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Neural Network Control of Nonlinear
 
Discrete Time Systems
 

Chapter 1
 
Introduction
 

For the past few years, the so called artificial neural networks have been an in

creasingly popular design paradigm in virtually all fields of technology concerned 

with some forms of information processing, including control systems. Artificial 

neural networks, or in short neural networks, are technical models that originated 

from biological research on functioning of a human brain. Research in neural net

works was initially motivated by the desire to understand the cognitive processes 

of human beings through mathematical analysis and simulation of artificial models 

of elements of the neural system. In addition to this, a second motivation came 

from was the attempt to imitate those abilities of a human brain that are still out 

of reach of even the most powerful computing devices available. Accordingly, there 

exist two separate, although often overlapping, branches of research in the neural 

network community, which are focused on biological and technical aspects respec

tively. The biologically oriented branch is mainly concerned with research of human, 

or more broadly speaking, animal brains. The primary goal is to model biological 

neurons and neural systems as accurately as possible, and the resulting artificial 

neural network is treated most often as a tool for analysis and understanding of the 

actual neural systems. Consequently, the information processing mechanisms used 

in the artificial models are required to be biologically plausible. The engineering 

branch, on the other hand, is mostly concerned with imitation of certain abilities 

of human brains, with not much attention given to accuracy of the artificial model 

with respect to the biological prototype. The main objective is to obtain devices 

capable of performing difficult tasks in an "intelligent" way, which does not nec

essarily mean the way humans would perform them. In this approach the actual 
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neural systems are merely a motivation, an initial step. Thus the artificial neural 

networks are not required to display biologically plausible features, and in fact often 

use information-processing mechanisms impossible in living organisms. Nevertheless, 

the basic structure of networks used in the two approaches is the same, and can be 

most succinctly characterized as a network of very simple processing elements, neu

rons, connected to each other through transmission channels called synapses. The 

structure is distributed, that is simple computations are performed independently 

in each neuron and the resulting signals are then sent to other neurons. The com

putations are also usually local, in the sense that the neuron uses only information 

from its set of inputs which most often represents signals from only a portion of 

other neurons. Because of this interconnected structure the neural networks used 

in technical applications are often called connectionist models, to accentuate their 

being only crude models of biological neural systems. Accordingly, the whole field of 

research is sometimes called connectionism. Here however, the more popular term 

neural networks, or sometimes simply networks, will be used. 

One of the most popular areas of applications of artificial neural networks has 

been the control of nonlinear dynamical systems. The reason for this is that despite 

great advances in control theory, there are still numerous control problems that 

cannot be satisfactorily solved using more conventional, analytical methods. These 

include systems for which no accurate analytical model is available, or the existing 

model is too complicated for use in the process of controller synthesis. The exist

ing nonlinear control theory offers design techniques dependent upon availability of 

a detailed model of dynamics, which is required to satisfy many difficult to verify 

and often restrictive assumptions. On the other hand, linearization techniques give 

results that are local in nature and often not sufficient enough for systems with wide 

range of operating conditions. Thus, a need exists for novel and effective control 

schemes, and neural networks have been proposed as such a method. The obser

vation, that humans are often able to learn to successfully perform control tasks 

which are too difficult for even the most sophisticated control algorithms, has been 
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projected onto artificial models of human neural systems. This optimistic belief in 

superior abilities of artificial neural networks is most often unfounded, as they are in 

no respect accurate representations of actual brains. Nevertheless, artificial neural 

networks did prove to be an effective design paradigm for the synthesis of nonlin

ear controllers. They have been shown to possess certain universal approximation 

properties which allow their use as control algorithms for a large class of nonlinear 

dynamical systems. Still, the theory behind such applications is unsatisfactory and 

does not provide enough justification for many of the apparent successes. In this 

work, an attempt is made to contribute to the growing theory of neural control with 

respect to a class of optimal control problems. Also, a heuristic approach to the 

control of uncertain systems using neural network methodology will be presented 

and illustrated on a simple example. 

In the remaining part of this chapter some historical background will be given 

on neural networks, the applicability to control systems will be discussed, and the 

focus of this dissertation will be explained in some detail. 

1.1 Historical overview 

The origins of the research on artificial networks may be traced to early 1940s, when 

the first quantitative studies on the behavior of human neurons were published. In [1], 

a mathematical model was constructed which described a neuron as a simple infor

mation processing unit, transforming a set of external stimuli into a single response. 

That model, formulated as a simple mathematical function, is still currently used as 

a foundation for a majority of neural network architectures. Its main significance 

lay in the implication that it should be possible to express functions of the brain, 

and in particular the phenomenon of intelligent thinking, by a set of mathematical 

equations. Subsequently, a learning law was suggested in [2], which explained how 

the neuron function might change according to a prevailing type of stimuli, or, as an 

engineer might say, current operating conditions. The proposed model of the learn

ing process consisted of adjustment of the synaptic strength, or weight, associated 
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with particular stimuli. The idea of learning through weight adaptation has been 

since utilized in all training algorithms for artificial neural networks. Demonstration 

that the phenomenon of learning can be exhibited by a properly built mathemati

cal model was quite a revolutionary achievement. In particular, it implied that any 

object behaving according to that mathematical description would also appear to 

learn from, or adapt in an intelligent way to its environment. Thus, a possibility of 

building a thinking machine was presented. With the advent of the first electronic 

computers around that time, this possibility appeared very realistic, and it was not 

very long before such attempts were undertaken. 

The actual beginning of artificial neural networks as a separate discipline can be 

dated to the 1950s, and to the perceptrons [3]. Originating from efforts to model 

and imitate functions of the human retina, those early neural networks were intended 

mainly for recognition and classification of visual patterns. Publication of the then 

celebrated perceptron learning algorithm and of mathematical proof of its conver

gence lent much credibility to the successful application of perceptrons to various 

classification problems. Positive coverage by the popular press, and general public 

belief in almost unlimited possibilities of scientific progress, added to widespread 

enthusiasm about the newly developed machines. Accordingly, expectations were 

raised very high and construction of truly thinking and intelligent machines seemed 

imminent. 

The abrupt end to that first heroic period of neural network research came in 

late 1960s and is usually credited to publication of [4]. That work exposed serious 

theoretical limitations of applicability of perceptrons to more complicated problems. 

In particular, the class of classification problems, which the most widely used single-

layer perceptrons were able to solve, was shown to be very small. Thus, even though 

the single layer perceptron was theoretically guaranteed to learn fast, it could not 

learn much. On the other hand, for multi layer perceptrons, which could solve a 

much larger class of classification problems, no learning algorithms were available. 

This argument, rather than to prompt further research into learning of multi layer 
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networks, was perceived as a proof that the perceptron architecture was unfit for 

application to any real life problems, and, as it is generally believed, lead to almost 

complete termination of research funding, and consequently of research itself. In 

the revised version of that book, the authors denied their responsibility for single

handedly killing perceptrons, arguing instead that the catastrophe had been already 

imminent due to incompatibility between overblown expectations and actual limited 

capabilities and achievements. Whatever the actual reason, by the end of the 1960s 

research in the field had ceased almost completely. 

The revival of neural network research was observed in the mid of 1980s, and 

again is largely attributed to a single book [5], and in particular to the famous 

backpropagation learning algorithm included therein. Through slight modification 

of the structure of the artificial neurons, the problem with training of multilayer 

networks was successfully overcome and the spectrum of prospective applications 

of artificial neural networks widened almost unboundedly. It must be remarked 

however, that the same algorithm had been already published at least twice [6], [7], 

so that its reintroduction in [5] was a marketing success, rather than a research 

breakthrough. Also other neural architectures were being introduced at that time, 

most notably recurrent networks of Hopfield [8], whose prestige was instrumental in 

bringing artificial neural networks from oblivion back into the mainstream science 

and engineering. Yet, since the majority of practical applications involve in some 

form the backpropagation method or one of its derivatives, it is customary to regard 

[5] as the beginning of a new era in neural network research. 

A few recent years witnessed a very high level of activity in the field of artificial 

neural networks. It may be said that in almost every field of technology there have 

been, reportedly very successful, applications of neural networks. These include ar

eas as diverse as aircraft control, power systems operation, earthquake prediction 

or financial market analysis. Even though occasionally unsubstantiated claims are 

made, and applications are attempted to problems easily solved by other well estab

lished methods, the general atmosphere is much more calm than 30 years ago. Today, 
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hardly anybody perceives neural networks as a panaceum for all difficult problems, 

and it is realized that the dream of a thinking machine must be postponed until an 

unspecified future. Also the field experienced a considerable influx of respected re

searchers from other fields, who brought in more of the much needed scientific rigor. 

In particular, much attention was given to the analysis of mathematical properties 

of the networks, resulting in significant advances with respect to representation and 

approximation properties. Therefore there seems to be no immediate danger of the 

field collapsing again, with its hidden flaws suddenly exposed by some groundbreak

ing publication. Neural networks now constitute a more mature and well established 

discipline which displays no signs of imminent demise. It may be said that the wave 

of activity in neural networks has subsided a little since its peak a few years ago. 

This, however, indicates rather a transition from the phase of overenthusiastic appli

cations to everything, to a period of more systematic and thorough research, when 

the true advantages of neural networks will be exploited where really applicable. It 

is predicted and hoped that in the years to come the networks will be more often 

seen for just what they are a very convenient and flexible tool to the solution of 

some difficult engineering problems. 

1.2 Neural networks in systems and control 

The majority of applications of artificial neural networks in control systems are based 

on treating the network as a specific kind of nonlinear mapping, and then using it 

to approximate input-output behavior of some elements of the system in question. 

The situations arising may be roughly categorized into identification problems and 

controller synthesis problems. In the first case a neural network is used as a model of a 

given dynamical system, for which analytical modeling techniques are not applicable, 

or may not be accurate enough. This may be caused either by insufficient knowledge 

about the system nature, or unavailability of proper parameters which determine its 

dynamics, or both. In such a case the network is trained to imitate the behavior of 
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the system using the input-output measurements as input data. The so-constructed 

model may later be used for the purpose of prediction of the real system future 

behavior given certain outputs, estimation of signals that are corrupted by noise or 

unavailable in practice, or for the synthesis of the controller that will later be used on 

the actual system. The controller synthesis using a neural network is considerably 

more difficult than the identification task, for the reason that the desired input-

output behavior of the controller is not available for the network as the training 

data. Thus, the learning process must involve interaction of the controller with the 

system to be controlled, or with its accurate model. These issues are only signaled 

here in an informal manner, since an excellent exposition of the involved theoretical 

problems may be found in [9], [10], [11] or [12]. For numerous references to other 

works, the survey paper [13] or books [14], [15] can be consulted. 

The theoretical foundation for applications of neural networks to control problems 

is provided by function approximation results, which will be reviewed in chapter 2. 

However, exactly how much justification that theory provides, remains largely un

clear. A recent paper [16] highlighted deficiencies of the available theory, stating 

that the most widely used neural architecture with continuous neurons is generally 

not sufficient for the most fundamental task of stabilization of nonlinear dynami

cal systems. It was shown that since the stabilizing feedback mapping cannot be 

guaranteed to be continuous, the available theorems on approximation of continuous 

functions by multilayered networks are in fact of little use. A symptomatic response 

to those findings may be found in a paper [12] by a leading researcher in the field, 

where first the problem was acknowledged, and then it was stated that only systems 

which allow continuous feedback would be considered. Similarly in other papers it is 

simply postulated that an appropriate feedback policy may be realized by the neural 

architecture being considered, and with this assumption already made other prob

lems are addressed. The author of this dissertation also used the same path, in the 

paper [17], on the approximation of optimal control by neural networks. There it was 

"tacitly assumed" that the control policy in question can indeed be approximated 
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by a continuous function, and consequently by a neural network. Such approach 

may be acceptable in application studies, where it is usually very difficult to verify 

mathematical properties of the controlled system, and it is routinely assumed that a 

chosen design paradigm is applicable to the given problem. It is important however 

to be sure, that the class of systems, for which this assumption actually holds, is 

not empty. Thus, there is an urgent need to identify classes of dynamical systems 

and types of control tasks for which application of artificial neural networks in the 

capacity of controllers is theoretically justified. 

1.3 Focus of this work 

The main part of this dissertation addresses the above mentioned existence problem 

in the context of optimal control. The developments are carried in the discrete 

time setting, which corresponds to a majority of modern computer-based controller 

implementations. The considered class of dynamical systems corresponds to physical 

continuous-time systems under sampling. It is true that, if the sampling is fast 

enough, it is possible to consider the discrete time control as a sufficiently accurate 

approximation of continuous-time control, and consequently perform the analysis in 

the continuous time. It turns out, however, that the analysis in the discrete time 

setting is more convenient for the problems studied here. 

The controller design approach being investigated is an approximation of optimal 

control policies by neural feedback controllers. The general idea is that the solutions 

of the easier task of open-loop optimization be used as training data for a neural 

network to learn the underlying optimal control law. This approach has already been 

successfully applied, however with no supporting theory available. The question 

addressed here is whether, and when, it is indeed feasible to approximate an optimal 

control policy by a neural network controller. The controller structure considered is 

that of the state feedback. The problem is studied for the two most common cases 

of optimal control: time optimal control, which is investigated in chapter 3, and 
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a generalization of quadratic optimal control considered in chapter 4. With fairly 

general assumptions, existence of near optimal controllers is demonstrated in a class 

of multilayered networks, which realize discontinuous mappings. Somewhat weaker 

approximation results are also established for controllers realizable by multilayered 

continuous networks. These results are obtained using the already standard theory 

on function approximation by neural networks, which is reviewed in chapter 2. All 

the neural architectures discussed here are also defined therein. 

The last chapter of the dissertation presents a heuristic neural network based 

controller architecture, for which no relevant theory has been yet established. The 

approach is illustrated using an example of a complicated control problem related 

to stabilization of interconnected electric power transmission systems. The assumed 

controller structure, based on physical features of the modeled system, is that of 

output, rather than state feedback. While lacking theoretical justification for its 

applicability, the proposed controller is demonstrated to offer near optimal perfor

mance. This dichotomy of the dissertation in a way epitomizes the current condition 

of neural network control, where most of the successful practical applications lie 

outside the scope of available theory. Thus, the urgent need for closing this gap is 

further emphasized. 
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Chapter 2
 
Feedforward networks
 

The neural network architecture considered here are multilayered feedforward 

networks, also known as multilayered perceptrons. Even though numerous other 

neural network structures have been proposed, feedforward networks remain the 

most widely used paradigm. In control applications in particular, it may be claimed 

that the overwhelming majority of applications of neural networks involves multi-

layered perceptrons used with some version of supervised learning. The architecture 

is based on the original perceptrons [3], which were developed as an attempt to 

model functions of the human retina. The intended application of the perceptrons 

was classification of visual patterns into a finite number of prespecified categories, 

and consequently the output of the network was of binary nature. The same ba

sic structure remains in use today, with the only substantial modification being the 

replacement of discontinuous binary valued activation functions with smooth ones. 

Thus the output signals change continuously with the inputs, and the feedforward 

network is essentially a particular form of heavily overparametrized nonlinear finite-

dimensional mapping. Consequently, most questions about such networks can be 

posed as standard problems of real analysis, approximation theory or optimization 

theory, and the whole field may be viewed as a subdivision of the theory of real 

functions. 

What sets neural networks apart from other families of nonlinear functions is 

their modular and layered structure. A network consists of a large number of very 

simple, one-dimensional processing elements, called neurons, that differ only by val

ues of adjustable parameters. The data processing is distributed, in the sense that in 

each neuron only simple calculations are performed and the result is propagated to 

the next layer of neurons. Furthermore, calculation of the derivatives of the mapping 
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with respect to both independent variables and parameters can be performed in a 

similar layered and distributed manner, thus allowing for convenient software and 

hardware implementations. These appealing structural features, combined with the 

biological foundations of the architecture, caused widespread interest in multilayered 

perceptrons and gave rise to numerous applications. These in turn prompted many 

specific questions not always sufficiently well addressed in standard theory. There

fore, it is justified to devote special attention to feedforward networks, and to study 

them as a separate class of functions, with specific applications in mind. 

The popularity of this particular neural network paradigm may be partly as

cribed to theoretical approximation results available for this class of networks. It 

has been demonstrated that finite-dimensional functions realizable by feedforward 

networks are dense in several important function spaces, and thus can be used to 

approximate arbitrarily closely unknown nonlinear mappings. Thus neural networks 

may be applied to the modeling of nonlinear dynamical systems if models based on 

physical principles are inadequate or not available. Similarly, nonlinear controllers 

may be realized in the form of a neural network. The approximation results obtained 

for multilayered percetrons are only of an existential nature, and do not specify how 

to obtain the proper network (that is its size and values of the parameters) if the 

mapping to be approximated is not given in analytic form. Nevertheless those re

sults lend at least some theoretical justification to the applications of multilayered 

networks, thus adding to their popularity. 

The other reason behind the widespread use of multilayered perceptrons is the 

availability of training procedures allowing adjustment of the network parameters 

so that the obtained nonlinear mapping satisfies postulated criteria. While other 

neural paradigms offer unsupervised self-organizing learning algorithms, feedforward 

networks are used with supervised, error-driven training, best suited for applica

tions where it is possible to specify the desired response of the network or at least 

a numerical measure of its performance. Virtually all training methods are modifi

cations or enhancements of the widely publicized backpropagation algorithm, whose 
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publication in [5] revolutionized neural network research. In retrospection it may 

be difficult to comprehend how such a straightforward development could have been 

a turning point in the history of the field. Backpropagation is a method of com

puting the sensitivities of the network output with respect to its parameters, based 

on the chain rule of calculating derivatives of compositions of functions, and the 

associated training method is a version of steepest descent optimization. Before 

backpropagation was finally popularized, the Rosenblatt's training algorithm which 

was in use, allowed training only of single-layer perceptrons, known to be sufficient 

only for so-called linearly separable classification problems [4]. The introduction of 

smooth neurons and of backpropagation training, suitable for multilayered networks, 

allowed the use of perceptrons in cases that are not linearly separable, which consti

tute an overwhelming majority of interesting classification problems. This provided 

the momentum that finally made neural networks one of the most fashionable areas 

of engineering research. 

The remaining portion of this chapter includes the review of selected topics on 

feedforward networks, that may be useful in understanding the subsequent develop

ments. First, the architecture will be described in detail. Then the available results 

on function approximation by neural networks will be reviewed. Finally training 

procedures will be discussed. All the material is standard and can be found in any 

introductory text on neural networks. Its inclusion here is intended only to provide 

a quick reference for the reader not acquainted with neural networks, with no claims 

to completeness being made. 

2.1 Feedforward network architecture 

A feedforward neural network is a nonlinear finite-dimensional mapping which can 

be interpreted as a composition of a number of simpler mappings, layers, each in 

turn consisting of several real-valued functions, neurons. All neurons in one layer 

are usually identical, except for values of parameters, which are called connection 
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weights, or, using biologically motivated term, synaptic strengths. During the net

work operation the weights may be changed, or adapted, by a learning algorithm, 

resulting in changes in the nature of the mapping from the external inputs to the 

network outputs. Depending on the manner in which the inputs and the parame

ters are treated, several separate, but closely related, meanings may be associated 

with the term network. First, the network may be understood as the following joint 

function of both inputs and parameters 

F : RN' X RN,,, -> RN° , y = F(x,w) (2.1) 

where x E RN' is the external input, w E RN- is the parameter vector, and y E RN° is 

the network output. Next, the network may mean the particular mapping obtained 

with specific value of parameter vector w = w*, so that 

Fa,* : RN' y = Fik,,(x) = 0(x, w*) (2.2) 

Additionally, for a network F in form (2.1), it is possible to define a mapping F 

associating, with every value of the parameter vector w = w*, a particular mapping 

Fw, defined by 

Fv,*(x) = (P(e))(x) = F(x,e) (2.3) 

For each of these meanings the term feedforward network can be used, depending 

on the circumstances. When the approximation results are discussed, the network 

approximating a given function will be understood in sense (2.2) that is with 

both structure and a particular parameter vector fixed. The training process may 

be viewed as an iterative search for the optimal value of the parameter vector ev, 

for which the obtained network /V0 results in the best value of a performance 

criterion. Then the term network may be used to describe the association between 

parameter values and types of input-output behavior, or a mapping in the form (2.3). 

If the training of the net is performed on-line in the closed-loop control system, 

then inputs and parameters of the net exhibit mutual dependence and have to be 

treated identically, thus the network will mean the mapping of the form (2.1). Which 

particular meaning is used here, will be usually clear from the context, and will be 

explicitly stated should any confusion arise. 
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2.1.1 Artificial neuron
 

The common feature of all artificial neural network architectures is that they are 

composed of a large number of simple processing elements called neurons. The 

structure of a typical artificial neuron is patterned after a model of a human neuron 

initially introduced in [1]. Even though biological neurons have long been known to 

exhibit much more complicated behavior than such a model, the latter is still widely 

used in artificial neural networks. Its simplicity and relatively easy implementation 

make it an appealing choice in those technical applications which do not aim at exact 

modeling and analysis of functioning of human brain. The basic neuron is a multi-

input, single-output function g : RN R, parametrized by N 1 real numbers, wi, 

i= 1,...,Nand0 
N 

g (X) = W (E WiX 0) (2.4) 

Parameters w, represent weights, or synaptic strengths, associated with each of the 

incoming signals xi. The resulting weighted sum of the inputs xi is the total activa

tion of the neuron caused by the external signals. The parameter 0 is called a bias 

or a threshold and represents the critical level of the activation at which the neuron 

changes its response. It is common practice to modify the above model of the neu

rons, so that all the parameters w, are treated uniformly as weights associated with 

the input signals. This is done by augmenting the input vector x and the weight 

vector w with an artificial unity bias signal and with threshold 0, respectively, as 

follows 

[xi, , xN, l] T 

'Cu = [wi, , wN, 6] T 

With this notation the model of an artificial neuron takes the following form 

g(x) = qi(E (2.5) 
i =1
 

with N = N 1. This simplified neuron model, with the threshold included in the 

weight vector, is often more convenient to use. For example the roles of inputs and 
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weight are symmetric, which allows for use of the same formulae in the calculation of 

sensitivities with respect to inputs and with respect to weights. On the other hand, 

it requires inclusion of additional neurons with constant outputs in each layer of the 

network, and care must be taken to distinguish between its actual and augmented 

input. As the two notations are equivalent, both will be used here, depending on 

which is more convenient. 

The function qJ : J22 --0fls commonly called a transfer function, as it defines 

the manner in which total activation of the neuron is transformed into its output 

signal. Since the term transfer function is reserved in control theory for input-output 

representation of a linear dynamical system, function kli is called here the activation 

function of the neuron. The original activation function used in early neural networks 

was the Heaviside, or step function 

{ 1 if x > 0 
klf(x) = (2.6) 

0 if x < 0 

In this case the overall function computed by the neuron is the characteristic function 

of the halfspace determined by vector w, and the threshold parameter 0 defines 

the critical level of activation signal necessary for the neuron to produce positive 

output. Artificial neurons with binary outputs approximate the functioning of human 

neurons, which either "fire" or not. The basic application of networks using this type 

of neurons was initially for the classification of input patterns (that is values of the 

input vector) into separate and well defined classes. Their main disadvantage lies in 

the discontinuity of the activation function IP, which prevents use of gradient based 

training methods. To overcome this, smooth approximations of the step function 

have been introduced. The most often used activation function is the logistic function 

W(x) = +1e_x (2.7) 

or its scaled equivalent 
1 e-x

T(x) = tanh(x) = (2.8)
1 + e-5 

Both functions are bounded, strictly increasing, and the threshold parameter 0 of the 

neuron (2.5) determines the activation level for which the output signal is halfway 
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between its maximum and minimum value. The common name used for functions 

similar to (2.6), (2.7) and (2.8) is sigmoidal or squashing function. A function 

: R R is called sigmoid, if is nondecreasing, and satisfies k1/(x) > oo 

and lims_+0 kli(x) < +coo. A sigmoid function is not required to be continuous, but 

the definition allows at most countably many discontinuities. An often used case of 

a non-sigmoid activation function is identity 

k (x) = x (2.9) 

resulting in the linear processing characteristics of the neuron (2.4). Linear neurons 

are often used in the last, output layer to allow arbitrary range of the mapping 

realized by the network. 

2.1.2 A single layer 

A layer of the network is a collection of M neurons, gi, i = 1, . . . , M, each with 

the same activation function and with the same input vector x E RN. The layer 

may also be defined as a finite-dimensional mapping G : RN > R", whose i-th 

coordinate function G, is realized by the i-th neuron gi, that is 

yi = gi(x) = IP( 02) (2.10) 

where yi is the i-th element of the output vector y , MT, and the param

eters wz,3 E 11, j = 1, , N, 0, E R are the weights and threshold associated with 

i-th neuron. A convenient notation is obtained, if the argument x is augmented with 

the bias term, to form -x" E RN+1 as in (2.5). Let W 1 vux(N+1) denote the matrix 

composed of weights tv,, , and define a nonlinear function : Rm Rm, whose 

coordinate functions 111 i = 1, M are neuron activation functions acting on 

the i-th coordinate of the argument 

= (2.11)
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Then the mapping realized by the layer may be represented as a composition of linear 

transformation W with a simple nonlinear mapping acting on each coordinate of 

WX separately. 

G(x) = ffi(W32') (2.12) 

2.1.3 Multilayered network 

A feedforward network is a collection of L layers G(1) : RN/ RI111, 1 = 1, . . . , L, 

such that M1 = N1+1, so that all outputs of the l -th layer act as inputs to the 1+1-th 

layer. The resulting mapping F : RN > N = N1, M = ML, is defined 

F(x) = G(L)(G(L-1)(. ..(G(1)(x)) ..)) (2.13) 

L times 

(0
With parameters of the l -th layer denoted as wi ,j and O 1), and activation functions 

TM, the i-th coordinate function Fi is defined 

NL N1 

Fi(x) =111(L)(OL E T(9t') wi2,i1 xi1) )) (2.14) 
iL=1 i1 =1 

A simpler notation is possible if instead of using bias terms, each layer is augmented 

with a fictitious neuron, with corresponding weights and threshold such that its out

put is nonzero and constant (that is independent from the outputs of the preceding 

layer). Then the bias term 0 may again be incorporated in the neuron weights and 

the network is represented as a cascade of linear and decomposed nonlinear functions 

vp(1)(147(1)(±1) ...)))) (2.15)F(x) = 1,11(L)(W(L)(W(L-1)( 

L times 

with 1/1/(1) being the linear mapping defined by the weight matrix associated with 

neurons of the l -th layer. 

Layers GO) corresponding to 1 < i < L are customarily called hidden layers, 

as values of their outputs are not "visible" directly outside the network, and they 

affect the output values indirectly. Also the number of neurons in a hidden layer 
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is not affected by the input-output structure of the network, that is dimensionality 

of input and output vectors. Layer G(L) is called the output layer and its size 

is determined by dimensionality of the required output signal. In the majority of 

applications activation functions of all layers, except the output one, are identical, 
T(2)that is TO) w(L-1). The output layer is often a linear transformation, 

that is ffi(L)(x) = x. 

2.2 Approximation properties 

The main area of applications of feedforward neural networks is the approximation 

of arbitrary nonlinear functions. That is, given some finite dimensional function 

f : Rm, a neural model F : RN > Rivi will be used such that f and F are 

close in an appropriately defined sense. Usually, the approximated function f is not 

given explicitly, but rather is available in the form of pairs (x, f(x)) describing its 

behavior. For example f may represent the dynamics of a system whose model is 

identified from input and output data using a neural network F. In another case 

function f may be a priori unknown, but it might be guaranteed that there exists 

a control policy, which is synthesized by a neural network. In both situations it 

is of paramount importance to ensure that approximation using neural networks is 

suitable for the given problem. Part of the success of neural networks as a modeling 

tool follows from the findings that indeed very large classes of finite-dimensional 

functions can be approximated arbitrarily closely by feedforward networks. This 

means that by choosing an appropriately large neural network structure, that is 

with sufficiently many hidden neurons, it is possible to find parameter values such 

that the resulting neural network approximates the given function in some specific 

sense. 

This section contains a brief review of some of the available theoretical results 

concerned with the approximation by neural networks. All the results cited here 

are of existential nature only. The statement that there exists an appropriate L 
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layered network with activation functions TO), , kIi(L), such that some property is 

satisfied, will be understood in the sense that there exist integers M1, , L_1, the 

sizes of hidden layers, weights and thresholds e), 1 = 1, . . . , L, i = 1, . . . , 

j = 1, . . , N1, such that the resulting function F defined by (2.14) satisfies the 

property in question. The problem how to find the appropriate weight vectors is not 

addressed here. 

The approximation theorems reviewed below are concerned with various types 

of feedforward networks corresponding to different activation functions T of hidden 

layers of the network. Generally, better and more specific approximation properties 

are obtained if more restrictive assumptions are posed for T, whose properties should 

correspond to properties of the class of functions being approximated. In particular 

the most popular networks with smooth sigmoidal neurons cannot guarantee satis

factory approximation of discontinuous functions, which arise in nonlinear controller 

analysis. 

2.2.1 Approximation of continuous functions 

Results on uniform approximation of continuous functions by feedforward networks 

were proved independently in [18], [19], [20], using slightly different assumptions 

on functions T. The architecture that corresponds to majority of applications is 

a network with linear output neurons, T(L)(x) = x, and with identical activation 
kp(2) ki(L 1)functions of hidden layer neurons, kli(1) 1 1, which are 

sigmoidal, or squashing. For this network structure the following approximation 

theorem holds. 

Theorem 2.1 Let h : --+ 1? be a sigmoidal function, C a compact set C E , 

and f : ---+ R" a function that is continuous on C. Then, for any number E > 0 

and any integer L > 2 there exists a feedforward network F : R" of the form 

(2.4) with L layers, hidden activation functions Ih and linear output activation 
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functions such that it approximates the given function uniformly on C with error 

smaller than E, that is 

sup 11 F(x) f(x)11< E 
xEC 

Proof: Theorem 2.4, [19]. 

The above theorem yields the argument that any continuous function can be 

approximated by a neural network of the postulated form, so that the upper bound 

of approximation error may be made arbitrarily small. The requirement, that this 

should be possible only on compact sets, is not very restrictive, since in most physical 

applications signals of interest are bounded. The condition that the hidden activation 

function Th be sigmoidal may be replaced by other requirements. For example in 

[21] it is shown that theorem 2.1 holds if Th is continuous, absolutely integrable on 

R, that is f kIi(x) dx < oo, and such that f kIi(x)dx 0. Note that theorem 

2.1 applies to networks with typical activation functions (2.6), (2.7) and (2.8). The 

above results have been stated for linear output activation function kli(L) in order not 

to restrict the range of the approximated function. If the function is continuous 

and strictly increasing (as for example functions (2.7) and (2.8)), then the above 

result also holds provided that the range of each coordinate function f, is contained 

in the range of kIi(L). 

Feedforward networks are often applied as models of unknown nonlinear map

pings, and often sensitivity of the approximated function is analyzed using the neural 

model. This kind of application requires that not only the values of the function can 

be approximated, but also its derivatives. Appropriate theorems relevant to this 

problem are available for sufficiently smooth functions and networks. Let partial 

0410x2'2 ...0xV(x) 

derivative of a function g : R associated with multiindex a = (a1, a2, .. N) 

be denoted as 

g(x) 
alai 

where a E2=1 az, and a, are nonnegative integers. Let f, denote the i-th 

coordinate function of f : RN Rm. Then the following theorem holds. 
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Theorem 2.2 Let Th : R > l be a function with continuous derivatives DiT h of 

order i < K, such that its K -th derivative is absolutely integrable, that is f Di' h 

dx < oo. Let C C RN be a compact set, and f : RN 1?" a function whose coor

dinate functions, fi : RN > R, all have partial derivatives of all orders continuous 

and quickly vanishing, that is xiD0 fi(x) = 0 for all possible multiindices 

and /3. Then, for any number E > 0 and any integer L > 2 there exists a feedforward 

network F : RN R" of the form (2.14) with L layers, hidden activation functions 
w(2) kp(L-1)Th and linear output activation functions k11(1) W h, such 

that it approximates the given function and all its partial derivatives of order less 

than or equal to K uniformly on C with error smaller than e, that is 

max max sup D' Fi(x) Da fi(x) E1.<2<N sEC 

Proof: Corollary 3.5, [22]. 

It may be noted that the standard smooth sigmoidal activation functions (2.7) 

and (2.8) satisfy the requirements of this theorem, and the corresponding networks 

may be used to simultaneously approximate both nonlinear functions and their 

derivatives. 

2.2.2 Approximation of discontinuous functions 

Nonlinear mappings occurring in some control problems may sometimes fail to be 

continuous. Unfortunately, the theoretical results on approximation of such functions 

by neural networks are considerably weaker than those reviewed in section 2.2.1. 

For general measurable functions the technique based on Lusin's theorem is used to 

provide uniform approximation everywhere, but on a set of arbitrarily small measure. 

The general statement is as follows. 

Theorem 2.3 Let Th : R l be a sigmoidal function, it a finite measure on the 

sigma-field of Borel measurable subsets of RN, and f : RN Rm a Borel measurable 



22 

function. Then, for any numbers El > 0, E2 > 0, and for any integer L > 2, there 

exists a feedforward network F :RN Rm of the form (2.14) with L layers, hidden 

activation functions Th and linear output activation functions T(1) = W(2) =

t11(1-1) = Th, such that it approximates the given function uniformly with error 

smaller than El, except on a set of measure smaller than E2, that is 

[1({x E RN : F(x) f(x) 11> < 

Proof: Theorem 2.4, [19]. 

In particular, measure it may be the Lebesgue measure restricted to some compact 

set C c RN, for which the theorem implies that uniform approximation may be 

obtained on some C C C with it(a) < E2. Unfortunately, the nature of Lusin's 

theorem invoked in the proof does not allow infering of anything about the location 

of the small excluded set C \ C, which depends on the particular function f being 

approximated. 

If uniform approximation is not required and may be replaced by approximation 

in LP sense, then any measurable function may be approximated by a feedforward 

network. 

Theorem 2.4 Let Th : R ? be a sigmoidal function, it t a finite measure on the 

sigma-field of Borel measurable subsets of J22N, with compact support and f : RN --+ 

Rm a Borel measurable function. Then, for any number E > 0 and for any integers 

L > 2, p > 1, there exists a feedforward network F : RN M of the form (2.14) 

with L layers, hidden activation functions Th and linear output activation functions 
kp (L-1)(1) T(2) such that it approximates the given function in fP 

sense with error less than E, that is 

(LN U F (x) f (x) 11P (111)1r; < 

Proof: Corollary 2.2, [19]. 
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2.2.3 Selection of set valued mappings
 

In the control system context, the problem of approximation of an a priori unknown 

mapping may be posed in a slightly different way. Instead of specifying a single 

value of the unknown function, which should be approximated by the output of the 

neural network, it is possible to specify a set of admissible values such that any 

mapping with its value in this set represents an acceptable approximation. In this 

formulation the graph of approximating neural network is required to be contained 

in some desired set. 

Consider a set 52 C RN x RM, and denote its projection on the first N coordinates 

as 

7N(C2) = E RN : E R (x,y)Ecl} (2.16) 

With this notation the following property holds for feedforward networks with Heav

iside or step hidden activation functions (2.6). 

Theorem 2.5 Let W h :3Z--+R be the Heaviside function (2.6). Suppose that CI C 

RN x R" is an open set, and let compact set C be contained in its projection on 

the first N coordinates, C C 7rN(51). Then for any L > 3 there exists a feedforward 

network F :RN > Rivi of the form (2.14) with L layers, hidden activation functions 

Th and linear output activation functions such that if x E C, then (x, F(x)) E Q. If, 

additionally, Co C C is a compact set such that (x,0) E 52 if x E Co, then the neural 

network may be chosen such that F(x) = 0 for x E Co. 

Proof: Proposition 2.4 [16]. 

It is interesting to note that no family of continuous functions possesses this 

property, thus it cannot be satisfied for neural networks with continuous activation 

functions. In the developments of the subsequent chapters, this theorem will be used 

for construction of proper state feedback mapping. The set 52 will be formed as a 

collection of state-control pairs defining the desired control policy. For each point x 
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in the interesting subset of the state space, a corresponding set 0(x) of appropriate 

control actions will be defined. Thus, a set-valued control policy will be defined on 

an open subset B = R-N(Q) of the state space, and will be sought in such a form 

that the sets 0(x) are open. It will also be required that the mapping 0 is lower 

semicontinuous; that is, if x E 7N(Q) and u E 0(x), then for any open neighborhood 

U of u there exists an open neighborhood V of x, such that for any "X E V it follows 

that OW fl U 0. If the set-valued feedback policy 1 satisfies these requirements, 

it will follow that the set Q formed as a collection of admissible state-control pairs 

Q = {(x, u) : u E 0(x)} (2.17) 

is open, and theorem 2.5 guarantees the existence of network F such that for all 

state points of interest F(x) E 0(x). Such a single-valued function F is called a 

selection of the set-valued mapping 0, since it selects one of possible elements of 

0(x). Thus theorem 2.5 may be rephrased as a result on neural network selections 

of lower semicontinuous set valued mappings. 

The approach of forming a set-valued feedback control policy will be central 

to a large portion of developments of chapters 3 and 4. The fact that a selection 

cannot generally be guaranteed to be continuous, will imply that it will not be 

possible to construct a desired feedback policy using neural networks with smooth 

hidden activation functions, and utilization of Heaviside networks will be necessary. 

However, as it will be discussed in the next section, for the network synthesis or 

training task to be practically feasible, the activation functions of all neurons should 

be at least differentiable. Therefore construction of the continuous selection of the 

set-valued control mapping will be desirable. Unfortunately attempts to perform 

such a construction were not successful. The only theoretical result on continuous 

selections, that the author is aware of, is Michael's theorem which requires that the 

images 0(x) (here the sets of admissible control values) be convex. This requirement 

seemed impossible to satisfy. Instead a properly defined approximate selection of 

0(x) by a continuous function will be investigated. 
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2.3 Training process 

To utilize the approximation results of the previous section it is necessary to find 

appropriate parameter vectors w(01), such that the corresponding mapping is close to 

the desired one. This is usually done in an iterative process of supervised learning 

where the parameters of the network are adapted in order to decrease the approx

imation error. Even though uniform approximation results discussed in section 2.2 

are widely quoted as a justification for approximation of neural networks to function 

approximation, the actual training of networks is most often based on an £2 type of 

error criterion. A usual case corresponds to the training data consisting of a finite 

number of pairs (xi, '2), where = f (xi) are the desired responses of the network 

to inputs xi. Then the quadratic error function is defined 

1 A 
J = 2 Yi)T02 yi) (2.18) 

where yi = F (xi) are the actual responses of the network. If the data points xi are 

drawn uniformly from some compact set C C RN of interest, then this error function 

is an approximation of the squared £2 distance between functions f and F calculated 

over set C. With fixed training data, the error J can be expressed as a function of 

the network parameters 

J(w) (Yi F( ))T(Y F(, w)) (2.19) 

where w E IRK, K = i(Ni +1)Mi, is the combined vector of weights and thresh

olds 4)i, OY) Then the objective of the training process is to find 

min J (w) (2.20)
wERK 

with respect to the weight vector w. 

If all the neuron activation functions of the network are differentiable, then the 

problem of minimization of the error function can be approached using any of stan

dard gradient optimization techniques. Calculation of gradient 'Yip,/ of the qual

ity criterion (2.19) requires sensitivities of the networks output with respect to the 
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weights. This may be achieved through the so called backpropagation method. Es

sentially it is a straightforward application of the chain rule to calculate the gradient 

of a composition of many functions. Consider the neural network in notation (2.15) 

and introduce the intermediate signals 

zl wo(pi1--1)( w(i)(wii)(x)) (2.21) 

Tio(wii)(10-1)(... Tii)(w(i)(x)) ...))) (2.22) 

so that the function realized by the network can be defined recursively as 

xl z(1)), 2,(1) 1(1)(x(1-1)) (2.23) 

with x(°) = x and x(L) = y = F(x). Consider the sensitivity of the output vector 

with respect to some particular weight 4)7, which can be written 

ay az(1) 
(2.24)(aw(i)) (aw(i)) (az(/) 

The first term on the right hand side is just a vector with the only nonzero j-th 

entry equal to xj , and the second term may be expressed as 

\T aki,(0T T 

02.(1) a Z(I) 
(1(W 1) )T 

a Z(1+1) Z(L) 
(2.25) 

Thus calculation of the sensitivities is seen as a composition of a number of lin

ear operations, whose coefficients depend on particular value of the input signal x. 

Observe that the equation (2.25) may be rewritten into a recursive formula 

ay T (3111(1))T ay 
T 

)T (2.26)
az(i) az(i+i) 

with 
T T 

(2.27)
oz(L) az(L) 

This may be visualized as the propagation of sensitivity signals through the neu

ral network back from its output (the L-th layer) to its input hence the name 

backpropagation. 
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With the gradient of the quality criterion already calculated it is possible to use 

any minimization approach to find the optimal weight vector. The most popular is 

the gradient descent method, known also as the backpropagation training algorithm, 

for the reason that the direction of weight change is given directly by the minus 

gradient, obtained in turn from the backpropagation method. Numerous special

ized training algorithms have been developed utilizing special features of the error 

function, which result from the particular form of function F realized by the neural 

network. Examples of such methods may be found in [23], [24], [25]. On the other 

hand standard gradient-based optimization algorithms may be utilized, such as those 

reviewed in [26]. In this work the conjugate gradient method was used. 

The training problem becomes considerably more difficult, if not untractable, for 

the networks with discontinuous activation functions. In particular, in the case of 

Heaviside neurons, the function F realized by the network, and consequently the 

quality criterion J, are piecewise constant, and no information may be inferred from 

the local behavior about the desired direction of change of the weight vector. No 

multilayer equivalent of the perceptron training algorithm has yet been developed 

and the only viable option is that of random search techniques, which however of

fer usually slow convergence, particularly in view of the large dimensionality of the 

independent variable w. This is a very unfortunate conclusion in view of previous 

remarks on superior approximation and selection properties of Heaviside networks, 

and on insufficiency of continuous networks to various control problems. Until an ef

ficient training algorithm for such networks is devised, the possibility of any practical 

application seems rather unlikely. 

The objective of this short overview of problems related to training, as well as of 

the whole chapter, was to provide background necessary to follow the developments 

of this dissertation. Thus only issues directly related to this work has been signaled, 

and several important topics were omitted altogether. Training algorithms for feed-

forward networks constitute a broad field of research, whose thorough review would 

require a dissertation on its own. For example only off -line training with fixed train
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ing data has been considered, while applications to adaptive control often require 

on-line weight adaptation with new data arriving in each iteration. Also the problem 

of network size selection was not given any attention, as well as the difficult issue of 

avoiding local minima of the error function. These problems are topics of ongoing 

research that is continuously reported in the neural network journals. 
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Chapter 3
 
Time optimal control
 

Optimal control offers a conceptually attractive approach to the problem of con

troller synthesis. Whenever the quality of the control process may be assessed in 

form of some numerical criterion, it is natural to seek the controller that will max

imize (or, depending on the convention, minimize) that criterion. Reduction of the 

design process to optimization of a scalar quality criterion is very appealing from 

the engineering point of view, and allows to obtain, at least in principle, "the best" 

controller for the given control task. This is possible if there is indeed a way to 

measure the control quality with a single number, or a quality index. One of the 

most popular choices of such an index is the time of transfer to some prespecified set 

in the system state space. The resulting optimal control problem is usually referred 

to as minimum time control or time optimal control. 

The majority of results available on optimal control are concerned with the open-

loop control problem. That is, for a given initial condition, the task is to find a control 

signal, as a function of time, that will minimize the quality criterion and satisfy other 

performance specifications. For a large class of problems with integral quality crite

rion efficient computational methods are available to solve this problem if the exact 

system model is available. However, from the control engineer point of view, the 

open-loop approach has seldom any practical value. Because of the inevitable mod

eling inaccuracies, the obtained open-loop control signal will almost never satisfy the 

postulated performance constraints, let alone optimize the quality index. Also, the 

possibility of disturbances adds to inherent nonrobustness of the open-loop control 

policies. Therefore, in the majority of practical applications, it is usually imperative 

to use measurement feedback, that is to make the control value dependent on the 

measured system outputs. With this requirement, the optimal control problem be
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comes considerably more difficult. For nonlinear systems, no general method exists 

that would allow synthesis of an optimal feedback controller, and would be compara

ble, in terms of computational efficiency, to algorithms developed for the open-loop 

control case. It has been suggested that artificial neural networks be used as a tool 

for synthesis of optimal feedback [17]. With open-loop optimal trajectories readily 

available using standard optimization approaches, an artificial neural network would 

be used to extract the information about the optimal feedback contained in those 

trajectories. With the particular controller structure, considered here, in the form of 

state feedback u(t) 0(x(t)), the data used for the synthesis task would consists of 

a number of optimal state and control trajectories x(t) and u(t). This data would be 

used as a source of training data for the neural network to deduce the nature of as

sociation between x(t) and u(t). The a priori unknown mapping 0 would be learned 

and approximated by a neural network, which would be used as an approximately 

optimal controller. Thus, a difficult task of closed-loop synthesis would be replaced 

with a considerably simpler task of open-loop optimization with respect to the con

trol signal, and the synthesis would be completed through automatic training of a 

neural network. With the resulting output of the neural controller approximately 

equal to the desired optimal control, the state trajectory would also be expected to 

approximate the optimal one. 

This idea is based on two assumptions, that require closer examination. First, 

it must be guaranteed that the optimal control can indeed be expressed as a func

tion of the instantaneous state. Second, if this is the case, it must be possible to 

approximate the optimal feedback using a neural network controller, in a manner 

which will assure that the resulting closed-loop trajectories are a close approxima

tion of open-loop optimal trajectories. The first assumption seems intuitive from 

the engineering point of view, since system state should represent all information 

needed to choose an appropriate control action. For the continuous-time systems, 

this intuition is misleading. It turns out that it is very difficult to assure existence 

of optimal feedback, even if the open-loop optimal control problem is well defined 
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and possesses a solution for any initial condition. The theoretical reasons for the 

possible failure of optimal feedback to exist are reviewed in [27] and [28]. Roughly 

speaking, they are related to the problem of uniqueness of the optimal control signal. 

A rather unpleasant consequence of the above is that, in the situation when it is not 

possible to find any feedback mapping providing optimal control, any attempts to 

approximate the nonexistent optimal feedback with neural networks will necessar

ily be quite futile. Thus suboptimal control by neural networks may lack suitable 

theoretical justification. 

Time-optimal control has been studied mostly for continuous time systems, and 

the majority of available results are for linear systems and for some very restricted 

classes of nonlinear systems [29]. Synthesis of time optimal feedback was analyzed 

only for two dimensional systems with scalar control, for which phase plane tech

niques are applicable [30]. The quality index, that is the minimal time required to 

reach the target, is not guaranteed to be smooth as a function of initial condition 

and the dynamic programming approach cannot be used to show existence of opti

mal feedback. Hence, the previously made remarks apply to approximation of time 

optimal control in continuous time by neural networks. It is proposed here that the 

problem be studied in a discrete-time rather than continuous-time setting. Since a 

majority of modern hardware implementations are digital controllers operating in 

sample and hold mode, it seems natural from the engineering point of view to con

sider discrete-time modeling. It turns out that a number of theoretical difficulties 

plaguing the continuous time problem disappear in discrete time. For example, the 

problem of existence and uniqueness of a solution does not arise for a set of differ

ence equations. Also, control and state trajectories are numerical sequences, that 

are much easier to deal with than functions defined on the real line. In addition, the 

problem of optimal feedback becomes more tractable. This is perhaps best illustrated 

by a simple example. Consider a one dimensional continuous time system 

±(t) = u(x(t)) (3.1) 
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and its discrete time counterpart 

Xk-Fi = Xk Uk (3.2) 

with control signal constrained in both cases to the interval [-1, 1], and the target 

set being the origin. For such a simple system the continuous time optimal feedback 

exists, but is discontinuous 

1 if x(t) < 0 

q(x(t)) = 0 if x(t) = 0 (3.3) 

1 if x(t) > 0 

while for the discrete time case the optimal feedback may be taken as continuous 

with 
1 if xk < 1 

0(xk) = x if 1 < xk < 1 (3.4) 

1 if xk > 1 

The reason for the difference is obvious. In the discrete-time setting the minimal 

time necessary to reach the origin is constant on interval (-1, 1), thus allowing for 

continuous dependence of optimal control on the instantaneous state. This illus

trates a general rule that more regularity is introduced into the time optimal control 

problem when the discrete time systems are considered. 

Approximation of time optimal control by artificial neural networks will be stud

ied here in a discrete time setting. First, existence of optimal feedback will be 

resolved after a proper relaxation of the problem by replacement of the target point 

by its small neighborhood. Then, the obtained feedback mapping will be approxi

mated by discontinuous and continuous feedforward neural networks. In the former 

case, suboptimal control will be guaranteed for compact sets of initial conditions, 

while in the latter case an arbitrarily small subset of initial conditions will have 

to be excluded. The results are concerned only with conditions under which there 

exists a proper neural network realizing suboptimal control. A statement, that it is 

indeed possible to find such a network, will be understood only in the sense, that for 
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some, a priori unknown, weight vector, whose dimensionality also cannot be spec

ified, the resulting network may be used as a desired controller. The problem of 

finding the actual values of the network weights, or training the neural controller, is 

not addressed here, and neither is selection of the network size. Before these issues 

become a concern, first it has to be assured that the set of feasible neural networks 

is not empty, or attempts to train a suboptimal controller may have no chance of 

success. This existence issue is successfully resolved here for a fairly general class of 

dynamical systems. 

3.1 Problem statement 

The time optimal control problem will be considered for a class of finite dimensional 

time invariant dynamical systems, that admit a model of the following form: 

Xk+1 f(XklUk) (3.5) 

with xk E R71 and uk E U C Rm, where xk is the state of the system, and uk 

the control signal applied at time instant k. Set U represents constraints placed 

on admissible values of the control signal. Both the state transition function f : 

x l and set U do not depend on time index k. In the majority of 

practical cases dimensionality of the control vector is lower than that of the state 

vector, m < n, however it is neither required nor used here. It is assumed that 

uk = 0 is always an admissible control, 0 E U, and that the function f satisfies 

f (0, 0) = 0 (3.6) 

that is, the origin of the state space is an equilibrium of the system corresponding 

to the origin of the control space. This assumption is not restrictive, since only time 

optimal control to an equilibrium will be considered here, so that the state may 

remain in the target point once it is reached. If the target state considered is an 

equilibrium x 0 corresponding to some other control value u 0, u E U, 
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so that f(x,,, ueq) = xeq, then a simple coordinate transformation xk = xk Xeq, 

uk = uk tteq yields a system satisfying (3.6). 

3.1.1 Special notations 

By a slight abuse of notation, the same symbol f will be used to denote the state 

transition mapping f : n x U R, as well as the associated set valued transfor

mations. Suppose that u E U and A C nn. Then the image of set A under control 

u is denoted 

f(A,u) = fy E : y f(x,u), x E (3.7) 

Similarly, for x E In and V C U, the set reachable in one step from x under control 

values from set V is 

f(x,V)= {y E : y = f(x,u), u E V} (3.8) 

The set of states reachable from A under controls from V, the image of A x V, is 

denoted 

f(A,V)= U f(x,V)= U f(A,u) (3.9) 
xEA uEV 

Additional simplified notation is used for the set reachable from set A in one step 

using any admissible controls from U 

f(A) = U f(A,u) = f(A,U) (3.10) 
uEU 

This multipurpose usage of the same symbol f should not lead to any misunder

standings, as the meaning will follow from the arguments used. 

For a fixed control value, uk = u E U, the corresponding unforced dynamical 

system is denoted 

xk+i = fu(xk) = f(xk,u) (3.11) 

Of particular interest will be behavior of the zero input dynamics 

xk+i = fo(xk) = f(xk, 0) (3.12) 
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which has the origin as its equilibrium. A sequence of K > 0 control values ui E U, 

k<i<k+K- 1, will be denoted fuilik+kK-1. If this sequence is applied starting at 

moment k, with the initial condition xk, the resulting state at moment k K may 

be expressed as 
k+=kX k-FK = J (3.13) 

with the K-step state transition function fK :n x UK -4 Rn defined by 

lik+kK-1) = f (... (f (f (xk,uk),uk+i), (3.14) 

K times 

fK (xk,{Iti = ),uk-FK -1) 

As before, for a given control sequence { E UK , the image of a set A C is 

denoted 

fK(A, = {y E mn 
: y = fK(x, x E (3.15) 

and the set reachable from A in K steps using any admissible controls from U is 

fK (A) = fK(A, {ui}K.Li) (3.16)U 
K 

For investigation of time optimal control, a notion of controllability will be 

needed. A point x E IRn is called controllable to a set A C Rn in K > 0 steps 

if there exists an admissible control sequence {ui}K±01, which transfers x to A, that 

is 

{,ux,-01) A (3.17) 

The set of all states controllable to A in K steps is denoted as 

CK(A) {x E : fK(x, fuilK_V) E A, ui E (3.18) 

Occasionally controllability will be needed with control values restricted to some 

small subset of U. In particular, for S > 0, the set controllable to A in K steps with 

controls satisfying 11 uk is denoted as 

CP(A) = E l 
: fK(x, E A,ui E U n 8m(0, 6)1 (3.19) 



36 

A point x E Rn is called controllable to the set A, if there exists an integer K > 0 

such that x is controllable to A in K steps. The set of points controllable to A is 

denoted 

C (A) = U Ci (A) (3.20) 

and the set controllable to A using controls from 8'12(0, 6) is denoted 

C5(A) = U Cis(A) (3.21) 

3.1.2 Assumptions about the system 

To facilitate the theoretical developments of this chapter, the following specific as

sumptions are made about the dynamical system in question. 

Assumption 3.1 The set of admissible control values U is compact, such that 

clos(int(U)) = U, and 0 E int(U). 

Assumption 3.2 State transition function f :n x U In is continuous. 

Assumption 3.3 For each fixed control value u E U, the state transition function 

fu : In of the unforced dynamics (3.11) is one-to-one. Furthermore, the 

inverse dynamics function f-1 : n x U In is well defined by (f-1(f (x,u),y) = x, 

and is continuous. 

Assumption 3.4 There exist SLx > 0 and SLu > 0, such that Bm (0, SL) C int(U), 

and that f is locally Lipschitz continuous on Bn(0,6Lx) x 8'71(0, SL,,), that is 

II f(xi,u1) f(x2, U2) 11 Lx Xi X2 H +L.11 iii U2 H (3.22) 

for all xi, x2 E Bn(0,6Lx), ui, u2 E Bm(0, hu). Without loss of generality it is 

assumed that L, > 1 and Lu > 1. 
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Assumption 3.5 There exists an integer M > 0, such that for every (Su > 0 it is 

possible to choose (Sx > 0 satisfying Bn(0, 8x) C Cisn{0}), that is every state x such 

that 11 x Ss is controllable to origin in M steps using controls satisfying 11 u 

Assumption 3.6 For zero control signal the unforced dynamical system (3.12) is 

asymptotically stable on some open neighborhood V of the origin. 

Assumption 3.1 is the least restrictive, as in the majority of practical applications 

the admissible control values are bounded and contained in a closed set. An example 

most typical for technical systems is a set U being an m-dimensional rectangle 

U = x bi], ai < 0 < bi (3.23) 

Again, should the bounds ai and bi exclude the origin of Rm as an admissible control 

value, a simple shift of control variables will allow for condition 0 E int(U) to be 

satisfied. 

Continuity of f with respect to both the state and the control signal is a natural 

assumption, without which very little could be achieved in terms of approximation 

of any control policy. The typical case is when the discrete time system (3.5) is a 

result of sampling of a continuous time system 

(t) = fc((t), v(t)) (3.24) 

with xk = (kA) and v(t) = uk for t E [kA, (k + 1)A), where A is the sampling 

time. If L is continuous and such that (3.24) admits a unique solution on the interval 

[kA, (k+ OA] for any constant control v(t) = v, then it is well known that ((k +1)A) 

depends continuously on initial condition -(kA) and on parameter v, and thus the 

function f is continuous. The requirement stated in assumption 3.3, that function 

f, is one-to-one for any admissible control value u, may be seen as more restrictive. 

Observe however, that if solutions of (3.24) are unique, so are the solutions of the 

reversed time system 

(t) = y(t)) (3.25) 
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obtained by substituting C(t) = i(t) = v(t). Therefore, the initial condition 

-(k,A) can also be expressed as a unique function of the final point 1)0 and on 

parameter v, and consequently inverse dynamics f-1 is well defined and continuous. 

Since practically all reasonable continuous time systems indeed admit unique solu

tions (see [31], pages 469-473), assumption 3.3 appears reasonable from the practical 

point of view, and is satisfied for control systems resulting from sampling of physical 

continuous time plants. 

Assumptions 3.4 and 3.5 are slightly more restrictive, even though Lipschitz 

continuity is very often regarded in literature as standard. Assumption 3.5 is implied, 

for example, by controllability of the linearized system (if it exists). In such a case 

assumption 3.4 is also satisfied. 

The most restrictive assumption 3.6 will be needed only in part of the results of 

this chapter. For a linearizable system this stability requirement may be satisfied 

by applying a locally stabilizing linear feedback. Assume that f is differentiable and 

that the linear approximation of the system 

±k+1= Bilk (3.26) 

may be stabilized by means of a state feedback 

uk = (3.27) 

Then it is possible to apply the linear stabilizing feedback to the system (3.5) to 

obtain a locally asymptotically stable system 

xk+1 ==f(xk,Kxkd-iik) (3.28)
 

to which the suboptimal strategies of this chapter may be later applied. The problem 

with this approach to the controller is, however, that the set of admissible control 

values ilk will depend on the current value of the system state, as condition Kxk-kitk E 

U has to be satisfied for all k. A remedy to this complication might be to use 

a nonlinear additive feedback 0-,(xk), such that it is equal to Kxk in the vicinity 
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of the origin, but vanishes outside some small neighborhood of the origin, so that 

H 0,(xk) E for any xk. Then, the resulting stabilized system 

xk+i = f (xk, Os(xk) (3.29) 

is locally asymptotically stable, and if the control 2i k is such that 

uk E U = {u E U : dist(u, Uc) > (3.30) 

then the combined control signal satisfies 

Os(xk) E U (3.31) 

If E is sufficiently small, then the modified set of admissible control values U defined 

by (3.30) is for all practical purposes equivalent to the original set U, and the lo

cally stable system (3.29) may be used in the developments of this chapter. It must 

be cautioned that after such a maneuver the controllability assumption 3.5 may no 

longer be satisfied for the stabilized system. However, that assumption will be not 

needed for systems that are already locally asymptotically stable. Likewise, invert

ibility assumption 3.3 may be affected by application of a locally stabilizing feedback. 

That requirement will be used sparingly, though, to weaken the assumptions on sets 

of initial conditions for which suboptimal feedback will be synthesized. For most 

of the developments it will be enough that continuity assumption 3.2 holds, which 

would not be affected as long as feedback Os were continuous. 

3.1.3 Time optimal control problem 

The optimal control problem considered in this chapter is the minimum time transfer 

of the system state to the origin. For the problem to be tractable, the initial condition 

must be controllable to the origin, x E C( {0 }). Then the optimal transfer time is 

defined as 

T(x) = min {k EN:xe Ck({0})} (3.32) 
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and the optimization task is to find a control sequence { iti}iT_(0x)-1 with Ii E U such 

that 
fT(X)(x ) 1IT ( 

(3.33) 

The range of the quality index T(x), treated as a function of the initial condition, 

is the set of natural numbers, hence function (3.32) cannot be continuous. Usually 

the solution of thus defined optimal control problem is not unique with respect to 
T (x)--1the independent variable { ), and control values satisfying (3.33) may form 

an uncountable subset of UT hl. 

Assuming a certain set of initial conditions of interest, C C C({0}), the feedback 

synthesis task considered here is to find a state feedback mapping 0 : U, such 

that for any initial condition xo E C the solution of the closed loop system 

xk+i = f(xk,0(xk)) (3.34) 

satisfies xi, = 0 for all k > T(xo). This exact optimization task may be very difficult 

to achieve. Neural network controllers considered later in this chapter will be able 

to represent only an approximation of the strictly time optimal control. Therefore, 

for the purpose of synthesis of feedback control strategies, a relaxed near time op

timal control problem is introduced. For a small E > 0, the target set is the open 

neighborhood of the origin, 8n(0, E), rather than the origin itself. Then a feedback 

mapping 0 is sought such that for any x0 E C the solution of the closed loop system 

(3.34) satisfies xk E Bn(0, E) for k > T(x0). If this can be achieved for an arbitrary 

E then for all practical purposes time optimal transfer to the origin will be assured. 

3.2 Controllability properties 

This section is concerned with three lemmas regarding existence of certain sets con

trollable to each other. These results are by themselves rather trivial consequences 

of assumptions made in section 3.1.2. However, they will be crucial in construction 
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of suboptimal feedback. The first lemma ascertains existence of a sufficiently small 

neighborhood of the origin controllable to itself using small control values. 

Lemma 3.7 Let system (3.5) satisfy assumptions 3.2, 3.4 and 3.5. Then for any 

E > 0 and any 6 > 0 there exists an open neighborhood Ao of the origin, such that 

Ao C Bn(0,E), and clos(Ao) C CRAo) 

Proof: From the assumption 3.5 it follows that that for any (5 > 0 there exists 

a Ss > 0 such that Bn(0,8s) C CZ ({0}). Let 

= min( E , Lx), (3.35) 

and choose a positive 6, such that 

6. < ) (3.36) 

where constants 6Ls, 6L, Ls, and L,, are as in assumption 3.4. Next choose a 

corresponding 6s, small enough so that Bn(0,6x) C CZ ({0}), and satisfying 

E 
8x < (3.37)

2Lu((Ls)m--1 + 1) 

Now construct M open sets Bi, i = 1, . . . , M, such that 

clos(Bi_i) C CL(B,) (3.38) 

clos(A) C Cr+1(Bn(0, Ss)) (3.39) 

The recursive construction is as follows. For i = 1, let B1 = Bn(0, Ss), for which 

(3.38) is vacuous and (3.39) is satisfied by choice of 8s. Suppose now that B, has 

already been defined, and construct Bi+1 in the following way. To each x E B, 
,A4-_4+1assign a corresponding sequence of M i +1 control values { ux, H use H< Su 

transferring x into a sufficiently small neighborhood of origin: 

(3.40)U< m6x 
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This is possible, since B, satisfies (3.39). The choice of control sequence defines also 

a collection of points ys = f (x, ux,1) which satisfy 

fm-i(Yx, fus,ilni+ ) H< os (3.41) 

Thus, the set 

(3.42)= U 
sEB,
 

is a subset of Cr:- (Bn (0, Vs)). This set satisfies both (3.38) and (3.39). Unfor

tunately, it need not be open, and cannot be taken as Bi+1. To amend that, choose 

Si > 0 such that 
Sx 

(3.43)
2M(Lx)m-i 

and define an open set Bi+1 as 

Bi+1 = U Bn(Yx, Si) (3.44) 
xB 

M-i+1Take any -X E clos(Bn(yx, Si)) for some x E Bi. Then control sequence j=2 

transfers ^X into 13n(0, i-6s). To see that, first observe that 

B1 C Bn(0, 8s) C Bn(0, 6Lx) (3.45) 

hence f is Lipschitz continuous on B1 x 5771(0,8u). Next, recursive application of 

Lipschitz continuity results in 

J-1 
B, c Bn(0,6s(Li-1 + 

i 
1) + 6uLu E Lx) c 8n(0, (3.46)M1-1. 3=044-2 -1-

where the first inclusion uses definition of Si, and the second inclusion follows from 

(3.36), (3.37) and from assumption that Lx > 1 and Lu > 1. Thus, f is Lipschitz 

continuous on B, x 8m(0, Su). Now apply the sequence of M i controls { tixo}ijf2i+1 

to ys = f(x, us,1) and to -X. From Lipschitz continuity it follows that 

6x
fm- ( fm-i(u,s, ,Ux,3 j=2 (3.47){lix,/}1.t/1=-2 +1) }m-i+1 II) < < 

which, together with (3.41), implies that 

i 1 

fm-z( sx (3.48) 

http:Si)(3.44
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Thus B,+1 satisfies (3.39), and the recursive construction is complete. With the 

family of open sets Bi already defined, the desired set Ao is obtained as 

M 

A0 = U Bi (3.49) 
J=1 

By (3.38), and because BM C C81 (8n(0, 6x)) = C81 (B1), it follows that Ao C CRAo) 

Finally, from (3.46) and (3.35) it follows that 

Ao C /3n(0, E) (3.50) 

as required. This concludes the proof. 

A similar, and actually a little stronger, result may be shown, if local asymptotic 

stability of the zero input system (3.12) is assumed. It is then not necessary to 

invoke the controllability assumption 3.5 or the Lipschitz continuity assumption 3.4. 

Lemma 3.8 Let system (3.5) satisfy assumptions 3.1, 3.2 and 3.6. Then for any 

E > 0 it is possible to find open sets Ao and 170, and a number 6 > 0, such that 

clos(Vo) C Ao C Bn(0, e) and if x E A0, and 11 u 6, then f(x,u) E Vo. 

Proof: The proof can be found in the proof of lemma 3.1 in [16], where the result 

is stated without the requirement that Ao C Bn(0, E). But this is a straightforward 

consequence of asymptotic stability of (3.12) and continuity of f . 

The next lemma will play the crucial role in construction of suboptimal feedback 

in the following sections. It establishes existence of certain increasing families of sets 

that will be later used to cover the compact set of initial conditions of interest. 

Lemma 3.9 Suppose system (3.5) satisfies assumptions 3.1 through 3.5, or assump

tions 3.1 through 3.2 and 3.6. Then for any number E > 0 there exists a number 6 > 

and sequences of open sets {A,}°_0, compact sets {Ci}it 1, and open sets {BX°1 such 

that 

clos(Ao) C C(Ao) (3.51) 
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Ao c B71(0, E) (3.52) 

Ao C (3.53) 

Ci({0}) C Ai C Ci C Bi C C1(A (3.54) 

Proof: For i = 0 the desired set Ao satisfying (3.51) and (3.52) exists by virtue 

of lemma 3.7 or lemma 3.8. Suppose now that an open Ai has been defined for some 

i > 0, such that C2({0}) C A and construct appropriate sets Ai+1, Bi+1, and Ci+1 

First, observe that by compactness of U and continuity of inverse state transition 

function f-1, set C2+1({0}) is compact. Define 

Bi+1 = Cl(Ai) (3.55) 

which satisfies 0+1(101) C Bi+1. It is also an open set to see that, take any control 

value u E U and consider a set 

Bi41 = {x : f(x,u) E Ai} (3.56) 

which is open by openness of Ai and by continuity of f. Then, Bi+1 can be expressed 

as 

(3.57)Bi+1 = U Biu+1 
uEU 

and it is open itself. Now it is always possible to find an open set Ai+1 and a compact 

set C0 so that (3.54) is satisfied. To see that (3.53) can be satisfied as well, use 

the property clos(Ao) C Cl (A0). Thus, in the first step of the recursive construction 

it is possible to take Ao = Al and satisfy (3.54) for i = 1. This concludes the proof. 

3.3 Suboptimal feedback by discontinuous networks 

The simplicity of the time optimal control problem allows a reduction to study of 

sequences of sets controllable to the origin, or in the case of suboptimal control, 

to some small neighborhood of the origin. Therefore, the lemmas discussed in the 
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previous section provide a sufficient basis for investigation of the existence of sub

optimal feedback policies. In this section it will be shown that they may be realized 

by multilayered feedforward neural networks with Heaviside hidden neurons. 

3.3.1 Existence of measurable suboptimal feedback 

The first step towards neural suboptimal feedback is to establish that suboptimal 

control may be expressed in the form of state feedback. As remarked earlier, in the 

continuous time case it is very difficult to obtain an affirmative answer even to such 

a general question. With the previously stated assumptions, it is shown here that 

for the discrete time a measurable suboptimal feedback indeed exists, if the set of 

initial conditions of interest is such that for any element of this set the open loop 

time optimal control problem has a well defined solution. 

Proposition 3.10 Let system (3.5) satisfy assumptions 3.1 through 3.5. Then for 

any set C E C({0}), and for any E > 0 there exists a measurable feedback function 

: U, such that for any initial condition x0 E C, the solution of the closed-

loop system (3.34) satisfies 11 xk E for all k > T(x0). Function 0 takes countably 

many values, and if C is compact it takes finitely many values. 

Proof: Construct sequences of open sets A and Bi, and of compact sets Ci as 

in lemma 3.9. Note that 

C C C({0}) = U Ci({0}) C U A C (3.58) 
i=1 i=1 i=1 

so that set C is covered by open sets Ai, and consequently by compact sets C. 

The required feedback mapping will be constructed on the latter. For every i > 0, a 

covering of the compact set C, is defined as follows. With each point x E C, associate 

a control value u,,, E int(U) such that f(x, ux) E Ai_i this is possible because of 

(3.54). Since f is continuous and A2_1 is open, there exists an open neighborhood 
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of x, C Bi, such that f(x, ui,x) E Ai_1 for any X' E V. Sets form an open 

covering of the compact set Ci, so it is possible to find a finite subcover {14,j}711, with 

corresponding points xj,i and control values ui,j. For each Vi,j, i > 1, 1 < j < 

define its subset Wi,j as 

= (vi,i \ U vi,k)n (Ci \ U C k) (3.59) 
k=1 k=1 

Sets Wi,j are mutually disjoint and because 

00 Ni co Ni 

(3.60)U U = U U 
i=1j=1 i=1j=1 

they cover set of admissible initial conditions C. It is possible now to define a desired 

feedback function 
cro Ni 

O(X) = E E (3.61) 
i =1 j =1 

where Xw is the characteristic function of set W. Sets 14,3 and Ci are open and closed, 

respectively, hence Borel measurable. Therefore sets Wio are also Borel measurable 

and consequently the feedback function 0 is Borel measurable. It is also observed 

that 0 takes countably many values u2,3. To see that 0 provides near-optimal control, 

first consider a point x E Wio C Ci for some i > 0, 1 < j < Ni. Then 0(x) = u2,3, 

and from the construction of sets V1,3 it follows that f(x,cb(x)) E Ai_i. Observe also 

that Ao is an invariant set of the closed loop system this follows from the inclusion 

Ao C Al C C1. Finally consider a solution of the closed loop system (3.34) for an 

arbitrary initial condition xo E C. Suppose that, at time step k > 0, xk E GI, for 

some i < T(xk). Then xk E W1,3 for some / < i. Consequently, 

X k+1 f(Xk,O(X0) E A1_1 (3.62) 

This in turn implies that for any k < T(x0) 

xk E A1, 1 < T(x0) k (3.63) 

and for k > T(x0) 

xk E Ao (3.64) 
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Thus uk = cb(xk) is a desired control law. If the set of admissible initial conditions
 

C is compact, then it is possible to choose a finite subcovering from open cover Ai
 

CcUAicUCi (3.65) 
i=1 

for some integer K > 0. Then the feedback mapping may be defined as 

K 

0(x) = E E ui,jx
i =1 j =1 

,(x) (3.66) 

and it takes only finitely many values. This concludes the proof. 

The above result guarantees that the system state can be driven to, and main

tained in, a sufficiently small neighborhood of the origin. If, additionally, it is re

quired that any trajectory originating in C converges to the origin, this can be 

guaranteed if the system is already locally asymptotically stable. This is in a sense 

trivial, since if the system is already stable in some neighborhood of the origin, no 

special control action is needed once this neighborhood is reached. What is needed 

to show is that the measurable suboptimal feedback may be made zero in this neigh

borhood. As in lemma 3.8 assumptions 3.4 and 3.5 are no longer needed. 

Proposition 3.11 Let system (3.5) satisfy assumptions 3.1 through 3.2 and 3.6. 

Then for any set C E C({0}), and for any E > 0 there exists a measurable feedback 

function 0 : U, such that 0(x) = 0 on some compact set Co C 8'1(0, E), and 

that for any initial condition xo E C solution of the closed loop system (3.34) satisfies 

xk E for all k > T(xo) and xk converges to the origin. 

Proof: The proof is a very simple modification of the proof of proposition 3.10. 

Due to lemma 3.8, set Ao may be chosen small enough, so that it is contained in the 

domain of asymptotic stability V specified in assumption 3.6. Additionally, an open 

set Vo C clos(Vo) C Ao is constructed such that if ^X' E A0 and then f @, u E 

V0. Define a compact set Co = clos(Vo). Then, the only modification required in 

the proof of proposition 3.10 is that, while constructing the open subcovering 
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of compact set C1, it is possible to choose Vi,i = Ao and the corresponding control 

value u1,1 = 0. Then, the feedback function defined by (3.66) satisfies 0(x) = 0 for 

x E Co C W1,1, and any closed loop trajectory that entered Ao converges to the 

origin. This concludes the proof. 

Since the approximate target set BE(0, E) can be chosen arbitrarily small, the 

above results provide, for any practical purpose, existence of time-optimal stabilizing 

feedback. That 0 can be constructed to have a finite range may be important in the 

case of systems whose actuators allow only finitely many output signal levels. On 

the other hand, the feedback constructed here is necessarily discontinuous and hence 

cannot be uniformly approximated by continuous neural networks. What can be 

shown, however, is that discontinuous neural networks may realize the suboptimal 

feedback defined here. 

3.3.2 Set valued suboptimal feedback 

Existence of suboptimal neural feedback will be studied through application of the

orem 2.5. In order to use that result, the developments of the previous section need 

to be strengthened. A set valued, rather than single valued feedback mapping will 

be investigated 

0 : B > P(U) (3.67) 

on some open set B C RE, where P(U) = {V : V C U} is the collection of all subsets 

of U. The task is to find such (I), so that if at moment k any element u E (I)(xk) is 

applied as a control signal, then the system behaves as desired. In addition, it will be 

required that (13. is lower semicontinuous, that is for any x E B, u E (I)(x) and p > 0 

it is possible to choose a 8 > 0, so that if E Br' (x , 6), then (I)( "±.) 11 Bm (u, p) 0. 

Proposition 3.12 Let system (3.5) satisfy assumptions 3.1 through 3.5. Then for 

any set C E C({0}), and for any r > 0, there exists an open set B C Rn, such that 
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1 

C C B, and a set valued feedback mapping to : B 7)(U), such that if uk E (1)(xk) 

for all k, then for any xo E C the solution of the system (3.5) satisfies x k E 

for all k > T(xo). The feedback mapping may be chosen such that images 0(x) are 

open, and the mapping itself is lower-semicontinuous. 

Proof: As before, construct a covering of set C satisfying (3.51 3.54) and (3.58), 

and for each CZ find a finite covering by open sets 14,3. With each VI associate 

an open neighborhood of u,,,, U1,3 C U, such that if x E 14,3 and u E Uzo, then 

f(x, u) E Ai_1 this is possible because of continuity of function f. Next, define a 

corresponding collection of open sets W by 

J.13.1
 

i-1 
Wi,i = \ U Ck 

k=1 
(3.68) 

and denote 
oo 

B = U U Wto (3.69) 

Set C is covered by open set B, and each x E C belongs to finitely many 1/17,, . The 

desired set valued feedback mapping is then defined on B as 

oo N, 

(3.70)0(x) = U U X147i, (X)Ujj
i=13=1 

This mapping has open images and in addition is lower semi-continuous. To see 

this, take any x E B and any u E 0(x). Then x E 147i , E Ui, for some i > 0, 

1 < j < _1\12, and u E OW for any E Wio . Since W2,3 is open this shows lower 

semicontinuity. Suppose now that x E C. Then x W1,3 for any / > i. Therefore, if 

the control value satisfies u E 0(x), then u E U1,j for some / < i such that x E 

j < NI. Then 

f(x, u) E A1_1 (3.71) 

Again, since Ao C Al C C1, set Ao is invariant under any feedback satisfying u E 

0(x). Finally, consider any solution of the closed loop system with the sevalued 

feedback with an arbitrary initial condition xo E C. From the above it follows 

that for any k < T(x0) 

xk E A1, 1 < T(x0) k (3.72) 
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and for all k > T(x0) it is seen that 

xk E A0 (3.73) 

so that 1 is a desired feedback mapping. This concludes the proof. 

For systems that are already locally asymptotically stable, it is again possible to 

show that mapping (1, can be chosen so that 0 E 0(x) on a small neighborhood of the 

origin. The following result is a straightforward consequence of proofs of propositions 

3.12 and 3.11. 

Proposition 3.13 Let system (3.5) satisfy assumptions 3.1, 3.2 and 3.6. Then 

for any set C E C({0}), and for any E > 0, there exists an open set B C Rn, 

such that C C B, a compact set Co C 8n(0, E), and a set valued feedback mapping 

0 : B 2(U), such that if uk E 431(xk) for all k, and uk = 0 for xk E Co, then for 

any xo E C the solution of the system (3.5) satisfies 11 xk E for all k > T(xo), 

and the trajectory converges to the origin. The feedback mapping may be chosen such 

that images 0(x) are open, the mapping itself is lower-semicontinuous, and 0 E 0(x) 

for x E Co 

Proof: The only modification to the proof of proposition 3.12 is the choice of 

proper Ao contained in the domain of attraction of the origin and of the corresponding 

compact Co, according to lemma 3.8. Then, while constructing an open covering of 

C1, it is necessary to choose Vl,l = Ao and U1,1 = 8m(0, 6). The rest of the proof is 

an exact repetition of the proof of proposition 3.12. 

3.3.3 Neural suboptimal feedback 

The developments of the previous section lead to the existence of artificial neural 

networks providing suboptimal feedback. The class of networks for which this is 

shown are feedforward networks with at least 2 hidden layers of Heaviside neurons 
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and the output layer with linear neurons. Theorem 2.5 together with proposition 

3.12 immediately imply the following. 

Corollary 3.14 Let system (3.5) satisfy assumptions 3.1 through 3.5. Then for any 

compact set C E C({0}), E > 0, and for any integer L > 2, it is possible to construct 

a feedforward network 0 : Rm, with L hidden layers, Heaviside hidden units 

and linear output units, such that 0(x) E U on C, and for any initial condition 

xo E C the solution of system (3.34) satisfiesHxk E for all k > T(xo). 

Proof: With open set B and set valued feedback (I), constructed as in proposition 

3.12, define an open set 

52= {(x,u):xEB,uE0(x) }c x (3.74) 

Then the compact set of admissible initial conditions C is a subset of its projection 

on the first n coordinates. Thus, by theorem 2.5 there exists a neural network of 

the required form, such that 0(x) E 0(x) for any x E C. But then, by proposition 

3.12, this network performs the desired control task. 

Similarly, for systems already locally asymptotically stable, the following can be 

obtained from proposition 3.13 and theorem 2.5. 

Corollary 3.15 Let system (3.5) satisfy assumptions 3.1 through 3.3 and 3.6. Then 

for any compact set C E C({0}), E > 0, and for any integer L > 2, it is possible 

to construct a feedforward network 0 : V', with L hidden layers, Heaviside 

hidden units and linear output units, such that 0(x) E U on C, and for any initial 

condition xo E C the solution of system (3.34) satisfiesIlxk E for all k > T(xo) 

and the trajectory converges to the origin. 

Proof: Use proposition 3.13 to obtain 0, B and Co as shown there. Then set 

fl defined by (3.74) satisfies (x, 0) E 12 for x E Co. Thus, theorem 2.5 may be used 
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to find a proper network 0 such that 0(x) E (I)(x) for any x E C and 0(x) = 0 for 

x E Co. But then, by proposition 3.13, this network performs the desired control 

task. 

3.4 Approximation by continuous networks 

It has been demonstrated that neural networks with discontinuous neurons can be 

used to provide nearly time optimal feedback. Unfortunately, the majority of efficient 

training algorithms are based on the gradient of the error function, and require 

that the neuron activation functions be at least once differentiable. In practice, the 

most widely used neural networks have neurons with smooth sigmoidal activation 

functions. The theory reviewed in chapter 2 guarantees uniform approximation of 

only continuous functions by such networks. In order to use those results, existence 

of continuous near-optimal feedback must first be established. This will be possible, 

if a set of arbitrarily small measure is excluded from the set of admissible initial 

conditions C. The technique to construct such a set is dealt with in the following 

lemma. 

Lemma 3.16 Let system (3.5) satisfy the assumptions 3.1 through 3.3. Suppose 

that there exist collections of open sets {EX-'_0, compact sets 1, and open sets 

{Gi},fL1, for some L > 0, which satisfy 

Ei c Fi C Gi c (3.75) 

Let e > 0 be an arbitrary number. Then there exist collections of open sets {Ei }L1, 

o = E0, compact sets {Pi}Li, Fi C Fi, and open sets satisfying 

Ei c Fi c Gi c (3.76) 

L 

it(U Fi) > it(U Fi) (3.77) 
i=1 

FinFi =0 for i > 1 (3.78) 
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such that it is possible to find S and a function 'zl) : int(U), continuous on F1, 

and 6 > 0, such that if x E Pi and 11 u zlI(x)11< S then f(x,u) E Eo, and if x Fl 

then zl)(x) = 0. 

Proof: For each 1 < i < L increasing sequences of open sets Ej,p C Ei, compact 

sets Ei,p C and open sets ai, C Gi will be constructed so that they satisfy 

(3.79)lim Fk,p) = it(U Fk)
p-'00
 

k=1 k=1
 

Gi = U Gi,p (3.80) 
p=1
 

00 i 

U Ek c clos(U U Ek,p) (3.81) 
k=1 p=lk=1
 

c c c cl (3.82) 

with E0,p = E0. The first step of the recursive construction is for i = 1. As in previous 

developments, a collection of open sets {V3}3N=1, N > 0, covering the compact set F1, 

is found together with associated open neighborhoods U3 C U of control values u3, 

such that if x E V3 and u E U3, then f(x,u) E E0. Since generally it is not true that 

the Lebesgue measure of an open set is equal to the measure of its closure, sets V3 

are taken as open balls of the form V3 = 13n(x,,p3) C Gl, xj E F1, so that 

it(V3) = it(clos(V3)) (3.83) 

Define a collection of mutually disjoint subsets of F1 

3-1 
Wi = (Vj n Fi) \ U vk (3.84) 

k=1 

so that 

(3.85)F1 = U Wj 
j=1
 

Then take any sequence of positive numbers {Eplp"_i such that limp_oo Ep = 0. For 

each 1 < j < N construct a decreasing sequence of open sets {173,p}pcio, and an 

increasing sequence of compact sets {V3p}p'cio, defined by 

17:j,p = {x E n : dist(x, V3) < Ep} (3.86) 
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V.4 = E Vi : dist(x,(Vi)C) > Ep} (3.87) 

It is clear that 
co 

n Vi,p ClOS( Vi (3.88) 
p=1 

(3.89)UV3,7' = V3 
p=1 

Therefore by continuity of Lebesgue measure and by (3.83) it follows that for each 

1 < j < N 

liM 14,P) = it( Vi (3.90)
P-4'00 

lirn 11(17.4) = i(Vi) (3.91) P'00 

Now define recursively N sequences of compact subsets of Vi 

j-1 
(3.92)= ( U Vi,P) 

k=1 

For each fixed p, sets f 73,p are mutually disjoint and they satisfy 

ji,n,10/1(Vi,p) = P(Vi ( U Vk) (3.93) 
k=1
 

and consequently 

pitinco [t( U itt(U V) (3.94)=.1173

j
 i=1
 

Next, for each fixed p, a collection of mutually disjoint compact subsets W.i,p of F1 

is defined as 

4/(4 = n (3.95)F1 /Ta,p
 

Finally, construct an increasing sequence of compact sets P1,p C 

N 

(3.96)U 
j =1 

for which it follows that 

lim ti(Fi ) = [(F'1) (3.97) 

The first step of the proof is completed with setting E1,p = int(Fi,p) n E1 and 

= G1, which clearly satisfy (3.80) and (3.81). Assume now that the desired con

struction has been performed up to some i < L. The desired sequences {:ki+1,p}p°11, 

http:i(Vi)(3.91
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{Pi+i,p}p",i, { ai+1,p}p°11 will be now defined by 

= Gi+1 n ci(ti ) (3.98) 

= Fi+1 n E +1,p dist(x, (ai+i,p)e) > sp, dist(x, (Pi,p)c) > Epl (3.99) 

= Ei+1 n int(Pi+i,p) (3.100) 

It is seen that all Fi p are disjoint from respective P1,7, Also it follows that with 

inductive assumption (3.81) sets ai+1,p satisfy 

i+1 co i+1
 

UGk U U Gic,p (3.101) 
k=1 p=1k=1 

which, in turn implies 
i+1 co i+1
 

U Fk C clos(U U Fk,p) (3.102) 
k=1 p=1 k=1 

Ei+1 C clos(U (3.103) 
p=1
 

In particular, this means that (3.79), (3.80), and (3.81) are satisfied for i 1. This 

completes the recursive construction. Now it is possible to choose p* sufficiently 

large, so that for each 1 < i < L 

Fi,p.) > Fi) (3.104) 
i=1 i=1
 

Then let ti = Ei p., Fi = ,p* = . These sets satisfy properties (3.76), 

(3.77) and (3.78). To find a desired feedback function //, set Wi = Wj p., and define 

N 

0(x) = uixg,,(x) (3.105) 
j=1 

5 = min dist(u ,U;) (3.106)
1<j<N 

where U3 are open neighborhoods of control values /kJ associated with covering sets 

1/3.
 Thus the defined feedback clearly satisfies the postulated requirements. This 

concludes the proof. 

With the following lemma established, it is possible to discuss an approximation 

of the suboptimal policy discussed in section 3.3 by a continuous function. 
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Proposition 3.17 Let system (3.5) satisfy assumptions 3.1 through 3.5. Then, for 

any compact set C, such that C E C({0}), and for any E > 0, > 0, there exists 

a compact set C C C with measure /1(0 > ,u(C) E, and a feedback function 

: J22n -4 U, continuous on C, such that for any initial condition xo E C the 

solution of the closed loop system (3.34) satisfies 
11 xi, E for some k < T(xo). 

Furthermore, it is possible to choose Eu > 0 such that any control law satisfying 

uk 0(xk)11< Eu achieves the same result. 

Proof: As before, using lem3.9, collections of sets {AiWo, are 

constructed, which satisfy (3.53 3.54) and such that C C Ui'-1 Then the proof 

is based on a recursive construction of collections of open sets Ai,k C Ai, compact 

sets ai,k C C, and open sets Po, C Bi, for 1 < k < K, satisfying 

Ai k C Ci,k C Bi,k C Cl(Ai,k) (3.107) 

(3.108)P(U C > [(U C1) 
i=_i i.1 

k 

n U C.j7k = 0 for i > k (3.109) 
i=1 

Also feedback functions Ok : > int(U), continuous on ull=i aj,k, are constructed, 

together with constants Sk > 0, such that if x E 01,k for some i < k, and u E 

Bm(cbk(x),Sk), then f , u) E Ai,k, and if x 1 j2IF=1 aj,k, then 0k(x) = 0. To perform 

the first step of the construction, for k = 1, substitute Ei = Ai, Fi = Ci, Gi = Bi, 

L = K, = k, and apply lemma 3.16. The obtained sets Pi, Pi, 01 are the desired 

sets A1,1 = Fi, Ci,1 = ti, B1,1 = 01 for all 1 < i < K, Feedback function 01, 

continuous on Cu is taken as 01(x) = 71)(x), with Si = S, where 0(x) and S are 

obtained from lemma 3.16. This completes the construction for k = 1. Suppose 

now that the construction has already been performed for some 1 < k < K, and 

construct the desired sets for k +1. For 1 < i < k, let Ai,k+1 = A1,k7 ai,k+1 = ai,k7 

-13i,k+1 = Ei,k. Then for k < i < K substitute Ei_k = Ai,k, Fi-k = ai,k, Gi-k = i,k 

Also let L = K k and = it and apply lemma 3.16. With thus obtained sets 

Pi, Pi, Gi let Ak+i,k+1 = Ei, ak+i,k+1 = Pi, Ek+i,k+i = Gi, for k < i < K. Since 



57 

the feedback function obtained from lemma 3.16 has Ck +1,k +1 as its support, the 

desired function Ok+i may be defined simply as 

cbk+i(x) = Ok(x) + 0(X) (3.110) 

which is clearly continuous on outside which it vanishes. The step k +1 

of the recursion is completed by setting 

bk.1 ==min(SkA (3.111) 

With sets and functions Oj and numbers Sa already constructed, the final result 

is obtained by setting 
K 

C = U C2,n (3.112) 
1=1 

O(X) = OK(X) (3.113) 

Eu = (3.114) 

That feedback results in near-time-optimal transfer of the system state to set 

Ao C 13n(0, E) can be demonstrated exactly as in proof of proposition 3.10. This 

concludes the proof. 

Unlike the results of section 3.3, proposition 3.17 does not guarantee that the 

system state will remain in the desired target set after it was reached at time k < 

T(x0). This is because the residual set C \ C may intersect Bm(0, E). So even if 

the state is transferred into the target set, it may leave it after finitely many steps. 

This may be inconsequential in applications where it is not required that the state 

remains in the target set. If stabilization is indeed required together with time 

optimal control, then local stability assumption 3.6 will be needed again. Then the 

following extension of proposition 3.17 is easily obtained. 

Proposition 3.18 Let system (3.5) satisfy assumptions 3.1 through 3.3 and 3.6. 

Then, for any compact set C, such that C E C({0}), and for any E > 0, > 0, there 

exists a compact set C C C with measure µ(C) > p(C) Z, and a feedback function 
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: U, continuous on C, such that for any initial condition xo E a the solution 

of system (3.34) satisfiesHxk E for all k > T(xo). Furthermore, it is possible to 

choose Et, > 0 such that any control law satisfying 11 uk q(xk) achieves the 

same result. 

Proof: The proof is a modified version of the proof of proposition 3.17. The 

difference is in the construction of sets Ao, A1, C1, and of mapping 01. Using lemma 

3.8, the set Ao and its subset Vo are constructed such that f(x, u) E Vo for x E Ao 

and 11 u Eu Then in the first step of recursion, when applying lemma 3.16 with 

Eo = Ao, F1 = A1, F1 = C1 the first of compact sets kp for each p is taken as 

= clos(Eo), and the associated control value is ui = 0. This results in inclusion 

Ao C int(Wi,p) C El,p C P1,p. Consequently, the obtained feedback function 01 

satisfies 01(x) = 0 on clos(Ao), and f (x , u) E Vo if x E Ao and 11 u 6(x) Ex. 

The rest of the proof is a repetition of the proof of proposition 3.17. 

As an immediate consequence of the above results, it is possible to establish 

the existence of the approximation of suboptimal feedback by continuous neural 

networks, using theorem 2.1. If subsequent stabilization is not required after the 

target has been reached, the following is easily obtained. 

Corollary 3.19 Let system (3.5) satisfy assumptions 3.1 through 3.5. Then, for any 

compact set C, such that C E CK({0}) for some integer K, and for any E > 0, "e: > 0, 

and integer L > 1, there exists a compact set C C C with measure µ(C) > ,u(C) 

and a feedforward network cb : RTh Jm with L hidden layers, sigmoidal hidden 

units and linear output units, such that 0(x) E U on C, and for any initial condition 

xo E C the solution of system (3.34) satisfies Ilxk E for k = T(xo). 

Proof: The corollary follows immediately from proposition 3.17 and from theo

rem 2.1 applied to set C, function 0 and constant Ett. 
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If it is desired that the state does not leave the required neighborhood of the 

origin, the following result follows. 

Corollary 3.20 Let system (3.5) satisfy assumptions 3.1 through 3.3 and 3.6. Then, 

for any compact set C, such that C E CK({0}) for some integer K, and for any 

E > 0, > 0, and integer L > 1, there exists a compact set C C C with measure 

p(a) > ,a(C) Z, and a feedforward network 0 : Irri with L hidden layers, 

sigmoidal hidden units and linear output units, such that 0(x) E U on C, and for 

any initial condition xo E C the solution of system (3.34) satisfies 11 xk E for all 

k > T(x0). 

Proof: Again this is an immediate consequence of proposition 3.18 and of theo

rem 2.1 applied to set C, function cb and constant Eu. 

3.5 Comments 

Perhaps the most important, from the point of view of control theory, develop

ments of this chapter are propositions 3.10 and 3.11. They demonstrate that under 

fairly general assumptions there exists a state feedback mapping which provides an 

arbitrarily close approximation of the combined task of time optimal control with 

subsequent stabilization around the target. Then it is shown, that such a feedback 

mapping can be realized in a simple form of a multilayer perceptron, which for the 

case of two hidden layers means simply a function that is piecewise constant on 

polyhedra. These existence results are reassuring from the point of view of a control 

engineer, whose intuition indicates that, by definition, the system state should rep

resent all the information needed to decide about suitable control action. This is in 

stark contrast with the continuous time case, where this intuition seems misleading, 

and the optimal feedback is not always a well defined concept. It seems that the 

problems with the continuous time case stem in part from insistence that the con
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trol be expressed as a function of instantaneous state, which creates problems with 

definition of resulting system of differential equations, and from too rich a class of 

admissible control signals considered. On the other hand the control signal in dis

crete time case corresponds to a simple notion of a numerical sequence, and solution 

of the associated system of difference equations never fails to exist. Consequently it 

was possible to obtain all the results using only simple mathematical tools related to 

the fundamental topological notion of continuity. This suggests that optimal control 

analysis and synthesis may be much simpler and accessible to a control engineer, if 

it is performed in discrete, rather than in continuous, time. 

The mathematical techniques utilized here were motivated by the work [16] on 

stabilization of discrete time systems by Heaviside networks. In particular the ap

proximation theorem 2.5 proved therein was used to show existence of suboptimal 

neural feedback in propositions 3.14 and 3.15. Although these results provide some 

justification for application of neural networks to synthesis of near-optimal feedback, 

it has to be cautioned that their value for practical implementations of neural con

trollers is rather limited. This is because of the already mentioned unavailability 

of efficient training algorithms for discontinuous multilayered networks. Thus the 

problem of actual controller synthesis may still be practically untractable, even if 

existence of appropriate networks is theoretically guaranteed. 

Since an overwhelming majority of practical implementations of neural network 

controllers involves networks with continuous neurons, theoretical results for this 

architecture are the most important ones from the point of view of engineering ap

plications. Unfortunately, the theory developed here with this respect is somewhat 

limited. The difficulty lies in synthesizing a continuous selection 0 of the set valued 

mapping .1) obtained in propositions 3.12 and 3.13. The only result allowing for 

such possibility, that the author is aware of, is the Michael's theorem on selections. 

The condition posed there is that the values of I are convex. In the context of this 

chapter this would mean the requirement that for each point x the set of admissible 

suboptimal controls is convex. This condition may be satisfied, apart from some 
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very specific cases, only for linear systems, for which use of nonlinear neural control 

does not make much sense. In the nonlinear case, despite many efforts, the author 

was unable to isolate a class of systems for which a continuous suboptimal feedback 

would be guaranteed to exist. This is probably due to the simplicity of mathemati

cal tools used and to efforts to keep the class of the systems considered reasonably 

general. Using more advanced methods and postulating more properties of the con

trolled system, it would undoubtedly be possible to show existence of continuous 

suboptimal feedback. However the question whether the obtained class of systems 

would correspond to any real world applications remains open. This is certainly an 

avenue of research to pursue in the future. 

Propositions 3.19 and 3.20 provide a limited theoretical justification for use of 

sigmoidal networks as time-optimal controllers. The main shortcoming is that no 

information is given on the location of the excluded set of initial conditions C \ C. 

The following interpretation of these results may be given. Suppose that the time 

optimal control problem corresponds to rejection of a disturbance that displaces 

the system state into a random location in the state space. Suppose furthermore 

that the disturbance can be modeled as a random variable with the probability 

distribution that is absolutely continuous with respect to the Lebesgue measure on 

In and has a compact support. Then, the results obtained may be rephrased that 

the probability of the state being transferred in a close-to-optimal manner may be 

made not less than 1 e, with 6 arbitrarily small. However, this interpretation is 

valid only for a model of a disturbance as a single random event. Should a sequence 

of independent disturbances be considered, the guaranteed probability of success will 

inevitably decrease. Still, for applications when such a disturbance appears rather 

seldom this seems a valid argument. Usually reliability of the controller hardware is 

specified in terms of probability of failure in a given time and if this probability is 

sufficiently low the control system is deemed acceptable. If the probability of control 

algorithm failing can be made smaller than that for controller hardware, then it 

may be argued that the algorithm is suitable for the given task. In this sense, the 
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results of section 3.4 justify application of sigmoidal neural networks for suboptimal 

control. It must be also added, that the obtained continuous controller does not have 

to fail for some, or even all, initial conditions in the excluded set. Therefore, the 

actual probability of failure may be smaller, or even zero. In other words, the theory 

developed here cannot guarantee, but does not exclude the possibility of, continuous 

neural controllers performing suboptimally for all initial conditions of interest. 

The controller structure discussed in this section is that of the state feedback. It 

may be argued that in practical cases the state measurements are seldom available, 

and output feedback is the only feasible choice. Unfortunately, construction of time-

optimal output feedback is considerably more difficult. The key notion here is that 

of observability, or ability to reconstruct information about the state from measure

ments of the system input and output. Even if this is possible in a finite number of 

steps, there remains an issue how to provide appropriate control action before the 

state is reconstructed by the controller. For example in case of disturbance rejection, 

the time needed to bring the state to a vicinity of the equilibrium will depend on 

the controller actions between the moment when the disturbance occurred and the 

moment when the state information was reconstructed. There is certainly a need to 

address those problems and to develop a theory concerning suboptimal neural con

trol for systems with output measurements. As is almost always the case, practice 

is ahead of theory here, and a successful application of suboptimal output feedback 

will be discussed in chapter 5. 
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Chapter 4 
Optimal control with summable quality index 

The class of optimal control problems considered in this chapter corresponds 

to the optimized quality criterion being the cost integrated or, in the discrete-time 

case, summed along the trajectory, with the cost function representing the penalty 

for deviation of the trajectory from the equilibrium. The most popular example is 

the quadratic optimal regulator problem, in which the cost function corresponds to 

a squared norm of deviation from the equilibrium. In the linear case, the problem 

has been extensively studied and in particular, synthesis of optimal control is readily 

available both in continuous and discrete time cases [32]. For continuous time nonlin

ear systems, existence of the optimal feedback can be established through dynamic 

programming approach, subject however to quite stringent smoothness requirements 

with respect to the system and integrated quality criterion [33]. The actual syn

thesis however, requires knowledge of the analytical form of the model and involves 

solution of complicated systems of partial differential equations. As in the previ

ous chapter it is suggested that artificial neural networks be used to synthesize an 

approximately optimal feedback controller, based on data contained in a number of 

open-loop optimal trajectories. This approach allows to replace the difficult task 

of optimal synthesis with a number of easier tasks of open loop optimizations, for 

which efficient numerical techniques exist. 

The optimal regulation problem will be studied in discrete-time setting. As in 

the previous chapter, this introduces more regularity into the problem and allows to 

avoid difficulties with existence and uniqueness of solutions of the associated sets of 

equations. Also the mathematical tools that will be used, are considerably simpler 

than it would be necessary in continuous-time case. Since only fundamental conti

nuity properties will be utilized, it is possible not to require almost any smoothness 
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of the system and the cost function only local Lipschitz continuity of the system 

model in a small neighborhood of the equilibrium will be used in a portion of this 

chapter. 

The theory developed in this chapter provides foundations for the approxima

tion of optimal feedback control by artificial neural network. First the existence of 

measurable optimal feedback is established for a suitably defined relaxed optimiza

tion problem. Then approximation of such a feedback by artificial neural networks 

is studied. The obtained results are purely existential, that is they establish that 

the set of neural network controllers providing suboptimal control is not empty. As 

remarked earlier, this is of paramount importance for the proposed approach to 

have sense. Once the existence problem is solved, synthesis of the controller, or its 

training, may be undertaken. The issue of practical implementation of the synthesis 

process is not, however, addressed here. 

4.1 Problem statement 

The nonlinear finite-dimensional dynamical system is assumed to admit a model of 

the form (3.5). Accordingly, all notations introduced in section 3.1.2 will be used 

here as needed. Also assumptions 3.1 through 3.6 will be referred to. 

The quality criterion associated with the optimization problem is in the form 

of a sum of costs corresponding to consecutive points of the controlled trajectory. 

Consider any initial condition xo E In and any finite sequence of admissible control 

values, fu,likiol, ui E U, together with the corresponding state trajectory 

xk = fk(xo, (4.1) 

The cost associated with each individual element of the trajectory is assumed to take 

the form of a nonnegative valued function h : U {0}. The cost associated 

with the entire trajectory (4.1) can be expressed as a function of the initial condition 
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and the control signal, quk : nn x Uk U {o} of the form 

quk (X0, fUilik=-01) E h(fk(xo,fuJik=-01) (4.2) 

(Rn)k u folor alternatively, as a function of the elements of the trajectory, qsk 

qsk ({X,}1:=1) = h(xk) (4.3) 

For both forms of the above cost function the same symbol qk will be used, as it 

will usually be obvious whether the independent variable is the control signal or the 

elements of the trajectory. 

Consider the target set A C r, controllable to itself in one step, A C C1(A), so 

that once A is reached it is possible for the state to remain in A. Suppose that the 

initial condition xo is controllable to set A in k steps, x E Ck(A). Then the optimal 

cost corresponding to control horizon lc, and target set A may be expressed as a 

function of the initial condition, JA : C1(A) > U fol, defined as follows 

kJA(xo) = inflqk-1(xo, ) : ui E U, xk = fk(x, E (4.4) 

The infinum is taken over all admissible control sequences transferring xo into A 

in k steps. Note that costs of neither the initial condition xo, nor the final point 

xk are included in the minimized cost. Since xo is given and cannot be changed 

by the subsequent controls, its inclusion in the quality criterion will not change the 

solution. On the other hand, it is assumed that all final points in set A are treated 

equivalently, and as long as A is reached at moment k, there is no need to differentiate 

between final points in A by inclusion of xk in cost qk. Therefore the last term in the 

minimized sum (4.2) is h(xk_i), rather than h(xk). To assure continuity of function 

qk-1 with respect to control values, the cost of each trajectory element xi, i < k, 

is added to the summed cost, even if xi E A. That may seem unreasonable at first 

glance, and in conflict with the preceding argument for exclusion of cost of the final 

point h(xk) from the total cost. However, while considering trajectories minimizing 

(4.2), the solutions of interests will satisfy xi A for i < k, thus eliminating this 
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minor inconvenience. The alternative formulation of the quality criterion would be 

to multiply individual costs h(xi) by the characteristic function of the complement 

of A, so that only elements outside the target set would contribute to the cost of the 

trajectory. An advantage of such an approach would be that the optimal costs (4.5) 

corresponding to different control horizons k would form a nonincreasing sequence, 

4+1 < 4, provided that A C (A). However, this approach would result in larger 

problems due to possible discontinuities of summed cost (4.2) with respect to control 

values. 

The infinite horizon optimal cost corresponding to target set A, is a function of 

initial condition, JA : C(A) U fob defined by 

JA(xo) = infUlAc(x0) : xo E Ck(A)} (4.5) 

where the infinum is taken here over all finite control horizons k, for which the 

initial condition is controllable to A. Note that (4.5) is well defined for all points 

controllable to A. 

The class of optimal control problems considered in this chapter corresponds to 

the target set being the origin of the state space, A = {0}. The earlier assumption 

that f(0, 0) = 0 assures that the state can be maintained at the origin, once it is 

reached. The set of initial conditions C is assumed to be compact, and controllable 

to the origin, C C C({0}), so that the transfer to the origin is a feasible task. 

As discussed before, this actually implies that C C CK({0}) for some finite K, 

so that every point in C is controllable to the origin in at most K steps. The 

optimal cost functions for finite and infinite horizons, j k Ck( {0 }) > U {0} and 

J : C({0}) >	 U {0} are defined as 

Jk(x) = 401(x) (4.6) 

J(x) = J{0}(x) (4.7) 

The so far formulated class of optimal control problems includes also time optimal 

control if the cost function is h(x) = 1. The problems considered here, however, are 

associated with functions h : > U {0} satisfying the following assumptions. 
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h(x) = 0 if and only if x =0 

h is continuous 

for any real number a > 0, the set Q, = {x E : h(x) < a} is bounded 

A typical example of a cost function satisfying these assumptions is a quadratic 

function h(x) = xT Qx, with Q a positive definite matrix. This kind of quality 

criterion is commonly used in linear control theory. Also any norm on Rn may serve 

as h. 

Observe that with h continuous, the summed cost of a given trajectory (4.2) is 

also a continuous function of the argument { ui} i1701. Since for a given xo the set of 

admissible control signals transferring xo to the origin is a compact subset of Uk, it 

follows that the minimal value Jk(x0) of (4.2) is actually achieved for some control 

signal from Uk. This is not necessarily true for the infinite horizon cost J, and may 

happen that the infinum (4.5) is not achieved for any finite k. However for any x it 

is possible to find a finite control horizon k such that the achievable minimal cost 

(4.4) is as close to infinite horizon cost (4.5) as desired. 

For the purpose of feedback synthesis, a relaxed optimal control problem will be 

defined for some positive real numbers Es and E3. A suboptimal control sequence 

will be sought, such that both the minimum cost and the target set are achieved 

approximately, that is 
qk-1 E.]

J(xo) (4.8) 

xk = fk(xo,luilikfol) E 61(0, Es) (4.9) 

for some finite k > 0. The following analysis will be concerned with state feedback 

controllers of the form 0 : U, such that the resulting control signal 

ui = 0(xi) (4.10) 

satisfies (4.8) and (4.9). An additional requirement will also be considered, that the 

state remains in the specified neighborhood of the origin after it has been reached, 
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that is 

xi E (0 , Es) for i > k (4.11) 

Thus the suboptimal control will be combined with approximate stabilization around 

the origin. Existence of controllers satisfying the above specifications will be studied 

for arbitrarily small E3 and Es. 

4.2 Properties of approximate cost function 

To study suboptimal control by artificial neural networks, the approximation results 

discussed in chapter 2 will be used. It will be desirable, that small deviations from 

the initial condition and the corresponding optimal control signal result in the cost 

still close to the optimal one. The ideal situation would be, if the optimal cost were 

a continuous function of the initial condition. Unfortunately, with the target set 

being a single point, this need not be the case. Thus, attempts to approximate the 

optimal cost (4.7) directly, as specified by condition (4.8), may lead to some technical 

problems. It is more convenient to introduce an approximate cost JA0, corresponding 

to some neighborhood Ao of the original target, and then to seek feedback strategies 

approximating JA, . If the original and the relaxed optimal costs are close to each 

other, this approach will allow satisfaction of suboptimality conditions (4.8) and 

(4.9). 

Consider a bounded target set containing a neighborhood of the origin. It will 

be shown that the sequence of optimal costs associated with increasing control hori

zons will actually achieve minimum for some finite horizon. The following lemma is 

concerned with this property. 

Lemma 4.1 Suppose that system (3.5) satisfies assumptions 3.1 and 3.2. Let C 

be a compact set of initial conditions controllable to the origin in at most K steps, 

C C Ch ( {0 }), and let Ao be a subset of C, with the origin contained in its interior, 

0 E int(Ao) C Ao C C. Then there exists an integer K j, such that for any x E C, 
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the optimal cost associated with infinite horizon is equal to the optimal cost for some 

finite horizon 1 < KJ, that is 

(4.12)JA0(x) = JA0(x) 

or, equivalently, for any i > 0 

(4.13)JA0(x) < JA110-j+i (x) 

Proof: First observe that the optimal cost to reach the origin, associated with a 

finite horizon k, J'(x), is bounded on C for every k > K. For every horizon j > 0, 

denote by H3 the maximal possible value of function h on the set reachable from C 

in j steps 

H3 = max{h(x) : x E P(C,U)} (4.14) 

Then, since any state x E C is controllable to the origin in K steps, it follows that 

the optimal cost associated with any horizon j > K is bounded by 

x -1 
J(x) < Jk(x) < H = (4.15) 

1c=1 

Consequently, also the optimal costs to reach Ao are bounded on the set C by the 

number H 

(4.16)JA0 (x) Vc° (X) < (x) < -11 

Now consider the lower bound of the continuous function h on the set C n Ao 

-y = nf {h(x) : x E C n (4.17) 

This value is positive because of assumed continuity and positive definiteness of h, 

and because the interior of Ao contains the origin. Next, choose an integer KJ such 

that 

KJ > K} (4.18) 

Take an arbitrary E > 0, and x E C, and consider optimal cost 40(x) to reach Ao 

for some finite horizon k > KJ. There exists a control sequence 1z/if transferring 

the state to Ao, 
fk(x, Ao (4.19)E 
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and such that the associated cost is close to the optimal value 

qk-1(x, ludc:0) jlAco (4.20) 

Suppose that of k points of the corresponding trajectory, xj = fj(x, fttilL01), = 

1, . . . , k, exactly 1 < k lie outside Ao. But because of (4.17) these elements of the 

trajectory satisfy h(xj) > y, and it follows that 

qk-1(x, fuilki0) > ly (4.21) 

In view of (4.16) and (4.20), this implies that 17 < H E. Since E is an arbitrarily 

small number, it follows from (4.18) that 1 < x < . Therefore, there exists an 

integer l* < K j such that 

fl* (x, {ui},1*_-01) E Ao (4.22) 

which in turn means that the optimal cost associated with horizon 1* satisfies 

(4.23)40(x) 5 ql*-i(x, < Jitic o(X) E 

Because this was shown for an arbitrary E > 0 it follows that 

JA 0(x) (4.24)JA1*0(X) 

This concludes the proof. 

The significance of the above lemma is that it will be possible to limit the con

sidered optimal and suboptimal transitions to some finite number of steps. This 

will make it possible to cover the set of initial conditions with finitely many subsets, 

similarly to the previous developments concerning stabilization and time optimal 

control. The next lemma is concerned with approximation of the infinite horizon 

'true' optimal cost J(x) by the finite horizon 'relaxed' optimal cost 40(x). 

Lemma 4.2 Suppose that system (3.5) satisfies assumptions 3.1 and 3.2. Let Ao be 

an open and bounded neighborhood of the origin, k > 0 some finite control horizon, 

and C a compact set of initial conditions controllable to the origin in at most k steps, 
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C c Ck({0}). Then there exists an integer K j, such that for any x E C, and for any 

> 0 it is possible to choose a S > 0 and a control horizon 1 < Kj, for which the 

cost J is approximated by J1A0 on 1372(x, S), in the sense that 

if X E Bn(x , 8) fl C then J(x) > Jlito(X) E (4.25) 

Proof: To show that the assertion of the lemma holds, suppose, to the contrary, 

that it is false. That is, assume that there exist some x E C and E. > 0, such that 

for any open neighborhood of x, 1372(x, S) such that C fl 1372(x, 8) {x}, and for any 

optimization horizon 1, there exists at least one point X E C Bn(x, 8) satisfying 

J(i) < J1A0(^) e (4.26) 

This assumption will be shown contradictory. First, consider another open bounded 

neighborhood of the origin A, whose closure A is contained in Ao 

O E Ac A= cios(A) c Ao (4.27) 

Making use of lemma 4.1 twice, choose a sufficiently large control horizon Kj, such 

that if X E C and j > Kj, then 

JAo(x) < JA0(x) (4.28) 

(4.29)JA(x) C ,PA-(x) 

For the chosen x E Cc Ck({0}), it is possible to find / < Kj, such that the 

associated optimal cost satisfies 

(4.30)JA0(x) = (x) 

If the assertion of the lemma is false, then it is possible to find a sequence of points 

{Xi}i"_, convergent to x, limi , xi = x, such that 

(4.31)J(i) 5 JiA0(s) 

For every element Xi of the sequence it is possible to find a finite horizon ji such that 

J PO< (4.32) 
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Then consider optimal transfer of points xi to the open set A. Since the origin is 

an element of A, the optimal cost associated with target set A and horizon ji 

satisfies 

< ) (4.33) 

By lemma 4.1 and by choice of Kj, it is possible to find for each xi a control horizon 

/, < Kj such that 

2E (4.34)JA(xi) = < J(xi)+ Ao(X) 3

where the second inequality is a consequence of (4.32), and the last one follows from 

(4.31). Choose a limit point /* < Kj of the bounded sequence of integers {/X)1, and 

pick a subsequence of points xi, for which the associated control horizon 1, satisfies 

/, = 1*. After necessary renumbering, denote the new sequence convergent to x as 

P,}°_1. For each element of this sequence it is now possible to construct a finite 

control sequence of length 1*, {11,,3}.71*_-01, such that the state is transferred to A 

(4.35)E A 

and the incurred cost is close to the optimal one 

J/A(xi) _E < JA/ (4.36)3 0 

with the second inequality following from (4.34). Since the control values are bounded, 

it is possible to choose yet another subsequence convergent to x, such that 

for each 0 < j < 1* the corresponding sequence of controls fu,A13_1 converges to 

some tt;' c U. From (4.35), and by continuity of the state transition function f, it 

follows that 

fl*(x, fu;11;f01-) E clos(A) C Ao (4.37) 

Then, (4.36) together with continuity of cost function h imply that control sequence 

{ t;13/*=01 transfers x to Ao with the incurred cost satisfying 

ql*-1 (X , fu 3131*_-02) < J1,40(X) 3 (4.38) 
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Consequently the optimal cost associated with horizon 1* for the chosen point x 

satisfies 

JAi* (x) < J1 (x)Ao (4.39)o 

However, this contradicts (4.30), which implies that 1 is the horizon allowing for the 

minimal cost of transfer to Ao. Hence, the assertion of the lemma cannot be false, 

which completes the proof. 

The above lemma will be crucial for construction of optimal trajectories, as it al

lows to replace the task of minimization of infinite horizon cost JP) by minimization 

of finite horizon cost 40 (x) in an open neighborhood x. The obtained neighborhoods 

will then be utilized to cover the compact set of initial conditions and the associated 

control values will be used to construct a suboptimal feedback mapping. 

4.3 Existence of suboptimal feedback 

Developments of the previous section will allow consideration of only finite length 

approximations of optimal trajectories on open sets. Then by covering the compact 

set of initial conditions C with finitely many open sets, it will be possible to partition 

C into finitely many subsets on which the desired suboptimal control strategy will be 

constant. To this end, first a locally suboptimal feedback will be considered for an 

open target set. The following lemma is concerned with existence of such a mapping 

defined for a small open set of initial conditions. 

Lemma 4.3 Suppose that system (3.5) satisfies assumptions 3.1 and 3.2. Let C be 

a compact set of initial conditions controllable to the origin in finitely many steps, 

C C Ck({0}), and let Ao be an open neighborhood of the origin, controllable to itself 

in one step, 0 E A0 C C1(A0). Then there exists an integer K j > 0, such that for 

any E > 0 and for any x E C there exists an integer 1, < K j, a collection of 1, +1 

mutually disjoint open sets V,,i C nn, and a corresponding collection of open sets of 

control values U,,i C U, satisfying x E V,,o and Vsh C Ao, and such that if X E Vx,i 
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and u E Ux,i, then 

E (4.40) 

if ^X E Vx,G and u E Ux,i, then 

f(,ux,G) E Ao (4.41) 

and that the cost of transfer of any "X" E Vx,i, i = 0, , lx 1, to Ao using arbitrary 

controls it E Us,;, j = i, 1 satisfies 

Ifoljxi2) (4.42) 

Proof: The proof is a straightforward consequence of continuity of functions f and 

h and of lemma 4.2. The first step is to use that result to choose the control horizon 

Kj, which will limit the length of all considered control sequences. Then, pick an 

arbitrary x E C and, again by virtue of lemma 4.2 choose a control horizon /x. < K3, 

which is the optimal horizon for transfer of x to Ao, so that 

(4.43)Jix Ao(X)Ao (X) 

Next, an associated control sequence { ux,i}i/L-01 of length lx is constructed, such that 

it transfers x to Ao 

Px (x,fux,i1 1 ) E Ao (4.44) 

with the incurred cost sufficiently close to the optimal cost JAix
o 

11 TAolX2 1. ( Eqix-1(X Ux,i f i=0 3 (4.45) 

Because of the assumption that U = clos(int(U)), the control values may always be 

chosen so that ur,, E int(U). For each element of the corresponding state trajectory, 

xi = fi(x, fux,3131-2-0), it follows from (4.45) and from additivity of the cost function 

q, that the cost associated with the remaining trajectory portion satisfies 

1x-i-1 /ix -2 J/Axo-i-tux, f (4.46)
3 
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It is also easily seen that /x i is the optimal control horizon for transfer of the point 

x, to the target set Ao 

(4.47)JiAxoi (Xi) = Ao(Xi) 

Now, the two required collections of open sets Vs,, and Ux,, will be defined for i = 

0, , in the recursive manner. For i = lx a neighborhood Vs,ir C Ao of the point 

xis E Ao and an open set Ush are chosen so that (4.41) is satisfied. This is possible to 

achieve by openness of Ao, and by assumption that Ao C (AO. If Vx,i+i has been 

already defined for some i < ls, then a neighborhood Vx,, of xi and a neighborhood 

of us,, can be chosen so that (4.40) is satisfied. In addition, the choice of VV,, 

can always be such that if X' E Vs, then 

h(i) < h(xi) (4.48) 

J(X) > Jilo-TX) 
E 

(4.49) 

These are possible to satisfy because of continuity of the cost function h and by 

application of lemma 4.2 in view of (4.47). It may be also assumed that sets Vs,, are 

mutually disjoint, as x, xj for i < j. Should it not be the case, the whole trajectory 

and the control sequence could be reduced, by eliminating points i 1, , j, thus 

resulting in a lower transfer cost for control horizon /*x = /x (j i) < /x, which 

would contradict the choice of lx as the optimal control horizon for x. To see that 

the defined sets Vx,, and Us,, satisfy property (4.42), consider some initial condition 

o E Vx,k, for some 0 < k < lx, and control sequence {3-2 11.-0" such that Ili E Us ,k+33 3=
 

Consider the resulting trajectory, which has been demonstrated to satisfy 

fjP0, fitiLlo) E Vs,k+j (4.50) 

Then by (4.48) it follows that the incurred cost of the trajectory satisfies 
Ix-k-1 

qix-k-1(X- ,{2,17 }31x=0") = E hp,) < E h(xk+,)+ 3 (4.51) 
j =1
 

The sum on the right hand side of (4.51) is equal to qix-k-1 (Xk, 111313=01s k 2. 

Therefore it is possible to combine the above inequality with (4.46) to obtain 

11xk2 x) 2E 
0A0 (4.52)kx, -0313=o 3 
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which in view of (4.49) leads to the conclusion that 

r2.1/x-2
ql 

1c-1 (4.53) 

This concludes the proof. 

The above lemma yields for every x E C a local suboptimal feedback mapping 

Ox VV + U, defined on the open set VV = at() Vx,i by 

Ox(0= us,iXv..,i (4.54) 

i=o 

so that Ox(0 = ux,i for all E V. For any initial condition in Vs the solution of the 

closed loop system with feedback Ox reaches Ao in finitely many steps with almost 

optimal cost. It is not assured, however, that the trajectory will remain in Ao, as 

it may leave Vx,ix outside which the feedback Ox is not defined. To eliminate this 

shortcoming, the local controllability assumption will be used, which will allow to 

construct a suitable target set Ao invariant under zero control. With this possibility 

utilized, it will be possible to establish the first result of this section, which guarantees 

existence of a measurable feedback mapping that provides suboptimal control. 

Proposition 4.4 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.4 and 

3.5. Let C be a compact set of initial conditions controllable to the origin in finitely 

many steps, C C Ck({0}), and let Es > 0 and Eq > 0 be arbitrary numbers. Then 

there exists a measurable state feedback function 0 : U, and an integer KJ, 

such that for any initial condition xo E C the solution of the closed-loop system 

reaches the target sets Bn(0,Es) in finitely many, kx < KJ, steps incurring cost 

qicr (fx 171) J(x0) (4.55)
 

and the trajectory satisfies xi E Bn(0,Es) for all i > kx. In addition the feedback 

mapping 0 may be chosen to take finitely many values on C. 

Proof: The first step consists of invoking lemma 3.7 to construct a sufficiently small 

open set Ao C Bn(0, E8), which is controllable to itself, that is Ao C clos(Ao) C 
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C1(A0). It will also be required that any state in Ao be transferable to the origin 

with cost less than 2ki. This is always possible to achieve by choosing Ao small 

enough, because of assumptions 3.4 and 3.5, and from continuity of h (the detailed 

proof would follow the lines of proof of lemma 3.7). Then, suboptimal transfer to Ao 

rather than to 5n(0,Eq) will be considered. Next, find the limiting control horizon 

Kj corresponding to the target set Ao using lemma 4.1. Then set E = and 

invoking lemma 4.3 for every x E C, construct open sets Vso C Rn and UT,3 C U, 

j = 0 < j < /x < 11'3, such that conditions (4.40-4.42) are satisfied. Also, from each 

Us,3 pick an arbitrary control value uxo. Note that sets Vx,0 form an open covering 

of C, and also of clos(Ao). Therefore it is possible to choose a finite subcover Vo, 

i = 1,...,N, so that 
N 

(4.56)C C U14,°
i=1 

To each of open sets Vi,o there corresponds a point xi E 14,0, a finite horizon /,, 

a control sequence fu,0133/c0 , and open sets Vio, j = 1, , /, 1, satisfing the 

properties (4.40-4.42). It is possible to construct the covering V,0, in such a manner 

that clos(Ao) is covered by sets corresponding to points xi E clos(Ao) 

clos(Ao) C (4.57) 
is xieclos(A0) 

Since all control horizons /, are bounded by Kj, it is possible to arrange all sets Vio 

into Kj finite collections, corresponding to different control horizons necessary to 

reach the target set Ao in a close to optimal manner. That is, the k-th collection 

consists of all sets V,3 for which it holds that /, j = k. Assume the numbering 

of sets 14,0 such that the corresponding control horizons /, form a nonincreasing 

sequence, that is 41 < li. Denote by Mk the number of sets 14,0 such that /, > k, 

so that 0 < MK, < < M1 = N, that is the sets for which li = k correspond to 

indices i = Mk+i, +1., . , Mk. This ordering induces also similar classification among 

sets 14,3, j > 0. For each j there are M3+1 sets Vo associated with the constructed 

covering, and those for which the length of transfer to Ao is /, j = k correspond 

to indices i = Mk+3+1 + 1, , k+j. Now define unions of sets corresponding to the 

http:4.40-4.42
http:4.40-4.42
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same length of transfer to Ao 

Mk K J-1 Mk-0 

Ak U14,1i-k = U 
i=1 j=0 i=114-k_0+1+1 

(4.58) 

Thus constructed open sets Ak cover the compact set C 
K J 

(4.59)CC U Ak 
k=1 

Recall that for all x E clos(Ao) the corresponding optimal horizon satisfies is = 

1. Therefore it follows from (4.57) that clos(Ao) is covered with sets Vi,/,_i and 

consequently 

clos(Ao) C Al (4.60) 

For each Ak, 0 < k < Kj, a collection of mutually disjoint sets WO C Ak, = 

1, . . . Mk is defined as 
i-1 k-1 

(U 17k, ))\ (U (4.61) 
j=1 j=1 

Thus defined, sets Wk1,31 and Wk2, are also disjoint if k1 k2. The desired subop

timal feedback mapping 0 : U is defined as 

K 3 Mk 
0(X) = E ui,,,_kxwk,,(x) (4.62) 

k=11=1 

Observe, that if x E Ao, then necessarily x E W1,i C Vi,/,_1, and 0(x) = ui,/,_i for 

some 1 < i < M1 = N, and it follows that f(x, 0(x)) E 170, C Ao. Thus Ao is 

invariant under feedback 0. Consider therefore an arbitrary xo E C Ao. To see 

that feedback 0 provides transfer of x to Ao in finitely many steps, suppose that 

6 E wk,20 c Vt0,1,0-k and 0(6) = u20,1,0-ko for some 1 < k<K1,1< jo< Nko. From 

properties of sets Vio established in lemma 4.3, it follows that the next element of 

the trajectory satisfies 
ko-1 

1= f 0(6)) E Vi,/,k0+1 C Akoi C U Aj (4.63) 
3.0 

If k0 = 1, then the state x1 has reached Ao, and, as concluded earlier, the entire 

trajectory i will remain therein for i > 1. Suppose therefore that ko > 1. Then 

from the construction of sets Wk,j it is seen that 6 E Wki,i where 

kl = min{ k : Ak} < ko (4.64) 
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for some 1 < it < Mki. By recursive application of the above argument it is seen 

that the solution of the closed loop system enters Ao C B after some k < /co steps. 

Once in Ao, the state satisfies x, E A0 C B, for i > k. 

The remaining part of the proof is to show that the incurred cost of the transfer 

to Ao is a close approximation of the optimal cost corresponding to transfer to 

the origin. To show this, consider a closed loop trajectory originating outside Ao, 

E Wk,o, i = 0, , l 1, 6 E Ao. As has been demonstrated, indices k, form a 

strictly decreasing sequence. It will be shown recursively that for each i the remaining 

portion of the trajectory incurs the cost which is close to the optimal one, namely 

(1 
(4.65)({07 =14-1) < K 

For i = 1 1 this is trivially true, as the remaining portion of the trajectory consist of 

a single point Si E Ao and the incurred cost is zero. Suppose therefore that (4.65) has 

been shown true up to some i 1, and consider transfer of point i E Wk3 C V3,/,---k, 

to Ao. as sets V3,/,_k, were constructed using lemma 4.3, it follows that the sequence 

of controls fui,p1p13,4,71_k, associated with those open sets satisfies 

JA0 < k,-1 /3-2
{U7,11p./3-0 < J(.1) (4.66)

2Kj 

Similarly, the sequence of controls { ttj,p}p=/3ii1 _kt +1 applied to point = f 
results in a transfer cost which satisfies 

-1 (4.67)fui,p1/p=13-ki+1) < j(i+1) + 2K 

The above inequalities allow to estimate the portion of cost associated with point 
/ 2 113-11 3 2 (

h(t-f-1) {U.7,P5p=-13-k,) l,,i+1){713,p1p=6-k,+1) 

h(j.4_1) < J(i) JA.0(i+1) + 2K (4.68) 

From the inductive assumption that (4.65) holds for i 1, it follows that 

i 1)E EJ + (4.69)(101.iji+i) < (j4-1 Ao(i+i)qi i Kj 2K, 



80 

From the choice of the target set Ao it follows that the optimal costs of transfer of 

6i+1 to the origin, J(,+1) and to Ao, JA0( i+1), differ by less than 2_1.7. Therefore it 

is seen that 
(i i)E

qi 
({01.7Vi+i)< J(6z) + (4.70)

K 

Hence (4.65) indeed holds for all elements of the trajectory. This condition was 

obtained for the target set Ao, rather then Bn(0, Es), as required in the statement of 

the proposition. But if the trajectory enters Bn(0, 6,7) earlier than Ao, say for some 

< 1, the associated cost will be obviously smaller, and will also satisfy 

e-i-1({6}41) < J( i) + Eq (4.71) 

This concludes the proof. 

The importance of the above proposition is that it establishes existence of subop

timal feedback mapping for an arbitrarily small target set and optimization accuracy, 

thus ensuring for all practical purposes possibility of optimal feedback control. Since 

the set of suboptimal feedback mappings is not empty, it will make sense to search 

for neural network approximations of such controllers. 

4.4 Suboptimal control by discontinuous networks 

As in the case of time-optimal control, it will be shown that the suboptimal feed

back, demonstrated to exist in the previous section, may be realized in a form of a 

multilayered network with discontinuous neuron activation functions. To this end, 

theorem 2.5 will be used. To utilize that result, a slightly stronger version of the 

proposition 4.4 will be needed, that is existence of an appropriate set valued feedback 

mapping must be shown. The first step to achieve this will be an improved version 

of lemma 4.3. 

Lemma 4.5 Suppose that system (3.5) satisfies assumptions 3.1 and 3.2. Let C be 

a compact set of initial conditions controllable to the origin in finitely many steps, 
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C C Ck({0}), and let Ao be an open neighborhood of the origin, controllable to itself in 

one step, 0 E Ao C C1(A0). Then, there it is possible to choose an integer KJ > 0, 

such that for any E > 0, and for any x E C, there exist two finite collections of 

open sets Lx,i and Vx,i, and a corresponding collection of open sets of control values 

Ux,i C U, i = 0, , Ix, such that if x E Vx,i and Zl E Ux,i, then 

f , E (4.72) 

and if X' E Vxh and it E Ush then 

f (X, uT,/s) E Ao (4.73) 

Additionally, it holds that x E Lx,o, Vx,G C Ao, Lx,i C c/os(Lx,i) C Vx.i, sets Vx,1 

are mutually disjoint, and the cost of transfer of any X E Vs,i to Ao using controls 

uj E U,,i, j = ,1x 1 satisfies 

qi- i -1(x,  i2) (4.74) 

Proof: The proof is basically a repetition of the proof of lemma 4.3, with the 

modification that two sets Ls,, and Vs are constructed at each step. Steps (4.43) to 

(4.47) are repeated unchanged, resulting in an appropriate control horizon /x and a 

control sequence { ux,2},G-01. Then the recursive construction of the required sets is 

performed. For i = /x a neighborhood Vx,is C Ao of the point xix E Ao and an open 

set Ush are chosen so that (4.73) is satisfied, and then another open neighborhood 

of x/r, Lx,ir C c/os(Lx,G) C Vx,ir can always be chosen. Similarly, with sets Vx,24-1 

and Lx,2+1 already defined, it is possible to find a neighborhood Vx,, of x, and a 

neighborhood Ux i of ux,, can be chosen so that (4.72) is satisfied, and another open 

neighborhood of xi, Lx i C dos(Lx,i) C Vx,, can also be constructed. In addition, 17,,, 

can always be constructed small enough, so that if x E Vx, then (4.48) and (4.49) 

are satisfied, and that sets Vx,, are mutually disjoint, for the reasons explained in the 

proof of lemma 4.3. It is easily seen that if any control sequence fux,3131L-il is applied 

to an initial condition '4, E Vx,, for some 0 < i < lx then the resulting trajectory 

satisfies xj = P(x0, fux,p137,-.:1,) E Lx,i+j C Vx,i+3, and in particular C Vx ix C Ao. 
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The argument, that (4.74) can be satisfied as well, is identical to steps (4.50) to (4.53) 

in proof of lemma 4.3. This concludes the proof. 

With the above lemma established, it is now possible to show existence of an ap

propriate set valued feedback mapping, which in turn will allow suboptimal feedback 

by a neural network. 

Proposition 4.6 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.4 and 

3.5. Let C be a compact set of initial conditions controllable to the origin in finitely 

many steps, C C Ck({0}), and let Es > 0 and Eq > 0 be arbitrary numbers. Then 

there exists an integer Ka > 0, and an open set B C Rn, such that C C B, and a set 

valued feedback mapping c : B > 72(U), such that if control value applied at each 

moment k satisfies uk E 0(xk), with an arbitrary initial condition xo E C, then the 

solution of the closed loop system reaches the target sets Bn(0,Es) in finitely many, 

kx < KJ, steps incurring cost 

1)qkx- 1( {xi} r 
Eq (4.75) 

and the trajectory satisfies xi E Bn(0,Es) for all i > kx. The feedback mapping 

may be chosen such that images 1(x) are open, and the mapping itself is lower

semicontinuous. 

Proof: The proof is similar to that of proposition 4.4. First lemma 3.7 is invoked 

to obtain an open set Ao C Bn(0, Es), controllable to itself in one step, clos(Ao) C 

Cl (AO. Such constructed Ao will be the considered target set for the suboptimal 

transfer. Next, the control horizon Kj corresponding to the target set Ao is found 

through lemma 4.1. Then invoking lemma 4.5 with E = Eq for every x E C, construct 

open sets Vx C Rn, Lx, C In and Us, C U, 0 < j < lx < such that conditions 

(4.40-4.42) are satisfied. 

http:4.40-4.42
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Since sets Ls,o are defined for all x E C, they form an open covering of C. 

Therefore it is possible to choose a finite subcovering Li,o, i = 1, , N, so that 

N 

C C U 40 (4.76) 

J.1
 

To each of open sets 40 there corresponds its element xi, finite control horizon /,, 

the control sequence { u,,,,}1'11 the remaining sets L = 1, , l 1, the open 

sets 14,3, and open sets of control values Uz,3 C U, such that LI,3 C ClOS(43) C Vt,3 

and satisfying the properties (4.72-4.74). The covering may be chosen such that 

the compact set clos(Ao) is covered by sets V,0, whose corresponding elements xi 

satisfy x, E clos(Ao). Again, it is possible to arrange all sets Li,0 in the order of 

nonincreasing horizons /,, so that /, > 41, and to find integers MK, < = N 

such that for all indices i such that i < Mk it holds that /, > k. For each k > 1 

define unions of all sets -17,, and 43 that correspond to suboptimal transfer to Ao in 

k steps 1 < k< Kj 
Mk 

Ak = U Li,li-k (4.77) 
i=1 

Mi, 

Bk = U Vi,li-k (4.78) 
i=1 

It follows that 

Ak C clos(Ak) C Bk (4.79) 

The set on which the feedback mapping will be defined is 

B= (4.80)Bk 
k=1 

The open sets Ak, and consequently also sets Bo, cover the compact set C 

KJ 
CC U Ak C B (4.81) 

k=1 

To define the desired feedback mapping, for each Bk, 1 < k < Kj, a collection of 

open subsets WO, i = 1, . . . , Mk is defined as 

k-1 
Wk = (Vij,_k\(U clos(Ai) (4.82) 

http:4.72-4.74
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It is seen that the open sets Wk,j cover the compact set C 

hJ KJ Mk 
C C13-UBk=UUWk'3 (4.83) 

k=1 k=1 j=1 

The desired set valued feedback mapping (I) : B P(U) is defined as 

KJ Mk 

= U U xwo (X -k (4.84) 
k=1 i=1 

with the above expression understood that only those of the sets U,,i,_k, for which 

x E Wki get summed. For any x E C the value (I)(x) is a union of open sets, hence an 

open set. Continuity of mapping (I)(x) follows from the openness of sets Wk,j. It will 

be shown that any feedback strategy which satisfies ui E (1)(x,) provides suboptimal 

control in the required sense. First, consider some initial condition E Ao and 

control value it E (Ni). Then, by construction of open sets Wk,j it follows that the 

only ones that may contain ^X are those corresponding to k = 1. Suppose therefore 

that it E for some 1 < i < M. This means that x E Wi,i C Vi,/,_i. Then from 

property (4.73) it follows that f(X, E Ao. Consequently, if a trajectory reaches 

set Ao, it remains therein. To see that any trajectory originating in C does reach 

Ao, consider some initial condition outside Ao, x E Ako Ao, ko > 1. Then all Wk,2 

that contain -X satisfy k < ko. Suppose therefore that it E E k* with 

some k* < ko. Then from property (4.72) it follows that 

f e ,/i k* +1 C A k*- 1 (4.85) 

Therefore, at each step the index of set Ak containing the element of the trajectory 

decreases. From recursive application of this argument it follows that for any xo E Ak 

the resulting trajectory satisfies xi E Ao for all i > k with k < k. 

The argument that the suboptimality property (4.75) can also be satisfied, is 

similar to that in the proof of proposition 4.4. The difference is that for a given 

trajectory, its element xi may now be a member of more than one of sets Wk,j and 

the corresponding control value transferring xi to xj+i can be a member of many 

control sets Uk,j. The method of the proof, however, is identical. Consider a closed 
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loop trajectory originating outside A0. It has been shown that x, E Wk;,;, with 

indices ki forming a strictly decreasing sequence until xi E Ao for some 1 < k and 

the corresponding control values satisfy ui E iik3. For these sequences arguments 

(4.65) to (4.69) can be repeated virtually verbatim, thus showing that (4.75) actually 

holds. This concludes the proof. 

From the above proposition it is immediately possible to conclude existence of 

suboptimal control in the form of a discontinuous neural network. 

Corollary 4.7 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.4 and 

3.5. Let C be a compact set of initial conditions controllable to the origin in finitely 

many steps, C C Ck({0}), and let Es > 0 and Eq > 0 be arbitrary numbers. Then 

there exists an integer Ka > 0, and a feedback mapping 0 : fm realized by 

a neural network with L > 2 layers and Heavyside hidden neurons, such that the 

solution of the closed loop system reaches the target sets 5n(0, e5) in finitely many, 

k, < KJ, steps incurring cost 

er-1({xi}kfi-1) < j(x0) (4.86) 

and the trajectory satisfies xi E Bn(0, Es) for all i > kx. 

Proof: Use proposition 4.6 to obtain open set B, and the set valued mapping 

1. Then construct the open set 

= {(x,u) : EB,u E 4:0(x)} C x (4.87) 

Then it follows that 

C C 71-7,(Q) (4.88) 

and from theorem 2.5 it follows that there exists a desired neural network mapping 

such that for each x E C, (x, 0(x)) E 52, or 0(x) E (1)(x). By proposition 4.6 this is 

a required suboptimal feedback. 
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The controller obtained above guarantees that any trajectory originating in C 

reaches, and remains in, a neighborhood of the origin, which may be made arbitrar

ily small. To additionally obtain convergence of any trajectory to the origin, it is 

needed that the zero input system is already asymptotically stable on some small 

neighborhood of the origin. As before, this will eliminate the need for controllability 

and Lipschitz continuity assumptions 3.4 and 3.5. Then the proposition (4.6) may 

be strengthened to obtain the following result. 

Proposition 4.8 Suppose that system (3.5) satisfies assumptions 3.1, 3.2 and 3.6. 

Let C be a compact set of initial conditions controllable to the origin in a finite 

number of steps, C C Ck({0}), and let E3 > 0 and Eq > 0 be arbitrary numbers. 

Then there exists an integer KJ > 0, an open set B C V, and a compact set Co, 

such that C C B, a set valued feedback mapping 0 : B > 2(U), such that if the 

control value applied at each moment k satisfies uk E (xk) and uk = 0 if xk = Co, 

with an arbitrary initial condition xo E C, then the solution of the closed loop system 

reaches the target sets Bn(0,Es) in finitely many, k, < KJ, steps incurring cost 

k kf. 1) j(xo) (4.89) 

and the trajectory remains in 13n(0, E8) converging to the origin, limi_oo xi = 0. The 

feedback mapping may be chosen such that images 0(x) are open, 0 E 0(x) for 

x E Co, and the mapping itself is lower-semicontinuous. 

Proof: The proof of proposition 4.6 needs to be modified only with respect to 

construction of set Ao. It is necessary to use lemma 3.8 to obtain an arbitrarily 

small open set Ao and a compact set Co C Ao, together with a positive 6, such that 

if the control law satisfies 11 uk 6 for xk E Ao, then any f(xk,uk) E Co C Ao, and 

that Co is contained in the domain of attraction of the origin. Then with the control 

set U0,1 = 13m(0, 6), corresponding to the open set Wo,1 = B0,1 = A0,1, mapping (I) 

satisfies 0 E 1(x) for x E Co. It is then easily seen that if a control law satisfies 

uk = 0 E 4:1)(xk) for xk E Co, then any trajectory originating in Ao converges to the 

origin. The rest of the proof follows directly from the proof of proposition 4.6. 
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Theorem 2.5 may now be used to show existence of a suboptimal and strictly 

stabilizing neural feedback. 

Corollary 4.9 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.6. Let C 

be a compact set of initial conditions controllable to the origin in finitely many steps, 

C C Ck({0}), and let Es > 0 and Eq > 0 be arbitrary numbers. Then there exists an 
ninteger KJ > 0, and a feedback mapping §6. : > Rim realized by a neural network 

with L > 2 hidden layers and Heavyside hidden neurons, such that the solution of 

the closed loop system reaches the target sets Bn(0,Es) in finitely many, k, < KJ, 

steps incurring cost 
qk,1( 

1) Eq (4.90) 

and the trajectory converges to the origin. 

Proof: Use proposition 4.8 to obtain open set B, compact set Co and the set 

valued mapping (1). Then construct the open set 

Q = {(x,u) :x E B,u E (I)(x)} C x (4.91) 

Then it follows that 

Co C 772(Q) (4.92) 

and (x, 0) E Q for each x E Co. From theorem 2.5 it follows that there exists a desired 

neural network mapping such that for each x E C, (x,cb(x)) E Q, or 0(x) E (I)(x), 

and if x E Co then 0(x) = 0. By proposition 4.8 this is the required suboptimal and 

stabilizing feedback. 

4.5 Approximation by continuous networks 

As mentioned before, it is desirable from the practical point of view to implement 

neural controllers in the form of continuous networks with continuous activation 
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functions. Unfortunately, it is difficult to guarantee existence of continuous subop

timal feedback on an arbitrary set of initial conditions C. Using techniques similar 

to those of chapter 3, such a feedback will be constructed on a compact set of initial 

conditions C differing from C by a set of arbitrarily small measure. Then theorem 

2.1 will be used to approximate the obtained feedback using continuous networks. 

The following lemma will be needed in construction of a suitable subset of C. It 

is a modified version of lemma 3.16. An additional requirement in comparison with 

results of the the previous section is that assumption 3.3 holds, that is the state 

transition function f is invertible for any fixed control value. 

Lemma 4.10 Suppose that system (3.5) satisfies assumptions 3.1, 3.2 and 3.3. Let 

{Ki}liL11 be a nonincreasing finite sequence of integers, Ki > Ki+i, and for each 

i =1,... ,M suppose there exist collections of subsets of nn, {Ei,j},i'0 open, {Fi,j}3-11 

compact, {Gi,j}311 open, and a corresponding collection of open subsets of 

U, such that Ei j C Fi j C Gi j, and if X E Gi,j and it E Qi,j then f(X,ii) E Ei,j_1. Let 

> 0 be an arbitrary number. Then for each i = 1,... ,M it is possible to construct 

collections of open sets Fi,i C Ei,i with Ei,0 = Ei,0, compact sets Fi,j C Fi, , open 

sets Gi,j C Gi,j, with Fi,i C ai,j, and open sets of control values Qi j C Qi,j, such 

that the following properties are satisfied. 

Pi1,1 n Pi2,1 = 0 if i1 i2 (4.93) 

Pil,i n Pi2, = 0 for j > 1 (4.94) 

M Ki M 

(4.95)
µ(U Fi,i) > [1(U e 
i=1j=1 i=1j=1 

j Mk 

(4.96)C U U 
k=11=1 

and if X E Gi,j and it E Qi,j then f(X,it) E 

Proof: As before, let Mk denote the number of sets Ei,0 such that Ki > k, 

so that if i < Mk then Ki > k. The proof will consist of construction, for each 
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1 < i < M and for each 1 < j < Ki of appropriate increasing sequences of open sets 

Erj C Ei,j, compact sets Ft C Fi,j, and open sets OiLi C Gi,j, with Frj C Gpj The 

following properties will be required of those sets for each j = I, . . K1 

j
 M3 3 M3 

poouirn it( FiP,k) = it(U U (4.97))
k=1i=1 k=1i=1 

oo
 

Gi j C clos (U (4.98) 
p=1
 

co
 

Ei j C clos(U Et) (4.99) 
P=1
 

3 Mk
 

(4.100)EPA C U U Pi,k 
k=11=1 

In addition open sets of control values will be defined, such that and if 

E Gp j and u E Qp j then f ft) E 

This construction will be recursive. The first step is for j = 1, that is sets Ef1, 

of1 will be constructed for i = 1, , M1. Take any strictly decreasing sequence 

of positive numbers {Ep}p°11 such that limp, E p = 0. For each 1 < i < Mi construct 

a decreasing sequence of open sets {F71 }p"_0, defined by 

= {x E : dist(x,Fi,1) < Ep} (4.101) 

for which it follows that 
00 

(4.102)Fi,i = n PiP,i 
p=1
 

and from the regularity of Lebesgue measure it is seen that 

lirn P(In) = P(Fo) (4.103)p
>c
 

Then define for each p mutually disjoint compact subsets of Fi,1 

i-1 
(4.104)f7,1 = FT, 1 

k=1 

From (4.103) and additivity of Lebesgue measure it follows that 

lim = it(Fi,1\U Fk,l) (4.105) 
k=1 
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Thus (4.97) is satisfied for j = 1. For each p define a compact set frf, and an open 

set Pr 
M1
 

(4.106)= U FiP,i
i=1 

M1 

(4.107)= U 

so that 
M1 o0 

(4.108)UFi,i = n 
i=1 P=1 

M1 oo 

U F,1 = clos(U FT) (4.109) 
i=1 P-=1 

Next define 01?,,i = = Qi,i, and tiP,1 = Ei,, fl int(PT). Conditions (4.98) 

and (4.100) are satisfied trivially, and (4.99) follows from definition of Et. This 

completes the first step of the recursive construction. 

Assume now that the desired construction has been performed up to some j. For 

each i = 1, ... the sequences {Et11, {P+1,i11, ,+11 and { e)ilc°+A1 {0:11, ,+i 

will be now defined as follows. The crucial part is to find appropriate 07',J41 and 

such that if "X E 01,i+1 and it E Q7:,j+1 then f(-th,it) E Epp To achieve this, pick 

an arbitrary u E Qi,j+i, and consider the image of Gi,j+i under u, 

f u) C Ei,i (4.110) 

Due to one-to-one assumption 3.3 this set is open. Construct an open subset Hfj of 

Epp defined as 

= {x E Epp : dist(x, (PiPi)c) > --2P } (4.111) 

and consider its intersection with Epp 

Epp =Epp fl C clos(H2%) C Epp (4.112) 

Using again assumption 3.3, define the inverse image of this set under control u 

= f (EfJ,u) C (4.113) 
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which is open. It is now possible to find an open neighborhood 01:i+1 of u, such that 

if X E Gp and ft E Q74.i." then f (-± E Epj From the assumed continuity of f' 

it follows that (4.98) is satisfied. Compact sets PiP+1 are defined as 

PiP,J+1 Fi,7+1 n {x E 074i+, : dist(x,(07.4i+1)c) > Epl \ Ff (4.114) 

and open sets Ef3+1 are defined as 

j+1 Mk 
= n int( U U Pf7k) (4.115) 

k=11=1. 

Condition (4.100) is satisfied by definition, and (4.99) follows from (4.114) and prop

erty (4.98) already established. It follows also that 

j+1 Al) co j+1 Mj
 

C ClOS(U(U U (4.116)U U 20.))
 
k=1i=1 p=1 k=1i=1
 

which implies (4.97). This completes the recursive construction. Now it is possible 

to choose p* sufficiently large, so that 

m m, Al Ali 

ft(U U > itt(U U F3,i) (4.117)
Lj=1 i=1 j=1 i=1 

Then let ti = Ei,p., Pi = and 622 Q. These sets satisfy the required 

properties and the proof is concluded. 

The technique used in the above proof was very similar to that used in lemma 

3.16. The difference was that construction of set G required that they are transferred 

to corresponding E not just by any controls, but by controls from a specified set Q. 

In the following developments those control sets will be the ones allowing subopti

mal transfer to the target set. The next proposition, which establishes existence of 

continuous suboptimal feedback on a suitably modified set of initial conditions, is a 

close relative of proposition 3.17. 

Proposition 4.11 Suppose that system (3.5) satisfies assumptions 3.1 through 3.5. 

Let C be a compact set of initial conditions controllable to the origin in finitely many 
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steps, C C Ck({0}), and let Es > 0, Eq > 0 and Ea > 0 be arbitrary numbers. 

Then there exists an integer KJ > 0, a compact set C, such that 11(C n C) > 

,a(C) Ea, and a feedback mapping U continuous on C, such for an: 

arbitrary initial condition xo E C' the solution of the closed loop system reaches the 

target sets Bn(0, Es) in finitely many, kx < KJ, steps incurring cost 

qkx--1({xi}k11) j(x0) (4.118) 

There also exists a S > 0 such that for any control strategy satisfying uk-0(xk) 
the above properties hold. 

Proof: The proof is similar to that of proposition 4.6. The set Ao and families 

of corresponding sets Vio, Li, j and U2,3 are constructed as shown there. Also sets Ak 

and Bk are defined as there. Define also compact sets C1,3 = clos(V,0). As shown 

in the proof of proposition 4.6 every feedback mapping satisfying 0(x) E 

for x E V,1;-3 Uk:liClOS(A3) is a desired suboptimal feedback. Such a continuous 

mapping 0 together with set C will be constructed here. 

kThe proof is based on a recursive construction of collections of open sets V C
2,3 

Vi,j, compact sets 07:j C Ci j and open sets L j C Li,j, and of corresponding open 
ksets of control values Uia for 1 < k < li, satisfying 

k Mj 

zc,j 
(4.119)Lj C U 

j=11=1 

iko 17ik (4.120) 

111.7 

--E (4.121)[1(U U 6CIc,i) > U Ci,j) I(j=1i=1 j=1i=1 

k 107. 

Ckj n U U C 0 for i > k (4.122) 
j=11=1 

n C = 0 for it i2, or ji j2, and j1 < k, j2 < k (4.123) 

and if E f/ikj and it E Oik:j then f (x, it) E 
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To perform the first step of the construction for k = 1, substitute Eij = Li j, 

Ci,31 Gi,j = Vi,j, Qi,j = Ui,j, for j = 1 , Kj, i = 1, ... /i. Also set M = Mt, 

hi = li, e = and apply lemma 4.10. The obtained sets Ei,J, Fi, ai are the desired 

sets = = = for all 1 < j < Kj, 1 < i < /i. 

This completes the construction for k = 1. 

Suppose now that the construction has already been performed for some 1 < 

k < KJ, and construct the desired sets for k + 1. For 1 < j < k, let = 
aik3+1 aikj, f7ik3±1 of3-1-1 = trikj. Then for k < j < K substitute Ei,j-k = 

Fi,j-k = ikol Gi,j-k = Qi,j_k = Oikj, for i = 1, , < Mk so that /i > k. Also let 

M = Mk, Ki = i k and e = h and apply lemma 4.10. With thus obtained sets 
1-7,k,k1-+13 (j,k,-kk+1.3Ei,j, (di,j, let iii17+1j = Cdi,j, for 

0 < j < k. By lemma 4.10 these sets satisfy all the desired properties. 

Note that in each step of the recursion only sets corresponding to j > k are 

modified, so that all the previously defined compact sets C remain mutually disjoint, 

as desired. With A' j steps of the recursion completed, define Lio = 

Vi,j = = Ujiy. From the construction it follows that if x E Vi,j and u E Ui 

then f(x, it) E Li s_i. Define 
KJ M3 

C = U U 
j=li=1 

(4.124) 

It follows that 
M3 

11(6) > 11(U U
j=li=1 

) 
(4.125) 

and consequently 

it(0 fl C) > it(C) + Ea (4.126) 

Since C consists of mutually disjoint compact components Ci j the desired feedback 

may be taken as constant on ai,j. That is, for each i, j, 1 < j < Kj and 1 c< M3, 

pick control values Ili,j E U j and define 

(4.127)(x) 
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Find also, for each ui a radius such that Bm(ii2,3, i,j) c Ui,, so that if X E 

and II< 62,i then it E Oi,j. Then define 

6 = minf62, : j = i = 1,... , (4.128) 

Then using similar arguments as in the proofs of propositions 4.4 and 4.6, it is easily 

seen that if the control signal at any moment k satisfies 11 uk ch.(xk)11< 6, then any 

trajectory starting in xo E 0,000 satisfies k E aik,jk, where indices jk form a strictly 

decreasing sequence, and finally xi., E Ao for some k < ko. The argument that this 

transfer incurs a suboptimal cost satisfying (4.118) is identical to that used in the 

proof of proposition 4.4. This concludes the proof. 

The above result has the same shortcoming as proposition 3.17. Although every 

trajectory can be transferred to Ao in a close-to-optimal time, it is not guaranteed 

that the trajectory will remain therein. The reason is that in construction of sets 

02,1 it is not guaranteed that they cover Ao. Hence the final point of the suboptimal 

transient may lie in C \ C. Again, it will be possible to avoid it, if the system has 

been already locally stabilized. 

Proposition 4.12 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.3 and 

3.6. Let C be a compact set of initial conditions controllable to the origin in finitely 

many steps, C C Ck({0}), and let Es > 0, ea > 0 and Ea > 0 be arbitrary numbers. 

Then there exists an integer KJ > 0, a compact set C C C, such that C f1 C > 

it(C) Ea, and a feedback mapping 0 : U continuous on C', such for an 

arbitrary initial condition xo E C the solution of the closed loop system satisfies 

Bn (0, E5) in finitely many, k, < KJ, steps incurring cost 

qicr-1({xi} ik.1 1) j(x0) (4.129) 

There also exists a 6 > 0 such that for any control strategy satisfying 11 uk-0(x k) 

the above properties hold. 

6 
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Proof: Only a slight modification is required to the proof of proposition 4.11. 

Lemma 3.6 is used to construct Ao and Vo as discussed there. Then the collec

tion of compact sets Ci,i constructed in the beginning of the proof is augmented 

with clos(Ao), and similarly collections Lo and Uo are augmented with Ao and 

Brn (0, 8) respectively. Then, in the first recursive step, while applying lemma 4.10 to 

obtain proper disjoint sets ai,j, put the set clos(Ao) as the first, rather than last, so 

that clos(Ao) C UMi Co. Thus it is seen that Ao C C and the following construction 

of feedback function ch. assures that if "±' E Ao then f(-x, OW) E clos(Ao) C Ao. The 

rest of the argument is identical to the proof of proposition 4.11. 

The above results states that not only the suboptimal feedback may be continuous 

on C, but also any suitably close uniform approximation of the suboptimal strategy 

will provide suboptimal control. Therefore, using theorem 2.1 the two following 

corollaries are immediately obtained. 

Corollary 4.13 Suppose that system (3.5) satisfies assumptions 3.1 through 3.5. 

Let C be a compact set of initial conditions controllable to the origin in finitely many 

steps, C C Ck({0}), and let rs > 0, and Eq > 0 be arbitrary numbers. Then there 

exists an integer KJ > 0, a compact set C, such that 1.(0 n C) > p(C) Ea, such 

that for any integer L > 1 there exists a feedback mapping in the form of feedforward 

network 0 :n Rm with L hidden layers, continuous hidden units and linear 

output units, such that for an arbitrary initial condition xo E C the solution of 

the closed loop system reaches the target sets ,3n(0, Es) in a finite number of steps, 

kx < KJ, incurring cost 

Eq (4.130) 

If the system is already locally stable around the origin, the following result is 

obtained. 
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Corollary 4.14 Suppose that system (3.5) satisfies assumptions 3.1, 3.2, 3.3 and 

3.6. Let C be a compact set of initial conditions controllable to the origin in finitely 

many steps, C C Ck({0}), and let Fs > 0, and eq > 0 be arbitrary numbers. Then 

there exists an integer KJ > 0, a compact set C, such that iu(a nC) > µ(C) ea, such 

that for any integer L > 1 there exists a feedback mapping in the form of feedforward 

network 0 : n kn with L hidden layers, continuous hidden units and linear 

output units, such that for an arbitrary initial condition xo E C the solution of the 

closed loop system satisfies xk E BT (0, Es) for all k > kx, with kx < KJ, and the cost 

of transfer to Bn(0,es) satisfies 

j(x0) (4.131) 

Proof: Both corollaries follow immediately from theorem (2.1) applied to set C, 

function and constant 6 obtained from propositions 4.11 and 4.12, respectively. 

4.6 Comments 

The success of the approximation approach presented here lies in proper definition 

of the relaxed optimal control problem. By specifying an open neighborhood of the 

origin rather than the origin itself as the target set, it was possible to limit the con

sidered control horizon to a finite number of steps. This in turn yields expression 

of the deviation between the actual and optimal value of the cost as a continuous 

function of a finite dimensional control signal. Generally the mathematical tech

niques used here closely mirrored those of chapter 3, and were concerned with basic 

properties of continuous functions. 

Most of the comments made to chapter 3 apply also to the above developments. 

The significance of the obtained results is twofold. First, existence of a measurable 

state feedback approximating the optimal control, has been demonstrated under very 

mild assumptions. In particular no smoothness of the system or of the cost function 
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was required. Second, it was shown that a suboptimal feedback may indeed be 

approximated by a neural network, which establishes applicability of the proposed 

approach to optimal control with summable quality criterion. 

As in chapter 3 disadvantages of the theory developed lie in the area of neu

ral controllers with continuous activation functions. Corollaries 4.13 and 4.14 are 

hardly satisfactory, as they do not specify the location of the excluded set of initial 

conditions C \ C. Unfortunately under general the assumptions posed here it seems 

impossible to obtain any stronger results. 

The cost function considered here did not involve cost of control actions. In the 

typical linear regulator problem, terms penalizing large control actions are usually 

added to ensure that the control signals remain small. Most often this is done to pre

serve linearity, since specification of hard constraints on control actions, for example 

in form of a compact set U of admissible control values, would render the problem 

nonlinear, and very difficult to solve analytically. In the developments presented 

here, this reason to include terms dependent on the cost of control actions does not 

exist, since the problem is already nonlinear, and control values are constrained to 

a compact set U. However, there may still be situations, when the quality criterion 

does include terms dependent on control. The most intuitively obvious case would 

be with additive cost of control, that is with 

qk(xo, {ui}''Zd) E(h,(x,) hu(ui_i)) (4.132) 

It seems that with similar properties of cost function hu, as those postulated for 

h, it should be possible to extend most of the results obtained here to the more 

general formulation (4.132). It may be, however, more difficult for the case of com

bined cost of the state and control h(xk, uk). Although not commonly used, such 

formulation may reflect situations when certain control actions incur different kinds 

of cost depending on the current region of state space. Still, there should be no 

major difficulties involved in extending the presented theory to that case, provided 

that the cost function h possesses the same properties as assumed here. 
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Chapter 5
 
Application to power system control
 

This chapter presents an application of the neural network methodology to prac

tical controller design for nonlinear dynamical systems. The example is centered 

around the idea of synthesis of near-optimal feedback through learning from a set of 

precalculated optimal trajectories. Even though the previous chapters were devoted 

to the theory concerning this problem, the results obtained there are not applicable 

to this example, and the techniques used here can only be called heuristic. Thus, 

the incompatibility between the existence theory of chapters 3 and 4 and the actual 

design techniques presented here, emphasize the gap between available theory and 

practice, which in the field of neural networks is probably wider than in any other 

subdiscipline of control systems. 

The application discussed here is the problem of stabilization of a power transmis

sion system subject to a large fault. Recently the research program on Flexible AC 

Transmission Systems (FACTS) has been launched jointly by industry and academia 

to improve power transmission capabilities of such systems [34]. Newly developed 

FACTS devices allow the dynamic alteration of parameters of transmission lines, 

and consequently enlarge the available stability margins. This causes, besides the 

intended benefits, also some problems with the design of control algorithms, since 

those devices affect the system dynamics in a highly nonlinear fashion and the most 

popular linear control techniques are no longer effective or even applicable. Among 

various approaches to FACTS control, neural networks also have been proposed, 

and successfully demonstrated to posses significant advantages in this context. This 

chapter summarizes the studies concerning this problem, which were reported in [35] 

[17] and [36]. 
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5.1 Suboptimal control of the swing equation 

This section illustrates the concept of synthesis of nearly optimal feedback control 

by means of a neural network. The considered system is an idealized single-machine 

infinite-bus power system, controlled by means of a series capacitor placed on the 

transmission line. The simplest model of such a system is the so called swing equation 

1 E2 
( Pr, sin S) (5.1)

M X X, 
(5 = coB (co 1) 

where S is the rotor angle, w the normalized rotor speed, the control signal is the 

reactance X, of the series capacitor placed on the line, and M, E1E2, Pm and X 

are parameters characterizing operating conditions of the system. It is assumed 

that signal X, can be changed instantaneously to any desired value within the range 

X, E [Xrin,Xmal. This is an idealization of a real power system operation, when the 

controlled capacitor is a dynamical system itself and its interaction with the power 

transmission system is considerably more complex than postulated here. However, 

as it is often done for the sake of simplicity, the dynamics of the actuator for X, is 

ignored here. 

5.1.1 Time optimal control 

The general control task is to maintain the system state at the equilibrium coeq = 1, 

beg, < 7r corresponding to some admissible value of the compensation _)Q,,n'n < X,,,q < 

Xr", so that it is possible to maintain the system in equilibrium, after it has been 

reached. Specifically, it is required that if a disturbance occurs, the state of the 

system should be transferred to the equilibrium in minimal time. In an actual power 

system such a disturbance may correspond to a short circuit fault driving the system 

system state away from the equilibrium. In this example an arbitrary initial condition 

is assumed. If the initial condition is known, the corresponding time optimal control 

problem may be relatively easily solved using a numerical optimization method. If 
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1X Xmas > 0, it is possible to introduce a transformed control signal u = x-x, 
which is in one-to-one relationship of the original control signal X,, and is constrained 

1by um' = and um" Then the model may be rewritten asx-xra... 

c;) = 1(Pm uEi E2 sin 6) (5.2)
M
wB(co 1) 

which is a system affine in control signal u. A usual solution of the time optimal-

control problem for such systems is of bang-bang type, that is the control takes 

only two values, um' or um", with finitely many switches between them. Also, 

any non-bang-bang control signal on a finite interval may be approximated with a 

bang-bang control arbitrarily closely, in the sense of distance between resulting state 

trajectories [29]. A convenient algorithm for the calculation of time optimal control 

in bang-bang form for systems affine in control is the Switching Time Variation 

Method (STVM) [37]. If the optimal solution contains a singular arc, that is if 

the optimal control signal is not bang-bang, then the STVM provides successive 

approximations of the optimal control, with an increasing number of switches. The 

STVM was used to calculate time-optimal control for system (5.1), which indeed is 

of bang-bang type. For this particular example a switching line may be generated 

in the phase plane (w, 8) to divide it into two parts corresponding to minimal and 

maximal compensation, respectively. In case of higher dimensional systems, however, 

it may be very difficult to deduce the shape of the switching surface from a set of 

trajectories. Formulation of control policy through a switching line has another 

drawback, which applies also to the system in question it requires availability of 

the state vector as a decision variable. These shortcomings will be addressed by the 

synthesis of the output feedback controller approximating optimal trajectories by 

means of a neural network. 
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5.1.2 Structure of the suboptimal control system 

The neural controller is designed to operate in discrete time with discretization time 

A, that is the control signal is constant, X,(t) = uk, on every interval t E [kA, (k + 

1)A). The discrete time equivalent of the system (5.1) is not given analytically, 

however it is known the the state xk+i = [w((k + 1)A), 5((k+1)A1T may be expressed 

as a unique and continuous function of the state xk = [w(kA), (5(kA)F 

xk-4-1 = f(xk, uk) (5.3) 

Since the right-hand side of the equation (5.1) is differentiable and Lipschitz continu

ous it follows that the state transition map f:VxR > V is also differentiable and 

Lipschitz continuous. With control values constrained to an interval, and the lin

earized system controllable, the system satisfies the assumptions of corollary 3.14, so 

that it is possible to synthesize a Heavyside network to realize an almost time-optimal 

feedback uk = q(xk). However, as training of a discontinuous network represents a 

rather difficult task, a continuous network will be used. Also, only angle S will be 

used as an input to the controller. Since the time optimal policy requires information 

about the whole state vector, it is necessary that the controller reconstruct, at least 

partially, the current state from the past input-output measurements. It is assumed 

that it is possible to reconstruct current angular velocity wk = co(kA) using present 

and previous values of the angle, 6 k = 6(kA), 6:k_1 = 6((k 1)A) and the previous 

control value uk_i. Although not substantiated by rigorous theoretical considera

tions, this assumption is supported by analogy from linear systems, where the state 

of an n-dimensional observable system may be reconstructed from input-output data 

from at most n 1 past output and control values. Thus, the structure of the neural 

controller is 

uk = 0 ( 6k 1 6k -1 1 U k -1 ) (5.4) 

Observe, that even though the feedback mapping 0 : R3 1? is realized by a static, 

feedforward neural network, the controller is a dynamical system, as it is fed its own 

previous outputs. Because of this feedback loop, and of 6((k 1)A)) being also a 
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controller input, the resulting closed-loop system is no longer two-dimensional. The 

extended four-dimensional state vector is 

[Wc = I k 6k-1171k-11T (5.5) 

sy44 siO4and its dynamics can be represented by a function such that 

k+1 = fc(k) (5.6) 

whose coordinate functions p can be expressed as 

a+, = .0(G) = fiwk,a,o(64-» 
62,+i = JAG) = f2(aa,o(a,a,a)) 

(5.7)
 

a+1 = fl (4-k) = 

vc+, = v(G) = 0(6,,a,a) 
where and ek+1 are the elements of 4-k and respectively, and f : 

are coordinate functions of the state transition function f of the discretized system 

(5.3). The particular form of function L depends on the parameters weights of the 

neural controller 0. Therefore the task of training the controller may be rephrased as 

the task of adjustment of function L through adaptation of neural network weights. 

5.1.3 Synthesis of the suboptimal controller 

The neural network controller (5.4) is trained so that solutions of the closed-loop sys

tem (5.7) follow closely the truly optimal trajectories. This is obtained by presenting 

the network with a set of examples, that is time-optimal trajectories corresponding 

to different initial conditions. The objective of the training process is that, for the 

same set of initial conditions, the distance between the actual and the optimal tra

jectories is minimized. Then, it is hoped that the problem is regular enough for the 

network to learn the proper rule governing generation of optimal control signal, so 

that it will be able to provide near optimal performance for initial conditions other 

than those corresponding to the training data. 
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Suppose that open-loop optimization has been performed for M initial condi

tions, resulting in time-optimal trajectories P(t)i,8(t)i), i = M. Those are1, ,
. . .
 

subsequently sampled with discretization step A, resulting in discrete-time trajecto

ries xk,i = 1, , k = 0,...,Ki, where xk,i is the k-th sample of 

the i-th trajectory, and Ki is the smallest index such that Ki A is greater than the 

corresponding optimal time. Then the quality of approximation is measured by the 

following performance criterion 

M Ii 
(5.8)
= E E h (4

i =1 k =1 

wherek,i denote elements of the i-th actual trajectory of the closed-loop system 

obtained with the same initial condition as the desired, optimal trajectory k,i, and 

h is the function measuring the distance between the two. The synthesis of the proper 

feedback consists of minimization of criterion J with respect to the weights of the 

network. This is done iteratively, using in each iteration model (5.7) to calculate, 

through simulation, the value of criterion J and the corresponding direction of change 

of weights, such that J decreases. This is a standard optimization problem, as long as 

the gradient of J as a function of weights is available. To obtain this, it is necessary 

to perform sensitivity analysis of the whole dynamical system (5.7) with respect to 

the weights. Consider only a part of the criterion J which corresponds to the i-th 

trajectory, 
K, 

Ji = E h(k, (5.9)
 

k=1 

Denote by w the entire vector of the adjustable parameters of the controller (5.4), 

and thus of the whole system (5.7). To calculate the sensitivity of Ji with respect to 

w it is necessary to define the adjoint dynamical system 

afc(OT 
71k 

ah(oT 
(5.10) 

uc 

with final condition 
ah()T 

711,-,= At (5.11) 

Thus calculated adjoint variables 7/k represent sensitivities of the performance crite

rion J, with respect to the values of the state at different points of the discrete time 
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trajectory. Then the sensitivity with respect to the parameter is found through 

u amoT
 
(5.12)A = 

w k.0 K=Oc,i 71k 

A certain technical difficulty arises here, since the state transition function L of the 

system (5.7) is not given explicitly in discrete time, but only as a result of solving 

numerically equations (5.1) from kA to (k +1)0. Function fc, however, is not needed 

itself to calculate (5.12), and availability of its sensitivities with respect to c and w 

is sufficient. These may be found numerically for each sampling step k, again using 

the appropriate adjoint equation, this time, however, formulated in the continuous 

time 
afT 

((t) = ax (5.13) 
0 

where f corresponds to the right hand side of (5.1), and x(t) is the solution of (5.1) 

on the interval (kA, (k + 1)0]. This time-varying linear equation has to be solved 

backwards in time from (k + 1)0 to kA with final condition 

((kA) = [-1,0, 0, 1]T (5.14) 

Then the the value of vector ((kA) = (k represents sensitivities of elements of the 

state vector xk+i with respect to the state xk if the control value on the interval is 

independent of the state. Since the control value does depend on the state through 

(5.4), it is necessary also to calculate sensitivities of the state xk+1 with respect to 

the control value uk 

aF1 c + 1 ) afi
au( dt (5.15)

au 
apaF2 

dt 
an au 

which may be computed together with integrating (5.13). Then, the first row of the 

Jacobian of the state transition function L calculated at moment k for the argument 

k is given by 

afl 
(5.16) 
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5.0 50 
+ au ae 

aft ac 
== 

au N-3 

5.0 50 
au av 

and the second row is given by 
aft 
ae 
aft 

a 
a+ 5.0 50 

au av 

(5.17) 

5.8 5.0 50 
ae au ae 
5.0 5.0 50 

au ae (5.18) 

The last two rows of the Jacobian matrix are easily computed from (5.7) as fl 

and .0 are given analytically. The fourth coordinate function of L is the function 

realized by the neural network, so sensitivities of .0 with respect to 2, e and V 

are calculated through backpropagation method, discussed in chapter 2. With the 

Jacobian of L calculated at each point G, it is finally possible to solve (5.10) for 

the adjoint variables To find the gradient of J, sensitivities of L with respect to 

parameter w are necessary. But those are easily calculated by 

51c' alc' Sc (5.19)
aw au aw 

This finally allows calculation of the gradient (5.12). The above procedure is repeated 

for each i = 1, , M, to obtain gradient of J 

af m 
(5.20)aw F aw 

Any gradient-based optimization procedure may be now used to perform minimiza

tion of criterion J with respect to the weights. Each iteration involves solution of 

(5.7) forward in time, to obtain the actual trajectories for given initial conditions and 

current weight vector w. Then the gradient of J is found through solving backward 

in time the discrete-time adjoint system (5.10), which in turn involves solving, for 

each discretization step, a continuous time adjoint system (5.13). 
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If the neural network (5.4) has linear output neurons, then a constrained mini

mization method must be used, to assure that at each time step the control value 

does not exceed the constraints for the control signal. An easier approach is to 

use output neurons with sigmoidal activation functions scaled so that their range 

matches the range of admissible controls. By this, a little of performance is sacri

ficed, since the control value never actually reaches the limits, so that the trajectories 

of the controlled system (5.7) inevitably reach the equilibrium slightly later than the 

optimal ones. This drawback, however, is offset by the possibility of using one of the 

unconstrained minimization algorithms, which are considerably easier to implement 

and more reliable than the constrained ones. 

The above derivation of the gradient of the quality criterion is a part of standard 

sensitivity analysis for the dynamical systems, which can be found for example in 

[38]. It was provided here in full form to illustrate how to treat the problem of 

training a neural network placed in feedback loop in dynamical setting, when the 

performance criterion is not explicitly stated in terms of the network output. 

The method discussed above is appropriate if the model of the system is known in 

analytical form, otherwise it is not possible to perform the calculation of sensitivities. 

It is a very convenient method of synthesis of near optimal feedback using simple 

numerical tools. It may be observed that the method may be used for approximation 

of any a priori unknown feedback policy given only in form of reference trajectories 

representing the desired behavior of the closed loop system. 

The presented method of synthesis of optimal feedback for the swing equation 

will be used later in this chapter as a basis for more complex design method for a 

multimachine system. 
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5.2 Control of an interconnected power system 

The controller synthesis method presented in the previous section is suited only 

for a system whose model is known and considered accurate with respect to the 

parameter values used. In real applications, such situations happen rarely, if at all. 

In particular, dynamic behavior of a power system can hardly be modeled as a two 

dimensional swing equation with fixed parameters. In this section a heuristic design 

method is discussed, which may incorporate the above suboptimal design for a fixed 

model, as an alement of more complex control system for plants with uncertain 

models. The approach is illustrated on application to a far more complex power 

system model, than that discussed before. 

5.2.1 Hierarchical controller architecture 

The design approach presented here is an heuristic attempt to address the problem 

of controller synthesis for uncertain nonlinear systems. While most efficient design 

techniques, including the one discussed in the previous section, rely upon accurate 

knowledge of the plant's dynamics, in practical systems such knowledge is rarely 

available. For example, in a power system application unpredictable load changes 

may significantly alter the dynamics of the transmission network. One of the possible 

approaches to this problem is adaptive control, which requires continual, short-term

memory-based, plant relearning. Another possibility is the inherently conservative 

robust control, where the design process is focused on the worst case scenarios. The 

method discussed here avoids on-line learning of the plant dynamics yet provides 

fast controller reconfiguration based on long-term memory. 

The method is based on the assumption that, from the control-objective point 

of view, it is possible to specify a finite number of system models MI, MN, 

representing possible variants of the characteristic behavior of the system. The 

nominal models .M, may correspond to various possible values of the parameters, 
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to different system configurations or operating conditions. It is required that for 

each nominal model Mi, there exists a design procedure allowing the synthesis of a 

nominal controller Ci, which meets desired performance specifications when acting 

on its corresponding model. Thus obtained set of controllers C1, . CN constitutes 

the lower level of the control system. Their control signals ui are then combined 

together through the action of the higher level of the hierarchical controller. The 

latter consists of a control mode classifier, which produces N classifying signals ri 

corresponding to each of the lower level controllers C. The classifying signals are 

used as multipliers, or weights to generate a linear combination of signals ui, which 

is later fed through a saturating sigmoidal element / to ensure that the thus formed 

control signal satisfies the original constraints. The overall control action then may 

be represented in the form 

U = (5.21) 

which resembles the structure of an artificial neuron (2.4), whose inputs are the 

outputs u2 from a set of fixed controllers, and whose weights ri are adaptively changed 

by a supervisory algorithm. 

Controllers Ci represent control laws that are verified only for nominal models 

C2. The responsibility of the classifying system is to achieve the control objective 

even when none of the nominal models is fully applicable. An appropriate weighting 

mapping will be realized by means of a feedforward neural network. Through training 

process, involving different operating conditions, the neural classifier will learn to 

identify, from a set of past measurements, an appropriate linear combination of N 

control signals, such that the control objective is met. The training will be based, 

as in the previous section, on a set of reference trajectories representing the desired 

behavior of the system. Then the quality criterion used during the training process 

will be the closeness of approximation of the reference trajectories by those resulting 

from actions of the hierarchical controller. From such a choice of the quality criterion, 

it follows that the particular weighting pattern which is chosen by the classifying 

network does not have to correspond to the location of the actual system in the 
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model space. More precisely, assume that all the nominal models M, are identically 

parametrized in a finite-dimensional space, and let pi be the parameter corresponding 

to the model Mi. Assume also, that the actual system is best characterized by a 

convex combination of parameters 

N 

= E ceiPi (5.22) 

Then the coefficients a, may not be the proper classifying signals ri to use in (5.21). 

Moreover, the proposed hierarchical controller is expected to generate a weighting 

pattern without any direct correspondence to the model parametrization. 

The hierarchical configuration presented here does not depend on the imple

mentation of the controllers Ci. They may result from different design procedures 

available for models M, and may utilize different output measurements, so that for 

each operating mode a distinct measurement vector may be used. In the following 

example, however, all the lower-level controllers are of the same structure. 

5.2.2 Controller structure for power system application 

The system to be controlled is a model of Western North American Power Sys

tem (WNAPS) consisting of eleven coupled second-order equations corresponding to 

eleven major generating areas. As in the case of the previous second-order example, 

the system dynamics is controlled by means of a variable series capacitor placed 

on the Pacific intertie. Again, the control task is to bring the system dynamics 

to the equilibrium following a disturbance. This task will be approached using the 

hierarchical control method introduced in the previous section. To use the idea of 

simplified nominal models describing the critical behavior of the system, the dynam

ics of the 22nd order model of WNAPS is approximated by a time-varying second 

order model. Following [39] the inter-area swing angle is defined as: 

ur.xi v8 ur.x. 
Z-,2=5 (5.23)Ei4_1 

Mi 
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where 6, and M, are respectively swing angles and inertias of the individual genera

tors. Then the approximate second-order model of the system is given by 

1 El E2 
(5.24)M rn X XC sin " 

coB(co 1) 

This model is of the same form as that discussed in section (5.1). Higher-order 

dynamics of the actual system are imbedded in the time-varying parameters E1E2 

and Pm, which are assumed to be bounded by EiErin < E1E2(t) < EiET" and 
p771-ttn < pm < Frril as. For the particular system model used here, the extremal values 

are estimated as ElEy'' = 0.4, ELETas = 0.75, PirTnLin = 0.4, PX" = 0.9, and other 

parameters are M = 14.31, coB = 1207r, X = 1. The control signal X, is constrained 

by 0.2 < X, < 0.6. For the purpose of controller synthesis, four time invariant 

nominal models of the form (5.1) are constructed, that correspond to the extremal 

values of the varying parameters 

E1 E2 in' PminM1 M2 : PnTax 
(5.25) 

M3 ElE;na x Pnrri M4 E1E2 ax PnTax 

For each of the nominal second-order models a neural controller of the form (5.4) is 

designed using the training procedure discussed in section 5.1.3. Then, the classifier 

is assumed of the form W : 

r = kl(6k,(5k-1,6k-27 Uk-1, Uk-2) (5.26) 

The reason for this particular structure of the input signals fed to the classifier 

was that it should discriminate different system behaviors under the control signal; 

therefore the depth of its memory with respect to past control and output signals 

should generally be greater than that of the nominal controllers. For the system in 

question, increasing this depth by one leads to satisfactory results. 

The final control signal is formed according to 

4 

7,b(E Oi(6k, 6k-1, uk-1)Wi(6k,6k--1,6k-21 Uk-1, Uk-2)) (5.27) 
i=1 
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where Ti denotes the i-th coordinate function realized by the neural classifier and 

0, is the mapping realized by the i-th nominal controller corresponding to the fixed 

second-order nominal model .A4, 

5.2.3 Training of the classifier 

The general idea of the training process for the classifier is the same as for the lower-

level suboptimal controllers. The basic difference is that the training does not utilize 

knowledge of the exact model of the eleven machine system. While the sensitivity 

computations outlined in section 5.1.3 were feasible for a second-order system, they 

would become prohibitively complicated for a complex 22nd order system. Moreover, 

the very idea of the hierarchical controller is to circumvent the problem of inaccurate 

modeling through introduction of a family of simplified nominal models. Therefore, 

for the purpose of the controller synthesis, the full model is assumed unknown. In

stead only simplified models of the form (5.1) are used. To assure that the resulting 

controller will perform as desired, the set of four nominal models, .A41, , M4, is 

augmented with nine more training models, corresponding to the following interme

diate combinations of the uncertain parameters E1E2 and Pm 

M5 Erin PrTnn'n M6 EiETin, 1377,2" 

M7 AE Erin 12AP + PX'n M ElErin , 2 AP + P,Tin 

M9 El Era x 2QP 13Xin M10 4AE Ei Erin 4AP PriTin 

M11 1AE Ei E2 in IAP Min M12 1AE El in 4AP n 

M13 7IAE EiETin 4AP 1377nnin 

(5.28) 

where QE = EiErx El Ern and Pm = Pn-Lax P;nnin Thus, the training process 

utilizes Nt = 13 second-order models Mi of the form (5.1). For each of those models 

a set of time-optimal trajectories, obtained from application of the Switching Time 

Variation Method, is specified. The quality criterion is specified as before 
Nt

J = EEE (5.29) 
j=.1 i =1 k =1 
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where and are the k-th elements of the i-th actual and optimal trajectory 

corresponding to j-th training model .A 43, j = 1, . Nt. Since the training models 

are exactly known, the training procedure may be performed using the same type 

of sensitivity calculations as in section 5.1.3. Consider the portion of the quality 

criterion corresponding to the i-th trajectory for the j-th model, 

= E (5.30) 
k=1 

Denote the discrete-time state transition map (5.6) of the j-th nominal model as fj. 

Then the closed-loop dynamics is described by the following six-dimensional model 

k+1 ==L((k)) (5.31) 

where the extended state is 

k Pk, °k, 6k-11 k-2114-1114-21T (5.32) 

and the coordinate functions ,t are defined as 

= fc = fj (V, a,uk) 
(k,,2uk) 

(5.33) 
= fc4 = 

15Ic + = f 

The control signal uk is generated according to 

4 
2 4.2

tl k = 3 5)11/1G,k, ksk, ?)) (5.34)C6i(6vl k' 
1i=1 

In this phase of the synthesis process the lower level controllers are fixed, and the 

weight adaptation is performed with regard only to the classifier (5.26). The gradient 

of Ji,j with respect the classifier weights can be calculated using exactly the same 

sensitivity techniques as in section 5.1.3. First, the discrete-time adjoint system of 

equations for criterion (5.30) and system (5.33) is formed, and then the Jacobian of 
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the state transition map L is calculated for each sampling step, through integration 

of an appropriate continuous-time adjoint equation backwards in time from (k 1)0 

to kA. As the derivations are almost identical to those demonstrated earlier, and by 

themselves quite standard, they are omitted here. 

With the gradient of the quality criterion available, the training process is again 

a straightforward application of any standard optimization method. Here a variant 

of conjugate gradient was used. 

5.2.4 Simulation results 

For the system in question, the classifier was trained as a two layered network with 

sigmoidal activation functions. The lower-level controllers were also two-layered net

works. After training, the hierarchical controller was applied to the full 22nd-order 

model of eleven machine power system. The feedback signal used as input to the 

controller was the synthesized angle (5.23). A typical example of the controller 

performance is shown in figure 1. The simulated disturbance corresponds to a a 

short circuit lasting 4/60 second, after which one of the transmission lines is discon

nected and subsequently reconnected after another 8/60 second. It is observed that 

the controller successfully stabilizes the transient. Rapid changes of control signal 

and relatively large negative overshoot are typical for time- optimal control. It is 

worth noting that simulations with each of four nominal controllers in place of the 

hierarchical controller resulted in significantly worse control performance. 

Even though the synthesis of the hierarchical controller did not depend on the 

model of the eleven-machine system, the controller uses information about its pa

rameters M1, , M8 while synthesizing the inter-area swing angle (5.23). As the 

controller was trained to perform the almost time-optimal disturbance rejection for 

a wide range of dynamical behaviors, it is expected that it will display robustness 

with respect to inaccuracies of Mi. This was tested in simulations. Figure 2 shows 
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Figure 1. Hierarchical controller action following a short circuit fault 
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Figure 2. Hierarchical control in case of inaccurately modeled inertias 
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a typical simulation result, in which the parameters actually appearing in simulated 

eleven machine model differed from those used in (5.23) by up to 20%. The simulated 

disturbance is the same as in figure 1. Despite small deterioration of the controller 

performance, the inter-area angle is brought very quickly to its prefault equilibrium. 

5.3 Comments 

This chapter provided a brief illustration how to practically synthesize a near opti

mal controller for a nonlinear dynamical system using a neural network approach. 

The approach is based on learning from a set of open-loop trajectories obtained 

beforehand through a standard numerical optimization method. Then the distance 

between the optimal trajectories, and those obtained with the neural controller in 

the closed-loop, is the quality criterion minimized during the training process. For a 

plant with model known exactly, standard sensitivity analysis may be used to deter

mine the gradient of the quality criterion with respect to the weights of the neural 

controller. 

For systems, whose model is either uncertain, or too complicated to use in the 

design process, the proposed approach is based on a concept of representing the range 

of unknown dynamics in question by a set of simplified nominal models. For each of 

those, a corresponding controller is designed, which may be the suboptimal neural 

controller. Then a classifier, realized as a neural network, is trained to interpolate 

between control signals of the nominal controllers. An important feature of the 

method is that the entire training process of the both levels of the hierarchical 

controller is performed entirely on the simplified models of the system, not on the 

system itself. This allows utilization of sensitivity techniques to calculate necessary 

gradients, and of precise search algorithms for fast minimization of the performance 

criterion. The trained controller is not sensitive with respect to inaccuracies of such 

approximate modeling, as long as the set of training models represents well the 

possible types of the dynamical behavior of the system. 
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The presented controller configurations are based on heuristic premises and lack 

proper theoretical justification. That they are successfully employed in a difficult 

application, further signifies the need for more rigorous study of neural network con

trol. With better theoretical foundations, it would be possible to assess applicability 

of certain neural architectures to particular control problems before time and energy 

consuming efforts to train a controller, which quite possibly cannot be trained to 

perform the particular task. 
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Chapter 6
 
Conclusions
 

The theory presented in chapters 3 and 4 represents a small, but very significant, 

contribution to the field of neural network control. Currently practical applications 

of neural networks too often rely on the unverified assumption, that the particular 

network architecture being used is suitable for the given control task. Numerous 

studies have been published concerning various training and adaptation schemes, to 

obtain desired performance of the closed-loop system with a neural controller. Very 

seldom, however, the fundamental question of existence of a proper controller is ad

dressed. When a controller design method is applied to some specific control task, 

it is of utmost importance to establish, that in the set of possible values of design 

parameters there is at least one particular value, such that the corresponding con

troller offers the desired performance of the whole control system. Then, of course, 

an efficient design procedure must be devised to find one of such feasible controllers. 

If, however, the set of the appropriate parameters is empty, the whole design process 

is destined to fail. Not knowing, whether within the considered class of controllers 

there exists a desirable controller, transforms the synthesis process into a gamble. 

In particular, in case of a failure, it may be impossible to decide if the reason was a 

deficient method of synthesis, or if the chosen controller structure is simply not ad

equate for the given control task. Thus, days may be spent on attempts to improve 

a seemingly faulty training procedure, while in fact the chosen network architecture 

does not allow for the training to ever converge to a satisfactory condition. It is, 

therefore, very important to choose a controller structure, such that a suitable con

troller may be, at least in principle, found. In the context of neural networks, this 

question is particularly significant in the area of continuous feedforward networks, 

which were recently shown to be insufficient for a general stabilization task. Since 
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continuous neural networks form an overwhelming majority of practical implementa

tions of neural controllers, it is urgent that classes of dynamical systems and control 

tasks be identified, so that an appropriate controller is guaranteed to exist within 

this family of networks. 

The question of controller existence was investigated for two classes of optimal 

control problems the time optimal control, and control with a summable quality 

index. The motivation for this study came from the earlier proposed approach to 

synthesize an almost optimal feedback controller, using a neural network to learn 

from off -line generated open-loop optimal trajectories. The method is an attractive 

way to exchange a difficult problem of optimal-feedback synthesis to a large number 

of simpler tasks of open-loop optimization with respect to the control signal. The 

method has been shown successful in approximating truly optimal trajectories, yet 

the applications were based merely on an assumption that the optimal feedback 

(also simply assumed to exist) may be approximated by a neural network. Thus, as 

remarked above, there was a need to analyze applicability of neural network control 

to approximation of optimal feedback. 

The problem was considered in the discrete-time setting, which corresponds to 

a large class of practical computer-based control systems operating on sampled sig

nals. Analysis of optimal control in discrete, rather than continuous, time introduces 

much needed regularity into the problem and allows for much easier mathematical 

apparatus to be utilized. Since control signals and state trajectories are sequences of 

finite-dimensional vectors, the whole analysis may be reduced to finate-dimensional 

spaces, if only the control horizons are guaranteed to be finite. In both considered 

classes of optimal-control problems, this finiteness of the control horizon is achieved 

through a natural assumption of compactness of the set of initial conditions of in

terest, and through proper relaxation of the final condition. Instead of control to 

the origin, the relaxed, or suboptimal, control problem is introduced to transfer the 

system state to some arbitrarily small neighborhood of the origin. Also, for the case 

of the summable quality index, the requirement of minimization is relaxed, so that 
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the optimal quality is achieved within some acceptably small accuracy. With the 

target set and the accuracy small enough, the relaxed problem is from the practical 

point of view equivalent to the original optimal control problem. 

For such relaxed, or suboptimal control problems, the existence of state feedback 

controllers was demonstrated for a class of discontinuous neural networks. Thus, 

not only an optimal feedback policy was shown to exist, but it also may be realized 

in form of an appropriate neural network. Unfortunately, training of discontinuous 

networks poses serious difficulties, and from the practical point of view it is desirable 

that not only continuous, but also differentiable networks be used. The theory 

obtained here for this kind of networks is somewhat weaker, as a small subset has 

to be excluded from the set of initial conditions of interest, in order to guarantee 

almost optimal performance. While the excluded set may be made of arbitrarily 

small measure, its location in the state space cannot be a priori specified. The 

interpretation of these results may be that the probability of failure for any individual 

transient may be made as small as desired (though possibly positive), if the initial 

condition results from a random displacement from the origin. This interpretation 

may be valid for systems in which large transients occur rather seldom, such as is 

the case, for example, with major faults in power transmission systems. 

The theory developed in this thesis constitutes a significant step towards the 

more complete understanding of applicability of neural networks to various control 

problems. It is recognized that the most important, even though the most difficult, 

problem to investigate is control by continuous networks. Since they are so widely, 

and successfully, used in practice, it is quite likely that for a very large class of 

dynamical systems and control tasks that particular neural architecture satisfies the 

existence requirement. It is therefore of utmost importance to identify at least some 

of those hypothetical classes of problems. Equally useful may be the investigation 

of problems which definitely do not admit continuous neural controllers, so that the 

attempts to train a controller are not undertaken in vain. So far, the nonexistence, 

for instance, of stabilizing continuous controllers was demonstrated in [16] by a 
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counterexample so pathological, that one is almost forced to assume that this will not 

occur in other, more regular, situations. It is worth emphasizing again here, that 

the theory obtained for continuous networks does not imply that for some initial 

conditions the controller will fail. The only valid conclusion, that may be drawn 

from those developments, is that the success of a continuous controller cannot be 

guaranteed everywhere. 

The other way to address the problem of adequacy, or inadequacy, of continuous 

neural controllers is to further research methods to train discontinuous, Heaviside 

networks. Though highly unlikely, a development of an efficient training algorithm 

would constitute a major breakthrough in neural networks, and open completely 

new avenues of research and applications. Even if this does not happen, the ever 

increasing efficiency of available computational devices may soon render training of 

Heavyside networks as fast as that of smooth networks. 

Possible continuation of the presented research includes investigation of output, 

instead of state, feedback controllers. The most obvious approach would be through 

separation of state estimation from state feedback control operating on the esti

mated states. Thus, assuming that it is possible to reconstruct the state based on 

input-output measurements, the suboptimal controller would be first designed to 

use the actual state, but then fed only with the estimate. In case of a sudden dis

placement of the state from the equilibrium, the suboptimality of such an approach 

would depend on control actions undertaken between the disturbance occurrence, 

and the moment when the state was reconstructed accurately enough for the feed

back control to act suboptimally. The related important issue, not addressed in this 

dissertation, is sensitivity of the suboptimal feedback with respect to inaccuracies of 

state measurement. For the separation approach to be feasible, the state feedback 

controller should allow for small inaccuracies of the estimated state. These issues 

certainly need investigation. 
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