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In this thesis, three model-based methods are presented for finding the location of a

point source with possibly time-varying strength for a class of distributed parameter sys-

tems. The first method involves off -line numerical computation of the time-response data

at the sensor(s) from all possible source locations and functions of source strength, and

comparison of these data with actual measurements. The second method involves approx-

imation of the infinite-dimensional distributed parameter system by a finite-dimensional

lumped parameter system: the partial differential and/or integral equations describing

the distributed parameter system are replaced by a set of ordinary differential equations,

which are obtained through finite difference or finite element methods. The resulting

model is used to construct an auto-regressive (AR) filter that takes the sensor data as in-

puts and produces a scalar output whose value determines the source location. The third

method involves off -line steady-state solution of an adjoint problem based on the dual

system model. The solutions are used to construct localization functions whose contours,

corresponding to a set of sensor data, provide an estimate of the source location. For each

method, the sensor data evaluation algorithm is presented, and analysis is given of ap-

propriate sensor placement and the minimal required number of sensors. The robustness

of each method to sensor noise and modeling inaccuracies is studied, and techniques to

improve robustness are discussed. These techniques include strategic sensor placement to

reduce sensitivity to noise and modeling inaccuracies, and prioritization of sensor data in

the data evaluation algorithms. In all three methods, a minimal amount of on-line com-



putation is required. The methods are applied to the two-dimensional heat conduction 

problem with Robin's boundary conditions, and their performances are tested via com

puter simulations. The thesis concludes with a discussion of the relative strengths and 

shortcomings of each method and suggestions for future research. 
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PREFACE 

The problem of identifying an input causing a measured or desired output for a 

given system has been extensively studied by researchers in various disciplines. These 

studies have been especially successful for linear lumped parameter systems whose behav

ior depends only on time. Such systems are described by systems of ordinary differential 

equations (ODE's) with time t as the only independent variable. Researchers - control 

engineers in particular - have devised numerous techniques to compute and generate the 

input signals that force such systems to act in a desired manner. The use of system 

states or measured outputs to generate the required inputs has given rise to the concept 

of feedback control, which forms one of the cornerstones of control theory. The structural 

changes in the system dynamics induced by the feedback loop have been enthusiastically 

exploited by researchers who have used dynamic feedback to improve system stability, 

robustness and reliability. Studies in the field of optimal control, on the other hand, have 

traditionally focused on the generation of inputs that drive the system to a desired final 

state, or track a desired reference trajectory, while optimizing a criterion. 

However, similar methods to control distributed parameter systems whose behavior 

depends not only on time but also on spatial variables, or variables of another sort, have 

been hard to develop. The operation of such systems is described by partial differential 

equations (PDEs), integral equations, and other equations of a similar type. Due to their 

higher degree of mathematical complexity, these systems are generally harder to analyze 

and develop control schemes for than linear lumped parameter systems. However, many 

natural phenomena, such as electromagnetism, heat conduction, neutron transport, diffu

sion, wave propagation, etc., are distributed parameter systems by their nature, and any 

attempt to accurately analyze and regulate such phenomena requires the use of techniques 

specifically developed for distributed parameter systems. The recognition of this fact has 

prompted researchers in various fields of system theory to study the control problems 



associated with distributed parameter systems and develop solution schemes for special 

cases. Due to the vastness and variety of the distributed parameter systems, and the 

complexity of the mathematics required for their analysis, general results in the control 

of distributed parameter systems are rare. 

One of the many interesting problems associated with distributed parameter sys

tems is the problem of finding the location of a concentrated source from available sensor 

measurements. This problem is of considerable practical significance in the area of envi

ronmental pollution control: the dispersion as time evolves of a contaminant within space 

constitutes a distributed parameter system, and the sources of contamination (leaks, spills, 

etc.) are usually concentrated in a relatively small area compared to the overall spatial 

domain of interest. While solving such a problem, there are two key issues that need to 

be addressed: 1) the number and locations of sensors to collect measurements, and 2) the 

algorithm to evaluate the data coming from the sensors to estimate the source location. 

In this thesis, we develop three model-based methods to solve the source localization 

problem as described above. For each method, 1) we develop algorithms to evaluate sensor 

data and compute an estimate of the source location, and 2) we discuss the number of 

sensors required and develop strategies for appropriate sensor placement. We study the 

robustness of each method to sensor noise and modeling inaccuracies, and comment on 

their strengths and shortcomings under various scenarios. We then apply all three methods 

to the two-dimensional heat conduction problem with Robin's boundary conditions, and 

demonstrate their performances via computer simulations. We conclude this thesis with 

final comments on the solution methods and suggestions for future research. 



MODEL-BASED SOLUTION TECHNIQUES FOR THE SOURCE 
LOCALIZATION PROBLEM IN DISTRIBUTED PARAMETER. 

SYSTEMS 

1. INTRODUCTION 

1.1. Distributed Parameter Systems 

A distributed parameter system is a system whose behavior depends not only on 

time, but on spatial variables, or variables of another type, as well. The mathematical 

model describing such a system usually consists of partial differential equations (PDEs) 

or integral equations. Solving for the dependent variable in such equations involves the 

computation of both its spatial and temporal variation. The dependent variable evaluated 

at a point in the spatial domain can be viewed as a "state variable" of the system. When 

this spatial domain is a continuum (as in most cases), there are infinitely many state 

variables describing the behavior of the distributed parameter system. Consequently, 

the distributed parameter system is infinite-dimensional. A finite-dimensional lumped 

parameter system approximation to a distributed parameter system can be obtained by 

"summarizing" (or "lumping") this infinite-dimensional state information into a finite 

number of state variables. Indeed, this is the approach taken in most numerical techniques 

developed for solving partial differential and integral equations [1], [2]. 

One of the problems that can be defined for distributed parameter systems is the 

open-loop controller design problem, which involves the construction of a (distributed) 

input signal that drives the system from a given initial state to a desired final state, 

or makes the system follow a desired reference trajectory in the (infinite-dimensional) 

state space. The construction of the input signal involves the determination of its spatial 

and temporal variation. In contrast, the open-loop controller design problem for (finite

dimensional) lumped parameter systems involves the computation of the input signal's 

temporal variation only. Therefore, even though the phrasing is similar, the open-loop 

controller design problem is much more involved for a distributed parameter system than 

it is for a lumped parameter system. 
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The controller design problem can be simplified by assuming that the input signal 

has a fixed spatial variation with a time-varying scaling coefficient. A special case of this 

is the problem in which the input signal consists of (spatial) impulses at a finite number of 

points in space, with each impulse having a time-varying magnitude. Such point sources 

simplify the analysis, and they are reasonable approximations to the concentrated sources 

found in many practical problems involving distributed parameter systems. For instance, 

consider the problem of placing heaters in a large room and controlling them to maintain 

a reasonably uniform temperature everywhere in the room. The heaters, being much 

smaller in size compared to the room, can be approximated by point sources. Once the 

heater locations are selected, the controller design problem is to select the rate of hot air 

flow from each heater to achieve the control objective. 

The constrained open-loop controller design problem posed above involves the de

termination of the time-dependent strengths/coefficients of point sources at known spatial 

locations to drive a distributed parameter system to a desired (infinite-dimensional) state. 

For the same structure, another problem that can be posed is the determination of 

the point source locations, rather than the time-dependent source strengths, that produce 

some measured time-history of the distributed parameter system state. We refer to this 

problem as the source localization problem. 

Solution techniques for the source localization problem described above have po

tential application in environmental pollution control and monitoring. The dispersion as 

time evolves of a contaminant within space constitutes, by its definition, a distributed pa

rameter system (the concentration of the contaminant depends on both space and time), 

and the sources of contamination (leaks, spills, etc.) are usually concentrated. For such 

problems, fast and accurate determination of contamination source locations from mea

sured contaminant concentration data would contribute to limiting the damage to the 

environment and reducing the hazard to clean-up crews due to over-exposure. 

Available measurements for source localization problems more than likely will be 

spatial samples at a finite number of sensor locations of the contaminant concentration 



3 

time-history. This is as much due to the physical impossibility of placing a sensor at every 

point in space, as to financial considerations. Depending on the desired accuracy and 

sensitivity, sensors can be quite expensive. Sensor calibration in hazardous environments 

can be costly to human health. This observation brings about a second objective: the 

solution techniques developed for the source localization problem should not only evaluate 

measured data to determine the source locations, but also provide us with the (minimum) 

required number of sensors and their appropriate locations. 

The source localization problem with the two objectives mentioned above is an 

interesting and challenging mathematical problem. But is environmental pollution at 

such a level to warrant such diligent pursuit of solution techniques for this problem? We 

argue this point in the following section. 

1.2. Motivation 

The environment that supports life and sustains various human activities is known 

as the biosphere. The biosphere extends to about 20 kilometers from the bottom of the 

ocean to the highest point in the atmosphere at which life can survive without man-made 

protective devices. It is a shallow layer compared to the size of the earth, yet it supports 

the approximately 3 million animal and plant species known to mankind. The delicate 

balance of this extremely complex system is under constant threat from the impact of 

various human activities (e.g., industrial processes that release chemical wastes and heavy 

metals to the environment, use of pesticides in farming, use of fossil-based fuels at ever-

increasing rates as an energy source, the cutting-down of forests to create more arable 

land, etc.) on the environment. While there is considerable controversy among scientists 

as to what exactly the cumulative long-term effects of such human activities willbe, there 

seems to be a consensus that the balance of the biosphere will be significantly altered 

with possibly catastrophic consequences unless such activities are strictly regulated in a 

manner that minimizes the adverse effects on the environment ([3],[4]). 



1.2.1. Environmental Pollution 

Environmental pollution results from the generation of toxic and hazardous mate

rials (mostly through such human activities as mentioned above), and their subsequent 

release into the environment. Chief among such pollutants are the chemical and radioac

tive wastes that are produced as a result of industrial activities. To gain some perspective 

on the scope of the problem, consider the following. Nearly 5 million chemicals have been 

synthesized in the world in the last 40 years and some 50 to 70 thousand chemicals are 

used extensively in millions of commercial products. Little or no toxicological information 

is available for the majority of these chemicals. Various industries, such as steel, fertilizers 

and petroleum, not only emit common pollutants such as SO2 and CO, but they are also 

sources of toxic pollutants like lead, cadmium, zinc, arsenic, nickel, beryllium and mercury 

([3]). 

Public awareness about the threat such contaminants pose to the environment and 

to public health has increased over the past years. Governments of many countries have 

passed resolutions trying to stem the tide of the ever-increasing accumulation of such ma

terials in the biosphere. Mandatory emission controls imposed on the automobile industry 

in many industrialized countries, and the Clean Air and Clean Water Acts in the U.S., 

are a few examples of the many such attempts. To its credit, the industrial complex has 

also attempted at least partial solutions, examples of which include the design of new 

enviro-friendly cars, use of recycled and/or biodegradable materials in packaging, etc. 

Such attempts at reducing/limiting environmental pollution have traditionally fo

cused on two approaches: 

Use of more efficient technologies, recycling, etc., to reduce the amount of waste 

produced, or 

Implementation of alternative technologies that yield only non-toxic biodegradable 

waste harmless to the environment. 
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The use of more efficient technologies and recycling have indeed reduced the amount 

of waste produced by many traditional industries in terms of its ratio to the raw material 

used. This reduction, however, is offset by the sheer increase in production as a result of 

the increase in demand for manufactured goods. 

There have been encouraging advances in the development of alternative technolo

gies that yield only non-toxic biodegradable waste harmless to the environment. However, 

these new technologies are far from replacing the existing ones. A case in point is the 

electric car, which is seriously hampered by range limitations and is not likely to become 

a viable alternative to the traditional combustion engine car for many years to come. Such 

new alternative technologies also suffer from their relative lack of infrastructure, which 

seriously limits their wide-spread adoption. 

The failure of both approaches to cope with the problem has led to the accumu

lation of significant amounts of waste products. Some of these products are released to 

the environment after being processed by various means (e.g., filtering, incineration) to 

bring their toxicity levels down to acceptable levels. In some cases, however, either such 

processing techniques are not available or some of the left-over material from processing, 

though much smaller in magnitude, is still so highly toxic that it cannot be safely released 

to the environment. Such products have to be stored in specially designed storage areas 

until they decompose by natural means and can thus be safely disposed. The natural 

decomposition of these products, however, can take a very long time (e.g., many centuries 

in the case of some nuclear wastes). It is therefore imperative that storage sites for these 

products be constantly monitored for leaks so that immediate action can be taken to 

minimize the adverse effects on the environment if a leak does occur. 

Problems arising from the need to store and monitor toxic wastes are not the only 

ones facing mankind in terms of environmental pollution. Just as dangerous is the acciden

tal release of toxic agents into the environment via spills and leaks during transportation 

between industrial facilities. These toxic agents might be raw materials required for a 

certain industrial activity as well as waste products. Oil spills due to shipping accidents 
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and leaks from gasoline tanks at gas stations are two common examples of the accidental 

release of a toxic agent into the environment. 

1.2.2. Chemical Weapons 

While the problem of environmental pollution due to ordinary industrial activities 

has reached disconcerting proportions, as discussed in the preceding subsection, a new 

concern is the intentional use of toxic agents as chemical weapons. Most nations have 

refrained from the use of such weapons after experiencing their abhorrent effects during 

World War I. The development of such weapons and suitable delivery systems (rockets 

with chemical warheads, etc.) has nevertheless continued, resulting in a formidable arsenal 

capable of wiping out the entire human population from the face of the earth many times 

over. A growing concern among the world's nations is the possibility of such weapons 

being used by international terrorist organizations for attacks on the civilian population. 

One horrifying example of such an attack occurred in Japan in 1997, when a religious cult 

released a small quantity of sarin gas in the Tokyo subway system, resulting in the deaths 

of 12 people and the hospitalization of many more due to exposure to this toxic agent. 

1.2.3. Towards a Solution: Constant Vigil 

The problem of environmental pollution is a very complex one for which a "one-size

fits-all" type solution might well not exist. Approaches toward a solution to any aspect 

of this problem can be broadly categorized as follows: 

Preventive measures include the development of new technologies that will reduce or 

eliminate toxic wastes produced by industrial activities. Such measures also include 

halting the production and proliferation of chemical weapons through international 

treaties. 

Containment measures include the monitoring of hazardous waste storage areas for 

leaks, contamination-prone areas for accidental spills, and likely population targets 

for intentional discharge of toxic agents. Implicit in this description are issues such as 
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the design and deployment of monitoring equipment, the development of algorithms 

to evaluate the data from such monitoring equipment to detect and locate the sources 

of leaks/spills, strategies for evacuation, damage control, the clean-up process, etc. 

1.3. Our Goals 

Our research is motivated by the need for fast real-time data evaluation algorithms 

that can be used within the context of the containment measures described above. In par

ticular, we develop strategies for appropriate placement of sensors for monitoring purposes, 

and algorithms that can be implemented in real-time for evaluating the data collected by 

these sensors to detect and to locate the source of a leak/spill. Our approach is a model-

based one, which assumes a priori knowledge about the dynamics of the dispersion of the 

toxic agent in question within the particular environment (a storage area, the atmosphere, 

a body of water, etc.) being monitored. With the use of such mathematical models, we 

identify and try to achieve the following objectives: 

Find the minimum number of sensors required to determine the leak/spill source 

location with satisfactory accuracy. 

Identify the proper sensor locations that minimize the number of sensors required 

for accurate source localization and/or maximize the robustness to sensor noise and 

modeling inaccuracies of the algorithms used to evaluate the sensor data. 

Construct algorithms that use the sensor data to detect and to locate the sources of 

leaks and spills within the monitored region. 

It should be noted at this point that the issues listed above are strongly inter

related; e.g., the proper sensor locations for a particular setting depend not only on the 

nature of the problem at hand, but also on the particular algorithm used to evaluate the 

data collected by those sensors. We develop our approaches for a general mathematical 

setting to ensure their flexibility and applicability in a wide range of situations. A precise 

mathematical classification of the types of systems we study is provided in Chapter 3. 
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In the Chapter 2, we provide a brief review of the source localization techniques 

developed by researchers in various fields. In Chapter 3, we present precise mathematical 

definitions of the source localization problem and of the type of distributed parameter 

systems we study in this thesis. We also outline two numerical methods, the finite differ

ence and the finite element methods, which are extensively used in our simulations and in 

the derivation of two of our solution methods. In Chapters 4 through 6, we develop the 

three solution methods studied in this thesis. For each method, we discuss its sensitivity 

to sensor noise and modeling inaccuracies and attempt to develop strategies to increase 

its robustness. We then apply all three methods to the two-dimensional heat conduction 

problem and investigate their performances for various scenarios via computer simulations 

in Chapter 7. Our final comments on the methods' performances and suggestions for fu

ture research constitute Chapter 8, the conclusion. A brief note on the web site describing 

our research, and the associated CGI programs showcasing one ofour solution methods 

the dual system method - are given in Appendix A. The derivation of the analytical solu

tion to the two-dimensional heat conduction problem with Robin's boundary conditions 

(used as an example in Chapter 7) is given in Appendix B. A discussion on how each 

method can be applied to the neutron transport problem after slight modifications can be 

found in Appendix C. 
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2. LITERATURE REVIEW
 

This chapter provides a brief overview for the reader of other approaches to the 

source localization problem, both for particular applications and in the general theory, 

and of duality-based approaches to other inverse problems. (Understanding the dual 

system method developed in this thesis does not require familiarity with this other work.) 

The source localization problem has been most extensively studied by researchers 

in the field of acoustics. These studies use the properties of sound-wave propagation in a 

medium with known acoustic characteristics. For the most part, the methods developed 

yield the direction relative to the sensors (usually sensor arrays), rather than the exact 

location, of acoustic sources. The missing "distance" (or range) information can usually 

be inferred through triangulation of directional findings from more than one group of 

sensors or through a priori information about the source strength and the attenuation 

characteristics of the medium through which sound propagates. 

The methods developed for solving the acoustic source localization problem are 

mainly based on the concept of spatial filtering. The aim of spatial filtering is to separate 

signals that have overlapping frequency content but originate from different spatial loca

tions. A spatial filter is typically implemented by arranging sensors in a certain spatial 

configuration (usually in arrays), and taking a weighted linear combination of the filtered 

data from each sensor. The temporal filters and the weighting coefficients associated with 

a sensor data channel depend on the location of that sensor in space with respect to the 

other sensors. The temporal filters on sensor data channels are more aimed at modify

ing the directivity (see [5], or any standard text on antennas and wave propagation for a 

definition of directivity) of the sensor set than modifying the frequency spectrum of the 

received signals, and, in some applications, these filters can be as simple as time-delay el

ements. Consequently, the weighted sum of the temporal channel filter outputs is usually 

a broad-band signal. This broad-band signal can be passed through additional tempo

ral filters in narrow-band applications in which there is a priori information about the 

temporal frequency spectrum of the sought-for source. 
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FIGURE 2.1: Spatial filter block diagram 

wiSensor 1 (w) 

Sensor 2 112(w) 

HNB(W) 

Narrow-Band Filter 

Sensor M HM(w) 

Sensor Array 

A block diagram for a spatial filter is given in Figure 2.1. In this figure, Ha (w) 

represents the temporal channel filter associated with the sensor i data channel, w, is the 

weighting coefficient for the (filtered) measurements from sensor i, and HNB(w) is the 

narrow-band filter that limits the search for sources to those that produce sound within a 

pre-determined temporal frequency range. 

Various types of spatial filters can be realized by changing the number M and spatial 

configuration of the sensors, the channel filters Hi (w) on each sensor data channel, and 

the weighting coefficients wi. This process is called beamforming ([6]). The idea behind 

beamforming is modifying the sensor parameters (M, configuration, weighting coefficients, 

channel filters H,(w)) to increase the sensor group's sensitivity to sounds coming from one 

direction, while suppressing the sounds coming from other directions. In other words, 

beamforming is a method for modifying the directivity of the sensor group to scan various 

directions in space for the presence of a source. Figure 2.2 illustrates an example of the 
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directivity of a sensor group "beamformed" to listen for sources that lie at an angle of 45° 

to the sensor array axis in a two-dimensional problem. 

FIGURE 2.2: The directivity of a sensor group set to listen to sounds coming at an angle
of 45° to the sensor array axis. 
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The shapes of the main and side lobes of the directivity depend on the particular 

beamforming method used. Once this method is selected, the weighting coefficients and/or 

the parameters of the channel filters I/2(w) are modified appropriately to scan different 

directions. The presence of a source in a particular direction is detected when the output of 

the spatial filter in Figure 2.1 significantly exceeds the ambient noise level while "listening 

for" sources in that particular direction. 

Different beamforming methods, and different ways of evaluating the data coming 

from the spatial filter, have been proposed and extensively tested. In [7], for example, 

the researchers propose using a tetrahedral sensor configuration with four sensors at each 

vertex. Their experiments in a water tank yield results comparable in accuracy to those 

obtained by using the more traditional array configuration. In [8], on the other hand, 

research is concentrated on the evaluation of the spatial filter output. The researchers 

develop a deconvolution method based on the known directivity of the sensor array. They 
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assume that the inputs consist of spectral lines, and they take into account the statistical 

nature of the directivity by employing a maximum likelihood type approach to solve the 

deconvolution problem. 

A quite different approach is taken in [9], in which the researchers use a sensor array 

to estimate the angles and relative arrival times of various multipath trajectories from the 

source. These trajectories are then back-propagated in time and space (numerically) to 

obtain an estimate of the source location. 

Still more detailed studies for particular settings are in the literature (see, for exam

ple, [10] and [11] for detailed treatments of the source localization problem in an acoustic 

waveguide). An excellent source for the properties of underwater sound propagation, for 

which most of the studies mentioned above have been conducted, is [12]. 

The results obtained in the field of acoustic source localization heavily depend on 

the wave propagation characteristics, and they are not readily applicable to the parabolic 

systems we study in this paper. 

There are relatively few studies on the source localization problem applied to prob

lems in other fields. One such study is [13], in which the researchers develop an artificial 

neural network optimization method for radioactive source localization. They assume, like 

we do, a priori information about the system parameters (physical dimensions, a trans

port model with known properties), and then use a recurrent Hopfield neural network that 

is trained by a large number of simulated two-dimensional cases. Through simulations, 

they observe that the sensitivity of their method to noise depends on the number and 

deployment of the sensors and suggest an empirical pre-test procedure for effective sensor 

arrangement. 

In an earlier study on the detection and localization of radioactive sources within 

an environment ([14]), the researchers consider a transport process in a slab bounded 

by two parallel planes, assuming isotropic absorption and scattering of radiation within 

this medium. They further assume that the radiation is due to continuously-distributed 

internal isotropic sources, and they devise algorithms to estimate the spatial distribution 
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of these sources based on experimental measurements of the angular flux. Their approach 

is based on the approximation of the system of partial differential-integral equations for the 

angular flux by a system of ordinary differential equations. This yields a finite-dimensional 

lumped parameter system approximation to the original infinite-dimensional distributed 

parameter system. The researchers then solve the inverse problem of reconstructing the 

input distribution yielding the measured outputs by applying quasi-linearization to the 

model (system of ODE's) describing the lumped parameter approximation. While this 

approach is quite similar to the discretization method that we develop in Chapter 5, it 

differs from our approach in the type of spatial variations considered for the input signal 

(continuous vs. concentrated). The researchers find that extremely high measurement 

accuracy is required for a satisfactory estimate of the internal source distribution. 

The source localization problem is studied for a more general setting in [15]. In this 

study, the researcher concentrates on parabolic systems, as we do in our research, and 

introduces a space of test-functions that convert the solution of the source localization 

problem to the solution of a system of algebraic equations. He establishes conditions 

under which the available output measurements are sufficient to uniquely identify the 

source location and finds the relationship between the (nonlinear) localization problem 

and the associated adjoint linear control problem. 

The use of adjoint operators, dual systems, and the duality relationship for solving 

other inverse problems is common practice in many fields (See, for example, [16] and 

[17]). Given the direct problem of finding the output of a system given a known input 

and a mathematical model describing the input/output relationship, there are two types 

of related inverse problems: 

causation: given the (measured) output signal and a known system model, find the 

input signal, and 

identification: given the input signal and (measured) resulting output signal, find 

(parameters of) the system model. 
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Inverse problems in physical sciences have been posed throughout the historical de

velopment of the subject as a mathematical discipline. (For a detailed treatment of inverse 

problems, see [18] and [19].) A common feature of these problems, which makes them par

ticularly challenging, is their ill-posed nature; i.e., small changes in input data may give 

rise to large changes in the solutions of this type of problems. To circumvent this prob

lem, one common approach is to convert the inverse problem to an optimization problem. 

The cost functional for such an optimization problem typically includes a regularization 

term that forces the solutions to be within a vicinity of a pre-determined (nominal) so

lution. The solution of the optimization problem itself often requires the construction of 

an appropriate dual system, and possibly applying the duality theorem (see [20] for the 

statement and proof of this theorem). In [17], for example, the researchers use the adjoint 

operator and an appropriately-constructed dual system to compute the gradient of the 

infinite-dimensional cost functional. This gradient is then used in a "steepest gradient" 

type approach to obtain a numerical solution to the optimization problem associated with 

the inverse problem. 

It should be noted at this point that the source localization problem is an inverse 

problem of causation, while the problems studied in [16] and [17] are identification prob

lems. Furthermore, since the admissible inputs for the source localization problem we 

study are highly restricted single impulse in space - the ill-posedness of the general in

verse problems is not a problem in our case. We do not convert the source localization 

problem to an optimization problem, and our use of the adjoint operators and dual sys

tems in the dual system method is therefore fundamentally different from how they are 

used in [16], [17] and other similar studies. 
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3. MATHEMATICAL BACKGROUND
 

In this chapter, we give a formal mathematical description of the source localization 

problem, and briefly outline two numerical solution techniques, namely the finite difference 

and finite element methods, used in this thesis. 

3.1. Problem Formulation 

Let ft be an open bounded domain of n-dimensional Euclidian space Rn with a 

boundary aft. Consider the following linear parabolic equation 

Ou(F,t) 
=- Au(F,t) + v(t)15(i? 'F,o) (3.1)at 

tET=(0,0), Q=11><T, E=49SIxT 

Initial condition : u(F, 0) = 0. 

Boundary conditions : [a u(F, t) + bau(r, t)laii1E = 0. 

In the above, v(t) is the unknown source strength and f.. is the unknown source 

location. The spatial operator A includes spatial derivatives of u(1-', t) up to second degree. 

We assume zero initial state and use a general vacuum (or Robin's) boundary condition 

with ft denoting the outward normal to the set /2 at the boundary aQ of the set. Note 

that this boundary condition would yield the Dirichlet boundary condition for b = 0 and 

the Neumann (reflective) boundary condition for a = 0. 

The output of the system in (3.1) comprises measurements of u(F, t) at M < oo 

points in space, which yields 

y (t) = [ u(71, t) t) u(f, , (3.2) 

where f , . . . are the M point sensor locations.97..sern 

The design parameters for the source localization problem are as follows: 

The number and locations of the sensors for output measurements, 

The location estimator, which comprises the evaluation algorithm that provides an 
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estimate of the source location based on the available sensor data and the mathe

matical model describing the distributed parameter system. 

Given these problem parameters, our design objectives are 

Minimize the number of sensors, 

Optimize the sensor locations for robustness to sensor noise and modeling inaccura

cies, and 

Minimize the amount of on-line computation by the location estimator. 

Examples: As an example, consider the two-dimensional heat conduction equation: 

au(x y, t) 02u(x,y,t) 02u(x
' y, t)' Dx ax2 Y 

f( ,y,
a t av2 x 

The equation above models the temperature u(x, y, t) in time and space in response to 

the heat source f (x, y, t). The equation is called isotropic if the environment within which 

heat diffuses is a homogeneous one, in which case the diffusion coefficients Dx and Dy are 

identical. 

Another example is the two-dimensional neutron transport equation, which involves 

the computation of neutron flux in response to a radioactive source. When discretized in 

angle, this yields the following set of equations: 

y, t) aOrn(x, y, t)+ + gin + w cpm(x, y,v at ax ay 

as q(x,y,t)
W 2_, wilk(xyt) , M.' m

k=1 W 

In the equations above. Om is the angular neutron flux in the direction specified by index 

7n, ,um and 71m are the directional cosines between this direction and the x and y 
axes respectively, at is the total macroscopic cross section that specifies the mean free 

path between any type of collision, and as is the (isotropic) scattering cross section that 

represents the scattering of neutrons into different directions as a result of collisions. The 

weighted sum on the right-hand side of the equation approximates the scalar neutron flux, 

and W = EkM_i wk is the sum of the weighting coefficients wk used in this approximation. 



17 

The term q(x, y, t) represents the isotropic external source driving the system. (See [2] 

for a detailed treatment of the neutron transport equation and how the above angular

discretized equation is obtained.) Defining an angular flux vector W = [01 a Om]T 

and appropriately defining matrices Ax, Ay, B and vector Q, the above set of equations 

can be rewritten as 

aT(x,y,t) 
= Ax 

OT(x,y,t) 341(x,y,t)
 
Ay ay
at ax -i- 4 

A close look at the two systems described above reveals the fact that, when the 

external source driving each system is a single point source, both systems fit the general 

mathematical formulation given at the beginning of this chapter. 

3.2. Numerical Solution Techniques For PDEs 

Two of the commonly-used numerical solution techniques for PDEs are the finite 

difference and finite element methods, and we employ them both in the development of 

solution methods for the source localization problem. For the sake of completeness, we 

briefly outline both methods in the following subsections, and reference these subsections 

in this thesis as the need arises. The interested reader should refer to [1] for a much more 

detailed treatment of both techniques. 

3.2.1. The Finite Difference Method 

To apply the finite difference method, the domain of solution of the given PDE is 

first subdivided by a grid with a finite number of node points. The spatial partial deriva

tive at each node point is then replaced by a finite difference approximation, which yields 

a set of coupled ODEs to be solved at each node point. Alternatively, this discretization 

procedure can be seen as the replacement of the solution of the PDE with an interpolating 

polynomial. Either way, the result is a lumped parameter approximation to the original 

distributed parameter system with the spatial variation about each node point summa

rized by its value at a single point. The resulting lumped parameter system equations 
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are then solved either using standard analytical tools for ODEs, or by further temporal 

discretization, which results in a system of difference equations. 

The finite difference approximations to the spatial partial derivatives at node points 

are usually obtained using Taylor series expansions. Consider, for example, he time-

dependent state u(x, t) with one spatial dimension x. Let the spatial domain of interest, 

(a, b) C lt, be subdivided by a uniform grid of cell (interval) size h. Define xk a + kh, 

uk(t) u(xk, t). The Taylor expansion for u(x, t) for a fixed time t around a point xo is 

given by 

auax(x , t) (x x0)2 a2u(x, t)u(x, t) = u(x0, t) + (x xo) 
2! axe
xo xo 

Using the definitions of the previous paragraph and the general Taylor expansion structure 

laid out above, we obtain 

au(x,t) h2 a2u(x, t) h3 a3 U(X t)
uk(t) + hUk+1(t)
 

ax Xk 2! 31 ax3Xk Xk 

au(x,t) h2 a2u(x, t) h3 a3U(X,t)
uk(t)
14-1(0 h
 

ax 2! 3! ax3Xk Xk 

Rearranging the equations 

74+1(0 uk(t) h 52u(x,t) h2 a3u(x,t) 

h 2! axe 3! ax3
Xk Xk 

uk(t) uk._1(t) h a2u(x,t) h2 a3 U(X t) 

+ . 

Xk h + 2! axe 3! ax3 
Xk 

Thus three possible approximations to the first partial derivative of u(x, t) with respect 

to the spatial variable x at xk can be obtained as 

au(x, t)
 uk+1(t) uk(t)
 

ax hXk 

au(x,t) uk(t) uk-1(t) 

ax Xk 

au(x,t)
 k-4-1(t) uk-1(t)
 

ax 2hXk 

where the last approximation is obtained by subtracting the Taylor expansion of uk_1(t) 

from that of uk±i(t) 
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Approximations for higher-order partial derivatives of u(x, t) with respect to the 

spatial variable x at a grid point xk can be obtained in a similar manner by algebraicly 

manipulating the Taylor expansion around xm of u(x, t) for various grid points xm, in 

space. The above three expressions for the first order partial derivative of u(x, t) with 

respect to x at grid point xk are obtained by writing the Taylor expansions around xk_1, 

xk and xk +1 of u(x, t), and then taking their linear combination so that the more dominant 

term uk(t) is canceled out. 

Since each approximation results from the truncation of a series, there is clearly an 

error associated with it. This error is characterized by the first and largest term of the 

truncated series, and it is denoted by 0(h"). In this expression, a is the power of grid size 

h multiplying the dominating error term, and it can be shown that, for a given constant 

K, an 0(V) error is in absolute value smaller than KV for sufficiently small h. 

A close look at the approximations obtained for the first-order spatial differentiation 

of u(x, t) reveals the fact that the first two have errors of 0(h), while the third has an error 

of 0(h2). Some finite difference approximations of partial spatial derivatives up to order 

4 for one (spatial) dimensional systems, and the "order" of their errors, are tabulated in 

Table 3.1 ([1], Table 2.2). 

The general approach taken to solve an equation of type (3.1) modeling a distributed 

parameter system using the finite difference method can be outlined as follows. First, the 

spatial domain of interest C2 C IP is subdivided by a grid with N node points MI/;11. 

Boundary conditions and appropriate finite difference approximations are used to express 

the boundary states uk(t) for 7--"k on the boundaries (am of the spatial domain in terms 

of the states at "interior" node points. The boundary states are thus eliminated from 

the final lumped parameter system equations. The system equation (3.1) is re-written at 

each interior node point with the differentiation operator A replaced by the corresponding 

difference approximation. The point source is replaced by a pulse source of the same 

volume spread over the grid cell within which the original point source is located. This 

procedure results in a system of N ODEs, which can be solved for uk(t), k = 1,.. . ,N 
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TABLE 3.1: Finite difference approximations in one spatial variable 

Derivative Finite Difference Approximation Order of Error 
au(x,t) uk +i (t) -uk (t)

ax h 0(h)
Xk 

91. uk(t)-uk_1(t) 
h 0(h)

Xk 

au(x,t) uk+1 -uk-1 (t) 
ax 2h 0(h2) 

Xk

Jk6 -uk+2(t)-1-4uk+1 (t)-3uk (t) 0(h2)x 2h
xle 

au(x,t) -uk+2(t)-1-8uk+1)-8uk_1(t)l-uk_24) 0(h2)Ox 12hXk 

82**,01 uk+,(0-2uk(o+u,i(t) 0(h2)ax-2 h2
.bk 

a2u(x,t) -uk+2(t)+16uk+1(0-30uk(t)±16uk_1 (t)-uk-2(t) 
aX2 12h2 0(h4) 

a3u(x,t) uk+2 (0 -2uk±i (04-2uk-1(t)-uk_2(t)
ax3 2h3 0(h2)

xk
 
a4U(V) uk+2(0-4uk+i (t)±6uk (t)-4uk- 1 (t).-Fuk- 2 (t)
 

ax h4 0(h2)
xk 

using either analytical tools or further temporal discretization. The value of u(F, t) at 

a location r that is not a node point can then be approximated by interpolation of the 

values of u(F,t) calculated at the node points. 

3.2.2. The Finite Element Method 

In the finite difference method briefly outlined in the previous section, the spatial 

domain of interest is replaced by a set of discrete points. In contrast, in the finite element 

method, this domain is divided into subdomains commonly referred to as finite elements 

hence the method name. The unknown function u(i-", t) is represented within each finite 

element by an interpolating polynomial that is continuous, along with its derivatives to a 

specified order, within the element. (The order of continuity may be zero, resulting in dis

continuous finite element methods.) For a given set of such polynomials, an approximate 
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solution is obtained by expressing u(r., t) as a linear combination of the interpolating 

polynomials, and then computing the linear combination coefficients for a "best fit". One 

common scheme that puts this somewhat abstract notion of best fit into practice is the 

Method of Weighted Residuals (MWR), which is briefly outlined below. 

Method of Weighted Residuals: In this method, u(r, t) is replaced by a finite series 

approximation t) 

i) = E ci(t)hi(f (3.3) 
i=i 

The functions hi (71 satisfy the boundary conditions imposed on the original system (3.1). 

These functions are alternatively called shape functions, basis functions, or interpolation 

functions. The objective of MWR is to determine the time-dependent (linear combination) 

coefficients ci(t) of these functions in the finite series approximation (3.3) for a "best fit". 

This is achieved by substituting the approximation (3.3) into the original system equation 

(3.1) and setting weighted integrals of the resulting residual over space to zero at each 

time instant. 

In mathematical terms, the residual due to the approximate nature of the ii(F, t) is 

given by 

R(F.,t) v(t)o(-7? f. so)at
 
{N dci( t)
 

ci(t)(Ahi)(r)} v(t)6(77. Fso), (3.4) 
i=1 dt hi(11 

and the coefficients cz(t) are determined by setting the weighted integral of the residual 

to zero: 

foR(F,t)wi(ildV = 0 for j = 1, , N 

N Nv--, dc.i(t) r
dt 

j hi (ilwi (71dV E ci(t) I (Ahi)(ilwiCildV v(t)wj(i-',0) = 0, (3.5) 
12 fti=1 i=1 

where dV represents the infinitesimal spatial volume element in ft (e.g., dV = dx dy for a 

two-dimensional problem using Cartesian coordinates). Defining the matrices and vectors 

Hui = [f hi(flwjerldV1 , = [f (Ahi)(f)wj(71dV1 
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c(t) = [ci(t)]T, w = [wi(Tso)F, 

equation (3.5) can be expressed in the compact matrix form 

dc(t) H_i c(t) v(t),	 (3.6)dt 
G f 

with zero initial conditions, i.e., ci (0) = 0 for i = 1, , N. (Recall, from (3.1), that u(r., t) 

has zero initial conditions.) The equations depicted by (3.6) are all ordinary constant-

coefficient differential equations and can be solved using the readily-available analytical 

or numerical tools. Once the coefficients ci(t) are thus determined, the value of u(77', t) at 

any point in space and time can be approximated (3.3). 

Depending on the type of basis and weighting functions employed, as well as the 

size and shape of the finite elements in the spatial domain, there are a multitude of MWR 

schemes. Some of the most often used schemes are listed below. 

1. Galerkin Method results when the weighting functions wi()	 are chosen to be the 

basis functions hi (r). The basis functions for this method are formally required to 

be members of a complete set of functions. Since a complete set of functions can 

exactly represent any function of a given class, (3.3) converges to the exact solution 

as the number of terms in the series is increased. 

2. Subdomain Method results when the weighting functions w,(r.)	 are defined to be 

unity in a region V, C 52 and zero otherwise; i.e., w, () is the support function for 

the region V. 

3. Collocation Method results when the weighting functions wi) are impulse functions 

located at the Gaussian collocation points of the spatial domain. (See [1] for more 

information on this method and the Gaussian collocation points.) 

The basis functions are usually chosen to be polynomials of order three or less satisfy

ing the boundary conditions of the original system equations (in our case, the Robin's 

boundary conditions). In the examples studied in this thesis, we use the simplest (first

order) polynomials, namely the Chapeau functions, as our basis functions, and employ the 

Galerkin Method. 
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4. THE INTELLIGENT BRUTE FORCE METHOD
 

In this chapter, we develop our first method for solving the source localization 

problem, and discuss how the solution objectives listed in Section 3.1 can be achieved 

using this method. 

4.1. Method Development 

For the system described by (3.1), we make the following assumptions in the for

mulation of the intelligent brute force method: 

1. The source strength v(t) is a known function of time, and 

2. The source location f' is in a known finite set; i.e., there are only a finite number 

of possible source sites. 

The first assumption can be slightly relaxed, as will be discussed later, but it will still be 

quite restrictive and it constitutes the major limitation in the application of this method. 

The second assumption, on the other hand, is not as restrictive as it looks. Waste products 

are stored in discrete containers in many storage facilities. Each such container is a 

potential leak source, and the problem of deploying sensors to monitor such a facility 

for leaks may satisfy the second assumption to a reasonable degree, depending of course 

on whether or not an equation of type (3.1) can be used to mathematically model the 

propagation of the leak through the surrounding medium. 

Let us assume that there are N < oo possible sources. We define the signature 

si(F,t) of source i with respect to a location F E SZ as the response measured by a sensor 

located at r when source i is activated. (Note that, under the above assumptions, a unique 

signature can be obtained for any source with respect to a particular location.) We define 

the signature differentiation capacity (s.d.c.) of a location as the minimum difference 

between any two source signatures with respect to that location, where this difference is 
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measured via some signal norm. In mathematical terms, 

min t) (4.1) 

in which II II denotes an appropriate signal norm. 

The intelligent brute force method involves computing signature differentiation ca

pacities at all possible sensor locations and placing sensors at the location(s) with the 

highest signature differentiation capacity. The signatures of all possible sources with re

spect to these "best" sensor location(s) are then stored in a memory bank, and the actual 

measurements from the sensor(s) are compared with these pre-computed signatures to 

determine the source location. 

As the name suggests, this method involves an enormous amount of computation. 

The signatures of all potential sources with respect to all possible sensor locations are 

computed via computer simulations, which could take a fairly long time for a complicated 

system with a high number of possible source sites. However, this is a one-time com

putation. Once the sensor(s) is appropriately placed, the source location identification 

becomes a straightforward process, which involves choosing the source whose signature 

is closest to the actual sensor measurements in the same signal norm sense as above. In 

mathematical terms, 

Source index = arg min 11 si t) Y(t)ii, (4.2) 

where !HI is the same signal norm used to evaluate the signature differentiation capacities 

of sensor locations, and y(t) denotes the actual response measured by a sensor located at 

r.
 

The intelligent brute force method provides a straightforward answer to the question 

of the minimum number of sensors required to solve the source localization problem under 

ideal (noise-free, perfect model match) conditions. If one can find a single sensor location 

with respect to which all source signatures are different from one another, then a single 

sensor at such a location is enough for source location identification purposes. If this is 

not the case, then an appropriate set of sensor locations would be those for which, for any 
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source pair, there exists at least one sensor that can distinguish their signatures. These 

ideas are put in a mathematical context in the following theorem. 

Theorem 4.1 Let si(F ,t) be the signature of source i with respect to sensor location 

i = 1,... ,N, j = 1,... , M. Let Se = {ji,... , jral be a subset of possible sensor 

indices. Then sensors located at positions corresponding to the indices in Se can identify 

any source location if and only if for all 1 < ii, i2 < N, there exists jk E S, such that 

Isis (r7k t) Si2 Vik 011 0, i.e. given any source pair, there exists at least one sensor7 

that can distinguish their signatures. 

4.2. Robustness to Sensor Noise 

The intelligent brute force method is inherently robust to sensor noise since it picks 

those sensors for which the signatures of different sources are easier to distinguish from 

one another, i.e., the sensor locations picked by the intelligent brute force method yield 

source signatures that are farther from each other (in the sense of the signal norm used 

in the method) compared to source signatures with respect to other locations. Indeed, 

the reason we call this method intelligent is that it smartly picks those sensor locations 

that maximize the likelihood of correctly identifying the source location in the presence 

of sensor noise. A higher level of sensor noise must be present for such sensors, compared 

to sensors placed at other locations, to make an erroneous source identification through 

(4.2). These ideas are put in a mathematical format in the following theorem. 

Theorem 4.2 Let si(F,t) be the signature of source i with respect to location r, and y(t) 

be the actual measurement by a sensor at that location when source i is activated. Then 

a necessary (but not sufficient) condition for the source to be wrongly identified through 

equation (4.2) is that the sensor noise e(t) = y(t) si(ir,t) satisfy Ile(t)11 > 2 s.d.c.(r). 

Proof: The source will be wrongly identified if and only if there exists another source, 

source j, whose signature s) (r, t) is closer to the measured output y(t); i.e., I Isj(F, t) 

y(t)11 < II s 2(1--, t) y(t)I I for some j i. Using this fact and the triangle inequality of the 
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norm it' II, we obtain 

I IsiV, si(F), tl I = I Isi(F, t) y(t) + y(t) sin tl 

5_ I Isi(77', Y(t)I I + Y(t) I 

< 21Isi(F, t) y(t)II 

Combining the above result with the fact that, by definition, the s.d.c.(7-1 is not larger than 

the norm of the difference between any two signatures with respect to 77:, we immediately 

obtain 

t) y(t)I1 t) t) sdc-(f) 

(Q.E.D.) 

Theorem 4.2 provides us with a limit on the sensor noise level below which each 

source is guaranteed to be identified correctly based on the data measured by a single 

sensor. This limit is of little practical use, however, if the s.d.c. of the location at which 

the sensor is placed is very small. The following definitions and theorem indicate how to 

select a set of sensors to provide robust source localization for a given level of noise. 

1. Source i is called ay-distinguishable at location 77: if its signature si(F, t)	 with respect 

to this location satisfies lisi(F, t) si (77', 011 > y for all j i. 

2. Define the set If (71 to be the set of indices of sources that are y-distinguishable at 

location 

3. We call the system globally 7-distinguishable if 

L7(6) = {1, ,N}, 
j=1 

where i = 1, . . . , N denote the source indices and rj, j =1,... , M, denote the sensor 

locations. If the system is globally -y-distinguishable, then, for each source, there 

exists at least one sensor location at which the source is y-distinguishable. 

We are now ready to pose the following theorem. 
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Theorem 4.3 If a system is globally 7-distinguishable, then all the sources are guaranteed 

to be identified correctly by the following "compare and, if necessary, discard" scheme if 

sensor noise levels I lei(t)11 < 7/2 at every sensor location f: j = 1, , M. 

For each sensor location 77'3, 

Compare the measured response y3(t) with the signatures of the sources that are 

7-distinguishable at that sensor location using the evaluation equation (4.2). 

Discard the result if the closest distance between the measured response and the 

signatures of 7-distinguishable sources exceeds 7/2. 

Proof : Let source i be the active source. By hypothesis, Ilei(t)11 = list t) Yi(t)ii < 

7/2, where y3(t) denotes the actual measurement at sensor location F'3. For each sensor 

location f:3, the above scheme has two possible outcomes: 

1. If source i is 7-distinguishable at then the source location is identified correctly 

since the measured response yi(t) is within 7/2 of the source signature si(f-'3, t) (see 

above), and it cannot be closer to any other source signature with respect to that 

location (otherwise, source i would not have been 7-distinguishable at 77'3 in the first 

place). 

2. If source i is not 7-distinguishable at rj, then the result of the evaluation equation 

(4.2) in which y3(t) is compared with the 7-distinguishable sources at F3 is discarded. 

If it were not, this would mean that y3(t) is within 7/2 of the signature of at least 

one 7-distinguishable source, say, source k, at rj. Since yi(t) is also within 7/2 of 

the signature of source i (see above), this would imply the signatures of sources i 

and k are within 7 of each other (triangle inequality). But this is a contradiction 

since source k is 7-distinguishable at rj. Therefore, the measured response cannot 

be within 7/2 of the signatures of any 7-distinguishable sources at this location, and 

the result of the evaluation equation (4.2) is discarded. 

It is clear that the "compare and, if necessary, discard" scheme yields the correct source 

location at all sensor locations at which source i is 7-distinguishable, and it is incon
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clusive (result discarded) at other sensor locations. Furthermore, by definition of 

distinguishability, there exists at least one sensor location at which source i is -y-dis

tinguishable. Therefore, there exists at least one sensor location at which the evaluation 

equation (4.2) yields the correct source location, and this equation yields the same result 

at each sensor location where the results are conclusive (i.e., not discarded). 

(Q.E.D) 

4.3. Robustness to Modeling Inaccuracies 

The differences between the actual physical phenomenon under observation and the 

mathematical model describing it (Equations (3.1), (3.2)) have not been taken into account 

in our discussions so far. In practice, there is seldom, if ever, a perfect match between 

the actual (physical) and ideal (mathematical) systems, and we have to contend with 

the resulting modeling inaccuracies. In this section we study those modeling inaccuracies 

that can be represented by a perturbation AA of the spatial differentiation operator A 

by replacing it with A + AA. The operator AA itself is unknown, but it can usually be 

restricted to a known set PA of operators; i.e. AA E Pp where 1)6, represents the set of 

possible perturbations. 

An immediate consequence of modeling uncertainty is that a source no longer has a 

unique signature with respect to a given (sensor) location, but rather a set of signatures, 

each of which corresponds to a particular perturbation AA in the set PA of perturbations. 

This observation compels us to make the following definitions. 

We define the perturbed signature si(AA,1-*,t) of source i as the response measured 

by a sensor located at 77'. when source i is activated for a system described by (3.1) with 

the spatial differentiation operator A perturbed by AA. The set of possible signatures of 

source i with respect to location 77. is then given by 

{si(AA,f',t) I AA E Pp} . (4.3) 
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We define the distance d(Si,,,,S3,,,) between two such sets as 

S 
EPA 

t) Sj(AAj, II (4.4) 

The signature set differentiation capacity (s.s.d.c.) naturally follows from the above defi

nition in a fashion analogous to signature differentiation capacity (s.d.c.) as 

s.s.d.c.(7I = min d(Si,f, S (4.5) 

and the criterion for source identification is updated (from equation (4.2)) to 

Source index = arg min d(Si,,,,Y) (4.6) 

where Y is a set consisting of the single element y(t), the actual measurement at location 

r. 

All the theorems developed in the previous section for the unperturbed case are 

now applicable to the cases with modeling inaccuracies by replacing each signature by the 

corresponding signature set, signal distances by set distances (given by the function d(, ) 

as defined above), s.d.c. by s.s.d.c, and the source localization criterion (4.2) by (4.6). 

While the above discussion creates a useful framework within which systems with 

modeling inaccuracies can be treated in the same manner as unperturbed ones, the im

plications of these new definitions and source localization criterion are not immediately 

clear. The following observation should help clarify the picture. 

Since an unperturbed signature is a special case of the perturbed signature, it is in 

the set of signatures over which the infimum operation of Equation (4.4) is carried out. 

As a result, s.s.d.c.(71 < s.d.c.(77) for all f* in i.e., the differentiation capacity of every 

sensor is reduced under the presence of modeling inaccuracies, and the performance of the 

brute force method is degraded as expected. It is not possible to quantify this degradation 

without specifying the norm used and the set PA under consideration. 

4.4. Increasing Robustness via Multiple Sensors 

The robustness of the intelligent brute force method to both sensor noise and mod

eling inaccuracies can be significantly improved by increasing the number of sensors used. 
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The reasoning is simple: recalling the definition of globally 7-distinguishable systems 

from Section 4.2, it is obvious that the method's robustness increases as 7 increases. For 

ryl > 72, /72(1: i.e., all sources that are 71-distinguishable at location i- are also 

72-distinguishable at the same location. Consequently, the sensors rendering the system 

71-distinguishable also render it 72-distinguishable. 

Increasing the number of sensors indefinitely, however, might not increase the meth

od's robustness beyond some limiting level, as the following theorem states. 

Theorem 4.4 Let there be N possible sources in a system described by (3.1), with corre

sponding indices i = 1, . , N and signatures si(F,t) with respect to 77. E SZ. If 

sup iist(i?,t)11 = F < CC
eel/ 

then there does not exist a set of sensors that results in a 7-distinguishable system with 

> 21'. 

Proof : For all i, j, by the triangle inequality and the hypothesis 

011 + iisi(F,t)11 5. 21'. 

(Q.E.D.) 

Note that 21' is a very conservative upper bound. 

4.5. Comments 

The intelligent brute force method is conceptually very simple and straightforward 

to implement. However it has two major drawbacks: 1) the assumption that there is a 

priori source strength information is very restrictive, and 2) the amount and complexity 

of the numerical (off -line) computations can be prohibitive. 

The condition on the availability of full source strength information can be slightly 

relaxed if the source strength function is known up to some constant scaling factor. In this 

case, the proportional signature of a source with respect to a pair of (sensor) locations can 

be defined as the ratio of its signatures with respect to those locations. Since the system 
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(3.1) is linear with zero initial conditions, the proportional signature is independent of the 

constant scaling factors of the source strength. 

To go beyond the slight improvement suggested above, however, would require a 

tremendous increase in the amount of off -line "signature" computations required. One 

should note that the major advantage of the intelligent brute force method, its concep

tual simplicity, arises from the fact that this method considers only a finite number of 

scenarios. It then compares the actual measurements with those from the simulations of 

those scenarios (i.e., the source signatures) to make a decision regarding which scenario 

is currently being played out (i.e., which source is currently active). While we have tried 

to circumvent these restrictions in Sections 4.2 to 4.4, our approach has been more along 

the lines of making sure the finite number of scenarios considered by the method are dis

tinguishable enough to yield reliable results under slight variations and/or perturbations. 

Losing the source strength information, however, increases the number of possible scenar

ios (corresponding to different inputs) to infinity, which makes the intelligent brute force 

method inapplicable. Even if the source strength is restricted to a certain set of functions, 

unless this set itself is extremely restrictive, the number of simulations required to cover 

a sufficient portion of possible scenarios will certainly be prohibitive. 

The two drawbacks discussed above limit the application of the intelligent brute 

force method to real life problems. This method does, however, serve as a base line for 

performance comparisons with other methods, and it proves useful in the determination 

of appropriate sensor locations. 
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5. THE DISCRETIZATION METHOD
 

If there are too many potential leak sites within the spatial domain of interest, the 

intelligent brute force method developed in the previous chapter is hard to implement due 

to the excessive number of on-line comparisons required. Furthermore, this method is not 

applicable to problems in which the source can be anywhere within space, i.e., possible 

source locations constitute a continuum, rather than a discrete set. In response to these 

concerns, we develop our second source localization method, the discretization method, in 

this chapter. 

5.1. Method Development 

While formulating the discretization method for source localization, we assume that 

the source strength v(t) remains constant within the period of observation. As in the 

case of the intelligent brute force method, this assumption regarding the source strength 

constitutes the major limitation in the practical application of the method. 

The discretization method involves the construction of a lumped parameter finite-

dimensional state-space model that (approximately) represents the original distributed 

parameter system (described by Equations (3.1) and (3.2)). This can be achieved by 

employing either the finite difference or the finite element method, as discussed in Chapter 

3. The resulting state-space model is directly the approximation of the original system in 

the finite difference method. It is a related ODE model in the finite element method. In 

both cases, the state-space model is of the form 

du
 
Gu f 0 (5.1)


dt
 

y = Cu, (5.2)
 

where 0 denotes the unknown constant source strength; i.e., v(t) = 6. The process of 

constructing the lumped system (described by Equations (5.1) and (5.2)) using finite 

difference and finite element methods is outlined in the following subsections. 
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5.1.1. Finite Difference Method 

The construction of the lumped parameter system (5.1), (5.2) involves the compu

tation of the system matrix G, input vector f and observation matrix C using the original 

distributed parameter system equations (3.1), (3.2). This process can be summarized as 

follows: 

1. Partition the spatial domain of interest S-2 using a (uniform) grid. 

2. Replace the spatial impulse in the source term with a pulse of the same volume, 

spread over one grid cell centered about 7,0. 

3. Define the lumped parameter system states in u to be the value of u(i?, t) at the 

node points. 

4. Discretize the spatial derivatives in the partial differential equations describing the 

system using the finite difference approximations discussed in Subsection 3.2.1, and 

use the resulting set of equations for each state variable in u together with the 

boundary conditions to construct the lumped parameter system matrix G and input 

vector f. 

5. Construct the observation matrix C by comparing the	 sensor locations with the 

available node points. There are two possibilities: 

If sensor i is located at exactly (or is very close to) a node point j, then the ith 

row of the observation matrix C consists of Os at all columns except the jth 

column, which has value 1. 

If sensor i is located at comparable distances from a number of node points 

jk, then the output from that sensor can be approximated by a weighted sum 

of the states corresponding to those neighboring node points. Consequently, 

the ith row of the observation matrix C consists of Os at all columns except 

columns jk, which have values of wk such that wk > 0, Ek wk = 1. (wk denotes 
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the relative weight of the jkth state on the output and is inversely proportional 

to the distance between the corresponding node point and the sensor location.) 

The mechanics of this construction will be clearer when we apply it to the two-dimensional 

heat conduction problem in Chapter 7. 

5.1.2. Finite Element Method 

The finite element method, and how it is used to solve PDEs, was explained in 

Subsection 3.2.2. The process of using this technique to obtain a lumped parameter state-

space model, as in Equations (5.1) and (5.2), is summarized below. 

1. Select the set of basis functions that are to be used to approximate	 t) and modify 

them, if necessary, to ensure compliance with the boundary conditions. 

2.
 Construct the matrices A 1-1 and vector w as described in Subsection 3.2.2 to 

generate the state-space model for c(t) described by Equation (3.6). 

3.
 Define the state vector u in (5.1), (5.2) by ui(t) c2(t), where cz (t) are the weighting 

coefficients in the finite series approximation (3.3) of u(F, t). Consequently, the 

system matrix G and the input vector f of Equation (5.1) are given by H,7,12=1,, and 

11,7,1 w, respectively. 

4.
 If sensor i is located at Fset, the output measured by this sensor is approximated by 

yz(t) = E3N_i u3(t)h3(Fse,). Hence, the ith row of the observation matrix C is the 

row vector [hi (rset) hN(rsei)1 

5.2. Mathematical Derivations 

Once the lumped parameter state-space model "approximation" (5.1), (5.2) to the 

original distributed parameter system (3.1), (3.2) is obtained, we proceed to develop an 

evaluation algorithm to identify the source location using sensor measurements in the 

following manner. 
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First, convert the first-order state-space model into a set of higher-order input-

output models. Let the characteristic equation for the system matrix G be given by 

GN + 0-1 + + pN_iG +pNI = 0 (5.3) 

Then the first-order state-space Equations (5.1), (5.2) can be decoupled at each sensor 

location to obtain the following higher-order input-output models: 

(N) (N-1) GN.2
Yi pi Yi + + PNYi = e cT(GN-1 ± + + f, i = 1, , m, 

qi 

(5.4) 

where yz(t) denotes the response measured by sensor i, ci here is the ith row of C, and M 

is the number of sensors. 

Next, use backward Euler discretization to discretize (5.4) in time to obtain the 

following ARX (Auto-Regressive with External Input) model: 

aoyi,k alYi,k-1-1- aNYi,k-N = 0 qT f, i = 1, ... , M, (5.5) 

where the coefficients ak are given by 

N-k (N m)
ak = (-1)k Y..' 

1 

Pm (5.6)
At] r -771'm=0 IC 

with po defined by Po = 1 and At the time increment of the Euler discretization. 

The left-hand side of (5.5) is an auto-regressive (AR) filter, and it can be evaluated 

using the measurements fy,,k1 at sensor i. The right-hand side of (5.5) is a constant for 

each fixed i, but depends on the unknown source strength 0. To cancel out the dependency 

on 0, the left-hand side can be evaluated using measurements at two different sensors, m 

and n, and the ratio taken. This results in the equation 

CegTmf ()Ym,k alYni,k-1± aNYm,k-N 
T (5.7)

q. f oloyn,k + alYn,k-1 aNYn,k-N 

The problem of locating the source is reduced to determining the vector f that solves 

(5.7) for the sensor pairs (m, n) under consideration. 
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The particular discretization scheme (finite difference or finite element) used to 

generate the lumped parameter state-space model (5.1), (5.2) significantly affects the 

procedure to be followed to determine the vector f that solves (5.7), and the two cases 

are studied separately in the following subsections. 

5.2.1. Finite Difference Method 

When the finite difference method is used to obtain the lumped parameter system, 

we assume that all the entries of the vector f are zeros except for the one corresponding 

to the node point j closest to the source location f.'s°, which has a value of 1. This happens 

when the sensors are all placed at node points of the grid. Defining 

qmn = qm./qn 

as the element-by-element division of qn into qm, and using the knowledge that all but 

one of f's entries are zero, the left-hand side of equation (5.7) can be replaced by qmTnf. 

Furthermore, since the only nonzero element of f (the one corresponding to the node 

point j closest to the source location) has value 1, the inner product Lai' of Equation 

(5.7) yields the jth entry qmn(j) of the gnu., vector. Therefore, the source location can be 

estimated by solving 

00m* alYm,k-1 ± ceNYm,kNSource index = arg min qmn(i) (5.8) 
CY0Yrt.k alYn,ki + + QNYn,k N 

The resulting source index denotes the estimated location of the source on the grid struc

ture (within one of the grid cells). 

There are two immediate consequences of the localization scheme described above: 

1) Two sensors are sufficient to obtain a unique estimate of the source location if one can 

find sensor locations 7- and f.:5,2 such that the resulting q12 vector has N distinct entries 

(N is the total number of grid cells, which is the same as the total number of interior node 

points), and 2) The maximum accuracy by which the source location can be estimated 

(i.e., the resolution) is the size of a grid cell; i.e., we only get an estimate of which cell the 

source is in, not an estimate of its point location. 
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5.2.2. Finite Element Method 

When the finite element method is used to obtain the lumped parameter system, 

the vector f has a much more complex structure. Recalling Equation (3.6), f is given by 

f = Hwlw (5.9) 

with 

Hw = [f w = {Weso)1T. 

While fiw is a well-defined matrix once the basis and weighting functions are deter

mined, the vector w is a continuous-valued vector function of the source location, yielding 

infinitely many possibilities for the vector f. (In sharp contrast, only N possibilities are 

available when the finite difference method is used.) One immediate consequence of this 

is that the simplification introduced by using q,,,, is no longer applicable, and the original 

equation (5.7) must be used in the derivations. For each sensor pair (m, n), Equation (5.7) 

provides one linear homogeneous equation in N unknowns (elements of the f vector) in 

the following manner: 

7mn 

-Ymn (InT f 

(e'n ,yinntin) = 0. (5.10) 

In Equation (5.10), ryrrin is a constant value obtained by feeding the measurements 

from the sensor pair (m, n) into the right-hand side of Equation (5.7). If there are P pairs 

of sensors, we obtain P homogeneous equations for the entries of vector f in the same 

manner as above (5.10). These equations can be put in a compact matrix form to obtain 

Qf =0, (5.11) 

where Q is the P x N matrix whose rows represent the homogeneous equations of the type 

(5.10) f must satisfy for each sensor pair. 

If the data obtained from the actual system via sensors perfectly matched the ARX 

input/output model obtained for the approximate lumped parameter state-space model 
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(5.5), the matrix Q would have a maximum rank of N 1 (regardless of the number of 

sensor pairs, P) to allow a nonzero solution f . Since such a perfect match is unlikely to 

happen in practice, use of P > N sensor pairs might yield a full-rank Q matrix, or which 

the only solution to (5.11) is the trivial solution f 0. To avoid this, we intentionally use 

only N 1 sensor pairs in the Q matrix to obtain an underdetermined set of equations 

for the N entries of vector f , and thus guarantee the existence of a nonzero solution to 

Equation (5.11). Using any such solution, w can now be obtained from 

w = Hw f (5.12) 

and the source location is estimated by finding f'so such that the vector w defined in 

Subsection 3.2.2 is parallel to the one obtained from the measurement data (Hwf) as 

expressed in equation (5.12). 

Comparing the findings of this section with those obtained in the previous one, 

we are immediately struck by the obvious trade-off between the source location estimate 

resolution and the number of sensors used, and the amount and complexity of the numer

ical computations required in the sensor data evaluation process. There is no inherent 

limit on the source location resolution when the finite element method is used, in contrast 

with the grid-cell-size resolution limit for the finite difference method. The finite element 

method requires M > (1 + 7)/2 sensors (so that C(M, 2) > N 1) rather than 

two, and, instead of a simple comparison, the computations involve the solution of an 

under-determined set of equations, and checking the alignment of vectors. 

In the following sections, we study the robustness properties of the discretization 

method under the presence of sensor noise and modeling inaccuracies, and develop a 

technique to choose the sensor locations that maximize robustness to sensor noise. 
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5.3. Robustness to Sensor Noise 

5.3.1. Suppression of High Frequency Noise 

Let us define H(s) as follows: 

H(8) 811 _N -1 ± +PN-1,9 +PN (5.13) 

The input-output Equation (5.4) can be written in Laplace domain as 

H(s)Yi(s) = qiT f i =1,...,M. (5.14) 

The transfer function H(s) (from output to input)is improper with all its poles at oo, hence 

it is not bounded-input-bounded-output (BIBO) stable ([21]). Therefore, evaluating the 

left-hand side of (5.4) to compute the constant term on the right-hand side can be very 

error-prone in the presence of sensor noise. Indeed, H(s) is a high-pass amplifier that will 

amplify the effects of high frequency noise on the method accuracy by taking its high-order 

temporal derivatives. The method's performance will be further degraded by the temporal 

discretization yielding the ARX model of Equation (5.5), should such an operation be 

necessary due to implementational requirements (i.e., if continuous measurement data are 

not available). 

One solution to this problem is to modify the input/output Equation (5.4) by taking 

N integrals over time of both sides of Equation (5.4) to remove the high order temporal 

differentiations causing the high-frequency noise problem discussed above. This approach, 

together with the zero initial condition assumption of Section 3.1, yields 

t fN 
Yz(t) +P1 I Yt(Ti)dri + + pN fJ Yi(T1)dr1dr2.- ch-N Ni . f (5.15) 

o N 

Physical implementation of the system described by the original equation (5.4) requires 

N differentiators in a series connection. In contrast, the system described by the new 

equation (5.15) above requires N integrators in series. In practice, the latter system is 

much easier to implement in a reliable fashion. 
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If analog implementation is not possible or desired, Equation (5.15) can be dis

cretized in time (with time increment At) to obtain 

ao,Yi,k + + aNYi,k-N 
kN 

qi j, i = 1, ,M, (5.16) 

where Yi,k approximates the N times temporal integration of yi(t) via consecutive lower 

Riemann sums; i.e., 

k-1 iN-1-1 
Yi,k = E E yi(iNAt), 

iN=0 

and ai and j30 are as defined in Section 5.2. 

The approach to high-frequency noise suppression developed in this subsection in

volves the replacement of the high-order temporal differential format of Equation (5.4) 

with the integral format of (5.15), and the use of the low-pass filtering nature of the in

tegration operation to filter out the high-frequency noise. The enormous improvement in 

method performance under noisy conditions when this substitution is made can be clearly 

seen in Chapter 7, where both formats are applied to the two-dimensional heat conduction 

problem. 

5.3.2. Improving Robustness via Strategic Sensor Placement 

Regardless of the format (differential or integral) of the equation used to evaluate 

the sensor data, the discretization method reduces to solving for a vector f from a set of 

equations 
T f 

qm 

f = arnn (5.17) 

with (m, n) corresponding to sensors m and n, and oimn a value computed from the 

measured responses by these sensors (see Equation 5.7, for example). 

If the finite difference method is used in the construction of the lumped parameter 

system (5.1), (5.2), we know from previous discussion that m = 1, n = 2, and f is a 
vector of zeros except for the entry corresponding to the node point closest to the source 

location, which has a value of one. The presence of sensor noise manifests itself as a 
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disturbance Aa on the measurement dependent value a12 as a12 =, a12 = a12 + Da, and 

the source location is estimated by determining the entry of the (fi:2 vector closest to a12. 

For this estimate to be the same as the one that would have been obtained for the "true" 

value ai2, the sufficient condition is that the absolute value of the disturbance .6,a be less 

than half the minimum absolute difference between any two entries of the g12 vector; i.e., 

jAal < 1/2 minio 14(i) 

Obviously the difference between the entries of the q2 vector is a measure of the 

robustness of the method to sensor noise. It should be noted at this point that each entry 

of this vector serves as a representative of a set of source "signatures" corresponding to 

sources within a grid cell. It then follows from arguments similar to those discussed in 

Section 4.2 for the intelligent brute force method that increasing the difference between 

these "signatures" through strategic sensor placement should improve the method robust

ness to sensor noise. This reasoning is confirmed by recalling Equation (5.4), and the 

definition of the gTmn vector from Section 5.2, which together yield 

q?-; (GN_i p1GN_2 iGN-2+ +pN-ii) .1 cI(GN-1 + +PN-11). (5.18) 

Equation (5.18) clearly demonstrates the relationship between the q12 vector and the 

sensor locations through ef and cl (see Subsection 5.1.1 for the detailed explanation of 

how these row vectors corresponding to sensors 1 and 2 are constructed). Different sensors 

yield different rows (or combinations of them) of the GN-1 + + pA T _II matrix. We 

now state the following theorem that establishes the criterion for the optimal sensor pair 

locations maximizing robustness to sensor noise for the discretization method employing 

the finite difference approach. 

Theorem 5.5 Let the lumped parameter system approximation to a distributed parameter 

system be obtained via the finite difference method. The two sensor locations maximizing 

robustness to sensor noise are given by 

arg max_ (min I qT2 (i) ^g12 (.7)1J 
fi,F2En 2J 
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where the relationship between q2 and the sensor locations is established though Equation 

(5.18), and Cl and c2 are both continuous functions of the sensor location. 

Proof: If two sensor locations solving the maximization problem can be found, they 

maximize the robustness as the discussion in the previous paragraph suggests. With 

c1 and c2 both continuous functions of 77'. E SZ, q12 as defined by Equation (5.18) is a 

continuous function over the closed and bounded set 11 x Il C R2N, and so is the minimum 

absolute difference between its elements. Therefore, by Weierstrass theorem ([20]), the 

maximization does have a solution in 51 x ft. 

(Q.E.D.) 

5.4. Robustness to Modeling Inaccuracies 

Being a model-based approach, the discretization method is quite sensitive to mod

eling inaccuracies. The mismatch between the actual (physical) system and the ideal 

(mathematical) model representing it (in our case the original distributed parameter sys

tem (3.1)) manifests itself as a perturbance on the nominal system matrix G of the lumped 

parameter approximation (5.1). The relationship between this perturbance and the model

ing inaccuracy causing it can be highly complicated. Nevertheless, if this perturbance can 

be represented by a AG variation on the nominal system matrix G as G G + AG, and 

if the finite difference method (Sections 3.2.1 and 5.2.1) is used to construct the lumped 

parameter approximation (5.1), a general approach to improve the method's robustness 

to such modeling inaccuracies can be developed in the following manner. 

When the finite difference method is used to construct the lumped parameter ap

proximation to the original (distributed parameter) system, the discretization method 

works by associating a fixed value to each grid cell, and comparing the ratio of the AR fil

ter outputs from the two sensors with this (pre-determined) set of values to decide within 

which grid cell the source is located (see Equation (5.8) of Section 5.2.1). The values 

associated with each grid cell are the entries of the q12 vector (Section 5.2.1), and the 

relationship between this vector and the system matrix G is stated in Equation (5.18). 
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When the nominal system matrix G in this equation is replaced by its "perturbed ver

sion" G + AG, the entries of the corresponding q12 vector (i.e., the values associated with 

each grid cell) also change. Therefore, a criterion for the robustness of a "sensor pair" to 

modeling inaccuracies of the type studied in this section can be obtained in terms of the 

changes such inaccuracies induce on the entries of the Q12 vector. The sensor pair that 

is "most robust" to modeling inaccuracies can then be selected by solving for the sensor 

locations that maximize this robustness criterion. 

However, the approach briefly outlined above has some definite drawbacks. Neither 

the conversion of the actual modeling inaccuracies to perturbations on the system matrix, 

nor the conversion of these perturbations, in turn, to changes on the entries of the q12 

vector are straightforward, and an analytical solution to the problem of maximizing the 

robustness criterion might well be impossible to obtain. Furthermore, unless the numbers 

of possible perturbations and potential sensor locations are both finite (and reasonably 

small), exhaustive numerical solutions (computing G + AG for each possible modeling 

inaccuracy, and the resulting changes in the q12 vector entries, and repeating the process 

for each potential sensor pair to find those locations that yield a minimum - in the sense 

as defined in the robustness criterion change on the entries of q12) are not the answer. 

Due to these concerns, and time limitations, this approach has not been tested in this 

thesis. 

Another approach to improve the discretization method's performance to modeling 

inaccuracies involves the use of an on-line system identification scheme in parallel with 

the source localization algorithm. A block diagram of the resulting "adaptive" source 

localization scheme is illustrated in Figure 5.1. 

In this figure, the identification block provides on-line estimates of the AR filter 

(5.5) coefficients ak (5.6) based on the sensor measurements. These estimates are then 

used to re-compute the system matrix G, and update the q12 vector entries which are 

used, with the sensor data, to estimate the source location (5.8). 
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FIGURE 5.1: Adaptive source localization based on system identification 
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To test the feasibility of this approach, we implemented the least-squares parameter 

identification method (see [22]) in the system identification block, and generated the sensor 

data for the two dimensional heat conduction problem (see Chapter 7) via computer 

simulations. Unfortunately, the parameter identification method failed to provide us with 

reliable estimates of the AR filter coefficients based on the available sensor data, and 

our attempts at using the estimates generated by the identification block to update the 

location estimator proved counterproductive. We believe the reason for this to be the lack 

of frequency spread in the constant-strength (DC) inputs we used for our simulations: in 

system identification terms, such input signals are not "exciting" enough (see [22] for a 

definition of this term) for the parameter estimation method to provide good estimates of 

the AR filter coefficients. 

As of yet, we have not been able to develop a comprehensive approach to improve the 

discretization method's robustness to modeling inaccuracies. We will continue studying 

the two approaches briefly outlined in this section, as well as other techniques, to achieve 

this goal as a part of our future work. 
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5.5. Comments 

The assumption about the source strength remaining constant throughout the pe

riod of observation is the major limitation on the practical application of the discretization 

method. Nevertheless, the method is still more powerful than the intelligent brute force 

method in the sense that it provides us with comparable results with much less compu

tational overhead. The bulk of the computations in the discretization method are carried 

out toward the construction of the approximating lumped parameter system. These are 

all one-time-only off -line computations. The on-line computations for the discretization 

method using finite difference technique are quite simple, but the source localization res

olution is limited by the size of a grid cell. The discretization method using finite element 

technique potentially offers unlimited resolution, however this comes at the expense of 

significant increases in the number of sensors required (2, for finite difference technique, 

versus (1 + 7)/2, for finite element technique) and the amount and complexity 

of the on-line computations required to obtain an estimate of the source location. Fur

thermore, optimizing the sensor locations to maximize the method's robustness to sensor 

noise is straightforward when the finite difference technique is used. A similar optimization 

problem cannot be set up for the method using finite element technique. 

The robustness of the discretization method to modeling inaccuracies remains an 

open-ended question that requires further study. We plan to work on possible modifica

tions to the system-identification-based approach outlined in Section 5.4, as well as other 

techniques, to answer this question as a part of our future research. 

Some of the ideas developed in this chapter are tested in Chapter 7 in which we apply 

the discretization method using finite difference technique, along with the other source 

localization methods developed in this thesis, to the two-dimensional heat conduction 

problem, and test the method's performance via computer simulations. 
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6. THE DUAL SYSTEM METHOD
 

The practical application of the intelligent brute force method and the discretization 

method developed in the previous chapters is seriously limited due to the a priori source 

strength information requirement in both methods. In this chapter, we develop our third 

source localization method, the dual system method, which avoids such requirements. 

6.1. Method Development 

To develop the dual system method for the source localization problem, we first 

consider the system model (3.1) and (3.2) with a single sensor located at F. The ideal 

(noise-free) measurements are given by the scalar function of time y(t) where 

y(t) = u(F, t). (6.1)
 

We now introduce a system dual to the one described by (3.1) and (6.1) as follows: 

az(F, t) 
= A* z(F, t) A(06 (1: f') (6.2)at 

t E T = (0,0), rESZCRn, Q = f2 x T, E T 

Final condition : z ( 0) = 0. 

Here A(t) is the (arbitrary) source strength for the dual system and F is the sensor 

location for the primal system (the source location for the dual system). The operator A* 

is the adjoint of the operator A of the primal system (3.1), and the dual system equations 

(6.2) are to be solved reverse in time. By definition, the two operators, A and A*, satisfy 

the following equality: 

(Af)g dV = f f (A* g) dV Vf, g E (SI). (6.3) 

Note that the boundary conditions for the dual systems have not yet been specified. 

The reason for this is that the adjoint relationship (6.3) between the two operators A 

and A* holds for functions f and g that have zero boundary conditions. Since the primal 
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system state u(r, t) has nonzero Robin's boundary conditions, for the same relationship 

to hold for the primal and dual system states (u(r, t) and z(F, t), respectively) at all 

times (t E (0, 0)), the dual system boundary conditions must be chosen appropriately. 

The selection of the appropriate boundary conditions for the dual system depends on the 

particular A operator used in the primal system model (3.1). 

We multiply (6.2) by u(r, t) and integrate over space and time. By appropriate 

selection of boundary conditions for the dual system (6.2), and using (6.3), (3.1), and the 

initial and final conditions set forth for t) and z(r, t), we obtain the following equality: 

0 0 

v(t)z(Fso,t)dt = f A(t)y(t)dt. (6.4)
fo 

Once the source strength function A(t) is selected, the right-hand side of (6.4) can be 

evaluated numerically using the measurement y(t). The challenge is to extract the source 

location information from the resulting integral equation, which is a non-trivial task. 

To simplify the problem, we set Mt) = A constant. Under this setting, the dual 

system will converge (reverse in time) to a steady state, for which we can explicitly solve 

by setting the time derivative in the dual system equation (6.2) to zero. We denote this 

steady state by z(7). We loosely define the settling time O for the dual system as the 

time it takes for the dual system to get "sufficiently close" to this steady state, and we 

assume that O << 0, where 0 is the total observation time. Now the integral equality of 

(6.4) can be rewritten approximately as 

0 0

z(i?) f v(t)dt f y(t)dt, (6.5) 

where we have assumed that the dual system has reached the steady state fast compared 

to the total observation time so that the difference between the left-hand sides of (6.4) 

and (6.5) is negligible. 

With the steady state z(il for the dual system pre-computed, (6.5) is closer to an 

equation that can be solved for Fs° than (6.4) was. However, with the source strength v(t) 

for the primal system unknown, this simplification still yields a single equation with two 

unknowns. 
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If we use not one but two sensors, then we can eliminate the dependence on v(t). 

In the same manner as before, we construct a dual system in two dimensions". The two 

states of the dual system differ only in their respective source locations, i and Fse2. 

Setting the respective "source" strengths A constant for each state, and solving for their 

respective steady states zi(f) and z2(il, and defining yi(t) = u(F t), we obtain the 

two equations 

e e 

zssiVso) f v(t)dt Al f Yi(t)dt,-=.2 (6.6) 

o o 
o 

'Le.zssz(Fso) f v(t)dt A2 f y2(t)dt, (6.7) 
0 o 

where the variable Fso and the value of foe v(t)dt are unknown. 

Dividing equation (6.6) by equation (6.7), we eliminate the dependence on the source 

strength v(t) and obtain 
z1 (775o) Al foe (t)dt 

(6.8)

zs.s2(r.90) 0

A2 fo y2(t)dt 

The only unknown variable is f'so. Defining the localization function f 1201 as 

zssi(71
f12(0 = (6.9)

Zss2M 

we obtain an estimate C-so of the source location by solving 

al fo yi(t)dt 
f12(9%o) = -0 (6.10)

A2 fo y2(t)dt 

The right-hand side of (6.10) is a number generated by filtering the two output measure

ments,scaled by Al and A2 respectively, through integrators and taking the ratio of these 

filtered outputs. 

It is evident from Equation (6.10) that two sensors are sufficient to solve the source 

localization problem in a one-dimensional setting, provided that two sensor locations can 

be found so that the resulting localization function f12(f) is invertible within the spatial 

range of interest (1). 

For two and more dimensions, (6.10) is likely to have a set of solutions, and we must 

be content with knowing on which contour line or surface the source lies. The solution 

http:zs.s2(r.90
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in such cases is to use more sensors. For example, in the two-dimensional case, using 

three sensors would yield C(3, 2) = 3 sensor pairs, each of which can be used to construct 

a localization function Li (7-.). The intersection of the contour lines of these localization 

functions would then pinpoint the source location. In a similar manner, four localization 

functions are required in the three-dimensional case, which can be achieved by using four 

or more sensors. 

Nevertheless, if there are only a finite number of possible source locations, which 

are known a priori (as in the case considered while developing the intelligent brute force 

method), then it is likely that two sensors can be found so that the corresponding localiza

tion function f12(F) does not have a contour that passes through more than one possible 

source location. In this case, two sensors would still suffice to solve the higher-dimensional 

problem. 

The desired properties of the localization functions listed above - invertibility, or no 

contours passing through more than one possible source location - compound the selection 

criteria for the sensor locations. 

Briefly, the technique we have developed in this section can be summarized as fol

lows: 

Construct the form of the dual system's steady-state solution for a general sensor 

location F. 

Find two particular sensor locations /-*sei and F, for which the steady-state solutions 

for states of the respective "two-dimensional" dual system yield an invertible local

ization function, or one with no contours passing through more than one possible 

source location. If this is not possible, increase the number of sensors and generate 

additional localization functions for each sensor pair. 

Evaluate the measurement data via equation (6.10) to determine the source location. 

If necessary, use the intersection of the contours of the localization functions to 

identify the source location. 
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In the particular case of the two-dimensional heat conduction problem considered in 

Chapter 7, the dual system and the steady-state solutions may be found analytically. (See 

Section 7.3 and Appendix B.) In the more general setup (3.1) and (6.2), this is not always 

possible. In the following section, we discuss how the finite element method, reviewed in 

Subsection 3.2.2, can be used to generate the steady-state solutions of the dual system, 

which may then be used to construct the source localization functions. 

6.2. Solving the Steady-State Dual System Equations 

One of the issues that must be addressed to implement the dual system method 

described in the preceding sections is how to compute the dual system's steady-state 

solution. This computation can be carried out in two ways: 

Compute the adjoint operator A* and then compute the dual system's steady-state 

solution analytically. 

Use the finite element method to compute the dual system's steady-state solution 

numerically without computing the adjoint operator A* by using the adjoint rela

tionship (6.3) between A and A*. 

The finite element method only yields an approximate result. However, it is much simpler 

than the first method in cases where the adjoint operator A* is not readily available, 

or the resulting dual system's steady-state equation is too complicated for the existing 

analytical solution techniques. In this section, we review the finite element technique and 

show how an approximation to the dual system's steady-state solution can be obtained 

without computing the adjoint operator A*. 

The steady-state equation for the dual system is given by 

A* zss(il + F) = 0 (6.11) 

with the boundary conditions selected so that the adjoint relationship (6.3) holds for all 

u, z E H2 (S2) that solve the primal (3.1) and dual (6.2) systems respectively. Let {hi (il}, 

i = 1, , N, be a finite set of functions in H2(12) that satisfy these boundary conditions. 
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Define S = [kV)] as the span of these functions. An approximation of z () in S can be 

obtained as 

ss(71 = ei hi (T1 (6.12) 
ir=1 

where the ci are undetermined coefficients. Substituting the approximation (6.12) into 

(6.11), we obtain 

= A* 8801 + ASV f*se) 

= E ci (A*hi)(il + A6(77. F) (6.13) 
u=1 

where R(rl represents the residual, which is due to 293(1) being an approximate solution. 

The objective of the finite element method is to determine the coefficients ci so that this 

residual is minimized in some sense. Using the Method of Weighted Residuals (MWR) 

(see Subsection 3.2.2), the coefficients ci are selected so that 

L,,iwieridx= 0 j = 1, . . . , N, (6.14) 

for a set of weighting functions {w 01} . Substituting (6.13) into (6.14) 

EciJ (A* hi) (71w dV + Aw (r. se) =0 j = 1, . . . , N. (6.15)
i=i 

Using the adjoint relationship (6.3), (6.15) can be rewritten as 

E ci f dV + Aw1 (F) =0 j = 1,... ,N, (6.16) 
is-,1 9 

which can be put in a compact matrix form as 

Ac+w= 0 (6.17) 

where 

A = [L(Aw dx] 

c = [CICM" 

W = A kvi(rse).../Dry(se)fr (6.18) 
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and 0 is a vector of zeros. The desired coefficients ci can be found from 

c = (6.19) 

if A is invertible. Note that A can be computed without finding A*. 

In Chapter 7, we use the Galerkin Method, which is a special form of the MWR 

(see Subsection 3.2.2) with Chapeau basis functions to solve for the steady-state solution 

to the dual system of the two dimensional heat conduction system with Robin's boundary 

conditions. We generate the steady-state solutions of the "three dimensional" dual system 

corresponding to three sensor locations and construct three localization functions, one for 

each sensor pair. 

It should be noted that the approximate dual system steady-state solution obtained 

through the finite element solution technique outlined in this section can be made arbi

trarily close to the actual solution by increasing the number of "basis" functions hi(r) 

used in the approximation. The main advantage of this approach is its computational 

simplicity and its elimination of the need to compute the adjoint operator A* to generate 

the dual system's steady-state solution. 

6.3. Number of Sensors 

Let us assume that we have M > 2 sensors. Each sensor pair (i, j) corresponds to 

a localization function as described in the previous section. A unique estimate for 

the source location can be obtained if the set of equations 

f ° yi (t) di
fij = 1<i,j < M, j (6.20)

A3 fo y3 (t) dt 

has a unique solution f-sc, within the spatial domain 11 of interest. If SZ is n-dimensional, 

we need a minimum of n localization functions for this condition to hold. This imposes 

on the number of sensors M the following requirement 

C(M, 2) > n 
M(M 1) 

<=> > rt 
2 
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<=> M2 M 2n > 0 
1 V8n + 1M > (6.21)

2 

where C(M, 2) represents the number of combinations of M objects taken 2 at a time. 

Since the number of sensors M is an integer, (6.21) yields Mmi, = 2 for one-dimensional 

(in space) problems, and M, = 3 for two- and three-dimensional problems. In the three-

dimensional problems, however, the solution sets to (6.20) are likely to be closed contour 

surfaces. The intersection of two such surfaces yields one or more closed contour curves, 

and these curves are likely to intersect the third closed contour surface at more than one 

points. Consequently, a minimum of four sensors are required for the three-dimensional 

problem in most practical cases. 

If there are only a finite number of possible source sites known a priori, the minimum 

number of sensors required to solve the problem is Mmir, = 2 in both the two- and three-

dimensional cases. This reduction in the number of sensors is possible if there are two 

sensor locations for which the corresponding localization function does not have a contour 

that passes through more than one possible source site; i.e., the value of 112(1) at each 

potential source site completely identifies that site. This criterion forms the basis for 

strategic sensor placement in the two- and three-dimensional cases. 

It should be noted that, due to the approximate nature of (6.8), the set of equations 

(6.20) may not yield a solution at all (i.e., the contours of the localization functions 

resulting from these equations may not intersect in a point). When this happens, a 

"pseudo-solution" for f' can be obtained in the following manner. Let 

it3 = az3 1 < i, j < M, i j, (6.22) 

where Oj are values computed from the right-hand side of (6.20) using the measurement 

data. Then f-sc, can be obtained by solving 

f'so = min E'Yij(71 (.fig (71 air) (6.23) 
FES-2 

2,3 

where -yi3(i) > 0 are space-dependent weighting coefficients. 
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6.4. Robustness to Sensor Noise 

The dual system method shows inherent robustness to sensor noise as a direct result 

of the way in which the sensor data is evaluated. Recalling (6.10), the source location 

is estimated by taking the ratio of "integrals" of the sensor data over the period 0 of 

observation and constructing the contour of a pre-computed function (i.e., localization 

function) corresponding to this value. In other words, the sensor data are low-pass filtered 

through an integrator during data evaluation, which suppresses the high-frequency noise 

effects on the method's performance. Indeed, our computer simulations in Chapter 7 have 

shown remarkable insensitivity to sensor noise for signal-to-noise-ratio (SNR) levels down 

to 15 dB. 

For higher noise levels, the method robustness to sensor noise can be improved in the 

following manner. Defining Yi (t) as the primitive function of y2 (t) (i.e., f (t) dt = (t)), 

and recalling the zero initial conditions for the primal problem (see Section 3.1), the 

equation (6.10) for the source location estimate can be rewritten as 

f12(rso) = (1;21roD (6.24) 

Recalling the discussion in Section 6.1, when the observation period 0 is much larger 

than the settling time 0s, the left-hand side of (6.24) is approximately equal to f12(f.s0), 

where 77,0 denotes the true source location. As the observation period increases, this 

approximation becomes a more accurate one. Therefore, the ratio Y1(0)/Y2(0) converges 

to the constant value fiz(rso) as 0 increases. We define Y12(0) as the ratio of Y1(0) and 

Y2(0), i.e., 

Y1(0)Y12(0) = (6.25)
y2(8) 

Since Y12 (0) converges to a constant value as the observation period 0 increases, the 

convolution of Y12 (0) with any (BIBO) stable filter response H(0) converges to the same 

constant value, provided that the filter has unity DC gain. The stable filter response H(0) 

can be selected to further suppress the noise effects within a certain frequency range when 

the suppression provided by the original integration (6.10) is found to be insufficient. If 

http:f12(f.s0
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statistical information regarding the correlation between the noise and the output signal 

is available, optimal filters uncorrelating the noise and the signal, hence maximizing the 

SNR, can be designed to further improve method robustness to sensor noise. 

6.5. Robustness to Modeling Inaccuracies 

When the dual system method is employed to solve the source localization problem, 

modeling inaccuracies manifest themselves as mismatches between the actual (primal) 

system providing the sensor data, and the dual system constructed from some nominal 

primal system model. We can view this mismatch in two different ways: 1) the dual 

system, and its associated localization functions, are erroneous as a result of the mismatch 

between the actual primal system and the nominal one used in the construction of the 

dual system, or 2) the data being sent to the localization functions are erroneous since 

the actual primal system is not behaving the way it "should"; i.e., the way the nominal 

primal system would. 

While the first point of view is physically more sensible, it is the second one that 

yields a practical approach to improve the dual system method's robustness to modeling 

inaccuracies. In this approach, we assume that the problem is with the "corrupted" data 

being fed into the localization functions, not the functions (or sensor locations) themselves. 

We then argue that the localization function is less sensitive to this corruption in regions 

of high variation, because large changes in function value correspond to (relatively) small 

changes in spatial ordinates in such regions. Consequently, each localization function pro

vides a more robust source location estimate within its regions of high variation (typically 

the region around the location of the first sensor in the pair). The overall method ro

bustness can be improved by increasing the number of sensors so that the whole spatial 

region of interest is covered with overlapping regions of high variation corresponding to 

different localization functions. The source location estimate from a localization function 

is taken into consideration only if the estimate happens to be within its high variation 

region; i.e., if it is within the region in which the source location estimates are insensitive 
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to slight variations in output data. This can be achieved by selecting the weighting coef

ficients (1 mentioned in Section 5.1 proportional to the variation of the corresponding 

localization function fi3(1). 

The technique described above, while not optimal, is quite simple and straightfor

ward to implement. The regions of high variation for each localization function can even 

be determined by inspection once these functions are computed and plotted. 

6.6. On-line Computations 

In the dual system method, all the computations involving the dual system and the 

localization functions can be carried out off -line. Once the appropriate sensor locations 

are determined (in accordance with the principles laid out in the previous sections), the 

localization functions that are to be used for output data evaluation can be stored in a 

memory bank. 

The on-line computations involve integrating (and possibly filtering) the outputs 

from each sensor, taking the ratios for each sensor pair, and solving for the source location 

estimate from (6.22) or (6.23). The integrating and filtering operations can be performed in 

an analog or digital fashion, depending on the nature of the available output measurements 

(continuous or discrete in time) and the desired filtering characteristics. Taking the ratios 

of the integrator (possibly followed by filter) outputs is a relatively simple operation when 

performed digitally. Note that digitally performing this operation does not result in any 

loss of information since the ratios are expected to converge to constant values, which can 

be observed just as well in a sampled-data setting. 

The solution of Equation (6.22) or Equation (6.23) for the source location estimate 

constitutes the bulk of the on-line computations for the dual system method. In most 

practical cases, we use the latter equation. (This is especially true when the localization 

functions are obtained numerically by using the finite element method.) A simple numeri

cal solution to (6.23) can be obtained by partitioning the spatial domain Il by as fine a grid 

as desired, and computing the values of each localization function at each node point a 
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priori (off-line). The azi values obtained from sensor measurements (through integration, 

filtering and division) can then be compared with these pre-computed values to solve for 

the source location estimate from (6.23). 

6.7. Comments 

The dual system method is the most powerful source localization technique devel

oped in this thesis. The method's ability to handle cases with varying source strength 

v(t) is only one of its major advantages over the two methods discussed in the preceding 

chapters. The method's inherent robustness to sensor noise, and the ease with which this 

robustness can be further enhanced (through any linear dynamic stable filter) are also 

just as important. And while optimizing the method robustness to modeling inaccuracies 

appears impractical, "improving" the robustness through a few simple implementational 

considerations (prioritizing source location estimates based on the corresponding localiza

tion function's variation level around the estimate) is possible. This approach is shown 

to yield considerable improvements in the method performance in the computer simula

tions of Chapter 7 in which the ideas developed in Chapters 4-6 are put to test on the 

two-dimensional heat conduction. 
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7.	 AN EXAMPLE: THE TWO-DIMENSIONAL HEAT CONDUCTION 
PROBLEM 

The equation for the two-dimensional heat conduction, which we use for testing the 

methods developed in the previous chapters, is stated below: 

au(x,y,t) a2u(x,y,t) a2u(x,y,
+ D + v(t)6(x xso, y yso) (7.1)at 8x2 Y a 2 

(X, y) E Q = (0,1) x (0,1), t E 9 = [0, T] 

Initial condition : u(x, y, 0) = 0. 

Boundary conditions : [u(x, y, + au(x, y, t) /aniE = 0, 

where E = af2 x 0, in which as-2 denotes the boundaries of the spatial domain Q. 

The state u(x, y, t) is measured at M locations to constitute the output 

y(t) [u(xset Ysei t) U(Xsem Ysem,t)]	 (7.2) 

In the above, (x,o, y so) and (xsek , ysek), k = 1, . . . , M, are the source and (point) sensor 

locations respectively, and n denotes the outward normal at the boundaries of the spatial 

region (0, 1) x (0, 1). The diffusion coefficients Dx and Dy in the x and ydirections 
both have default values of 1. 

It can be shown in a straightforward manner (see Appendix B) that the solution 

satisfying (7.1) together with the above initial and boundary conditions is given by 
00 00 

u(x,y,t) = E eAo(tT)v(r)dr ei(x so) ej(ys) ei(x) ei (y) (7.3) 

where 

Aij = (Dx4 Dy4) 
2
 

Bi
 
(.4)F + 3
 

ei(s) = Bi [(wi cos(wis) + sin(wis)] , for s = x, y. (7.4) 

The spatial eigenfrequencies (4)2 are the positive values of w that satisfy the nonlinear 

equation 

tan(w) = w2
2cv	 

(7.5) 
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The functions on the left- and right-hand sides of (7.5) are displayed in Figure 7.1. The 

first 10 eigenfrequencies are marked by filled diamonds. 

FIGURE 7.1: First 10 eigenfrequencies for the heat equation 

-10 
10	 15 20 25 30 35 

7.1.	 Intelligent Brute Force Method 

While applying the intelligent brute force method to the two-dimensional heat con

duction equation, we assume that there are four possible sources, located at (0.25,0.25), 

(0.75,0.25), (0.75,0.75) and (0.25,0.75). We name these sources source 1 ... source 4 in the 

same order. Using the .C2 signal norm, the signature differentiation capacities of various 

sensor locations for the four sources mentioned above have been computed via computer 

simulations assuming constant unity source strength in each case. The resulting sensor 

location vs. s.d.c. plot can be seen in Figure 7.2. To facilitate the identification of sensor 

locations with high s.d.c., a two dimensional projection of the same plot has been provided 

in Figure 7.3. In this latter figure, darker colors correspond to higher s.d.c. 

http:0.25,0.75
http:0.75,0.75
http:0.75,0.25
http:0.25,0.25
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FIGURE 7.2: Sensor location vs. signature differentiation capacity - 3D 
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FIGURE 7.3: Sensor location vs. signature differentiation capacity 2D 
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Obviously, there are infinitely many sensor locations with nonzero s.d.c., i.e., capable 

of distinguishing all signatures. Hence, in the light of our discussion in Section 4.1, a 

single sensor is enough to identify the source location, and ideally, any sensor location 

with a nonzero s.d.c. should serve our purpose. So why not terminate the process when 

such a location is encountered rather than reviewing all possible sensor locations to find 

those with the highest s.d.c.? The answer to this question lies in practicality. In a real 

life situation, the mathematical model describing the system - on which we base the 

intelligent brute force method - is more often than not an approximation itself. Added to 

this is the fact that sensor noise and other disturbances are likely to corrupt the output 

measurements. Consequently, there is a good chance of misidentifying the source location 

if the sensor is placed at a location where the difference between various source signatures 

is small. By placing the sensor at the location(s) with highest s.d.c., we simply maximize 

the probability that the source location will be identified correctly from measured data. 

An example of this phenomenon is illustrated in Figures 7.4 - 7.7. Figure 7.4 displays 

the ideal signatures of the four sources with respect to location (0.30, 0.20), whichhas an 

s.d.c. of 0.0668. Figure 7.5 displays the signatures of the same sources with respect to 

location (0.90, 0.15), which has an s.d.c. of 0.0117. In the latter case, the signatures of 

two of the sources are hardly discernible, and any disruption of the measurements due to 

sensor noise, etc., might cause a misidentification of the source location. This situation is 

illustrated in Figures 7.6 and 7.7. The same noise signal is added to s2([0.30 0.20], t) and 

si ([0.90 0.15], t), and the signatures and their noisy versions are plotted together with the 

signatures s4([0.30 0.20], t) and s3([0.90 0.15], t), respectively. Can you decide to which 

signature the noisy "measurement" is closest in Figure 7.6? In Figure 7.7? 

http:s3([0.90
http:s4([0.30
http:s2([0.30
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FIGURE 7.4: Source signatures w.r.t. location (0.30, 0.20) 
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FIGURE 7.5: Source signatures w.r.t. location (0.90, 0.15) 
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FIGURE 7.6: Signatures of sources 2 and 4 w.r.t. (0.30,0.20), and the noisy measurement 

Sensor Location : (0.30,0.20) 
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FIGURE 7.7: Signatures of sources 1 and 3 w.r.t. (0.90,0.15), and the noisy measurement 

Sensor Location : (0.90,0.15) 
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Next we compute the signatures of the four sources w.r.t. two other sensor locations, 

namely (0.15, 0.15) and (0.85, 0.15). Due to the symmetry (see Figure 7.3), both locations 

have identically zero s.d.c.'s. For each source-sensor pair, we then compute the minimum 

difference (in .0-norm sense) between the signature of that particular source and those 

of the remaining sources w.r.t. that particular sensor location. The results of these 

computations are displayed in Table 7.1. 

Recalling the definition of -y-distinguishability from Section 4.2, the values displayed 

in Table 7.1 are the maximum values of 7 for which a source is 7-distinguishable at 

the corresponding sensor location. The minimum of each column in Table 7.1, in turn, 

is the maximum value of -y for which the resulting single sensor system is globally -y

distinguishable. A quick review of the definitions of Chapter 4 reveals that this value is 

nothing but the s.d.c. of the corresponding (single) sensor location. 

Following the arguments of Section 4.4, we observe the improvement in method 

robustness through the use of multiple sensors. Table 7.1 offers a striking example of this 

phenomenon: both sensor 3 (located at (0.15,0.15)) and sensor 4 (located at (0.85,0.15)) 

have s.d.c.'s that are identically zero, and neither can be used for source localization by 

itself. The combination of these two sensors, however, yields a globally 7-distinguishable 

system for -y < 0.0881. This high degree of robustness, which is in sharp contrast with the 

low s.d.c. of individual sensors, is realized by using the sensor at (0.15,0.15) to distinguish 

between sources 1 and 3 only, and using the other sensor to distinguish between sources 

2 and 4. Note that sources 1 and 3 are 7-distinguishable at sensor location (0.15,0.15) for 

7 < 0.0881, as are sources 2 and 4 at sensor location (0.85,0.15) (Table 7.1). Consequently, 

4([0.15 0.15]) = {1, 3} for 1, < 0.0881 

17([0.85 0.15]) = {2,4} for -y < 0.0881 

L. ([0.15 0.15]) U /4[0.85 0.15]) = {1, 2, 3, 4} for -y < 0.0881. 

and the two-sensor system is globally 7-distinguishable for y < 0.0881 by the definition 

in Section 4.2. The fact that this performance is better than any that could be obtained 

through a single sensor can be checked by reviewing Figure 7.2, which shows the maximum 

http:17([0.85
http:0.85,0.15
http:0.15,0.15
http:0.15,0.15
http:0.85,0.15
http:0.15,0.15
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s.d.c. of any location, which is the maximum value of 1, for which a single sensor system 

can be globally 7-distinguishable, is ti 0.07 < 0.0881. 

TABLE 7.1: Minimum signature differences between each source and all the others, as
perceived by various sensors. 

Sensor Location 

Source Location (0.30,0.20) (0.90,0.15) (0.15,0.15) (0.85,0.15) 

(0.25,0.25) 0.6085 0.0117 0.5051 0.0000 

(0.75,0.25) 0.0668 0.4473 0.0000 0.5051 

(0.75,0.75) 0.0675 0.0117 0.0881 0.0000 

(0.25,0.75) 0.0668 0.0793 0.0000 0.0881 

Finally, we study the effects of modeling inaccuracies on the method performance 

by introducing an uncertainty on the model parameter Dx (the diffusion coefficient along 

the x-direction from Equation 7.1). We allow D, to range ±0.2 about its nominal value of 

unity and construct the signature sets (for varying Dx) corresponding to each source for a 

number of sensor locations. Figure 7.8 demonstrates two such signature sets, for sources 

2 and 4 respectively, at sensor location (0.30,0.20). Figure 7.9 shows the signature sets 

corresponding to the same two sources at sensor location (0.90,0.15). 

Figures 7.8 and 7.9 illustrate another example of how method robustness can be 

improved through the use of multiple sources. The two signature sets in Figure 7.8 clearly 

intersect, rendering the method incapable of distinguishing between sources 2 and 4 when 

a sensor at (0.30,0.20) is used alone. Figure 7.9 shows, on the other hand, that the 

signature sets for the same two sources are mutually exclusive with respect to a sensor at 

(0.90,0.15). Using the second sensor in conjunction with the first one, and relying on the 

http:0.90,0.15
http:0.30,0.20
http:0.90,0.15
http:0.30,0.20
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second sensor's decision with regards to distinguishing between sources 2 and 4 clearly 

improves the method performance (i.e., robustness) under these conditions. 

FIGURE 7.8: Signature sets for varying Dx of sources 2 and 4 w.r.t. location (0.30,0.20) 

Sensor located at (0.30,0.20) 
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FIGURE 7.9: Signature sets for varying Dx of sources 2 and 4 w.r.t. location (0.90, 0.15) 
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FIGURE 7.10: Grid structure for the discretization method 

7.2. Discretization Method 

Below is a step-by-step application of the discretization technique discussed in Chap

ter 5 to the two-dimensional heat conduction problem. As in the previous section, we again 

assume that there are four possible source locations at (0.25,0.25), (0.75,0.25), (0.75,0.75) 

and (0.25,0.75), and name these sources source 1 ... source 4. We select the grid partition

ing the spatial domain so that each possible source location corresponds to a node point 

on the grid. 

Step 1: Partition the region (0, 1) x (0, 1) uniformly using a grid spacing A of 

0.25 to obtain 9 node points {Ti} = {(0.25, 0.25), (0.25, 0.50), , (0.75, 0.75) }. This grid 

structure is shown in Figure 7.10. 

Step 2: Define
 

ui(t) = u(ri,t), i =1,...,9.
 

Approximate the impulse source function with a pulse of base area A2 and height 0/02 

located at source location xso. For such a grid structure as shown in Figure 7.10, using 

http:0.25,0.75
http:0.75,0.75
http:0.75,0.25
http:0.25,0.25
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the 0(6,2) approximation to the spatial differentiations from Table 3.1 of Section 3.2.1, 

and the Robin's boundary conditions stated at the beginning of this chapter, we obtain 

the following state-space model 

/*Li \ -2.400 1.000 0.000 0.000 ui 
0 

112 1 

A2 
1.000 -3.200 0.000 0.000 u2 

+ 02 1 (7.6) 

\ 1:19 0.000 0.000 1.000 -2.400 
0 

9 by 9 system matrix G 

where the nonzero entry of vector f with (unknown) index i corresponds to that grid 

location xi within A/2 of the source impulse location. Let the sensors be located at 

(0.25,0.25) and (0.75, 0.25). Then the output y(t) is given by 

ui 

( 1 0 0 0 0 U2 
y= (7.7) 

0 0 1 0 0 

Ug 

Steps 3 & 4: Decoupling and discretizing the system equations in (7.6) and (7.7), 

as described in Section 5.2, we obtain the following ARX input/output model 

oef 1017 x (1.1126yi,k 4.3669yz,k-1 + 7.5655y,,k-2 7.5959y,,k-3 

+ 4.8724yi,k-4	 2.0713yi,k-5 + 0.5837m,k-6 

0.1052yi,k-7 + 0.0110yi,k-8 0.0005Yi,k-9) (7.8) 

for i = 1,2. The qi vectors are computed as 

T
1014 

xA 4.444 2.608 1.774 2.608 2.128 1.649 1.774 1.649 1.374 

42 = 1014 x [ 1.774 2.608 4.444 1.649 2.128 2.608 1.374 1.649 1.774 

which yields 

1q12 2.505 1.000 0.399 1.582 1.000 0.632 1.291 1.000 0.775 I 

http:0.25,0.25
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Step 5: The actual system was simulated via computer and the resulting outputs 

from the four different sources at the sensors located at (0.25, 0.25) and (0.75, 0.25) were 

fed into the right-hand side of (5.7) to estimate the value of the constant term q12 f and 

hence determine the index of the nonzero entry of the vector f , which in turn yields the 

source location estimate for this method. It was observed in all cases that this estimate 

did indeed rapidly converge to the correct values and yielded the correct source locations. 

The time versus constant term estimate plots for various source locations can be seen in 

Figures 7.11-7.14 below. 

As expected, the method performance deteriorated sharply under the presence of 

sensor noise. Figure 7.15 shows the ratio of the outputs when noisy, rather than ideal, 

measurements are fed into the right-hand side of (5.7). In this figure, the active source is 

source 4, and the ideal sensor measurements have been corrupted by computer-generated 

pseudo-random sequences to achieve a SNR of 20 dB. 

The improvement in performance when integrated versions of the noisy output are 

fed into the left-hand side of (5.5) is obvious in Figure 7.16. In this figure, the level 9 

integration plot corresponds to the format given in Equation (5.16) in which the sensor 

outputs are integrated N (in this case 9) times before being fed into the right-hand side 

of (5.7). As the figure suggests, however, lower levels of integration can also be used with 

just as much success. The trade-off between the convergence rate and the convergence 

"smoothness" is also evident in Figure 7.16: as the level of integration decreases, the 

convergence rate increases at the cost of lost smoothness. At a certain point, the loss 

of smoothness reaches such a degree that a decision regarding the limiting value can no 

longer be made. Figure 7.17 shows this point to be reached if only an integration of level 

2 is used. 

http:7.11-7.14
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FIGURE 7.11: The ratio of AR filter outputs from the two sensors for source 1. 
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FIGURE 7.12: The ratio of AR filter outputs from the two sensors for source 2. 

Sensors at (0.25,0.25) and (0.75,0.25) 
0.36 

0.35 

.9 0.34 
Tcl. 

c c 

< 0.32 

0.31 

0.3 
0 2 4 5 9 

time (sec) 

http:0.75,0.25
http:0.25,0.25
http:0.75,0.25
http:0.25,0.25


71 

FIGURE 7.13: The ratio of AR filter outputs from the two sensors for source 3. 
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FIGURE 7.14: The ratio of AR filter outputs from the two sensors for source 4 
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FIGURE 7.15: The ratio of AR filter outputs from the two sensors for source 4. Sensor 
data are corrupted by additive noise, SNR = 20 dB. 
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FIGURE 7.16: The ratio of AR filter outputs from the two sensors for source 4. Noisy
sensor data (SNR = 20 dB) are integrated 4,7, and 9 times before filtering. 
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FIGURE 7.17: The ratio of AR filter outputs from the two sensors for source 4. Noisy
sensor data (SNR = 20 dB) are integrated only 2 times before filtering. Loss of smoothing
has reached such a level that the method is no longer applicable. 
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7.3. The Dual System Method 

The operator A = Dx ax2+Dy a/ ay2 of Equation (7.1) is self-adjoint in H(?, ((0, 1) x 

(0,1)). Recalling (6.2), the equations for the system dual to (7.1) are given by 

az(x,y,t) a2z(x, y, t) a2z(x, y, t) 
-"Y ay2 A(t)6(x Xse, Y yse) (7.9)at x ax2 

0 < x, y < 1, 0 < t < T 

Final condition : z(x,y,T) = 0. 

Boundary conditions : [z(x, y, t) + az(x, y, y -o 0. 

(It can be shown in a straightforward manner that the above boundary conditions 

for the dual system guarantee that the adjoint relation (6.3) between the operators A and 

A* holds for this particular problem.) 

http:0.75,0.25
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To apply the dual system method to this problem, we consider a single source at 

(0.25,0.25) and place our three sensors at (0.1,0.3), (0.9,0.3) and (0.4,0.6). We use the 

analytical solution to the heat conduction equation (7.1) to generate the sensor data by 

truncating the series at a finite index N = 10. We first compute the steady-state solutions 

to the dual system, thence the localization functions, analytically using the solution (7.3). 

(Note that the steady-state solutions for both the primal and dual systems are have the 

same structure in this case, since the operator A is self-adjoint.) We repeat these compu

tations numerically using the finite element method. For the finite element method, we 

partition the (0, 1) x (0,1) region by a 8 x 8 grid and construct the resulting forty-nine 

modified Chapeau basis functions satisfying the given boundary conditions. We then use 

the Galerkin MWR to solve for the unknown coefficients (see Subsection 3.2.2 and Sec

tion 6.2) and construct the approximate dual system steady-state solutions, thence the 

approximate localization functions. The analytically- and numerically-computed localiza

tion functions are illustrated in Figures 7.18 through 7.23. Despite the small number of 

basis functions used, these figures clearly show that the localization functions obtained 

numerically using the finite element method closely resemble their analytical counterparts. 

In our simulations we consider the following scenarios
 

1) Constant source strength, noise-free environment, perfect model match
 

2) Decaying source strength, noise-free environment, perfect model match
 

3) Constant source strength, noisy environment, perfect model match
 

4) Decaying source strength, noisy environment, perfect model match
 

5) Constant source strength, noise-free environment, model mismatch
 

6) Decaying source strength, noise-free environment, model mismatch
 

7) Constant source strength, noisy environment, model mismatch
 

8) Decaying source strength, noisy environment, model mismatch
 

We simulate a noisy environment by adding computer-generated pseudo-random 

white Gaussian sequences to each sensor data sequence, and use these corrupted data in 

the localization algorithm. For each sensor, we scale the noise level so that a signal-to-noise 

ratio of 15 dB is attained. 

http:0.25,0.25
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FIGURE 7.18: Analytically-computed FIGURE 7.20: Numerically-computed
localization function f12(x, y). localization function f12(x, y). 

FIGURE 7.19: Analytically-computed FIGURE 7.21: Numerically-computed
localization function /13(x, y). localization function /13(X, y). 

0 0 

Model mismatches are simulated by varying the diffusion coefficient Dx of (7.1). 

This parameter has a nominal value of 1, which is the value used while constructing the 

dual system's steady-state responses and hence, the localization functions. By using a 

slightly different value (Dx = 0.9 in our example) while generating the primal system's 

output (7.2), we evaluate the effects of model mismatches on the method's performance. 

In each of the eight cases listed above, we evaluate the right-hand side of (6.8) 

for each sensor pair (i,j) to obtain an estimate aii of the value of the corresponding 
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FIGURE 7.22: Analytically-computed FIGURE 7.23: Numerically-computed
localization function f23(x, y). localization function f23(x, y). 

localization function at the source location (x,o, yso). We then draw the contours of the 

analytical localization functions for these estimates. The intersection of the contours from 

all three localization functions yields an estimate of the source location. We repeat the 

process using the numerical (approximate) localization functions obtained from the finite 

element method. Our findings for all scenarios are summarized in Table 7.2. 

Table 7.2 suggests that the source location estimates obtained by using the numerically-

computed (approximate) localization functions offer comparable accuracy to those ob

tained by using the analytically-computed ones. As an example, two contour sets (each 

with three contours) corresponding to the two sets of localization functions, and the re

sulting source location estimates are illustrated in Figure 7.24 for noise-free environment 

with perfect model match (Case 1). 

Some of the ideas developed in the paper are illustrated in Figures 7.25 through 

7.30, using the data generated by computer simulations and the analytically-computed 

localization functions. In all figures, the star symbol represents the true source location 

(0.25, 0.25), and the filled circle and square represent the source location estimates for 

various cases. 



77 

TABLE 7.2: Dual system method simulation results 

Analytical Numerical 

Localization Function Localization Function 

Case an Ce13 (123 %07 's()) ilerrOrii2 (±809k90) lierroril2 

1 2.2930 1.5832 0.6905 (0.234,0.273) 0.0280 (0.229,0.242) 0.0225 

2 2.1885 1.5336 0.7007 (0.247,0.255) 0.0058 (0.238,0.230) 0.0233 

3 2.2069 1.6100 0.7295 (0.244,0.201) 0.0494 (0.226,0.173) 0.0807 

4 2.3765 1.6041 0.6750 (0.225,0.298) 0.0541 (0.221,0.260) 0.0307 

5 2.3513 1.5564 0.6619 (0.226,0.315) 0.0693 (0.222,0.275) 0.0375 

6 2.2360 1.5069 0.6740 (0.238,0.298) 0.0495 (0.234,0.265) 0.0219 

7 2.3649 1.5257 0.6451 (0.223,0.333) 0.0873 (0.219,0.294) 0.0538 

8 2.2461 1.4307 0.6370 (0.234,0.341) 0.0924 (0.229,0.307) 0.0607 

FIGURE 7.24: A comparison of the contours of analytically- and numerically-computed
localization functions for Case 1. 
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Figures 7.25 and 7.26 illustrate how the high variation of a localization function 

about a source location improves robustness of the source location estimates from that 

localization function compared to the estimates obtained from a localization function with 

low variation about the same location. By inspection of Figures 7.18 and 7.22, the localiza

tion function f12(x, y) has a much higher variation about the source location (0.25, 0.25) 

compared to f23(x, y). Consequently, variations in the value of a12 do not change the 

contours of f12(x, y) about the source location by much, as Figure 7.25 shows. In con

trast, variations in the value of a23 significantly change the contours of f23(x, y) about the 

source location, which renders the source location estimates (contourwise) obtained from 

this localization function less reliable (see Figure 7.26). 

FIGURE 7.25: High variation of lo
calization function f12(x, y) about the 
source location reduces its sensitivity to 
changes in a12. 
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FIGURE 7.26: Low variation of lo
calization function f23(x, y) about the 
source location increases its sensitivity to 
changes in a23. 
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The effects of the presence of sensor noise on the localization function contours and 

the source location estimate are illustrated in Figure 7.27. Computer-generated, zero-

mean white Gaussian pseudo-random sequences are added to the ideal output (computed 

analytically) at each sensor location for a constant source strength (v(t) = 1) with perfect 

model match (Case 3). The amplitudes of the random sequences are scaled so that a SNR 
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of 15 dB is attained at each sensor. The resulting noisy outputs are used to compute 

the values of aid, and the contours fig (x, y) = ai3 are drawn (dashed curves). These are 

compared with the contours obtained by using the noise-free values of aii (solid curves, 

Case 1). The source location estimates for the noise-free and noisy cases are denoted by 

the filled circle and filled square respectively. 

FIGURE 7.27: Effects of sensor noise on the contours of the (analytically-computed)
localization functions (Cases 1 and 3) 

0.1 0.2 0.3 0.4 05 

It should be noted that the relationship between the random sensor noise and the 

accuracy of the eventual source location estimate is not straightforward. One might expect 

the source location estimate to get progressively less accurate as the noise level increases 

in all cases, as Figure 7.27 and Table 1 seem to suggest. However, the dual system method 

does not provide an "exact" solution to the source localization problem even under ideal 

conditions (noise-free environment, perfect model match) due the approximation in (6.8); 

i.e., the method starts off with an initial error before noise and/or modeling inaccuracies 

are introduced. There is no relation between the error resulting from the approximation 

in (6.8) and the additional errors introduced by sensor noise and modeling inaccuracy. 
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When the magnitude of the additional errors introduced by sensor noise and modeling 

inaccuracies are comparable to the magnitude of the initial error, they may, in some 

instances, partially cancel it out, which improves the source location estimate accuracy. 

This interesting phenomenon is illustrated in Figure 7.28. To obtain this figure, the 

noise signals generated for Case 3 are scaled by factors ranging from 0 to 1, and outputs 

corrupted by various degrees of noise are computed. At each noise level, the c are 

computed from the noisy outputs, and the corresponding localization function contours 

are drawn. The source location estimates at various noise levels are indicated by filled 

squares, while the true source location is denoted by the star symbol. As the noise level 

increases, the source location estimates initially improve but then get worse again. This 

behavior is understandable in light of the above discussion. 

FIGURE 7.28: Effects of sensor noise on the contours of the (analytically-computed) 
localization functions and the resulting source location estimates for Case 3 : each contour 
triplet and source location estimate corresponds to a different noise level obtained by
scaling the original noise signals by factors ranging from zero to one. 
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The method's performance in the presence of modeling inaccuracies is studied for the 

case in which the value of the diffusion coefficient Ds is changed from the nominal value 1 to 

0.9. The value 0.9 is used while generating the sensor data, and the nominal value of 1.0 is 

used while constructing the localization functions. The resulting contours for a constant-

strength source (v (t) = 1) with model-mismatch in a noise-free environment (Case 5), 

as compared to the contours for Case 1, are illustrated in Figure 7.29. The contour of 

123(x, y) is the most radically-changed one as a result of the modeling inaccuracy, which 

is due to that particular localization function's relative lack of variation about the source 

location (recall the discussions in Section 6.5 and at the beginning of this section). 

FIGURE 7.29: Effects of parameter variations on the contours of the (analytically
computed) localization functions (Cases 1 and 5). 
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Finally, the localization function contours corresponding to a decaying-strength 

source (v(t) = e-t) and a constant-strength source (v(t) = 1) are compared in Figure 

7.30 in a noise-free environment with perfect model match. Clearly, the dual system 
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method has performed much better for the decaying-strength source case. This some

what unexpected result will be repeated for all such cases in which the source strength 

diminishes in time. The reason for this can be traced to the approximation 

0 

z(Fso,t)v(t)dt = z(f's0) f v(t)dt. 

This approximation would be an exact equality if z(i?,t) were to reach steady state 

(reverse in time) instantly. Still, the difference between the two quantities will be small 

if the integrand of the left-hand side is small during the transition period t : 0, 

which is the case for a decaying source strength function v(t). Therefore, this interesting 

phenomenon is the rule, rather than the exception, for all decaying-strength sources. This 

observation is a lucky one, since the source strength does decay in time in most practical 

problems, which should further improve the accuracy of our method as discussed above. 

FIGURE 7.30: Effects of decaying vs. constant source strength functions (v(t)) on the 
contours of the (analytically-computed) localization functions (Cases 2 and 1). 
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8. CONCLUSION
 

In this thesis we studied three methods for identifying the location of an impulsive 

source via point sensor measurements for distributed parameter systems described by 

parabolic partial differential equations. We applied these methods to the two-dimensional 

heat conduction problem, and tested their performances under various conditions (noisy 

environment, modeling inaccuracies) via computer simulations. A summary of each meth

od's strong and weak points and suggestions for future research are given below. 

Our first method, the intelligent brute force method, is based on comparing the 

signatures of various sources at a given sensor location with the actual measurements 

and choosing the source with the "closest" signature to the actual measurements. While 

straightforward to implement, this method requires an enormous amount of computation 

and has the disadvantage of not being applicable to cases where the source strength is 

not known a priori. The method is inherently robust to additive sensor noise as a result 

of the choice of sensor locations, and its robustness to both sensor noise and modeling 

inaccuracies can be improved by increasing the number of sensors. 

Our second method, the discretization method, is based on the construction of a 

finite-dimensional lumped parameter approximation to the original infinite-dimensional 

distributed parameter system. This approximation can be obtained by employing the 

finite difference or finite element method to convert the partial differential equation(s) in 

the original system model to a set of ordinary differential equations. The resulting state-

space equations are decoupled at sensor locations and discretized in time to obtain simple 

auto-regressive input/output equations for the output measurements. These equations are 

subsequently used to evaluate the actual measurements to identify the source location. 

While more powerful than the brute force method in that it is able to handle sources with 

unknown strength, this method is still restricted to cases where the source strength is 

constant throughout the period of observation. If the finite difference method is used in 

the construction of the (approximate) lumped parameter state-space model, the method 

accuracy is limited by the "fineness" of the grid partitioning the space, which cannot 
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be increased indefinitely due to numerical problems. (The number of the states in the 

state-space approximation is the same as the number of the interior grid points, and 

the system complexity increases significantly when the grid size is decreased.) The data 

evaluation equations for source localization are quite straightforward, and the method's 

robustness to sensor noise can be maximized by solving a simple optimization problem 

in this case. If, on the other hand, the finite element method is used in the construction 

of the lumped parameter approximation to the original system, the method's resolution 

is unlimited. This improvement in performance, however, comes at the expense of a 

significant increase in the minimum number of sensors required to implement the method, 

and much more complicated data evaluation equations (compared to the finite difference 

case) to be solved for estimating the source location. For the discretization method, the 

question of robustness to modeling inaccuracies has not been resolved. Two approaches 

have been suggested to improve method's performance in this area. The first approach 

involves the solution of an optimization problem to compute the locations for sensor 

pairs that maximize the method's robustness to a certain type of modeling inaccuracy. 

The second approach uses an on-line system identification scheme to update the data 

evaluation equations that result in the source location estimate, based on the available 

sensor data. The first approach has not been tested, and the second approach has not 

performed in the desired manner during computer simulations. Our research on both 

approaches, and on other possible approaches to the problem, is still in progress. 

Our third method, the dual system approach, is the most powerful technique de

veloped in this thesis. The method not only handles cases where the source strength 

is time-varying but also appears to show considerable robustness to measurement noise. 

Furthermore, there are no inherent limits on the method accuracy as is the case for the dis

cretization method. The application of the method to problems of higher dimension and 

complexity is straightforward and only involves more complicated numerical algorithms 

rather than structural modifications to the method. 
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All three methods have been tested on the two-dimensional heat equation and have 

been shown to perform satisfactorily within their application limits. It has been observed 

that the dual system method works better when the noise strength is a decaying function 

of time under noise-free conditions. The reason for this phenomenon has been traced back 

to the approximation (6.5). 

The study presented in this thesis is an attempt to precisely describe the source lo

calization problem for the distributed parameter system, to develop solution approaches, 

and to study and offer remedies for some of the practical concerns related to implementa

tion, such as sensor noise and modeling inaccuracies. While we believe we have achieved 

these goals in large part, there are still a number of unanswered questions, which could 

constitute the topics for future research. Some of these are listed below: 

How can we pre-compute the accuracy of source location estimates from the dis

cretization and dual system methods? What are the confidence levels associated 

with the source location estimates obtained through these methods? 

Are there simpler possibly method-independent - ways of finding sensor locations 

that maximize robustness to sensor noise and/or modeling inaccuracies? 

How do the methods developed in this study react to multiple sources? 

How can we modify the on-line system identification method briefly discussed in 

Section 5.4 to improve the discretization method's robustness to modeling inaccura

cies? Can a similar identification block be incorporated with the other two methods 

to relax performance dependence on model parameters? 

What are other possible approaches to the source localization problem beyond the 

three methods discussed in this thesis? 

The source localization problem is an important and challenging problem which, 

to the author's knowledge, has not yet been studied extensively for general distributed 

parameter systems. It is our hope that this thesis, and the questions posed above, serve 

as a basis for future studies in this area. 
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Appendix A - Web Page and CGI Programs 

A.1 Web Page 

As a part of the project on which this thesis is based, we have created a web page 

to showcase the dual system method of Chapter 6. This site gives a brief description 

of the dual system method and the underlying principles, then prompts the viewer to 

test the method performance by trying it on the two dimensional isotropic heat equation 

studied in Chapter 7. The user can fill out a "form" to specify where he wants to place 

the sensors, and he can choose one of the four possible sources to excite the system. The 

request to process this form is then sent to the server. Upon receiving the request, the 

server decodes the form data using a common gate interface (CGI) program written in 

C programming language, which calls a MATLAB routine to generate the sensor data 

and the localization functions corresponding to the source and sensor locations submitted 

by the client. The MATLAB routine then evaluates the sensor data via the dual system 

method to obtain a source location estimate as described in Chapters 6 and 7, which is 

sent back to the client together with graphs of the responses measured by the sensors, the 

corresponding localization functions and their contours. The simulations are conducted for 

the ideal case; i.e., noise-free with perfect model match. This web page can be reached at 

http : //www . ece . or st . edu /' ion3 html. The CGI programs that provide 

the data transfer between the web site and the server, and the MATLAB source code that 

implements the dual system method are presented in in the following sections. 

A.2 CGI Program in C 

The C source code for transferring data between our web site and the servers of 

the ECE network is provided below. This is a modified version of the CGI program post

querry c which is freely distributed by the NCSA, and can be downloaded from their web 

site at http : //www .ncsa .uiuc . edu/SDG/Software/Mosaic/Docs/f ill-out-f orms/. 

This code is followed by the MATLAB source code called within the CGI program to 
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implement the dual system method. This routine is buried within the MATLAB startup.m 

file under the cgi-bin directory, and starting MATLAB from a system line command as is 

done within the C code automatically launches the dual system method implementation 

routine. 

#include <stdio.h>
 

#include <stdlib.h>
 

#include <math.h>
 

#define MAX_ENTRIES 5
 

typedef struct {
 

char *name;
 

char *val;
 

} entry;
 

char *makeword(char *line, char stop);
 

char *fmakeword(FILE *f, char stop, int *len);
 

char x2c(char *what);
 

void unescape_url(char *url);
 

void plustospace(char *str);
 

main(int argc, char *argv[]) {
 

entry entries[MAX_ENTRIES];
 

register int x,m=0;
 

int cl, extno;
 

FILE *mat, *ifp;
 

char sl[2()];
 

double x_est, y_est;
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/* Check the web request for data processing for inconsistencies */
 

printf("Content-type: text/html%ac",10,10);
 

if(strcmp(getenv("REQUEST_METHOD"),"POST")) {
 

printf("This script should be referenced with a METHOD of
 

POST. \n ");
 

printf("If you don't understand this, see this ");
 

printf("<A HREF=\"http://www.ncsa.uiuc.edu/SDG/
 

Software/Mosaic/Docs/fill-out-forms/overview.html\">
 

forms overview</A>Ac",10);
 

exit(1);
 

}
 

if(strcmp(getenv("CONTENT_TYPE"),"application/x-www-form

urlencoded")) {
 

printf("This script can only be used to decode form
 

results. \n");
 

exit(1);
 

}
 

cl = atoi(getenv("CONTENT_LENGTH"));
 

/* Decode the data submitted by the user */
 

for(x=0;c1 && (!feof(stdin));x + +) {
 

M=X; 

entries[x].val = fmakeword(stdin,q0,&c1);
 

plustospace(entries[x].val);
 

unescape_url(entries[x].val);
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entries[x].name = makeword(entries[x].val,'=');
 

/* Create an input file for MATLAB using the data submitted by
 

the client */
 

system("rm -rf TEST; mkdir TEST");
 

mat = fopen("TEST/infile.m","w");
 

fprintf(mat,"source_choice=ls;\n",entries[0].val);
 

fprintf(mat,"xse1=U;\n",entries[1].val);
 

fprintf(mat,flyse1=U;\n",entries[2].val);
 

fprintf(mat,"xse2=%s;\n",entries[3].val);
 

fprintf(mat,"yse2=%s;\n",entries[4].val);
 

fclose(mat);
 

1* Start MATLAB and do the necessary simulations and computations */
 

system("(matlab > /dev/null; cd TEST; ps2gif -t -crop *.ps;
 

chmod a+rx *.gif)");
 

/* Get the source location estimate and image file extension from
 

MATLAB outfile */
 

ifp = fopen("TEST/outfile","r");
 

fscanf(ifp,"%alf%lf",&extnoAx_est,&y_est);
 

fclose(ifp);
 

/* Create the output HTML file */
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printf("<HTMD\n");
 

printf("<HEAD>\n");
 

printf("<TITLE> Simulation Results </TITLE>\n");
 

printf("</HEAD>\n");
 

printf("<BODY BGCOLOR=\"white\">\n");
 

printf("<H1>Simulation Results</H1>");
 

printf("You submitted the following name/value pairs:<p>%c",10);
 

printf("<ul>%c",10);
 

for(x=0; x <= m; x++)
 

printf("<li> <code>%s = %s</code>%c",entries[x].name,
 

entries[x].val,10);
 

printf("</ulnc",10);
 

printf("Based on the above parameters, the sensor measurements
 

and the resulting ");
 

printf("localization function <em>f</em> and its contours are
 

computed as follows:<br><br><br>\n ");
 

printf("<TABLE BORDER =O CELLSPACING=10>\n");
 

printf("<TR ALIGN=center>\n");
 

printf("<TH WIDTH=330><FONT COLOR=\"red\">Fig 1.</FONT> Sensor
 

Data at (%s,%s) </TH>\n",entries[1].val,entries[2].val);
 

printf("<TH WIDTH=330><FONT COLOR=\"red\">Fig 2.</FONT> Sensor
 

Data at (%s,%s) </TH>\n",entries[3].val,entries[4].val);
 

printf("</TR>\u");
 

printf("<TR>\n");
 

printf("<TD COLSPAN=2>\n");
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printf("<IMG WIDTH=600 BORDER=0 SRC=W-alpay/cgi-bin/TEST/
 

allplots%d.gif\">\n",extno);
 

printf("</TD>\n");
 

printf("</TR>\n");
 

printf("<TR ALIGN=center HEIGHT=40>\n");
 

printf("<TD WIDTH=330> <B><FONT COLOR=\"red\">Fig 3.</FONT>
 

Localization function <EM>f</EM> from the dual system.</B></TD>\n");
 

printf("<TD WIDTH=330> <B><FONT COLOR=\"red\">Fig 4.</FONT> Contour
 

of the localization function based on sensor data.</B></TD>\n");
 

printf("</TR>\n");
 

printf( "< /TABLE > \n ");
 

printf("<p>The source location is estimated by comparing the
 

values of the ");
 

printf("function <em>f</em> at all the possible source locations
 

with the value ");
 

printf("<em> alpha </em> obtained from the sensor data, and
 

selecting the source ");
 

printf("location yielding the closest match. The estimated
 

source location ");
 

printf("based on this criterion is (%4.2f,%4.2f). ",x_est,y_est);
 

printf("<p> Another possible approach to the problem would ");
 

printf("involve plotting the contour of <em>f</em> corresponding
 

to the value ");
 

printf("<em>alpha</em> and selecting the source location that
 

is closest to this ");
 

printf("contour. Look at figure (4) and see if this approach
 

would work. ");
 

http:4.2f,%4.2f
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printf("<p><center><a href=\"/"alpay/radiation3.html\">
 

Back to the main page. </a></center>\n");
 

printf("</BODY>");
 

printf("</HTML>");
 

}
 

A.3 MATLAB Program 

% This is the MATLAB source code to apply the dual system
 

'h approach to the 2-D diffusion problem with (unknown) constant
 

% source. Four possible source locations at (0.25,0.25),
 

Y. (0.75,0.25), (0.75,0.75) and (0.25,0.75) are considered.
 

% The active source location is specified by the user.
 

% The sensor data are generated for t=0 to t=3 seconds at
 

% the two user-specified sensor locations.
 

dt=0.03;
 

t=(0:dt:3);
 

Nt=length(t);
 

N=10;
 

source=[0.25 0.25; 0.75 0.25; 0.75 0.75; 0.25 0.75];
 

% Get the user choices for source and sensor locations
 

cd TEST;
 

http:source=[0.25
http:0.25,0.75
http:0.75,0.75
http:0.75,0.25
http:0.25,0.25
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infile;
 

cd
 

xso = source(source_choice,1);
 

yso = source(source_choice,2);
 

% Generate the sensor data
 

y1=zeros(1,Nt);
 

y2=y1;
 

for m=1:Nt,
 

tm=t(m);
 

for i=1:N,
 

a=pi*i;
 

for j=1:N,
 

b=pi*j;
 

c=(a-2)+(b-2);
 

y1(m)=y1(m)+(4/c)*(1-exp(-c*tm))*sin(a*xse1)*sin(a*xso)
 

*sin(b *ysel) *sin(b *yso);
 

y2(m)=y2(m)+(4/c)*(1-exp(-c*tm))*sin(a*xse2)*sin(a*xso)
 

*sin(b*yse2)*sin(b*yso);
 

end;
 

end;
 

end;
 

% Compute the value of the f function from the sensor data
 

alpha1=myintegral(y1,dt);
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alpha2=myintegral(y2,dt);
 

alpha=alphal/alpha2;
 

% Generate the f function for the corresponding sensor locations
 

'L This code contains the MATLAB source code for simulating the
 

'I. steady-state response of the dual two-dimensional diffusion
 

% problem in response to a constant impulsive source located at
 

7. (xse,yse). We use a 21x21 space grid and obtain the steady
 

'I. state dual system distributions, hence the localization function
 

h for the four possible source locations for the user

% specified sensor pair.
 

x=(0:0.05:1);
 

y=(0:0.05:1);
 

Nx=length(x);
 

Ny=length(y);
 

N=10; % Number of terms in truncation
 

% Initialize steady-state distributions
 

zssl= zeros(Nx,Ny);
 

zss2=zss1;
 

for m=1:Nx,
 

xm=x(m);
 

for n=1:Ny,
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yn=y(n);
 

for i=1:N,
 

for j=1:N,
 

a=pi*i;
 

b=pi*j;
 

c=(a-2)+(b-2);
 

zssl( m, n)= zssl (m,n) +(4 /c) *sin(a *xm) *sin(b *yn)
 

*sin(a *xsel) *sin(b *ysel);
 

zss2( m, n) = zss2 (m,n) +(4 /c) *sin(a *xm) *sin(b *yn)
 

*sin(a*xse2)*sin(b*yse2);
 

end;
 

end;
 

f_total(m,n)=zssl(m,n)/(zss2(m,n)+eps);
 

end;
 

end;
 

Y. Compute the values of the localization function at the possible source
 

% locations
 

f(1) = f_total(6,6);
 

f(2) = f_total(16,6);
 

f(3) = f_total(16,16);
 

f(4) = f_total(6,16);
 

% Estimate the source location by comparing the computed value
 

% of the localization function from sensor data (alpha) and
 

% its ideal values at the possible source locations.
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[q,index]=min(abs(f-alpha));
 

estimate=source(index,:);
 

7. Store the estimate and the randomly generated image filename
 

7. in a file
 

cd TEST;
 

rand('state',sum(100*clock));
 

rp = randperm(9);
 

np = 100*rp(1)+10*rp(2)+rp(3);
 

ext = int2str(np);
 

imagefilename = strcat('allplots',ext,'.ps');
 

fout = fopen('outfile','w');
 

fprintf(fout,'%5d%6.2f%6.2f\n',np,estimate(1),estimate(2));
 

fclose(fout);
 

% Plot the sensor measurements, the localization function and
 

% its alpha-contour; store these as jpeg files for displaying
 

% on the web
 

subplot(221);
 

plot(t,y1);
 

y1min=min(y1);
 

y1max=max(y1);
 

d1=y1max-y1min;
 

http:strcat('allplots',ext,'.ps
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axis([0 3 y1min-0.1*d1, y1max+0.1*d1]);
 

grid;
 

xlabel('time (sec)');
 

ylabeiCy_{1}(t)');
 

ttitle('Sensor #1 Measurements');
 

subplot(222);
 

plot(t,y2);
 

y2min=min(y2);
 

y2max=max(y2);
 

d2=y2max-y2min;
 

axis([0 3 y2min-0.1*d2, y2max+0.1*d2]);
 

grid;
 

xlabel('time (sec)');
 

ylabel('y_{2}(t)');
 

subplot(223);
 

mesh(x,y,f_total');
 

xlabel('x');
 

ylabel('y');
 

subplot(224);
 

[C,H]=contour(f_total,alpha);
 

k = 1;
 

times=1;
 

kmax = size(C,2);
 

plot(source(:,1),source(:,2),'10);
 

text(0.2,0.2,'Source 1');
 

text(0.7,0.2,'Source 2');
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text(0.7,0.7,'Source 3');
 

text(0.2,0.7,'Source 4');
 

hold on;
 

plot(xsel,ysel,'bs');
 

plot(xse2,yse2,'C');
 

while (k<=kmax)
 

for i=k+1:k+C(2,k),
 

c_points(:,i-times)=C(:,i);
 

end;
 

hold on;
 

plot((1/21)*C(2,k+1:k+C(2,k)),(1/21)*C(1,k+1:k+C(2,k)));
 

k = i+1;
 

times=times+1;
 

end;
 

axis([0 1 0 1]);
 

grid;
 

xlabel('x');
 

ylabel('y');
 

eval(['print -dpsc ',imagefilenamen;
 

exit;
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Appendix B - Analytical Solution to the Two-Dimensional Heat Conduction
Equation 

The two-dimensional heat conduction equation studied in Chapter 7 is restated 

below for easy reference: 

au(x, y, t) a2u(s, y, t)
= Dx + Dya2u(x,Y,t) + v(t).5(x xso, Y ys.) (B.1)at axe aye 

0 < x, y < 1, 0 < t < T 

Initial condition : u(x, y, 0) = 0. 

Boundary conditions : 

1. a u(0, y, t) b (0, y, t) = 0. 

2. a u(1,y,t) + b R-(1,y,t) = 0. 

3. a u(s, 0, t) b (x, 0, t) = 0. 

4. a u(x, 1, t) + b O. 

Assume a series solution of the type 

00 00 

u(x, y, t) = ij (t)ei(x) f 2(y) (B.2) 

where 

02 02 
+ Dy-wiei(x)f (y) = Akiei(x)fi(y) 

Dxd2ei(x) f (y) + D d2h(Y) e- (x) Aiiei(x)fi(y)dx2 3 Y dy2 

with )ii a (yet undetermined) constant. A solution for ei (x) and fi (y) satisfying the above 

equation is given by 

ei(x) = Ai cos(coix) + Bi sin(wix) 

(y) = Ci cos(wjy) + Di sin(wjy), 
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which yields 

d2ei(x) 
0-'22e2(x)dx2
 

d2 h(Y)
 
dye f2 (y). 

Therefore, 

ei(x)
Dxd2

dx2 
fj (y) + Dyd2fi (Y) ei (x)

dy2 
= Dx4ei(x)fi(y) Dy4ei(x)fi(y) 

(Dx4 DywDet(x)fi(Y) 

Thus 

Aii = (B.3) 

From the series solution expression (B.2), and the derivations above, we now obtain the 

following: 

au(x,y,t) 
= ct° del(t) ei(x).f3(Y)at 

t=1 j =1 
a2 a2 co

D + D Hu(x,y,t) E E cij (t) Aii ei (x)fi (y). (B.4)Y ay2x cix-
i =1 j=1 

Let us assume that a series expansion for the impulse function 6(x x, y yso) can be 

obtained as follows 
CO 00 

(5(x xso,Y yso) E dijei(x)h(Y). (B.5) 
i =1 j =1 

Combining (B.2), (B.4) and (B.5), the system equation (B.1) can now be rewritten as 
0. 00[dc (t)E E Aucii(tdei(x)fi(y) = E E v(t)dijei(x)fi(y), (B.6) 

i =1 =1 2=1 j=1 

for which a solution can be obtained by solving the following set of ODE's for the unknown 

series expansion coefficients cii(t): 

dcii(t) = diiv(t)
dt 

Since the initial conditions are set to zero, the homogenous part of the solution to the 

above equation is identically zero, and cii(t) is given by 

cij(t) = I eAii(tr)v(r)d-r (B.7) 
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and the problem is reduced to finding wit ( .iii ), did, A,, B,, Ci and Dj . We obtain 

these parameters by invoking the boundary conditions. From the boundary condition at 

x = 0: 

a e, (0) b 
de 

(0) = 0
dx 

= 0. (B.8) 

From the boundary condition at x = 1: 

a e,(1)+ b 
de 

(1) =0
dx 

a [A, cos(w,) + B, sin(w,)] + b sin(w,) + w,B, cos(w,)] = 0. (B.9) 

From (B.8), A, can be expressed as a function of B, and w, as 

A, = n, b w, 
. (B.10)a 

Substituting (B.10) in (B.9), after a few algebraic manipulations we obtain 

B, [(2 b a co,) cos(w,) + (a2 b2wF) sin(w,)] = 0, 

which yields 

2baw,
tan(w,) = (B.11)

b2wF a2. 

The positive solutions of Equation (B.11) are the eigenfrequencies (in the xdirection) 

for this problem. The values of A, for known B, and w, is computed from (B.10). The 

value of B, is computed by setting the norm of function ei) to unity; i.e., 
2f 1 [ w,

I jei ( )il2 = cos(w,x) + sin(wix)j dx = 1 
o a 

which yields 
1/2 

2B, = (B.12)
(bi2..1) 2 21+1 

Furthermore, it can be shown in a straightforward albeit tedious way that the functions 

e,() are orthogonal to one another; i.e., 

bwz 
< e,(.), ej() > B,Bi f-1 

cos(w,x) + sin(w,x)] [bay cos(wax) + sin(ce x)] dx 
o 

= 0 for i j. (B.13) 
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Finally, due to symmetry, fi() e2(.). The expansion coefficients dij for the impulse 

function (5(x x so, y so) can now be computed as 

1 1 

dii = f 6(x x y y50) ei(x) ei(y) dx dy 
o o 

= ez(x so) el (Y so)	 (B.14) 

Substituting (B.14) in (B.7) gives 

cii(t) = ei(x so) e (y so) ir eA,3(t-T)v(r) dr,	 (B.15) 
03 

which, when substituted in (B.2), yields 

co 

u(x, y, t) = EE (f eAjj(tr)V(r) dr) ei(x so) ei (y so) ei(x) ei(y), (B.16) 
i=1 j=1 ° 

where 

Aii =	 Dxci4 Dy4
 
2ba wi


tan(wi) 
b24 a2 

b w
ei(s) cos(wis) + sin(wisd for s = x, ya 

1/2 

2
Bi = 

k)2 ± a + 1a 

as computed previously. Since Bi is inversely proportional to wt (see B.12) and wi oo 

as i oo, the series solution (B.16) can be approximated by truncating the series at 

a sufficiently large index value N. In the computer simulations of Chapter 7, a value 

of N = 10 has been used. The Robin's boundary condition coefficients a and b have 

both been set to unity. The diffusion coefficients Dx and Dy have also been taken to 

be unity, except for those cases in which modeling inaccuracies have been represented by 

perturbances of either one or both of these coefficients. 
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Appendix C - Neutron Transport Equation 

In this appendix, we briefly discuss how the techniques developed in this thesis can 

be applied to a more complex problem such as neutron transport. The two-dimensional 

neutron transport equation, briefly mentioned in Chapter 3, is restated below for easy 

reference: 

1 871),(x,y,t) (90,,(x, y, t) aom(x,y,t) at 
+ iim + TInt + wII)m(x,y,t) =v at ax ay 

w 

AI 

W'., v--,
LmPk(x,y,t) +q(x'y't) 7n = 1, , M. (C.1) 
k=1 

In the equation above, Om is the angular neutron flux in the direction specified by index 

m, itm, and Tim are the directional cosines between this direction and the x and y 
axes respectively, at is the total macroscopic cross section that specifies the mean free 

path between any type of collision, and as is the scattering cross section that represents 

the scattering of neutrons into different directions as a result of collisions. The weighted 

sum in the right-hand side of the equation approximates the scalar neutron flux, and 

W = wk is the sum of the weighting coefficients wk. Finally, q(x, y, t) represents the 

isotropic external source driving the system. For our study, we assume this source is given 

by 

q(x, y, t) = v(t) S(x x,y y,). (C.2) 

To put this system in the same format as (3.1), we define the following: 

-v
V(t) = v(t) [ 1 1 

Pi 0 0 nl 0 

0 iL2 0 0 772
.A4 v v 

0 0 pm 0 0 nm 
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WI. W2 WM 1 0 0 

as W1 W2 0 1 0atW = V =-- v 
VV VV 

WI. W2 WM 0 0 1 

Equation (C.1) can now be written in a compact matrix form as 

axp axi, alp= + Af + (4) 1)41 +v(t)ox xso, y30)7-9t

(m a + N. a + (IN /)) + V(t) (5(x x, y yso)ax ay 

A 

= AT + V (t) 6(x x so, y30) (C.3) 

While the equation above (C.3) is in the same format as the one in Chapter 3 (3.1), there 

are certain issues that need to be addressed due to the multidimensional nature of the flux 

vector W. First and foremost, the complete state measured at a sensor location at a given 

time instant t now comprises M components corresponding to the M angular directions 

of the discretized transport equation (C.1). Measurement of this would require the use 

of either a sensor capable of extracting the flux information in all M directions from 

its measurements, or M sensors whose "lines-of-sight" are aligned with the M directions 

specified in the transport equation (C.1). While there are sensors that extrapolate the flux 

information within a certain angular range to "measure" the scalar flux (i.e., the integral 

of angular flux over all angles, approximated by the summation term on the right-hand 

side of Equation (C.1), to the best of this author's knowledge, there are no sensors as of 

yet that can extract explicit angular flux information in one direction from measurements 

in another direction, or over a range of directions. The first option, therefore, is not 

practically viable. The second option is somewhat more applicable: although it is a 

physical impossibility to place all M sensors at exactly the same location, they could 

conceivably be bunched close together relative to the size of the spatial domain. A third 

option could be to use a rotating sensor, but this would bring about the problem of 

measurements in various directions not being synchronous, which may be a significant 
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problem if the rotation period is too long compared to the time constant of the system 

dynamics. 

Aside from the practical issues, some of which are mentioned above, there are also 

certain mathematical modifications that need to be made before our methods can be 

applied to the neutron transport problem. In the case of the intelligent brute force method, 

we realize that each source now has M directional signatures with respect to any given 

sensor location. Therefore, the overall signature differentiation capacity of any sensor 

location should be computed as a combination of its s.d.c.'s in all directions. With this 

adjustment in place, most of the ideas developed in Chapter 4 are directly applicable to 

the neutron transport problem. 

The situation is more complicated for the discretization method. If the spatial range 

of interest is partitioned by a grid with N cells, the resulting lumped parameter system 

has N x M states. The reason for this M-fold increase in the number of states is that at 

each (interior) node point we concern ourselves with the neutron flux in all M directions. 

The consequence of this phenomenon is the high dimensionality of the lumped parame

ter system even under coarse partitioning, which makes numerical computations harder. 

Furthermore, with the isotropic source exciting the neutron flux in all M directions, the 

input vector f of the lumped parameter system (5.1) has l's at M of its entries when 

the lumped system is obtained via the finite difference method. The simple localization 

scheme described in Section 5.2.1 needs to be slightly modified to reflect this change. 

The dual system method can also be applied to the neutron transport problem with 

only minor modifications once the multidimensionality of the W vector is properly incor

porated in the algorithm structure. Mainly, the inner product integrals of the adjoint 

relationships (6.3) have to be modified to reflect the fact that vector, rather than scalar, 

functions are involved in the integration, and transposes need to be taken where appro

priate. With the V(t) vector as defined in this section (with all its entries identical), the 

equation for the source location estimate can still be obtained in a form similar to that of 

Equation (6.10). 




