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QUASI-TEM AND FULL WAVE NUMERICAL METHODS

FOR THE CHARACTERIZATION OF MICROSTRIP DISCONTINUITIES

1. INTRODUCTION

The process of high frequency integrated circuit design depends

heavily on software tools. Before the manufacturing process it is

most desirable to characterize the circuit structure in terms of its

physical parameters such that a specified electrical performance is

realized in an optimum sense. Deviations from desired performance

parameters can be accounted for by changing certain geometries after

fabrication of microwave integrated circuits (MICs). This, however,

results in additional costs and is not practical for monolithic

microwave integrated circuits (MMICs) where dimensions are small and

certain structures remain inaccessible once the chip is manufactured.

High costs for the fabrication of MIC and MMIC prototypes dictate a

heavy dependence on accurate computeraided design (CAD).

A large number of techniques to model passive as well as active

structures have been developed in the past. Passive structures like

striplines, parallel striplines in a multilayered medium, crossing

striplines and various types of resonators have been characterized for

quasistatic and high frequency operation. Discontinuities in strip

width and direction are known as Tjunctions, right angle bends, open

circuits and gaps, for example. These structures are modeled in terms

of a multiport consisting of equivalent lumped elements for quasiTEM

propagation or network parameters like impedance matrix or scattering

matrix for hybrid field analysis. With decreasing dimensions in MICs
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and higher operating frequencies, hybrid mode solutions become pro

gressively important. In addition, closely spaced circuit elements

can no longer be treated as isolated components. Electromagnetic

coupling phenomena including surface waves and radiation effects

demand an accurate analysis of high density circuits. Investigations

of coupled discontinuities has been given little attention in the

past. Due to recent advances in microwave and millimeter wave hybrid

and monolithic circuit techniques, a development of computeraided

modeling tools for coupled discontinuities in a high density environ

ment is essential for a successful design. Currently, a large number

of research activities in the CAD area of MMICs are directed towards

the analysis and improvement of discontinuity models since the "inade

quacy of the modeling of junctions and discontinuities in transmission

structures has been recognized as one of the key bottlenecks in

microwave/mmwave CAD." Present techniques for rigorous fullwave

treatments of boxed microstrip structures require intensive computa

tion times. Therefore, a development of accurate high speed tech

niques for the analysis of passive components is a necessity for cost

effective (M)MIC design.

Figure 1-1 shows various single and coupled microstrip disconti

nuities that can be characterized with the methods presented in this

work.
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ES= LEE=

Figure 1-1. A class of microstrip twoport and fourport
discontinuities.
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2. ASSUMPTIONS

In this work microstrip lines on single and doublelayered

dielectric interfaces are considered. All metallized surfaces are

assumed to be of zero thickness. Dielectric layers are homogeneous,

isotropic and nonmagnetic. Conductor losses as well as dielectric

losses are zero.

For the electromagnetic field quantities a phase variation of the

form exp(jwt ft) is assumed. In the second part of this work geome

tries and frequencies were chosen such that only the fundamental

microstrip mode propagates on the associated microstrip lines.
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3. QUASI-STATIC ANALYSIS

3.1 Introduction

In the past, different methods have been developed for modeling

planar microstrip discontinuities. Theoretical results based on

quasistatic calculations together with experimental data are used to

derive mathematical formulas which lead to fast computation times of

discontinuity parameters [1-22]. In early papers, the discontinuity

parameters were obtained from a subtraction of two almost equal

numbers which resulted in large errors for the lumped elements in the

equivalent circuit of the discontinuity.

In 1972 Silvester and Benedek introduced an excess charge tech

nique which was applied to model a microstrip open circuit [5]. The

formulation allows the direct calculation of charge deviation caused

by the discontinuity and leads to a more accurate identification of

discontinuity parameters. Moreover, the excess method overcame the

limitations of previous methods which were restricted to finite length

strips and thus could not represent the actual situation in which the

strips extend so far from the discontinuity that they may be consid

ered as semiinfinite. The excess charge technique became a standard

for the computation of various discontinuity geometries. Subsequent

publications were concerned with the modeling of the capacitive effect

of microstrip gaps, step width changes, T junctions, crossings and

right angle bends [6,8]. In 1974 Gopinath and Easter applied the

excess technique to the evaluation of the corner inductance of a right

angle bend which seemed to be superior to the skin effect formulation
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"probably because current continuity through the discontinuity is not

always maintained" [12]. Since a wire grid model was used in the

expansion procedure of the moment method formulation results were

inaccurate and the method required large storage space.

About 8 years later Rao et al. [37] state that the wire grid

model is not well suited for calculating near field and surface

quantities. The quasistatic methods for calculating excess disconti

nuity parameter were improved over the years and in 1978, final

results for excess capacitances and inductances of various discontinu

ities were presented [17,18]. The major difference to earlier publi

cations was the use of higher order finite element expansion functions

over a rectangular domain. A skin effect formulation in conjunction

with a generalized matrix inverse technique was used to assure auxil

iary conditions such as the solenoidal property of the currents and

tangential current flow at edges of conductors.

In 1984 Mautz and Harrington [39,40] used the excess technique in

the evaluation of a microstrip via discontinuity. In contrast to the

previous method, integral equations are derived from the boundary

condition that the normal magnetic field be zero on the strip line

surface. The governing equation is solved by the method of moments

using pulse expansion functions on triangular patches.

An alternative technique in the evaluation of discontinuity

effects is the magnetic wall wave guide model [25] which is able to

predict frequency dependence within a limited range but does not

directly define an equivalent circuit model for the discontinuity.

The wave guide model is relatively straightforward to implement, but
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has its limitations when coupled discontinuities are to be considered.

The model replaces a microstrip line by a parallel plate waveguide

with effective geometrical dimensions and dielectric constant. The

modelwaveguide is then used in the analysis of the discontinuities.

Quasistatic results for the equivalent parameter of single

microstrip bend discontinuities have been published in the past.

However the results of various publications differ considerably for

the excess inductance. Due to this fact, the single microstrip bend

has been analyzed again. In the proximity analysis, use is made of

surface currents which is considered an improvement [37] as compared

to [20] where a wire grid was used to model currents in the disconti

nuity region.

The excess parameters are derived in the following for rectangu

lar geometries. For variable bend angle corresponding quantities have

to be used in vectorized form with associated dot product.

3.2 Single Bend

3.2.1 Equivalent Circuit

An equivalent circuit to model the microstrip right angle corner

has been suggested earlier [2]. The microstrip corner along with the

equivalent circuit model is shown in Figures 3la and 3-1b, respec

tively. The shunt capacitance accounts for the stray field at the

corner. The series inductances reflect the current crowding effect

associated with the corner region. Variable bend angle and chamfer

are assessed by the same equivalent circuit.
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3.2.2 Excess Capacitance

Consider the microstrip discontinuities shown in Figure 3 la. In

region a, a microstrip line runs parallel to the z axis from z = to

z = za. In region c, a microstrip line runs parallel to the x axis

from x = xc to x = Go. The lines in region a and region c are con

nected through a right angle bend section in region b. All strips of

width W and height H over a ground plane are mounted on a substrate

with relative dielectric constant fr.

The excess capacitance is defined by

where

Qe
Ca = lim u

la

lc

(3.2.1)

Qe Q la Qa ic Qc (3.2.2)

The excess charge Qe is decomposed into Q, the total charge on the

striplines for (la < z, lc > x) and the discontinuity region and the

charge contributions la Qa, 1c Qc. Qa corresponds to the charge per

unit strip length on strip a that would be required to raise strip a

to the potential U if the stripline in region c and the discontinuity

in region b were absent and if strip a extended to infinity in the z

direction. Similarly, Qc is the charge per unit length on strip c

that would be required to rise the potential on strip c to U if strip

a and the discontinuity were removed and strip c extended to infinity

in the x direction.
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For la and lc sufficiently large, the charges per unit length on

strip a and strip c approach Qa and Qc respectively as the observation

point is moved away from the discontinuity region b.

The excess charge is derived from an integral equation which is

formulated by making use of the excess charge technique [5,39]. The

definition of the charge in (3.2.2) implies

Q =J q dS

Qa = Jgadx

Qc =
J

qc dz

(3.2.3)

(3.2.4)

(3.2.5)

q is the surface charge density that exists on the metallized surface

S, qa is the surface charge density that would be required to raise

strip a to the potential U if strip c and the discontinuity region b

were absent and if strip a extended to infinity; qc is defined as the

surface charge density on strip c that would be required to raise

strip c to the potential U if strip a and the discontinuity region b

were removed and strip c extended to infinity.

In order to avoid the large numerical error due to the subtrac

tion in (3.2.2), q is expressed as

qe + qa , region a

, region b

qe + qc , region c

(3.2.6)
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The excess surface charge density qe in (3.2.6) exists on region a,b

and c. However, it approaches zero as the observation point moves away

from the discontinuity region b.

Substituting (3.2.3)(3.2.6) in (3.2.1) yields

C
e
=lU fq

e
dS (3.2.7)

Integral equations for qe, qa and q are obtained in the following.

Let

qa = qa

qa (la

= qc

q: qc

a) < Z < Za

Za < Z <

< X <

<x<co

Substitution of (3.2.8)(3.2.11) into (3.2.6) gives

q qe q:

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

Using (3.2.12), the governing equation for excess potential is written

as,

U(qe) = U U(q-a) U(4) (3.2.13)

The above equation is valid on the total metallized surface. To

improve the accuracy in calculating U(q-a) on region a and U(q+c) on

region c, substitute

qa qa qa on region a (3.2.14)

qc = qc qc on region c (3.2.15)



in (3.2.13) and utilizing the fact that qe and (lc raise the potential

on the striplines to U yields

U(qe) =

U(q:) U(q4) , region a

U(qe) U() , region b

U(qD U(q-e) , region c

11

(3.2.16)

Note, in (3.2.16) on regions a and c no fields are evaluated on the

source regions. The integral equation (3.2.16) is solved by first

expanding the excess charge as

N

qe = E aj Pj(e)
j=1

where Pj is the unit pulse function on triangle T3.

1 , r' on Tj
P (r') =

0 , otherwise

(3.2.17)

(3.2.18)

Next (3.2.17) is substituted into (3.2.16) and (3.2.16) is enforced at

the centroid of each triangular patch. The resulting matrix equation

of dimension N is written as

[P] [A] = [V] (3.2.19)

with Aj = a3 and P13 is the potential integral over the triangular

surface Tj evaluated at the centroid of T,. V; is the right hand side

of (3.2.16) evaluated at the centroids of Ti. Potential integrals in

P13 and V; are given in the Appendix. Once (3.2.19) is solved for the

coefficients a3, the excess capacitance is computed from (3.2.7).
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3.2.3 Excess Inductance

Consider the microstrip discontinuity in Figure 3la with geome

try and regions as defined for the capacitive case.

The excess inductance is defined by

(0 la 0a 1c 0c)

Le = lim (3.2.20)

The quantities 0 in (3.2.20) are defined in terms of the magnetostatic

problem in which the total current I flows from z = 03 on region a

through the discontinuity region b to x = co on region c. 0 is the

magnetic flux which passes through a loop formed by the portion of the

strips and discontinuity for which ( la < z, x < lc), the ground plane

and connecting lines at z = la and x = lc. The quantity 0a (0c) is

the magnetic flux per unit length of strip a (c) sufficiently far away

from the discontinuity. The flux is defined as

0 =
Js

B(J) n dS (3.2.21)

i

where S1 is the surface enclosed by the loop defined in the previous

paragraph. B(J) is the magnetic field due to the existence of J in

the presence of the ground plane, n is the unit vector normal to Si.

Expressing B in terms of magnetic vector potential and applying Stokes

theorem yields

0 =
J

A(J) dl (3.2.22)
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where C1 is the loop described in the paragraph that follows (3.2.20).

From the image method it can be concluded that the tangential compo

nent of the magnetic vector potential on the ground plane vanishes.

Far from the discontinuity the magnetostatic vector potential on strip

a (c) is entirely z (x) directed. Therefore the path of integration

along the ground plane and the connecting lines at z = la and x = lc

does not contribute to the flux which reduces Ci in (3.2.22). As has

been shown in [40], an expression for the flux can be derived as

0 =
1

A(J') J dS (3.2.23)

where J is the total current distribution on S, J is the current

density on the strip which is associated with the total current I, the

excess current is not part of J. The total current associated with

the excess current is zero.

In contrast to (3.2.23) the expression for 0 in terms of stored

energy is

0 =
1

A(J') J' dS (3.2.24)

For the computational implementation of the method, (3.2.23) leads to

a more efficient evaluation of the flux as compared to (3.2.24).

In order to dispose of the subtractions in (3.2.20), the current

J' is decomposed as follows

Jabc tle

where,

(3.2.25)



Jabc

Ja , on strip a , 00 < z < za

Jb , on region b , z > za , x < xc

Jc , on strip c , xc < x < co

14

(3.2.26)

J' approaches Ja and Jc far from the discontinuity on region a and c

respectively. The total current of Ja and Jc is I. Jb is any sole

noidal current density that assures continuous current flow from Ja on

line a through the discontinuity to Jc on line c and exists only on

the discontinuity region b.

Substituting Jabc for J in (3.2.23) and (3.2.25) for J' in

(3.2.23) yields

0 I J

Introducing

r
A(Jabc) Jabc

dS + 1
J'

A(J
e) Jabc dS (3.2.27)

the new variables

03 < Z <Ja = Ja Za

Ja Ja Za < Z < co

Jc < X < Xc

J+c = Jc Xc < X < co (3.2.28)

letting currents Ja and Jc extend to infinity

Ja Ja Ja

and

(3.2.29)

Jc = (3.2.30)

using (3.2.29) and (3.2.30), (3.2.26) is recast as

Jabc Ja Jb Jc (3.2.31)



Substituting Jabc in (3.2.27) by (3.2.31) and making use of (3.2.29)

and (3.2.30) yields

10= T A(J: + Jb + + Je) JadS

+ t A (J- + Jb + + Je) Jb dS

1

T I .c
A(-41-c Jb + J-a + Je) JadS

+ 1 A(Ja) J- dS
I

+ T f A(Jc) Jc dS
c

15

(3.2.32)

The sum of the last two integrals in the expressions for 0 are recog

nized as

la Oa + lc Oc (3.2.33)

Substituting (3.2.32) with (3.2.33) in (3.2.20) leads to the evalua

tion of the excess inductance without performing the subtractions in

(3.2.20) which enhances the accuracy of the method. After performing

the substitutions, the final expression for Le becomes

Le =
1

(f A(J+ + Je + Jb) dS
12 a

+ f
A(J-a + + Je + Jb) Jb dS

b

+ A(J-a J-c + Je + Jb) dS) (3.2.34)
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In order to compute (3.2.34) the excess current distributions Je

needs to be determined. The strip current Ja and Jc are obtained from

the standard moment method technique [60]. In evaluating the excess

current, triangular basis functions are used in the moment method

procedure. For excess calculations of a single discontinuity, this

approach has been used previously in [40]. The computation of Je is

outlined in the following.

Substituting (3.2.25) in the boundary condition that the magnetic

field be zero on the metallized surface S yields

nV X A(Je) = n.17 X A(Jabc) (3.2.35)

Due to the solenoidal character of Je there exists a scalar function u

such that [40]

Je = n X V, u(r) (3.2.36)

Construction of the moment solution of (3.2.35) is begun by expanding

u as

N

u = I E aj uj

j=1

(3.2.37)

whereu.areexpansionfunctionsonSand.a3 are constants to be

determined. The discontinuity region b and the truncated strip

regions a and c are modeled by triangular patches [38]. The triangles

are chosen such that none of them crosses the lines z = za and x = xc.

Each triangle is either entirely on strip a, entirely on the disconti

nuity region b, or entirely on strip c. Consider each triangle of

which one vertex is the ith interior node on S. Called (Tin, n =



1,2,...N1), these triangles encircle the jth interior node on S. The

set of these triangles is the domain of uj; uj is expressed in terms

of area coordinates ej, associated with the vertex of Tin

u3 = ej,

If Jj is the expansion function for Je associated with uj then

Jj = n X Vs uj(r) =
lin

on Tin , n = 1,27...N.
2Ain

17

(3.2.38)

(3.2.39)

where 1
jn

is a vector whose length is the length of the side of T
jn

opposite the jth interior node on S. An is the area of the triangle

T
jn

on S.

Testing (3.2.35) with uk on S yields

J
uk nV X A(Je) dS = uk nV X A(Jabc) dS

Using Stokes' theorem [40], (3.2.40) is converted to

Jk A(Je) dS = f Jk A(Jabc) dS

(3.2.40)

(3.2.41)

The right hand side (RHS) of (3.2.41) is replaced by a form which is

more suitable for calculation. Let the RHS of (3.2.41) be

R = Ra + Rb Rc (3.2.42)

where Re, Rb and Rc are the RHS of (3.2.41) evaluated over the region

a,b and c respectively. After substituting (3.2.31) in (3.2.42) and

making use of the fact that the normal magnetic field on a line with

the removed discontinuity is zero, the following expressions are

obtained
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Ra = f Jk A(J: + Jb
a

J+c) dS (3.2.43)

Rb = f Jk Ap-a + Jb dS (3.2.44)

Rc = f Jk A(J-a + Jb J-c) dS (3.2.45)

Note that in (3.2.43) and (3.2.45), the points of evaluation are free

of source currents which enhances the accuracy of the solution. The

following linear system results from the testing procedure in the

moment method:

[P] [A] = [V] (3.2.46)

where A represents the unkonwn coefficients in the expansion (3.2.37).

Matrix elements are given by

=

NL

[A(JO]mk
m=1

k = 1,2,...N

1 = 1,2,...N
(3.2.47)

where the superscript mk denotes evaluation at the centroid of Tmk and

with

Ni

1.60 1[A(JOrk = gi E w-- G(mk,n1)
n=1 mni

G(mk,n1) = in, f
ds'

n 1

ds'

lek r'l Irmk r"1

(3.2.48)

(3.2.49)

where r' is the position vector of the differential element of area

ds', r" is the image of r' about the ground plane, and rmk is the

radius vector to the centroid of Tmk. Expressions for the integrals
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in (3.2.49) have been developed in [38]. The RHS of (3.2.46) is given

by

where

Nk
1

1 mk r 11 mkVk = -T L LAltlaben (3.2.50)

m=1

[A(Jabd]mk = [A(J: + Jb JD]mk

= [A(J; + Jb JDrik

[A(ja Jb

Jb is expressed as

I 1 bn

Jb 2 A
bn

on region a

on region b

on region c (3.2.51)

on Tbn, n = 1,2,...,NN,1 (3.2.52)

where Abn is the area of Tbn and lbn is a vector that is independent of

position on Tbn. The normalized vector potential due to Jb is com

puted from

NN+1

k /10
A(Jbr/I = gi E G(mk,bn)

n=1 ^Ibn
(3.2.53)

where NN,1 is the number of triangles on which Jb exists.

In (3.2.53), G(mk,nl) is given by (3.2.49) where lbn is defined

such that a continuous current flow from strip a through the disconti

nuity to strip c is maintained. Expressions for the integrals in

(3.2.51) are given in the Appendix.

Once the excess current is determined from (3.2.46), the excess

inductance can be computed from (3.2.34).



20

3.3 Coupled Bends

3.3.1 Equivalent Circuit

In order to incorporate coupling effects between the microstrip

bend discontinuities shown in Figure 3-2a, an equivalent circuit is

suggested in Figure 3-2c [23]. The coupled bends represent a four

port with one symmetry plane and their characterization requires the

determination of six model parameters. Bends with variable angles can

be described by the same equivalent circuit. The coefficients of the

excess capacitance and excess inductance matrix are related to the

circuit parameter of Figure 3-2c by

C1 Cl le C12e

C2 C22e C12e

Cm = C12e

L1 = file

L2 = L22e

Lm = L12e

3.3.2 Excess Capacitance Matrix

(3.3.1)

Consider the two closely spaced microstrip discontinuities shown

in Figure 3-2a. In region a, two uniform coupled lines run parallel

to the z axis from z = (0 to z = za. In region c, two uniform coupled

lines run parallel to the x axis from x = xc to x = co. The lines in

region a and c are connected through right angle bend sections in

region b. All strips of width W and height H over a ground plane are
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mounted on a substrate with relative dielectric constant cr. The

excess capacitance matrix is defined by

where

()el

Qe2

()el

Qe2

=
lirn
lc

=

l

lin

a

lc

Mlle

C21e

i co

C12e

C22e

(Q1

(Q2

la

la

U2

Qal

Qa2

lc Qc1)

lc Qc2)

(3.3.2)

(3.3.3)

The excess charge Qa = Qe2) on conductors 1 and 2 is decomposed

into Q = (Q1,Q2), the total charge on conductors 1 and 2 for (la < z,

lc > x) and the charge contributions la Qa and lc Qc. Qa corresponds

to the charge per unit strip length on the uniformly coupled transmis

sion lines in region a that would be required to raise strips 1 and 2

to the potential U = (U1,U2) if the striplines in region c and the

discontinuity in region b were absent and if the coupled strips in

region a extended to infinity in the z direction. A similar defini

tion holds for Qc. The excess capacitance matrix in (3.3.2) can be

computed by applying successively two voltage vectors U, (U1,U2) =

(1,0), (U1,U2) = (0,1). The corresponding excess charges are derived

from an integral equation which is formulated by making use of the

excess charge technique [5]. The definition of the charges in (3.3.3)

imply



Qi = J qi dSi

Qai = qai dx;
J

Qci = qci dzi
J
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(3.3.4)

(3.3.5)

(3.3.6)

q = (q1,q2) is the surface charge density that exists on the metal

lized surface S, qa = (qapcla2) is the surface charge density that

would be required to raise the striplines in region a to the potential

U = (U1,U2) if the striplines in region c and the discontinuity region

b were absent and if the strip lines in region a extended to infinity.

A similar argument holds for qc = (a a lc2)

In order to avoid the large numerical error due to the subtrac

tion in (3.3.3), qi is expressed as

=

, region ai

, region bi

, region ci

(3.3.7)

The excess surface charge density qej in (3.3.7) exists on region ai,

bi and ci. However, it approaches zero as the observation point moves

away from the discontinuity region bi.

Substituting (3.3.4)(3.3.7) in (3.3.3) yields

Qe1 gel dS1

Qe2 = de2 dS2
J

Integral equations for q, are obtained in the following. Let

(3.3.8)

(3.3.9)



q:, = q8,

q:, = qa,

qci = qci

co < Z < Za

Za < Z < co

oo < X < Xc

crci = (lc; , xc < x < co

Substitution of (3.3.10) through (3.3.13) into (3.3.7) gives

qi qa;
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(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

Using (3.3.14), the governing equation for the excess potential is

written as

U(qe) = U U(qa) U(strc) (3.3.15)

The above equation is valid on the total metallized surface. To

improve the accuracy in calculating Iii(qa) on region al and U,(q1) on

region ci, substitute

qa = qa q:

q±c qc qc

on region a (3.3.16)

on region c (3.3.17)

in (3.3.14) and utilizing the fact that (la and qc raise the potential

on the striplines to U yields

Ui(qe)

U;(40

Ui Ui(q;)

Ui(q;)

Ui(q:),

region a;

region ID,

region ci

(3.3.18)

Note in (3.3.18) on regions a; and ci no fields are evaluated on

source regions. In order to alleviate storage requirements, (3.3.18)

is evaluated iteratively, at step n the excess potential on strip 1 is
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Ui(clei(n+i))

U1(c1:) U1(cle2n),

Ul Ui(qa) Ui(q+c) U i( a .e2n)

Ul(qc) UINTO U1(ge2n),

region al

region b1

region cl

(3.3.19)

On strip 2, (3.3.19) applies with subscript 1 and 2 exchanged. The

excess charges in (3.3.19) are expanded in a moment solution over a

triangular region.

Ni

%in E aijn Pi;
j=1

Substituting (3.3.20) in (3.3.19) and enforcing (3.3.19) at the cen

(3.3.20)

troids of the triangular patches on S results in a linear system of

the form

P1 A 1(n+1) = V1 R2n

P2 A2(n+1) = V2 Rln

(3.3.21)

Pikl represents the potential integral over the triangular patch Til

evaluated at the centroid of Tik, Ai(n+01 = ail(n .1) where aijn is defined

in (3.3.20). The RHS of (3.3.21) is given by the RHS of (3.3.19),

again evaluated at the centroids of Tik. The RHS of (3.3.21) is

partitioned into V and R which allows an efficient numerical treat

ment. R1n, for instance, represents the part of the RHS of (3.3.19)

which corresponds to the integral over the triangular patch of the

excess charge on conductor S2 at the nth iteration. Rin accounts for

the coupling between the bends and needs to be updated at each itera

tive step. V, corresponds to the remaining portion of the RHS in

(3.3.19) and is computed once at the beginning of the algorithm
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together with the matrix Pi in (3.3.21). Pi is stored in a suitable

array in its LU decomposed form which is applied to subsequent itera

tions. Rin is obtained from a multiplication of the solution vector A

with a potential vector that again is computed once at the beginning

of the algorithm. Application of the iterative procedure as outlined

above leads to a reduction of storage requirements by a factor of two

as compared to the direct evaluation of (3.3.18).

The potential integrals that occur in the evaluation of P, V and

R in (3.3.21) are given in the Appendix.

3.3.3 Excess Inductance Matrix

Consider the microstrip discontinuity in Figure 3-2b with defined

regions aoboci.

The excess inductance matrix is defined by

where

0e2

I-11e

L2le

I-12e

L22e

I1

12

(3.3.22)

0e1 (01 la 0a1 lc Oct)1iM- 03

1 03

C6e2 = iM (02 la 0a2 lc Oct
1a

lc -* (3.3.23)

The quantities 0 in (3.3.23) are defined in terms of the magnetostatic

problem in which the total current I = (I1,I2) flows from z= on

region a through the discontinuity region b to x = on region c. Oi



26

is the magnetic flux which passes through a loop formed by the portion

of the strips and discontinuity for which (la < z, x < la), the

ground plane and connecting lines at z = la and x = lc. The quantity

0a.; ((kJ) is the magnetic flux per unit length of strip ai (ci) far from

the discontinuity. An expression for the flux 01 on conductor 1 and

02 on conductor 2 can be derived in the same manner as was done for

the single microstrip bend in section 3.2.3. The flux on conductor 1

due to the current distributiom on conductor 1 in the presence of

conductor 2 is referred to as 011, the flux on conductor 1 due to the

current distribution on conductor 2 is referred to as 6 12' A similar

argument holds for conductor 2. For the flux 01 = 0
11 012 and 02

021 + 0221 the following expressions can be derived

011 = 1 f AND J1 dSi (3.3.24)

012 = 1 AND J1 dS1 (3.3.25)

021 = f WI) J2 dS2 (3.3.26)

022 = 1 f A(J2 ) J2 dS2 (3.3.27)

where J1 is the total current distribution on strip i, Ji is the

current distribution on strip i which is associated with the total

current Ii; the excess current is not part of Ji. The total current

associated with the excess current is zero.

In order to dispose of the subtractions in (3.3.20) the currents

J1 and J2 are decomposed as follows



Jiabc

where

= Jbi , on region bi

{

Jai , on strip ai

Jiabc

Jci , on strip ci

, 00 < z < zb

, zb < z, x < xb

, xb < x < co
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(3.3.28)

(3.3.29)

Jai and Jci are asymptotic values of the current densities that

approaches as we go far from the discontinuity on strip ai and ci,

respectively. The integral of Jai and Jci over the strip width is

referred to as the total current of Jai and Jci, respectively. The

total current of Jai and Jci is Ii. The total current of Jet is zero.

Jbi is any solenoidal discontinuity current density that assures

continuous current flow from Jai on line ai through the discontinuity

to Jci on 1 ine ci, and exists only on the discontinuity region bi.

Substituting Jiabc for Ji in (3.3.24)(3.3.27) and (3.3.28) for in

(3.3.24)(3.3.27) yields

011

012

021

022

=

=

ji

1

1

j
2

I

A(Jlabc+Jel) Jlabc dS1

A(J2abc +Je2) Jlabc dS1''

dS2f A(Jlabc+Jel) J2abc

f A(J2abc+Je2) J2abc dS2

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

Introducing the new variables



Jai Jai

Jai Jai

Jci = Jci

Jci Jci

'1;41 'Ial

Jal

J++c1 Jcl

Jc1

Jal

Jcl

co < Z < Za

Za < Z < co

--co < x < Xc

Xc < X < co

Zb < Z < co

, a) < Z < Zb

Xb < X < co

W < X < Xb

letting Jai and Jci approach infinity leads to

and

Jai -Jai Jai -Jai J+ai

Jci = J+c+, = J+c,

using (3.3.35) and (3.3.36), (3.3.29) is recast as

Jiabc = Jai Jbi = Jai Jbi Jci

Substituting J iabc in (3.3.24) and (3.3.25) by (3.3.37)

of (3.3.34) yields

1
On. = fal A(J:+1 + Jbl

J+c+1 Jel) Jai CISi

1

1

1

1

+
b

1

A (Jc]:
c
1

.1. A(Jal) Jalal
Z<Za

28

(3.3.34)

(3.3.35)

(3.3.36)

(3.3.37)

and making use

Jbl J+c+1
Jei) Jbi dSi

Jbl

Ii
A(Jai)

al
Za<Z<Zb

Jal

+ Jel) Jcl dSi

1
dSi +

Ii Jci R A') Jc1 dSi

X>Xc

dSi +
1
I

1 c

A(Jci) Jci dSi

Xb<X<X (3.3.38)
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012 jt fal A(-J-1-a2 J132 + J+c2 + Jed Jal dSi

f A(J- b2 c2 + Jed Jbl dS1
2T- a

bl

+
1

k -"c 2 ' -b2 -a2 -e2/ Jci dS1
1 c1

f

+ (

1

-1 A(Ja2) Jal dS1 + f A(Jc2) Jc1 dS1
1

j ai 1 c
1

Z<Za X>Xc

+ 11 f
A(Ja2) Jal dS

1
+

ai 1
A(Jc2) dS1fc

1

za<z<zb xb<x<x (3.3.39)

The last two integrals in the expressions for On and 012 are combined

to give

la 40 + lc
C6c1

(Zb Za + Xc Xb) (Lnw + L12w) (3.3.40)

where L11, and L12, represent the inductance coefficients per unit

length of the uniform coupled microstrip lines far away from the

discontinuity. Oat and 0c1 are defined in the paragraph that follows

(3.3.23).

Substituting Jiabc in (3.3.26) and (3.3.27) by (3.3.37) and making

use of (3.3.34) yields

022 = fa21 A(-J+2 Jb2 J+c2 + Jed J a2 dS2

1

A(Ja2 .-1b2 J+c2 + Jed Jb2 dS2
2 b2

-2- fc J-2 Jed Jc2 dS2
2

+
2

f A(Ja2) Ja2 dS2 I2
Jc2 dS2 (3.3.41)

a
2

2 c
ANc2

2

)
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021 = fa2 A(J++ai + Jb1 + Jcl + Jel) Ja2 dS2

Jbl + J+c 11 + Jel) Jb2 dS2
2

Jbl + JT1 + Jel) Jc2 dS2

C2

2
j

a
A(Ja1) Jae dS2

I2

Jc2 dS2 (3.3.42)

2
2 c2

The last two integrals in the expressions for 022 and 021 are combined

to give

la 0a2 + lc 0c2 (3.3.43)

0a2 and 0c2 are defined in the paragraph that follows (3.3.23).

Now the excess flux in (3.3.22) can be computed without perform

ing the subtractions in (3.3.23) which enhances the accuracy of the

method. Expressions for the excess flux

0e1 = 0e11 + 0e12 (3.3.44)

0e2 = 0e21 + 0e22 (3.3.45)

are summarized as follows

cell I1
ja A( Jai + J++cl + Jel) Jal dSi

+ f k Ja 1+ Jbl + J++ + Jel) Jbl dS1
1

j Jbl + J-a-1 + Jel) dSi
1 cl

+ (zb Za + Xc xb) Lnw (3.3.46)



Oe12 jai A(--J+a2 Jb2 ji-c2 +
e2) Jai dSi

fbi
a2 + b2 + c2 + Jed dS1

+ A(-J + J + + J 2) Jci dS1
i

c1
c2 b2 a2 e

0e22

0e21

+ (Zb

j2 fa A(Ja2 +

2

+
1

2

A(J+al12 fa+

Za Xc

J132 + Jc2

A(ra2
b
2 -_A

'
c
2

Jc+1

Xb) L12w

Je2) Ja2 dS2

Jb2 J+c2 + Jed Jb2 dS2

1)2 " e2/
Jc2 dS2

Ja2 dS2

1

r- f AR-1 Jbl Jc+1 Jel) Jb2 dS2
2 b

2

r
+ 1ra1 + Jel) Jc2 dS2

2 c2

The comparison of (3.3.46)-(3.3.49) and (3.3.44)-(3.3.45) with

(3.3.22) leads to the identification of the inductance coefficients
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(3.3.47)

(3.3.48)

(3.3.49)

Oen.

dell jl

0e12

Le12

0e21

Le21 12

0e22

Le22 I2

(3.3.50)

(3.3.51)

(3.3.52)

(3.3.53)
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By reciprocity, (3.3.51) and (3.3.52) have to be identical which

provides a means of checking the formulation.

In order to compute (3.3.46) through (3.3.49), the excess current

distribution Je needs to be evaluated. In the following, integral

equations for Je are derived.

Substituting (3.3.28) in the boundary condition that the magnetic

field be zero on the metallized surface S yields

nV X A(Jal Je2) nV X A( J2abc) (3.3.54)

Due to the solenoidal character of Jet, there exists a scalar function

ui such that [40]

Jet = n X Vs u; (r) (3.3.55)

Construction of the moment solution of (3.3.54) is begun by expanding

u. as

NI;

= E aji uj;

j=1
(3.3.56)

where uji are expansion functions on strip i and aji are constants to

be determined. The discontinuity region bi and the truncated strip

regions aoci are modeled by triangular patches. The triangles are

chosen such that none of them crosses the lines z = za and x = xc.

Each triangle is either entirely on strip ai, or entirely on the

discontinuity region or entirely on strip ci. Consider each triangle

of which one vertex is the jth interior node on Si. Called (Tjni, n =

1,2,...,N31) these triangles encircle the jth interior node on Si. The

set of these triangles is the domain of uji. uji is expressed in terms

of area coordinates ern; associated with the vertex of Tin;



= e.
Jn1
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(3.3.57)

If J
ji

is the expansion function for J0 associated with up then

1 jni

.JJ. = n X V, uji(r) =
2 A

on Tim , n = 1,2,...,Nji (3.3.58)
jni

where 1
jni

is a vector whose length is the length of the side of T
jni

opposite the jth interior node on Si. Ajni is the area of the triangle

Tini on Si.

Testing (3.3.54) with uk, on S1 and uk2 on S2 yields

J Liu nV X JelAl( + Je2)dS, f Uk1 nV X Al (Jlabc J2abc) dSi (3.3.59)

f uk2 n X A2(Jel Je2)dS2 Uk2 nV X A2(Jlabc J2abc) dS2 (3.3.60)

Using Stokes' theorem [40] (3.3.59) and (3.3.60) are converted to

J
Jki (Jei Je2) d$i = Jkl. Al (Jlabc J2abc) dS1

J
Jk2 A2(Jel Jed dS2 = f Jk2 A2(Jlabc J2abc) dS2

(3.3.61)

(3.3.62)

The RHS of (3.3.61) is replaced by a form which is more suitable for

calculation. Let the RHS of (3.3.61) be

R1 = Rai + Rbl Rcl (3.3.63)

where Rai, Rbi, and Rcl are the RHS of equation (3.3.61) evaluated over

the region al, bl and cl, respectively. After substituting (3.3.37)

and (3.3.34) in (3.3.61) and making use of the fact that the normal

magnetic field on two uniform coupled lines with the discontinuity

removed is zero, the following expressions are obtained
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Rat Jkl A(J-1-a+1 J+a2 Jbl Jb2 J+c-41- J+c2) dS1 (3.3.64)

Rbl Jkl ra 2
+Jb 1 + Jb2 trc2) dS1 (3.3.65)

Rci = + J732 + Jbl Jb2 Jc-1 Jc2) dS1 (3.3.66)

Note that in (3.3.64) and (3.3.66) the integrations are performed over

source free regions which enhances the accuracy of the solution. The

RHS of (3.3.62) is decomposed in a similar manner and the result for

R2 = Ra2 Rb2 Rc2

is given by

(3.3.67)

Ra2 = -4 Jk2 A(-1/4-a2 J+a+1 + Jbl + Jb2 + ji-c+1 + trc2) dS2 (3.3.68)

Rb2 = 1. Jk2 A(Ja-1 + `Ia 2 + J bl + J 132 4. J-14c1 + je-c2) dS2 (3.3.69)

Rc2 .1 Jk2 A(Ja-1 4. "1 ;2 + Jbl + J132
..1-c1 .1;2) dS1 (3.3.70)

Again, the points of evaluation in (3.3.68) and (3.3.70) are free of

source currents.

The final form of the linear system which results from the

testing procedure in the moment method is given by

which

P11 P12

P21 P22
_

is solved

P11 A1(n+1)

P22 A2(n+1)

=

=

A1.
A2

iteratively,

V1

V2

P12

P21

V1

V2

A2n

A1n

(3.3.71)

at step n

(3.3.72)



with matrix elements

Nkl 1
-mlkl

Pk111 = L
{A(jii)imiki.

m1 =1

kl = 1,2,...,N1

11 = 1,2,...,N1
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(3.3.73)

where the superscript mlkl denotes evaluation at the centroid of Tmlkl

and

N11

[A(Junmlkl
= E A n:11

G(mlkl,nlll)
n -1

(3.3.74)

with G(mlkl,n111) given by (3.2.49). In (3.3.72) vectors Ai contain

the expansion coefficients of the basis elements as defined in

(3.3.56). Expressions for the potential integrals in (3.3.72) are the

same as for single structures and are given in the Appendix. The

remaining expressions in (3.3.72) are defined as

and

Nkl
2 mlkl

Pk112 L 2-1

kl = 1,2,...,N1
[A(Jidimiki-

12 = 1,2,-042

I
Nk2 1

Pk211 = jl E 2

m2k2

[A(J11)
]m 2k2

2 -1
n12-

Nk2
1

m2k2

Pk212 = L 2 {A( jioim2k2

Ill 2=1

Nkl

1

mlkl
2 [A(J labc J2abc )1

mlkl
V =

1
1 m1 =1

k2 = 1,2,...,N2

11 = 1,2,...,N1

k2 = 1,2,...,N2

12 = 1,2,...,N2

(3.3.75)

(3.3.76)

(3.3.77)

(3.3.78)



where

[A( Jlabc+J2abc

Nk2 1
m2k21

12 2

mlkl

[A(Jlabc J2abc )
m2k2

[A(J++ J12+ Jbl+ Jb2+ J+++ Jc+2)
mlkl

= {ART+ Ta2+ Jbl+ Jb2+ J:+1+ J+c2
nm1k1

[A( +J-a-1+ J-a2+ Jbl+ Jb2
jc2) mlkl
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(3.3.79)

on region a1

on region b1

on region c1

(3.3.80)

[A(Jlabc+J2abc)
m2k2

= [A( J+a2 J:+1 + J1314. Jb2+ racl+ J:2)im2k2 on region a2

= [A(J-ai+ J;2+ Jbl+ Jb2+ Jc++1+ J+c2)
m2k2 on region b2

mm2k2
[A(4-J-a-i+ Ta2+ Jbl+ Jb2 on region c2

(3.3.81)

The superscript in (3.3.80) and (3.3.81) denotes the evaluation at the

centroid of Tm,10.

Jbi is expressed as

1i
1 bni

Jbi 2 Abni
(3.3.82)

where Abni is the area of Tbni and lbni is a vector that is independent

of position on Tbni. The definition of lbni assures continuous current

flow from strip ai through the discontinuity region bi to strip c1.

The magnetic vector potential due to Jbi in (3.3.80) and (3.3.81) is

given by

go NN i +1
Awbomiki/

" ni=1

1

Abni
G(miki,nili) (3.3.83)
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Where G(mili,nili) is defined in (3.2.49). The vector potentials in

(3.3.80) and (3.3.81) are evaluated in the Appendix.

Once the excess current distribution is solved for in (3.3.72)

the excess inductance coefficients can be computed from

(3.3.50)(3.3.53).

3.4 Implementation

The algorithm was implemented in a Fortran program for the

computation of the discontinuity parameters for single and coupled

microstrip bend configurations. To maintain a high degree of flexi

bility, the computation is divided into two parts. Part one consists

of a program which generates the structural information about the

discontinuity and all other data, necessary for the complete charac

terization of the discretized geometry. The second part consists of a

program that solves the electromagnetic boundary value problem which

makes use of the data generated in part one. This allows one to

perform modifications of the geometry without changing the electromag

netic code.

An alternative algorithm which makes use of an adaptive grid

generation scheme was also implemented. The procedure was applied in

the computation of the excess inductance of a right angle bend. After

a description of the geometry and data structure both of the algo

rithms are described in the next section. However, the emphasis will

remain on the two step algorithm which was found to be more efficient

as compared to the adaptive procedure.
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3.4.1 Grid Generation

Various algorithms on automatic grid generation are published in

the literature [28-31]. Most of these algorithms are designed for

application in conjunction with a finite element method. Due to the

special treatment of the problem using the excess formulation, a

customized triangulation of the discontinuity region is necessary. In

order to minimize computing requirements it is desirable to generate a

grid with non uniform elements such that the element size becomes

smaller as the discontinuity region is approached. For the fixed grid

geometry this was accomplished by applying a division scheme which

makes use of a geometric series. The adaptive algorithm uses a local

error dependent element size.

3.4.1.1 Datastructure. Let NN be the number of nodes on S, where

S is the triangulated surface of the discontinuity and the truncated

strips. The triangles on strip a are called Ti, i=1,2,...,NTA, the

triangles on the corner region b are called Ti, i=NTA+1,NTA+2,...,NTB,

and the triangles on strip c are called Ti, i=NTB+1,NTB+2,...,NTC.

Let N be the number of interior nodes on S. An interior node of S is a

node not on any edge of S. NLA are the number of nodes on line a, the

line at z = za where strip a connects to the corner region b. The

number of nodes on line a is the same as the number of nodes on the

line c, NLC where region b connects to strip c. If the nodes of S are

numbered from 1 to NN, then the input variables X(I), Z(I) are,

respectively, the x and z coordinates of the Ith node on S.
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The node numbers of the vertices of the triangles on S enter the

program by means of the input array NNT. The first, second, and third

vertices of the Jth triangle are, respectively, the NNT(3*J-2) th node

of S, the NNT(3*J-1 )th node of S, and the NNT(3*) th node of S. Except

for the (NLA-1) corner triangles attached to line a and the first

(NLC-2) corner triangles attached to line c, the order of the vertices

of the triangles is arbitrary. A triangle is said to be a corner

triangle attached to line a if this triangle is on the corner region b

and if one side of it is a segment of line a. A similar argument hold

for a corner triangle attached to line c, the connection where the

corner region attaches to strip c. The first and second vertices of

each of the (NLA-1) corner triangles attached to line a must be on

line a. Moreover, the x coordinate of the second vertex must be

larger than that of the first vertex. The first and second vertices

of each of the first (NLC-2) corner triangles attached to line c must

be on line c. The z coordinate of the second vertex must be larger

than that of the first vertex. The order of vertices stipulated in the

previous sentences facilitates determination of the limits of integra

tion and signs for various integrals.

The array NTT serves to identify the (NLA-1) corner triangles

attached to line a and the first (NLC-2) corner triangles attached to

line c. The ith corner triangle attached to line a is the NTT(I)th

triangle defined by the array of node numbers NNT. Here,

I=1,2,...,NLA-1. The (INLA+1)th corner triangle attached to line c
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is the NTT(I)th triangle defined by the array of node numbers NNT.

Here, I=NLA, NLA+1, ... NB, where

NB = NLA + NLC 3 (3.4.1)

The arrays NJ, NTJ, NL1, and NL2 serve to define the expansion func-

tions Jj in (3.2.39) and the NB corner currents Jbj in (3.2.52). The

corner currents J
bj

are written as Jj, j=N+1, N+2,...N+NB, where J. is

given by (3.2.52). The integer NJ(j) is the number of triangles

covered by Jj. The nth triangle covered by Jj is the NTJ (M)th triangle

defined by the array of node numbers NNT where

j -1 , n = 1,2,...,NJ(j)
M = n + E NJ(k)

k=1
, j = 1,2,...,N+NB

If j=1, the sum of k is to be omitted from (3.4.2). On the nth

triangle covered by it, Jj is given by (3.2.39)

jn

2 A jn

, n = 1,2,...,NJ(j)

, j = 1,2,...,N+NB

(3.4.2)

(3.4.3)

where Ajn is the area of this triangle; 1 jn is the vector that extends

from the NL1 (M)th node of S to the NL2 (M)th node of S where M is given

by (3.4.2). The orientation of lin is such that all interior nodes on

S are encircled in a counterclockwise manner. The array NVBA identi-

fies those nodes on line a that fall on an edge of S. All nodes that

fall on an edge of S are stored in an array NVBC for use in the

algorithm for the automated recognition of varies identification

vectors.
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Now the objective is to automatically generate the triangle nodes

NNT, the node coordinates X,Z, the identification array NTJ for trian

gles which encircle interior nodes on S, the node numbers NL1 and NL2

which guarantee the counterclockwise direction of lip with respect to

the interior node j for triangle Tjn, the identification array NJ(j)

which stores the number of triangles that encircle the interior nodes

j, the identification array NTT which stores the corner triangles at

line a. The current J13 as defined in (3.2.52) is stored such that all

information necessary to characterize Jb is augmented to the arrays

NL1, NL2, NJ, NTJ, which facilitates the programming structure.

3.4.1.2 Fixed Grid Structure. Figure 3-3 shows the general

geometry of the discontinuity region with bend angle a and a chamfer

coefficient CH. The chamfer is defined by the percentage change in

length of the diagonal d=s+1, caused by cutting the edge of the

corner.

Any chamfer and bend configuration is derived from a right angle

bend with zero chamfer by applying a linear compression. Naturally,

this technique leads to the refinement of areas with large current or

charge density which equalizes the error distribution on the strip

surface S and therefore allows for an efficient evaluation of excess

parameters. Consider the horizontal portion of the symmetric bend.

In the x direction a uniform spacing is used. In the z direction a

subdivision scheme is applied which causes an increase in the grid

spacing away from the corner region by means of a geometric series.

An example of a discretized rectangular corner with all relevant
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quantities which have been defined in this paragraph is given in the

Appendix.

If a geometry with variable bend angle a and chamfer ratio CH is

to be considered only the coordinates of the nodes of the triangulated

surface S need to be changed. All other quantities are the same as

for the rectangular corner with zero chamfer, which is due to the fact

that all quantities are derived in terms of node numbers rather than

coordinates.

A geometry with bend angle a is derived from a geometry with bend

angle ao = 90° by a linear transformation of coordinates in the

discontinuity region. Now when the coordinates for the desired bend

angle are generated, further adjustments are made to account for the

specified chamfer ratio CH. This was done by a linear compression of

the coordinates in the bend region b. A zdependent stretch factor is

defined which acts on the nodes in the bend region b with respect to

suitably defined reference nodes.

Sample grid geometries are shown in Figure 3-4. The initial

rectangular bend with zero chamfer is depicted in Figure 3-4a.

Derived from this geometry is the zero chamfer bend with bend angle a

as shown in Figure 3-4b from which a different chamfer geometry can be

formed as is demonstrated in Figure 3-4c.

3.4.1.3 Dynamic Grid Structure. In the previous section an algo

rithm was described which generates the discontinuity geometry with

all relevant information necessary for the solution of the boundary

value problem which is solved in a subsequent step.
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In the adaptive algorithm [24] the grid is established iterative

ly. Starting with an initial set of surface current elements as is

shown in Figure 3-5, the excess currents are evaluated by enforcing

the normal magnetic field at the interior nodes of the defined trian

gular grid to be zero. In the next step, the local element error is

found by computing the residual flux through each triangular element.

Those elements with a flux density greater than some threshold are

refined by introducing an additional node at their center point

thereby forcing the local error to zero. An optimum triangular grid

is maintained in the sense of maximizing the minimum interior angle of

each triangle [32] with the constraint of maintaining the border

regions of areas a, b and c. This can be accomplished by applying the

circle criterion to neighboring triangles as is illustrated in Figure

3-6. Consider two triangles A and B. Let a circle pass through three

of the vertices of the quadrilateral which is formed by the triangles

A and B. If the fourth vertex of the quadrilateral is interior to the

circle, swap the common triangle side. If the fourth vertex is exteri

or to the circle do not swap the common triangle side. If the fourth

vertex is on the circle either triangulation can be used. Suppose

node C is introduced for refinement purpose, then the optimizing

scheme can be summarized as follows:

I. delete the triangle that contains node C and create

three new triangles.

2. consider successively each new created triangle and all

its neighbors and apply the circle test to their common

side if it is not a boundary of region a, b or c.
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3. repeat step two to all new created triangles and their

neighbors until no diagonal swap is performed.

Triangles for which one side falls on a border region require special

treatment. If the side on the border region is the maximum length of

the particular triangle then step one is modified as follows: delete

the triangle that contains node C and create two new triangles by

uniformly dividing the side which falls on the border line. Figure

3-7 shows the final grid for the excess current of a rectangular

microstrip discontinuity. Note that the deviation of the assumed

current from the actual current distribution is largest in the corner

region.

3.4.1.4 Comparison. For the adaptive algorithm the number of

elements required to obtain a converged solution is about a factor of

five larger as compared to the fixed grid generation which is due to

the fact that an optimum element size is maintained throughout the

discontinuity region. However, the moment method does not require the

elements to be of optimum shape in the sense as defined in section

3.4.1.3. This observation is supported by Figure 3-8 which demon

strates the convergence of the excess inductance of a right angle bend

with respect to the number of subsections on the microstrip line in z

direction. A microstrip line was assumed with a W/H ratio of 2, H =

0.5m and region a was chosen to be of length 5H. Ten subsections were

used in the x direction on region a. The solution can be considered

as converged for 8 subsections which yields a considerable reduction

of the matrix size as compared to the case where a uniform grid size
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were applied which would require 50 subsection in the z direction on

region a.

Since the adaptive procedure makes use of an iterative scheme a

number of boundary value problems have to be solved subsequently, each

step consisting of the evaluation of the excess current and the deter

mination of the residual error on each triangular element. Computa

tion times for the adaptive algorithm are about a factor of 12 higher

as compared to the fixed grid solution which requires only the solu

tion of one boundary value problem.

All results are generated by using the fixed grid generator due

to the superior computation times and storage requirements. However

for general geometries where a geometric series is not straight for

ward to apply the adaptive algorithm can be a competitive alternative.

3.5 Numerical Results

3.5.1 Single Bends

As an initial confidence test results for a symmetric right

angled bend are compared to previously published data for stripline

W/H ratios in the range of 0.5 to 2. A relative dielectric constant

of 12.9 was assumed for all cases.

Results for the excess capacitance obtained from this method are

compared to simulated results from [8,19] and to experimental data

[36] in Figure 3-9. The corner capacitance is normalized with respect

to the capacitance per unit length of the microstrip line and the

substrate height. The quasistatic simulations agree within less than

1% for W/H ratios between 0.8 to 2.. The excess capacitance derived
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from design equations in [36] deviates about 10% from the quasistatic

results. The relatively large difference can be explained by consid

ering the technique that was used to extract the static parameter from

measurements. This will be analyzed in detail for the inductive case.

A comparison of excess inductance is shown in Figure 3-10.

.Unlike the capacitive case major discrepancies prevail for the induc

tive results obtained from different methods [13,17,36]. Kirschning

[49] attributes the differences between the results obtained from [13]

and [36] to the fact that [13] is obtained from static calculations

whereas [36] is derived from statistical averaging from measurement

data in the frequency range of 2-14 GHz. In addition, he observed a

larger sensitivity of the error function in the identification process

for the capacitance. The minimum of the error function in [49] de

pends on the selection of the p parameter. Only for the limiting case

of a vanishing error function the minimum is independent of the p

parameter. Results therefore depend on the choice of p.

Results obtained from the present method and [13,17] are all

derived from the boundary value problem for static conditions. Howev

er, the present method makes use of various analytical manipulations

in order to increase the accuracy of the method. The decomposition

procedure for currents and the application of Stokes' Theorem leads to

the evaluation of integrals over source free regions on the strip

lines. In addition, the partial inductance of a semiinfinite line

1 f AW) J-

I2

(3.5.1)
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needs to be incorporated in the excess formulation if the striplines

are assumed to extend to infinity. This is due to the definition of

inductance which always has to be associated with a closed path. This

was done in the analytical development in section 3. In previous

publications, e.g. [13], the associated expression (3.5.1) was evalu

ated over a finite region. Since the magnetic vector potential A(J
+)

decays logarithmically, the upper limit for the integration in (3.5.1)

has to be chosen rather large which results in excessive computation

times. To demonstrate the behavior of A(J+) for various W/H ratios,

the vector potential A(J +) at the center of a microstrip due to a unit

current J' on a strip of width W = lm is plotted in Figure 3-11. The

current direction and the strip geometry are illustrated in the insert

of Figure 3-11. Note, for small W/H ratios, the decay of A(J is

rather slow which leads to unacceptable upper integration limits for

the numerical evaluation of the integration in (3.5.1). An analytical

expression was developed in this work (Appendix) to accurately incor

porate the contribution of (3.5.1) to the excess inductance. To

demonstrate the effect of truncating the integration in (3.5.1) the

excess inductance of the bend is plotted for two cases in Figure 3-12

for a strip with W/H = 2. Case 1 denotes the evaluation of the excess

inductance where the integration in (3.5.1) is performed to infinity

using the analytical formula. Case 2 denotes the evaluation of the

excess inductance where the integration in (3.5.1) is performed to an

upper limit z, where z denotes the distance away from the junction

plane T1. Excess currents are assumed to have decayed to a negligible

value at the distance z away from T1. For case 1 the convergence of
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the excess inductance is reached at -z/W - 5. For case 2, a rather

slow convergence behavior is observed which again, is due to the

inadequate truncation of (3.5.1) and leads to higher values for the

excess inductance.

Results for variable bend angle and chamfer geometries are illus-

trated for W/H ratios of 0.5, 1 and 2 in Figures 3-13 and 3-14 for the

capacitance and inductance computations respectively. Similar inves-

tigations have been done previously by Anders and Arndt [20] who used

line currents in the moment method which corresponds to a wire grid

modelling approach whereas surface currents are used in this work.

Glisson and Wilton [58] conclude that the wire grid modelling tech-

nique is "not well suited for calculating near field and surface

quantities such as surface current ..." which was a motivation to use

surface currents. An increase in chamfer ratio and a decrease in the

bend angle lead to a reduction of the normalized excess capacitance

which is due to the reduction of the area in the discontinuity region.

Contrary to capacitance computations, an increase in chamfer ratio

causes an increase in excess inductance which is due to current crowd-

ing effects in the corner region. Results for the excess inductance

obtained from the present method agree within 10% to those of Arndt

and Anders for W/H ratios of 2 (Fig. 3-14a). However, for smaller W/H

ratios significantly lower results were obtained which could be due to

the different modelling of the surface currents. Another source of

disagreement could be related to the incorporation of the partial
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inductance of the infinite line which has been discussed at the begin

ning of this section.

3.5.2 Coupled Bends

The computer programs for the coupled bend analysis were tested

by the limiting case of infinite separation of the microstrip lines.

All values for the inductance coefficients and capacitance coeffi

cients as defined in sections 3.3.2 and 3.3.3 are normalized with

respect to their corresponding quantities of two uniform parallel

coupled microstrip lines and the substrate height. The equivalent

circuit of coupled striplines is shown in Figure 3-15 where the cir

cuit parameters are related to the capacitance and inductance coeffi

cients by

Cw = Cllew C12ew

Cm C12ew

1-w = L11w

Lm L12w (3.5.2)

In all illustrated cases, the separation of the lines is equal to

the strip width. A dielectric constant of 12.9 was assumed for all

simulations.

In Figure 3-16 the dependence of the capacitance coefficient

versus bend angle a is shown. Note that the normalized coupling

coefficient, c12e, behaves in the same manner as the coefficients cue

and c22e. A decrease in the bend angle leads to a reduction of the
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bend area between planes 1-1 and T2 in Figure 3-3b and, therefore,

results in a reduction of excess capacitance.

Consider Figure 3-17 for the variation of the excess inductance

versus bend angle. The normalized inductance L22e and L12e show a

similar dependency versus bend angle. For a bend angle a = 0 the

corner is eliminated and the excess inductances reduce to 0. For a

bend angle of 90° the current direction on the striplines that connect

to the corner at planes T1 and T2 (Figure 3-3b) form an angle of 90°

which results in a reduction of the partial inductance. For bend

angles between 0° and 90° the reactance [59] between the currents on

the striplines that connect to the corner increases which results in

higher inductance values. Therefore a maximum of inductance can be

observed between 0° and 90° bend angles. The situation is different

for Liie which is dominated by the partial inductance of the transmis

sion line sections between the planes T1T3 and T4T2. The length of

these sections increase with increasing bend angle which leads to an

increase of Lne versus bend angle.

3.6 Conclusion

Microstrip bends have been analyzed for single and coupled con

figurations. Compared to the coupling parameter of uniform coupled

strip lines, the coupling parameter of the studied microstrip corner

geometries are of the same magnitude relative to the substrate height.

This demonstrates the significance of coupled discontinuity effects.

From the discussion in section 3.3 it is clear that the assump

tion of infinite extension of the microstrip lines is critical for the
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exact determination of the excess inductance. However, the practical

relevance of this issue is questionable since the assumptions are

hardly ever met for various circuit configurations. Therefore the

quasistatic results obtained here and elsewhere are to be considered

as an approximation. The validity of their application depends on the

circuit environment.

The second part of this work is concerned with a full wave treat

ment of shielded structures where the geometry of the investigated

discontinuities are well defined.
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Figure 3-1. Microstrip right angle bend: (a) subdivided into
regions for excess formulation; (b) equivalent circuit.
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Modified bend geometry: (a) single bend with variable
bend angle and chamfer; (b) coupled bends with variable
bend angle.
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Derivation of variable bend angle and chamfer from
right angle bend with 0% chamfer: (a) right angle
bend; (b) variable bend angle derived from (a) by
linear mapping; (c) variable chamfer derived from (b)
by linear mapping.
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Figure 3-5. Initial grid for adaptive grid refinement.
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Figure 3-6. Circle criterion assures optimum triangle shape.
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Figure 3-15. Equivalent circuit for uniformly coupled microstrip
lines.
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4. FULL WAVE ANALYSIS

4.1 Introduction

A method for calculating the dynamic properties of various dis

continuities was suggested by Wolff et al. [25]. Their analysis uses

a waveguide model and a field matching technique to determine scatter

ing parameters of the discontinuity region. Chu and Itoh [45] replace

the mode matching procedure in [25] by a modified residue calculus

technique to describe a symmetrical Tjunction. All of the above

techniques use an equivalent waveguide model and therefore do not

account for surface waves and radiation. These methods are not suit

able for coupling considerations since the discontinuity region is

transformed into an equivalent closed structure. The waveguide model

has its limitations for applications in the higher frequency range.

In addition, inaccuracies in the modeling of phase information have

been reported [50]. Katehi and Alexopoulos [46] calculate equivalent

circuit parameters by applying Pocklington's integral equation and

solve it for the current distribution on the strip surface by using

the moment method. Currents are expanded into piecewise sinusoidal

functions and are assumed to be unidirectional, therefore limiting the

analysis to striplines small in width. A gap generator is used as

excitation mechanism. Jackson and Pozar [47] use a similar formula

tion as Katehi and Alexopoulos except that the excitation problem is

overcome by assuming lines that extend to infinity away from the

discontinuity. A current distribution that corresponds to the respec

tive distribution on an infinite line is assumed to be incident on the
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junction. Additional piecewise sinusoids are introduced to model the

current distribution in the discontinuity region. Incident, reflected

and transmitted amplitudes of the current are then used to calculate

scattering parameters.

A resonance technique has been developed by Jansen [52] which has

been used by Koster [51] for the characterization of strip and slot

type MICs. The scattering matrix of the discontinuity is found by the

evaluation of wave amplitudes of incident and reflected waves. In

contrast to the previous two methods, a twodimensional current dis

tribution is assumed. A planar waveguide mode is employed as excita

tion mechanism. The incident current is truncated sufficiently far

away from the discontinuity and global expansion functions are used in

the junction region. The resonance technique has the advantage of

providing phase information which is stationary with respect to the

current density and field distribution. However, a simulated reso

nance experiment requires more intensive computations as compared to a

deterministic approach. Sorrentino and Itoh developed a transverse

resonance analysis for finline discontinuities [65] which has been

extended to characterize crossing striplines by Uwano et al. [66].

The discontinuity structure with transmission line sections extending

away from the discontinuity is embedded in a rectangular box. A

resonance condition is formulated in terms of the network impedance

matrix of the discontinuity region and the shorted transmission line

impedances. For certain types of resonances (even,odd) the impedance

matrix elements are expressed in terms of the transmission line input

impedances, rendering enough equations to characterize the discontinu
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ity. Elements of an equivalent circuit are then derived from the

impedance matrix of the discontinuity. A field analysis is formulated

in terms of the eigenmodes of the box to find resonance conditions,

e.g. transmission line lengths and resonant frequencies. In the

Galerkin's procedure [60], twodimensional sinusoidal currents with an

edge term are applied to compute the current distribution on the

striplines. Itoh [42] makes use of the spectral domain formulation to

analyze microstrip resonators in a rectangular shield which lead to

the dynamic characterization of open ended microstrip lines. Schmidt

[64] and Chang [44] use a similar approach for the analysis of discon

tinuities. They describe the electromagnetic field on either side of

the step discontinuity by an expansion in terms of shielded microstrip

modes and satisfy the continuity of the transverse field at the step

by using a modematching technique. The formulation in both cases is

that of an excitation problem for the fundamental microstrip mode with

all the higher order modes match terminated at infinity. Schmidt

notes that the scattering parameter magnitudes behave less critically

than the phase angles. Koster [51] overcomes the numerically sensi

tive phase problem by employing the resonance technique. Rautio and

Harrington [62,63] describe a time harmonic analysis for planar cir

cuit structures. Their analysis is a real space implementation of the

previously developed spectral domain approach by Jansen [52,53].

Rautio employs two dimensional roof top functions as expansions in the

moment procedure which makes his method very flexible. These func

tions have first been introduced by Glisson and Wilton [58] and have

also been applied recently by Jackson [48], Skrivervik and Mosig [72].
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Cendes and Lee [43] apply an adaptive algorithm in conjunction with a

transfinite element method to analyze a Tjunction. The problem

region is divided into two parts, an interior region of finite extent

and an exterior region that is homogeneous and unbounded. Within the

inner region finite element basis functions are used to approximate

the fields, in the exterior region analytical solutions of the

Helmholtz equation provide a basis set for the field. Both sets of

basis functions are employed in a variational procedure. Imposing

continuity along the two regions gives a symmetric matrix equation

that is solved for the fields. Field solutions are first calculated

at two frequencies. These two solutions are then used as basis func

tions to generate a crude spectral response curve throughout the

region of interest. The system is then solved again at the frequency

that gave the maximal residual error on the last pass. The method of

lines has been used by Worm and Pregla [74,75] to characterize 3D

structures using a resonant method. A deterministic approach with the

method of lines technique has been presented recently by Chen and Gao

[76]. Jansen [69] comments that the method of lines as described in

[74] "is not well suited to treat energy transport phenomena involving

parasitic surface waves .. due to the difficulty of extracting mode

related quantities from a mixedmode field". Wertgen and Jansen

propose a spectral iterative technique for the full wave 3D analysis

of (M)MIC structures [67]. Fast fourier transforms are applied for

the summation scheme of Diractype current distributions. The main

advantage of such a technique is the reduced storage requirement as

compared to moment method formulations. Unfortunately, the conver
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gence of the spectral iterative technique is nonuniform and can be

rather slow for complex structures which can result in inferior per

formance as compared to moment method techniques. Dunleavy and Katehi

[55,56,57] use unidirectional sinusoidal basis functions to analyze

open end and various filter structures in a shielded box. Skrivervik

and Mosig [72] make use of a previously developed mixed potential

integral equation to characterize microstrip discontinuities in an

open environment. Discontinuity parameters are extracted by using a

generalized chain matrix formulation which is a straight forward

technique to overcome the deembedding problem. Harokopus and Katehi

[73] extend the method developed in [46] to incorporate 2D basis func

tions which allows for the analysis of a wider class of structures.

Jansen and Wertgen [69] presented a modular source type 3D analysis

for general discontinuities in (M)MICs. The problem geometry is

subdivided in a modular fashion. Suitable current expansions are then

associated with each module. Amplitudes of incident and reflected

waves are determined from the standing wave pattern on transmission

line regions.

The simulation of passive (M)MIC structures can be classified

into three categories, namely open, shielded and partly shielded

configurations. Each shielding type requires a different numerical

treatment. Efficient computational methods have been derived for the

open [54] and partly shielded structures [70]. However, the shielded

configuration still requires intensive computational treatment. The

insufficient development of full wave simulators which accurately
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incorporate housing effects has been pointed out by Jansen and Wiemer

recently [71].

In this work a new technique is introduced which allows an effi

cient numerical treatment of the shielded circuit structure that leads

to reasonable computation times for the analysis of 3D microstrip

structures for the case when 2D locally defined surface currents are

employed in the moment method. The analysis is based on previous work

by Jansen [52], Koster [51], Rautio and Harrington [62,63].

4.2 Numerical Formulation

4.2.1 Green's Function

The derivation of Green's function for the boxed structure as

shown in Figure 4-1 is summarized in the following. Notations are

chosen to be similar as in [51]. The source free media consists of

three homogeneous, isotropic dielectric layers and is bounded by a box

of perfectly conducting metal. Each layer r (r=1,2,3) of thickness Hr

is characterized by its relative dielectric constant TheThe box

extends from x = 0 to x = a, y = 0 to y = b with bottom and cover

plates at z = 0 and z = c.

The fields in each layer satisfy Maxwell's equations in the form

V X E= jwilo H ,

V X H = jwcoer E ,

VH = 0

V.E = 0

(4.2.1)

(4.2.2)

Due to the vanishing divergence of E and H, the fields can be

expressed in terms of magnetic vector potential A and electric vector

potential F



E = V X F jwA0 A + jjoer V(VA)

1
H = V X A jwcoerF + V(D.F)
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(4.2.3)

(4.2.4)

Arbitrary fields in a homogeneous source free region can be expressed

as the sum of a TM (to z) and a TE (to z) field. Choosing F = 0 and A

= (0,0,0) or F = (0,0,0) and A = 0 uniquely characterizes TM or TE

fields, respectively. The scalar potentials 0 and 0 are solutions to

the Helmholtz equation.

Once the scaler potentials are known the field quantities are

derived from

2

E [j(JE1Er dxdz j(JE10fr dx iweloer [ddz2 K 2] 01 (4.2.5)

1 d20 di 1 d20 1 [d2 k210] (4.2.6)
H [jwil dxdz dy ' jaw° dydz dx ' jwilo

dz2

In the solution process for the scalar potentials 0 and 0, k is de

fined as

k2 kx2 ky2 kz2

k2 = w2
o

E r

(4.2.7)

(4.2.8)

After enforcing the boundary conditions on the perfect conduction wall

and the interfaces, the field quantities in the interface plane of the

metallization layer are found. Then the currents on the metallization

are related to the tangential magnetic field on the metal in region 2



and 3. Electric field and surface currents on the interface between

regions 2 and 3 are

Ex = E E kxm pmnl + kyn pmn2) cos kxmX sin kyny
mn

Ey = E E (kyn pmni kxm pmn2) sin kxmX cos kyny
mn

Jx = E E (kxm pmn3 kyn pmn4) cos kxmX sin kyny
mn

Jy = E Z (kyn pmn3 + kxm Rum) sin kxmX cos kyny
mn
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(4.2.9)

(4.2.10)

The terms in brackets reflect the respective spectral representations

of the components on the left hand side. Making use of the

orthogonality between the harmonic functions in (4.2.9) and (4.2.10)

leads to a representation that relates the electric field to the

surface currents

Ex = E E FmnXYmn Px(x',y') cos kxmX' sin kyny' dx'dy' cos kxmX sin kyny
mn

+ E E FmnRZmn fJy(x' , y ) sin kxmX' cos kyny' dx dy' cos kxmx sin kyny
mn

Ey = E FmnRZmn Px (X ,y ' ) cos kxmX' sin kyny' dx'dy' sin kxmX cos kyny
mn

+ E E FmnYXmnf Jy(x' ,y' ) sin kxmX' cos kyny' dx'dy' sin kxmX cos kyny
mn

(4.2.11)

Variables defined in (4.2.10) and (4.2.11) are given below



Pmnl

Pmn2

Pmn3

Pmn4

Umn

V

Xmn

Ymn

Zmn

Rmn

Smn

Ymn

bmn Tmni Tmn2

Tmn2

1 Tmn21 E
3
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(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

(4.2.19)

(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)

_
NE0

fmn kzmn2

bmnUmn

fmn

E1

kzmn2

Tmni

E2

Tmni

zmni kzmn2

Vmn

Tmn2 ruin

wfto

E2
= 1

E1

Tmn

1

k2
zmn2

Tmn2

1

Tmni
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Tmn2

Tmn3

k2zmn3
=

k2zmnl

Rmn

k2
zmn 1 kzmn2

"mn ky2n Xmn

Tmn3

k2xm Ymn

kx2rrin+
kymn) Umn

Smn

(k2xim+ kym2 n) Vmn

= Xmn Ymn

Tmni Tmn2

E1
2

[Tmn Tmn2
k2

l.

0

k2 k2zmnl zmn2

kx2m Xmn ky2n Ymn



RZmn =

Fmn

Lmn =

k20 = --

kxm

kxm kyr, Zmn

j°60
Lmn

0 and m = 0
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(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)

(4.2.28)

(4.2.29)

(4.2.30)

ab

4 , m and n > 0

0 , m and n = 0

2 , m 0 and n = 0 or n

W2

V
2

m n

kzmni =

Tniiii =

a ' rYn b

k0 Ei ( kx2m ky2n)

kzmni tan (kzmni Hi)

fmn and bmn were determined from the boundary condition in terms of

currents.

The real space Green function for the electric field is obtained

by replacing the surface currents in (4.2.11) by Dirac sources [79].

4.2.2 Moment Method

Equation (4.2.11) represents a Fredholm integral equation of the

first kind which maps the surface current into an electric field on

the interface. Following the moment method procedure, the current is

expanded into basis functions. These are then substituted in

(4.2.11). In a subsequent step (4.2.11) is tested with suitable

functions which in the present case were chosen to be identical to the

basis functions leading to a Galerkin implementation of the method.
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The present method employs roof top functions as the basis elements.

These were introduced by Glisson and Wilton [58] and have been applied

by various authors [48,63,72]. Figure 4-2 shows the discretization of

the metallized surface with discretization Ax and Ay in x and y direc

tion, respectively. The center of xdirected currents is marked with

a cross, the center of ydirected currents is marked with a circle.

Note, the x and y directed currents are offset by (Ax/2,Ay/2) in order

to assure edge conditions and generate correct results. A detailed

discussion for the current offset can be found in [62].

Following the discussion in the previous paragraph the total

current is approximated by

J = E aXk Jx(x,y,xk,yk) + E ay, Jy(x,y,x1,y1)
1

with separable currents

JX(x,y,xk,yk) = JXX(x,xk) Jxy(y,yk)

Jy(x,y,x1,3/1) = Jyx(x,x1) Jyy(y,y1)

where

Juu(u,uk) =

u = x or y

U Uk

Au
+ 1 , uk Au < u < Uk

Uk U

Au
+ 1 Uk < U < Uk + Au

0 , otherwise

1 , vk Av/2 < v < vk + Av/2

Juv(v,vk) =

0 , otherwise

uv = xy or yx.

(4.2.31)

(4.2.32)

(4.2.33)

(4.2.34)

(4.2.35)
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With a scalar product between f(x,y) and g(x,y) defined as

s = f(x,y) g(x,y) dx dy (4.2.36)

the linear system obtained, after applying the testing procedure, can

be summarized as follows

Vx

V
y

Pxx Pxy

P Pyx Pyy

Ax

AY

(4.2.37)

The left hand side represents the reactance [59] of the electric field

on the metallized surface and a testing current. These vanish on the

metal except for subsections where sources are defined. The P matrix

contains the testing products and the Green's dyadic of the associated

boundary value problem. Vector A is formed by the expansion coeffi

cients for current as given in (4.2.31). In particular

= f Ex Jxi dx dy
J

Vyi = Ey Jy1 dx dy

Pxixj = E Gmx,x, cos kxmxjx sin kynyjx cos kxmxix sin kynyix
m n

P'3 = E E Gmn" sin kxmXjyx cos k yn 35/
y. cos kxmXix sin kyny ixxy

mn

Pii = E GYx cos k x sin kyny jx sin k x cos kynyiyyx mn xm ,7x X111 lymn

Pij = E E GYY sin k x. cos kynyjy sin k x. cos kynyiy
YY mn xm xm

mn

(4.2.38)

(4.2.39)



Ax ax
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(4.2.40)

Ay; = ay;

and

G:; = Fmn XYmn q(Ax)

G,xg = Fmn Rmn Gt(Ay) Gr(AX) Gt(Ax) Gr(AY)

Gmn = Fmn Rn, Gt(Ax) Gr(AY) Gt(Ay) Gr(AX)

Gmn = Finn

where

YXmn Gt(Ay) G.,(Ax)

ku # 0

(4.2.41)

(1 cos(kuAu))
Au leu

Gt(Au) = I

Au ku = 0

(4.2.42)

2
(sln(kuAu/2) ku 0

Gt(Au) =

0 ku = 0

(4.2.43)

The doubled infinite summations in (4.2.39) need to be truncated at a

suitable upper bound.

4.2.3 Enhanced Algorithm

The evaluation of the elements P of the moment matrix is rather

time consuming due to the twodimensional summation and the repeated

computation of the Green's dyadic with associated harmonic functions.

For instance, the computation of the input impedance of a stub using

the formulation (4.2.39) required more than two hours per frequency on
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an Ardent work station. With the novel technique developed in this

work, a reduction in computation time to 0.4 seconds was achieved.

Let the total number of expansion functions be IEX. If the

summations (4.2.39) are truncated at the upper limit ISU then a total

number of ITC = ISU2*IEX*(IEX-1)/2 operations are required to obtain

the moment matrix. Where an operation is defined as the evaluation of

one element in the summation for one element Pij. With typical num

bers e.g. ISU = 500 and IEX = 300, ITC amounts to about 11 billion

operations. The time requirement for the solution of the linear

system (4.2.37) is negligible compared to the formation of the matrix.

Efficiency considerations for the summation procedure in (4.2.39)

have already been discussed by Rautio [62]. He recognized the perio

dicity of the harmonic functions and developed a summation scheme

which avoids the periodic evaluation of the trigonometric functions.

However, the reduction in operations per element Pij is estimated to

not more than a factor of 10. The possible application of fast

Fourier transforms (FFT) has also been addressed by Rautio in [62].

The present approach makes use of two techniques which lead to a

drastic reduction of computation times. As a first technique custom

ized 2DFFT routines are employed to compute index tables. The second

technique constitutes the application of specialized indexing routines

which allow the derivation of all elements of the moment matrix by

simple linear combination of elements of the index tables. This

second technique completely eliminates the IEX(IEX-1)/2 operations

for the formation of the moment matrix.
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In order to employ FFT subroutines the representation of the

moment matrix has to be transformed into a suitable form. In addition

the interface is uniformly discretized in x and y direction such that

xix = pix Ax

yiy = siy Ay

Xiy = [Piy + 2) AX

Yix [Six 4. 2i AY

pix = 0,110...1M

s. = 0 1
,
N

= 0,1,...,M 1

six = 0,1,...,N 1 (4.2.44)

Since the respective operator of the Fredholm integral equation

(4.2.39) is selfadjoint the moment matrix is symmetric and Pyx which

is equal to Pxy is no longer considered in the numerical treatment.

After using trigonometric identities and substituting (4.2.44) into

(4.2.39) the moment matrix P can be rewritten as

with

PxiX fxx(Pix Pix six six) fxx(Pix pix , Six+ six)

+ fxx(Pix+ Pix Six Six) fxx(Pix+ Pix , Six+ Six

PXy = fxy(Piy+ , Sjy+ six) fxy(piy+ pix , sjy Six)

(4.2.45)

+ fxy(piy pix , siy+ six) fxy(piy pix , six) (4.2.46)

PYY fYY(Pji PiY , SAY SiY) fYY(PjY- PiY SiY)

fyy(Pjy+ sly) fyy(Piy+ piy , sjy+ s,y) (4.2.47)



fxx(u,v) = E E G" cos 117-111 cos
nay

mn m

m n

fxy(u,v) = E E Gg sin nur(u 1/2) sin
nr(v + 1/2)

m n

f
YY mn
(u v) = E E GY cos cos

row
Y m'u

m n
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(4.2.48)

The expressions for P'i (4.2.45)(4.2.47) are now in a form which is

suited for the application of 2D discrete FFTs. Now each element in

the moment matrix could be computed by making use of the FFT algorithm

which would result in considerable computation time reductions. For a

matrix with dimension IEX this would require IT = IEX*(IEX-1)/2 evalu

ations by FFT routines e.g. IT = 4485 if IEX = 300. A technique is

presented here which allows us to reduce the IT evaluations to IT = 3

evaluations for any matrix size. A distinct feature of the developed

technique is the fact that only 12 FFT transforms are necessary in

order to establish the entire moment matrix, independent of matrix

size. The elements P'3 are obtained from a linear combination of

components of the FFTs with respect to the transform variable as will

be outlined in the following. Instead of computing (4.2.45)(4.2.47)

for each Fe.,!, PXy, P. Only three FFTs are computed and stored in

suitable arrays:

Pxx(u,v) = fxx(u,v) , u = 0,...,M ; v = 0,...,N (4.2.49)

Pxy(u,v) = fxy(u,v) , u = 0,...,M 1 ; v = 0,...,N 1 (4.2.50)

P
YY
(u,v) = f

YY
(u,v) , u = 0,...,M ; v = 0,...,N (4.2.51)
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The elements of the moment matrix are then derived from a linear

combination of (4.2.49)(4.2.51) as implied in (4.2.45)(4.2.47) under

consideration of the periodicity of the trigonometric functions.

As mentioned in a previous paragraph, the doubled infinite summa

tions have to be truncated at a suitable bound such that a certain

convergence criteria is fulfilled. This upper bound can exceed the

period of the respective FFTs. In other words, the sampling ratio

defined as the quotient of the number of spatial frequency samples per

discretization length is larger than unity. To circumvent this prob

lem the functions Gm, in (4.2.48) are presampled at periodic intervals

to form a summation which is then submitted to the FFT routines. The

idea of such a first stage summation has been used previously by

Rautio [62]; however, the implementation was different. As a conse

quence of the first stage summation scheme, each of the 3 FFTs in

(4.2.49)(4.2.51) is split into 4 FFTs which yields a total number of

12 FFTs for the evaluation of the moment matrix. To incorporate an

arbitrary number of spatial frequencies in the FFT algorithm, the

three basic FFT formulations given in equations (4.2.49) (4.2.51) are

decomposed as follows.

E E G" cos 111711 cos nirs = E Gr cos 1112- cos nwsmn M Nmn mn

(_os oxe.
`-v'

,
cos

nits

m n
M

+ (-1) E E Gx"e cos mirp
nws

inn m

m n
mn

cos
N

+ (-1)(s4-0 E E Gr cos 1212 cos
mrs

m n
(4.2.52)



mw(p+1/2) nff(s+1/2)

mn
E E Gg sin sin

G
mff(p+1/2) nw(s+1/2)E E mureee sin

Mmn

+ (-1)s E Gr sin ma(p+1/2)
cos

nx(s+1/2)
Mmn

m(p+1/2) nx(s+1/2)+ (-1)P E E Gr cos x

M
sin

mn

+ (-1)(s+P) E E Gr cos mw(Pilsi-1/2)
n pal (s+1/2)

mn

I GYY cos TER cos riffsmn
mn
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(4.2.53)

is identical to (4.2.52) with Gg replaced by G. The abbreviations

in (4.2.52) and (4.2.53) are defined as follows

Gxxneo

Gxnxoe

Gxnxoo

nyyee
'Arm

Gyyeo
`'mn

Gyyoe
`Am

= E E Gxx(m+ieM , n+jeN)

ie 3e

E E Gxx(m+ieM , n+jeN)

ie jo

E E Gxx(m+ieM , n+jeN)

io 'e

= E E Gxx(m+ieM , n+joN)

io jo

E E GYY(m+iem , n+jeN)

ie 'e

=EE GY(m+iem , n +j0N)

ie jo

E E GYY(m+iom , n+jeN)

io je



and

Gmnoo = E E GYY(m+iom , n+joN)

io Jo

qre = GxY(M+ieM , n+jeN) (-1)
(ie/2+je/2)

le je

G)m(Yoe° = GxY(m+ieM , n+joN) (-1) ( ie/2+jo/2)

le je

GTZ°e = E Gx.Y(n-Fiom , n+jeN) (-1) (io/2+je/2)

io je

Gg" = E E GxY(m-Fiom , n+joN) (-1) (i0/24-J0/2)

io jo

ie,je = 0,2,4,...

io,jo = 1,3,5,...
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(4.2.54)

The formation of the moment matrix is summarized in Figure 4-3. After

discretizing the geometry, each Green's dyadic is presampled following

equation (4.2.54). Next, 2D FFTs are applied as outlined in Equations

(4.2.49) through (4.2.51). Results of the FFTs are then stored to

form index tables. Now the moment matrix of any geometry on the

discretized interface can be built by a suitable linear combination of

the elements of the three index tables as implied in Equations

(4.2.45) through (4.2.47). As long as the geometry of the shielding

and the dielectric layers remain the same, any metallization pattern

can be characterized by the same index tables. In this case computa

tion times are determined by the time requirement for the solution of

the linear system in the moment procedure.
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4.3 Identification of Discontinuity Parameter

4.3.1 Review

Two conceptually different approaches have been used for the

determination of the parameter of a discontinuity in a uniform trans

mission structure. In a deterministic procedure an impressed source

is applied as excitation mechanism for a transmission line. Katehi

and Alexopoulos [46] introduced a gap generator as excitation mecha

nism of a microstrip transmission line. From the standing wave ratio

on the transmission line and the location of current or voltage maxima

the parameter associated with the discontinuity can be determined.

Jackson and Pozar [47] use sinusoidal incidental and reflected waves

with the coefficient of the reflected wave being determined from the

numerical treatment. Jansen and Wertgen [69] apply a current source

and determine the amplitudes of the incident and reflected waves from

the standing wave pattern by an extraction technique. Skrivervik and

Mosig [72] recently presented a flexible technique which is adaptable

to various excitation mechanisms. In the first step, the impedance

matrix of the entire structure including excitations, transmission

lines and discontinuities is computed. In the second step, the Z

matrix of only the transmission lines is computed where the same

excitation mechanism is used as in the first step. The impedance

matrix of the discontinuity is then extracted by employing a general

ized chain matrix formulation.

As opposed to a deterministic procedure the second approach to

the parameter identification of discontinuities is the resonant tech
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nique which leads to an eigenvalue problem. In [52] Jansen describes

a simulated resonant experiment for n port discontinuity structures.

This has been applied by Koster [51] for the characterization of

various discontinuities. Sorrentino and Itoh [65] make use of a

transverse resonant technique for the analysis of finline discontinu

ities. In resonant simulations no sources need to be specified, thus

source related problems can be eliminated. As Koster and Jansen point

out, "due to the stationary property which the approach exhibits it is

suited to provide even the numerically sensitive phase information for

strip and slottype discontinuities" [50].

Due to these advantages, resonant techniques are also popular for

the experimental investigation of microstrip discontinuities [33-36].

A major draw back of resonant simulations has been the intensive

computer time requirement which is about a factor of 100 larger as

compared to the deterministic approach. Due to this reason, resonant

simulations have been limited to basic structures such as microstrip

open end, steps and gaps.

4.3.2 Symmetric Two Port

A symmetric two port is characterized by two parameters. These

can be determined from the linearly independent modes of the system.

Consider the symmetric two port in Figure 4-4a. Transmission

lines are connected at the terminals for the resonant experiments as

shown in Figures 4-4b and 4-4c. The lines of characteristic impedance

Z and propagation constant /3 are short circuited at the end. These

shorts are realized in the numerical experiment to be electric walls.
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To derive the resonance condition of the symmetric two port shown in

Figure 4-4a, the terminal voltages are written as

UllU2

Z11 Z12

Z12 Z11

I1
(4.3.1)

with the terminal constraints

-U1 Zi 0 I1
(4.3.2)

U2 0 Zi 12

which yields the system

Z11+Zi Z12 II
= 0 (4.3.3)

Z12 Z11411 12

and represents a generalized eigenvalue problem. The eigenvalue

represents the resonant frequency or alternatively the resonant stub

length 1, where the input impedance of the transmission line is given

by

Zi = j Z tan(fll) (4.3.4)

The two solutions of (4.3.3) with corresponding eigenvectors are

Ze Zi = Z1, + Z,2 , (I1,12) = (1,1) , even mode (4.3.5)

Zo Z1 = ZI1 Z,2 ,
(I1,12) = (1, 1) , odd mode (4.3.6)

The network representation of both resonant conditions are shown in

Figures 4-4b and 4-4c. The normalized impedance matrix is computed

from the resonant length of the respective modes. The propagation

constant fl must be derived from the same numerical technique which is



used for the resonant experiment since Zi can be rather sensitive to

the argument fil. The S parameter representation of the two port can

be obtained from the transform

[s] = [Z' + (-0[z' + I]
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(4.3.7)

where I is the identity matrix and Z' represents the normalized imped

ance matrix.

4.4 Parasitic Waveguide Modes

In shielded microstrip structures, parasitic waveguide modes

exist above their cut off frequency. These modes are excited at

discontinuities and form a resonant system for boxed microstrip hous

ings. Since the presented method is a rigorous full wave analysis

these modes can be present and influence the parameter extraction

process. A prior knowledge of the conditions under which resonant

parasitic waveguide modes exist is essential.

The treatment of waveguide modes can be found in the literature

[59,61,64,77]. It has been demonstrated [64] that the field pattern of

the dominant LSM0 mode is not significantly disturbed by the incorpo

ration of a metal strip with moderate dimensions. Results of the

analysis for the parasitic waveguide modes for the microstrip struc

ture with removed metallization are then adopted for the metallized

configuration. The determination of the propagation constant of the

waveguide modes can be computed from the transcendental dispersion

relation for LSE and LSM modes. In Figure 4-5 the normalized square

of the propagation constant is plotted for various housing dimensions.
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If electric walls are placed perpendicular to the propagation path to

form a boxed structure the continuous spectrum of the propagating

modes is reduced to form the discrete resonant spectrum. The normal

ized square of the resonant wave numbers of first and second order

(mw/a)2
m = 1,2

k(2)

(4.3.8)

are also plotted in the diagrams. The resonant frequencies of the

boxed structure are then determined from the intersection of these

curves with the continuous waveguide spectrum. Comparing Figure 4-5a

to Figure 4-5c demonstrates that larger housing dimensions cause a

reduction in parasitic resonant frequencies. For resonant experiments

(of the microstrip mode) it is therefore necessary to choose a small

housing which however has to be large enough such that discontinuity

effects have decayed at the location of the housing and which allows

the establishment of the linearly independent resonant microstrip

modes necessary for the determination of symmetric two port parameter.

In addition, the distance between the striplines and the shielding

walls have to be chosen appropriately in order to avoid undesired

interactions with the microstrip housing.

4.5 Numerical Results

4.5.1 Open Circuited Microstrip Stub

4.5.1.1 Input Impedance. As an initial confidence test for the

presented technique, the input impedance of a microstrip stub was

computed and compared to results obtained by Rautio and Harrington
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[63]. Dimensions for the shielding box and strip geometry are adopted

from [63]. The box was 4 cm long, 2 cm wide and 5 cm high. The strip

line was 1 cm wide and 2.81 cm long and was deposited on a 1 cm thick

substrate with a relative dielectric constant of 10. The results are

shown in Figure 4-6 and the agreement is obvious.

4.5.1.2 Effective Length. The open end discontinuity of a micro

strip line can be characterized by an effective length extension Leff

or an equivalent terminating capacitance which accounts for the fring

ing fields at the open end. A dynamic simulation of the open end

effect in a shielded environment has been developed by Itoh [42],

Jansen and Koster [78], Dunleavy and Katehi [55] and are included for

comparison in Figure 4-7. The box and strip dimensions were chosen to

be identical to those used by Dunleavy. The box was 7.747 mm wide and

5.08 mm high. The strip was deposited on a substrate 0.635 mm in

height with an effective dielectric constant of 9.6. The W/H ratio

was 1.57. The frequency behavior of the effective length computed in

this work behaves in the same manner as was described by Koster [51].

For low frequencies the length decreases then passes through a minimum

and increases for higher frequencies. Dunleavy obtains a steady

increase with frequency for the effective length. The box used in the

presented analysis exhibits a resonance around 24 GHz for the speci

fied dimensions which explains the deviation of the effective length

at this point from the results of Jansen and Dunleavy. The corre

sponding dispersion diagram for this particular configuration is shown

in Figure 4-5e. Itoh's results deviate considerably from the remain
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ing curves which has already been discussed by Jansen [78]. He at

tributes the difference in part to the inadequacy of the applied basis

functions.

4.5.2 Microstrip Gap Discontinuity

4.5.2.1 Network Parameter. To further verify the proposed tech

nique, a microstrip series gap has been analyzed and compared to

recent results from Dunleavy [57] in Figure 4-8. The shielding box of

equal height and width was 6.35 mm wide. A substrate thickness of

0.635 mm was assumed and the stripline width was chosen to be equal to

the substrate height. The gapwidth g was 0.381 mm. Close agreement

for the phase of the S parameter was achieved. The magnitude of the

transmission S12 exhibits a slightly different slope and crosses at

about 12 GHz.

4.5.3 Microstrip Right Angle Bend

4.5.3.1 Introduction. It appears that up to the first half of

this year, results for the scattering parameter of microstrip bends in

a shielded environment have not been published. This is believed to

be due to the large matrix sizes encountered due to the 2D current

distribution on the metallized surface. In addition the infinite 2D

summation in the associated Green's function of the conventional

approach resulted in unacceptable computation times. Very recently

Jansen and Wiemer [71] presented a fullwave theory based development

of mmwave circuit models for microstrip open end, gap, step, bend and

tee discontinuities. A topologysensitive modeling concept is intro
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duced which accounts for package effects in MMIC housing. Data was

presented that demonstrates the effect of box resonances on the S

parameter of a right angle bend geometry.

In the following, various microstrip right angle bend discontinu

ities are analyzed. Housing effects, current distributions and a

compensation effect are illustrated for single and doubled layer sub

strates.

4.5.3.2 Current Distribution. As a first example the current dis

tribution on a right angled bend is illustrated for the even and odd

resonance. A second order resonance is simulated for the even mode

and a first order resonance is shown for the odd mode. The strip with

a W/H ratio of 1 was deposited on a 0.635 mm Alumina substrate and

analyzed in a housing of a = 12.7 mm, b = 12.7 mm, and c = 3.81 mm.

In Figure 4-9 the total y directed current on one arm of the bend is

plotted for the even mode. At the shielding wall the current exhibits

a maximum then passes through a minimum, reaches another maximum and

terminates in a minimum at the corner region. The associated total x

directed current (Figure 4-9b) is an order of magnitude smaller than

the y directed current at a location away from the corner. As the

corner is approached the x directed current increases to compensate

for the change in the direction of current flow. In Figure 4-10 the

current density distribution at a cross section perpendicular to the y

axis is illustrated for different distances away from the bend region.

Figure 4-11a illustrates the total ydirected current on the

stripline for the odd mode resonance. Starting with a maximum at the
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shielding walls, the current passes through a minimum and approaches a

maximum in the bend region. The corresponding total xdirected cur

rent, shown in Figure 4-11b increases as the corner is approached

which again is due to the change of the current direction. The cur

rent density distribution at a cross section perpendicular to the y

axis is illustrated in Figure 4-12.

4.5.3.3 Network Parameter.

4.5.3.3.1 Right angle bend. The S parameters for typical right

angle bend geometries having various W/H ratios are shown in Figure

4-13 for an alumina substrate of height 0.635 mm. All bends are

analyzed in a square box of 12.7 mm side length and 3.81 mm height.

The corresponding dispersion diagram is shown in Figure 4-5b. Note

that the box resonance in the vicinity of 15 GHz does not coincide

with a microstrip resonance and is therefore not included in Figure

4-13. As can be seen from Figure 4-13a, for the chosen geometries,

the reflection coefficient increases with the W/H ratio. For the 50

Ohm line (W/H = 1) S parameter simulations are compared to design

formulas from Kirschning et al. [36] which were derived from measure

ments in the frequency range between 2 GHz to 14 GHz. The deviation

in magnitude of Sil is within 3% for the frequency range up to 14 GHz.

However, larger differences are observed for the phase beyond 4 GHz.

As a next example, a right angle bend on a 0.503 mm substrate

with dielectric constant of 9.9 is analyzed. S11 is shown in Figure

4-14a for W/H = 1 and it compares favorably to results of the same

bend in an open environment which has been simulated recently by



94

Harokopus and Katehi [73]. However, agreement in the phase could not

be achieved. S parameters obtained from the waveguide model [80] are

also included and in this case the magnitude for S11 does not match

the results obtained from this method and from Harokopus. However,

reasonable agreement is obtained for the phase. Dimensions of the

shielding were chosen as a = b = 10.84 mm, c = 5.08 mm.

Next, a bend is simulated in the frequency range between 50 GHz

and 150 GHz. The bend of 100 Am in width is deposited on a 100 Am

GaAs substrate with a 5 um oxide layer. The box dimensions were a =

1.9 mm and c = 1.05 mm. Figure 4-15 shows the associated S parameter.

To show the effect of box resonances, the height of the box is

reduced to c = 200 Am. The oxide layer is removed in this example.

The corresponding dispersion diagram for this configuration is shown

in Figure 4-5d and predicts a resonance of the parasitic waveguide

modes in the vicinity of 80 GHz which is verified by the S parameter

computations shown in Figure 4-16.

4.5.3.3.2 Compensated bend. As a last example the S parameter

of a right angle bend are compared for a compensated corner. The

compensation is obtained by cutting out a square at the corner of the

bend. The form of the compensation is shown in the insert of Figure

4-16. The configuration of the first example is used with a W/H ratio

of 2. The S parameter are compared for a compensation ratio of s/W =

0.8. Figure 4-16a shows the magnitude of S11. For the compensated

case a considerable reduction of S11 is achievable. The ratio of S11

for the compensated case and S11 for the uncompensated case is about

0.125 at the low frequency end at 6 GHz and 0.27 at the high frequency
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end at 20 GHz. Comparing the deviation in phase of S11 (Figure 4-16b)

yields a change of capacitive to inductive loading which is due to the

increased current crowding in the corner region of the compensated

edge.

4.6 Conclusion

A full wave analysis has been presented which is capable of

characterizing a variety of microstrip discontinuities on a multilay

ered substrate. Limitations of some previous full wave methods are

overcome by the development of a new technique which considerably

reduces the computing time. This allows for the incorporation of 2D

surface currents in the analysis. The method was applied to simulate

resonant modes for various discontinuity structures in order to demon

strate its capabilities.



Figure 4-1. Microstrip discontinuity in shielded box.
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sions as in Figure 4-8): (a) Total ydirected current
on stripline; (b) Total xdirected current on strip
line.
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Current distribution on resonant right angle bend - odd
mode (dimensions as in Figure 4-8): (a) Y-directed
current density at various stripline cross sections;
(b) X-directed current density at various stripline
cross sections.
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5. SUMMARY AND SUGGESTIONS FOR FUTURE STUDY

The purpose of this work was twofold. A quasistatic analysis

was applied to compute equivalent circuit parameters of coupled micro

strip bend discontinuities. Due to the large sensitivity of the

parameter identification process for single and coupled microstrip

corners an excess formulation was applied in conjunction with an

efficient mathematical treatment. It was demonstrated that signifi

cant coupling occurs between adjacent microstrip corners where the

stripline separation is identical to the line width. Such configura

tions are frequently encountered in practical integrated circuit

structures such as spiral inductors and transformers. The equivalent

circuit can be used in the design of various (M)MIC components such as

filters, couplers, spiral inductors and high speed interconnects.

The second part of this work was concerned with the rigorous 3D

simulation of lossless (M)MIC circuit structures. A new formulation

was presented which leads to the efficient computation of network

parameters for various (M)MIC components on a single and doubled

layered dielectric medium. It is now possible to simulate resonance

experiments even for twodimensional, locally defined current distri

butions. The presented method allows the analysis of distributed

passive structures including proximity and housing effects such as

parasitic waveguide modes and associated box resonances.

Contrary to common belief, it was found that the implementation

of the specialized, quasistatic solution is a time consuming, tedious
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process as compared to the dynamic case presented in the second part

of this work.

Further, future development of the dynamic model presented here

could be directed towards the development of triangular subdomain

basis functions which could replace the rooftop functions and make the

method truly adaptable to arbitrarily shaped conductor geometries. In

addition, Green's function of arbitrary dielectric layers can be

readily incorporated. Multilevel metallization pattern and circuits

should then be analyzed. A development of the associated Green's

function is recommended. Finally the incorporation of both conductor

and dielectric losses as well as finite thickness metallization pat

tern will create a rigorous fullwave simulator for distributed passive

circuits which accommodates the requirement of stateoftheart (M)MIC

technology.
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A.1 Analytical Expression for Flux Due to Semi-Infinite Surface Current

The flux on a microstrip line due to a semiinfinite surface

current is evaluated in equations (3.2.34) and (3.3.46)(3.3.49). The

type of integral that occurs in the evaluation of the flux is given by

I = A(Ta(z,x)) Jai(x) dS7 (A1.1)
J

where Jal is a constant surface current on S1. Si extends from z = zi

to z = z2 and has a constant width of AW. tra exists on a uniform

microstrip line that extends from z = m to z = 0. The normal dis

tance from the lower and upper edge of the strip where tra exists to

the center of S1 is xl and x2, respectively.

The following expressions are defined

.1 (z2 x2
H2)

fl(z,x)

z + J (z2 x2)

f2(z,x,H2) = j(z2 + x2 + H22)

f3(x,z,H2) = x + z + J(z2 + x2 +

J (z2 x2
H2)

f4(z,x) -

X + (z2 + x2)

(A1.2)



f5(x,z,H2) = z + j(z2 + x2 + H;)

f6(x,z,H2) =
f52(x,z,H2) + 2 x f5(x,z,H2) + x2 + 11

f5(x,z,H2)

Loss of significance occurs in fl(z,x) for z < 0, therefore for z < 0

fl(z,x) is replaced by

fl(z,x) =
(x2 + H2) (-z + j(z2 + x2))

x2 ( -z
j(z2 x2 H2)

(A1.8)

Loss of significance occurs in f4(z,x) for x < 0, therefore for x < 0

f4(z,x) is replaced by

Let

(z2 + H;)(-x + j(z2 + x ))
f4(z,x) - (A1.9)

Z
2
(-X + .1(Z 2 + x2 + H22 )

Ii(z) = x2 z ln(fl(z,x2)) xl z ln(fl(z,x1))

x2/2 (f2(z,x2,H2) - f2(z,x2,0))

+ x1/2 (f2(z,x1,H2) f2(z,x1,0))

+ z2/2 ln(f4(z,x2) / f4(z,x1))

H;/2 ln(f6(z,x2,H2) / f6(z,x1,H2))

HZ + x2 f3(x2,z,H2)
+ H2 (f3(x2,z,H2)

f3(x2,z,H2) x

tan-1(f3(x2,z,H2)/H2)

2



where

Then

+1-11n

H2 = 2H

[(z + f2(z,x2,H2)][H22 + f32(x1,z,H2)]

[1-1 + f32(x2,z,H2)][(z + f2(z,x1,H2)]

I = (I1(z2) Il(zi)AW

The analytical expressions have been verified by numerical evaluation

of the integral (A1.1). In the development of (A1.1) use was made of

integration tables by Groebner and Hofreiter [41].
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A.2 Potential Due to Charge on Semi-Infinite Microstrip Line on Dielec-

tric Interface

The electrostatic potential due to a semi-infinite microstrip

line of constant charge density q on a substrate with relative dielec-

tric constant Er is evaluated. The strip extends from z = -00 to z = 0

and from x = xl to x = x2, it is mounted at y = H over a ground plane.

This type of potential occurs on the right hand side of (3.2.16) and

(3.3.18). The potential U at the field point (x,z,H), z > 0 is given

by

u - E K" F(n)
bre

o n=0
(A2.1)

where co is the dielectric constant in air, K is the image constant as

defined in [27]

Let

1 -Er

K
1 +Er

z +
Jx2

+ z2 + [(n+1 H2]2[(n +1) H2]

P(x,n) = x ln(

z + Jx2
+ z2 + [n H2]2

x +
Jx2

+ z2 + [(n+1) H2]2
+ z ln(

jx2 z2
[n H2]2

x + Izi + Jx2 + z2 + [(n+1) H2]2

+ 2(n+1) H2 tan-1(

(n+1) H2

(A2.2)



x + izi + Jx2 + z2 + [n H2]2
2 n H2 tan-1(

[n H2]2

with H2 = 2 H, then
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(A2.3)

F(n) = P(x2,n) P(xi,n) (A2.4)



127

A.3 Potential Due to Sheet of Charge on Triangular Region on

Dielectric Interface

In the testing procedure of the moment method the electrostatic

potential due to a constant surface charge density q over a triangular

region situated on a dielectric substrate over a ground plane is

evaluated. This type of potential occurs on the left hand side of

(3.2.16) and (3.3.18). The potential U is given by

U = (F(0) (1 K) Kn-1. F(n))
21.60(1 + Er)

n=1

(A3.1)

where F(n) is the potential of the image of the triangular sheet at a

distance of n 2 H normal to the substrate surface in free space. The

expression for F(0) has been developed in [38]. F(n) is obtained from

F(0) in [38] by replacing H by n 2 Ho
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A.4 Magnetostatic Vector Potential Due to Semi-Infinite Current

The normalized magnetostatic vector potential due to a semiinfi

nite microstrip line of zdirected, constant current density Ja is

evaluated. The current density Ja is assumed to exist for a pair of

symmetrically coupled striplines with equal total current I and induc

tance coefficients Luw and L12w. The strip extends from z = 00 to z =

0 and from x = xl to x = x2, it is mounted at y = H over a ground

plane. This type of potential occurs on the right hand side of

(3.3.46)(3.3.49) and (3.3.64)(3.3.66). The z component of the

magnetic vector potential A at the field point (x,z,H) is given by

Ao x2 z + jz2 + (xx')2 +
A(Ja)/I =

47rI
Ja(x') In dx'

xl

z + J(z2 + (xx')2)

if Ja(x') is piecewise constant with magnitude Iaj for xaj < x <

j = 1, Na then (A4.1) can be computed from

A(Ja)/I = (Luw + L12w)

(A4.1)

x2 z iZ2 (X -X1)2 +
E ',a ln dx' (A4.2)

J

j=1
z + j(z2 + (xx')2)

the integral in (A4.2) is given by (A2.1) for Er = 1 and n = 1

and L12w are defined in section 3.3.1.

Lilw
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Figure A5-1. Sample grid geometry with numbering scheme.
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NN, NTA,NTB,N,NB,NASTR,NBC,NTA11
15 12 16

BET,W,H
.7853982E+00
.1000000E+01
.1000000E+01
.1000000E+01

-.2000000E+01

NVBC
4 1 2

X

-.1000000E+01
-.5000000E+00
.0000000E+00

-.1000000E+01

-.2000000E+01
-.1151388E+01
-.4999996E+00
.5000000E+00

4 2 10

.1000000E+01
-.1000000E+01
-.9999999E+00
.0000000E+00

-.1000000E+01

6 3

-.5000000E+00
.0000000E+00

-.1000000E+01
-.5000000E+00

-.2000000E+01
-.1151388E+01
.0000000E+00
.5000001E+00

7

13 12

.1000000E+01

.0000000E+00

.0000000E+00
-.2000000E+01
.0000000E+00

9 10

.0000000E+00
-.1000000E+01
-.5000000E+00
-.9999999E+00

-.2000000E+01
-.4999996E+00
.0000000E+00
.1000000E+01

-.2000000E+01
.0000000E+00
.0000000E+00

-.1000000E+01

13 15 12

-.1000000E+01
-.5000000E+00
.0000000E+00

-.1151388E+01
-.4999996E+00
.0000000E+00

NNT
1 2 5 4 5 1 2 3 5 3

6 5 4 5 7 5 8 7 5 6

8 6 9 8 7 8 10 8 11 10
8 9 11 9 12 11 10 11 13 11

14 13 13 14 15 11 12 14

NTT
13 16

NJ

7 6 6 3 3 1

NTJ
1 2 3 4 5 6 7 6 7 8
9 10 11 10 11 12 13 14 16 14
15 16 13 14 15 16

NL1

2 1 3 6 4 7 8 5 6 9

7 10 11 8 9 12 10 13 14 11

13 12 10 11 13 11

NL2
1 4 2 3 7 8 6 7 5 6

10 11 9 10 8 9 13 14 12 13
15 11 13 14 15 14

NVBA
10 12


