
AN ABSTRACT OF THE THESIS OF 

GIRISH NARANG for the degree of MASTER OF SCIENCE in 

MECHANICAL ENGINEERING presented on JANUARY 16, 1996. Title: 

CRITICAL CURRENT DISTRIBUTIONS AND THE V(I) TRANSITION IN Nb-Ti 

SUPERCONDUCTING COMPOSITES. 

Abstract approved: 

WILLIAM H. WARNES 

Abstract 

It is well established that the extended range V(I) transition behavior in 

filamentary superconducting composites depends strongly on the processing 

conditions of the composite. Based on previous work, a model proposed by 

Warnes et al predicts that the second derivative of the V(I) transition is related to 

a more fundamental property the critical current distribution in the composite. 

The present work consolidates the said model by showing that in spite of 

the V(I) transition being dependent on the matrix resistance, the second 

derivative is relatively independent. Also, the second derivative V(I) curve has 

been correlated to the critical current distributions and area distributions in 

monofilament and multifilamentary superconductors, using image analysis 
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techniques. The work provides a better understanding of the critical current 

distributions in composite superconductors and can be an effective tool for 

measuring conductor quality more precisely. 

In addition to this, image analysis techniques have been used to study the 

effect of processing on the structure of wires and have been related to the 

predictions of a model of inplane stresses in composites. 
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CRITICAL CURRENT DISTRIBUTIONS AND THE V(I)
 
TRANSITION IN Nb-Ti SUPERCONDUCTING COMPOSITES
 

1. INTRODUCTION
 

1.1 THE PHENOMENON OF SUPERCONDUCTIVITY 

The phenomenon of superconductivity was first discovered in 1911 by H. 

K. Onnes, while studying the temperature dependence of the electrical 

resistance of mercury within a few degrees of absolute zero. He observed 

that the electrical resistance fell to immeasurably low levels as the 

temperature dropped to 4.2 Kelvin. 

Later this phenomenon was observed in many other elements and 

compounds. The temperature below which the resistance disappears is 

called the critical temperature, Tc. The vanishingly small resistance (infinite 

conductivity) below Tc suggests the name "superconductivity" given to this 

phenomenon. 

However, zero electrical resistance is not the only highlight of 

superconductivity. In addition to this, a superconductor must expel magnetic 

field from it's bulk the property of perfect diamagnetism. This is known as 

the Meissner effect and occurs because whenever a magnetic field is 

applied to the superconductor it induces supercurrents in the form of a thin 

sheath on the surface of a superconductor. These supercurrents create an 
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equal and opposite flux to the applied field and thus the resultant flux within 

the bulk of the superconductor is zero. 

However superconductors are a bit different from a "perfect conductor" in 

the sense that unlike a "perfect conductor" they expel applied field even if 

they are cooled down in a constant applied field. A perfect conductor would 

not be expected to expel any applied field if it is cooled down (to change it's 

state from a resistive to a perfect conductor) in the presence of a constant 

applied field because there is no time varying flux to start the surface 

supercurrents. Thus superconductivity is not just a phenomenon of zero 

electrical resistance - it is a thermodynamic state in itself. 

The following discussion of superconductivity is a schematic overview. For 

more detailed information the reader is refered to [1,5]. 

1.2 CRITICAL PARAMETERS 

As mentioned in section 1.1, a material exhibits superconductivity only 

below a certain temperature Tc. In other words, superconductivity is 

destroyed if we increase the temperature above Tc. The state of 

superconductivity can also be destroyed in a sample by subjecting it to a 

strong enough magnetic field or by passing an electric current larger than a 

critical value. 

The magnetic field at which a superconductor passes into a non

superconducting state is known as the critical magnetic field, Hc and is 

measured in Tesla (Weber/m2). The critical current density at which it does 

the same is known as the critical current density, Jc and is measured in 

Amps/m2. 

These three parameters, namely the Tc, Hc and Jc are interrelated and 

are properties of the material. If the temperature, field and current density of a 
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1J
 
Jc = J(H =O, T=0) 

Critical Surface 

He = H(T =O, J=0) 

Tc = T(H =O, J=0) 

Figure 1. The critical surface for a superconducting material. 
For a material to remain superconducting, the temperature (T), 
magnetic field (H) and current density (J) should remain within 

the bounds of the critical surface. 
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sample are represented as the three orthogonal axes of 3D space, the Tc, Hc 

and Jc values form a bounding surface and the (temperature,field,current 

density) state of the material must remain within this surface for the material 

to show superconductivity. The schematic shape of a critical surface is shown 

in Figure 1. 

1.3 TYPE I AND II SUPERCONDUCTORS 

Superconductors exhibit two distinct behaviors when they are subjected to 

a magnetic field and are classified as type I and type II on this basis. 

1.3.1 TYPE I 

In these superconductors, as the applied magnetic field is increased, it 

induces supercurrents on the surface, which according to Lenz's law, exactly 

cancel the applied magnetic flux within the superconductor. Thus the 

susceptibility (ratio of induced magnetic field to applied magnetic field) is 

equal to -1. Now as the applied field is increased, the magnitude of the 

screening currents also increases, but as the applied field exceeds the critical 

field, the superconductor no longer remains "superconducting" and these 

screening currents die out. Thus there is no field cancellation now, and 

consequently the applied flux penetrates the bulk. 

The critical field Hc is a function of the temperature and is related to it as 

follows: 

Hc(T) = Ho (1-(T/Tc)2) (1.1) 

Where, 

T = temperature, 
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Tc = critical temperature at zero field, 

Ho = critical field at zero kelvin, 

Hc(T) = critical field at temperature T. 

There is a positive thermodynamic surface energy between the 

superconducting and the normal phase. Due to this, there can be no flux 

present partially inside the bulk of a type I superconductor because as soon 

as any flux tries to enter the bulk, the superconductor normal interface will 

increase, resulting in an increase in free energy - and thus this process will 

not be energetically favourable. 

1.3.2 TYPE II 

Type II superconductors have a negative surface energy at the 

superconductor and the non-superconductor boundary. Thus any flux 

entering the bulk decreases the total free energy (because of an increase in 

the superconductor normal interface) and is thermodynamically favorable. In 

a type II material, as the applied field is increased, induced surface 

supercurrents initially prevent the flux from entering the bulk and the 

magnetic behavior is identical to type I. However as soon as the applied field 

becomes larger than a critical field (known as Hc1), flux starts entering the 

bulk. In doing so, the system tries to maximize the superconductor normal 

interface and breaks up the flux into as many small units as possible. 

The smallest unit of magnetic flux that can exist can be related to an 

electron pair. This is known as a flux quanta and is equal to (Do = h.c/2e, 

where, (Do = magnetic flux quanta, h = Plank's constant, c = speed of light, 

e = electron charge. 
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Bulk surface screening currents 

Single flux quantum 

Applied Magnetic 
field 

Figure 2. Diagramatic representation of the flux vortices and 
the direction of current flow when a magnetic field greater than 

Hcl is applied to a type II superconductor. 
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Each of these small units of flux is called a flux vortex. They are 

generated by persistant currents circulating on the surface of a hypothetical 

cylinder and in a direction opposite to the bulk screening currents. These 

currents create a region of normal material within the bulk, through which the 

applied flux can pass like a beam of light passing through a hole in an 

opaque body. The sense of the magnetic field in these flux votrices is the 

same as that of the applied field. (Figure 2) 

The vortex current encircling a normal core interacts with the magnetic 

field produced by the adjacent vortices and as a result, any two cores repel 

each other. This is somewhat similar to the repulsion between two parallel 

solenoids or bar magnets. As one might expect (and it has been confirmed by 

later experiments) due to this mutual repulsion, the flux quanta stack up in a 

closed packed lattice in two dimensions (known as the flux line lattice or fll) 

and basically act as holes within which the applied magnetic field passes 

through the bulk superconducting material. This condition is known as the 

mixed state. 

The number density of the flux quanta (i.e. number of (Do's per unit area) 

determines the local magnetic field intensity. As the applied magnetic field 

continues increasing, more and more flux vortices start stacking up in the 

bulk and packing more closely. At a sufficiently high value of the applied field, 

they merge together and the mean flux density due to the cores and the 

demagnetizing field becomes equal to the applied magnetic field. Thus the 

magnetization becomes equal to zero and the material goes into the normal 

state (See figure 3). This value of the critical field is known as Hc2. 
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Meissner State Mixed State , Non-Sc State 
>21-4( >Pr< 

Applied Field, Tesla 

Figure 3. The Magnetization of a type II superconductor as a 
function of the applied magnetic field. Note that there are three 
distinct magnetic states at different values of the applied field. 
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1.4 CRITICAL CURRENT OF TYPE I SUPERCONDUCTORS 

The critical current capacity of a type superconductor is very closlyI 

related to it's critical magnetic field Hc. Whenever a transport current passes 

through a type I superconductor, it travels only near the surface in the form of 

a very thin sheath and generates a magnetic field close to the surface. As the 

transport current increases, it results in an increase in this magnetic field 

strength. The maximum amount of current that can pass through the 

superconductor is the one that can generate a magnetic field equal to Hc 

near the surface, because as soon as the magnetic field at the surface 

equals Hc, the sample no longer remains superconducting. This current, 

divided by the total cross section area of of the superconductor is known as 

the critical current density Jc. 

If there is already an applied field H near the surface, the transport current 

that is required to make the surface field equal to Hc becomes lower, thus 

reducing the critical current density value. The relation between the critical 

current density and applied field depends on the relative direction of the 

applied field and the current flow. The relation between the Jc and H is shown 

in Figure 1 for a superconductor in which the current flow is perpendicular to 

the applied field. 

1.5 CRITICAL CURRENT OF TYPE II SUPERCONDUCTORS 

In a magnetic field less than Hc1, a type ll superconductor is in the 

Meissner state, whereas in field strengths greater than Hc1, it goes into the 

mixed state (see Figure 3). This means that any transport current that is 

passing through the superconductor in an applied field less than Hc1 travels 

only through a thin sheath near the surface. But when the superconductor 

passes into the mixed state, the transport current can pass through the bulk. 
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Direction of applied magnetic field 

A 
Flux 
vortex A 

Figure 4. Schematic representation of the force experienced by 
a flux vortex and the voltage produced (Vff) due to the 

movement of these vortices when a transport current (J) is 
passed through a cylindrical type II superconductor in the axial 

direction. 
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One might expect that at this stage, the superconductor should still have zero 

electrical resistance. However this is not the case as we shall soon see. 

Consider a superconducting wire carrying a current parallel to it's axis and 

in an applied magnetic field perpendicular to the axis, a configuration 

commonly encountered in superconducting solenoids (see Figure 4). When 

current passes through this superconductor, it exerts a force on the magnetic 

flux vortices, and the direction of this force is perpendicular to the current and 

to the axis of the flux vortices. This force is also known as the Lorentz force 

(F = J x B). Due to this force, the vortices start moving perpendicular to the 

current and by Faraday's law of electromagnetic induction a voltage gradient 

is developed (dB/dt a E). This voltage gradient is opposite to the direction of 

the current and tends to stop it. Now to maintain the current, an external 

voltage opposite to this induced voltage has to be applied to the 

superconductor. Thus for an external power supply, the electrical resistance 

is no longer zero because it effectively has to apply a voltage to drive the 

current through the superconductor. The value of this resistance is equal to 

Vff/I where Vff = Voltage due to flux flow. 

For a very pure type II material, the critical current is zero when the 

applied field is greater than Hcl . This is because as soon as a transport 

current is passed, it causes the vortices to move thus creating a voltage 

gradient and dissipating energy. Note that the voltage produced is not due to 

a loss of infinite conductivity but due to magnetic flux motion which causes 

dissipative losses. 

If microstructural impurities are introduced in the material (such as grain 

boundaries or any non-superconducting phase inclusions), these tend to pin 

the vortices, preventing their motion. Thus no energy dissipation takes place, 

and the current flows without any voltage being developed across the 
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Figure 5. Metallurgical Phase diagram of Nb-Ti system. (J.L.Murray, 1987) 
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superconductor. However as the transport current is increased the force on 

the vortices increases, and at a strong enough current, the Lorentz force 

exceeds the pinning force and the vortices once again start moving. This 

value of the current divided by the total cross section area of the 

superconductor is called the critical current density (Jc) of the sample. Thus 

the critical current of a type II superconductor is not an intrinsic material 

property such as Tc or He but is strongly dependent on the microstructure 

and thus the processing. 

1.6 CRITICAL CURRENT IN PRACTICAL SUPERCONDUCTORS 

At present there are well over 6000 known superconducting compounds. 

However for most commercial applications, alloy superconductors based on 

Nb (such as Nb-Ti) are extensively used because of their ease of fabrication 

and excellent mechanical properties. will limit my discussion to the Nb-TiI 

system because these are the ones used in the experimental work. 

Nb-Ti is a type II superconductor with an upper critical field (Hc2) of 11 

Tesla (at 4.2 K) and a Tc of 9K at zero Tesla. The metallurgical phase 

diagram for Nb-Ti is given in Figure 5. Nb-Ti superconductors have high 

values of critical current density due to flux pinning . The mechanisms for flux 

pinning include interaction of the f// with the stress field produced during cold 

work and due to the normal a-Ti phase precipitating out at the grain 

boundary. In fact a-Ti pinning is the prime mechanism in the Nb-Ti system[1] 

and due to this the two phase (a + 13) region (see Figure 5) has the best 

superconducting properties in this system. 
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1.7 MANUFACTURE OF Nb-Ti SUPERCONDUCTORS 

Practical Nb-Ti superconductors are used in the form of multiple Nb-Ti 

multifilaments embedded in a high purity copper matrix. Using multifilaments 

is better than using a single thick superconductor (monofilament) for a 

number of reasons. Multifilaments can be more effectively cooled due to the 

larger surface area available and have better magnetic properties in some 

applications. The copper matrix serves as a mechanical support, is a good 

thermal conductor and acts as an electrical shunt (in case the current 

exceeds the filament capacity) and provides a good way to transfer current to 

the filaments at the ends where the conductor is connected to the power 

supply leads. 

While manufacturing this alloy for high Jc applications, the main aim is to 

achieve a microstructure which can effectively pin the flux line lattice thus 

maximizing the critical current. This is done by carefully controlling the 

sequence of cold work and heat treatment steps involved in the processing. 

Figure 6 shows the schematic of the manufacture of a composite Nb-Ti 

superconductor. The manufacture begins with the Nb-Ti base alloy being 

melted into an ingot from the pure elements. It is then forged, extruded, 

swaged and drawn into a rod form. The Nb-Ti rods are sheathed in an OFHC 

(oxygen free high conductivity) copper tube. At this point this single rod-plus

sheath can be co-drawn into a monofilament composite or a multifilament 

composite can be made by stacking many of these rods-plus-sheaths in a 

large copper can and extruding or drawing. This process can be repeated 

depending on the number of multifilaments desired. The composite 

processing usually includes heat treatments interspaced by cold work steps. 

The cold working steps are necessary for getting the wire to the final size. 



15 

EXTRUDE
Nb Ti BILLET 

Cu LID Cu EXTRUSION CAN 
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.0 tila 
TWIST 

Figure 6. Production of Nb-Ti / Copper multifilamentary wire 
(Based on sketches by A. Woolcock) 
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The intermediate heat treatment is crucial for developing a-Ti precipitates at 

the dislocation sites produced by the cold work. Any further cold work after 

the precipitation heat treatment step deforms the a-Ti precipitate and 

elongates it along the wire axis in the form of thin ribbons. This helps in 

forming a very effective pinning of the flux line lattice. Thus it is clear that the 

processing steps play an important part in determining the critical current in 

Nb-Ti superconductors. 

1.8 OBJECTIVE OF THE FOLLOWING WORK 

As we have seen, the critical current of a superconducting wire is highly 

sensitive to the processing conditions. We have made an attempt to get a 

better understanding of this relationship and thus further discussion and 

work is guided by the following objectives in mind: 

1. Study the effect of processing on the electrical characteristics of the wire 

and consolidation of a model which establishes the correlation between them. 

2. Assessing a commercial technique used for measuring the voltage-current 

characteristics of a superconducting wire in light of the above model. 

3. Using image analysis techniques, study the effect of processing on the 

structure of wires and relating it to the predictions of a micromechanics 

model of inplane stresses in composites. 



17 

2. Ic DISTRIBUTION AND THE V(I) TRANSITION
 

2.1 DETERMINING THE Ic AND Jc 

Superconducting wires are generally characterized by their Ic (critical 

current), Jc (critical current density) and n-value (defined below). The critical 

current can be obtained using a constant voltage criterion (the current at 

which a specific voltage/length is developed across the superconductor) or a 

constant resistivity criterion (the current at which the V/I ratio is greater than a 

specified value). The critical current density is simply the critical current 

divided by the superconductor cross section area. 

The V(I) characteristic curve for a superconductor tends to follow an 

empirical relationship, V a In where V and I are the voltage and the current 

and 'n' is a real number commonly between 10 and 100. The experimental 

data is fitted to this equation and the exponent 'n', known as the 'n-value', is 

used as a measure of the quality of the superconductor. It has been 

experimentally established that a high value of 'n' signifies a good quality of 

superconducting filaments in terms of uniform shape and resonably 

homogenous superconducting properties [2,3]. 

2.2 IDEAL PINNING BEHAVIOUR 

Consider a type II superconductor with an "ideal" pinning microstructure. 

Ideal refers to a superconductor in which the pinning centers are 

homogenously distributed throughout the sample and exert exactly the same 

pinning force on the fl/ at all points in the sample. In such a case, the current 

through the sample can be increased without any flux line movement (and 
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effectively no resistive loss) up to a singular and well defined value of current 

above which losses start appearing. This well defined value of current is 

equal to the current at which the Lorentz force due to the current flow 

exceeds the pinning force on the fll. 

This ideal superconductor may be called a monodisperse system, since 

there is only one value of the critical current and it is uniquely defined [4]. As 

the current exceeds the critical current, the f// will start moving and a voltage 

will develop across the conductor. The conductor will show a finite resistance 

to the current flow now and this resistance is related to the viscous drag 

experienced by the moving flux lines. The V(I) curve of such an "ideal" 

superconductor looks as shown in Figure 7(a). Note that there is a well 

defined value of the critical current, the current at which the slope of the V(I) 

no longer remains zero. 

2.3 PRACTICAL SUPERCONDUCTORS
 

For most of the practical superconductors it has been observed that such 

a unique value of critical currents does not exist [5,6]. The possible reasons 

for this include non-uniform pinning microstructure, a variation in the effective 

superconducting cross-section area of a filament along it's length or any other 

factor which can change the linear lc (such as variation in the temperature 

along the length). A combination of any of these reasons can put a limitation 

on the maximum value of critical current a superconductor can have at any 

position along it's length. 

2.3.1 INTRINSIC LIMITATIONS 

If a superconductor with a uniform cross sectional area has an in-

homogenous density of pinning centers along it's length, it results in a non
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(a) 

Rff 
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0 

(b) 

Rsh 

0 
I 

0 

(c) 

0 Ic 

Figure 7. (a) The V(I) plot for an ideal type II superconductor. 
(b) An "ideal" superconductor sorrounded by a normally 

conducting material. (c) The critical current distribution for cases 
(a) and (b) 
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uniform distribution of pinning forces. This variation can cause different 

regions of the fll to "de-pin" at different values of current. In other words, the 

values of the current at which the fll moves are now distributed over a range. 

As the area of cross section is the same, a variation such as this actually 

results in a distribution of the critical current density over a range. Such 

inhomogenities which limit the critical current capacity of any superconductor 

by changing the critical current density (Jc) of individual reigons are known as 

intrinsic limitations. A non-uniform heat treatment or cold work can result in 

an inhomogenous microstructure and thus create an intrinsic limitation. 

2.3.2 EXTRINSIC LIMITATIONS 

A variation in the effective superconducting cross section area along the 

length of a filament can cause different regions of the superconductor to turn 

non-superconducting at different values of current (in other words the critical 

current of a region will be proportional to the area of cross section). This will 

take place even if the pinning centers (and thus the Jc) are distributed 

uniformly. Such a limitation on the critical current capacity of a 

superconductor which results from changes in the lc of individual reigons by 

changing their effective cross-sectional area is known as an extrinsic 

limitation [6]. 

Many features can introduce an extrinsic limitation. In Nb-Ti 

superconductors, diffusion at the Nb-Ti/Cu interface can produce hard Cu-Ti 

nodules which can cause filament deformation/breakage during further cold 

work [5,6]. Also chemical or grain structure inhomogenity may cause irregular 

deformation of the filaments while wire drawing [6]. These and other effects 

can cause sausaging of the filaments, putting a limitation on the critical 

current of the filaments. Thus, the critical current of a superconducting 
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filament can be distributed over a range of values depending on the extent 

of these intrinsic and extrinsic limitations. 

2.4 V(I) TRANSITION AND CRITICAL CURRENT DISTRIBUTION 

Consider again an ideal superconducting filament having no intrinsic or 

extrinsic current limitations along it's length but this time clad by a copper 

sheath on the outside. When a current is passed through such a composite, 

all the current is carried by the superconducting filament and there is zero 

voltage developed along it's length. As the current exceeds the critical current 

capacity, Ic, of the filament, it develops a resistance (flux flow resistance). 

The resistivity of the copper matrix which is in parallel with the filament is 

about three orders of magnitude lower than the Rff and thus any current in 

excess of Ic (i.e. Ic) is shunted through the copper matrix. A finite voltageI 

is developed, which is equal to (I Ic)Rcu. Thus the V(I) plot should look as 

shown in Figure 7(b). If the critical current distribution of such a sample was 

plotted as a function of the current, it would resemble a delta function, with a 

very large and narrow peak at I = Ic (Figure 7(c)). Note that the current 

distribution curve is the second derivative of the V(I) transition curve. 

Based on previous work done by Fournet and Baixeras [7] a simple model 

of current transfer between the superconductor in flux flow and the stabilizing 

matrix was proposed by Warnes et al [2,6]. It predicts that the second 

derivative of the V(I) with respect to I is proportional to the distribution of the 

critical currents along the length of the wire. This is derived from the 

assumption that the voltage that is developed across the sample is the sum 

of all the voltages that are developed as current is passed from the weak 

links of the filaments to the local resistive matrix. As discussed above, these 

weak links may be either extrinsic or intrinsic in nature. 
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Further discussion will be divided into two parts. The first part will deal 

with the effect of the sample holder resistance on the V(I) and the second 

derivative V(I) curves for a high current superconductor. The second part will 

deal with analysis showing the correlation between the variation in the areas 

of filaments in monofilament and multifilamentary samples and the critical 

current distribution in the samples. 

2.4.1 CURRENT SHARING WITH THE SAMPLE HOLDER. 

The problem of current sharing between the sample holder and the 

sample has been analysed. In general, the practice for measuring the critical 

current (Ic) is to mount the superconducting sample on a high resistivity 

conducting barrel in order to prevent a significant amount of current being 

transferred to the sample holder once the critical current has been exceeded 

in the superconductor. In contrast, a low resistivity barrel, by reducing 

the power dissipated during the transition and providing a high thermal 

conductivity path to the cryogen, allows the superconductor to be more stable 

thermally , thus permitting the V(I) transition to be measured to higher 

currents [3]. However, use of a low resistance barrel produces a change in 

the Ic measured by either a constant resistivity or voltage criterion [3]. In fact, 

the value of Ic and Jc measured is a strong function of the barrel resistance. 

A higher resistivity barrel results in a higher transition voltage for a given 

value of current, and consequently the value of critical current measured is 

lower. The n-value is also dependent on the barrel resistance. A higher 

resistivity barrel results in the voltage across the sample rising rapidly with 

increasing current and thus the exponent 'n' in the fitted equation V . In has 

a greater value as compared to a test conducted with a lower resistivity 

barrel. 
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This measurement problem has been solved in the past by doing a 

"current correction" [3,8]. Assuming that the sample holder and the 

superconducting sample are connected in a parallel circuit, and by measuring 

the resistance of the sample holder at the operating temperature, one can 

calculate the amount of current flowing through the sample holder (at a given 

voltage) and subtract it from the measured current to obtain the current 

flowing through the superconductor. This method works very well for 

obtaining consistent values of Ic and the n-value (defined from V cc In ) for a 

sample mounted on different sample holders [3,8]. However, the V(I) curve 

corrected in such a way tends to turn backward at higher values of voltage, 

which implies that the resistance (i.e. slope) of the superconductor is 

negative, a situation physically untenable. 

Now the question arises what effect does current sharing with the matrix 

have on the determination of the Ic distribution? Assume that our sample is a 

monofilament or a multifilament superconductor with a shunt (matrix + sample 

holder) in parallel. Also assume that these filaments are composed of a finite 

number of sections with different critical currents for each section. In the 

limiting case, this critical current variation becomes continous and represents 

the Ic distribution along the sample. At lower values of current, all the 

sections of the filament are superconducting, and so no voltage signal is 

recorded across the sample. However as the current exceeds the critical 

current of any section of the filament, all the excess current flows into the 

local shunt material, and produces a voltage signal. This happens because 

the flux flow resistivity of the superconductor is about three orders of 

magnitude greater than the shunt resistivity [6]. 

The point to note is that the current transfer to the shunt is still controlled 

by the Ic distribution, 41), because the Ic of a given section of the wire does 
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not depend on the shunt resistance. The only effect on the V(I) curve is the 

magnitude of the voltage measured, which as discussed before, increases 

with the resistance of the shunt. This shows that to determine the current 

distribution information of the sample we do not need to do any sort of current 

correction. We thus expect to see similarities in the critical current distribution 

of the samples tested with different sample holders, although their V(I) 

transition curves might be different in magnitude. 

The experimental results following the above discussion will be described in 

section 3. 

2.4.2 RELATION BETWEEN FILAMENT AREA DISTRIBUTION AND 
CRITICAL CURRENT DISTRIBUTION. 

According to the monofilament model of V(I) transition described earlier 

[2,6], the second derivative of the V(I) transition should be equal to the 

distribution of critical currents along the length of the superconductor. This 

distribution may be attributed to extrinsic or intrinsic limitations. It has been 

observed that in most of the practical superconductors, the reasons for the 

non-unique value of the critical current are the extrinsic limitations [6,9,10]. 

Now assuming that the distribution of the critical currents in a 

multifilamentary superconductor is due to some variation in the effective 

superconducting area along the length of the filament and if the wavelength 

of this variation is very small as compared to the length of the sample [6], 

then any variation in the cross section area along the length of an individual 

filament should also be observed if we cross section a large number of 

filaments at the same point and see the variation in the areas of the 

filaments. That is to say that if the sausaging varies randomly along the 
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filament length, we should be able to see this variation if we cross section 

many filaments at the same point. 

Previous work done by Warnes [2] predicts that the effect of filament 

sausaging can be noted in the second derivative V(I) transition curves. Work 

done by High et al [11] shows that there is a correlation between the critical 

currents and filament damage as measured by the standard deviation of the 

filament areas divided by the mean area (a/mean). If we believe the current 

transfer model [2,6], then any critical current distribution along the length of a 

monofilament - either due to changes in microstructure or area variation 

should be instrumental in determining the shape of the V(I) transition curve 

and we should expect to see it's effect on the second derivative of the V(I) 

curves. 

Now having established that the second derivative distribution yields 

information about the Ic distribution, the question arises - is it possible to use 

the second derivative curve to determine whether a composite is limited 

intrinsically or extrinsically? We have tried to answer the question by 

measuring the shape of the Ic distribution and correlating it to the variation in 

the area of the filaments along their length. This has been done both for a 

simpler monofilament system as well as a multifilament superconductor. 

2.4.3 PROCESSING AND AREA VARIATION 

In a multifilament superconducting composite the filaments near the outer 

edge are responsible for shielding the inner filaments from changes in the 

magnetic field. Thus when a transport current is flowing through the wire, the 

filaments on the edge are the ones which initially control the overall critical 

current distribution (because they are exposed to higher magnetic fields as 

compared to the filaments relatively near to the center of the wire and thus 
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have lower overall critical current values). Thus any variation in the cross 

sectional area of the edge filaments plays an important role in controlling the 

critical current distribution in the wire. 

During the wire manufacturing process, the mechanical support offered to 

the filaments at the edges of the filament pack is less uniform than that for 

those in the center of the pack. We would therefore expect to see more 

variation in filament areas in the edge region than in the center. 

A micromechanics model developed by Guo et at [12] for multifilamentary 

Nb-Ti superconductors predicts that when such a composite is subjected to 

axial loads (typical during the wire drawing process), the stresses at the inner 

edge of the filament pack are greater than those at the outer edge (see 

Figure 8). These stresses play an important role in filament sausaging and 

thus the filaments at the inner edge are expected to have more variation in 

the filament area than the outer edge. 

2.5 SUMMARY OF THEORY 

A superconductor with an "ideal pinning" mechanism is expected to have 

a well defined value of critical current which is the value at which all the flux 

lines "de-pin" simultaneously from the pinning centers. However, most of the 

practical superconductors do not have a unique value of the critical current. In 

fact the critical current is distributed over a range of values. This distribution 

may be due to a variation in the pinning centers of the material at various 

points (intrinsic limitation) or a variation in the effective cross section area of 

the filaments (extrinsic limitation). Based on previous work done by Fournet 

and Baixeras [7], a model was proposed by Warnes et al which predicted that 

this distribution of critical currents can be related to the second derivative of 

the V(I) transition curve. 
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NbTi filaments embedded 
in Cu matrix 

Figure 8. Schematic diagram showing the cross-sectional 
layout of the superconducting composite used in this study. 
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The magnitude of the V(I) transition curve is strongly dependent on the matrix 

resistance in a superconducting composite. Our analysis predicts that in spite 

of the magnitude dependence of the V(I) curve, the second derivative shape 

of the V(I) should be independent of the matrix resistance as it is related only 

to the critical current of the superconducting filaments a property 

independent of the matrix resistance. 

The model proposed by Warnes et al has been consolidated by relating 

the second derivative V(I) curves to the critical current distribution and area 

distribution in mono & multifilamentary superconductors respectively. 

Also, according to a micromechanics model proposed by Guo et al [12], 

whenever a composite wire (of our configuration) is subjected to axial loads 

(e.g. in a typical wire drawing process), the stresses at the inner edge are 

more than that at the outer edge (See Figure 8 for definitions of inner and 

outer edge). We thus expect to see more variation in the filament areas at the 

inner edge than at the outer edge. 
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3. EXPERIMENTAL, RESULTS AND DISCUSSION 

3.1 OBTAININING V(I) AND 2nd DERIVATIVE V(I) CURVES 

The measurement of the V(I) characteristic curves is done using the four 

probe measurement technique. The wire sample is subjected to the required 

test field and temperature (usually 4.2 Kelvin, boiling He2) and a slowly 

increasing DC current is passed through it. The voltage drop is measured 

between taps soldered along the length of the wire sample. The V(I) 

characterestic is obtained by plotting the voltage as a function of the current 

in the sample. 

3.1.1 SAMPLES 

Two different types of wire samples monofilamentary (produced by 

Supercon Inc. and University of Wisconsin, Madison) and multifilamentary 

(produced by Teledyne Wah Chang Albany) were used for the study. The 

diameter of the monofilament wire was 0.0455 inches and the diameter of the 

multifilametary wires was 0.0318 inches. The multifilamentary wire had about 

7200 Nb-Ti filaments, each with a diameter of - 6pm. The general layout of 

the multifilamentary composite is as shown in Figure 8. 

3.1.2 MOUNTING 

The wire samples were mounted on a spiral grooved sample holder 

(barrel) made of brass, copper or stainless steel (Figure 9). The mounting 
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Figure 9. Elevation and plan of the wire sample holder. 
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was done by wrapping the wire onto the barrel and holding it there with 

clamps. The barrel and the wire were then heated to a temperature of about 

150°C and Pb-Sn solder was applied until it wetted the whole wire-barrel 

contact surface. The barrel was then water quenched and the clamps 

removed, the wire being firmly soldered to the barrel. 

The solder serves the dual purpose of holding the wire mechanically to 

the barrel and establishing an electrical and thermal contact between the 

barrel and the wire, thus allowing the sample to be thermally stable at higher 

testing currents. The barrel is mounted at the end of a rigid copper conductor 

assembly designed to transfer current to the wire sample and long enough to 

center the barrel in the testing dewar. 

The voltage taps consist of four twisted insulated wires. Taps are co

wound with the sample to reduce inductive voltage loops. They are soldered 

to the sample, one per turn, over the central 33 cm of the sample, with the 

spacing between two taps equal to -11 cm. Four taps are useful in 

measuring voltages in different regions of the sample and also act as backup 

in case one or two taps are broken during the test. All taps are far enough 

from the ends of the sample to eliminate any current transfer voltages [13]. 

Sample current is supplied by a computer controlled DC power supply and 

is increased in a step-wait fashion to eliminate any induced voltage signals. 

The sample voltage is measured over the longest tap length possible to 

obtain maximum sensitivity. The voltage is measured by either a Keith ley 155 

null detector microvoltmeter or a Keith ley 182 sensitive digital voltmeter and a 

proportional amplified signal is fed to the computer for recording. The 

software on the computer allows the user to increase/decrease the current 

through the sample at a controlled rate and record the voltage and the 

current. 
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The magnet system consists of a 9T Nb-Ti superconducting solenoid 

immersed in a liquid nitrogen shielded helium cooled dewar. The sample is 

placed inside the superconducting solenoid's bore and is in pool boiling 

helium during the entire test. 

The magnet is powered by a computer controlled DC power supply and 

the value of the field is recorded by the computer from a calibrated shunt 

connected in series with the power supply. The test is carried out with the 

magnet in the persistent mode to avoid any induced voltages being 

developed across the the sample due to changes in the magnet current. A 

schematic of the testing system is shown in Figure 10. 

3.1.3 SECOND DERIVATIVE V(I) PLOTS 

The V(I) characteristic curve is recorded by the computer as (V,I) data 

point sets. Digital filtering techniques are thereafter used to smooth and 

differentiate the data. 

The second derivative for a given data point is found by fitting 'm' points 

on either side of the desired point with a polynomial equation (generally 

degree 2 or 3) to smooth it and then obtaining the second derivative from the 

coefficients of the fitted equation. 

Smoothing can be increased/decreased by setting the comb size 'm' and 

the degree of the polynomial fit. There is however a tradeoff in setting the 

smoothing comb size and the polynomial fit values. A high value of comb size 

(m' results in more smoothing whereas a large degree of polynomial results in 

a more noisy curve. So there needs to be a balance between accurately 

representing the data and smoothing. In any case, the software gives the 

user the flexibility of choosing the comb size and the degree of the polynomial 

and changing them at will. 
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Legend : 
1. Sample current shunt voltmeter 
2. 750 Amps power supply 
3. Keithley 182 Voltmeter 
4. 125 Amps power supply 
5. Magnet current shuntvoltmeter 
6. Persistant mode switch control 
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Figure 10. Diagramatic representation of the Digital Aquisition 
setup used to measure the V(I) characteristics of the 

superconducting wires in this study. 
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3.2 EFFECT OF BARREL RESISTANCE ON THE V(I) AND 2nd 
DERIVATIVE V(I) 

To see the effect of the barrel resistance on the V(I) and the second 

derivative V(I) curves a multifilamentary wire sample was mounted on two 

different barrels made out of brass and copper, with a factor of three 

difference in resistivities. Each sample was then inserted in the required 

magnetic field at 4.2 Kelvin and the V(I) and the second derivative V(I) curves 

obtained using the procedure laid out in the previous section. 

The resulting curves are presented in Figure 11. It can be seen that the 

V(I) curves for different barrels are quite different (Fig. 11a), but the second 

derivatives show a good agreement with regards to their shape and boundary 

limits (Fig 11 b). 

Also note that the area under the second derivative copper curve is less 

than the brass curve due to the fact that the resistance of copper is less than 

that of brass. This result was expected from the monofilament model, i.e. the 

total final resistance (after the whole length of the monofilament has become 

non-superconducting at high values of current) is the area under the second 

derivative V(I) and should be equal to the shunt resistance. 

There are several implications of these results : 

1) Current sharing with the sample holder has no effect on the critical 

current distribution as measured using the second derivative of V(I). This is 

useful since measurements of Ic based on resistivity or voltage criteria are 

affected by sample holder resistance. The second derivative measurements 

of the Ic distribution therefore not only provide more complete information 

about the critical current of a material but are obtained in a sample holder-

testing independent manner. 
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Figure 11. (a) Voltage as a function of current for a sample 
mounted on two different sample holders. (b) The second 

derivative of Voltage as a function of current. Note the similarity 
in the shape and width of the second derivative V(I) plots for 

different sample holder materials. 
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2) n-value measurements are variable depending on the resistance of the 

sample holder. By simply changing the sample holder, the n-value for the 

measurements shown in Figure 11 changes from 3.5 (copper) to 7.0 (brass). 

This makes the measurement of n-value as a description of the distribution 

width meaningful only in comparing identical samples (i.e. samples with same 

copper /superconductor ratio etc.) mounted on identical sample holders in 

order to keep the shunt resistance constant. The second derivative 

measurement of the Ic distribution does not depend on the shunt and is a 

much more solid description of the variation in the Ic than the n-value, though 

much more difficult to perform. 

3) When performing measurements of the Ic distribution by second 

derivatives, the test should be performed on as low resistivity a sample holder 

as possible consistent with producing measurable voltages. This will provide 

the most stable, lowest power dissipating conditions for the extended 

transition measurements. 

3.3 RELATIONSHIP BETWEEN CRITICAL CURRENT DISTRIBUTION AND 
SECOND DERIVATIVE V(I) 

3.3.1 MONOFILAMENTS 

A monofilament Nb-Ti wire was mounted on a brass barrel and the V(I) 

transition curves were obtained in magnetic fields of 2 Tesla and 1 Tesla (The 

test fields chosen were low because the monofilament was not heat treated 

and was expected to have a low overall critical current). After obtaining the 

V(I), the sample was then mechanically deformed at different places along it's 

length such that the flattened surfaces were parallel to the applied magnetic 

field during testing. 
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The places where the wire was plastically deformed are expected to have 

an increased lc because the pinning centers come closer and become more 

aligned to the applied magnetic field due to the deformation [14] and thus are 

more effective in holding the fn. 

The second derivative V(I) plots (Figure 12(a)) of the undeformed sample 

show a single well defined peak. The second derivative V(I) plots of the 

deformed samples also show the same primary peak, unshifted in location, 

with no broadening. However, a second distinct peak appears in the 

deformed samples at a higher value of current, relative both to the primary 

peak and the peak in the undeformed measurements. This indicates that the 

critical current of some sections of the wire actually increases with respect to 

the original undeformed wire, as expected from the above discussion. 

The linear ratio of the deformed to the undeformed section of the wire is 

about 1:11. The ratio of the areas under the primary and the secondary 

peaks of the second derivative V(I) in the deformed sample is about the 

same (1:16 - 1:20). This is as expected because the ratio of the area under 

the two peaks in the second derivative of the deformed sample represents 

the relative resistance of the matrix around the deformed and the undeformed 

part. This deformation varies along the length and thus the ratio should be 

the same as the ratio of the lengths of the deformed and the undeformed 

parts. The preliminary conclusion of this result is that the second derivative of 

the V(I) plot is a good way to represent the critical current distributions along 

the length of the wire. 

Encouraged by the results of this experiment, we conducted a second 

detailed experiment. A NHT (non heat treated) monofilament wire sample 

obtained from the University of Wisconsin, Madison was deformed by 

pressing at different regions along it's length, as shown in figure 12(b). The 
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Figure 12 (a). The second derivative V(I) curves plotted as a 
function of the current for a monofilament sample at two 

different fields. Note the presence of an extra peak when the 
sample was deformed. 
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Figure 12(b). Schematic representation of the wire, showing the 
regions which were deformed. 
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Figure 12(c). V(I) transition curves for the original and then 
deformed monofilament sample. 
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Figure 12(d). Second derivative V(I) for the deformed sample 
as a function of the Magnetic field. Notice the resemblance in 

the shape of the curves at different fields. 
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sample was then wound on a Stainless Steel barrel in a way so as to keep 

the flattened surfaces perpendicular to the applied field direction. A non-

deformed monofilament was also mounted separately to be used as a control 

sample. V(I) and second derivative V(I) plots of the samples were then 

obtained at fields of 0.5T, 1T and 2T (Figures 12(c,d)). 

The following points are worth observing: 

1. There is more than one single peak observed in the second derivative 

V(I) plots (Figure 12(d)) at different magnetic fields, which is due to the 

regions of different critical current along the length of the superconductor as 

explained by the current transfer model of Warnes et al [2,6]. 

2. It was anticipated that all the flattened surfaces of the sample would be 

perpendicular to the applied magnetic field. However, after mounting it was 

observed that section 'c' (Figure 12(b)) was not exactly perpendicular to the 

applied magnetic field direction (and was therefore expected to have a lower 

lc than regions 'a' & 'b' as explained by [14] ). According to Warnes' critical 

current flow model, the ratio of the area in the second derivative V(I) under 

the two peaks associated with these regions of critical current should be 

equal to the ratio of their lengths along the axis of the wire. 

The following corresponding results were obtained : 

1. Length ratio of section 'c' : 'a' + 'b' = 1 : 5 

2. Ratio of area under associated peaks = 1 : 6.6 (Figure 12(d)) 

Also, the two peaks are observed at positions which are relatively 

consistant with the model, that is the smaller peak associated with the weaker 

link (non parallel to the applied magnetic field) occurs at a lower critical 

current compared to the bigger peak. 

We also anticipated a peak associated with higher critical currents in the 

undeformed part (Figure 12(c)), but the V(I) test could not be extended to 
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high enough currents due to sample heating and maybe is the reason of non-

observation of this higher peak. 

However we can safely conclude that the V(I) transition is related to the 

critical current distributions. Also, a small volume of the wire can control the 

overall critical current as depicted by Figure 12(c). 

3.3.2 MULTIFILAMENTS 

3.3.2.1 Second derivative lc distribution 

SSC(Superconducting Super Collider) inner style wire samples supplied 

by Teledyne Wah Chang, Albany were mounted on a brass barrel and the 

procedure described in the previous sections was used to obtain the V(I) and 

the second derivative V(I) characteristic curves at four different fields (8 

Tesla, 7 Tesla, 6 Tesla & 5.6 Tesla). Repeat measurements on the same 

sample, even for different barrels, have shown good repeatability (Figure 

11b). A set of Ic distribution plots for the sample at different magnetic fields is 

shown in Figure 13. It is observed that almost all the features of each plot are 

reproduced at different fields. In order to compare the features seen at each 

field, the Ic distribution points are scaled by the current at the peak of the 

distribution (see Figure 14), thus removing the effect of the change of the 

critical currents due to the magnetic field. It is interesting to note (Figure 14) 

that the distributions show reasonable scaling with magnetic field both in 

terms of the total distribution width (30-40%) and the peak positions. 

3.3.2.2 Area distribution of filaments 

Sample wires were cut perpendicular to their axis. They were then 

ground, polished and etched to distinguish individual filaments from the 

matrix. The micrographs (Mag. 600 X) were digitized with the help of a digital 

image analysis system connected to an optical microscope. Individual areas 
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Figure 13. The second derivative V(I) plotted as a function of 
the current in a multifilamet sample. 



45 

1.0 

Current (Normalized) 

Figure 14. The second derivative V(I) plotted as a function of 
the current in a multifilament sample. The current axis has been 

normalized w.r.t. the maximum peak positions (compare with 
Figure 13). Note the consistancy in the shape and the range of 

the second derivative V(I) curves. 
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of about 600 filaments were obtained from the digital analysis system. The 

unit of measurement for the area is the number of pixels within each filament, 

and is arbitrary based on the resolution of the digitizer. A normalized 

distribution plot from one sample is shown in Figure 15. Such distribution 

plots were obtained for five different samples. In all the wires examined, 

there is clearly a double peak in the filament cross sections, with about a 12 

% separation in the peaks. The total distribution width is about 40% for all the 

samples examined here. The area distribution plot shown in Figure 15 was 

obtained by combining areas from two different (but overlapping) regions of 

the same sample (Figure 16). Care was taken to adjust the thresholding in 

the image analysis program so that the same filaments appearing in the 

overlapping region had the same area. 

It is worth noting that the normalized positions for the primary peaks 

appear in both the Ic distribution and the area distribution curves. The 

normalized positions of the filament area distribution peaks are 1 and 1.11 

which roughly match the position of the same features in the second 

derivative V(I) distributions. The secondary peaks in the Ic distribution vary in 

position between about 1.1 1.15. 

There are additional peaks in the Ic distribution which are not associated 

with peaks in the area distribution but may be due to inter-filament current 

transfer, as described in reference [2], or by intrinsic pinning force variations. 

The match between the identifiable peaks in the filament area distribution 

and the second derivative Ic distribution indicates that there is a coupling 

between the Ic distribution and the linear geometry of the filaments. The 

agreement between the Ic and area distribution widths and the approximate 

normalized peak positions at all fields is an argument for a correlation 

between the filament area distribution and the critical current distribution 
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measured from the V(I) curve. Given the uncertainties inherent in both the 

image analysis and second derivative shape analysis, an exact overlap and 

matching would be surprising. The results do however suggest that a simple 

model [2,6] for V-I transition can predict the behavior of the SSC type 

samples which we have studied. 

3A PROCESSING AND FILAMENT AREA VARIATION 

Multifilamentary composite wires were used for the area analysis. Three 

samples with slightly different processing conditions were analysed. Each of 

these wires had about 7200 Nb-Ti filaments embedded in a copper matrix 

and essentially in an SSC design.(Figure 8) 

The wire samples were cut and polished to obtain a cross section of the 

filaments. A staining etch was applied to increase filament contrast. A video 

digitizer connected to an optical microscope and a computer was used to get 

the micrographs for image analysis. The image analysis software (Image 

Analyst) identified the individual filaments and the area of each filament was 

determined. For a given set of filaments, the mean area and the standard 

deviation (o) depended strongly on the grey value threshold chosen, but the 

a /mean was found to be nearly constant over a certain range of threshold 

values (Figure 17). A value of threshold from this plateau region of the graph 

was chosen for image analysis. As discussed in section 2.4.3, during the 

wire drawing process, the mechanical support offered to the filaments at the 

edges of the filament pack is less uniform than that for those in the center of 

the pack. We would therefore expect to see more variation in filament areas 

in the edge regions than in the center. 
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Figure 18. The sigma/mean of the filaments (which signifies the 
variation in the areas) plotted as a function of the number of 

neighboring filaments. As the number of neighbors increase, the 
sigma/mean decreases. Also, the sigma/mean is more at the 
inner edge of the samples as compared to the outer edges. 



52 

We measured the 6 /mean ratio for filaments on the edge with 3, 4, 5 and 

6 neighbouring filaments (Figure 18). Due to the hexagonal packing of the 

filaments, the maximum number of neighbours for any given filament is 6. 

Two different sets of 6-neighbour filaments were examined, one close to the 

edge and the other relatively near to the center. 

It was observed (Figure 18) that the &mean of the filaments decreased as 

the number of neighbours increased. This can be explained by the fact that 

the mechanical support is more uniform in filaments surrounded by other 

filaments from all the sides as compared to the ones which are non-uniformly 

supported. 

The majority of the filaments have six neighbours and show little variation 

in 6 /mean across the composite. In fact, no difference is seen between 6

neighbour filaments in the center of the filament pack, and those within one 

row of an edge. This shows that the unbalanced mechanical support during 

fabrication deformation is limited to the outside row of filaments. 

Also, as expected by the micromechanics model proposed by Guo et al 

[12] the in-plane stresses, which are needed to develop filament sausaging, 

are found to increase across the filament pack and are maximum at the inner 

edge of the filament pack. The a/mean was measured to be larger for 

filaments at the inside edge than on the outside edge (Figure 18). This 

implies that the inside edge of the filament pack is the most critical one for 

initiating filament sausaging instabilities. 
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4. CONCLUSION
 

The results obtained in this work can be categorised into three parts. 

1. Current sharing with the sample holder : According to the Ic distribution 

model proposed by Warnes et al [6], it was argued that the current sharing 

between a superconducing wire and the matrix and sample holder should not 

have an affect on the Ic distribution as obtained from the 2nd derivative of the 

V(I) characteristic curve. Ic distributions were obtained for a sample mounted 

on two different sample holders (of varying resistivities) and the consistency 

in the shape and the range of the Ic distributions obtained consolidate the 

originally proposed model and the arguments made thereafter. 

2. Relation between 2nd derivative V(l) and lc distribution : Most of the 

commercial superconducting composites are limited in their current carrying 

capability due to extrinsic factors (such as variation in filament area along 

their length) [6,9,10]. It was argued therefore that we should be able to see a 

correlation between the Ic distribution (as obtained from the 2nd derivative 

V(I) characteristics) and variations in the filament area of a multifilamentary 

composite. There was in fact a correlation seen between the distribution in 

the filament areas and the 2nd derivative V(I) plots. In addition to this, there 

was also a correlation between externally induced microstructral damage in a 

monofilament sample and the 2nd derivative V(I) distributions. These results 

lead us to believe that Ic distributions of a superconducting composite can be 

satisfactorically obtained from the 2nd derivative V(I) characteristics. 

3. Processing and Filament area variations : According to a model proposed 

by Guo et al [12], when a composite is subjected to axial strains, the plane 
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stresses at the inner edge of a composite are more than at the outer edge. 

From image analysis studies it was found that there was a larger variation in 

the areas of non-uniformly supported filaments at the inner edge, than at the 

outer edge, which is in accordance to Guo's model. 

It was found that the variation in area for unsupported filaments decreases 

with increasing number of neighbors a filament has. This can be explained by 

the fact that there are more chances of variation in the filament area if it is 

non-uniformly supported from all the sides, as compared to if it is uniformly 

supported. 
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