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BOOTSTRAP PREDICTION AND TOLERANCE INTERVALS FOR THE WEIBULL

REGRESSION MODEL WITH CENSORED DATA

1. INTRODUCTION

A common problem arising in the analysis of survival data is that

of predicting the value of a single future observation or estimating a

percentile of the population under study. The Weibull regression

distribution has been widely used in lifetesting and many other

applications. In many situations some of the observations of survival

time are right-censored. That is, their values are only known to be

greater than particular values. In this thesis the problems of

constructing prediction intervals, tolerance bounds, and confidence

bands will be considered for the Weibull and extreme value regression

models with censored data. One of the statistical properties of the

Weibull and extreme value distributions is that the distributions of

the estimators are analytically intractable. In addition, when the

data are randomly censored, more complicated theoretical problems may

arise. In such situations, the bootstrap technique, proposed by Efron

(1979), can be employed.

The two-parameter Weibull p.d.f. , where the scale parameter

b(x) depends on regressor variables, can be written in the form



( t/6(x) )
( I )

( 7/ 6(x) ) exp (t/ 6(x) ) 7]

2

t > 0 (1.1)

where x is a lxq vector of regressor variables and y is the shape

parameter. It is well known that the logarithm of a Weibull

distributed random variable has an extreme value distribution. The

p.d.f. of y = log(t) , given x, is

(1/f)exp((y-A(x))/, - exp(y-A(x))/4 , -m < y < m (1.2)

where A(x) = log(6(x)) = xfi and = (flo, ) is a qxl

vector of unknown parameters, and f = 1/7 . The model (1.2) can be

written in the linear form

Y =xfl+ CZ (1.3)

where the error term z has a standard extreme value distribution

with p.d.f. exp(z-ez), -m < z < m . Any results derived from one

model can be transformed to the other. It is often more convenient to

work with the extreme value distribution since it is a location-scale

model. Throughout this thesis the inference procedures will be based

on maximum likelihood estimation.

In Chapter 2 the single two-parameter Weibull distribution with

complete data is presented. The extreme value model with a location

parameter A and a scale parameter r can be written in the linear

form

Y =p+rz (1.4)

In this case the classical (non bootstrap) confidence interval

procedures, most often, are based on pivotal quantities for which the

distribution does not depend on parameters. Two classical approaches
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for approximating the distribution of pivotal quantities are often

used. One approach is to find analytical approximations. This

approach has been considered by Mann et al. (1974), Engelhardt and

Bain (1977, 1979, 1982), Fertig et al. (1980), and Fertig and Mann

(1980). The other approach is to use estimates from Monte Carlo

simulations. Several tables of estimates have been constructed

employing either maximum likelihood or certain linear order statistic

estimators (see, for example, Thoman et al. (1969, 1970), Mann et al.

(1971), Billmann et al. (1972), Fertig and Mann (1973), Mann et al.

(1974), and Fertig et al. (1980)). These tables, though accurate, are

expensive to produce and have limited ranges of applicability.

Lawless (1973, 1975) considered procedures based on the conditional

distribution of the pivotal quantities given the observed values of

ancillary statistics. The difficulty with this approach is that it

requires a numerical integration for each new sample.

The bootstrap algorithm, which is a Monte Carlo methodology, can

be used to construct approximate prediction intervals, tolerance

bounds, and confidence bands for the Weibull and extreme value

distributions. There are, in general, three different kinds of

bootstrap methods one can use: parametric, nonparametric, and

smoothed. Let y
1

,

y2,
yn be a random sample from F , with

a vector of unknown parameters. In the parametric case y. is
1

assumed to have a density f , which is specified except for the

unknown parametric vector 1, . In this case, a bootstrap sample
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* * *

V

-

y
1

, y
2

, y
11

is drawn from F = F" , where is the maximum

likelihood estimator for q . In the nonparametric case, where the

sampling distribution, F , is completely unknown, the sample c.d.f. ,

F , that assigns mass 1/n to each y. , is used as an estimate
n 1

for F . This means that a bootstrap sample from F is drawn
n

randomly with replacement from the original sample. In either case,

*
the bootstrap estimate q is computed in the same manner as q but

using the bootstrap data instead of the original values. The smoothed

bootstrap is an intermediate method between the parametric and

nonparametric bootstrap. The main idea of the smoothed bootstrap is

to draw repeated samples not from F itself, but from a smoothed

version F of F .

In this thesis, since we are assuming a Weibull or extreme value

distribution model, our attention will be restricted to the parametric

bootstrap. For a single extreme value distribution repeated random

samples are drawn from F = F" , where p and r are the maximum
14,1,

likelihood estimates of p and r , respectively. Then, for each

bootstrap sample the maximum likelihood estimates,
* *
p and r are

calculated. The bootstrap distributions of the estimators, in this

case, will be used as estimates to those obtained from the original

data. However, when a pivotal quantity is used, then the bootstrap

distribution of this quantity will be identical to the analogous one

based on the original observations. For example, the bootstrap

*
distributions of ((p - p)lr) and (r1r) will be identical to the



5

sampling distributions of ((p p)/ r) and r/r , respectively.

Thus, for pivotal quantities, one can simply simulate from the

original sampling distributions. In the single sample case,

since (p - p)/r and er are pivotal quantities, one can take

p = 0 and a = 1, without loss of generality. This means that the

parametric bootstrap algorithm reduces to a simulation from the

standard extreme value distribution (p = 0, g = 1).

In the analysis of survival data, the distribution of the

response variable (lifetime) depends on some concomitant, or

regressor, variables. The parametric regression models are used

widely to represent the relationship of lifetime to other variables.

In Chapter 3 the single two-parameter Weibull distribution is extended

to a Weibull regression model. Because of the complicated analytical

problems that arise in this case, the statistical inference procedures

for a Weibull (or extreme value) regression model mostly employ the

large-sample properties for maximum likelihood estimation. For

example, Lawless (1982) and Jones et al. (1985) develop procedures

using the asymptotic normality of the maximum likelihood estimators.

Unless the sample size is large such procedures may not be adequate.

The likelihood ratio method can be used to construct confidence limits

for percentiles for small and moderate samples. However, this method,

though somewhat better, requires much computation.

In Chapter 3 parametric bootstrap and classical Monte Carlo

procedures are used to develop prediction intervals, tolerance limits,
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and confidence bands for small and moderate samples from a Weibull

regression model with uncensored data.

In Chapter 4 the analysis for a Weibull regression model is

extended to the case of data randomly censored on the right. Let

to to, to be a sample of independent and identically
2

distributed observations with distribution function R° and let

c°, c°, c° be independent and identically distributed censoring
1 2

observations with distribution function H . Further, assume that

to t0, co, ...,c0to and c°, are independent. Observations
1 2 n 1 2

1 if t. = tO

are then made for t = min(t°, c°) and d. =
i i 1

0 if ti = co

In the random censorship model the censored values, c0 ,

i = 1, 2, ..., n, are not known in advance. Pivotal quantities do not

exist because the unknown censoring distribution is arbitrary. The

classical Monte Carlo methods then cannot be used. As a consequence,

the classical statistical analyses depend on large sample methods. We

consider the bootstrap algorithm for small and moderate size samples.

Under the random censored model, bootstrapping has been carried out

using two different methods introduced by Efron (1981) and Reid

(1981). Efron's method is to compute R° and H , the Kaplan-Meier

.*
estimates of R° and H . Then a random sample t"

1

, to ..., to
2

is drawn from R° and a corresponding random sample c°*, c°*2 ,

1

c0* from H . Then the bootstrap version of the observed sample is
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o*
1 if ti = ti

* * * *
0* o*

) and d.(t , d ), where t
i

= min (t
i

, c
i

= 0* .
i i 1

0 if t
i

= c
i

This is actually equivalent to drawing a random sample with

replacement from (t., d.) , i=1, 2, ..., n . Reid's approach is to
1 1

take a random sample from the Kaplan -Meier estimator R° . In this

thesis we assume that R° is a Weibull distribution function and H

is an unknown continuous distribution function. Hence, the

corresponding bootstrap method we adopt is to obtain a random sample

t
o*

, t
o*

, to from the maximum likelihood estimate , R° , of the
1 2

Weibull distribution function R° and a corresponding random sample

* *
c , c , c from the Kaplan -Heier estimator H . Then define

1 2

the observed bootstrap sample (t
*

, d.*), i = 1, 2, ..., n, as before.
i 1

This bootstrap method will be employed, for small and moderate- size

samples, to construct prediction intervals, tolerance limits, and

confidence bands for a Weibull regression model with random censored

data.
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2. PREDICTION AND TOLERANCE INTERVALS FOR

COMPLETE SINGLE SAMPLES

2.1 PRELIMINARIES

The two-parameter Weibull distribution family has c.d.f. s

1 - exp (- (t / $)7] , t ) 0 (2.1.1)

where $ > 0 and 7 > 0 are the scale and shape parameters,

respectively. The logarithm of a Weibull distributed random variable

has an extreme value distribution with c.d.f.

1 - exp (- exp((y - p)/ s] , m (2.1.2)

where p = In b and . = 1/7 . Any results derived from one form can

be transformed to the other. It is often more convenient to work with

the extreme value distribution since p and r are location and

scale parameters. Note that (2.1.2) can be written in the equivalent

linear form

y =p+rz (2.1.3)

where g(z) = exp(z - eZ ) , -m(z(m is the standard extreme

value p.d.f. , which is denoted as z _ EV(0,1). That is, the p.d.f.

is of the form

f (y; p,f) = (114g( (y-p)/,) -m(y< m (2.1.4)

DEFINITION 2.1

Let y
1

, yn be a random sample of size n from (2.1.4).

Suppose that p = p(yl, yn) and r = r(yl, yn) are

statistics with the following properties :
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. .

p (dy
i

+ c, ..., dy
n
+ c) = d p(y

1

, ..., y
n
) + c (2.1.5)

- -

f (dy + c, ..., dy + c) = d f(y , ..., y ) (2.1.6)
1 n 1 n

for any real constants c (-m ( c ( m) and d (d > 0). Then p and

r are termed location-scale equivariant statistics.

It is known that the maximum likelihood estimators are

equivariant estimators (see Lawless (1982)). For convenience we

present:

LEMMA 2.1

Let p and 0. be maximum likelihood estimators of /1 and f

based on an iid random sample from (2.1.4). Then p and f are

location-scale equivariant.

proof

The likelihood function based on y1, y
n

is

Ly(p,f) = (1/0) g«yi- p)/f]

where Y =(y1, y ) and G(.) is the c.d.f. of g(.). Then

Ly(p, r) = ceLy,(p , r ) , where yi= dyi+ c, Y = (y'1, yen),

p'= d p + c and ce= df . If Ly(p, is maximized for p and f

at p(y) and f(y), then Ly,(p, f) is maximized at

p(y') = d p(y) + c and f(y ) = df(y) . This proves the result.

Based on such equivariant estimators, we can prove, for complete

^ A A

samples, that (p p)/r, er, and (p p)/r are pivotal quantities,

i.e. , their distributions (for given value of n ) are independent of

the parameters p and f .
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LEMMA 2.2

Let p and r be equivariant estimators, based on an iid random

sample from (2.1.4). Then W = p)/o, W
2
= eir W

s = (p

are pivotal quantities.

proof

From (2.1.4) z. = (y.-p)lo has p.d.f. g(z.) , -m < z. (co, not
1 1 1 1

depending on p or r . Thus the joint p.d.f of zi= (yi- p) /o, ...,

z =(y - p)/r does not depend on F or o , and consequently neither
n n

does the distribution of p (z , z ) or tr(z , z ). But since
1 n 1

p and f are equivariant, it follows from (2.1.5) and (2.1.6) that

p(z , z ) = (p(y, , y )-p)/f = W
1 3

irtz
I
, ..., z

n
) = f(y

1

, ..., 17
n
) /P' = W

2

This proves that W
2

, and W
3

are pivotal quantities. Since

W = W /W , W is also a pivotal quantity.
1 3 2 I

One of the important statistical properties of the Weibull and

extreme value distributions is that the distributions of most

estimators and other statistics are analytically intractable.

Therefore, two approaches have been used for obtaining approximate

distributions for the pivotal quantities. The first approach is to

find analytical approximations to the distribution of a pivotal

quantity. This approach has been considered by Mann et al. (1974),

Engelhardt and Bain (1977, 1979, 1982), Fertig et al. (1980), and

Fertig and Mann (1980) . The second approach is to estimate the
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distribution of a pivotal quantity or ancillary statistic using Monte

Carlo simulations. Several tables have been constructed with such

estimates employing either maximum likelihood or certain linear order

statistic estimators. For example, this approach was used by Thoman et

al. (1969, 1970), Mann et al. (1971), Billmann et al. (1972) , Fertig

and Mann (1973), Mann et al. (1974), and Fertig et al. (1980). These

tables, though accurate, are expensive to produce and have limited

ranges of applicability. Lawless (1973, 1975) considered procedures

based on the conditional distribution of the pivotal quantities given

the observed values of ancillary statistics. The problem with this

approach is that it requires a numerical integration for each new

sample. In this thesis the bootstrap technique is used to construct

approximate prediction intervals, tolerance bounds, and confidence

bands for the Weibull and extreme value distributions. Our attention

will be restricted to the parametric bootstrap. In the parametric

bootstrap, repeated random samples are drawn from F = F' , where p

and v are the maximum likelihood estimates of A and r ,

respectively. Then, for each bootstrap sample, Y , the maximum

likelihood estimates A and r are calculated. The bootstrap

distribution of any quantity is then used to estimate its sampling

distribution. It should be noted that the parametric bootstrap

distribution of the pivotal quantities are independent of the

estimates A and r . For example, the bootstrap distributions of

*
(p p)Ir and ef conditional on Y are identical to those of
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(p - p)Ir and r/r , conditional on Y , respectively. This means

that the parametric bootstrap method reduces to a simulation from the

standard extreme value distribution function F
o.I

2.2 PREDICTION INTERVALS FOR SINGLE SAMPLES

Consider the problem of constructing prediction intervals for a

single future observation from a Weibull or extreme value

distribution. The difficulty of developing an analytical procedure to

construct such intervals is that functions of parameter estimators do

not have one of the familiar distribution forms. Suppose that y is

a random variable that has the linear form (2.1.3). The forecast of

an independent observation yf = p + I zf is yf = # , and the

forecast error is ef = yf - yf . The most important criterion for

choosing a prediction method is its accuracy. The objective is to

find a forecast such that yf-yf tends to be small. Note that

yf- yf is a future forecast error, and the value of y
f

is not

known.

Stine (1985) proposed bootstrap prediction intervals using

nonparametric procedures. The nonparametric bootstrap algorithm has

been used to generate observable forecast errors ef = yf - yf whose

distribution G (.;f) defines the prediction interval

( yf + G -1(e/2:f) . Yf + G -1(1-o/2;0 ) (2.2.1)
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where G*-1(s/2;f) and G*-1(1-s/2;f) are the lower and upper 8/2

*
quantiles of G (.;f) , respectively. Stine (1985) showed that if the

sampling is from a symmetric distribution, F , then the distribution

of the coverage is asymptotically invariant to F . Specifically, it

has been shown that the distribution of the coverage is asymptotically

Beta [ (1-s) (n+1) , (11+1 ) -

The classical prediction intervals are based on the equivariant

statistic

S= (p yd/r (2.2.2)

Fertig et al. (1980) gave Monte Carlo estimates of percentiles of the

distribution of S that can be used to construct prediction intervals

for a single future observation. These estimates were obtained from

20, 000 Monte Carlo simulations for given random samples of sizes

n = 5(5)25, with r=3, 5(5)n corresponding numbers of uncensored

observations. They also provided an approximation to the distribution

of S that requires the use of numerical integration. Engelhardt and

Bain (1977) derived an approximate log -i distribution for the

pivotal quantity W(a) = (p - p)/r - a(er) , employing certain linear

estimators, which can be expressed in a closed form. In particular,

they showed that

W(a) ln[11(a) x2(1(a))/1(a)] (2.2.3)

where 2(1(a)) is a chi-square variable with 1(a) degrees of

freedom and the values of 1(a) and l'(a) are chosen so that both

sides of (2.2.3) have the same mean and variance. This approximation



14

has the disadvantage that percentiles of the approximate distribution

cannot be found explicitly. Based on this approximation, Engelhardt

and Bain (1979) developed prediction interval procedures for the

minimum of a set of m future Weibull or extreme value observations.

Engelhardt and Bain (1977) pointed out that an apparent drawback to

the use of the log -f approximation with the maximum likelihood

estimates is the lack of the necessary moments. A limited number of

means, variances and covariances, based on Monte Carlo simulations,

were obtained by Harter and Moore (1968). Comparisons were made by

Engelhardt and Bain (1979) with approximate F-values and simulated

percentage points for corresponding procedures based on maximum

likelihood estimators. It has been shown that the results are very

close to those which could be derived from maximum likelihood

estimators. Engelhardt and Bain (1982) proposed another approximation

which can be solved explicitly for percentiles. Numerical results

indicate that this approximation can be used only with BLUE's, or the

simplified BLUE's proposed by Engelhardt and Bain (1977), to obtain

lower prediction limits. It has been shown also that the

approximation is adequate only for large sample sizes (n > 20) and

moderate censoring (r/n>.5). Both approximations of Engelhardt and

Bain (1979, 1982) require tabulations for the values of the variances

and covariances of the standardized estimates. A different

F-approximation for the distribution of (2.2.2) is suggested by Mann,

Schafer, and Singpurwalla (1974). This approximation has been used to



15

derive an approximate lower 100(1-a) prediction limit for the kth

failure in a set of m future observations, y . Mann et al.
k.m

(1974) show that functions of best linear unbiased or best linear

invariant estimators (BLUE'S or BLIE's) of the parameters
,t

and I

can be combined appropriately with y
k.m

to form a statistic that has

an approximate F distribution. Mann (1976) has investigated the

conditions under which the approximation can be used. It has been

shown that the approximation is inappropriate when r is very small

or small relative to n , m is small relative to n , and k is

large relative to m . Exact prediction intervals have been derived

by Lawless (1973) using the conditional distribution of the

equivariant statistic (2.2.2) given a set of ancillary statistics.

Lawless's procedure requires the use of numerical integration. Mann

and Saunders (1969) considered procedures for which only the first two

or three ordered observations from a sample are used.

SIMULATED PREDICTION INTERVALS

Based on the equivariant statistic (2.2.2) we construct an

approximate 1-s equal-tailed prediction interval employing Monte

Carlo methods. The prediction interval shall be in the form

D(p, 4 = (p as,,
,i

(2.2.4)

where
,i

and , are the maximum likelihood estimates of p and ,,

respectively, and as and be are chosen so that the coverage

probability of D(p, 4 is approximately equal to some desired
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probability, say 1 a . That is

- -

pr (p aar < yf p - b r] = 1 - a (2.2.5)

Since the prediction interval is constructed from the equivariant

statistic S in (2.2.2) we can take p = 0 and a = 1 , without loss

of generality. Conditioning on p and a , equation (2.2.5) can be

written in the equivalent form,

E
0.1

[ pr
0.1

(p - as, < yf p - b I \ 144] : 1 s (2.2.6)

Assuming that yf satisfies (2.1.3) , then (2.2.6) can be written as

E [F (p - b s) - F
o
(p - a r)] : 1 s (2.2.7)

0.1 o

where F
o

is the standard extreme value distribution function. In

this case the prediction interval D(p, a) can be interpreted as a

tolerance interval with expected content 1 - a . Now consider the

problem of finding a constant as , such that

0.1
[ F

0
(p - a r)] = s/2 (2.2.8)

where E*(x) = (1/B)/(x) represents the mean over B simulated

samples. To obtain the solution as we need to :

(1) Generate a large number of random samples, B say , of size n

from EV(0,1).

(2) Calculate the NIA's, i and , , for each sample.

(3) Calculate F
0
(p - as for each sample, starting with some

initial value, a
o

, for as .

(4) Solve equation (2.2.8), iteratively to obtain as .

Similarly, we can obtain be such that,

E
0 , 1

[ F
0.1

(p - b s)] : 1 - s/2 (2.2.9)
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2.3 ONE-SIDED TOLERANCE BOUNDS FOR SINGLE SAMPLES

In many applications in lifetesting and reliability it is often

desirable to obtain a lower confidence bound for the 10Opth percentile

of the two-parameter Weibull distribution (2.1.1).

DEFINITION 2.2

A statistic L(Y) , is said to be a lower 1 - s probability

tolerance limit for proportion 1-p if

pr[ f f(y;//) dy > 1-p ] = 1 -
L(Y)

where f(y;q) is the density function for given observations.

It should be noted that a lower 1 - s probability tolerance

limit for the proportion 1-p can be interpreted as a lower 1 - s

confidence limit for the pth percentile of the distribution, B ,

since

pr [L(Y) < 0] = pr [F(L(Y)) = pr [1-F(L(Y)) > 1-p] = 1-s

From the linear model (2.1.3), the pth percentile of y has the

form

= 0(p) = p + f F-0I (p) (2.3.1)

The maximum likelihood estimate of the pth percentile is then

0 = p + r FI (p) (2.3.2)

In this section we will consider the problem of constructing one

sided (lower) tolerance bound for the two-parameter Weibull or the

extreme value distributions. Two different approaches will be
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presented. One is the classical (non bootstrap) approach which is

based mainly on the existence of a pivotal quantity. The second

approach is to develop procedures using the bootstrap method, which,

in some cases, does not depend heavily on the pivotal assumption.

There are, in general, two different methods we can use for the

classical approach. The first one is to obtain the tolerance bounds

by the use of Monte Carlo simulation. Extensive tables have been

constructed, employing maximum likelihood estimates for the

parameters. Thoman et al. (1970) provided tables for the MLE's of the

reliability for complete samples from the two-parameter Weibull

distribution . Billmann et al. (1972) presented similar tables but

for some selected sample sizes and when either 25% or 50% of the

samples are censored. McCool (1970, 1974) provided tables for

(p - , p = .01, .10, .50, and for censored samples with

n = 5, 10, 15, 20, 30. Bain (1978) gave tables for the distribution

of the pivotal quantity 46 (0 - e) / f , using wide ranges of values

for n and p . Based on certain linear order statistics estimators,

p and s , for extreme value parameters, Mann et al. (1971) gave
OP

extensive tables for percentage points of (p-p) /ir , ear and

(p - 0)/ , (p=.01, .05, .10), for censored samples of size n , a =

3(1)25 . Similar tables were presented by Mann and Fertig (1973) and

Mann et al. (1974) . These Monte Carlo tables, if available, are

accurate and useful in most cases but they are expensive to produce,

and they do not cover all practical situations. The second classical
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method is to find an approximation to the distribution of a pivotal

quantity that can be used to obtain tolerance bounds. Regarding this

method, many approximations have been derived employing either maximum

likelihood estimators or certain linear order statistic estimators.

Fertig and Mann (1980) suggested an approximation to the sampling

distribution of (p - 0)/, . The main disadvantages of this

approximation are that it requires numerical integration and that the

percentiles of the approximate distribution cannot be defined

explicitly. Based on simplified linear order statistic estimators,

Engelhardt and Bain (1977) derived the log chi-square approximation

(2.2.3). Using this approximation, and an iterative procedure, a 1-5

lower tolerance bound for proportion p was proposed in the form

p - a
fr,P

, , where a
5,p

is a solution of

In [1'(a
et,

p) X2 (1(a
(1, P

)/1(a
tr, P

)] = ln(- ln(p)) (2.3.3)

Mann et al. (1974) derived a F-approximation to the sampling

distribution of the pivotal quantity W(p) = (p -0(p))/5 , where #

and 5 are BLIE's of p and 5 . The precision of this

approximation has been investigated by Mann (1977). Lawless (1982)

and Jones et al. (1985) derived lower confidence bounds for

percentiles of the Weibull distribution. Their procedures are based

on the property of asymptotic normality of the maximum likelihood

estimators. Lawless (1975) developed exact confidence intervals for

percentiles based on the conditional distribution of pivotal

quantities given some ancillary statistics. Lawless's procedure

involves the use of numerical integration.
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BOOTSTRAP ONE-SIDED (LOWER) TOLERANCE BOUNDS

Let , denote the vector of unknown parameters, (p, , of the

extreme value distribution, and let 8 denote the pth percentile,

that is,

0 0(1, p) = p + a F01(P) (2.3.4)
A A A A A

Denote the MLE as 8 = p) = p + r rol(p), where , = (j, r) is

the MLE of .

To obtain one-sided (lower) tolerance bounds for the proportion

1-p , five different approximate methods will be presented. The first

one is the standard approximate method, which is based on the

asymptotic normality of the NLE's. The second one is called the

percentile-t method. The third, fourth, and fifth methods, proposed

by Efron (1979, 1982, 1987), are based on the bootstrap technique.

Efron's methods are: the percentile, the bias-corrected (BC) , and

the accelerated bias-corrected (BCa) methods.

(1) THE STANDARD METHOD

This method is based on the asymptotic normal approximation,

= (0 / Si - N(0,1) (2.3.5)

where 0 is the MLE estimate of 0 , and S"
0

is an estimate of its

standard error given by Si = ((1,F-01(p)) I-1 (1, rol(p) ]112 , with I
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denoting the observed information matrix.. Then, the standard

approximate intervals are

0 E [0 + Se ze , 0 + Siiz(1_e)] (2.3.6)

where z is the 100 s percentile point of a standard normal

variable, and ze, -

LEMMA 2.3

Let I = (p, r) be the maximum likelihood estimator of

= (p, r) based on an iid random sample from (2.1.2). Then

ii = 0) /S is a pivotal quantity.

proof

The quantity N can be written in the form

= [(p p) + (f 4F-01(p)]/[(1,F-01(p))1 I-1 (1,7-01(p))i112,

where I is the observed information matrix with (i,j) entry

I
ij 1

= -#2 log f(y;')/#1,.
eq.

I.
j

From (4.2.10), Lawless (1982) , the matrix I is in the form

I = (11,2)
A A A

where I
o

is a function of z = (y - p)Ir . Hence IF can be

written as

= + ((^, - ,)/S) 7-01(p)]/[(1,F-01(p)). 1;1 (1,F-01(p))] 1/2.

From lemma 2.2 the numerator is a pivotal quantity. Since (y - p)/, =

(rIr)[(y - p)Ir - (p p)/o], then from lemma 2.2 the distribution of

z does not depend on p and r . Hence the distribution of the

quadratic form in the denominator is independent of p and r . This
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proves the result.

(2) THE PERCENTILE -T METHOD

Consider the pivotal quantity

(2.3.7)

Since (2.3.7) is a pivotal quantity, we can take p = 0 and

r = 1 without loss of generality. The percentile-t method uses Monte

Carlo simulation to estimate the distribution of (2.3.7) . This

estimated distribution is then used to construct a lower limit for

e . let w denote the (1-4th quantile of the distribution of
1.&

(2.3.7). Then a 1-& lower limit for e would be

e - w
i_&

(2.3.8)

This method is simple to compute, and does not depend on any

asymptotic corrections and it is found to be more accurate than the

other bootstrap methods.

In (2.3.5) it is assumed that the standardized statistic is

normal with no bias and with constant standard error. The assumptions

of the standard interval can be improved upon by considering, instead

of B and 8 , a monotone transformation F = g(e) and F = g(8) .

The following three methods can produce improvements over the standard

method. They are based on the parametric bootstrap algorithm and are

transformation invariant for any monotone transformation g

(1) Draw a bootstrap sample, y , y , from F = F; , where
. .

y. = p f Z , and z EV(0, 1).
1
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(2) Based on Y , obtain the bootstrap MLE of v , v
*

, and calculate

0* =
4* A

r4) = P 11..(1))*

(3) Independently, do steps (1) and (2) a large number of times, B,

say , and construct the distribution of 0. Define G^ to be the

-*
parametric bootstrap distribution of e under F = F"

V
, that is,

G" (s) = pr"
V

< s) (2.3.9)

*
But since the bootstrap distribution of e is obtained by the Monte

Carlo method, then G"V (s) can be approximated by

*
G(s) = # (9

b
( s)/B (2.3.10)

To define the tolerance bound, all of the three bootstrap methods use

percentiles of G , but they differ in which percentiles are used.

(3) THE PERCENTILE METHOD

The assumption underlying this method is that there is a monotone

transformation

F = g(0) and p = g(6), (2.3.11)

such that

(p N(0,r) (2.3.12)

where r is the constant standard error of p . The bootstrap

version of (2.3.11) is

*

F = F(r
1

) = 0(9(Y
1

) = ) , such that

.* -

p p - N(0, r)

Let H(p) = pr[p ( . Since g is a monotone increasing function,

then,
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H(F) = Pr[ -< < = Prig(e
*

) < g(0)]

= pr < = G^V (0) (2.3.13)

Using (2.3.12), with r = 1 , the resulting lower 1-s confidence

limit for p is

F + ze (2.3.14)

To obtain a 1-s lower confidence limit on the 8 scale, consider

Then,

A A *
114 ze) = Pr(F < ze) = Pr(p 11/ < ze) = 4(ze) = ff.

F + z = H
-1

(s) (2.3.15)

Converting back to the 0 scale, the lower 1-s bootstrap percentile

confidence limit for 8 is

g-1(19+ z 5) = g-'or 'cs» = G-i(e) (2.3.16)

Efron (1981) shows that the percentile interval has the correct

coverage probability if, in general, there exists a monotone

increasing transformation g such that the distribution of

g(e) g(e) is symmetric about the origin. However, the percentile

method is based on the same assumptions of the standard method but on

the transformed scale p instead of the scale B . An improvement in

the percentile method can result from accounting for bias.

(4) THE BIAS-CORRECTED (BC) METHOD:

This method is mainly based on the assumption that there is a

monotone increasing transformation g and a constant r such that

p = g(9) p = g(e) (2.3.17)
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satisfy p p N(- zo,r) (2.3.18)

for some constants z
o

and r . This assumption, simply, means that

the pivotal quantity p - p , on the transformed scale, is normal with

some bias and with constant standard error. The bootstrap version of

(2.3.18) is

Let

.*

F p N(- z ,

0

* - *
H(F) = pr[F < F] = pr[F - p + z < z ] = 4(z ) (2.3.19)

o- o o

where 4) is the standard normal distribution function. Since g is

a monotone increasing function, then

H(p) = pr[F < F] = pr[g(0 ) < g(6)]

= PrCe < = ;(6)

From (2.3.19) and (2.3.20) we see that 4(z ) = CO) , or

equivalently,

z =4)-1(We))
0

(2.3.20)

(2.3.21)

Using (2.3.18), with r =1 , a lower 1-e confidence limit for p

would be in the form

p+ z + z
o &

To obtain a 1-e lower confidence limit on the B scale, consider

(2.3.22)

A A .*
H (F + zo+ ze) = pr(p < p+ zo+ zot)

*
= pr(p F + z < 2z + z ) = 41(2z + z ).

o- o * o &

Then

F + z + z = H-1[41(2z +z )] (2.3.23)
o & o &

Now transforming back to the 8 scale, the BC lower limit for the

pth percentile is
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0-107 + z + z ) = g-1(i-1(7(2z0+ z8))) (2.3.24)

and from (2.3.20), the R.H.S of (2.3.24) is equal to

G-'(. (2z
o
+ z ))

To compute the lower bound (2.3.25), we need only calculate the

(2.3.25)

bootstrap distribution G(.) and the bias constant z
o

. Notice
A A

that if G(0) = 1/2 , then z
o
= 0 , and (2.3.25) reduces to (2.3.16).

(5) THE ACCELERATED BIAS-CORRECTED METHOD :

As an improvement to the BC method, Efron (1987) proposed the

accelerated bias-corrected method (BCa) which is based on the more

general assumption

- 7 - N(- z0 (1+ a7) , r(1+ a 0 2) (2.3.26)

where p, p, r, and zo are defined as in the BC method. The

assumptions underlying the BC method are relaxed by allowing the

scaling of the sampling distribution of F - F to vary linearly with

F at rate a . That is, the acceleration constant, a , measures the

rate of change in the standard deviation of F with respect to F .

Unlike the BC method , it is apparent from (2.3.26) that the

monotone transformation g needs to be only normalizing. Under these

assumptions, Efron (1987) shows that the BCa (1-6) lower limit for 0

is

G-1f 4 [z
o
+(z

o
+ z )/(1 a(z

o
+ z )])

In order to calculate the constant a , Efron (1987) employs Stein's

(2.3.27)

(1956) method to reduce the multiparameter family, f , to a one
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parameter model, called the least favorable family. Specifically, let

I" be the the observed information matrix of / = (# , a) with ijth

entry

- (D2/ Dif.0/.) log fv(y) im:71 (2.3.28)
1

. Let V be the gradient vector of 8 = e(e) evaluated at ,

V = (d/0.1 ) 04 IV) (2.3.29)
V =

That is, V = (1 , F"0 1(p)) . The least favorable direction through

= It is defined to be

r = (I ") -1V (2.3.30)

The least favorable family is the one-parameter subfamily passing

through in the direction 7 , that is ,

f
A /4
(y ) E f"

-Ar
(y ) (2.3.31)

where 7/ and r are fixed and A is the only unknown parameter. It

should be remarked that the Fisher information bound for an unbiased

estimate of e(A) = e(11+ A 4 at A = 0 is the same as that for

estimating e = 0(0 in the original multiparameter family. This is

why the family f"
fAr

is called least favorable. Efron (1987) gives

the following approximate value for the acceleration constant a ,

where

a = skew
A.0 v

[slog f"
fAr

AY(y
*) /D6 (2.3.32)

slog f"
Ar

(y
*
)/DAI

A.°
= - (n 7

1

/ /
t

) - EV,
1

r
2te-

*
7 (y* , ))/ V2) (1-eXP((lr

*
17 )/V )) (2.3.33)

I 1 2 1 i 2 1

The BCa method has been criticized because of the analytical

complications in calculating the constant a .
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2.4 ONE-SIDED CONFIDENCE BANDS FOR PERCENTILES

The problem of constructing a lower confidence bound for a single

fixed quantile of the Weibull distribution is extended to the case of

many values for p . Simultaneous confidence bands for all values,

0 < p < 1 , are developed using Monte Carlo simulations. The

procedures are mainly based on the percentile-t method. It is

well known that the simultaneous confidence bands for all quantiles

can be used to provide corresponding confidence bands for the

cumulative distribution functions. Consider the pivotal quantity

(2.3.7). Constants w = w(a,n,p) are derived such that

1 - s = pr10 > 0 - w S8 , for all p E (0,1)1 (2.4.1)

is a 1-a lower confidence band for 0 . Notice that the pivotal

quantity (2.3.7) can be written as,

W = p)/ r + Vol (p) (01/

1(,))1I-1(1,F-o1(,))]1/2, (2.4.2)

where (1/ r 2)1
o

is the observed information matrix for p and r .

Since W is a pivotal quantity, we take p = 0 and r = 1, without

loss of generality. Then

W = /f)+((f -1)/41?-01(p))]/

[(1,F-1(p))'I-1 (1,F-I(p))]1/2,

Now, let h(p) = (1,F
1
(p)) and d(Y) = ((p/r),((r -1)1r)) .

Then (2.4.1) can be written as ,

(2.4.3)
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1 a = prid(Y) h(P)/ [b(P)'I-01 h(p)]1/2 w,

for all p E (0,1)1 (2.4.4)

which implies that,

1 a = pr( sup DI(Y) h(P)/ [h(p)q-1 h(p)] 1/2] < w
h(p)

Two steps are used to derive the distribution of sup W . First,

the form for sup W will be obtained. Then the distribution of

this form will be estimated using Monte Carlo methods. Since I-I is

a 2x2 positive definite matrix and d(Y) is a real 2x1 vector, then,

from Rao (1973, section f of chapter 1)

sup W(Y,p) = [de(Y)I 4(1)]1/2 (2.4.6)
h(P)40 0

and the sup is attained at h(p)= I0 d(Y) . Then (2.4.1) can be

written as

(2.4.5)

1-11 = pr I [d'(Y)I
o
d(Y)]I/2 < w (2.4.7)
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SIMULATION STUDY

In this section we investigate the accuracy of the bootstrap

procedure by a simulation study. Independent sets of 500 random

samples, u , u , of size n were generated from a uniform

distribution, u _ UNIF(0,1). Then random samples t , t

from Weibull(1,1) were calculated as t = -1n(u) . In this simulation

study the number of bootstrap replications was B = 1000. The

bootstrap sample was taken equal to the sample size n in all cases.

Since the bootstrap is parametric, resampling has been done from

W(6,7) where 6 and 7 are the MLE's for 6 and 7 respectively.

The computations were performed using GAUSS programs on the personal

computers.

PREDICTION INTERVALS

First, regarding the prediction intervals a comparison has been

made between the simulated and the nonparametric prediction intervals.

Three independent sets of 500 random samples of size n = 19, 39, 79 ,

were generated from Weibull(1,1). In the extreme value notation the

simulated prediction interval would be in the form

D(p, = (p - as r , p - be r) , where p = In 6 ,

s= 1/7 and a
a

, b are such that

pr
P,'

[p as r < yf < p - be e] z 1 - s

To obtain as , the pivotal quantity (p - A)/e - a" (r/e) was

considered with A = 0 and e = 1 . For each p and e , 1000

o^simulated samples were generated. Then the quantity F
o
(p - ass) is

calculated for each sample using some initial value a: for as ,
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where F
o

is the standard extreme value distribution function and p

and o are the MLE's of p and r respectively. Using an iterative

method the value as was obtained by solving the equation

E*[F0(# - age)] = e/2 , where E/JF0(.)] = (1/1000) Ely.) .

The same procedures were used to obtain be . The estimated coverages

of the 500 prediction limits were then calculated using (2.2.7). The

nonparametric prediction intervals (y., y.) , 1 <i(j<n, where
1

y, and y. are the ith and the jth order statistics respectively,
1

are such that

Pftri ( Yf < Y.] = E[F(Y.) Y(Y.1 )] = [i /(n +l) j/(11+1)] = 1-a

Table 1 gives the average of the estimated coverages for the 500

samples and in brackets, standard deviation of these coverages. Table

1.a presents the results for n = 19, 39, with a = .10 , and table

1.b gives the results for n = 39, 79, with a = .05. The results

indicates that the two methods are very close to the nominal levels

but the simulated method has less variability for all cases.

ONE-SIDED TOLERANCE LIMITS

In this study the performance of four different methods was

compared for constructing one-sided lower tolerance limits for the

percentile t = S [-log(1-p)]1/7 with p =.5 , or equivalently

for 0 = p + a F-01(.5) . Three independent sets of 500 samples of

size n = 20, 40, 80 were generated from EV(0,1) . The MLE's

0 = p + r F-0I(.5) , and their standard errors , Si?= [(1,F-01(p))1 I-I

(1,F-I(p))]1/2 , were calculated for each sample. The first method,

PT , uses the distribution of (0 0) / Si? , with p = 0 and r = 1 .
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This distribution is then used to invert the pivotal quantity (0 8)/

S"
0

and hence to obtain a 1 - a lower limit for 0 . The lower

tolerance limit is in the form 0 - w
i_s 0

S" , where w
1-a

is the

1-ath percentile of the estimated distribution of (0 8)/ S .

For the second method, BC , let G(.) denote the the bootstrap

* -*
distribution of 0 . For each sample the values of 8 , out of 1000,

which are less than 0 are counted. That is ,

A A A A

G(8) # co < 61/1000 . Then the bias constant z
0
= -1(G(6)) , is

obtained , where 4) is the standard normal distribution function.

The BC lower tolerance limits, G-1(. (2z + z
a
) , are then

calculated. The third method , BCa , uses the same procedures as the

BC method. In addition the acceleration constant a is calculated

for each sample . First the vector 7 = I-1 V is computed where I

is the observed information matrix of p and a and V = (1 Vol(P))

is the gradient vector of 0 evaluated at p and a . Let fA(y )

denote the least favorable family f'14.,(2.(y*), where f is the extreme
. A

value density function, = (p , 4 and A is unknown parameter. The

value of "a" is then calculated using the formula

a = skewA.0 [d log(fA(y ))/ a A] , where d log(fA(y
*
))/ d AIA.0 is

given by (2.3.33). The BCa lower tolerance limits are then calculated

using the formula

G-11 41.(z +(z + z )/(1-a(z + z )l1
o o & o &

The last method, Asy, uses the normal approximation of the MLE

of 0 . The asymptotic lower tolerance limits were calculated using

the formula 0 - z
S 0

S" , where z is the nth percentile of the
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standard normal distribution function. Table 2 gives the empirical

error rates a for a = .025, .05 and p = .50 for the three sample

sizes n = 20, 40, 80 . Table 2 shows that the results for all the

four methods except the Asy method with a = .025, are within the

sampling variability of the nominal level , a + 1.96 (e(1-4/500)1/2 .

There is a close agreement between the three bootstrap methods and

they are all performing better than the Asy method for sample sizes 20

and 40.

ONE-SIDED CONFIDENCE BANDS

To investigate the validity of the confidence bands , the

bootstrap method was used to estimate the distribution of the

pivotal quantity d'(y) I
o
d(y) , where (1/r2)I

o
is the observed

information matrix and d(y) = [(0-#)/r (e-4/4 , with p=0 and r=1,

without loss of generality. Let we denote the ath percentile of

the estimated distribution of d'(y) I
o

d(y) . Then the confidence
A A

bands e - w
&

were calculated for the 500 samples. Table 3 gives

the fraction of samples out of 500 that gave lower confidence bands

for which the true underlying percentile e = # + F-1(p) was below

the band for some value of p using nominal confidence levels 1 -a

with a = .01, .05, .10. Table 3 shows that the results for all cases

are within the sampling variability of the nominal level , a + 1.96

(R(1-6)/500) 1/2
.
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Table 1 . The average of the estimated coverages for the simulated

and the nonparametric prediction intervals

(a) s=.10 (b) s=.05

n = 19 39 39 79

Ave. Est. Ave. Est. Ave. Est. Ave. Est.

Interval Coverage Coverage Coverage Coverage

Simulated .897 .901 .950 .950
(.062) (.039) (.027) (.018)

Nonpar. .897 .902 .950 .952

(.069) (.045) (.033) (.024)

*
Table 2. Empirical error rates of one-sided tolerance bounds

_1
for # + r Fo (p) from complete single samples.

a = .025 e = .05

Interval
20 40 80 20 40 80

PT .030 .032 .022 .044 .048 .038

BC .032 .032 .024 .052 .050 .044

BCa .030 .028 .026 .046 .048 .042

Asy .040 .042 .028 .066 .064 .048

* Based on 500 simulated independent random samples of each size n.
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Table 3. Empirical* error rates of one-sided

_1
bands for p + r Fo (p) from complete samples

n
a .01 .050 .10

20 .018 .056 .106

40 .016 .060 .114

80 .016 .058 .120

* Based on 500 simulated independent samples of each size n .
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3. PREDICTION AND TOLERANCE INTERVALS FOR THE WEIBULL

REGRESSION MODEL WITH COMPLETE DATA

3.1 PRELIMINARIES

In this chapter the single two-parameter Weibull distribution is

extended to a Weibull regression model with p.d.f. , for which the scale

parameter 5(x) depends on regressor variables,

(7/4(X)) (t/6(X)) 7-1 exp[- (t /b( %)) 7] (3.1.1)

It is well known that the distribution of y = log(t) , given x , has

an extreme value form,

f(y\x) = (1/4 exp [((y - p (x))/f) exp ((y - p(x))/f)]

for -m < y < m , (3.1.2)

where if =1/7 and p(x) = log (5(x)) = xfi . The model (3.1.2) can be

written as a location-scale linear model,

y =x114-#7z (3.1.3)

where fl = (fl ' "ft fl ), is a qxl vector of unknown parameters,
0 I q-1

and

z - EV(0,1) with p.d.f. exp(z-ez), -m(z< m (3.1.4)

The p.d.f. of y. , given x. , can be represented in the general
1 1

linear form,

gf(ir.; or) = (1/0) g((y.- x.1)/4,
1 1 1

-m < y. < m (3.1.5)
1

Suppose that a sample of independent observations y , y is

taken from (3.1.5), corresponding to fixed regressor variable vectors

x , x . Let X be the nxq matrix with rows x , x x
-1 2 'n
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and let Y = (y , , y ) . The statistical inference procedures

for a Weibull (or extreme value) regression model mostly employ the

large-sample properties for maximum likelihood estimation. Unless the

sample size is sufficiently large, such procedures may not be

adequate. The likelihood ratio method can also be used to construct

confidence intervals for percentiles. However, this method, though

somewhat better than the normal approximations for small and

moderate sample size, it needs much more computations to be carried

out. The Monte Carlo procedures used in Chapter 2 are generalized

to develop prediction intervals, tolerance limits, and confidence

bands for the Weibull regression model. The equivariance property of

the M.L.E's is extended for complete samples to the regression model.

The classical Monte Carlo simulations depend mostly on the existence

of pivotal quantities. However, the bootstrap methods proposed for

constructing tolerance limits do not depend so much on such pivotals.

DEFINITION 3.1
. .

Estimators fl = fl(y) and r = r(y) of ft and r are called

equivariant if for any real vector c = (c , c ) and positive

scalar d

fl (d Y + X = d fl (Y) +c

r (d Y + X c) = d r(Y)

(3.1.6)

(3.1.7)

It should be noted that the M.L.E's, ft and r , satisfy

conditions (3.1.6) and (3.1.7). Based on these equivariant

estimators, Lemma 2.1.2 generalizes for uncensored samples under
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the regression model (3.1.5) to give the following result.

LENNA 3 . 2

Let fi and r be any equivariant estimators of fi and o ,

based on a sample of independent observations as defined before. Then

W1= (ft P)/, and W
2
= No are pivotals.

3.2 PREDICTION INTERVALS FOR THE WEIBULL REGRESSION MODEL

In the regression prediction problem, we make use of the

relationship between the variable to be predicted and the other

variables that explain source of its variation. Stine (1985) derived

prediction intervals without any assumptions about the sampling

distribution of the observations. Specifically, define the vector of

the residuals e = Y - X , where / is the least square estimate of

ft . Let F (x) = tie < x} /n be the empirical distribution function

of e . Define the forecast error to be yf- yf , where,

xffl + of , and yf = xifl . The bootstrap residuals e* are

obtained by sampling with replacement from e . The bootstrap version

* * *
of the forecast error is y

f
- x

f
, where Af =a Y . Then

the distribution, G (.;f) , of the observable forecast error , e , can

be used to construct the nonparametric prediction intervals

[y
f
+ G -1((l-p)/2;f),y

f
+ G

*
-1((l+p)/2;f)] (3.2.1)

where G
*
"'((l-p)/2;f) , and G

*
"A((l+p)/2;f) are the lower and upper

(1-p)/2 quantiles of G*(.;f) , respectively. Stine (1985) showed

that the nonparametric bootstrap intervals asymptotically obtain the
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nominal expected coverage.

SIMULATED PREDICTION INTERVALS

Consider the equivariant statistic

(yf - xf Mb/ (3.2.2)

where ft and , are the MLE's for fl and s , respectively. Using

(3.2.2), a 1-a equal-tailed prediction interval would be

D(fl,r) = (xtfl + ass , xffl + bar)

where as , b are chosen such that

(3.2.3)

prflor [ yf E D(/), ] = 1-s (3.2.4)

From lemma 3.2 , the distribution of (3.2.2) does not depend on the

unknown parameters ft and s , so that we can take ft = 0 and & = 1,

without loss of generality. It follows that,

pro. [ y
f

E D(//, ] 1-s (3.2.5)

The most important criterion for choosing a forecast method is its

accuracy. In that sense, our objective is to find a forecast such

that the future forecast error yf -yf tends to be as small as

possible. However, since yf has not yet been observed, we can

consider the expected value of the L.H.S of (3.2.5), conditional on ft

and s . It follows that,

0,
[pr

13.1
[y

f
E D(fl,o) / Xs] 1-& (3.2.6)

1

In this case, the prediction interval D(fl,&) , can be interpreted as

a tolerance interval with expected content 1-4. Assume that yf is

from EV(p,&), then employing the parametric structure of the problem,

gives
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E
o.I

EF
0
(x

f
fl + b r) - F0(xffi + a

ft

r)] = 1-& (3.2.7)

where F
o
(.) is the standard extreme value distribution function.

Now, consider the problem of finding a constant as such that

E
0.t

[F
0
(x

f
fl + a

0
r)] = a/2 (3.2.8)

where E (s) = (1/B)/(s) . It should be noted that as will depend

on the fixed matrix X of the fixed values for the predictors. To

obtain the solution as ,

(1) Generate a large number, say B , of random samples from EV(0,1).

(2) Calculate the MLE's, fl and r , for each sample.

(3) Calculate F
o

+ a a) for each sample, starting with some

initial value a
o

for a .

a

(4) Solve equation (3.2.8) iteratively to obtain as .

Similarly, we can find a constant b& , such that,
A A

E
0 , 1

[F (x
f
fl + a

&
r)] =

3.3 ONE-SIDED TOLERANCE BOUNDS FOR THE

WEIBULL REGRESSION MODEL

(3.2.9)

Consider the model (3.1.3) and define the pth quantile of y ,

given x , that is,

e(x,p) = x# + r F-1(p) (3.3.1)

where F-1(p) is the 10Opth percentile of the standard extreme value

distribution. In this section we consider the problem of constructing

one-sided confidence interval for e(x,p) . McCool (1980) used Monte

Carlo simulations to estimate the percentage points of the

distribution of a pivotal quantity that can be used to find confidence
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limits for percentiles. Lawless (1982) and Jones et al. (1985)

developed procedures which are based on the asymptotic normality of

the maximum likelihood estimators for the unknown parametrs. To solve

this problem five different approximate methods will be developed.

The methods we consider are extensions to the corresponding methods

presented in chapter 2. Let q denote the vector of unknown

parameters, (1, , of the extreme value distribution. It is well

known that the MLE of e(x,P) is, e(x,p) = xft + a F-"(p) , where ft

and , are the MLE's of /3 and o respectively.

(1) THE STANDARD METHOD

Consider the pivotal quantity

W(x,p) = (0(x,P) 0(x,p))/ Se (3.3.2)

where e(x,p) is the NLE of e(x,p) , and Si? is an estimate of

its standard error. Define A = (fl ,$) to be the NLE of q . Then

the procedures are based on the approximation q N(//,I ) , where I

is the observed information matrix of ft and s . This approach has

been used by Lawless (1982). It follows that the quantity (3.3.2) is

distributed N(0,1) , where re = [(x,F-I(p)) I-1(x,F-0 I(P)))112

Then the standard approximate intervals are

O(zyp) E [61(x,p) + zs , 0(x,p) + (3.3.3)

where z is the 100 s percentile of the standard normal

distribution and z = - z
1-s
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(2) THE PERCENTILE -T METHOD

Monte Carlo simulation is used to estimate the distribution

of the pivotal quantity (3.3.2) . Then a 1-a lower limit for 0(x,p)

would be

0(2E4)) w i_a S,, (3.3.4)

where w is the 1 -nth quantile of the distribution of W(x,p).
i_a

The following three methods are based on the parametric

bootstrap technique. That is,

(i) Draw a bootstrap sample, y , y
n

, from F = F^ , where
.

yi = xfl + t zi , and zi EV(0,1) .

(ii) Based on Y* , obtain the bootstrap MLE of 1, , ;* , and

calculate 9 (x,p) = 0(/ ,x,p) = xfl *+
0

a*F-I(p).

(iii) Independently, do steps (i) and (ii) a large number of times, B

say, and construct the approximate distribution of 0 (x,p)

G(s) = # ( Ob(x,p) < s )/B (3.3.5)

(3) THE PERCENTILE METHOD

is

A lower 1-a bootstrap percentile confidence limit for 0(x,p)

-1
G (a)

where G(.) is given by (3.3.5).

(4) THE BIAS-CORRECTED (BC) METHOD

The 1-a BC lower confidence limit for 0(x,p) is

(3.3.6)
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G 1(0 (2z
o
+ z ))

where 0 is the standard normal distribution and

z
o
= 0

1
[0(e(x,p))]

(5) THE ACCELERATED BIAS-CORRECTED METHOD

(3.3.7)

(3.3.8)

To calculate the acceleration constant a in the regression

model we need to obtain the least favorable family f; A; , where

r is defined by (2.3.30). In this case the gradient vector , V , of

0(x,p) evaluated at q will be,

V = (x,F-0 1(p)) (3.3.9)

The least favorable direction through I/ is,

=
V

(3.3.10)

where I" is the observed information of i = (fl, 4 . It follows

that,

a = skew I Olog (y )/DA)/6
A=0

A;

where,

(3.3.11)

*
A A

slog f'
i-A;

(y )/DA
A

I

0

= -(np
1

hi
1

) - EMI
1

x p$- p
1 1
(y.- x,

2
))/ y2)g

(1 exp((yi x i2)1111)) (3.3.12)

The 1-tt BCa lower confidence limit for 0(x,p) is

G
I.

141(z +(z + z )/(1-a(z + z )]) (3.3.13)
o o & o &

3.4 ONE-SIDED CONFIDENCE BANDS FOR PERCENTILES

In the last section lower tolerance bounds are obtained for fixed
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proportion p of the Weibull regression model. The case presented is

that where the values of the regressor variables , x , are also fixed.

In this section the previous case will be extended to construct lower

confidence bands for Weibull regression percentiles. These bands

generalize those obtained in chapter II for a single Weibull

distribution. The procedures are based mainly on the percentile-t

method employing Monte Carlo simulation. Three different types of

confidence bands are formed:

(1) Bands which are simultaneous in all percentiles , p , with x

fixed.

(2) Bands which are simultaneous in x with p fixed.

(3) bands which are simultaneous in x and p .

Consider the pivotal quantity (3.3.2) which does not depend on

the unknown parameters ft and r . Taking fl = 0 and r = 1 , the

quantity (3.3.2) can be written as

W(x,p) = (x'(ft /c) + (r 1)/r F01(0)/((x,F01(p))

I
0

1
(x,F 01 (p)) ]

1/2
, (3.4.1)

where (1/.2) I is the observed information matrix.
0

First, we consider confidence bands simultaneous in p with x

fixed. The problem is to find constants w(x) = w(a, x, X) such

that,

1-a = pri > e(x,p) w(x) Sg

for all p E (0,1) (3.4.2)

Let h(p) = (1,F0 1(p)) , and let d(Y,x) = (x'(fl/r). ((a 1)/r)) .
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Define the 2x2 positive definite matrix V(Y,x) = (0, 1) I0 (0 I)

then (3.4.2) is

1-a = prIht(p) d(Y,x) / [ h' (p) V(Y,x) h(p) 1/2 < w(x)

for all p E (0,1) 1 (3.4.3)

This is equivalent to

pr(
sup
h(p)

[ h' (p) d(Y,x)/[ht(p) V(Y,x) h(p)] 1!2]
< w(x) 1 (3.4.4)

It follows, from Rao (1973 , ch.1 sec.f ), that for all h(p) # 0 ,

=
1

(dt(Y,31 V (f,x) d(Y,x)]
1/2

< w(x) 1 (3.4.5)

and the sup is attained at h(p)= V-1(Y,x) d(Y,x) .

Now one sided confidence bands simultaneous in x with p fixed

are derived. Let h (x) = (x1,1), d(Y,p) = ,((; -1)/4)F01(p))

I.. 0
and L(p) = ( q" -1 ) . Define, the positive definite matrix

0' F-0 (p)

V (Y,p) = L(p) I-1 L(p) . Then, constants w (p) = w (w, p, X)
1 1 I

are derived such that,

1-a = prl h' (x) d (Y,P)/ [ h' (x) V (Y, p) h (x) 11/2( w (p).
t t 1 1 1 1

for all x E iq 1 (3.4.6)

Employing the same procedure, we can see that, for all ht(x)0 0 ,

(3.4.6) is equivalent to

1-a = pridt1 (Y,p) V-I(Y,P) d
1

(Y,p) < wt(p)1

and the sup is attained at hl1(x) = V-I(Y,p) d
1

(Y,p) .

(3.4.7)

Similarly, for one-sided bands simultaneous in x and p , let

h
2 0
(x,P) = (x,F-I(p)) and d

2
(Y) = ,((). -1)14) . Then,

constants w = w (a, X) are obtained such that
2 2
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1-* = prfh'(x,p) d (Y)/ h'(x,p) I-1 h (x,p) ]1/2 w
2 2 2 0 2 21

for all x E 1q and p E (0,1) ) (3.4.8)

This is equivalent to

1-a = prfsup sup [h'(x,p) d
2
(Y)/

p x

[h'(x,p) I-1 h
2
(x,P) P12] < w 2 I2 0

which can be written as,

(3.4.9)

1 -s = prfswp Ch'(x,p) d (Y)/[111(x,p) I
-1

h (x,p)
1/2

] < w I, (3.4.10)
2 2 2 0 2 2

where the sup is over all h (x,p) . This gives, for all
2

h
2
(x,p)f 0 ,

1-s = pr{ d
2
(Y) I

0
d

2
(Y) ( w2)

and the sup is attained at h
2
(x,p) = I

0
d

2
(Y) .

(3.4.11)
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SIMULATION STUDY

In this simulation study the validity of the bootstrap procedures

for constructing one-sided tolerance limits and one-sided confidence

bands for percentiles have been investigated . In the extreme value

notations the pth percentile is defined by 9(x,p) = xfi + v F-01(p) .

Three independent sets of 500 samples, z , z of size 20, 40, 80
1 n

were generated from EV(0,1). For each sample the values of y. were
1

obtained using the model y
i

=flx
il
+fl2 x

i2
+zi r with fl1 = ft = 0 ,

1 2

r = 1 , and equal numbers of (x ,x ) values equal to (1, 0) and (0,1).
2

For given x = (1,0) , and p = .5 , the MLE's 9(x,p) = xfi + r

F-0 1(.5) , and their standard errors,

S' = [(F-0 1(.5),x)' I-1(F-1(.5),x)], were calculated for each sample.

ONE-SIDED TOLERANCE LIMITS

The four methods described in the single sample case were

compared for the regression model using the same procedures. The

tolerance limits using the first method, PT , were calculated in the

form 9(x,p) w
1-e

S'
'9(x)
where w

i_s
is the 1- nth percentile of the

estimated distribution of (9(x,p) 9(x,p))/Sii(x) . The BC lower

tolerance limit, G-I(4(2z + z )) , where z = 4)-1[G(9(x,p)] , and
o & o

G(s) = #( 9 (x,p) < s)/1000 , was obtained for each sample. For the

third method, BCa , the acceleration constant "a" was computed using

formula (3.3.11), and then the BCa lower limit was calculated from

G-11 41z + (z + z )/(1-a(z + z )]1 . The Asy lower limit was

obtained using the formula 9(x,p) - z
i_s

8 , where z
i_s

is the 1-ath

percentile of the standard normal distribution. Table 4 gives the
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empirical error rates for each of the four methods, with a = .025,

.05 and n = 20, 40, 80. The results in table 4 indicates that the

PT method is accurate in all cases. The empirical error rates for the

PT and BC procedures are all within the sampling variability of the

nominal level , a + 1.96(a(1-s)/500)1/2. For sample size 20 the

results for the BCa and Asy methods are much greater than the

nominal level. For sample size 40 The BCa results are within the

sampling variability of the nominal level. the Asy results perform

better for sample size 40 and a = .025 , while are high for

= .05. For sample size 80 there is a close agreement between the

four methods.

ONE-SIDED CONFIDENCE BANDS

The validity of three types of one-sided confidence bands in the

regression case was investigated. First, bands which are simultaneous

in all percentiles, p, with x = 1, 0 were constructed in the form ,

e(x,p) - w(x) S1(x) . Constants w(x) were estimated as the(1-8)th

percentiles of Le(fl/f),(,-1)/0P V-1(y,x) Ix'(fl/f),(0-1)/4, where

V(y,x)=( 0, :) I-01( 11: .) Bands which are simultaneous in x with

p=.5 , were calculated in the form e(x,p) - w (p) Sii(x), where wt(p)

are the (1-s)th percentiles of Ma , (((a-1)/c)F-01(p)r Vi(y,p)

, (((,-1)/a)F-1(p)] , and

V (y,p) = Iq 2 I-1 Iq
0

0'
F-0 I(p)

0

0' o
F- t

(p)
I

For confidence bands simultaneous in x and p , Constants w were
2

calculated as the (1 -e)th percentiles of (x,F-0 1(p))I (x,F-I(p)).
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Tables 5-7 give the empirical error rates for sample size 20, 40, 80

using nominal confidence levels 1-s with s = .01, .05, .10. The

results of table 5 shows that all cases are within the sampling

variation of the nominal levels.
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*
Table 4. Empirical error rates of one-sided tolerance bounds

for 0 + r F
o

(p) from complete samples (q = 2).

a = .025 a= .05

Interval n
20 40 80 20 40 80

PT .036 .022 .024 .046 .052 .052

BC .038 .028 .024 .060 .054 .056

BCa .042 .032 .028 .070 .056 .056

Asy .046 .034 .028 .080 .072 .050

* Based on 500 simulated independent random samples of each size n.

Table 5. Empirical error rates of one-sided bands for all p

for 0 + r Fo (p) from complete samples (q = 2).

a
n

.01 .050 .10

20 .016 .060 .110

40 .016 .058 .122

80 .016 .058 .108

* Based on 500 simulated independent random samples of each size n.
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Table 6. Empirical
*
error rates of one-sided bands for all x

for xfl a F
o

(p) from complete samples (q = 2).

n
.01 .050 .10

20 .018 .062 .108

40 .024 .058 .10

80 .018 .050 .104

* Based on 500 simulated independent random samples of each size n.

Table 7. Empirical
*
error rates of one-sided bands

for all x and p for xfl + r F
o

(p)

from complete samples (q = 2).

a
n

.01 .050 .10

20 .018 .062 .108

40 .024 .058 .106

80 .018 .052 .116

* Based on 500 simulated independent random samples of each size n.
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4. BOOTSTRAP PREDICTION AND TOLERANCE INTERVALS FOR

THE WEIBULL REGRESSION MODEL WITH CENSORED DATA

4.1 PRELIMINARIES

In many applications related to regression problems, data on the

dependent variable are censored. The prediction and tolerance interval

methods for the complete sample Weibull regression model are extended

to the case of data randomly censored on the right. Let

t°, ..., to be a sample of independent and identically distributed
1

random variables from (3.1.1) with distribution function R° , say,

and let c°, c° be independent and identically distributed

censoring random variables with a common unknown continuous

distribution function H . Further assume that t°, to and

c°, c° are independent. Let t = min (t0, c°) , and
1 1 1 i

1 if t. = t°
d

i

= 1
1 for i=1, 2, n.

0 if t = c°
i i

Observations are then made for the independent triples (t., d., x ,

1 i i

i=1, 2, n . It should be remarked that usually the censoring

values are not known in advance. The distribution function of t. ,

1

R , is such that

1 R (1) = (1-H (i))(1-R°(/)) (4.1.1)

where R°(.) is the Weibull distribution function. Let y. = log(t.)
1 1

and c = log(c0) , and let and T denote the sets of observed
1 1

y.'s and observed c.'s respectively. Then the likelihood function
1 1

is
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L(og,r)= II (1/0exp[Z. - exp(Z.)] II exg-exp(Z.)] (4.1.2)
1 1 1

where Z = (y. x.fi)/r , and thus
1 1

n
log L(fl,r) = -rlog(r) + /: Z + (i /o) E Z exp(Z.) (4.1.3)Z.

1

where r is the observed number of lifetimes. The random censorship

structure described above will be considered throughout this chapter

for the Weibull and extreme value regression models. Let F denote

the extreme value distribution function and K denote the

distribution function of c . Then, using the sample data
1

(y., d., x.), we can obtain the maximum likelihood estimate of F ,

1

that is, F = F" . For the unknown censoring distribution function,
fl,,

K , consider the Kaplan- Meier estimate, Kn

K (I) = 1 - II ((n-i)/(n-i+1))1-di (4.1.4)
n c.< I

For the confidence set procedures, the classical (non-bootstrap)

approach, as mentioned earlier, usually relies on the existence of

pivotal quantities, for which the distribution do not depend on the

unknown parameters. Under random censorship model, such quantities

are no longer available. Consequently, the classical Monte Carlo

methods can not be used to estimate the distribution of any quantity

which depends on unspecified parameters. In addition, the complicated

analytical problems that arise with random censoring make it

impossible to give exact methods. Therefore, the statistical

inferences procedures for random censoring are usually based on

large sample theory. Lawless (1982) pointed out that even with

type I singly censored sample it is necessary to rely on large-sample
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methods which are based on the normal approximation of the maximum

likelihood estimators. However, It is known that such methods might

not be adequate for small and moderate sample sizes. In this

chapter we use the bootstrap method to develop prediction intervals,

tolerance bounds, and confidence bands for small and moderate samples

from the Weibull and extreme value regression models. The single

Weibull distribution model is considered as a special case.

CENSORED DATA AND THE BOOTSTRAP

The bootstrap technique has been extended by Efron (1981) to use

for censored data. With random censored data, bootstrapping has been

carried out using two different methods proposed by Efron (1981) and

Reid (1981). Efron's method is to obtain the nonparametric maximum

likelihood estimates, F and K , proposed by Kaplan-Meier (1958),

for the distribution functions F and K respectively. Then draw a

random sample

sample c *,

where y. = min

y
o*

1

,

c

0*
(y. ,

from

*
c.)

1

y
o*

from F

K . The observed

, and d =
i

and a corresponding random

sample would be (y.* ,

1

1 if y.*= y.
0*

, i=1,

0 if y*= c*
1 i

d *)
i

n .

Efron (1981) shows that this method is equivalent to drawing a sample

(y*., d.*) i=1, 2, ..., n with replacement from (y., d ),
1 1 1 i

i=1, n. Reid (1981) considers the Kaplan-Meier estimator F

for F and takes a random sample from F .

In this chapter, we propose the following bootstrap method:

(1) Obtain a bootstrap random sample y
o*

, Y
n

o*
from the

1
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parametric maximum likelihood estimate F

o* *
y = xi + f Z

i

, and z EV(0,1).
1 1 1

(2) Obtain a bootstrap random sample c

Kaplan-Meier estimate K (1) given in (4.1.4).

* o* * *
(3) Define y. = min(y. , c.) , and d =

1 1 1 i

i=1, n.

= ric",

c

1 if

0 if

, where

from the

* o*
yi=

* *
y.= c

1 1

* * ^* le
(4) Then using the bootstrap sample (y , d , x ) calculate fl and r .

1 i 1

(5) Do steps from 1-4 large number of times, B , say.

4.2 BOOTSTRAP PREDICTION INTERVALS FOR THE

WEIBULL REGRESSION MODEL

Suppose that y , y is a random sample from EV(0, r),

and let yf be an unobservable random variable from the same

distribution. Then from (3.2.3), a 1-& equal-tailed prediction

interval is given by,

D (fl, r) = (z
f
fl +a

&
tr,xf fl + b

a
r) (4.2.1)

where ft and r are the MLE's for ft and r , respectively. The

constants as and b are chosen such that

prpak [ Yf E DU, : 1 a (4.2.2)

It should be noted that the sampling distribution of (Xi) depends on

Q , f and the censoring distribution K(.) . The conditional

expectation of the L.M.S of (4.2.2) given ft and f is

[Prfl, Yf E D(//, tr) ir 1 - a (4.2.3)
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But since Y
f

is distributed EV(xft, a) , then (4.2.3) can be written

as

E IFLOEV I. b 10 -F tx04+a r) li : 1 - & (4.2.4)
fi,f,k 11,, f & //, f a

Noting that the extreme value distribution is a location-scale model,

it then follows that,

E
flor,k i Fa[ x

f
(ft - We. + b

a
f/4 - F

o
(x

f
(ft - 48)/,

+ a
&
f/ 40] 1 : 1 - & (4.2.5)

Consider the problem of obtaining a e/2 lower prediction

limit, that is, find a constant as , such that,

Ex 11'0 [xf(08=A)Ir + atir141 = '112 (4.2.6)

To solve (4.2.6) for as , we make use of the parametric bootstrap

method described above. Let and denote the bootstrap MLE's
A A Ate

for ft and a , then the distributions of (# - fl)/f and f If are

estimates to those of (# i8)/r and flf , respectively. Hence,

E4,,,k I To[xf(41- a&eiri E I Fo[xf

fi)/ a + a ;*/41 (4.2.7)

It follows that the bootstrap version of (4.2.6) is,
.* . .

E
*

04,, ,kn
f F

0 x
tx,(fl - 00/ r + a

a
r /Ill : a/2 (4.2.8)

where E
*
(I) = (1/13)E(1) . To find as which satisfies (4.2.8) ,

start with an initial value a
o

, and then use an iterative procedure
&

until as is obtained. Similarly, to derive an upper prediction

limit, we can obtain a constant b& , such that,
.*

E 4
, ',Aun

I F
0
[x

f
(04 - 08)/ f b f I0]1 &/2 (4.2.9)

v

For the case of a single Weibull or extreme value model,

y = + a z, (fl
o
= p) , a lower prediction interval for a future
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observation is obtained by finding a constant as which satisfies,

*

,s

* - - *
E

,k
I F

0
[(# -lair + a r /41 : a/2itn s

(4.2.10)

Using an analogous procedure for the upper prediction limit,

a constant b
s

is found such that,

* *
E

t i v k
,

itk
( F

0
[(is -10/, + b

8
, MI : 1-6/2 (4.2.11)

li

4.3 BOOTSTRAP ONE-SIDED TOLERANCE BOUNDS FOR THE

WEIBULL REGRESSION MODEL

The problem of estimating the pth quantile of the Weibull

regression model with randomly censored data arises in many

applications. In the extreme value notations the pth quantile of the

response, Y , given x , is given by (3.3.1). The five methods

presented for complete data in Chapter 3 will be extended for

randomly censored data. The first method, called the standard method,

is based on the classical approach which depends upon the asymptotic

normality of the N.L.E's in large samples. For example, consider the

variable, where,
1 1 1

z1

this case the observed information matrix will be

I = (1/0-2)

E x r+E z
i

Ex. E x2 ezi Ex z ezi
i

z E x.z.e
z E z2 ezi

where r is the observed number of lifetimes and z. = (y. - x.fl)/s .
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The large sample normal approximation for fl

o
, fl and r is then

. A

(fie /IC
c)

N [(fie fli, r),I-1] . The M.L.E of the pth percentile

of the response Y , given x , is

O(x,p) =
ft

+ fix + F ©1(p) f (4.3.1)
0

It follows that, 0(x,p) has approximately normal distribution with

mean 0(x,p) and variance (1, x, F-I(p)) I-I (1, x, F-I(p))' . Then
0

a 1-of one sided (lower) confidence limit for the pth percentile ,

0(x,p) , would be

9(x,p) + z [(1, x, F-I(p)) I-I (1, x, F1(p))1 1/2 (4.3.2)

where z is the 100e percentile of the standard normal distribution.

Unless the sample size is sufficiently large this method may not be

adequate. The following four methods are based on the parametric

bootstrap algorithm. The second, third, and fourth ones are similar

to those proposed with complete data. In the fifth method, the

bootstrap percentile-t method, we use the standardized quantity

(3.3.2), which is asymptotically pivotal. The importance of pivoting

has been argued by Hartigan (1986) and Beran (1987).

(2) THE BOOTSTRAP PERCENTILE -T METHOD:

This method make use of the bootstrap distribution of the

approximately pivotal quantity (3.3.2). The quantity (3.3.2) can be

written in terms of the parameters and c and their maximum

likelihood estimates as
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W(x,p) = (x(ft - fl)/0. +((r-r)/ r) F-0 1(p))/

[(x',F-1(P)) 1-0 1 (x',F-1(p))11/2 (4.3.3)

Since the sampling distribution of (fl fl)Ir and (r-r)Ir can

depend on the unknown parameters, ft , f and the censoring

distribution K(.) , the classical Monte Carlo simulation cannot be

used to estimate the distribution of W(x,p) . Therefore we use

bootstrapping. The bootstrap percentile-t method uses the

* 4* A* 4 A*
bootstrap distributions of (fl -W s. and ((r ) as estimates

of the distributions of (fl-fl) /r and ((r-r)/r) , respectively. It

follows that the bootstrap distribution of W(x,p) can be used to

estimate the distribution of W(x,p) , where

,

W (x,p) = Cx(fl
*

0)/ / r

*
+((r

*
r)/r

*
)F-'(p))/

*
[(x', F-0 1(p))I

o
-1(x', F-1(p))11/2, (4.3.4)

*, ,

and r 2 I
*

A is the bootstrapped observed covariance matrix. In

this case, a 1-s lower confidence limit for the pth percentile,

O(x,P)
, is

xfl + r F-1(p) [(x', F-1(p))I-1(x', F-1(p))1 1/2 (4.3.5)
1 -a

where w is the 1-ath quantile of the distribution of W
*
(x,10)-

Consider the special case of a single Weibull population. Th

coefficients, w , for lower confidence limits for the pth percentile
1_6

can be obtained using an approach similar to that for the regression

model. The quantity (4.3.3) reduces to ,
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W(P) = (# 11)/, +((f-4/ 4 F-01(p))/

[(1, F-0 I(p)) I-0 I (1, F-0 I(P))1
1/2

Equivalently, the bootstrap version of (4.3.6), which is a special

(4.3.6)

case from (4.3.4), is

* . 'A * #

W (P) = (# /1)/r +((r 01/ r ) Vol(P))/

[(1, FI(p» I*-I (1, F-I(p))11/2
0 o o

(4.3.7)

A 1-s lower confidence limit for the pth percentile, 0(c,p) , is

p+ a F-1(p) w [(1, F-1(p))I-1(1, F-1(p))1
0 t-1 0 o

1/2 (4.3.8)

where w is the 1 -nth quantile of the distribution of (4.3.7).

4.4 BOOTSTRAP ONE-SIDED CONFIDENCE BANDS FOR PERCENTILES

OF THE WEIBULL REGRESSION MODEL

In this section, the bootstrap algorithm is used to construct

three different types of confidence bands for the Weibull regression

model with randomly censored data.

Consider, first, the problem of constructing confidence bands

which are simultaneous in p with x fixed. Based on the quantity

(4.3.3), constants w(x) = w(s, x, X) are obtained such that

1-s = prx, I 0(x,p) > 0(x,p) w(x) SB .

for all p E (0,1) i (4.4.1)

= (var(0(x,p))]where S
0

1/2 To solve (4.4.1) for w(x) , let

h(p) = (1, F-I(p)) , and let d(Y, x) = [x(fl-P)/(,), (01-4/4 .

Define the 2x2 positive definite matrix
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x' 0
1 -1

x
2V(Y, x) =

0' 1 j I° 0 1

where (11,2)1
o

is the observed information matrix. Then (4.4.1) can

be written as

1-s = prittr,k Ihl(p) d(Y,x)/ Ite(p) V(Y,x) b(p)]
1/2

< w(x),

for all p E (0,1)) (4.4.2)

which is equivalent to

1-s = pr
fl,r,k

1 sup h' (P) d(Y, x) /

h (p)

[h' (p) V(Y, x) h(p)] 1/2 ( w(x)

Then, for all h(p)# 0 ,

(4.4.3)

1-s = pr
#,,,k

([d(Y, x)' V-1(Y, x) d(Y,x)]- 1
/2<

w(x) 1 (4.4.4)

and the sup is attained at h(p)= V-1(Y, x) d(Y, x) . The R.H.S of

(4.4.4) depends upon the unknown parameters fl , r and the censoring

distribution R(.) . To estimate the percentage points of the

quantity [d(Y, x)' V-1(Y, x) d(Y, x)]1/2 we use the bootstrap method.

* - *
Let d(Y *, x) = Ex(fl fl)/r ), ((r -r)/r ] , and

x' 0 x 0

V(Y , x) =
0' 1

0 0 1

where r
*,
-I

o

*-1
is the observed covariance matrix based on Y

*
. Then

the bootstrap analog of (4.4.4) is

1-s : pet l[d(Y*, V-1(Y*, x) d(Y*, x)]1/2 W(x) 1 (4.4.5)
P. rtA

u
n

where w(x) is the (1-s)th percentile of the distribution of

[d(Y*, x)' V-1(Y*, x) d(Y*, x)11/2 (4.4.6)

In the special case of a single Weibull (or extreme value)

distribution, an analogous procedure can be used to develop confidence
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bands simultaneous in p . Let h(p) = (1,F-01(p)) , and let

d(Y) = [(# - #) / 4 , ((,-414 . The 2x2 positive definite matrix

will be, V(Y) = I-1 . Then (4.4.2) is written as

1-a = pr 1/2
< w,fhl(p) d(Y)/ [h'(p) V(Y) h(P)]

#,,,k

for all p E (0,1)1 (4.4.7)

which is equivalent to

1-a = pr I sup h' (p) d(Y)/ [h' (p) V(Y) h(p)] 1/2
< w I (4.4.8)

#,a,k

Then, for all h(p)# 0 ,

1-s = pr ([d(Y)' V "1(Y) d(Y)] 1/2< w I (4.4.9)
#,,,k

and the sup is attained at h(p)= V-1(Y) d(Y)

But since the R.H.S of (4.4.9) depends on the unknown parameters,

p f and K(.) , the bootstrap method will be used in the same

-*
*

-* -*
manner as before. Let d(Y ) = [(p 141, ), (GT -41f] , and

* ,

V(Y *) = I
o

, where ^a*2I*-1 is the observed covariance matrix based

*
on Y . Then the bootstrap version of (4.4.9) is

1-s = pr" ([d(Y *)' V-1(Y*) d(Y*)]1/2 < w I (4.4.10)
Pr ft lin

where w is the (1-a)th percentile of the distribution of

[d(Y*)' V-2(Y*) d(Y*)]I/2 (4.4.11)

Now the problem of deriving confidence bands simultaneous in x

with p fixed is developed. That is, constants w (p) = w (s, p, x)

are derived such that,

1-s = pr
#,,,k 19(x,p) > 0(x,p) w (p)

for all x E R' I (4.4.12)

Let h (x) = (x, 1)' and let d (Y, p) = [(fl fl)/f), (0- oilf)
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F-o I(p)]. Define the positive definite matrix V
t

(Y,x) = L(p) I-I

I

[

0

L(p)' , where L(p) is the (q+1)x(q+1) matrix given by qxq
0

-_'

Foj, (p)

Then (4.4.12) can be written in the equivalent form

1-a = pre
. f.16

u I (x) d
I
(Y, P) (x) V

1

(Y, x) h
I
(x)1 <

PI

w (p), for all x E le 1 (4.4.13)
1

which implies that,

1-a = pr
ft, f,k

I
1

f sup [h (x) d (Y, p)/11 (x) V (Y, x)
h (x)

b (x)I1( w (P)/ (4.4.14)
t t

Then for all h
t

(x)* 0 ,

1 -a = Prfl,,,k I [d
1 1

(Y, p) V-I(Y,x) d' (Y, p) ] (4.4.15)1/2 (

t

(p)I

and the sup is attained at h (x) = V-I(Y, x) d'(Y, p) . The quantity
1 1 1

[d
1 1

(Y, p) V-1(Y, x) d'(Y, p)]I/2 depends on the unknown parameters

fl , r and K(.) . Then, in a similar manner, the parametric

bootstrap is used to estimate w (p) . Constants w (p) are found
1 1

such that

1-a -
_
pr4

1, An t

(Y
1

. p) V" (Y* , x) d'(Y *, p) ] < w
1

(P)1

Finally, we can use the same procedure to develop lower

(4.4.16)

confidence bands simultaneous in x and p . Constants w
2
= w

2
(s, x)

will be obtained such that

1-a = pr
fl,r,k

10(x,p) > 0(x,P) w2

for all x E Eq, and p E (0,1) 1 (4.4.17)

Let h
2

(x,
0

= (x, F-I(p)) and let d
2
(Y) = (0=M/f , (f-f)/f) .

Then we can write (4.4.17) in the form



64

1-& = pr 1 h (x p) d (Y)/ th (x,p) I-I h (x,p)'] < w
fl.f.k 2 ' 2 2 0 2 2

for all x E le, and p E (0,1) 1 (4.4.18)

Or equivalently,

1-& pr,o,k
2

tsup sup[h_tx,p) d2(Y) /(h2(x,p) I-I
p x

h
2
(x,p)')] < w21

which can be written as,

1-& = pr I sup (12 (x,p) d (Y) /

h
2
(x,p)40 2 2

(h (x,p) I-I h (x,p)')] w I
2 0 2 2

Then,

(4.4.19)

(4.4.20)

1-& = pr
fl.f.k

( d
2
(Y) I-Id

2
(Y1' < w

2
1 (4.4.21)

0

and the sup is attained at h (x,p) = I d (Y) . The bootstrap version
2 2

of (4.4.21) is

* *

fly irdcn 2 0 2 2
1-& pr 1 d (Y ) I -Id (Y )' < w 1 (4.4.22)
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