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properties of a step discontinuity in typical diffused optical dielectric slab waveguides.

Power loss calculations for an abrupt offset in a diffused optical waveguide show a

smooth increase in radiation loss whereas a sharp transition from almost zero to nearly



total radiation loss is found for an abrupt change in diffusion depth.

In the analysis of quantum waveguide structures, the modal expansions of the

wave function together with a mode-matching technique are utilized. The computed
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like lateral potential confinement is analyzed by utilizing the modal expansion

techniques developed for dielectric waveguides.



Generalized Modal Analysis of Electromagnetic- and Quantum-

Waveguide Structures and Discontinuities

by

Andreas Weisshaar

A THESIS

submitted to

Oregon State University

in partial fulfillment of
the requirements for the

degree of

Doctor of Philosophy

Completed March 29, 1991

Commencement June 1991



APPROVED:

,.-----
Redacted for Privacy

Associate Professor of ctrical and Computer Engineering in charge of major

Redacted for Privacy

Professor of Electrical and Computer Engineering in charge of major

Redacted for Privacy

Head o pepartment of Electrical and Computer Engineering

Redacted for Privacy
Dean of Grad at School (I

Date thesis is presented March 29, 1991

Typed by Andreas Weisshaar



ACKNOWLEDGEMENTS

A number of persons have contributed to the progress of this thesis. Of these,

thanks is due to Marc Goldfarb from Raytheon Research Laboratories, Lexington, MA

and to Jar Lon Lee and Eli Reese from Texas Instruments Microwave Laboratory,

Dallas, TX for providing measured data on curved bend microstrip structures. Further

thanks go to my colleague Sifen Luo for making quasi-static calculations on curved

microstrip bends and to Jong Wu and Dr. Martin Wybourne from the Physics

Department at the University of Oregon for making measured data on quantum

waveguide double bend structures available. I am also grateful to the members of my

graduate committee, Drs. Rudolf Engelbrecht, Vijai Tripathi, Stephen Goodnick, Edward

Waymire, Joel Davis, and Henri Jansen, for their time and advice.

The work on quantum waveguide structures originated as a joint class project

with Jenifer Lary. Special thanks is given to Jenifer for her contributions to and lengthy

discussions on my work. In addition, I particularly thank Stephen Goodnick for his

guidance and assistance related to the work on quantum waveguide structures, and for

his encouragement and support given as co-thesis advisor. Dr. Goodnick also provided

financial support through research grants from Tektronix, Inc., Beaverton, OR and the

U.S. Office of Naval Research under Contract No. N00014-89-J-1894.

I sincerely appreciate the advice and encouragement given by my major

professors, Rudolf Engelbrecht and Vijai Tripathi. The guidance I received from Vijai

Tripathi as my thesis advisor is gratefully acknowledged. Dr. Tripathi also provided

financial support through research funding from EEsof Inc., Westlake Village, CA and

the Raytheon/TI Joint Venture MIMIC Phase I program.

I sincerely thank my parents, Dieter and Elisabeth WeiBhaar, for their under-

standing and encouragement of my studies abroad. Finally, special thanks to my wife,

Elsie, who has been a constant source of encouragement and understanding during the

many frustrating stages of my Ph.D. program.



TABLE OF CONTENTS

1.

2.

INTRODUCTION

GENERAL CONSIDERATIONS .

Page

1

4

2.1 Modal Solution for a Uniform Parallel-Plate Waveguide with
Homogeneous Cross section . . 5

2.2 Mode-Matching Applied to an Arbitrary Parallel-Waveguide
Junction 8

3. DISCONTINUITIES IN MICROSTRIP STRUCTURES 13

3.1 Introduction 13

3.2 The Equivalent Magnetic-Wall Planar Waveguide Model 15

3.3 The Curved Microstrip Bend 18

3.3.1 Theoretical Formulation 18

3.3.2 Results 24

3.4 Notch Compensated Right-Angle Bend and T Junctions . . 33

3.4.1 Theoretical Formulation 33

3.4.2 Numerical Results 36

3.5 Conclusion 40

4. STEP DISCONTINUITY IN DIELECTRIC SLAB WAVEGUIDES
WITH ARBITRARY INDEX PROFILE 41

4.1 Introduction 41

4.2 Generalized Telegraphist's Equations for a Parallel-Plate Wave-
guide with Inhomogeneous Dielectric Medium 43

4.3 Modal Field Expansions for the Inhomogeneous Parallel-Plate
Waveguide 48

4.3.1 TE Modes 48



4.4

4.5

4.3.2 TM Modes

Step Discontinuity in Dielectric Slab Waveguides with Arbitrary
Index Profile

4.4.1 TE-Mode Incidence
4.4.2 TM-Mode Incidence

Numerical Results

50

52

53
54

56

4.5.1 Convergence of the Phase Constants 56
4.5.2 Step Discontinuity in Step-Index Dielectric Slab Wave-

guides 63

4.5.3 Step Discontinuity in Graded-Index Dielectric Slab
Waveguides 67

4.6 Conclusion 70

5. QUANTUM WAVEGUIDE STRUCTURES AND DEVICES . . 71

5.1 Introduction 71

5.2 Numerical Technique 73

5.2.1 Single Junction or Transition 75
5.2.2 Composite Quantum Waveguide Structure 79
5.2.3 Transport Parameters and Scaling Properties . 84

5.3 Computational Results 86

5.3.1 Uniform Constriction 87
5.3.2 Single and Double Bend 88

5.3.3 Periodic Multi-Waveguide Structures 93
5.3.4 Design Procedure for NDR Enhancement 99

5.4 Uniform Narrow Constriction with Arbitrary Lateral Potential
Confinement 105

5.5 Conclusion 108

6. SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH 109

BIBLIOGRAPHY 113



APPENDICES 122

A.1 Expansion Terms for Second-Order Perturbation Solution . 122

A.2 Fast Cosine Transform Used in Integral Evaluation . 124

A.3 Method of Moments Solution for a Parallel-Plate Waveguide
Filled with Inhomogeneous Dielectric Medium 126

A.3.1 TE Modes 126

A.3.2 TM Modes 128

A.4 Characteristic Equations for TE- and TM-Modes in Bounded and
Unbounded Step-Index Dielectric Slab Waveguides . . . 130

A.5 Scattering Parameters for a Step Discontinuity in Potential . . 132

A.6 Generalized Scattering Matrix of Cascaded Potential Step
Discontinuities 133



LIST OF FIGURES

Figure Page

2.1 Generalized uniform parallel-plate waveguide with homogeneous cross
section 5

2.2 Arbitrary junction connecting N uniform parallel-plate waveguides 8

2.3 Step discontinuity in a parallel-plate waveguide . . . . 12

3.1 Cross-sectional view of (a) a microstrip line and (b) the equivalent
waveguide model; (c) equivalent parallel-plate waveguide model
(longitudinal-sectional view); EW - electric wall, MW magnetic
wall 15

3.2 The curved microstrip bend: (a) top view; (b) cross-sectional view . . 18

3.3 Equivalent magnetic-wall parallel-plate waveguide model for the curved
microstrip bend 18

3.4 Magnitude of the reflection coefficient as a function of the number of
higher-order modes at f=30GHz for a curved microstrip bend with
a=90°, R/w=2, w=73gm, h=100gm, and er=12.9 . . . 25

3.5 Magnitude of S11 for 500, 90° bends with R=2w on MIC 0.635mm
alumina and MMIC - 100gin GaAs substrate (solid line: waveguide
model; dashed line: quasi-static model) .. . 25

3.6 Magnitude of (a) the reflection coefficient and (b) the transmission
coefficient as a function of frequency for a curved microstrip bend with
a=90° and R/w=2, a chamfered right-angle bend [41], and a right-angle
bend [41]. w=73gm, h=100gm, and er=12.9 (Z=5052). . . . 26

3.7 Magnitude of (a) the reflection coefficient and (b) the transmission
coefficient as a function of frequency for a curved microstrip bend with
a=90° and R/w=2, a chamfered right-angle bend [42], and a right-angle
bend [28]. w=0.6mm, h= 0.635mm, and er=9.8 (Z=500) . . . 27

3.8 Magnitude of (a) the reflection coefficient and (b) the transmission
coefficient as a function of frequency for a curved microstrip bend with
a=90° and R/w=2, a chamfered right-angle bend [42], and a right-angle
bend [28]. w=1.2mm, h=0.635mm, and er=9.8 (Z=350) . . . 27



3.9 (a) Microstrip T structure with an open ended stub containing curved
bends (h=5mi1, er=9.9); (b) magnitude of S21 for the microstrip structure
shown in (a) 28

3.10 (a) Microstrip T structure with an open ended stub containing a variable
number of hooks (h=1001.1m, er=12.9). The total center-path length of
the stub is kept constant by simultaneously adjusting the radius of
curvature R and the number of hooks N according to R/w=4/N; (b)
magnitude of S21 for the microstrip structure shown in (a) for various
numbers of hooks (radii of curvature) .. ... . 30

3.11 Measured and calculated magnitude of Sii for the circuit shown in the
inset (w=701.tm, h=100p.m, er=12.88)

3.12 Right-angle microstrip bend and T junctions having a rectangular
notch

32

33

3.13 Cavity regions for (a) the right-angle bend shown in Fig. 3.12a, and (b)
the T junction shown in Fig. 3.12b 34

3.14 Stepped cavity region 35

3.15 Right-angle bend with notch 35

3.16 Convergence plots for the notched right-angle bend shown in Fig. 3.15
with w1=0.6mm, w2=0.45mm, s1=0.2mm, and s2=0.15rnm on a 0.635mm
alumina substrate (f=20GHz). M is the number of modes in the wider
regions; N is the number of modes in the two narrow cavity regions. (a)
reflection coefficient; (b) energy balance ..... . . . . . 36

3.17 Magnitude of the reflection coefficient for a nominal 500 right-angle
microstrip bend with w=w1 =w2 and various notch sizes s=s1 =s2 on a (a)
1001.tm GaAs and (b) 0.635mm alumina substrate . . . . . . . 37

3.18 Magnitude of S21 for a notched T junction on a 0.635mm alumina
substrate with w1=0.6rrun, w2=0.5mm, w3=0.35mm, and d=0.475mm for
different notch sizes 38

4.1 Generalized parallel-plate waveguide filled with inhomogeneous
dielectric 43

4.2 Step discontinuity in (a) a generalized graded-index dielectric slab
waveguide bounded by parallel-plates, (b) a step-index dielectric slab
waveguide 52



4.3 Convergence of the normalized phase constant for the dominant TE- and
TM-mode as a function of empty waveguide modes; er=5, w=24,
d;).352to (GTE - solution with generalized telegraphist's equations,
MOM - method of moments solution) 57

4.4 Convergence of the normalized phase constant for the dominant TE-mode
as a function of the waveguide half-width; er=5, d=0.352,9 (see
Fig. 4.3) 58

4.5 Generalized configuration of a graded-index dielectric slab waveguide
bounded by electric (EW) or magnetic walls (MW) 59

4.6 Typical index profiles for diffused optical dielectric slab waveguides (a
is the diffusion depth parameter) 59

4.7 Normalized phase constant B for the dominant TE mode as a function
of plate separation of a dielectric slab waveguide with exponential index
profile; V=2 61

4.8 Normalized phase constant B for the dominant TE mode as a function
of plate separation of a dielectric slab waveguide with (a) Gaussian index
profile (V=3), and (b) erfc index-profile (V=4)

4.9 Normalized phase constant B for the dominant TM mode as a function
of plate separation of a dielectric slab waveguide with exponential index
profile; V=2

62

63

4.10 Reflection coefficient of the second even TE slow-mode as a function
of waveguide width in a step-index dielectric slab waveguide having a
step discontinuity; er=5, d1=0.39.0, d2=0.2d1 (see Fig. 4.2b) . . . . 65

4.11 Normalized radiation power loss for the step discontinuity shown in
Fig. 4.2b with d1 /d2=2, wA0=6, er=(1.432)2 (wave incident from the
right)

4.12 (a) Step-index dielectric slab waveguide having a step discontinuity, (b)
radiation loss for the dominant TE mode incident from the left upon the
structure shown in (a); c=5, d21c0=1, w/A.0=2

66

66

4.13 (a) Abrupt offset in a graded-index dielectric slab waveguide, (b)
normalized transmitted and radiated power for TE-mode incidence as a
function of the relative displacement (diffusion depth a=22t.0). . . 68

4.14 Radiation loss as a function of the ratio in the diffusion depths a2/a1;
ai=2X0 69



5.1 (a) Schematic of a split-gate structure (cross-sectional view); super-
imposed is a sketch of the potential profile for the electrons in the 2DEG
at different gate biases; (b) energy band diagram across the
Al GaAs/GaAs heterojunction ..... ... 73

5.2 Step discontinuity in a quantum waveguide 76

5.3 Two arbitrary junctions (A and B) connected by a uniform waveguide
section (C) 80

5.4 Successive GSM calculation for a quantum waveguide structure having
three junctions 83

5.5 Convergence of the total transmission T1 through a single step junction
with widths w1 =l0nm and w2=20nm as function of N1 and for different
ratios of modes retained on either side, defined as r=N2/N1; c=0,
E=100meV 86

5.6 Conductance for the split-gate configuration shown in the inset as
function of constriction width w for different values of d 87

5.7 (a) Total transmission T1 as a function of electron energy. The dashed
curve shows T1 for the single bend shown in (b); the solid line corre-
sponds to the double bend (c) (dimensions are given in nm) . . . 89

5.8 Scanning electron micrograph of the double bend split-gate structure
[93] 90

5.9 Measured conductance as a function of gate voltage for three different
temperatures: T=70mK (G1), T=1K (G2), T=4.2K (G3); curves G2 and
G3 are offset by 1 and 2 quantum steps, respectively

5.10 Calculated conductance as a function of width for a double bend with
dimensions as indicated in Fig. 5.8. Solid curve: T=OK, dotted curve:
T=4.2K, dashed curve: ideal uniform quantum waveguide (without bend
discontinuity); Ef=14meV

91

92

5.11 Geometry of an infinite quantum waveguide superlattice structure with
alternatingly narrow and wide width 93

5.12 E-k, diagram for the infinite superlattice structure shown in Fig. 5.11
with period L=1..,1-1-L2 94

5.13 (a) Total transmission Ti for the superlattice structure with five narrow
constrictions shown in (b) (dimensions are given in nm) 95



5.14 (a) Total transmission T1 for the double constriction structure shown in
(b) (dimensions are given in nm) 96

5.15 Ni-v " inside the double constriction structure shown in Fig. 5.14b with
normalization a1 =1 (wave is incident from left). (a) Near "On"-resonance,
E=37.25 meV; (b) "Off'- resonance, E=30meV . . . . 97

5.16 Double constriction quantum waveguide structure with realistic dimen-
sions (given in nm) 98

5.17 Total transmission as function of energy and different values of bias
voltage for the double constriction structure shown in Fig. 5.16 . . 98

5.18 I-V characteristics at different temperatures for the double constriction
structure shown in Fig. 5.16; Ef=5meV 99

5.19 (a) Phase -4 =- arg(r) (solid lines) and phase shift kd L (dashed lines)
inside the cavity region; intersections determine the lowest-order
resonances; (b) reflection coefficient r for the step discontinuity from the
cavity region to the narrow constrictions 101

5.20 Improved double constriction structure (dimensions are given in nm) . 102

5.21 Total transmission as function of energy and at zero bias voltage for the
improved double constriction structure shown in Fig. 5.20 . . . 103

5.22 I-V characteristics at different temperatures for the improved double
constriction structure shown in Fig. 5.20; Ef=10meV 103

5.23 Uniform narrow constriction with arbitrary potential profile indicated by
the hatched area; d=500nm, b=200nm, L=100nm 105

5.24 Assumed lateral potential profile 106

5.25 Conductance for a uniform narrow constriction with lateral potential
confinement as shown in Fig. 5.24 (soft walls) and corresponding hard
wall case (Ef=15meV, T=OK) 107



GENERALIZED MODAL ANALYSIS OF

ELECTROMAGNETIC- AND QUANTUM-WAVEGUIDE

STRUCTURES AND DISCONTINUITIES

1. INTRODUCTION

Passive guided-wave structures and components such as microstrip lines and

associated discontinuities (e.g., impedance steps, bends, and T junctions) are essential

elements of modern microwave circuits. Their accurate characterization has become

increasingly important for the design of microwave integrated circuits (MICs) and in

particular of monolithic microwave integrated circuits (MMICs) where it is not

economical or practical to tune the circuits after they have been fabricated [1].

Therefore, a large number of sophisticated numerical techniques and software tools for

the analysis and computer-aided design (CAD) of guided-wave structures in microwave

circuits have been developed over the past two decades [e.g, 1].

The closely related field of integrated optics, which originated in the early 1970s,

greatly benefits from these developments as many of the methods currently used for

the characterization of dielectric optical waveguides, such as dielectric slab and strip

waveguides, have been directly adopted from the techniques employed for analyzing

guided-wave structures at microwave frequencies [e.g., 2 -7].

The availability of well-developed microwave techniques is also useful for the

study of solid-state structures and devices exhibiting quantum confinement. For

instance, a simple transfer matrix description together with a transverse resonance

method has been used by Tripathi and Bhattacharya [8] to characterize general quantum

well superlattices. Microwave techniques are expected to be particularly useful for the

analysis and modeling of a recently emerged class of semiconductor structures with two-

and three-dimensional quantum confinement of the electronic states [9]. The dimensions

of these so-called mesoscopic structures (on the order of tens of nanometers) are smaller

than the phase-coherence length of electrons at low temperature (up to a few microns

in GaAs) so that the wave-like behavior of electrons is dominant. Hence, the low
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temperature electronic transport in these structures is in close analogy to the propagation

of electromagnetic waves in metallic and dielectric waveguides. Accordingly,

mesoscopic structures are here referred to as quantum waveguide structures.

Some of the most popular numerical techniques currently used for the character-

ization of guided-wave structures in (M)MICs and integrated optics are the finite

element and finite difference method [10]-[13], the method of moments [14]-[16] and

the mode-matching method [17]-[21]. In the analysis of discontinuities in quantum

waveguide structures, nearest-neighbor tight-binding Hamiltonian schemes [22], [23]

(which are equivalent to finite difference methods) are frequently employed while other

research groups have also utilized the mode-matching methods [24]-[27].

In the mode-matching technique as applied to junctions and discontinuities in

guided-wave structures, the wave function describing the wave propagation in different

uniform guided-wave sections is first expressed in terms of a modal expansion similar

to the Fourier series expansion of a periodic function. Then, the wave functions in

different regions are matched according to the prevailing continuity conditions, leading

to a matrix equation which expresses the mode coupling due to the junction or

discontinuity. A characteristic advantage of the mode-matching technique is that a

better physical understanding of the effect of a junction or discontinuity in a guided-

wave structure may be provided. On the other hand, mode-matching methods, in

general, are limited to junctions whose discontinuity region belongs to a separable

coordinate system as compared to discretization methods, such as finite element and

finite difference methods, which can be applied to junctions of arbitrary shapes.

In the present work, generalized modal analysis techniques for the study

of various guided-wave structures for microwave, optical, and mesoscopic systems are

employed. Junctions and discontinuities are characterized by adopting the systematic

mode-matching method developed by Kiihn [18] for the analysis of multiport metallic

waveguide circuits. This mode-matching method as applied to an arbitrary junction is

described in Chapter 2.

Subsequently, various microstrip discontinuities and junctions based on

equivalent planar waveguide models are analyzed in Chapter 3. The equivalent planar
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waveguide model for a microstrip line has been previously developed by Wolff and co-

workers [28]. They have used it to characterize a number of microstrip discontinuities

such as impedance steps, right-angle bends, and T junctions [19], [28]. Here, an

equivalent curved planar waveguide model together with the mode-matching technique

described in Chapter 2 is utilized to analyze curved microstrip bend discontinuities.

Furthermore, by applying a special procedure to construct modal field expansions in

the discontinuity region, the analysis of right-angle bends and T junctions [19] is

extended to discontinuities consisting of composite cavities such as the notch

compensated right-angle bends and T junctions.

In Chapter 4, the normal mode spectrum of an arbitrary graded-index dielectric

slab waveguide is derived by applying the generalized telegraphist's equations [29] to

the equivalent inhomogeneous parallel-plate waveguide model with electric or magnetic

walls. Mode-matching is then used to calculate the transmission properties of a step

discontinuity in typical diffused optical waveguides with exponential, Gaussian, or

complementary error-function profiles. For an abrupt transverse offset in a diffused

optical waveguide, the radiation loss is shown to increase smoothly with increasing

displacement. On the other hand, power loss calculations for an abrupt change in

diffusion depth for which the dominant mode is in the vicinity of cutoff, exhibit a sharp

transition from almost zero loss to nearly total radiation loss.

In Chapter 5, the modal expansion technique is applied to various quantum

waveguide configurations. An extension of the generalized scattering matrix technique

[30] is formulated and mode-matching methods are used to analyze quantum waveguide

structures containing multiple junctions. Special consideration is given to the double

constriction structure for which a negative differential resistance (NDR) in the low

temperature current-voltage characteristics is predicted, in analogy to double potential

barrier structures (as in resonant tunneling diodes). Design procedures for increasing

the temperature range over which NDR is achievable are presented. Finally, the modal

analysis technique introduced in Chapter 4 for a step discontinuity in a graded-index

dielectric slab waveguide is applied to a uniform quantum waveguide structure with

quantum confinement due to an arbitrary potential distribution in the lateral direction.
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2. GENERAL CONSIDERATIONS

In a guided-wave structure waves can propagate along a chosen (longitudinal)

direction while they experience some degree of confinement in the planes perpendicular

to the direction of propagation. In general, two types of structures according to the

transverse wave confinement can be distinguished: (a) bounded structures with finite

cross section such as the metallic rectangular waveguide, and (b) unbounded structures

with infinite cross section as, for example, open microstrip and dielectric slab

waveguides.

The wave solutions for bounded and unbounded guided-wave structures are

usually obtained by solving the corresponding mathematical boundary-value problem.

The time-harmonic eigensolutions of the boundary-value problem are called the modes

of the guided-wave structure, and form the mode spectrum. Any arbitrary time-

harmonic wave solution may be expressed in terms of an expansion in these orthogonal

eigensolutions (modal expansion) [31]-[33]. The mode spectrum for bounded structures

consists of an infinite set of denumerable modes giving rise to a series expansion of

the wave solution. On the other hand, unbounded structures may exhibit a finite set

of discrete modes as well as a continuum of modes [33].

The guided-wave structures studied in the present work are all of the unbounded

type. For their analysis they are accurately modeled by equivalent bounded waveguides

which can be classified as generalized parallel-plate waveguides.

In this chapter, a generalized description of Kiihn's mode-matching technique

[18] as adapted for the characterization of an arbitrary junction connecting parallel-plate

waveguides with homogeneous cross section is given. The analysis of waveguide

structures with inhomogeneous cross section is described in Chapter 4 for dielectric slab

waveguides with arbitrary index profile, and in Chapter 5 for quantum waveguides with

arbitrary lateral potential profile.
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2.1 Modal Solution for a Uniform Parallel-Plate Waveguide with Homogeneous

Cross Section

The time-harmonic wave propagation in the uniform parallel-plate waveguides

(Fig. 2.1) studied in the present work can be described by a single scalar quantity f(x,z)

which shall be referred to as the wave function.

Fig. 2.1 Generalized uniform parallel-plate waveguide with homogeneous cross section.

For parallel-plate waveguides with homogeneous cross section, the wave function

f(x,z) satisfies the two-dimensional (2D) reduced scalar wave equation (Helmholtz

equation)

g f(x,z) =
a2 a2

+ + k2 f(x,z) = 0
ax2 az2

(2.1)

where k2 is a real positive quantity independent of position. At the plates (walls), f(x,z)

is assumed to fulfill either Dirichlet boundary conditions

f(x,z) = 0 at x= 0 and x= w

or Neumann boundary conditions

a f(x,z) = 0
ax

(2.2a)

at x = 0 and x = w . (2.2b)
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For example, for electromagnetic waves with transverse electric (TE) polarization in

a parallel-plate waveguide with electric (metallic) walls, f would represent the electric

field component Ey, and Dirichlet boundary conditions (f = Ey = 0) would be imposed

at the plates [31]-[33].

Applying the method of separation of variables, the eigensolutions f. of (2.1)

are found as [31], [32]

f: = on(x)e j°nz

f; = on(x)ei5az

(2.3a)

(2.3b)

where C and C correspond to waves traveling in the positive and negative z-direction,

respectively (a harmonic time-dependence of the general form eict, c>0 is assumed).

The transverse eigensolutions On(x) satisfy the 1D reduced scalar wave equation

with

2
gTo n(x) =

ax
kc2(n))4)n(x) = 0

kc2(n) = k2 132 > 0

as well as the boundary conditions

4).(x) = 0 or as n
(X) = 0

(2.4a)

(2.4b)

(2.4c)

at the walls. Since the linear operator T in (2.4a) together with the boundary

conditions (2.4c) is self-adjoint, the orthogonality of the transverse eigensolutions 0.(x)

is assured [31], [34]. The transverse eigensolutions are given as

4).(x) = 2.. sin{lcc(n)x 1 ; icc(n) = nit , n = 1,2,3,...
w

(2.5a)



for Dirichlet boundary conditions, and

with

on

W
cos[lcc(n)x] , lcc(n) =

on =

non

w

Ti if n =0
2 if n > 0

7

n = 0,1, 2, 3, ...
(2.5b)

(2.5c)

for Neumann boundary conditions. From (2.4b) and (2.5a,b), the phase constants Pn

are obtained as

jfin = 1k2 lc(n) = k2 (11.7t )2
w

(2.6)

The eigensolutions fn in (2.3) form an infinite denumerable set of orthogonal

waveguide modes. Any piece-wise continuous wave function f(x,z) in the parallel-plate

waveguide can be expanded into an infinite series of these modes [34]:

f(x,z) = E (anf:
bnfn/

(2.7)
n

In fact, the modal expansion of the wave function f(x,z) is here a superposition of two

independent Fourier series expansions of the transverse wave solution which are known

to be complete [35].
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2.2 Mode-Matching Applied to an Arbitrary Parallel-Plate Waveguide Junction

Figure 2.2 shows an arbitrary junction connecting N uniform parallel-plate

waveguides. The discontinuity region D is enclosed by the boundary S and the

interfaces AS; (i=1,2,...,N). According to (2.1), the wave function 0 in waveguide i

satisfies the 2D reduced scalar wave equation

(
)

a2
+

a2
+ k.2 f(i)(X,Z) = 0 ;

aX2 az2

and fulfills the boundary conditions

i = 1, 2, ... , N

af(i)
f(i) = 0 or = 0

ax

(2.8a)

(2.8b)

at the plates of waveguide i in a local coordinate system with z-axis directed towards

the discontinuity region.

Fig. 2.2 Arbitrary junction connecting N uniform parallel-plate waveguides.



Similarly, in the discontinuity region the wave function f satisfies

a2 a2
+ + k` f(x,z) = 0

(ax2 az2

with the boundary conditions

f = 0 or =
an

on S .

9

(2.9a)

(2.9b)

The scalar wave function f and the corresponding canonical variable g = jr af/an

are assumed to be continuous across the interfaces ASi. Here, the real parameter tl is

independent of position within each waveguide. With the continuity of f and g, a

generalized characteristic wave impedance for each waveguide mode can be defined

as

(i) 1Zn =
(i)
n

f +(i)
n 1

jri(i) af:(i)/az 11(1) 13(n')

b(1))
\Iznw

i = 1,2,...,N;

n = (0),1,2,... .
(2.10)

Using the characteristic wave impedance, the normalized modal expansions of f and

g at the interface .,Si in waveguide i are given by

f(i) = E (a no)

g(i) = E (an(i)

n

i = 1,2,...,N
(2.11a)

(2.11b)

where the ar(ii)'s and bn(i)'s are the normalized amplitudes of the incident and reflected

waves in waveguide i, respectively.

In the discontinuity region the general solution for f and g = Aar/an is

constructed according to Kiihn's mode-matching method by superimposing the partial

solutions r(m) in the open cavity regions for which the boundary S is extended across
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all interfaces ASi except for AS. [18]. In other words, each partial solution Fm) satisfies

the reduced scalar wave equation (2.9a) in the open cavity region defined by Dirichlet

boundary conditions

= 0

or by Neumann boundary conditions

3 1<m) = 0
an

on S and ASi ; (2.12a)

on S and AS ; ism. (2.12b)

The general solution of the wave function in the discontinuity region is then given by

N

= E i(m)
m=1

g =jEfim
n=1 an

(2.13a)

(2.13b)

Each of the partial solutions in (2.13) is further expanded into an infinite set of suitable

orthogonal functions. For Dirichlet boundary conditions, i(m) is expanded as

with

-ion) = E cnonYnm) ,

n

m = 1, 2,... ,N (2.14a)

IPn nYkni) ds = 0 for n

AS ASm

(2.14b)

where the orthogonality is given over a suitable region AS AS.. The continuity of

f and g across the interface ASi is then expressed as

f(i) = = E Cn(i)

n

N N gm)
g E g(m) = E m E c(m)

n

m=1 m=1 n n an

on AS ,

= 1, N .

(2.15a)

(2.15b)
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The functions f and g on both sides of the interface are matched (in an integral sense)

by multiplying (2.15a) by ki) and (2.15b) by 4) (i=1,2,...,N), and integrating over the

cross section ASi. Due to the orthogonality of the functions if') and 44i), a system of

linear equations results connecting the expansion coefficients of the wave function on

both sides of the interface. The expansion coefficients cP are eliminated and an infinite

set of linear equations relating the ai;i)'s and bP's is obtained.

Similarly, for Neumann boundary conditions, g(m) is expanded as

where

gm)(n) E e(m)g _ J
n in ann

an1) Om)
ds = 0

an an
es AS ASm

m = 1,2,...,N (2.16a)

for n k (2.16b)

The continuity equations for f and g across the interface ASi are given by

N
f(i) E ion) E E (iyi)en

m=1 m =1 n

at(i)
g(i) = g(i) = j E cni)

I an

on ASi,

i = 1,2,...,N .

(2.17a)

(2.17b)

Again, the functions f and g on both sides of the interface are matched by multiplying

(2.17a) by Oci) and (2.17b) by all`)/an (i=1,2,...,N), and integrating over the cross

section ASi. As for the case of Dirichlet boundary conditions, the expansion coefficients

cP are eliminated and an infinite set of linear equations relating the aP's and bP's is

obtained.

In both cases, the system of linear equations relating the (complex) amplitudes

of the waves incident on and reflected at the junction is solved, and expressed in the

form of the general matrix equation b = Sa. The matrix S which includes the

evanescent modes excited at the junction is called the generalized scattering matrix
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(GSM) of the junction [30].

The special case of a step discontinuity in the width of a parallel-plate waveguide

can be analyzed by defining an artificial discontinuity region in the waveguide section

with the larger width as shown in Fig. 2.3. The analysis of the step discontinuity is

simplified if the length L of the discontinuity region vanishes (L -40) which results in

the direct-matching of the wave functions in the two waveguide regions.

Fig. 2.3 Step discontinuity in a parallel-plate waveguide.

In the numerical analysis of the junctions, the modal expansions must be

truncated. For the correct computation of the generalized scattering parameters of the

junction, it must be understood how the truncation of the wave function expansions

influences the solution. In the analysis of metallic waveguides, different converged

results may be obtained for different ratios of the number of retained modes in the

expansions. This convergence problem is usually referred to as relative convergence

phenomenon [17], [36]. Theoretical studies on step discontinuities in metallic

waveguides have found that the relative convergence is related to the violation of the

field distribution at the edge of metallic boundaries, and that the correct converged result

is obtained if the ratio of modes retained on each side of the discontinuity is taken the

same as the ratio of the corresponding waveguide widths [36]. In order to see if relative

convergence problems occur in the numerical analysis of the waveguide structures

studied in the present work, convergence investigations are shown where appropriate.
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3. DISCONTINUITIES IN MICROSTRIP STRUCTURES

3.1 Introduction

Passive guided-wave components in microwave integrated circuits (MICs) and

monolithic MICs (MMICs) are composed of planar transmission lines and junctions or

discontinuities. Typical examples of such components are filters, phase shifters,

couplers, impedance transformers, and resonator circuits. The predominantly used

transmission line in (M)MICs is the microstrip. The methods used for the characteriza-

tion of microstrip discontinuites can be grouped into three different categories.

In the first category, the discontinuity is modeled by an equivalent circuit with

fixed lumped elements (e.g., [37]). The circuit parameters are given in terms of

mathematical expressions which are derived from static or quasi-static calculations,

and/or from experimental data. This approach allows for fast computation times in the

analysis and computer-aided design (CAD) of microwave circuits. However, the

applicability of these methods with sufficient accuracy is usually limited to the low-

frequency spectrum and to a narrow range of geometrical discontinuity parameters.

An alternative approach for the analysis of microstrip discontinuities has been

developed by Wolff and co-workers [28] who approximate the (unbounded) microstrip

line by an equivalent bounded planar waveguide with effective geometrical dimensions

and dielectric constant. Mode-matching techniques are then employed to calculate the

scattering parameters of the microstrip discontinuity or junction. Since the higher-order

modes are included in the waveguide model approach, a sufficiently accurate character-

ization of microstrip discontinuities over a wide range of geometrical discontinuity

parameters and for a broad frequency range can be obtained.

In recent years, exact numerical methods based on a full wave analysis of

unbounded and shielded microstrip discontinuities have been developed (e.g., [16] and

references therein). These full wave methods allow for an accurate characterization of

microstrip discontinuities over a large frequency range. In most cases, however, their

computational effort is still very high rendering their suitability for CAD tools somewhat

limited.
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In this chapter, the equivalent waveguide model approach is used to characterize

various microstrip discontinuities and junctions. First, the curved microstrip bend

discontinuity consisting of a microstrip ring segment between two microstrip lines is

analyzed for its transmission properties. The microstrip lines are approximated by

equivalent magnetic wall parallel-plate waveguides for which the field solutions can be

easily derived (see Chapter 2). The field solutions in the microstrip ring segment are

derived by utilizing a perturbation analysis [38] of a modified curved (parallel-plate)

waveguide model. Other techniques have been formulated in the past to evaluate the

fields inside curved metallic waveguides. These include the use of an equivalent

nonuniformly loaded straight waveguide [39] and the rectangular and annular modal

analysis [40]. The perturbation solution for the fields in the equivalent curved

waveguide model developed here is readily adaptable to the mode-matching procedure

outlined in Chapter 2, and is used to calculate the transmission properties of curved

microstrip bend discontinuities. The frequency-dependent reflection and transmission

coefficients of curved microstrip bends are determined and compared with those

obtained for the corresponding equivalent lumped circuit model as well as to those of

the right-angle and chamfered right-angle microstrip bends [28], [41], [42]. Further

comparisons are made to data obtained from resonance and transmission measurements.

The application of the mode-matching technique to waveguide junctions and

discontinuities as, for example, in the modeling of microstrip impedance steps, curved

and right-angle bends, and T junctions, has been limited to configurations for which

the fields in the discontinuity region can be expanded directly into series of known

modal solutions (Chapter 2). The increasing employment of compensated microstrip

junctions in (M)MICs where part of the metal strip in the discontinuity region is

removed to improve the transmission properties, makes it necessary to develop

numerical methods for the characterization of junctions with more complicated

discontinuity regions. In the second part of this chapter, the mode-matching technique

used in the analysis of uncompensated right-angle bends and T junctions [19] is

extended to model notch compensated right-angle bends and T junctions for which no

direct modal field expansions in the discontinuity regions exist.
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3.2 The Equivalent Magnetic-Wall Planar Waveguide Model

The microstrip line (Fig. 3.1a) is an unbounded (open) guided-wave structure

with inhomogeneous cross section. The modes of the microstrip are of a hybrid nature,

rendering a rigorous analysis of microstrip discontinuities more difficult.

(a)

MW

MW

EW

I.

EW

we

(b)

MW

(c)

MW

Fig. 3.1 Cross-sectional view of (a) a microstrip line and (b) the equivalent
waveguide model; (c) equivalent parallel-plate waveguide model (longitudi-
nal-sectional view); EW - electric wall, MW magnetic wall.

The equivalent planar waveguide model shown in Fig. 3.1b was developed to

provide accurate and computationally efficient approximations for the electromagnetic

fields on the microstrip line [28]. It consists of a rectangular waveguide with effective

width we and height h bounded by electric walls at the top and bottom, and by magnetic

side walls. The equivalent planar waveguide is filled with a homogeneous dielectric

medium with effective dielectric constant ee. Due to the hybrid nature of the electro-
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magnetic fields on the microstrip line, the effective parameters of the equivalent

waveguide model are dispersive (frequency-dependent). Accurate empirical formulas

for the effective parameters of the equivalent waveguide model are available (e.g., [43]).

The effective waveguide parameters are chosen such that the fundamental TEM mode

of the equivalent waveguide accurately describes the quasi-TEM mode on the microstrip

line for frequencies up to the cutoff frequency of the first higher-order mode. Moreover,

the cutoff frequencies and the field distributions of the higher-order modes of the micro-

strip are modeled with sufficient accuracy by the higher-order modes of the equivalent

magnetic wall waveguide.

In general, the fundamental TEM mode as well as TE and TM modes may exist

in the equivalent waveguide shown in Fig. 3.1b. However, the waveguide model

assumes that the substrate height h is small compared with the wavelength so that the

fields can be assumed to be independent of the y coordinate. Furthermore, in the

following the transmission properties of the fundamental TEM mode only will be ana-

lyzed, and no discontinuities in the substrate height are considered. It can be shown

that under these conditions only the TEM mode and TE modes that are independent of

the y coordinate exist in the equivalent waveguide model [28]. In this case, the

equivalent waveguide model reduces to a parallel-plate waveguide with magnetic walls

(Fig. 3.1c) for TE modes with transverse field components Ey and Hx. The normalized

solutions for the transverse fields of the TE modes are easily found from the general

treatment of parallel-plate waveguides in Chapter 2 (see also Section 4.2), and with

f=Ey, (n=((op0)-1) and Neumann boundary conditions at the plates are given by

E = E (ane ilnz bneji3nz)
n=0

Hx = E bnejPnz)1/1 On(x)
n=0

with



and

on =

Rn

8n nrccos n = 0,1,2,...
We We

{1 for n = 0 (TEM mode)
2 for n > 0 (TEn modes)

2
2 n It/k

2
We

2ke = poeoeeco2
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(3.1c)

(3.1d)

(3.1e)

The characteristic wave impedance Zn defined in (2.10) is obtained from Maxwell's

equations as

Z Po
=

a)
n

(3.1f)

In analogy to the two-conductor transmission line, a characteristic line impedance

ZL can be defined from the transmission line equations for the fundamental TEM mode

as the ratio of the modal voltage and current [44]. With reference to Figs. 3.1(b,c) the

transverse electric and magnetic field components (Ey and Hx) for a TEM wave propa-

gating in the positive z-direction is expressed in terms of the modal voltage and current

as

and

Ey = 00(x)e -iRoz V(z)

Hx = -a011000(x)e JRoz I(z)

we

The characteristic line impedance for the microstrip line is then given as

V(z) Ey h Po h
ZL =

I(z) flx we eo F
we

(3.2a)

(3.2b)

(3.3)
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3.3 The Curved Microstrip Bend

3.3.1 Theoretical Formulation

The curved microstrip bend is shown in Fig. 3.2. It consists of a microstrip ring

segment (region III) with angle a and radius R which connects two microstrip lines

(regions I and II) with width w on a substrate of height h and dielectric constant Er.

(a) (b)

Fig. 3.2 The curved microstrip bend: (a) top view; (b) cross-sectional view.

Fig. 3.3 Equivalent magnetic wall parallel-plate waveguide model for the curved
microstrip bend.
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The corresponding magnetic wall parallel-plate waveguide model for the microstrip

lines, shown in Fig. 3.3, is characterized by its frequency-dependent effective width we

and effective dielectric constant ee (e.g., [43]). Since the curved microstrip bend

contains no discontinuities in width and dielectric constant (i.e., has constant width w

and dielectric constant Sr), a modified (magnetic wall) curved waveguide model is used

here for the microstrip ring segment where the effective width and effective dielectric

constant are identical to the effective quantities for the microstrip lines [45]. Hence,

no discontinuities by which non-existing modes could be excited are introduced by the

modified curved waveguide model. The model effective radius is given by

R 1 if,2
Re = + 2- K +(We W)we'

(3.4)

The above effective radius assures a positive value of the effective inner radius ri,e

which approaches zero as the microstrip inner radius goes to zero (Fig. 3). As in the

case with the waveguide modeling of the right-angle bend, T junction and other

discontinuities [28], a correction corresponding to the difference in electrical length of

the waveguide model and the actual structure must be made for accurate analysis of the

curved bend.

As discussed in the previous section, only the TEM mode and TE modes with

transverse components Ey and Hx exist in the parallel-plate waveguide models. The

application of the mode-matching method described in Chapter 2 requires a complete

set of transversal field solutions with orthogonal properties in all three regions. A com-

plete set of solutions for the transversal fields in regions I and II (i.e., in the straight

waveguides) is given according to (3.la,b) with reference planes at z=0 and z'=0 as

E = r (anie + bniejf3"z) fi:On(X)
n=0

(3.5a)

(3.5b)
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Anz bile -Anz) ( (3.5c)E II = E kan e n
ono )

n=0

with

il3z' bile -0J') ,./T, ono(E n )e

8
n(X) = n COS

e

nit

We

(3.5d)

(3.5e)

The factor sn, the phase constant an and the characteristic wave impedance Z. are

defined in (3.1d), (3.1e), and (3.10, respectively.

In region III the wave equation and boundary conditions for E. = Eym in the

curved orthogonal coordinate system as characterized by ui=x, u2=y, and u3=s=Re9 with

corresponding metric coefficients hi=h2=1 and h3=1+x/Re are given as [38], [46]

and

2 2
x I aE 1 aE

+
n+

X1+ n
Re ax 2 Re Re ax

aE.
ax

The solutions for E. are expressed as

En = 1+

a2E 2
2

X
+

+k2
+

as 2 Re

we
at x = ±

Re

2

h.(x)e A's

En =0 (3.6a)

(3.6b)

(3.7a)

These form a complete set of eigenfunctions which are orthogonal with respect to the



weighting function (1+x/Re)-1 [38], i.e.,

.1wwea
n R

ErnEn [1 + x dx = 0'e for min .
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(3.7b)

The orthogonality property for the functions hn(x) then immediately follows from (3.7a)

as

f_a hmwe' (x)h n (x) 1 +
Re

X dx = 0 for min.

The total field strength Ey with unknown coefficients cn is given by

E = r cnEn (1
n=0

x

Re
E cnhn(x)e 1fIns.
ri;)

(3.8)

(3.9)

The magnetic field is readily found in terms of Ey from Maxwell's equations. The

transverse magnetic field component I-1 is obtained as

H = 1 [1 + x
aEy -Ans. (3.10)

i°3P0 Re as POW n=0

A perturbation solution for the electromagnetic field can be found by expanding En and

(32n along s in a power series in the effective radius of curvature Re of the curved

waveguide as shown in [38] for a curved waveguide with electric walls.

En = e

(
01,n (1)2,n

Re R;
00,n + 1 +

R
x h

n
(x)e 113 ns

e

(3.11a)



and

02n [32 1 +
Bl,n n

Re R2
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(3.11b)

Here, 4:10,n and [3n are the solutions for a straight waveguide (Re>co) and are given by

(3.5e) and (3.1e), respectively.

Substituting (3.11a,b) into (3.6a) and comparing like powers of Re leads to the

solution for the expansion functions 4) iv do and expansion constants B1,n, B2,n

as shown by Lewin et al. [38]. The degree of accuracy and the complexity of the

expressions obviously depend on the number of terms used in the expansions. For a

second-order solution the expansion functions 4)1,n and 4)2n as well as the phase constant

I3n have been derived in [38] and are given in Appendix A.1 for convenience.

A form of the field solution in region III which is suitable for the mode-matching

method, can be constructed by superimposing the field solutions obtained by alternately

placing a magnetic wall at s=0 (E;, HD and s=Rea (Eyb, Hbx) [18], [19]:

and

E a = 1 + X
Re

Hxa =
1 E cna nhn sin ono

.MI10

00

E c:hncos(ii nS)
n=0

(
E = 1 + E cnbhnecs[on(s Rea)]

Re n=0

Hxb E Ci nhnsin[fin(s Rea)]
*Po n=0

(3.12a)

(3.12b)

(3.13a)

(3.13b)

The coefficients cna and Cnb can be found by applying the mode-matching procedure
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described in Chapter 2 to the continuity of the tangential magnetic field expressions at

the boundaries between regions I and III and regions II and III as given by

and

This procedure leads to

with

and

lixi(z=0) = Hxb(s=0)

(z'=0) = H: (s =Rea) .

a *POCn =
V

Ti
P

n 11\1
8P K(p,n)

I
0. On sin(ii nRea) p=0 We

(3.14a)

(3.14b)

(3.15a)

Cn = WPO I

P
D

),\1 8/3 K(p,n) (3.15b)
rinInsin(finRea) p=0 V PP We

(W /2In = weet2 h2 (x) 1 +
x

Re
dx

K (p,n) = fwea (x) h (x) 1 + .r, ,p n
e Re

(3.15c)

(3.15d)

The continuity of the tangential electric field at the boundaries between regions I and

III and regions II and III is expressed as

and

E i(z =0) = E a (S =0) + Ey (s =0)

E (Z = 0) = E; (s = Rea) + Ey (s = Rea) .

(3.16a)

(3.16b)



Application of the mode-matching procedure to Eqs. (3.16a,b) leads to

and

,1(an' 4- bn)
ZnWe

on

(
an

II
+

IP Z W
bn n e

5n

=

E
m=0

....

E..3

[Cma + Cmb cos(fi .Reoc) ]K (n,m)

[Cma cos(0 .Recc) + cinb iK (n,m) .
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(3.17a)

(3.17b)

The coefficients cna and cnb can then be eliminated by inserting (3.15a,b) into (3.17a,b).
Tli, bnr is

Thus, an infinite set of linear equations for the wave amplitudes 4, bi and anl,

obtained. In order to obtain numerical results, this infinite set of equations is truncated

to 2M+2 equations, where M is the highest-order mode to be considered.

The scattering parameters Sii for an incident TEM mode can be found by setting

ai(ii) = 1 for n=0 and j=1 or 2, with all other aP's set equal to 0. Then the scattering

parameters S1 = Si, are given by

Sid = b(i)0
(3.18)

where b(Y) can be determined with standard routines for solving a set of linear equations.

3.3.2 Results

The transmission characteristics of typical curved microstrip bends have been

computed, and good convergence with increasing number of higher-order modes has

been found. A typical convergence plot is shown in Fig. 3.4. As seen in this example,

a minimum of three higher-order modes must usually be considered in order to obtain

a negligible truncation error. In the results for the curved microstrip bends presented

here, seven higher-order modes were taken into account to ensure a negligible truncation

error.
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Fig. 3.4 Magnitude of the reflection coefficient as a function of the number of higher-

order modes at f=30GHz for a curved microstrip bend with a=90°, R/w =2,

w=73pm, h=100pm, and c=12.9.

The consistency of the method described here has been shown in [47] for large radii

of curvature and small angles a where convergence to the results for a straight

microstrip is found.

Figure 3.5 shows a comparison of the reflection coefficient obtained with the

waveguide model and with a quasi-static model [48], [49] for two cases of 50 52 curved

microstrip bends. The agreement is seen to be quite good at low frequencies and for

thin substrate circuits where the quasi-static approximation is valid.

c/54

20

40-

60

80
0

MIC

MMIC

20

Frequency (GHz)
30

Fig. 3.5 Magnitude of S11 for 500, 90° bends with R=2w on MIC 0.635mm

alumina and MMIC - 100pm GaAs substrate (solid line: waveguide model;

dashed line: quasi-static model).
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Figures 3.6-8 show the magnitude of the scattering parameters of three different

curved microstrip bends with a=90° and R/w=2 (Fig. 3.2), all normalized with respect

to the microstrip impedance. Included in each figure are the scattering parameters of

the corresponding right-angle and chamfered right-angle bend, characterized by the

empirical CAD expressions given in [41] or by the magnetic wall waveguide model as

given in [28] and [42]. Figure 3.6 shows the results for a nominal 50 CI MMIC line

on a 100 pm semi-insulating GaAs substrate. The results for the nominal 50 12 and

35 f2 microstrip lines on a 0.635 mm alumina substrate are shown in Figs. 3.7 and 3.8,

respectively. In all three cases an improvement in the transmission properties with

respect to the right-angle and chamfered right-angle bends is apparent, particularly for

high frequencies.

(a)

(b)

Cl)

0.000

0.025 -

0.050

0.075 -

10 20 30 40 5.0

Frequency (GHz)
60
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chamfered

____ rightangled
0.100

0 10 20 30 40 50 60

Frequency (GHz)

Fig. 3.6 Magnitude of (a) the reflection coefficient and (b) the transmission coeffi-
cient as a function of frequency for a curved microstrip bend with a=90°
and R/w=2, a chamfered right-angle bend [41], and a right-angle bend [41].
w=73pm, h=100pm, and Er=12.9 (Z=5052).
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Magnitude of (a) the reflection coefficient and (b) the transmission coeffi-
cient as a function of frequency for a curved microstrip bend with a=90°
and R/w=2, a chamfered right-angle bend [42], and a right-angle bend [28].
w=0.6mm, h=0.635mm, and er=9.8 (Z=5052).
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Fig. 3.8 Magnitude of (a) the reflection coefficient and (b) the transmission coeffi-
cient as a function of frequency for a curved microstrip bend with a=90°
and R/w=2, a chamfered right-angle bend [42], and a right-angle bend [28].
w=1.2mm, h=0.635mm, and er=9.8 (Z=3552).

The measured data together with the calculated results for S21 of a microstrip

structure (Fig. 3.9a) on a 5 mil alumina substrate with an open stub are shown in

Fig. 3.9b.
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Fig. 3.9
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(a) Microstrip T structure with an open ended stub containing curved bends
(h=5mil, er=9.9); (b) magnitude of S21 for the microstrip structure shown in
(a).
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As shown in Fig. 3.9a, the stub consists of a straight microstrip terminated in a curved

section and an open microstrip end section. The microstrip T junction and open end

models used in the calculations were validated by measuring the S21 of the same

structure with a straight stub. Good agreement between the measured and calculated

resonance data is obtained. Other resonance measurements have been made for wider

and narrower microstrips with different values of microstrip radius for the curved bend

regions, and a similar agreement between the measured data and the calculated values

has been found.

In order to examine the influence of the radius of curvature of the curved

microstrip sections on the transmission characteristics, a structure similar to that in

Fig. 3.9a is considered (Fig. 3.10a). Here, the total center-path length of the stub of

the microstrip structure as shown in Fig. 3.10a is kept constant for different radii of

curvature by including a corresponding number of hooks in the stub (R/w = 4/N). As

can be seen in Fig. 3.10b, the resonance frequency obtained for a radius of curvature

R = w (i.e., four hooks) differs by more than 20% from the value found for the corre-

sponding straight stub with equal center-path length. With increasing radius of curvature,

this resonance frequency approaches the value for the corresponding straight stub.
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Figure 3.11 shows the measured data together with the calculated results for the

reflection coefficient for eight 90° bends having R=w=70 pm on a 100 pm GaAs

substrate which are cascaded by straight microstrip sections (see inset). The agreement

is found to be good. Similar agreement is obtained for the measured phase response

and for structures with bends having a larger radius.

It should be noted that the accuracy of these second-order perturbation solutions

depends on the curvature Re (or Rdwe) of the curved waveguide model, and higher-

order terms may need to be included especially when the inner radius of the microstrip

goes to zero (i.e., R/w- *0.5). However, the first-order perturbation solutions for the

microstrip ring resonator as given in [46] are very close to the exact solutions computed

in [45] for a wide range of parameters; therefore a corresponding superior accuracy of

the second-order perturbation solutions is expected here including the results shown in

Figs. 3.5-11.
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Fig. 3.11 Measured and calculated magnitude of S11 for the circuit shown in the inset (w =7Opm, h=100pm, er=12.88).
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3.4 Notch Compensated Right-Angle Bend and T Junctions

3.4.1 Theoretical Formulation

The application of mode-matching techniques in the analysis of microstrip

discontinuities has been limited to configurations with simple discontinuity regions for

which suitable field expansions exist. Typical examples of microstrip structures with

a rectangularly shaped discontinuity region are the right-angle bend and T junction,

where series expansions for the fields in the discontinuity region are readily available.

In this section, the mode-matching procedure employed in the analysis of right-

angle bends and T junctions is extended to model the corresponding compensated

structures having a rectangular notch. In the following, a special procedure to construct

the field expansions in a discontinuity region with a rectangular notch is described.

Figure 3.12 shows the right-angle bend and T junctions with a rectangular

notch where the dimensions for the equivalent magnetic wall waveguide model are also

indicated.

(a) (b) (c)

Fig. 3.12 Right-angle microstrip bend and T junctions having a rectangular notch. The
waveguide model dimensions are indicated by dashed lines.

For the straight line sections, the frequency-dependent effective widths are given, for

example, in [28] or [43]. The effective notch dimensions are chosen such that in the

limit of vanishing notch size, the models are consistent with the uncompensated right-

angle bend and T junction, respectively [19], [28].

The application of the mode-matching technique (Chapter 2) to the notched

right-angle bend and T junctions requires a complete set of orthogonal transversal field
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solutions in the uniform microstrip lines and in the hatched discontinuity region. For

a uniform microstrip line with effective width we and effective dielectric constant ee,

a complete set of orthogonal modes has been given in (3.1). In order to constructmodal

field expansions in the discontinuity region, the hatched areas in Fig. 3.12 are first

decomposed into a set of L shaped cavity regions (Fig. 3.13).

(a)

(b)

Fig. 3.13 Cavity regions for (a) the right-angle bend shown in Fig. 3.12a, and (b) the

T junction shown in Fig. 3.12b.

The total field solution in the discontinuity region is then expressed as the superposition

of the electromagnetic fields inside the individual cavities. A complete set of orthogonal

mode functions needs to be found for each of these cavity regions as required by the

mode-matching technique. For the special case of right-angle bends and T junctions

without notches, these cavity regions are rectangular, and complete sets of orthogonal

modes are readily obtained [19], [28]. For the notched bends and T junctions

considered here, the cavity regions include step discontinuities, and hence the sets of

orthogonal modes are constructed by additionally applying the mode-matching technique

to the step discontinuity in each cavity. The modal expansions for a typical stepped

cavity as shown in Fig. 3.14 are given by
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z jiPz)111-7\1 8n (nir (3.19a)= E (an e bn e Zn _cos _x

ah a
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(3.19b)

(3.20a)

(3.20b)

in region II. The phase constants -13-1 (v=IJI) in (3.19) and (3.20) are calculated

according to (3.1e) with suitably adjusted effective dielectric constant to account for

the electric stray fields along the sides where no microstrip line is connected [19], [28].

With the given modal expansions in the cavity regions and the uniform microstrip

sections, the transverse field components are matched along the various interfaces and

the scattering parameters are derived by applying the mode-matching technique

described in Chapter 2 or in [19] for T junctions without notches.

x

d

z

52 -----

si
t

Fig. 3.14 Stepped cavity region. Fig. 3.15 Right-angle bend with notch.
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3.4.2 Numerical Results

The procedure described above has been used to compute the frequency-

dependent transmission characteristics of various compensated right-angle bends and

T junctions as a function of the rectangular notch dimensions. The numerical stability

and consistency of the method has been confirmed through numerous convergence

studies of the scattering parameters as well as the energy conservation criterion. Typical

results are presented in Fig. 3.16 for the asymmetrical notched right-angle bend shown

in Fig. 3.15. Here, M is the number of modes retained in the microstrip lines and in

the two wider cavity regions whereas N is the number of modes in the two narrow

cavity regions. The dimensions of the notched bend were chosen such that the width

ratio is 2/3 for both step discontinuities contained in the discontinuity region. As can

be seen in Fig. 3.16, no relative convergence problems [17] are visible. However, the

best numerical performance is obtained when the ratio of the number of modes retained

on both sides of the step discontinuities is identical to the corresponding width ratios

(N/M = 2/3). This result is in agreement with the corresponding convergence studies

on microstrip step discontinuities [17]. Similar convergence behavior has been found

for notched T junctions.
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Fig. 3.16 Convergence plots for the notched right-angle bend shown in Fig. 3.15 with
w1=0.6mm, w2=0.45mm, s1=0.2mm, and s2=0.15mm on a 0.635mm alumina
substrate (f=20GHz). M is the number of modes in the wider regions; N is
the number of modes in the two narrow cavity regions. (a) reflection coef-
ficient; (b) energy balance.

In the following, a few typical examples of the frequency-dependent scattering

parameters for notch compensated right-angle bends and T junctions in (M)MICs are

presented. Figure 3.17a shows the reflection coefficient for a nominal 50 E2 MMIC

right-angle bend with various notch sizes on a 100 pm GaAs substrate. Included in the

figure is the reflection coefficient for the uncompensated right-angle bend obtained from

the empirical CAD expressions given in [41].
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Fig. 3.17 Magnitude of the reflection coefficient for a nominal 500 right-angle

microstrip bend with w=w1 =w2 and various notch sizes s=s1 =s2 on a (a)
100pm GaAs and (b) on a 0.635mm alumina substrate.
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A considerable reduction in the reflection coefficient with increasing notch size is

evident in this figure as well as in Fig. 3.17b where the reflection coefficient for the

corresponding case of a nominal 50 CI notched right-angle bend on a 0.635mm alumina

substrate is shown for several different notch sizes. The influence of a notch on the

transmission characteristics of a T junction is demonstrated in Fig. 3.18. Again, an

improvement in the transmission properties with increasing notch size is found.
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Fig. 3.18 Magnitude of S21 for a notched T junction on a 0.635mm alumina substrate

with w1=0.6mm, w,=0.5mm, w3=0.35mm, and d=0.475mm for different
notch sizes.
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It should be understood that the correct calculation of the scattering parameters

of a microstrip junction or discontinuity depends on the accuracy of the effective

dielectric constant defined in the discontinuity region, or in other words, on how well

the stray fields at the edges of the discontinuity region are accounted for in the model.

Here, a simple quasi-static approximation for the effective dielectric constant as in [19]

and [28] has been used in the calculation of the dielectric constant in the discontinuity

region. The accuracy of the scattering parameters of notched configurations, however,

may be improved by utilizing empirical expressions for the effective dielectric constant

in the discontinuity region derived from measured data for different classes of substrate

material and height.
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3.5 Conclusion

In the first part of this chapter, a method for calculating the frequency-

dependent scattering parameters of curved microstrip bends based on a modified

magnetic wall waveguide model has been described. Computational results have been

presented and compared with those obtained from a quasi-static approximation. Good

agreement between the waveguide model results and the quasi-static results is found

for low frequencies and for thin substrates where the quasi-static approximation is valid.

Comparisons made with results obtained for the right-angle and chamfered right-angle

bends show an improvement (enhancement) in the transmission properties. Moreover,

good agreement is found between the calculated results and data obtained from both

transmission and resonance measurements on thin substrates used in MMICs. The

computed scattering parameters of the curved microstrip bend converge very fast with

increasing number of higher-order modes considered and are found to be consistent for

large curvatures and bends with small angle.

In the second part of this chapter, a procedure for constructing field expansions

in a discontinuity region with rectangular notch has been described and applied in the

analysis of notch compensated right-angle microstrip bends and T junctions. Computa-

tional results for the frequency-dependent scattering parameters have been compared

to the right-angle bend and T junction without notch and show an improvement in the

transmission properties. The technique provides a design procedure for the compen-

sation of bends and Ts, and can be readily extended to general microstrip cross

structures where the discontinuity region is not a simple rectangle, as well as to other

waveguide structures with similar composite discontinuity regions.
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4. STEP DISCONTINUITY IN DIELECTRIC SLAB WAVE-
GUIDES WITH ARBITRARY INDEX PROFILE

4.1 Introduction
Dielectric waveguides are unbounded (open) guided-wave components which

are widely used in millimeter-wave and optical integrated circuits. Discontinuities in

dielectric waveguides are often introduced intentionally in components such as grating

structures, transformers, and couplers, in order to achieve a desired performance.

Moreover, discontinuities also arise in component interconnections due to a difference

in cross section, or due to misalignment.

In many instances, an abrupt step or a series of steps in a dielectric waveguide

is a sufficiently accurate approximation for the modeling of various discontinuity

problems. The analysis of a step discontinuity in step-index dielectric slab waveguides

(i.e., dielectric waveguides with homogeneous slab and cladding) already is a demanding

problem due to the excitation of radiation modes which have a continuous spectrum.

Many researchers have analyzed this basic step discontinuity problem by employing

numerous techniques [6], [50]-[55], [58], [59]. To deal with the continuous spectrum

of the radiation modes, Rozzi [52] employed normalized Laguerre polynomials, and then

applied a Ritz- Galerkin variational approach to solve the scattering problem for TE

modes. Some of the other methods for treating the unbounded dielectric waveguide

employ Legendre functions [54] or are based on an integral equation formulation [55].

More recently, discontinuities of arbitrary shape in a step-index dielectric slab wave-

guide have been analyzed by Hirayama and Koshiba [56], [57] who utilized a combi-

nation of finite and boundary elements, as well as by Chung and Chen [58] who used

a partial variational method.

A different approach for dealing with the continuous radiation mode spectrum

has been proposed by Brooke and Kharadly [6], [59]. They enclose the dielectric slab

waveguide structure with perfect electric or magnetic conductors (electric walls (EWs)

or magnetic walls (MWs), respectively), in order to discretize the continuous part of

the mode spectrum. Then, mode-matching is utilized to obtain the scattering parameters

of a step discontinuity in a step-index dielectric slab waveguide. Other techniques
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employed in the analysis of discontinuities in bounded dielectric slab waveguide

structures include the finite element [60] and boundary element methods [61].

All of the methods described above have been limited to discontinuities in step-

index dielectric slab waveguides. In this chapter, a method is described for analyzing

a step discontinuity in dielectric slab waveguides with arbitrary index profile as, for

example, in diffused optical waveguides. The waveguide structure is enclosed by

electric or magnetic walls so that an equivalent parallel-plate waveguide with inhomoge-

neous dielectric medium is obtained, similar to the work of Brooke and Kharadly [6].

Mode-matching techniques are then employed to compute the scattering parameters of

the step discontinuity. The modes of the graded-index dielectric slab waveguide are

derived by applying the generalized telegraphist's equations [34], [62] to the equivalent

parallel-plate waveguide model.

The generalized telegraphist's equations have been utilized previously by Ogusu

[29] to compute the modal dispersion characteristics and power distribution in the more

general class of dielectric waveguides bounded by electric walls having arbitrary cross

section and inhomogeneous dielectric medium. Several other techniques for obtaining

the modal field solutions of inhomogeneous dielectric waveguides have been formulated

in the past [63]-[72]. These include the piece-wise linear index profile approximation

proposed by Marcuse [63], a matrix method developed by Ghatak [64], different ray

approaches [65], [66], and various variational methods such as the cosine-exponential

field expansions technique [67].

Although many of these methods provide a computationally efficient means for

calculating the guided mode solutions of a dielectric waveguide, they are not suitable

for waveguide problems involving discontinuities where radiation modes need to be

included in the analysis. On the other hand, the application of the generalized

telegraphist's equations leads to a variational matrix eigenvalue problem for the

propagation constant whose solution provides all necessary eigenvalues and expansion

coefficients. In the following, the generalized telegraphist's equations are derived for

the modes of a parallel-plate waveguide with electric or magnetic walls, filled with an

inhomogeneous dielectric medium.
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4.2 Generalized Telegraphist's Equations for a Parallel-Plate Waveguide with
Inhomogeneous Dielectric Medium

The generalized parallel-plate waveguide configuration filled with inhomoge-

neous dielectric medium is shown in Fig. 4.1. The plates of the waveguide structure

may be either electric or magnetic walls.

z

Fig. 4.1 Generalized parallel-plate waveguide filled with inhomogeneous dielectric.

Assuming that all the fields inside the waveguide are independent of the y coordinate

(a/ay = 0), Maxwell's equations for time-harmonic solutions of the form exp(jcot)

reduce to

and

a
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The system of equations in (4.1) may be solved independently for TE modes with field

components Ey, fix, and Hz, as well as for TM modes with components Ex, Ez, and Hy.

After eliminating the longitudinal components, equations (4.1) reduce to

for TE modes, and

a
Ya = jcopoHx

a
H

aZ x

1 a2
= Ey + jakoerEy

jaVO ax2

a 1 a 1 a
= H jcopoll

az jo.x0 ax er ax Y

az
Hy = -j(0E0CrEx

(4.2a)

(4.2b)

(4.3a)

(4.3b)

for TM modes.

In general, the transverse field components can be expanded in terms of the

normalized transverse mode functions Oi(x) of the empty parallel-plate waveguide [32],

[34], [44]. For TE modes the modal expansions are given as

E (x z) = E Vi(z)$i(x)Y 71

Hx(x,z) = -E Ji(z)4) i(x)

(4.4a)

(4.4b)

where Vi(z) and Ji(z) are the unknown mode voltages and mode currents, respectively.

Similarly, the expansions for TM modes read

Ex(x,z) = E Vi(z)4i(x)

Hy(x,z) = E Ji(z)oi(x)

(4.5a)

(4.5b)
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The mode functions Oi in (4.4) and (4.5) depend on the boundary conditions (Dirichlet

or Neumann) which are determined by the type of mode considered (TE or TM) and

the kind of walls used as plates (electric or magnetic walls). The transverse eigenfunc-

tions have been derived in Chapter 2 for both Dirichlet and Neumann boundary condi-

tions. They are given by (2.5a) for TE modes with magnetic walls and TM modes with

electric walls (Dirichlet boundary conditions), and by (2.5b) and (2.5c) for TE modes

with electric walls and TM modes with magnetic walls (Neumann boundary conditions).

In order to obtain the generalized telegraphist's equations for the inhomogeneous

waveguide, the modal expansions (4.4) and (4.5) are inserted into (4.2) and (4.3),

respectively. The dependence on the transverse x coordinate is eliminated by

multiplying the resulting equations by the mode functions On and integrating over the

waveguide width. From this Galerkin procedure [29], the resulting generalized

telegraphist's equations for TE modes are obtained as

with

dz
d

V
n

= -jovoJn

d

dz
J

n
-JOE Pnm Vm

1 On)
m JC°110

Pnm = Pm n = fer(x) n(x) (1) m(x) dx

(4.6a)

(4.6b)

(4.6c)

and en) defined in (2.5). The derivation of the generalized telegraphist's equations

for TM modes proceeds in a similar way with an additional integration by parts and

application of the boundary conditions. The resulting equations are given as

V =
dz n

dJ
dz

E QnmJm jovoJn
icoco m

= -jokoE Pnmvm

(4.7a)

(4.7b)
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(4.7c)

The generalized telegraphist's equations given in (4.6) and (4.7) can be utilized

to obtain the phase constants and the expansion coefficients for each modal solution

of the inhomogeneous waveguide. Eliminating the mode currents from (4.6a) and

(4.7a), and assuming a z dependence of the form

V.(z) = V. e 7j13z (4.8)

a separate matrix eigenvalue equation for the unknown phase constant (3 and expansion

coefficients V. is obtained for TE and TM modes, respectively. From this point it will

be assumed that all spatial quantities are normalized with respect to 1c0=27c/X0, where

is the free space wavelength. In matrix notation, the eigenvalue equations are then

given as

for TE modes, and

R2
(P Kc)V = AV = .r7V

ko

(4.9a)

-Q)PV = BV = _t V (4.9b)
ko

for TM modes. Here, V represents a column vector with elements Vn, P and Q are

symmetric matrices whose elements are given in (4.6c) and (4.7c), respectively, and

is a diagonal matrix with elements k2c(fl) defined in (2.5). Similar to (4.9), the

corresponding matrix eigenvalue equations using the mode currents are obtained as



for TE modes, and

AJ = 1"R2 J
14

BTJ = .1tJ
Icr,
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(4.10a)

(4.10b)

for TM modes, where the matrices A = AT and B are defined in (4.9a) and (4.9b),

respectively.

For numerical solutions, the modal expansions must be suitably truncated. The

calculation of the matrix elements of P and Q may be very time consuming, especially

for index profiles for which the integrals cannot be solved analytically. A method for

the efficient computation of the integrals in (4.6c) and (4.7c) for any arbitrary index

profile based on the Fast Cosine Transform is described in Appendix A.2.

In the following section, the general field solutions of the inhomogeneous

parallel-plate waveguide are derived separately for the TE- and TM-case in terms of

expansions in the modal solutions of the empty waveguide with expansion coefficients

obtained from the eigenvalue equations given in (4.9) and (4.10).
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4.3 Modal Field Expansions for the Inhomogeneous Parallel-Plate Waveguide

4.3.1 TE Modes

As for the case of homogeneous parallel-plate waveguides, the general solutions

for the transverse field components in a parallel-plate waveguide filled with an

inhomogeneous dielectric medium may be expressed in terms of an infinite series of

waveguide modes. For TE waves with transverse field components Ey and fix, the

expansions with unnormalized wave amplitudes ak and bk are given as

E = E (ake + bk e iNz)E vmkom
k m

Hx = -E (ake bke iNz)E Jrk
k m

(4.11a)

(4.11b)

where the transverse functions Om are the modal solutions of the homogeneous

waveguide. Moreover, the phase constants [3k and the expansion coefficients Vmk and

Jin; corresponding to the kth TE mode of the inhomogeneous waveguide are obtained

from the eigenvalue equations (4.9a) and (4.10a), respectively. As can be seen from

(4.9a) and (4.10a), the expansion coefficients Vmk and Jmk are identical, except for a

constant factor. This proportionality factor represents the characteristic wave impedance

Zk of mode k in the inhomogeneous waveguide, and for waves traveling in the positive

z direction is obtained from (4.1d) as

Vk (1)P0Zk =
Ik Pk

(4.12)

The transverse mode functions (17k of the inhomogeneous guide can be identified as

4)k = E vmom. (4.13)

Since matrix A in (4.9a) and (4.10a) is symmetric, its eigenvectors Vk (or Jk)

corresponding to the eigenvalues 131214 are orthogonal [73]. Hence, the orthogonality



of the mode functions 4:Ik is expressed as

W w

FI:4k(x) ii- .(x) dx = f (E Vin0.(x) E v,,4).(x)'dx
0 0 m

=

0 if k* n

E (Vmk)2 if k =n
m
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(4.14)

With the wave impedance defined in (4.12) and the normalization constants

given in (4.14), the normalized modal expansions of the transverse field components

for TE waves are

E
Y
= E (ake ikz + bkeifIkz)1()k

k

1-lx = (ake --j13kz - bke ikz) OTT( (T) k

k

with

$-

and

k = Ni E VmkOm...k

Nk = \I E (vm
n)2

m

(4.15a)

(4.15b)

(4.15c)

(4.15d)

These normalized expansions are compatible with the usual definition of real power flow

along the waveguide where the amplitudes are given as rms values [32], [44]:

w

Pz = Re fEx H* - az dx = E(lak12- Ibk12)
0 k

(4.16)
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4.3.2 TM Modes

As for the TE-modes, the transverse field components Ex and Hy of a TM wave

may be expanded as

Ex = E (ake + bke iPkz)E
Vm4m

Hy = E (ake-ilkz bkeir3kz)E Jrnk .

(4.17a)

(4.17b)

Here, the phase constants Pk and expansion coefficients Vmk and Jmk corresponding to

the kth TM mode of the inhomogeneous waveguide are obtained from the eigenvalue

equations (4.9b) and (4.10b), respectively. In contrast to the TE-mode case, however,

the expansion coefficients for TM modes do not directly correspond to the same matrix.

Instead, Vk and r are the eigenvectors of matrix B in (4.9b) and its transpose BT,

respectively, and hence, are orthogonal for k * n [73]. The resulting orthogonality

relationship between the transverse mode functions in the electric and magnetic field

expansions given in (4.17) reads

w

r k

LZ Vm (I)111(X) )(E J: m(X) }IX:
0

= E vm.imk k

The orthogonality relationship given in (4.18) together with

i

YkE Pmnlink
n

(Ix°
k =

Rk

if k *n
if k = n

(4.18)

(4.19)

as derived from (4.7b) can be used to construct normalized modal expansions for TM

waves in the inhomogeneous parallel-plate waveguide as



with

and

AkZ)r,-/ V
E

x

= E (ake + uke (1) k

k

-AO h p ii3kZ)Hy = E("k,, k k

k

v 1 vmK
(1) k

51k m
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(4.20a)

(4.20b)

(4.20c)

(4.20d)

As for the TE waves, the normalized modal expansions for TM waves are compatible

with the usual definition of power flow given in (4.16).

In the following section the modal expansions derived here for an inhomoge-

neous parallel-plate waveguide are utilized in the analysis of a step discontinuity in

dielectric slab waveguides with arbitrary index profile.
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4.4 Step Discontinuity in Dielectric Slab Waveguides with Arbitrary Index Profile

Figure 4.2a shows the configuration of a step discontinuity in a generalized

graded-index dielectric slab waveguide bounded by parallel-plates with electric or

magnetic walls. The special case of a step discontinuity in a step-index dielectric slab

waveguide as modeled by the equivalent parallel-plate waveguide configuration is shown

in Fig. 4.2b.

(a)

(b)

ni(x) n2(x) x

Fig. 4.2 Step discontinuity in (a) a generalized graded-index dielectric slab waveguide
bounded by parallel-plates, (b) a step-index dielectric slab waveguide.

In the following, the step discontinuity is first analyzed for TE-mode incidence.

Subsequently, the corresponding case with TM-mode incidence is studied.
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4.4.1 TE-Mode Incidence

From the modal field expansions given in (4.15), the complete field solutions

in the two uniform waveguide regions I and II of the structure shown in Fig. 4.2 are

readily obtained as

1

E
1

=
E (akie -Po bkie j130)14, (i) ik

Y
k

IHx = -E
k

and

E
II

=
Y

k

II vHx = 2.,
k

The continuity condition for

between the two uniform waveguide

(akiiegz

ake(

1

(a kie --jr3kz bkieiorkz)Ri

i. ji -,Az)F-IIuke

II jgz II ;Anktiz
bk e )

the tangential field

regions leads to

(4.21a)

1

Ar_c 11:1 k

(4.21b)

v II II
1 k Y k

components across the interface

two equations relating the modal

amplitudes arl and bil'Il of the incident and reflected waves, respectively. The first

equation is obtained from the continuity of Ey as

E ( ak + bk) zki Vk = E ( a k" + b k" ) Zk" ilk'
k k

Similarly, the continuity condition applied to Fix yields

(aki - bk) yki (1 -L (akII - bkii) ykii 4,Iki

k k

(4.22a)

(4.22b)

The two coupled continuity equations (4.22a,b) are simultaneously solved for the modal

amplitudes 4'11 and bil'll by applying the mode-matching procedure described in

Chapter 2. The resulting infinite system of equations is given in matrix form as
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H.. =
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r- 1-11 Z-

J Ri

J(1) i(1) n!Izi o Zi
N 1-1.1

54

(4.23a)

(4.23b)

Since the waveguide structure shown in Fig. 4.2 does not include a discontinuity in the

separation width of the parallel plates, the same transverse eigenfunctions Om of the

empty parallel-plate waveguide are used in the expansions for (1)1.11 given by (4.15c).

Hence, the matrix elements of H are simply given by the dot product of the correspond-

ing normalized expansion coefficients (eigenvectors), weighted by the ratio in phase

constants.

with

H= 1 Ri frkiy(vijc)ii

N. N-
I

I II
N' k =

{(v ky,I1 2

m m

(4.23c)

(4.23d)

In order to obtain the scattering parameters describing the discontinuity in the dielectric

slab waveguide structures in Fig. 4.2, the system of linear equations (4.23a) can be

solved by means of standard library routines.

4.4.2 TM-Mode Incidence

Similar to the TE-mode case, the general TM-wave solutions in the two uniform

waveguide regions I and II are expressed in terms of modal expansions analogous to

those given in (4.20). Unlike the transverse eigenfunctions for TE waves, the

eigenfunctions for the transverse electric and magnetic field components of a TM wave
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are different.

At the interface between the two regions, the transverse field solutions must

fulfill the continuity conditions. The continuity of the transverse electric field

component Ex results in

(aki zki v)kvy (akil kv)ii

k k

The continuity of Hy is expressed as

(akil bkil) Jk)Ii

k

_E (aki bk) Yki ((I) jOi

(4.24a)

(4.24b)

To solve for the unknown modal amplitudes 4'11 and mode-matching is

again applied and the orthogonality relationship between the eigenfunctions (Tiv, and CF.;

is utilized. The resulting matrix equations read:

with

G.. =

+ bi = G(all bn)

aII - bll _GT(ai bI)

II w - -v
Z'I 1(0 i) (4)i )IIdx
Zi o

Zi pi

(4.25a)

(4.25b)

As before, the expression (4.25b) for the elements of matrix G can be simplified since

the same transverse eigenfunctions 4:1. of the empty parallel-plate waveguide are used

in the expansions for and f:TI'll) given by (4.20c). The simplified matrix

elements are given as

G.. =

where SII'll is defined in (4.20d).

II
P

1.,
i k1

kl
,i\1 (4.23c)
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4.5 Numerical Results

In order to validate the method presented in this chapter, numerous dielectric

waveguide structures have been analyzed and results have been compared with the

published data. In the following, first the convergence behavior of the calculated phase

constants for both step-index and graded-index dielectric slab waveguides is examined,

and the accuracy of the Fast Cosine Transform in the computation of the matrix

elements for the graded-index case is demonstrated. Subsequently, the accuracy of the

technique presented here is tested for various step-index dielectric slab waveguide

configurations containing a step discontinuity. Comparisons for typical configurations

are made with published data. Finally, step discontinuities in graded-index dielectric

slab waveguides are analyzed and results are presented for typical index profiles of

diffused optical waveguides, viz., exponential, Gaussian, and complementary error-

function profiles.

4.5.1 Convergence of the Phase Constants

The first case studied is a step-index dielectric slab waveguide symmetrically

enclosed by electric walls as shown in the inset of Fig. 4.3. The normalized phase

constant as a function of the number of waveguide modes of the corresponding empty

parallel-plate waveguide is shown in Fig. 4.3 for both the dominant TE- and TM-mode.

Also included in this figure is a similar calculation for the phase constant of the

dominant TM mode based on the method of moments (MOM). For the TE case, the

moment method is identical to the generalized telegraphist's equations approach if the

transverse eigenfunctions of the corresponding empty parallel-plate waveguide are taken

as basis and testing functions (see Appendix A.3.1 for the TE case and Appendix A.3.2

for the TM case). The limiting values (dashed lines in Fig. 4.3) are obtained from an

exact calculation based on the transverse resonance method [31]. The relevant

characteristic equations arising in the application of the transverse resonance method

are summarized in Appendix A.4. It is obvious from Fig. 4.3 that the rate of conver-

gence is significantly smaller for the TM mode as compared to the TE mode. This

difference in the rate of convergence is attributed to the fact that all three field
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components of the TE mode are continuous across the dielectric-air interfaces whereas

the transverse electric field component Ex of the TM mode is discontinuous [69], [74],

[75].

2.16

2.15

2.14

2.13

2.12

EW

EW

------ ----

GTE TM

MOM
2.11
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Number of Modes

Fig. 4.3 Convergence of the normalized phase constant for the dominant TE- and
TM-mode as a function of empty waveguide modes; er=5, w=24, d31.351.0
(GTE - solution with generalized telegraphist's equations, MOM - method
of moments solution).

The convergence behavior of the normalized phase constant of the dominant TE

mode as a function of the separation width of the plates is shown in Fig. 4.4 for the

cases of both electric and magnetic walls. To verify the correctness of the calculations,

the exact solution for the parallel-plate waveguide configuration obtained with the

transverse resonance method (Appendix A.4) is included in the figure as indicated by

the dots.
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Fig. 4.4 Convergence of the normalized phase constant for the dominant TE-mode
as a function of the waveguide half-width; Er=5, d=0.35X,0 (see Fig. 4.3).

As the separation width of the plates increases, the phase constants of the parallel-plate

waveguides with electric or magnetic walls approach the value of the corresponding

unbounded (open) dielectric slab waveguide obtained from the characteristic equations

given in Appendix A.4. A significant improvement in the rate of convergence can be

achieved by averaging the two values for the phase constant obtained with electric and

magnetic walls, respectively. A similar convergence behavior of the phase constants

of TM modes with increasing separation width of the plates has been obtained, however,

the number of modes necessary for an accurate solution is significantly higher compared

to TE modes.

Next, the convergence behavior of the phase constant is analyzed for various

graded-index profiles as they arise, for example, in diffused optical waveguides. The

index profile in diffused optical waveguides is mainly determined by the fabrication

technique used and the materials involved, and, most commonly, is approximated by

an exponential, a Gaussian, or a complementary error function (erfc) [63]-[67]. Here,

typical cases of these three index profiles are studied and comparisons with published

data are made.

The generalized configuration of a graded-index dielectric slab waveguide
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bounded by electric or magnetic walls is shown in Fig. 4.5. Figure 4.6 illustrates the

three most commonly assumed graded-index profiles.

do

Fig. 4.5 Generalized configuration of a graded-index dielectric slab waveguide
bounded by electric (EW) or magnetic walls (MW).

nc

An

exp
Gaussian
erfc

0 a X

Fig. 4.6 Typical index profiles for diffused optical dielectric slab waveguides (a is
the diffusion depth parameter).

The functional form of the index profiles is expressed as

n(x) =
nb + An f(x) for x 0

for x < 0

(4.24)
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where nb is the index of refraction of the bulk (substrate) material and nc that of the

cover material, generally taken as air (nom 1). For small changes An in the index of

refraction, the dielectric constant is usually approximated as

Cr(x) = n2(x) =

The profile function f(x) is given as

nb
2 + 20nnbf(x) for x 0

(4.25)

n2 for x <0

exp( -x/a) exponential profile
(4.26)

f(x) = exp( -x 2/a 2) Gaussian profile

erfc (x/a) complementary error-function profile

where a is the effective diffusion depth. In the analysis of the modal field distribution

in a dielectric slab waveguide with exponential and complementary error-function index

profile, Mishra and Sharma [67] have found that the fields are not negligible at the

substrate-cover interface and that they extend somewhat into the cover region. In the

present analysis a conservative value of one half of the diffusion depth a is chosen as

the distance do between the cover plate and the dielectric substrate-cover interface

(Fig. 4.5).

In the following, a few typical results for the convergence behavior of the phase

constant with increasing plate separation are presented and compared with the exact

values of the corresponding unbounded (open) structures given in [67]. Here, the phase

constant 13 is normalized as

02fis23 2

B =
2nbAn

The normalized effective depth of diffusion is given as

(4.27)



V = alco

61

(4.28)

In all examples, the refractive index parameters are chosen as ric = 1, nb = 2.177, and

An = 0.043 as in [67].

Figure 4.7 shows the normalized phase constant B as a function of plate separation

for the dominant TE mode in a dielectric slab waveguide with exponential index profile.

The matrix elements arising in the eigenvalue equation (4.9a) for the phase constant

have been computed with the Fast Cosine Transform (FCT) as described in

Appendix A.2. For an exponential profile function, the matrix elements can be

calculated analytically. The corresponding values are included in Fig. 4.6 and are

indistinguishable from the data obtained with the FCT.
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Fig. 4.7 Normalized phase constant B for the dominant TE mode as a function of
plate separation of a dielectric slab waveguide with exponential index profile;
V=2.

Figures 4.8a and 4.8b show the corresponding plots for a Gaussian and

complementary error-function profile, respectively. As an example for the dominant

TM mode in a graded-index dielectric slab waveguide, the convergence behavior of the

phase constant in a slab waveguide with exponential index profile is shown in Fig. 4.9.

In all cases the normalized phase, constants converge to the correct value for the
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corresponding unbounded structure, and the rate of convergence is considerably

improved by averaging the values obtained with electric and magnetic walls,

respectively.
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Fig. 4.8 Normalized phase constant B for the dominant TE mode as a function of
plate separation of a dielectric slab waveguide with (a) Gaussian index
profile (V=3), and (b) erfc index-profile (V=4).
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Fig. 4.9 Normalized phase constant B for the dominant TM mode as a function of
plate separation of a dielectric slab waveguide with exponential index profile;
V=2.

4.5.2 Step Discontinuity in Step-Index Dielectric Slab Waveguides

The modal expansion and mode-matching technique described in the previous

sections has been applied to step discontinuities in several bounded and unbounded step-

index slab waveguide structures for which published data are available. In general, the

necessary number of modes retained in the mode-matching procedure is smaller than

the number of empty waveguide modes used in the expansions for the modes of the

inhomogeneous structure. For simplicity, however, the same number of modes has been

used in these expansions and for the mode-matching in all step-discontinuity cases

studied here.

The general configuration of the bounded structure has been shown in Fig. 4.2b.

For a correct description of the step discontinuity in the unbounded slab waveguide

structure by the corresponding bounded configuration, the mode spectrum of the

unbounded structure must be accurately approximated. The mode spectrum of the

unbounded slab waveguide consists of a finite number of guided modes (or surface

modes), and a continuum of propagating and evanescent radiation modes [6], [50], [59].
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The corresponding modes for the bounded configuration are all discrete and are usually

classified as slow, fast, and evanescent [6], [59]. Brooke and Kharadly [59] have found

a one-to-one correspondence between the modes of an unbounded step-index dielectric

slab waveguide and the corresponding bounded waveguide (Table 4.1). They show that

for the discrete values of the phase constant of the fast and evanescent modes in the

bounded structure, the fields are functionally identical to those of the continuous

spectrum of the radiation modes [6].

Table 4.1 Correspondence between the mode spectra of a bounded and unbounded step-
index dielectric slab waveguide in air [59].

UNBOUNDED BOUNDED

13 MODE SPECTRUM MODE SPECTRUM

ko <13 5 gko guided discrete slow discrete

0 513 5k0 radiation
(propagating) continuous fast discrete

-j. <13 <j0 radiation
(evanescent)

continuous evanescent discrete

As first example, the reflection coefficient of the second even slow TE-mode,

incident from the waveguide with the wider slab, is calculated as a function of the plate

separation. The results shown in Fig. 4.10 are virtually identical to the ones obtained

by Brooke and Kharadly [6] (except for the extreme values), and are omitted here. It

can be seen that for this example, the bounded waveguide approximation leads to a slow

convergence of the reflection coefficient with increasing separation width of the plates.

Furthermore, the reflection coefficient contains an oscillatory component with a period

of half a wavelength which has approximately a constant average value. A more

complete discussion of the nature of the oscillatory component and the slow rate of



convergence can be found in [6].
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Fig. 4.10 Reflection coefficient of the second even TE slow-mode as a function of
waveguide width in a step-index dielectric slab waveguide having a step
discontinuity; c=5, d1=0.35X0, d,=0.2d1 (see Fig. 4.2b).

In order to obtain a better estimate for the reflection coefficient, Brooke and

Kharadly [6] proposed the "variable-bound approach" in which the calculated values

are averaged over one period. Similar to the convergence studies for the phase constant

described in the previous section, an improvement in the estimate of the reflection

coefficient can also be achieved by averaging the electric- and magnetic-wall results

as shown in Fig. 4.10. It is found that in most cases, a sufficiently accurate solution

can be obtained with this approach.

In the second example, the radiation loss for the fundamental TE- and TM-mode,

respectively, incident from the right upon the step discontinuity of the bounded structure

shown in Fig. 4.2b, has been calculated. The results shown in Fig. 4.11 compare well

with those obtained by Koshiba and Suzuki [61] who utilize a boundary-element method

to analyze the bounded structure.
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Fig. 4.11 Normalized radiation power loss for the step discontinuity shown in Fig. 4.2b
with d1 /d1=2, w/X,3=6, ei.=(1.432)2 (wave incident from the right).

As a final accuracy test, the radiation loss due to a step discontinuity in the open

structure shown in Fig. 4.12a has been calculated. The averaged electric- and magnetic-

wall results for the equivalent bounded structure are shown in Fig. 4.12b. For medium

and small step sizes, the results compare well with those obtained by Hirayama and

Koshiba [56] using a combination of finite and boundary element method, as well as

by Rozzi [52] who employed normalized Laguerre polynomials to discretize the

radiation spectrum. The deviation from the other results for large step sizes is attributed

to an insufficient number of modes retained in the modal expansions.
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Fig. 4.12 (a) Step-index dielectric slab waveguide having a step discontinuity, (b)
radiation loss for the dominant TE mode incident from the left upon the
structure shown in (a); er=5, d21c0=1, wfA.=2.

4.5.3 Step Discontinuity in Graded-Index Dielectric Slab Waveguides

The method described in this chapter has been applied to analyze the radiation

loss due to a step discontinuity in graded-index dielectric slab waveguides with

exponential, Gaussian, and complementary error-function index profiles, respectively.

The same refractive index parameters as for the graded-index guides analyzed in

Section 4.5.1 are assumed here. In the first example, an abrupt offset in a graded-index

dielectric slab waveguide is considered (Fig. 4.13a). The normalized transmitted and

radiated power for TE-mode incidence as a function of the relative displacement A/a

(where a is the diffusion depth) is shown in Fig. 4.13b. It can be seen that the radiation

loss increases smoothly with increasing displacement. It has also been found that the

reflected guided power is negligible.
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Fig. 4.13 (a) Abrupt offset in a graded-index dielectric slab waveguide, (b) normalized
transmitted and radiated power for TE-mode incidence as a function of the
relative displacement (diffusion depth a=2X0).

In the second example, an abrupt change in the diffusion depth of a graded-index

dielectric slab waveguide is analyzed. Figure 4.14 shows the radiation loss as a function

of the ratio in the diffusion depths (a- , /at). Notice that in contrast to an abrupt displace-

ment in a graded-index dielectric slab waveguide, a sharp transition from a region of

almost zero loss to total loss is found. This transition occurs at sufficiently small
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diffusion depths for which the free-space wavelength becomes larger than the cutoff

wavelength of the fundamental mode. Also, it can be seen in Fig. 4.14 that the

Gaussian index profile gives a higher low-loss value compared to the exponential and

complementary error-function index profiles. As before, the reflected guided power is

found to be negligible.
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Fig. 4.14 Radiation loss as a function of the ratio in the diffusion depths a2/ai; a1 =2A.D.
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4.6 Conclusion

In this chapter, the modal solutions for an arbitrary graded-index dielectric slab

waveguide have been derived by applying the generalized telegraphist's equations to

the equivalent inhomogeneous parallel-plate waveguide model with electric or magnetic

walls. A fast rate of convergence of the calculated phase constant of the dominant TE

mode with increasing number of empty waveguide modes has been found. On the other

hand, a corresponding slow rate of convergence for the dominant TM mode has been

seen which is attributed to field discontinuities due to the presence of a dielectric edge.

Comparisons of the calculated phase constants for typical diffused optical dielectric slab

waveguides with published data show that the rate of convergence with increasing

separation width of the parallel plates can be significantly improved by averaging the

electric- and magnetic-wall results.

The modal solutions of the bounded slab waveguide have been employed in a

mode-matching procedure to calculate the transmission properties of a step discontinuity

in typical diffused optical dielectric slab waveguides with exponential, Gaussian, and

complementary error-function index profile. For slab waveguides containing an abrupt

offset, the radiated power is found to increase smoothly with increasing displacement.

Power loss calculations for an abrupt change in the diffusion depth for which the

dominant mode is in the vicinity of cutoff, exhibit a sharp transition from almost zero

loss to total radiation loss.

The method presented in this chapter should be useful in the analysis and design

of optical integrated circuits as well as for millimeter and sub-millimeter applications.
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5. QUANTUM WAVEGUIDE STRUCTURES AND DEVICES

5.1 Introduction

Over the past years, microwave-guided wave techniques have been applied in

the analysis and modeling of semiconductor structures exhibiting quantum confinement

as, for example, in [8] where simple transmission line techniques have been used to

evaluate the properties of general semiconductor superlattices. Significant improvements

in submicrometer lithographic techniques during the past few years have made possible

the fabrication of a new class of semiconductor structures with lateral quantum

confinement in two and all three spatial dimensions, usually referred to as quantum

wires and quantum dots, respectively [9]. The realization of a quantum wire in a short

split-gate field-effect transistor has been demonstrated in recent experiments [76], [77].

There, a negative voltage is applied to the split gate to pinch off the conduction channel

of a high-mobility two-dimensional electron gas formed at the heterojunction interface.

For low temperature and for dimensions of the uniform narrow constriction smaller than

the phase coherence length, the wave-like behavior of electrons is dominant so that

electronic transport inside the narrow constriction (or quantum wire) is essentially

ballistic and analogous to the propagation of electromagnetic waves in guided-wave

structures. Low temperature measurements on the split-gate structure have been

reported which exhibit conductance plateaus and oscillations as a function of gate

voltage, associated with the change in the number of propagating quantum waveguide

modes [76]-[77]. In the analysis of such split-gate structures, conductance calculations,

based on idealized quantum waveguide models, agree qualitatively with the measured

results [24], [27], [79]. By patterning the metallic gate, the split-gate configuration can

be easily adapted to realize novel nonuniform quantum waveguide structures containing

transitions and discontinuities.

In this chapter, various nonuniform quantum waveguide structures which may

be experimentally realized in the split-gate configuration are considered. In the

theoretical analysis, the nonuniform waveguide structure is decomposed into uniform

waveguide sections and junctions. In addition, the coupling of the waveguide structure
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to the external system with an effectively infinite width is included in the analysis in

the form of large step junctions. In the present work, it is assumed that the electron

motion in each uniform waveguide section is ballistic and that the electronic states are

governed by the time-independent Schrodinger equation in the effective mass

approximation. In the numerical analysis of the quantum waveguide structures, mode-

matching as described in Chapter 2 is utilized for the characterization of the junctions

and discontinuities. To model the nonuniform (composite) waveguide structure, an

extension of the generalized scattering matrix technique described in [30] is formulated.

Details of the numerical method as well as general scaling properties are given

in Section 5.2. Results for transmission coefficient and zero temperature conductance

based on the hard wall approximation are presented in Section 5.3. The structures

analyzed include the uniform quantum waveguide, single and double bends, as well as

periodic multi-waveguide structures composed of uniform waveguide sections of

alternating size of the lateral confinement (waveguide width). The special case of a

double constriction structure is analyzed in greater detail. It is shown that a strong

resonant behavior can be obtained in a double constriction, similar to resonant tunneling

diodes [80], [81]. Current-voltage characteristics exhibiting a region of negative-

differential resistance (NDR) are presented for various temperatures. A simple design

procedure is used in order to obtain an increased effective temperature range with

achievable NDR. Finally, in Section 5.4, the case of a uniform narrow constriction is

analyzed for a more accurate parabolic-like lateral potential profile approximation by

applying the modal expansion technique described in the previous chapter for graded-

index dielectric slab waveguides.
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5.2 Numerical Technique

The realization of a quantum waveguide in a GaAs /A1GaAs split-gate structure

is schematically shown in Fig. 5.1a. A two-dimensional electron gas (2DEG) is formed

at the heterojunction between the undoped GaAs and the n-doped Al GaAs as indicated

in the figure and in the corresponding energy band diagram shown in Fig. 5.1b. By

applying a negative voltage to the split gates, the electrons below the gates can be

depleted such that the 2DEG is pinched off in the lateral direction, giving rise to a

quantum waveguide.

n- AIGaAs

(a) 2DEG

GaAs

X

N....

E

(b)

yo

E f

v.

y

Fig. 5.1 (a) Schematic of a split-gate structure (cross-sectional view); superimposed

is a sketch of the potential profile for the electrons in the 2DEG at different

gate biases; (b) energy band diagram across the Al GaAs/GaAs

heterojunction.
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In a one-electron description of the ballistic electron motion inside a quantum

waveguide structure, the time-independent Schrodinger equation in the effective mass

approximation is given as

V2 ,+
2m* -V)iv = (V2 +14 -14)v = 0

112.

(5.1)

where E represents the total electron energy, V the potential energy, m* denotes the

effective mass, and I', is the reduced Planck's constant. For a uniform quantum

waveguide section, the eigensolutions of (5.1) are separable as

- (5.2)
= (An,me kz(n'in) z + Bnmeikz(n'111) z) n,m(X,y)=

Here, z corresponds to the propagation axis of the waveguide section, lcz is the

longitudinal component of the wave vector or phase constant, and n and m correspond

to the mode (or subband) indices associated with bound state solutions in the x and y

direction.

The modal solutions given in (5.2) form a complete infinite set of orthogonal

functions, and hence, can be used as a modal expansion of the wave function in a

uniform waveguide section. For the quantum waveguide structures covered here, no

discontinuities in the vertical growth direction (defined here as the y direction) are

included, so that the wave functions may be assumed to be independent of the y

coordinate without any loss of generality. However, the method presented is easily

extendable to configurations having discontinuities in both lateral directions.

In order to obtain a normalized modal expansion of the wave function as

described in Chapter 2, the continuity of the wave function iv and its normal derivative

(assuming a constant effective mass) are utilized to define a generalized wave

impedance. For a modal wave withwith phase constant kz(m), traveling in the positive

z direction, the wave impedance Zm is given as
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(5.3)

With (5.3) the normalized modal expansion of the wave function in a uniform

waveguide is found as

-
= (gym + in

a
m

( e + bine ikz(m)z)\12:(0m(X)E Y .m =1 .1

(5.4)

where the transverse eigenfunctions 4)m and phase constants kz(m) are determined by

the lateral potential profile.

To analyze a nonuniform quantum waveguide configuration, the structure is first

decomposed into uniform waveguide sections and single junctions (e.g., step

discontinuities and right-angle bends) which form the "building blocks." Each building

block is then characterized by a generalized scattering matrix (GSM) [30] whose

elements are the individual modal scattering parameters, including those for evanescent

modes. The GSM of the nonuniform waveguide structure is obtained by combining the

GSMs of the building blocks as described by the extended generalized scattering-matrix

technique introduced in Section 5.2.2. Once the GSM of the composite structure is

known, parameters such as transmission coefficient and conductance are readily

deduced.

5.2.1 Single Junction or Transition

The scattering parameters for junctions can be obtained by utilizing the mode-

matching technique described in Chapter 2 and demonstrated here for a single step

discontinuity.
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Fig. 5.2 Step discontinuity in a quantum waveguide.

To analyze the step discontinuity shown in Fig. 5.2, the general solution of the wave

function in the two uniform waveguide sections is expressed in terms of modal

expansions in incident and reflected waves, and is given in matrix notation by

W1

W2

=

=

rhT

IP/

D
+

(132-1 a2 + P2b2)

(5.5a)

(5.5b)

Here, a1,2 and b12 are column vectors whose elements are the modal incident and

reflected amplitudes in sections I and II, respectively. The matrices Z1.2 are diagonal

matrices with elements defined as the square root of the modal impedances. The

functions (P1,2 are column vectors whose elements correspond to an infinite set of

suitable eigenfunctions. For a self-consistent solution, these eigenfunctions would be

obtained by simultaneously solving the Schr8dinger equation and Poisson's equation

in each region. In the present work, an infinite well approximation with orthonormal

square-well eigenfunctions is used. Hence, the wave function must fulfill Dirichlet

boundary conditions for which the eigenfunctions have been given in Chapter 2. The

components of (Pk, are in this case given as



and

2

wi
sin la(x -c)

wi

02(s) =
j 2 sin

nit
,

W2 w2

n = 1,2,3,...

n = 1,2,3,....
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(5.6a)

(5.6b)

The quantities P12 in (5.5) are diagonal matrices with diagonal elements defined as

where

Pv(n,n) = e -jklv)(n)z ; V = 1,2

(
kz

v) (n) = 2m*(E-V)
t2

( \2
nit
wV

; v = 1,2 .

(5.7a)

(5.7b)

In (5.7b), the effective mass m* is assumed to be isotropic, and the total electron

energy E is referenced to the two-dimensional conduction band edge. The diagonal

elements of P are phase factors for propagating modes and attenuation factors for

evanescent modes in each region.

The continuity condition for the wave function and its normal derivative at the

junction of the two waveguide sections leads to the following two matrix equations:

1,

ehT 71/2 4-1 -1 -1 /
`-'2 V`12 "2/

0

cpTi (ai

c +Nv1

05.x or

(5.8a)

c + w1 x w2

= -C1:02 Z2 (a.2 b2 c < x < c +w1 (5.8b)

Using the orthonormal property of the eigenfunctions Oi(n), the x dependencies in the

matrix equations (5.8a,b) are eliminated by multiplying (5.8a) by 02(m), (5.8b) by

01(m), and integrating over the cross section of the junction. This mode-matching

procedure results in the matrix equations



with

and

a2 + b2 = H (ai +131)

al -b1 = HT(a2 -b2)
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(5.9a)

(5.9b)

H = Z21/2 C (5.9c)

HT = Z-1/4 CT ZIA (5.9d)
1 2

Matrix C characterizes the inter-mode scattering or mode coupling due to the step

discontinuity and is defined by the overlap integrals

Cii. rj i(n) 4)2(m) dx
(5.9e)

From the matrix equations (5.9a,b), the generalized scattering parameters for the step

discontinuity defined as

are readily obtained and are given

bl

by

S12

S21 S22 a2
(5.10a)

Sii = (I + HT H) -1 (I HT H) (5.10b)

S12 = 2(1 + HT 11 )-1 HT (5.10c)

S21 = H (I + S11) (5.10d)

S22 = H Si2 - I (5.10e)
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where I denotes the identity matrix.

The GSMs for quantum waveguide junctions are of infinite order, which must

be suitably truncated to a finite size for numerical solutions. In general, the proper

choice of the number of retained modes is different on the two sides of a quantum

waveguide junction and is discussed in Section 5.3. The GSMs for junctions other than

the single step discontinuity shown above can be obtained in a similar manner (see

Chapter 2 and [79]). The characterization of a uniform quantum waveguide section of

length L constitutes a special case, since no mode scattering occurs. The generalized

scattering matrix can be directly expressed in terms of a diagonal matrix P and the null-

matrix 0 as

The diagonal elements of P are

P(n,n)

S11
S12

S21 S22

given as

= e -1.11cz(n)L

0 P
(5.11a)

Ol

n = 1,2,3,.... (5.11b)

5.2.2 Composite Quantum Waveguide Structure

The GSM of a composite waveguide structure may be obtained by combining

the generalized scattering parameters of the corresponding junctions and uniform

waveguide sections via the generalized scattering-matrix technique [30]. In the GSM

technique, however, the same number of modes are retained in the waveguide section

and in the two junctions it connects. For an accurate computation of the generalized

scattering parameters of a junction, a significant number of evanescent modes may need

to be included, although most of these modes may not couple effectively to the next

junction because of the large attenuation of their amplitudes. Therefore, either highly

attenuated evanescent modes may need to be included for an accurate characterization

of the waveguide junctions leading to numerical instabilities in the form of ill-

conditioned matrices, or the number of evanescent modes is limited to only those that
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are effectively coupled between the two junctions, thus impairing the accuracy of the

scattering parameters of the junctions. These drawbacks are eliminated in the extended

GSM technique introduced here where the number of modes retained in the analysis

of the waveguide section and the two junctions it connects may be different. In this

manner, the generalized scattering parameters of the junctions can be determined to any

desired accuracy while assuring a numerically stable GSM for the composite structure.

As an illustration of the extended GSM technique, Fig. 5.3 shows the

configuration of two arbitrary junctions (A and B) which are connected through a

uniform waveguide section (C). The total number of modes on each side of the junctions

(NA, MA and MB, NB) is different, in general, and is grouped into the total number of

modes K retained in the uniform waveguide section and into the remaining modes as

indicated in Fig. 5.3. For example, the amplitudes 4 (i=1,...,NA) of the modes incident

on the left side of junction A, represented by the mode vector 4, are partitioned into

the mode vector as (i=1,...,K) and mode vector at (i.K-1-1,...,NA).

A
aa b2 ac aBa

K

NA K

K

MA K

K C K K

B

K

b:

ab

ad

aC
2

bBc
bBa

aB

ad 143

bA

N K

btE;

Fig. 5.3 Two arbitrary junctions (A and B) connected by a uniform waveguide section
(C). The mode amplitudes are grouped into the total number of modes K
retained in the uniform waveguide guide section and into the remaining
modes as indicated in the figure. For example, the amplitudes 4 (i=1,...,NA)
of the modes incident on the left side of junction A are grouped as mode
vector as (i=1,...,K) and mode vector at (i=K+1,...,NA). For the uncoupled
evanescent modes with amplitude vectors a1113 and I4'B, the uniform
waveguide section C can be treated as being infinitely long.



In terms of the GSM of junction A, this partitioning rule is expressed as
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(5.12)

A corresponding partitioned GSM is obtained for junction B and is given by (5.12) with

superscripts A replaced by B, and with amplitude vectors as defined in Fig. 5.3. The

GSM characterizing waveguide section C has already been given in (5.11). To obtain

the GSM of the composite waveguide structure, the boundary conditions for the

amplitude vectors are imposed at the interfaces between the two junctions and the

waveguide section. These are readily obtained from Fig. 5.3 as

A C A C B B Cac = b1 ; be = al ; a = b2C be = a2
(5.13a)

Since the remaining evanescent modes of the two junctions are not coupled, the incident

amplitudes of these modes can be set to zero:

ad = 0 ; ad = 0. (5.13b)

Using boundary conditions (5.13a,b) and eliminating the mode vectors of the waveguide

section, the GSM for the composite structure shown in Fig. 5.3 can be derived as
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where the generalized scattering parameters are given by

S11 =

S12 =

S21 =

S22 =

[

A
Saa S41

+

SbAa SbAb

S21 I S22

sat scAc scBc [scAa scAbi

ScBcPSP)-1SI313 [S`ca ScAb]-

sAac SlEc3cPSP)-1
[sci3a scBd

SP(i ScBcPSP)-1 [scBa seB-

slp(i
SA

s!c
)-1

{scAa
Ascd

sBbcit scAcpsccp)-1 {sIcka scb-'

S bBa

S

1.3 bBb

SdckcPScBcP)-1S cAcP [Si3a cbB IS

sbBc p(i cAc cBc p)-ls cAc [ cBa

scBbt

al
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(5.14a)

(5.14b)

(5.14c)

(5.14d)

(5.14e)

The size of the different matrices in (5.14b-e) is easily found from Fig. 5.3. For

example, S11 is of size (NAxNA) whereas SAaa is a (KxK) matrix. Composite waveguide

structures with more than two junctions can be analyzed by successively calculating the

GSM of a nonuniform waveguide section with two adjacent junctions and then treating

it as a single junction as shown in Fig. 5.4 for the case of three junctions.
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Fig. 5.4 Successive GSM calculation for a quantum waveguide structure having three
junctions.

In the above analysis of quantum waveguide structures, a change in potential

energy due to an applied bias voltage has not yet been included. For simplicity, the

effect of an applied bias voltage is modeled here by assuming linear potential drops

across the uniform waveguide sections, proportional to the length and inversely

proportional to the width of each section. In the numerical computations, the linear

potential drop is further approximated by a staircase with sufficiently small step size.

Thus, in the analysis of a biased nonuniform quantum waveguide structure, two

interacting junctions are not connected by one uniform waveguide section, but by a

series of cascaded uniform waveguide sections, each being at a constant but different

potential. At the interface of two cascaded sections, a step discontinuity in potential

is present which is defined as an additional building block.

The GSM of the potential-step junction is easily derived from the case of the

(geometric) step discontinuity analyzed in Section 5.2.1 as shown in Appendix A.5.

It is interesting to note that no inter-mode scattering or mode coupling occurs at a

potential-step discontinuity. For the calculation of the GSM of a composite waveguide

section consisting of altematingly cascaded potential-step junctions and uniform
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waveguide sections, it is more convenient to utilize the generalized ABCD-matrix [82]

(also called the chain or transfer matrix). The generalized ABCD-matrix of the

composite structure is obtained by multiplying the individual ABCD-matrices in the

given order, and then it is converted into its GSM (see Appendix A.6).

5.2.3 Transport Parameters and Scaling Properties

The GSM of a biased nonuniform quantum waveguide structure can be calculated

by applying the procedure outlined above. From the requirement of flux conservation,

the total transmission probability Tn from propagating mode n at the input (side 1) to

all Mp propagating modes at the output (side 2) is found as

Tn

MP

= E 1 s21(rn,n) 12 .

m =1

(5.15a)

The total transmission T through a quantum waveguide structure can be defined as

T = ETA.
n

(5.15b)

The summation in (5.15b) is taken over all propagating modes (occupied subbands) at

the input. The two-terminal conductance of a nonuniform quantum waveguide structure

in the limit of negligible bias voltage and zero temperature is given as [83]-[88]

e22hG = T(Ef) (5.16)

where T is the total transmission defined in (5.15b), evaluated at the Fermi energy Ef.

To include the effect of the bias voltage and nonzero temperature, the transmission

probabilities for electrons at different energies are weighted by the carrier distribution

function and integrated. The current for an applied bias voltage Vb is then given as [89]

e.,

2 e
I(Vb) =

h
5 {f(E) f(E+eVb)] T(E,Vb) dE
0

(5.17)
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where f(E) is assumed to be the Fermi-Dirac distribution function. The conductance

for a finite temperature but negligible bias voltage can be found from (5.17) by

expanding f(E) into a Taylor series around the Fermi energy and retaining only the first

term in the expansion. Thus, the two-terminal conductance for finite temperature reads

G(Ef,T) = P4.. G (E,T=0) dE
0 °C

where G(E,T=0) is the zero-temperature conductance given in (5.16).

Similar to guided-wave configurations for electromagnetic waves the generalized

scattering parameters of a quantum waveguide structure do not depend on the absolute

dimensions of its geometry but only on the dimensions relative to the electron

wavelength. This property has been pointed out by Sols et al. [22], [90] who presented

scaling transformations for the spatial dimensions, energies and effective mass. Here,

these scaling rules are extended to include finite temperature and applied bias voltage.

If all spatial variables are scaled according to

W/ L= =
W L

(5.19a)

and if energies, as well as variables linearly related to energy (such as voltage V and

temperature T), are scaled as

1 E/ V/ T"

E V T
(5.19b)

it can be seen by inspection that the generalized scattering parameters of the scaled

system are identical to those of the unscaled system. Therefore, scaling preserves

transmission and conductance, whereas the current according to (5.17) is scaled as 1A2.
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5.3 Computational Results

In this section, results for the calculated transmission, conductance, and current-

voltage characteristics for various nonuniform quantum waveguide structures are

presented. The effect of coupling to the external system is included as step junctions

to wide uniform quantum waveguide sections unless otherwise stated. In the following

examples, calculations were performed for GaAs (m*=0.067m0), with electron energies

referenced to the two-dimensional conduction band edge, assuming only the ground

subband originating from quantization in the vertical (y-) growth direction is occupied.

In order to see if relative convergence problems occur in the analysis of quantum

waveguide junctions, the total transmission T1 through a single step junction has been

computed for different mode ratios. A typical example of the convergence behavior

is shown in Fig. 5.5.

Fig. 5.5

0.99470

0.99465

5
0.99460

0 50 100 150 200

Number of Modes N1
Convergence of the total transmission T1 through a single step junction with
widths w1 =l0nm and w2=20nm as function of N1 and for different ratios of
modes retained on either side, defined as r=N2/N1; c=0, E=100meV.

No noticeable relative convergence phenomena occur. However, it is found from

Fig. 5.5, and from further calculations not shown here, that the fastest convergence is

obtained for ratios in the number of modes on each side close to approximately 1.5

times the ratio of the corresponding widths. This result is similar to convergence
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investigations on planar waveguides [91] and coupled finlines [92]. In the following

analysis of quantum waveguide structures, the ratio of modes is taken close to this

optimum value to assure accurate solutions in the minimum computational time.

5.3.1 Uniform Constriction

Figure 5.6 shows the normalized zero-temperature conductance with negligible

bias voltage for a narrow constriction in the split-gate configuration, modeled as a

uniform waveguide section and two step junctions.
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Fig. 5.6 Conductance for the split-gate configuration shown in the inset as function
of constriction width w for different values of d. The channel length L
increases by the same amount as w is decreased. Lmjn =10nm; d varied

around 500nm; Ef=5meV; T=O.

It is assumed that the width of the constriction is varied by means of a negative gate

voltage and that the resulting depletion region has the same extensions in the

longitudinal and lateral directions as indicated in the inset of Fig. 5.6. Hence, the

effective channel length L increases by the same amount as the width of the constriction

is decreased. The conductance shows a resonant structure and increases in steps of

2e2/h, in agreement with experimental observations [76]-[78]. The resonant structure

in the conductance arises from interference of multiple electron reflections at the step
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discontinuities and disappears for short channel lengths where additional coupling by

evanescent modes is not negligible. The conductance as a function of w, shown in

Fig. 5.6, has been computed for different widths d in the wide regions which have been

varied around d = 500 nm. The calculated conductance values are virtually identical

for small widths w of the constriction, and only for large values of w is a small

difference in conductance noticeable. This clearly shows that the coupling effects of

a narrow constriction to the external system with an effectively infinite width can be

accurately modeled by step junctions with dimensions in the wide regions, as shown

in the inset of Fig. 5.6.

5.3.2 Single and Double Bend

In contrast to a single uniform constriction, resonant structures with pass- and

stop-band behavior in the transmission characteristics as a function of constriction width

can be obtained for single and multiple bend structures. Figure 5.7a shows the total

transmission T1 as a function of energy for both the single and double bend structure.

The stop-band behavior for energies near 50 meV at which all electrons are reflected

by a single right-angle bend is clearly visible (dashed line). This total reflection is

caused by interferences of the propagating lowest-order mode and the excited evanescent

modes in the discontinuity region. The energy at which total reflection occurs depends

on the width of the quantum waveguide and increases as the width is decreased (see

Eq. (5.19)). For two cascaded right-angle bends, the stop-band is broadened (solid line),

as expected from the analogous theory of microwave circuits. In addition to the pass-

and stop-band behavior arising from a single bend, a series of superimposed resonant

peaks is found for the double bend structure. These resonant peaks are due to electron

wave interferences in the region between the two cascaded bends. Their width is mainly

controlled by the distance between the two bends.
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(a) Total transmission T1 as a function of electron energy. The dashed curve
shows T1 for the single bend shown in (b); the solid line corresponds to the
double bend (c) (dimensions are given in nm).

Recently, low temperature conductance measurements on the double bend split-

gate structure shown in Fig. 5.8 have been performed at the University of Oregon in

collaboration with Oregon State University [93]. The 2DEG density of the material was

measured to be 3.8x1011/cm2 which corresponds to a Fermi energy of approximately
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14 meV. A detailed description of the epitaxial layers of the GaAs /A1GaAs structure

and the fabrication process is given in [93].
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Fig. 5.8 Scanning electron micrograph of the double bend split-gate structure [93].

The measured conductance as a function of applied gate voltage is shown in

Fig. 5.9 for several temperatures. The global features and fine structure in the

conductance have been found to be reproducible after repeated cycling of the

temperature. The 4.2K curve (G3) shows conductance plateaus which are quantized in

multiples of 2e2/h, as the width of the double bend decreases with increasingly negative

gate voltage. At lower temperatures, the conductance plateaus are seen to resolve into

a number of peaks, followed by a minimum. These peaks are especially pronounced

at the first plateau. In addition to the formation of peaks, the residual plateaus are

found to be no longer quantized in integer multiples of 2e2/h but to lie somewhat lower,

indicating a temperature dependence in the overall slope of the conductance curve.
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Fig. 5.9 Measured conductance as a function of gate voltage for three different
temperatures: T=70mK (G1), T=1K (G2), T=4.2K (G3); curves G2 and G3

are offset by 1 and 2 quantum steps, respectively.

In the analysis of the double bend structure shown in Fig. 5.8, the temperature-

dependent conductance has been computed from (5.18) using the same nominal

dimensions and assuming hard wall confinement. The transitions to the two wider

regions (see Fig. 5.8) have not been included in the model since their effect on the

conductance is secondary. The conductance at OK and 4.2K is shown in Fig. 5.10, and

compared to the quantum steps of an ideal uniform quantum waveguide. The lowest

plateau at OK (solid line) contains a series of resonant peaks, followed by a conductance

minimum. The higher plateaus display a similar resonant structure which is not as well
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defined, however, because of mode coupling. At 4.2K (dotted curve), all of the fine

resonant structure is washed out, and only a series of deformed plateaus each containing

a conductance minimum, can be seen, similar to the experimental data. In comparison

to the measured data, no temperature dependence in the overall slope of the conductance

curves is found in the theoretical calculations. However, a much stronger reduction in

slope from the ideal quantum steps as compared to the measured conductance, can be

noticed. This considerable change in slope in the theoretical conductance is attributed

to the assumed hard wall confinement and the sharp boundaries defined by the double

bend geometry. Nonetheless, comparison of the measured and calculated conductance

data suggests that the reduction in slope may be attributed to the double bend geometry,

although it is compensated by some yet unknown temperature-dependent effect.

Comparison of the theoretical and measured results shown here and in [93] further

suggests that some of the resonant structure and the minimums in the conductance are

associated with the double bend discontinuity. A more detailed discussion of the

measured and calculated conductance can be found in [93].
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Fig. 5.10 Calculated conductance as a function of width for a double bend with
dimensions as indicated in Fig. 5.8. Solid curve: T=OK, dotted curve:
T=4.2K, dashed curve: ideal uniform quantum waveguide (without bend

discontinuity); Ef=14meV.
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5.3.3 Periodic Multi-Waveguide Structures

Analogous to the theory for one-dimensional (1D) periodic potential variations

(as for example in the Kronig-Penney model [94]), the formation of energy band gaps

is expected in periodic quantum waveguide structures or superlattices. Recently,

periodic split-gate structures have been experimentally studied by Kouwenhoven et al.

who reported resonant structure believed to be associated with miniband formation [95].

The periodic quantum waveguide structures considered here are formed by cascading

uniform waveguide sections of alternating width, as indicated in Fig. 5.11.

W2- - -
t

wi
i

w2

- - -
- - -

Fig. 5.11 Geometry of an infinite quantum waveguide superlattice structure with
alternatingly narrow and wide width. wi=l0nm; w2=30nm; LI=L2=10nm.

The energy band structure for the periodic quantum waveguide configuration with period

L=L1 +L2 can be determined by application of the Bloch theorem [94] which relates the

value of the wave function tif over one period.

y!1 = e J11 yell k, real (5.20)

Note that the phase constant lcz in (5.20) is, in general, different from the definition of

the longitudinal component of the wave vector given in (5.7b). Figure 5.12 gives the
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reduced-zone representation of the allowed E-kz states for the infinite 1D quantum

waveguide superlattice shown in Fig. 5.11.
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Fig. 5.12 E-kz diagram for the infinite superlattice structure shown in Fig. 5..11 with
period L=L1 +L2.

The formation of minibands and miniband gaps is clearly visible. Two different types

of minibands can be distinguished: (1) wide free-electron-like minibands with

appreciable curvature, and (2) very narrow minibands representing quasi-bound states.

In contrast to the energy bands of infinite 1D potential superlattices, which usually

increase monotonically in size with increasing energy, some almost dispersionless

minibands associated with quasi-bound states lie between the wider free-electron like

minibands, while others are superimposed on wide minibands in the case of a 1D

quantum waveguide superlattice.

For finite superlattices, the appearance of quasi-bound states gives rise to very

sharp resonances in transmission and conductance [79] even for structures with small

number of periods. The total transmission T1 for a periodic structure with five narrow

constrictions is shown in Fig. 5.13.
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Fig. 5.13 (a) Total transmission T1 for the superlattice structure with five narrow
constrictions shown in (b) (dimensions are given in nm).

In spite of the small number of periods used here, the position of the plateaus with zero

transmission and of the sharp peaks agrees well with the miniband gaps and almost

dispersionless minibands, respectively, of the corresponding infinite periodic case. A

resonant structure has also been reported by Ulloa et al. [96] who studied the special

case of a finite superlattice structure formed by a periodically modulated potential in

a quantum waveguide with constant width. However, unlike the more general

superlattice structures analyzed here and in [79], no mode coupling due to potential

variations occurs in the superlattice analyzed by Ulloa et al. (see Appendix A.5).

If the number of narrow constrictions in the finite superlattice structure analyzed
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above is reduced to two, the transitions to zero transmission become less sharp and the

plateaus of total reflection become smaller as can be seen in Fig. 5.14. However, a

sharp peak in transmission at approximately 37 meV is still visible, and is in good

agreement with the location of the lowest quasi-bound state of the corresponding infinite

superlattice.
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Fig. 5.14 (a) Total transmission T1 for the double constriction structure shown in (b)
(dimensions are given in nm).

It is interesting to note that this resonance occurs at an energy level at which

no propagating waves can exist in the two narrow constrictions. Hence, electronic

transport in these two regions is solely based on evanescent mode coupling, a

mechanism which is similar to tunneling phenomena found in heterojunction structures

with multiple potential barriers such as resonant tunneling diodes [80], [81]. The cavity
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formed between the two narrow constrictions is usually referred to as quantum dot [9],

[97], [98] which in the case treated here, is evanescently coupled to two waveguide

sections (see Fig. 5.14b), thus giving rise to a quasi-bound state instead of a true bound

state in the longitudinal direction. The formation of a quasi-bound state in the cavity

region is also evident from the 3D plots of Iv Av shown in Fig. 5.15 for the two cases

of near "on" and "off" resonance. Furthermore, it can be seen that the boundary

condition of xv=0 along the step discontinuities is fulfilled, thus confirming the correct

truncation of the modal series expansions for the wave functions in the different regions.

(a)

(b)

Fig. 5.15 imv
*

inside the double constriction structure shown in Fig. 5.14b with
normalization a1=1 (wave is incident from left). (a) Near "On"-resonance,
E=37.25 meV; (b) "Off'-resonance, E=30meV.
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In the following, the similarities between the double constriction and the resonant

tunneling diode [80], [81] are further examined. The influence of an applied bias

voltage on the resonant peak in the total transmission through a double constriction with

realistic dimensions (Fig. 5.16) is shown in Fig. 5.17.

vb

it

I
500 25 45 25 500

1 FT-
20 I-- 25 H 20

Fig. 5.16 Double constriction quantum waveguide structure with realistic dimensions

(given in nm).
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Fig. 5.17 Total transmission as function of energy and different values of bias voltage

for the double constriction structure shown in Fig. 5.16.

With increasing bias voltage, the double constriction becomes more and more

asymmetric causing the resonant peak to shift to lower energies and to decrease in
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amplitude. The resulting current as calculated from (5.17), is shown in Fig. 5.18 for

various temperatures. As can be seen, a region of negative differential resistance (NDR)

is realizable, similar to resonant tunneling diodes [80], [81]. However, the peak-to-

valley ratios obtained are relatively small (up to 2.5:1), and a region of NDR can be

achieved for temperatures up to only approximately 10K. With decreasing dimensions

of the structure, a higher peak-to-valley ratio and larger temperature range with

achievable NDR are expected.
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a.)
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0 5-

15K
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5 10

Bias Voltage (mV)

OK

15

Fig. 5.18 I-V characteristics at different temperatures for the double constriction
structure shown in Fig. 5.16; Ef------5meV.

5.3.4 Design Procedure for NDR Enhancement

To facilitate the design of a double constriction with NDR enhancement, the

influence of the geometry on the location of the transmission peak needs to be

determined. If only the lowest-order mode in the cavity region and the lowest-order

evanescent mode in the two narrow constrictions are considered, an expression for the

total transmission through a double constriction at zero bias voltage is readily found

from (5.14d) and (5.15) as

TIT,
T(E) = 1S2112 =

2 (5.21a)
(1

\

i/RIRrcos2a) + RiRr sine 2a



with

a = kdL+1A(p14-1/29,

100

(5.21b)

where T1 =1 -R1 and Tz=l-Rz are the total transmission coefficients through the left and

right narrow constrictions, respectively. The phase factor a consists of the phase shift

in the cavity region (quantum dot) of length L (with kd = kz(1) inside the quantum dot)

as well as (pi and (pr which are the phase factors of the reflection coefficients for

electrons in the cavity region facing the left and right narrow constriction, respectively.

In the case of symmetric narrow constrictions, (5.21a) reduces to an expression similar

to that found for a symmetrical 1D double potential barrier [99]

\ -1

T(E) = 1 +
4R

L + (p)

T2

(5.22)

where Te=Ti=Tr and (p=91=(pr. If Tc « 1 (which is usually the case), a good

approximation for the phase factor cp is the phase 4) of the reflection coefficient for the

single step discontinuity at the interfaces of the cavity and the two narrow constrictions.

The energy that maximizes the total transmission (T=1 at resonance for the symmetric

case) leads to a resonance condition similar to the double-potential-barrier-case [100]:

kd L + cp = nit (n = . (5.23)

This resonance condition is fulfilled when all internally reflected waves inside the cavity

region are in phase and enhance the total transmission. The resonance energy can be

determined graphically as shown in Fig. 5.19a. There, kd L and -4) (to approximate -9)

are plotted as a function of energy for various lengths L of the cavity and widths w of

the two narrow constrictions.



(a)

(b)

0
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Energy (meV)
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101

Fig. 5.19 (a) Phase -0=-arg(r) (solid lines) and phase shift kd L (dashed lines) inside
the cavity region; intersections determine the lowest-order resonances; (b)
reflection coefficient r for the step discontinuity from the cavity region to
the narrow constrictions.

The lowest resonance is given by the intersection of corresponding phase curves, the
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second lowest by a phase difference of it, and so on. Also evident from Fig. 5.19a is

the cutoff energy of the lowest-order mode in the two narrow constrictions with width

w as indicated by the sharp discontinuities in the (-0-curves. In order to obtain an

increase in temperature range with achievable NDR, a large energy gap between the

lowest-order resonance and the cutoff energy in the narrow constriction as well as

second-lowest resonance is needed. The length of the two narrow constrictions has very

little influence on the position of the resonance, however, it controls the width of the

resonant peak through Tc. As a compromise between a practical size of the width (i.e.,

resonant energy close to cutoff energy) and large temperature range with achievable

NDR (i.e., large gap between resonant energy and cutoff energy), new dimensions for

the double constriction structure were chosen as indicated in Fig. 5.20. Figure 5.21

shows the total transmission through the double constriction with this new choice of

dimensions. The predicted resonance energy (16.02 meV) is found to be very close to

the actual resonance (15.98 meV) obtained from the transmission data. The

corresponding I-V curves for various temperatures are presented in Fig. 5.22. As

expected, the temperature range with achievable NDR has been extended to

approximately 60K. The peak-to-valley ratio at zero temperature is found to be over

80:1 (compared to 2.5:1 in Fig. 5.18).

Vb

I

500 10 35 10 500

5 I-- 20 H 5

Fig. 5.20 Improved double constriction structure (dimensions are given in nm).
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Fig. 5.21 Total transmission as function of energy and at zero bias voltage for the
improved double constriction structure shown in Fig. 5.20.
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Fig. 5.22 I-V characteristics at different temperatures for the improved double
constriction structure shown in Fig. 5.20; Ef=10meV.

It is obvious from Figs. 5.17 and 5.18 that in the case of a symmetric double

constriction, the amplitude of the resonant peak in the transmission evaluated at the
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current peak may be considerably less than unity. If, analogous to resonant tunneling

diodes, the length of the right narrow constriction is appropriately increased, a larger

amplitude of the resonant peak is expected. Calculations for the asymmetric case show

that it is indeed possible to maximizes the resonant amplitude in the total transmission

by suitably increasing the length of the right narrow constriction. However, the

resulting I-V characteristics do not necessarily exhibit an increased temperature range

with achievable NDR.

The I-V characteristics shown here have been calculated for fixed dimensions

of the double constrictions. If the applied gate voltage is varied, the effective

dimensions of the double constrictions can be controlled leading to a change in the

position of the peak voltage in the I-V characteristics [1011. Hence, a possible device

application of the double constriction structure can be conceived as a three terminal

storage cell with low power dissipation.
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5.4 Uniform Narrow Constriction with Arbitrary Lateral Potential Confinement

In the previous sections, it has been assumed that the electrons inside the

quantum waveguide structure are laterally confined by infinite potential walls (hard

walls). Recent self-consistent two-dimensional numerical calculations of the lateral

potential variation in a GaAs /A1GaAs heterojunction split-gate configuration show that

the potential profile is more accurately approximated by a flat region which is bounded

by parabolically shaped walls [102].

In this section the uniform narrow constriction with arbitrary lateral potential

profile is analyzed by extending the modal expansion technique developed in the

previous chapter for the characterization of step discontinuities in graded-index dielectric

slab waveguides. Similar to the dielectric slab waveguide structures, the uniform narrow

constriction is enclosed by hard walls which are sufficiently far away. The general

geometry of the uniform constriction is shown in Fig. 5.23 where the hatched region

indicates the arbitrary lateral potential profile.

d

Fig. 5.23 Uniform narrow constriction with arbitrary potential profile indicated by the
hatched area; d=500nm, b=200nm, L=100nm.

The analysis of the uniform narrow constriction with arbitrary lateral potential profile

is made easy by utilizing the functional equality between the Schrodinger equation (5.1)

with V=V(x) and the 2D reduced wave equation for TE modes in a parallel-plate
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waveguide with arbitrary graded-index profile (see Chapter 4 and Appendix A.3). By

making the substitutions

and

E = V

Hz

(5.24)

(5.25)

the modal expansion technique for TE modes with magnetic walls, as developed in the

previous chapter, can be used to obtain the generalized scattering parameters of the two

step discontinuities in the structure shown in Fig. 5.23. The overall structure with

arbitrary lateral potential profile is then analyzed via the extended GSM technique in

the same way as has been shown earlier for the hard wall case.

In order to qualitatively approximate the more accurate self-consistent numerical

solutions for the lateral potential profile given in [102], a simple model for the electric

field in the depletion regions below the gates is used. In this model, the electric field

is assumed to decrease linearly along the lateral direction towards the center of the

constriction. The resulting lateral potential profile obtained from this model is shown

in Fig. 5.24.

50 100 150 200

x (nm)

E f

Fig. 5.24 Assumed lateral potential profile.
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The calculated conductance for this assumed lateral potential profile is shown in

Fig. 5.25 as a function of an effective width, defined here as the distance between the

points where the potential curves cross the Fermi energy (i.e., the classical turning

points). Also included in the figure is the corresponding conductance calculation for

a uniform narrow constriction with hard wall confinement.

soft walls

hard walls

10 20 30 40 50 60 70 80 90 100
w (nm)

Fig. 5.25 Conductance for a uniform narrow constriction with lateral potential
confinement as shown in Fig. 5.24 (soft walls) and corresponding hard wall
case (Ef=15meV, T=OK). The curve obtained for the soft wall confinement
has been offset by half a quantum step.

It is interesting to note that for the assumed parabolic lateral potential profile shown

in Fig. 5.24, the resonant structure in the conductance is not reduced but rather enhanced

as compared to the corresponding case with infinite square-well confinement. This

strong resonant structure is mainly due to the step discontinuities used here in the

model, and is expected to be noticeably weakened in a more realistic model using

tapered transitions to the wider regions.
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5.5 Conclusion

In this chapter, a complete description of the numerical analysis of quantum

waveguide structures and devices in terms of modal expansions of the wave function

together with a mode-matching method and an extended generalized scattering matrix

technique has been given. The modal analysis technique has been applied to study

several composite quantum waveguide structures.

For a single-bend structure, a pass- and stop-band behavior has been found in

the transmission characteristics as a function of energy. In addition to a broadening

of the stop-band, a series of superimposed resonantpeaks has been found for a double-

bend structure. Comparison of low-temperature conductance measurements on a double-

bend structure with the theoretical model has shown some qualitative agreement as in

both, the theoretical and measured data, conductance minimums and a reduction in the

overall slope of the conductance curves have been observed.

A strong resonant behavior similar to that in resonant tunneling diodes has been

found in periodic multi-waveguide structures. For the special case of a double

constriction in GaAs, calculated current-voltage characteristics have been shown,

exhibiting a region of negative differential resistance (NDR) for temperatures up to

approximately 10K with a peak-to-valley ratio of about 2.5:1 at zero temperature.

Applying a simple design procedure, the temperature range with achievable NDR has

been extended to up to approximately 60K with a peak-to-valley ratio of over 80:1 at

zero temperature.

In the last section of this chapter, the uniform narrow constriction has been

analyzed assuming a boxlike lateral potential confinement with parabolic side walls to

approximate more accurate self-consistent published data. It has been found that in

comparison to a hard wall confinement, the conductance oscillations are not reduced

or weakened but rather broadened.
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6. SUMMARY AND SUGGESTIONS
FOR FURTHER RESEARCH

In the present work, generalized modal analysis techniques for the characteriza-

tion of dissipationless planar waveguide structures, encountered in microwave and

optical integrated circuits, as well as of quantum waveguide structures have been

described. The waveguide structures have been modeled by equivalent generalized

parallel-plate waveguides with Dirichlet or Neumann boundary conditions for the scalar

wave function. A generalized description of Kiihn's mode-matching technique [18] for

the analysis of junctions and discontinuities has been given.

As the first application, the transmission properties of the curved microstrip bend

have been derived by utilizing a second-order perturbation analysis of the equivalent

modified curved waveguide model. Computational results for typical curved bends on

alumina and GaAs substrates have been compared to those obtained for the right-angle

and chamfered right-angle bends and demonstrate an improvement in the transmission

properties. Comparison of the theoretical results and the data obtained from trans-

mission and resonance measurements for a microstrip structure on thin alumina and

GaAs substrates containing curved bends show good agreement. The calculated results

for the scattering parameters of the curved microstrip bend converge very fast with

increasing number of higher order modes considered and have been found to be

consistent for large curvatures and bends with small angle. In order to obtain a simple

estimate of the accuracy of the second-order perturbation solutions, comparisons with

the corresponding first-order perturbation solutions could be made. The method

presented here should be useful in the computer-aided design of microwave monolithic

and hybrid integrated circuits containing curved bends with arbitrary angle.

To analyze right-angle microstrip bends and T junctions having a rectangular

notch, an extended mode-matching technique has been formulated. In the extended

mode-matching technique, the field expansions in the discontinuity region are derived

by additionally applying the mode-matching procedure to the discontinuities present in

the discontinuity region. Computational results for the frequency-dependent scattering
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parameters of notch compensated right-angle microstrip bends and T junctions have been

compared to those without notch and show an improvement in the transmission

properties. The extended mode-matching technique provides a design procedure for the

compensation of right-angle bends and T's and can be readily extended to general

microstrip structures where the discontinuity region is not a simple rectangle. The

scattering parameters have been found to be sensitive to the value of the effective

dielectric constant in the discontinuity region which has here been obtained from a static

calculation taking account the fringing fields along the open sides of the discontinuity

region [28]. The accuracy of the scattering parameters of the notched configuration may

be improved by utilizing empirical expressions for the effective dielectric constant in

the discontinuity derived from measured data for different classes of substrate material.

In the second part of this work, the modal field solutions for an arbitrary graded-

index dielectric slab waveguide have been derived by applying the generalized

telegraphist's equations to the equivalent inhomogeneous parallel-plate waveguide model

with electric or magnetic walls. Modal field expansions for the inhomogeneous parallel-

plate waveguide have been constructed and employed in a mode-matching procedure

to calculate the transmission properties of a step discontinuity in typical diffused

dielectric optical slab waveguides with exponential, Gaussian, and complementary error-

function index profile. It has been found that the radiation loss due to an abrupt

transverse displacement in the waveguide increases smoothly with increasing displace-

ment, whereas the radiation loss caused by an abrupt change in diffusion depth shows

a sharp transition from a region with almost zero to nearly total loss. In both cases,

the reflected power was found to be negligible. Since a large radiation loss could lead

to a disturbing cross-talk component in an optical integrated circuit, the radiation pattern

should be determined. For the TM-mode case, the modal expansion technique was

found to exhibit a slow convergence due to the presence of dielectric edges in the

transverse directions. A faster convergence is expected by using suitable trial fields

in the method of moments approach. Similarly, a faster convergence of the mode-

matching solutions could be obtained for TM-mode incidence by implementing the edge

condition at the step discontinuity as in [53] or [75]. The method presented here for
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the analysis of step discontinuities in graded-index dielectric slab waveguides can be

extended to step discontinuities in arbitrary dielectric strip and channel waveguides and

should be useful in the analysis and design of optical integrated circuits as well as for

millimeter- and submillimeter-wave applications.

In the final part of this thesis, the modal analysis technique has been applied

to various quantum waveguide structures and configurations. An extension of the

generalized scattering matrix technique has been formulated to analyze quantum

waveguide structures containing multiple junctions or discontinuities. Assuming hard

wall confinement, a resonant structure with pass- and stopband behavior was found in

the transmission characteristics of a single- and double-bend structure. Comparison of

the theoretical low-temperature conductance with measured data, where conductance

minimums and a reduction in the overall slope of the conductance curves has been

observed, have shown qualitative agreement. In periodic multi-waveguide structures

formed by cascaded narrow and wide waveguide sections, a strong resonant behavior

similar to that in resonant tunneling diodes has been found. For the special case of a

double constriction, calculated current-voltage characteristics have shown a region of

negative differential resistance (NDR) for temperatures up to approximately 10K and

with a peak-to-valley ratio of about 2.5:1 at zero temperature. Using a simple design

procedure, the temperature range with achievable NDR could be extended to approxi-

mately 60K with a maximum peak-to-valley ratio of over 80:1. Possible device

applications of the double constriction structure such as a three-terminal storage cell

with low power dissipation should be further examined.

Assuming a more accurate boxlike potential confinement with parabolic side

walls, conductance calculations for the uniform narrow constriction have shown a

stronger resonance structure as compared to the corresponding hard wall case. As a

next step in the modeling of quantum waveguide structures realized in the split-gate

configuration, the relationship between the applied gate voltage and the lateral potential

confinement should be further studied (hopefully with the help of good experimental

data). Moreover, it should be determined if a hard wall model with an effective width

provides a sufficiently accurate approximation to experimental results.
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In this work, the coupling of the quantum waveguide structures to the external

system width an effectively infinite width has been modeled by steps to quantum

waveguide sections with sufficiently large width. For more accurate and

computationally more efficient solutions, endpieces with infinite width should be

included in the analysis. Furthermore, the transitions from the quantum waveguide

structure to the external system which have here been modeled as step discontinuities,

are more accurately described by a funnel-like transition. A stepped waveguide model

or a modal analysis based on local modes could be utilized in a more accurate model

of the transitions to the external system. Although no impurity scattering, electron-

electron interactions and other scattering mechanisms have been considered here, they

need to be included in a more sophisticated model. To a first order approximation these

scattering effects could be taken into account in a perturbation solution. Finally, an

equivalent circuit model could be developed for the analysis of single mode quantum

waveguide structures to facilitate the design of more complicated, cascaded quantum

waveguide structures.
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A.1 Expansion Terms for Second-Order Perturbation Solution

For a second-order perturbation solution, the expansion functions (1)1n and 02,n

as well as the phase constant On have been given in [38] and are repeated here for

convenience.
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A.2 Fast Cosine Transform Used in Integral Evaluation

Depending on the existing boundary conditions at the plates of the parallel-plate

waveguide, the integrals in (4.6c) and (4.7c) can be written either as

or as

w

2 ff(x)sin nit xjsin _mitx dx
w w

0 )

w w

=
ff(x)cos( (n -m ff(x)cos( (n +m)nx
o

w
)dx

o
w

w
MR

2 ff(x)cos(L
w w

.ic x cosHx
o i

w

= f f(x)cos((n-m
0

w

w

if(x)cos (n+m)nx dx
w

o

(A2.1a)

(A2.1b)

In both cases the evaluation of these integrals may be reduced to the computation of

integrals of the form

w

If(x) cosEkic xjdx ,

o
w

k = 0,1,2,.... (A2.2)

The special form of the integrand in (A2.2) suggests that the integrals may be

viewed as the Fourier coefficients of the even periodic function

{ 1/w f(x) 0 <x< w
(A2.3)

g(x) = g(-x) all x

g(x±2nw) n = 0,+1,+2,...
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An efficient method for calculating the Fourier coefficients of a general periodic

function is provided by the Fast Fourier Transform (1-F1). The utilization of the FFT

to calculate integrals arising in a similar problem has been suggested previously by

Mrozowski [103], [104]. Here, the Fast Cosine Transform (FCT) from Swarztrauber's

FFTPACK library [105] which is defined as

N -2

H(i) = h(0) + E 2h(k)cos( 1_...

N
L-1 ic) + (-1)ih(N-1)

k=1

i = 0,1,...,N-1 ,

(A2.4)

is utilized to compute the integrals given in (A2.2). The relationship between the FCT

and the integrals is given as

where

W

ff(x)cosHx)dx F(k) ,

o
w

k = 0, 1, ... ,Mklc
E-

F(k) =
w

2 (N -1)

i=N-1
FCT {f(1._.w

N l j}i=0

N= 2m+1 >2M, k = 0,1,...,N .

(A2.5a)

(A2.5b)
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A.3 Method of Moments Solution for a Parallel-Plate Waveguide
Filled with Inhomogeneous Dielectric Medium

In this appendix, the method of moments is utilized to derive a matrix eigenvalue

equation for the phase constants of the TE- and TM-modes of a parallel-plate waveguide

with electric or magnetic walls, filled with an inhomogeneous dielectric medium (see

Fig. 4.1). In the following, the TE-mode case is considered first.

A.3.1 TE Modes

By eliminating the transverse field component Hx from (4.2a) and (4.2b), the

second-order partial differential equation

a2 2a
E (x,z) = _E (x,z) + koe2

T
(x)Ey(x,z)

aZ2 Y aX 2 Y

(A3.1)

is obtained for the transverse electric field E of a TE mode where ko = 27ca0 is the

free-space wave number. In addition, Ey fulfills Dirichiet or Neumann boundary

conditions for magnetic or electric walls, respectively. For time-harmonic solutions of

the form exp(jwt) and with all spatial quantities normalized with respect to k0, the

partial differential equation given in (A3.1) reduces to the eigenvalue equation

R2
gi.E (Ey) = Ey

ko

where the linear operator SrE is defined as

a2

gTE Er(x)
aX 2

(A3.2a)

(A3.2b)

Applying the method of moments [14], the functional eigenvalue equation (A3.2)

is converted into a matrix eigenvalue equation by first expanding the eigenfunction Ey

in a set of basis functions which are defined in the domain of the operator gTE.
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Next, a suitable inner product <f,g>n with weighting function IC is specified for gm and

the given boundary conditions. As a final step, the inner product of the eigenvalue

equation with a set of testing functions cin is taken, where the testing functions are

defined in the range gm. This procedure results in the matrix eigenvalue equation

where

DV = /32 EV
ko

Dmn = <Cm,gm(n)>

E. = <L,4n>

(A3.3a)

(A3.3b)

(A3.3c)

and V is a column vector with the expansion coefficients Vn as elements.

A suitable inner product for the eigenvalue problem considered here can be

defined as

<f,g >7 = ffgdx (A3.4)

where the weighting function is taken as n=1. It is easily shown that this choice of the

inner product makes the operator gm with Dirichlet or Neumann boundary conditions

self-adjoint. For the particular choice = = (Galerkin's method), and expansion

functions On given by (2.5a) or (2.5b,c), the matrix eigenvalue equation (A3.3) reduces

to

DV = /32

IcO

Here, the elements of matrix D are given as

(A3.5a)
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Dmn = P. kc(n) onm (A3.5b)

where 13mn has been defined in (4.6c), k2 is given in (2.5b), and S. is the Kronecker

delta. It can be seen that for this particular choice of expansion functions in the method

of moments, the matrix eigenvalue equation given in (A3.5) is identical with the matrix

eigenvalue equation (4.9a) obtained from the generalized telegraphist's equations.

A.3.2 TM Modes

Similar to the TE-mode case, the second-order partial differential equation

a2
H (x,z) = c

(
a 1 a 2

H + ko er Hy
aZ2 Y

tax e axr

(A3.6)

for the magnetic field component Hy of a TM mode is obtained by eliminating the

transverse field component. Ex from (4.3a) and (4.3b). For time-harmonic solutions of

the form exp(jcot), and with all spatial quantities normalized with respect to the free-

space wavenumber k0, the partial differential equation given in (A3.6) reduces to the

eigenvalue equation

(Hy) =

where the linear operator Vivi is defined as

gTM

R2
Hy

Y

Er(x)
a a

rax er(x) ax

(A3.7a)

(A3.7b)

Analogous to TE modes, a suitable inner product with weighting function IC = 1 /fir is

given for the TM-mode case by



W

<f,g>,,, = ji..._
1 fgdx

0 Er
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(A3.8)

With the inner product defined in (A3.8), the operator gTm with Dirichlet or Neumann

boundary conditions is self-adjoint as can be shown by repeated application of

integration by parts.

In a Galerkin solution with the expansion and testing functions On given by

(2.5a) or (2.5b,c), a matrix eigenvalue equation of the form (A3.3) is obtained with

D.

and

E.

where Q. is given by (4.7c).

8mn Qmn

= fwdX
E

OmOn
0 r

(A3.9a)

(A3.9b)
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A.4 Characteristic Equations for TE- and TM-Modes in Bounded
and Unbounded Step-Index Dielectric Slab Waveguides

In this appendix, the exact characteristic equations for the phase constants of

TE- and TM-modes of a step-index dielectric slab waveguide and of the corresponding

parallel-plate configurations with electric and magnetic walls are given. The waveguide

configuration is shown in Fig. A4.1.

2w

2d n2

AP' AI 41/ AMP' APIr
APP` Ar Ardigr 4VAIAITIF 4/

n 2

Fig. A4.1 Bounded and unbounded step-index dielectric slab waveguide configuration.

Since the waveguide structure shown in Fig. A4.1 is symmetric with respect to the

center line, the TE and TM modes of the waveguide can each be grouped into even and

odd modes. The resulting characteristic equations for the phase constants can be

obtained with the transverse resonance method, and are summarized in Table A4.1 for

convenience. The type of wall (EW or MW) that can be inserted at the center line

without disturbing the field of an even or odd mode, is included in parenthesis. The

two parameters arising in the characteristic equations given in Table A4.1 are defined

as

k =

and

nik(23: - 02 2 2
ko (I) 110E0

(A4.1)

(A4.2)
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Table A4.1 Characteristic equations for symmetric, bounded and unbounded step-
index dielectric slab waveguides.

tan(kd) =

Open Structure EW MW

TE

even
(MW)

a
k

1 coth(aw) L. tanh(aw)
k

odd
(EW)

k
a

k tanh(aw)
a

-_k coth(aw)
a

TM

even
(EW)

n2 a
1

2
1 tanh(aw)
a 2

n
1
a

coth(aw)
2

n2 k n2 k
2

n2 k

odd
(MW)

n2 k2 n
2
k2 coth(aw)

n
2

k2 tanh(aw)
n2 a

1
n
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A.5 Scattering Parameters for a Step Discontinuity in Potential

In reference to (5.5)-(5.7), the modal expansions of the wave functions on both

sides of the junction only differ in the phase constants Iclv)(n) (v=1,2; n=1,2,3,...) due

to the difference in potential energy. Since no geometrical discontinuity exists at a

potential step junction, the overlap integrals given in (5.9e) are zero for two different

modes (matrix C=I). Hence, no inter-mode scattering or mode coupling but only intra-

mode scattering occurs at a potential step discontinuity. The generalized scattering

parameters of this step junction become diagonal matrices and, in reference to (5.10a-e),

are given by

where

1 -r 2 lr7
S S

1 + ri 1 + ri

2 r.
S21(l,i) S22(i,i)

1 + ri 1 + ri

(A5.1)

lc,
(2)

(i)
ri = i=1,2,3,.... (A5.2)

kZl,(i)
,
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A.6 Generalized Scattering Matrix of Cascaded
Potential Step Discontinuities

To calculate the GSM of a composite waveguide section with altematingly

cascaded potential step junctions and uniform waveguide sections, the generalized

ABCD-matrix [82] denoted by T, and defined as

(A6.1)

is utilized. The generalized ABCD-matrix T P for a potential step junction is given as

where

TP =

1 1 + r.Aii =

[A B

C

D]

Bii

Dii

(A6.2)

(A6.3)

For a uniform waveguide section, the generalized ABCD matrix Tw, defined correspond-

ing to (A6.1), is found as

Tw =
0 P

(A6.4)

The generalized ABCD-matrix T of a composite structure consisting of N altematingly

cascaded uniform waveguide sections and potential step junctions can now immediately



be obtained by multiplying the individual ABCD-matrices in the given order:

T = H(Tiw Tr)
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(A6.5)

Finally, after simple matrix manipulations, the GSM of the composite structure is

obtained from its generalized ABCD-matrix representation as

[Sll S12

S21 S22

CA-1

A-1

D -CA-1B

-A-1B
(A6.6)


