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Time-domain models were developed to predict the response of a tethered buoy

subject to hydrodynamic loadings. A coupled analysis of the interaction of a buoy and

its mooring is included and three-dimensional response is assumed. External loadings

include hydrodynamic forces, tethers tensions, wind loadings and the weight of both

cable and buoy. System nonlinearities include, large rotational and translational

motions, and non-conservative fluid loadings.

The mooring problem is formulated as a nonlinear two-point-boundary-value-

problem. The problem is then converted to a combine initial-value and boundary-value

problem to a discrete boundary-value problem at particular time, using a Newmark-like

difference formula. At each instant in time the nonlinear boundary-value problem is

solved by direct integration and using a successive iterative algorithm, such that

boundary conditions are always satisfied.

Buoy equations of motion are derived by both a small angle assumption and a

large angle assumption. The small angle formulation uses the Eulerian angle for
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rotational coordinates. Coupling between the buoy and cable is performed by adopting 

the buoy equations of motion as boundary conditions at one end for the mooring 

problem. The rotational coordinates for the large angle formulation are represented by 

Euler parameters. The large angle formulation is solved by a predictor-corrector type 

of time integration of buoy motions constrained by tether forces. Coupling between the 

buoy and moorings is then enforced through matching of the velocity of the tether 

attachment points on the buoy with velocity of the tether ends; the velocities of tether 

attachment points serve as boundary conditions for the various mooring cables attached. 

Multiple time steps are used to account for different sizes of integration time step 

required for stability of solution in the buoy and tether. 

Numerical examples are provided to contrast the validity and capability of the 

formulations and solution techniques. Responses of three types of buoy (sphere, spar 

and disc) are predicted by the present models and compared to results obtained by 

experiments. Application of the present model to solve a multi-leg/multi-point mooring 

system is also provided. 
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COUPLED DYNAMICS OF BUOYS AND MOORING TETHERS
 

CHAPTER 1 INTRODUCTION 

1.1 MOTIVATION 

Cable-buoy systems are used in various oceanic works. They are used as 

navigational aids to mark navigable channels or harbor entrances, for ship moorings and 

for moored weather stations. Buoy systems float at the ocean surface and may be held 

to the ocean bottom by mechanical devices that include mooring cables and anchor. 

Subsurface buoy systems are moored systems that are entirely submerged. Buoy 

systems come in various shapes, sizes, and mooring configurations, depending on their 

purpose and environmental constraints. Shapes of surface buoys ranges from those with 

large water plane areas and small displacements, such as disc buoys, to those such as 

spar buoys which have small water plane areas combined with large displacements. 

Disc type buoys tend to follow the waves both in heave, roll and pitch motions. In 

other words, the hulls of the buoys are closely coupled to the motion of the sea surface. 

Spar type buoys tend to be surface decoupled. 

Buoy systems are required to perform at various ocean sites with various wave 

loads that may be applied to the buoys. Other types of loads, such as wind loads, 

installation or deployment loads, may also be applied to the systems. Buoy systems 

experience hydrodynamic loading both from ocean waves and from currents. Systems 

with small characteristic lengths are analyzed by a method that includes fluid viscosity 

effect, while relatively large-diameter structures are analyzed by a method based on 
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potential flow theory. The problem is complicated by the fact that motion of a tethered 

buoy is also affected by its mooring cables. The mooring cables also experience 

nonlinear hydrodynamic loads. Their behavior is highly nonlinear since their stiffness 

depends on the motions of the system. Since they are connected to the buoy, the 

dynamic cable stiffness are affected by the buoy motion. 

All of the above loadings and structural characteristics show that cable-buoy 

systems are complicated problems to simulate. The problems are highly nonlinear from 

both hydrodynamic and structural point of view. With the used of cable-buoy system 

in various oceanic works a technique is needed to predict dynamic response of coupled 

cable-buoy systems to environmental loadings. The goal of this study provides a new 

methodology to solve such problems. 

1.2 PREVIOUS STUDIES 

Substantial efforts have been devoted to the development of a methodology to 

predict the static and dynamic responses of cable-buoy systems to hydrodynamically 

induced forces. Cable-buoy problem relates to several topics in interaction of water 

wave and structures. For instance, interaction of wave with rigid floating structure, 

interaction of wave with cable and modelling of coupled structures. 

Cable moored system behavior is highly nonlinear. The nonlinearities include 

geometric and loading. The geometric nonlinearity causes the stiffness of the cables to 

vary with their configurations. The loading nonlinearity is generated by the 

hydrodynamic loading, i.e. the nonlinear drag forces. Additional nonlinearities may 
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result from interaction of the cables with their attached bodies. Therefore, dynamic 

response of cables to hydrodynamic loading cannot be determined by closed-form 

analytical methods; as reported by Leonard and Nath (1981). Numerical methods e.g., 

the lumped parameter method (Nath, et al., 1975), finite element method (Webster, 

1975) or direct integration method (Leonard, 1979; Chiou, 1989 and Sun et al., 1993) 

have been utilized. The lumped parameter method and the finite element method 

represent the cable as a series of discrete elements with nodes at the end of each 

element. To obtain a great computational accuracy, both methods required large 

memory capacity and long computational time. The direct integration method adopts 

a spatial integration scheme rather than spatial discretization. This method does not 

require extensive used of computer memory. The direct integration method is relatively 

easy and simple to formulate, it has given good results for certain application (Leonard, 

1979 and Chiou, 1989). Chiou (1989) developed an algorithm for the static and 

dynamic analyses of three-dimensional nonlinear cable behavior. This algorithm 

adopted a direct integration method in which combine initial-value and boundary-value 

problem is formulated as a two-point boundary-value problem. The cable governing 

equations of motion were derived by modelling the cable segment as a continuum. The 

cable governing equations of motion are then solved numerically by a combination of 

incremental and iterative methods. Since the cable solution algorithm is formulated 

based on spatial integration and implicit time domain scheme, the cable model can be 

executed on a personal computer (Chiou, 1989). Only translational motion was 
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considered by Chiou. He concluded that inclusion of rotational motion of bodies 

coupled with translational motions would be desirable. 

Wave-body interaction in ocean engineering, generally, depends on the size of 

the body compared to the incident wave length. A floating body with small 

characteristic length may be analyzed by the Morison equation (Morison, et al. , 1950) 

and for a large body case, analysis methods based on potential theory must be employed 

(Garrison, 1974, 1975). The Morison equation has been extended for dynamic analysis 

of ocean structures undergoes large displacement and has been widely used for analysis 

of oceanic structures assembled from slender cylindrical members (Paulling et al., 1985; 

Liaw et al., 1989). Fluid structure interaction of a floating body can be formed as 

second order differential equations for multi degree of freedom with inertial, damping 

and stiffness components. Added mass and damping for a floating buoy has been 

analyzed by various authors. Most papers treated the buoy as a large body problem, 

in which added mass and damping are frequency-dependent. Garrison (1974 and 1975) 

developed a numerical scheme to determine wave excitation forces, added mass and 

radiation damping of large floating object subject to linear wave loadings. His analysis 

was based on a three-dimensional Green's function approach. The analysis was then 

extended to consider tethered floating body; the mooring tether was modelled as linear 

a spring (Garrison, 1980). An algorithm to predict response of an axisymetric body 

subject to small amplitude waves loading was developed by Hudspeth et al. (1990). 

Frequency-dependent hydrodynamic coefficient can be calculated using axisymmetric 

Green's function approach as a floating body moves about the surface wave. This 
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study was later used to select frequency-independent added mass coefficient for certain 

type of buoys (Leonard, et al., 1991). Cases with characteristic length of the floating 

body is small compare to the incident wave length can be seen as a limiting case, in 

which the buoy motion frequency (co) is close to zero. In this case, the wave damping 

term goes to zero and added inertia term for w -' 0 may be used. Bai (1977) developed 

a finite element model to compute zero frequency added mass coefficient for a 

spheroidal body piercing the free surface. Heave and pitch added mass coefficient for 

spheroidal buoy with various slenderness ratio were computed. 

Analysis of a single point mooring system was performed by Nath and Felix 

(1970) in which a uniform mooring line was considered. Their study predicted buoy 

motion and mooring line motion based on a quasilinear partial differential equations of 

small element of the mooring line. The solution follows by utilizing the method of 

characteristics. The cable boundary at the buoy is specified to be equal to velocities and 

coordinate of the buoy attachment point. The buoy itself is considered a small body and 

the kinematics of the buoy are determined by numerical integration. Buoy dynamic 

equations were also applied as a boundary condition for a mooring line by Nath and 

Thresher (1975). The mooring line itself was modeled as lumped masses and the 

solution of the system was obtained through a second order predictor-corrector 

technique. Patel & Linch (1983), study coupled dynamic of a tension buoyant platform 

with its mooring tethers. The equation of motion was derived based on small rotational 

motion assumption include tether stiffness matrices and nonlinear drag-induced viscous 

damping. The platform response was computed by an iterative technique to account for 
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the nonlinear drag term. The finite element model was used to evaluate the mooring 

tethers, the mooring was assumed to be excited only by the motion of the platform. 

Interaction between platform and cable was only taken through one loop since motions 

of the system was inertia dominated. Paul ling and Shin (1985), analyzed large 

displacement amplitude motion of a twin hull semisubmersible. Rotational position 

were described by Euler angles that nonlinearity in the equations of motion include the 

quadratic velocity terms. The problem was solved in time domain by fourth order 

Runge-Kutta procedure. Nuckolls and Dominguez (1977) analyzed coupled mooring 

and body systems subject to slowly varying ocean currents. The analysis considered 

large rotational motion by employing Eulerian angles. Their analysis treated the 

mooring system as a discrete system, composed of a number of lumped masses. The 

equations of motion for the body include large rotational motion; due to the shape of 

the symmetric cylindrical body, the roll mode of motion was negligible. An integrated 

two-dimensional cable-buoy system model was developed by Wang (1977). This model 

was derived, assuming a small rotational motion on the buoy and utilized the finite 

element method. The model was able to simulate response of general ocean cable 

system, consisting of a surface buoy, mooring cable and intermediate bodies. 

For large rotational motion of a mechanical system, some authors recommends 

the use of Euler parameters. Equation of motion of a rigid body, using Euler 

parameters, can be derived by Lagrangian formulation (Nikravesh, et al., 1985; 

Shabana, 1989). Application of these parameters in ocean engineering field has been 

considered by Liaw et al. (1989). Their model was applied to offshore structures, such 
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as an articulated tower and a tension-leg platform. Mooring systems were modeled as 

nodal springs attached to slender cylindrical bodies. The equations of motion of the 

system was solved using step-by-step method. 

1.3 OBJECTIVES 

The main objective of this study is to develop and verify an algorithm to predict 

coupled dynamic motion of buoy-cable system in ocean environment. This system is 

conceived as a tethered rigid buoy subjected to long crested waves and current with 

approaching angle J3. The characteristic length of buoy in this study is considered small 

compared to the incident wave length. All three translational degrees of freedom, three 

rotational degrees of freedom and their coupling are analyzed and the equation of 

motion of the buoy is formulated based on rigid body motion. Formulation of the 

equation of motion will consider two approaches, small angle motion and large angle 

motion. A numerical algorithm is then formulated to allow coupling with the cable 

algorithm of Chiou (1989). 

The equations of motion, based on a small angle formulation, for the buoy will 

be incorporated with the cable algorithm by considering this equation as the boundary 

condition at one end of the mooring cable. For the large angle formulation, the buoy 

algorithm will be separated from the cable algorithm. Then, coupling between the buoy 

and cable can be effected through buoy tether point velocity. The objectives of the 

study are then summarized as follow: 
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1.	 To develop a numerical algorithm for the nonlinear numerical integration of 

cables which allows long duration simulations in time domain. 

2.	 To investigate the nonlinear interactions between the buoy and the attached 

mooring cable. 

3.	 To coupled the buoy algorithm with the cable algorithm. 

4.	 To demonstrate the use of the developed model of buoy-cable system to predict 

dynamic response of multi point mooring buoys. 

1.4 SCOPE OF STUDY 

The equations of motion of the buoy are formulated through two approach: the 

small angle formulation and the large angle formulation. For the small angle 

formulation, the equations of motion serve as boundary conditions at one end of the 

mooring cable. The large angle formulation, use Euler parameters to describe the 

buoy's orientation in space. The buoy algorithm is separated from cable algorithm and 

coupled through its tether point velocities. System nonlinearities include large 

displacements, dependence of fluid force on the wave and body induced relative fluid 

motion and nonlinear characteristics on the mooring cables. Waves and currents 

direction may be arbitrary to allow general application. 

In both approaches, the cable-buoy system is solved in the time domain that and 

nonlinearities are preserved. The solution algorithm for the small angle model is 

adopted from iterative scheme for solving the cable equation as described by Chiou and 

Leonard (1991) and by Sun et al. (1993). The large angle formulation separates buoy 
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motion integration from the cable algorithm. Coupling between buoy and cable is done 

through velocity at tether point; the velocity at buoy tether point must be equal to the 

velocity at cable end. A predictor-corrector type integration method is adopted as that 

allows iterative scheme between the buoy and the cable to obtain a convergent solution. 

The computer programs based on both numerical algorithm are implemented in 

FORTRAN for use on both personal computers and work stations. 

In Chapter 2, the formulation of the buoy equation of motion based on the small 

angle assumption is presented. The coupled buoy-cable system problem is formulated 

and the solution algorithm summarized. The large angle formulation is presented in 

Chapter 3. Included in Chapter 3 is the numerical algorithm for the coupled buoy-cable 

problem. To validate both models, example problems with comparisons to experimental 

results are presented in Chapter 4. In Chapter 5, the application of the large angle 

formulation for a multi-point/multi-leg mooring buoy is presented. Chapter 6 contains 

the summary of the present study and conclusion on the validity of the simulation and 

recommendation for future development. 
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CHAPTER 2 SMALL ANGLE FORMULATION
 

The prediction of the three-dimensional kinetics and kinematics of a buoy-cable 

system is a complicated problem since the buoy and cable simultaneously affect each 

other. The problem is also highly nonlinear from the hydrodynamic and structural 

points of view. Therefore, assumptions and simplifications need to be made to solve 

this problem. In this chapter basic assumptions will be provided, kinematics of buoy 

motion described and equations of motion derived. An algorithm to solve the de-

coupled cable problem will be provided in which the equations of motion of the buoy 

serve as the boundary condition to the cable problem. A numerical procedure used to 

solve the de-coupled cable problem will be presented, and the nonlinear equations of 

motion for the buoy will be converted into a form to that can be incorporated as 

boundary condition in the cable algorithm. Finally, the numerical procedure to solve 

this problem will be explained. 

2.1 BASIC ASSUMPTIONS 

The floating buoy in this study is subjected to the following assumptions: 

1.	 Elastic deformations of the buoy are assumed to be small enough that buoy can 

be modelled as a floating rigid body. 

2.	 Only axisymetric geometric of bodies will be considered in this study. 

However, all analysis is done in three dimensions so that all three translational 
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degrees of freedom (heave, surge, and sway) and three rotational degrees of 

freedom (yaw, roll, and pitch) are considered. 

3.	 The buoy is considered small compare to the incident wave length such that its 

motion frequency goes to zero. In this case, added mass coefficient is frequency 

independent and radiation damping is negligible. 

4.	 The resultant of hydrodynamic loads on the buoy is assumed to be applied at the 

center of buoyancy, the location of which depends on buoy submergence. 

5.	 Small angular displacements are assumed. In this formulation the center of 

rotation is assumed to be at the center of gravity. 

2.2 LOADING 

Forces acting on the buoy can be written in vector notation as 

F =Fw -T	 (2.1)+ WDRY + B + F1 + FD + FK 

in which the force vectors are: buoy's dry weight NADity, buoyancy B, hydrodynamic 

inertia force Fi, hydrodynamic drag force FD, the Froude-Kryloff force EK, wind or 

external other force Fw, and tether tension T at the terminus of the tether. The wind 

or other external force is given as a concentrated load which may varies with time. 

The external moment of forces is evaluated about the assumed center of rotation, 

and can be expressed as 

N = s' x F	 (2.2)-I'	 -P -P 

where Fp is the external force and sp' is the point of application of the external force 
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on the buoy, in local coordinate system. Explanations of each loading that applied to 

the buoy are discussed in the following sub-sections. 

Two coordinate systems are defined. The global system is a fixed cartesian 

system with origin at the still water line. The local system is a fixed cartesian with 

origin at the center of gravity of the buoy. 

2.2.1 Dry weight 

The weight of the buoy in air is a vertical downward force. Its point of 

application is at the buoy center of gravity. In the global coordinate system it can be 

written as 

TWDRY = {Mg,0,0}T (2.3) 

where M is mass of the buoy and g is the gravitational acceleration. 

2.2.2 Buoyancy 

The buoyancy is the weight of the water displaced by the buoy. In the global 

coordinate system it is in the opposite direction to the dry weight. Its point of 

application is at the center of buoyancy zffi located at the center of volume of the 

displaced water. 
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,111zidv (2.4) 

where zi= distance from the center of rotation and dV= elemental volume of displaced 

water. 

On an inclined floating buoy, the buoyancy and the inclined water plane area 

create over turning moment to return the buoy to its original position. Assuming small 

angular displacements, the over turning moment can be given as 

N = pi.. 0 (2.5) 

where is mass moment of inertia of the buoy about axis ii, and 0 the is buoy slope 

relative to the water surface. Two special axisymetric geometric (spheroidal and 

cylindrical) and a general axisymetric buoy were studied. Because of the analytical 

form of the geometric equations for spheroid and cylinder, it is possible to include 

analytical expression the properties of these type of buoys. Details of the geometrical 

properties of spheroidal buoy and cylindrical buoys are given in Appendix D. The 

geometrical properties that are required in this study include the drag area, water line 

area, submerged volume and the center of buoyancy. For the general axisymetric buoy, 

geometrical properties are obtained from a separate computer-aided-design hydrostatic 

program BuoyCAD (AeroHydro, Inc., 1991). Information from BuoyCAD can be 

retrieved through an interface file (Leonard et. al., 1993). 
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2.2.3 Hydrodynamic loading 

Buoy systems, as an ocean structure, experience hydrodynamic loading from 

ocean waves and currents. Wave-body interaction models in ocean engineering, 

generally, depend on the size of the buoy compared to the incident wave length. For 

a buoy with 'small' characteristic length, the Morison equation (Morison, et al., 1950) 

can be used to compute wave loading. For a large body case, analysis methods based 

on potential theory must be employed. Also, from the point of view of a large body 

problem, a buoy with a small characteristic length would have a small motion 

frequency, in which the damping term goes to zero. 

There are three relevant length scales involved in wave-body interaction, body 

characteristic length (a), wave length (27/k) (k= wave number) and wave amplitude 

A. From these variables two ratios is formed, ka and A/a. The first parameter ka 

governs small body or large body phenomena. If ka > 0(1), the presence of the 

floating body alters the pattern of incident wave propagation significantly such that 

diffraction and radiation occur. For ka . 1 the wave body interaction process is 

classified as a small body problem in which diffraction is of minor importance. The 

incoming wave is not disturbed by the presence of the body. This type of problem is 

solved using the Morison equation. The Morison equation was developed by Morison 

et al. (1950), which states that the force exerted by an undisturbed wave on a cylinder 

is composed of inertia and drag components. The Morison equation was derived semi-

intuitively, however it has been widely used and gives a good prediction of applied 

wave forces. The Morison equation has also been modified for dynamic analysis of 
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ocean structures undergoing large displacements; this formulation is known as the 

relative motion Morison equation. From the point of view of a large body problem, 

this case (ka . 1) can be seen as a limiting case (co -, 0), in which the buoy's motion 

frequency is close to zero. In this case, the wave damping term goes to zero and 

frequency independent added inertia term for co -. 0 may be used. The ocean surface 

can be regarded as a rigid plane that surge added mass coefficient can be computed in 

the same manner as in the infinite fluid case. The surge added mass value of a 

spheroidal buoy, for the infinite fluid case, with various slenderness ratio is given by 

Lamb (1945). The pitch, heave and their coupled added mass coefficients must be 

calculated separately. 

Added mass coefficients for a floating body have been widely studied. Bai 

(1977) developed a finite element model to compute zero frequency added mass 

coefficient for a spheroidal body piercing the free surface. Heave and pitch added mass 

coefficients for a spheroidal buoy with various slenderness ratios were computed. In 

the present study, the floating buoy may be approximated as an oblate or prolate 

spheroidal shape and Bai's numerical result are used. Bai's model computes added 

mass coefficients assuming the center of rotation is at the still water line, while in the 

present study the center of rotation is assumed at the center of gravity. Therefore, Bai's 

coefficient must be transformed to the center of gravity as 

CA26 = 1426 + ZG 1422 (2.6)
CA66 = /166 + 2 ZG /..26 + zG p.22 

where CA26 and CA66 are the coupled surge-pitch added mass coefficient and the pitch 
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added mass coefficient, respectively. The terms An, //26 and A66 are the same added 

mass coefficients from Bai's computations. 

The second parameter A/a governs flow separation phenomena. For large A/a 

values flow separation and vortex shedding occur due to fluid viscosity and velocity 

gradients near the small body. This phenomena leads to the effect of form drag. Drag 

forces created by fluid flow can be adapted from the drag force component of the 

Morison equation, and can be written as. 

(z )
dFD' = CDp (u' -r') III' -r I dzi (2.7)1 

The parameter Cd is the empirical drag coefficient, p is fluid density, D(zi) is buoy 

diameter, u' is fluid velocity and Id' is buoy velocity at the application point of drag 

forces. The absolute value of relative water particle velocity is used to ensure that the 

drag force is in the same direction as the velocity. When current is present with waves, 

the drag force for a fixed structure can be written in terms of total velocity including 

a steady current. Drag force due to relative velocities from the buoy motion and the 

water particle motion due to waves and steady current is 

D(z1)(v'
dF

D 
' = CDp +u' -4-') Iv' +u' -r I'd; (2.8) 

In a uniform flow the value of the drag coefficient CD is dependent on the Reynold 

number. In oscillatory flows, such as wave motion, is dependent of CD on other 

nondimensional terms, such as Keulegan-Carpenter (KC) number. The KC number 

measures the orbit of water wave particle, flow separation occur when orbital diameter 
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is larger than buoy's diameter. Various experimental data for the drag coefficient CD 

for cylinder shaped bodies, considering both Reynold number and Keulegan-Carpenter 

number, are available in the literature (see for example, Chakrabarti, 1987). Other 

literature gives CD values based on the body's slenderness ratio and Reynold number 

(see for example, Chakrabarti, 1987). Moments caused by drag forces are computed 

at the assumed center of rotation. The components of drag moments were integrated 

along the submerged surface of the buoy. 

Wave excitation forces for this buoy are the Froude-Kryloff forces. It is 

assumed that the buoy follows the wave motion in the absence of cable forces coupling 

between pitch and surge motion. Pitch and roll exciting moments are computed about 

the assumed center of rotation of the buoy. Expressions of drag loading and wave 

excitation are provided on Appendix A. 

2.2.4 Concentrated Load 

Provision is made for the use of concentrated loads. This type of load may be 

used to express loading caused by additional devices attached to or put in the buoy. 

The concentrated loads, both time dependent and time invariant, may be applied in 

arbitrary directions at arbitrary positions on the buoy and may be specified as sinusoidal 

functions or discretized functions. 
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2.2.5 Tether Tension 

Mooring tether tension is applied at the connection point of the buoy to the 

mooring tether. The mooring tether itself experiences hydrodynamic loading from its 

environment. It is also effected by the motion and forces acting on the buoy, therefore 

a coupled model is needed to solve this problem. An algorithm to solve the 

hydrodynamically loaded cable using a spatial integration method was developed (Chiou, 

1989). This model was enhanced by including the buoy equations of motion as one of 

its boundary conditions. 

2.3 CABLE DYNAMICS 

Dynamics of the cable are modeled using a numerical algorithm for a 

hydrodynamically loaded cable problem previously developed by Chiou (1990). A 

complete description of the cable algorithm can be found in Chiou (1990). However, 

to fully understand the methodology to combine the cable and buoy problem, a summary 

of the algorithm will be presented here. The numerical model is an iterative algorithm 

in which the cable problem is formulated as a combined initial-value and two point 

boundary-value problem. By an implicit difference equation in the time domain 

(described subsequently) the problem can be converted to an equivalent nonlinear 

boundary-value problem at each instant in time. Then the nonlinear boundary-value 

problem is transformed into an iterative set of quasi-linearized boundary-value 

problems. 



19 

x2 

SWL 

Boundary Body 

Intermediate Body ! Joint 

Boundary Body
 

17
 
/1=17= //=//= //=//=//---ril-:=W=
 

Figure 2.1 Cabel General definition Sketch 

Each quasi-linearized boundary-value problem is then decomposed into a set of 

initial-value problems for which spatial integration can be performed along the cable. 

The solutions of each initial value problem are recombined so as to always satisfy 

boundary conditions; then a solution of the boundary-value problem is obtained by 

successive iteration. Figure 2.1 show the general definition sketch for cable problem. 

A fixed (global) coordinate system is defined with the origin at the still water line; So 

is the cable local coordinate along the cable scope; and E is an arbitrary material point 



20 

on the cable at a distance S from one end of the cable. The position of an arbitrary 

point on the cable at time t is define as xi(S0,0 and the tension components is Ti(So,t). 

The cable is under hydrodynamic loading from surface waves and subsurface currents. 

The cable governing equations were derived from the equilibrium of dynamic forces 

on an infinitesimal length of cable dS at an arbitrary point t along the cable segment. 

Hydrodynamic loading per unit length includes buoyancy, added mass forces and drag 

forces. If strain e is assumed to be small, then the cable governing equations then can 

be written, in indicial notation, as 

dx. T. 
' = (1+e) (2.9)

dS0 

dT. 
' -a1(1+E)Q "Qin ce2(1+E)Q`Q;

dS' (2.10) 

a3(1+e)q + a4(1+e)i4 Wbbi/ + mit; 

where 

al = 0.5pDCL1 
a2 = 0.5pD7C]; 
a3 = 0.25/32-D2(CA +1) 
a4 = 0.25p7rD2CA 

T:rk 
Qin = (fik ik)(bac TZ,) 

Qit (ok+cik)(TTiT2k) 
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Q" = /Q:Qk 

Q` = (70EKE 
T.Tk 

= 
T2
 

T.Tk
ji7 = 

T2 

T = = magnitude of tension 

in which the superscripts t and n are tangential and normal vector component to the 

cable axis. m is mass density of the cable, CA is the added mass coefficient, CD and 

CD` are normal and tangential drag coefficient, respectively. So is the unstretched length 

and oo, = kronecker delta =0 if i k or = 1 if i = k. 

The cable governing equation of motion are second order partial differential 

equations, with independent variables time, t and cable unstretched length, So. For 

three-dimensional space a set of six second order equations were obtained. These 

equation can be transformed into a set of twelve first order differential equation. 

Introducing cable velocity 

(2.11) 

Eq. (2.10) then can be written as 
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aTi 
= a1(1 +e)Q "Qin a2(1 +)Q `Qi`

aso 
(2.12)

aici. aki
a3(1+e)C4 + a4(1 +) W S . + m 

at b il at 

Taking the derivative of Eq.(2.11) with respect to So yields 

asci a axi 
(2.13)

aso at aso 

Substitute Eq. (2.9) into Eq.(2. 11) 

aki = 2[(14-0111 
aso at T 

(2.14) 
Ti ae a T2= ...2_ (1-41 -(T.)2 [cos-1 Ti]
T at T at T 

Now, cable governing equation is given as Eq. (2.12) and Eq. (2.14), in which 

a new variable Xi is introduced. This set of equations are a combined boundary value 

problem and initial-value problem because of time evolution. The initial conditions for 

the problem are required to be specified in term of So and two sets of boundary 

conditions are also needed on each cable end, at each time. Approximation on the time 

derivatives can be made using an implicit Newmark-like formula (Newmark, 1959, 

Clough and Penzien,1975). This approach converts the problem to a discrete two-point 

boundary-value problem at each instant in time. The difference equations for time 

derivatives can be written at time t in terms of values at t" and time step At = t-t" as 

http:Eq.(2.11
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aE 1 aE 
= (E11) 7(at )" (2.15a) 

at aAt 

cos-1( Ti) = [cos-1( Ti) -cos-1(E)] -y [ acos-`(T)]" (2.15b)1 
at T T" at T 

ak 1 . (2.15c) 
at c6t(x.-5(1') 

where -y= (1 -a) /a and e", T", Ti" and k i" are values of E, T, Ti and x i at time t". 

Expanding the expressions on Eq.(2.15a) in Taylor series, one obtains a 

relationship 

aE
= + 4,4-1)) + 0(4,02

ateTi atat 2a 

This expression shows that the best accuracy can be obtain using a =0.5. Newmark 

(1959) also suggest a be taken as 0.5, Selecting a =0 generates a negative numerical 

damping, i.e. instability, while selecting a > 0.5 gives a positive numerical damping. 

In an analysis of a simple single degree of freedom system, Newmark shows a 

difference equation relating three values of successive displacement in which damping 

component can be eliminated by selecting a =0.5. Zienkiewicz (1977) shows similar 

results on selection of a values. Numerical damping was also experienced by Chiou 

(1989) whose used a =1 in the original cable dynamic algorithm. 

This set of nonlinear discrete equations poses a two-point boundary value 

problem in the spatial coordinate S0. They can be converted to an iterative set of linear 

boundary-value problem using Newton-Raphson method. The quasi-linearized two point 



24 

boundary-value problem then can be further decomposed into a set of initial-value 

problem so that a trial solution can be integrated numerically from one end to the other. 

In decomposing the boundary value problem into a set of initial-value problems, 

one may expresses the solution as a linear combination of homogenous solution (k and 

iTi) and particular solution (°ic i and °T1) as. 

(2.16) 

T. = °T. + j T. (2.17) 

where ai are undetermined coefficients to recombine solution. Initial values that satisfy 

the actual boundary condition can be specified for each initial-value problem. 

Numerical integration then can be performed from starting end to obtain partial 

solutions at the other end of the cable. Knowing the boundary condition at the terminal 

end, one can evaluate the partial solution to obtain the appropriate coefficients ai for the 

linear combination of partial solutions at the starting end. 

The model has capabilities to solve problems with stationary boundary 

conditions, moving boundary conditions and force boundary conditions; on the starting 

end the mooring cable may be held fix at the ocean floor (stationary boundary 

condition) and therefore require zero velocity at the boundary at all times 

Mt) = 0 (2.18) 

At the other end a floating buoy may be attached, in this case the equations of motion 

for tethered floating buoys serve as boundary conditions. 
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2.4 BUOY KINEMATICS 

A definition sketch of a buoy floating on the moving water surface and 

connected by a tether to the ocean bottom is depicted in Figure 2.2. Two cartesian 

coordinate systems are used, a moving (local) coordinate system attached to the buoy, 

and a fixed (global) coordinate system with origin at the mean water line. The origin 

of the buoy/local coordinate is located at point G; the center of mass for the buoy. 

Point T is the location of the tether connection point and zi.' is the local position vector 

to T from G. Point W is the location of application of point loads from external 

sources, e.g., wind and zw' is the local position vector to W from G. Point B is the 

location of the center of buoyancy and is the point at which resultant hydrodynamic 

loads are applied and zB' is the local position vector to B from G. Points G and T are 

fixed points in the body. It is assumed that Point W is also a fixed point. Point B is 

not a fixed point; its location changes with the amount of submergence of the buoy 

(remains fixed if the buoy is completely submerged). 
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Figure 2.2 Definition sketch of buoy vectors 

The motion of the buoy can be characterized by the translation vector of the 

point G, r = [x1, x2, x3]1' and the rotational vector of the buoy around point G, 0 = 

[01, 82, 03]T. In this section the rotation vector 0 is assumed to be small enough that as 

the buoy moves from an initial static equilibrium position to a position at time t, the 

position vector (rp) of an arbitrary point P in the buoy can be written as 

r =r+s +0 x s' (2.19)P -P -P 

where r is the translational motion of point G and sp' is the local position vector to P 

from G. Then, since the acceleration and velocity at G are and and the rotational 

acceleration and velocity about point G are .0 and p.. , respectively, the acceleration and 

velocity at a general point P on the buoy are 
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? = f + 6 x S' (2.20)
- P - - -P 

t = t + 6 x S' (2.21)-P - -P 

2.5 BUOY KINETICS 

The vector sum of the forces acting on the buoy and of their moments about 

point G must equal the inertial force and moment vectors, respectively. For the buoy, 

M 4. Where M is the mass and added mass matrix for the buoy, and g is the 

displacement of the center of gravity. Thus 

I WDRY 13- Ed Ei c (2.22)Mg = {NJ 0 1 {NB} IN]. +{Nj 
where M is the mass and added mass matrix and iT=--; { .1:1' r }T Components of 

individual matrices and vectors are written in the Appendix A. 

Eq. (2.22) constitute six non-linear second-order differential equations of motion 

for the six degrees of freedom r and 0 in terms of the external and fluid forces applied 

to the buoy and the tether forces restraining the buoy. 

The equations of motion may be separated into translational and rotational 

components. The translational components of the equation of motion serve as three 

boundary conditions for the tether point tensions and translational velocities (at point T); 
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the rotational components serve as three auxiliary differential equations for the buoy 

rotations O. To implement these boundary conditions one must first express r and i in 

terms of velocity and acceleration at the tether point T using Eqs. (2.20) and (2.21), 

= 
T 

x -T (2.23) 

= 
T 

6 x -T (2.24) 

Now the buoy equations of motion (2.22) may be written, in indicial notation, as 

-(M() + pVwetCmixo ( kTi EijkZTkii pVwegA(00.3)ii 

+ Fwi - Ti + (M()) -pVwdgbli + (1 +CmidpV,,,,,,yi (2.25) 
+ ND(i)(Vi -xTi EijkZTBk6j) = 0 

4" CA(i+3)6+3)PVwd] 6j PVwetCA(i+3)(j) [ EijkZTk6j] 

[ND(i)Wij ]iTj [ 6kjnNIVOZBnWilc ]j (2.26)+ [ZvviFwi ZTiTi ZBiBiou aii (ZvaFwk -ZTkTk ZBkBkbik) A 
+ [ ZwiFwk iriTk MFA] pgI ( = 0Eijlc 

where 

Wa = eira zon +zaiek (2.27) 

MFik = (ZBi + )pVwetV + (ND(k)Vk - pgVwetoik) ZBi (2.28) 

and the magnitude of relative velocity at point B is 

Q = [ (V; -in -EipcZTBkbi) ( Vi EiinnZTBIc (2.29) 



29 

where the distance from T to B is 

Z = Z Z. (2.30)TBa B1 Ta 

2.6 Mt kERENCE EQUATION 

Equations (2.25) and (2.26) are second-order ordinary differential equations in 

time. These equations can be converted into discrete equations by Newmark-like implicit 

integration scheme as performed on cable equations in section 2.3. Given solutions xri", 

,*();" at time t", accelerations at time t = t" + At are approximated as 

XTi = (tri Ti)/(CYZIO 7X.ri (2.31) 

(2.32)
= (bi b;)/(«Ao 76; 

where y = (1-a)/a and a = 1/2 for implicit integration. Using the same formulation, 

the translational and rotational displacements can be expressed as 

XT; = atit(iTi 1(1-) +XTi (2.33) 

= «AA + ye;)+0: (2.34) 

Then, upon substitution of Eqs. (2.31) through (2.34) into Eqs. (2.25) and (26), quasi-

static nonlinear equations at time t are obtained. 
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2.7 SOLUTION ALGORITHM 

The nonlinear quasi-static equations obtained from Eqs. (2.25) and (2.26) with 

approximate time derivatives Eqs. (2.31) through (2.34) are the nonlinear boundary 

conditions for the tether attached to point T. Those condition are described here as 

(Tj , xTi , 9J) = 0 (2.35) 

hi(Ti,xTi3Oj) = 0 (2.36) 

where fi describes force equilibrium and hi describes moment equilibrium. To 

incorporate these equations with cable algorithm, the procedure described in section 2.3 

must be followed. The nonlinear quasi-static equations obtained from Eq.(2.25) and 

(2.26) serve as boundary condition at the terminal end and need to be quasi-linearized 

by Taylor expansion. If rotational velocities are included, as in Eqs. (2.25) and (2.26), 

the Newton-Raphson method can be used to determine improved estimates Ti, .x-ri and 

6i, given prior estimates Ti., x and 9i*. Taking Taylor series expansions of the 

difference equations fi and hi from Eqs. (2.27) and (2.28) about the functions fi" and hit 

evaluated at Ti*, x.1.;` and with respect to increments (Ti Tis), and (8i 

b is) , one writes 

= 0 = ,A (2.37)Fxij ATj) JFTijai -Ti) JF8ijklOf 

hi = 0 = (2.38)-*.) -1-Ji-rr Ji(T; -Ti*) e;) 

Components of the Jacobian matrices JFxii*, JFT;, _ Foii9 44*, Jiabs, and JHoii are written 

in the Appendix B. 

http:Eq.(2.25
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Eqs. (2.37) and (2.38) are six linear algebraic equations for the nine unknowns 

Ti, is ri and in terms of prior estimates Ti", in" and k*. The six unknowns Ti, in are 

related to the three boundary conditions at the starting end of the tether through the 

cable differential equations. xi.; and Ti at the tether point are decomposed into 

homogenous and particular solution as in Eq. (2.16) and (2.17). Upon substitution of 

Eqs. (2.16) and (2.17), one obtains six equations to be solved for six unknowns ai and 

Eqs. (2.37) and (2.38) can be written in matrix form as 

[IC;F. K}..] a } P; 
(2.39)
 

1(0; Ko:, { Pe. 

where the submatrices are given by 

KF:F = U;x1k-1 I {2kij {3ATj }] UFTIki 1Tj 21.j {3Ti}] 
(2.40) 

Ke; [{ I {25(11} {3tri }] [{ Pri}
[JFIXik] [Jtirik] 

{2Ti} {3Ti}] (2.41) 

(2.42)
Ice = Weal 

(2.43)
Kee = [4.84] 

E; = -{c} [gai](tt;,} 
(2.44)
 

[J;rii]({Til {°T;}) Egoii1{6;} 
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12; = -{his} +U}aiil ({4} { °iT;)) 
(2.45) 

utsrrul ({Tie} {°T;}) Pri 13,l{9;} 

In each iteration particular and homogenous cable equations are integrated from the 

starting point to the tether point at the buoy, and then Eq. (2.39) can be solved for the 

parameters ai and the new estimates to Then, the partial solutions at the tether are 

combined using ai to obtain the new iterates to in and Ti. 

The solutions algorithm proceeds as follows: 

1.	 Given a solution to the tether variables Ti", in" at all cable points, in particular 

in" and 8 : at the buoy at time e, one extrapolates an initial estimate of Tis, 

XT; and at initial time t. 

2.	 Integrate the partial particular and homogenous cable equations from the bottom 

boundary condition to the buoy. 

3.	 Form matrices in Eq.(2.39) and solve for ai and 

4.	 Combine partial solutions using a; and compare Ti, isql and to the estimates T1*, 

Tii* and Ir. 

5.	 If sufficient convergence is achieved set Ti" = Ti, in" = in, and return 

to step 1; if convergence is not achieved, set T: = Ti, icn* = in, and= 

return to step 2. 

http:Eq.(2.39
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CHAPTER 3 LARGE ANGLE FORMULATION
 

In Chapter 2 a methodology to solve cable-buoy problem was formulated. One 

of the assumptions used in that formulation is that of small rotational motions. With 

a growing interest in the nonlinear behavior of cable-buoy problem, it is needed to 

develop a model based on large rotational motion. The new formulation presented here 

will use the same basic assumptions as previously except for that regarding the use of 

angular motion. 

In formulating the buoy equations of motion, it is important to find an approach 

in which allow a convenient representation of the equations of motion in six degree of 

freedom. In the small angle formulation conventional Euler angles were used to 

describe rigid body angular orientations. However, Euler angles have the disadvantage 

that singularities may occur at certain orientations of the body in space (Shabana, 1989). 

More over, Euler angles must be executed in a definite succession one that may lead 

to a more difficult mathematical analysis. 

The approach adopted for the large angle formulation is to used Euler 

parameters, as recommended by Shabana (1989), to represent buoy angular orientation. 

Initially, Euler parameters may appear to be only a mathematical tool that does not have 

physical significance. However, its identities can be used to develop physical 

interpretations. In this chapter kinematics of the buoy using Euler parameters are 

presented and the equations of motion for a tethered floating buoy are derived in which 

all external moment will be expressed in Euler parameters. 
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In validating the small angle formulation (see Chapter 4) it was found that its 

computer program has some difficulties in reaching convergent solutions when the buoy 

boundary condition are used for rapid rotations of the buoy. However, stable 

computations were realized with other types of boundary condition, such as kinematic 

boundary conditions. Temporal integration of the buoy kinetics requires a smaller time 

step than could be used in the tether problem. Therefore, some modification was 

needed. The proposed algorithm is to separate the buoy solution algorithm from the 

cable algorithm. Coupling between the two algorithm can be done through matching 

of the velocity of the buoy tether point. In this chapter the solution algorithm to solve 

the buoy equations of motion are presented, an appropriate integration procedure is 

selected such that coupling between the buoy and the cable can be realized at the 

connection point. 

3.1 EULER PARAMETERS 

Euler parameters represent the angular orientation of a local coordinate system 

z, (moving or body fixed coordinate) to the global coordinate system xi (non-moving or 

inertial coordinate) (Fig. 3.1). Based on Euler's theorem (Nikravesh, 1985), the 

transformation between two coordinate systems that have a coincident origin can be 

accomplished by a single rotation 4 about a unique axis u. Transformation of a 

particular point P on a rigid body, can be written as 
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s = A s' (3.1) 

where, A is a 3x3 rotation matrix, s and represent position vector of point P in the 

global and local coordinate systems, respectively. The rotation matrix can be presented 

in terms of Euler angles, direction cosine or Euler parameters. In this formulation 

Euler parameters are selected. They consist of four quantities, that can be written in 

matrix form as 

2 = [eo, el, e2, ea. (3.2) 

The first three parameters can be defined as 

e = [el ,e2,e3]r = n sin(±) (3.3) 

where unit the vector n is a rotational axis and an angle of rotation about the axis 4. 

And the fourth parameter is defined as 

e0 = cos(±) (3.4)
2 

The Euler parameters are not all independent, combining Eq. (3.2) and Eq. (3.4), it is 

found 

= pT2 1 = 0 (3.5) 

The rotation matrix A can be expressed in term of Euler parameters as 
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2 (e02 +e12) 1 2 (eie2 -e0e3) 2 (eie3 +e0e2) 

(3.6)A =	 2(ele2+e0e3) 2(e02+e22)-1 2(e2e3-eoel) 

2(eie3 -e0e2) 2 (e2e3 +eoel) 2 (e02 +e32) 1 

Or 

A = I + 2E ( I eo + E ) (3.7) 

where I is a 3x3 identity matrix and 6 is a skew symmetric matrix defined as 

0 -e3 e2 

E=	 e3 0 -e1 (3.8) 

-e
2 el 0 

Figure 3.1 Angular rotation. 



37 

2 X
 

x, 

Figure 3.2 Rigid body motion. 

The orientation of a rigid body in terms of its global angular position can be 

extracted from the given rotation matrix A. The angle of rotation O. and axis of rotation 

n can be obtained from 

1 all +a22 +a33 
srt. = cos- (3.9)

2 

nl
 an 
(3.10)n = n2 = a13 -an 

n3 an 'an 

where ; are the components of the rotation matrix A, 
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an a12 a13 

(3.11)A =	 a21 a22 a23 

a31 a32 a33 

Once the axis of rotation u and the angle 4) are found, the angular orientation of the 

rigid body in global coordinate can be obtained as 

roll = n24), yaw = n14), and pitch = n34) 

3.2 BUOY KINEMATICS 

The general motion of a rigid body can be described by a rotation plus a 

translation. Figure 3.2 shows the translational and rotational displacement of an 

axisymetric rigid body with origin of the local coordinate system z, at the center of 

gravity. The center of rotation is assumed to be at the center gravity. The position 

vector of an arbitrary point P on the rigid body is then given as 

r
P 

= r + A s'	 (3.12)- P 

where rp = [Xp1,Xp2,X4r are the global coordinate of P, r = PC01,X02,Xc3r are the 

time dependent translational coordinate of the origin of body fixed coordinate system. 

A is the transformation matrix and = [zp1,zp2,zp3]T are the position vector of point 

P from the origin of the local coordinate system. Since the rotational matrix is 

described in terms of four Euler parameters, the configuration of the rigid body in space 

can be described by three translational coordinate and four rotational coordinates as 



39 

[r1,21]1. = [xl,x2,x3,e0,e,,e2,e3]T (3.13) 

From the position vector rp in Eq. (3.10), velocity and acceleration at point P can be 

derived as 

t = t + As' 
P - P (3.14) 

= + As' 
P P 

Using identities between Euler Parameters and arbitrary vectors (Nikravesh, et. al., 

1985), one express the coupling components of velocity and acceleration as 

AS'p = -2A g'pLp (3.15) 

Ayp = -2Arp14 ro(2ArpLp) (3.16) 

Now, the velocity and acceleration at point P can be written as 

ip = t - 2ArpLp (3.17) 

fp = r - 2 A.VpL AV pl,p) (3.18) 

in which 

= skew simetric angular velocity matrix = 2 (TG (3.19) 

where matrices G and L are defined as 

[-el e0 -e3 e2 

G= -e
2 e

3 e0 -e1 (3.20) 

-e3 -e2 el e0 



40 

[-el e0 e3 -e2 

L= -e -e e el (3.21)2 3 0 

-e3 e -el2 e0 

3.3 GENERALIZED FORCES 

Figure 3.2 shows an arbitrary force acting at point P of the buoy whose global 

position rp is defined by Eq. (3.12). The virtual work of this force can be written as 

Ow = FT Srp (3.22) 

The total differential of equation (3.12) is 

a(As').
Sr = Sr + op (3.23)
-P a2 

in which the components of Sp are not independent; the relations for Sp can be obtained 

from the constraint equation (3.5) as 

Scl) 02 = SR = 0 (3.24)
Sp 

Employing identities of the Euler parameters and Eq. (3.24), one can write Eq. (3.23) 

as 

Sr = Sr 2§GSp (3.25)
P
 

Upon substitution of Eq. (3.25) into Eq. (3.22), one can write the virtual work as 
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bw = FT(br 2§Gb2) (3.26) 

Now, the seven components of force-moment vector are obtained as coefficients of 

Eq.(3.26) 

(3.27) 
g IN} { 2GT3F 2LT§'F' 

where F is the total external forces acting on the buoy, as described in Chapter 2 and 

is written in terms of the global coordinate system while F' is written in terms of the 

local coordinate system. External forces components for either F or F' in terms of Euler 

parameters is provided in Appendix C. 

3.4 BUOY KINETICS 

The equations of motion for an unconstrained rigid body in Lagrangian form 

(Shabana, 1989; Nikravesh et al. , 1985), can be written as 

d aT T (3.28)
dt a4 ag g 

where T is the kinetic energy and a, g are the vector of generalized displacement and 

velocity of the body. Eq. (3.28) is based on the assumption that the coordinates 

describing body orientation are independent. The Euler parameters are not independent 

and must satisfy Eq. (3.5). Therefore, the Langrange multiplier technique is used to 

http:Eq.(3.26
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include this constraint (Nikravesh, 1985), the partial derivative of Eq. (3.5) with respect 

to 2 is 

ao = 22T (3.29) 
op 

Now, the translational and rotational components of equation of motion can be written 

as 

d T 
T (3.30)T ar ar 

Td i aT T 8;1'2 + 2pa = N (3.31)
dt op 

where a is the Lagrange multiplier associated with the constraint of Eq. (3.5). 

The velocity of an arbitrary point P in Eq. (3.14) can be written in partitioned 

form as 

il (3.32)t = [I -2AspL] 

where I is a 3x3 identity matrix 

The kinetic energy of the body, T, can be written as 

T = 1 f ptTt dV (3.33)-P-P 

Substituting Eq. (3.32) into Eq. (3.33), carrying out the matrix multiplication and 

utilizing orthogonality principle, one can write the kinetic energy T as 
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[ I -2M1..1 It} (3.34)T = ip [ix el f	 dV
2 [-2A§L]r LTHL k 

or in compact form as 

T = 1 
g.TJ4	 (3.35)

2 

where g is the vector of generalized coordinates of the buoy and J is the generalized 

mass matrix of the buoy defined as 

[ I 2ML [J. Jil, (3.36)J . f	 dV = 
P -[2AgL]T 1..1"§-§L Jpr gip] 

in which 

m 0 
(3.37)Jr,. = f pIdV =	 0 m 0 

0 0 m 

0 mzcg 

Jir = -2 A I p§dV L= -2 A mzcg 0 0 L (3.38) 

0 0 0 

ill 0 0 

Jpp = LT I pH dV L = LT 0 i22 0 L (3.39) 

0 0 i33 

rip (3.40) 
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where i0c)(10 = s p[x(02 4.. , 21 e t. , 
' "OW i ' V (in tensor notation) and the off diagonal moment of 

inertia matrix components are zero for an axis-symmetry body. 

Substituting Eq. (3.35) into Eq. (3.30) and Eq. (3.31), one can write the 

equation of motion for a rigid body as 

[Jrr Jrp 0 F (3.41). 1 
jPr JPP 22] N +8i,T,i'ppi,p 

Eq. (3.41) has 7 equations with 8 unknowns. The eighth equation can be obtained from 

the second time derivatives of the constraint condition Eq. (3.5) 

3 = 2pTp + 2pTp = 0 

Eq. (3.42) can be appended to Eq. (3.41) to obtain 

"IT 'Iry ° F 

(3.43)
jPr jPP 22 = N +81,TJ'ppLp 

0 2QT 0 -2 QT2 _ 

Eq. (3.43) is the equation of motion of a rigid body in terms of Euler parameters. 

Components of external forces F and moments N are explained in details in Appendix 

C. The added inertia forces and moments generated by the wave loading can be added 

to the equations of motion Eq. (3.43). These force and moment components include 

acceleration and a quadratic velocity vector component so that Eq. (3.43) can be 

rearrange as 
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Jn. +Mn. Jip +Mrp 0 EA 

(3.44)[Jim, + Mpr Jpp + Mpp 2p NA + 8LTJpplip 

0 2 RT 1 -2pTp 

Equation (3.44) is the equation of motion for a floating buoy, where EA and NA are the 

external forces and moments, respectively. The external force EA and external moment 

NA already include added inertia force and added moment inertia components caused by 

the quadratic velocity vector. M,r is the translational added inertia matrix, Mn, and Mpr 

are the coupled added mass components and Mpp is the rotational added inertia 

components. 

3.5 METHODOLOGY 

The nonlinear equations of force and moment, Eq. (3.44), cannot be solved in 

closed form. Therefore, a numerical procedure must be developed to obtain solutions 

in time domain. During validation of the computer program for the small angle 

formulation it was observed that most non-convergent solution occur with the buoy 

boundary condition, (described in Chapter 2). Difficulties that were encountered 

included the cable algorithm over-shooting the predicted buoy location to above the free 

surface; iterative solutions then oscillate in a non-convergent cycle. Other type of 

boundary condition, such as the kinematic boundary condition at the cable end, 

performed better and mostly had no difficulties in obtaining a convergent solution. 
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The former solution algorithm only allowed the buoy boundary condition to be 

placed as terminal boundary condition of the cable. It is desirable to be able to place 

the buoy as either a starting or terminal boundary condition. 

Euler parameters conveniently express buoy equations of motion. However, 

because they are highly nonlinear it will be difficult to iteratively linearized them as in 

the small angle solution algorithm. Based on those difficulties and on the observed 

limitations of the former algorithm, it was proposed to integrate the buoy equations 

motion separately from the cable algorithm. Then, the kinematic boundary condition 

could be applied to one end of the cable, and both cable and buoy solutions could be 

coupled through the velocity of buoy tether point: the velocity at the buoy tether point 

must equal to the velocity at the end of the mooring cable. The selected temporal 

integration procedure for the buoy kinetics must be incorporated with the cable solution 

algorithm and facilitate coupling between the two algorithm. 

Many numerical integration algorithm could be employed to integrate a set of 

equations, such as Eqs. (3.44). The Euler method (Gerald and Wheatley, 1989) is the 

simplest direct numerical integration method that can be utilized. The Runge Kutta 

method (Gerald and Wheatley, 1989) is a more accurate procedure and also has been 

widely used. These two methods are considered single step methods, in which the 

solution is integrated from one time to the instant one using previous information as 

initial conditions. Knowing the buoy's initial position and its applied external forces, 

including its initial tether tension, the buoy equations of motion could be integrated 

using one of the above methods. However, the new solution at the end of the time 
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interval may not satisfy equilibrium Eq. (3.44). The buoy may have different draft and 

inclination angle, its kinematics change and thus velocity of its tether point also change. 

In turn, the mooring tether must be recomputed with a new tether velocity as a 

boundary condition. Thus, an iterative algorithm is indicated. Therefore, the selected 

algorithm should allow cable/buoy kinematics and dynamics to be updated on each time 

step so that the buoy-cable system is always in equilibrium. 

In a predictor-corrector type of integration method one first, predicts a solution 

at the end of the time interval. The predicted solutions then can be used to update cable 

kinematics and dynamics and also the hydrostatic properties of the buoy. The solution 

of the buoy equilibrium equation is then corrected using updated external 

forces/moments. The process continues until a convergent solution is obtained. This 

algorithm enables the cable-buoy system to maintain equilibrium conditions at all 

instance. 

Two type of predictor-corrector methods will be evaluated. They are the 

modified Euler method (single step method) and the Adam-Moulton method (multi-step 

method). Theoretically, a multi-step method gives a more accurate solution since 

information from previous time step are also included during integration process (Gerald 

and Weathly, 1989). However, a single step method could always be needed, to start 

a multi-step integration method. 
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3.5.1 Modified Euler Method 

The modified Euler method is also known as the Euler predictor-corrector 

method or as Heun's method (Carnahan et al., 1969). This method is considered a 

single step method and it is also the simplest form of predictor-corrector type of direct 

numerical integration method. 

As in most of numerical integration algorithm, the Euler method is designed to 

solve first order equation of the form 

Y = f(y,t) (3.45) 

where Yi = (YI,Y2,...Yn) is a time dependent vector, t is time and f(y,t) is a vector 

function that is assumed to be continuous through a given domain. Upon integration 

from to to t1 over a time step h in which f(y,t) is held constant and obtains 

yi = yo + hf(yo,t0) (3.46) 

Thus, Euler method can be generally written as 

Yn+1 
= y. + hf(yetn) (3.47) 

where yo is a value given at time to 

This formulation is not very accurate and requires a very small step size. In 

addition the slope of the nonlinear function f(yn,tn) is not constant. Therefore, 

correction for y_.0 is needed at the end of the time interval. An average slope over the 

interval can be used as a correction and thus 
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h ,
Y.+1 = Y. + -f (f Ci.,t) Jr fs (4+1,t,i)) (3.48) 

where r(y.+1,t+1) is computed using the predicted value of ya+i, obtained from Eq. 

(3.47). The y.+1 computed by Eq. (3.48) is a corrected value. Correction can be made 

as often as needed until a convergent solution is obtained. 

3.5.2 Adam Moulton Method 

The Adam-Moulton method is considered a multi-step method. Multi step 

methods use information about the function and its derivatives from several previous 

time steps to obtain a solution for the next time step. Essentially, multi step method 

utilize the previous y and y' to generate a polynomial that approximates the derivative 

function and then extrapolate them into the next time step. Integration of an ordinary 

differential equation between time t and t.+1=t+h can be written as 

dy = yn+i yn = I f(y,t)dt (3.49) 

In this case f(y.+1,t,1) can be approximated as a polynomial interpolation. In the 

Adam-Moulton method four past points, L3 to t., are used approximated a cubical 

polynomial 

I.., 

(3.50)ff(y,t)dt = Co fn-3 + CI fn-2 + C2 fn-1 + C3fn 
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f(y,t) can be replaced, successively, by t3, t2, t, and 1. Shifting the origin to t=t, 

integral in Eq. (3.50) can be taken from 0 to h: integrating and solving algebraic 

equations for ci, one obtains 

I.., 

If(y,t) dt = (-9fn..3 + 37f._.2 59f...1 + 55f.) (3.51) 

The corrector formula can be derived in the same manner. Approximating f(y,t,) as 

a cubic polynomial from L2 to tn+1, one obtains 

tS.1 

{ f(y,t)dt = it (f._2 5f._, + 19f. + 9f1) (3.52) 

Formulas of Adam Moulton method that are suitable for computer implementation are 

written as 

Predictor y(tI) = y(to) + [55yo 59i_1 + 37t2 9i_3] (3.53) 

Corrector y(ti) = y(to) + h f k 19 yo (3.54)
24 -' 5i-I i-21 

where h = At 

3.6 SOLUTION ALGORITHM 

The system of equation of motion presented in Eq. (3.44) represent a set of n 

nonlinear differential equation. To perform numerical integration, this set of n 

equations has to be transformed to a suitable form similar to Eq. (3.45). This can be 
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accomplished by first considering Eq.(3.44) as a set of algebraic equation for the 

unknown acceleration vector. Given initial conditions 

Y(to) = [ro , po , to,pojr (3.55) 

Eq. (3.44) can be solved for the acceleration vector {i i a}T as 

J. + Mr, -1 FJq, +M 0 -A 
(3.56)P} [jPr +MPr jPP +MPP 2p { n

A 
+ 8 frJpiptp 

a 0 2Q 0 -22T2 

Then, the state vectors can be defined as 

(3.57)
Y= = f(y,t) 

which gives a set of 2n first order differential equations. Now, solution for the next 

time step can be predicted using either Eq. (3.47) or Eq. (3.53). The predicted solution 

can be corrected by either Eq. (3.48) or Eq. (3.54). During iteration, a relative error 

of the state vectors is calculated by 

2 

, . (3.58)error = I-E [Y .Y.] i =1,2,...14 
Y. 

where yia is the previous solutions. Iteration continues until the error is less then a 

specified tolerance. Solution of this differential equation can be used to define the state 

http:Eq.(3.44
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vector for the next interval. This process can be repeated until the end of the simulation 

time. The solution algorithm is then implemented in a FORTRAN computer program. 

Both, the modified Euler method and the Adam-Moulton method, are included 

in the computer program. If the Adam-Moulton Method is chosen, the first three 

intervals will be integrated using the modified Euler method. The computational 

algorithm using predictor-corrector type integration method proceeds as following 

routine: 

1.	 Input initial condition for buoy and cable. 

2.	 Compute the buoy initial properties, such as, wet volume, buoyancy etc. 

3.	 Predict solution yn at the end of interval using either Eq.(3.47) or Eq.(3.53). 

4.	 Update the buoy's properties, such as, wet volume, buoyancy etc., and velocity 

at tether point. 

5.	 Update cable dynamics and kinematics using updated tether velocity as one of 

the boundary condition for the cable problem. 

6.	 Compute corrections of the buoy's response, using either Eq. (3.48) or Eq. 

(3.54) 

7.	 Check if the current response converges on the previous iteration, base on Eq. 

(3.58),If it does, print solution to the output file and move to the next time step. 

If it does not, return to step 2 to 6, until a convergent solutions is obtained. 

http:Eq.(3.53
http:Eq.(3.47
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3.7 MULTIPLE TIME STEPS 

The present study has two numerical integration procedures. First, the buoy 

kinetics are integrated over one time step. Second, the cable kinematics and kinetics 

are spatially integrated over the cable scope at the end of each time step. Both 

integration algorithm are combined to obtain an equilibrium solution at each time 

instant. 

The buoy problem is integrated by a direct integration technique, in which very 

small integration time steps At give the best result. Large time step cause difficulties 

to obtain a convergent solution and produce inaccurate solution in which the computed 

Euler parameters may violate the constraint equation, Eq. (3.5). On the other hand, 

cable the algorithm formulation requires that At should not be so small that truncation 

errors (amplified by 1/(At)) during numerical integration to grow rapidly. A small At 

sometimes lead cable computation to numerical instability (Chiou, 1990). 

This conflict on the size of integration steps At can be resolved by introducing 

two different integration step: the cable response may be computed with a relatively 

large integration step while buoy response may be computed with a smaller time step. 

The small time step can be defined as an integer division of the large one. With 

multiple time step capability added to the computational algorithm, it proceeds in the 

following routine : 

1.	 Input initial condition for buoy and cable. 

2.	 Predict buoy translational kinematics, for time = t+At, without rotational 

motion. 
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3.	 Compute cable tension with updated kinematics condition given by the buoy, 

using the cable algorithm. Knowing tether tension at the end of the time step, 

define an interpolation function such that tether tension within the interval can 

be interpolated. Linear interpolation is used for the first interval, followed by 

parabolic interpolation to give better estimates of tether tension. 

4.	 Compute buoy translational & rotational responses, using Euler predictor-

corrector method or Adam-Moulton Method, with integration step At/N. An 

interpolated tether tension (step 2) is used during this process. Perform 

integration, as explained in section 3.6, until time = t + (N 1)At/N. 

5.	 When time = t + At (end of the interval), again compute cable tension using 

the cable algorithm. 

6.	 Repeat algorithm step 1-4 for the next interval after a convergent solution is 

obtained. 
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CHAPTER 4 COMPARISON OF MODELS
 
AND EXPERIMENTAL RESULTS
 

The validation of both cable-buoy system solution algorithms will be 

demonstrated in this chapter. A series of cases, base on a physical model test, will be 

tested. A brief description of the physical test will be first provide in the following 

sections. The physical model test was performed at Oregon State University, with an 

objective to evaluate cable-buoy mathematical model. Computational results will be 

compared with experimental data. There are three type of buoy tested in the physical 

test, three regular wave cases for each type of buoy will be compared. Two irregular 

wave cases also will be tested and compared. 

4.1 PHYSICAL MODEL 

An Experimental program was conducted at the Oregon State University O.H. 

Hinsdale Wave Research Laboratory in April 1992 to measure the dynamic response of 

tethered buoys to wave. Detail of the experimental set up and data collection methods 

are detailed by Jenkins et al. (1994) and will only be summarized here. All tests were 

conducted in the large two dimensional wave channel which is 342 feet long, 12 feet 

wide, and 15 feet deep in the experiment section. Waves are generated by a large flap 

type wave maker, hydraulicly driven and direct-digital controlled, which can produce 

monochromatic and random waves up to 5 feet high. The physical model tests were 

meant to simulate a deep water condition, in which the wave length (L) and water depth 



56 

(h) relation is L < 2h. For an average still water depth of 11.3 feet, the limiting 

maximum wave length was thus 22.6 feet. Thus, the maximum wave period would be 

4.4 seconds, and maximum wave height about 4.5 feet. A 1:6 model to prototype scale 

ratio was selected. This corresponds to a maximum prototype wave height of 

approximately 27 feet, wave length of 135.6 feet, and period of 10.8 seconds. 

Three scaled models of axisymetric buoys were prepared. The spar buoy is a 

6.35 in. diameter and 50 in. long hollow plastic cylinder with solid plastic center and 

end caps. The 13.5 in. diameter sphere buoy was fabricated by casting foam in a hard 

outer shell. The 22 in. in diameter and 6 in. deep disc buoy is a scaled model of a 

commonly used National Data Buoy Center (NDBC) design. All model buoys have a 

hollow inner section that allows the models to accept instrumentation and ballast. All 

buoys also have solid plastic cap that allows for attachment of a video tracking rod with 

two reflected balls attached. Buoy's physical properties, such as its dry weight were 

determined by use of a certified digital scale. Their center of gravity were determined 

by static balance test prior to wave tank testing, these results were then checked by 

swinging pendulum test. Mass moment of inertia 12 and 13 were determined from 

torsional pendulum test and were compared with results from the swinging pendulum 

test. A sketch of test configuration is shown on Figure 4.1. 
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Figure 4.1 Wave channel configuration for buoy tests (not to scale) 

The mooring line, is a 5/16 inch surgical rubber tube, with 2.41 ft. initial 

mooring length. A simple tensile test was performed to obtain a strain-tension relation 

of the rubber tube mooring; the tension-strain curve for this material is shown in Figure 

4.2. Comparison of experimental records and the tension-strain curve show this 

material has pronounced viscoelastic behavior. The upper end of the mooring line was 

attached to the buoy, the lower end was attached to a trolley which is part of a bottom 
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mooring mount. Force transducers measured cable tensions at the buoy-tether 

connection point and at the tether bottom connection. Linear force rings were utilized 

on both connection points. A three-dimensional force gauge which measured the three 

orthogonal components of cable tension was also placed on the bottom connection. 
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Figure 4.2 Tension-strain relationship for mooring cable 

Four video cameras and advanced video analysis (supplied by the 4DVideo, Sebastopol, 

CA 95472) were used to measure buoy response. 
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The selected loading wave height and period can be input through the digital 

control of the wave generator. The irregular wave were obtained using a realization of 

a JONSWAP spectrum expressed as a summation of a number of waves with different 

amplitude, period and phases. 

4.2 NUMERICAL MODEL 

To validate the simulation method developed in Chapter 2 and 3 for a cable-buoy 

system, the comparisons between numerical model predictions and experimental results 

are performed. The three cable-buoy system describe in section 4.1 were simulated and 

comparisons were made to experimental results for both the small angle formulation 

(computer program KBLDYNML) and the large angle formulation (computer program 

KBLDYN94). From these comparisons, advantages or disadvantages of each model can 

be observed. 

Experimental results are taken from selected OSU buoy tests. Several regular 

wave cases were chosen, tests #6, #45, # 50, #60, #61 and #70. For random wave 

cases, tests #48 and #65 were selected. Table 4.1 gives wave height and wave period 

information for each test and the meaning of each test code. 

Descriptions of buoy, the cable, and the wave/fluid are given in the following 

sub-sections. Parameters values are given in table 4.2. Numerical predictions for 

regular wave cases are then compared with experimental results. 
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4.2.1 General Parameters 

Buoy-cable response computation were performed with maximum number of 

iteration= 50. Integration control= 0.5, and allowable tolerance= 0.001. For the 

large angle model, smaller time sub-steps are 1/30 to 1/50 of the large time step. 

The 4DVideo data, for both regular wave and irregular wave cases, were 

recovered at 30 Hz. while experimental data from strain-gages were recorded every 

0.0625 second. Therefore, for irregular wave cases time increment of 0.033 were 

chosen. For regular wave cases, a time increment of 0.066 sec. was chosen, in this 

case prediction results match the time increment on the experimental data. An initial 

30 sec. duration ramp of wave amplitude was used to start the simulation from rest. 

Response predictions from the computer program show that steady state condition can 

be reach within couple of seconds after the ramping was done. Therefore, each regular 

wave case was run for a total of 100.0 sec., the last 50 sec. of computational results, 

in which system already reach a steady state condition, used for comparison. For 

irregular wave cases, each cases was run for 165.0 sec. and the last 99.0 sec can be 

used for comparison. 

4.2.2 Cable Model 

Input data files were generated to represent the model test as close as possible. 

The lower end of the mooring was hold fixed on the bottom mount about 1 feet above 

the bottom of the wave channel. For the small angle formulation, a stationary boundary 
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condition (cable velocity is zero at all times) is applied for this starting end. The upper 

end mooring line was attached to the buoy and the buoy boundary condition applied. 

The large angle formulation, were modeled in reversed, in which the tether point act 

as the starting point while the bottom connection is the terminal end with zero velocity 

at all time. 

The tension-strain relation of the mooring line was input into the computer 

program as a third order polynomial. Since the rubber tube exhibits visco-elastic 

behavior, adjustments were needed to account for its time dependent behavior. The 

coefficients of the 3rd. order polynomial will be modified as explained in initial 

conditions. The rubber tube mooring was divided into 21 equally spaced integration 

points along the scope. The cable's hydrodynamic coefficients were obtained by 

considering its Reynold number and experimental results. 

4.2.3 Buoy Model 

For each type of buoy, its dry weight, moment of inertia, location of the center 

of gravity and location of tether point, were obtained from buoy intrisinc properties test 

(Jenkins, et al. ,1992). 

Added mass coefficients for the sphere buoy are computed by the computer 

program. For the other two buoys, the added mass coefficient were computed by 

assuming the spar buoy as a prolate spheroid and discus buoy as an oblate spheroid. 

The cylinder wetted height is the major axis and the diameter is the minor axis. For 
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the discus, its wetted height is the minor axis and its diameter is the major axis. The 

added mass values are then transformed to the center of gravity, following Eq. (2.6). 

4.2.4 Wave/Fluid Model 

For the regular wave tests a stream function wave theory was used to simulate 

the generated wave. The water depth, wave height and wave period were input 

according to data recorded during the experiment. For irregular wave cases, 

components of linear waves were generated from data collected at the wave gauge 

nearest to the buoy. This waves are then input to the computer program. 

4.2.5 Initial Conditions 

The simulated cable-buoy system was excited on the origin of the global 

coordinate system. The initial horizontal position of the buoy is at x2 = 0.0, the 

vertical position depends on the initial draft of the buoy, as recorded during experiment. 

At the beginning of each test all strain gages readings were recorded such that initial 

static tension of the mooring can be computed. This initial tension is directly related 

to the submerged volume of the buoy; the initial draft can be computed from 

this information. From experimental notes it can be shown that the measured draft are 

in fair agreement with computed values. 

Information regarding initial tension, draft and strain-tension relation was used 

in a static simulation to obtain the cable and buoy initial configuration. However, static 
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computation results showed that the tension-strain relation could not be used directly 

since it will give a different buoy draft than that assumed as input. This occurs because 

the viscoelastic mooring line had relaxed after being loaded for some period of time 

before data is collected. Therefore, the tension-strain curve needed to be adjusted. The 

adjustment was done by modifying the first coefficient of third order polynomial such 

that the recorded initial tension and initial draft are in agreement. The coefficients of 

the adjusted third order polynomial is then used as input data for the dynamic problem. 

Buoy initial translational and rotational positions were added to the initial 

condition data based on computation and experimental data. 

4.3 BASES OF COMPARISONS 

At the beginning of the experiment, buoy-cable system was placed near wave 

gage #3. However, the bottom mounted device may changed buoy position after each 

test run. There was no precise information about the initial position of the complaint 

bottom mount for the buoy-cable system along the channel. Since the horizontal 

position of anchor point at the bottom of the channel could vary on each test, the initial 

position for computer model predictions may be different from the actual experimental 

values. Therefore, motion predictions and experimental results are shifted to their mean 

values and comparison were made with zero mean. To account for time differences 

between predicted and measured data, prediction results were also shifted such that 

they in the same phase with measured values. For sake of uniform comparisons, the 

same shifting was done for vertical angular motion comparison. Initial static tension 
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from both, computational and experimental results were removed such that only 

dynamic components were compared. 

Table 4.1 Test numbers and codes 

Test # Test Code Buoy Wave Height Wave Period 

59 DDR2530 Disc 2.5 ft. 3.0 sec. 

60 DDR2540 Disc 2.5 ft. 4.0 sec. 

61 DDR3540 Disc 3.5 ft. 4.0 sec. 

5 DSR2530 Sphere 2.5 ft. 3.0 sec. 

6 DSR2540 Sphere 2.5 ft. 4.0 sec. 

70 DSR1520 Sphere 1.5 ft. 2.0 sec. 

44 DCR2530 Cylinder 2.5 ft. 3.0 sec. 

45 DCR2540 Cylinder 2.5 ft. 4.0 sec. 

50 DCR3530 Cylinder 3.5 ft. 3.0 sec. 

65 DSI1020 Sphere 1.0 ft." 2.0 sec.*" 

48 DCI2030 Cylinder 2.0 ft." 3.0 sec.*" 

First capital letter (D) indicate Dynamic response test 
Second capital letter (D, S or C) indicate type of buoy 
Third capital letter (R or I) indicate Regular wave or Irregular wave 
Significant wave height. 
Peak period. 
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Table 4.2 Problem parameters 

Spar buoy Disc buoy Sphere buoy 

General parameters 

tolerance 0.001 0.001 0.001 

integration step 0.066 sec. 0.066 sec. 0.066 sec. 

number of steps 1500 1500 1500 

number of small steps 20 50 50 

integration control 0.5 0.5 0.5 

max. iteration 50 50 50 

fluid density 1.99 slug /ft3 1.99 slug/ft3 1.99 slug /ft3 

accel. gravity 32.2 ft/sec2 32.2 ft/sec2 32.2 ft/sec2 

Cable 

unstretched length 2.42 ft. 2.42 ft. 2.42 ft. 

integration points 21 21 31 

unit buoyant weight 0.00072 lb/ft 0.00072 lb/ft 0.00072 lb/ft 

diameter 0.015 ft. 0.013 ft. 0.013 ft. 

cross section area 6.57E-5 ft2 5.27E-5 ft2 4.88E-5 ft2 

tangential drag coeff. 0.03 0.03 0.03 

normal drag coeff. 1.2 1.2 1.2 

added mass coeff. 1.0 1.0 1.0 

Buoy 

mass 1.407 slug 0.644 slug 0.531 slug 

added mass coeff. 0.039 0.939 0.939 2.225 0.291 0.291 Computed by
(Call Ca22 Ca33) KBLDYN 

added mass coeff. 0.904 -0.579 1.164 -0.579 Computed by
(Ca66 Ca26) KBLDYN 

drag coeff. 1.0 0.35 0.35 0.5 0.5 0.5 0.5 0.5 0.5 
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4.4 COMPARISON FOR DISC BUOY 

4.4.1 Small Angle Prediction Comparisons 

Test cases #59, #60 and #61 are selected to be compared for disc buoy cases. 

Time histories plots of buoy motions, velocities and accelerations as well as mooring 

tensions are presented in Appendix E. 

Upon examination of the plots in Appendix E, it can be seen that, predicted 

translational displacement, velocity and acceleration agree well with measurement. 

Some high frequency components show in some of the translational acceleration. Some 

response predictions show occasional spikes along the time histories because of the 

effort by the computer program to recover from non-convergent solution which occurs 

during computations. For each of the three cases, translational motions are shown in 

Fig. 4.3, 4.4, 4.8, 4.9, 4.13 and 4.14; rotational motion in Fig. 4.5, 4.10 and 4.15; 

and tether tension Fig. 4.6, 4.7, 4.11, 4.12, 4.16 and 4.17, respectively. Predicted 

translational motions are very close to experimental values in Fig. 4.3, 4.4, 4.8, 4.9, 

4.13 and 4.14, predictions of rotational motion, Fig. 4.5, 4.10 and 4.15, are not as 

good as the translational ones. For all cases, dynamic components of mooring tension 

are not very well predicted. This is caused by the lack of documentation on properties 

of the mooring material and the lack of visco-elastic simulation for the tether; only 

perfect elastic behavior was assumed. 
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Disc buoy are consider a surface follower buoy and thus mooring attached to the 

buoy may effect the rotational motion of the buoy. Calculated maximum wave slope 

for test #59, #60 and #61 are 9.66°, 5.47° and 7.64°, respectively. In test #59 the 

rotational motion was very well predicted. Tests #60 and #61 show good prediction on 

the negative direction of rotational motion, however the simulations do not predict 

rotational motion to the positive direction very well. All predictions show smaller 

rotational amplitude than the wave slope. 

Examination of Fig. 4.6, 4.7, 4.11, 4.12, 4.16 and 4.17 show that the dynamic 

components of mooring tension are not very well predicted. Test #59, in which buoy 

motion is very well simulated, tether tension variation are predicted as fairly close to 

the experimental data. For tests #60 and #61, both predictions show similar response 

for dynamic components of tether tension, in which the negative portion of the tension 

are under-predicted. From these information one may conclude that prediction of tether 

tension affected rotational motion of the buoy. Knowing a better information on 

properties of mooring material and ability to simulate viscoelastic behavior may give 

a better motion prediction. Another possibility is that the added mass coefficient used 

during computation are not suitable for this problem. A better added mass value may 

give better rotational motion predictions. 

4.4.2 Effect of Large Angle Motion 

The large angle formulation was also used to simulate test cases #59, #60 and 

#61 for disc buoy cases. Time histories plots of buoy kinematics and its mooring 
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tension are also presented in Appendix E, following the small angle comparisons. All 

numerical prediction were computed using the same parameters as the small angle 

formulation. 

As the small angle formulation, examination of the time history plots in 

Appendix E, show predicted translational displacement, velocity and acceleration agree 

well with measurement. Some high frequency components also show for some 

translational acceleration. However, no spikes occur along the time history indicates 

the large angle algorithm does not have convergent difficulties. Large angle 

predictions are also shown in Fig. 4.3, 4.4, 4.8, 4.9, 4.13 and 4.14 for translational 

motion; rotational motion in Fig. 4.5, 4.10 and 4.15; and tether tension Fig. 4.6, 4.7, 

4.11, 4.12, 4.16 and 4.17, respectively. 

The predictions for rotational motion originally showed similar results as small 

angle prediction. Predictions for test #60 and #61, showed good comparison in the 

negative direction of rotational motion, and underpredicted the rotational motion in the 

positive direction. Test #59, Fig. 4.5, also shows good comparisons of its rotational 

motions. However, for the all three systems, the response prediction by new algorithm 

do not show any spikes or un-steady-ness in results. This shows that the large angle 

algorithm is more stable than the previous one. 

Comparisons of dynamic components of mooring tension are not improved. 

Lack of documentation on mooring material's properties and visco-elastic behavior of 

the mooring still caused poor predictions. 
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To improve numerical predictions, especially for rotational motions, it isneeded 

to study the hydrodynamic coefficient used in those problems. A parametric study of 

the rotational and coupled added mass coefficient were performed to study the 

sensitivity of system to assumed hydrodynamic coefficients. Buoy responses were first 

predicted by holding the coupled added mass coefficient fix and varying the rotational 

added mass coefficient. The rotational motion were then compared to the measured 

one. Then the study were conducted the opposite way, by holding the rotational added 

mass fix and varying the coupled ones. From this test a relationship between rotational 

response and added mass coefficient were obtained (Fig. 4.18) and an improved added 

mass value can be selected based on those information. Fig. 4.18 shows that the least 

error occurs when its rotational added mass coefficient (CA66) was held fixed, while CA62 

is varied. 

Test #60 and #61 were then run with added mass coefficients, CA62 = 0.1887 

and CA66 = 0.1434. Comparison of predicted rotational motion using the adjusted 

added mass coefficients were shown in Fig. 4.10 and 4.15. The comparisons show a 

good agreement not only in translational motion but also in the rotational motion. Some 

high frequency components (no spikes) occur in the predictions of translational and 

rotational accelerations. 
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Time (sea) 

measurement KBLDYN94 KBLDYNIIL 

Figure 4.3 Heave displacement, disc buoy, H=2.5 ft., T=3.0sec. 

Time (sec.) 

measurement I 1.'Bwyrsi94 KBLDYNML 

Figure 4.4 Surge displacement, disc buoy, H=2.5 ft., T=3.0sec. 
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measurement --I-- KBIDYN9 4 -1E)- KBIDYNML 

Figure 4.5 Pitch displacement, disc buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.6 Tether tension, disc buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.7 Bottom tension, disc buoy, H=2.5ft., T=3.0sec. 
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Figure 4.8 Heave displacement, disc buoy, H=2.5 ft., T=4.0sec. 
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Time (sec.) 

measurement KBuiyNg4 KBIDYNML 

Figure 4.9 Surge displacement, disc buoy, H=2.5 ft., T=4.0sec. 

Time (see.) 

- measurement + EBLDYN9 4 -la- KBLDYN1a. 

Figure 4.10 Pitch displacement, disc buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.11 Tether tension, disc buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.12 Bottom tension, disc buoy, H=2.5ft., T=4.0sec. 
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Figure 4.14 Surge displacement, disc buoy, H=3.5 ft., T=4.0sec. 
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Figure 4.15 Pitch displacement, disc buoy, H=3.5 ft., T=4.0sec. 

measurement I-- KBIDYI194 -- KBIDYNKL 

Figure 4.16 Tether tension, disc buoy, H=3.5 ft., T=4.0sec. 
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Figure 4.17 Bottom tension, disc buoy, H =3.5ft., T =4.0sec. 

4.5 COMPARISON FOR SPHERE BUOY 

4.5.1 Small Angle Prediction Comparisons 

Test cases #5, #6 and #70 are selected to be compared for sphere buoy cases. 

Time histories plots of buoy motions, velocities and accelerations as well as mooring 

tensions are presented in Appendix F. 

Upon examination of the plots in Appendix F, it can be seen that, predicted 

translational displacement, velocity and acceleration agree well with measurement. 

Some high frequency components show in some of the translational acceleration. Some 

response predictions show occasional spikes along the time histories because of the 

30 
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effort by the computer program to recover from non-convergent solution which occurs 

during computations. For each of the three cases, translational motions are shown in 

Fig. 4.19, 4.20, 4.24, 4.25, 4.29 and 4.30; rotational motion in Fig. 4.21, 4.26 and 

4.31; and tether tension Fig. 4.22, 4.23, 4.27, 4.28, 4.32 and 4.33, respectively. 

Predicted translational motions are very close to experimental values in Fig. 4.19, 4.20, 

4.24, 4.25, 4.29, predictions of rotational motion, Fig. 4.21, 4.26 and 4.31, are not as 

good as the translational ones. For all cases, dynamic components of mooring tension 

are not very well predicted. This is caused by the lack of documentation on properties 

of the mooring material and the lack of visco-elastic simulation for the tether; only 

perfect elastic behavior was assumed. 

Prediction for test #5 and #6 in Fig. 4.26 and 4.31 show that present method 

under predicts rotational motion. The prediction also create sub-harmonic component 

on the rotational motion. Rotational motion on test #70 is over predicted in Fig. 4.21. 

This may be caused by the incident wave period is close to system's natural period in 

pitch. Information given by Jenkins, et al. (1992) shows that the pitch natural frequency 

of the moored sphere buoy is about 0.7 Hz., while incident wave frequency for in this 

test is 0.5 Hz. 

For all cases, mooring tension variation are not very well predicted. Again lack 

of documentation on properties of the mooring material and visco-elastic behavior of 

the mooring may caused the poor predictions. The poor mooring tension prediction 

may cause poor prediction on the rotational motion, tension comparisons show measured 

tension acting as if mooring line is made from a softer material, thus caused less 
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constraint on buoy rotational motion. Unproper added mass value may also contribute 

to the poor prediction. 

4.5.2 Effect of Large Angle Motions 

For sphere buoy cases the large angle formulation was used to simulate the same 

test cases, #5, #6 and #70. Time histories plots of buoy kinematics and its mooring 

tension are also presented in Appendix F, following the small angle comparisons. All 

numerical prediction were computed using the same parameters as the small angle 

formulation. 

As in the small angle formulation, examination of the time history plots in 

Appendix F, show good agreement of predicted translational displacement, velocity and 

acceleration, with the measured data. High frequency components also occur for some 

translational and rotational acceleration. However, no spikes shown in this predictions. 

large angle formulation for translational motions are also shown in Fig. 4.19, 4.20, 

4.24, 4.25, 4.29 and 4.30; rotational motion in Fig. 4.21, 4.26 and 4.31; and tether 

tension Fig. 4.22, 4.23, 4.27, 4.28, 4.32 and 4.33, respectively. 

Rotational motion prediction on test #70, Fig. 4.21, shows larger response the 

measured one. The large angle method also predicts rotational motion slightly larger 

than the small angle formulation. The other two predictions, for test #5 and #6, 

originally, give smaller response than measured data, the current predictions also show 

same rotational amplitude with the small angle predictions. 
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To obtain a better prediction on rotational motion, a parametric study of added 

mass values was also performed for sphere buoy cases. The same method used for disc 

buoy cases is performed, and results are compared to measured pitch motion of test #5. 

Figure 4.34 shows relationship of error on predicted pitch motion with various added 

mass values. The smallest error is obtained in case CA62 is varied and CA66 is held fix. 

The values CA62 = -0.5 and CA66 = 0.044 were then used for test #5 and #6. Comparison 

of predicted rotational motions using adjusted added mass coefficients are shown in Fig. 

4.26 and 4.31. The comparison of predicted and measured translational motions show 

a good agreement. 

Lack of documentation on mooring material's properties and visco-elastic 

behavior of the mooring still caused poor prediction of the dynamic components of the 

mooring tether. 
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Figure 4.18 Heave displacement, sphere buoy, H=1.5 ft., T =2.0sec. 
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measurement --1--- kl31DYIs194 -1=4-- 1031DYN141. 

Figure 4.19 Surge displacement, sphere buoy, H=1.5 ft., T=2.0sec. 
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Figure 4.20 Pitch displacement, sphere buoy, H=1.5 ft., T=2.0sec. 
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- measurement -4."- KBIDYN94 -4E3- KBIDYNKI. 

Figure 4.21 Tether tension, sphere buoy, H=1.5 ft., T=2.0sec. 
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- measurement -I-- ICBLDY1494 -El- KBLDYNAIL 

Figure 4.22 Bottom tension, sphere buoy, H=1.5ft., T=2.0sec. 
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Figure 4.23 Heave displacement, sphere buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.24 Surge displacement, sphere buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.25 Pitch displacement, sphere buoy, H=2.5 ft., T=3.0sec. 

Time (sec.) 

- measurement KBEDyN94 -a- KBLDYNML 

Figure 4.26 Tether tension, sphere buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.27 Bottom tension, sphere buoy, H=2.5ft., T=3.0sec. 
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Figure 4.28 Heave displacement, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.29 Surge displacement, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.30 Pitch displacement, sphere buoy, H=2.5 ft., T=4.0sec. 



87 
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Figure 4.31 Tether tension, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.32 Bottom tension, sphere buoy, H=2.5ft., T=4.0sec. 
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4.6 COMPARISON FOR SPAR BUOY 

4.6.1 Small Angle Prediction Comparisons 

Test cases #44, #45 and #50 are selected to be compared for disc buoy cases. 

Time histories plots of buoy motions, velocities and accelerations as well as mooring 

tensions are presented in Appendix G. 

Upon examination of the plots in Appendix G, it can be seen that, predicted 

translational displacement, velocity and acceleration agree well with measurement. 

Some high frequency components show in some of the translational acceleration. Some 

response predictions show occasional spikes along the time histories because of the 

effort by the computer program to recover from non-convergent solution which occurs 

during computations. For each of the three cases, translational motions are shown in 

Fig. 4.35, 4.36, 4.40, 4.41, 4.45, and 4.46; rotational motion in Fig. 4.37, 4.42 and 

4.47; and tether tension Fig. 4.38, 4.39, 4.43, 4.44, 4.48 and 4.49, respectively. 

Predicted translational motions are very close to experimental values in Fig. 4.35, 4.36, 

4.40, 4.41, 4.45, and 4.46, predictions of rotational motion, Fig. 4.37, 4.42 and 4.47, 

are not as good as the translational ones. For all cases, dynamic components of 

mooring tension at tether point are very well predicted, while variation of dynamic 

mooring tension at the bottom connection are slightly different from experimental data. 

This is caused by the lack of documentation on properties of the mooring material and 

the lack of visco-elastic simulation for the tether; only perfect elastic behavior was 

assumed. 
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Prediction for test #44, Fig. 4.42, and #50, Fig. 4.47 give much smaller 

response compared to measured ones. A better comparison on rotational motion are 

obtained for test #45 (Fig. 4.37), in this case rotational motion prediction show similar 

shape and a close rotational amplitude. 

For all cases, mooring tether tension variation are very well predicted. 

However, bottom tensions are not very well predicted. Again, this may be caused by 

the poor record of cable properties and cable viscoelastic behavior. 

The spar buoy in this test has a large mass that its motion may not be affected 

by the tether tension. For this problem the predicted responses are strongly effected by 

the selected added mass coefficient. A better hydrodynamic coefficient may give better 

prediction on rotational motion. 

4.6.2 Effect of Large Angle Motions 

The large angle formulation was applied to test cases #44, #45 and #50 for spar 

buoy cases. Time histories plots of buoy kinematics and its mooring tension are also 

presented in Appendix G, following the small angle comparisons. All numerical 

prediction were computed using the same parameters as the small angle formulation. 

As the small angle formulation, examination of the time history plots in 

Appendix G, show good agreement of predicted translational displacement, velocity and 

acceleration with measured data. Again, there were no spikes on the predictions of the 

large angle formulation. For each of the three cases, translational motions are shown 

in Fig. 4.35, 4.36, 4.40, 4.41, 4.45, and 4.46; rotational motion in Fig. 4.37, 4.42 and 
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4.47; and tether tension Fig. 4.38, 4.39, 4.43, 4.44, 4.48 and 4.49, respectively. 

Predictions of rotational motion for test #45, Fig. 4.37, show a slightly different 

shape than experimental value. However the predicted rotational amplitude is very 

close to the measured one. For the other two cases, Test #44 and #50 the present 

method underpredict buoy rotational motion. In both cases the present algorithm also 

give similar result with the small angle algorithm. 

Lack of documentation on mooring material's properties and visco-elastic 

behavior of the mooring still caused poor prediction of the dynamic components of the 

mooring tether. 

Again, the added mass coefficient need to be adjusted to obtain a good prediction 

of rotational motion. A parametric study, similar to the one explained on section 4.4.2, 

were performed. The predicted pitch motion is compared to measured values of test 

#44. Figure 4.6 shows the error of pitch motion prediction for various added mass 

coefficient. It shows a minimum error occur when CA66 was held fixed and CA62 varied 

between 0.0 and 1.0. This results is then applied in test cases #44 and #50 with 

CA66 = 1.922 and CA62 = -0. 532. Comparisons of predicted rotational motions with 

measured data are shown on Fig. 4.42 and 4.47. Plots on Fig. 4.40, 4.41, 4.45 and 

4.46 show that translational motion prediction on both cases are not affected and still 

show good comparisons. The rotational motion for test #44 is predicted very well while 

prediction for test #50 shows a low frequency component. 



91 

Time (see.) 

measurement I-- Klinpyr4g4 -B-- KBLDYNMI. 

Figure 4.33 Heave displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.34 Surge displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.35 Pitch displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.36 Tether tension, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure 4.37 Bottom tension, spar buoy, H=2.5ft., T=3.0sec. 

Time (see.) 
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Figure 4.38 Heave displacement, spar buoy, H=2.5 ft., T=4.0sec. 
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measurement --4 }BIDYN94 -B.- k'BIDYNNIL 

Figure 4.39 Surge displacement, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.40 Pitch displacement, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.41 Tether tension, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure 4.42 Bottom tension, spar buoy, H=2.5ft., T=4.0sec. 
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Figure 4.47 Bottom tension, spar buoy, H =3.5ft., T =3.0sec. 

4.7 IRREGULAR WAVE CASES 

To complete the validation of the present algorithm, several irregular wave 

experimental cases were chosen to be compared with predicted results computed by the 

large angle formulation. Irregular wave test #65 and #48 were chosen because of the 

quality of the experimental data and the range of cases covered. Description of those 

irregular wave cases and meanings of each test code are also given in Table 4.1. 

The input data files for these irregular wave cases were prepared in the same 

way as the regular wave cases. The parameters used in the regular wave cases are used 

again for irregular wave cases except for the wave loadings. During experiments the 

incoming waves were recorded by six wave gages along the channel. Wave data from 

http:inummusi.IN
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wave gage #3, which is the nearest to the cable-buoy system, were then analyzed using 

an FFT technique to obtain a number of waves with different amplitude, frequency and 

phases. These waves were then input to the current computer program, and the 

irregular wave used is a summation of a number of waves with different amplitude, 

period and phases so that the simulate cable-buoy system would experience the same 

wave as the system in the experiment. 

The prediction results are compared to the measured data in the frequency 

domain. Response time series from both prediction and experimental results were 

analysized using Fast Fourier Transform technique. The available data records were 

divided into nd=8 blocks, each consisting of N=512 data values. Each data blocks 

were tapered using the Hanning window to suppress the leakage problem. To reduce 

the variance, increased by the tapering, the FFTs were computed for overlapped time 

history records. The common overlapped processing is [no,,(i-1)]T t En,(i-1)+1)T, 

i=1,2,...(nd/n,v) where nov= 1/2. Translational motions, rotational motion and dynamic 

components of tension at the tether point and at the bottom connection point are 

compared in Figure 4.51 to Figure 4.60. 

4.7.1 Comparison for Sphere Buoy 

Upon examination of Fig. 4.51, the prediction of heave motion shows a lower 

peak than the measured one, prediction also shows some high frequency components. 

Fig. 4.52 shows comparisons for surge motion. Low frequency components occur in 

both predicted and measured data, both results are dominated by the low frequency 
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component. Pitch response are shown in Fig. 4.53, generally the present method show 

much stronger responses than measured value, the peak of predicted pitch response also 

shifted to about 0.55 Hz. Comparisons of dynamic component of the mooring tension 

are shown on Fig. 4.54 and 4.55, for tether tension and bottom tension, respectively. 

Both predicted dynamic tensions are stronger than the measured ones, both also show 

high frequency components just like the heave motion prediction. 
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Figure 4.48 Sphere heave displ., spectral density, Hs=1.0 ft., Td =2.0sec. 
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Figure 4.51 Sphere tether tension, spectral density, Hs=1.0 ft., Td=2.0sec. 
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Figure 4.52 Sphere bottom tension, spectral density, Hs=1.0ft., Td=2.0sec. 
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4.7.2 Comparison for Spar Buoy 

The comparison of predicted and measured Heave motions is shown on Fig. 

4.56. the response cover about the same range of frequency as the measured data. 

However, predicted values are weaker than measured one and stronger predicted value 

occur on frequency about 0.5 Hz. The surge motion, Fig. 4.57, also covered the same 

range of frequency, including low frequency component on surge motion. Both, 

predicted and measured results, are dominated by the low frequency components and 

predicted values around the excitation frequency shows much weaker response. The 

Pitch motion, Fig. 4.58, shows a close prediction to the measured data. Peak frequency 

also shifted to 0.5 Hz. Comparisons of dynamic component of the mooring tension are 

shown on Fig. 4.59 and 4.60, for tether tension and bottom tension, respectively. Both 

predicted dynamic tension are stronger than the measured ones. Both prediction also 

show maximum peak at 0.5 Hz. 
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Figure 4.53 Spar heave displ., spectral density, Hs=2.0 ft., Td=3.0sec. 
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Figure 4.55 Spar pitch displ., spectral density, Hs=2.0 ft., Td=3.0sec. 
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Figure 4.56 Spar tether tension, spectral density, Hs=2.0 ft., Td=3.0sec. 
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Figure 4.57 Spar bottom tension, spectral density, Hs=2.0ft., Td=3.0sec. 
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CHAPTER 5 MULTI-LEG/MULTI-POINT MOORING SYSTEM 

A multi-leg mooring system can be used to restraint the motion of floating buoy. 

The performance of the multi-leg mooring system depends on the size and type of the 

buoy, environmental loading, mooring material and its configuration. As the buoy 

moves the mooring lines may become taut or slacken. Various responses of mooring 

lines in the multi-leg system affect the response of the buoy and vice-versa. Therefore, 

solving a multi-leg/multi-point mooring problem is not a simple task in the design and 

analysis of multi-leg mooring system. 

Nuckolls and Dominguez (1977), study the dynamic response of restrained long 

slender cylinder, symmetrical about its spin axis, subject to a slowly varying ocean 

current. Their analysis treated the mooring system as a discrete system, composed of 

a number of lumped masses. The equations of motion for the body include large 

rotational motion; due to the shape of the symmetric cylindrical body the roll mode of 

motion is negligible. The nonlinear equation of motion for the moored system were 

solved by means of the phase-plane (5 method. 

Ansari and Khan (1986), develop a methodology to solve a multi-point mooring 

system for a floating body having lateral symmetry. The equation of motion for the 

floating body are limited to horizontal plane motions of surge, sway and yaw. The 

nonlinear restraining force from the mooring system is generated through a dynamic 

tension-displacement relation characteristic of individual lines. This is essentially a 
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decoupled method, in which the tension-displacement characteristic itself was pre

processed by solving the equations of motion of the mooring lines separately. 

It is important to consider mooring line dynamics in the evaluation of dynamic 

response of multi-leg mooring system. In this chapter, an algorithm to solve a coupled 

nonlinear multi-leg/multi-point mooring system will be presented. The methodology is 

an extension and application of the large angle algorithm previously presented. 

5.1 BUOY KINETICS 

Equation (3.44) is the equation of motion for a single moored floating buoy. 

One of the external forces considered in Eq. (3.44) is the cable tension at the connection 

point. A multi- point/multi-leg mooring system has multiple tethers connected to the 

buoy at different connection points. The present formulation can be extended to solve 

multi-point/multi-leg mooring system, by simply adding the additional tether forces and 

moments caused by mooring tension to the forcing components on the right hand side 

of Eq. (3.44). Eq. (3.44) still can be written as 

Jrp +Alm 0+ MIT EA 

jr +MPr 4LT,IppL+Mpp 2R A + 8 OippidR 
(5.1) 

0 22T 0 2 RTR 

However, EA and RA are the external forces and moments that include all tether tension 

and moments acting on the buoy. In this case FA can be written as 
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F =F -Tm+W +B+F +F +F (5.2)-W -DRY - -13 -D -K 
N 

where T' = E Ti and Ti is tether tension of leg #i on connection point #i.
i=1 

5.2 SOLUTION ALGORITHM 

The equations of motion for multi-point/multi-leg cable buoy system is similar 

to those for a single point single leg system, the only difference is additional tether 

tension on the external force component. Therefore, the solution algorithm for the 

single point system can be directly adopted for this multi point system. Initial 

conditions need to solve this problem include static equilibrium configuration of the 

mooring system, initial position and velocity of the buoy. During each computation, 

tether tensions on each leg must be computed, one by one, using each tether velocities 

as a boundary condition. Following the computational algorithm in Section 3.6, the 

computational algorithm for multi point multi leg mooring system proceeds in the 

following routine: 

1.	 Input initial condition for buoy and cable. 

2.	 Compute buoy's initial properties, such as, wet volume, buoyancy etc. 

3.	 Predict solution yi, at the end of interval using either Eq.(3.47) or Eq.(3.53). 

4.	 Update buoy's properties, such as, wet volume, buoyancy etc., and velocity at 

each tether connection point. 

http:Eq.(3.53
http:Eq.(3.47
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5.	 Update cable dynamics and kinematics using updated tether velocity as one of 

the boundary condition for the cable problem. This step is performed one by 

one for each mooring leg. 

6.	 Compute correction of buoy's response, using either Eq. (3.48) or Eq. (3.57). 

7.	 Check if the current response converges on the previous iteration, base on Eq. 

(3.58),If it does, print solution to the output file and move to the next time step. 

If it does not, return to step 2 to 6, until a convergent solutions is obtained. 

5.3 EXAMPLE 

The present formulation will be demonstrated by solution of a two point two leg 

mooring system subjected to three different directions of wave loadings. The buoy is 

selected to be a large disc buoy, with an incident wave length long enough that zero 

frequency conditions is still apply. The configuration, physical properties and 

hydrodynamic coefficient applied on the moorings are selected to be symmetric. The 

initial configuration of the system is shown in Figure 5.1. Parameters used in this 

example are provided on Table 5.1. 
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x3 

)01 
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Figure 5.1 Vertical view of a 2-Leg multi-point mooring 

Table 5.1 Problem Parameters for two-points/two-legs system 

Sphere Buoy 

General parameters 

tolerance 0.001 

integration step 0.5 sec. 

number of steps 200 

number of small steps 50 

integration control 0.5 

max. iteration 50 

fluid density 1.99 slug/ft.' 

accel. gravity 32.2 ft./sec.' 

http:spheroidaLbudyd4.84
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Table 5.1 Problem Parameters for two-points/two-legs system (Continued) 

Sphere Buoy 

Cable 

unstretched length 252.0 ft. 

integration points 41 

unit buoyant weight 6.856 lb./ft. 

diameter 0.375 ft. 

cross section area 0.11 ft.' 

tangential drag coeff. 0.02 

normal drag coeff. 1.2 

added mass coeff. 1.0 

Buoy 

mass 25.84 slug 

added mass coeff. Computed by KBLDYN94 
(Cal 1 Ca22 Ca33) 

added mass coeff. Computed by KBLDYN94 
(Ca66 Ca26) 

drag coeff. 0.5 0.5 0.5 

Figures 5.2 through 5.6 show the response of the multi-leg system to an 

incoming wave loading in the x2 direction. Those figures show buoy translational 

response only on the x1-x3 field, with buoy pitch motion following the water surface. 

Both mooring tether show identical responses since the same boundary condition were 

applied during computation. 
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Figures 5.7 through 5.11 show the response of the multi-leg system to an 

incoming wave loading along the x3 direction. Those figures show buoy translational 

response only on the x1-x2 field, with buoy's pitch motion following the water surface. 

Although both tethers show similar magnitude of dynamic components of tension, 

examination on the results shows slightly different response. Those differences are 

caused by configuration of the mooring system and their position to the incoming wave; 

which in turn, employ different boundary condition to the buoy. 

Figure 5.12 through 5.16 show response of the multi-leg system to the wave 

loading from a 45° direction. In this case buoy translational response can be seen for 

all global directions. The angular motion also show response components in the pitch, 

yaw and roll modes. The difference of the mooring position caused different phase for 

wave loading; this situation generates horizontal tension components in different 

direction, which in turn generate yaw motion on the buoy. 
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Figure 5.2 Heave displacement, multi-leg system, incident wave angle 00. 
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Figure 5.3 Surge displacement, multi-leg system, incident wave angle 00. 
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Figure 5.4 Pitch displacement, multi-leg system, incident wave angle 0°. 
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Figure 5.5 Tether tension, multi-leg system, incident wave angle 0°. 
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Figure 5.6 Bottom tension, multi-leg system, incident wave angle 0°. 
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117 

i 

-3 
V J J 

4
 
0 20 40 60 BO 100
 

Time (sec.)
 

Figure 5.8 Surge displacement, multi-leg system, incident wave angle 90°. 
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CHAPTER 6 CONCLUDING REMARKS 

6.1 SUMMARY 

Two methods to compute buoy motions coupled with hydrodynamically loaded 

mooring motions have been developed. Both methods utilized a cable dynamic 

algorithm based on a direct integration method. The first method was formulated based 

on a small angle assumption which was incorporated with the cable algorithm as one of 

its boundary condition. The second method was formulated for large angular motion 

using Euler parameters as rotational coordinates. In the large angle formulation, the 

solution for the buoy is separated from the cable; coupling between the two algorithm 

was performed through matching of velocity at the tether point. 

The cable problem is formulated as a two point boundary value problem. The 

boundary condition on one end can be defined as a hinge where velocity is zero at all 

time, at the other end, for the small angle formulation, the buoy equations of motion 

serve as boundary conditions. For the large angle formulation, the velocity at the cable 

end was specified equal to the velocity at the buoy tether point. A Newmark-like 

formula is applied in the time integration to convert its dynamic problem to an 

equivalent static problem at all instants; spatial integration is then be performed. 

For the first methodology, the equations of motion of a floating buoy were 

derived using the small angle assumption. All six degree of freedom for the buoy are 

considered. Coupling between translational and rotational degrees of freedom was 

included. The developed equations of motion then serves as a boundary condition of 
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the cable. The cable solution algorithm was followed to obtain solution for each time 

step. The formulation was implemented in the computer program KBLDYNML. 

The large angle formulation was developed to obtain a better methodology to 

solve cable/buoy problems. The formulation used Euler parameters to express 

rotational coordinates of the buoy. The Euler parameters consist of four parameters that 

are required to satisfy a constraint equation. The integration procedure of the buoy is 

separated from the cable algorithm, while coupling between the two algorithm was 

performed through matching velocities at the buoy and cable connection point. The 

buoy equations of motion are solved by a direct numerical integration method in time 

with a predictor-corrector method. The solutions for the next time step are first 

predicted. The velocity of cable connection point on the buoy then can be computed 

and specified as a boundary conditions for the cable algorithm. Once the new cable 

tensions and kinematics are obtained, the buoy solutions can be corrected. The 

correction process can be repeated until a convergent solution is obtained. Coupling of 

the buoy and cable algorithms faced a problem in selection of the size of the time step. 

The predictor-corrector method for the buoy performs very well with a small time step 

while a small time step may caused error amplification in cable algorithm, therefore a 

multiple time steps was introduced. The buoy problem was first integrated to next time 

step without rotational motion so that tether tension could be predicted. Then the buoy 

problem was integrated, including rotational motion, with the small time step and tether 

tensions was interpolated between the initial and predicted tension. The cable algorithm 
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was again performed on the last small time step. The formulation is then implemented 

in the computer program called KBLDYN94. 

These two methodologies were used to predict responses for three types of 

tethered buoys; discus, sphere and spar buoys. Results were compared to experimental 

results. Each type of buoy was excited by three different regular waves. The 

predictions of each methodology were then compared to measured data. Two 

comparisons for irregular wave cases were also performed, for a spar and sphere. A 

parametric study of the added mass coefficients assumed for each type of buoy shows 

that prediction are sensitive to assumed coupled added mass values. 

The large angle algorithm can be extended to solve multi-point/multi-leg buoys 

problems. The extended algorithm can be obtained by including more tether tensions 

in the buoy equations of motion. The solution algorithm does not need to be changed; 

only more tether tension and more interpolation coefficients have to be computed. Last, 

some example of the application of the large angle method to solve multi-point/multi-leg 

buoys were presented. 

6.2 CONCLUSIONS AND DISCUSSIONS 

The small angle formulation provides a methodology to solve the coupled cable-

buoy problem. The algorithm is based on a cable dynamic algorithm involving large 

displacements and nonlinear hydrodynamic forces. However, the formulation of the 

buoy equations of motion assumed small rotational displacement so that nonlinearities 

were not preserved. This algorithm predicted translational motions for all regular wave 
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cases (displacement, velocity and acceleration) that fairly agree with experimental data. 

For rotational motions, predicted values mostly under predict measured results. 

Rotational motion predictions for spar buoy, test #45, although under predict magnitude 

of the rotational motion, show a similar form with the measured one. For the sphere 

buoy, Test #70, prediction gives larger value than the measured one. This may have 

been caused by the fact that wave period is close to the system's pitch resonance period. 

Some problems were encounter during computation. Most of the response prediction 

showed spikes in their time histories. These spikes caused by non-convergent condition 

encountered during computation. This phenomena led to reconsideration of using buoy 

equations of motion as one of cable's boundary condition. 

The large angle formulation provided a better methodology than the small angle 

one. The nature of the cable-buoy problem, involving large translational and rotational 

displacements, including nonlinear hydrodynamic forces, are accounted for in the large 

angle model. The large angle model and its solution algorithm are relatively easy and 

simple, as shown on Chapter 3. The spatial integration technique on the cable 

algorithm enable the whole formulation to used small amount of memory that will 

benefit an operation where large computer system is not available. Comparing the basic 

assumptions and solution algorithm in both model, it is logical to choose the large angle 

formulation as a better model. This whole numerical model generally provides good 

predictions of steady state and dynamic behavior of coupled cable-buoy problems. The 

translational motion predicted by large angle algorithm shows good agreements with 

measured data as were obtained with the small angle algorithm. Rotational motion 
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predictions, in general, are also similar to the ones predicted by the small angle 

formulation. The predicted rotational motion for spar buoy, test#45, shows closer 

rotational amplitude to the measured values, compared to previous predictions. 

However, it shows slightly different form of response. The rotational motionprediction 

for the sphere buoy, test #70, still shows larger prediction. Parametric studies on 

rotational and coupled added mass coefficient for each type of buoy show that more 

attention should be taken in the selection of buoy's hydrodynamic coefficients. With 

added mass coefficients chosen based on parametric studies better prediction of 

rotational motion were obtained. 

All comparisons of the dynamic component of mooring tension, in regular wave 

cases, show that the present numerical model under predicts the measurements. This 

condition may be caused by visco-elastic behavior of the surgical tubing in the 

experiment. This could not be predicted by the cable algorithm. 

The new algorithm with large angle formulation shows it can predict large 

amplitude motion for cable-buoy system. The new algorithm is also more stable is that 

non-convergent solutions are avoided. 

6.3 FUTURE RESEARCH 

The present study can be extended to several research area. Research is needed 

to: 
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1.	 Implement a visco-elastic cable model to provide a better numerical model to 

predict cable-buoy motion. This is especially important due to the increasing 

use of mooring cables with visco-elastic properties. 

2.	 Extend the cable algorithm to solve cable problems with an air/water interface. 

3.	 Extend of the large angle formulation so that it can be applied to system with 

bodies at intermediate locations. The extended formulation will be able to solve 

dynamic analysis of coupled bodies. 

4.	 Include large body mooring capability. Inclusion of the large body model will 

enable selection of a better hydrodynamic coefficients. With a proper large 

body model, different shapes of buoys, such as boat hulls, catamaran etc., can 

be considered. 
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Appendix A
 
External Forces and Moments
 
for Small Angle Formulation
 

In this Appendix expressions of external forces and moments for small angle 

formulation are provided. Essentially the appendix provide detail expression for buoy 

equation of motion, Eq. (2.22). The moments applied to the buoy is evaluated at the 

center of gravity. Hydrodynamic forces and moments are considered as infinitesimal 

forces/moments components and then are integrated along the wetted buoy. Added 

mass components then can be included in the mass matrix of the buoy's equation of 

motion. Then, the right hand side of Eq. (2.22) now can be expressed as 

M+An 0 0 0 0 0 xl 

0 M +A22 0 0 0 A26 x2 

[Ml = 
0 

o 

0 

0 

M +A33 

0 

0 

In 

A53 

0 

0 

0 

x3 

e, 

(A.3) 

0 0 A53 0 122 +A55 0 11, 

0 A62 0 0 0 I33 +A66 

where M is mass of the buoy and Imo is moment of inertia. Amo) = p VwET Cmoo, in 

which p is water density; V is wetted volume; and CA() is the added mass 

coefficient in the x, direction due to motion in the xi direction. Added inertia terms for 

rotational motion and coupled motions can be defined as follows 
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= f z; CA (zI)A(zi)dziMASS = MA66 
(A.4) 

MA26 = MA62 = MA35 = MAS3 = z1 CA(zl) A(Zi) dZi 
J 

Bai (1977) has used a finite element method to calculate added inertia coefficient 

for heave, pitch and couple pitch-surge motion. The floating body of Bai's work are 

spheroids with slenderness ratios (maximum radius to draft ratio) ranging from 0.1 to 

10. Bai's results can be incorporated with this study since this study considered only 

axisymetric buoys. The surge added mass coefficient value for an infinite fluid is 

adopted from Lamb (1945). Added mass inertia coefficients for buoys with slenderness 

ratio between 0.1 to 10. can be obtained by linearly interpolating between values from 

Bai's and Lamb's studies. The added mass inertia values is provided in Table 1 in the 

User's manual, provided in Appendix H. Bai's added mass inertia coefficients were 

computed assuming the center of rotation at the water plane. Thus, they must be 

converted to the center of gravity before being used in the computer program. 

CA26 = 1426 rw + ZG /122 (A.5) 
CA66 = 1166 rw2 + 2 z0 /426 rw + ZG2 1422 

Eq. (A.3) is similar to Eq.(2.6) in Chapter 2. The difference is in variable rw which 

is the maximum radius of the buoy and is used to render the inertia coefficients 

dimensionless. 

Drag forces are assumed acting at the instantaneous center of buoyancy of the 

buoy. Drag moments can be obtained from a cross product of drag forces with its 
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moment arm which is the distance between the assumed center of rotation to the center 

of buoyancy. Then the vector of drag forces and moments can be written as 

ND, (111 +v cid 

ND2(112 +V2 -3.(2) 

Ed ND3 (u3 +v3 -2*(3) (A.6)= 
Na 0 

ZGBIND3(U3 +v3 -5C3) 

ZGB I ND2 (u2 +v2 -12) 

where ND( = p AroCD0Q/2, in which AD( is the drag area; CD( the drag coefficient 

in the xi direction; and Q the magnitude of (ui + vi - ici3). 

Consider Froude-Kryloff forces acting on an infinitesimal surface of the buoy. 

The total force can be obtained from integration along the wetted surface. The moment 

arm is the distance from center of gravity to the particular infinitesimal force. 

Integration along the wetted surface yields total excitation forces and moments vector 

P(1 +CAli)V wETU 

P +CA22)VWET 

/(1
EK p (1 +C A33)V WET* (A.7)= 

K 0 

P ZGB1VWET* + P CA53 Vwet* 

p ZGB,VwET + PC A62V wet 

The buoyancy acts at the center of buoyancy in the opposite direction to the 

weight of the buoy. The restoring moment for an incline buoy follows from moment 

of excess buoyancy and moment due to the change of immersion. There are no inertia 
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coupling in this case since the center of rotation is assumed to be at the center of 

gravity. The buoyancy vector for Eq. (2.22) can be written as 

pgVwET 

0 
B 0 (A.8) 

a 0 

pgVwETZGB102 -pgIwp(02-i'2) 

pgVwETZGB103 -pgIwp(03-i-3) 

where 0; is buoy's instantaneous angle and ?; is the angle of wave slope 

The tensions at the connection point are formulated in the global coordinate 

system so that they can be directly applied in the Eq. (2.22). Moments caused by tether 

tensions are evaluated at the center of gravity. External forces and moments vector, 

caused by tether tension can be written as 

T1 

T2 

T3 

{NIT} (ZT2 -01773 +83ZT1)T3 (A.9) 
+ ( -773 -°IZT2 +92Z71)T2 

(ZT3+81ZT2-02ZTI)T1 

+ ( -ZT1 -e227.3+03ZT2)r3 

( -ZT2 -41Z73-03ZT1)r1 

+ (ZTI+02ZT3 -03772)T2 
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Appendix B
 
Jacobian Matrices
 

JFBiI = 

ah: 
JHBiI 

abi 

+ pV weiCA(0) 
(i) ail ND*(i)ailaAtaATI (B.1)

aND0 _ +vi -xTi-ei.pczn u) 
ax,., 

pV wetCmixj.p3) af h4(4 pv wetcmo, 

ab matt aAt 
I (B.2) 

a NDs(i) 

ND(i)fijkZ78k(5j1 ( U. + V. XTi fijkZTBkdi
 
a81
 

JET = = (B.3)
aT 
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I.J. 

+ P VweiCA(i+3)G 
+3) 6 

melt 

pVweiCA6+34) tND(0zogk rk. v
aAt g
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EI NDakioo 
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Appendix C
 
External Forces and Moments
 
for Large Angle Formulation
 

In this Appendix a detail expression of hydrodynamic forces and moments for 

the large angle formulation is provided. The moments applied to the buoy will be taken 

at the assumed center of rotation. Hydrodynamic forces and moments are considered 

as infinitesimal forces/moments components and then are integrated along the wetted 

buoy. 

C.1 Hydrodynamic Forces 

Generally, hydrodynamic forces and moments in the formulation are computed 

using acceleration or velocity based on a local coordinate system. Eq. (3.18) shows the 

acceleration of an arbitrary point p in a buoy in global coordinate system. Acceleration 

in a local coordinate system can be obtained by multiplying Eq. (3.18) with the 

transpose of the rotation matrix A, given in Eq. (3.6). Now acceleration in local 

coordinate system can be written as 

t ' = AT? = AT f 2ATAgp'Lt - ATiB(2Agp'Lt) (C.1)-P -P 
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C.1.1 Added Inertia Force 

The added inertia force vector can be written as 

dF/ = pCA(zi)A(zi)ip dzi (C.2) 

Integrating Eq. (C.2) along the wet surface as 

F1' = f pC A(zi) A(z dzi (C.3) 

Substitute Eq. (C.1) into Eq. (C.3), and obtain 

F = f pCA(zI)A(zdATi] dz1 f pCA(zI)A(z)(2ATAg'Lp.1) dzi 
(CA) 

PCA(zi)A(zi)(2ATWA§'Lp) dzi 

The added inertia force can be separated into three terms based on the 

acceleration components. Translational components of the added inertia force in local 

coordinate system, can be written as 

PCAIIVwet21 

F' = p (C.5)CA(s)A(s)ATf ds = pCA22Vwe,22 
J 

pCA33V we,23 

Eq. (C.5) can be transferred into global coordinate by multiplying by transformation 

matrix A and can be written as 

F = A F' = M f (C.6)
11 IT 

where 



141 

CA11 0 0 

MR = pV,,A 0 CA22 0 AT (C.7) 

0 CA33 

Mn. can be included in the mass matrix of Eq.(3.44). 

Coupling components of the added inertia force are caused by the rotational 

component of acceleration. It can be written in local coordinate system as 

F'12 = Mt f p C A(z i) A (z 1) d z 1 = 2 pV etC A2 6§ iLt (C.8) 

where 

0 0 0 

gi = 0 0 -1 (C.9) 

0 1 0 

or in global coordinate as 

F12 = AF12' = Mipt (C. 10) 

where 

Mn, = 2 p Vtve, CA26 MI L (C.11) 

M,i, is the coupling added mass matrix; it can also be included in the mass matrix of Eq. 

(3.44). 

The last component of the acceleration vector is the quadratic velocity vector. 

The added inertia force caused by this component can be include in the forcing 

component of the equation of motion. The added inertia force in local coordinate 

system, can be written as 

http:Eq.(3.44
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F'13 = 2ATZ)Aglat si p CA(zl)A(zl)dzl 
(C.12) 

= 2 pV weS A26AT a Ag,Lp 

Eq. (C.12) can be modified using identities for Euler parameters (7) = 2GG and A = 

GLT. Multiplication of Eq. (C.12) with rotation matrix A converts Eq. (C.12) into the 

global coordinate system. Now, the added inertia force can be written as 

F = 4p VwetCA26 Ergi LA (C.13)13 

C.1.2 Drag Force 

Similar to the inertia forces, drag forces are first computed in the local 

coordinate system and then converted to the global coordinate system by multiplying 

with transformation matrix A. The unit drag force can be written as 

dF' = pC (v' -u' -t') Iv' -u' -t' I D(Z1) dz, (C.14) 
D 2 D 

Integrate Eq. (C.14) along the wetted surface to obtain 

F' = pCn(v ' -u' -t' ) Iv' -u' -1-' I Ads (C.15) 
D 2 

where the local velocity vector is obtained from 

r ' = ATt = ATt 2ATAg' Lp (C.16)
PP I) 
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Now, the drag forces in global coordinate system can be written as 

D = A F'F (C.17)
D 

C.1.3 Froude-Kryloff Force 

Froude-Kryloff forces are also derived from the local coordinate system. In the 

local system it can be written as 

EK' = p (1 + C A(z 1)) A(z 1) dz (C.18) 
J 

where ie is water wave acceleration in local system. Eq. (C.18) can be separated as 

EK' = p A(Zi)Ll' CI(ZI) pCA(Z1)) A(ZI)L1' dzl (C.19) 
J 

Performing the integration and transforming the equation back into global system, the 

first component of Eq. (C.19) is 

F = p V wetCI (C.20)
K1 

where u is water wave acceleration in global system. The second component of Eq. 

(C.19) shows a similar form with Eq. (C.3) so that following the same steps as before, 

it can be written as 

F= M (C.21)
K2 rr
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C.2 Other External Forces 

The other external forces, such as concentrated load, tether tension, buoyancy 

and buoy's weight are given in the global coordinate system so that they can be directly 

applied in Eq. (3.44). 

C.3 Hydrodynamic Moments 

Essentially, these external moments are computed as a cross product of the local 

hydrodynamic forces. Multiplication of this local moment with matrix 2 LT will 

generate external moments in global coordinate in terms of Euler parameters. 

C.3.1 Added Inertia Moment 

Coupled added inertia moments are caused by translational motion in local 

coordinate and can be obtained by taking a cross product of the first components of Eq. 

(C.4). It can be expressed as 

N'il = pi' §CA(zi)A(zi)dz, = 2pV,,,SA26§11.' (C.22) 
J 

Transforming Eq. (C.22) to global coordinate one obtain 

N = ATN = M I' (C.23)-II pi' I 
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where 

Mp, = 2p V,,,CA62LT§IAT (C.24) 

The rotational added inertia moment in local coordinate can be derived, again, 

by taking a cross product of the second components of Eq. (C.4) as 

2pLD f HA (z 1 ) CA (z i) dz (C.25)
LT12' 

and in global coordinate it can be written as 

N12 = 2LTN ' = M t (C.26)
12 PP 

where 

M = 4p V LT§ § L
PP wet CA62 1 1 

(C.27) 

The added inertia moment caused by the quadratic velocity vector components, 

in local coordinate system, can be obtain in the same manner 

E' = 2 f gl AT Co A gi lip pCA(zi)A(zi)dzi (C.28) 

After using the identity properties for the Euler parameters (1) = 2G G and A = GLT 

and then multiplying with transformation matrix 2LT, this component of added inertia 

moment can be written in global coordinate as 

Ns = 2LTN ' = 8pV,,, CA66 laT g1 ATGLTg1L L t (C.29)
13 
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Eq. (C.24) and Eq. (C.27) can be arranged within the mass matrix of Eq. (3.44), while 

Eq. (C.29) can be arranged on the right hand side of that equation. 

C.3.2 Drag Moment 

Moments caused by the drag force can be obtained assuming drag forces are 

acting on the instantaneous center of buoyancy of the buoy. Drag moments in local 

coordinate then can be written as 

N' = 1 p f 3 CD(v' -II' -t') Iv' -u' -t' I D(zi)dzi (C.30) 
D 2 

Transforming into Euler parameters in global coordinate, one obtains 

N
D 

= 2 LTg I ED' f D(z
I
)z

I dzI 
(C.31) 

where 

FD = 1 p C D(i)(v o' + u() -A(0) I vo' + um' -ko; I i=1,2,3 (C.32)2


C.3.3 Froude-Kryloff Moment 

Moments caused by Froude-Kryloff force are 

EK' = f p(1 + CA(0)§A(Zi) Le dzi (C.33) 

which can be expressed in Euler Parameter as 
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N = 2LTpV.§1U/ + 2LTp Vwe,CA26§ATie (C.34)
IC 

where 

0 0 0 

0 .1 A(zdzidzi 0 (C.35)Vm
 

0 0 A(zdzidzi 

C.4 Other External Moment 

Moments caused by other forces such as wind forces, tether tension and 

buoyancy can be written a the similar manner. Since the forces are all expressed in the 

global coordinate system, they must be transformed into local axis by multiplying with 

AT. Then Eq. (3.27) can be used to obtain external moments expressed in Euler 

Parameters. 

Nf = 21.7§fAT F (C.36)-f 

where 

/0 -z 3' 

(C.37)Sf = 1f3 0 zn 

/ /
Z12 Zn-- 0 

and Ef is Fw, T, B or Wpm. and zf is zw, z,r, za, or zw. 
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The righting moment acting on the buoy due to changes of immersion, in the 

local coordinate system, can be written as 

N ' = pIiitan(e) (C.38)A 

where 

= moment of inertia of the buoy about axis ii, i=2 or 3 

= buoy slope relative to the water surface. 

Again, it also can be written in Euler parameters by multiplying with 2 LT. 

NA = 2 LT NA' (C.39) 
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Appendix D
 
Geometrical Properties of a floating Buoy
 

Three type of axis-symmetry buoy are considered in this study. They are 

spheroidal buoy, spar or cylindrical buoy and a general shape buoy. In this Appendix, 

geometric properties of the first two type of buoy will be provided, geometric properties 

of general type buoy are given from a separate computer aided design program named 

BUOYCAD. Spheroidal buoy can also be used to model spar buoy, as a prolate 

spheroid, or a disc buoy, as an oblate spheroid. In this study, any plane passing the 

axis of symmetry of a buoy will be describe as a circle at the intersection. The center 

buoyancy will be located along the axis of symmetry. 

D.1 Spheroidal Buoy 

Figure D1 shows a cross sectional plane of a spheroid through its axis of 

symmetry. The major and minor axis of the spheroid are denoted by a and b, 

respectively. The origin local coordinate system is located at the center of gravity. The 

distance of free surface is to the bottom of the buoy is h. The equation for an ellipse 

is then can be written as 

x2 (zi +b -z )2 
1 (D.1) 

-7a b2 
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Then the projected drag area below the water surface is 

zo 

Adrag = f 2x dz1 (D.2) 
zic-h 

Substitute Eq. (D.1) into Eq. (D.2) and performing the integration, Ad,g can be 

expressed as 

fa2(2b-h)h (D.3)+ ab 7 + abSin-1(411-b))
b 2 2 ab
 

The vertical projected area can be written as
 

Adrag = ira2 (D.4) 

for h > b, or 

Adrag = Tah2 (D.5) 

for h < b. 

The water line area has similar expression to the vertical drag area Eq. (D.5), 

while moment inertia of the water plane can be written as 

Ii, = (D.6) 

The submerged volume can be express as 

zi, 

Vwet = f 7 X 2 dz 1 (D.7) 
zg,-h 

Substitute Eq. (D.1) into Eq. (D.7) and performing the integration, V,,:t can be 
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expressed as 

-(b-h)f a2(2b-h)h (D.8)A = + abab' + a bS. in -1(411-11))b' 2 ab 

D.2 Spar Buoy 

Figure D.2 shows a cross sectional plane of a cylinder through its axis of 

symmetry. The radius and the height of the cylinder are a and b, respectively. The 

origin local coordinate system is located at the center of gravity. The distance of free 

surface is to the bottom of the buoy is h. The horizontal projected drag area below 

the water surface is 

zsl 

Ads = f 2a dzi (D.9) 
zei-h 

Performing the integration on Eq. (D.9), Adrag can be expressed as 

Adrag = 2ah (D.10) 

The vertical projected area can be written as 

Adrag = 7a' (D.11) 

The water line area has similar expression to the vertical drag area Eq. (D.5), 

while moment inertia of the water plane for circular cross section can be written as 
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_1 ir4 (D.12)
4 

where aw is radius of cross section at water plane 

The submerged volume can be express as 

Vwe, = f Ta2 dzi (D.13) 
:s, --h 

Performing the integration on Eq. (D.13), Vwet can be expressed as 

Vwet = ira2h (D.14) 

a a 
..--.....,--.... a a __......___... 

4 

draft -h 

Z1 

Figure D.1 Spar buoy Figure D.2 Spheroidal buoy 
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Appendix E
 
Comparison Plots for Disc Buoy Cases
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v 
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Time (see) 

measurement --I-- laiLDYN94 --ea- KBLDyNmy 

Figure E.1 Heave displacement, disc buoy, H=2.5 ft., T=3.0sec. 

rime (see.) 

measurement 1-- ICBIDYN134 -1E1- KBLDYNBIL 

Figure E.2 Heave velocity, disc buoy, H=2.5ft., T=3.0sec. 
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measurement --I-- KBIDYN94 -19- KBIDYNNL 

Figure E.3 Heave acceleration, disc buoy, H=2.5ft., T=3.0sec. 
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rime (sec.) 

measurement 4-- /03IDYN94 -- KBLDYNIAL 

Figure E.4 Surge displacement, disc buoy, H=2.5 ft., T=3.0sec. 
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Figure E.5 Surge velocity, disc buoy, H=2.5ft., T=3.0sec. 

- measurement ICEILDYN9 4 -E3- KBIDYNDIL 

Figure E.6 Surge acceleration, disc buoy, H=2.5ft., T=3.0sec. 
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rime (sec.) 

measurement --I-- 103IDYN94 -a- KBIDYNML 

Figure E.7 Pitch displacement, disc buoy, H=2.5 ft., T=3.0sec. 
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measurement I-- KBIDYN94 -a- KBIDYNML 

Figure E.8 Pitch velocity, disc buoy, H=2.5ft., T=3.0sec. 
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measurement 4-- 103LDYN94 -ea- KBIDYNM1. 

Figure E.9 Pitch acceleration, disc buoy, H=2.5ft., T=3.0sec. 
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measurement I KBLDYN94 KBI,DYNUL 

Figure E.10 Tether tension, disc buoy, H=2.5 ft., T=3.0sec. 
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measurement --I-- KELDYN94 -1M-103LDYNEAL 

Figure E.11 Bottom tension, disc buoy, H=2.5ft., T=3.0sec. 
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measurement II KEILDyN94 -B- icnnyNia,
 

Figure E.12 Heave displacement, disc buoy, H=2.5 ft., T=4.0sec. 
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Figure E.13 Heave velocity, disc buoy, H=2.5ft., T=4.0sec. 
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measurement KBIDYN94 KELDYN111
 

Figure E.14 Heave acceleration, disc buoy, H=2.5ft., T=4.0sec. 
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measurement I KBLDYN94 -.1.- 1031.DYNUL 

Figure E.15 Surge displacement, disc buoy, H=2.5 ft., T=4.0sec. 

10 20
 
Tune (sec.)
 

--- measurement -4 103LDYN94 -GI- gEaDyNia, 

Figure E.16 Surge velocity, disc buoy, H=2.5ft., T=4.0sec. 

30 
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Time (sec.) 

immurement KB1DYN94 XELDYNNL 

Figure E.17 Surge acceleration, disc buoy, H=2.5ft., T=4.0sec. 

Time (sea) 

messrurement KBLDYN94 193LDYNML 

Figure E.18 Pitch displacement, disc buoy, H=2.5 ft., T=4.0sec. 
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- measurement ICBIDYN94 KBIDYNICI, 

Figure E.19 Pitch velocity, disc buoy, H=2.5ft., T=4.0sec. 
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Time (see.) 

- measurement -4-- KBLDYN94 -ES- KBIDYN/41. 

Figure E.20 Pitch acceleration, disc buoy, H=2.5ft., T=4.0sec. 
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measurement I-- KBIDYN94 -E3- KELDYNYL 

Figure E.21 Tether tension, disc buoy, H=2.5 ft., T=4.0sec. 

Time (see) 

management I-- KBEDYN94 -B-- KBID WOE. 

Figure E.22 Bottom tension, disc buoy, H=2.5ft., T=4.0sec. 
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- measurement I03LDYN9 4 -Et- KBLDYNDAL 

Figure E.23 Heave displacement, disc buoy, H=3.5 ft., T=4.0sec. 
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- measurement KBLDYN94 -(E1- KBWYNAd 

Figure E.24 Heave velocity, disc buoy, H=3.5ft., T=4.0sec. 
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Time (see.) 

measurement + KBIDYN94 -fa-- KBLDYNML 

Figure E.25 Heave acceleration, disc buoy, H=3.5ft., T=4.0sec. 

lime (see) 

measurement I-- KBLDYN94 -Ea- KBLDYNML 

Figure E.26 Surge displacement, disc buoy, H=3.5 ft., T=4.0sec. 
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Time (see) 

measurement I-- KBIDYN94 -E51-- K131DYNML 

Figure E.27 Surge velocity, disc buoy, H=3.5ft., T=4.0sec. 
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Figure E.28 Surge acceleration, disc buoy, H=3.5ft., T=4.0sec. 
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Figure E.29 Pitch displacement, disc buoy, H=3.5 ft., T=4.0sec. 
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Figure E.30 Pitch velocity, disc buoy, H=3.5ft., T=4.0sec. 
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Figure E.31 Pitch acceleration, disc buoy, H=3.5ft., T=4.0sec. 

measurement 4-- KBIDYN94 -- KBLDYNIE. 

Figure E.32 Tether tension, disc buoy, H=3.5 ft., T=4.0sec. 
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Figure E.33 Bottom tension, disc buoy, H=3.5ft., T=4.0sec. 



171 

Appendix F
 
Comparison Plots for Sphere Buoy Cases
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Figure F.1 Heave displacement, sphere buoy, H=1.5 ft., T=2.0sec. 
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Figure F.2 Heave velocity, sphere buoy, H=1.5ft., T=2.0sec. 
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measurement I-- ICERDYN94 -1E1- KBIDYNta. 

Figure F.3 Heave acceleration, sphere buoy, H=1.5ft., T=2.0sec. 
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measurement 4-- KBLDYN94 KBLDYNKL 

Figure F.4 Surge displacement, sphere buoy, H=1.5 ft., T=2.0sec. 
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Figure F.5 Surge velocity, sphere buoy, H=1.5ft., T=2.0sec. 

10 

8
41 I 

.",I6 
!MN If1:111111W1" 

nt 4 

2 

Mrais 

Ail '11111 

rLIgtri 

11;111111 tir 
it1131111111111N1111P1111111111111111111111111111 

2 11,111111111141111411111111111111111111111111111111111 
.11111111i12111111111111111iiillillEllikilt.4 

Bin LIMIIIIIItillitall1111111111111111191111111111i8 Itirenir8 .V11101 

10 NM 

0 10 20 30 
Time (sec.) 

measurement --I-- KBIDYI794 -Ea KEILIWNIAL 

Figure F.6 Surge acceleration, sphere buoy, H=1.5ft., T =2.0sec. 
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measurement I-- KBIDYN94 KBLDYNTa 

Figure F.7 Pitch displacement, sphere buoy, H=1.5 ft., T=2.0sec. 
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measurement I-- KBLIWN94 -al- I<BLDYNKL 

Figure F.8 Pitch velocity, sphere buoy, H=1.5ft., T=2.0sec. 
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measurement --I--- KEILDyN94 -Ea- KBuyyNta. 

Figure F.9 Pitch acceleration, sphere buoy, H=1.5ft., T=2.0sec. 

Time (see.) 

measurement 1--- KBIDyNg 4 -B- 1331DYNIA1. 

Figure F.10 Tether tension, sphere buoy, H=1.5 ft., T=2.0sec. 
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Time (sec.) 

measurement --I KJ3IDYN9 4 -a- KBLDYNNI 

Figure F.11 Bottom tension, sphere buoy, H=1.5ft., T=2.0sec. 
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measurement --I-- 14.131DYN9 4 -B- KEILDYNALL 

Figure F.12 Heave displacement, sphere buoy, H=2.5 ft., T=3.0sec. 
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measurement I-- KBLDYN94 -e- KBIDYNML 

Figure F.13 Heave velocity, sphere buoy, H=2.5ft., T=3.0sec. 
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Figure F.14 Heave acceleration, sphere buoy, H =2.5ft., T=3.0sec. 
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measurement --I-- KBLDYN94 -9- KBLDYNML 

Figure F.15 Surge displacement, sphere buoy, H=2.5 ft., T=3.0sec. 
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Figure F.16 Surge velocity, sphere buoy, H =2.5ft., T=3.0sec. 
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Figure F.17 Surge acceleration, sphere buoy, H=2.5ft., T=3.0sec. 
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Figure F.18 Pitch displacement, sphere buoy, H=2.5 ft., T=3.0sec. 



181 

measurement I 10311)yisp94 a KBLDYNDIL 

Figure F.19 Pitch velocity, sphere buoy, H=2.5ft., T=3.0sec. 
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measurement KBIDYN94 KBLDYN111. 

Figure F.20 Pitch acceleration, sphere buoy, H=2.5ft., T=3.0sec. 
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measurement I-- KBEDYN94 KBIDYNKL 

Figure F.21 Tether tension, sphere buoy, H=2.5 ft., T=3.0sec. 

measurement I-- ICEIIDYN94 -ES- KBLDYNIAL 

Figure F.22 Bottom tension, sphere buoy, H=2.5ft., T=3.0sec. 
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measurement 4-- KBLDYN94 -4E3- KBLDYNIAL. 

Figure F.23 Heave displacement, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure F.24 Heave velocity, sphere buoy, H=2.5ft., T=4.0sec. 



184 

10 20 
Time (sec)
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Figure F.25 Heave acceleration, sphere buoy, H=2.5ft., T=4.0sec. 
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measurement KEW YIST9 4 -Ea- 1031.DYNNIL 

Figure F.26 Surge displacement, sphere buoy, H=2.5 ft., T=4.0sec. 
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measurement I-- KBUWN94 -el-- laILDYNML 

Figure F.27 Surge velocity, sphere buoy, H=2.5ft., T=4.0sec. 

Time (sec.) 

measurement I KBLDYN94 -E3- KBLDVNIAL 

Figure F.28 Surge acceleration, sphere buoy, H=2.5ft., T=4.0sec. 
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Figure F.29 Pitch displacement, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure F.30 Pitch velocity, sphere buoy, H=2.5ft., T=4.0sec. 
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Figure F.31 Pitch acceleration, sphere buoy, H=2.5ft., T=4.0sec. 

measurement I-- KBLDYN94 -M- 1031Zyna, 

Figure F.32 Tether tension, sphere buoy, H=2.5 ft., T=4.0sec. 
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Figure F.33 Bottom tension, sphere buoy, H=2.5ft., T=4.0sec. 
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Appendix G
 
Comparison Plots for Spar Buoy Cases
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Time (sec.) 

- measurement --4-- KBLDYN94 KewyNmy 

Figure G.1 Heave displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure G.2 Heave velocity, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.3 Heave acceleration, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.4 Surge displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure G.5 Surge velocity, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.6 Surge acceleration, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.7 Pitch displacement, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure G.8 Pitch velocity, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.9 Pitch acceleration, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.10 Tether tension, spar buoy, H=2.5 ft., T=3.0sec. 
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Figure G.11 Bottom tension, spar buoy, H=2.5ft., T=3.0sec. 
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Figure G.12 Heave displacement, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure G.13 Heave velocity, spar buoy, H=2.5ft., T=4.0sec.
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Figure G.14 Heave acceleration, spar buoy, H=2.5ft., T=4.0sec.
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Figure G.15 Surge displacement, spar buoy, H=2.5 ft., T=4.0sec. 

Time (sea) 
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Figure G.16 Surge velocity, spar buoy, H=2.5ft., T=4.0sec. 
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Figure G.17 Surge acceleration, spar buoy, H=2.5ft., T=4.0sec. 
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Figure G.18 Pitch displacement, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure G.19 Pitch velocity, spar buoy, H=2.5ft., T=4.0sec. 
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Figure G.20 Pitch acceleration, spar buoy, H=2.5ft., T=4.0sec. 
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Figure G.21 Tether tension, spar buoy, H=2.5 ft., T=4.0sec. 
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Figure G.22 Bottom tension, spar buoy, H=2.5ft., T=4.0sec. 
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Figure G.23 Heave displacement, spar buoy, H=3.5 ft., T=3.0sec. 
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Figure G.24 Heave velocity, spar buoy, H=3.5ft., T=3.0sec. 
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Figure G.25 Heave acceleration, spar buoy, H=3.5ft., T=3.0sec. 
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Figure G.26 Surge displacement, spar buoy, H=3.5 ft., T=3.0sec. 
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Figure G.27 Surge velocity, spar buoy, H=3.5ft., T=3.0sec. 
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Figure G.28 Surge acceleration, spar buoy, H=3.5ft., T=3.0sec. 
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Figure G.29 Pitch displacement, spar buoy, H=3.5 ft., T=3.0sec. 
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Figure G.30 Pitch velocity, spar buoy, H=3.5ft., T=3.0sec. 
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- measurement --I-- KBIDYN9 4 -Ea- KBILDYNIAL 

Figure G.31 Pitch acceleration, spar buoy, H=3.5ft., T=3.0sec. 
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Figure G.32 Tether tension, spar buoy, H=3.5 ft., T=3.0sec. 
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Figure G.33 Bottom tension, spar buoy, H=3.5ft., T=3.0sec. 




