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Abstract  

Excess capacity or capacity utilization measures are presented in the multi- 
ou tput  case. Such measures can be either technical or economic. They  may also 
be ray measures or revenue measures. The choice of the best measure depends 
on da ta  availability and the policy use of the measure. 

1. Introduct ion 

"The most impor tant  distinction between types of ca- 
pacity concepts is the distinction between technical (or en- 
gineering) concepts and economic (or cost) concepts." L. 
Johansen (1968, [7]). 

In this paper  I briefly review the extant  definitions of 
excess capacity and the ways in which these measures are 
calculated. Rather  than  survey the entire area of excess 
capacity measurement,  or what  is also commonly known as 
capacity utilization measurement,  I will focus on measures 
tha t  are defined in a mnlt i -output  framework. The  calcula- 
tions are based on mathematical  programming techniques; 
for a review of the econometric approach to measuring ca- 
pacity utilization see Morrison (1993, [10]) and the ref- 
erences cited therein. The  technical definition of capacity 
will be referred to here as plant capacity and the cost-based 
definition will be referred to as economic capacity. 

The calculation of measures of capacity in the multi- 
output  case involves the construction of a capacity produc- 
tion possibility frontier. The  measure of capacity utiliza- 
tion is the result of a comparison of an appropriate output  
vector with this frontier. There  are at least two ways that  
this comparison can be made. 

One way leads to a ray-based measure. Given an ap- 
propriate ou tput  vector, y, one determines a scalar, t, such 
that  the point Yc = ty, lies on the capacity production 
possibility frontier. Capacity utilization is then given by 
CU --- l / t ,  i.e. y -- C U .  yc. 

A second method leads to a revenue-based measure. 
Given an output  price vector, p, one determines capacity 
revenue, PYc, where Yc is an appropriate point on the ca- 
pacity product ion possibility frontier. Capacity utilization 
is given by CU = py/pyc. 

2. Plant Capacity  
"What  is the 'capacity '  of a plant? Business men 

use the term constantly, and yet no absolute figure can 
ever be set. The  term never means the utmost  limits to 
which product ion could be pushed; there is always some 
'overload capacity'  .... For practical purposes, capacity must 

be measured according to what  is a customary length of 
working day for the machinery, which may be anything 
from eight hours a day to twenty-four." J.M. Clark (1923, 
[3]) 

"From the viewpoint of economic analysis, the pri- 
mary at t r ibute  of the data  is tha t  they employ an engineer- 
ing rather  than  a cost concept of capacity. The  question 
posed is this: How much physical output  can be produced 
with a given plant under a normal organization of produc- 
tion and wit/h an uninterrupted and unlimited flow of vari- 
able inputS? Even this question cannot be answered un- 
ambiguously in all circumstances." B.G. Hickman (1957, 
pp. 419-420, Is]. 

In the technical sense the production capacity of a sec- 
tor  is defined as the maximum which can be produced per 
day (week, month, year). Since product ion will not usu- 
ally go on for 24 hours per day, one will in most cases add 
the clause 'while operating under normal conditions with 
respect to number of shifts, hours of work etc.' ". "(Plant) 
capacity is the maximum amount tha t  can be produced per 
unit of time with the existing plant and equipment, pro- 
vided that  the availability of variable factors of production 
is not restricted." L. Johansen (1968, [7]). 

"The Federal Reserve Board's  capacity indexes at- 
tempt  to capture the concept of sustainable maximum 
output  - the greatest level of output  a plant can main- 
tain within the framework of a realistic work schedule af- 
ter factoring in normal downtime and assuming sufficient 
availability of inputs to operate the capital in place. The 
concept itself generally conforms to that  of a full-input 
point on a product ion function. Gilbert,  Morin, and Rad- 
dock (2000, [6]). 

I would conclude from the above empirical evidence 
that  the definition of plant capacity, while hard to pin 
down exactly, has not substantially changed in the last 
75 years. In the single output  case, capacity utilization 
is typically calculated as the ratio of actual output ,  y, to 
capacity output ,  Yc. It is, of course, the determination of 



capacity output that  constitutes the conceptual issue in 
measuring excess capacity or capacity utilization. 

2.1 Ray-based  P l a n t  Capacity 

A paper by F~re, Grosskopf, and Valdamis (1989, [4]) in- 
troduces a definition and a method for calculating a multi- 
output measure of capacity utilization. It is developed as 
follows. 

Denote the output vector by y ---- (Ya, ..., Ym, ..., YM) E 
R+ M, the variable input vector by x ---- (xa,... ,  xn, . . . ,  Xg)  E 
R+,N and the fixed input vector by ~ ---- 
(~a,-. . ,~d,. . . ,~D) E R+ D. The technology is given 
by 

T = {(x, ~, y) : (x, ~) can produce y}. 

The output distance function is defined by 

Do(x, ~, y) = i~f {0 > 0: (x, ~,  y/O) e T } .  (1) 

An alternative distance function is calculated under 
the assumption that while ~ remains fixed, the variable 
inputs, x, are allowed to take on any nonnegative values. 
This alternative can be called the capacity output distance 
function and it is defined by 

/ 9 o ( ~ , y ) = i n f { 0 > 0 : ( x , ~ , y / 0 ) e T ,  x > 0 } .  (2) 

The multi-output measure of plant capacity utilization is 
defined by 

b o ( ~ , y )  (3) 
c u ( ~ ,  a ,  y) = Do(x, a, y)" 

Several comments are in order. First, if the observed 
output vector is technically efficient then the denominator 
of this ratio is unity. In this case, capacity utilization 
is related to how far the observed output vector is from 
the capacity production possibility frontier that is formed 
with fixed 12 and a freely variable vector x. Second, the 
measure is a ray measure, i.e. the distance from y to the 
frontier is measured along the ray through y. Third, to 
make sense, the value of Do(~, y) should be well-defined. 
Put more strongly, the output vector y / b o ( ~ ,  y) should 
be finite and attainable (see Johansen (1968, page 50, [7]). 

Now suppose we have K observations of out- 
puts, variable inputs, and fixed inputs given by yk  __ 

(Ykl , . . . ,Ykm, . ' . ,YkM),  xk -~ (Xk l , ' " ,Xkn , ' " ,XkN) ,  and 
~k = (~kl,. . . ,~kd,.. . ,~kD), k = 1, . . . ,K. The denomi- 
nator of (3) can be calculated for observation U by 

s.t. 

Do(Xk',  ~'~k', yk') ) --1 = 

K 

If }-']k=l zkx~n _--< xk, n, 

K ~ = 1  zk~kd < f~k'd, 

z k > O  

max 0 
O,z 

m =  1 , . . . , M  

n = 1, . . . ,N 

d = 1,..., D 

k = 1, . . . ,K 

(4) 

and the numerator by 

( Do(~k',y k') = max0 
0,z 

K s.t. ~k=x  zkyk,~ >--_ Oyk,,~, m = 1, ..., M 
(5) 

K 
Y]k=l Zk~kd <= ~k'd, d = 1, ..., D 

zk = > 0 k = 1, ..., K,  

where z = (Zl, ...,Zk, ..., zK) is a vector of intensity vari- 
ables. 

2.2 Revenue-based  P l an t  Capacity 

In a very recent paper, F~re, Grosskopf, and Kirkley (2000, 
[5]) introduced a dual measure of plant capacity utiliza- 
tion. The revenue function is defined by 

R(x, ~,p) = ma~{~u : (x, ~, y) e T}, (6) 

and the capacity revenue function is given by 

~(~,p)  = max(pv : (x, ~ ,  y) e T, x > 0}. 

The revenue-based measure of capacity utilization is de- 
fined by 

Rcu(~ ,  n,p) = n(x, ~, p) ~ ( ~ , p )  (7) 

This dual measure can be computed using the analogous 
linear programming framework. See F~e,  Grosskopf, and 
Kirkley (2000, [5]). 

In practical applications of the above measures, it 
might very well be desirable to add the Johansen phrase 
"while operating under normal conditions with respect to 
number of shifts, hours of work etc." Suppose plant man- 
agers are consulted on this matter and are able to provide 
the researcher with a set of constraints on the variable in- 
put vector x that define normal operating conditions. Any 
of the above computations can then be modified by adding 
the stipulation, x E X, where X is the set determined by 
these constraints. 

3. Economic Capacity 

3.1 Ray-based Economic Capacity 

A ray-based measure of economic capacity is suggested by 
the following quotation. 

"In discussions of resource allocation, the usual prac- 
tice is to define capacity as that output which may be 
produced at minimum average total cost, when the prices 
of resources and the production function of the firm are 
given." B.G. Hickman (1957, page 420, [8]) 

In the single output case, when there are constant re- 
turns to scale, each short run average cost curve is tangent 
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to the horizontal long run  average cost curve at the point 
of minimum short run average cost. However, when there 
are multiple outputs  this simple relationship disappears. 

The variable input price vector is wri t ten as w = 
(wl, . . . ,w,~, . . . ,wg) 6 RN+. The total  fixed cost of ft is 
denoted by F = r • Ct where r = i v 1 ,  . . . ,rd, . . . ,rD) is the 
vector of prices of the fixed inputs. The variable cost func- 
tion is defined by 

VC(y,  w, f~) = rain {w.  x : (x, Ct, y) 6 T} 
x 

and short run total  cost is 

TC(y,w,gt)  = V C ( y , w , ~ ) +  F 

= m i n { w . x + F : (  x , ~ , y )  6 T } .  (8) 
x 

In the single ou tput  case, M = 1, short run  average 
total  cost has the familiar definition 

ATC(y,  w, ~2) = TC(y,  w, ft) 
Y 

In the mult i-output  case, we can choose an output  vector, 
y0, and define short run ray average cost as 

RATC(y  °, w, ~, t) = 
TC( ty  °, w, ~t) VCi ty  °, w, ~t) + F 

t t 

(See Baumol, Panzar,  and Willig [1], page 48. Their  def- 
inition of long run ray average cost is modified here to 
apply in the short run.) In general, we would want to as- 
sume that  ray average cost is a U-shaped function of the 
parameter  t. Let  t* be the solution to the problem 

rain TCity° '  w, f~) 
t ' (9)  

and let y* = t*y °. Interpret ing y0 as the firm's actual 
output  and y* as capacity ou tpu t  we can define the mea- 
sure of economic capacity utilization as ~r* ---- l / t*  so tha t  
y0 = (r 'y*. (I am assuming momemtari ly  tha t  y0 is tech- 
nically efficient.) The  firm is operating under capacity y* 
if or* < 1 and is operat ing over capacity y* if a* > 1. 

There  is a very simple interpretat ion of the minimiza- 
tion problem in (9). Assuming differentiability, the first 
order condition is 

( lO) 
Let Pm equal the marginal cost of the m t h  ou tpu t  and 
substi tute y* = t*y ° ,  m ---- 1, ..., M, into (10) to get 

M 

E PmYm ---- TC(y* ,w ,~) .  
m = l  

The capacity ou tput  vector maximizes competit ive profit 
at the shadow prices given by the marginal costs subject 
to a zero profit condition. An alternative interpretat ion 

of (10) is tha t  at the capacity output ,  y*, the short run 
elasticity of scale is unitary, i.e. 

TC(y*, w, ~) 
e---- - -1  

M 6 ) T V i Y , ,  w ,  ~-~) 

m = l  

If the short run total  cost function has been estimated 
econometrically then it is straightforward to evaluate the 
terms in (10). Lett ing f(t*) equal the left-hand side of 
(10), one can numerically find the value of t* such that  
/ ( t * )  = o. 

Combining (8) and (9) we get the problem: 

min { w " x + F } : ( x , a ,  t y )  T . (11) 
x,t t 

Define the economic capacity output distance function by 

1 (12) EDo(w,~ ,y )  = t(w,~t,y) '  

where t(w, ~t, y) is the solution for t in i l l ) .  Then the eco- 
nomic capacity utilization measure in this case is defined 
by 

Ebo(W,gt, y) (13) 
E C U e ( w , x , f ~ , y ) =  D o ( x , a , y ) "  

[Example: Suppose y -- (x, 12, 24), Do(10, 20) = .8 
and E D i w  ,ft,lO,20) -- .4. Then  y/Do(x, 12,24) = 
(15,30) and y/ED(w,f~,10,20)  = (30,60). Then 
ECU( , x, a ,  y)  = . 4 / . 8  = .5.] 

Now, again suppose we have K observations of out- 
puts, variable inputs, and fixed inputs given by yk = 
(Ykl,...,Ykm,...,Y~M), X k = (Xkl,...,Xkn,...,Xkg), and 
Ft k = (ftkl, . . . ,~kd,. . . ,~kD), k = 1, . . . ,K.  Suppose we 
also have a vector of prices of the variable inputs, w = 
(wl , . . . ,wy) .  A measure of minimum ray average total  
cost for observation k' is given by 

w . x + F  
M R A T C ( w ,  k' k' ,y  ) =  rain 

x,t,z t 

s.t. K 
Y~k=l zkykm >= tyk'rn, 

K < 
Ek----1 ZkXkn ~- Xn '  

m =  l , . . . , M  

n = 1, . . . ,N (14) 

K ~k=l  Zk~kd <= Ctk,d, d = 1,..., D 

zk >= 0 k = 1 , . . . ,K  

The mathematical  programming problem in (14) possesses 
a nonlinear objective function and a linear set of con- 
straints. The  numerator  of (13) can be calculated as the 
reciprocal of the value of t tha t  solves (14) and the denom- 
inator of (13) can be calculated as in (4). 

3.2 Revenue-based Economic  Capacity 

Another  candidate for the economic capacity output  vec- 
tor  is the one associated with short-run profit maxi- 
mization. It  is straightforward to solve for the vector 
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(~(~/, p, w), ~(~, p, w)) that solves 

m a x p y - w x  s.t. (x ,~ ,y)  ET. 
X~y 

The economic capacity utilization rate for this case is 

R(x, p) 
ECU~(x, ~, p, w) ~- p~(~, p, w) 

where R(x, ~,p) is given by (6). The calculation of 
R(x ,~ ,p)  is given in F~e ,  Grosskopf, and Kirkley (2000, 
[5]) and the calculation of ~(~,p,w) for observation k' is 
given by the output vector solution to: 

max py - wx 
X~y 

K s.t. ~k=lzkykm>=Ym, m = 1,. . . ,M 

z < n = 1, N (15) Ek----1 Z k X k n  : X n '  "" '  

K 
~k=l  Zk~kd ~= ~k'd, d = 1, ...,D 

zk >= 0 k = 1, ..., K 

4. Conclus ion 
There are several candidates for measures of both 

plant and economic capacity. Economic theory cannot be 
the sole guide to the choice of the best measure of ca- 
pacity utilization. Such a choice will also depend on the 
availability of data and on the ultimate policy use of the 
measure. 
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