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INTRODUCTION

Wood trusses are widely used in roof systems in

residential and commercial construction. During the past

twenty years the analytical procedure used to design wood

trusses has shifted from classical truss models with only

axial forces to more sophisticated frame models which allow

the truss member to be laterally loaded along its length

(Suddarth and Wolfe, 1984). The rigidity of the connections

between truss members can be specified, with moments both

along and at the ends of the truss members.

Design requirements for wood trusses are specified by the

Truss Plate Institute (TPI, 1985). Truss members must be

designed for the combination of an axial force and bending

moments. If the analytical model does not allow one to

compute moments, TPI requires the use of a simplified method

to account for the moment-axial force combination.

The National Design Specification for Wood Construction

(NFPA, 1991) treats several cases of combined loading with

respect to strength and stability. An analytical approach

is combined with empirical models to account for the

inelastic behavior of columns. The coupling between axial

force and lateral load (beam-column problem) is handled via

adjustment of the material allowable stress.

A problem arises when boundary or loading conditions for

a given design situation are not referred to in the NDS

(NFPA, 1991) (such as a continuous beam loaded by axial and

lateral forces and possibly moments at the supports). This

causes difficulties in answering two questions:

(i) What is the effective length for buckling?

(ii) How should the compression strength be modified to

include the P-6 effect?

These problems are directly related to the design of

chords of trusses which act as continuous beam-columns in
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the truss plane. Negative moments generated at panel points

help reduce the tendency of the chord to buckle. However,

if the NDS (NFPA, 1991) requirements are strictly applied,

the chord will be overdesigned at the negative moment region

due to the required reduction in allowable stress.

The objective of this study is to develop an analytical

and numerical model to compute stresses within the truss

member loaded by a combination of an axial force, lateral

load, and end moments.
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LITERATURE REVIEW

Stability of truss members has been extensively

researched, however, mainly for steel trusses. Bleich

(1956) proposed to treat the stability of a continuous truss

chord as a simple column problem. He assumed that the truss

chord buckles in a sinusoidal mode with the inflection

points located at the truss connections. It was also

suggested by Bleich to neglect the restraining effect of the

adjacent panels of a continuous truss chord if these members

are compressed. This assumption stems from the fact that

the axially loaded continuous truss chord will buckle in all

panels at the same time when the critical load is reached.

Thus, the members can be treated as simple columns with

pinned ends.

Kavanagh (1960) discussed the effective length

calculation for a steel truss member. The rotational

restraint of the truss members due to the rigidity of the

truss connections was considered. The effect of the axial

force on the restraining capability of the adjacent members

was considered, but lateral loads were not included. This

restraint tends to zero when the stress in the adjacent

members approaches the yield stress (tangent modulus

approaches zero) and the column effective length factor

approaches unity.

A simplified version of Kavanagh's (1960) procedure was

adopted by Suddarth and Wolfe (1984) in their software used

for the analysis of wood trusses.

Wood et al (1976a, b) presented an iterative method which

included the P-o, effect in the analysis of steel frames.

First order deformations and forces were computed in the 1st

iteration and then magnified by the P-6, delta effect which

led to new deformations and forces. The process was
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repeated until no significant increase in deformations was

found. Fast convergence was reported and no convergence

after five or six iterations meant that the structure was

unstable (deformations grew without bounds).

Wood columns have been studied experimentally to examine

the Euler stability theory discussed by Timoshenko and Gere

(1961) and Timoshenko and Young (1968). Newlin and Gahagan

(1930) tested 305x305 mm Douglas Fir and Southern Yellow

Pine simple columns of different lengths. The Euler formula

predicted the critical load relatively well for columns with

length/depth ratio above 20, but was unconservative for

shorter columns. This phenomenon is well known and is due

to the fact that the Euler theory was developed assuming

elastic behavior throughout the entire loading proces. An

empirical formula was proposed to predict the column

critical load for l/d ratios less than 20.

Ylinen (1956) proposed a nonlinear stress-strain model to

describe the behavior of columns in the inelastic range. He

applied a tangent modulus theory to the Euler stability

formula. A simple function of the material compressive

yield strength was proposed to compute the tangent modulus.

Ylinen's approach allows a smooth transition between the

Euler ideal column formula and the axial load capacity

represented by a horizontal line at the yield stress level.

Malhotra and Mazur (1970) performed 315 tests of Eastern

Spruce columns and applied the theory developed by Ylinen

(1956) to predict the critical column stress. The accuracy

of the prediction of the column axial load capacity

decreased with decreasing column slenderness ratio (ratio of

length to depth of the square column).

Neubauer (1970) reported results of 87 tests of 38x89 mm

White Fir columns and used an empirical formula to predict

the critical buckling load.

Newton (1971) presented the so-called Perry-Robertson

formula which was adopted by British design specifications
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to predict the axial load capacity of a wood column. An

initial eccentricity is assumed and the axial load capacity

of the column is expressed as a function of the wood

compressive strength along the fibers and the Euler critical

load.

From the literature review it follows that the design

specifications generally assume the lack of a second order

analysis and reduce the strength to account for this

deficiency (NFPA, 1991; DIN 1052, 1988; SNIP 11-25-80,

1982). The reduction is a function of the material yield

stress, Euler buckling load and boundary conditions. The

Euler buckling load is a function of the effective column

length. For a continuous beam-column, however, it is

unclear what the effective column length may be, especially

when the column is loaded by both axial and lateral forces.
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BEAM-COLUMN SOLUTIONS FOR TRUSS CHORDS

Top chords of trusses are always subjected to the

combination of an axial load and bending, and thus act as

beam-columns. In the following discussion several

assumptions are made:

1. deformations are small,

2. Bernoulli-Euler's beam theory is valid,

3. shear deformation is neglected,

4. material is linearly elastic,

5. panel points are not allowed to translate in the

direction perpendicular to the panel.

A schematic of the model is shown in Figure 1. The

continuous truss chord is replaced by a system of simple

beam-columns whose lengths are equal to the panel length.

The end moment reflects the continuity and possible end

restraints. The isolated simple beam-column model is

analyzed for a combination of lateral forces, end moments

and axial force. Axial force is assumed to be constant

along the member length. The simple column model reflects

the findings of Bleich (1952) as discussed in the literature

review.

Exact Solution of the Differential Equation for a Beam-

Column

For a beam-column, the principle of superposition can be

applied only when the axial force is retained in all

solutions (Simitses, 1986). Thus, the beam-column in

Figure 1 can be analyzed for the combination of an axial

force and lateral load as well as the combination of an

axial force and moments, and then deflections from the two
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solutions can be superimposed.

Axial Force and Lateral Load

The differential equation governing this case is:

EIwiv+Pw"..q, (1)

which can be written as:

w1v+k2w"=-
El'

(2)

where q = uniformly distributed load (force/length),

k2 = P/EI,

P = axial force,

EI = beam stiffness.

Applying boundary conditions w(0)=w(L)=w"(0)=w"(L)=0 and

using a particular solution

qx2w
P 2P

and the general solution

Wg=A 1sinkx + A2coskx + A3X + A4

(3)

the deflection due to the axial force and lateral load can

be obtained (Galambos, 1968):

q 1-coskLsinkx+coskx- k2L2 [ x_ 21") 2
wp

] _1}
Pk2 sinkL 2 L L

(5)

Axial Force and End Moments

The continuity of the truss chord leads to bending

moments at the panel points. Depending on the analytical

model, an end moment may also arise if a certain degree of

fixity is assumed (from the stiffness of the truss plate,
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for example).

Solution of this problem was presented by Galambos (1968)

as:

P-M
P1 sin

-cos
kL

kL sin kx+cos kx+x (1-x) -1] ,

M2

Energy Method An Approximate Solution

(6)

The energy method can be applied to solve for the unknown

beam-column deflection (Simitses, 1986). An infinite series

will be used to represent the deflected shape of the beam-

column:

00

w(x) =E ansin nnx
n=1

The strain energy can be written as (Au and Christiano,

1987) :

L
wT,41"

LI=
1 fEI(14711)2dx---' f (E ann2sin 1.217x) 2dx,
2 2L4

0 0 n=1

or (Galambos, 1968):

EITc4

4L3n=1
" -"n

The potential energy due to the axial force is (Simitses,

1986) :

(7)

(8)

(9)



L L cope
Vp=- (W/) 2dx- (E an n cos nix) ate,

0
2 2L2 0 n=1

which leads to (Galambos, 1968):

2

VP =-
pir

E n2an2 '4L n=1

The potential energy due to the end moments is:

(10)

Vm=-M1w/(0) +M2w/(L), (12)

which leads to:

vm-ME an nL +M
2
E an( -1) n nJ .L

n=1 n=1

The potential energy of lateral loads is:

L L 00 .
Vqfq-wdx nnxgf E an sin dx=qLE 1 (- l )

L n
0 on=i n n=1

(13)

(14)

9

Axial Force and Lateral Load

The total potential of the beam-column loaded by an axial

force and lateral load is:

2
EITC a2 n4_ P7z2E n2+ q1LE
41,3 n=1

n
41, n=1 n=1

(15)

The minimum of the total potential for n=i is computed as:

a(u+v)
aa,

(16)
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ql [ (-1) 1 -1]
2L4q[(-1)j-1]

EI7c4i4 Prc2i 2 i 37[3 (ET7C2i 2-PL2)
2L3 2L

10

(17)

The solution will diverge if the denominator is equal to

zero which leads to:

EI7t212_pL2=0,

and

P-
mr,2i2

L2

(18)

(19)

which is the known solution for the critical buckling load

of a simply-supported ideal column as derived by Euler.

Axial Force and End Moments

The same procedure can be used for the combination of an

axial force and end moments. Setting the first derivative

with respect to ai of the total potential equal to zero

minimizes the function U+V. The coefficients ai are:

P-M 2L2ni[Mi-(-1)i M2]
ai in2(127c2E/_pL2)

(20)

As in the previous case, this leads to the requirement that

the axial force P must not be equal to the eigenvalues

resulting from the solution for the buckling of a simple

ideal column.

Superposition of both cases yields the deflection due to

the combination of axial force, lateral load and end

moments:



w =

qL .
[ (-1) 1 -1]

Eniej 4 1t2pi 2

2L3 2L

sin inx

2L27ci [M (-1)i M ]
2 sin inx- EiT,2(i27,2Ei_pL2

1=1

Derivation of Moments

( inx-q-Fal-m) sin

Moments can be derived from the well known equation:

11

(21)

M(x) =-E/w/i. (22)

These moments will include an increase due to the

interaction between lateral load, end moments and axial

force (P-6 effect). From the exact solution it follows

(Galambos, 1968):

q
sinkL
l-coskL

k2 L2
1 x

MP_q
Pk2

k coskx-k sinkx-
2 L L2

[ -2 ] 1 ,

AY,m=hr,[
ic-coskL sinkx+coskx],
sinkL

and

M(x) = Mp_q + Mp_m.

From the infinite series solution:

2

M(X) =-EI 2 E (arq an -M) n2 x
L-n=1

03

where

(23)

(24)

(25)

a! = coefficient from the infinite series

solution for a combination of an axial force
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and lateral load,

and = coefficient from the infinite series

solution for a combination of an axial force

and end moments.

Numerical Solution of the Beam-Column Problem

Deflections and moments can be computed numerically from

known solutions of a simply-supported beam loaded by end

moments and lateral load. Moments are amplified by the

presence of an axial load via the quantity P-w, where w is

the beam deflection. Thus, if the deflection due to the

loads other than P can be computed, the moment can be

magnified by a P-w effect. From this additional moment, an

increase in deflection can be computed and again a magnified

moment obtained. The procedure is repeated until

convergence is achieved.

The deflection for a simply-supported beam loaded by a

uniform lateral load q can be expressed as:

w = g'( (1,3 -2LX2 4-X3) ,
q 24E/

(26)

where x = position along the beam, measured from the

end.

The deflection due to the moment M(x) can be obtained

from the solution of the differential equation

as:

(27)

w.,-
2E1

= Mx (L-x) , (28)
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where M = M(x).

Equation (27) is used to compute the deflection due to the

applied moments as well as due to the moment resulting from

the axial force P.

The deflection due to the applied axial force P can be

computed as:

w
2E1

x(L-x)
(29)

where w = wm + wq, deflection due to the applied lateral

load and end moments. Repeating this step and using w1 in

equation (29) leads to:

PX(L-X) Px(L -x) 12
1472=1471 [ -147[

2EI 2E1

and

Px(L-x)
112E1

and the total deflection is:

WtOt=W+Wl+W2+ +WN=E Wi
i=0

where wo=w=wm+wq.

The solution will converge if

P x( L-x) <2EI,

or,

P =k 2< 2

EI x(L-x)

Computing the first derivative of the denominator and

(30)

(31)

(32)

(33)

(34)



setting it equal to zero gives the upper bound of k2 for

which the solution converges (2nd derivative of the

denominator is always negative, which implies that the

extreme for k2 must be a minimum). Therefore,

k2 8
L2,

14

(35)

which implies that k2 is limited by a reciprocal of L2.

Note that this result is close to the solution for the Euler

column.

Also, assuming that Px(L-x)<2EI one can write that

wi.w(constant which is less than 1)1, which implies linear

convergency.
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EXAMPLE OF THE DESIGN OF A TRUSS CHORD MEMBER SUBJECTED TO A

COMBINATION OF AN AXIAL FORCE, LATERAL LOAD AND END MOMENTS

The derived solution for a beam-column will be

demonstrated with an example of a typical wood truss. The

truss shown in Figure 2 was analyzed using the finite-

element method. The truss members were modeled as beam

elements pinned at the panel points. Chords, however, were

considered to be continuous which resulted in bending

moments along the members.

Member number 2, which was chosen for the analysis, was

loaded by an axial force of P=15 kN, lateral load q=1.323

kN/m and end moments M1=499 Nm and M2=533 Nm. The 38x89 mm

member was 2.239 m long with allowable stresses of F,' =

18.39 MPa and Fb' = 21.15 MPa.

The member was isolated from the truss and analyzed as a

simple beam-column using exact, infinite series and

numerical solutions. The lateral deformations of the member

computed using the exact solution of the differential

equation for the beam-column are shown in Figure 3. The

magnification in the deformation due to the applied axial

force is also shown. The negative moment (resulting from

the fact that the chord is continuous) reduces the

deflection caused by lateral load.

Moments are shown in Figure 4. Since the end moments

are negative they tend to reduce the midpoint moment caused

by lateral load. Therefore, axial force P reduces the

midpoint moment (due to P-6 effect) if negative end moments

are present.

Now, we compute the resulting stress in the extreme

compressed fibre. The maximum moment is at the right end

and has the value of 533 Nm. The sign is not important

because an absolute value of the moment is used for stress



computation. The design formula for the combination of an

axial load and bending moment takes the form:

1 p la m

A S CSI < 1 ,
[ Fci F),

16

(36)

where a = 2 NDS (NFPA, 1991)

M = bending moment from exact or numerical

solution,

P = axial force,

A = area of cross section,

S = section modulus,

Fc' = compression strength of wood in the

direction parallel to the fibers modified by

appropriate factors such as moisture content,

load duration, temperature etc.,

FB' = bending strength of wood modified by

appropriate factors such as moisture content,

load duration, temperature and factor CL

accounting for the lateral stability,

CSI = combined stress index.

Equation (36) is based on NDS (NFPA, 1991) formula 3.9.-

3. but the bending strength (or moment) in the equation (36)

is not modified for the P-w effect as suggested by NDS

(NFPA, 1991). This is accounted for in the numerator

because the moment and thus the bending stress are the

result of the analytical solution of a beam-column problem.

In equation (36) the first term is squared whereas the

second remains unchanged. As argued by Zahn (1986) this is

done to provide an improved fit of the experimental data.

The CSI coefficients are computed for various applied end

moments while lateral load and axial force remain unchanged.

Different values of moments were chosen to demonstrate the
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difference between methods. The results are presented in

Table 1. Table 1 also contains the CSI values computed

from the NDS (NFPA, 1991) which used results from the Purdue

Plane Structures Analyzer (Suddarth and Wolfe, 1984) with

the reduced buckling length derived from the work of

Kavanagh (1960).

Results for two different buckling lengths are shown in

Table 2. Values of buckling length coefficient Ke=1.0 and

Ke=0.8 used in the comparison represent pinned-pinned and

fixed-pinned conditions and reflect values typically

encountered in the design of wood trusses. The last column

of Table 2 presents values of the CSI based on the maximum

compressive stress divided by the allowable compressive

stress (Fe') not modified for buckling:

Mrnax+ P

CSI- S A
1

Fc

where `Max = maximum bending moment.

(37)

Equation (37) results from a strength of materials

approach. No shear is considered. This approach yields

results close to those obtained from the formula 3.9.-3.

suggested by the NDS (NFPA, 1991), but the resemblance does

not have a strong theoretical justification. Equation (37)

simply combines normal stresses due to the bending and axial

compression. It is felt that equation (37) should be used

for the design instead of equation (36) because it is

theoretically correct. If the difference between

compressive and bending strength is a concern, equation (36)

with a=1 can be used. However, to use equation (37) or (36)

one must first obtain analytical solution for beam-column

problem and compare with test results.

The maximum axial force leading to the CSI = 1.0 (chord
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failure) for given end moments and lateral load is shown in

Table 3. From the designer's standpoint this is an

important measure of the capacity of the member.

The solutions shown in Figure 3 and 4 are based on the

exact and infinite series solution of the differential

equation of a beam-column (the infinite series solution

gives results almost identical to the exact solution). It

is recognized that while the presented solutions are exact

for the simple beam model, they are an approximation for the

general problem which is the continuous chord of a truss.

However, the solutions reflect the truss behavior as

observed by researchers (e.g. Bleich, 1956). The proposed

procedure does not require conversion of the problem into an

equivalent Euler column by estimating the column buckling

length (which is a problem for truss chords). Rather,

stress is computed via a beam-column analysis. Also, if the

NDS (NFPA, 1991) design equation is applied to a beam-column

with end moments (such as the chord of a truss) and full

reduction of the bending strength at regions close to

supports is used (to account for moment magnification), the

interaction formula can be too conservative because the

moment magnification is a function of a deflection and

varies along the beam. This deficiency is eliminated by

solving the beam-column problem for the moments over the

entire length.

The convergence rate of the numerical solution is shown

in Figure 5 and can be used as a check of truss chord

stability. Three iterations give satisfactory results.

Note that the numerical solution is slightly conservative as

compared to the exact solution.
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CONCLUSIONS

An analytical model for the stability analysis of a truss

chord is developed. The solution of the differential

equation of a beam-column in terms of the deformation is

used to calculate bending moment and stress at any point

along the member.

Infinite series and numerical solutions are also

developed. Both solutions converge rapidly for deformations

and more slowly for moments. Three or four iterations give

sufficient accuracy for the numerical solution. Stability

of the numerical solution yields the stability criterion for

the simply supported column.

Using the developed analytical or numerical solution does

not require one to solve an eigenvalue problem and leads to

a direct strength criterion for beam-column stability in

which secondary deformations and moments resulting from

effect of axial force are computed. Extension of the

numerical procedure to other types of panel loading such as

point force or in-span moment is straightforward.

Comparison of the current design procedure for wood truss

members with the proposed analytical method showed that the

NDS (NFPA, 1991) give different results from the analytical

method. This is caused by the fact that the same moment

amplification factor (a maximum) is applied along the whole

beam length in the NDS but the factor varies as a function

of the deflection.
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APPENDIX I. NOTATION

The following symbols are used in this paper:

a = exponent

aj-q = infinite series coefficient for solution of the

beam-column loaded by axial force and lateral load

aj-m = infinite series coefficient for solution of the

beam-column loaded by axial force and end moments

an = infinite series coefficient

A = area of cross-section

A, = coefficient in the solution of the differential

equation

CSI = combined stress index

E = modulus of elasticity

Fb' = allowable bending stress modified for lateral

stability

= allowable compressive stress modified by

stability factor

i = integer

I = moment of inertia

Ke = buckling coefficient

L = length

Mmax = maximum bending moment

M1 = end moment

M2 = end moment

= moment due to the axial force and lateral load

Mp_m = moment due to the axial force and end moments

n = integer

P = axial force

S = section modulus

q = lateral load

U = strain energy

V = potential energy
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VMPq = potential energy due to the moment, axial force

and lateral load, respectively

lateral deflection

wM = deflection due to the moment

WP-M = deflection due to the axial load and end moments

P-q = deflection due to the axial and lateral load

wq = deflection due to the lateral load

x = coordinate on the beam
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Table 1. Comparison between Results from the Analytical
Solution of a Beam-Column with the Formulas Used in the NDS
(NFPA, 1991).

Mleft***
(Nm)

(1)

".
Mright
(Nm)

(2)

CSIEq. (36)

(3)

CSIs*

(4)

-449 -533 0.55 0.74"

0 -533 0.81 0.95

0 0 1.16 1.35

449 533 1.83 2.08

0 533 1.53 1.74

-449 533 1.26 1.40

Purdue Plane Structures Analyzer (Suddarth and Wolfe,
1984) was used to calculate the buckling length of 1.58
m.

The value of CSI close to the support is 1.032, which
means that according to the NDS formula the member will
fail.

Various combinations of moments were chosen. 1st
combination is the result of the analysis of the truss.
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Table 2. Comparison between Results from Analytical Solution
of a Beam-Column with the Formulas Used in NDS for Different
Buckling Lengths 1 (NFPA, 1991).

Mleft
(Nm)

(1)

Mright
(Nm)
(2)

CSINDs
1=1u
(3)

CSINDs
1=0.8 1,

(4)

CSIEg (37)

(5)

-449 -533 1.76 0.79 0.807

0 -533 2.61 1.20 1.11

0 0 3.61 1.68 1.51

449 533 5.48 2.56 2.28

0 533 4.61 2.16 1.94

-449 533 3.77 1.75 1.62
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Table 3. Maximum Axial Forces Leading to CSI = 1.0 for
Different End Moments and Lateral Load of 1.313 kN/m.
(Panel Length = 2.24 m, E = 12 411 MPa, 38x89 mm Southern
Yellow Pine Truss).

Mleft
(Nm)
(1)

Mright
(Nm)

(2)

PE (36)
(kN)

(3)

*
PEq. (37)
(IN)

(4)

PNDS**
(kN)

(5)

-449 -533 35.00 26.00 23.09

0 -533 22.50 12.90 15.99

0 0 10.80 3.20 8.00

449 533 failed in
bending'

failed in
bending+

failed in
bending'

0 533 failed in
bending'

failed in
bending'

failed in
bending'

-449 533 6.80 failed in
bending'

6.89*

Based on the maximum computed moment along the panel.

Purdue Plane Structures Analyzer (Suddarth and Wolfe,
1984) was used to calculate the buckling length of 1.58
m. Values of the axial force are computed for the
moment at the panel midpoint.

* Moment at the panel midpoint (from the end moments
and lateral load) is 823 Nm, the maximum moment located
away from the panel midpoint is 927 Nm allowing axial
force of only 3.63 kN.

+ No axial force permitted, member fails due to the
lateral load and end moments only.
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Figure 1. Model of the Continuous Truss Chord and Simple
Beam Model of one Truss Panel.
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6 x 2.057 n = 12.342

Figure 2. Schematic of the Analyzed Truss.
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Figure 3. Deformations of Truss Member Number 2 Loaded by a
Combination of an Axial Force, Lateral Load, and End Moments.
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Figure 4. Bending Moments in Member Number 2 Loaded by a
Combination of an Axial Force, Lateral Load, and End Moments.
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Figure 5. Convergence of the Numerical Solution of a Beam-
Column Problem.




