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Abstract

The paper reviews percolation and some of its important properties, particularly
on the 2-D square lattice. A bilevel lattice is introduced, with a percolation model
representing the spread of a forest fire according to characteristics of the forest. It is
proven that the value of the laddering probability may determine whether a fire fizzles
out or spreads without bound, and a programmed simulation assists in determining a
critical laddering probability.
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1 Introduction.

Percolation is a way of modeling a disordered medium or random process. At a basic
level, the setup for a percolation model involves a group of vertices and a collection of
potential connections between certain pairs of vertices. These are often organized into
a lattice, of which there are many examples. One common lattice is the 2-dimensional
rectangular lattice, which could be represented by a standard sheet of graph paper.
An advantage of considering this lattice is that certain properties of percolation on it
are well known, while for many lattices this is not the case.

Using the 2-D square lattice as an example, the intersection of lines may be con-
sidered the vertices, and each line segment between a pair of vertices is an edge. An
edge represents a potential connection between its pair of vertices and has two possible
states, open or closed. An open edge means that there is a path connecting the vertices
while a closed edge is the absence of a connection. Each of these states has a certain
probability associated with it; typically p is used for the probability that a specific edge
is open, with 1− p being the probability that the edge is closed, where 0 < p < 1.

The standard assumption for the 2-D lattice is that the probability p of an edge
being open is the same for all edges. The percolation process is modeled by assigning
to each edge an i.i.d. uniform random variable X(e) between 0 and 1, and considering
the edge open if X(e) < p and closed if X(e) ≥ p, thus giving the probabilities of being
open or closed as above. The collection of all such assignments on a lattice is called a
configuration and is denoted η.

At this point events that may occur on the lattice can be considered. A cluster is
a set of vertices connected by an open path, and one of the events of interest is the
event that two particular vertices belong to the same cluster. This probability clearly
depends on the value of p, since p is the probability for an edge to be open and an open
path is composed of open edges. Further, as p increases, the probability of connection
between vertices also increases or at least does not decrease. Such an event is called
an increasing event. A result about increasing events called the FKG inequality is
discussed in appendix.

Another event of particular interest is the event that a particular vertex (the origin
is used without loss of generality) belongs to an infinite cluster. That is, starting at a
specific place in the lattice, would it be possible to travel infinitely along open edges
without traversing the same edge or visiting the same vertex twice. This is also an
increasing event and its probability is called the percolation probability and is denoted
θ(p).

As indicated, θ(p) depends on p, and in particular depends on a value know as the
critical probability, which will be denoted p∗. The critical probability has the property
that

θ(p)

{
= 0 if p < p∗

> 0 if p > p∗

The terminology used is to state that the system is subcritical if p < p∗ and supercritical
if p > p∗. In the case where p = p∗, the system is referred to as critical. Thus, a
subcritical system is one where the origin has zero probability of being in an infinite
cluster while a supercritical system is one with nonzero probability that the origin is
in an infinite cluster. It is known that the critical probability for the 2-D square lattice
is 1/2, a result which is important for this paper.
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2 The two-layer percolation model.

As stated before, percolation may be used as a model for a random process. The
application presented here is to use the percolation process to model spread of a forest
fire. Forest fires may be classified as either ground fires, which spread only along the
ground, and crown fires, which spread across the tops of trees. Further, a ground fire
may spread to the treetops or vise versa, which is called laddering. To model this,
a square lattice will be used to represent the forest, but this lattice will be a bilevel
lattice. This is constructed by taking two 2-D square lattices, like the example already
presented, and laying them one on top of the other. Thus, the lower lattice represents
the ground level and the upper lattice the crowns of the trees. Edges are added between
corresponding vertices in the two lattices, and these are used to represent laddering.
A pair of corresponding vertices will be called a node.

There will also be multiple p-values associated with the bilevel lattice. The proba-
bility that a lower edge is open will be pl, the probability that an upper edge is open
will be pu, and the probability that a connecting edge is open will be pt. The similarity
with the 2-D square lattice leads to some immediate conclusions that will be useful. It
is noted that if pt = 0, this situation essentially creates two 2-D square lattices that
are entirely separate, with no possibility of connection. Similarly, if pu = 0 or pl = 0,
clusters are limited to a single 2-D square lattice, since while laddering may occur, it
cannot go anywhere on the other lattice. Finally, if pt = 1, meaning that laddering is
automatic, this may still be considered similarly to the 2-D case, but with two possible
open routes between each node, one with probability pl an one with probability pu.

Because the critical probability p∗ is known for the 2-D square lattice, this may
offer insight into the bilevel lattice as well. If an exact probability of any connection
between two adjacent nodes of the bilevel lattice that would be the same in every case
were found, a value equivalent to p for the simple 2-D square lattice which could be
called peq, this would be much easier. peq would certainly depend on the three values
of p used in the bilevel lattice, pu, pl, and pt. However, without a way to calculate
an exact value for peq, there are still some results within reach. The following lemma
applies to the bilevel square lattice.

Lemma 1. Given pu < 1/2 and pl < 1/2, with (1− pu)(1− pl) < 1/2,

(a) pt > 1−
(

1−
√

1−2pl
2(1−pl)pu

)4
produces a supercritical system

Proof. It is first necessary to calculate the probability of a connection between two
adjacent lower vertices considering only those nodes. From above, the probability of
a direct connection is pl. The probability of an open path to the upper vertex, then
across to the adjacent node and down to the lower vertex will be

pt ∗ pu ∗ pt = p2t pu

See figure 1. However, it is also necessary to consider the probability that both of the
above paths is open, which is given by the product of the individual probabilities. Thus,
by the inclusion-exclusion principle, we have that the total probability of a connection
between two nodes from the lower part of one to the lower part of the other, which
may be thought of as the two nodes being connected, is
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Figure 1: Paths between two lower nodes.

Figure 2: Splitting the connecting edge.

p = pl + p2t pu − plp2t pu (1)

From here, it is useful to consider more closely pt, the probability of a connection
from the lower level to the upper level (or vise versa) within a node. Each connecting
edge may be split into four sections corresponding to the four directions along which a
path may travel to or from the node. For each individual section, call the probability
of a connection between lower and upper levels pt, so the probability that this path
is closed is 1 − pt. The entire path between lower and upper parts of the node is
considered closed if and only if all four individual sections are closed. This gives the
equation 1− pt = (1− pt)4.

Further, because one corner of a connecting edge being an open path makes every
other corner an open path according to the way that the relationship between pt and
pt is defined above, replacing pt with pt in (1) gives a lower bound for the probability
of an open path between nodes. That is, p ≥ pl + pt

2pu − plpt2pu. This gives:

1− p ≤ 1− pl − pt2pu + plpt
2pu

1− p ≤ (1− pl)(1− pt2pu), so

p ≥ 1− (1− pl)(1− pt2pu)

As noted above, the critical probability for the 2-D square lattice is 1/2. It follows
that if pl, pu, and pt are chosen so that 1 − (1 − pl)(1 − pt2pu) ≥ 1/2, then there will
be some positive probability that a given node lies in an infinite cluster. Given pl and
pu, values of pt that will cause p ≥ 1/2 may be determined as:
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1− (1− pl)(1− pt2pu) ≥ 1

2

(1− pl)(1− pt2pu) ≤ 1

2

1− pt2pu ≤
1

2(1− pl)

pt
2pu ≥ 1− 1

2(1− pl)

pt
2 ≥

1− 1
2(1−pl)

pu
=

1− 2pl
2(1− pl)pu

pt ≥

√
1− 2pl

2(1− pl)pu
(2)

From the result given previously and the calculation above, it is found that
peq ≥ 1/2 = p∗ if the inequality in (2) holds. Inequality (2) can be adjusted to recon-
vert from a lower bound for pt back to a lower bound for pt that makes the system
critical as follows:

1− pt ≤ 1−

√
1− 2pl

2(1− pl)pu

(1− pt)4 ≤

(
1−

√
1− 2pl

2(1− pl)pu

)4

1− (1− pt)4 ≥ 1−

(
1−

√
1− 2pl

2(1− pl)pu

)4

pt ≥ 1−

(
1−

√
1− 2pl

2(1− pl)pu

)4

(3)

While a lower bound for p has been considered above, dependent on the value of
pt, an upper bound for p may be found in the case where pt is equal to 1. With the
assumption that laddering between the upper and lower levels is automatic, the system
collapses to a two-dimensional case, but there are two possible paths between any two
nodes. A path which reaches a certain node will ladder to the other level of that node
and then have probability pl of crossing to another specific node on the lower level
and probability pu of reaching that node on the upper level, and in either case will
automatically ladder at the next node. For there to not be any path between two given
nodes, both the upper and lower paths must be blocked, which occurs with probability
(1− pl)(1− pu). Thus, the probability that there is a path will be 1− (1− pl)(1− pu),
the value of p. By the original assumption that pt = 1, this gives an upper bound for
p given pl and pu.
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As an example, consider pl = pu = 0.4. Using these values in the right side of (3)
gives a value of approximately 0.9842. Thus, if pt is 0.985 (or above), the system will
be critical even though both the upper and lower layers, considered separately, would
be subcritical.
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3 The critical value for pt

From the above, it is evident that for the bilevel lattice, the probability that a node is
part of an infinite cluster depends on the three values of p used for the lattice, thus the
probability may be denoted θ(pu, pl, pt). Thus, once a fixed pu and pl are chosen, that
probability can only be affected by the choice of pt. The next question of importance
is how the choice of pt affects θ and whether there is a critical value of pt, which may
be called p∗t , that determines whether θ is zero or nonzero.

Proposition. For there to be a 0 < p∗t < 1 in the forest fire percolation model, 0 <
pu < 1/2, 0 < pl < 1/2, and (1− pu)(1− pl) < 1/2 are necessary conditions. Further,
these conditions are sufficient to conclude that p∗t < 1.

Proof. It is first shown that there is no p∗t if pu > 1/2 or pl > 1/2 by setting pt = 0.
This has the effect of splitting the upper and lower layers into two separate 2-D lattices,
and since at least one of pu and pl is greater than or equal to 1/2, it must be that
θ(pu, pl, 0) > 0, making the system supercritical regardless of the value chosen for pt.

Now, consider the case where pu < 1/2 and pl < 1/2, but (1 − pu)(1 − pl) > 1/2.
Set pt = 1, thus the edge between corresponding vertices is automatically open. The
effect here is to collapse the multilayer lattice into a single 2-D square lattice with two
possible routes between each pair of nodes, the routes being open with probabilities pu
and pl, respectively.

A pair of nodes will be connected unless both of these routes are closed, which
occurs with probability (1−pu)(1−pl). Since it is assumed that (1−pu)(1−pl) > 1/2,
it must be the case that 1− (1− pu)(1− pl) < 1/2, so the probability of a connection
between any pair of nodes is less than 1/2. As it has been stated that 1/2 is the critical
probability for the 2-D square lattice, this implies that θ(pu, pl, 1) = 0, thus the system
is subcritical for any value of pt.

The above shows that pu < 1/2, pl < 1/2, (1 − pu)(1 − pl) < 1/2 is a necessary
condition for there to be a critical value of pt for the system. It remains to show that
the above is sufficient for the system to have a p∗t less than 1. Therefore, fix pu < 1/2
and pl < 1/2, with (1− pu)(1− pl) < 1/2.

Assign α = 1−

(
1−

√
1− 2pl

2(1− pl)pu

)4

and β =
1− 2pl

2(1− pl)pu

From lemma 1, if pt ≥ α, the system will be supercritical. It is necessary to show
that 0 < α < 1, but the first step is to show that 0 < β < 1. This is done in two parts.
To show that 0 < β, it is noted that the conditions pl < 1/2, pu < 1/2 imply that both
the numerator and denominator of β will be positive. Next, to show that β < 1, since
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it is known that (1− pu)(1− pl) < 1/2,

1− pu − pl + pupl < 1/2

2− 2pu − 2pl + 2pupl < 1

1− 2pu − 2pl + 2pupl < 0

1− 2pl < 2pu − 2pupl

1− 2pl < 2pu(1− pl)

so
1− 2pl

2(1− pl)pu
= β < 1

Since 0 < β < 1, this also leads to:

0 < β < 1 ⇒ 0 <
√
β < 1 ⇒ 1 > 1−

√
β > 0 ⇒ 1 > (1−

√
β)4 > 0

1 > (1−
√
β)4 > 0 ⇒ 0 < 1− (1−

√
β)4 < 1 ⇒ 0 < α < 1

Since 0 < α < 1 and α has been established as the upper bound for p∗t , this implies
that p∗t < 1.
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4 Switching pl, pu gives the same p∗t
Another interesting question is what happens if chosen values for pl and pu are switched.
It seems reasonable to expect the resulting lattice to look similar, if inverted top to
bottom, since the structure is basically symmetrical. However, θ(pl, pu, pt) has been
defined as the probability that the lower vertex at the origin, (0,0,0), lies in an infinite
cluster, so the question remains whether the switch would affect p∗t , but it can be shown
that it does not.

Theorem 1. Given 0 < a, b < 1/2 with (1 − a)(1 − b) < 1/2, for the two cases
pl = a, pu = b and pl = b, pu = a, the critical probability p∗t will be the same.

Proof. It is first necessary to note that according to the conditions on a and b, in either
of the cases listed above it must be that 0 < p∗t < 1, as already proven. Therefore,
it will be assumed that pt > 0 for this proof. There are three events of particular
importance for this proof, which will be listed here. Event A will denote the event
that the lower vertex at the origin (0,0,0) is part of an infinite cluster. It is noted
that P(a,b,pt)(A) = θ(a, b, pt). Event B will denote the event that the upper vertex at
the origin is part of an infinite cluster, thus P(a,b,pt)(B) = θ(b, a, pt). Finally, event C
will denote the event that the connecting edge between the two vertices at the origin
is open, and it is noted that P (C) = pt > 0. Further, each of the events A, B, and
C are increasing. P (C) depends only on pt, and thus increases with pt, while P (A)
and P (B) are functions of (pl, pu, pt). Since all three events are increasing, the FKG
inequality may be used to give the result that P(pl,pu,pt)(A ∩ C) ≥ P (A) ∗ P (C), and
likewise P(pl,pu,pt)(B ∩ C) ≥ P (B) ∗ P (C).

It is also noted that if C occurs, then A and B either both occur or both do not
occur, since the upper and lower vertices at the origin must be part of the same cluster.
This implies that A∩C = B ∩C, and thus P(pl,pu,pt)(A∩C) = P(pl,pu,pt)(B ∩C). Now,
assume that P(a,b,c)(A) > 0, and note that in this case c ≥ p∗t (a, b). This gives the
following:

0 < P (A) ∗ P (C) (P (A) > 0, P (C) > 0 by assumption)
P (A) ∗ P (C) ≤ P (A ∩ C) (by FKG inequality)
P (A ∩ C) = P (B ∩ C) (as noted above)
P (B ∩ C) ≤ P (B) (since (B ∩ C) ⊆ B)

These lines show that P(a,b,c)(A) > 0 implies P(a,b,c)(B) > 0, or equivalently, that
c ≥ p∗t (a, b) implies c ≥ p∗t (b, a). Since A and B may be switched without loss of
generality in the steps above, it has also been shown that P(a,b,c)(B) > 0 implies
P(a,b,c)(A) > 0, or c ≥ p∗t (b, a) implies c ≥ p∗t (a, b). The first result above allows
the conclusion that p∗t (a, b) ≥ p∗t (b, a), and from the second it can be concluded that
p∗t (b, a) ≥ p∗t (a, b), so this proves the hypothesis that p∗t (a, b) = p∗t (b, a).

Since it has been found that the critical probability is the same even when pl
and pu are switched, this gives additional options for the upper bound on the critical
probability given pl and pu as well. Taking the original result from Lemma 1 and also
exchanging pl and pu, it is found that

p∗t < 1−

(
1−

√
1− 2pl

2(1− pl)pu

)4

and p∗t < 1−

(
1−

√
1− 2pu

2(1− pu)pl

)4
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It is noted that for cases where pl and pu are equal, the two upper bounds will be
equal. Otherwise, they may each be combined to give that

p∗t ≤ min

1−

(
1−

√
1− 2pl

2(1− pl)pu

)4

, 1−

(
1−

√
1− 2pu

2(1− pu)pl

)4
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5 Simulation on the bilevel lattice

A strategy that may be used to estimate a critical value is Monte Carlo simulation.
Using chosen values of pu and pl, with various values of pt, the result of percolation on
a sample lattice will be found. Percolation trials will be done with a matlab program
simulating the bilevel lattice. The code for this program, along with a test program
for the 2-D square lattice, are given in the codes section. Since an upper bound for
p∗t have been found above, it makes sense to restrict the search to values beneath the
bound. The following is a brief table of the bound on p∗t given some values of pu and
pl.

pl 0.49 0.48 0.45 0.4 0.4 0.35 0.35
pu 0.49 0.48 0.45 0.45 0.4 0.4 0.35
u.b. 0.5905 0.7358 0.9081 0.9250 0.9842 0.9908 0.9988

In approximating p∗t given pu and pl, it is necessary to aim at the value where
θ(pl, pu, pt) changes from zero to non-zero. It is noted that once pu and pl are chosen
according to the conditions found earlier, θ(pl, pu, pt) will depend solely on pt, which
will be reflected in the notation used throughout this section. The strategy used will
be to attempt to find a value of pt that will ensure θ(pl, pu, pt) is at least a certain
distance ε from zero with a certain level of confidence, 1− δ.

It is clearly impractical to attempt modeling an infinite lattice, but as the size of a
finite lattice increases, it gives a better approximation that, when many trials are run,
still provides reasonable conclusions. To check whether a specific value of pt should
be considered subcritical or supercritical, a number of trials will be run, each time
checking whether or not the central cluster reaches the boundary. The result on the
ith trial will be considered a random variable θ̃i(pt) with the property that

θ̃i(pt) =

{
0 with probability 1− p
1 with probability p

where 0 ≤ p ≤ 1.

Thus, θ̃i(pt) takes a value of one if the central cluster reaches the boundary in the
ith trial, and zero otherwise. It is noted that p in this case should not be thought of as
associated with edges as before, but instead as the (unknown) probability of a positive
result in an experiment. Now, θ̃i(pt) is a Bernoulli random variable and thus has
expectation p and variance p(1− p). Since they are individually not very informative,
N of these will be averaged to make a binomial random variable θ̂(pt) where

θ̂(pt) =

∑N
i=1 θ̃i(pt)

N

θ̂(pt) has expectation p and variance p(1− p)/N , implying that as N increases, the
probability that θ̂(pt) is close to the unknown value p also increases. This relationship
may be clarified with Chebyshev’s inequality as follows:

P (|θ̂(pt)− p| ≥ ε) ≤
V ar[θ̂(pt)]

ε2
=
p(1− p)
Nε2
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The goal is to choose N so that

P (|θ̂(pt)− p| < ε) = 1− P (|θ̂(pt)− p| ≥ ε) ≥ 1− δ,

which will be ensured as long as δ ≥ P (|θ̂(pt) − p| ≥ ε). From the statement of
Chebyshev’s inequality above, this is satisfied if

δ ≥ V ar[θ̂(pt)]

ε2
, or δε2 ≥ V ar[θ̂(pt)].

Finally, it is noted that since 0 < p < 1, this gives p(1− p) ≤ 1/4, so

V ar[θ̂(pt)] =
p(1− p)
N

≤ 1/4

N
=

1

4N

Thus, to ensure that δε2 ≥ V ar[θ̂(pt)], it is sufficient to choose N such that

δε2 ≥ 1

4N
, so N ≥ 1

4δε2

For example, using values of δ = 0.1 and ε = 0.05 gives a requirement of N = 1000.
Once δ and ε are chosen and N found, it is ensured that with a sample of N trials, the
average θ̂(pt) approximates the expectation p with probability 1 − δ. Thus, choosing
pt so that the resulting θ̂(pt) > ε implies that the probability of reaching the boundary
is non-zero for that value of pt, so that pt may be considered supercritical.

The process used by the code in approximating the critical pt for given values of
pl and pu is to first find the upper bound on p∗t . A vector of test values for pt is then
created beneath the bound. For each run, the lattice is set and then the percolator
starts with the first test value and continues up through the vector until the central
cluster reaches the boundary. Since this event is increasing in pt, each successive value
will also produce a central cluster that reaches the boundary, so the process starts
again. The trials are then added together to give the percentage of successes at each
test value. Some examples of the resulting plots are given in the figures section.
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6 Russo’s Formula

Now that the existence of a critical value for pt has been estabished, given the conditions
on pu and pl, it would be helpful to determine how to find p∗t . Lemma 1 gives some
bounds for p∗t , but these give a wide interval and are not very restricted. One tool that
may help find the critical value is called Russo’s Formula, an expression of the rate of
change of the probability of an increasing event A with respect to a p-value. In the 2-D
lattice this is stated with relation to p, and this is how the result will be introduced
here. This will be extended to a result on the bilevel lattice, so that the formula may
be applied to pt as well.

The statement of the formula requires the concept of a pivotal edge, which is defined
as an edge which, for a certain configuration of surrounding edges, determines whether
or not A occurs. That is, given an event A, if a specific edge may be chosen so that A
occurs if and only if that edge is open, that edge is called a pivotal edge. It is worth
noting that in determining whether an edge is pivotal or not, the state of the edge
itself need not be considered, but only the states of all (or many) of the other edges.

With the idea of pivotal edges in place, the desired expression may now be stated:

d

dp
Pp(A) = Ep(N(A)),

where N(A) is the number of pivotal edges of the event A. One other idea necessary
for a proof of Russo’s formula is that of a configuration of edges where each edge has
its own value of p.

This construction begins by assigning to each edge ek (k = 1, 2, ...) a value p(ek)
with 0 < p(ek) < 1, this collection of assignments will be called p. This is a change
from the basic setup with one value of p over the whole lattice, but the rest of the
construction should be familiar. Next each edge ek is assigned a random variable
X(ek) that is uniform on [0, 1], and the the state of the edge is then determined by
comparing the two. If X(ek) < p(ek), then it is said that ηp(ek) = 1, and otherwise
ηp(ek) = 0. Thus, ηp is a configuration where each edge is 1 with probability p(ek),
and considering Pp as the probability measure in which the state of the edge ek equals
1 with probability p(ek) gives the equation

Pp(A) = P (ηp ∈ A)

A new configuration, identical to the previous except at one edge which may be
called f , may be defined with a collection of numbers called p’ where

p′(ek) = p(ek) if ek 6= f,
p′(ek) = p′(f) if ek = f

Assuming that p(f) < p′(f), so p’ and p are the same except at edge f , which has a
greater probability of being open in p’ than in p, leads to

Pp′(A)− Pp(A) = P (ηp /∈ A, ηp′ ∈ A) = [p′(f)− p(f)] ∗ Pp(f is pivotal for A)

Because p’ and p are the same except at edge f and it is known that p(f) < p′(f) as
noted above, rewriting the initial probabilities gives the first equation by an inclusion-
exclusion argument. Next, (ηp /∈ A, ηp′ ∈ A) can occur only if f is pivotal for A, and it
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is noted that Pp(f is pivotal for A) = Pp′(f is pivotal for A). Finally, the probability
that edge f is open in p’ and closed in p is p′(f)− p(f), and since the state of f and
the event that f is pivotal for A are independent, the second equation follows from the
multiplication principle.

At this point, using the equations above and dividing by p′(f)− p(f), then taking
the limit as this quantity approaches zero gives

∂

∂p(f)
Pp(A) = Pp(f is pivotal for A)

The proof may be completed by splitting cases according to whether A depends on
a finite or infinite number of edges. First, assuming that A depends on a finite set of
edges, then Pp(A) is a function of the probabilites p(fi) for i = 1, 2, ..., k. Use of the
chain rule gives

d

dp
Pp(A) =

m∑
i=1

∂

∂p(fi)
Pp(A)|p=(p,p,...,p)

=

m∑
i=1

Pp(fiis pivotal for A) = Ep(N(A))

Now, assume that A depends on an infinite number of edges with E a finite subset
of those edges, and define

pE(e) =

{
p(e) if e /∈ E,
p(e) + δ if e ∈ E

where 0 ≤ p ≤ p+ δ ≤ 1. Since A is increasing, Pp+δ(A) ≥ PpE
(A), so

1

δ

(
Pp+δ(A)− Pp(A)

)
≥ 1

δ

(
PpE

(A)− Pp(A)
)

As δ ↓ 0, the second expression approaches
∑

e∈E Pp(e is pivotal for A). Then letting
E ↑ Ed gives

lim inf
δ↓0

1

δ
(Pp+δ(A)− Pp(A)) ≥ Ep(N(A))

For the forest fire model, a similar approach gives equivalent results. The initial
construction may be thought of in three parts corresponding to the three values of
p which are chosen for the layered lattice: pl, pu, pt. For each edge e in the lattice,
assign X(e) a uniform random variable on [0,1], and assign a value between 0 and
1 called pu(e) for edges in the upper lattice, pl(e) for those in the lower lattice, and
pt(e) for connecting edges, giving a collection of edges pt. Now, define ηpl and ηpu to
be the collections of edges on the lower layer and upper layer respectively (note that
the structure of these collections are identical to ηp above), with ηpt the collection of
connecting edges.

At this point, it is reasonable to fix ηpu and ηpl , at least for the moment, and for
some connecting edge f define a new configuration, p’

t, with

p
′
t(ek) = pt(ek) if ek 6= f,

p
′
t(ek) = p

′
t(f) if ek = f
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As before, assuming that pt(f) < p
′
t(f) makes pt and p’

t identical except at edge f ,
and edge f has a greater probability of being open in p’

t than in pt, which leads to

P
pu,pl,p

′
t
(A)− Ppu,pl,pt(A) = P (ηpt /∈ A, ηp′t ∈ A)

= [p
′
t(f)− pt(f)] ∗ Ppu,pl,pt(f is pivotal for A)

Using the above and dividing by p
′
t(f)−pt(f) and taking the limit as p

′
t(f)→ pt(f)

gives
∂

∂pt(f)
Ppu,pl,pt(A) = Ppu,pl,pt(f is pivotal for A)

Assuming that A depends on a finite set of edges, the chain rule gives that

∂

∂pt
Ppt(A) =

m∑
i=1

∂

∂pt(fi)
Ppu,pl,pt(A)|pt=(pt,pt,...,pt)

=
m∑
i=1

Ppu,pl,pt(fi is pivotal for A) = Ept(N(A))

In this case, since only pt is being adjusted, the change of the probability of A
will depend only on pt, thus Ept(N(A)) must be interpreted as the expectation of the
number of connecting edges that are pivotal for the event A.

At this point the change in pu and pl may also be considered. Through using a
similar process for the upper and lower edges as used on the connecting edges, the
following may be derived:

∇pu,pl,pt =

(
∂

∂pu
Ppu,pl,pt(An),

∂

∂pl
Ppu,pl,pt(An),

∂

∂pt
Ppu,pl,pt(An),

)
=

(
E(Npu(An)), E(Npl(An)), E(Npt(An))

)
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7 The FKG inequality for increasing events

In dealing with bond percolation on a lattice, one of the events of particular interest
is that two nodes, which may be denoted v1 and v2, are connected by open edges. The
probability of such an event for any v1 and v2 will be determined by p, the general
probability that any given edge on the lattice is open. It may be intuited that as p
increases, the probability of this event, which may be called event A, also increases, or
at least does not decrease; thus it is said that A is a non-decreasing event. If the event
B is that two more nodes v3 and v4 are connected by open edges, this will also be a
non-decreasing event.

The idea of non-decreasing events may be generalized to random variables, where
the value taken by the random variable X depends on the variable w. X(w) is non-
decreasing as long as an increase in w may never cause a decrease in X. An example
would be the indicator variables of events A and B above. The FKG inequality states
that, for increasing random variables X and Y,

E[XY ] ≥ E[X]E[Y ]

or for increasing events A and B,

Pr(A ∩B) ≥ Pr(A)Pr(B).

Considering the FKG inequality for increasing events, it is useful to restate the inequal-
ity using Pr(A ∩ B) = Pr(A|B)Pr(B). This yields Pr(A|B)Pr(B) ≥ Pr(A)Pr(B),
and thus Pr(A|B) ≥ Pr(A), or, the probability of A given that B has occurred is
greater than the probability of A itself.

For the events A and B being the connections between two respective pairs of lattice
points, this is another intuitive result. Once it is known that there exists an open path
between v1 and v2, some of the open edges in this path may also be used in a path
between v3 and v4. Even if this is not the case, an open path between v1 and v2 has
implications toward the value of p, which determines the probability of open edges
everywhere on the lattice.

An outline of a proof of the FKG inequality specifically formulated for bond perco-
lation follows. It begins by assuming that two random variables X and Y are increasing
and depend only on the state of a single edge, e1. Denote the state of e1 by ω(e1),
which will be 1 with probability p and 0 with probability 1− p. Because X and Y are
increasing, for any ω1 and ω2,

[X(ω1)−X(ω2)] ∗ [Y (ω1)− Y (ω2)] ≥ 0

Due to the monotonicity of X and Y, the terms within the brackets will either both be
positive or both negative (unless one or both is zero). Now,

0 ≤
∑
ω1,ω2

[X(ω1)−X(ω2)] ∗ [Y (ω1)− Y (ω2)] ∗ Pr(ω(e1) = ω1) ∗ Pr(ω(e1) = ω2)

by the above result on the product of the brackets and the fact that the probabilities
(of an edge state) are always greater than or equal to zero. Expanding the expression
within the brackets above will yield

[X(ω1)Y (ω1) +X(ω2)Y (ω2)−X(ω1)Y (ω2)−X(ω2)Y (ω1].
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Now, noting that the expected value of X of omega is defined as:

E[X(ω)] =
∑
ω1

X(ω1)Pr(ω(e1) = ω1),

where ω1 takes all possible values of ω, it is the case that∑
ω1,ω2

X(ω1)Y (ω1)Pr(ω(e1) = ω2)Pr(ω(e1) = ω1)

=
∑
ω2

Pr(ω(e1) = ω2)
∑
ω1

XY (ω1)Pr(ω(e1) = ω1) = E[XY (ω)].

and also that∑
ω1,ω2

X(ω1)Y (ω2)Pr(ω(e1) = ω1)Pr(ω(e1) = ω2)

=
∑
ω1

X(ω1)Pr(ω(e1) = ω1)
∑
ω2

Y (ω2)Pr(ω(e1) = ω2) = E[X(ω)]E[Y (ω)].

Combining all of the above gives that

0 ≤ 2 ∗ {Ep[XY ]− Ep[X]Ep[Y ]},

so Ep[XY ] ≥ Ep[X]Ep[Y ].

Once the FKG inequality for variables depending on one edge is shown, it should
be extended to variables depending on two edges. Let X and Y be increasing random
variables depending on two edges, e1 and e2, so an increase in the states ω(e1) or ω(e2)
cannot produce a decrease in X or Y. The case for a single edge above is also assumed.
Then

Ep[XY ] = Ep[Ep(XY |ω(e1))] ≥ Ep[Ep(X|ω(e1)) ∗ Ep(Y |ω(e1))]

Considering the term Ep(XY |ω(e1)), it is seen that with ω(e1) fixed both X and Y
are increasing random variables in ω(e2), thus FKG depending on the state of a single
edge (in this case e2) produces the inequality above. Continuing,

Ep[Ep(X|ω(e1)) ∗ Ep(Y |ω(e1))] ≥ Ep[Ep(X|ω(e1))] ∗ Ep[Ep(Y |ω(e1))]

This inequality follows since Ep(X|ω(e1)) and Ep(Y |ω(e1)) are both functions of the
state ω(e1) that are increasing with respect to ω(e1). At this point the case for X and
Y depending on two edges is completed with

Ep[Ep(X|ω(e1))] ∗ Ep[Ep(Y |ω(e1))] = Ep[X]Ep[Y ]
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This may also be extended to any number of edges by induction. Assume that X
and Y are increasing random variables on the states of k edges, and assume that for
any increasing random variables depending on the states of the first k-1 edges, the
result that E[XY ] ≥ E[X]E[Y ] holds. Then

Ep[XY ] = Ep[Ep(XY |ω(e1), ..., ω(ek−1))]

≥ Ep[Ep(X|ω(e1), ..., ω(ek−1)) ∗ Ep(Y |ω(e1), ..., ω(ek−1))]

due to the fact that both X and Y are increasing in ω(ek). Again,

Ep[Ep(X|ω(e1), ..., ω(ek−1)) ∗ Ep(Y |ω(e1), ..., ω(ek−1))]

≥ Ep[Ep(X|ω(e1), ..., ω(ek−1))] ∗ Ep[Ep(Y |ω(e1), ..., ω(ek−1))]

by the inductive hypothesis mentioned above. The result here is equal to Ep[X]Ep[Y ],
so the result holds.
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8 The MATLAB codes

The following are two codes used to simulate percolation for the purposes of this paper.
The first, provided primarily as an illustration of how the code is designed, simulates
percolation on the 2-D square lattice, where the lattice size and value of p are options
for the user. The second is the code for the bilevel lattice, which operates on a similar
principle but with an added degree of complication due to the extra layer and con-
necting edges. In addition, since this is the actual code used for the simulations in
this paper, it also contains sections calculating possible values for p∗t and number of
runs necessary to achieve a certain accuracy, according to the theory already discussed.

function res=percolate(in,p)
% Input in will be distance from origin to border,
% p in (0,1) the open-edge probability

% Initialization of variables and map matrices
% It is noted that three copies of the map are used.
n = 2*in+1;
mid=(n+1)/2;
res = 0; % only used as the return value
cont = 0; % for checking end of process
map = zeros(n,n);
nemap=map;
map(mid,mid)=1; % setting the origin at the center,
% where the percolation process will begin.
shmap=map;

% Initialization of connection matrices
% These lines set up the edge-structure
% on the lattice, with an impassible border.
mains = rand(n+1,n);
cross = rand(n,n+1);
mains(1,:)=1; mains(n+1,:)=1;
cross(:,1)=1; cross(:,n+1)=1;

% Map display setup
figure;
colormap(gray);
imagesc(map)
pause;

% The percolation process
while (res == 0) % basically a continuous loop
% Check every entry of the current map
for j = 1:n % down the columns
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for k = 1:n % across the rows
if map(j,k) == 1 % check each point, see if it is active.
% For every active entry, check the spread from that point
cont = 1; % if there is an active entry,
% the process (full loop) will continue.
if mains(j,k)<p nemap(j-1,k)=1; mains(j,k) = 1; end
if cross(j,k)<p nemap(j,k-1)=1; cross(j,k) = 1; end
if mains(j+1,k)<p nemap(j+1,k)=1; mains(j+1,k) = 1; end
if cross(j,k+1)<p nemap(j,k+1)=1; cross(j,k+1) = 1; end
% nemap will be the updated active site map
end
end
end
% If there were no active entries, leave the process
if cont == 0 break; end
cont = 0; % reset the active entry check
shmap=shmap+nemap; % update the display map
map=nemap; % switch the active entry map
nemap = zeros(n,n); % reset the new active site map
imagesc(shmap,[0 1.2]) % show the percolation cluster
pause(0.001); % this pause seems necessary to avoid freezing
end

% Once the process has run itself out,
% check if the cluster has reached the border of the map
for i=1:n
if shmap(1,i) == 1 ‖ shmap(n,i) == 1 ‖ shmap(i,1) == 1 ‖ shmap(i,n) == 1
res = 1; end; end % and if so, return 1;

function ptcritter4(pl,pu,see,dist,latsize,M,texs)
%pl, pu will be the open-edge probabilities for the
%lower and upper layers of the bilevel lattice, respectively
%see is the seed number for the RNG
%dist the space between elements of the test vector
%latsize the distance from the origin to the boundary
%M the number of runs between each save,
%and texs the string number of the filename for saving
%Before starting, the RNG seed must be set
tic;
streamer(see);

lohi = bounder2(pl,pu)
lo = lohi(1); mid = lohi(2);
N = 1;
timevec = zeros(2,1);
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hi = lohi(3);
ptinvec = [0:dist:hi,1];
counter = zeros(1,length(ptinvec));

%Note definition of M here, according to the theory;
%M may be specifically chosen for a certain number of runs as well.
totruns = 10000;n = 2*latsize+1;
laps = ceil(totruns/M);

%The first part of the output block
setnow = [pl,pu,see,dist,latsize,M]
fname = [’percres’,texs,’.mat’];
save(fname,’ptinvec’,’setnow’)

%Now things get loopy
%Note that the lattice setup is pasted
%from the original ffperc.m

for lap = 1:laps lap
ptcountvec = zeros(1,length(ptinvec));
ptoutvec = zeros(1,M);

for a = 1:M
mains = rand(n+1,n,2);
cross = rand(n,n+1,2);
mains(1,:,:)=1; mains(n+1,:,:)=1;
cross(:,1,:)=1; cross(:,n+1,:)=1;
ladder = rand(n,n);
resu = 0;
count = 0;
figure(a);
while resu == 0
count = count+1;
resu = ffperc2(latsize,[pu,pl,ptinvec(count)],mains,cross,ladder);
end
close;
ptoutvec(1,a) = ptinvec(count);
end

for b = 1:length(ptinvec)
for c = 1:M
if ptinvec(b) == ptoutvec(c)
ptcountvec(b) = ptcountvec(b) + 1;
end
end
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end

%ptcounter = integrector(ptcountvec);
counter = counter + ptcountvec;
% Checking which pt-value is sufficient to assume criticality
% according to the theory and choice of del, eps
%d=1;
%sum = ptcountvec(d);
%while(sum/M¡eps)
% d=d+1;
% sum = sum+ptcountvec(d);
%end

% The output block continues here
timevec = [timevec,[lap;toc]];
save(fname,’counter’,’timevec’,’-append’);
end

function res=ffperc2(in,p,mains,cross,ladder)
% p vector in form [pl,pu,pt]
% mains, cross, ladder the lattice edges populated with
% [0,1] uniform random variables.

if p(3) == 1
res = 1;
return
end

% Initialization of variables and map matrices
mid = in+1;
n = 2*in+1;
res = 0;
cont = 0;
counter = 0;
ol = 0;
%p = [pl,pu,pt];
map = zeros(n,n,2);
nemap = map;
map(mid,mid,1) = 1;
shmap=zeros(n,n);
shmap(mid,mid)=0.4;

%Adjusted through setup of P matrices,
%except for initial value of map (set to 0.4).
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% Map display setup
colormap(gray);
imagesc(shmap,[0,1])

%pause; Decomment to show initial map before starting percolation

% The percolation process
while (res == 0)
counter = counter + 1;
% Check every entry of the current map
for j = 1:n
for k = 1:n
if xor(map(j,k,1) == 1, map(j,k,2) == 1)
cont = 1;
if ladder(j,k)¡p(3)
nemap(j,k,1) = 1 - map(j,k,1);
nemap(j,k,2) = 1 - map(j,k,2);
end
ladder(j,k) = 1;
end
end
end
%Codecheck block
%figure(1)
%imagesc([nemap(:,:,1),0.5*ones(n,1),nemap(:,:,2)],[0,1])
%pause;
for lev = 1:2
%ol = 3 - lev;
for j = 1:n
for k = 1:n
if map(j,k,lev) == 1
% For every active entry, check the spread from that point
%cont = 1;
% if ladder(j,k)<pt nemap(j,k,ol)=1; ladder(j,k) = 1; end
if mains(j,k,lev)<p(lev) nemap(j-1,k,lev)=1; mains(j,k,lev) = 1; end
if cross(j,k,lev)<p(lev) nemap(j,k-1,lev)=1; cross(j,k,lev) = 1; end
if mains(j+1,k,lev)<p(lev) nemap(j+1,k,lev)=1; mains(j+1,k,lev) = 1; end
if cross(j,k+1,lev)<p(lev) nemap(j,k+1,lev)=1; cross(j,k+1,lev) = 1; end
%map(j,k) = 0;
end
end
end
end
% If there were no active entries, leave the process
if cont == 0 break; end
cont = 0;
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shmap=shmap+0.4*nemap(:,:,1)+0.6*nemap(:,:,2);
map=nemap;
nemap = zeros(n,n,2);
%figure(1)
%imagesc([map(:,:,1),0.5*ones(n,1),map(:,:,2)],[0,1])
%figure(2)
%colormap(gray)
imagesc(shmap,[0,1])
pause(0.0001); % Check if the process has reached the border of the map
if counter¿mid
for i=1:n
if shmap(1,i) = 0 —— shmap(n,i) = 0 —— shmap(i,1) = 0 —— shmap(i,n) = 0
res = 1; return; end; end; end
end

function streamer(see)
s = RandStream(’mt19937ar’,’Seed’,see);
RandStream.setDefaultStream(s);

function lohi=bounder2(pl,pu)
%It is assumed that 0<pu<0.5, 0<pl<0.5, 0<(1-pu)(1-pl)<0.5
%returns the basic bounds on critical value of pt given pl,pu
(1-pl)*(1-pu);
a = ((1− 2 ∗ pl)/(2 ∗ pu ∗ (1− pl)))2;
b = ((1− 2 ∗ pu)/(2 ∗ pl ∗ (1− pu)))2;
lo = max(a,b);
c = 1− (1− sqrt((1− 2 ∗ pl)/(2 ∗ pu ∗ (1− pl))))4;
d = 1− (1− sqrt((1− 2 ∗ pu)/(2 ∗ pl ∗ (1− pu))))4;
hi = min(c,d);
mid = (lo + hi) / 2;
lohi = [lo,mid,hi];

function inted=integrector(vec)
inted=vec;
su = sum(inted);
si = length(inted);
for i = si:-1:2
for j = i-1:-1:1
inted(i) = inted(i) + inted(j);
end
end
inted = inted/su;
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9 On series analysis for the bilevel lattice

The preceding sections have focused on the percolation probability, the probability
that the origin is part of an infinite cluster given (pl, pu, pt). The notation for this was
given as θ(pl, pu, pt), but may also be expressed as P(pl,pu,pt)(|C| = ∞). This latter
notation is used for the probability that the origin lies in a specific cluster of size n,
P(pl,pu,pt)(|C| = n), where n is any natural number. Since the origin either lies in a
finite or an infinite cluster and these events are mutually exclusive, this implies that

P(pl,pu,pt)(|C| =∞) +

∞∑
n=1

P(pl,pu,pt)(|C| = n) = 1.

This further implies that

P(pl,pu,pt)(|C| =∞) = 1−
∞∑
n=1

P(pl,pu,pt)(|C| = n)

= 1−
N∑
n=1

P(pl,pu,pt)(|C| = n)−
∞∑

n=N+1

P(pl,pu,pt)(|C| = n),

which then leads to

P(pl,pu,pt)(|C| =∞) ≤ 1−
N∑
n=1

P(pl,pu,pt)(|C| = n)

for any natural number N .
This method gives another upper bound on P(pl,pu,pt)(|C| = ∞), and it is noted

that for any (pl, pu, pt), the bound becomes more restrictive as N increases. The first
few terms of the sum are given below. For the sake of brevity, p̃x is used for (1− px).

P(pl,pu,pt)(|C| = 1) = p̃tp̃l
4

P(pl,pu,pt)(|C| = 2) = p̃tp̃l
4p̃u

4 + 4p̃t
2p̃l

6pl

P(pl,pu,pt)(|C| = 3) = 18p2l p̃l
8p̃t

3 + 4ptp̃t

[
plp̃l

6p̃u
4 + pup̃u

6p̃l
4
]

P(pl,pu,pt)(|C| = 4) = 18ptp̃t
2
[
p̃l

4p2up̃u
8 + 3p̃u

4p2l p̃l
8
]
+

4p̃t
4p3l p̃l

8
[
pl + 4p̃l + 18p̃l

2
]

+ 4pup̃u
6p̃l

6
[
4plptp̃t

2 + p2t

]
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10 Figures

The first set of figures (1-7) presented here are images of central percolation clusters
from a single lattice, but percolated with various open-edge probabilities. These images
were produced on a 2-D square lattice with 201 points per side. Figures 8 and 9 are
images from the bilevel simulation program. This representation may be considered
a top-down look at a cluster on the bilevel lattice, with black areas untouched, white
areas having both top and bottom vertices of a node in the cluster, and dark and light
grey areas where the lower and upper vertices, respectively, are part of the cluster.

Figures 10 and 11 show the aggregate results of many simulations on the bilevel
lattice, as described in the simulation section. The critical value is approximated by
the pt value where θ̂(pt) has a large increase. It is noted that there may be some
instances before this where the cluster reaches the boundary due to the finite lattice
size, as in figure 11. Figure 12 shows some simulated p∗t values on a 3D plot.

Figures 13-15 are pictures of fires included for purposes of illustration.
(figure 15 credit: U.S. Forest Service, Southwestern Region, Kaibab National Forest)

Figure 1: A percolation cluster with p=0.45
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Figure 2: A percolation cluster with p=0.475

Figure 3: A percolation cluster with p=0.49
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Figure 4: A percolation cluster with p=0.50

Figure 5: A percolation cluster with p=0.51
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Figure 6: A percolation cluster with p=0.525

Figure 7: A percolation cluster with p=0.55
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Figure 8: An example bilevel cluster

Figure 9: A bilevel cluster with pu = pl = 0.45 and pt = 0.03
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Figure 10: pl = pu = 0.4, p∗t ≈ 0.2

Figure 11: pl = pu = 0.35, p∗t ≈ 0.5
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Figure 12: A plot of simulated critical values beneath the upper bound curve

Figure 13: Fire in the moonlight
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Figure 14: Fire spread to the crown level

Figure 15: Fire spreading along the ground level
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11 Future Work

It seems that a lot has been accomplished on this project, and at the same time there
are numerous other possibilities that are immediately available for exploration.

The simulation program, probably like many such experiments, produces results
dependent largely upon the computational power and time applied, and the constraints
in this case have been significant. It would be interesting to see what could be found
when more values are tested with a larger sample size at greater precision.

One of the main components of this work was development of the upper bound for
the critical value of pt. It was thought that a lower bound for pt had also been found,
but it turned out to be a false lower bound (this may still be seen in an unused portion
of the bounder function in the codes section). If another true lower bound could be
found, this would further the effectiveness of these results significantly.

One of the important concepts, particularly for advancement of the theory related
to the 2-D square lattice, has been the dual lattice. The idea of a dual for the bilevel
lattice was considered but not developed for this work.

There is also the relationship between site and bond percolation. This paper deals
with bond percolation, but it is stated that every bond percolation problem may be
expressed in a site percolation environment. Applying this to the bilevel lattice could
be a useful exercise.
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