELDS

I. INTRODUCTION

Temperature measurements below the earth1 s surface furnish

data on heat source distributions and transfer processes occurring at

the surface and within the earth. Geophysical interpretation methods

are necessary to extract the maximum of information on thermal

parameters involved from the subsurface temperature observations.

In many cases in the solid earth heat transfer is solely, or at least

predominantly, conductive in nature.

This thesis formulates interpretation techniques on the basis of

field continuation methods for conductive temperature fields. The

continuation method involves the extrapolation of a field known over a

limited domain to an adjacent domain in such a way that it satisfies

the governing differential equation and other imposed constraints in

the form of initial and boundary conditions. Given initial and boundary

conditions can thus be continued to determine the temperature field

throughout the space. Conversely, if a portion of the temperature

field is represented by the observations, the constraining conditions

necessary to account for these data can be determined. Particular

rterpretation problems to which these methods can be applied include

the following: in situ determination of thermal diffusivity;
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interpretation of nonstationary temperature fields such as the
temperature inversions observed in some geothermal boreholes;
deterrnLraton of sura. heat flow from subsurface temperature data;
and extraction of the terrestrial heat flow from near-surface tem-
perature observations.

The differential equation and some of the mathematical

fundamentals for conductive temperature fields are reviewed in
Chapter II. In Chapter III the analytic expression of the field continua-

tions is performed. Some of the numerical techniques which can be
applied to these analytic formulations are discussed in Chapter IV.

In the course of this research it was necessary to collect some
precision temperature observations for the application of these con-
tinuation methods. An instrument was built for this purpose using a
thermistor as the temperature sensing element. Chapter V reviews

some of the properties of thermistors and discusses the design con-
siderations incorporated in the construction of this instrument.

The nature and capabilities of the continuation methods is shown
in Chapter VI by applying them to some different cases of artificial
temperature distributions. These methods are also applied to the
interpretation of field temperature observations of the following cases:
(1) temperature inversions in geothermal boreholes; (2) soil tem-

peratures; and (3) shallow borehole temperatures.
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II. LINEAR DIFFUSION THEORY

A scalar diffr9 ion field in a stationary, isotropic, homogeneous

medium is governed by the differential equation

la 2-Vq2f(P)a t

where a is the diffusivity and f(P) is a given source function.

This partial differential equation is of fundamental importance to

geophysics because of the scope and variety of the natural processes it

describes. Some of its major applications are the following:

(1) heat conduction in a stationary medium

(2) chemical concentrations in stationary liquid and gaseous

substances

(3) the pressure field in a gas filled porous medium.

The analogous vector differential equation is

1 -' -.ai - = F(P)

where -V2 is the vector Laplacian. Examples of vector diffusion

fields are (1) the vorticity in viscous fluid flow and (2) long-

wavelength electromagnetic fields in a conducting medium.

This chapter is a review of the fundamentals of diffusion theory

necessary for the development of this thesis. The conduction of heat



is considered in the derivations. The results are analogous for other

diffusion fields.

The Diffusion Equation

The diffusion equation can be derived by the synthesis of a

conservation equation and an empirically derived flow law. In the case

of heat conduction in a stationary medium, the conservation of thermal

energy in some arbitrary region B bounded by the surface

requires that the rate of increase of thermal energy in B is equal

to the heat flow into B across plus the rate of production of

heat within B. In integral form

a pcTdV pSdVq.nda+tB B

where p is the density, c the heat capacity per unit mass of the

material, and S is the specific source density per unit mass. The

material constants p and c are assumed to be independent of

time.

Using Gauss' integral theorem the surface integral can be

transformed to a volume integral and all three terms included within

the same integral

SBt v - pS}dV = 0
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Since region B is arbitrary the expression within the integral must

be identically zero

pcaT + v - pS = 0 (2.1)

This constitutes an expression in differential form for the conservation

of thermal energy in a stationary medium.

The heat flow vector can be eliminated by assuming a

linear flow relation which in the case of isotropic media is expressed

q = -kvT (2.2)

where k is the scalar thermal conductivity. This is the Fourier

heat flow law. Analogous empirical laws describe other diffusion

phenomena.

Substituting Equation (2. 2) in (2. 1) results in a partial differ-

ential equation which describes the temperature distribution in a solid

PC8tT v(kvT) = pS

In the case of a homogeneous medium we obtain the simpler equation

which can be rewritten

pc3T kv2T = pS

-1-8T -v2T=at k



where a = k/pc is the thermal diffusivity. If no sources are

present the above equation reduces to the homogeneous form

18T -v2T=O (2.3)at
This is the standard form for the diffusion equation describing a

purely conductive temperature field in a homogeneous, isotropic,

stationary, source -free medium.

Throughout the following chapters of this thesis only the simplest

case of one spatial dimension is considered. The diffusion equation

then reduces to

a T 8 T = 0 (2.4)a t xx

It should be noted that in the one-dimensional homogeneous case

he heat flow q -k8 T is also a diffusion field.x

18q-3 q=Oa t xx

This is easily verified by operating on (2.4) with the operator -k8

Heat Flow in Porous Media

Fluid percolating through pore spaces in porous media can also

contribute to the heat flow. Assuming infinitesimally small grains and

a finite percolation velocity so that the temperature of the fluid is



everywhere equal to that of the adjacent solid, the heat flow can be

expressed

cj = -kvT + cfuT

7

(2. 5)

where cf and are the specific heat and mass velocity of the

fluid, respectively.

Substituting this modified heat flow vector in (2. 5)

pcaT + V. (-kVT+cfT) = oS

For an incompressible fluid

Vu = 0

and assuming homogeneity and no sources the heat flow equation

reduces to
c

1 28T-VT+uT0 (2.6)a t pc

Initial and Boundary Conditions

In order to obtain a unique solution to (2. 3) it is necessary to

further constrain the problem with initial and boundary conditions. A

boundary condition prescribes the temperature or heat flow at the

boundary of the region. Let the outward normal of the boundary sur-
face be . The three common types of boundary conditions are

the following



1) T specified on ; this is referred to as a Dirichiet-type

boundary condition;

2) specified on ; this is referred to as a Neumann-type

boundary condition; and

3) + hT specified on ; this is the mixed boundary

condition which occurs, for example, in problems where a

linear approximation of radiative heat transfer is made.

Only one of the above three conditions is required. If more are pre-

scribed the problem becomes overdetermined.

Since the temperature field is also a function of time an initial

condition has to be adjoined to one of the above boundary conditions.

Since time does not appear explicitly in (2. 3) the diffusion equation is

invariant to translation in time. Thus we can adopt the practice of

starting all cases at time t = 0. The initial condition is the tempera-

ture distribution T(P, 0).

A general diffusion problem is constrained by both initial and

boundary conditions. It is usually convenient to split the general

problem into simpler problems. For example in the case of the fol-

lowing problem with initial and Dirichlet-type boundary conditions

i 8 T v2T = 0 T(P, 0) = f(P) (2.7)at
T(P,t) = g(t) for P on , t>O



it is convenient to solve separately the two simpler problems, the

initial value (IV) problem with homogeneous boundary conditions

!atTi v2T1 = 0 T1(P,0) = f(P) (2.8)

T1(P,t) = 0 for P on

and the boundary value (By) problem with homogeneous initial condi-

tions

18 T v2T2 = 0 T2(P,0) 0 (2.9)at2
T2(P,t) = g(t) for P on , t >0

Since the diffusion equation is linear, T = T1 + T2 is the solution of

(2. 7). Subsequently the subscripts 1 and 2 will be used to

designate the IV and BV solutions respectively.

zero

A function of time which is zero for all time preceding time

g(t) = 0, t < 0

is referred to as a causal function. The boundary condition for the

BV problem (2.9) and the resulting temperature field T2(P,t) are

causal functions.



10

Stationary Field

If the temperature distribution is constant in time the diffusion

equation reduces to the simple potential equation for stationary fields

-v2T f(P) T = (P) for P on

In a source-free, homogeneous, one-dimensional space the

stationary field is

T = ax + b (2. 10)

where the coefficients a and b are determined by the boundary

conditions.

Similarity

Given two geometrically similar domains B and B' with

boundaries E and ' let T(x,t) and T'(x',t') represent the
solution of the diffusion equations for the respective domains

T0 for B (2.4)a t xx

-8 T' = 0 for B? (2. 11)a t xx

ApTdving the set of linear transformation to (2. 11)

X.x t' Tt a' = (2. 12)
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results in the diffusion equation (2 4) for domain B if

= 1

Substituting from the transformations (2. 12) this becomes

---- (2. 13)2x x

i.e., the solution of the diffusion equation (2.4), T(x,t) in B, is

identical to the solution of (2. 11), T'(x',t') in B', if condition

(2. 13) is met. This expresses the similarity law for conductive tem-

perature fields (Carslaw and Jaeger, 1959, p. 24).
On this basis we can define a number

at
NF

L2
(2. 14)

where L is some characteristic length of the region. NF is
referred to as the Fourier number. The similarity law implies that

the temperature field in two geometrically similar regions will be

similar if their Fourier numbers are equal.

In the following development we will be dealing with discretely

sampled functions. It will sometimes be convenient to use the data

interval, L or L , as the characteristic time or length. Thust x

we define the interval Fourier Number



or

aEN
N' =F 2

x

depending on whether the function is sampled in time or space.

12

(2. 15)
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III. CONTINUATION OF CONDUCTIVE DIFFUSION FIELDS

The continuation of a diffusion field involves the extrapolation of

a field known over a limited domain to an adjacent domain in such a

way that it satisfies the diffusion equation and prescribed initial and

boundary conditions.

It is shown in Chapter II that the one-dimensional diffusion

problem can be split into separate pure initial value and pure

boundary value problems. The one-dimensional IV problem

T - a T = 0 T1(x,0) = f(x) (3.1)a t 1 xx 1

T1(O,t) = 0

can be solved by conventional methods to yield T1(x,t) for t >0.
This operation is referred to as a continuation forward in time. Con-

versely if a distribution T1(x, T), which is a solution of the diffu-

sion equation for a physically reasonable initial condition, is pre-

scribed at a fixed time T >0 then the initial condition T1(x, 0)

can be determined. In our terminology this inverse operation is a

continuation backward in time.

For the positive half-space the one dimensional BV problem
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T -8 T = 0 x>0 (3.2)at2 xx2
T2(x,0) = 0

T2(x, t) g(t)

can be solved by conventional methods to yield T2(x, t) for x > 0.

Considering the x-axis positive downward, this operation is referred

to as a continuation downward in space. Conversely, if a temporal

profile

or a spatial profile

T2(d,t) g'(t) 0 <t <T

T2(x,T) = f'(x)

where d and T are fixed parameters, is given and is a solution of

the diffusion equation for physically reasonable boundary conditions,

then the boundary condition T2(O,t), t < T, can be determined.

This inverse operation is a continuation upward in space.

This chapter derives analytic solutions for the continuation

problems that occur for diffusion fields in the one-dimensional infinite

and semi-infinite spaces.

The Initial Value Problem--Continuation in Time

The whole-space IV problem
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-a T =0 oo<x< (3.1)a t 1 xx 1

T(x90) = f(x)

can be solved using the Fourier integral transform. The spatial

Fourier transform is defined

A 1
cp(x) -ikxe dx

(3.3)
ç CO

1
(k)

+ikxe dk

The second derivative operation transforms

FT
ZA

a p< >-k (3.4)xx

(Duff and Naylor, 1966). The differential equation and initial condition

13. 1) transforms

1 "DT +kT =0a
(3.5)

- ikxdx1(k,0) f(k) f(x)e

This equation has the solution

A A -k2atT1(k,t) = T1(k,0)e (3.6)
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To obtain the solution in real space we apply the inverse FT

00

T 1(x,t) = T 1(k, 0) exp[-k2at+ikx]dk

Substituting for T1(k,0) from (3.5) and changing the order of inte-

gration this becomes

Pb0°

T (x,t) = f(x1)
exp[k2at+ik(xx!)kdxt

1 2Tr

The inside integral can be evaluated explicitly

00 2
1 (xx!)

S exp[-k2at+ik(x-x')]dk = e[- 4at
00

= K1(x-x';t), t >0

(Abramowitz and Stegun, 1964, p. 302). Thus the solution of (3. 1)

srnp1ifies to the convolution integral

(00
T 1(x, t) = f(x')K1(x-x'; t)dx' = f(x) K1(x, t) (3. 8)

The kernel function (3.7) is the Green's function for the one-

dimensional whole-space IV problem (Carslaw and Jaeger, 1959,

p Si).

In the case of finite domains it is necessary that the Green's
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function also satisfy boundary conditions. For the half-space x >0

boundary conditions must be satisfied at x = 0. This is most easily

achieved using the method of images. For example, the homogeneous

Dir ichiet boundary condition can be realized by extending the region

to the whole-space and assigning the negative image to the half-space

x < 0. Using (3.6) this results in the Green? s function.

K(x,x',t) 1 (x-x')2 ]-exp[-'j (3. 9)- {exp[- 4at 4at

t >0

Using a positive image satisfies the homogeneous Neumann boundary

condition. The resulting Green's function is

K2(x,x',t) 1 {exp{ 4at + exp[- (x+x')2 (3. 10)4at

t >0
(Carsiaw and Jaeger, 1959, p. 274).

To evaluate the temperature at time t > 0 given the

distribution T1(x,0) f(x) it is necessary to evaluate the integral

T1(x,t) Sf(x)K1(x,x?;t)dx' (3. 11)

where the limits of integration and appropriate Green's function are
dictated by the region and boundary condition. This problem is



referred to as a continuation forward in time. The symbolic notation

T1(x,t) tf(x) (3. 12)

will be used for this operation.

The complimentary problem of continuation backward in time,

i.e. , find the temperature distribution at time zero when the distribu-

tion at time T > 0 is given, requires solving (3. 9) as an integral

equation for f(x). A formal solution to this problem can be obtained

by integral transforms or a Taylor series expansion. The Fourier

transform has been applied to the analogous problem for potential

fields (Bodvarsson, 1971, 1973) and the Taylor Series approach to

general linear fields (Bodvars son, 1975). In the present case the FT

equation for forward continuation

A AT1(k,T) = T1(k,O)kaT (3.6)

is rewritten with the unknown function on the left

A +k2aTT1(k,0) T1(k,T)e (3. 13)

This is the Fourier transformed form of the backward continuation of

a whole-space temperature distribution.

Equation (3. 13) cannot be directly inverse transformed to real

space. To alleviate this difficulty the exponential factor is expanded



in a series
2 2k2aT + (k aT) +e 1+k 2!

cc
2 n

- \ (k aT)
L n!
nO

Using the transform pair (3. 4)

FT a2k< >-q
Equation (3. 13) can be formally inverse transformed

cc naznaT)
T(X,T) (3.14)T1(x,O)

L1 n!
n0

For this backward continuation in time the operator notation

T1(x,O) = 'T(xt) = tT(xt)

will be used.

The same results are obtained by a Taylor series expansion.

Assuming an analytic temperature distribution T1(x,t)

tzT1(x, 0) = T1(x, t) tT1 (x,t) +
2 T1 (x, t)

cc
v-'/ \ fl

= ) '1Y T (x,t)Li n! n 1

n0 at
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Using the operational identity from the differential equation

a a8 (3.15)t xx

the same expression as (3. 14) is obtained.

The Boundary Value Problem- -Continuation in Space

The one-dimensional Dirichlet BV problem

-8 T 0 x>0 (3.2)at2 xx2
T2(x,0) = 0

T2(0,t) = g1(t)

can be solved using Laplace integral transform methods. The one-

sided Laplace transform is defined

ç

(s) = \ qj(t)e5tdt
'-JO

(3. 16)
C + iOO

qi(t) 2ff
r stt4i(s)e ds, t>0
C-iOO

and the transform of the first derivative operation is

d LT< > s4i(s) i(0) (3. 17)

(Duff and Naylor, 1966).
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The differential equation and boundary condition (3. 2) transform

T -DT =0a 2 2
(3. 18)

T2(O,$) =

We require that the temperature field vanish at infinity, thus (3. 18)

has the solution

T2(x, s) = T2(0, s) e[- x]

= exp{- ,jx]

This can be inverse transformed to real time using the

convolution theorem for the Laplace transform

* 2(t) S

< LT>()
and the transform pair

(3. 19)

(3. 20)

2exp[_rs]<LT> x xexp{- -j (3. 21)

(Abramowitz and Stegun, 1964, p. 1026). Thus,
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t g1(t') 2
T2(x,t) 3/2 exp[- 4a-t') ]dt

0 (t-t')
(3. 22)

= g1(t) * K1(x,t)

where the convolution kernel

2(1) x xK2 (x,t)
2Jrrat

exp. ] t >0 (3. 23)

is referred to as the half-space Dir ichlet impulse response. These

results can also be obtained using Duhamel's Theorem (Carsiaw and

Jaeger, 1959, p. 63).

The solution for a Neumann boundary condition

8T2(0, t) = g2(t) (3. 24)

is obtained in the same manner. The differential equation and bound-

ary condition transform

s'T -DT 0a 2 2
(3. 25)

aT2(o, s) g2(s)

Requiring that the field vanish at infinity, Equation (3.25) has the

solution

T2(x, s) g2(s) J exp[-x [i] (3. 26)
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Expression (3. 26) inverse transforms using the convolution

theorem (3. 20) and the transform pair

2LT 1 xexp{xf] < exp[- J (3.27)

(Abramowitz and Stegun, 1964, p. 1026). Thus,

- t g2(t') 2
T2(x,t) =

(t-t')
exp[- 4a(t-t') ]dt'

(3. 28)
= g2(t) * 42(x,t)

where the convolution kernel

2
K2(x,t) xJiexp[-i t>0 (3.29)

is termed the half-space Neumann impulse response.

To evaluate the temperature distribution, given either Dir ichlet

or Neumann causal boundary conditions g(t), it is necessary to

evaluate the integral

T2(x,t) ()K(tt')dt' (3.30)

where the kernel is determined by the type of boundary condition.

Adopting the convention that we are dealing with the lower half-space
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with x positive downward, this problem is referred to as continua-

tion downward in space. The symbolic notation

T2(x,t) tDg(t) (3.31)

will be used for this operation.

The complimentary problem of continuation upward in space

requires solving (3. 19) as an integral equation for g(t). A formal

solution can be obtained using integral transform techniques,

analogous to the solution for backward continuation in time. The LT

form of downward continuation

T2(x,$) 2(O,$) e[-x] (3.19)

is rewritten with the unknown function on the left

T2(0, s) T2(x, s) e[x (3. 32)

This is the LT equation for upward continuation to Dir ichiet bound-

ary conditions.

Upward continuation to Neumann boundary conditions can be

obtained in the same manner from (3. 26)

a T(O, s) = T(x, s) exp[xJ] (3. 33)x
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The upward continuation Equations (3. 32) and (3. 33) in LT

time cannot be directly inverse transformed to real time. To alleviate

this difficulty the exponential factor is rewritten

exp{xJT] = exp{xf] + exp[-xJ] - exp[-xJ']

Substituting this in (3. 32) and regrouping terms

T2(O, s) T2(x, s){exp{x J + exp[-x

2(x, s) exp[-x Ji]

The second term on the right can be recognized from (3. 19) as the

transformed downward continued temperature field. The exponential

factors in the first term on the right can be expanded in a series. Thus

cc 21n(x s/a)T2(0, s) = 2 (Zn)! T2(x, s) T2(2x, s)
n= 0

This can be formally inverse transformed term-by-term using the LT

pair
nd LT nAl n-i + flZ t() (n-i)(0+)i(t)< >si(s)-s (0)-s qi

dt
n-i

1--')s4i(s)- (0)
j0
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(Abramowitz and Stegun, 1964, p. 1020) and assuming that T(x,t)

and all its derivatives are zero at t = 0. This can be justified

intuitively since the boundary condition start at t 0 and cannot

penetrate to depth x with infinite speed. Thus

00

2
T2(0,t) = 2 (2 n 1

a (Zn)! T2,t) - T2(Zx,t) (3.34)
n= 0

The upward continuation to Neumann boundary conditions can be

obtained in the same manner. This results in

00
2

8 T (x,t) = ' 1 )T2(x,t) - 8T2(Zx,t) (3.35)x 2 xL a (Zn-i)!nl
If the boundary condition is not causal but defined over all time

T(0, t) g(t) -00 < < 00

then the differential equation is no longer a pure BV problem in the

same sense as (2. 9). For this case the problem can be solved using

the Fourier integral transform in time. The differential equation and

the associated Dirichlet boundary conditions transform to

2"T -D T0a
00

A. A 1 iC)tT(0,w) = g(w) g(t)e dt
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T(x,w) = (O,)) exp[- (3.36)a

This expresses downward continuation in FT time.

For upward continuation Equation (3. 36) is rewritten with the

unknown on the left

A AT(O,) = T(x,) exp[J x] (3.37)

This can be inverse transformed in a manner identical to that used for

the development of upward continuation from the LT Equation (3. 32).

Adding and subtracting an exponential term results in a series in

(i) and a downward-continued term. Using the transform pair

d FT A
>i(4

the inverse transform of (3.37) is identical with (3. 34) above.

The same results can be obtained in a more general way using

Taylor series. For an analytic temperature distribution the surface

temperature can be expressed in the series

cc 00 00 CC
Zn Zn+l Zn

TW,t) (Zn) \ x (Zn+l)+ x a(2 x (Zn)
x L(Zn+l)! x (Zn)! x (Zn)!x

Jo o o

X T(x,t)



Combining the second and fourth term into a single series results in

00 00

Zn n
T(O,t) (2n)! aT(x,t) - anT(x,t)

0 0

The second term is the Taylor series expansion of T(Zx, t). The

first term can be expressed in a desirable form using the operational

identity (3. 15) from the differential equation. Thus

00
a

T(0,t) = 2 ()fl 1 8T(x,t) -T(Zx,t)a (Zn)! t
n= 0

which is identical to (3. 34).

All three developments for upward continuation give the same

solution in its general form. The difference between these methods

lies in the last term T(Zx,t). For the Laplace transform derivation

the downward continuation term is obtained as an inverse LT of

(3. 19). The Fourier transform method yields the last term as an

inverse FT of (3.36). The Taylor series development does not

provide a method of obtaining the downward continued term but does

point out the fundamental nature of the general solution (3. 34). The

particular approach used for evaluating downward continuation, the

La-r)lace or Fourier transforms, depend on whether the desired bound-

ary condition is causal or noncausal, respectively.
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IV. APPROXIMATION METHODS FOR EVALUATING
CONTINUATION FORMULA

Analytic continuation formula for conductive temperature fields

in homogeneous whole and half-spaces were derived in Chapter III.

These solutions are strictly formal in nature. In practice a physical

field is not given in an analytic form but is represented by digitized

values at discrete points. Approximations must be imposed to evalu-

ate the convolution integrals, integral transforms, or series of

derivatives.

In a source free region the temperature field is supported by

nonhomogeneous initial and/or boundary conditions. Thinking of the

initial or boundary conditions as representative of a source, the gen-

eral continuation problems can also be divided into two distinct

categories: continuation from and continuation toward the source.

Continuation from the source represents continuation forward in

time or downward in space whereas continuation toward the source

represents continuation backward in time or upward in space.

Analytic solutions to these problems were derived in Chapter III. This

chapter discusses numerical methods applicable to these two general

categories of continuation.
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Continuation from the Source

Continuation from the source requires the evaluation of a

convolution integral. Integration is a smoothing operation in the

sense that distinct features in the integrand are smoothed over in the

integration process. The value of the integral is relatively insensi-

tive to small errors and noise in the input data. Such problems are

numerically well-posed. They are fairly straightforward, though not

necessarily easy to solve numerically.

One of the important properties of the convolution operator is

linearity. An operator L is linear if

L(av1+bv2) aL(v1) + bL(v2)

where a and b are constants. This property is of great impor-

tance for the numerical methods to approximate the convolution

integral.

The following subsections discuss approximation methods which

can be applied to obtain numerical solutions to the convolution inte-

grals which were derived in Chapter III.

Linear Filter Methods in Real Space

A one dimensional convolution integral is expressed
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(-100

u(x) = h(x..y)v(y)dy (4. 1)
-00

where h is the kernel function. Let v be given as a set of values

{v.} at discrete points x.

v. v(xj, i 0, 1, 2,
1 1

The simplest method of evaluating (4.1) is to assume that h

and v are a series of step functions having constant values over an

integral adjacent to each data point. Then (4. 1) is approximated by

the summation

u(x) = h(x-x.)v.t.

x. -x. x. -x. x. -x.i+1 1 1 L-1 i+1 i-i
i 2 2 2

(4. 2)

This expression does not take into account variations in the integrand

over the interval Lx.. Neither is it convenient to evaluate since in
1

general the kernel h must be evaluated for each individual combina-

tion of x and x.
1

A very substantial simplification is achieved if the data is at a

wform spacing
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x. = LA
1

V. v(LA), i = 1, 2,
I

and the field points x are at the same ordinates as the data

x = ji

u(j) = u
3

Then Equation (4. 2) simplifies to

u = h[(j-i)]v.

= Ya. .v. (4.3)
LjJ-11

1.

a th(.t), . 1,2, .

Equation (4. 2) is a general expression for the numerical

evaluation of a convolution integral. Equation (4. 3) is the form corn-

monly used in practice, and has substantial advantage over (4. 2) since

the kernel function, h, is evaluated only at integer multiples of the

data interval. The general form of the convolution summation (4. 3)

is commonly referred to as a linear filter operation in real space or

covcuton filtering.

The limits of summation have been intentionally omitted in the

previous discussIon. They depend on the limits of integration of the
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convolution integral. If the convolution is evaluated over a semi-

infinite or infinite interval, as for the continuation forward in time

(3. 11) then one or both of the corresponding summation limits are at

infinity. If both functions 1 the integrand are causal, as the continua-

tion downward in space, (3.30), the limits of integration are (0,t)

where t iL, and the summation limits are 0 thru i. Care

must be exercised when defining the convolution coefficients at the

limits.

Infinite limits of summation are not possible in a practical

evaluation scheme; finite limits must be imposed. If the limits are

large the summation is laborious. Equation (4.3) provides a practical

computation scheme only when the limits are small or the series con-

verges rapidly enough that it is sufficient to retain relatively few

terms. If this is not the case, it may be more desirable to evaluate

the linear filter operation in Fourier transform space. This will be

discussed later.

The advantages of the linear filter scheme for evaluating the

convolution integral apply only when the convolution is evaluated along

a profile of the same dimension as that over which the integral is

evaluated. If the convolution involves a second variable, such as

u(x,t) h(x-x';t)v(x')dx (4. 4)



34

and u is to be evaluated along the temporal profile

t Lt = 0,1,2,

then the convolution integral cannot be reduced to the simple form of

(4.3). The convolution coefficients will have to be evaluated at each

interval of both space and time. There are other more convenient

approximation schemes for evaluating continuation over mixed

dimensions.

The case of convolution filtering applied to downward continua-

tion of causal boundary conditions will be treated later.

Linear Filter Methods in Fourier Transform Space

Using the convolution theorem for Fourier transforms a

convolution integral over an infinite interval is reduced to a simple

algebraic form in FT space. Whole-space forward continuation in

time is given in Chapter III by

- -. 2T(k,t) T(k,0) exp(-k at) (3.6)

The FT representation of downward continuation is

(x,w) (0,) exp[-xJ (3.36)

From these FT expressions it is easy to recognize the smoothing
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nature of these continuation operations. The higher frequency portions

of the input are suppressed due to the negative argument of the

exponential.

The FT representations for continuation are practical because

of the existence of computation algorithms for approximating the

Fourier transform and its inverse. Applying these algorithms to

approximate continuation is referred to as linear filtering in trans-

form space. The exponential factors in (3.6) or (3.36), which corres-
pond to the FT of the convolution kernels, are referred to as the

transfer or filter functions.

The use of the FT for performing linear filter operations in

geophysical interpretation theory is identical to methods first applied

to electrical circuit analysis. Geophysical applications of linear filter

methods in FT space were first discussed in a unified manner by

.Dean (1958). Subsequently numerous papers have been directed to this

area; e.g. , Clarke (1969), Lavin and Devane (1970), Schouten and

McCamy (1972). These have dealt predominantly with the interpreta-

tion of potential fields.

Algorithms for approximating the FT assume that when given

a data set of uniform spacing over an interval of finite length, the

function i3 band-limited and can be periodically extended outside the

given interval. Thus the transform is uniquely defined by the given

data set. It is a discrete function having values only at a finite number
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of frequencies which are the harmonics of the interval. This

approximation is termed the Discrete Fourier Transform (DFT).

The inverse transform can be evaluated by the same technique

(Ba],lance et al. , 1973).

Applying linear filter concepts to evaluating continuation

involves taking the DFT of the input data, multiplying this by the

transfer function evaluated at the discrete frequencies, and taking the

inverse DFT.

The FT methods have become especially advantageous over

the last decade with the introduction of the Fast Fourier Transform

(FFT) algorithm (Cooley and Tukey, 1965). If the data has a length

which is an integer power of two, the FFT takes advantage of sym-

metry properties to greatly reduce the computation time for evaluating

the DFT. The significance of this development is apparent from the

dramatic increase in the literature on FT methods of linear filtering

iollowing its introduction.

The forward operation for a half-space region requires solving

a convolution over a semi-infinite interval. One way of dealing with

this is to use the Fourier sine or cosine transform

sin kx1
I!°°
- p(x){ dx

0
coskx

depending on whether an odd or even function is needed to satisfy the
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boundary condition (Duff and Naylor, 1966). The easiest way to

handle this in practics is to simply project the appropriate odd or

even image into the negative half-space and evaluate the forward

operation as a whole-space problem.

The computer subprogram FORWARD, given in Appendix I, is

used for evaluating the forward continuation in time as a linear filter -

ing operation in FT space for both the whole and half-space prob-

lems.

The downward continuation, Equation (3.36), is evaluated by

FT methods using the subprogram DOWNWARD, also given in Appen-

dix I.

Fourier Series Expansion

A limitation of the linear filtering methods discussed in the

preceding sections is that they are suited only for continuation between

adjacent profiles in the same dimension space; e. g. , the initial con-

dition

T(x, 0) f(x)

continued forward in time to an adjacent spatial profile

T(x,T)= 1Ff
T

where T is a fixed parameter. Continuation between profiles of



different dimension spaces, such as continuing the initial condition

forward to a temporal profile

T(d,t) IFtf

where t is variable, requiring either continual reevaluation of the

convolution coefficients or repeated performance of the FT filter-

ing operation. These are extremely laborious approaches for evalu-

ating continuations over mixed dimensions.

An easier method is to expand the FT expression of the

continuation in a Fourier series. Let the initial conditions be given

by

ik . x
T(x, 0) = Re(C.e 3 )

i:i

'vhere C. = (A., B.) are the complex Fourier coefficients. For con-
3 33

tinuation forward in time, we use the transfer function from Equation

(3. 6) and obtain

T(x,t) Re( C. exp[ik.x-kat]
3 3 3]

3

= [A. cos k.x - B. sin k.x] exp(-kat)
j

If x d is a fixed parameter, the above equation can be expressed
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T(d,t) = A! e(-kat)L3
j

(4. 5)

A = A. cos k.d - B. sin k.d
3 3 3 3 3

This method provides a more convenient computation scheme for

continuing a spatial profile forward to a temporal profile at a fixed

depth.

Similarly for boundary conditions expressed as a Fourier series

iw .t
T(O,t) Re(C.e 3) C. = (A.,B.)

3 33
3

we use the transfer function given by (3.36) and obtain the downward

continuation

T(x,t) Re C. e,[iw.t-(l+i)k.x] k. =zJJ 3 j .J2a
j

[(A. cos w.t + B. sin w.t) cos k.x
3 3 3 3

3

-k.x

+ (A. sin w.t B. cos c.t) sin k.x]e
3 3 3 3 3

If t T is a fixed parameter the above equation can be expressed



-k.x

T(x, T) > [A! cos k.x + B sin k.x]e
L 3 3 3

3

A! = A. cos O..T + B. sin .T (4. 6)
3 3 3 3 3

B! = A. SIflW.T - B. cos W.T
3 3 3 3 3

The above series can be conveniently used to evaluate the spatial

profile resulting from a periodic boundary condition.

Downward Continuation of Causal Boundary Conditions

The downward continuation of a causal boundary condition is

expressed in Laplace transformed time by (3. 19)

exp[-x 1

The LT representation displays the same elegant form as

downward continuation in FT space (3. 36), but unfortunately it can-

not be applied in the same general fashion. There is no simple

algorithm for approximating the LT-inverse analogous to the inverse

DFT. Methods have been proposed (Bellman, 1966; Pus sins, 1969);

but these rely on evaluating the Laplace integral (3. 16) in some stand-

ard numerical fashion. It is easier to evaluate the convolution

integral directly using numerical methods.
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Polynomial Boundary Condition. There is at least one particular

functional form of boundary condition which makes the LT expres

sion for downward continuation (3. 19) of practical interest. Consider

a boundary condition expressed as a polynomial in time of order n

n

T (O,t) = A.t3 0 < t < T (4.7)
L_J 3

jO

Using the transform pair

ti <LT>JL
j+l

S

The LT of the boundary condition (4.7) is

n='A j!T2(O,$)
L1 i i+i

S
j=0

Substituting this in the LT form of the downward continuation

operation (3. 19)

n
= A j! exp[-xfi (4.8)T2(x, s)

j=0

Expression (4. 8) can be inverse transformed using the LT pair

.n k1 kPT<LT>(4)n/Z erfc1+(n/2) e 2JT
S
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(Abramowitz and Stegun, 1964, p. 1026), where the function erfc

denotes the repeat integrals of the complimentary error function and

is defined

n-i
i. erfc z j i erfc tdt (n = 0,1,2,3. .

z

2 -z2 .0
i. erfc z e i erfc z = erfc z

The error function and its compliment are defined

2
erfz

(4. 10)
°° 2

erfc z \ e_t dt = 1 erf z
JTr 3

z

(Abramowitz and Stegun, 1964, p. 297). The downward continued

field (4. 8) inverse transforms to

n

T2(x, t) = A.j ! (4t)i2 erfc[ 2at (4. 11)

j=0

Similarly, for Neumann boundary conditions, if the boundary

conditions are expressed as the polynomial series

nC
a T (0,t) = B tx2 Li j

j=0



the LT equation for downward continuation (3. 26) inverse trans-

forms to

43

n
xT2(x,t) = -Z B.j ! (4t)uiZj+l erfc[ 1 (4. 12)zr

j=o

For computational purposes the repeated integral of the error

function can be expressed as the series

in erfc z [i0 erfc z] + [i erfc Z]b.Z

The coefficients a. and b. are obtained using recurrence
3 3

relations. A subroutine for determining these coefficients,

RPTERROR, is given in Appendix I. The error function is evaluated

using a rational approximation (Abramowitz and Stegun, 1964, p. 299).

Using these computation algorithms, Equations (4. 11) and (4. 12)

can be evaluated numerically if the boundary conditions are given or

can be approximated by a polynomial series. These equations apply

to downward continuation to both temporal and spatial profiles.

Computer subprogram BCTOSPAC, given in Appendix I, is used for

the continuation to a spatial profile.

Convolution Filtering Operation. The temperature distribution

for causal Dirichlet boundary conditions is expressed as the convolu-

tion integral (3. 22). Because of the finite limits of integration it is
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convenient to approximate this integral using the following convolution

filtering method.

Let the boundary conditions be represented by a series of

temperature values samples at uniform spacing. For convenience let

the interval between data points be unity and the first data point have

zero value

T(0,j) = T. j = 0,1,2,...
T0 0

We can approximate the boundary conditions as a series of linear

segments between adjacent data points. Thus the boundary conditions

are approximated by the function

T(0,t) = [T.1-T.]{(t-j)U(t-j)-[t-(j+1)]U[t-(j+1)]} (4.13)
j=0

where U(t) is the Heviside-step function. The upper limit of sum-

mation is the greatest integer less than or equal to t.

The temperature distribution for a first order polynomial is

given by a single term of (4. 11). Thus downward continuation of

(4. 13) is

T(x,t) = 4 [T.1-T.]{t-j)i2 erfc{2.)]
j=0

- (t3l)ierfc[Z(.l)]}
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Evaluating the temperature at fixed depth along a temporal profile at

the same ordinates as the given boundary condition

t = i i = 0,1,2,..

the downward continued temperature distribution can be expressed

T(x, i) =

4{ i2erfc[2] (1-l)i2 erfc[2 l) (4.14)

The above equation expresses the downward continued causal boundary

condition to a temporal profile as a linear filter operation in real

space. It is a slight modification of the general form for convolution

filtering (4.3).

Series of Forward Continuations. Expression (4. 14) can also be

wed as a scheme to downward continue to a spatial profile, but at the

expense of considerable labor because the coefficients b would

need to be reevaluated for each spatial position. Equation (4. 11),

based on the boundary conditions expressed as a polynomial, has been

given as a convenient method to downward continue to a spatial profile.

Another approximation can be devised using forward continuation in

time and the linear property which permits the diffusion equation to be

split into separate IV and BV problems.



Let us consider the Dirichlet boundary condition of a boxcar

function of unit amplitude and duration The temperature dis-
+tribution at time t = &, immediately following the termination of

the boxcar distribution, is given by Equation (4. 6) as the spatial

profile

46

10, x0
(x) (4. 15)

Lerfc[z1 x 0

The temperature field at time t = T for this initial distribution is

given by the forward continuation (3. 12)

T(x,T) T-t p(x) (4.16)
t

We can extend this method to more general temperature distri-

hut ions. Let the boundary condition be approximated by a series of

adjacent boxcar functions of width and amplitude T

T(0,t) = (4. 17)

From the preceding development1the downward continuation of (4. 17)

can he treated as numerous superimposed IV problems with initial

trnperature distributions expressed as multiples of (x). Thus the

temperature distribution at time T nt can be expressed as a
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summation of forward continuations (4. 16)

[TJ (nj)(X) X >0

T(x,'r)
IT x0n

(Frank and v. Mises, 1935, P. 569). Using the FT form of the

forward continuation operation, (3. 6), the above equation transforms

to

n
A
T(I T) T exp[k2a(nj)z](k)

j= 1

n
(k) T (4. 18)

Luj1

which is the usual form for the linear filtering operation in FT

space, with the additional complication that the transfer function is

expressed as a summation.

In the limit as goes to zero this expression reduced to the

convolution integral (3. 22). The Fourier transform of Equation (4. 15),

placing a negative image in the half space x < 0 to satisfy the zero

Dirichiet boundary condition, is

(k) i[ 1-exp(-k2a)
IIk



(Abramowitz and Stegun, 1964, p. 303). In the limit

urn (k)'i t
Lt 0

n > T

j , t
dt

and the summation becomes an integral. Thus in the limit (4. 18)

becomes

n
'S

T(k,T) = urn T
j

t j=0

STT(o,t){jj e[-k2a()]}dt (4.19)
0

iT

Using the transform pairs

and

22 2 2-bx FT 1 -k/4be < >Jbe
f(x) <FT> ik lk)dx

(4. 19) has the Fourier inverse

T(0,t) 2x
T(x,T) 2T J 3/2 exp{- kit4a(T -t)0 (+-t)



which is identical to the convolution integral (3. 22).

A Neumann boundary condition results in an expression of the

same form where q(x) is obtained from (3. 12).

Computer subprogram FRWDMOD performs these operations

and is given in Appendix I.

If the approximation of the boundary condition as a series of

Heviside-step functions is too crude the approximation can be refined

by making the boundary condition a series of linear segments. The

same development can be used and will result in the temperature dis-

tribution expressed as a summation of two linear filter operations.

Continuation Toward the Source

Continuation toward the source requires the solution of an

integral equation of the first kind. Such problems are frequently

rnproperly posed in the sense of Hadamard (Bodvarsson, 1973) since

small perturbations in the input may result in large fluctuations in the

oatput. Round-off and other errors which exist in digitized real data

can result in greatly distorted and meaningless behavior in the output.

Such field continuations are also referred to as unsmoothing opera-

t tons.

In Chapter III it is shown how the solution of the integral

equations can be expressed as inverse integral transforms. For

some cases these can be reduced to an infinite series of derivatives.
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Such solutions are strictly formal in nature unless constraints are

imposed by the functions involved. To evaluate sourceward continua-

tion for real data some approximations need to be made.

This section discusses some techniques applicable to continua-

tion toward the source. Infinite series of derivatives and inverse

Fourier transforms can be approximated as linear filter operations in

real and transform space. When no other techniques are available

variational methods can be used to approximate a solution to an

integral equation.

Deconvolution

Continuation from the source can be expressed symbolically as

the convolution

u = h * v (4. 20)

where the convolution is an integral operation or a summation in the

numerical approximation. Continuation toward the source requires

solving for v, given u and h. This inverse operation is often

referred to, especially in the literature on seismic wave interpreta-

tion, as the deconvolution operation (Kanasewich, 1971).

Let the deconvolution be expressed

v h1 * u (4. 21)



Substituting for u from (4. 20)

v h (h v)

= (h1 *h) V

using the associative property of the convolution. From the above

equation

h' h = S

51

(4. 22)

where S is either the Kronecker or Dirac delta function, depending

on the sense in which the convolution is taken. Thus v is given by

the deconvolution (4. 21) where h' satisfies (4. 22).

The deconvolution is expressed as an algebraic equation in

transform space. Using the convolution integral for integral trans-

forms (4. 20) becomes

UHV (4.23)

where capital letters denote the integral transform. Thus

v=- (4.24)

These symbolic representations are strictly formal in nature and

are not readily applicable to the problem of evaluating continuation

tward the source. Though the inverse operations (4.21) and (4. 24)

are of the same form as the forward operations (4. 20) and (4. 23),
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respectively, which are shown in the last section to yield to linear

filter methods, we still need means for.solving (4. 22) for h1 or of

evaluating the inverse integral transform of V in (4. 24). These

problems do not yield as readily to numerical methods as those

encountered in continuation from the source.

A fundamental complication of the deconvolution is that the

solution for h usually cannot be obtained in a closed form and

approximations must be imposed.

A common technique for evaluating the inverse operation is the

least-square deconvolution filtering. Given a discrete convolution

operator h and prescribing the length of the inverse, an optimum

h 1 can be determined such that the squared error between 6 and

(h *h) is minimized. Besides the appeal of the least-squared-

error criterion, this has the advantage that the system of linear equa-

tions for the coefficients can be expressed in terms of a Toeplitz

matrix which easily conforms to computation algorithms (Levinson,

1947). With h' determined, the inverse is evaluated as a convolu-

tion filtering operation in real space.

This technique does not take into consideration the presence of

error in the signal. Digitizing and measurement error result in some

inherent noise in all data. If this method is applied to real data the

noise will be amplified and result in pathological, high frequency

effects. Modifications must be incorporated to suppress the influence
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of noise. The fundamental contribution in this area is that of Wiener

(1949). He derived a method of obtaining an optimum filter useful to

extract a desired signal from noisy data. This theory has been applied

to discrete signals by several investigators, including Rice (1962) and

Robinson (1964). This approach to deconvolution filtering is widely

used in the interpretation of seismic wave fields by the petroleum

industry. A large portion of the geophysical exploration literature

has been devoted to the theory and its applications. It will not be

treated further in this thesis, but is presented as one approach to the

evaluation of continuation toward the source.

Linear Filter Methods in Fourier Transform Space

To the casual observer it may appear that the easiest approach

to sourceward continuation is to use linear filter methods in FT

space, as discussed in the last section. Thus, for example, back-

ward continuation in time is expressed in FT space by (3. 11)

1(k,O) = 1(k,t) exp(+k2at)

8y analogy the FFT algorithm for approximating the Fourier trans

form and its inverse should provide a straightforward method of

vaI'iating for the backward continued temperature distribution.

Plancherel's theorem states that for the inverse transform of

(3. 11) to exist it is sufficient for the integral
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00 00

2dk c 1(k,t)exp(2k2at)dk (4.25)
-00

to be finite (Duff and Naylor, 1966). For this to occur

must converge to zero more rapidly than exp(-k2at) for large wave

numbers. For real data, measurement errors distort the large wave-

number portion of the spectrum so that it does not attenuate this

rapidly. Measurement and numerical limitations avoid this difficulty

by dictating that the input is band-limited; i. e. , the spectrum is zero

outside some finite interval since infinitely large frequencies cannot

be resolved. Thus the limits of integration in (4. 25) reduce to being

over a limited domain and the integral is always finite.

Thus the band-limiting approximation, inherent in the FFT

algorithm, insures that the inverse of (3. 11) exists; but this is not

sufficient to insure well behaved results. High frequency noise is

greatly accentuated by the unsmoothing filter operation and conse-

quently results in pathological high frequency, large amplitude oscil-

lations in T1(x,O).

To use linear filter methods in FT space for evaluating

sourceward continuation, it is necessary to do additional low-pass

filtering of the data to suppress some of the pathological effects intro-

duced by high frequency noise. Care must be taken though to avoid

eliminating the desired high frequency portion of the signal. It is
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desirable to select a filter which in some sense optimizes the signal-

to-noise ratio of the input. Unfortunately this is a subjective selection

process dependent on the quality of the input and the judgment of the

individual making the interpretation. This problem of using FFT

techniques on unsmoothing operations has received some attention in

the literature (Schouten and McCamy, 1972; Clarke, 1969). Low pass

filtering can introduce some other lower frequency pathological

effects which must also be considered in interpretation (Blakely and

Schouten, 1974).

Infinite Series of Derivatives

Two problems are encountered in the practical application of the

backward continuation (3.14) and upward continuation (3.34) expressed

is series of derivatives. First, the series are infinite and, second,

he derivatives cannot be evaluated directly since the data are given as

digitized values at discrete points rather than as analytic functions.

The usual method of evaluating an infinite series is to truncate

it as a finite number of terms. This approximation yields good

results if the series converges sufficiently rapid. Since the series of

derivatives was derived as the inverse transform of the FT expres-

ion of the unsmoothing operation, the convergence of the series is

totally analogous to the existence of the integral (4.25). As was dis-

cussed above, a sufficient condition for this integral to exist is for the
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input to be band-limited. Likewise an application of Bernstein's

theorem for band-limited functions shows that the series converges

if the input is band-limited (Bodvarsson, 1971).

Truncating the series is equivalent to assuming that the

spectrum of the input is sufficiently concentrated at low frequencies so

that the higher order terms can be neglected. This truncation is

referred to as the long wavelength ('w) approximation of the order

of the highest (kth) derivative of the input and is abbreviated

An analytic function must be fitted to the data to approximate the

derivatives. There are many analytic functions available for this

purpose. Because of the band-limited criterion that was used to

satisfy convergence, it is of interest to consider data of uniform

spacing as representative of the band-limited function given by the

Sampling Theorem

00

f(x) f(n)
sin(k0x-n)

(4. 26)k0x- ni
-00

where the cutoff wavenumber is

0 L

(Arac, 1966). The derivatives of the data can then be evaluated from

(4. 26). This approximation has been used by Eggers (1973) and found

To not give satisiactory results. This is because the series in (4. 26)
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is over an infinite interval and the practical necessity of restricting it

to a finite number of terms is not adequate when the derivatives are

evaluated.

Eggers (1973) has obtained more satisfactory results by using a

polynomial approximation of finite order n. Thus in the vicinity of

we assume that

f(x) (x-x0)

The coefficients a are uniquely determined by n+l values of the

function, f(x.), in the vicinity of x0. If the data points have uni-

form spacing, , the derivative of the function evaluated at the

data points can be expressed as a convolution of the data in the

adjacent domain

n /2md f(j) = bm)f[(
) 1 (4. 27)mdx -nIZ

where bm) are convolution coefficients. Eggers (1973) has
(m)described an algorithm for determining the coefficients b which

acts as a basis for the computer subprogram FNTDIFF as given in

Appendix I.

With these two approximations the formal solutions expressed as

infinite series of derivatives reduce to an approximate form suitable



for computation. Substituting the nth order w approximation

and Equation (4. 27) for evaluating derivatives in the backward con-

tinuation operation (3. 12) we obtain

m/2 n/2
T(j,0) = (-at) b2'T[(j-k),t]

k-n12

and by reversing the order of summation

n/2 m/2
T(j,0) = T[(j-k),t] b2' (-at)

k-n/Z i0

The inside summation can be evaluated explicitly

m/2
(m,n) b2'' (-at) (4. 28)ck k

. =0

Thus the backward continuation operation reduces to the form of a

linear filter operation in real space

n /2

(4.29)T(jL,O) £ ck
k-n/2

This convolution is over a limited domain and can be easily evaluated.

r a half-space region where homogeneous Dirichlet or Neumann

boundary conditions are prescribed, the appropriate even or odd

image is projected into the negative half-space for use in he



59

convolution. Subprobram BACKWARD, given in Appendix I, deter-

mines the convolution coefficients and evaluates the backward continu-

ation filtering operation (4. 29).

The same approach can be used for the series term in the

upward continuation operation (3. 34). Subroutine UPWARD is given

in Appendix I for this purpose.

Frequency Response

One method of testing the appropriateness of the approximations

used in expressing the sourceward continuations as convolution filter-

ing operations is to compare the frequency response (FR) of the
m,nconvolution coefficients, such as the coefficients lCk J in (4. 29),

with the corresponding transfer functions in FT space.

The FR of a set of convolution coefficients is defined as the

result of applying the convolution to a pure harmonic function. Thus

the response of a set of coefficients {a.} to the harmonic function

with wavenumber k is

R(k) a. exp[ik(ji)] (4.30)

where is the interval between sample points (Ballance et al.

1973). If the set of coefficients is symmetric this reduces to



R(k) = a + 2 Ya. cos(k.) (4.31)
0 Li 3 3

j=l

For the general case R s complex and it is necessary to consider

both the real and imaginar parts. It is more common to use the

amplitude response

A(k) = R(k)

and the phase response

-1 Im R(k)0(k) tan { Re R(k)

for the general case.

For backward continuation in time the transfer function is given

by (3. 11)

G(k) = exp(k2at)

Making the change of variables k' = k , where is the datax x

interval and k' has the units of radians /data interval. The transfer

function is then

,2 atG(k') = exp{k } IkI
x

From Equation (2. 15) the factor at/2 can be recognized as the

interval Fourier number. Thus the transfer function is expressed in

terms of the normalized wavenumber and interval Fourier number
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G(k') = exp{Nk'2} k < (4.32)

The FR of the backward continuation convolution coefficients,

given by (4. 28) can be compared with this exact transfer function. The

convolution coefficients are symmetric so the FR is real. Compari-

sons for interval Fourier numbers 1 and 10 are shown in Figures

1 and 2, respectively. The approximate curves are labeled with the

parameters ( ,m); is the order of w approximation and m

is the order of polynomial used in evaluating derivatives.

The response of the approximations lie very close to the exact

transfer function for small wavenumbers. As the wavenumber

increases the approximate responses diverge below the exact function.

The divergence increases with increasing wavenumber. The two fig-

ures show the same general behavior except that for N, = 10 the

divergence is much more severe than for N, 1. The vertical

scale for these two figures is very different. The vertical scale in

Figure 2 is compressed by a factor of 10 with respect to Figure 1.

Because of the logarithmic scales this means that full scale in Figure
4 . 401 is about 10 and in Figure 2 about 1.0

The FR of the sets of convolution coefficients diverge from the

exact transfer function because of the two approximations which have

been imposed, the long wavelength and polynomial approximations.

The w approximation truncates the power series expansion of the
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Figure 1. Backward continuation analytic transfer function and fre-
quency response of approximate convolution coefficients;

1. The approximations are labeled ( , m): ., the
order of long wavelength approximation; m, the order of
polynomial. The truncated series expansions of the trans -
fer functions are shown dashed.
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Figure 2. Backward continuation analytic transfer function and
frequency response of approximate convolution coeffi-
cients; NF' = 10. The approximations are labeled (,m):

, the order of long wavelength approximation; m, the
order of polynomial.



transfer function (4. 32)

. /2
G(k') =

(NF
(4.33)£ j!

j=o

The truncated summation for = 2, 4, 6, and 8 are shown dashed

in Figure 1. These graphs lie near the exact transfer function at

small wavenumbers and diverges as the wavenumber increases. As

more terms are retained in the series, i.e. , as the order of .w

approximation increases, the truncated series converge to the exact

transfer function

The FR of the covolut ion coefficients are further attenuated

by the polynomial approximation. At small wavenumbers the FR

of the coefficients obtained by the polynomial approximation lies near

the exact transfer function. As k increases the approximate FR

diverges below the exact response. As the order of polynomial

increases the approximate FR converges uniformly to the truncated

series (4.33) (Eggers, 1973).

For the series term of upward continuation to Dirichiet

boundary conditions, the corresponding transfer function is

G() = exp{ [x} + exp{- I x} (4.34)'Ja

Splitting this into real and imaginary parts and through a series of

algebraic manipulations the amplitude and phase of this transfer
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function can be expressed

= ?{jnh2kx+ cos2kx} k

(4.35)
O() = kx =

Making the change of variables w' where is the time

interval between data points, ' has the dimensionless units of

radians per data interval. Then

kx TxfxJ Iai'./Za

Recognizing the second factor as the inverse square root of the interval.

Fourier Number the above equation reduces to

kx J , (4. 36)

The FR of the convolution coefficients used to approximate the

series term of upward continuation can be compared with the exact

transfer function (4. 35) to test the adequacy of the approximations.

Figures 3 and 4 show the transfer function and FR of the convolution

coefficients for N, 1 and 0. 1 respectively. The lower portion

of these figures, graph (a), shows the amplitude response, and the

upper portion, graph (b), shows the phase response. As was done in

the previous figures the approximate curves are labeled with
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Figure 3. Upward continuation analytic transfer function and fre-

quency response of approximate convolution coefficients;
1. The approximations are labeled (. m): ., the

order of long wavelength approximation; m, the order of
polynomial. The truncated series expansions of the trans-
fer function are shown dashed.
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0Figure 4. Upward continuation analytic transfer function and
frequency response of approximate convolution coeffi-
cients; Np 0. 1. The approximations are labeled (.,m):

, the order of long wavelength approximation; m, the
order of polynomial. The truncated series expansions of
the transfer function are shown dashed.
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approximation parameters ( , m) which indicate the orders of w

and polynomial approximations.

The behavior of the FR for these upward continuation cases

show some of the same features as the backward continuation

response considered previously. The response at low frequencies

lies near the exact transfer function and diverges as the frequency

increases. As the order of w approximation increases the devia-

tion diminishes. The approximations also improve as the order of

polynomial increases.

The behavior of the upward continuation responses differ

markedly from that of backward continuation in that the approximate

FRs deviate both above and below the exact transfer function. The

reason for this is apparent from the truncated series expansion of the

transfer function (4. 34)

(iu'/N,)
G(') 2 (Zn)!= (4.37)

n= 0

Because of the n factor in the above series the signs of the terms

alternate. Thus if the series is truncated the results diverge either

above or below the exact function depending on the number of terms

retained in the series. The truncated series for various orders of

w approximation are shown dashed in the amplitude graphs of Fig-

tires 3 and 4.



The polynomial approximation still acts to attenuate the FR of

the convolution coefficients below the truncated series. This is

apparent in Figures 3 and 4. The .w1 FR lies above the exact

transfer function at intermediate frequencies, corresponding to the

effect of retaining only two terms in the series, and then falls below

the exact function as attentuation due to the polynomial approximation

becomes more significant. It is also shown in Figure 3 that the

attenuation diminishes as the order of polynomial is increased.

Variational Methods

Some continuation operations do not yield to linear filter methods.

This has been shown in the last section on continuation from the

source. It is analogously true for some operations of continuation

toward the source. In these cases variational methods can be

employed to obtain a solution.

Variational methods yield a solution which minimizes the

squared-error between the observed and computed profiles with the

limitation that the general functional form of the solution is pre-

scribed initially. Variational techniques are a broad class of numeri-

cal methods and a common topic of texts and the literature. A par-

ticular treatment on the theory of variational methods for diffusion

fields of interest to this thesis is that of Biot (1970).
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As an example of variational methods applied to sourceward

continuation consider the problem of determining boundary conditions

from a spatial profile. For causal boundary conditions expressed as

a polynomial in time the spatial temperature distribution is given by

(4. 11)

n
T2(x,t) A.j!(4t)3i23 erfc[

j=0

Assume we are given a spatial profile observed at N depths

T(x.,t) = f. i = 1,2,... ,N (4.38)
I I

If the boundary temperature is expressed as a single term

T2(0,tt) = t'3 0 <t' <t

the resulting spatial profile at time t is given by a single term of

(4. 11)

= j !(4t)i erfc[ j = 0,1,2,... (4. 39)

The set of functions 4. are termed trial functions.

Assume the boundary conditions can be approximated by an nth

order polynomial
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T2(0,t') 0 <t' <t

then the resulting spatial profile at time t would be

g(x) A..(x) (4.40)

The total squarederror between the observed (4. 38) and approximate

profile (4. 40) is

E = {f.g(x.)}2 =

Assuming that the minimum of the squared error is stationary

with respect to the set of coefficients {A.T these coefficients can be

ietermined. Let the {A.} be such that E is a minimum. Then
J

the minimizing condition is

= 2 = 0 k = O,1,...,n

Using the notation for the inner product

(u,v) u(x.)v(x.) (4.41)
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and changing the order of summation this becomes

'k 0

(4. 42)

k = 0, 1, . . . , n

This is a system of n+l linear equations in the coefficients {A.}

and can be solved using routine methods for matrix algebra. With

these coefficients the desired boundary conditions are approximated

by the power series.

The same approach can be used for periodic boundary conditions

where the boundary conditions are approximated by a finite Fourier

series and the trial functions are given by individual terms of the

Fourier series expansion (4. 6).
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V. THERMISTOR-SENSING TEMPERATURE MEASUREMENT

Thürmistoru re srrall sem conducting electrical elements

with large negative temperature coefficients of resistance. This

property makes thermistors applicable to a large variety of electronic

circuits including temperature measurement, control, and compensa-

tion. The application of primary interest to us is their use as

sensing elements in temperature measurement. This chapter

describes some of the general characteristics of thermistors, general

design parameters which must be considered when they are incorpo-

rated in temperature measuring circuits, the particular measuring

instrument built for this research, and calibration procedures.

Thermistor Characteristics

Thermistors are semiconductors composed of metallic oxides

sintered at high temperatures. They are easily fabricated into a large

variety of shapes and sizes. The most common shapes are beads,

rods, and disks with characteristic dimensions ranging between 0. 01

and 1 inch. The size and shape, along with the composition, deter-

mine their characteristic resistances. These can range from tenths

of ohms to tens of megaohms. Thermistors have a large negative

temperature coefficient of resistance; a typical value is about

-5 %/°C. This is about an order of magnitude greater and of opposite
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sign that that of metals.

The finite size of thermistors given them some thermal inertia

so they do not respond instantaneously to changes in temperature of

their environment. A specification of thermistors is their time

constant, defined as the time it takes a thermistor to change its own

temperature 63% of the imposed change in environmental temperature.

The time constant is affected by the size and shape of the thermistor,

how it is encased and mounted, and the medium in which it is

immersed.

Because of their finite resistance electrical power is dissipated

as heat when current flows through a thermistor. This self heating

causes the thermistor to be at a temperature elevated above the

ambient temperature. The heat generated in the thermistor is lost

to the environment by conduction or radiation. Another specification

of a thermistor is its dissipation constant, defined as the amount of

power which will raise the temperature of the thermistor one degree

above its surroundings. The dissipation constant is dependent on the

same parameters as the time constant.

Self heating will raise the temperature of a current-carrying

thermistor. This temperature rise lowers the resistance, with a

corresponding increase in current and power dissipation and a further

increase in temperature. Thus through a series of incremental steps

the thermistor cascades to an elevated temperature and reaches an
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equilibrium when the electrical power absorbed by the thermistor

equals the heat lost to the environment. When the self heating is large

the thermistor temperature is much higher than the environment tern-

perature and is very sensitive to anything that changes the rate at

which heat is conducted or radiated from it. In this state it is used in

circuits to measure flow, pressure and liquid level. Alternately if

the rate of heat dissipation is fixed, the thermistor is sensitive to

power input and can be used for voltage or power control.

The self heating feature of thermistors makes them applicable

to in situ measurement of conductivity. The heat dissipated by con-

duction by a thermistor inserted into sediments or a hole in a rock is

dependent on the conductivity of the medium. Thus the conductivity

can be determined from the transient response of electrical power

applied to the thermistor (Jaeger, 1965).

The effect of pressure on thermistor resistance is very small.

The pressure coefficient of resistance is about bar'. Thus at

a depth of 3, 000 feet the influence of pressure on the measured tern-

perature would only be a few tenths of a millidegree centigrade

(Robertson et al. , 1966).

The resistance of thermistors tends to increase with age. This

secular drift is greatest when the thermistor is new. To diminish

this effect thermistors are subjected at the factory to an accelerated

aging process by keeping them at a high temperature for a period of
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several weeks. Robertson et al. (1966), analyzed a large sample of

thermistor calibration data and computed a mean drift in apparent

temperature of -3.8. 10 3°C per month.

Design Considerations

The above characteristics must be considered in the design when

a thermistor is used as the sensing element in an electronic circuit

to measure temperature.

The simplest measuring arrangement consists of a current

source in circuit with a thermistor and a voltmeter. The voltage and

current determine a value of resistance which, knowing the thermistor

calibration, yields the temperature. There are however, sensitivity

and stability problems with such a simple scheme. Most high resolu-

tion thermistor temperature measuring devices therefore use the

-hermistor as one leg of a conventional bridge circuit. The tempera-

Lure is then determined by either observing the voltage across the

bridge or by nulling the voltage across the bridge with a variable

resistance in another leg of the bridge. Modern devices incorporate

solid state operation amplifiers to improve circuit characteristics.

Some of the desirable features of such a measuring circuit are

the following: power input to the thermistor should be small to reduce

self heating so that the temperature of the thermistor is very close to

the environment temperature; and high sensitivity over the desired

L



temperature range. Attaining these features depends on both the

parameters of the thermistor and other elements of the circuit.

The ideal thermistor should have a large dissipation constant to

minimize the effects of self heating and a small time constant for

quick response. Both criteria cannot be met simultaneously since

both are a function of size. Large size, which is necessary for a

large dissipation constant also results in a large time constant. A

suitable compromise depends on the particular application of the

device.

The remainder of the circuit should be designed to minimize the

power input to the thermistor. This is achieved using a high gain

operations amplifier to minimize the current flow. A similar opera-

tions amplifier is necessary in the opposite arm of the circuit.

The output from the circuit can either be specified as resistance

of a potentiometer in the arm opposite the thermistor or as the voltage

across the bridge. Each has its advantage. The voltage output sys-

tern is very responsive and does not require manual operation to yield

a reading. The nulling device is insensitive to fluctuations in the

power supply since when balanced the voltage drops across the poten-

tiometer and thermistor are identical regardless of the reference

voltage. For field operation where batteries are used as a power

supply the nulling device offers the best alternative for high resolution

work.



If the gains of both arms of the circuit are identical then the

potentiometer and the thermistor should have the same resistance in

order to obtain a null in the output. Thus the temperature range and

sensitivity of the device are determined by the range and resolution of

the potentiometer. For a voltage output device the range and sensitiv-

ity are determined by the range and resolution of the voltmeter. The

two fundamental elements of the circuit, the thermistor and the

potentiometer or voltmeter should be chosen concurrently to provide

the desired range and sensitivity.

Some additional considerations must be included if the device

is used for remote sensing application where the thermistor is con-

nected into the circuit through a long instrumentation cable. The

cable has some small but finite resistance which is also measured by

the circuit. Several circuit designs are available to correct for this

effect (Beck, 1965).

In parallel with the resistance of the thermistor is the effective

resistance of the conductor insulation. The breakdown resistance of

the insulation is normally very large unless there is damage to the

cable, but for high resistance thermistors or for a long cable this

phenomenon can have a significant influence. Beck (1965) specifies

that the breakdown resistance should exceed the thermistor resistance

by a factor of Z000 for this to have a negligible affect.



79

The entire circuit, not solely the thermistor, is sensitive to

temperature. To be an effective measuring device the sensitivity of

the thermistor should greatly exceed the sensitivity of the remainder

of the circuit. For precision work this extraneous temperature

sensitivity can have a disruptive influence and must be at least

recognized if it cannot be taken into account. All elements of the

circuit are sensitive to changes of temperature. Ideally the remainder

of the circuit should be kept in a stable environment. This may not be

possible in field operations. The best alternative is to design corn-

pensation into the system so that temperature affects are closely

matched in both arms of the circuit. The nulling device is best suited

for this; there is, however, no analogous component in the thermistor

arm of the circuit to compensate for the temperature sensitivity of the

potentiometer.

Precision Drillhole Temperature Measuring Instrument

In the course of this research an instrument was built to

measure the temperature in wells to a depth of about 100 feet. The

device needed to be portable, have a range large enough to include

temperatures which would normally be encountered, and maximum

precision and sensitivity. The thermistor and circuit features dis-

cussed above were considered in designing the instrument to best

meet these specifications.



A nulling-device design was used because of the reduced

sensitivity to power supply fluctuations and temperature. The

potentiometer chosen for the circuit is a high quality ESI decade

resistor. It has five decades with a total resistance of 111 Kohms

in increments of one ohm. This device is specified as linear within

0.01% and has a temperature -coefficient of resistance of only

5 ppm/° C.

The thermistor used is a 0. 1 inch diameter glass-sealed bead

with a nominal resistance of 30 Kohms at 25°C. Its resistance ranges

from 100 to 25 Kohms over the temperature range of 0°C to 30° C.

This is broad enough to include all temperatures normally encountered,

excluding geothermal areas. In higher temperature areas a larger

resistance thermistor would be necessary for this particular

potentiometer. The thermistor has a temperature coefficient of

resistance of about -4.5 %/°C at 25°C and -5 %/°C at 0°C. Thus a

one millidegree change in temperature would result in a 1.4 ohm

resistance change at 25°C and a 5 ohm change at 0°C. The one ohm

increment in the potentiometer is able to resolve such small temper a-

ture changes. The thermistor has a rated dissipation constant of

5 mW!° C and time constant of 1 second when immersed in still water.

In the case of tiie circuit used, about 8 i.W was the average power dis-

sipated in the thermistor which causes a 1.6 millidegree rise above

the ambient temperature.



Matched, high gain dual operation amplifiers with both

amplifiers on the same chip are used in this circuit. This close

proximity of the amplifiers compensates for the temperature depend-

ence on the gains of the two arms of the circuit.

Four-conductor, teflon insulated, silicon-rubber jacketed

instrumentation cable is used to connect the thermistor to the

remainder of the circuit. Over a 100 foot length the breakdown

resistance of the cable measured about 100 megaohms. The effect of

this resistance in parallel with the 100 Kohms resistance of the

thermistor would be to lower the apparent resistance by about 100

ohms. This is a substantial influence but can be compensated for if

the thermistor is calibrated at the end of this cable. Four-conductor

cable was used with the thermistor across two conductors and the

other two conductors shorted and in series with the potentiometer

irm of the circuit. Thus the cable introduces an equal resistance in

both arms of the bridge and is therefore compensated out of the meas-

ured resistance.

The circuit diagram of the instrument built for this research is

given in Appendix II.

The potentiometer was the dominant component in terms of

physical size, as well as cost, of the device. The power supply and

reference potential consisted of 13, 1.5 volt D-celi batteries. The

potentiometer, power supply, and electronic circuit were housed in an



aluminum case for field operation. Its dimensions were 18 x 14 x 6

inches and weight 19-1/2 pounds. The instrumentation cable and

thermistor probe were on a six inch diameter spool and weighed four

pounds.

The performance of the instrument will be discussed in the

following section on calibration and in the following chapter where the

field data are treated.

Calibration

Since thermistors differ in resistance and temperature

coefficient of resistance they are not interchangeable. Nominal

resistances are usually only given within a tolerance of 10% of greater.

For precision temperature measurements each thermistor must be

individually calibrated.

The normal procedure is to measure the resistance of the

thermistor over a range of known temperatures and to fit the result,

or short segments of it, with an analytic function. Several different

analytic curves including two or three parameters have been proposed.

Some of these are reviewed by Robertson et al. (1966). They conclude

that the best results are obtained by using the function

R A exp[B/(T+C)]

where T is the temperature, and A, B, and C are adjustable



parameters. Using this expression they conclude that interpolation

over a 15°C temperature interval can be made with an accuracy of

01°C.

The thermistors used in this research were calibrated using

facilities of the CUE Group of the School of Oceanography which con-

sisted of a water bath and a quartz probe thermometer as reference

temperature. This quartz probe thermometer is periodically cali-

brated against a platinum resistance thermometer and is specified

accurate within 104°C. Four thermistors were calibrated in

November, 1974. The resistance was measured using the device

described above at about 3°C intervals over the range 0-35° C. Repeat

measurements were taken.

These data were fitted to the above equation by regression

methods to determine the three parameters A, B, and C. At eight

temperatures over a 12° C temperature range from 5°C to 17° C this

analysis resulted in an average rms-error of 3.4. l03°C.

The field temperature measurements made with this instrument

are treated in the following chapter.



VI. APPLICATION OF CONTINUATION METHODS TO THE
INTERPRETATION OF TEMPERATURE FIELDS

The continuation methods developed in Chapter IV can be applied

to observational temperature data to extrapolate information from

domains where such data are available to adjacent domains where no

observations have been made. They can also be used to determine the

thermal diffusivity in situ if the temperature is measured in two

adjacent domains. For these purposes the continuation methods

require homogeneity and purely conductive fields. Although these

conditions are restrictive, the methods can also be applied to more

general cases to carry out physically meaningful field continuations.

A comprehensive review of the interpretation problems and

techniques for temperature observations in solids is given by Jaeger

(1965). In this chapter the continuation methods developed previously

will be examined further and applied to some particular interpretation

problems. Both artificial and real temperature fields will be treated.

Continuation in Time

Approximation methods for forward and backward continuation

are discussed in Chapter IV. This section applies these methods to

artificial computer -gene rated temperature distributions and discusses

the applicability of these methods to practical interpretation problems.



Forward Continuation

The forward continuation of an initial value profile through time

to an adjacent spatial profile is conveniently approximated by a linear

filter operation in FT space. As an illustrative example consider

the initial condition represented by several boxcar-shaped tempera-

ture anomalies of different widths as shown in profile (a) of Figure 5.

The diffusivity and spatial interval of the data are chosen to have unit

amplitude

a= 1

z =1x

The boxcar distributions are of widths 2, 5, 10 and 20 units.
kThis distribution is continued to times t = 10

k = 0, 1/2, 1, 3/2, and 2, using computer subroutine FORWARD.

The results are shown in profiles (b) through (f) of Figure 5. The

initial condition is also shown dotted in these profiles.

The analytic form for the decay of a boxcar initial condition

11 -b<x<b
T(x,0) =

t,O Ix >b

is obtained by evaluating the convolution integral (3.9) and is

expressed
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b-x b+xT(x,t) =f{erf[2j_.-] 2at+ erf{ ,-_Ifl

(Carslaw and Jaeger, 1959, P. 54). The approximate distributions

obtained by FORWARD are essentially identical to the exact solutions

except in the vicinity of the step discontinuity. For time t = 1 the

approximate deviates from the exact solution by about 0. 5% at the

discontinuities. This occurs because the DFT algorithms are

implicitly band -limited so that the data are represented by a continu-

ous function which oscillates near the discontinuities.

Due to the nature of diffusion processes the initial distribution

is progressively smoothed and attenuated. At time t = 1 the nar-

row distribution of width 2 has already diminished to about half its

initial amplitude. By time t = 100 it cannot be distinguished. The

wider anomalies attenuate more slowly. The distribution of width

20 is still at almost maximum amplitude at t = 10. By t 100

this anomaly has been attenuated to about 1/2 its initial amplitude,

similar to the narrowest anomaly at t = 1. This is a result of the

similarity law discussed in Chapter II. Taking the widths of the

anomalies as the characteristic lengths these two features have the

same Fourier number

at 1 100
NF

L2 (2)2 (20)2

Thus the anomalies are similar.



Backward Continuation

Backward continuation of a spatial profile to the initial condition

is expressed formally as a series of derivatives (3. 14) which can be

approximated as the convolution filtering operation given by (4. 29).

To furnish an example, this operation has been applied to the distribu-

tion (b) in Figure 5 in an effort to reconstruct the initial temperature

distribution. This is done in Figure 6. Because of the normalized

units chosen, the interval Fourier number is N, = t 1. Profile (a)

is the given distribution. Profiles (b) through (e) are various

approximations of the backward continuation over a time interval

t = 1. The parameters (.e,m) accompanying the profiles indicate

the orders of .w and polynomial approximations, respectively,

used in BACKWARD. The exact initial condition, a series of boxcar

functions, is shown dotted in these profiles.

The resolution is improved with higher order iw approxima-
tions. The corners are more clearly distinguished and the amplitude

more nearly recovered. The backward continuation operation is

unable to completely reconstruct the initial distribution, however, in

the vicinity of sharp fluctuations in the distribution. There is also

some overshot at the edge of each discontinuity. This is a manifesta-

tim-i of Gibbs phenomenon of Fourier series.



(a)

(c) 4'-LJR.. _J :L_____j;
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Figure 6. Backward continuation of an artificial temperature
distribution. (a): given distribution at time t 1;
(b)-(e): backward continuation to time t = 0 for approxi-
mation parameters (. ,m), where . is the order of long
wavelength approximation and m is the order of
polynomial.



In reality digitizing and other measurement errors occur in the

input data. As a further example the same profile with an additional

normally-distributed error with variance of one percent of the full

amplitude of the signal will be treated. The error was generated with

a subprogram of the ARAND library of computer programs (Ballance

et al., 1973). A random sequence of numbers whose amplitudes are

normally distributed is one of several numerical approximations of

white noise. By definition white noise has a flat spectrum over all

frequencies (Kanasewich, 1973). This example is shown in Figure 7.

The same notation as the previous example is used.

The noise is apparent in profile (a) but it does not significantly

alter the general features of the profile. The noise becomes more

pronounced with backward continuation, increasing in amplitude with

successively higher .w approximations. For the iw8 approxi-

mation shown in profile (e) the noise has about the same amplitude as

the desired signal.

From these results it is apparent that increasing the order of

approximation does not necessarily improve the quality of the results.

In this example. it may be best to stop with the .w2 approximation.

Smoothing can also be used to reduce the impact of noise in the

data. One method of doing this is to convolve a smoothing kernel with

the results or, more easily, by convolving the smoothing kernel with

the backward continuation convolution coefficients before the operation
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(2, 12)

(4, 12)

Figure 7. Backward continuation of an artificial temperature
distribution with error. (a): given distribution at time
t = 1; (b)-(e): backward continuation to time t = 0 for
approximation parameters (1,m) where . is the order
of long wavelength approximation and m is the order of
polynomial.
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is performed. Ballance et al. (1973) discuss a variety of smoothing

kernels. A coarse, but quite adequate, method of smoothing the pro-

file is to simply use a wider interval between data points.

These methods for surpressing the influence of noise also

reduce the resolution of the operation. This points out the fundamen-

tal problem in the backward continuation, as well as other unsmooth-

ing operations. The desired signal cannot be totally distinguished

from the noise in real data. In the effort to reduce the sensitivity of

the unsmoothing operation to noise some of the high frequency portions

of the desired signal are also lost.

A quantitative feel for the features of the backward continuation

operation can be obtained by examining the frequency response of the

convolution coefficients as discussed in Chapter IV. We can arbi-

trarily define the resolution limit of a filter as the wavenumber at

which the response is 10 decibels (db), the equivalent of one order of

magnitude below the full response, which is the exact transfer func-

tion. The notation k' is used for the cutoff wavenumber.
C

For interval Fourier number N, 1 the frequency response

curves are given in Figure 1. From this graph, for the (8, 12)

approximation

2. 15/data interval
C

This gives the spatial resolution limit of this filter as
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it 1.45t (6.1)x
C

i. e. the operation cannot resolve features with characteristic

dimensions smaller than 1.45 data spacings. As the order of 1w

approximation increases so does the cutoff wavenumber, and the

spatial resolving limit shows a corresponding decrease. This

explains the limitations and improved resolution with higher approxi-

mations that were exhibited in Figure 6.

As shown in Figure 1 the FR of the approximations at the

Nyquist frequency k' = ir range from about 10 for 1w2 to 100 for

1w8. This is two or three orders of magnitude below the exact trans-

fer function, but it is still a large amplification. When applied to high

frequency noise it results in large amplitude pathological effects as

exhibited in Figure 7.

The magnitude of the interval Fourier number is a primary

consideration when applying the backward continuation operation.

From the FR curves for N, 10, Figure 2, the cutoff wavenum-

ber for the (8, 12) approximation is about

k' 0.73ILc x

which has a corresponding spatial resolution limit, defined by (6. 1),of

=4.30 (6.2)x
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If N, was raised from 1 to 10 by simply decreasing the

spacing between data points

(1)
(10) x
x "110

the resolving limits of the backward continuation operations for the

two data spacings, given by (6.1) and (6.2) are

(1)
= 145:1)

(10) = 4.30b0) 4.30 (1) = l.36E1)
x 'filYx x

The superscripts indicate the magnitude of Ni,. Thus the smaller

spacing does very little to decrease the resolution limit of the filter

operation.

At the Nyquist frequency the response of 1w8 for 10

is about 10. This operation is even more sensitive to noise than the

corresponding operation for 1, discussed earlier and shown in

Figure 7. Thus at smaller spacing between data points the resolving

limit of the filter is reduced very slightly at the expense of increasing

the sensitivity of the operation to noise.

The noise effect seriously limits the feasibility of the backward

continuation operation in the case of many geophysical interpretation

problems. This can be illustrated by some coarse calculations. On



the basis of the preceding discussion we will impose the criterion that

the interval Fourier number not exceed unity

Thus

>Jatx
For diffusivity io6 m2/sec and a typical time of 1000 years we obtain

i >178mx
From (6. 1) the resolution limit is

X Zl.45 Z58mx

Resolution of this order is not adequate in many cases. It is also not

likely to encoup±er homogeneity and pure conductive conditions over

such large dimensions. This criterion for the interval Fourier num-

ber and the time of continuation used in this example are arbitrary

but are intended to show some of the limitations inherent in the back-

ward continuation operation.

The continuation time interval and the amplitude and spectral

distrbution of the noise are the dominant factors limiting the back-

ward continuation operation. Consideration of these factors and the



frequency response curves of the convolution coefficients provide

insight for deciding the approximation parameters (i,m), the data

interval
,

and the addition smoothing to be used in the operation.

Considerations of the interval Fourier number have analogous

interest to the forward continuation operation. There is no point in

sampling the field at a narrow interval if features with charac-

teristic dimensions i are totally obliterated by the smoothing

action of forward continuation. Consideration of the time of continua-

tion and the desired accuracy can place a limitation on the minimum

spacing between data points.

Continuation in Space

The remainder of this chapter will deal predominantly with the

spatial downward and upward continuations. This section will apply

some of the methods to artificial examples involving continuation

between the boundary condition and the resulting internal spatial pro-
file. In the following sections spatial continuation methods will be

applied to observational data.

Downward Continuation

Two different methods for downward continuing causal boundary

conditions were discussed in Chapter IV. These are the following:

(1) boundary conditions expressed as a polynomial in time resulting



97

in a series of repeated integrals of the error function (4. 11); and

(2) a series of forward continuations of the complimentary error furic-

tion (4. 18).

Figure 8 is an example of these methods applied to an artificial

triangle-shaped distribution. Graph (a) gives the boundary tempera-

ture. The sixth order polynomial which best fits the given distribu-

tion in the least-squares sense is shown as the dashed profile. The

step function implicit in the series of forward continuations is also

shown.

Graph (b) gives the resulting spatial distributions for these

boundary conditions. The exact solution is shown as a solid line. The

approximate results for the polynomial approximation and series of

forward continuations are given at discrete points.

The results for the polynomial approximation lie slightly below

the exact solution. This is because in this case a polynomial fit of

the boundary condition is not able to realize the full amplitude of the

given boundary temperature. For smoother distributions not contain-

ing a discontinuity in slope the polynomial approximation would have

provided better results. The results for the series of forward con-

tinuations oscillates slightly about the exact distribution at shallow

depths and cannot be distinguished from the exact solution at greater

depths.
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Figure 8. Downward continuation of an artificial causal boundary con-
dition to a spatial temperature distribution. (a): boundary
condition; (b): resulting spatial temperature profile at
time t i07 sec.



Upward Continuation

A variational method is given in Chapter IV for upward

continuing a spatial temperature profile to a causal boundary condi-

tion. As an example consider upward continuation of the artificial

distribution discussed in the preceding subsection and shown in Figure

The results of the upward continuation is given in Figure 9. The

exact boundary condition and the approximate solutions retaining a,

4, and 6 terms in the trial solution (4. 40) are shown.

The approximations improve as more terms are retained in the

trial solution. The fit is best for most recent time and deteriorates

at earlier time. This is because the method is more sensitive to the

recent shallow, larger amplitude manifestation of the boundary condi-

tion than the earlier features which have been smoothed and attenuated

as they propagate to the interior.

Extrapolation of the Stationary Field from Near
Surface Observations

A variational method can also be used to upward continue fields

periodic in time. A different set of trial functions is then used. The

method suggests a possible scheme for extracting the stationary tem-

perature field in shallow borehole observations. This interpretation

problem will be reviewed.
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Figure 9. Upward continuation of an artificial spatial tempera-
ture profile to a causal boundary condition.
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Review. Determining the terrestrial heat flow from within the

earth is a fundamental problem in geophysical thermal studies. For

this purpose it is normally necessary to drill to sufficient depths and

take temperature measurements below the surface layer affected by

fluctuations in the boundary conditions, such as the annual temperature

cycle. Because of the expense of drilling, it is of considerable

importance to minimize drilling depths. It is therefore desirable to

have reliable analytical methods to extract the stationary field from

the borehole temperature data.

One such effort is that of Lovering and Goode (1963). They

installed thermocouples at several depths down to 20 meters and

measured temperatures every two or three weeks over a 1 year

interval. They essentially took the year's average for each depth to

determine the stationary gradient. Risk and Hochstein (1974) meas-

ured temperatures in a 7.6 meter deep hole over a 2-1/2 year period

and extrapolated the stationary field by determining an appropriate

analytic field which satisfied the diffusion equation and best fit the

observed temperature data in the least-squares sense.

Variational Method. Consider a periodic boundary condition

N

T(0,t) a + {a cos t +b sinw t} (6.3)0 n n n n
n 1

2 nTr
(A)

fl T
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where T is the fundamental period, in this case one year. The

temperature at depth resulting from this boundary condition is given

by (4. 6), superimposed on a stationary field

T(x, t) Ax + a0

N -kx
+ {an cos(wntknx) + bn sin(wt-kx)}e

n

n= 1
(6. 4)

k n1/Z
n

Using (6.4) as the trial solution, the variational method can be

used to solve for the coefficients A, a and b . This will resultn n

in the coefficients expressed as a system of linear equations similar

to (4. 42) which can be solved by the same methods. Because of some

instabilities in the method and the sensitivity of the solution to the

stationary field it is advantageous to treat A as a parameter and

solve only for the coefficients {a} and {b}. The resulting

boundary condition, (6. 3), can then be examined to place some limi-

tations on the gradient, A, of the stationary field.

This procedure has been used in the following example. An

artificial boundary condition of one year period shown in graph (a) of

Figure 10, was downward continued, using (4. 6), and superimposed

on a stationary field of 100°C/km to determine the spatial temperature
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Figure 10. Downward continuation of an artificial periodic boundary
condition to a spatial temperature distribution. (a) one
period of boundary condition; (b): resulting spatial tem-
perature profile superimposed on a stationary field
(dotted) with gradient of 100°C/km.
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distribution at the end of one cycle, shown in graph (b). The

stationary field is shown dotted. The temperature profile does not

converge to the stationary field until below about 16 meters.

Figure 11 shows the result of upward continuing the spatial

profile between 1 and 10 meters in Figure 10(b) using this variational

approach. The very shallow portion of the profile is not used to avoid

the disruptive influence of the daily cycle and other short term

transients which would occur in real data. Ten meters has arbitrarily

been chosen as the depth to which data is available. Six terms have

been retained in the trial solution. The continuation has been per-

formed assuming stationary gradients of 90, 100, and 110°C/km.

The exact boundary condition is also shown.

The results of upward continuation are quite sensitive to the

assumed stationary gradient. Too small or large a gradient requires

higher frequency, larger amplitude oscillations which are recognized

as physically unreasonable. The fit is best at recent time and

deteriorates at earlier times. This is consistent with the result for

upward continuation to a causal boundary condition, discussed earlier.

There are some significant limitations to the practical applica-

tion of this method. It assumes heat flow is purely conductive. In

the near surface region water movement can have a disruptive influ-

ence on the temperature distribution. If this model is to be used in

practice it must he limited to measurements taken in very
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impermeable formations or in arid regions where moisture presence

is not significant.

The method discussed above assumes homogeneous materials.

This is not a severe limitation to the mathematical development since

the trial functions in (6. 4) can be modified to accommodate fluctua-

tions in the thermal parameters of the section (van Wijk and Derksen,

1963). It does require knowledge of these parameters, however,

which may not be available.

The primary limitation of this model is that it assumes

boundary conditions are purely periodic. It does not take into con-

sideration the influence of long-term transients. Though these

effects are small compared to the dominant annual cycle, because of

lower frequency, their amplitudes do not attenuate as rapidly with

depth and they can have a disruptive effect on the results obtained by

he above method. This points out the fundamental limitation of the

variational method: it provides a solution at the expense of restricting

the functional form of the solution. If the assumed form is inadequate

the results may be meaningless. It is not possible to retain general

transient behavior in the trial solution. Meteorological data over the

preceding several years may be helpful to determine the adequacy of

assuming pure periodic conditions or to gain some handle on the

amplitude of the transient effects.
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Temperature myers ions

Some temperature inversions observed in boreholes in

geothermal areas constitute an interesting case of nonstationary fields

This section gives a review of the phenomenon and discussed continua-

tion methods applicable to the interpretation of temperature inversions.

An actual temperature profile will be considered.

Borehole temperature measurements in geothermal areas

usually reveal a rather characteristic shape for the temperature

profile. Temperature increases rapidly for shallow depth and then

becomes nearly constant with increasing depth. The upper portion is

usually associated with formations of low permeability and hence,

predominantly conductive heat flow. The lower portion is indicative

of formations with high permeability which allows equalization of the

temperature by convective transfer.

Deviations from this general behavior are not uncommon. The

temperature may rise with depth, reach a maximum, and then

decrease at greater depth before it resumes it increasing trend.

These features are referred to as temperature inversions. They are

characteristic of the El Tatio geothermal area in Chile and in some

areas of Iceland (Bodvarsson, 1973b). In the United States tempera-

ture inversions have been reported in the Dunes geothermal area of

the Imperial Valley (Combs, 1973).



There are several models which will account for temperature

inversions. In a geological setting which does nob permit the

existence of convective cells and where temperature inversions are

characteristic of an entire area instead of a single borehole, the

simplest model which accounts for these features is a transient

(causal) flow of thermal water along a system of fractures or through

a highly permeable aquifer over a narrow portion of the vertical

section. In the remainder of the section heat flows by conduction.

The most basic model is that of the flow initiated as some past time

and continued with constant temperature until the present (Bodvarsson,

1973b). This model and a resulting characteristic temperature dis-

tribution are shown in Figure 12.

Bodvars son (l973b) has used this model to devise a method to

estimate the duration of the transient flow. The temperature dis-

trihution, in excess of the stationary field, is given by

xT = T0 erfc{ j (6.5)zrt

where the origin is defined as the plane of the flow. Taking the

gradient of this at x 0 gives

TaT o
g0 xO at (6.6)



Surface Temperature

Figure 12. Physical model and characteristic borehole temperature profile of temperature inversion.
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The gradient at x = 0 can be measured and T0 determined if the

stationary field is known. Rewriting with the unknown t on the left

we obtain

T

2
Trag0

(6. 7)

Hence the duration of the flow is given in terms of the amplitude of the

temperature anomaly and the gradient adjacent to the inversion point,

assuming the stationary field has been removed from the observations.

This method only uses data in the vicinity of the inversion and

is vulnerable to errors since it is difficult to measure the slope of

real data and the profile has a discontinuous gradient at the inversion.

Another analytic scheme can be formulated which takes into considera-

tion data points along the entire profile. The heat flow across x = 0

resulting from the boundary conditions is taken from (6. 6)

T0kq(t') = -k()0 at'ax

The heat input over the duration of the flow is

Q
S q(t)dt' = 2T0k (6.8)

The increase in heat storage in the half space x > 0 is given by the

spatial integral
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H = pc T(x)dx (6.9)
0

assuming the stationary portion has been removed and the space is

homogeneous. Balancing the energy budget, (6.8) and (6.9) are equal

ZT k pcSTdx0 N/Tra
0

Hence the unknown duration is given by

Co

t = T dx (6. 10)
4T0a '0 )

The integral can be approximated using conventional numerical

techniques and is less subject to error than the method discussed

previously. These two methods are based on the same model, and,

if the model is correct and the data accurate, should yield the same

results.

As an example the temperature profile for Borehole G1 in the

Reykir geothermal area in Iceland, taken from Bodvars son (1973b) is

considered. This profile is shown in Figure 13. A temperature

inversion occurs below 630 meters depth. This profile does not show

the symmetry about the flow horizon which was shown in Figure 1Z.

This is because water from the inversion depth flows up the bore and
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distorts the temperature profile. This portion of the data cannot be

used in the interpretation of the inversion.

Using the relation (6.7) and assuming a stationary field at 5°C

at the surface and a gradient of 65°C km and the diffusivity

a lo_6 m2/sec Bodvarsson obtained t 830 years as the dura-

tion of the flow. The distribution which results from this boundary

condition, given by (6. 5) is shown in profile (a) of Figure 13. While

providing a good fit to the data in the vicinity of the inversion, it is

clearly inadequate to account for the anomaly at greater depths.

The heat budget method, (6. 10), yields a time of about 2300

years. The boundary condition and resulting profile are given as

profiles (b) in Figure 13. This profile provides a much better fit

overall than (a) but there are still significant discrepancies from the

observed data. The difference between the results of these two

methods indicates that the underlying simple model is not entirely

adequate to account for the observed temperature distribution.

A better fit is obtained by allowing the temperature of the flow

to vary in time. If the duration of the flow is prescribed then the

variational method used in the last section for upward continuation can

be used to approximate the temperature history of the flow. Using

the time derived earlier of 2300 years, this method was applied to this

data and resulted in profiles (c) in Figure 13. Four terms were

retained in the variational trial function. The computed profile has an
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rms -error of about 0.4°C from the observed data. The boundary

condition has a maximum of about 130° C about 1500 years h.p. and

has been increasing over the preceding 300 years after a minimum

at about 80° C, to its present temperature of 98° C. The higher tem-

perature earlier in time is necessary to bring the computed profile up

to the observed data in the vicinity of 900 to 1200 meters depth. The

recent increase is necessary to account for the steep gradient just

below the inversion.

This flow history appears reasonable,but because of the

restrictive model used to obtain this distribution care must be taken

not to accept these results as being any better than semiquantitative.

The assumption that the anomaly below the flow horizon results

entirely from the temperature history of the flow is very idealized.

The uniform temperature in the 900 to 1200 meter interval could also

indicate convective heat transfer processes occurring in the lower

portion of the borehole. Also the inverted boundary condition is not

unique. The numerical method is very sensitive to the stationary

field and somewhat sensitive to the time duration assumed in the

computations. Features such as the maximum at 1500 years before

present with a decreasing trend at earlier time is probably only an

artifact of the computation method and should not be regarded as

having much physical significance. Deterioration when continuing too
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far back in time was apparent with the artificial case treated above,

shown in Figure 9.

Soil Temperature Observations

Thermal processes in soils have a great influence on plant

growth and microorganism activity and thus are of fundamental inter-

est to agriculture. This section reviews the thermal properties and

processes in soils and applies some of the continuation methods

developed previously to observational soil temperature data.

Review of Soil Thermal Properties

The energy budget at the earth's surface is very complex. At

the air-soil interface, energy is transferred by radiation, conduction,

air turbulence, and latent heat. There are several different corn-

ponents of radiation distributed over a broad spectrum. These

processes are dependent on numerous parameters including sky con-

d itions, humidity, atmo spheric motion, vegetation, and precipitation

above the surface; and albedo, porosity, and moisture content of the

soil. Below the surface radiative effects are minimal. Conduction

dominates the energy budget, but evaporation and fluid movement may

also have a significant effect. A comprehensive review of the complex

micrometeorological conditions at the earth's surface is given by

Munn (1966).
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Thermal parameters of soils are influenced primarily by

moisture content and soil structure, i.e. , the distribution of grain

sizes. The heat capacity of soil can be determined by adding the heat

capacities of the individual soil constituents

Cx C +xC +x C +xCmm 00 WW a a

where C is the heat capacity per unit volume, x is the volume

fraction, and subscripts m, o, w and a designate mineral,

organic matter, water and air, respectively. The heat capacity of

soil minerals is uniform within about 10% and averages

1.9 10 JIm °C. Organic solids are fairly uniform and average

2.5.106 J/m3°C. Water is 4. io6 and air only about

1.3 io3 J/m3°C. Soils typically have a volume porosity of 30-45%.

The organic content of soil is commonly small. The dominant influ-

nces on the volumetric heat capacity of soil is the porosity and the

portion of that pore space filled with water. A soil of 40% porosity

can vary in heat capacity from about 1.2. io6 when completely dry to

about 2.8. 106 J/m3°C when saturated with water (de Vries, 1963).

'The mks system of units is used throughout this thesis. These
can be converted to cgs units by the following conversion factors:

heat capacity 1 J/kg = 2.39. cal/gm
conductivity 1 WIm0C 2.39. 10 cal/cm sec°C
heat flow 21 WIm -52.39 10

2cal/cm sec.
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The thermal conductivity of soils cannot be described by such a

simple sum of constituent parts. Its functional behavior is much more

complex, depending primarily on the soil structure and water content

of the pore spaces. A qualitative feel for its behavior can be obtained

by the following considerations. The thermal conductivity of soil

minerals falls in the range of about 1.2-3.0 W/m0C, water has a

value of 0.6 and air has a value about two orders of magnitude smaller

at 0.025. Thus, in dry soil the temperature drop is essentially across

the interstitial air layers and the thermal conductivity is affected by

the grain size distribution and the type of packing of soil particles.

Generally the conductivity is smaller for finer texture soils, such as

clays, because there is less continuity across the solid structure.

When water is present it replaces air and improves the thermal con-

tact between soil particles and the thermal conductivity is greatly

increased. The conductivity of a particular soil can vary as much

as an order of magnitude over the range of possible water content.

Typical values for soils are about 1.2-2 W/m0C (de Vries, 1963).

Some efforts have been made to formulate a theoretical model

which provide a satisfactory determination of conductivity for different

soil structures and water content. Chudnovskii (1948) reviews several

models proposed in Russian literature and concludes none are satis-

factory. De Vries (1963) discusses a theoretical model which appears

to provide satisfactory results for some particular soils.
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The thermal diffusivity, the ratio of conductivity to volumetric

heat capacity

Ic Ica=pc C

is also dependent on moisture content, but to a lesser degree than the

moisture dependence of conductivity. For dry soils the diffusivity is

small. For increased water content the diffusivity increases due to

the great influence of moisture on conductivity. Over a large portion

of the middle range of water content the diffusivity is fairly constant

because the influence of moisture on conductivity is offset by its influ-

ence on the heat capacity. Near saturation the diffusivity decreases

because the conductivity is fairly constant while the heat capacity

continues to rise with the water content. Typical values of diffusivity

for sandy and clay soils are about 0.9-1 106 and 0.3-0. 5 106m2/sec

respectively (de Vries, 1963).

In moist soils the transport of heat is complicated by the fact

that pressure and temperature gradients induce moisture movement,

both the liquid and vapor phases, which transport significant quantities

of sensible and latent heat.

A full quantitative treatment of this problem of combined heat

an3 mas'i transport is very complex. Conservation of energy and

mass must be satisfied simultaneously. Semiquantitative insight to

the problem can be gained by considering the heat flow vector.



Equation (2.5) can be further extended to include the latent heat

component
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+L (6.11)q = -kciT + csT

Where the three terms account for conduction, sensible and latent

heat transport respectively. The c is the heat capacity, L the
latent heat per unit mass, the mass velocity, and subscripts
. and v designating liquid and vapor phases, respectively.

If the soil pore spaces are saturated with liquid water there is

no vapor present and the last term of (6. 11) drops out, resulting in

-kVT + c'T (6. 12)

As an example of the relative importance of the conductive and con-

vective terms we can consider a permeable slab of soil of one meter

thickness with a temperature difference of 100° C between faces and a

flow of water across the slab. This temperature gradient of 100°C/rn

is common in soils near the surface. A characteristic conductivity

is about 1.25 W/m°C and the heat capacity of water is

4. Z J/kg°C. The ratio of the magnitudes of the two terms in

(6. 12) is

convection 4.2.
3-1.= 34. 10 sconduction 125
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This ratio shows that convection is the primary heat transfer process

unless the mass flow is very small, less than about 3 10 4kg/m2 sec.

Smaller mass flow is required for the heat transfer to be predomi-

nantly conductive.

In unsaturated conditions the full expression for heat flow (6.11)

maybe considered. To gain a feel for the relative importance of the

sensible and latent heat terms consider thier ratio

lcT
8v

For a closed region without sources or sinks conservation of mass

dictates

In an average sense

S(;+;)d 0

<S > = - <S >v

i.e., the liquid mass transport is balanced by the vapor mass trans-

port. Thus in an average sense the ratio is

cT
L

The peak-to-peak amplitude of the temperature fluctuations near the
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surface in a temperate climate such as Oregon during the summer

months is of the order of 20°C and the mean is about 20°C. The

latent heat of vaporization at 20°C is 2.45.106 JIkg (Baehr, 1962).

Thus

(4.2.10)(20)<R>Z 0.035
2.45.106

Thus the sensible heat component is very small with regard to the

latent heat component and can be neglected from (6. 11)

-kvT + Svl (6. 13)

If the system is open and water is being added or taken from the

system, this development is more involved and the simplification

(6. 13) may not be true.

Both temperature and vapor velocity are retained in (6. 13) as

dependent variables. This can be simplified and additional insight

gained by considering the process of vapor movement in soils. Slow

fluid flow in a porous medium is described by Darcy's Law

-, -K
U = Vp (6. 14)

where u is the velocity, K the permeability, -L the viscosity,

and p the pressure (Collins, 1961). This flow law is analogous to

the Fourier heat flow law. Water vapor in soil pores is essentially



saturated. Thus the partial pressure is determined by the

temperature
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PS
= aT (6. 15)

where subscript s designates vapor saturation and the proportion-

ality coefficient a has weak dependence on temperature within the

range of interest.

The particle velocity is related to the mass velocity by

= P

Substituting Equations (6. 14) and (6. 15) in (6. 13) results in the heat

flow vector
-p Kq = -kvT PLVP

-[k+p La]vTLv

-k'VT

which is of the same form as Fourier's Law (de Vries, 1963).

The composite process of conduction and latent heat transport

can be treated in the same manner as pure conductive heat flow with

the modified conductivity

= k + La (6. 16)
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The resulting diffusion equation is nonlinear, however, because of the

temperature dependence of the parameters, in particular p, and

consequently the continuation methods that have been developed for

pure conduction do not apply.

The temperature dependence can be included explicitly in (6. 16)

if an equation of state is given. This has been done by de Vries

(1963). For a typical soil between 10°C and 30°C the second term of

(6. 16) ranges from about 0.04 to 0.12 W/m°C. This is a small

perturbation to the pure conductive term which is about 1.25 W/m0C.

Experimental studies have generally verified these statements

regarding heat transport in soils. Stearns (1969) and Fuchs and Hadas

(1972) show that in very dry soils heat transfer is almost exclusively

conductive. Fuchs and Hadas (1972) also show that on the same soil

made moist by irrigation the small departure from pure conduction is

aused by vapor transport.

In situ Determination of Thermal Diffusivity

Review. An important problem in geothermal studies is the

in situ determination of thermal parameters. For a natural field

where sources are external to the domain of observation only the

diffusivity can be determined since this is the only parameter appear-

ing in the homogeneous diffusion equation. The procedure is to

observe a non-stationary field at different positions and times and
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determine a value of diffusivity such that the observations conform to

the diffusion equation.

Near the earths surface fluctuations in the boundary temperature

provide a non-stationary field which can be observed to determine the

diffusivity. The dominant fluctuations in the boundary conditions are

the diurnal and annual cycles. A periodic boundary condition can be

expressed as a Fourier series

Similar at depth x

T(O,t) A cos(nw0t-)

T(x,t) = B cos(nw0t-i) (6. 17)

where is the fundamental frequency. Using the transfer function

given by (3. 36) the boundary condition is downward continued

T(x,t) Aen cos[nw0t-kx-J (6. 18)

k Jo

Comparing the observed and continued profiles, (6. 17) and (6. 18), we
-k x

ee that each harmonic is attenuated at depth by the factor e

and lags in phase by k x. We can define skin depth as d 1/k i.e.n

the depth at which the amplitude has been attenuated by the factor l/e.
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For diffusivity 106 m2/sec the diurnal wave has skin depth of . 17

and the annual wave 3. ] 6 m. The amplitude of the diurnal and annual

waves are negligible (less than 0. 1%) below about 1 and 20 meters

respectively.

Temporal harmonic analysis of temperature data at two depths

can be compared to approximate the thermal diffusivity. In theory,

the comparison of the amplitude or phase of any individual harmonic

component should provide a value, nd each calculation should provide

the same result. The classical analys is of this type was done by

Kelvin (1861) comparing harmonics of observations of the annual

cycle. Lettau (1954) used this type of analysis on the daily tempera-

ture cycle observed in soils. This is the most common analysis

technique applied to near surface temperature data; e.g. , Lovering

arid Goode (1963), Stearns (1969), Fuchs and Hadas (1972).

An alternate method is to downward continue a shallow profile

to a depth where observations have been made, choosing a value of

diffusivity which gives best agreement between the continued and

observed temperatures. The downward continuation is expressed by

the series (6. 18). Two possible criteria for determining the diffusiv-

ity are the following: (1) the rms -difference between continued and

observed profiles is minimized; and (2) the cross correlation between

the two profiles is maximized. These are the real time analogies to

comparing amplitude and phases, respectively, of individual harmonics.
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Description of Temperature Data. Soil temperature observations

were made available for this research by Dr. Larry Boersma of the

Oregon State University Soil Science Department. These data were

taken at the Hyslop Field Laboratory as a portion of an experimental

study to determine the effects of subsurface heating on crop production

during 1969 through 1972 (Rykbost and Boersma, 1973).

A complete description of the procedure and equipment used to

measure temperatures is given by Rykbost and Boersma (1973).

Thermistors were placed permanently at different depths and the

resistances of each were measured hourly and recorded on magnetic

tape using a computer controlled data acquisition system. These data

were reduced to temperatures, rounded off to 0. 1°C.

The temperature data used in this research were from a control

-lot sufficiently removed from the heating source so as not to be

affected by them. Measurements were taken at 1, 3, 6, 9, 18, 27,

3b, 45, 60 and 84 inches depth. The daily cycle could be distinguished

to the 18 inches depth. In an effort to minimize the effects of

moisture content the data used for this research were from the sum-

mer months. A typical set of temperature observations at the five

shallow depths is shown in Figure 14.

Portions of this temperature data were analyzed to determine

diflusivity by comparing amplitudes and phases of the first harmonics,

and by minimizing the rms -difference and maximizing the cross
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Figure 14. Soil temperature observations.
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correlation between the continued and observed temperatures. These

different techniques are referred to subsequently as methods I, II,

III, and IV, respectively. Higher harmonics could have been used

also, but these have smaller amplitudes so that the computed diffu-

sivities are more sensitive to noise in the data. The continuation

methods, III and IV, yield a composite, or a type of weighted average,

of diffusivities by all the individual harmonics.

Before proceeding with the results some additional comments

will be made about the data reduction processes which preceded this

analysis. Three set of days were used from July, 1971. Series of

days were chosen which did not contain gaps in the data and appeared

regular without appreciable differences from day to day. The data

used are for the periods July 12-14, 18-20, and 24-29. The mean,

cot puted as a 24-hour moving average, was removed from the raw

temperature data. This reduced long-term transient features and

eliminated effects of the annual cycle between profiles at different

depths. Each set of days was then stacked together to obtain a char-

act eristic daily cycle for that period. The stacking reduced the influ-

ence of transients and error in the data. Stacking is standard procedure

in soil temperature interpretations, as well as for other physical

fields which exhibit such regular periodic behavior (Stearns, 1969).

Because the amplitude of the daily cycle at 18" depth was only about

0. 1 degree, the same as the resolution of the measurements, this
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process was necessary to be able to distinguish the daily cycle at this

depth. Some of the raw temperature data appeared in Figure 14. The

moving average for this same set of data is given in Figure 15. Fig-

ure 16 shows the stacked profiles for the July 12-14 period.

At the conclusion of the analysis it was decided that the data

would be best accounted for if the thermistor nominally at 9 inches

depth be assumed to be at 8.34 inches. This was done to provide the

greatest consistency by standards which will be discussed later. Such

an error in positioning was quite possible within the methods used to

install the thermistors (Boersma, pers. comm. ). This pos ition is

referred to subsequently at its nominal depth of 9 inches, but the

computations used the 8. 34 inches positioning.

Results. The results of this analysis are shown graphically in

Figure 17. There is considerable scatter in the computed diffusivities,

)Ltt close examination reveals some consistencies. There is large

scatter and no recognizeable systematic difference in values for the

three shallow intervals. The phase methods, II and IV, give values

larger than the amplitude methods, I and III.
The 9f /18 interval gives smaller diffusivities than the

shallower intervals. There is also less scatter and all four methods

give about the same results. The average diffusivity for this interval

by all methods is 4.04 ± 0. 17. 1O7 m2/sec.
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Figure 17. Computed thermal diffusivities for soil temperature data.
Methods I and II: comparing amplitudes and phases of the
first harmonic. Methods III and IV: minimizing rms-
error and maximizing cross correlation between observed
and continued temperatures, respectively. The averages
given are for the three shallow depth intervals. The
error bars indicate one standard deviation.
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The homogonous nature of the results at the three shallow

intervals and the lower value at the deeper interval is consistent with

the soil profile. In soil frequently tilled, the upper 9 to 12 inches,

the depth of the plow blade, is well mixed and fairly homogeneous.

Below this layer there is a compacted zone, termed the plow pan,

which results from the repeated movement of heavy farm machinery

across the surface. The plow pan is not as porous and less permeable

to water movement. The Hyslop Farm is noted for its distinct plow-

pan layer (Boersma, pers. comm.). The clay content of the soil

increases slightly with depth which also helps account for the reduced

diffusivity (Boersma, 1966).

It is hard to account for the systematic discrepancy between the

amplitude and phase methods using a pure conductive model. Lettau

(1954) retains the conductive model and attempts to explain such

behavior on the basis of inhomogeneities along the soil profile using a

Taylor series expansion of the apparent diffusivity with depth.

Neither his analytical model nor the density and quality of his data is

sufficient to support such conclusions. It is more reasonable to

account for this discrepancy in such a complicated medium as soil on

the basis of other heat transfer processes, in particular, where there

is no other evidence to support distinct inhomogeneities.

The consistency between amplitude and phase methods for the

9"/l8" interval suggests that the pure conductive model is more
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adequate at this depth. This conclusion is also supported by the

vertical soil profile. Because of the lower permeability convective

processes will be reduced and the temperature field more purely

conductive.

Analysis of Transients. Transient features in the temperature

can also be used to determine diffusivity in situ. This is a more dif-

ficult problem analytically since it is no longer a pure boundary value

problem as in the case of harmonic boundary conditions. Arbitrarily

assigning a time zero, the temperature at depth is determined by both

the decay of the initial distribution and the temperature of the

boundary. Thus, the continued profile is a sum of both forward and

downward continuations.

This process was carried out for two distinct transient features

appearing in the moving average profiles shown in Figure 15. Care

was required in selecting suitable sets of data since the sparseness

of the spatial data required that the distribution be regular enough to

sufficiently represent the initial temperature distribution with only 5

data points. The forward continuation was approximated using a

numerical evaluation of the convolution integral (3. 9), interpolating

linear segments between adjacent data points. The downward continua-

tion was evaluated as the convolution filtering operation (4. 14).

The 24 hour segments following 0800 hours, July 12, and 1600

hours, July 13 were treated. The lhh/3h1 and 3/6 intervals were
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considered for the first period, the 3/6 interval for the second.

The diffusivities were determined such that the rms -difference

between the continued and observed temperatures be minimum. The

results were 4.82, 5.02, and 4.80 106 m2/sec, respectively. The

results obtained by this analysis of transients are in close agreement

with diffusivities obtained by Method III in the preceding analysis of

the periodic temperature component.

The observed and continued temperature profiles for the July 13

segment are shown in Figure 18. The two profiles show very close

agreement; the rms -difference is only about 0.004°C. This corn-

pares with rms -differences for the analysis of the periodic com-

ponents of about 0. 15° C, about 40 times greater. The close agree-

ment lends support to this method of determining diffusivities using

transient features. It also suggests that the moving average tem-

peratures, Figure 15, with the daily cycle filtered out exhibit more

purely conductive conditions; i.e. , the departures from conductive

conditions that were apparent in the analysis of the daily cycle are

also periodic in nature.

Heat Transfer by Latent Heat

To account for the discrepancy between the observed and

continued temperature profiles it is necessary to invoke other heat

transfer processes besides conduction. As discussed previously, in



19.5

0
0

F-

LU
0

Lii

F-

0 10 20

TIME (hours)

1 3(

.3

2

[Si

Piure 18. Observed and continued transient temperature in soil assuming a uiltuslvlty
which minimizes the rms difference between the two. (a): temperature
observed at three inches with daily cycle removed by moving average;
(b): observed (circles) and continued (solid line) temperature at six inches;
(c forward continuation of t = 0 temperature distribution; (dl: downward
continuation of (a), using the vertical scale at the right. Profiles (c) and
(dl sum to give the total continued temperature (b).



137

moist unsaturated soil heat transfer by the latent heat of evaporation

and condensation are a significant perturbation to the dominant con-

ductive heat flow. The feasibility of this explanation is shown by cal-

culating the quantity of evaporation/condensation necessary to

account for the discrepancy between the continued and observed fields.

A full quantitative treatment of the dual heat transfer processes

would require more sophisticated numerical methods and additional

information on soil structure and moisture content.

The FT form of downward continuation is given by (3. 36)

= (O,c) exp[- 1x]a

The transform of the heat flow can be obtained from this

A A
q(x,w) -k8 T(x,) T(O,){kexp{-x]} (6. 19)x a

This provides a form suitable for linear filter approximation methods

in FT space. It also applies for evaluating heat flow at the plane

x= 0

(0,w) = (0,w)k (6.20)a

For a given depth interval the temperature at the top of the

layer can be downward continued to approximate the heat flow at the

bottom of the layer using (6. 19). The heat flow at the bottom of the
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layer can also be approximated from the temperature observed at this

depth using (6. 20). These are termed the continued and observed

heat flow respectively. This has been done for the 376" interval of

the July 12-14 period using the thermal diffusivity 5. 10 m2/sec and

is shown in Figure 19. A thermal conductivity of 1. 25 watts /m° C

has been used for these calculations. The differences between the

continued and observed heat flows are also shown in this figure.

Continued heat flow greater than the observed heat flow

indicates that heat is being lost to vaporization within the layer. The

difference shows a rough correlation with the temperature in the

layer with heat loss during the warming and heat gain during the cool-

ing portions of the day. Over the 3"/6" interval the maximum rate of

heat gain is about 0.5 Wim

The heat of vaporization of water at 20°C is 2.45. 106 3/kg

(Baehr, 1962). The maximum rate of heat gain of 0. 5 W/m2 requires

a condensation rate of

0.5 W/m2
2.45. 106 3/kg

Z.04 l0 kg/m2 sec (6.21)

= 7.3 kg/rn2 hour

The 3"/6" interval has a layer thickness of 0.076 meters so that for a

porosity of 0.4 and 50% water content in the pore spaces, one square

meter of this layer contains
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(0. 4)(0. 5)(. 076 m)(103 kg/rn3) = 15.2 kg/rn2

This compares with (6.21)

7.3 10 kg/rn2 hr 105/hr
15. 2 kg/rn2

Thus no more than 50 ppm/hr of the available water needs to be

vaporized or condensed to account for the observed heat loss. This is

an extremely small perturbation to the total water content of the soil.

The FT method of linear filtering assumes that the field is

pure periodic. Thus these results do not indicate net loss of water

to evaporation; as much water is lost to evaporation during the

warmer part of the day as is recovered by condensation during the

remainder of the cycle. The method is not able to distinguish long-

term transient features in the observations.

The close agreement in Figure 18 between the continued and

observed temperature fields when the daily cycle has been removed

indicates that pure conductive heat transfer is sufficient to account for

the observed field. This suggests that the latent heat cycle is periodic

without offset of the zero level and that there is no appreciable net

loss of water to evaporation over an extended period in this depth

i rt e r v al.
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Shallow Well Temperature Observations

As another portion of this research the temperature was

observed in a ground water well to a depth of 100 feet using the pre-

cision temperature measuring instrument described in Chapter V.

This data was collected for application of some of the continuation

methods described in this thesis.

It is desired that the hole be wet and the water stagnant. A

water-filled hole provides a medium with large thermal inertia for

the precision measurements. Stagnant conditions are necessary so

that the observed temperature field is not distorted by convective

influences.

The well used for this work is located at the Oregon State

University Oak Creek Fisheries Laboratory about five miles west of

Corvallis. It was drilled in 1972 for a supplementary water supply

for the laboratory but was not productive and has not been used. It is

230 feet deep and six inches in diameter with the upper 30 feet cased.

Water is present in the well at a depth of only one or two feet below

the surface, depending on the season. The water level drops rapidly

when pumped and recovers very slowly (Seim, pers. comm.).
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Description of the Data

Temperature observations were taken at two or three week

intervals during the summer months of 1974. A full annual cycle was

planned for this work but was prevented by some technical problems

that arose. The resistance of the thermistor was the observed

quantity. This was converted to temperature by us ing the character

istic curve and calibration results discussed in Chapter V. Some

repres entative temperature profiles are shown in Figure 20. The

upper two meters are not included so that an expanded temperature

scale can be used.

These observations appear qualitatively to behave as a

conductive field with periodic boundary conditions. The minimum in

the vicinity of 5 meters depth corresponds to the lower surface tern-

'icrature of the preceding winter months. As time progresses this

feature propagates downward and increases in temperature as the

warmer boundary temperature has greater affect. At lower depths the

difference between profiles diminishes. Below about 20 meters there

is very little difference between profiles and the field appears to be

stationary in time. Using data from below 20 meters a mean tem-

perature gradient of 22.8 ± 0.4°C/km is measured.

Since the conductivity of this formation is not known we cannot

make an accurate determination of the terrestrial heat flow at this
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Figure 20. Shallow borehole temperature observations.
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site. This is a relatively low gradient and implies a low heat flow

with respect to the world average. There are no published heat flow

data for the Coast Range Province, in which this site is located (Roy

et al. , 1972).

It is not readily apparent in Figure 20, but close examination of

the data below 20 meters reveal a systematic discrepancy in tem-

peratures averaging 0. 008° C between these profiles separated by two

months. The later observations are at lower temperatures. If we

accept the proposition that the field is stationary at this depth, the

discrepancy can be explained as the secular drift of the thermistor.

This drift of -0. 004°C/month is in close agreement with the pub-

lished value -0. 0038°C/month cited earlier in Chapter V.

Stability of the Water Column

A primary consideration in making temperature measurements

in a drillhole is that the observations represent the temperature of the

adjacent formation. The fluid in the hole must not be equilibrating by

convective overturn.

For fluid in a borehole with insulated walls the critical tempera-

ture at which the onset of convection occurs is given by Krige (1939)

G
aT +216 a (6.22)

C C 4
p gar
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where g is the acceleration of gravity, r the radius of the hole,

and the parameters of the fluid are the following: a, volume

coefficient of thermal expansion; T, absolute temperature; c,

specific heat at constant pressure; a, thermal diffusivity; and ii,

kinematic viscosity. The first term represents the adiabatic gradient

for water and the second accounts for viscosity effects. The func-

tional behavior of (6. 22) is dominated by the fourth power dependence

on radius of the hole. Thus it is desireable to make observations in

as small diameter hole as possible (Misener and Beck, 1960; Diment

and Robertson, 1963).

For water at 10°C in a six-inch diameter hole (6. 22) gives a

value for the critical gradient of 0. 00l5°C/m. This is an extremely

small gradient. The temperature measurements made in this well

as revealed in Figure 20, exceeded this by as much as two orders of

magnitude. Since the observational temperature data are not indica-

tive of convective motions the above criterion does not apply in the

present case. This is explained by the fact that the borehole walls

are not insulated. Heat flows across this boundary as the adjacent

rock interacts with the water column to retain thermal equilibrium

between the two media. It is not possible for a static water column

to have a temperature profile radically different from that of the

adjacent formation.
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Forced convective motion, mixing, occurs due to the passage of

the thermistor probe. This phenomenon exhibits dependence on the

temperature gradient of the water column. This is shown by making

repeated measurements. Figure 21 shows the temperature measured

to ten meters depth at one meter intervals by six passes of the probe.

Measurements were made as the probe was lowered. Successive

passes were separated by about ten minutes.

The first pass shows a very steep negative gradient to 3 m, a

minimum between 3m and 5 m, then a steady, less steep positive

gradient along the remainder of the profile. Each successive pass

the temperature raises between 3 m and 5 m, smoothing out the steep

gradient and raising the minimum temperature. Below 5 m depth the

temperature remains relatively constant with each successive pass.

Mixing does not appear to be a significant problem in this region.

There is no systematic behavior apparent in the measurements

between six and ten meters depth. Assuming that there is no mixing

and the temperature is stationary these measurements exhibit a

standard deviation of 0. 006°C. This is not as good as obtained when

calibrating the thermistors, about 0.003°C, but is sufficient for this

work and gives an indication of the precision of this instrument under

field conditions.

Because of the consideration of mixing, the probe should be

constructed as small and streamline as possible and lowered slowly
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Figure 21. Repeated temperature observations in the shallow portion
of a borehole.



to minimize its disruptive effect on the stability of the water column.

The positioning of the thermistor is also a source of error.

For a large gradient of 1°C/rn a 1 mm error in positioning results in

0. 001°C error in the temperature measurement. Length markings on

the cable were not done with precision and some coil was retained in

the cable as it hung by its own weight and that of the probe. Thus the

positioning of the thermistor is not considered more accurate than

1 cm. This could result in an error of about the same amplitude as

the precision of the instrument.

Application of Continuation Methods

Forward and downward continuation methods were applied to the

above temperature data. The data were given as spatial profiles, but

these were taken enough times to allow interpolation of the boundary

conditions also. The ground surface was not taken as the boundary in

this problem. The horizon at 1.38 meters depth was arbitrarily

chosen as the boundary.

We observe two spatial profiles separated by time

f1(x) T(x,0)

f2(x) T(x,T)

and the intervening boundary temperature
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g(t)T(0,t) 0<t<T

If the half-space is homogeneous and heat transfer is pure conductive

then the continuation of f1 and g at time T should be identical

to the observed profile f2; using the symbolic operator notations

for the continuations

Ti
+ rDg f2

This provides a method of determining diffusivity in situ or of testing

the pure conduction and homogeneity hypotheses.

These operations were performed using July 12 as the reference

time zero. The profile for this date, shown in Figure 21, was con-

tinued forward in time 60 days to September 10. To this was added

the temperature distribution resulting from the boundary temperature

iring the intervening period, evaluated using a polynomial fit of the

boundary condition and (4. 11). This continued field

h(x) IF f + ID gTi X

was compared with the observed profile for September 10. Figure 22

shows the difference between the observed and continued distribution,

f2(x) h(x), for a range of physically reasonable values of diffusivity
-7 -6 2

tO to 10 m /sec.
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Figure 22. Difference between observed and continued borehole

temperature profile for different values of diffusivity.
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All of these profiles indicate the observed temperature is

generally less than the continued field. The difference is greatest for
a = 106 m2/sec and generally decreases as the diffusivity decreases.

Below about five meters the curve for a = 4 l0 m2/sec gives the

best result, lying within about 0.015°C of zero.

The discrepancy between the observed and continued temperature

at shallow depths indicates the inadequacy of the assumed model. This

is explained in the shallow portion of the section by convective heat

transfer. The preceding section on soils discussed how very small

water movement can significantly distort a conductive temperature
-7 2field. The reasonably good results for a = 4. 10 m /sec below

five meters depth indicates that the homogeneous conductive model is

more adequate in this region.
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VII. SUMMARY AND CONCLUSIONS

Results of good accuracy have been obtained using linear filter

techniques and variational methods to approximate the field continua-

tions of a conductive temperature field. This has been shown by

applying the methods to some artificial temperature data. The

frequency response of the convolution coefficients for the backward

and upward continuation were also examined and shown to conform to

the desired behavior.

Because of the nature of diffusive processes there are some

inherent limitations in attempting the sourceward continuations. The

temperature distribution is smoothed as it progresses in space and

time and hence it is not possible to completely reconstruct the initial

or boundary condition from a distribution given over an interior

domain. For these reasons the backward continuation can give

spurious results when applied to noisy data. Similarly, the results of
upward continuing a spatial profile to far back in time is of dubious

value.

The continuation methods are based on a model of homogeneity

and purely conductive heat transfer. Although this model is restric-

tive these methods can be used to perform physically meaningful field

continuations to aid in the interpretation of subsurface temperature

observations.
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Temperature inversion data from a geothermal borehole were

treated using continuatioritechniques. Based on a conductive model

with the nonstationary inversion resulting from a transient flow of

thermal water along a narrow portion of the section, variational

methods were used to determine the temperature history of the flow.

Stable results were obtained which could satisfactorily account for the

observed borehole temperature profile.

Continuation methods were applied to soil temperature data with

good results. The data were separated into the dominant daily cycle

and the much smaller transient effects. Both components were treated

using continuation methods to obtain the in situ thermal diffusivity;

values obtained were about 5.0 10' m2/sec. The daily cycle showed

a small departure from conductive conditions. The transient field

exhibited behavior purely conductive in nature. It was shown that the

small departures from conductive conditions in the periodic case are

easily accounted for by evaporative effects. The strictly conductive

conditions that were exhibited in the transient field suggest that

evaporation is not occurring from this depth.

Borehole temperature data which exhibited the effects of the

annual cycle of the surface temperature were also processed with

continuation methods. The data were collected using a precision

instrument built for this research. The temperature data exhibited

gradients as much as two orders of magnitude larger than permitted
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by the conventional theory for a stable water column in an insulated

borehole. This theory is too restrictive and our results show that

meaningful data can be collected in large diameter boreholes. When

continuation methods were applied to this data it was seen that con-

duction was not sufficient to account for the temperature observations

in the upper five meters of the hole. Below this depth good agree-

ment between the observed and continued profiles was obtained using
-7 2adiffusivityof4lO m /sec.
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APPENDIX I

Computer Subroutines for Evaluating Continuations

The following FORTRAN subroutines, appearing in alphabetical

order by title, are used for the continuation methods developed in

Chapter IV.
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39 I3ArA(N)
OX DATA=1.E-25
NI C

NO C INVEUT MATRIX H
'.3 CALL VINy (IDATA, 8)j),9)j))
NN C

NY C

'.6 F1,
'.7 I(l.ES.D)SCT3 5
NM CO N
'.9 0 E=EK/OELTA
50 C

51. C 3ETIP'EJ COEFFICIENTS ARE THE BRA POW AF INVERTED MATRIX
52 C TAMES COS4STANT F
53 B K=MP1
UN MSXLPI
55 20 p I1,MAX
5'. C(I}(KIF
57 6 KKLP1
58 ROTURM
59 E'S

NO ER/SEC P3P FETCAFE
LENGT'. op ;t2PXoBs= lDNZ
LENSTH 31- C'MCB 3035 OS



A

6

9

11
1.2

13
14
15
lb
17
10
59
20
21

22
23
24
25
26
27
08
29
30
31.

32
33
34
3'
36
37
38
39
40
41
42
43
44
45
46
47
45
49
52
51
52
53
54
9-
56
57
58
59
61
b1
62
63
54
ES
ES
67
69

053 FT/TOSS VESIC5 .12 29/04/75 0951

S()S502TT NE 50800W) ISPACE ,T IRE ,DIFF

C CO14TINUE SIXES ONE-TI'IENSICNAL SFACIAL IEMPFMOTUEE 3151610-

C UTION FCRWARA IN TIME USING THE FF1. THE TRANSFER FUECTICI

C IS GIS) = EOP(-A'T')S"Z)l

C INPUT PARAMETERS ARE
C ISPACE = FOR WHOLE SPACE PRCOLEM
C 1 FOR WOLF-SPACE OINICHLFT 0608LEII

C (PRESCPIVED SURFACE TEMPERATURE)
C =05 FOR HALF-SPACE NEUMANN PROSIER

C
17552 GP031ENT AT SURFACE)

O TIME - OF CONTINUATTON
C SIFF)US181TY)

O INPUT DATA IS TAKEN FROM COMMON AND CONSISTS OF A SPACE SERIES

C III), OF LES218 N, AN) SEPARATION OX OF UNITS CONSISTENT

C WITH THE PRODUCT OF PORAICTERS CIFFTIME. IF HALF-SPICE

C F508LF)I THE FIRST POINT IN SERIES I MIST BE AT SLRFACE 8=0.

CIOMMTN RLSNK(1O) OX, 1(601) N

COMPLEX 08(1024)
DIMENSION 11(501), 1(21)

C OETESMINE STATIONARY FIELD BY FITTING FIRST ORDER POLYNOPIAL

CALL FTTOLPII.A,ERI

Al O (1)

OAA 120/ IN-lI
IFIIOPXCE.EC.S) DOTS I

C HALF SPACE X0XLM
MNN=2N-1
511 6-1
LN
I(ISPACo.E0.11 0W)TI1)
IF )ISPACE.E0.*1l 01W).

OS 11 1W).N
01)11=1(1) -IA -ASII-1)

IA LLO1
I)ISPAC.EQ.-1l 1010 2

00 12 11,NM1
10(1 )=TT (I)

12 MP"1
5010 4

2 50 13 T1,NMA
TT(I)-TTIM(

13 1Y-T
G('TO N

C WHOLE SPACE PROILFY
3 65W)
0' 16 11.N

16 TT)I)=TII) - - 0l'(J-3I

EN I) 1INE N'XT SNTEG)8 POWER CF IPEITEE THAN NI

5 I'1'.G'.96( 5355 1,

L U PU
5/U) 5

FAAY)TF4S NrCESTIPT TO COPUTE FILTER
P1=3.14159265
Os=Z.0'I/)LSE'TX)
COLT £W)F OP (-DI FFT 11SF T50S)
S')FFILTW)FILTEP
OFFILTUYIOF

C NEED TO DIVIDE SR LSER FOP NORMALIZATION
FILTFW)FILTER7LSER

C ELFIN) INPUT 160RSFORI
00 9 11.NN

9 COIII=TT(I)
NP1 ON
00 10 IW)IPI,LSCR

11 CXII)0.

C FOPWXHO THXNSFORS(
CALL FFTS(CX,LOGN,D,-t.)

C 50 S001IONORP COMPONENT
CXI 11=1.

C FILTER
C ZERO FREQUENCY UNCHANGED (EXCFPI FOR NOSMALWZATICN)

CK(1)CI 11)/IDES
MLSER
LM/ 2
00 21 I"Z,l
CXII) =CS (I )FIL TOP
CX (M)=CI (M)FILTER
MM-1
FILTEW)FILTEROF

C IF FILTER VERY SMALL AVOID UNDERFLOW BY SETTING FILTER
C 10 ZERO

IF (FILTFR.LT.1.E-1OI) GOTO 22
OFSFOAF

20 CONTINUE
CX )M)C0 (M)FILTER
GOOD 24

22 JW)'l
W)LSER+Z-J
DC 23 IJ,K

C

23 00111=1.

C INVERSE TRANSFORM
24 CIII FFTS )CO3LOSN, 0.01

C TEFINE OUTPUT
MW)
IF(ISPNCE.PIE.0I MW)
(50 12 1=1,6
TIJ)=RESL)C8)M)) N Al N A1W)j-1)

32 W)RP1

XETU RN
150

NO FREORS FOX FORVORT
LENGTH OF CLRPOGEY 14013
LENGTH OF CCMMC0

0)
(P



9
13
1.1
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
20
30
31
32
33
34
35
36
37
38
30
40
41
42
43
44
45
46
47
48
49
50
St
52
53
54
55
56
57
58
59
'U
61.
62
63
64
65
66
67
68

01.3 'CHTPAT VEPSICS 3.12 08/04/75 0911

SUBSCUTI 41. F3WSMO0 ( ISPACE,TIME ,OIFF.TC.M8(

C COMPUTE SPACIAL PROFILE RESULTING FROM CAUSAL
C UOUNOARV CONOITIONS -- 01160 A MODIFICATION OF
C LINEAR FILTER METHOD FORW580' -- DESCRIBED
C IN CHAPTER 3 OF THESIS.
C 00050351 CONUIT1085 ARE EXPRESSEC BY THE ARRAY
C r3C(M5) AS THE AIPLITU!TE OF UNIFCRR-WICTR BOXCAR
C FUNCTIONS OVER THE TOTAL INTERVAL TIME.

COMMON RLANK(1A( OX. 1(800), N
DIMENSION FI1(41.C), BCIIOU), 0(21)
COMPLEX CA(1324)

C CETERPIINE NEXT INTEGER PONER O 2 GREATER THAN N
L1.

2 IF (M.GE.6) 0310 3
M M 2
LL' I
0010 2

3 LOGN=L
LSERPI

C PARAMETERS VECESSART TO COMP)JT FILTER
P0=3.161.59265
OS=P I! (L SEROF(
01T IME/ MV
CC2.LSER
FHEXP (-OIFF3TDS0S)
FG=F HFH
FFA.
LFILSER+l

C
5 K1,LP1

S FIL(K(D.
CON46./ IA IFFOTOSOS 8

C CEFINE LIMITS IN LOOP V OUCH 18081 SUMMATION
C TENMINAOES WHEN FACTOR IN EXPONENTIAL IS SUCH
C THAT FILTXR IS LESS THAN 1.E2O.

Dl 11 E1.LP1
AU =0t.
LAMCOTI/ (.S1*(K-1)(K-1))
IF IL 18.1.1.89) LIMMB
IF(LIM.LT.1) OTTO 7

00 H L1,LIM
LLMX-LX 1.
AAUA P 1.8C(LL(

8 G=UEF

F IL I K) A A/CC
FF=FFFX4

IL FHFHFG

C OUTPUT FILTER C0FFICIENTS IF ISPACE
7 IF IISPACE.NE.3( 1310 11

UT 1. I1,LXA
6 T(I)EIL( I)L1.CR2.

P3 TURN

C 1.81.151. INPUT TO TRANSFORM
UI U(l)A.

1 1.

NLSEU

69 C

73 (ALL ACTOSPAC (ISPACE.U.B4O3,01FF)
71. C

72 NHEM
73 IF(ISPACF.EA.0) 001015
74 C

75 C TIRICHELET PROBLEM -- 001 IMAGE
76 K=LSER2
77 CA)1)3.
75 00 12 A?,LSER
79 CX(I)T(I)
BA C1(K(-T(I(
01 12 KK-1
52 CX(K(0.
03 0010 20
54 1.

05 C NEUMANN PRO9LEM -- EVEN IMAGE
86 15 (C2LSER
67 CX(1)=T(1)
86 00 16 I2.L8
09 CX(I)=CXIK)1(I)
90 16 KK-1
91 CX(X)T(LSER)
92 C

93 C FORWARD TRANSFORM
94 20 CALL FF15 ICR. (LOGN1),I,-1.)
05 C

06 C FILTER
97 CAll) CX (1) FILlS)
98 K2LSER
90 00 25 I=2.LSER

100 CXII )=CX(I)MFIL (I)Ill CA(K)CX(K)FTL(I)
102 25 (=1<-I
103 CP)KP=CX(K)FIL(LPIJ
104 C
105 1. INVERSE TRANSFORM
106 CALL FF10 (CX,(LOGNP1(,U.+1.)
107 C
100 C SEFINE OUTPUT
100 JA
11.0 IF(ISFACE.EO.H1) 0010 29
111 T(1(8C(MV)
11.2 J2
113 29 DO 33 SJ.N
114 30 T)I(REAL(CA(S))
115 C
116 RETURN
117 END

NO ERRORS FOR FPWOPOI
LENOTH OF SCBPROGRAM 10434
LENGTH OF CCMMON 33127

01
01



03 FOPIRAN UESICN 3.12 19/04/75 0952

1 SUOPTUTINE FPTCPROR(N,A.V)
2 C

3 C COMPUTE POLYNCMIAL COEFFICIENTS OF 550 NEPEVTEO INTEGRATICI
C CF IVE C0IPLIMFNTAPY ORROR FUNCTION (OBR000611Z S STEGUNI 7.2)

5 C

6 C N

7 C O(M)(ERFC(0) = SUM (A(J,j)'(Z/SQPT(PI))EXP(-XV)
O C J=U 9(JR1)ERFC(X)) (XJ)
9 C

10 OI'IENSOON 0)21), 0(21), 9(21,2), S(21,2). 1(21,2)
11 C

12 C ZERO 0'ORAY 4 AO S

13 NP1=N+1.
14 00 1. 11,21
15 l)j)0(I)3.
16 00 1 J1,2
17 0. P(I,J)S(1,J)0.
iN C

19 C SET NPAR 10 2 FOR N EVEN 0N0 3 FOR N COO
20 NPARN*2-2'(N/2)
21 IF(NPAR.EQ.3) 1010 2
22 C
23 C IF N IS EVEN INITIALIZE ARRASS N ONO S FOR 0(0) (NO 11-2)
24 R(1,2)=i.
25 S(2.1)2.
26 1010 7
27 C

20 C OF N IS 000 INITONLOZE ARRAYS P AIDS FUN I(*I) 010 Il-I)
29 2 P(1,1)0.5
30 R(2,2)-1.
31 S(1.1)1.
32 C

33 7 IF (N.LE.1) 0)10 19
34 00 Il LNPAP.N,2
35 P2. 'L-3.
36 02. 'I'lL-i.)
37 00 3 0=1.2
30 00 3 J1,2
39 3 T(j,J) = )c9(I,J) - .SS)I,J))/0
40 C

51 00 4 03.NPI
42
43 CO 4 31,2
44 4 1(0.3) = (P'R)O,J)*2.R(X,J) .5S(I,J))/O
49 C

46 00 6 I=1.19P1
'.7 00 6 J1,2
48 S(0,J)9((,J)
49 5 R(0,J)1(I,J)
SC C

51 11 CONTINUE
52 19 00 2 I1.N1
53 A(I)4(I,1)
54 B(I)°I1,2)
55 RETURM
56 FNO

NO E55060 FOP RPTFPRCR
LESSOR SE SU3PFOGRO" 1772

a)
-3



6

9

10
11
12
13
14
15
16
17
18
19
21
21
22
23
24
25
76
27
20
29
31
31
32
33
34
35
36
31
38
39
'I
41
42
43
4,.

45
46
47
40
49
52
51
52
53
54
55
56
57
58
59
SC
61
62
63
5,.

66
67
65

Oi3 FORTYAN AERSIEN 3.17 ]R/14/75 6952

S(JRRIUTI94 PADPD (0. 11FF, LWC'80E8, PCRIT)

C PEAFORM DIFFERENTIATION PORTION CF UPWORC CCHTINIATIOH
C PROBLEM
C INPUT PAAAEIETEPS APE THE FCLLTWINGI
C 8 - SISTANCE OF CONTINUATIIN
C A0F - DIFJSIVITY
C LWOAOER - OPOSA IF LONG-AVELENG1M APPROXIMATICN

MCYIT - CRITERION FAN CHOOSING PCLYNCMIAL ORCER BY
SUYPR0GPAM HARDER

C TEMPERATURE TIRE SERIES IS OF LENGTH 8 IN CCMMON BlOCK 0,
C SEP690TION TIME SlIME.

COMMCN LANK(I0I, SlIME, 1)600). N, eA. 88, CELIA, MAO
DIMENSION 11(630), ILIAD), 45Kb). C(21)

C FOURIER SCALINI
OELTA=3IFFOTIME/( X'S)

COMPUTE IDE EFICIENIS FOR EVALUATING SERIES
C INITIALIZE

00 1 11,13
1 Ul(I)0R(I)3.

C 70R018 ORDER TERM
AA2.
FACT 08=2.
MACI 80
IF(LWOROC'R.ES.0) GOTO DI
lAO 5 LS,LWTRDER
FOCTORFACTTR)2.'L')2.'L1))

C IEIEAMINE ORDER OF POLYNOMIAL
NAIL YNOROFR( LAGROER, L ,MCRI r)

CALL FNT SIFF)L, IIPOLY, C)

C ACCUMULATE COEFFICIENTS
J2=J3=1 NPOLYI2
J1J21
66=00 P FACTO''C (37)
DO S K1,J1
J2J2-1
33=331
A")KI=AR(X) P ACTORC)J3)

I. AL)<IAL(K) PUCTOMC(J2)
5 CONTINUE

C IF N = C RETURN COEFFICIENTS
AC J2J3NPDLY/2 1

J1J2-1
IF(M.GS. 3) 1010 15
(4NPCLYM 1
T (U?) = IA

j1(LWQROEN.EQ,,J) E,ETIJPN
DO 12 <1,J1
J232-L
J3J31
T)J2)AL (K)

12 T)J3)AR)K)
21 TURN

C 'VALUATE SEUICS
15 00 C'- I1.N
IS TT)0 (T)I)

01' DC 0=3 N
T'MPA A' TI) II

49 I (LSCEl0'".63.D( OTTO 32
TI C

71 00 28 K-A,J1
72 IPE=I,K
73 IMKI-K
74 IF)IRK.GT_N) IPKN
75 IF)IPK.IE.I) 16K5
76 28 TEMPTEMP * AL(K)TT(IMK) flR(K)TT(IPK)
77 C

78 32 0(0) =1CM'
79 C

BA RESUMH
81 (NA

NO ERVORS FOR (JPWARO
LENGTH OF SUBP801RAM 23702
LENGTH OF CCMMON 33136

OS
ID
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APPENDIX II

Temperature Measurement Instrument

The following circuit was built for the precision measurement

of borehole temperatures, as discussed in Chapter V.

Theory of Operation

The thermoprobe measurement is made by the nulling of the

difference of two gain amplifiers with a thermistor as the feedback

element in one and a decade resistor as the feedback element in the

other. Both are driven by the same reference voltage and input

resistor. The summed voltage is amplified across a microvoltrneter

for determination of the null. Since the two differential amplifiers

have dissimilar offset voltages, a null potentiometer sums the output

:o zero under no input voltage conditions.
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