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To better understand the extreme local amplification of tsunami, the experimental 

investigation on counter-propagating solitary wave collisions over a horizontal bottom 

was conducted using the optical measurement techniques: Particle Image Velocimetry 

(PIV), and Laser Induced Fluoresce (LIF). Head-on collisions and oblique collisions of 

equal-amplitude as well as unequal-amplitude waves were examined. 

Precision measurements of water-surface variations were made with the LIF technique 

that revealed detailed features of the collision process of counter-propagating solitary 

waves. Comparisons of the laboratory results with the theory of Su and Mirie (1980) are 

made in terms of the maximum amplitude and found in good agreement. The phase shift 

resulting from collision is found to be dependent on wave amplitude, which is in a 

qualitative agreement with Su & Mirie’s (1980) immediate post-collision prediction. The 

solitary waves lose a small amount of energy after collision. Waves with larger amplitude 

before collision have greater amplitude reduction. The secondary waves resulting from 

collision is also compared with Su & Mires’ (1980) theory. The secondary wave form 

measured in the laboratory is in good agreement with the theory. Our laboratory results 

also include oblique collision cases, while Su & Mirie’s (1980) theory is developed for 

the head-on collision conditions only. The oblique collision cases that we investigated are 

those with small oblique angles (up to 20°) due to the limitation of our basin breadth. We 

find no difference essentially with or without oblique interaction angle. 



PIV technique was used to explore variations of the boundary-layer formation under the 

collisions. With the resolved velocity field, which has high resolution both in space and 

time, flow acceleration, vorticity, and pathline for bottom boundary layer flow are 

computed and analyzed. Detailed description of the flow field transition during the 

collisions is presented. Layered formation of the boundary-layer structure immediately 

after the collision is observed for symmetric collisions. This layered formation is a 

consequence of the overshoot associated with the viscous diffusion in a flow reversal. We 

identify flow separation and attachment based on vorticity field along the bed. Flow 

separation happens prior to reaching collision peak when two solitary waves merge. Flow 

attachment occurs after the collision peak when two waves separate from each other. The 

separation/attachment point is fixed at the collision point for symmetric collision, while 

for asymmetric collision, the separation/attachment point advances in the direction of the 

larger wave.  

The velocity field before and after collision peak causes a net displacement of water 

particles. This net displacement is always in the direction of the outgoing separating 

waves after the collision. The pathline displacement results from the overshoot of the 

rundown process, which must be the origin of the formation of trailing secondary waves.  

This study used the visualization of the velocity-gradient-tensor field to analyze the flow 

behaviors and characteristics. The velocity-gradient tensors show that the fluid parcels 

are stretched vertically prior to reaching the maximum amplitude. After the collision peak, 

fluid particles are then stretched in the horizontal direction. The tensor magnitudes in the 

boundary layers are much larger than in the flow interior. 
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Experimental Study of Counter-Propagating Solitary Wave Collisions 
 

1  Introduction 

1.1 Background  

Over 70% of the earth’s surface is covered by water, which is indispensible for human 

life. However, these water sources which human being relies on can also become 

devastating forces, such as tsunamis. On March 11th 2011, Japan was hit by a Mw 9.0 

earthquake which triggered a deadly tsunami in the country’s north. The giant waves 

deluged cities and countryside, sweeping away buildings, homes, boats, cars, only 

leaving a path of death and havoc in its wake. According to Dunbar et al. (2011), the 

disasters not only left 15854 dead, 3203 missing, but also caused over $200 billion in 

damage and resulted in a nuclear disaster and 200,000 residents evacuated from affected 

area.  

The tsunami in Japan recalled the 2004 disaster in the Indian Ocean, which claimed 

nearly 230,000 lives and $10 billion in damage (Dunbar et al. 2011). This 9.3 magnitude 

mega tsunami was caused by a subduction-type fault rupture of more than 1,000 km in 

length. Though it was a low-probability high-impact event, a similar disaster could strike 

the Pacific Northwest by rupturing the 800 km long Cascadia subduction fault running 

from British Columbia to Northern California (Priest et al., 1997). The Alaska-Aleutian 

subduction zone also has the ability to cause large tsunamis. A submarine landslide off 

the Santa Barbara coast or Los Angeles Basin might generate damaging tsunamis in 

Southern California (Borrero, Legg, & Synolakis, 2004). Another tsunami-prone region 

along the US coast is Puerto Rico (Mercado-Irizarry & Liu, 2006). And, due to its special 

location, Hawaii is always vulnerable to almost every trans-Pacific tsunami.  

Because mega tsunamis are rare and it is possible to forewarn such events, in order to 

evacuate and save lives effectively from tsunami hazards, one of the crucial tasks is 

tsunami inundation modeling, providing preparedness and disaster reduction measures: 
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inundation maps. Inundation maps are fundamental for evacuation maps and are critical 

for evacuation planning, assessment of buildings and infrastructures, land-use 

management and tsunami education (Barberopoulou et al., 2009).  

At present, even the state-of-art tsunami numerical model has limited performance and 

accuracy due to our incomplete understanding of the phenomena. Tsunamis are long 

waves, therefore it is expected that tsunami flooding will occur fairly uniformly along a 

coastline. However, field surveys often indicate that tsunami runup height varies 

significantly within neighboring areas. Tang, Chamberlin, and Titov (2008) compared 

tide-gage data with numerical results computed from different grid setups at Kahului tide 

gage in Hawaii for the 2006 Tonga tsunami and Honolulu tide gage for the 1964 Alaska 

tsunami. The numerical results were simulated by NOAA model called MOST (Method 

of Splitting Tsunami). Even with the best available bathymetry data and NOAA’s 

numerical model, the agreement in both amplitude and phase deteriorates after several 

waves. The trend of good agreement for the first few waves and poor performance 

afterwards is typical for most of the current numerical models. 

This study will emphasize one of the possible causes contributing to the inadequate 

predictability of local tsunami amplification: the difficulty of predicting the complex 

wave field near the shore, where the reflected and incident tsunamis, leading tsunami 

wave and the following tsunamis waves interfere with each other. A solitary wave is a 

nonlinear, non-oscillatory long wave with single crest and permanent form, which is 

often used to describe tsunami waves caused by earthquakes and large-scale landslides. It 

is believed that the tsunami-tsunami interaction and the subsequent amplification might 

be responsible for the substantial local variability in tsunami runup height (Yeh 1998). In 

my research, a series of laboratory experiments on counter-propagating solitary wave 

collisions were conducted and analyzed for the phenomena of tsunami waves interacting 

with each other.  

Another focus of this study is on the boundary layer flow underneath the two counter-

propagating solitary wave collision. The ocean floor that lies deeper than the shelf break 
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(about 200 m depth) is the largest, covering approximately 60% of Earth’s surface. 

Despite the vast size, only a small fraction of deep sea has been studied to date. In 

general, the deep-ocean floor is characterized by vastness of soft sediment, low 

productivity, and low physical energy, including sluggish currents (< 0.13 m/s), slow 

sediment accumulation rates (0.1-10 cm per thousand years), and lack of sunlight (Gage 

& Tyler, 1992). Moreover, deep-ocean habitats have several characteristics that 

distinguish them from others, such as low rates of growth, respiration, reproduction, and 

bioturbation in the seafloor. These characteristics of the deep-sea floor make deep-sea 

habitats and sediments extremely sensitive to sudden environmental changes (Glover & 

Smith, 2003). 

Because of tidal forces and ocean circulations, the water is never perfectly still at the 

deep sea. The near-bottom water movement in much of the deep sea is slower than that in 

shallow water, however. Flow speeds in the bathyal zone tend to be less than 10 cm/s 

near the bottom, and those in the abyssal zone are less than 4 cm/s. The bottom-

boundary-layer flow varies little from day to day at a fixed location (Eckman & Thistle, 

1991). These boundary-layer flows are thought to be too weak to erode sediments or 

benthic organisms. However, the near-bottom flow velocities are not always slow 

everywhere and anytime: there are some exceptions that are often called “benthic storms”. 

For example, at the base of the Scotian Rise (at 4880 m deep in the North Atlantic), the 

flow at 5 m above the seabed was reported to approach up to 30 cm/s causing sediment 

erosion [Gross et al., 1988].  

“Benthic storms” could be triggered by tsunamis, and the resulting tsunami-induced 

‘storms’ could affect a large area with significant intensity. Most of the currently 

available numerical models, however, focus on the water surface variations, especially 

tsunami run-up while propagating to the coastlines in shallow waters (Snynolakis, 2007; 

Titov et al., 2005). Such models are evidently useful for the estimation of tsunami 

damage and losses of human lives. Little research has paid enough attention to tsunamis’ 

flow field in the deep ocean. Unlike wind waves, tsunamis are extremely long and are the 

few of possible driving forces that could influence the deep ocean floor. When tsunamis 
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propagate in the ocean, due to the bathymetry or islands in the way, they may refract and 

reflect, thus causing complex wave-wave interactions. When two tsunamis collide with 

each other, for example, substantial vertical velocities can be generated at the collision 

site (Maxworthy, 1976). This can influence the flux of propagules and the flux of food 

for deep-sea habitats. It is suspected that the collision of extremely long waves like 

tsunami waves will cause flow separation or detachment near the bottom boundary layer 

in the deep sea and potentially have a negative influence on the deep sea ecosystem. Thus 

specific interest is focused on the bottom boundary layer flow in this dissertation. 

1.2 Goal and Objectives 

The primary goal of this study is to gain a better understanding of tsunami characteristics 

and behavior, especially for nonlinear tsunami-tsunami interaction. The improvement in 

tsunami numerical models is urgently needed for tsunami hazard mitigation. The study 

can also provide experimental data as a benchmark for validation of tsunami numerical 

codes and help improve the tsunami inundation models used in the real world. With the 

focus on the interaction of two counter-propagating solitary waves, this study can be 

complementary to benchmark problems presented in the NOAA memorandum, which are 

all for single pulse tsunami in relative simple bathymetry. The current numerical models 

are already quite capable of predicting tsunami amplification under the benchmarking 

problem configuration of NOAA as reported in (Yeh, Liu, & Synolakis, 1996) and (P. L. 

F. Liu, 2008), but not the case for two or more tsunamis. Therefore the numerical models 

still need to be improved, and once they are improved, they will then have the capability 

to produce more accurate evacuation maps for better preparation and planning, and thus 

mitigate the damage and loss of lives from tsunami disasters.  

In the long term, this study may promote advances in mathematical theories related to 

tsunami phenomena. Realization of mathematical theories in real fluid environments are 

important for advancing applied mathematics; findings from this study should make some 

contribution for mathematical understanding of complex natural phenomena and thereby 

inspire mathematicians to develop better models for bidirectional long waves. 
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1.3 Scope and Layout  

This dissertation covers a series of laboratory results on counter-propagating solitary 

waves. The experimental result obtained using Particle Image Velocimetry (PIV), and 

Laser Induced Fluoresce (LIF) is presented. Precision measurements of water-surface 

variations were made with the aid of LIF technique and detailed features of the counter-

propagating solitary wave collisions were captured. PIV technique was used to measure 

the flow field in the bottom boundary layer. With the combination of these two 

experimental techniques and other visualization and analytical tools, we gain a better 

understanding for both tsunamis’ local amplification and tsunami-collision induced 

boundary layer flow. This dissertation is structured as follows: 

Chapter 2: Literature Review. 

Chapter 3: Theoretical Orientation. The outline of mathematical derivation for KdV 

equation, the velocity field from linear combination of KdV equation, the boundary layer 

flow characteristic under single solitary wave and the analytical solution for counter-

propagating solitary wave from Su and Mirie (1980) are discussed in this chapter. 

Chapter 4: The Experiment. Experimental set up for LIF (Laser Induced Fluorescence) 

and PIV (Particle Imaging Velocimetry) is described in this chapter. The experimental 

apparatus, procedures, limitations are discussed. The cases investigated in the 

experiments are: (a) head-on collisions between two waves of equal amplitude travelling 

in opposite direction, i.e. symmetric head-on collision; (b) Asymmetric head-on collision 

with unequal amplitudes; (c) 10 Degree, 15 Degree and 20 degree oblique collision with 

equal amplitude; (d) 10 Degree, 15 Degree and 20 degree oblique collision with unequal 

amplitudes. 

Chapter 5: Water-Surface Variation Measurements and Discussion. Water Surface profile 

is measured by LIF for Counter-Propagating solitary wave collisions. Maximum 

amplitude, phase shift and trailing waves caused by the collision are investigated in this 

part. Representative case for symmetric head-on collision, asymmetric head-on collision, 
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symmetric oblique collision, and asymmetric oblique collision are presented. Comparison 

between the experimental result with previous analytical and numerical works are also 

included.  

Chapter 6: Flow Field Measurements and Discussion. Velocity field is measured by PIV. 

Flow characteristics near bottom boundary layer are investigated. The velocity-gradient-

tensor-field visualization technique is applied to obtain the insight of flow data. Vorticity 

generation mechanism is discussed and compared with our results. Flow separation and 

attachment are identified. 

Chapter 7: Conclusions.   
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2 Literature Review 

The study of solitary wave has a long history since the historical discovery in the month 

of August 1834 by John Scott Russell (1845) who named this type of wave: the Wave of 

Translation. After Russell’s field observations and laboratory demonstrations, many 

mathematical investigations had been made. Korteweg and de Vries (1895) derived the 

famous equation for water waves propagating in one direction on shallow water, and then 

found an exact solution of the equation for the so called solitary wave, which is a single 

hump of wave without changing form during propagation and is uniquely determined for 

a given wave amplitude scaled by water depth. 

Solitary wave possesses the characteristics of soliton (Zabusky and Kruskal, 1965). 

Soliton is a permanent form wave of a nonlinear system (Zabusky and Kruskal, 1965; 

Hirota, 1971; also see Whitham, 1974; Lamb, 1980; Johnson, 1997; Mei et al., 2005). A 

larger soliton propagating behind a smaller one in the same direction can catch up, collide, 

and experience a ‘strong’ nonlinear overtaking interaction but re-emerge retaining their 

original identity with the only remnant of the interaction being a shift in phase – the faster 

wave is shifted forward and the slower wave is shifted backward: hence it is considered 

as an “elastic” collision. The term ‘strong’ interaction is used to indicate the wave-wave 

interaction of a long-duration collision when the solitary waves are traveling in the same 

direction. On the contrary, it is a ‘weak’ interaction when two solitary waves moving in 

opposite directions collide with each other so that the interaction time is short. The weak 

interaction of two solitary waves is the theme of this dissertation. 

There are two equivalent approaches to investigate the counter-propagating solitary wave 

collisions: one with wave-wave collision, another is one single solitary wave incident on 

a vertical wall. Studies of binary collisions of counter-propagating solitary waves have 

been initiated analytically by Mayer (1962). Zabusky and Kruskal (1965) found that there 

may be a spatial phase shift but no lose of energy for weakly nonlinear solitary waves 

overtaking or collision. The special case of total reflection of a soliton by a vertical wall 

was first solved by Chan and Street (1970), who numerically integrated the Navier-
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Stokes equations using the SUMMAC code. Byatt-Smith (1971) using a model derived 

from an integral equation to explicitly determine the maximum amplitude R  of the head-

on collision of two equal-amplitude solitary waves: 2 312 ( )
2

R a a O a   , where a  is 

the amplitude of each solitary wave. Byatt-Smith showed that assuming invisid fluids, the 

maximum amplitude of head-on collisions of two equal-amplitude solitary waves will 

exceed twice the amplitude of the incident solitary wave. Maxworthy (1976) presented 

cinematic based measurements of the phase shifts and the maximum run-up amplitudes 

for head-on collisions to test the result given by Byatt-Smith (1971). Maxworthy (1976) 

performed experiments in a wave tank of 5 m long and still-water depths in the range of 

4.5 to 6.7 cm. However, just like the photographs of Weidman and Maxworthy (1978), 

the cinematic based experiments did not handle vertical wave structure with high 

resolution. They only showed that the set of equations derived from Byatt-Smith (1971) 

gives results that are in qualitative agreement with the experiment, i.e. the phase shift is 

in the observed direction and the maximum amplitude is greater than twice the initial 

amplitude.  

There have been a number of enhancements by the work of Su and Mirie (1980) and 

Mirie and Su (1982). They presented analytical and numerical studies for the head-on 

collision of two solitary waves. Their analytical study was made based on the 

perturbation analysis of two colliding solitary waves to third order, where they performed 

the numerical integration of the Su and Gardner (1969) equation. They found the skewed 

(backward tilting) wave formation immediately after the collision followed by small 

dispersive tails. Fenton and Rienecker (1982) used a Fourier series method to solve the 

fully nonlinear Euler equations, and their results are in close agreement with the results of 

Chan and Street (1970). Renouard, Santos, and Temperville (1985) found a transient loss 

of amplitude as the reflected wave propagates away from the reflective wall, which is in 

agreement with Mirie and Su (1982) and Fenton and Rienecker (1982). They confirmed 

that it is highly sensitive in the phase shift due to the experimental conditions. Byatt-

Smith (1989) showed the higher-order approximation for the head-on collision of solitary 

waves with unequal amplitudes, and confirmed the results of Mirie and Su (1982). Wu 
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(1995) applied the bidirectional long-wave model introduced by Wu (1994) to evaluate 

interactions between multiple solitary waves progressing in both directions, and showed 

that his theoretical prediction of the maximum amplitude and the phase shift were all in 

good agreement with the results of Chan and Street (1970) and Maxworthy (1976).  

Craig et al. (2006) gave theoretical results for a relationship between the change in 

amplitude of solitary waves due to collision and the energy carried away from the 

interaction by the trailing wave trains. They also analyzed a rigorous estimate of the size 

of the trailing waves generated by solitary wave collisions. Chambarel et al. (2009) 

investigated the head-on collision of two equal and two unequal solitary waves 

numerically by Boundary Integral Equation Method (BIEM). They found the phenomena 

corresponding to the occurrence of a residual jet for wave amplitudes larger than a 

threshold value of the normalized amplitude ( a / h  0.60 ). Similar to breaking standing 

wave, the residual jet are individual drops formed at free surface and generated during the 

rundown of the collision, when two waves start to separate. They believe that this 

phenomenon is same as the one described by Maxworthy (1976), who observed 

experimentally at large initial amplitudes that the vertical accelerations have tendency to 

generate jet-like flow at the wave crest which breaks down into individual drops. 

However the mechanism of generation of this jet is still an open problem.  

There has been relatively little work however in obtaining high-resolution experimental 

data of counter-propagating solitary wave collisions in time and two-dimensional 

propagation space. We investigate the solitary wave collisions in the different 

experimental setup from the previous studies. The present apparatus is a wide wave tank: 

the sufficient breadth of the tank ensures to result little influence by the sidewall effect, 

allowing us to investigate the oblique collision cases. We will not only investigate the 

spatial and time series of wave profile during collision, but also measure and analyze the 

velocity field associated with the collision, focusing on the boundary layer flow. To our 

knowledge, the present study is the first where the flow field is investigated for the 

collision of solitary waves. 
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Lin et al. (2010) observed experimentally the velocity profiles of boundary-layer flow 

induced by a single solitary wave. The study of the effects of viscous damping on solitary 

waves was presented by Keulegan (1948). Keulegan also presented his solution for 

bottom shear stress variation under the solitary wave. According to Keulegan, the bottom 

shear stress (i.e. velocity gradient at the bed) becomes the maximum slightly ahead of the 

wave crest. Then, the stress changes its direction in the lee side of the wave, which 

remains to be so even after passing the solitary wave. In other words, the reverse-

direction flow in the boundary layer persists even after the passage of the solitary wave. 

Mei (1983) used the perturbation method and re-derived Keulegan’s results. Liu and 

Orfila (2004) obtained a solution for boundary-layer flows under long waves, including 

the damping rates for the solitary wave. This perturbation analysis for linear boundary 

layer solution was extended for fully nonlinear boundary layer by Liu et al.(2007). Liu et 

al. reconfirmed Keulegan’s finding that the fluid velocity near the bottom reverses its 

direction and persists even after the passage of the wave crest. Their results are based on 

the assumption that the bottom boundary layer regime is ‘thin’ and laminar. Liu (2006) 

studies the turbulent boundary layer structure under arbitrary long waves by introducing 

Boussinesq approximation and eddy viscosity. Vittori and Blondeaux (2008) modeled the 

flow field in the boundary layer at the bottom of solitary wave by direct numerical 

simulation of the Navier-Stokes equations. Their result indicates that turbulent 

oscillations starts to form after the passage of the wave crest when the wave amplitude is 

larger than a critical value. The flow outside of the bottom boundary layer decelerates 

after the passage of the wave crest, and the adverse pressure presents in the boundary 

layer. Combination of the decelerating outer-flow and the adverse pressure gradient 

induce the flow instability in the bottom boundary that creates turbulence. Their results 

were demonstrated experimentally by Sumer et al. (2010), who visualized the appearance 

of a regular array of two-dimensional vortices becoming unstable, break and produce 

small-scale turbulence.  

The present research extends understandings of the boundary layers under solitary waves 

by investigating the flows during the counter-propagating solitary wave collisions. In 

particular, we explore if flow separation of the boundary layer could occur. 
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3 Theoretical Orientation 

There are some interesting characteristics for two solitary waves colliding with each other. 

As introduced in previous chapter, some of the theories about maximum amplification, 

phase shift, secondary trailing wave for head-on collision have been derived and are 

compared with our experimental data. Outline of the mathematical formation for the most 

important theories will be discussed in this chapter.  

3.1 Outline of Mathematical Formation and Derivation 

The evolution of long water waves can be described through approximation of the full 

water wave problem, by assuming the departure of free surface elevation from the 

equilibrium state, its derivative, and the derivatives of the velocity potential, and the ratio 

of the water depth to the horizontal length are all small quantities. It can be solved by the 

assumption that the fluid is inviscid, homogeneous, incompressible and the fluid motion 

is irrotational. Consider the flow situation shown in Figure 3.1. 

 

Figure 3.1: Definition Sketch of the Flow Situation: a  is the wave amplitude,   is the water 
surface variation from still water line, h is the water depth of the still water. The still water level 
lies at z = h. 

The velocity field is given by gradient of velocity potential ( , , , )t x y z , which satisfies 

the Laplace’s equation for the incompressible fluid. The governing Laplace’s equation 

then is solved in a domain bounded by a horizontal solid bottom, and a free water-air 
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surface. A constant depth h is for the height of fluid at rest. The still-water level lies at z 

= h, and the horizontal impermeable bed lies at z = 0. ( , , )t x y  is the water surface 

variation across the still water line. Disturbed free surface is at z = h+ . The problem to 

be solved is the Laplace equation with the bottom boundary condition, free surface 

kinematic and dynamic conditions. For the three-dimensional water waves (neglecting 

the surface tension effect), we will see that the problem can be reduced to studying 

solutions of the isotropic Benney-Luke equation. The approach which is outlined here 

follows the derivation of Raúl and Robert (1999): 

The velocity potential satisfies the Laplace equation: 

 
2 0zz     for 0 .z h     (1) 

No flow through the bottom boundary: 

 0 at z = 0.z   (2) 

From the kinematic boundary condition at the surface: 

 +    =  at z = h+ .t z       (3) 

From the dynamic boundary condition at the surface: 

 
2 21 1( ) ( ) 0  at  z = h+ ,

2 2t z g          (4) 

where the gradient operator ( , )
x y
 

 
 

, g is the gravitational acceleration,  is the 

assumed constant fluid density . 

Introduce dimensionless variables in terms of amplitude parameter /a h  as follows: 

x hx , y hy , z hz  , /t th gh  , h gh   , h   . 

After transformation and dropping the hats, it can be obtained that: 

 
2 0zz     for 0 1 ,z     (5) 

 0 at z = 0,z   (6) 
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 +    =  at z = 1+ ,t z        (7) 

 

2 2( ) ( ) 0  at  z = 1+ .
2 2t z
 

          (8) 

To describe long waves in shallow water, the dimensionless parameter  2
0( / )h L  is 

introduced, where L is the horizontal length of motion. The new variables are: 

ˆ ˆx x , ˆ ˆy y , ẑ z , ˆ ˆt t , ˆ ˆ  . 

Apply the new variable and dropping the hats, the problem can be transformed to: 

 
2 0zz      for 0 1 ,z     (9) 

 0 at z = 0,z   (10) 

 

1+    =  at z = 1+ ,t z     


   (11) 

 

2 2( ) ( ) 0  at  z = 1+ .
2 2t z
     


      (12) 

The potential can be expressed as the Taylor series at z = 0 using Eqs. (9) and (10): 

 

2 2 4
2 4 3( ),

2! 4!
z z O           (13) 

where   is velocity potential at the bottom. 

Apply (13) in Eqs. (11) and (12), we can obtain: 

 
2 4 2 2+    +(1+ )  ( , ) ,

6t O              (14) 

 
22 2 2( , ) .

2 2t t O             (15) 

From Eq. (15), we get 

 ( , ).t O      (16) 

Apply this to Eq.(15), we obtain 



14 
 

 
22 2 2( , ) ,

2 2t t O            (17) 

 
22 2 2( , ) .

2 2t tt tt t
O            (18) 

From Eq.(14), using Eq.(15), we can also get 

 
2 4 2 2  (1- )  ( , ) .

6t t t O              (19) 

Combining the last two equations, and neglecting the terms of order 2 2( , )O   , it is 

obtained that 

 
2 4 2 2 21 1 ( ( ) ) ( ( ) ) 0

6 2tt tt t t                (20) 

Benney and Luke (1964) derived this equation.  

Ignore the term smaller than ( , ) O   , Eq.(20) can be linearized as: 

 
2 ( , ) .tt O        (21) 

Taking both  and  small but finite and the same order of magnitude ( ) ( ) 1O O   . 

Suppose the solution of the Benney-Luke equation has the form ( , , ) ( , )x y t f X   , 

where X x t   and 
2
t  .  represents the slow time scale. This describes a slowly 

evolving, one dimensional wave train propagating in only one direction (a similar result 

will exist for the wave running to other direction). Taking  without loss of generality 

and substituting the previous form in Eq.(20) yield 

 

1 3 ( ).
3X XXXX X XXf f f f O      (22) 

From Eq.(16), in terms of the nondimensional elevation  , the previous equation 

becomes 

 

1 3 ( ).
3 XXX X O       (23) 
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Neglecting the term smaller than ( )O   the previous equation yields the Korteweg de 

Vries (KdV) equation: 

 

1 3 0.
3 XXX X      (24) 

3.2 Head-On Collision  

We consider colliding two counter-propagating solitary waves, while the KdV equation 

only considers long wave with only one direction. Su and Mirie (1980) carried out a 

perturbation analysis of two colliding solitary waves to third order and derived the 

equation for maximum run-up, phase shift and investigate the feature for trailing waves 

of the head-on collision. A perturbation method which in principle can generate an 

asymptotic series is applied to calculate these effects of the collision. The equations of 

motion of an inviscid, constant-density fluid with a free surface as defined in Eqs. (1) to 

(4) is first recast into a pair of equations in terms of the free surface elevation from the 

bottom ( , , ) ( , , )H t x y h t x y  and the velocity along a horizontal stream bottom 

( , , )w t x y . Following Su and Mirie (1980): 

From Eqs (1) and (2), using Taylor series with 0 at z = 0,z   we obtain 

 
2

2

0

( , , , ) ( 1) ,
(2 )!

n
n n

n

zt x y z
n






     (25) 

where same as previous, ( , , ) ( , , , 0)t x y t x y z   , ( , ).
x y
 

 
 

 

In terms of ( , , )t x y , Eqs. (3) and (4) become 

 
2 1

2

0

[ ( 1) ( )] 0,
(2 1)!

n
n n

t
n

HH
n





    
  (26) 
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 (27) 

where the asterisk represents the vector inner product for even m and the usual arithmetic 

multiplication for odd m, and  

2 (2 )!
!(2 )!

n n
m m n m

 
   

 

is the binomial coefficients.  

Notice that in our laboratory experiments, we investigate wave profile in both head-on 

collisions and oblique collisions, but Su & Mirie only consider the condition for one 

dimensional head-on collisions and ignore the y dependence in H  and  . Taking the x 

derivative of Eq.(27), the Eqs. (26) and (27) then become 

 
2 1 2

2
1

[ ( 1) )] 0,
(2 1)!

n n
n

t xn
n

H wH Hw
n x






   

   (28) 

2 2 22
2

2 1 2
1 0

21 1( 1) [ ( 1) ] 0,
2 (2 )! 2
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n m x

nH w ww gH w
mn x t x x



 
 

     
              

  (29) 

where xw    stands for the velocity at the bottom of the tank. Note that xu   and

zv  can both expressed in w  by Eq. (25). 

Eqs. (28) and (29) are convenient for a perturbation scheme to study the head-on collision 

between two solitary waves which are small in amplitude and long in wavelength. Su & 

Mirie (1980) carried the perturbation analysis up to third order and obtained the 

following solutions. 

3.2.1 Maximum Amplification 

The maximum height obtained by the two waves during interaction is maximum 

amplification. Su & Mirie (1980) analyze terms for same order of the power expansion 
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parameter, in terms of right and left running wave dimensionless amplitude parameter R  

and L , obtained the equation for the perturbed free surface elevation up to 3( )O  : 

 

2 2 3 2

2 2 3 2

3 101 151 5( , ) ( ) ( )
4 80 80 8
3 101 151 5( ) ( )
4 80 80 8

1 7 11( ) ( ) ,
2 4 8

R R R

L L L

R L R L R L

f f f f f f

g g g g g g

f g fg

     

  

     

       
 
       
 
          

 (30) 

where  

2 1sech
2

f  , 2 1sech
2

g  . 

It is easy to see that the maximum amplitude exists at the point ( , )   where f = 1 and g 

= 1, yields 

 
max

3+ ( )
2 8

R L
R L R L R L

 
           (31)  

Where max
max

a
h

  , L
L

a
h

  , R
R

a
h

  . a is wave amplitude and h is water depth. 

Subscript L means left-going wave, R means right-going wave. 

3.2.2 Phase Shift 

A collision does leave imprints on the colliding waves with phase shifts, which means the 

trajectory of each solitary wave in the x-t plane does not coincide before and after the 

collision and represents a retardation of each wave. Su and Mirie (1980) derived the 

formula for phase shift. The phase shift of right-going wave is:  

 
1 1
2 213( ) (1 ) 9 ( )

3 8 4 3
L L L

R R Rh h f          (32) 



18 
 

By changing the subscript R and L, 2 1sech
2

f   to 2 1sech
2

g  , it is easy to get the 

phase shift of left-running wave. The first term in the right-hand side of Eq. (32) is 

caused by a simple uniform translation without change of wave profile. The second term 

is a function of   (or  if for left-going wave). This represents at different points in the 

wave, there are different phase shift, i.e. a distortion of wave profile. The last term was 

replaced by 4 R and the total phase shift of the right-going wave up to 
3
2(( ) )O   was given: 

 

1
21 1 3

=h( ) (1 )
3 8 4L L RR       (33) 

Thus the phase shift is a combination of a simple phase shift (a uniform translation 

without change of wave profile) and a distortion in the wave profile owing to different 

phase shift at different points in the wave. Before collision, the phase shift is zero, the 

profile is symmetric. After the collision, the wave becomes asymmetrical and tilts 

backward with respect to the direction of its propagation. The equation (33) approximates 

both simple phase shift and distortion of wave into a total uniform phase shift. 

3.2.3 Secondary Waves 

Su and Mirie (1980) also showed that after the collision, the wave becomes asymmetrical 

and tilts backward with respect to the direction of its propagation. The collision generates 

and sheds a secondary and dispersive wave which propagates in the opposite direction of 

their parent waves. This secondary wave can be expressed as:  

 4' ',
9

S S S     (34)  

where 3/2 1/2 2 1/2
0 0

19 , sech  and ( ).
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3.3 Linear Superposition Flow Field of Two Solitary Waves 

The KdV equation (24) can be expressed in physical variables and stationary coordinates 

as:  

 20
0 0

3 1 0.
2 6t x x xxx
cc h c
h

        (35) 

The solution of the Equation (35) for the solitary-wave case is: 

 2
3
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     (36) 

where h  is the water depth, a  is the wave amplitude, 1/2( )C gh is the linear wave speed 

and the speed of the wave is: 

 (1 )
2
ac C
h

   (37) 

From Eq. (36), we can get the right-running wave surface profile equation: 
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The left-running wave surface profile equation: 
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The horizontal velocity can be obtained from  

 0u
t x

 
 

 
 (40) 

The vertical velocity can be obtained from continuity equation 
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3.4 Bottom Boundary Layer Flow  

Wave induced bottom boundary layer is crucial for sediment transport process or deep-

sea ecosystem if long wave involved. Keulegan (1948) presented his solution for velocity 

profile in the boundary layer and bottom shear stress variation under the solitary wave. In 

the region of the viscous boundary layers, the velocity can be expressed as 
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where 1/2( )C gh  , aA C
h

  , 131
4
ak

h h
 , 2

0 sechu A kx  is the free stream velocity.   

The velocity gradient at boundary is  
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 . 

Based on Eq.(36), Figure 3.2 (a) shows a solitary wave profile with amplitude a = 2.4 cm, 

water depth h = 6 cm, dimensionless amplitude ε = a / h = 0.4. The irrotational horizontal 

velocity out of the boundary layer under this solitary wave can be obtained by Eq.(40) 

and shown in Figure 3.2 (b). Figure 3.2 (c) shows Eq.(43), Keulegan’s (1948) boundary 

layer solution for ∂u/∂z at z = 0. The bottom shear stress (i.e. velocity gradient at the bed) 

becomes the maximum slightly ahead of the wave crest. Then, the stress changes its 

direction in the lee side of the wave, which remains to be so even after passing the 

solitary wave. Figure 3.2 (d) shows Keulegan’s (1948) boundary layer velocity solution 

Eq.(42). From the vertical velocity profile, it is clear that reverse flow appears after the 

passing of wave crest, where the horizontal velocity transit from acceleration to 

deceleration. This interesting boundary layer flow characteristic is one of the reasons that 

we suspect there might be flow separation or attachment during counter-propagating 

solitary wave collisions. 
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Figure 3.2: (a): Surface profile of solitary wave with dimensionless amplitude ε = a/h = 0.4; (b): 
Velocity profile outside the boundary layer for solitary wave with height ε = 0.4. u = a	퐶/ℎ is 
wave speed underneath the crest, 퐶 = 푔ℎ; (c) Keulegan's (1948) boundary layer solution ∂u/∂z 
at z = 0 for solitary wave height ε = 0.4, kinematic viscosity = 1 × 10 	푚 /푠; (d) Vertical 
velocity distribution under different phases for Keulegan's (1948) boundary layer solution. Dotted 
lines: before passage of the wave crest; Solid lines: after passage of the wave crest. 
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4 The Experiment 

4.1 Wave Tank & Wave Maker System 

Laboratory experiments were conducted in a glass wave tank designed and constructed 

for precision experiments of long-wave (tsunami) research at Nonlinear Wave Lab, 

Oregon State University. The wave basin is 7.3 m long, 3.6 m wide, 0.3 m deep and 

elevated 1.2 m above the ground: see Figure 4.1. Not only sidewalls but even bottoms are 

made of 12.7 mm thick glass plates. Thus laser sheet can fire from both the carriage 

above water for the laser induced fluorescent (LIF) method and from the ground 

underneath the wave tank bottom for the particle image velocimetry (PIV). Various 

optical techniques such as LIF and PIV are then capable to be applied to measure the 

wave and flow field in the tank. The top surface of the entire 3.6 m 	× 7.3m aluminium 

frame was planned in one piece to achieve a smooth flat surface. With the height 

adjustable base columns, the glass plates were directly installed on the frame precisely in 

a horizontal plane. 

 

Figure 4.1: Photo for wave tank in Nonlinear Wave Lab, OSU. The wave basin is 7.3 m long, 3.6 
m wide, 0.3 m deep and elevated 1.2 m above the ground. Sidewalls and bottoms are made of 
12.7 mm thick glass plates. Two traversable mounting carriages system across the wave tank 
carries the laser and mirror components for LIF experiment.  
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The wave basin is equipped with a 16-axis directional wave maker system which has the 

capability of generating arbitrarily shaped, multi-directional waves. The original position 

of the wave paddles is 26 cm away from the upstream end of the wave tank. Each wave 

paddle is pushed through hinge connections by two adjacent linear-motor motion devices, 

which is inherently more accurate for producing linear positioning. Wave paddles are 

made of polyvinylidene fluoride plates that are moved horizontally in piston-like motions. 

The maximum horizontal stoke for each paddle is 55cm, which is more than sufficient to 

generate very long waves with water depth of 6.0 cm in our experiments. The wave 

maker system also has the ability to synchronize with high speed video camera for LIF 

and PIV system.  

4.1.1 Linear Motion Device 

As shown in Figure 4.2, the 16-axis directional wave maker system was installed along 

the 3.6 m long head wall. Each axis of motion is produced by a single, prepackaged unit 

that comprises the following: a linear motor with amplifier; a linear motion table with 

rails, bearings and carriage; a linear encoder with a resolution of 1 micrometer and z-

channel output; end-of-travel limit switches; cable management system with connectors 

and feed-through. This complete factory-integrated unit (from Parker Daedal) provides 

for the most sophisticated positioning of a load available today.  

The use of a linear motor instead of a traditional rotary motor is the key to this 

sophistication. Linear motors have been available for some time; however, it was only 

recently that their prices (mainly due to the costs of magnets) and load capabilities made 

them competitive with the traditional rotary motor/ball screw approach to obtaining linear 

motion. Linear motors are inherently more accurate for producing linear positioning since 

there is zero backlash with fast response and settling times in their motion and they 

obviate the need for all the mechanical devices needed to change rotary motion into linear 

motion. The 8-pole motor units are capable of producing 50 lbs (22.68 kg) maximum 

force with a duty cycle of 60% and 17 lbs (7.71 kg) of continuous force. A push rod at 

one edge of a paddle can be connected directly to the carriage of the unit. 2	× 8-pole 
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motor units are installed in the wave tank for the laboratory experiments, which provide 

us capability to generate oblique wave in a much wider range and decrease the meniscus 

effect from sidewalls while wave propagating. 

 

Figure 4.2: 16-axis directional wave maker system along the 3.6 m long head wall of wave basin. 
Each wave paddle is pushed through hinge connections by two adjacent linear-motor motion 
devices, which is inherently more accurate for producing linear positioning. Paddles are made of 
Polyvinylidene fluoride plates that are moved horizontally in piston-like motions. The maximum 
horizontal stoke for each paddle is 55cm. 

4.1.2 Programmable Multi-Axis Controller 

A turbo PMAC digital controller (Figure 4.3) from Delta Tau, Inc. will provide the 

control for all axes of motion. This computer-based controller runs the most sophisticated 

dedicated real-time operating system for the control of motors. Unlike all other operating 

systems, Delta Tau’s is open, providing the user with direct access to all memory 

locations which can be monitored in real-time using background programs. This 

monitoring capability allows us to know exactly what is happening in real-time and to use 

this information to control other experimental apparatus by output/input TTL signals. 

Delta Tau provides a software package that enables the controllers to be interfaced 

through serial lines and USB to laboratory computers. This software provides an 

environment for accurate tuning of all motor/load axes of motion. In addition, the digital 

control algorithm provides “look ahead” capability which enables the system to be 
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controlled with no error (Traditional servo systems require an error signal before they are 

controlled). The look-ahead feature incorporates the known dynamical capabilities of the 

wave maker system. 

 

Figure 4.3: The turbo Programmable Multi-Axis Controller (PMAC) digital controller from Delta 
Tau, Inc. This computer-based controller runs the most sophisticated dedicated real-time 
operating system for the control of motors and provides capability of monitoring and direct access 
to all memory locations. It can be synchronized to wave maker motion, camera and laser in LIF 
and PIV systems. 

4.1.3 Wave Generation 

In the laboratory experiments, dual solitary waves were generated in a sequence with 

certain dwell time in between. As shown in Figure 4.4, while the generated first wave 

was reflected by the end wall opposite to the wave maker and propagates backward to 

wave maker, the second wave then generated so that these two waves can collide at 

expected site. The time interval between these two waves is able to be controlled by the 

PMAC program in the precision of mili-second.  
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Figure 4.4: Sketch of two counter-propagating solitary waves generation procedure. The reflected 
first wave represents the wave generated from the side of end wall.  

For Head-on collision cases, waves are generated parallel with wave maker. While for 

waves with oblique collisions, we still generate the first wave parallel with wave maker, 

but create the second wave with angle (Figure 4.5).  
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Figure 4.5: Schematic drawings of the wave basin. Elevation view (top) showing position of the 
camera view port. Plane view (bottom) showing the wave paddles generate the first parallel wave 
and the second oblique wave collide with each other at an angle. The global coordinates system 
define in the figure is used to describe the position of apparatus position. 

The Programmable Multi-Axis Controller was programmed to make wave paddle motion 

for long wave generation. Solitary waves were initially generated using the algorithm 

developed by Goring and Raichlen (1980). Their method of solitary wave generation is 

based on the KdV solitary wave equation as shown in Eq. (36). It can be shown from 

continuity equation that the depth-averaged velocity for finite amplitude shallow water 

waves of permanent shape is: 
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still water line and can be obtained by Eq. (36). The speed of the paddle of 

wave maker is then set to the velocity calculated from above to match the velocity of the 

wave plate at all positions with the corresponding depth-averaged velocity of the wate

particles under the long wave. The displacement of the wave maker paddle 

calculated numerically by solving the differential equation: 
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lightly more stable solitons could be generated using different wave maker laws of 

Katell & Eric, 2002). After comparison, we keep using wave maker laws of 

Goring and Raichlen (1980) but applying a slightly cleaner higher order
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results: the solitary wave profile of 3rd order from Grimshaw (1971) is slightly cleaner
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(has smaller trailing waves) than the linear and 2nd order algorithms. We applied this 3rd 

order solitary wave generation algorithm for all of our laboratory experiments. 

As shown in Tanaka (1993), when the wave propagates in the positive x direction, the 

wave surface variation   and the propagation speed (Froude number) F are: 

 2 2 2 4 3 2 4 6 43 5 151 101( ) ( ) ( )
4 8 80 80

as a s s a s s s O a         (46) 

Where  

  0sec ( )s h x Ft x    (47) 

 2 3 41 3 31 ( )
2 20 56

F a a a O a      (48) 
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4 8 128
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Figure 4.7: Comparison between linear, 2nd, and 3rd order wave generation algorithms. The test 
wave condition: water depth 6cm, solitary wave amplitude 1.8 cm, wave gauge location at 4.5 m 
away from the wave paddle in wave propagating direction. 
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4.1.4 Wave Conditions 

For all the results presented in this study, the water depth is constant and equals to 6 cm. 

The cases investigated are:  

(1) Head-on collisions between two solitary waves of equal amplitude travelling in 

opposite direction; (2) Head-on collisions between two solitary waves of unequal 

amplitude travelling in opposite direction; (3) 10 Degree, 15 Degree and 20 Degree 

oblique collisions with equal amplitude; (4) 10 Degree, 15 Degree and 20 Degree oblique 

collisions with unequal amplitude. 

The origin of the global coordinates is taken at the corner of the wave basin as shown in 

Figure 4.5; the x-direction points horizontally along the side wall, y-direction points 

perpendicularly away from the side wall and z-direction points upwards. This coordinates 

is used to describe the position in the following sessions. The collision plane is located at 

x = 1.5 m, y = 1.3 m, and parallel to xz plane. The collision plane is not set up at the 

center of the tank is because the oblique solitary wave could not maintain its permanent 

form on the side that it far away from side wall (y = 3.6 m), and the oblique solitary wave 

will amplify along the other side wall (y = 0 m) due to the width limitation of our wave 

tank and the unavoidable influence of Mach reflection from the side wall (Li, Yeh, & 

Kodama, 2011). Thus the oblique wave could not propagate far in the y direction, and x 

value of the observation site could not be too small to avoid the Mach reflection effect 

from the side wall. The oblique angle is limited to less than 20 degree for the some reason. 

This is a limitation of our laboratory experiments. 

4.2 Laser-Induced Fluorescent (LIF) 

To examine temporal and spatial variations of water-surface profiles, laser-induced 

fluorescent (LIF) method were used, which has been used to record water-surface 

variations as early as 1980s (Yeh & Ghazali 1986; Ramsden 1993). Hammack, 

Henderson, Guyenne, and Yi (2004) repeated solitary wave interaction measurements by 

four wave gauges for 40 times and provided a data set that spanned 1.6 m in the wave 
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propagation direction with a resolution of 1cm. The LIF method that we used is much 

more precise than wave gauge measurement. Wave gauge measurement precision is 

largely depending on its calibration and could cause unavoidable errors. Another 

advantage for LIF is that it stores both temporal (10 s, limited by our high speed video 

camera memory) and spatial variations (0.25 m, limited by the laser sheet intensity, but 

we used montage approach to make measure of four panel and thus it spanned 

approximately 1 m) of the water-surface profiles and avoid the inconsistency and 

discontinuity of wave gauge measurement for repeating same wave condition many times.  

 

Figure 4.8: Experimental configuration for LIF method. It is composed of the 5W laser, the 
cylindrical lens, the high-speed video camera, the traversable mounting carriage system and two 
front-surface mirrors. 

The set up of the LIF technique is illustrated in Figure 4.8. A 5W diode-dumped, solid-

state laser (Centennia Thin-Disk Laser manufactured by Spectra-Physics), a high-

resolution (1280 × 1024 pixels), high-speed (30-500 frames per second) video camera 

(X-PRI manuafactured by AOS Technologies), a mirror system and a traversable 

mounting carriage system across the wave tank are the primary components of the LIF 

system.  
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Proper amount of fluorescein dye is dissolved in the wave tank first. A laser with 3.0-4.5 

W intensity is then converted to a thin laser sheet using a cylindrical lens. Two front-

surface mirrors transmit the laser sheet to lid the vertical plane parallel to the side wall. 

The dissolved fluorescin dye will serve to help the laser-sheet illumination induces the 

dyed water to fluoresce and thus identifies the water-surface directly and non-intrusively. 

The high-speed & resolution video camera is set on the one end of traversable carriage 

and around 1.3 m away from the plane of the bright laser light sheet. A calibration board 

shown in Figure 4.9 is used for calibration of the video images for each different location 

of experimental measurements cases.  

 

Figure 4.9: Calibration board used for both LIF and PIV experiments. 

The board is put on the location of laser illuminated plane, and then is fine adjusted so 

that the board front plane and the laser illuminated plane are aligned. The mounting 

system for video camera need to be adjusted then, so that the camera is well focus and the 

view port is perfectly aligned with the calibration board. The record duration of the high-

speed high-resolution video camera is set to be 10 s and is synchronized with the wave 

maker system. As the wave passes through the laser sheet, the illuminated profiles are 

recorded by the video camera. A computer based image processing program  is used for 

transforming the data from perspective view to orthographic view, detect and smooth 

water surface, identify still water line, montage multiple panels of profiles and mapping 

the obtained data into physical dimension units, so that the resulting images can be 

analyzed quantitatively (W. Li 2013). It is emphasized that the transparent glass bed of 
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the tank minimizes the reflection of laser illumination that could have caused noise in the 

image analysis for the wave profiles. In the program, image pixels in the vertical 

direction are traced in the vertical direction from top to bottom. The air-water surface is 

then determined by where the gradient of the light intensity reaches a maximum. Liu and 

Duncan (2006) used a similar approach for their laboratory experiments on wave-

breaking processes. 

4.3 Particle Image Velocimetry (PIV)  

Particle Image Velocimetry (PIV) measures the velocity field of fluid in a plane. The 

equipment for PIV includes a digital CCD camera (2048×2048 pixels, 12-bit, 16fps 

capture rate, made by TSI), a dual Nd:YAG laser (532 nm wavelength, 190mJ/pulse, 15 

Hz pulse rate operated at 110V, manufactured by Big Sky) with a spherical lens (focal 

length 1000mm) and cylindrical lenses (focal length -15mm and -25mm) attached to its 

head to form a thin laser light sheet, and a synchronizer (manufactured by TSI) which can 

be used for synchronizing wave maker, camera and laser. The cylindrical lens converts 

the laser light beam into a laser sheet. The spherical lens controls the diameter of the laser 

light from the laser system and thus to make the width of the final laser sheet thin enough 

so that no out-of-plane particles are captured. A laser steering system (A 50.8mm 

diameter high energy laser mirror with 45 degree incidence angle, mount mirror U200-A-

seriers, aluminum plate SA2 series from Newport) is set in front to redirect the laser sheet 

passes vertically through the wave collision cite and parallel to the direction of wave 

propagation. The fluid is seeded with tracer particles, hollow glass spheres with 8-12μm 

in diameter and a density of 1.05 – 1.15 g/cc, which move with the flow. The camera 

records the images of the particles in the light sheet. By pulsing the light sheet twice and 

recording two images of the particle field, the flow velocity can be estimated by 

measuring the distance the particles have moved in the time between the light sheet 

pulses. Figure 4.10 illustrates the experimental set up for PIV measurement.  

Velocity field were determined by cross-correlation analysis using commercial software, 

TSI Insight 3G. The time delay between the laser pulses (∆t) was able to be set up by the 
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Insight 3G software and was optimized for the fluid velocities. It was found that 

comparatively better images were captured by using a 130 mm Nikon-Nikkor lens while 

the time interval between image pairs ∆t = 2000 μs. Only image slices perpendicular with 

wave paddle (same direction as wave propagation) were captured at 1.5 m from the wave 

paddles and 1.3 m from the wave tank sidewall (where camera stands). The field of view 

is slightly off the tank centerline and sufficiently far away from the wave tank sidewall so 

that the effects of the sidewall boundary layer are not critical as well as avoiding the 

influence of the wave reflection of the oblique wave. Due to the intensity of the laser 

sheet and the focal distance of the lens, only approximately 15 cm wide of laser will be 

shown in the viewport. 

 

 

Figure 4.10: Sketch of experimental set up for PIV method. A TSI digital CCD camera was set 
along the side wall pointing to the tank. The particles in fluid was lid by the converted laser sheet 
(green sheet) fired by a dual Nd:YAG laser located on the bottom. 
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Since the collision process occurs in a short period and the pulse frequency of the dual 

Nd:YAG is 15HZ (14.5 HZ actually in the software configuration), which is not fast 

enough to obtain enough information during collision, an approach were developed to 

capture the images with higher resolution in time. With the aid of high repeatability of 

our wave maker system and seamless synchronization of the wave maker and the PIV 

system, we repeat the experiment with the same wave condition for 28 times. Each time, 

we will trigger the PIV system 5ms later. Since the original time lapse for one laser is 

1/14.5HZ ≈ 69ms, to take 2 images will take 138ms. By repeating the experiment 28 

times and then combine all the images with correct sequences, we will have the image 

data of 5 ms temporal resolution.  

In order to obtain better quality images, the particle density is also important. Efforts 

were made to get proper density and even distribution. After obtaining good raw images, 

a specific procedure to preprocess, process and post-process was selected to generate and 

visualize the velocity field. Images were processed using a recursive Nyquist grid engine 

and a zero pad spot mask engine. The recursive Nyquist grid engine was chosen for its 

accuracy and higher spatial resolution although more computational expensive. Further, 

to make more accurate measurements of the gradient in bottom boundary layer, the 

engine was set up to process the images by two passes: the first pass interrogates the raw 

images with a long rectangular 64 by 16 pixel area with a 50% overlap between 

neighboring spots. Based on the first pass, the second pass will have 32 by 8 pixel size 

and yield 127 sub-windows in the horizontal, 511 sub-windows in the vertical (1.20 mm 

in horizontal and 0.29 mm in vertical). This allows longer displacement in the horizontal 

direction and reducing the negative influence on the correlation due to vertical gradient. 

The zero pad spot mask engine increases the signal-to-noise ratio and results in brighter 

square spots with black background, which helps to determine spot displacement. 

The post-processor are composed by global vector validation, local vector validation and 

vector conditioning. Global vector validation was served to remove vectors that were not 

within certain standard deviations of the mean velocity of the data set. Local vector 

validation removes invalid vectors which are beyond a certain deviation of a particular 
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vector with the mean of its surrounding velocity vectors. Gaps were filled by vector 

conditioning by interpolating between surrounding vectors and replace the void by local 

mean velocity. 

4.4 Difficulties & Limitations 

One of the difficulties for LIF methods is the limitation of resolution. Unlike the 

experiments for capillary waves or breaking waves long waves have an inherently small 

vertical-to-horizontal length-scale ratio. The laboratory experiments require 

measurements of small wave amplitudes (1.0 cm - 3.2 cm) in a large horizontal span 

(approximately 1 m). Although the vertical-to-horizontal ratio increases while two 

solitary waves collide, the resolution in the vertical direction is still insufficient. To 

overcome the difficulty, we used a montage method. Due to the highly precise 

repeatability of our experimental set up, we are able to repeat the LIF water-surface 

profiles on four connected panels, each a 27cm segments. This makes our LIF water-

surface profiles approximately 1 m long. Figure 4.11 shows a sample data of the water 

surface variation snapshot of symmetric head-on collision with wave height ε = 0.4.  

One difficulty for PIV measurement is also the limitation of resolution. As mentioned in 

Sec 4.3, the field of view for our PIV measurement is only a square with 15 cm side in 

order to maintain high resolution velocity field data. The area is much narrower than LIF 

measurement and illustrated as the large rectangle shown in the middle of Figure 4.11. 

Recall that the target location for our measurement is at y = 1.3m in order to measure the 

oblique collision and to avoid the sidewall effect. The PIV camera sits next to the side 

wall (y = 0) pointing to the target location horizontally. The distance (approximately 

1.4m) between the camera and the target location is relatively large comparing with the 

typical PIV measurements in wave flume. Since the camera needs to look through the 

seeded water between this distance, an optimum particle density is thus very important. 

Too many particles in the water between camera and measuring location will block the 

view of camera. We did not make attempts to montage PIV images in space, since what 

we are interested is the narrow region around the collision point at bed. For symmetric 
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collision, this collision point is fixed, but for asymmetric collision this collision point is 

moving. It is therefore challenging to measure the transition of velocity field in such a 

small area and maintain sufficient resolution. With the aid of our high precise and 

repeatable experimental set up, we can increase the resolution in time. The detail 

procedure will be discussed in Section 6. 

 

Figure 4.11: Measurement regions for LIF and PIV. The water surface is a snapshot of our LIF 
measurement for symmetric head-on collision with amplitude ε = 0.4.The large rectangular shows 
field of view for our PIV camera. The grey rectangular shows the region of interest (ROI). We 
only process and present our PIV results within ROI.  

Another difficulty for the both LIF and PIV method is associated with the oblique 

collision cases. As shown in Figure 4.5, one can see that the oblique collision is harder to 

capture at the expected spot comparing with the head-on collision. A simulation program 

is used for predicting the collision location. Trial and error is needed for the PMAC 

controller script, so that an optimum value for the dwelling time between two waves can 

be found, and the obliquely collision waves are at the expected location. What’s more, for 

oblique collision waves, due to the width limitation of our wave tank and the unavoidable 

influence of the reflection from the side wall (Li et al. (2011), we can only choose limited 

collision sites and interaction angles. We select an optimum site location (x = 1.5 m, y = 

1.3 m) to avoid the energy loss due to diffraction from the sidewall at the opposite side (y 

= 3.6) and energy reflection from the sidewall (y = 0). 
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One limitation for the laboratory experiments is our apparatus could not generate solitary 

wave from two ends. The first solitary wave is simulated by being reflected from the end 

wall. Note that when the first solitary wave pass through the wave tank but have not 

reflected from the end wall, the boundary layer flow on the bottom has already been 

generated, this boundary layer flow will have unwanted effect for the latter boundary 

layer flow generation by two counter-propagating solitary wave collision. The passage of 

first wave will also create disturbance for the water surface and make running an 

extremely clean second wave difficult. To decrease the effect of the passage of first wave, 

we first generated a relatively smaller wave when generating asymmetric counter-

propagating solitary interaction cases, thus the unwanted effect of first passage of first 

wave is small. What’s more, after the first solitary wave colliding with the end wall, 

according to Cooker, Weidman, and Bale (1997) , the wave energy decreases at the 

reflection. To circumvent this energy change and damping effect of the wave tank, we 

generate the first wave slightly larger than expected so that when it arrives to the collision 

site, its amplitude will meet our requirement. Wave gauge was used while trial and error 

the wave parameter input for the PMAC program. 
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5 Water-Surface Variation Measurements and Discussion  

The temporal variations of the water-surface profiles for counter-propagating solitary 

wave collisions obtained experimentally are discussed in this section. For brevity, 

hereinafter, we express the collisions of two equal amplitude solitary waves with the term 

“symmetric” collisions, and those of two different amplitude waves with the term 

“asymmetric” collisions. The following cases of counter-propagating solitary wave 

collisions have been investigated: head-on collision of identical waves, i.e. symmetric 

head-on collision; head-on collision between two solitary waves of unequal amplitudes, 

i.e. asymmetric head-on collision; oblique collision of 10, 15, or 20 degree interaction 

angles between two solitary waves of equal amplitudes, i.e. symmetric oblique collisions; 

and oblique collision of 10, 15, or 20 degree interaction angle with unequal amplitudes, 

i.e. asymmetric oblique collisions. Each set of the above experiments is composed of 4 or 

5 different cases as shown in Table 5.1. Cases with outside borders in Table 5.1 are 

selected as representative cases and will be discussed in details in this section. The water 

depth for all the cases is h = 6 cm. 

Following Craig et al. (2006), our laboratory experimental work also focuses on the 

amplification of water level during the collisions, the phase shift and the generation of 

trailing waves resulted from the collision. Note that Craig et al. presented primarily their 

numerical analysis with the limited laboratory demonstrations. Furthermore, while Craig 

et al. limited their study on the head-on collisions, we will include the cases of the 

oblique collisions. 

The major issues investigated in this chapter for water surface profile of counter-

propagating collisions are: (1) to quantify the maximum amplitude as a function of 

dimensionless wave amplitudes and compare the results with previous analytical and 

numerical study; (2) to quantify the phase shift and compare them with previous theory 

and results; (3) to identify the changes in amplitude or velocity before and after collision; 

(4) to display the feature of trailing wave; (5) to compare head-on collision and oblique 

interaction and find out the effect of oblique collision.  
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Table 5.1: Laboratory cases for water surface variation investigation. A is peak amplitude while 
two solitary waves collides, T is the peak time. The water depth for all cases is h = 6 cm. 

Collision Type Angle (deg) a1 (cm) a2 (cm) A (cm) T (sec) 

Equal Head-on Collision 0 1.01 0.91 1.95 3.42 

Equal Head-on Collision 0 1.70 1.75 3.73 5.82 

Equal Head-on Collision 0 2.24 2.31 5.17 5.30 

Equal Head-on Collision 0 2.36 2.41 5.41 2.78 

Equal Head-on Collision 0 2.75 2.84 6.70 5.15 

Equal Head-on Collision 0 2.93 3.05 7.30 5.03 

Unequal Head-on Collision 0 0.60 2.84 3.60 4.26 

Unequal Head-on Collision 0 1.14 2.84 4.34 4.69 

Unequal Head-on Collision 0 1.71 2.88 5.07 4.77 

Unequal Head-on Collision 0 2.26 2.87 5.89 4.96 

Oblique Collision 10 0.91 0.96 1.96 3.86 

Oblique Collision 10 0.91 2.98 4.15 3.02 

Oblique Collision 10 1.66 2.93 5.21 3.00 

Oblique Collision 10 2.72 2.95 6.86 3.04 

Oblique Collision 10 2.97 3.26 7.84 2.97 

Oblique Collision 15 0.92 0.95 1.95 4.16 

Oblique Collision 15 0.91 2.89 4.09 3.14 

Oblique Collision 15 1.66 2.88 5.13 3.18 

Oblique Collision 15 2.74 2.88 6.73 3.21 

Oblique Collision 15 2.86 3.04 7.20 3.17 

Oblique Collision 20 0.92 0.94 1.93 4.29 

Oblique Collision 20 0.91 2.62 3.75 3.55 

Oblique Collision 20 1.66 2.64 4.80 3.42 

Oblique Collision 20 2.60 2.64 6.12 3.42 
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5.1 Symmetric Head-on Collision 

Symmetric head-on collisions have been investigated previously (e.g. Maxworth 1976, 

Craig et. al. 2006). They are usually the most fundamental investigations for counter-

propagating solitary wave collisions. One of the symmetric head-on collision cases 

demonstrated in this section is two solitary wave with dimensionless amplitude  = a/h = 

0.4 (h = 6 cm). In our laboratory experiments, two solitary waves are created successively 

by the wavemaker with a prescribed time interval. The first wave reflects at the end wall 

and propagates back towards the wavemaker, while the second wave is created by the 

wavemaker. By controlling the wave maker motion, these two waves collide with each 

other at the predetermined location, 1.5 m away from the wave paddles. Considering the 

damping effect for the waves, slightly larger amplitude for the first wave was 

programmed so that the two waves are identical at the collision.  

Figure 5.1 shows the spatiotemporal water-surface profile measured with the use of the 

LIF technique. The left running wave is the first generated wave reflecting from the end 

wall to the wave maker, and the right running wave is the second wave generated from 

the wave maker. A small phase difference between before and after the collision is visible 

by observing the crest line shift in left panel of Figure 5.1. It is also noticeable that after 

collision of the two waves, small trailing waves are generated. Furthermore, Figure 5.2 

shows the comparison between the non-dimentionalized form of our data and numerical 

results from Craig et al. (2006) with the same wave amplitude  = 0.4. It can be observed 

that our experiment results are in qualitative agreement with the numerical results from 

Craig et al. (2006) on amplification, trailing wave, phase shift. More discussion on these 

features will be given later. 

Extracting from Figure 5.1, Figure 5.3 shows snap shots of the interaction process together 

with the linear superposition of two equivalent KdV solitons (Eq. (38) & (39)). The time 

origin is set at the moment of the maximum amplification, so the negative time means 

before the collision and the positive time means after the collision. Note that the  
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Figure 5.1: Two views of temporal variation of the water-surface profile in the x-z plane (parallel 
to the side wall). The water depth h = 6.0 cm, due to the damping effect, the two wave have 
approximately equal wave dimensionless amplitude of 0.4  before collision. The data were 
obtained by the LIF method with the illuminated vertical laser sheet along the x-z plane. 

 

 

Figure 5.2: Non-dimentionalized temporal variation of the water-surface profile in the x-z plane. 
Left column is from our laboratory experiment, right column is from Craig et al. (2006). The two 
waves have approximately equal wave dimensionless amplitude of 0.4  before collision. 
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soliton profiles are fit to the experimental wave profiles well before the collision: at t = − 

0.58s. When t = − 0.21s, the two waves start elevating the water surface by interaction. 

We can see at t = − 0.05s that the linear superposition of KdV solitons already reaches its 

maximum amplitude max = 0.80, whereas the experimental data show that the two waves 

continue climbing up until t = 0s. The water surface is elevated to the highest point with 

max = 0.902, which is 13.5% higher than linear superposition of the two incident wave 

amplitude. Note that the theoretical prediction Eq. (31) by Su and Mirie (1980) yields 

max = 0.928 for R = L= 0.40: good agreement with our experimental results. After 

reaching the maximum amplitude, the water surface starts to drop. When t = 0.14s, the 

two waves begin to separate with each other. Note that there is an apparent phase 

different between the linear superposition of KdV and the experimental result. At t = 

0.48s, the two waves depart from each other and the spatial profile of each wave becomes 

asymmetrical, tilting backward with respect to the direction of its propagation, as 

predicted by Su and Mirie (1980). During t = 0.48s to t = 0.79s, there appear two small 

humps that start to tails each solitary wave.  

Figure 5.4 shows a space-time trace of the local maxima of the experimental data as the 

two individual crests merge and then depart for the above case. The measured phase shift 

in space, for the right-running wave is R/h = 0.98, while the shift for the left-running 

wave is L/h= 1.01. On the other hand, Su & Mirie’s (1980) predicted value based on 

Eq. (33) is 0.49, which is in poor agreement. As discussed later, the similar discrepancy 

was reported by Su and Mirie (1980) who made comparison of twofold their theoretical 

prediction with the laboratory data given by Maxworthy (1976).  

The spatial amplitude variations of the left and right running wave are plotted in Figure 

5.5. After collision, the amplitude of each wave has decreased, which is in accordance 

with the numerical result by Craig et al. (2006). Our result shows practically equal 

amount of amplitude reduction (6.62% for the left-running wave and 6.67% for the right-

running wave), representing the symmetric collision in the laboratory experiments.  
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Figure 5.3: Symmetric head-on collision water-surface variation of two solitary waves with 
height 0.4  , at t = -0.58s, -0.21s, -0.05s, 0s, 0.08s, 0.14s, 0.48s and 0.79s. Solid line: our 
experimental results; Dash line: linear superposition of KdV. 
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Figure 5.4: Crest trajectory of symmetric head-on collision of two solitary waves with equal 
height 0.4  . Blue solid line is the wave crest trajectory. Dash dot line is the phase of right 
running wave crest before collision. Dot line shows the phase of the right running wave crest after 
collision. Dash line is the phase of left running wave before collision and red solid line is the 
phase of left running wave after collision. 

Figure 5.6 shows the time evolution of the maximum amplitude of the experimental result 

and the numerical result from Craig et al. (2006). Although the observed maximum 

amplification at the collision is slightly lower and the amplitude reduction after the 

collision is slightly greater than the numerical prediction, the agreement is excellent.  

The attachment and detachment times are two indicators for phase lag, and can be found 

by determining when the curvature of the free surface changes from negative to positive 

(attachment time) or positive to negative (detachment times) (Cooker et al., 1997). Also 

shown in Figure 5.6 are the attachment and detachment times for both our experimental 

results and numerical results from Craig et al. (2006), which again agrees really well.  

Wall residence time is the time difference between detachment time and attachment time. 

Cooker et al. (1997) claimed that phase shift is spatially dependent, while the wall 

residence time is well-defined and might be measured more accurately in experiemnts. 

They take second partial x-derivative of Eq.(30), the third	 order	 perturbed	 free	 surface	
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elevation	  from Su & Mirie’s (1980), and obtain the attachment time and detachment 

time explicitly when this second partial x-derivative vanishes. Figure 5.7 shows the 

comparison of wall residence time between our head-on collision cases and some of 

previous works. Our results of symmetric head-on cases have qualitative agreement with 

Cooker et al., (1997) and Craig et al. (2006). Note that the definition of wall residence 

time is initially developed for solitary wave reflection on the vertical wall and thus it is 

only applicable for symmetric dual solitary wave collisions. 

Figure 5.8 shows the formation of the secondary and dispersive wave generated after the 

collision: the theoretical prediction Eq. (34) by Su and Mirie (1980) is also plotted. 

Considering very small and transient waves, the measured wave amplitude and wave 

length in the laboratory are in good agreement with the theory. 

Figure 5.9 shows wave amplification measured for the symmetric head-on collisions, the 

theoretical prediction Eq.(31), together with the previous numerical and experimental 

data. The present laboratory results are in excellent agreement with the theoretical and 

numerical prediction. Also observed is that the present laboratory measurements are 

slightly better than the data provided by Maxworthy (1976), probably because of the 

advances in instrumentation made in the past 35 years. Maxworthy manually generated 

solitary waves from dual ends, which might not be accurate and likely to cause some 

errors. 

In short, the maximum amplitude for the symmetric head-on collision exceeds the linear 

superposition of the amplitudes of each colliding solitary waves. After collision, the two 

waves separate into two solitary waves, maintaining most of the original properties 

except some extent of energy loss with amplitude reduction. The collision also leaves 

imprints on the interacting waves with phase shift. After the collision, each solitary wave 

sheds the secondary trailing wave. 
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Figure 5.5: Maximum amplitude of right running wave and left running wave vs location for 
symmetric head-on collision. = 0.40, (Dotted reference line represents a/h =0.40, α	is maximum 
amplitude over linear addition of amplitude for two incident waves). 

 

Figure 5.6: Time evolution of the amplitude for the head-on collision of two equal solitary waves 
with  = 0.40. The attachment and detachment times ta and td are illustrated by squares and 
circles. Red dashed line is numerical results from Craig et. al (2006).  
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Figure 5.7: Wall residence time as a function of incident wave height: our equal head on collision 
experimental results (filled squares), numerical results of Craig et al. (2006) (solid line-squares), 
numerical results of Cooker et al. (1997) (solid line-triangles), experimental results of Maxworthy 
(1976) (stars) (as reported from Cooker et al. (1997)), perturbation results third order (dotted-
dashed line) following by Su and Mirie (1980). 

 

Figure 5.8: Comparison between our measurement and Su &Mirie’s (1980) theory of trailing 
wave for symmetric head-on collision of two solitary waves with equal height 0.4  . 
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Figure 5.9: Maximum amplitude as a function of incident wave height: our equal head on 
collision experimental results (filled squares), numerical results of Craig et al. (2006) (circles), 
numerical results of Cooker et al. (1997) (triangles), perturbation results to second-order (dashed 
line) and third-order (dotted-dashed line) by Su and Mirie (1980).  

5.2 Asymmetric Head-on Collision  

To study asymmetric head-on collision, the following case is examined: one solitary 

wave with dimensionless wave amplitude R= 0.47 and one smaller and longer solitary 

wave withL= 0.19.  

Figure 5.10 shows the spatiotemporal water-surface profile for this asymmetric head-on 

collision measured with the use of the LIF technique. The phase difference between 

before and after the collision is less obvious than the symmetric head-on case discussed 

in Sec. 5.1. The trailing waves after collision are difficult to distinguish yet still 

noticeable.  
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Figure 5.10: Two views of temporal variation of the water-surface profile in the x-z plane 
(parallel to the side wall). The data were obtained by the LIF method with the illuminated vertical 
laser sheet along the x-z plane. Water depth h is 6 cm. Two solitary waves are with height R = 
0.47, L= 0.19. 

Figure 5.11 shows the free surface profiles at several instants of time. Similar to the 

symmetric head-on case, the collision process we observed differs from the linear 

superposition process. It is observed that at t = 0 (at the collision), the maximum 

amplitude max= 0.722 is greater than the linear superposition (0.66) of the two incident 

waves. But unlike the symmetric case, the water profile during collision is leaning 

backward to the wave direction of the larger wave. The predicted maximum amplitude by 

Eq. (31) is 0.727, which is in good agreement with the measurement. However, the 

trailing wave is difficult to observe in normal scale for this case. The collision process is 

illustrated more in detail in Figure 5.12, a waterfall temporal variation profile plot. 
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Figure 5.11: Asymmetric head-on collision water-surface variation of two solitary waves with 
height R = 0.47, L= 0.19. At t = -0.68s, -0.2s, -0.06s, 0s, 0.06s, 0.2s, 0.5s and 0.7s. Solid line: 
our experimental results; Dash line: linear superposition of KdV.  
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Figure 5.12: Temporal variation of water-surface profile for asymmetric head-on collision of two 
solitary waves with height R = 0.47, L= 0.19. Left plot shows transition before collision and 
right plot illustrates transition after collision. The time interval of each profile is 3/1000 s. 

There are also phase shifts after collision of asymmetric cases. It is illustrated in Figure 

5.13 that for asymmetric head-on collision the phase shift is clearly asymmetric. 

According to Eq. (33), L/h= 0.48 and R/h = 0.35. On the other hand, the measured 

phase shifts are L/h = 0.95 and R/h = 0.55. The larger incident wave has smaller 

phase shift, while the smaller incident wave being delayed more significantly than the 

larger one.  

Figure 5.14 illustrates that after collision, the two asymmetric waves both lose their 

energy but with very small amount: they keep their almost original amplitude. Recall that 

the amplitude evolutions for those two waves are quite different for the head-on collision 

of two identical solitary waves as we discussed in Sec. 5.1 with Figure 5.3. Also note that 

our laboratory observations cannot detect the formation of small dispersive wavelet 

chasing the right-running or left-running solitary wave. 
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Figure 5.13: Crest trajectory of symmetric head-on collision of two solitary wave with unequal 
height R = 0.47, L= 0.19. Blue solid line is the wave crest trajectory. Dash dot line is the phase 
of right running wave before collision. Dot line shows the phase of the right running wave after 
collision. Dash line is the phase of left running wave before collision and red gray solid line is the 
phase of left running wave after collision. 

 

Figure 5.14: Maximum amplitude of right running wave and left running wave with respect to 
location for case:R = 0.47, L= 0.19. 
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5.3 Symmetric Oblique Collision 

In the real world, tsunami waves interact with each other with certain angles rather than 

perfectly head-on collision. Besides, for the numerical simulation, understanding the 

process of oblique collision is important for three-dimensional modeling. Collisions for 

two solitary waves with oblique angles were thus investigated in this study. As discussed 

previously, due to the limitation of the wave-tank breadth and the wave-maker capability, 

the experiments with a large oblique angle are not feasible. We hence use the cases with 

the oblique angles 10, 15 and 20 degrees only. The first wave is generated the same as 

previous head-on collision case and the left-running wave is created by the reflection at 

the end wall. The second (the right-running) wave was generated with a prescribed 

oblique angle to the wave maker thus the two waves can collide with each other at this 

angle. 

Figure 5.15 and Figure 5.16 show the spatiotemporal water-surface profile of the 

collision process for two solitary waves ( = 0.47) with oblique angle 10 degree, and the 

snap shots of the wave profiles. The KdV soliton profile used for the comparison 

considers the oblique interaction angle.  

      

Figure 5.15: Two views of temporal variation of the water-surface profile in the x-z plane 
(parallel to the side wall). The data were obtained by the LIF method with the illuminated vertical 
laser sheet along the x-z plane. Two solitary waves with 10 degree obliquely interact with each 
other and dimensionless wave height  = 0.47. 
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Figure 5.16: Symmetric 10 degree oblique collision water-surface variation of two solitary waves 
with height  = 0.47. At t = -0.5s, -0.18s, -0.06s, 0s, 0.06s, 0.18s, 0.50s and 0.80s. Solid line: our 
experimental results; Dash line: linear superposition of KdV. 
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Figure 5.17: Maximum amplitude of right running wave and left running wave vs location for two 
solitary waves with dimensionless amplitude = 0.47. 

 

Figure 5.18: Crest trajectory of symmetric 10 degree oblique collision of two solitary wave with 
equal amplitude  = 0.47.  

Just as the symmetric head-on collision case discussed earlier, we see the maximum wave 

amplification of the collision exceeds the linear superposition. Figure 5.15 also shows the 
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subtle phase shift of both waves and the generation of a secondary dispersive wave train. 

The collision process we observed differs from the linear superposition as shown in 

Figure 5.16. The maximum amplitude at the collision (t = 0s), max= 1.142 is greater than 

the linear superposition (0.946) of the two incident waves. The predicted maximum 

amplitude by Eq. (31) is 1.137 that is also in good agreement with the measurement. This 

demonstrates that Su and Mirie’s (1980) asymptotic prediction works well for both head-

on and oblique collisions. 

Similar to the previous cases, Figure 5.17 shows that after collision, the two waves lose 

their energy but with small amount: the waves colliding with oblique angle keep their 

almost original amplitude moving towards their directions.  

The phase shifts of symmetric oblique collision cases are also practically symmetric. It is 

shown in Figure 5.18 that both waves result in the comparable phase shifts. According to 

Eq.(33),  /h= 0.56. On the other hand, the measured phase shifts are L/h = 1.01 and 

R/h = 1.17, which is again not in good agreement. 

 

5.4 Asymmetric Oblique Collision 

The most common case in the nature should be unequal waves interacting with each other 

from certain angle. Figure 5.19 shows the temporal variation of the water-surface profile 

of a representative asymmetric oblique collision case: R = 0.49 and L= 0.15, with 10 

degree oblique angle. The phase difference after collision is still noticeable, whereas the 

trailing wave is barely seen in this case.  
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Figure 5.19: Two views of temporal variation of the water-surface profile in the x-z plane 
(parallel to the side wall). The data were obtained by the LIF method with the illuminated vertical 
laser sheet along the x-z plane. Water depth h is 6 cm. Two solitary waves 10 degree obliquely 
interact with other and wave height R = 0.49, L= 0.15. 

Figure 5.20 shows the snapshots of free surface profiles for this case. The collision 

process differs from the linear superposition process but similar to the asymmetric head-

on case. It is observed that at t = 0 (at the collision), the maximum amplitude max= 0.692 

is still greater than the linear superposition (0.641) of the two incident waves. Besides, 

the water surface profile is leaning backward to the wave direction of the larger wave. 

The predicted maximum amplitude by Eq. (31) is 0.70 and in good agreement with the 

measurement.  

Just like all the previous cases, Figure 5.21 shows that after collision, the two waves lose 

their energy but with small amount: they keep their almost original amplitude moving 

towards their directions. Similarly, the phase shifts of two waves can be obtained from 

wave crest trace in Figure 5.22. According to Eq. (33), L/h = 0.47 and R/h = 0.31. 

On the other hand, the measured phase shifts are L/h = 1.52 and R/h = 0.62. The 

larger incident wave has smaller phase shift, whereas the smaller incident wave has larger 

phase shift.  
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Figure 5.20: 10 Degree Oblique asymmetric head-on collision water-surface variation of two 
solitary waves with wave height R = 0.49, L= 0.15, at t = -0.5s, -0.18s, -0.06s, 0s, 0.06s, 0.18s, 
0.50s and 0.80s. Solid line: our experimental results; Dash line: linear superposition of KdV. 
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Figure 5.21: Maximum amplitude of right running wave and left running wave vs location R = 
0.49, L= 0.15. 

 

Figure 5.22: Crest trajectory of asymmetric 10 degree oblique collision of two solitary wave with 
unequal height R = 0.49, L= 0.15. Black solid line is the wave crest trajectory. Dash dot line is 
the phase of right running wave before collision. Dot line shows the phase of the right running 
wave after collision. Dash line is the phase of left running wave before collision and red gray 
solid line is the phase of left running wave after collision. 
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5.5 Discussions 

In sum, for all the experimental cases, the maximum amplitude reaches a value larger 

than the superposition of the two incident solitary waves. After the collision, the two 

waves separate into two solitary waves, maintaining most of the original properties 

except certain extent of energy loss and thus reduced amplitude. The collision also leaves 

imprints on the interacting waves with phase shift and shedding dispersive trailing waves. 

Each solitary wave sheds a secondary wave after the collision. 

5.5.1 Wave Amplification 

The maximum amplitude at collision is one of the most useful outputs predicted by 

tsunami numerical modeling. Quantitative analyses for wave amplification for all the 

cases we examined are discussed the next. 

Figure 5.23 shows comparison between the maximum amplification of our experimental 

data and the theoretical prediction Eq.(31) by Su & Mirie (1980): included in the figure 

are not only our laboratory cases of head-on collisions but also the collision cases with 

oblique angles. Note that amplification is presented as the ratio of the measured value to 

the linear superposition of the two colliding waves. The wave dimensionless amplitude 

varies from 0.15 < ε < 0.55 in the figure, while the ratio of the measured amplification to 

the linear combination ranges from 1.048 to 1.231. The experimental results show in 

good agreement with the theoretical predictions in spite of the theory being developed for 

the head-on collision conditions only. Careful observations of the figure indicate that the 

theoretical prediction changes from the slightly over-prediction of the measured 

maximum amplification to the under-prediction when theoretical prediction is larger than 

1.2. Although not showing here, the cases in under-prediction region are symmetric head-

on cases with wave amplitude ε > 0.45. And the oblique collisions did have slightly 

different amplifications from those of the head-on collisions. It must be noted that the 

oblique collision cases that we examined are those with small oblique angles: up to 20˚ 

because of the limitation of the basin breadth as discussed earlier. 
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Figure 5.23: Maximum amplitude comparison between experimental result and asymptotic 
prediction by Su and Mirie (1980). Value obtained from maximum amplitude divided by linear 
addition of amplitude of two colliding waves Dashed line represents matched theory and 
measurement. 

5.5.2 Phase Shift 

Phase shift could be one of the impact factors that influence the accuracy of tsunami 

numerical code while predicting the arrival time. Although there are a few attempts made 

previously (Maxworthy (1976), Renouard, D. et al. (1985)), as far as we know, there is 

no successful laboratory validation for the theoretical prediction of phase shift for 

counter-propagating solitary wave collision: the present laboratory study is the first to 

make validation for the phase shift. 

Conventionally, the phase shift can be considered to be a displacement of the wave in x, 

the distance between two asymptotes of the wave trajectory before and after the collision. 

Nonetheless, the phase shift is difficult to measure in the laboratory due to following 

reasons: 
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(1) Unlike strong solitary wave interaction (co-propagating) with longer interaction time, 

the interaction time between two counter-propagating solitary waves is shorter and the 

phase shift is smaller. Renouard, D. et al. (1985) claimed that the phase shift is very 

sensitive to experimental conditions. 

(2) The definition of phase is difficult for unsymmetrical wave profile. Immediate after 

the collision, the wave becomes unsymmetrical and tilts backward with respect to the 

direction of its propagation. We trace the wave crest trajectory to obtain the phase for our 

laboratory data. For a wave profile with distortion, wave crest trajectory line does not 

necessarily represent its phase.  

(3) The wave propagation celerity before and after collision are different because of the 

reduction in amplitude. Hence the wave trajectory asymptotic lines before and after 

collision are not parallel. It is not clear how the phase shift be identified for the 

experimental data (the phase shift depends on the location where it is measured).  

In this study, the phase shift is determined adopting the method of Craig et al. (2006). 

The wave crest trajectories are asymptotic to lines j jx c t a  for t∞ (before 

collision), and j jx c t a    for (after collision) in which the subscript j = (1, 2) 

denotes the right-running and the left-running solitary waves respectively, ja and jc are 

the constants that determine the wave trajectories. The midpoint of the collision is 

defined as the time . The phase shift  is calculated by the difference in the line t =  

that intercepts the asymptotic lines:  ( ) ( )j j j ja a c c    .The coefficients of these 

asymptotic lines are obtained from the data sampled at the distance range 4h< |푥| <10h 

before and after collision location using the least square fitting.  

Fenton & Rienecker’s (1982) numerical experiments showed that while the third order 

theory of Su & Mirie (1980) provides excellent results for the maximum amplitude, the 

spatial phase shift is very sensitive to the position from the collision location. He 

compared his numerical results with two phase shift limits from Su & Mirie (1980): one 

is for immediately after the collision, the phase change of the crest can be expressed as 

t 
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       (50) 

Another is after long time, wave travelling at constant speed. For this asymptotic wave 

propagating state the pahse shift is predicted Eq.(33).  

Following Fenton & Rienecker (1982), the phase shift results from our laboratory 

experiments are compared with Su and Mirie’s (1980) third-order prediction Eq. (50) in 

Figure 5.24; this represents the shift of wave crest immediately after the collision. Su and 

Mirie’s third-order long term asymptotic prediction Eq.(33) is shown in Figure 5.25.  

As we can see in Figure 5.24, most of the measured phase shifts are clustered around the 

theoretical prediction. Note that all the data points below the reference line are waves 

with amplitude ε	 < 0.2, which means that the measured phase shift exceeds the prediction. 

The phase shifts of these very small waves are difficult to measure in the experiments. 

Part of the reason is that the celerity of these small and long waves could have been 

influenced by the disturbance introduced by the first passage of solitary wave. Recall how 

we produce the counter-propagating waves (see Sec.4.1.3). Considering the limitation of 

our experimental apparatus and measurement, the phase shift results show in Figure 5.24 

qualitatively agree with Su & Mirie’s (1980) third-order prediction Eq. (50). Figure 5.25 

compares the phase shifts from our experiments with the third-order asymptotic 

predictions and shows that our results are larger than the long term predictions. Figure 

5.26 shows the phase shift vs. the wave amplitude for our symmetric collision results 

(both head-on and oblique collision), Maxworthy’s (1976) experimental results, and the 

two limits Eqs. (33) and (50). It is clear that Maxworthy’s (1976) phase shift results have 

no dependency on wave amplitude, while our results show qualitative agreement. Notice 

that our comparison in Figure 5.24 and Figure 5.25 includes the cases for oblique 

collisions: No theoretical prediction for oblique collision exists.  
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Figure 5.24: Phase shift comparison between the laboratory experiments and third order 
immediate asymptotic prediction from Su and Mirie (1980). The solid line represents where 
experimental results are equal to approximation.  
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Figure 5.25: Phase shift comparison between the laboratory experiments and third order long term 
asymptotic prediction from Su and Mirie (1980). The solid line represents where experimental 
results are two times larger than expected. 

 

Figure 5.26: Magnitude of phase shift vs. the wave amplitude.  
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5.5.3 Amplitude Attenuation 

In previous sections we have observed that after the collision, the amplitude of each 

solitary wave decreases but with small amount: they keep their almost original amplitude 

moving towards their initial directions. 

Table 5.2 documents the relative amplitude loss from our laboratory experiments of 

counter-propagating solitary wave collisions. As we can see, after collision all solitary 

waves lose energy and the energy loss is small. Waves with larger amplitude have larger 

absolute amplitude reductions. For asymmetric collision, this also holds true. The relative 

loss varies from approximately 1.4% to 13.8% for dimensionless amplitude ranging from 

ε = 0.15 to 0.55. Note that our amplitude attenuation data show a quantitative discrepancy 

with Su and Mirie (1980), who predict the amplitude changes are no greater than O(ε ). 

There is only one exception − left running wave of symmetric 10 degree oblique collision 

with 	ε ≈	ε  ≈ 0.16 increases 1.48% of its amplitude. One reason contributing to this 

discrepancy is that our oblique solitary wave generation is not perfect, trailing with 

dispersive noises. Figure 5.27 demonstrates the spatial amplitude variation of right 

running wave and left running wave for representative cases in Table 5.2. It should be 

aware that in most of the cases, a while after the collision, left running wave has been 

disturbed by the trailing noise behind right running wave and thus has the tendency to 

increase amplitude locally. Figure 5.29 shows the water surface variation of one single 

solitary wave with 10 degree oblique angle. As we can see, there are clearly very small 

dispersive waves following the solitary wave. For the above mentioned case with small 

amplitude, the relative energy loss is extremely small after collision and therefore the 

noise amplitude has more relative negative effect. In order to minimize the noise effect, 

we select the data sample with 4h cm away from both side of collision center and average 

over 2h cm length data to calculate the amplitudes before and after collision.  
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Table 5.2: Amplitude attenuation after collision for all our LIF experimental cases. 

 
Collision  

Type 
Angle 
(deg) 

ε   
 

ε  
 

ε  
 

ε  
 

(ε  - ε ) (ε  - ε ) (ε  - ε ) / ε  
 

(ε  - ε ) /ε  
 

SHC 0 0.1535 0.1634 0.1509 0.1612 0.0026  0.0022  0.0169 0.0136 

SHC 0 0.3925 0.4012 0.3665 0.3744 0.0260  0.0268  0.0662 0.0667 

SHC 0 0.3811 0.4168 0.3550 0.3865 0.0261  0.0303  0.0684 0.0726 

AHC 0 0.0960 0.4754 0.0877 0.4583 0.0082  0.0171  0.0856 0.0360 

AHC 0 0.1898 0.4738 0.1786 0.4580 0.0111  0.0158  0.0586 0.0333 

AHC 0 0.2792 0.4752 0.2593 0.4466 0.0199  0.0286  0.0712 0.0602 

AHC 0 0.3716 0.4721 0.3383 0.4444 0.0333  0.0277  0.0896 0.0586 

SOC 10 0.1535 0.1623 0.1558 0.1590 -0.0023  0.0032  -0.0148 0.0200 

AOC 10 0.1524 0.4954 0.1509 0.4700 0.0016  0.0255  0.0103 0.0514 

AOC 10 0.2759 0.4925 0.2610 0.4623 0.0148  0.0303  0.0538 0.0615 

SOC 10 0.4526 0.4923 0.4118 0.4454 0.0409  0.0469  0.0903 0.0952 

SOC 10 0.4944 0.5454 0.4362 0.4838 0.0582  0.0617  0.1177 0.1131 

SOC 15 0.1545 0.1610 0.1506 0.1563 0.0040  0.0047  0.0258 0.0291 

AOC 15 0.1527 0.4877 0.1454 0.4601 0.0073  0.0277  0.0475 0.0567 

AOC 15 0.2762 0.4849 0.2553 0.4526 0.0210  0.0323  0.0759 0.0666 

SOC 15 0.4524 0.4839 0.4056 0.4349 0.0468  0.0490  0.1035 0.1012 

SOC 15 0.4732 0.5071 0.4182 0.4551 0.0550  0.0520  0.1162 0.1026 

SOC 20 0.1546 0.1593 0.1428 0.1515 0.0118  0.0079  0.0761 0.0493 

AOC 20 0.1534 0.4455 0.1322 0.4091 0.0212  0.0364  0.1379 0.0816 

AOC 20 0.2765 0.4456 0.2455 0.4081 0.0310  0.0375  0.1121 0.0841 

SOC 20 0.4295 0.4467 0.3803 0.3953 0.0492  0.0513  0.1146 0.1149 
 
SHC: Symmetric Head-on Collision; AHC: Asymmetric Head-on Collision; SOC: Symmetric Oblique Collision; AOC: Asymmetric 
Oblique Collision. ε : dimensionless amplitude after collision.  
 
 



69 
 

 

Figure 5.27: Maximum amplitude of right running wave and left running wave vs location for 
representative cases in Table 5.2. Solid line: right running wave amplitude; Dotted line: left 
running wave.  
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Figure 5.28 (Continued): Maximum amplitude of right running wave and left running wave vs 
location for representative cases in Table 5.2. Solid line: right running wave amplitude; Dotted 
line: left running wave.  
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Figure 5.29: Temporal variation of the water-surface profile in the x-z plane (parallel to the side 
wall). The data were obtained by the LIF method with the illuminated vertical laser sheet along 
the x-z plane. Water depth h is 6 cm. Single solitary wave with 10 degree oblique angle is 
generated from wave paddles. Left:  = 0.15; Right:= 0.47. 

 

5.5.4 Comparison between Head-on and Oblique Collisions 

Figure 5.30 shows the laboratory results that compare the temporal water surface profile 

between head-on collision, 10 degree oblique collision and 15 degree oblique collision, 

the following characteristics are found: 

(1) The joining process and the separating process are similar but not exactly the 

reverse process. After the collision, overshooting the falling motion below the original 

still water level can be observed. This overshoot is regarded as the reason for the 

generation of the trailing wave. 

(2) There is a gradual amplitude increase prior to the collision and a gradual amplitude 

recovery after the collision for each case, while subtle but can be observed.  

(3) There is no identifiable difference essentially with or without oblique angle. 
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           0t      0t   

(a)  

(b)  

(c)  

Figure 5.30: Temporal variation of the water surface profile for various angle of oblique 
collisions: (a) , , ; (b) , , ; (d) , 

, . The left column is before collision and right column is after collision. The 
time interval of each profile is 1/200 s 

5.5.5 Limitations  

Initially, some LIF cases were designed to collide at the center of the tank (x = 3.5m). 

However, this causes some problems as shown in Figure 5.31, water surface variation 

snapshots for one symmetric head-on case colliding at the center of the tank. Careful 

observation of Figure 5.31 reveals that prior to and during the collision process, the right 

0   0.46l  0.47r  10   0.46l  0.49r  15  

0.46l  0.48r 
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hand side of water level on the leeside of the left-running solitary wave is higher than the 

quiescent water level. The opposite can be observed on the leeside of the right running 

solitary wave: the water level there is lower than the quiescent water level.  

We also found the asymmetric amplitude attenuation behavior as shown in Figure 5.32 

while two solitary waves colliding at the center of tank. It is not difficult to observe that 

there is more reduction in amplitude of the left-running wave in comparison with the very 

subtle amplitude reduction (if any) of the right-running wave. When ε is small, the 

amplitude for right running wave could even increase after collision (left panel). This 

asymmetric amplitude attenuation appears in every experiment we initially performed at 

the center of tank. 

 

 

Figure 5.31: Snapshots of water surface variation for symmetric head-on collision with 
dimensionless amplitude ε = 0.46. The collision is occurred at the center of wave tank.   

 

Figure 5.32: Amplitude variation of left and right running waves for symmetric head-on collision 
with dimensionless amplitude ε = 027 (left), ε = 037 (middle), ε = 0.46 (right). The collision is 
occurred at the center of wave tank.  
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The reason for this shift in the water level is unclear, but it could be related to the 

laboratory experiments in the real fluid environment. To achieve a head-on collision in 

the laboratory, we generate two solitary waves successively with a certain time interval. 

The first wave propagates away from the wavemaker and reflects back from the end wall. 

A solitary wave in the laboratory generates the boundary layer on the tank bed. The 

boundary layer under solitary-wave propagation leaves the weak and thin wall-jet like 

flow at the bed in the direction opposite to the wave propagation (see Keulegan, 1948; 

Liu et al. 2007). Therefore, the sum of two successive boundary-layer wall-jets in the 

negative x-direction (to the left toward the wavemaker) must be formed behind the right-

running wave in the left-hand-side region from the collision site, while the sum of two 

jets in the opposite directions must be left behind the left-running wave. Based on 

continuity, the water level on the left-hand-side of the collision decreases and the water 

level on the right-hand-side must increases, as depicted in Figure 5.33. 

 

Figure 5.33: A sketch of flows induced in the boundary layer behind the two colliding solitary 
waves in the laboratory. The boundary layer flows cause decrease in the water level behind the 
right-running wave and increase in the water level behind the left running wave. Flow with dash 
line is generated by the first passage of first wave. 

A reason for the asymmetric amplitude attenuation behavior can be also by the foregoing 

boundary-layer effect. The left-running wave after the collision propagates with the 

direction of viscous induced (boundary-layer) current; hence the amplitude decreases. On 

the other hand, the right-running wave propagates in the water influenced less by the 

boundary layer: it is because the boundary-layer induced flows by the outgoing wave and 
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the reflected-back incoming wave are opposite and the effects could be offsetting. The 

foregoing is a conjecture. 

Another drawback for the two solitary waves colliding at center of the tank is that we 

found there is disturbance after the first wave reflected from the end wall. As we can see 

from Figure 5.34 left panel, only the first wave was generated and reflected from the end 

wall. A notable dispersive wave train is following the solitary wave (from t = 4s to t = 6s). 

These waves are relatively small and traveling with speed smaller than the first solitary 

waves. In order to minimize these noises, we selected the location far away from the end 

wall (near wave paddle) as our target collision location. The noise thus has more time to 

disperse, further away from the leading solitary wave and has less influence on our 

interest of region. This set up can also reduce the previous discussed bottom boundary 

layer flow effect. As more time is needed for the first wave to propagate from the end 

wall to the collision site, the boundary layer flow generated by the first passage of the 

solitary wave is then further diffused and leaves smaller. All the cases we eventually 

reported in this dissertation are collisions at x = 1.5m. As we can see in our demonstrated 

results in previous section, no apparent water level shift issue has been found. The 

contamination followed by the first reflected wave is still exist but has no bearing on the 

overall investigation. 

What’s more, Figure 5.34 also shows that the secondary waves are resulted from the 

collision process. Note that the paddle motion to generate solitary waves is not exact but 

approximation (the solitary wave itself is approximation for weakly nonlinear and weakly 

dispersive water waves). Thus single solitary wave is trailed by some secondary waves. 

But we do not see apparent secondary waves immediate after the single solitary wave in 

the left and middle panel. Simply adding the single left running wave (left panel) and the 

single right running wave (middle panel) do not show the generation of trailing secondary 

waves. The immediate trailing waves are only generated after the two solitary wave 

collisions as shown in the right panel.  
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Figure 5.34: Left: Single solitary wave reflected from end wall propagating to the wave paddle 
(left running wave only); Middle: single right running wave; Right: two solitary waves collides 
with each other. 
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6 Flow Field Measurements and Discussion  

In most of the experimental studies on solitary wave interactions, the free surface 

measurements are usually the only reported data. However, other than the wave problem 

presented previously, flows in the bottom boundary layer of solitary waves received 

increasing attention in recent years. Most researchers have mainly focused on the 

boundary layer flow under a single solitary wave (Keulegan (1948), Liu et. al. (2004), 

Liu et. al. (2006)). During the collision process, substantial vertical acceleration can 

occur, stagnation of the horizontal particle velocity and production of a vertical velocity 

that elevates the fluid surface can be observed. Flow separation and attachment or other 

flow characteristics can potentially occur. The flow field in the boundary layer 

underneath the solitary wave collision is studied and discussed in detail in this section. 

From the late 1980s to mid 1990s, Laser Doppler Velocimetry (LDV) and Particle Image 

Velocimetry (PIV) have become the most widely used non-intrusive velocity 

measurement techniques. Since it is extremely tedious to map out the spatial distribution 

of velocity field with the point measurement technique such as LDV, a series of flow 

field measurements by PIV were conducted to investigate the flow field when two 

solitary waves interact with each other. Measurement of the velocity field in the bottom 

boundary layer is challenging due to the fact that the boundary layer is very thin and the 

collision of solitary wave takes place fast. First we much select a proper timing so that 

the two waves will collide at the desired location. The collision location is particularly 

sensitive for the oblique collision cases. With the help of PIV technique, the temporal and 

spatial variation of the flow field can be directly mapped out. Although PIV has a 

comparatively low sampling rate (14.5HZ for dual laser in our experiment, and generally 

< 30HZ), we could obtain the data with sampling rate of as high as around 200HZ for 

single laser by taking advantage of the high repeatability of our experimental apparatus. 

In this investigation, we repeated the same case 28 times with 5ms time shift in the PIV 

triggering. The repeatability of the PIV measurements is very good but not perfect: 

therefore the treatment was made to smooth the data with the use of temporal averaging 

the 200Hz data. The resulting PIV data demonstrates smoothly continuous flow transition 
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patterns as shown shortly. The generation, evolution and dissipation of vortices in the 

vicinity of the boundary layer were recorded and analyzed.  

6.1 Data Processing Approach 

Typically, the “raw” PIV data obtained from the cross correlation of a consecutive pair of 

images needs to be validated and smoothed. The standard post-processing procedures are 

composed by global vector validation, local vector validation, and vector conditioning. 

Global vector validation removes vectors deviating from the mean velocity of the whole 

data set, while local vector validation filters vectors deviating from the mean velocity of 

its surrounding velocity vectors. Gaps are filled by vector conditioning by interpolating 

between surrounding vectors and replace the void by local mean velocity. Temporal 

weighted-average filter is used to smooth the data in time. Once the velocity vector field 

is obtained, we compute the corresponding accelerations, vorticities, and pathlines.  

The central differencing scheme is used to compute the local accelerations, the advective 

accelerations and the vorticities. Pathlines are the trajectories of individual fluid particles. 

With the temporal and spatial velocity field data, the pathlines can be computed from 

given initial locations, which can help understand the migration of vortices and the 

pattern for material transport resulting from the bidirectional solitary wave collision. 

Our data processing approaches are listed as follows: 

(i) Temporal weighted-average ensemble filter. With the data of high sampling rate, 

we process to obtain the temporal weighted-average quantities of the flow. This filter can 

greatly reduce the background noise. The velocity field is smoothed in time domain so 

that we can have smoother acceleration results. Here we use a Gaussian weight to 

resample the velocity field as follows: 

The temporal-weighted-average velocities are defined as  
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where i is in the range of the total phase number that we recorded, 13  , v  represents 

the velocity quantity. We use b to denote weighting coefficients based on a Gaussian 

distribution function with standard deviation σ = 3 frames. This means we made the 

Gaussian weighted average over 27 frames, which is approximately 0.135sec (or 7.4Hz). 

Note that the resolution of smoothed data in time is also 200Hz. 

(ii) Derived Quantities – Acceleration. The flow acceleration can be calculated with 

our high resolution velocity field data in time domain. Denoting the temporal smoothed 

velocity vector   ( , )V u w  in x and z direction, the total acceleration is explicitly 

expressed as:  

 
     

,du u u uu w
dt t x z

  
  
  

 (52) 

 
     

.dw w w wu w
dt t x z

  
  
  

 (53) 

 
The local horizontal acceleration calculation is obtained from central differencing in time:  

 
 ( , , 1) ( , , 1)( , , )

2local
u i j k u i j ka i j k

t
  




 (54) 

where i and j represent the spatial point (x, z) respectively, and k denotes the time step. 

The horizontal advective acceleration is calculated from the central differencing scheme 

in space: 
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where i and j are index for x and z direction, k is index for time. We only calculated 

derived properties in x-z plane.  
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(iii) Derived Quantities – Vorticity. The temporal smoothed vorticity quantity was 

obtained by  

   
y

u w
z x

  
 
 

 (56) 

This vorticity component can be computed from the entire velocity fields applying the 

central difference method as 
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Where i, j denotes the spatial grid point in (x, z). Based on the right-hand rule, positive 

vorticity is clockwise (CW) and negative vorticity is counterclockwise (CCW). 

(iv) Derived Quantities – Pathlines. Pathlines are the trajectories of individual fluid 

particles. With a given temporal and spatial velocity field, pathlines can be computed as :  
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where 0px


 is the initial particle position at t = t , and px


 is the position of the same 

particle at later time t. The subscript P indicates that we are following the motion of a 

fluid particle. The new particle position can be obtained by 0( )px t


+ pd x


. Updating the 

0( )px t


 for each time step, then the position for each time can be obtained, and therefore 

the pathlines can be plotted.  

6.2 Symmetric Head-on Collision 

First, we examine a typical case for symmetric head-on collision. We point out the 

difference in the boundary-layer flow fields for the other cases later. Figures 6.1, 6.2, and 

6.3 show the flow field before, during and after the collision respectively for the two 
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identical solitary waves with dimensionless amplitude R= L= 0.4. This case is the same 

case with the symmetric head-on collision case discussed in Chapter 5. 

The flow field transition before the collision is shown in the Figure 6.1. From the left to 

the right panels the time interval is 0.1s: at t = -0.615s, -0.515s, -0.415s, -0.315s, and -

0.215s. The transition of the collision is shown in Figure 6.2 from the left to the right at t 

= -0.2s, -0.1s, 0s, 0.1s, and 0.2s. The transition after the collision is shown in Figure 6.3 

at t = 0.285s, 0.385s, 0.485s, 0.585s, 0.685s. When maximum wave amplitude has 

achieved, we set the moment as time origin (t = 0s) and thus negative t means before 

collision while positive t represents after collision. Figures 6.1 a, 6.2 a, 6.3 a (the top 

panel) show the velocity-gradient tensor field that is superimposed with the wave phase 

image. The b, c, and d of Figures 6.1 – 6.3 are the velocity, acceleration, and vorticity 

flow fields for the flow domain identical to that shown for the tensor field in Figure 6.1 – 

6.3 a. The data shown in Figure 6.1 – 6.3 b, c, and d are distorted (x to z ratio = 0.24) to 

show vertical flow structures – such a distorted image presentation is not appropriate for 

the presentation of velocity-gradient tensors. The parameters in these figures are non-

dimensionalized as: 

 /x X h ; /z Z h ; /ct tu h ;  / cu u u ;  / cw w u ;  / ( / )cu h  ; 

where h = 0.06 m is water depth, 0.024a  m, 3k = 3a / 4h  is wave number, g is 9.81

2ms , (1 ) /
2c
au a gh h
h

   is the wave speed underneath the wave crest. The 

acceleration is normalized by 2 /cu h . 

Prior to make discussion of the flow transition for this symmetric head-on case, let us 

briefly describe the interpretations for the velocity-gradient tensor field shown in Figure 

6.1 - 6.3 a (the top panel). It is well known that all of the flow kinematics – except 

translation – can be expressed by the decomposition of velocity-gradient tensors. In the 

visualization, regions dominated by expansion 0u 
 , contraction 0u 

 , anisotropic 
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stretching 1

2 ( ( ) )Tu u  
  , counterclockwise rotation 0u 

 , and clockwise rotation

0u 
 are color coded with yellow, blue, white, red, and green, respectively. For the 

present flow data in the 2D plane, ( , )x z    and ( , )u u w
 , and the superscript T 

represents the transpose. For expansion (yellow), contraction (blue), and anisotropic 

stretching (white), we blend the colors with red or green to indicate the orientation of 

rotations in those regions (red: counterclockwise; green: clockwise) even though rotation 

is not the dominant motion in these regions. The magnitude of the tensor is presented by 

the spacing of the hyperstraemlines, which denote the directions of the major or minor 

eigenvectors of the tensor field: the major eigenvectors (stretching) are expressed with 

the thick black lines and the minor eigenvectors (compression) are expressed with the 

thin grey lines. Tensor visualization must be presented in the undistorted frame to retain 

their magnitude information. (See Appendix for more details on tensor-field visualization, 

and also Zhang et al. 2009, and Chen et al. 2011.) 

As illustrated in Figure 6.1a, the water surface is still at Z/h ≈ 1 from t = -0.615s till t = -

0.415s. The phase image showing here is converted directly from raw PIV images, which 

is not corrected from calibration and thus for qualitative demonstration purpose only. We 

can see the slightly deformed water surface between t = -0.315s to t = -0.215s 

representing two waves propagating from both sides. Figure 6.1 shows the bottom 

boundary layer flow field when the two solitary waves start to feel each other.  

As we can see, the magnitude of flow velocity (Figure 6.1 b) and acceleration (Figure 6.1 c) 

are nil at t = -0.615s. The flows approach from both sides with increasing velocity and 

achieve large velocity upward at t = -0.215s. The acceleration (Figure 6.1 c) is not 

monotonically increasing. The upward accelerations pointing from its two sides to 

positive z direction keep increasing until sometime between t = -0.315s to t = -0.215s. 

Then the upward acceleration is decreasing while the flow velocity still increases. The 

increasing acceleration (Figure 6.1 c from t = -0.615s to t = -0.315s) represents the leading 

flow of the individual solitary waves without the influence of the colliding wave (t = -

0.315s). This indicates that the collision process starts to take place at sometime between 
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t = -0.315s to t = -0.215s. This observation is difficult to obtain from the velocity plot 

alone (Figure 6.1b).  

Although the boundary layer flow pattern can be observed from the velocity field (Figure 

6.1b) near bed, it is better illustrated from the vorticity plots in Figure 6.1d. Prior to the 

leading flow of the two solitary waves begin to interact with each other (t = 0.615s to t = 

0.515s). Slightly negative vorticity (counter-clockwise rotation, colored in red) has 

already been present near the bed. It is considered that the negative vorticity is introduced 

by the boundary layer flow generated by the passage of the first wave before its reflection 

from the end wall. As shown in Figure 3.2 (b) the boundary layer flow in the lee side of 

the solitary wave points to the opposite of the wave propagating direction. Thus the 

boundary layer flow pointing to the left must be present due to the first wave runs 

towards to the right at its first passage. This boundary layer flow explains the background 

counter-clockwise vorticity field in t < -0.515 s. This flow contamination is one of 

limitations for our experiment as discussed previously, yet as we can see the magnitude 

of this flow is very small and can be neglected. At t = -0.415s, the positive vorticity 

(clockwise and colored in green) appears on the left half of the region while the negative 

vorticity (counter-clockwise rotation and colored in red) generated on the right half of the 

plot. The vorticity of this pattern is getting stronger as time moving forward. This 

positive vorticity represents the right running wave before passing its wave crest, and the 

negative vorticity represents the left running wave.  

The two waves then keep moving towards each other and eventually achieve peak 

amplitude at time t = 0, which is shown in Figure 6.2. Note that the collision point is not 

captured at the center of the PIV measurements: the collision location is at X/h = 1.1, 

whereas the center of the region of visualization is at X/h = 1.25. Prior to the collision at t 

= -0.2s in Figure 6.2, the flows approach from both sides with fairly uniform velocity 

profiles in the vertical direction and form the boundary layers at the bed (Figure 6.2b). 

Although the magnitudes are getting smaller than at t = -0.215 in Figure 6.1c, the flow 

accelerations away from the bed are still pointing to the right for the incoming right 

running wave and pointing to the left for the incoming left running wave (Figure 6.2c).  



84 
 
On the other hand, at the next stage at t = -0.1s, the acceleration pattern becomes opposite 

to that at t = -0.2s. The acceleration points to the positive x-direction for the left running 

wave (the right half of the image in Figure 6.2c) and points to the negative x-direction for 

the right-running wave (the left half of the image in Figure 6.2c). This means the 

acceleration pattern changes sign between t = -0.2s to t = -0.1s, and starts to prevent the 

flow moving upward and forward. Thus the maximum upward velocity takes place 

between these two phases.  

Although the acceleration field points downward and increases its magnitude at t = -0.1, 

the velocity field are still pointing positive z direction (but decreasing its magnitude), 

thus the water surface profile is still moving upward. At the collision t = 0s, the velocity 

field becomes stagnant, the water surface profile reaches its maximum height and the 

downward acceleration is prominent as anticipated.  

Right after the collision at t = 0.1s, the flow reversal takes place as shown in Figure 6.2b: 

the flow in the positive x-direction appears in the right hand-side of the image that is 

associated with the departing right-running wave, and the flow in the negative x-direction 

for the outgoing left-running wave. A careful observation in the boundary layer for the 

outgoing right-running wave reveals the overshoot flow formation due to viscous effect 

of the flow reversal. The large downward acceleration at t = 0.1s decreases quickly in the 

process, and the acceleration becomes upward again at t = 0.2s. On the other hand, the 

flow velocity increases rapidly in downward (the negative z-direction), and maintaining 

the viscous overshoot flows in the boundary layer (see near the bed in the right hand side 

of Figure 6.2b). This viscous overshoot flow behavior can be better observed in the 

vorticity visualizations in Figure 6.2d. 

The vorticity plots in Figure 6.2d show the boundary-layer transition during the collision. 

Prior to the collision, the positive vorticity (clockwise direction, green in the figure) 

associated with the right-running wave appears in the left-hand side of the visualization at 

t = -0.2s and -0.1s, whereas the negative vorticity (counter-clockwise direction, red in the 

figure) is shown in the right-hand side that is associated with the incoming left running 
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wave. At the collision t = 0s, the vorticity magnitude adjacent to the bed decreases 

drastically while the initial vorticity pattern (positive vorticity on the left and the negative 

vorticity on the right) still exist and maintain at a little distance away from the bed. This 

vorticity pattern is resulted from the generation of the opposite vorticity at the bed as we 

can see in the Figure 6.2d and will be discussed shortly. After the collision at t = 0.1s, the 

opposite sign of the vorticity generated at the bed becomes evident, forming the 

horizontal layered stack of opposite vorticities. This layered formation is in fact a 

consequence of the viscous overshoot associated with the diffusion of viscosity in a flow 

reversal. At t = 0.2s, the initial vorticity layer diffuses out to the flow interior, and the 

vorticity in the boundary layer associated with the outgoing waves becomes dominant.  

Figure 6.2d also imply that flow separation and attachment can potentially occur at the 

collision point. The separation point in a two-dimensional flow is defined as the point on 

the bed where vorticity ω = 0 and 휕ω / ∂x < 0. Notice that ω = 0 is equivalent to no 

shear stress at the bed. Before collision (t = -0.2s and -0.1s), there is no vorticity at the 

collision point (X/h = 1.1). The positive vorticity generated on the left and negative 

vorticity on the right at the bed, thus 휕ω / ∂x < 0, flow separation could potentially 

occur. On the other hand, the attachment point in a two-dimensional flow is defined as 

the point on the bed where vorticity ω = 0  and 휕ω / ∂x > 0 . During and after the 

collision (t = 0s, 0.1s, 0.2s), negative vorticity is created on the left and positive vorticity 

created on the right at the bed, thus	휕ω / ∂x	 > 0, and flow attachment can occur at 

collision point where vorticity vanishes. 

Before we moving forward to Figure 6.3, let us describe the vorticity generation and 

diffusion process during the collision. The vorticity-creation mechanism on a flat non-

rotating material boundary in the x-y plane is given by Lighthill (1963): 
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where


 is the vorticity at the boundary z = 0 in the x-y plane, is the dynamic viscosity, 

U


is the velocity of the plane boundary itself,  = (∂ , ∂ ), pe is the excess pressure

ep p g    , with  is the fluid density. For a stationary plane boundary for 2D 

flows, the y-component of vorticity y can be written as 
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If we approximate the pressure gradient ep x g x      , the vorticity generation at 

the bed can be estimated as: 
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z x
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Based on Eq.(61), the vorticity generation process is sketched in Figure 6.6. When two 

solitary waves start to interact with each other (Upper panel in Figure 6.6: the condition 

at t = -0.2s in Figure 6.2), the vorticity created at the bed is controlled by the individual 

solitary-wave profile. For the right-running wave, the water-surface increases in the 

negative x-direction: ∂/∂x < 0. Consequently, ∂y/∂z < 0, and therefore positive vorticity 

(clockwise direction and shown in green in Figure 6.2d) must be generated at the bed so 

as to make the vertical vorticity gradient negative. The opposite takes place for the left-

running wave: negative vorticity must be created at the bed (counterclockwise direction 

shown in red in Figure 6.2d). When the two solitary waves collide with each other (see 

the middle panel in Figure 6.6), because of the pressure gradients, vorticity generation at 

the bed should be opposite to the foregoing conditions of the incoming waves. On the 

left-hand side of the wave peak, ∂/∂x > 0 therefore, ∂y/∂z > 0, which means that 

negative vorticity (counterclockwise direction, red) must be generated at the bed. 

Similarly, the positive vorticity (clockwise direction, green) must be created at the bed in 

the right-hand side of the wave peak. The previously generated vorticity diffuses out to 

the flow interior; hence the vorticity generation process yields the alternate vorticity 
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layers. The foregoing vorticity-generation mechanism explains the vorticty pattern 

observed in Figure 6.2d as well as the overshoot velocity characteristics in the boundary 

layer in Figure 6.2b. It must be cautioned that, although Eq.(60) is an exact solution, 

Eq.(61) is not, because we assume that the vertical acceleration is small. Nevertheless, 

the foregoing description should give a good explanation: the only exception would be 

for a short time at the peak of the collision when the vertical acceleration becomes 

maximum.  

Before we discuss on the velocity-gradient tensor fields, let us first look at the flow 

transition when the two solitary waves separate from each other as shown in Figure 6.3. 

At t = 0.285s, the flow still falls downward, the velocity field points towards negative z 

direction and prominent acceleration points opposite to its moving direction. After t = 

0.585s, the velocity and acceleration both become nil and the two solitary wave totally 

separate from each other. 

The vorticity plots in Figure 6.3d show the boundary-layer transition after the collision. 

At t = 0.285s, the positive vorticity (clockwise direction) associated with the right-

running wave appears in the right-hand side, whereas the negative vorticity (counter-

clockwise direction) is shown in the left-hand side that is associated with the outgoing 

left running wave. At t = 0.385, the vorticity magnitude right adjacent to the bed 

decreases drastically and changes to the opposite sign at the bed, while the previous 

vorticity pattern (positive vorticity on the right and the negative vorticity on the left) still 

exists and maintains at a little distance away from the bed. This again forms the 

horizontal vorticity layers of the opposite sign. The vorticity pattern is resulted from the 

generation of the opposite vorticity at the bed as we can see in the Figure 6.3d and will 

discuss shortly. Then at t = 0.485s, the vorticity layer created at the collision diffuses out 

to the flow interior, and the vorticity in the boundary layer associated with the outgoing 

waves becomes dominant.  

Similar to the previous discussions on Figure 6.2d, based on Eq.(61), the vorticity 

generation and diffusion process after the collision is also sketched in Figure 6.6. When 
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two solitary waves separate from each other (Lower panel in Figure 6.6: the condition at t 

= -0.385s in Figure 6.3), the vorticity created at the bed is controlled by the individual 

solitary-wave profile. For the right-running wave (on the right half of lower panel in 

Figure 6.6), the water-surface increases in the positive x-direction: ∂/∂x>0. 

Consequently, ∂y/∂z>0, and therefore negative vorticity (counter-clockwise direction 

and colored red in Figure 6.3d) must be generated at the bed so as to make the vertical 

vorticity gradient positive. The opposite takes place for the left-running outgoing wave 

(on the left half of lower panel in Figure 6.6): positive vorticity must be created at the bed 

(clockwise direction shown in green in Figure 6.3d). The direction of the newly created 

vorticity is opposite to the previously generated vorticity (middle panel), which diffuses 

out to the flow interior via viscous effect and thus yields alternate vorticity layers at t = 

0.385s in Figure 6.3d. This vorticity-generation mechanism explains the vorticty pattern 

observed after the two solitary waves separate from each other in Figure 6.3d as well as 

the overshoot velocity characteristics in the boundary layer in Figure 6.3b.  

Figure 6.1a, 6.2a, 6.3a not only show the wave phase transition but also the velocity-

gradient tensors during the collision process. As stated earlier, expansion 0u 
  is 

presented in yellow; contraction 0u 
 in blue; anisotropic stretching 1

2 ( ( ) )Tu u  
   in 

white, counterclockwise rotation 0u 
 in red; and clockwise rotation 0u 

  in 

green. For expansion (yellow), contraction (blue), and anisotropic stretching (white), the 

colors are blended with red or green for the orientation of rotations in those regions even 

though rotation is not the dominant motion in these regions. The hyperstreamlines in 

black lines represent the direction of major eigenvalues that cause the elongation of fluid 

parcels, while the lines in grey represent the direction of minor eigenvectors that means 

compression of the fluid parcels. Furthermore, the spacing of the hyperstraemlines shows 

the magnitude of the tensor: the narrower the lines, the greater the magnitude. 

In Figure 6.1a, there is no dominant velocity-gradient tensor until t = -0.615s because the 

flow field is close to the quiescent. A mixture of varies of velocity-gradient tensor 

components pop up in the visualization region and forms a random pattern. As the two 
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waves getting closer to and starting to feel each other (t = -0.515s to t = -0.315s), the flow 

parcels away from the bottom is dominated by contraction (blue). While the contraction 

dominant area is decreasing and at t = -0.215s, there is no contraction dominant region 

left. The fluid parcels are stretched vertically (the black hyperstreamlines forms vertical 

pattern from initial irregular pattern) and the tensor magnitudes away from the bottom are 

very small in comparison with the magnitudes in the boundary layers: the 

hyperstreamlines shown along the bed are much denser than those shown in the flow 

interior. 

In Figure 6.2a, the velocity-gradient tensors also show that the fluid parcels are stretched 

vertically prior to reaching the maximum collision (t = -0.1s, and -0.2s). After the 

transition at the collision peak, then fluid parcels are now stretched in the horizontal 

direction. The tensor magnitudes are small in comparison with the magnitudes in the 

boundary layers as well. Also note that the tensor magnitude at t = -0.1s is larger than at t 

= -0.2s. At immediately the transition of the collision peak (t = 0s), the tensor magnitudes 

become much smaller than those before and after the collision peaks. Figure 6.4 shows 

the more detailed transition process of the velocity-gradient tensor during the collision 

peak with 10ms interval from t = -0.04s to t = 0.03s. Note that before the collision peak (t 

= -0.04ms to t = -0.01s), the appearances of many blue areas (i.e. flow region dominant 

by flow contraction). At collision peak (t = 0s), only a small region underneath wave crest 

has localized contraction, with its both sides dominated by yellow patches representing 

flow expansion. Then after collision peak from t = 0.01s to t = 0.03s, blue areas disappear 

and only yellow patches appear (flow region dominant by flow expansion). It can be seen 

clearly how the fluid parcel deformation changes from being stretched in the vertical 

direction to the horizontal direction. The black hyperstreamlines become uniform and 

straight at t = 0.1s and 0.2s.  

In Figure 6.3a, as the two solitary wave separating from each other, the stretching 

direction and magnitude is again changing. At t = 0.285s, the hyperstreamlines start to 

become curvy and expansion regions dominate the flow field. While from t = 0.385s to 

0.485s, contraction (blue) dominates again. The reason for this changing of expansion to 
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contraction is believed to be associated with the trailing wave generation resulted from 

the collision. Figure 6.5 shows the water surface profile during the secondary wave 

generation process. Note that the PIV measurement only covers 25< X/h < 27 

approximately. As we can see at t = 0.28s, the water surface is in rundown process. From 

t = 0.38s to 0.48s, the water surface is in the process of moving up and there appears a 

hump at the collision site. Starting from t = 0.58s, this hump begins to fall down and 

separate to trailing secondary waves following their leading solitary waves. Compare 

Figure 6.5 and Figure 6.3a, it is consistent with our previous finding that expansion 

dominates (t = 0.285s, t = 585s, t =0.685s) during rundown process, and contraction 

dominates (t = 0.385s, 0.485s) when water surface is at piling up phases. Yet this 

secondary wave is small and will lose its effect on boundary layer flow soon. Thus after t 

= 0.685s, there will be no dominant velocity-gradient tensor component again.  

Compared with the vorticity plots in Figure 6.1d, 6.2d, 6.3d, the fluid rotations shown in 

the tensor visualization is not coherent; instead dark red and green (flow regions 

dominant with fluid rotation) appear the formations of patches. This is because the 

boundary-layer flows are not purely rotational, but dominated by a combination of 

rotation and anisotropic shear. In fact, a simple shear motion is formed with the equal 

magnitude of rotation and anisotropic shear.  

It must be emphasized that for perfect two dimensional flows, there should not appear 

any contraction/expansion dominant area in the flow field. Therefore, the blue and yellow 

regions that appear in the velocity-gradient tensor field represent three-dimensional flows: 

there must be small flow noise in the y-direction in our laboratory data. Nonetheless, it 

appears that flow contraction (blue) becomes dominant when the colliding two waves are 

in the process of merging prior to the peak collision, while flow expansion (yellow) 

becomes dominant when the waves are in the process of expansion, separating from each 

other. The reason for this consistent appearance is not clear but we should note that the 

data are taken in our wide wave tank and it is believed that the effect of the tank sidewall 

on the flow should be negligible at the measurement location (1.3 m away from the 
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sidewall). The flow visualization of the velocity gradient tensor fields is capable of 

presenting the foregoing detailed flow kinematics. 
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Figure 6.1: PIV experimental results for symmetric head-on collision of two solitary waves with height  = 0.4 before collision at t = -0.615s, 
-0.515s, -0.415s, -0.315s, -0.215s (from left to right) with time origin at collision peak. First row (a) is phase image with tensor field plot. 
Second row (b) is velocity, third (c) is acceleration, last row (d) is vorticity.  
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Figure 6.2: PIV experimental results for symmetric head-on collision of two solitary waves with height  = 0.4 during collision at t = -0.2s,    
-0.1s, 0s, 0.1s, 0.2s (from left to right) with time origin at collision peak. First row (a) is phase image with tensor field plot. Second row (b) is 
velocity, third (c) is acceleration, last row (d) is vorticity. 
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Figure 6.3: PIV experimental results for symmetric head-on collision of two solitary waves with height  = 0.4 after collision at t = 0.285s, 
0.385s, 0.485s, 0.585s, 0.685s (from left to right) with time origin at collision peak. First row (a) is phase image with tensor field plot. 
Second row (b) is velocity, third (c) is acceleration, last row (d) is vorticity. 
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Figure 6.4:PIV experimental tensor visualization results for symmetric head-on collision of two solitary waves with height  = 0.4, at t =        
-0.04s, -0.03s, -0.02s, -0.01s, 0s, 0.01s, 0.02s, 0.03s (from left to right, top to bottom) with time origin set to collision peak time. 
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Figure 6.5: Water surface variation during secondary wave generation after collision for symmetric head-on collision with ε = 0.4, at t = 0.28s, 
0.38s, 0.48s, 0.58s.  
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Figure 6.6: Sketch for vorticity generation at the boundary layer. Upper plot shows when the two 
solitary waves starts to touch each other, middle plot is when the two solitary waves collides and 
achieves peak amplitude, lower plot represents two solitary waves separates from collision. Thick 
circle arrow lines show the newly created vorticity direction at the boundary. Dash circle arrow lines 
are the vorticity created at the previous time and diffused to the flow interior.  
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6.3 Asymmetric Head-on Collision 

Similar to the symmetric head-on collision case, the boundary-layer flow field for the 

asymmetric head-on collisions has the features as discussed below. Figure 6.7 shows the flow 

field of the collision for the two identical solitary waves with dimensionless amplitude R = 

0.46, L= 0.19. The transition of the collision is shown in the figure from the left to the right 

panels with the time interval of 0.1s at t = -0.2s, 0.1s, 0s, 0.1s, and 0.2s (with time origin at 

the moment of peak amplitude). Figure 6.7a (the top panel) shows the velocity-gradient 

tensor field that is superimposed with the raw PIV image (i.e. the wave phase image). Figure 

6.7b, c, and d are the velocity, acceleration, and vorticity flow fields. The parameters in these 

figures are also non-dimensionalized and introduced as previous symmetric head-on collision. 
Note that the wave amplitude that we use for non-dimensionalization here is different from 

previous head-on collision case. We use the larger wave amplitude 0.0276a   m for 

asymmetric case. 

As shown in Figure 6.7, the collision point is moving the same direction as the larger solitary 

wave propagates (left to right), while in the previous symmetric head-on collision case the 

collision point can be identified at some fixed location. Therefore, the asymmetric collision is 

difficult to capture for our fixed view PIV measurement. Prior to the collision at t = -0.2s in 

Figure 6.7, the flows approach from both sides with fairly uniform velocity profiles in the 

vertical direction and with the formation of the boundary layers at the bed. Note that the 

right-running wave is the wave with larger amplitude. Unlike the symmetric head-on 

collision, the flow accelerations away from the bed are pointing to the right direction only at t 

= -0.2s, for both the incoming right running wave and the incoming left running wave 

(Figure 6.7c). At t = -0.1s, the smaller left-running wave changes its sign of acceleration 

pointing from to the left (same as its moving direction) to the opposite and start to decrease 

its velocity. At t = -0.1s, the acceleration pattern of the larger right-running wave still 

dominates and the collision point moves from left to the right of the visualization. At the 

collision t = 0s, the water surface elevation reaches its maxima and the downward 

acceleration becomes prominent. But velocity field still moves to the direction same as the 
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larger wave instead of becoming stagnant keeping a fairly uniform horizontal velocity field 

with little vertical component.  

After the collision at t = 0.1s, the flow in the positive x-direction appears in the right hand-

side of the image that is associated with the departing larger right-running wave, and the flow 

in the negative x-direction for the outgoing smaller left-running wave. The large downward 

acceleration at t = 0s decreases quickly with the process, and the acceleration becomes 

opposite (upward) at t = 0.2s. On the other hand, the flow velocity decreases rapidly in 

downward (the negative z-direction). 

The vorticity plots in Figure 6.7d show the boundary-layer transition during the collision. 

Prior to the collision, the positive vorticity (clockwise direction) associated with the right-

running wave appears in the left-hand side of the plot at t = -0.2s and -0.1s, whereas the 

negative vorticity (counter-clockwise direction) is shown in the right-hand side that is 

associated with the incoming left running wave. At the collision peak time t = 0s, the 

vorticity magnitude diffuses but still exist and maintain at a little distance away from the bed. 

After the collision t = 0.1s, the vorticity generated at the bed by the right running wave 

dominates. The layered boundary-layer formation observed in symmetric head-on collision is 

not identified in this asymmetric case. This is because the right running wave is dominated 

and the collision point is moving instead of being fixed. At t = 0.2s, the positive vorticity 

(clockwise rotation) associated with the right-running wave appears in the right-hand side of 

the figure, whereas the negative vorticity (counter-clockwise rotation) is shown in the left-

hand side that is associated with the outgoing smaller left running wave.  

Similar to symmetric head-on collision, Figure 6.7b and d imply that flow separation and 

attachment can potentially occur for asymmetric head-on collision. Before collision (t = -

0.2s), there is no vorticity at the collision point. The positive vorticity generated on the left 

and negative vorticity on the right at the bed, thus 휕ω / ∂x < 0 , flow separation could 

potentially occur. As time moving forward, the separation point moves to the right, the same 

as the larger wave propagating direction. At t = 0.2s, negative vorticity is created on the left 
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and positive vorticity created on the right at the bed, thus 휕ω / ∂x > 0, and flow attachment 

can occur at collision point where vorticity vanishes. 

Figure 6.7a show the transition of the velocity-gradient tensors during the collision process. 

Similar to the symmetric head-on collision, the velocity-gradient tensor field shows that the 

fluid parcels are stretched vertically prior to reaching the maximum collision (t = -0.1s, and -

0.2s). After the transition at the collision peak, then fluid parcels are now stretched in the 

horizontal direction. Also, the tensor magnitudes are very small in comparison with the 

magnitudes in the boundary layers as anticipated. Figure 6.8 shows the detail transition 

process of the velocity-gradient tensors during the collision from time t = -0.08s to t = -0.06s 

with time interval 0.02s. The transition of how the fluid parcels being stretched from the 

horizontal direction to the vertical direction is shown. Also note that similar to the symmetric 

head-on collision, before the collision peak (t = -0.08s to t = -0.02s), we notice the 

appearances of more blue areas (i.e. flow region dominant by flow contraction). But on the 

left-hand-side of the blue areas are followed by some yellow patches (flow region dominant 

by flow expansion) from t = 0.02s to 0.06s. The flow visualization of the velocity gradient 

tensor fields is capable of presenting the foregoing detailed flow kinematics for this 

asymmetric head-on collision case. It is again cautioned as discussed earlier that for a 

perfectly two-dimensional flow, there should not be any flow contraction or expansion in the 

x-z plane. 

 



101 
 

101 

 

Figure 6.7: PIV experimental results for asymmetric head-on collision of two solitary waves with height, R = 0.46, L= 0.19, at t = -0.2s,       
-0.1s, 0s, 0.1s, 0.2s (from left to right) with time origin at collision peak time. First row (a) is phase image with tensor field plot. Second row 
(b) is velocity, third (c) is acceleration, last row (d) is vorticity. 
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Figure 6.8: PIV experimental tensor visualization results for asymmetric head-on collision of two solitary waves with height, R = 0.46, L= 
0.19, at t = -0.08s, -0.06s, -0.04s, -0.02s, 0s, 0.02s, 0.04s, 0.06s (from left to right, top to bottom) with time origin at collision peak time. 
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6.4 Symmetric Oblique Collision 

In order to see if the oblique interaction have any effect for the collision process, equal 

head on collision with oblique angle has been investigated and shown in this section. 

Similar to the head-on symmetric collision, the boundary-layer flow field for the oblique 

collision has the following features.  

Figure 6.9 shows the flow field of the collision for the two identical solitary waves with 

dimensionless amplitudeR= L= 0.46 with 10 degree oblique angle. The transition of the 

collision is shown in the figure from the left to the right panels with the time interval of 

0.1s at t = -0.2s, 0.1s, 0s, 0.1s, and 0.2s (with time origin at the moment of collision peak). 

Figure 6.9a (the top panel) shows the visualization of velocity-gradient tensor field that is 

superimposed with the raw PIV image (i.e. the wave phase image). Figure 6.9b c and d 

are the velocity, acceleration, and vorticity flow fields. The parameters in the figures of 

this case are also non-dimensionalized as before.  

As shown in Figure 6.9, the collision point is not captured at the center of the PIV 

measurements: the collision location is at X/h=1, whereas the center of the image is at 

X/h=1.2. Prior to the collision at t = -0.2s in Figure 6.9, the flows approach from both 

sides with fairly uniform velocity profiles in the vertical direction with the formation of 

the boundary layers at the bed (Figure 6.9b). Although the magnitudes are small, the flow 

accelerations away from the bed are pointing to the right for the incoming right running 

wave and pointing to the left for the incoming left running wave (Figure 6.9c). This 

acceleration pattern also represents the leading flow of the individual solitary waves. At 

the next stage at t = -0.1s, the downward acceleration appears. The acceleration points to 

the positive x-direction for the left running wave (the right half of the image in Figure 

6.9c) and points in the negative x-direction for the right-running wave (the left half of the 

image in Figure 6.9c). This indicates that the collision process is decelerating the 

colliding waves and changing the sign of their acceleration. At the collision t = 0s, the 
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velocity field becomes stagnant and the downward acceleration is prominent as 

symmetric head-on collision.  

After the collision t = 0.1s, the flow reversal occurs as shown in Figure 6.9b: the flow in 

the positive x-direction appears in the right hand-side of the image that is associated with 

the departing right-running wave, and the flow in the negative x-direction for the 

outgoing left-running wave. A careful observation in the boundary layer for the outgoing 

right-running wave reveals the overshoot flow formation due to viscous effect of the flow 

reversal. The large downward acceleration at t = 0.1s decreases quickly with the process, 

and the acceleration becomes opposite (upward) at t = 0.2s. On the other hand, the flow 

velocity increases rapidly in downward (the negative z-direction), and maintaining the 

viscous overshoot flows in the boundary layer. This viscous overshoot flow behavior can 

be better observed in the vorticity visualizations in Figure 6.9d. 

The vorticity plots in Figure 6.9d show the boundary-layer transition during the collision. 

Similar to the symmetric head-on case, prior to the collision, the positive vorticity 

(clockwise direction) associated with the right-running wave appears in the left-hand side 

of the visualization at t = -0.2s and -0.1s, whereas the negative vorticity (counter-

clockwise direction) is shown in the right-hand side that is associated with the incoming 

left running wave. At the time between t = -0.1s and t = 0s, the vorticity magnitude next 

to the bed decreases drastically while the initial vorticity pattern (positive vorticity on the 

left and the negative vorticity on the right) still exist and maintain at a little distance away 

from the bed. This vorticity pattern is resulted from the generation of the opposite 

vorticity at the bed as we discuss in symmetric head-on collision. At the collision t = 0s, 

the opposite sign of the vorticity generated at the bed becomes evident, forming the 

horizontal layers of opposite vorticities. This layered formation again results from the 

viscous overshoot associated with the viscous diffusion in a flow reversal as discussed. At 

t = 0.2s, the initial vorticity layer diffuses out to the flow interior, and the vorticity in the 

boundary layer associated with the outgoing waves becomes dominant. Same as 

symmetric head-on collision, flow separation occurs before collision (t = -0.2s and t = -
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0.1s) and flow attachment can be identify during and after collision (t = 0s, 0.1s, 0.2s) in 

symmetric oblique collision case.  

Figure 6.9a shows the transition of the collision process for the velocity-gradient tensors. 

Again, the velocity-gradient tensor visualization show that the fluid parcels are stretched 

vertically prior to reaching the maximum collision (t = -0.1s, and -0.2s). After the 

transition at the collision peak, then fluid parcels are stretched in the horizontal direction. 

Also, the tensor magnitudes in the flow interior are very small in comparison with the 

magnitudes in the boundary layers.  

Figure 6.10 shows the velocity-gradient tensor visualization during collision peak from t 

= -0.04s to 0.03s with time interval 0.01s. Similar to the symmetric head-on collision, the 

flow contraction dominates the flow field before collision and expansion become 

prominent immediately after the collision. At the collision peak time (t = 0s), right 

underneath the wave crest in a narrow width, the flow region dominant by flow 

contraction, while most area of its two sides dominant by expansion.  

The transition pattern of the velocity-gradient tensor field is qualitatively the same as that 

of the head-on collision case, including the appearance of expansion/contraction. Prior to 

the maximum collision, as shown in Figure 6.11, there appears the region of flow 

contraction (blue) at stagnation area near the bed, in spite of the magnitude of tensors 

being large. This behavior is not observed for the case of symmetric head-on case. Note 

that the tensor magnitudes increase as time approaching to collision peak moment. 
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Figure 6.9: PIV experimental results for symmetric head-on 10 degree oblique collision of two solitary waves with height = 0.46, at t =       
-0.2s, -0.1s, 0s (collision peak time), 0.1s and 0.2s (from left to right). First row (a) is phase image with tensor field plot. Second row (b) is 
velocity, third (c) is acceleration, last row (d) is vorticity.  



107 
 

107 

 

Figure 6.10: PIV experimental tensor visualization results for symmetric head-on 10 degree oblique collision of two solitary waves with 
height = 0.46, at t = -0.04s, -0.03s, -0.02s, -0.01s, 0s, 0.01s, 0.02s,0.03s (from left to right, top to bottom)with time origin set to collision 
peak time.
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Figure 6.11: Velocity-gradient tensor visualization before collision: t = -0.3, -0.25, -0.2s, -0.15s, -
0.1s, 0.05s.  
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6.5 Asymmetric Oblique Collision 

We also investigated unequal oblique collision. Similar to the head-on asymmetric 

collision case discussed in the earlier section, Figure 6.12 shows the flow field of the 

collision for the two unequal solitary waves with dimensionless amplitudeR = 0.50, L= 

0.20. The transition of the collision is shown in the figure from the left to the right panels 

with the time interval of 0.1s at t = -0.2s, 0.1s, 0s, 0.1s, and 0.2s (with time origin at peak 

amplitude). Figure 6.12a (the top panel) shows the visualization of velocity-gradient 

tensor field that is superimposed with the raw PIV image (i.e. the wave phase image). 

Figure 6.12b, c, and d are the velocity, acceleration, and vorticity flow fields. The 

parameters in these figures are also non-dimensionalized and introduced as previous 

symmetric head-on collision case except 0.03a  m. 

As shown in Figure 6.12, the same as the previous asymmetric head-on collision case, the 

collision point is not fixed, along with the oblique collision angle make the asymmetric 

oblique collision the most difficult case to capture with the PIV. Prior to the collision at t 

= -0.2s, Figure 6.12b shows the flows approaching from the left with fairly uniform 

velocity profiles in the vertical direction; the flow shown at the right-hand side in the 

figure is directed vertically upward. The formation of the boundary layers at the bed 

(Figure 6.12b) can be identified. Note that the right-running wave is the wave with larger 

amplitude. Similar to the asymmetric head-on collision case, the flow accelerations away 

from the bed are pointing to the right for both the incoming right running wave and the 

incoming left running wave (Figure 6.12c) at t = -0.2s. Figure 6.12c at t = -1 represents 

the decelerating phase after the leading flow of the two wave starting to interact with 

each other. The smaller left-running wave changes its sign of acceleration and velocity 

from pointing to the left (same as its moving direction) to pointing to the opposite. On the 

other hand, at the next stage at t = -0.1s, the acceleration pattern of the larger right-

running wave still dominates and the collision point moves out of the right edge of the 

visualization. At the collision t = 0s, the water surface elevation obtains its maximum, 

and the downward acceleration becomes prominent. But velocity field, instead of 
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becoming stagnant, still moving to the direction same as the larger wave and keeps a 

fairly uniform horizontal velocity field with little vertical component as anticipated.  

After the collision t = 0.1s, the flow in the positive x-direction appears in the right hand-

side of the image that is associated with the departing larger right-running wave, and the 

flow in the negative x-direction (out of the left edge of visualization) for the outgoing 

left-running wave. The large downward acceleration at t = 0s decreases quickly with the 

process, and the acceleration becomes opposite (upward) at t = 0.2s. The viscous 

overshoot flows shown in symmetric collisions in the boundary layer is not observed in 

this asymmetric cases.  

The vorticity plots in Figure 6.12d show the boundary-layer transition during the 

collision. Prior to the collision, the positive vorticity (clockwise direction) associated 

with the right-running wave appears in the left-hand side of the plot at t = -0.2s and -0.1s, 

whereas the negative vorticity (counter-clockwise direction) that is associated with the 

incoming left running wave is out of the right edge of the visualization. This is a 

limitation caused by the limited field of view and the large oblique interaction angle. At 

the collision t = 0s, the vorticity filed of large right running wave still dominates. Recall 

our vorticity generation mechanism analysis in previous symmetric head-on case: at this 

time the left half of the water-surface increases in the positive x-direction: ∂/∂x>0, thus 

∂y/∂z>0, and therefore negative vorticity (counter-clockwise direction and shown in red) 

must be generated at the bed. It is no surprise that at t = 0.1s, a thin negative vorticity 

strip is generated at the left half of bed. Then at t = 0.2s, the strong positive vorticity 

(clockwise direction) associated with the right-running wave still appears but at certain 

distance above bed, the newly generated negative vorticity (counter-clockwise direction) 

appears underneath and right at the bed. Same as asymmetric head-on collision, we can 

identify flow attachment after collision (t = 0.1s) in asymmetric oblique collision case. 

Figure 6.12a show the transition process of the velocity-gradient tensors. The velocity-

gradient tensors show that the fluid parcels are stretched vertically prior to reaching the 

maximum collision (t = -0.1s, and -0.2s). After the transition at the collision peak, then 
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fluid parcels are then stretched in the horizontal direction. Also, the tensor magnitudes in 

the boundary layers are much larger in comparison with away from the bed as anticipated. 

Figure 6.13 shows a detail tensor visualization during the collision from time t = -0.08s to 

t = -0.06s with time interval 0.02s. It exhibits the transition of how the fluid parcels being 

stretched from the horizontal direction to the vertical direction.  
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Figure 6.12: PIV experimental results for asymmetric oblique collision of two solitary waves with height / 0.50ra h  , / 0.20la h  and 15 
degree collision angle at t = -0.2s, -0.1s, 0s, 0.1s, 0.2s (from left to right) with time origin at collision peak time. First row (a) is phase image 
with tensor field plot. Second row (b) is velocity, third (c) is acceleration, last row (d) is vorticity. 
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Figure 6.13: PIV experimental tensor visualization results for asymmetric oblique collision of two solitary waves with height / 0.50ra h  , 
/ 0.20la h  and 15 degree collision angle, at t = -0.08s, -0.06s, -0.04s, -0.02s, 0s, 0.02s, 0.04s, 0.06s (from left to right, top to bottom) with 

time origin at collision peak time.
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6.6 Pathline & Mass Transport 

Pathlines illustrate the trajectories that individual fluid particles follow. The displacement 

of water particles can be expressed as an integral equation from Eq.(58):  

 
0

0( ) ( ) ( , )
t

p p p p
t

x t x t v x t  
   

 (62) 

Figure 6.15 and Figure 6.16 show the net horizontal and vertical dimensionless 

displacements for water particles at certain initial locations. Note that the displacements 

are non-dimensionalized by the water depth h, while the abscissa is time t and the time 

origin at collision peak time. The initial location of particles in middle panel is at the 

collision point X/h = 1.1, so that it can be easily compared with our previous 

visualizations.  

Figure 6.14 shows the pathlines of water particles at some initial locations. Figure 6.15 

and Figure 6.16 show the net horizontal and vertical displacement with respect to time for 

the particles in Figure 6.14. As we can see in Figure 6.15, the net horizontal 

displacements for particles at three different vertical positions and fixed horizontal 

position are almost the same. As we discussed in previous section, the velocity field is 

fairly uniform in vertical direction except right adjacent to bottom boundary. For water 

particles not nearing by collision point (left and right panel), the net displacement is 

always the direction of the outgoing separating waves after the collision. It also 

demonstrates that the horizontal velocity field before collision peak and after collision 

peak is not symmetric. The flow after collision is stronger to cause a net negative 

displacement at any given horizontal location. Similar finding can be observed from 

Figure 6.16. The vertical velocity field before and after collision peak is found 

asymmetric as well. The flow after collision is stronger to cause a net negative 

displacement in z direction. This net negative displacement is essentially the same as the 

observed falling motion overshoot below the original still water level after the collision 

(see Figure 5.30). This overshoot is believed to cause the secondary waves generation. 
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Figure 6.14: Tajectory of water particles for symmetric head-on collision of two solitary waves 
with height / 0.40a h  . Star, initial position of water particle at time t = -0.715s; Circle, final 
position of water particle at time t = 0.535s,  

 

Figure 6.15: Net horizontal dimensionless displacements of water parcels for symmetric head-on 
collision of two solitary waves with height / 0.40a h  . The particles are initially located at three 
different horizontal positions for X/h = 0.5, 1.1, 1.7 from left to right; and three different vertical 
positions: solid line, Z/h = 0.05; dash-dot line, Z/h = 0.21; dotted line, Z/h = 0.38. 

  

Figure 6.16: Net vertical dimensionless displacements of water particles for symmetric head-on 
collision of two solitary waves with height / 0.40a h  . The particles are initially located at three 
different horizontal positions for X/h = 0.5, 1.1, 1.7 from left to right; and three different vertical 
positions: solid line, Z/h = 0.05; dash-dot line, Z/h = 0.21; dotted line, Z/h = 0.38.  
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7 Conclusions  

A series of laboratory experiments were performed to study counter-propagating solitary 

wave collision phenomena. Experiments were conducted under different scenarios, which 

include symmetric head-on collisions, asymmetric head-on collisions, symmetric oblique 

collisions and asymmetric oblique collisions. Laser Induced Florescent (LIF) and Particle 

image velocimetry (PIV) techniques were applied to capture the water-surface variation 

and the velocity field, respectively.  

During the counter-propagating solitary wave collision, the maximum amplification 

reaches a value larger than the superposition of the amplitudes of the incident solitary 

waves. After the collision, the two waves separate into two solitary waves, recovering 

most of their original properties except certain extent of energy loss and thus reduced 

amplitude. The collision also leaves imprints on the interacting waves with phase shift 

and shedding dispersive trailing waves.  

Su & Mirie’s (1980) asymptotic prediction Eq. (31) on maximum amplitude at collision 

agrees well with our laboratory experiment results. The ratio of the measured 

amplification to the linear superposition of two incident waves ranges from 1.048 to 

1.231, given that the incident wave amplitude varies from 0.15 < ε < 0.55. All solitary 

waves lose small amount of energy after collision. Waves with the larger amplitude 

before collision have greater amplitude reduction. The relative energy loss varies from 

approximately 1.4 % to 13.8% in our laboratory experiments. The phase shift is very 

difficult to measure and define. Maxworthy’s (1976) experimental results for phase shift 

have significant discrepancies with Su & Mirie’s (1980) asymptotic prediction and are 

independent of incident wave amplitude. Whereas, our laboratory results for phase shift 

exhibit the dependency of wave amplitude which is in qualitative agreement with Su & 

Mirie’s (1980) immediate post-collision prediction Eq.(50). The secondary dispersive 

wave train resulted from solitary wave collision is also compared with Su & Miries’ 

(1980) theory Eq.(34). Considering very small and transient waves, the measured 

secondary waves amplitude and wave length in the laboratory are in good agreement with 
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the theory. It must be noted that Su & Mirie’s (1980) theory is developed for the head-on 

collision conditions only, while our laboratory results also include oblique collision cases. 

The oblique collision cases that we investigated are those with small oblique angles (up 

to 20°)	 due	 to	 the	 limitation	 of	 our	 basin	 breadth. We found no difference essentially 

with or without oblique interaction angle. 

Based on the flow measurement using PIV, we present detailed descriptions of the flow-

field transition during the collisions for symmetric head-on collision, asymmetric head-on 

collision, symmetric oblique collision, and asymmetric head-on collision. The boundary 

layer evolution associated with the collision process is discussed. We found the layered 

formation of the opposite vorticities in the boundary layer immediately after the collision 

for symmetric collisions. This layered formation is a consequence of the overshoot 

associated with the viscous diffusion in a flow reversal. The vorticity-creation mechanism 

given by Lighthill (1963) is used to explain the boundary layer transition during the 

collision. By showing vorticity field along the bed, we identify flow separation and 

attachment. Flow separation happens prior to reaching collision peak when two solitary 

waves merge to each other. Flow attachment can occur after the collision peak when two 

waves separate from each other. For symmetric collision, the separation/attachment point 

is fixed at the collision point, while for asymmetric collision, the separation/attachment 

point advances in the same direction as the larger wave. 

The velocity field before and after the collision peak causes a net displacement of water 

particles. This net displacement is always in the direction of the outgoing separating 

waves after the collision. The pathline displacement is resulted from the overshoot of the 

rundown process, which must be the cause of the formation of trailing secondary waves.  

This study used the visualization of the velocity-gradient-tensor field to analyze the flow 

behaviors and characteristics. The velocity-gradient tensors show that the fluid parcels 

are stretched vertically prior to reaching the maximum amplitude. After the collision peak, 

fluid particles are then stretched in the horizontal direction. The tensor magnitudes in the 

boundary layers are much larger in comparison with away from the bed. 
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There are three recommendations for further investigation from this study. First, the 

resolution of the PIV images can be improved by increasing the water depth which was 

limited by our small scale wave tank. Second, a better approach to generate the counter-

propagating wave will eliminate the negative effect from the end wall. Construct a wave 

tank with dual wave maker is a solution. Third, numerical studies based on the 

experimental data should provide a good benchmark for tsunami numerical model. More 

numerical modeling effort can be put into this research.   
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Appendix: Velocity-Gradient-Tensor Field Visualization 

Fundamental information of flow kinematics, such as volumetric distortion, rotation, and 

angular deformation can be obtained from the velocity gradient tensor (Yeh et al. [2011]): 
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 Where ij is the Kronecker delta and N is the spatial dimension of the domain (N = 2 or 

3). The first term on the left hand side ( ) iju    represents the volume distortion and the 

skew-symmetric tensor 1 ( ( ) )
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T
ij u u      represents the averages fluid rotation and 

can be used to extract vorticity as a pseudo-vector (T denotes transpose). The symmetric 
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ijE u u     is the rate-of-strain tensor (or deformation tensor) and 

represents angular deformation of a fluid element. The velocity-gradient tensor is 

Galilean-invariant providing a significant advantage over analysis of the velocity vector 

field, which is not Galilean-invariant.  

For a 2-D tensor field (N = 2), the velocity gradient can be represented by a 2 2  tensor 

and (A1) is expressed in the following normalized form: 

 
1 0 0 1 cos sin1
0 1 1 0 sin cos

i
ij d r s

j

uT
B x

 
  

 
     

              
 (A2) 

Where ijT is the velocity gradient tensor normalized by its magnitude B (the square root 

of the dyadic product of the tensor itself), and 11 22
1 ( )
2d T T   , 11 22

1 ( )
2d T T   , 

2 2
11 22 12 21

1 ( ( ) ( ) )
2d T T T T     , 12 21 11 22arctan[( ) / ( )]T T T T    . The tensor 

expression (A2) can be represented by the eigenvalues 1,2 and eigenvectors 1,2A of the 

tensor.  
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As discussed above, the fundamental information of fluid motion, such as volumetric 

dilation, angular deformation and rotation are not easily inferred from the resolved 

velocity field alone, but can be described by the velocity gradient tensor. Unlike stress 

tensors that are symmetric, velocity gradient tensors are asymmetric and can have 

complex eigenvalues and eigenvectors. Zhang et al. [2009] developed a flow 

visualization technique based on asymmetric tensor analysis to obtain the insight of non-

translational components of fluid motion. They introduced the concept of eigenvalue 

manifold (a hemisphere) and eigenvector manifold (a sphere) as shown in Figure A1. 

Each of these manifolds provides a partition of the domain into regions with physical 

meanings. Based on this partition, the eigenvalue manifold of five dominant regions: (i) 

dilation, (ii) contraction, (iii) clockwise rotation, (iv) counter-clockwise rotation, (v) 

angular deformation can be visualized. Some flow patterns in the eigenvalue manifold 

and eigenvector manifold are illustrated in Figure A2 and A3 respectively. Eigenvectors 

of the velocity gradient tensor represents directions of stretching and compression. Unlike 

symmetric tensors, the major and minor eigenvectors of asymmetric tensors can be non-

orthogonal when they are real-valued. What’s more, no real-valued eigenvector exists 

and the fluid deformation takes elliptic-shaped patterns in the complex domain where 

fluid rotation dominates for asymmetric tensors. Palke [2010] expand the visualization 

technique by adding glyphs to present elliptic-shaped patterns in the complex domain and 

a pair of hyperstreamlines to show the major and minor eigenvectors in the real domain. 

Hyperstreamlines indicate the direction of stretching and compression. The glyphs are 

grey ellipsoids that represent rotational patterns in the rotational areas. Smaller glyphs 

and denser streamlines represent larger velocity-gradient tensor magnitudes B. 
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Figure A1: The eigenvalue manifold (left) and the eigenvector manifold (right). 

 

 

Figure A2: Relationship between the eigenvalue manifold (Figure A1 left) and the 

corresponding velocity field.  

 

 

Figure A3: Relationship between the eigenvector manifold (Figure A1 right) and the the 

corresponding fluid deformation patterns. 
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