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Base isolation is an alternative seismic design strategy in which the primary structures 

and their internal components are uncoupled from the potentially damaging horizontal 

components of an earthquake by base isolators which attenuate the transmission of 

horizontal acceleration into the system. Rotating machines are among the key internal 

components of many modern structures. In this study, flexible rotating machines 

protected against seismic excitations by two particular types of base isolation systems, 

Resilient-Friction Base Isolation (R-FBI) and Laminated Rubber Bearing (LRB), are 

investigated. A comparative study is carried out to compare aseismic responses of base 

isolation systems and their corresponding fixed-base ones in protecting a rotating 

machine rigidly attached to a floor level or independently isolated. 

Finite-element analysis techniques based on energy methods are proposed to 

investigate a general complex model of the rotating system which incorporates non-

uniform properties as well as one or more rigid disks along the length of the flexible shaft 

The equations of motion for the rotatingand complicated bearing support systems. 
An approximate linear analysis to gainmachines using these methods are developed. 

insight into the behavior of a simple linear two-degree-offreedom isolated structure is 

presented. This elementary analysis allows us to develop an analytical expression for the 

fundamental frequencies, and their corresponding mode shapes, amplification factors and 

design response spectra of base shear. It also demonstrates that the transmission of 

ground motion to the systems is effectively controlled through the isolation of the system 

at its base. The combined rotating machine-isolator; rotating machine-structure-isolator; 

and structure-isolator systems, and t =sir corresponding fixed-base ones are investigated 

and compared. The governing equations of motion and the criteria of phase transition (R-
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FBI only) are presented. Parametric studies to examine the sample response and response 

spectra, as well as effects of variations in some system properties including friction 

coefficient, damping ratio, mass ratio, ground motion excitation intensity, shaft 

flexibility, bearing rigidity and rotating speed, on the response of these systems are 

performed. The peak accelerations and relative displacements of the base isolated 

systems and corresponding fix-base ones are analyzed and compared. Other response 

quantities of special interest such as sliding displacement, residual displacement, 

cumulative displacement and relative-to-ground displacement of the structure are also 

evaluated. Based on the numerical results, conclusions of the effectiveness of the R-FBI 

and LRB systems in protecting the rotating machines and the structures are made. 
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SEISMIC PROTECTION OF FLEXIBLE ROTATING MACHINES 
USING BASE ISOLATORS 

CHAPTER 1 

INTRODUCTION 

In aseismic design, it is necessary to protect not only the primary structures but also their 

nonstructuralinternal components in the event of severe ground motions. Such 

components may not only serve a critical function, but also often are more costly and 

Rotating machines are among the vital internalvaluable than the structures themselves. 

components of many modern structures. Compressors in ventilating and cooling systems, 

pumps in power generation facilities, as well as high speed computers are a few examples 

of rotating machinery that must remain functional during and after a severe earthquake. 

One of the more difficult issues to address from conventional design viewpoint is 

that of reducing nonstructural and building-content damage. This is very often ignored, 

and when addressed, can be very expensive to incorporate in conventional design. 

Conventional techniques for designing the structures to withstand strong earthquakes can 

lead to higher floor accelerations in stiff buildings and larger interstory drifts in flexible 

structures. These two factors cause difficulties in insuring the safety of the building 

Recent earthquakes have demonstrated that a structurecomponents and equipment. 

designed in these ways may perform well during a strong earthquake yet still become 

For example, anonfunctional due to damage in critical nonstructural components.  

telephone exchange company in the Sylmar area of California in which the entire stock of  

internal rotating equipment was destroyed during the 1971 San Fernando earthquake,  

Another example is the evacuation ofwhile the damage to the building was minor. 
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several hospitals during the recent Northridge earthquake in the L.A. area which were not 

caused by structural failure but resulted from the failure of the rotating systems described 

above [1]. 

An alternative design strategy, aseismic base isolation, provides a viable 

economic solution to the difficult problem of reducing nonstructural seismic damage. 

Aseismic base isolation is to separate a building from the damaging horizontal 

components of an earthquake by a base isolation device which prevents or reduces the 

transmission of horizontal acceleration into a structure and its internal components 

without introducing excessive base displacement. This new design methodology appears 

to have significant potential in protecting structures and their internal components from 

the potentially damaging ground motions and provides an alternative way to the 

retrofitting of existing structures. 

1.1 Previous Research 

The rotating machine is an inherently complex system and its analysis for seismic 

responses is equally complex. The complexity of the system is due to the presence of 

inevitable gyroscopic terms and other effects including non-uniform shaft and shear 

deformation of the system. Furthermore, the interaction of such machine with its bearing 

is a complex phenomenon to model for analytical purpose. 

In the past, several investigators developed rotor models to determine the 

response of rotating machines subjected to seismic ground motion. To reduce the 

complexity of the analysis, these investigators [2-8] neglected the flexibility of the shaft 

to specifically evaluate the effect of earthquake excitations on rotor bearings. Lately, 

some more realistic flexible models, including Euler-Bernoulli [9] or Timoshenko [10-
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14] beams, were also developed. The gyroscopic effects and the influence of bearing 

flexibility and damping on the seismic response of rotors were considered in these 

studies. 

A more general and complex model of rotor-bearing system was considered by 

Srinivasan and Soni [15, 16]. This analytical model was perhaps the most complete 

inasmuch as they have included the effects of rotatory inertia, shear deformation effects 

in the flexible shaft, rotor-bearing interaction and a most general description of the base 

motion input with three translational and three rotational components. Gyroscopic effects 

and parametric terms caused by the rotation of the base were included in the formulation. 

A finite element formulation of the shaft with linear interpolation functions was 

developed to analyze the response of the rotor. 

Suarez et al [17] extended the work of Srinivasan and Soni [15-16] by using both 

linear and nonlinear interpolation functions to predict some important dynamic 

characteristics including instability of the rotating system beyond certain rotational speed. 

The stability of the rotating system was not explored in the works of Kim et al [14] and 

Srinivasan and Soni [15-16]. Suarez et al [17] also showed that several velocity 

dependent forcing function terms were missing from the equations of motion developed 

by Srinivasan and Soni [15-16]. Numerical results for the critical speed of rotation were 

presented for the first time. The seismic response characteristics of a rotating machine 

The numerical studiessubjected to simulated base excitation were also investigated. 

indicated that the nonlinear parametric terms in the equations of motion, which arise due 

to the rotation of the base, can be neglected even when the rotational base excitations are 

strong without affecting the response. The effect of the nonlinear terms in the forcing 
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function, which appear as the product of input velocities, was also observed to be 

insignificant. Neglecting these parametric terms can simplify the random vibration 

analysis of the rotating machines and allow one to use a generalized modal analysis 

approach. 

Seismic base isolation is increasingly being utilized as a practical and economical 

way to protect primary structures and their internal components. Several practical 

systems of aseismic base isolation have been developed and extensively studied in recent 

years [18-34]. In general, the base isolation systems fall into two broad categories: 

friction type including Resilient-Friction Base Isolation (R-FBI) and Sliding Resilient-

Friction (SR-F) [18-24]; and laminated rubber bearing type including Laminated Rubber 

Bearing (LRB), New Zealand (NZ) and GERB base isolators [25-31]. The R-FBI 

system, proposed by Mostaghel [32-34] in 1983, consists of a set of stainless steel plates 

with a Teflon coated friction plate, a rubber core through the center of the plates and 

cover plates (see Figure 1.1). The rubber provides a restoring force for the system to 

reduce the relative lateral displacement and a friction mechanism to dissipate energy. 

The sliding velocity can be reduced to a desired level by using an appropriate number of 

sliding plates. The interfacial friction force acts as an energy absorber and structural 

fuse. The bearing will not slide when the isolator friction force is greater than the inertia 

force generated in the structure. As the bearing starts to slide, the rubber deforms, 

generating an elastic force that tends to push the system back toward its original position. 

Preliminary laboratory tests of the bearings together with computer experiments have 

demonstrated the potential of the R-FBI as an effective base isolation system. An 

analytical procedure for estimating the response of rigid structures supported on R-FBI 
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Figure 1.1 Schematic of a Resilient-Friction Base Isolator (R-FBI). 
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bearings to earthquake ground motions has been presented [34-35]. Analysis results have 

been very encouraging and have provided the impetus for further verification of the 

performance of the R-FBI system through shaking table tests. A particular five-story 

model was used in this analysis to test the performance of the R-FBI system on the 

shaking table at the Earthquake Engineering Research Center of the University of 

California at Berkeley [27, 36-37]. The SR-F base isolator system is essentially a R-FBI 

unit with an additional upper friction plate. Whenever there is no sliding in the upper 

friction plate, the SR-F system behaves as a R-FBI unit. Under high ground acceleration, 

sliding in the upper friction plate occurs, which provides an additional mechanism for 

energy dissipation and increases the overall effectiveness of the base isolation system. 

The LRB base isolator, which has been extensively studied by Kelly et al [25-27], 

is made of alternating layers of rubber and steel with the rubber being vulcanized to the 

steel plants. The LRB system is rather flexible in the horizontal direction but quite stiff 

in the vertical direction. The horizontal stiffness of the bearings is also designed to resist 

wind forces with little or no deformation. The NZ system is a LRB unit with a lead core 

added to reduce the lateral displacement of the base and to provide an additional 

mechanism for energy dissipation. The GERB system is composed of helical springs and 

visco-dampers. Its mechanical behavior is similar to that of the LRB system. A number 

of these systems have been extensively tested and implemented to protect buildings, 

nuclear power plants, and other structures against damaging earthquake in Europe, Japan, 

Iceland, New Zealand and the United States. 

In this study, attention is focused on two particular systems, the R-FBI system, 

and the LRB base isolators. A comparative study of aseismic performances of these two 
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base isolation systems and their corresponding fixed-base ones in protecting a rotating 

machine rigidly attached to a floor level or independently isolated is carried out. 

1.2 Scope 

The purpose of this study is to examine two alternative schemes, the Resilient-Friction 

Base Isolator and the Laminated Rubber Bearing systems, to reduce the seismic response 

of a flexible rotating machine which may be housed within the structure or independently 

In order to demonstrate the efficiency of the R-FBI and LRB systems inisolated. 

protecting internal components, a comparative study of seismic response of the rotating 

configurations will be carried out. Severalmachines supported under various 

comparisons of seismic response between the isolated systems and the fixed-base cases 

will be studied. These systems include: 

(1) a rotating machine either rigidly attached to the ground or supported on base 

isolators; 

(2) a rotating machine rigidly attached to a floor level either within a fixed-base 

structure or an isolated structure; and 

(3) a rotating machine supported on an isolator housed either within a fixed-base 

structure or an isolated structure. 

As mention in the background section above, the efficiency of the R-FBI and LRB 

Comparisons ofsystems in protecting the primary structures will also be examined.  

seismic response of a fixed-base structure and isolated structure will be investigated.  

In the rotating machine to be considered, the rotor-disk-bearing model of Suarez 

et al [17] will be employed. The shaft is assumed to be spinning at a constant speed and 

may have variable properties along its length. To obtain the complete response of the 
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rotating system, the flexibility and damping mechanisms of the fluid-film bearing model 

will also be considered. It has been shown that the effects of the rotational components 

of the ground motions on the seismic response of the system can be neglected [17]. 

Therefore, only three transitional components of the ground motion are considered. The 

effects of shear deformations and the nonlinear terms in the forcing function which 

appear as the product of input velocities, have also been observed to be insignificant. 

These terms can therefore be neglected from the formulation of the stiffness and forcing 

functions. In this study, only bending deformation and gyroscopic effects are included. 

In Chapter 2, the finite element formulations of motion for the flexible rotating shaft 

neglecting shear deformation are developed using energy principles and the finite 

element method. Finite-element equations of the equivalent discrete parameter model are 

In addition, equations of motion including theobtained using the system Lagrangian. 

effects of shear deformations are also presented. In Chapter 3, an elementary analysis to 

gain insight into the behavior of isolated systems will be developed using a simple linear 

structural model with linear springs and linear viscous damping. The approximate linear 

analysis will be presented to demonstrate that the transmission of ground motion to the 

structure, amplification factor of the structure and base shear can be significantly reduced 

through isolation of the system at its base. In Chapter 4, the equations of motion for 

highly complex and nonlinear isolated systems such as flexible rotating machines located 

on the various systems described earlier subjected to earthquake excitation will be 

developed for numerical purpose. Equations of motion of base-isolated multistory 

buildings subjected to seismic ground motions are also derived. Criteria for motion 

transitions of the R-FBI system are presented. In Chapter 5, a parametric study to 
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investigate the uncontrolled rotating machines and multistory buildings subjected to 

earthquake excitation as well as the effect of the base isolation system will be presented. 

Specifically, the sample response and response spectra, as well as the effects of various 

physical parameters on the response of these systems including friction coefficient, 

damping ratio, mass ratio, ground motion excitation intensity, shaft flexibility, bearing 

rigidity and angular velocity of the shaft will be performed. The absolute acceleration, 

relative displacement (to undeformed configuration), relative displacement (to the 

ground) of the rotating machines and buildings, as well as sliding displacement, 

cumulative displacement and residual displacement of the base isolators with respect to 

various physical parameters will be studied. The eigenvalue problem associated with the 

homogeneous equations of motion of these systems will be developed and employed to 

predict the stability of the rotating systems. A Newmark-I3 time integration scheme to 

numerically evaluate the seismic response of these systems will also be presented in this 

chapter. In Chapter 6, conclusions regarding the performance and characteristic of the R-

FBI and LRB systems for the flexible rotating machines and multistory buildings under 

seismic ground motion are offered. 



10 

CHAPTER 2  

FLEXIBLE ROTATING MACHINE ON RIGID BASE  

2.1 Differential Equations by Energy Method 

Finite-element equations of motion for the flexible rotating shaft located on the rigid base 

can be derived using energy methods [38]. The shaft is modeled as a Bernoulli-Euler 

beam with circular cross-section that may vary along the length. It is assumed that the 

shaft is axially inextensible and shear deformation is negligible. A rotating shaft 

mounted on the rigid base is shown in Figure 2.1. The Newtonian reference frame, (X, 

Y, Z) system, maintains a fixed orientation in space while the local reference frame, (x, y, 

z) system, is attached to the base of the machine. Translational motion of the base can be 

described by a vector R from the origin of the Newtonian frame to a typical point on the 

base. The components R of are Xb, Yb and Zb. The shaft is spinning with a constant 

angular velocity S2 about the z-axis. The location of a typical point G on the shaft is 

given with respect to the local coordinate axes (x, y, z) by the contributions vector 

= (0, h, z) where h is the height of the shaft from base and z is location point G with 

respect to the local frame. In the deformed shaft point G is located at r =(ux,u, + h, z) 

where u, and uy are the contributions to the displacement vector due to the flexibility of 

the shaft. The governing differential equations of motion have been derived by Su and 

Hernried [39] and Su [40] using energy methods. Only a summary description of the 

derivation is presented here. 

The kinetic energy of a typical differential element can be separated into two 

independent parts, namely, the translational kinetic energy, dT,r,, and the rotational 



Figure 2.1 Rotor-bearing system showing nodal coordinates and system axes 
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kinetic energy, dT,.0 i.e. 

(2.1)dT = dTt,, + dTroi 

The translational kinetic energy of the differential element can be expressed as 

1 T 
V + OdZ (2.2)pA(v bdT = 2 btrcms 

where p and A are the mass density and the cross-sectional area of the differential 

element, respectively. As shown in Figure 2.1, the velocity vb and r are the velocity of 

base relative to Newtonian reference frame, (X, Y, Z) system, and the velocity of the 

differential element point G relative to local reference frame, (x, y, z) system, 

respectively. 

The rotational kinetic energy of the differential element dTrot can be expressed as 

I T 0 + 20,40T fig + C22 Ii)dz (2.3)dT, = -2- p(I, 0 

where K./ is the constant operating angular velocity about the z-axis. The moments of 

inertia of the cross sectional area about the 5c- - and z - directions with respect to the 

centroidal axis (dash line in Figure 2.1) of the shaft are Li and 4, respectively. The 

vectors introduced in the above equation are 
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0x 1 0 

0= By e i =-- 0 e 2 = 1 (2.4) 

0 0 0 

where 0, (about x-axis) and By, (about y-axis) are the rotations of the differential element 

due to bending of the shaft. 

According to Bernoulli-Euler theory, the potential energy dV can be expressed in 

terms of the internal bending strain energy of the differential element, i.e. 

(2.5)dV = 1 (El u"T u" )dz
2 

where 

ux 
(2.6)U = uy  

0  

with ux and uy representing the relative displacements (to undeformed configuration) of 

the shaft in x- and y- directions, respectively, and E is the Young's modulus. 

2.2 Finite-Element Formulation 

To obtain the system equations of motion for a rotating machine, the element equations 

of motion for the complete flexible shaft, rigid disks and bearing system must be 

included. In the following subsections, finite-element formulations of the equations of 
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motion for the flexible shaft and rigid disks will be developed using the Lagrange 

formulation. A calculation method for the dynamic coefficients of journal-fluid-bearing 

system is also provided. 

2.2.1 Flexible Rotating Shaft 

Consider a typical finite element of the flexible rotating shaft of length 1. The vectors of 

displacements and rotations for a typical element are ue and Oe . In the finite-element 

formulation, these variables can be expressed in terms of the nodal displacements through 

interpolation functions as 

ue = [zi, (s), u; (s), Oir = Nqe (2.7) 

Oe = [0j Or = is: qe: (S), Oe, GO, (2.8) 

where qe is a vector of nodal displacements; s is a local coordinate measured along the 

length of a finite element; N is the matrix of interpolation functions and N' is the first 

derivative of N with respect to s . The vector r in equation (2.2) can also be expressed 

in terms of nodal displacements as 

r = ue + e (2.9) 

e = [0, h, z, + sr (2.10) 
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is the location of the left end of the finite element with respect to the localwhere z, 

reference frame, (x, y, z) system. 

The Lagrangian of a particular finite element can be obtained by integrating 

(LC = dV dT) from equations (2.2-3) and (2.5) over the length of the finite element. 

The nodal degrees of freedom of the element qie are the generalized coordinates of the 

Lagrange method. Direct application of the Lagrange formulation for the finite element 

results in 

d 1,2n) (2.11) 
dt a4; 

where 

(2.12)Le = f (dr dye) 

The finite-element equations of motion for the flexible rotating shaft can be 

obtained as 

(2.13)M:4e Cesge K:qe = f:ctg(t), (0) 

where the element mass, damping stiffness and applied forcing function matrices are 

defined as 
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(2.14)M: = fpAN Nds + fp' xN'T N' ds 

(2.15)Ces =S2 IpN "T (c1 q2 E2q1T)Nids 

(2.16)K: = N" T N" ds 

(2.17)PANT ds]a b (t)g (t), j)g (t)) = [ 

where I and a (t) [1g (0, yg (0,0] T are the polar mass moment of inertia for a typical 

element and the vector of transitional base accelerations, respectively. 

To satisfy continuity requirements, the interpolation functions in equations (2.7) 

and (2.8) must be assumed continuous in displacement and slope on the element 

boundaries, i.e. C' continuity [38]. Thus appropriate nodal quantities are displacements 

The cubic beam (Hermite)and rotations at each end of the element (see Figure 2.2).  

polynomials satisfy C' continuity and are an appropriate one for the interpolation function  

N . The matrix of the cubic interpolation function N is 

_ 
ni 0 n2 0 n3 0 n4 0 

N= 0 n1 0 n2 0 n3 0 n4 (2.18) 

0 0 0 0 0 0 0 0 

where 



Figure 2.2 Nodal displacements and rotations of a typical element of the shaft 
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3s 2s32 3s23s 2s3n, = 1 + n3 =12 
/3 (2.19) 

S3 S22s2 S3 
S +12 n4 T2n2 /2 7 

Each finite element has two nodes (one at each end of the element). There are 

four degrees of freedom at each node, two transitional degrees of freedom ( lex , uey ) and 

) in the x- and y- directions. Therefore, qe intwo rotational degrees of freedom (19: ,  

equation (2.13) is an 8x1 vector of nodal displacements and rotations given by  

e [ e (2.20)e Oe Oe x 2 Y- y2 12:2 62;2 ITq = U yl, xl, yl,Y-X1' 

where the second subscripts 1 and 2 on the nodal displacement variable pertain to the left 

and right ends of the element, respectively. 

In the above formulation, the effects of shear deformations on the response of the 

shaft are negligible. However, the effects of shear deformations should be included in the 

analysis of the shaft (modeled as Timoshenko beam) when the shaft of a rotating machine 

is short and stocky. 

When the effects of shear deformations are considered in the analysis and the 

same interpolation functions are used to approximate the transverse deflection and the 

This is due to the inconsistencyrotation, the resulting stiffness matrix is often too stiff.  

of the interpolation of the variables, and the phenomenon is known as "shear locking"  

[41]. In order to overcome this problem, an apparently simple formulation to modify the  
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stiffness matrix of equation (2.16) by using the method of superposition was developed 

by Chugh [42] and presented in Su [40]. 

The stiffness matrices of the shaft element including the shear deformations in the 

These stiffness matrices can bex- and y- directions are K: and Key, respectively. 

expressed as 

12EI 6E112EI 6E1 
(1 + bx,y)13 (1 + bx,y)/2 (1 + bxy)13 (1 + bx,y)/2 

(2 bx,y)EI6E1 (4 + bxy)EI 6E1 
(1 + bx,y)12 (1 + bx,y)1(1 + bxy)12 (1 + bxy)1 (2.21)

Ke =	 12EI 6E1-x,y 12E1 6E1  
(1 + bxy)12 (1 + bx,y)13	 (1 + bx,y)12 (1 + bx,y)13 

(2 bx,y)E1 6E1 (4 + bxy)EI6E1 
(1 + bx,y)1 (1 + bx,y)12 (1 + bx,y)1(1 + bxy )12 

In the above equation, bx,by are the modified factors of shear deformation for stiffness 

matrices , yIC IC in the x- and y- directions, respectively. They are defined as 
x 

12k EI 12k EI (2.22)b= x b= xY 
x GA12 Y GA12 

where 

6(1+ vxy) (2.23)k 
x'Y 7 +6vx,y 
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and G is the shear modulus; Icx, and vx,, are the shear correction factors for a circular 

cross-section and the Poisson ratios in the x- and y- directions, respectively. 

By observing equation (2.21), the significance of the shear deformations can be 

determined. Specifically, when the modification factors for shear deformation bx), << 1, 

the elements of stiffness matrix in equation (2.21) is close to those of stiffness matrix 

obtained from equation (2.16). In this situation, it can be concluded that the effects of 

shear deformations are negligible. 

More realistic models of flexible rotors, one or more rigid disks are attached along 

the flexible shaft supported by journal-fluid bearings at the ends. These issues are 

discussed in the following sections. 

2.2.2 Rigid Disk 

A rotating machine may contain several rigid disks along the shaft. To consider the 

effects of these rigid disks on the response of the flexible shaft, they can be modeled as 

thin rigid disks with concentrated mass attached at the finite-element nodes. Similarly, 

the equations of motion for the rigid disk can be derived using the energy and the 

Lagrange methods. 

The displacements and rotations at an arbitrary point in a typical element of the 

shaft are given in equations (2.7-8) and (2.18). Without loss of generality, a rigid disk 

may be assumed to be attached at the left end (s = 0 location) of a typical element. 

Since the disk is attached to only one end, the quantities of equation (2.20) can be 

rewritten as 



21 

ued = ue (s = 0) = Aged (2.24) 

where 

qd = [ux, uy, ox, ey (2.25) 

1 

A= 0 
0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

(2.26) 

Note that 

ded = uted (s = 0) = A' qed (2.27) 

where 

0 0 1 0 

A' = 0 0 0 1 (2.28) 
0 0 0 0 

Because we are only considering the effect of attaching a rigid disk to the 

element, the internal bending strain energy is zero. Therefore, the potential energy term 

dV in equation (2.12) will vanish. The equations of motion can be obtained by usinge 
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the Lagrange formulation directly in a manner similar to the previous section, resulting in 

Med el e Ced K:qe = f ed (ig(t), g(0) (2.29)e 

The mass, damping, stiffness and applied force matrices are 

(2.30)Med = and ATA + I, A°. A'  

w Air kie2  e2eir (2.31) 

Ke =0 (2.32) 

f:(ie g(t),51g(0) = mdAT ab(t) (2.33) 

where and = mass of disk , = transverse mass moment of inertia of disk, /0 = polar 

mass moment of inertia of disk. 

2.2.3 Journal-Fluid-Bearing System 

To obtain the equations of motion of the complete shaft, rigid disks and the bearing 

system, the stiffness and damping characteristics of the journal-fluid-bearing system must 

also be considered. The bearing system provides stiffness as well as desirable damping 

for the rotating machine. The stiffness and damping properties of the bearing directly 

affects the critical speeds and the stability of the rotor. Fluid-film bearings are generally 

modeled by two orthogonal, linear elastic and damping forces. These forces depend on 

the displacements and velocities at the bearing location, respectively [43]. The damping 

forces associated with the displacements in the x- and y- directions are coupled and the 
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elements of the damping matrix are symmetric. The elastic forces in the x- and y-

directions are also coupled, but the elements of the stiffness matrix of a bearing are 

usually asymmetric. Several achieve in the literature [44, 50-55] provides methods to 

obtain the coefficients of the damping and stiffness matrices. These coefficients depend 

upon the type of bearing, its physical dimension, the viscosity of the fluid and the rotating 

speed of the rotor. In this study, the stiffness and damping characteristics of the bearing 

with L / D = 1 are provided by Earles et al [44] 

C.. b = 
We

1' Kb ' (2.34) 
h 

where W, h, D and L are the weight on bearing, radial clearance, journal diameter and 

bearing length, respectively; the subscripts i and j correspond to directions x and y, 

respectively; ky and cy are 

k = 3.218s + 0.889s2 k, = 0.73 + 18.217s + 1.67s'1.512 ; 
(2.35) 

kyx = 2.677 8.675s 3.658s2 ; kyy, = 3.61 + 15.962s + 5.87s2 

and 

cxx = 0.8222 + 13.051s 0.528s2 ; cxy, = 2.764 + 23.949s 1.75552 
(2.36) 

c = 2.764 + 23.949s 1.75552 c = 4.31 + 43.087s + 6.18s2 
YY 
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where s is the Summerfield number defined as 

,uo0L R
S = 2 (2.37) 

W h) 

where p , co and R are lubricant viscosity, rotating speed and journal radius, 

respectively. Therefore, the fluid-film reaction force, damping and stiffness matrices of a 

bearing, corresponding to the displacement vector of a node, can be expressed in the 

following form, 

0 0 cxx cxy 0 0 

Kb = 
K 

0 

K 
0 

0 
0 

0 

0 
Ceb Cyx 

0 

Cyy 

0 
0 
0 

0 
0 

(2.38) 

0 0 0 0_ 0 0 0 0_ 

2.3 System Equations of Motion 

In order to obtain the system equations of motion, a direct stiffness method to assemble 

the element mass, damping, stiffness and applied force matrices will be used. The system 

matrices are constructed simply by adding terms from the individual element matrices 

into their corresponding locations in global matrices. The matrix system equation of 

motion for the shaft including rigid disks and bearing system becomes 

Mq + Cg + Kg = f (t) (2.39) 
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where the system mass, damping, stiffness and applied force matrices are 

M = Me + Me C =Ce +Ce +Ce 
(2.40) 

K = K: + Ked + Keb ; f (t) = f s(t) + fed(t) 

and the generalized coordinates g for the system are 

q = [ux1, u,1, exl, Ux4(n-1), Uy4(n-1), ex4(n-1), ey4(n-1)] (2.41) 

where n is the total number of nodes in the system. 

Prior to determining the equations of motion for the rotating machine supported 

on various isolated systems subjected to ground motions, the characteristics of isolation 

system and the concept of how an isolation system works need to be understood. Some 

important behaviors of the isolation system are difficult to reveal through a numerical 

procedure or a very complex isolated system, such as a rotating machine supported on the 

isolated systems. An approximate linear analysis of seismic isolation, which is helpful to 

gain insight into the behaviors of the isolation system, will be presented in the following 

chapter. In order to develop analytical expressions for the dynamic effects on the system 

responses, a simple two-degree-of-freedom isolated structure will be employed as an 

example. 
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CHAPTER 3  

APPROXIMATE ANALYSIS OF BASE ISOLATION  
FOR A SIMPLE LINEAR STRUCTURE  

Conventional design methodologies to withstand strong earthquakes usually require a 

high strength stiffness on the primary structure. As a result, the structural fundamental 

frequency often lies in the range of the high energy carrying frequencies of the ground 

motions. This near resonance condition causes higher acceleration response in the 

primary structure, resulting in much larger responses for its internal components. An 

alternative design strategy, aseismic base isolation, shifts the fundamental frequency of 

the primary structure out of the range of the high energy carrying frequencies of the 

ground motions. Consequently, the level of the input excitations to the primary structure 

and its internal components are significantly reduced through the base isolators. 

However, the reduction in the acceleration response is accomplished at the expense of 

larger base displacement. To reduce this displacement, a base isolator incorporates 

various energy dissipation and interfacial friction mechanisms that prevent the large 

lateral displacements at its base. 

In order to gain insight into the behaviors of the isolated system, an elementary 

linear analysis of seismic isolation developed by Kelly [1] using the method of modal 

transformation for a simple structure is presented in this chapter. This method allows us 

to analytically demonstrate the transmissions of ground motion to the primary structure 

are effectively controlled through isolation of the structure at its base. In this study, some 

important characteristics of the R-FBI and the LRB systems will be explored using this 

linear analysis. Note that the linear analysis is only an approximate technique to take into 
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account the intrinsically non-linear characteristics in the isolation system. Effective 

stiffness and damping coefficients will have to be derived using an equivalent 

linearization process. 

3.1 Governing Equations of Motion 

The dynamic response of a plane multistory shear frame supported on an aseismic 

isolator (or multiple isolators) subjected to the horizontal component of a ground motion 

can be derived by applying Newton's Second Law 

vtAl 
(3.1)(Mb -(mb +Eno; -pg(mbEnog-(mb

i=i i=1 1.1 

ma+ cit+ ku = mr(ig+ (3.2) 

where ; = horizontal ground acceleration; g = gravitational acceleration; mb = 

foundation mass over the isolator; CI, = damping coefficient of rubber; p = friction 

coefficient of the isolator; s = sliding displacement of the isolator; u = relative 

displacement vector with respect to the base; m = structural mass matrix; c = structural 

damping matrix; k = structural stiffness matrix; r = a unit vector; and N = number of 

floors. 

A simple linear two-degree-of-freedom (2DOF) single-story structural model 

(Figure 3.1) with constant spring and damping coefficients will be used as an example. 

For the R-FBI and elastometric bearing systems, the horizontal stiffness of the isolator, 
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Figure 3.1 Parameters of two-degree-of-freedom isolated structure 
used in approximate linear analysis of seismic isolation 
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kb , and the structural stiffness, k , can be considered as constants. In such a structural 

model, equations (3.1-2) can be rewritten as 

I +24,cob.§ + cob s = 3 i pg sgn(S) au (3.3) 

U+2scoszi + cos u = (1g + §) (3.4) 

where 

Cb k ch
2 kb 2 

; cos = ; gscos =cob = ; gbcob =M M m m 
(3.5) 

a= m ; M = mb + m ; sgnM =
M isl 

The equivalent damping ratios of the base isolator and structure are 4 and , 

respectively, while the fundamental frequencies of the base isolator and structure are cob 

and cos, respectively. 

Equations (3.3-4) govern the response of the structure on a variety of base 

isolators, e.g. R-FBI ( cob * 0, p # 0 but small), LRB and linear elastometric bearing 

(cob # 0, p = 0), non-linear elastometric bearings ( cob # 0, p = 0 , e) (where is an 

equivalent linear damping ratio) and sliding-joint base isolator (cob = 0, p # 0). For all 

the cases when p * 0 , if the friction force is greater than the inertial force generated by 

the primary structure, sliding at the base will not occur. Thus, :s. = N = 0 , and the 

structure response is governed by equation (3.4) alone. Solutions of the coupled 
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equations (3.3-4) involve two phases, namely, sliding and non-sliding. In this analysis, 

except for friction, the isolator is assumed to be linear in each phase. Equation (3.3) is 

applicable for other cases as long as the non-linear effects can be represented in the 

equivalent damping ratio of the isolator. Additional details of the criteria for 

governing both phases will be described in Chapter 5. 

To develop the mode shapes, natural frequencies and dynamic participation 

factors of the system, equations (3.3-4) may be written in the matrix form: 

Me Ve Ceve Ke V = Me rlig Me r 2pg sgn(S) (3.6) 

where 

_I-24cob 0 [C01, O2KMee [1 1 0 2scos 0 a 
(3.7)  

{1 Is1 

; r 2 9 v = 
ful 1 a 1 

Because the model of the isolated structure in the non-sliding phase is identical to that of 

the fix-base case, only the sliding phase of the R-FBI and LRB systems will be discussed 

in the following. 
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3.2 Amplification Factors 

To examine the efficiency of the isolated systems, the fundamental frequencies of 

structure and the base isolator have to be designed as well separated. Therefore, one 

assumes that (i) mi, < m , but are of the same order of magnitude; (ii) E = (0 4 / CO s)2 to 

be of order of magnitude 10-2; and (iii) 41, and s are of the same order of magnitude as c . 

For undamped free vibration, the governing matrix equation of motion (3.6) can be 

simply expressed as 

e v e e+ 2- = 0 (3.8)lae 

In the same manner as the case of a single-degree-of-freedom system, one assumes a 

solution of the form 

ve = A sin(cont + y/) (n = 1,2) (3.9) 

where A = 10b(n) , elli T is the vector of amplitudes, con is the modal frequency, and 

W is the phase angle. Differentiation of equation (3.9) twice with respect to time t 

results in 

Ve = co A sin(cont + y/) (3.10) n 

Substituting equations (3.9-10) into equation (3.8) leads to 

http:y/)(3.10
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[K sin(cont + y) = 0 (3.11)con2 

This equation has a nontrivial solution if and only if the coefficient matrix is singular, 

that is, 1K co2 MI = 0 . In terms of con , the characteristic equation is 

(co? con2 )co2 con2 cos2 0(1 a)co 4 (3.12) 

that has the following roots 

icos2 co: lAcos2 042\2) 4(1 a)ws2c4
2 k (3.13) 
2 2(1 a) 

Two roots col and co2 of this equation will be denoted by co: which represents the shifted 

isolation frequency and denoted by co: which represents the structural frequency 

modified by the presence of the isolator, respectively. The radical in equation (3.13) can 

be rewritten in the form 

zi,2,,,i2 
cos2 

scob )2 (1 + 4a 7 (3.14)cob2 )2 

After accounting for the fact cob « cos and expanding equation (3.14) by a binomial 

series to the same order of e , these two roots can be expressed as 
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( 2 
ws , cob2 *2 2 2 *2 (3.15)

1 ; C°2 ws61)1 = 64 = (14 aia2L) ct(i+a()1\ Ws 2) (Vs 

2Because (cob / cos) is of order 10-2, equation (3.15) can be considered sufficiently 

accurate approximations of co: and co: in most cases: 

. cos (3.16)c°b = wb ; ws 

This indicates the isolation frequency is only slightly affected by flexibility in the 

structure, while the structural frequency is significantly increased ( a < 1) by the addition 

of the base mass. By retaining terms of order of e and setting Or = e) = 1, the 

mode shapes 0(1) and 0(2) associated with the approximate natural frequencies 4, and 

cos. in equation (3.16) are 

1 

0 (2) 2l (3.17)1 

--1(1(1a)(c2P-a cos 

These mode shapes are sketched in Figure 3.2. The first mode Ow is approximately a 

rigid-structure mode of vibration, since OP is of the same order as e. That is, the 

structure can move approximately as a rigid body without deformation in the elastic 
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Z V 7 7 Z V  
sr 0'  

Figure 3.2 Mode shapes of two-degree-of-freedom isolated structure 
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elements. This characteristic feature results in another advantage of the system, in that 

the horizontal acceleration induced in a structure are approximately constant over the 

entire height of the structure. The second model 0(2) involves both base isolator 

deformation and structural deformation. The displacement of the structure is of the same 

order of magnitude as the base displacement, but opposite in direction. 

Orthogonality of these two mode shapes can be used to obtain a set of two 

uncoupled second-order differential equations in terms of a new set of coordinates called 

model coordinates. Each of the resulting equations is similar to the equation of the 

single-degree-of-freedom system. For convenience, one can apply the following 

coordinate transformation for equation (3.6), 

1 (3.18)
Ve 09 [0$s0) A(2) a 

Y' -1 2 

That is, 

= ±
2 

(j = 1,2) (3.19) 
i =1 

where 0 is the model transformation and q is the vector of model coordinates. 

Differentiating equation (3.18) twice with respect to time and substituting into equation 

(3.3) yields 
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(3.20)Ark +Ce04 + Ke0q = MeLlig Mer2pgsgn(§) 

Premultiplying this equation by OT yields 

0T orce04 ±orKeog _ormeriig ormer2pgsgnm (3.21) 

Using orthogonality of the mode shapes with respect to the mass, damping and stiffness 

matrices and dividing each element by OT Me 0, the basic matrix equation yields the 

following two equations, 

41+24* co:41+ co:2 qi = L3i.igsgri(s) (3.22) 

(3.23) 

where 4* ands are isolated equivalent damping ratios of the base isolator and structure, 

respectively. The assumption made in the preceding equations that the damping matrix is 

proportional to the mass and stiffness matrices enables us to use the modal transformation 

matrix to decouple the equations of motion. hi these equations, L1 , L2 and L3 are the 

dynamic participation factors for the two modes and are given by 

0(1)T Me r M + me 
(3.24)L 1)T e (1)0( M 0 M 2me + me2 

1 
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0(2)r me M+mc 
_... (3.25)L 2)T e 

2 0( M 0 M -1-2mc + mc 2 

2 

0(1)T Mer2 (Mm)I(1a) 
(3.26) 

L3 i(1)r Me 0(1) M + 2me + me2 

1where c = --a-[1 (1 a)e]. Retaining only terms to order s and substituting 

a = m / M into the above equations, one obtains the approximate values of LI, L2 and 

L3 

Li= 1 as ; L2 = as ; L3 =1- gas (3.27) 

This result together with that for the isolated frequency reveals the basic concept of an 

isolation system. The dynamic participation factor of the structural deformation mode 

L2 could be very small, (o(e)), if the fundamental frequencies cob and cos are well 

separated. The participation factors of base deformation modes associated with ground 

excitation and interfacial friction force, LI and L3 , are of the order unity. Note that the 

participation factors L1 = 0; L2 = 1; L3 = 0 in the case of non-sliding phase of the R-FBI 

system as well as fixed-base system; and LI =1 as; L2 = as; L3 = 0 in the case of 

elastometric bearings. In addition, equation (3.16) shows that the isolated frequency of 

the structural mode is shifted to a higher value than the fundamental frequency of the 

fixed-base structure. This effect could shift the structural frequencies out of the range of 

the high energy carrying frequencies of the ground motions, if the input of the ground 
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motion has larger spectral accelerations at the fundamental frequency. Moreover, 

because the dynamic participation factor for the structural mode is very small, this mode 

is orthogonal to the earthquake input characterized by Me r lug . This result indicates that 

the ground motion will not be transmitted into the structure, even if the earthquake does 

have energy at this frequency. Therefore, the base isolator not only dissipates or absorbs 

energy, but also shifts the modal frequencies away from those with high excitation energy 

content. 

It is relatively simple to solve a set of independent differential equations of the 

viscously damped multi-degree-of-freedom system, if the damping matrix can be written 

as a diagonal matrix. However, the matrix OT Ce is not diagonal in general. 

Consequently, the use of the modal coordinates does not lead to a system of uncoupled 

independent differential equation. Often, an assumption is made that the damping matrix 

is proportional to the mass and stiffness matrices thus enabling us to use the modal 

transformation matrix to decouple the equations of motion. The isolated modal damping 

ratios for the structure and the isolator in the simple isolation model can be calculated as 

eceo 
2*cob = 7! 24co (1 2ae) (3.28) 

Me 0 
11 

0,T Ce 02 24.cos + 2a4cob 
24,a co: (3.29) 

T Me2 1 a 
2 

Substituting co: and co: in equation (3.15) into above equations, one has 
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_. 4 (1 2ae) 3 as) (3.30) 
4 Vi as 4 (1 --i 

1-Ls +a4j'In (3.31)
41-a NIF-a)\-- 2 cre) 

This result shows that structural damping is influenced by the presence of damping in the 

base isolator and is increased to the order of J.. The product of J. term may be a 

significant addition to the term if 4S is small. Therefore, high damping in the base 

isolator may contribute significant damping into the structural mode. 

In general, the amplification factors and base shears of the R-FBI system can not 

be approximated by linear theory, because of their intrinsically non-linear behaviors due 

to transitions between sliding and non-sliding phases. Only the LRB systems are 

considered in the following study. It is of interest to mention that the R-FBI system in 

the non-sliding phase behaves as a fixed-base system, while the system in the sliding 

phase behaves as a LRB system, except for the friction forcing term. However, some 

patterns and characteristics of the R-FBI system can still be observed from following 

study, even thought they can not be evaluated analytically. 

Because L1, L2, L3,4. and e are known, it is instructive to solve for the response 

of the system to a steady-state harmonic earthquake input ( xg = Yge`ii) and the 

amplification factors for base isolator and structure. These amplification factors are 

defined by the magnitude of the ratio of the relative displacement to the ground 

displacement and denoted as 
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L CT) 2 A(2) L27-62 
1Ab = 01) Y'b *2 2 (3.32) 

xg "2 2 ) ajb (COs CO ) igscosco 

L o72 L2 FO 2 
1 

AS = (3.33)0s(1) *2 2 0(2) 
xg ( c ob c o )+igb* c o b c o s ( c o 2 igs8 415 

where cTi is the circular frequency of the harmonic load. In most cases, only three 

specific frequencies, namely the fixed-base structure frequency cos and the two isolated 

frequencies co: and cos* are of practical interest. When o7 = 4 equation (3.32) 

becomes 

(1 ae)ecoi*,2 1 [1 (1 a)e]ae42
As (3.34) 

i24* w:2 a (w:2 42) + igs*2 co:coss 

Retaining terms to o(s) , the above equation becomes 

AS (3.35)
24 

The amplification factor of the base isolator at a = co: is 

1 as as2 

Ab (3.36)
24* 

+ (1 c)+ ic 
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Retaining terms to o(s) , the above equation becomes 

1- cre 1z(1+1/2cze) (3.37)
Ab '-''' 24 (1 3 / 2ae) 24 

When o7 = co: , one can find the amplification factors using the same manipulation 

2s 1 a 2 e
As z [1- (1- a)e] 4* , Ab 741+ 2 (g) 2 (3.38) 

When rti = co the amplification factors 4, and As are of order 1 and e , respectively. 

The amplification factors Af of the fixed-base structure at Fri = to and c7) = cos are of 

o(e) and o(X) , respectively. These three sets of approximate magnitude order of 

amplification at &T = co; , &T = co; and 71.7 = cos are listed in Table 3.1. 

Table 3.1 Magnitude order of amplification factor for fixed-base structure, isolated 
structure and base isolator at w = co: , c7-) = w: and ai = cos . 

Af As At, 

io- Fixed-Base Isolated Base 
Structure Structure Isolator 

--- o(1) o(y) 
. 

cob 

' o(s) o(1) o(1) 
cos 

o(e) o(1)
cos o(Ye) 
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In equations (3.32-33), the exact expressions for the amplification factors of the 

LRB system as algebraic functions of a without imaginary parts are 

(co:2 cob*2 )2 2 (20)*X 2co:e; )2 
(3.39)Ab= [04'2 -62 )2 4c0:2C 072 )2 

(-V 

4c0:2 2C2 
1[(w:2 

(c0:2 co:2 )2 2 (2co*X 20g: )2 
A =Z-026. li (3.40) 

[(0):2 072 )2 - *2 ,-*2 c-52 )2 +401 2 0.)---2,g.:2 1 
1+ 4C° b ;1) ][(CO:2 , 

These expressions can be evaluated for various parameters e, y, 4 and the results are 

shown in the Figure 3.3. As expected, the amplification factors for the structure are very 

small, because the high energy content frequencies of the ground motion are avoided with 

the presence of the base isolator. It is noticed that resonance occurs at two sharp 

amplitudes for Ab where the frequency of the applied load equals the damped natural 

frequencies of the base isolator or the structure. This phenomenon can be readily 

observed from equation (3.40). Its effect on the system stability and system resonance 

response must be considered in the initial design. 

3.3 Design Response Spectra for Base Shear  

Of considerable interest to structural engineers is the determination of the base shear,  

which is a key parameter in determining seismic design forces in most building codes.  

To evaluate the maximum response of base shear, it is convenient to first consider the  

maximum response of a structural system from the design response spectra.  

The total responses of the modal components can be obtained by superimposing 

the incremental responses of all the differential impulses making up the time history. The 
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Figure 3.3 Amplification factors of a two-degree-of-freedom isolated structure subjected to sinsoidal excitation 
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total displacements of the modal components q1(t) and q2 (t) can be computed from: 

Li 
q1 (t) = I (t r)e-44:r sinco:rdr (3.41) 

cob g0  

T t  
cog, r 

* JXg(t r)e sin cos rdr (3.42)q2 = 
os 

where r is an integration variable. 

Consideration of the displacements and forces at every instant of time during an 

earthquake time history can require considerable computational effort. For design 

purpose, only the maximum response quantities are required. The maximum 

displacements of modal components are given by 

(3.43) 

(3.44)1q2Imax= L2 Sd (C°: 

where Sd(CO, is the displacement response spectrum for the ground motion ig (t) at 

frequency co and the damping ratio . 

The predicted maximum relative displacements are 

(3.45)Isl. = M"qi..)2 +(0,2)q2.)2 

(3.46)1111 =11(4")q1.)2 + (0s(2)q2max )2MaX 
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For design purpose, a design spectrum is generally given in the form of a damped 

acceleration response spectrum. Therefore, qi. and q2 max can be expressed as pseudo-

acceleration response spectrums, 

* (3.47),2 Spa (C°b )
glinax ""b 

(3.48)q2. = spa (6).:,s*)cos 

where Spa (co, ) is the pseudo-acceleration design spectrum at frequency co and the 

damping ratio By substituting equations (3.47-48) into equations (3.45-46), the 

maximum relative displacements are 

ae)2spa2 (co; 26.2spa2 (co:(1 ) (3.49)
Islmax _*4 ws ("b 

S2 (CO , ) S2 (CO* e )as 
IUI = 620 cre)2 :4 111 (1 a)er 6.2 Pa *4 (3.50) 

max COsco 

Many design response spectra are approximately constant velocity spectra. In this 

case, the values of Spa (co, ) for different frequencies, neglecting variation due to 

damping, are expressed as 

Spa (co, = caS'p, (a), (3.51) 
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where the pseudo-velocity design spectrum at frequency w and the damping ratio is 

Spv (co, which is a constant in design response spectra. For such design spectra, 

maximum relative displacements in equations (3.49-50) can be expressed in term of 

pseudo-velocity design spectrum as 

COb
= Spv (1 ae)2 

*2 

+[1 (1 a)e] 2 (3.52)lsl max 
COs*24 a)C0s2 PvWb 

*2 2 S 
b.4 2 co Pv= S 11(1 ae)co (3.53) 

CObCO b cos 

The effective earthquake force is given as 

Q(t)=mcos2u(t) (3.54) 

This expression gives the value of the base shear in a single-story structure at every 

instant of time during the earthquake time history under consideration. For an 

uncontrolled structure, the design base shear Q in term of pseudo-acceleration response 

spectrum is 

Q=mcos2Sd(cos,$)=InSpc,(cos,$) (3.55) 

For an isolated structure, this becomes 

http:ae)co(3.53
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S2 (CO: , ) S2 (CO: ,s* ) 
mcos2 li620 trey Pa + [l 0 a)e]262 (3.56)Pa 

Wb als 

CO2(1 ± ag)
Recalling that cos and co; = co: (1 ae), above equation can be expressed1 a 
as 

(1 ae)2Spa2 (CO; , ) (1 a)2 [1 (1 a)e]2 Spa2 (co: , s )  
Q= Me ae)2 62  (1 + ac)2 (3.57) 

=m11Spa2 (co;,4*)+ 6.2(1 a)2 (1 26)2 S pa2 (0): 

If the spectrum is either constant velocity or constant acceleration, the second term in the 

above equation is negligible. These results indicate that for small e and a typical design 

spectrum, the isolation system can be designed at least in the initial phase for a base shear 

of mSpc, (Cob ,4) . Note that the second term, which is multiplied by c2 in above 

equation, can be of the same order as the first term, if the spectrum is a constant 

displacement spectrum. 

The reduction factor )6 in base shear as compared to a fixed-base structure can be 

defined as 

Spa (cob,4) (3.58)
S (c o 

For a constant velocity spectrum, the reduction factor /3 is roughly cob / cos or of order 
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.It underestimates of the reduction, because 4, is generally designed larger than 

This result demonstrates that the structural base shears are significantly reduced through 

the base isolator. 

The approximate linear theory of isolation can also be applied to the case of a 

multistory building. The structural system of a multistory building can be represented by 

a mass matrix M, a damping matrix C, and a stiffness matrix K. Similar derivation 

and application have been presented by Kelly [1]. 

The approximate linear analysis can be only used to evaluate the behaviors of a 

simple linear base isolated system, such as a typical isolated structure. It is difficult to 

approach the intrinsically complex and highly nonlinear systems analytically, such as a 

rotor-structure-isolator system. For such complex systems, the seismic responses of these 

systems will be pursued by numerical implementation, hence their governing equations of 

motion must be determined in advance. In the next chapter, equations governing the 

motion of various base isolated systems (R-FBI and LRB) and fixed-base systems, as 

well as the criteria for motion transition of the R-FBI system will be presented. 
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CHAPTER 4  

EQUATIONS OF MOTION OF COMBINED ROTATING MACHINE-
STRUCTURE-ISOLATOR SYSTEMS  

4.1 Modeling 

Critical facilities containing rotating components often become non-functional in fixed 

base structure subjected to severe ground excitations. Aseismic base isolation has been 

shown to be an effective means of protecting structures from strong earthquakes. Recent 

studies have indicated that the seismic response of lightweight equipment in base isolated 

structures can be significantly reduced over corresponding fixed-base structures. 

Another area of interest is the seismic response of rotating machines in the base-

isolated structures. Structures isolated using the R-FBI and the LRB systems will be 

considered in this study. The rotating machines will be either rigidly attached to a floor 

level or independently isolated. Of particular interest will be whether a structure that is 

initially aseismically designed or retrofitted using base isolation will also protect critical 

rotating machines that may be housed within the structure. Should this be the case, then 

additional aseismic protection of critical rotating machines located in base-isolated 

structures may be unnecessary. 

To demonstrate the efficiency of isolated systems in protecting the primary 

structures and their internal rotating system, comparative studies of the seismic response 

of the multistory buildings and rotating machines resting on the R-FBI, LRB and fixed-

base (F-B) systems are investigated. Eight models are examined in this study. 

Schematic diagrams of the models are shown in Figures 4.1a-d. Three particular cases 

are discussed below: 
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Case A: combined rotating machine-isolator system 

The flexible rotating machine is assumed to be: 

(Al) rigidly attached to the ground (denoted here as rotor-fixed base) 

(Fig.4. 1 al ); and 

(A2) supported on isolators which are attached to the ground (rotor-isolator) 

(Figure 4.1a2). 

Case B: combined rotating machine-structure-isolator system 

The flexible rotating machine is assumed to be: 

(B1) rigidly attached to a floor level in a non-isolated multistory building 

(rotor-structure) (Figure4.1b1); 

(B2) rigidly attached to a floor level in a base-isolated multistory building 

(rotor-structure-isolator) (Figure 4.1b2); 

(B3)	 supported on isolators which are rigidly attached to a floor level in a 

non-isolated multistory building (rotor-isolator-structure) (Figure 4.1c1); 

and 

(B4)	 supported on isolators which are rigidly attached to a floor level in a base-

isolated multistory building (rotor-isolator-structure-isolator) (Figure 

4.1c2). 

As a background to the study of the above systems, the effectiveness of the isolation 

system in protecting the primary structures is also investigated as a reference, i.e.  

Case C: combined structure-isolator system  

A multistory building is assumed to be:  
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Figure 4.1a Rotor-fixed base and rotor-isolator models considered 
for seismic response study 



52 

MbR 
UN . Mx 

< > 3ig 

Figure 4.1b Rotor-structure-fixed base and rotor-structure-isolator 
models considered for seismic response study 
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x  

Figure 4.1c Rotor-isolator-structure and rotor-isolator-structure-isolator  

models considered for seismic response study 
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(Cl) rigidly attached to the ground (structure-fixed base) (Figure 4.1d1); and 

(C2) supported on base isolators (structure-isolator) (Figure 4.1d2). 

4.2 Governing Equations and Criteria 

In this section, the governing equations of motion of the models supported on the R-FBI, 

LRB and fixed-base (F-B) systems subjected to the horizontal and vertical components of 

seismic excitation together with the criteria of phase transitions for the R-FBI system are 

also presented. 

4.2.1 Combined Rotating Machine-Isolator Systems 

By applying Newton's Law, the equations of motion of a flexible rotating machine 

supported on the R-FBI (model A2) can be derived 

n-2 n 
D R 

S R bRa bR" R b2RsR = xg PR sgnO. R)(g+ 11g 
i=4k-2 j=1 

(4.1)
n-3 n

REEYijgj 
i=4k -3 j=1 

AIR q + cR 4 + KR q = J R (ig(t),§ R(0, Yg (0) (4.2) 

where sR is the relative sliding displacement between the base mat of the rotating 

machine and the ground; q is the relative displacement vector of the rotating machine 

with respect to the ground; pR is the coefficient of friction of the isolators of the rotating 

machine; g is the gravitational acceleration; ig and yg are the horizontal and vertical 

ground accelerations, respectively. The mass, damping and stiffness matrices of the 
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Figure 4.1d Structure-fixed base and structure-isolator models 
considered for seismic response study 
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flexible rotating machine are expressed as MR ,CR and KR, respectively, which have the 

exactly same forms described in Chapter 2. The applied forcing function vector of the 

fR is slightly modified, because the element vector ofisolated rotating system 

transitional base acceleration a b(t) in equations (2.17 & 33) is replaced by 

yuR and the sign function+NR), Sig T . In equation (4.1), the coefficients , and 

sgn R(s R) are defined as 

m (4k-2)j ,R n1(4k-3)jaR 
5 

(4.3) , /
MR -F M bR MR 4- MbR 

+1 SR >0 
n-3 n  

Xg + CO:RS R E R (if  
i=4k-3 j=1  (4.4)sgn(SR) = n-2 n SR =:SR=O  

p R(g + + E E q j) 
Nij 

i=4k-2 

1 R <0 

where mR and mbR represent the mass of the rotating machine and the mass of the base 

mat, respectively. The subscript k and the upper limit of the summation n are the total 

number of nodes and the total degrees of freedom of the rotating shaft, respectively. 

According to the definition of the generalized coordinates q in equation (2.41), the mass 

of k th rotating shaft element corresponding to coordinate x- and y- directions due to unit 

acceleration of coordinate j can be expressed as m(k_3)jand mtak-2), respectively. The 
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natural circular frequency 0'bR of the base isolator and its effective damping ratio 4,R are 

defined as 

CbR kbR
2 (4.5)24Ra)bR ; wbR MR F MbR-""bR 

where cbR and kbR are the damping and the horizontal stiffness of the isolators of the 

rotating system, respectively. 

The deformation of the rotating machine is governed by equation (4.2) which is 

coupled with equation (4.1) through the inertial forces. These coupled differential 

equations are nonlinear dues to two possible phases of motion: a non-sliding phase and a 

sliding phase. In each phase the system is linear. The transition between sliding to non-

sliding is determined numerically. In the sliding phase, equations (4.1-2) govern the 

motion of the rotating system and its base. It should be noted that since the sign function 

sgnR ) in equation (4.1) doesn't change sign in this phase, the coupled set of equations 

(4.1-2) are linear. When the system is not sliding, 

(4.6) SR = 4 ° 

and the motion is governed by equation (4.2) only, with :s:R = 0 . 

In the non-sliding phase, the frictional force is greater than the total inertia force 

generated from the rotating machine-base mat system and therefore the friction plates 

stick to each other. The criteria for transition between the non-sliding phase and the 
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sliding phase depend on the relative values of the friction force and the inertia force of 

the rotating machine-base mat system. Therefore, the non-sliding phase continues as 

long as 

n-3 n n-2 n  

Xg + 0, E ruc (g E E AA) (4.7)
Ygb2RSR  

i=4k 3 j=1 i=4k 2 j=1  

As soon as the condition, 

n-3 n n-2 n  

E yiJgj = pR(g + Yg + E E Ac) (4.8)
C°12,12SR  

i=4k-3 j=1 i=4k-2 j=1  

is satisfied, sliding motion starts and the direction of sliding is given by equation (4.4) 

with SR =:SR = 0, which is the case of the model A1. 

The equations of motion of a flexible rotating machine supported on LRB system 

(model A2) are governed by equations (4.1-2) with pR = 0 . 

Natural periods of 3 to 4.5 sec. and about 2 sec. are commonly suggested for R-

FBI systems [32-34] and LBR systems [27, 37], respectively. The effective damping 

ratio of 0.08 is suggested for the R-FBI system. The effective damping ratio of the LBR 

system varies considerably with the strain of rubber. It may be as high as 0.3 for low 

strain but reduces to about 0.05 for high strain [45, 46]. In most cases, an intermediate 

value of 0.08 for the damping ratio is assumed for the LRB system. 
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4.2.2 Combined Rotating Machine-Structure-Isolator Systems 

The motions of a flexible rotating machine supported on a R-FBI system which are 

rigidly attached to a floor level in a base isolated multistory building (model B4) are 

governed by 

R 24RW bRSR bRS R	 (ig 4- :5:s ± 1:4N ) PR sgn(§R )(g Sig + 
n-2 n n-3 n (4.9)
E Efl:4;)- E E714j

i=4k-2 j=1 i=4k-3 j=1 

n-2 n 

Ss +24sepbsS s + C4.sgs = 1g Ps Sgn(S s)(g + j),g E Efli;4;)-
i=4k-2 j=1 

(4.10)
n-3 n 

-cr(1 N R) 
i=4k-3 j=1 1=1 

n-3 n 

Ms eiN Cs + e,N Ks u = + §s) 8,N Ms r(y/ R E Ey,(4.) (4.11) 
i=4k-3 j=1 

mR4+cR4+ leg = f R g(t),§ R(t),.5's(t),iipi(t),S g(t))	 (4.12) 

where delta functions Ea,/ and 8th, are defined as 

1 (i N) 0 (i * N) 
(4.13)eiN = 

= N)	 1 (i = N)
MR +MbR +MN 

and s., is the relative sliding displacement between the base mat of the building and the 

ground; r is a unit vector; u is the relative displacement vector between the base of the 
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building and the ground; 14, is the friction coefficient of the isolators of the building. 

The mass, damping and stiffness matrices of the multistory building are expressed as 

Ae,Cs and Ks, respectively. The applied forcing function fR is slightly modified, 

because the element vector of transitional base acceleration ah(t) in equations (2.17 and 

33) is replaced by [(kg + sR + Ns+ iiN),51g,0]7. . The subscript N and the upper limit of 

the summation 1 indicate the specified floor of the multistory building where the rotating 

machine is located, and the total number of floors in the multistory building, respectively. 

The coefficients y;,fl,si ,a:,cr, yi and the sign functions sgn(4) , sgn(ss) are defined as 

m(4k-3).iR I _ M(4k-3)j	 m (4k-2)j13; =; Yu 
MR + MbR + MN MMt 

M, M (4k-3)j MR + mbR a. =	 ; ; cr = (4.14) 
Mt M R M bR MN M 

A/1 = mR +mbR +mbs +Erni 
1 =1 

+1	 SR >0 
n-3	 n 

+N +a +co2 s +EIyqjg	 s N bR 
i=4k-3 j=1sgn(SR ) =	 sR =sR =0 (4.15)n-2	 n 

p R(g -1-11g + q .)  
i=4k-2 j=1  

1	 <0 
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+1 ss >0 
n-3 n 

sgn(s, ) = 
ig +WbsSs 

i=4k-3 j=1 
n-2 

i =1 

n 

001N + 
ss = ss = 0 (4.16) 

ps(g j.1 E Eig:i4j) 
i=4k-2 j=1 

1 

where mbs and m, are the mass of the base mat of the structural system and the mass of 

i th floor, respectively. The natural circular frequency of the structural base and its 

effective damping ratio are defined as 

Cbs 2 kbs24sCOhs = (4.17)
C1-)bs 

where cbs and kbs are the damping and the horizontal stiffness of the isolators of the 

multistory building, respectively. 

Deformations of the structure and the rotating machine are governed by equations 

(4.11 & 12), respectively. These equations are coupled with equations (4.9-10) through 

the inertial forces. Equation (4.9) governs both the sliding and non-sliding phases of the 

R-FBI of the rotating system. A similar criterion of transition has been described earlier. 

The non-sliding phase of the rotating system continues as long as 

n-3 n 
2

Xg SS fiN C1412SR E < PR (g EA%) (4.18)
i=4k 3 j=1 i=4k 2 j=1 
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As soon as the condition, 

n-3 n n-2 n 
2 

Xg fiN WbRSR E = PR (g E E ,6:4;) (4.19) 
i=4k-3 j=1 i=4k-2 j=1 

is satisfied, sliding motion of the rotating system starts and the direction of sliding is 

given by equation (4.15) with SR = sR = 0. When the rotating machine is not sliding, 

SR = SR = 0, the motion is governed by equations (4.10-12) with SR = SR = SR = 0, 

which is the case of the model B2 supported on the R-FBI system. 

Similarly, equation (4.10) governs both the sliding and non-sliding phases of the 

building. The non-sliding phase of the building continues as long as 

n-3 n n-2 n 

Xg yo qi + +6(Z N -FgR) (4.20)wbe's 
R.. </iR(g-F.Pg+ E EAR4,)

i=4k-3 j=1 i=1 i=4k-2 j=1 

As soon as the condition, 

n-3 n n-2 n 
R..j 

g wbe's + Lyji qi + Eajilj + o-(iiN + gR) = PR(g g E E /3:4) (4.21) 
i=4k-3 j=1 1=1 i=4k-2 j=1 

is satisfied, sliding motion of the building starts and the direction of sliding is given by 

equation (4.16) with Ss = ss = 0 . When the structural system is not sliding, Ss = ss = 0 , 

http:iR(g-F.Pg
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the motion is governed by equations (4.9, 11 and 12) with Ss = 0 , which is the case of the 

model B3 supported on the R-FBI system. 

When the rotating machine and the structural system both are not sliding, i.e., 

sR = SR = 0 and Ss = SS = 0 , the motion is governed by equations (4.11-12) with Ss = 0 

and SR = SR = SR = 0 , which is the case of model Bl. 

The equations of motion of models B2 through B4 supported on the LRB system 

are the same as those supported on the R-FBI system in the sliding phase with 

PR =Ps =0. 

4.2.3 Combined Structure-Isolator Systems 

The motions of a multistory building supported on a R-FBI system (model C2) are 

governed by 

Ns + 24scobs,Ns + co:sss = 1g ps sgn(Ss)(g + g) E a, (4.22) 
1.1 

Msu + Cs + Ksu = Ms r(ie + SS) (4.23) 

where a, and sgn(Ss ) are defined as 

m, 
(4.24) 

Mbs +E m; 
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+1 s >0 

g + cp2bs s s +Ece,ii; 
sgn(Ss) = i=1 

ps(g + yg) 
= = 0 (4.25) 

1 < 0 

The natural circular frequency of the base isolator, and its effective damping ratio are 

defined as 

Cbs 2 kbs24scobs (4.26); wbs 

Mbs Ern, Mbs E m, 
i.1 1.1 

Equation (4.22) governs both the sliding and non-sliding phases of the motion of 

the R-FBI system. Deformations of the building are governed by equation (4.23) which 

is coupled with equation (4.22) through the inertial forces. The non-sliding phase 

continues as long as 

zg (02s E aiiii (4.27)bs s < PS (g .Yg) 
1=1 

As soon as condition, 
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zg + w2bsss + E Ps(g g) (4.28) 
i =1 

is satisfied, sliding motion starts and the direction of sliding is given by equation (4.24) 

with = Ns = 0 . When the structural system is not sliding, Ss = SS = 0 , the motion isSS 

governed by equation (4.23) only, with Ns = 0 , which is the case of model Cl. 

The equations of motion of the model C2 supported on the LRB system are the 

same as that supported on the R-FBI system in the sliding phase with ,us = 0 . 

In the next chapter, both the isolated rotating machine and the multistory building 

will be investigated. Parametric studies to investigate the seismic response of various 

models and the efficiency of the R-FBI system with respected to various physical 

parameters using a Newmark-0 time integration scheme will be presented. 
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CHAPTER 5  

PARAMETRIC STUDY  

5.1 Modeling and Implementation 

As an example of seismic analysis, a stable rotating machine is shown in Figure 5.1. The 

physical properties of this model are provided in Table 5.1. The rotor is modeled using 

14 finite elements with a total 60 degrees of freedom. The bearings have stiffness and 

damping coefficients given by Lund and Tomsen [47] for elliptical bearings with L/D=1. 

A simple linear three-story building as shown in Figure 5.2 is employed as the structural 

model. For this model, it is assumed that the mass, column damping and column stiffness 

of various stories are identical. Explicit expressions of the mass, damping and stiffness 

matrices are given in the Appendix. The governing equations of motion for the rotating 

machine mounted on various isolated and fixed-base systems were provided in the 

previous chapter. 

In the fixed-base case, acceleration response of the floors varies gradually along 

the height of the structure with its maximum value at the top floor. In the isolated case, 

the magnitude of the peak acceleration response appears to be almost uniform among all 

floors. In order to predict the absolute maximum responses of the rotating machine in the 

combined rotating machine-structure-isolator system, the rotating machine is assumed to 

be located at the top floor of the structure. The response of the rigid disk, attached at the 

mid-length of the flexible rotating shaft, in the sliding direction is calculated to represent 

the response of the rotating machine. The first 20 seconds of the N-S and the vertical 

components of the El Centro 1940 earthquake are employed simultaneously as the ground 

excitation input in the sensitivity study presented below. The peak absolute acceleration, 
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Figure 5.1 Schematic of a rotor-disk-bearing model considered for seismic response 
study 
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Table 5.1 Physical and mechanical properties of the rotating machine 

Shaft :  
Modulus of elasticity, E = 2.078x1011N/m2  
Mass density, p = 7806 kg/m2  
Poisson's ratio, v = 0.3  
Revolutions per minute, CI = 880 rpm  

Rotor Disk :  
Disk mass, and = 5670 kg  
Transverse moment of inertia, Ix= 3550 kgm2  
Polar moment of inertia, Ip= 7100 kgm2  

Bearing System :  
Viscosity, p = 0.14839 Ns/m2  
Diameter of journal, D = 0.229 m  
Length of journal, L = 0.229 m  
Clearance, C = 3.8x104  
Weight on bearing, W = 67120 N  
LID ratio =1.0  

Bearing stiffness coefficients (N/m) at operating speed 880 rpm 

Icx= 0.18305x 109 K,= 0.37487x 109 

Kyx= 0.72481x109 Kyy = 0.10977x1010 

Bearing damping coefficients (Ns/m) at operating speed 880 rpm 

Cxx = 0.54139x107 Cxy = 0.17090x107 

Cyx = 0.17090x107 0.21294x 108 
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Figure 5.2 Parameters of a simple linear five-degree-of-freedom 
isolated structure for parametric study 
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the peak relative displacement, and the peak sliding displacement for the rotating 

machine and structures against structural period Ts are evaluated and discussed. For 

practical interests, the residual displacement, the cumulative sliding displacement and the 

peak relative-to-ground displacement of structure are also evaluated. 

In general, the equations of motion for a rotating machine supported on base 

isolators subjected to seismic excitation are quite complex. It is difficult to obtain closed 

form analytical solutions, therefore a numerical step-by-step approach such as the 

Newmark-0 integration scheme [48] is employed. To appreciate the accuracy of the 

numerical results, a step-by-step technique is also briefly described in this section. Based 

on the Newmark-13 scheme, a double precision Fortran routine is developed. The 

response of the R-FBI system is very sensitive to the transition times of sliding and non-

sliding phases. Precise evaluation of the time of phase transitions is crucial to the 

accuracy of the response analysis. This implies the digitized time step of At should be 

very small, since the phase change or reversal of sliding may occur more than once 

during the relatively small time step used for digitization of earthquake excitation (0.02 

sec.). To assure accuracy of the results, a time step of At = 0.02 /100 sec. is used during 

the continuous phases of motion away from the phase transitions; however, 

At = 0.02 /1000 sec. is employed near the times of phase transition and the times when 

sliding changes direction [18]. For the purpose of this study, the sliding velocities of the 

R-FBI system less than 0.001 millimeters are also assumed to be zero. According to this 

technique, the time of transition can be determined accurately, and based on the 

appropriated criteria, the equations governing the subsequent motions are specified. For 
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the LRB and the fixed-base (F-B) systems that have no phase transitions, a digitized time 

step of At = 0.02 sec. is sufficiently accurate to evaluate the responses. 

In the subsequent analysis, the rotating machine is operated at a constant angular 

velocity of 880 rpm. The structural natural period Ts is varied between 0.1 to 2.0 sec. to 

cover the range of stiffness to flexible structures. The recommended natural periods Tb 

of 4.0 and 2.0 sec. are used for the R-FBI system [32-34] and the LRB system [27, 37], 

respectively. The damping ratios of structures and the damping ratios of base for the 

rotating machine and structures 4, are 0.04, 0.08 and 0.08, respectively. Friction 

coefficients pbR and ph, = 0.07 are used for both the base isolators of the rotating 

machine and of the structure. The mass ratio values of the rotating machine mat, floor 

and structural mat to the rotating machine, mbR / MR,M, / MR,Mbs / MR 5 of 1, 2 and 3 are 

specified, respectively. Unless stated otherwise these parametric values are employed 

throughout this study. 

5.2 Sample Response and Response Spectra 

The characteristics of acceleration response time histories of the rotating machine and 

structure for various isolated systems and for the fixed-base one are quite different. In 

certain respects, these characteristics are important for performance analyses of base 

isolation systems. Prior to analyzing peak responses of the rotating machine and the 

primary structure under different conditions, it is desirable to examine the response time 

histories in order to identify the behaviors of the base isolated systems. In this section, 

several model response time histories and their Fourier spectra are presented and 

discussed. 
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Figures 5.3-6 show the time histories of disk absolute accelerations of the rotating 

machine (located on the top floor of the structure) for various isolated and fixed-base 

systems. Figure 5.7 shows the sample absolute acceleration time histories at the top floor 

of the structure for various isolated and fixed-base structures. From these figures, it is 

noticed that the rotating machine and the structural models for the fixed-base system 

generally amplify the ground acceleration, while the base-isolated systems significantly 

reduce the ground acceleration transmitted to the systems. For illustration purpose, the 

disk acceleration response of the rotor-isolator-structure and the rotor-structure models 

are compared (Figure 5.5). It can be observed that, for the R-FBI system, which has a 

peak ground acceleration of 0.146g, the reduction factor is 2.12. For the LRB system, 

which has a peak acceleration of 0.273g, the reduction factor is 1.27, and for the F-B 

system, which has a peak ground acceleration 1.154g, there is an amplification factor of 

3.32 on the acceleration response. 

From Figures 5.3-6, it is observed that the disk acceleration response of the 

rotating machine shows a rather high frequency but low amplitude for the R-FBI system 

but a rather smooth low amplitude for the LRB system. This is because the acceleration 

response time histories of a system with friction-type isolator contain many high 

frequency sharp peaks due to discontinued forces generated by the nonlinear stick-slip 

and slip-reversal transitions (i.e., stick-slip friction action) on the base isolators. Note 

that the disk acceleration time history of the rotating machine supported on the R-FBI 

system rigidly attached to the ground (Figure 5.3a) varies more rapidly (i.e. has a strong 

high frequency component) compared to all other cases. These cases include those of a 

rotating machine supported on the LRB system rigidly attached to the ground (Figure 



-
-

-
-

73 
(b) 

20 
20 

and 

rotor-R
FB

I 

15 
15	 

(a) 

the 

for 

(sec) 

10 
10 

Tim
e 

acceleration 

absolute 

5 
disk

5 
of 

I 
histories 

0
-

0
-

-
-

-
-

-
-	

Tim
e 

m
odels 

0.5 
0.4 

0.3 
0.2 

0.1
0 

0.5 
0.4 

0.3 
0.2 

0.1 
-0.1 

-0.2 
-0.3-

-0.4 
-0.5	 

5.3 

on co 
.5 

c..)uc9 
(I) 7 

...., 

Figure 
rotor-LR

B
 



A
bs

ol
ut

e 
ac

ce
le

ra
tio

n 
(g

) 
A

bs
ol

ut
e 

ac
ce

le
ra

tio
n 

(g
) 

6 in
 

0 
, 

J
l
 

O
 



01
2 

A
bs

ol
ut

e 
ac

ce
le

ra
tio

n 
(g

) 
A

bs
ol

ut
e 

ac
ce

le
ra

tio
n 

(g
)

cr
 P

t) 

51-
1 

is
 

t
o

O
 

v
1
 
 

1
0 

O
O
 

en
 

ce
. 

C
D

 0
 

(1
1

0 
el

 
cn

 
C

D
 

pT
 

rn
 
0 O

 

...
...

...
. 

0 
C

Dco
  

co
  

O
 

O
P°

  
O

  

O
O

 

C
D
 
 

11
7,

' 
.1

 ..
...

. 
O
 
 

O
 
 

'1
1 

pa
 

O
C
 
 

_ 
...

...
 

O
O

 
0 I  CD  



A
bs

ol
ut

e 
ac

ce
le

ra
tio

n 
(g

) 
A

bs
ol

ut
e 

ac
ce

le
ra

tio
n 

(g
) 

6
JI

 
cI

 

g 
a a 

...
 I 

a 
11

11
F.

a a 4 I. 

...
.. 



A
bs

ol
ut

e 
ac

ce
le

ra
tio

n 
(g

) 
A

bs
ol

ut
e 

ac
ce

le
ra

tio
n 

(g
) 

8 
cb

 
i
n

o
 

L
i
 
 

...
a.

 
...

.. _,
.. 

tr.
 

...
 .

7.
...

...
...

...
...

...
. 

:::
.: 

: 7
: .-

_ 
.. 

..7
1 :IL

I'. . 
.::

:..
..r

...
...

7.
...

...
:::

:..
..:

:  

_r
-

.. 
-

: .
1 

...
.-

:-.
...

. :
:..."

 
..:

:::
: 

.. 
..,

an
a-

7.
-

b.
. 

.1
1 

-..
...

1
nr

.-.
7.

...
..:

-..
.. 

2.
. -

..-
-::

:::
:: 

_ 
. 

.:-
.1

.:,
.:-

...
::.

 

O
 



78 

5.3b). Those of a rotating machine rigidly attached to the top of a structure with R-FBI 

(Figure 5.4a) and with LRB isolators (Figure 5.4b). Those of a rotating machine 

supported on R-FBI (Figure 5.5a) and LRB (Figure 5.5b) located at the top of the non-

isolated structure. And finally those of a rotating machine supported on R-FBI (Figure 

5.6a) and LRB (Figure 5.6b) located at the top of the isolated structure. This is because 

the high frequency content of the acceleration of the seismic excitation is filtered out 

more effectively through the LRB base-isolation system, and reduced through the 

structural dynamic response. 

The absolute acceleration time histories of the structure at various floors for the 

structure-RFBI and the structure-LRB models are shown in Figures 5.8 and 5.9, 

respectively. The ground acceleration time history shown by the dashed line is also 

plotted in these figures for reference. Notice that for the R-FBI system in Figure 5.8, as 

the accelerations transmitted through floors, the magnitude increases and the dominate 

frequency decreases with increasing floor level due to the modal amplifying effects of 

structure. For the LRB system (Figure 5.9), it is observed that the magnitude and 

frequency content of the acceleration response remain unchanged with floor level. 

Referring to equation (3.17), this implies the structure vibrates essentially in a rigid-body 

mode. 

Fourier spectra of the acceleration response for the rotating machine and the 

various floors of the structural model are shown in Figures 5.10-13 and Figures 5.14-15, 

respectively. Figure 5.10 displays the Fourier spectra of the disk acceleration response of 

the rotor-isolator and rotor-FB models. Note that the disk acceleration responses of the 

R-FBI and F-B systems contain many high frequency components generated by the 
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discontinuous shock loading due to sliding and sticking as well as the random seismic 

excitation. The figure also shows that significant energy is transmitted into the rotating 

machine at around 0.5 Hz, which corresponds to the natural frequency of the LRB 

isolator. For this system, all high frequency components are filtered out by the LRB 

isolator. Figures 5.11-13 display the Fourier spectra of disk acceleration responses for 

the rotor-structure-isolator (model B2), rotor-isolator-structure (model B3) and rotor-

isolator-structure-isolator (model B4) models. Corresponding fixed-base cases are also 

plotted in these figures for comparison. Note that the seismic isolation systems 

efficiently control and significantly reduce the seismic energy transmitted into the 

rotating machine. In addition, the rapid amplitude variations and high frequency 

components in the R-FBI and the LRB systems are modified to a single dominant 

frequency through the structure, while they are modified into two dominant frequencies 

in the rotor-isolator-LRB model. The Fourier spectra of the acceleration response of 

structure at various floors for the R-FBI and LRB systems are shown in Figures 5.14 and 

15, respectively. The acceleration responses of structure for the R-FBI system have 

broad band spectra and contain high frequency components. As the acceleration is 

transmitted to the higher floors of the R-FBI system, the energy content at the high 

frequency range (4-7 Hz) remains unchanged, while the energy content increases 

significantly with floor level at the low frequency range (1-3 Hz). The Fourier spectra for 

the LRB system have a dominant peak at the natural frequency of the base isolator and do 

not have high frequency components. It is also observed that the Fourier spectra of 

various floors are almost identical, which implies that the structure at the upper levels 

respond essentially as rigid bodies with little participation of its own structural modes 
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(higher than 1 Hz). This characteristic feature results in another advantage of the system 

in that the horizontal acceleration induced in a structure is essentially uniform over the 

entire height of the structure. 

5.3 Sensitivity Study 

It is important to understand the sensitivity of the peak responses of isolated systems to 

variations in the physical parameters of the isolators and structures. In the following, 

parameters including friction coefficient, damping ratio, mass ratio, ground motion 

excitation intensity, as well as shaft flexibility, bearing rigidity and rotating speed of the 

rotating machines are varied. The peak acceleration response and peak relative 

displacement response of the base isolated systems and the fixed-base ones are evaluated 

and their sensitivities are analyzed. Other response quantities of special interest such as 

sliding displacement, residual displacement, cumulative displacement and relative-to-

ground displacement are also evaluated. 

5.3.1 Effect of Varying Friction Coefficient 

In this section, the effects of variations in friction coefficient of the various base-isolated 

systems on the peak responses and other response quantities of the rotating machine and 

structural models are investigated. The responses with respect to friction coefficient are 

plotted against structural period Ts and shown in Figures 5.16-29. In this study, five 

particular friction coefficients p = ps = pR =0.01, 0.05, 0.10, 0.15 and 0.20 of the R-FBI 

system are employed. The damping ratios are s =0.04 and bR = bs =0.08; and the mass 

ratios mbR / MR 9 rni / MR 9 Mbs / MR 5 
are 1, 2 and 3, respectively. Corresponding responses 

for the LRB and fixed-base systems are also plotted in the figures for comparison. 
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The peak acceleration spectra for the rotating machine and structural models 

rested on the various isolated systems are shown in Figures 5.16-18 and Figure 5.19, 

respectively. Note that the spectral response of the base-isolated system appears to be 

almost independent of the frequency of excitation, especially for smaller friction 

coefficients of the R-FBI system. The smaller the friction coefficient, the greater the 

reduction in the rotating machine and the structure responses. In most instances, the level 

of responses of the rotating machine and the structural models for the isolated systems 

(rotor-structure-isolator, rotor-isolator-structure and rotor-isolator-structure-isolator 

models) are considerably lower than those of the corresponding fixed-base ones. 

However, Figures 5.17-18 show that there are several exceptions where the responses of 

the rotating machine in the isolated systems exceed the rotating machine response in the 

fixed-base ones. This occurs at PR = 0.20 and T.s. = 0.5, 0.8-1.2 sec.; pR = 0.15 and 7; = 

0.6, 1.0-1.3 sec. for the rotor-isolator-structure model. Similar exceptions occur at 

pR = ,us = 0.20 and 0.15 for the rotor-isolator-structure-isolator model. This is due to the 

nonlinear stick-slip friction action of the R-FBI system imparting significant energy into 

the rotating machine. In addition, the interaction between the rotating machine and its 

base isolator contributes significantly to the amplifications in structure response if the 

masses of the rotating machine and their bases are relatively large. However, 

amplifications in these particular regions could be reduced as friction coefficient is 

reduced. Furthermore, the performance in reducing acceleration response of the rotating 

machine of the rotor-isolator-structure and the rotor-isolator-structure-isolator models is 

better than that of the rotor-structure-isolator model in the lower structural period region 

< 0.5 sec.). 
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The peak relative displacement spectra of the rotating machine and the structural 

models resting on the various isolated systems are shown in Figures 5.20-22 and Figure 

5.23, respectively. As expected, the disk relative displacements (i.e., the displacement of 

the rigid disk relative to the undeformed shaft) of the rotating machine rested on various 

isolated systems are much lower than those of the corresponding fixed base ones, 

especially for smaller friction coefficients of the R-FBI system. As expected, Figures 

5.16-18 show that the rotating machine rested on the various isolated systems are 

subjected to much lower acceleration than the corresponding fixed-base ones. The lower 

level of the relative displacements implies lower level of deformations in the rotating 

machine, i.e. deformation that may be much lower than the damage threshold of the 

rotating machine. The same conclusions can be made for the relative displacements of 

the structure, i.e., the displacements of the top floor relative to the foundation mat of the 

structure. 

Figures 5.24 and 25 represent the peak sliding displacement spectra of the rotating 

machine for the rotor-RFBI-structure and the rotor-RFBI-structure-RFBI models 

subjected to the El Centro ground motions, respectively. For the spectra of the rotor-

RFBI-structure model shown in Figure 5.24, in general, the maximum response of the 

sliding displacement of the rotating machine decreases with increasing friction 

coefficient. This observation is consistent with that of a multistory building supported on 

a R-FBI subjected to harmonic excitation as reported by Mostaghel et al [49]. This is due 

to the fact that the input motion at the support of the R-FBI of the rotating machine 

resembles that of a harmonic excitation because the structure serves as a narrow-band 

linear filter to the random earthquake excitation. However, for the peak sliding 
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displacement of the rotating machine for the rotor-RFBI-structure-RFBI model, the 

maximum response appears to vary randomly, no systematic trend can be observed 

(Figure 5.25). This high degree of randomness is caused by nonlinear stick-slip friction 

action (which has a large energy at the high frequency range) at the structural base 

isolator. 

Neglecting the interaction between the rotating machine and structure, the peak 

sliding displacement spectrum of the structure is shown in Figure 5.26. It is observed 

that maximum sliding displacement of the structure decreases with increasing friction 

coefficient in general. However, there is a significant amount of overlapping among the 

various responses due to the highly nonlinear stick-slip friction action at the structural 

base. However, as noted from Figure 5.27, the cumulative absolute sliding displacement 

of the structure during the ground motion excitation has a consistent trend, namely, the 

cumulative sliding displacement decreases with increasing friction coefficient. 

For practical interests (such as structures with piping systems connected to the 

ground) the peak relative-to-ground displacement spectrum of the top floor is given in 

Figure 5.28. Observe that the presence of the R-FBI at base of the structure, in addition 

to controlling the level of forces transmitted to the superstructures, it also limits the 

relative sliding displacement. In general, the relative-to-ground displacement decreases 

with decreasing friction coefficient. Note also that the relative-to-ground displacement of 

the LRB system is larger than that of the fixed-base case and the R-FBI system at Ts < 

1.1 sec. As shown in Figure 5.29, the residual sliding displacement of structure, that is, a 

permanent offset between the sliding parts may result after an earthquake, is of practical 

interest for any later re-centering operation. This is a disadvantage for the most friction 
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type base isolators. However, it can be observed that the off-centering is often negligible 

in most of the cases. 

The seismic responses of the rigid disk of the rotating machine for the rotor-

isolator and rotor-FB models are given in Table 5.2. For the R-FBI system, it can be 

observed that the disk acceleration response and the disk relative displacement of the 

rotating machine decrease with decreasing friction coefficient. Also, the base sliding 

displacement and the relative-to-ground disk displacement decrease with increasing 

friction coefficient. In addition, the performance of the LRB system, as expected, is also 

better than the fixed-base one. 

5.3.2 Effect of Varying Damping Ratio 

The effects of variations in damping ratios bR bs of the base isolation system for the 

rotating machine and structure, as well as structural damping ratio on the peak 

responses are investigated in this section. The damping ratios considered vary from zero 

to 0.4 to cover the practical range of bR bs and The natural periods 7, of the 

structure and the natural period of the structural base isolation of the R-FBI and the LRB 

systems are 0.3, 4.0 and 2.0 sec., respectively. The friction coefficients of the base 

isolators of the rotating machine and the structure, pbR and pbs , are assumed to be 0.07. 

The mass ratios mbR mR , m MR1Mbs / mR of 1, 2, 3 are specified. The peak responses of 

the system with respect to specified structural natural frequency, friction coefficient and 

mass ratio are plotted against damping ratio as shown in Figures 5.30-37. 

Figures 5.30-31 show the peak disk acceleration responses versus bR (4s = 0.08 

and s = 0.04) and bs (4R = 0.08 and s = 0.04) for various isolated systems, 
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Table 5.2 The seismic responses of the rotor-isolator and rotor-FB models with respect to 
friction coefficient 

Absolute Relative to Base Relative 
acceleration of 

disk (g) 
ground 

displacement of 
displacement 

(m) 
displacement of 

disk (mm) 
disk (m) 

F-B 0.37366 0.00017 --- 0.17008 

LRB 0.15837 0.22593 0.15395 0.07416 

R-FBI 
(2=0.20) 0.41673 0.00552 0.00541 0.16882 

R-FBI 
(g=0.15) 0.30761 0.01157 0.01150 0.13429 

R-FBI 
(p=0.10) 0.27463 0.02085 0.02081 0.11636 

R-FBI 
(IA=0.05) 0.13111 0.02437 0.02435 0.05593 

R-FBI 
(1A=0.01) 0.05005 0.09663 0.09661 0.02186 
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respectively. For the R-FBI systems, observe that the peak disk acceleration responses 

fluctuate in the low damping ratio region, but in general tend to increase slightly with 

increasing bR and bs for the rotor-RFBI-structure and rotor-RFBI-structure-RFBI 

models, while the responses increase constantly with increasing bR for the rotor-RFBI 

model. However, the peak disk acceleration response for the rotor-structure-RFBI model 

increases only slightly with increasing bs . This is due to the fact that acceleration input 

generated from structure-RFBI system is insensitive to variation in damping ratio of the 

isolation system. For the LRB systems, observe that the peak disk acceleration responses 

first decrease with increasing bR and bs in the low damping ratio region, and remain 

practically constant in the mid damping ratio region, and increase slightly with increasing 

and in the higher damping ratio region. This is because increasing the dampingbR bs 

ratio increases the capacity of energy dissipation of the isolators; however, for very large 

damping ratios, the isolators become rather stiff and the transmitted energy increases. 

The peak top floor acceleration response of the structure for the R-FBI and LRB 

systems versus bs (s = 0.04) are shown in Figure 5.32. Observe that the peak 

acceleration response of the structure for the R-FBI and LRB systems, in general, are 

insensitive to variation in 4, . However, the response for the LRB system fluctuates for 

bsbs < 0.1 and then slightly increases as increases. 

bRThe peak base displacement responses of the rotating machine versus 

(bs = 0.08 and = 0.04) and of the structure versus bs (m = 0.08 and = 0.04) for 

various isolated systems are shown in Figures 5.33-34, respectively. Note that the base 

displacement responses for the LRB systems decrease as bR and bs increase. For 
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examples, the peak base displacement response for the rotor-LRB-structure-LRB model 

decreases from 0.37 m. to 0.17 m. with increasing bR from zero to 0.4 (Figure 5.33); 

and for the rotor-structure-LRB model the peak response decreases from 0.21 m. to about 

0.10 m. with increasing bs from zero to 0.4 (Figure 5.34). The R-FBI systems are 

insensitive to variations in and cbs , leading to almost constant peak base1,1? 

displacement response for entire range of damping ratio considered, except for a discrete 

bs = 0.24 for rotor-RFBI-structure-RFBI model (Figure 5.34).jump (downward) at 

The peak base displacement responses of the structure for the R-FBI and LRB 

systems versus bs = 0.04) are also shown in Figure 5.35. Observe that the peak 

base displacement response for the LRB isolation system first is fluctuates for bs < 0.1 

increases. However, the peak base displacement response for1).rand then decreases as 

the R-FBI system is insensitive to variations in bs . 

The effects of variations in structural damping ratio s ( bR = = 0.08) on peak 

responses for various isolated systems and fixed-base ones are shown in Figures 5.36-37. 

Figure 5.36 shows the peak disk acceleration responses of the rotating machine supported 

on the various isolated systems versus . It is observed that the peak disk acceleration 

while thoseresponses for the rotor-structure-RFBI model decrease with increasing 

for the rotor-RFBI-structure and rotor-RFBI-structure-RFBI models fluctuate slightly as 

s 
varies. The peak disk acceleration response for the rotor-LRB-structure-LRB model 

is insensitive to variation in 4s and lead to a roughly constant peak acceleration response. 

However, for the responses the rotor-LRB-structure and the rotor-structure-LRB models, 
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the peak disk acceleration responses decrease slightly with increasing in the low 

damping ratio region, and tend to become roughly constant in the mid and high damping 

ratio regions. Thus, variations in structural damping ratios have negligible effects on the 

peak acceleration response for the LRB systems compared to the R-FBI systems. Figure 

5.37 shows the peak top floor acceleration responses of the structure for the R-FBI, LRB 

and F-B systems versus = 0.08). Observe that the peak acceleration responses of 

the structure for the R-FBI and fixed-base systems decrease as increases, while that of 

the structure for the LRB isolation system remain constant throughout the entire range of 

considered. The peak absolute acceleration responses of the structure for the fixed-

base are much higher than those for the R-FBI and LRB systems for the entire range of 

considered and have varies significantly between = 0.02 and = 0.04 . 

5.3.3 Effect of Varying Mass Ratio 

The sensitivity of the peak responses of the rotating machine and the structure for various 

isolated systems to variations in the mass ratios, mbR mR,m, /MRIMbs / MR, are studied 

next. The natural periods of the structure and structural base for the R-FBI and the LRB 

systems are 0.3, 4.0 and 2.0 sec., respectively. The friction coefficients of base isolator 

PbR and pbs of 0.07 are considered. Based on an extensive numerical study, in general, 

there are no noticeable changes in the peak responses of the rotating machine and 

structure as the mass ratios vary except for the fixed-base case. Hence, only some 

important characteristics of system responses are illustration. The peak absolute 

acceleration responses and the peak relative displacement responses of the rotating 
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machine for various isolated systems, as well as the peak base displacement responses of 

the structure for different mass ratios are shown in Figures 5.38-42. 

The peak absolute acceleration responses of the rotating machine for various 

isolated systems are shown in Figures 5.38-40. Observe that the peak acceleration 

responses of the rotating machine for the rotor-RFBI-structure and rotor-RFBI-structure-

RFBI models fluctuate slightly as the mass ratio mbR / mR increases. This is due to the 

stick-slip friction action on the base isolation systems. From Figures 5.38 and 40, it can 

be observed that the peak acceleration of the rotor-structure-RFBI model decreases 

slightly with increase in the mass ratio for mbR ImR > 1.0 (m1 / mR = 2; mbs / mR = 3), 

but increases slightly with increasing mass ratio for mbs / mR > 1.0 (m; / mR = 2; 

mbR mR =1). The peak accelerations for all other isolated systems, in general, appear to 

be insensitive to variations in the mass ratios. Figure 5.40 shows that variations in the 

mass ratio, Mbs / MR 9 
do not affect the peak acceleration of the rotating machine for the 

cases of fixed-base structure. 

Figure 5.41 shows the peak relative displacement responses of the rotating 

machine as a function of mass ratio mbs / mR . Observe that the peak relative 

displacement responses of all systems remain roughly constant for the entire range of 

considered. The exceptions are the peak relative displacement for the rotor-Mbs I MR 

structure-RFBI model, which increases slightly with mbs / MR' as well as that for the 

rotor-RFBI-structure-RFBI model, which fluctuates slightly with mbs / MR Note that 

there is no influence on the relative displacement response for the case of fixed-base 
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because the base of the structure is firmedstructure due to variations in mbs / mR , 

attached to the ground. 

Figure 5.42 shows the peak base displacement responses of the structure for 

various isolated systems versus the mass ratio mbs / mR . It is observed that the peak base 

displacement responses for the R-FBI systems fluctuate with mbs / mR , but those for the 

LRB systems are insensitive throughout the entire range of mbs / mR considered. 

Tables 5.3-4 show the peak responses for the rotor-RFBI and rotor-LRB models 

with respect to the mass ratio mi. / mR respectively. It is observed that the peak absolute 

acceleration, relative-to-ground displacement and relative displacement responses of the 

rotor-RFBI are insensitive to variations in mbR / mR while these peak responses of the 

rotor-LRB model increases slightly with an increasing in mbR / mR . However, the base 

displacement responses for the rotor-RFBI and rotor-LRB models are insensitive to 

variations in mbR /m, . 

For light internal equipment, the influence of the presence of the equipment on the 

structure-isolator systems may be negligible. This implies that the interaction between 

the rotating machine and the structure-isolator system may be neglected. Hence, the 

dynamic response of the structure-isolator system can be analyzed separately, decoupled 

from the dynamic response of the rotating machine. The top floor acceleration response 

of the structure can then be used as the base excitation input in the dynamic analysis of 

the rotating machine. To investigate the interaction effect between the rotating machine 

and the structure-isolator systems, the dynamic responses of the rotating machine with 

varying mass ratio m, /mR are examined. For this study, the mass ratios mbs /mi and 
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Table 5.3 Seismic responses of the rotor-RFBI model with respect to mass ratio 
(mbR /mR) 

Absolute Relative to Base RelativembR imR 
acceleration of ground displacement displacement of 

disk (g) displacement of (m) disk (mm) 
disk (m) 

0.5 0.19997 0.02248 0.02245 0.07932 
1.0 0.18565 0.02280 0.02277 0.08096 
1.5 0.19187 0.02246 0.02243 0.08342 
2.0 0.19497 0.02251 0.02248 0.08780 
2.5 0.19728 0.02178 0.02175 0.08936 
3.0 0.19980 0.02188 0.02186 0.09026 
3.5 0.20574 0.02243 0.02240 0.09077 
4.0 0.20663 0.02240 0.02237 0.09104 

Table 5.4 Seismic responses of the rotor-LRB model with respect to mass ratio 
(mbR /mR) 

Absolute Relative to Base RelativembR / mR 
acceleration of ground displacement displacement of 

disk (g) displacement of (m) disk (mm) 
disk (m) 

0.5 0.15822 0.22487 0.15396 0.07249 
1.0 0.15837 0.22593 0.15395 0.07416 
1.5 0.16152 0.22736 0.15394 0.07551 
2.0 0.16448 0.22851 0.15394 0.07673 
2.5 0.16691 0.22935 0.15394 0.07771 
3.0 0.16901 0.23001 0.15394 0.07854 
3.5 0.17082 0.23046 0.15394 0.07924 
4.0 0.17240 0.23082 0.15394 0.07833 
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mbR MR are assumed to be 1; the structural natural period is 0.2 sec.; the friction 

coefficients pbR and Pbs are 0.07 for both the base isolators of the rotating machine and 

of the structure. The ratios of peak acceleration response of the rotating machine 

subjected to the top floor acceleration response input (i.e., the decoupled response) to the 

corresponding peak acceleration response of the rotating machine of the fully coupled 

rotating machine-structure-isolator system with mass ratios m, /mR of 1, 10, 100 and 

1000 are presented in Table 5.5. Observe that, as the mass ratio (mi / mR ) increases, the 

ratio of the peak disk acceleration response between uncoupled and coupled systems 

approaches unity. This indicates that the "error" due to neglecting the coupling effect 

decreases as the mass of the rotating machine becomes relatively small compared to the 

mass of the total system. Hence, as expected, for light equipment the top floor 

acceleration response may be used as the excitation to the rotating machine to simplify 

the dynamic analysis. It is interesting to note that the decoupled peak response 

consistently over estimates the "true" (coupled) peak response of the rotating machine. 

This is due to the fact that the presence of the rotating machine shifts the dominant 

frequency of the combined structural system towards the dominant frequency of the 

ground excitation. 

5.3.4 Effect of Varying Ground Motion Excitation Intensity 

To understand the effects of increasing ground excitation intensity on the performances 

of the base isolation systems, the horizontal component of El Centro 1940 earthquake is 

magnified by a factor of three as the ground excitation input. The vertical component and 

the frequency content of the ground excitation are assumed to be unchanged. The rotor-
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Table 5.5 Ratios of peak disk acceleration responses (g) subjected to the top floor 
acceleration response input (decoupled) to the corresponding response of the complete 
(coupled) system (mt. /m, = 1, mut /mR = 1) 

mi imR = 1 10 100 1000 

rotor-structure-
FB 1.351 1.047 1.032 1.001 

rotor-structure-
RFBI 1.045 1.037 1.008 1.001 

rotor-structure-
LRB 0.947 0.973 0.998 1.000 

rotor-RFBI-
structure 1.287 1.044 1.037 1.005 

rotor-LRB-
structure 1.094 1.016 1.002 1.000 

rotor-RFBI-
structure-RFBI 1.087 1.056 1.003 1.000 

rotor-LRB-
structure-LRB 1.590 1.035 1.006 1.001 
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structure-isolator model is used as an illustration and the friction coefficient for the R-

FBI structure pi. = 0.1 is used. The ratios of peak acceleration and peak relative 

displacement responses of the rotating machine under the magnified ground excitation 

input to the corresponding responses under the original "unscaled" ground excitation 

input for the isolated and fixed-based structures are evaluated and discussed. 

The spectra of the peak disk response ratios for the R-FBI, LRB and fixed-base 

structures against the structural period 7's under magnified El Centro 1940 earthquake are 

shown in Figures 5.43-44. Observe that as the intensity of the ground excitation is triple, 

the peak disk responses for the LRB and fixed-base structure increase by a factor of about 

3 at Ts between 0.1 and 1.4 sec., and then gradually decreases to about 2 around Ts = 2 

sec. For the rotor-structure FB model, the response ratio fluctuates between 1.5 and 3, 

with the low values concentrated in the mid structure period region. For the rotor-

structure-RFBI system, the response ratio increases from 1.5 to 2.5, then decreases to 

about 0.9, and finally increases to about 3.5 as the structural period increases from 0.1 to 

2. These variations are induced by complex nonlinear behaviors in the rotating machine 

and the base isolators. No specific trends are observed. 

Based on the results presented above, it may be concluded that the R-FBI system 

is relatively insensitive to variations in the intensity of ground excitation in the short 

structural period region, but sensitive in the long structural period region. For the LRB 

system, the increase in peak disk responses is comparable to the increase in the 

magnitude of ground excitation. 

Another particular interest is the influence of the vertical ground excitation input, 

yg , on the peak horizontal and vertical disk responses (4x, and 4,,,. ) of the 
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combined rotating machine-isolator and the combined rotating machine-structure-isolator 

systems. To determine the influence of the vertical excitation input, the peak disk 

acceleration responses of various isolated systems subjected to ground excitation with 

and without vertical component are examined and compared. The horizontal component 

of the ground excitation is assumed to be unchanged. The structural natural period is 

specified as 0.2 sec. Friction coefficients IUbR and ,u = 0.07 are used for both the base 

isolators of the rotating machine and of structure. The mass ratio values of the rotating 

machine mat, floor and structural mat to the rotating machine, mbR I MR m1 I MR nibs I MR 2 

of 1, 2 and 3 are specified, respectively. 

Table 5.6 shows the influence of the vertical ground excitation input on the peak 

disk absolute acceleration responses of the rotating machine in the x- and y- directions for 

various isolated systems. By comparing the peak disk horizontal response tabulated for 

the various models (1st and 2"d column), it is observed that inclusion of the vertical 

component in the ground excitation input does not significantly affect the peak disk 

acceleration response. Thus, the vertical ground excitation input may be negligible 

without losing accuracy in most cases. By comparing the peak vertical response of the 

various models (3rd column), it is also observed that inclusion of a base isolator does not 

significantly reduce the peak disk acceleration response in the y- direction. This is 

because the base isolation device is designed to reduce only the transmission of 

horizontal acceleration into a system. Note that the small disk acceleration response in 

the y- direction occurs even without vertical ground excitation input (4th column). This 

response is induced by the "internal-excitation" of the rotating machine due to the 

flexible shaft spinning at constant rotating speed. 
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Table 5.6 Influence of the vertical ground excitation (yg ) on the peak disk absolute 
acceleration responses (g) in the x- and y- directions for various isolated systems 

4x m a x (Y ; °) 4x m a x ( Yg = (:)) 4y max (I 1g °) '4y max ( ..);g = °) 

rotor-FB 0.37102 0.37583 0.56752 0.05003 

rotor-RFBI 0.19013 0.18716 0.56356 0.03268 

rotor-LRB 0.15837 0.15703 0.56348 0.00014 

rotor-structure-
FB 1.39747 1.39663 0.55840 0.00012 

rotor-structure-
RFBI 0.35825 0.35876 0.55840 0.00012 

rotor-structure- 
LRB 0.17406 0.17254 0.56749 0.00001  

rotor-RFBI-
structure 0.19519 0.18804 0.56319 0.02106 

rotor-LRB-
structure 0.19333 0.19199 0.56333 0.00001 

rotor-RFBI-
structure-RFBI 0.15007 0.14615 0.56303 0.01084  

rotor-LRB-
structure-LRB 0.30126 0.30046 0.56633 0.00001  
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5.3.5 Effect of Varying Shaft Flexibility or Bearing Rigidity 

Effects of variations in shaft flexibility or bearing rigidity of the rotating machine on the 

response of the disk for the rotor-isolator-structure model are shown in Figures 5.45-46. 

The speed of rotation and the friction coefficient for the R-FBI rotating machine are 880 

rpm and 0.1, respectively. Note that increasing the flexibility of the shaft or decreasing 

the rigidity of the bearing, as expected, increases the peak disk absolute acceleration 

responses of the R-FBI and LRB systems for the particular isolated system considered. It 

is also noted that the effect of decreasing the rigidity of the bearing for the R-FBI system 

is much larger than that for the LRB system at Ts < 1.2 sec., but the influence is reversed 

at Ts > 1.4 sec. 

5.3.6 Effect of Varying Rotation Speed 

The natural frequency of the rotating system for a given constant speed of rotation can be 

obtained from the homogeneous equations of motion. An eigenvalue analysis of the 

equations of motion can be used to identify the critical speed at which the motion of a 

rotor will become unbounded. 

The complex nonlinear eigenvalue problem associated with the rotating machine 

resting on the various isolated systems is 

(M.17 +C.1+K)x= 0 (5.1) 

where A is an eigenvalue of the system and x is the corresponding eigenvector. This 

complex eigenvalue problem can be converted to a linear problem by introducing an 
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additional unknown eigenvector y and solving the 2N x 2N eigensystem (where N is 

the degree of freedom), 

[2 (5.2)Ile K MI 'cl[yl /1[1 

where M , C and K are the mass, damping and stiffness matrices of the complete 

system, respectively; and / is an identity matrix. The complex eigenvalues provide 

complete information about the system frequencies 0) and corresponding modal 

damping ratio )6' , i.e. 

Re(2) (5.3) 

The primary cause of the instability of the rotor is the asymmetric coefficients in the 

stiffness matrix due to the presence of the fluid-film bearings. If the motion of the rotor 

is stable, the real part of all the eigenvalues must be non-positive, which implies that the 

modal damping ratios are zero or negative. To obtain the rotation speed at which the 

rotor becomes unstable, one can examine the largest real part of the system eigenvalues 

against the rotating speed. 

Variations in the largest real part of the system eigenvalues with respect to 

rotation speed are shown in Figures 5.47-49. These figures are obtained based on the 

assumption that the base isolators are in the sliding phase hence the sign functions, 
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sgn R (SR ), sgns(ss) , are +1. From Figure 5.47, note that the critical rotation speed for the 

rotor-FB model is higher than that for the rotor-RFBI and rotor-LRB models. Figures 

5.48-49 show that the critical rotation speeds for the rotor-structure-isolator models are 

almost identical to that for the rotor-structure-FB model. However, the critical rotation 

speeds for the rotor-isolator-structure models and the rotor-isolator-structure-isolator 

models are lower than that for the rotor-structure-FB model, especially for the rotor-

RFBI-structure-RFBI model. 

For illustration, the rotor-RFBI model subjected to the El Centro earthquake is 

considered. The absolute acceleration responses of the rotor with operating speeds of 

800 and 2200 rpm are shown in Figure 5.50. Referring to Figure 5.47, one can observe a 

change from a negative to a positive value at the critical rotation speed of about 1950 

rpm. This explains why the acceleration response for the rotor-RFBI model at 2200 rpm 

tends to diverge (and becomes unbounded with increasing time), while that for the model 

is stable at 800 rpm. 
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CHAPTER 6  

SUMMARY AND CONCLUSIONS  

A general model of rotor-disk-bearing system including the effects of gyroscopic, 

rotatory inertia and rotor-bearing interaction was considered in this study. Rotating 

machines usually have rather complex properties such as varying dimensions and 

materials along the shaft as they carry rigid disks at arbitrary locations. Also, the shaft is 

often mounted on a flexible bearing system and various isolated systems subjected to 

random ground excitations. In general, it is not possible to determine the response of 

such complex systems using classical analytical techniques. A finite-element analysis 

technique based on energy methods had been proposed to investigate a more 

representative model of the rotating machine and serves as a convenient means for 

analyzing the rotating systems. Finite-element formulations with cubic interpolation 

functions were developed to analyze the seismic responses of the rotating machines. 

An approximate linear analysis using the linear modal transformation method was 

presented to reveal the characteristics of seismic isolation. For a simple linear structural 

model, analytical expressions of the fundamental natural frequencies and their 

corresponding mode shapes, amplification factors of the isolated system, as well as 

design response spectra for base shear are presented. These expressions demonstrated the 

effectiveness of the seismic isolation system in both energy dissipation and shifting the 

dominant system frequencies out of the resonance range. However, this method can be 

only used to evaluate simple linear isolated systems. 

Rotating machines rested on various isolated systems subjected to random seismic 

excitations are intrinsically complex and highly nonlinear. To accurately approach the 
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response of such complex systems, some numerical techniques must be pursued. The 

equations governing the motion of various isolated (R-FBI and LRB) and fixed-base 

systems, as well as the criteria of motion transition for the R-FBI system were presented. 

A Newmark- /3 time integration scheme was used to determine the responses of the 

rotating machine and the structure subjected to seismic excitations. 

According to the results, three basic elements for the R-FBI and LRB systems can 

be concluded. These are (i) a flexible mounting so that the period of vibrations of the 

total system is lengthened sufficiently to reduce the seismic response; (ii) a damper or 

energy dissipator so that the relative deflections between building and ground or between 

rotating machine and floor can be controlled to a practical design level; and (iii) a means 

of providing rigidity under low level excitation such as wind or minor earthquake. 

Responses of a rotating machine resting on various isolated and fixed-base 

systems under seismic excitation were analyzed. The peak disk acceleration and relative 

displacement of the rotor-disk-bearing model resting on isolated systems were evaluated 

and the results were compared to those of their corresponding fixed-base ones. Other 

structural response quantities of practical interests were also evaluated. Sensitivities of 

the performance of the R-FBI and the LRB isolation systems to system parameter 

variations in the base isolators and the structure were studied. Base on the presented 

results in the sensitivity study, the following conclusions can be drawn: 

1.	 The peak system responses (absolute acceleration and relative displacement) are 

significantly reduced by the use of properly designed R-FBI and LRB systems due to 

period shift and energy dissipation. An increase in friction coefficient, in general, 

leads to a decrease in the peak sliding displacement and the cumulative sliding 
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displacement. The resulting residual sliding displacement of the R-FBI system at the 

end of an earthquake is often negligible. 

2.	 Variations in the friction coefficient of the R-FBI system significantly influence the 

system responses. In general, an increase in the friction coefficients leads to higher 

peak acceleration and peak deflection, as well as lower peak base sliding 

displacement and cumulative base sliding displacement. However, small variations in 

friction coefficient lead only to slight changes in the peak response of the system. 

Note that the spectral response of a base isolated system appears to be almost 

independent of frequency of excitation for smaller friction coefficients. 

3. An increase in the damping ratios of the base isolator and the structure (4R , abs ) 

leads to an increase in peak disk acceleration response for the R-FBI systems. An 

increase in bR bs leads to a first constantly decrease, and slightly increase in higher 

damping region in peak disk response for the LRB system. However, variations in 

the damping ratio of the structure (4, ) have no significant effect on the peak 

structural acceleration response of the R-FBI and LRB systems. 

4. An increase in the damping ratios of the base isolator and the structure (4R, 4.,) 

leads to a decrease in peak base displacement of the rotating machine for the LRB 

system, but has no significant effect on the peak response of the R-FBI system. An 

increase in 4R , 4s leads to a fluctuation in the lower damping region and a gradual 

decrease in magnitude in higher damping region in peak base displacement response 

of the structure for the LRB system. However, variations in 4R , 45 have no 

significant influence on the peak base displacement response of the structure for the 

R-FBI system. 
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5. An increase in the structural damping ratio	 leads to a slight decrease in peak disk 

acceleration responses for the rotor-structure-RFBI model, but the peak disk 

responses fluctuate slightly for the rotor-RFBI-structure and rotor-RFBI-structure-

RFBI models. Variations in have negligible influences on the peak disk responses 

for the LRB system. An increase in leads to a decrease in the peak structural 

acceleration responses for the R-FBI and the F-B systems. However, variations in 

have not significant influence on the peak structural response of the LRB system. 

6.	 Variations in mass ratio (mbR mR mR,mbs mR in general, have no significant 

meffect on the peak disk and peak structural responses. 

7.	 The influence of the inertia force of the internal equipment on the isolated systems 

may be negligible when the mass of the equipment is relatively small compared to the 

mass of the total system. Thus for light internal equipment, the disk response can be 

computed by using the top floor acceleration response of the decoupled structure-

isolator system to simplify the dynamic response analysis. 

8. The peak disk acceleration and peak disk relative displacement responses of the R-

FBI system are relatively insensitive to variations in ground excitation intensity for 

stiff structures (with small Ts ), but are sensitive for flexible structures (with large 

TS ). For the LRB system, an increase in the peak disk response is roughly 

proportional to the increase in magnitude of ground excitation intensity. 

9. The vertical ground excitation input may be neglected without loss of accuracy for 

most systems considered in this study. The inclusion of a base isolator does not 

significantly reduce the peak disk acceleration in the y- direction. 
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10. An increase in the shaft flexibility or a decrease in the bearing rigidity leads to an 

increase in the peak disk responses of the rotating machine. 

11. The stability of a rotating machine resting on various isolated systems was 

investigated using the finite-element method. Instabilities of these systems are 

primarily caused by the asymmetric stiffness terms of the fluid-film bearings, even 

though the fluid-film bearings also provide desirable damping. The coefficients of 

the bearing stiffness and damping depend on the speed of rotation, which implies that 

a rotating machine will become unstable at certain operating speeds. The real parts of 

the eigenvalues determine the stability characteristics of the rotating machine. If a 

rotating machine is stable, the real parts of the eigenvalues of the system must be 

negative or zero. Conversely, the responses of the rotating machine become 

unbounded when the sign of the largest real part of the eigenvalues changes from 

negative to positive. 

In general, the R-FBI system with small friction coefficient has better 

performance in peak response reduction than the corresponding LRB system due to 

additional energy dissipation in the friction plate. However, the friction coefficient 

should be chosen such that it could prevent any sling under low level excitation. Of 

particular interest is whether a structure that is initially aseismically designed or 

retrofitted using base isolation will also protect critical rotating machines that may be 

housed within the structure. According to the numerical results obtained in this study, 

additional aseismic protection for critical rotating machines located in base isolated 

structure (rotor-isolator-structure-isolator) may not be necessary. 
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The R-FBI and LRB systems appear to have significant potential in protecting 

rotating machines against seismic excitations in different schematics, such as rotor-

isolator, rotor-isolator-structure, rotor-structure-isolator and rotor-isolator-structure-

isolator systems. Both isolation systems also provide seismic protection to new 

structures and an alternative way to retrofit of existing structures. Summarily, 

considerable reductions in the level of acceleration responses without introducing 

excessive base displacements suggest that the R-FBI and the LRB systems are effective 

devices in protecting the primary structures and their internal components from 

potentially damaging ground excitations. 
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In this appendix, the parameters of the structural model used in the parametric study are 

described. The model considered is a three-story shear structure with identical mass at 

each floor, m , and identical column stiffness, k. The mass, damping and stiffness 

matrices of the structural model are given as, 

r2 1 0 2 1 01 0 0 

M =m 0 1 0 , C =c 1 2 1 , K=k 1 2 1
0 10 0 1 0 1 1 1 

where c is the damping coefficient. Dividing each element by m , the above matrices 

can be rewritten in the following alternate form: 

_ 2 1 01 0 0 2 1 0 

M= 0 1 0 C =gsco 1 2 1 , K = cos2 1 2 1 
0 0

, 

0 1 1 0 1 11 

where & and cos are the structural damping ratio and natural frequency, respectively. 




