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This investigation deals with the chaotic rocking response and overturning

stability of offshore equipment subjected to base excitations due to wave-induced

motions of the supporting compliant offshore structural system. The equipment

compliant structural system is modelled as a free-standing rigid object subjected

to horizontal and vertical base accelerations. Three of the major goals of this

study are: (1) to identify the major sources of nonlinearity and sensitivity which

make the response of the objects difficult to predict and experiments with

identical set up and excitations unrepeatable; (2) to develop analytical and

quantitative measures to characterize the sensitivity of the response using modern

geometric methods; and (3) to determine the relative influence of the various

nonlinearities and system parameters on the rocking behavior and overturning

stability.

Four major sources of nonlinearity are examined in detail. The first source

is due to the transition of governing equations after impact when the center of

rotation changes from one edge to the other. The second is due to the abrupt

change in angular velocity at impact and the associated energy dissipation. The



third is due to the geometric effect of the finite slenderness ratio of the object.

The fourth is due to the coupling of the vertical (parametric) excitation with the

rocking response. To isolate the influence of each source of nonlinearity on the

chaotic response and overturning stability, several realistic approximate models

containing different combinations of the nonlinearities are examined.

Analytical and numerical procedures are developed to determine the

motion of rigid objects. It is demonstrated that the nonlinearity associated with

the transition of governing equations after impact produces responses that cannot

be predicted by classical nonlinear stability analysis. Modern geometric methods

are needed to delineate these unanticipated responses. Two new types of stable

responses are discovered. In addition to the periodic and overturning responses

predicted by classical stability analysis, the Melnikov method and numerical

results show the existence of quasi-periodic, and chaotic responses.

The stability region of each of the four types of responses --periodic, quasi-

periodic, chaotic, and overturning -- are found to be sensitively dependent on the

damping, geometry, and the parametric excitation nonlinearities as well as initial

conditions and excitation amplitude and frequency parameters. It is found that

although the individual responses are very sensitive to small changes in the system

and excitation parameters, the following general trends are observed: (1)

increasing damping decreases the stability region of the chaotic responses; (2)

increasing slenderness ratio increases the stability region of the chaotic responses;

and (3) increasing relative magnitude of parametric excitation increases the

stability region of the chaotic responses.
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NOTATION

The following symbols are used in this study:

a
gx horizontal ground acceleration

any vertical ground acceleration

as coefficient of periodic steady state response

bs coefficient of periodic steady state response

Ax normalized amplitude of horizontal excitation

AY normalized amplitude of vertical excitation

B width of block

dc fractal dimensiong

e coefficient of restitution

g acceleration of gravity

H height of block

Io mass moment of inertia

M mass of object

r ratio of vertical excitation amplitude vs. horizontal excitation

amplitude; r = Ay/Ax.

R radius of rotation

T period of excitation

W weight of object

a (MgR/Io)1/2

A/(1+ nx2)
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e

eb

6

e

A

T

T

nX

nY

(1)

cAy

rotation angle of rocking block

normalized rotation angle; e = 0/Ocr

bracing angle

critical angle

angular velocity

normalized angular velocity

Lyapunov exponent

dimensionless time; r = at

the instant of occurrence of impact

normalized frequency of horizontal excitation

normalized frequency of vertical excitation

phase shift of horizontal excitation

phase shift of vertical excitation

shift between excitation and steady state response



CHAOTIC RESPONSE AND STABILITY

of

OFFSHORE EQUIPMENT

CHAPTER 1. INTRODUCTION

Many offshore surveillant, exploration, drilling, and operational equipment

on board ships and floating production systems are not firmly anchored to their

supporting base. Some, in fact, may be considered free-standing. These free

standing equipment, which may be regarded as rigid objects, often are subjected

to base excitations due to the motion of the supporting compliant offshore system

induced by wind, wave and current loads (Fig. 1). Thus an understanding of the

rocking behavior and overturning stability of free-standing objects subjected to

base excitations is essential for safe offshore operations, preservation of existing

equipment, and the analysis and design of new ones.

The rocking behavior and overturning stability of rigid objects has been of

interest to engineers in various fields for over a century. Many land-based

structures from ancient historical minarets, monumental columns, and tombstones,

to modern-day petroleum storage tanks, water towers, nuclear reactors, concrete

radiation shield, and rack-mounted computer equipment can be considered free-

standing objects. They may be subjected to support excitations due to earthquake

ground motion, and near-by machine vibrations. Preservation of these objects are

of vital importance to civil engineers.
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Other motivations for studying the rocking behavior and overturning

stability of rigid objects include using observed rocking and overturning response

data of pre-arranged arrays of rigid objects as an inexpensive method to estimate

earthquake ground motion intensity; and allowing rocking as a means to reduce

transmitted force to increase fatigue life of structures.

In the late eighteen hundreds, Milne (1885), and Milne and Omori (1893)

were interested in the overturning stability of rigid objects (such as tombstones).

Since then, many Japanese researcher have conducted further studies on the

seismic stability of rigid objects. A significant amount of effort was concentrated

on deriving an equivalent static horizontal load to represent ground motion

effects (see Ishiyama (1982) for an excellent summary).

Housner (1963) was the first to systematically analyze the dynamics of rigid

objects subjected to horizontal base motion excitation. In an approximate analysis

using an energy approach and idealizing the ground motion as random white

noise, he showed that there is an unexpected scale effect which makes large

objects of similar shape more stable than smaller ones. He also pointed out that

the stability of slender objects subjected to ground motion is much greater than

would be inferred from its stability against a static horizontal force employed to

represent ground motion effects proposed in earlier studies.

Motivated by the need to design concrete radiation shields in particle

acceleration laboratories, As lam, Godden and Scalise (1978) performed dynamic

tests of rocking objects on the Berkeley shaking table. These experiments

demonstrated that the rocking response is very sensitive to the boundary
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conditions, the impact coefficient of restitution, and the ground motion details.

In fact, for some combinations of system and excitation parameters, the

experiments were deemed non-repeatable.

Yim, Chopra, and Penzien (1980) examined the sensitivity of the rocking

response and conducted a simulation study to identify, in a statistical sense, the

parametric dependency of overturning stability on the size, slenderness ratio,

coefficient of restitution and ground motion intensity. The results confirmed that

the rocking response is very sensitive to small changes in system parameters and

trends can only be established with a large sample size.

Spanos and Koh (1984) examined the stability of rigid objects subjected to

horizontal harmonic ground excitation. Using a piece-wise linear model, they

determined the rocking stability of objects and identified safe and overturning

regions in an amplitude-frequency plane. Multiple harmonic and subharmonics

modes of steady state response were detected. Analytical procedures were

developed for determining the amplitudes of the predominant modes and for

performing stability analysis.

A wealth of literature on the analysis of chaotic behavior of nonlinear

systems has been developed in the physical science and mathematics fields. It is

well known in classical dynamics that when a nonlinear system is subjected to

periodic excitation, depending on the system and excitation parameters, multiple

(subharmonic and/or superharmonic) solutions may co-exist. Convergence of the

steady state response of a dissipative system to a particular subharmonic vibration

depends on initial conditions. A study by Cartwright and Littlewood (1945) and
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Levinson (1949) of the Van der Pol oscillator revealed another important aspect

of the transient oscillation phenomenon. In the case where two different final

motions are possible, depending on the strength of damping, the transient solution

may hesitate between the two for an arbitrarily long time before settling on one

or the other. Smale (1963) showed that despite the existence of an aspect of

randomness in the hesitating transient, the oscillations are governed by some

simple topological properties in phase space. This topological structure is stable

under typical small perturbation of the equations of motion. This phenomenon

can be generalized to systems with many co-existing subharmonics where the

transient solution may hesitate among the many subharmonics for indefinitely

long duration. This paradoxical combination of randomness and structure, now

called chaos, was shown to be likely to occur commonly in nonlinear systems.

In the sixties, applied dynamists began to discover other examples of

chaotic behaviors in simple nonlinear systems with dissipation. In the study of

weather prediction problems, Lorenz (1963) examined a simple model of the

Rayleigh-Benard convection in fluids and provided the first specific example of

chaotic dynamics persisting for all time -- a chaotic attractor. In Japan,

pioneering work by Hayashi (1964, 1975) with nonlinear electrical circuits

provided the first detailed topological portraits of forced oscillators using the

technique of Poincare mapping. This led to studies by Ueda (1980) of steady

state chaotic behavior of Duffing's equation.

The behavior of chaotic response is characterized by it non-periodicity,

sensitivity to initial conditions, and the existence of a structure in the
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"randomness" of the response. Its occurrence is almost always preceded by a

cascade of subharmonic bifurcations. Often in the past, chaotic behavior was not

identified in dynamic analysis because most studies concentrated their analysis on

narrow parameters regimes close to a fundamental or subharmonic resonance.

By widening the range of the parameters, Ueda (1980) was able to identify the

regimes of chaotic response. He showed that chaos has ragged appearance, which

persists for as long as time integration are carried out. He also observed that

although a recurrent nature was evidenced by the fact that certain patterns in the

response repeated themselves at irregular intervals, there was never exact

repetition, and the motion was truly non-periodic. It was found that when two

identical systems were started with arbitrarily small perturbation in the initial

conditions, the two responses tend to diverge at an exponential rate and become

rapidly uncorrelated. Through the use of Poincare maps, Ueda demonstrated a

complex but well structured nature of the chaotic response. This structure, called

fractals, governs the "mixing" of the ergodic dynamical states. The "steady-state"

chaotic response has well defined statistical properties. However, these

properties, which do not appear to be adequately described by classical probabi-

lity distributions, should be examined from the structure of the chaotic attractor.

The fractal nature of the strange attractors has to be taken into account.

Since the late seventies, there has been an explosion in the number of

studies of the chaotic motions in the physical science and applied mathematics.

Many new systems have also been identified and experimentally confirmed (Moon

(1980)) to possess chaotic response. New analysis procedures have been
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developed for these systems.

In response to the need for more rigorous theoretical foundations for the

analysis of chaotic systems, new mathematical and numerical techniques based on

partial differential equations (Guckenheimer and Holmes (1983), topology

(Franks (1982)), catastrophe theory (Poston and Stewart (1978)), dynamical

systems (Devaney (1986)) with computer applications continue to emerge.

Applications of chaotic analysis have also found their way into theoretical

mechanics problems.

The large amount of efforts spent and the qualitative and quantitative

results obtained by the afore-mentioned researches have significantly improved

the understanding of the rocking behavior and overturning stability of free-

standing rigid objects. However, they also inspired many new questions. In

particular, the existence of subharmonic responses for quiescent initial condition

demonstrated by Spanos and Koh (1984) led to the question whether subharmonic

responses can co-exist with their corresponding primary harmonic responses (for

the same system and excitation parameters) if the initial conditions are varied.

It is observed that nonlinear systems with 1/3 subharmonic response often exhibit

chaotic behavior (York (1975)). If the answer to the above question is

affirmative, then it is natural to wonder if chaotic rocking response would occur

for the rigid object for some combinations of the system and excitation

parameters. Spanos and Koh's study was restricted to the case of slender rigid

objects subjected to horizontal base excitation only, it remains to see if their

results can be extended to stubby systems, and if stubby systems would exhibit
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chaotic behavior. In all previous studies little attempt has been made to separate

the influence of the different sources of nonlinearities on the rocking behavior

and overturning stability of the system. All sources of nonlinearities were

included simultaneously in the analyses and numerical studies.

The objective of this investigation is to gain a better understanding of the

rocking and overturning behavior of rigid structures by identifying and analyzing

the various sources of nonlinearity, and their effects on the sensitivity of the

response behavior using classical and newly developed geometric analysis

techniques, as well as computer simulation. The key issues concerning the

sensitivities of the rocking response discussed above will be addressed.

This report is organized as follows. In Chapter 2 the equations of motion

of the fully nonlinear rocking rigid object are derived. The major sources of

nonlinearities are examined. To determine the effects of each source of

nonlinearity on the rocking behavior and overturning stability, a collection of

approximate systems containing various combinations of the sources of

nonlinearity are presented. In Chapter 3 the characteristics of harmonic and sub-

harmonic periodic responses are reviewed, and those of quasi-periodic and chaotic

responses are introduced and examined. Qualitative and quantitative techniques

to identify and differentiate the different types of responses are introduced. The

response behavior of the approximate systems to horizontal excitation is examined

analytically in Chapter 4. The influences of transition, damping, and slenderness

nonlinearities are identified and the effects of other system and excitation

parameters are also analyzed. A parametric study of the influence of system and
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excitation parameters is presented in Chapter 5. The major results and

conclusions are summarized in Chapter 6.
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CHAPTER 2. SYSTEMS CONSIDERED AND METHODS OF ANALYSIS

The mathematical modelling and methods of analysis of the rocking

behavior of a free-standing equipment subjected to base motion excitations are

described in this chapter. Equations governing the rocking motion about each

edge of the base, energy loss due to impact, and conditions for subsequent

transition of the general fully nonlinear system are derived. Sources of

nonlinearity are delineated. Approximate models of the fully nonlinear system

isolating the influence of various sources of nonlinearity are presented. Analytical

and numerical solution methods to compute the dynamic response of the

approximate systems are discussed.

SYSTEMS CONSIDERED

General Fully Nonlinear System

The free-standing equipment is modelled as a rectangular rigid object

subjected to base motion excitations (Fig. 2). If it is assumed that the coefficient

of friction is sufficiently large so that there will be no sliding between the object

and the base, depending on the support accelerations, the object may move rigidly

with the base or be set into rocking. If rocking occurs, at least for a finite

duration, it will oscillate about the centers of rotation 0 and 0'. It is assumed

that the surfaces of the object and the base are rigid and that the object will rock

around the 0 and 0' edges, but no intermediate location. When subjected to

base accelerations ag. and agy in the horizontal and vertical directions,
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respectively, the object will be set into rocking when overturning moment of the

horizontal inertia force about one edge exceeds the restoring moment due to the

weight and the vertical acceleration of the object:

Wa H Wa> (W + ) B
2g g H

or

a >
Bg (1 +
H

agy)

g

(2.1a)

(2.1b)

where W is the weight of the object, H and B are the height and width of the

object, g is acceleration of gravity, av, is the horizontal foundation acceleration,

and au is the vertical foundation acceleration. It is assumed that the geometric

and gravity centers of the object coincide. The governing equation of motion for

the rigid object with positive angular rotation can be derived using D'Alembert's

principle and taking moments about corner 0:

+ MR agxcos(0 0) + M(g+agx)R sin( 13,7, 0) = 0

where

(2.2a)

Io = moment of inertia of the block about 0;

M = W/g,the mass of the block;

and R = the distance from 0 to the center of mass of the block.

6, = cot4(H /B) is the critical angle beyond which overturning will occur for the

object under gravity alone. Similarly, the rocking about 0' is governed by the

equation:



/06 + MRaicccos(0+ 0) M(g+a,v)Rsin(0+ 0) = 0
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(2.2b)

Impact occurs when the angular rotation crosses zero approaching from

either positive or negative and the base surfaces recontact. Associated with the

impact is a transition from rocking about one corner to rocking about the other

and a finite amount of energy loss. Assuming no bouncing of the object, the

associated energy loss can be accounted for by reducing the angular velocity of

the object after impact.

When the object is rotated through an angle 0 and released from rest with

initial displacement, it will rotate about the point 0 as it falls back into the

vertical position. If the impact is assumed to be such that there is no bouncing

of the object, the rotation continues smoothly about the point 0' and the

momentum about 0' is conserved. Thus,

1061 WRB6 sin0 = /062
(2.3)

where el and 62 are the angular velocities before and after impact (Yim et

al. (1980)). The ratio of kinetic energy quantities after and before impact is

r=
2/ 2
2 ° 2

1 6
2 ° 1

2

Using Eq.(2.3), r can be expressed as

(2.4)



WR2 (1- cos20)
r = 1

g10
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(2.5)

Just before and after impact, the angle of rotation 0 is zero and the potential

energy stored in the system is zero. At these two instant, the total energy in the

system is therefore all in the form of kinetic energy. Thus, the energy loss due

to impact = 1 - r.

Following the concept of classical analytical dynamics, a coefficient of

restitution is defined as

e = 2

(2.6)

which from Eq.(2.5), after noting that I. = (4/3)(W/g)R2, can be expressed

3e = 1
2

sin20
(2.7)

Thus, the energy loss due to impact = 1 e2. The higher the coefficient of

restitution, the smaller the energy loss due to impact.

It is clear from the above analysis that the coefficient of restitution is

dependent on the critical angle Etc,. However, in reality the energy loss is also a

function of the material properties such as their modulus of elasticity, etc. In this

study, it is assumed that e is a parameter of the system and has the following

relationship
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O(t +) = e6(r)
(2.8)

where e = the coefficient of restitution; t+ = the time just after impact; and t-

= the time just before impact.

A main objective of this study is to examine the long term overturning and

stability behavior of the free-standing system. For this purpose, and for simplicity,

the horizontal and vertical base excitations are assumed to be harmonic with

constant amplitudes and a single frequency, i.e.

agx = Ax cos wt

and

a = A cosw

(2.9a)

(2.9b)

Sources of Nonlinearity

There are four sources of nonlinearity in the general fully nonlinear

system. The first results from the transition from one governing equation to the

other at impact when the center of rotation changes from one edge to the other.

The second is due to the jump discontinuity in the angular velocity caused by the

impact energy dissipation. The third is due to the geometric effect of the

slenderness ratio of the object. The fourth results from the coupling of the

excitations with the rocking response.

Upon examining the physics of the sources of nonlinearity, it is observed
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that three of them may be removed in the following limiting cases:

(1) The damping nonlinearity can be removed if it is assumed that the

material of the rigid object and the base support are extremely stiff

and that the rebound following impact is perfectly elastic so that

there is no energy loss.

(2) As suggested by earlier studies (Housner (1963), Yim et al. (1980),

and Spanos and Koh (1984)), Oa is small for slender objects and it

is reasonable to remove the geometric nonlinearity by linearizing

the two equations of motion, individually.

(3) The nonlinearity in forcing-response coupling can be removed by

assuming the vertical support excitation and its influence on the

rocking behavior and overturning stability to be negligible

compared to gravity and the horizontal excitation.

Approximate Systems

To gain an understanding on the influence of the various sources of

nonlinearity on the dynamic response and the overturning stability of the system,

it is useful to isolate them one at a time when possible. For this purpose, the

following approximate systems are proposed. However, because the transition of

governing equations at impact is fundamental to the rocking response behavior,

it is retained in all the approximate systems.

System I: Undamped Slender System Subjected to Horizontal Excitation.
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This system adopts all three assumptions listed above and isolates the

transition of governing equation after impact as the only source of nonlinearity.

The governing equations for this system are:

10e + MRag, + MgR(8ci.-0) = 0, 8 > 0

for positive angular rotation, and

106 + MRag, MR(Ocr+0) = 0, 8 < 0

(2.10a)

(2.10b)

for negative angular rotation; with coefficient of restitution e = 1.0 at transition.

System II: Damped Slender System Subjected to Horizontal Excitation.

This system adopts assumptions (2) and (3) and isolates the transition of

governing equation and the abrupt change in angular velocity after impact as the

sources of nonlinearity. The governing equations are the same as in System I

except that there is a positive energy dissipation at impact, i.e. the coefficient of

restitution e < 1.0.

System III: General System Subjected to Horizontal Excitation.

This is the general system subjected to special base excitation with

degenerated vertical component. The governing equations are:

106 + MRagxcos(07-0) + MgRsin( 0 ) = 0

for positive angular rotation, and

(2.11a)



+ MRagxcos(0+0) MgR sin( 0 + 6) = 0
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(2.11b)

for negative angular rotation; with coefficient of restitution e < 1.0 at transition.

If the vertical excitation is significant and its effects on the dynamic

rocking response and overturning stability cannot be neglected, the above

approximate models can be modified as follows.

System I': Undamped Slender System Subjected to Horizontal and Vertical

Excitations.

This system adopts assumptions (1) and (2) and isolates the transition of

governing equation after impact and the excitation-response coupling as the

sources of nonlinearity. The governing equations are:

+ MRagy + M(g+agy)R(0-0) = 0, 0 > 0 (2.12a)

for positive angular rotation, and

/6 + MRa., M(g+agy)R(0.+0) = 0, 0 < 0 (2.12b)

for negative angular rotation; with coefficient of restitution e = 1.0 at transition.

System II': Damped Slender System Subjected to Horizontal and Vertical

Excitations.

This system adopts assumption (2) and removes the geometry from the

sources of nonlinearity. The governing equations are the same as in System II'
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except that the coefficient of restitution e < 1.0 at transition.

System III': Damped System Subjected to Horizontal and Vertical Excitations.

When the vertical excitation is included in System III, the system becomes

fully general, and is described by Eqs.(2.2a and b) with coefficient of restitution

e < 1.0.

Note that systems I-III are nonlinear systems subjected to external

excitations alone, whereas systems I'-III' are subjected to both external and

parametric excitations. The systems with external excitation alone are simpler

and much more amendable to analysis compare to the ones subjected to both

external and parametric excitations. For this reason, major analytical efforts of

this study are concentrated on systems I-III. A more numerical approach is

adopted for systems I'-III'.

System IV Damped System with Side Bracings Subjected to Horizontal

Excitation

To facilitate the study of the influence of impact transition nonlinearity,

it is interesting to examine the behavior of rocking systems with side bracings.

For simplicity, it is assumed that there are perfectly elastic bracing on both side

of the rigid object to prevent the angular displacement from exceeding a critical

value ety Introducing the side bracings adds another impact transition and allows

the rocking response to approach and exceed the critical angle without

overturning. The governing equations of motion are identical to those of the
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general system, except that an additional boundary condition is included:

101 Ob

where et, is the bracing angle.

METHODS OF ANALYSIS

Because the equations of motion are nonlinear in general, numerical

integration of the governing nonlinear differential equation using a Runge-Kutta

method is employed. However, for approximate systems I and II, where the

individual equations governing the rocking motion about each edge are linear,

exact analytical solutions exist and are used in conjunction with the nonlinear

transition conditions in determining the responses. The analytical solutions are

essential for deriving the conditions for stability of the symmetric modes discussed

in Chapter 4.

Analytical Solution

A summary of the derivation of the analytical solutions for systems I and

II developed by Spanos and Koh (1984) is presented here for reference and later

comparisons. Let the dimensionless time be r = at and the dimensionless

frequency be 11 = w/a in which

a = MgR

10
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The piece-wise linear versions of Eqs.(2.10a and b) can be reduced to

e = -Axcos(n r +0) 1, e> 0 (2.13a)

e = -Axcos(f2 +0) + 1, e < 0 (2.13b)

As pointed out by Spanos and Koh (1984) the piece-wise linear equation in the

dimensionless variables do not involve TheThe solution of Eq.(2.13a) is

e+( r ) = a+ sinhr + b+ cosh T + 1 + cos( n r + 0) (2.14a)

in which the superscript, +, indicate that it is valid for e > 0. Similarly, the

solution of Eq.(2.13b) is

+( r ) = sinh + 1)- cosh r 1 + cos( n r + ) (2.14b)

in which the superscript, -, indicates that it is valid for e < 0. The symbols a+,

b+, a: and b- denote constants of integration which depend of the initial

conditions, while 13 is defined by the equation

Ax (2.15)
1+n2

which is a constant depending on excitation amplitude Ax and normalized

frequency n. The response to harmonic excitations can be obtained by selecting

the proper equation with the appropriate initial conditions and increasing the

time variable successively. If at a particular time the magnitude of e exceeds 1.0

and continues to diverge, the rigid object will overturn. If e returns to zero, then



20

the corresponding angular velocity can be determined and the solution given by

the other equation can be applied. This procedure is then repeated until steady-

state response is obtained. Solutions obtained by this procedure were found to

be practically identical to that obtained by the numerical method described below:

agreement to more than 8 significant digits was obtained for all time.

Numerical Algorithm

The numerical procedure employed is similar to that of Yim et al. (1980).

The rocking responses of the fully nonlinear system and its associated

approximate systems subjected to base motion excitation are obtained by

numerically integrating the governing equations of motion. The condition for

initiation of rocking is described by Eq.(2.1). When motion is initiated, the sign

of the ground acceleration agx determines whether the equation for positive or

negative rotation is to be used for the next time step. The equation for positive

angular rotation is employed for positive agx and the equation for negative

rotation is used for negative ay. The same equation is used for subsequent time

steps. The time steps are constant except when the sign of rotation 0 changes.

When such a change occurs, say during time step ; to ti +1, this time step is

divided into two parts. Using the equation of motion valid at ;, the exact time

t', < t < tj,i, at which 0 becomes zero is determined by an implicit iterative

procedure. Just before impact 0(r) = 0 and velocity is O(t-) . The loss of

energy due to impact is governed by the coefficient of restitution e. Immediately

after impact 13(t+) = 0 and e(t+) = e$(t-) With these initial conditions, the
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equation of motion valid for conditions at t = t* immediately after impact is

solved over the time interval t* to ti+1 and subsequent time intervals until the

rotation angle 0 again changes sign. The above-motioned process is then

repeated. With the time step division at transition, the numerical procedure

remain consistent with the physical behavior at all time and the constant

integration time step is maintained. The numerical solution procedure was

implemented in a computer program using a fourth-order Runge-Kutta

integration method. The accuracy of the computer program has been checked by

comparing its results with analytical results from Yim et al. (1980) and Spanos

and Koh (1984). It was observed that time step equal to 1/400 the period of the

harmonic excitation is sufficient for accurate results. This time step specification

is used in all dynamic response computations where analytical solutions are not

available.

The iterative method discussed above is also applied to the side bracings

boundary condition for system IV.
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CHAPTER 3. CLASSIFICATION OF RESPONSES AND IDENTIFICATION

TECHNIQUES

To investigate the dynamics of free-standing objects subjected to harmonic

base excitations, it is essential to understand the characteristics of the response

behavior of the system. The goals of this chapter are: (1) present the types of

possible responses and to describe their characteristics in detail; and (2) develop

techniques to identify and differentiate the various types of responses. Examples

presented in this chapter are selected from responses which will be analyzed in

detail in later chapters. The major concern here is to understand the qualitative

features of each type of response. The significance of the parameters involved

in generating the particular types of responses will be discussed later.

TYPES OF RESPONSES

When subjected to harmonic base excitations, depending on the amplitude

and frequency of the excitation, the response of a slender block may either be

unstable, which leads to overturning; or it will eventually settle into a stable

motion. In the past, it was thought that, under periodic excitations, all stable

responses were periodic. Hence, the study of stable responses had been

concentrated on periodic motions. In the following sections, it will be shown that

there exist two additional types of stable responses, namely, quasi-periodic, and

chaotic. The formal definitions of these responses are introduced and their time

histories and phase diagrams are presented. For completeness, periodic and
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overturning responses are also briefly reviewed.

Periodic Response

The steady-state stable response of a dynamical system is called periodic

if the motion repeats itself with a fixed time T, i.e. x(t + T) = x(t) for all time t.

The minimal T which satisfies this condition is called the period of the motion.

It is well known that for linear systems, the period of a steady-state stable

response is equal to that of the excitation. However, for nonlinear systems, in

addition to primary resonance response, subharmonic, superharmonic and super-

subharmonic (where the response period are equal to an integer multiple, integer

fraction, and rational fraction of the excitation period, respectively) are also

possible (Nayfeh and Mook (1979)). For the range of excitations considered in

this study, harmonic and subharmonics are found to occur frequently for the

rocking system. The time history and phase diagrams of typical examples of these

responses are shown in Fig. 3 and 4.

Overturning Response

For some combinations of excitation amplitude and frequency, the

magnitudes of the angular rotation response, after a finite time period, do not

return to zero but increase without bound with time. Physically, this type of

response leads to overturning when the magnitude of the angular rotation far

exceeds the critical angle. Typically, for fixed system parameters, overturning

response is associated with large excitation amplitudes. The time history and
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phase diagram of a typical example are shown in Fig. 5.

Quasi-Periodic Response

A new type of response discovered in this study is the quasi-periodic

motion. It is a combination oscillation consisting of two or more incommensurate

frequencies (Moon (1987)). The simplest type of combination oscillation takes

the form

X = 1)1 cos 6)1 t + b2 cos 6,)2t

(3.1)

where 6)1 and 612 are incommensurate, i.e., (,)1/6)2 is an irrational number. In this

case, a periodic motion is modulated in some way by a second motion, itself is

periodic but with different period. The time history and phase diagram of a

typical example are shown in Fig. 6.

Chaotic Response

Another new type of response discovered in this study is the chaotic

motion. The time history and phase diagram of a typical sample of chaotic

response are shown in Fig. 7 and 8. Its response behavior is characterized by a

random-like, unpredictable aspect as well as a certain order in the motion

although the excitation is straightly deterministic and periodic (Thompson and

Stewart (1986)). The unpredictability arises from its sensitive dependence on

initial conditions. Chaotic motion for which trajectories with seemingly

infinitesimal different initial conditions diverge exponentially, leading to large
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difference in long term predictions of the response. The sensitivity of a chaotic

response is demonstrated in Fig. 9.

IDENTIFICATION TECHNIQUES

Periodic and overturning responses of the rocking block system can be

readily identified by inspection of their time histories and phase diagrams.

However, in general, the difference between quasi-periodic and chaotic responses

are not obvious from the time histories and phase diagrams. In this section two

qualitative techniques -- Poincare map and spectral density, and two quantitative

techniques -- Lyapunov exponent and fractal dimension, to identify and

differentiate the two types of response are summarized.

Poincare Map

A Poincare map is created by a sequence of points in phase space by the

penetration of a continuous evolution trajectory through a generalized surface or

a plane in the space. For a periodically forced vibratory system, a Poincare map

may be obtained by stroboscopically measuring the dynamic variables at some

particular phase of the forcing motion. Harmonic, subharmonic, and

superharmonic responses appear on the map as equilibrium or fixed points. If

Xn+1 = f(Xn) is a general map of say n variables represented by the vector X,

then a fixed point satisfies

X= f (X)
(3.2)
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The iteration of a map is often written f(f(X)) = f(2)(X) (Moon (1987)). Using

this notation, an m-periodic orbit is a fixed point that repeats after m iterations

of the map; that is

Xn, = f(")(Xm )
(3.3)

where m is the minimum integer satisfying Eq.(3.3). In practice, when the

excitation is periodic with period T, a natural rule for a Poincare map is to

choose tn = nT + To, where r is the time shift. It allows periodic and non-

periodic responses to be distinguished. Let the (p,q) mode be the periodic

response with period q/p time that of the excitation. If the response is periodic,

the points in Poincare map will converge to one or several fixed positions. For

instance, the (1,1) mode will converge to 1 point in Poincare map and the (1,3)

mode converges to 3 points, as shown in Fig. 10a. When the response is quasi-

periodic, the pattern on Poincare map presents several tori (Fig. 10b). When the

response is chaotic, the Poincare points generate a pattern called a strange

attractor. Examples of chaotic responses are shown in Figs. 10c and d.

Spectral Density

The spectral density of a response is a plot of the magnitude of the

contribution of each frequency component to the total response. For periodic,

quasi-periodic, and chaotic responses, the spectral density show a single frequency,

a finite number of incommensurate frequencies, and an infinite number of

frequencies (i.e., a broad-band spectrum), respectively. Thus, a clue to detecting
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chaotic vibrations is the appearance of a broad spectrum of frequencies in the

output. Often, if there is an initial dominant frequency component coo, a

precursor to chaos is the appearance of subharmonics coin in the frequency

spectrum. Spectral density is helpful in distinguishing chaotic and quasi-periodic

motions. The spectral densities of subharmonic, quasi-periodic, and two chaotic

responses are shown in Figs. 11a, b, c and d, respectively. The driving (excitation)

frequency is 2.5 Hz.

Lyapunov Exponent

Lyapunov exponent is a quantitative measure of the sensitivity of a system

to initial conditions. It measures the average of exponential rates of divergence

of nearby trajectories in phase space. Since nearby trajectories correspond to

nearly identical initial conditions, exponential orbital divergence means that

systems with little initial difference (not resolvable within the accuracy of

measurement) will soon behave quite differently leading to rapid loss of

predictability. The Lyapunov exponent is defined by the equation

d = do24"°)
(3.4)

for a given time history, the average of measurement (Moon (1986)) is expressed

as

(3.5)
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the sign of a Lyaponuv exponent provides a qualitative picture of a system's

dynamics. One dimensional systems are characterized by a single Lyaponuv

exponent which is positive for chaos, zero for quasi-periodic, and negative for a

periodic orbit. In a three dimensional continuous dissipative dynamical system

the only possible spectra, and the attractors they describe, are as follows: ( + ,0,-),

a strange attractor; (0,0,-), a two-torus; (0,-,-), a limit cycle; and (-,-,-), a fixed

point.

In general, any system containing at least one positive Lyapunov exponent

is defined to be chaotic, with the magnitude of the exponent reflecting the time

scale on which system dynamics become unpredictable. In practice, when only a

single time history is available, the delay-time embedding measurement is

employed (Wolf et al., 1985). A time history is manifestly one-dimensional, and

as such, provides an incomplete description of the system in its time evolution.

On the other hand, many properties can be inferred from the time history, which

could be reconstructed by delay time r with embedding dimension m. In this

study, a computer program is developed based on Wolf, et al. (1985) to calculate

the Lyaponuv exponents. Examples in Fig. 12 show the convergence of the

positive Lyaponuv exponent for various responses.

Fractal Dimension

The property of a chaotic response in phase space can be characterized by

the fractal dimension of its Poincare map. A fractal dimension is a quantitative
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property of a set of points in an n-dimensional space which measures the extent

to which the points fill a subspace. A non-integer dimension is a hallmark of

chaotic responses (Thompson and Stewart (1986)). A fundamental definition of

the fractal dimension is derived from the notion of counting the number of sphere

N of size e needed to cover the orbit in phase space. Basically, N(E) depends on

the subspace of the orbit. If it is a periodic or limit cycle orbit then N(c)

When the motion lies on a strange attractor, N(E) ed. Taking the logarithms

of the above statements and adding a subscript to denote capacity dimension

(Moon (1987)), we have

logN( E)

"° log( 1 ) (3.6)

Implicit in this definition is a requirement that the number of points in the set be

large or N. - 00. A set of points is said to be fractal if its dimension is non-

integer - hence the term fractal dimension. Following the delay-time embedding

procedure, a reconstructed state space is created from a time history and its

fractal dimension is calculated by the method of box-assisted correlation

dimension (Theiler (1989)). In this study, a computer program is developed

based on Theiler (1989) to obtain the fractal dimensions of chaotic responses

(Fig. 13) with different values of embedding dimension.
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CHAPTER 4. ANALYSIS OF RESPONSE TO HORIZONTAL EXCITATION

The qualitative behavior of the rocking response of free-standing objects

subjected to horizontal excitation is examined analytically in this chapter.

Conditions for stability of periodic response are summarized and the conditions

for existence of chaotic response based on the Melnikov method are derived

analytically. The effects of two major sources of nonlinearity -- transition, and

damping, on the rocking response are examined. Numerical simulations are used

to verify the analytical predictions.

EXISTENCE AND STABILITY OF PERIODIC RESPONSE

Conditions for existence of periodic responses can be obtained by solving

for the coefficients in Eq.(2.14) under symmetry and periodic assumptions and

examining the resulting mathematical expressions. Stability of the solutions of

periodic responses can be obtained by performing perturbation analysis of the

analytical solution. Essential results presented in Spanos and Koh (1984) are

summarized here for convenient reference and comparisons.

Existence

The analytical solution of the rocking response is given by Eq.(2.14), where

a+, b+, and cp are functions of initial angular displacement and velocity. A

sufficient condition for the existence of symmetric periodic response requires: (1)

the response period to be equal to the period of excitation or integer multiples
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of it, and (2) the positive half -cycle of the oscillation be symmetric to the negative

half-cycle. For a given nth subharmonic response (i.e. symmetric (1,n) mode), with

time measured from positive zero crossing after impact, the values of a b and

cps together with the unknown initial velocity Os for the positive half-cycle can be

solved.

6+(r) = assinhr+bscoshr+1+ficos(n r+os)

where as, bs, and (ps are given by the following expressions:

bs = -(14-pcoscps)

as 1
03 cos) s-1-bscosh(nir ))

flSinh(_nr )

and

(4.1)

(4.2)

(4.3)

os = arccos(- + 7r
(4.4)

= as pn sinus
(4.5)

where c, R and Ttir are functions of e, n, fi, and n (see Spanos and Koh (1984) for

detailed expressions).
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The negative half-cycle can be obtained by a time shift and a

multiplication factor of minus unity. It is found that either no solution exists, or

they always exist in pairs. However, as shown in the following stability analysis,

only one solution is stable for some conditions, while the other is always unstable.

Stability

Not all attainable periodic modes given above are stable. The stability of

symmetric modes can be determined by taking variations of positive half-cycle

response and examining the growth of these variations. Spanos and Koh showed

that the variation of the excitation phase at the time of impact after the first half

of the rocking period is

6(pser ) = i2 Sr* + 60s
(4.6)

where r. = mr/ca equal to the time at which the block impacts the foundation,

i.e., e+(r.) = 0. The angular velocity just before impact is 6(e) ; its variation

due to 60, and Sos is

6t,s(T*) = 17:)6es ak.scos (,,136 )6 T* (4.7)

Since the response of the negative half of the cycle is symmetric to the positive

half, the same analysis applies. Therefore, the initial variation of the rebound

angular velocity, 6 6, , has propagated over the half-cycle to become
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Considering the total variations in matrix form, one obtains

1 11412

det(A) 21 A22

33

(4.8)

(4.9)

where det(A) is the determinant of the matrix A, and the coefficients Ajj's are

functions of e, n, 0, and a For the effect of the initial variations to vanish as the

number of impacts increases, the matrix (A)/det A must have a spectral radius

of less than 1. Specifically, the following condition must be satisfied:

On +Ai) J((411 A22)244412'421))
2det(A)

< 1 (4.10)

This condition can be readily checked upon determining the coefficients An, Al2,

A21 and A22.

CONDITIONS FOR EXISTENCE OF CHAOTIC RESPONSE

Conditions for existence of chaotic response can be derived based on the

Melnikov's method (Guckenheimer and Holmes (1985)). The basic idea is to
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construct an integral called the Melnikov function which includes the effects of

nonlinearity and excitations. The integration is along the closed curve formed by

hetero-clinic orbits which are trojectories connecting two fixed points. The

hetero-clinic orbits are identified by examining the phase diagram of the

associated (undamped, unforced) Hamiltonian system. Existence of zeros of the

Melnikov function indicates existence of chaotic response. The method can be

summarized as follows:

First the equation of motion is rewritten in the following vector form

= f(x)+ eg(x,t); x=(u v)T
(4.11)

where superscript T indicates the transpose of vector (u,v ). It is assumed that the

unperturbed (i.e. undamped and unforced) system has a Hamiltonian H with f1

= f2 = all/ay. The Melnikov analysis can be applied if the system

satisfies the two following conditions:

Al For e = 0, the system possesses a horn- clinic orbit, which is a trojectory

connecting a single fixed point to itself, or a pair of hetero-clinic orbits

connecting hyperbolic saddle points, forming a closed curve q.(t).

A2 The interior of q.(t) is filled with a continuous family of periodic orbits.

When a orbit is close to qo(t), its period approaches infinity.

For the undamped, unforced rocking system these two conditions are

satisfied. Specifically, there exists two hetero-clinic orbits connecting the two

unstable hyperbolic singular points (1,0) and (-1,0) forming a closed curve (Fig.

14). In the interior of the closed curve is a stable singular point (0,0). Phase
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space trajectories near the stable singular point remain in its neighborhood, while

trajectories near the hyperbolic singular points will diverge from them.

The external force and damping are then represented as perturbations to

the Hamiltonian system. The damping effect in the rocking system, which causes

sudden reduction in velocity by a factor e at displacement equal to 0, can be

expressed analytically by a function F(0,6) . The integral of this function along

the hetero-clinic orbit is equal to the energy loss caused by impact in each

oscillation. For the general case with damping, the equation of motion can be

written as:

/06 ± MgR(00rT0) = -MgRagx(t) + F(6,6)
(4.12)

where agx = A.0gcoscat is the perturbation caused by external force, and the

equation with the upper signs represents equation of motion for 0 > 0 and the

lower signs for 0 < 0. The perturbation due to damping is given by

F(O,0) = 4402(1--e2)[6(1-61-' )1(-0-1-)
(4.13)

where 8(0/ecr) representing the delta function. The equation of motion can then

be rewritten in the format of Eq.(4.11) as follows:

=v

v =
MgR

(OcrTO)
MgR cosca 1v2(1-e2)8( 6 )( 1 )

2 ea ea

(4.14)

(4.15)

The Hamiltonian function corresponding to the undamped, unforced system is
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given by:

Mg R 02 Mg ReeH(0,v) = L.2
2 210 (4.16)

The value of the Hamiltonian corresponds to the total (kinetic plus potential)

energy of the system. If the total energy exceeds a critical value, MgROcr2/2I., the

response will become unbounded, leading to overturning. Conversely, if the total

energy is less than the critical value, the response will be bounded and stable.

Next, analytical expressions of the hetero-clinic orbits are determined. By

equating the Hamiltonian, H(0,v), and the critical value, MgROcr2/2I0, the hetero-

clinic orbits can be expressed as functions of time. As mentioned above (Fig.

4.1), there are two hetero-clinic orbits. Note that there is a discontinuity within

each hetero-clinic orbit and, therefore, four analytical expressions are required to

describe the close curve.

Section I ( with 0 > 0 and v > 0 ) of the hetero-clinic orbit can be

expressed as:

(0,v)1 = (Ocre-P, ae-P)

where a MGR , p = at lnOcr, = and v = cee
I°

Similarly, section IV ( with 0 < 0 and v > 0) can be obtained:

(0,v)4 = (e-P-Ocr, aeP)

(4.17)

(4.18)

The expressions of the lower orbit (sections II and III) can be obtained from
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Eqs.(4.17) and (4.18) with opposite signs by symmetry.

The above expressions can be normalized by setting e = OM, at = r, V

= v/0 and 6) = an. Then Eqs.(4.17) and (4.18) can be rewritten as follow:

(9,V)1 = e')
(4.19)

(e,V)4
-7)

(4.20)

M+(to) is used to denote the Melnikov's function for the upper orbit, and is

defined by:

+0

111+(t°) = f f(q0(t)Ag(q0(t),t+to) dt

+CO

f (fi ./.2)A g2)7. dt (4.21)

= f (fig2-f20 dt

where the superscript T represents the transpose of a vector, and the fi's are the

linearized Hamiltonian and the gi's are the perturbations. By symmetry, the

expressions for M-(to) and M+(to) are identical. Therefore, the existence of

solution to M+(to) = 0 implies the existence of zero solution to M-(to). Hence

the condition for existence of chaotic response can be determined by examining

just the upper curve. When no zero's exist, there is no chaotic response for this

system.

The analytical methods for existence and stability of periodic response and

the conditions for existence of chaotic response developed above are applied to



38

the undamped and damped systems in the following sections.

UNDAMPED SLENDER SYSTEMS (System I)

Existence and Stability of Periodic Response

For the undamped system (System I), by setting e = 1, the constants c, R

and lir are evaluated for each value of n, and are found to be finite for all n. The

expressions for as, bs, cps, and es are given by Eqs.(4.2-5). Thus the solution to

periodic response exists for each n, and is given by Eq.(4.1).

However, based on a stability analysis, with e = 1.0, one of eigenvalues is

infinite, while the other is always equal to 1. Hence, for all combinations of

system and excitation parameters, the periodic responses are unstable. This

prediction is confirmed by numerical results. No stable periodic responses were

found.

Existence of Chaotic and Quasi-Periodic Responses

The Melnikov's function for an undamped slender system can be obtained

by letting F(0,v) =0. Equation (4.21) becomes:

-260,rcos cato

a2
+ CO

2

(4.22)

The zero solutions, which yield the condition for the existence of chaotic

response, are given by cost. = 0. Thus chaotic response always exists with an

arbitrary combination of system and excitation parameters.

This prediction has been confirmed by numerical results. The time history,
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phase diagram, Poincare map, and spectral density of a chaotic response example

corresponding to H/B = 4, Ax = 3.0 and 2.0, T = 0.4, and e = 1.0 were shown

in Figs. 7, 8, 10 and 11 in the previous chapter. The computed Lyapunov

exponent and fractal dimension are 0.14 and 2.3, respectively (Figs. 12 and 13).

These values are consistent with theoretical predictions.

Quasi-periodic responses may be considered a transition between periodic

and chaotic response. They usually appear along with chaotic responses, hence,

their appearance seems to be a good indication of immanent chaotic response.

The time history, phase diagram, Poincare map, and spectral density of a quasi-

periodic response corresponding to H/B = 4, Ax = 4.0, T = 0.4, and e = 1.0

were shown in Figs. 6, 10, and 11 in the previous chapter. As expected, the

computed Lyapunov exponent and fractal dimension are 0.0 and 2.0, respectively

(Figs. 12 and 13).

Numerical Results and Discussions

According to perturbation analysis, there exist no stable responses in

undamped system. Melnikov' prediction shows that for all excitation and system

parameters, the conditions for existence of chaotic response are satisfied, and

chaotic response always exists.

Based on numerical results, it is observed that instability of periodic

response does not imply overturning. For the undamped slender system, no

periodic response exists; instead, there exist two other stable responses, i.e.,

quasi-periodic and chaotic. Therefore, perturbation analysis and Melnikov
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prediction are consistent with numerical results.

The only nonlinearity in this system is due to the transition of equations

of motion. Since the only stable responses are quasi-periodic and chaotic

responses, it can be concluded that transition nonlinearity is an important cause

of extreme response sensitivity.

DAMPED SLENDER SYSTEMS (System II)

Existence and Stability of Periodic Response

Existence

For damped systems, the existence and stability analysis have been

performed by Spanos and Koh (1984). The solution is given by Eq.(4.1). Based

on numerical results, the most predominant mode observed, starting from a

quiescent position, is the symmetric (1,1) mode (Fig. 3(i)). The next most

common mode is the subharmonic (1,3) mode (Fig. 3(ii)). Several unsymmetric

even order modes have been found, a sample is shown in Fig. 3(iii). However,

the unsymmetric modes can only be determined using numerical simulation. No

apparent pattern of occurrence has been observed. For systems with small energy

dissipation, existence of the high order modes can not be verified by numerical

results. This may be due to the diminutive nature of the stability regions of these

modes.

Stability

The stability of periodic responses for damped systems (e < 1.0) with

various system and excitation parameters can be determined by Eq.(4.10).
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Numerical results indicate that the analytical stability boundary given by Eq.(4.10)

is very accurate. Although these analytical predictions are restricted to symmetric

responses only, the symmetric odd-order modes are the dominant modes.

Unstable modes predicted by analysis do not necessarily imply overturning of the

object. The actual responses may converge to other stable periodic modes

Conditions for Chaotic Response

For damped systems, the Melnikov's function given by Eq.(4.21) can be

written as follow:

M +(to) =

+0

M+ (to) equal

cosh to =

f v (2)(t)( ea2cosw (t+c) -F(0,6)) dt +

v (1)(t)(Ea2 cosw (t +t 0) -F (0 ,6)) dt

-2 Ea20 orcosn to a202 &(1 -e2)
(4.23)

(4.24)

2

to zero is equivalent to

0 (1-e2)(1+n
46

(1-e2)(1+n 2)

4A

where A, n are the normalized amplitude and frequency of excitation respectively

with A. = 6/0, and n = ca/a.

Equation (4.24) is satisfied only if the magnitude of the right hand is less
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than, or equal to, unity. Thus the existence of chaotic response is given by the

combination of system parameters, e, n and Ax which satisfies Eq.(4.24).

Numerical Results and Discussions

Perturbation and Menilkov methods are available for the damped system

(Fig. 15). The perturbation method yields a sharper estimate of the stable

periodic response region, while Melnikov method yields a lower bound for the

region of chaotic response.

Numerical results indicate that, for the damped slender system, stable

responses are dominated by periodic responses; chaotic and quasi-periodic

responses exist but are rare and difficult to find.

In the region where perturbation analysis predicts periodic response and

Melnikov method predicts possible chaotic response, both periodic and chaotic

responses were found, although periodic responses dominate. Hence, it appears

that Melnikov's method can provide more accurate information about the

existence of chaotic response.

Sarkovskii's theorem shows that the motion of period 3 implies the

existence of chaotic response. In the damped slender system, the (1,3) mode is

one of the dominant modes, and indeed chaotic responses are found. Thus

numerical results are consistent with Sarkovskii's theorem.

It may be concluded that, damping, the second nonlinearity introduced to

the slender system, reduces the regions of chaotic and quasi-periodic responses

significantly. Hence, damping reduces the sensitivity of response.
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CHAPTER 5. RESPONSE BEHAVIOR OF FULLY NONLINEAR SYSTEMS

The response behavior of fully nonlinear rocking systems is studied in this

chapter. A parametric study is conducted to examine the sensitivity of the rocking

response to system and excitation parameters. The effects of geometric

nonlinearity and the influence of excitation-response coupling on response

behavior are then investigated. Finally the influence of additional impact

transitions on the response behavior is examined. Due to the complexity of the

fully nonlinear system, analyses of the response behavior rely mainly on numerical

results.

SENSITIVITY TO SYSTEM AND EXCITATION PARAMETERS

The sensitivity of the rocking response to the following system and

excitation parameters are examined: (1) object size, (2) initial conditions, (3)

excitation amplitude, and (4) excitation frequency.

Object Size

As shown in Chapter 4, for slender (linearized) systems, the rocking

response is independent of object size. However, for systems with intermediate

to low slenderness ratios, the effects of size of the object need to be examined.

In Fig. 16, the (1,3) mode response of three systems with various size parameter

are presented. It is observed that the amplitude of the response is sensitive to the

size parameter. The larger the object, the smaller the amplitude of the response.
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This result is consistent with that observed by Wong and Tso (1989). Figure 17

shows the influence of the size parameter on the overturning stability. As

expected, stability increases with increasing object size.

Initial Conditions

As shown in Chapter 4, sensitivity of the rocking response to initial

conditions is a major characteristic of the system. The sensitivity is demonstrated

here numerically using bifurcation diagrams for damped systems and a parametric

map for undamped systems.

Figure 18 shows that bifurcations occur frequently with varying initial

displacements. For the particular damped system shown, the order of mode

increases at first with increasing normalized initial displacement from 0 to about

0.3 in magnitude, and then decreases with increase displacement magnitude.

However, as the displacement magnitude further increases towards unity,

additional results (not shown here) show that overturning occurs frequently. The

effects of varying initial velocity is shown in Fig. 19. In the region with large

initial velocities, bifurcation and high order modes occur frequently. When the

initial velocity is very large, the energy added to the system causes the object to

overturn.

The stability region for varying initial conditions for an undamped system

is presented in Fig. 20. As explained in Chapter 4, three types of responses,

quasi-periodic, chaotic, and overturning, can co-exist. It is observed that quasi-

periodic responses occur mainly in the region with small initial displacement and
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velocity. Chaotic response occurs frequently in the region close to the critical

angle, which is near the hetero-clinic orbit. For large values of initial

displacement or velocity, overturning occurs.

Excitation Amplitude and Frequency

When the amplitude or the frequency of the excitation are varied, the

stability of the response changes as well. In Figs. 21 and 22, bifurcation is

observed to occur with varying amplitude and frequency of excitation for damped

systems. It appears that chaotic response does not necessarily follow through a

sequence of bifurcations for the rocking system. Numerical results indicate that

bifurcations occurs more frequently in the region with small excitation amplitude

and high excitation frequency.

Figure 23 shows the stability of responses as a function of the period and

amplitude of excitation. Chaotic response occurs more frequently in the region

with small excitation amplitude and large frequency. Quasi-periodic response

occurs in the region with large amplitude and small frequency. The system tends

to overturn with large excitation amplitude.

EFFECTS OF GEOMETRIC NONLINEARITY

For systems with large slenderness ratios, it was shown that the equations

of motion can be linearized without sacrificing accuracy. Indeed, for systems with

slenderness ratios larger than four, there is good agreement between analytical

predictions from the linearized system and the numerical results obtained from
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the fully nonlinear system. However, large difference between linearized and

fully nonlinear systems could result if the slenderness ratio is small.

The effects of geometric nonlinearity is examined numerically here. As

shown in Fig. 24, the slenderness ratio affects not only the amplitude but also the

order of mode. As the slenderness ratio decreases from four to one, the

amplitude decreases. However, the mode changes from (1,1) for H/B = 4, to

(1,3) for H/B = 2, back to (1,1) for H/B = 1. Figure 25 (and additional results)

shows that systems with small aspect ratios are harder to set into rocking than

systems with large aspect ratios, and various modes can be generated by varying

aspect ratios. Furthermore, decreasing the aspect ratio decreases the region of

overturning. In other words, stability of an object subjected to external excitation

increases with decreasing slenderness ratio.

DISCUSSIONS

To this point, three sources of nonlinearity have been examined: (1)

transition of governing equation at impact, (2) abrupt reduction in velocity due

to energy dissipation, and (3) geometric nonlinearity due to finite slenderness

ratio. As shown in Chapter 4 and the above sections, the rocking system is a very

sensitive system. A small change in the initial conditions or in the system

parameters causes a significant difference in near-by responses after a finite time.

The sensitivity is due to the transition at impact. For undamped systems, it

induces quasi-periodic and chaotic responses. On the other hand, damping

nonlinearity has a stabilizing effect of the responses. In fact, based on numerical
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results, quasi-periodic and chaotic responses rarely occur when damping is

present. Thus, damped systems have a lower level of sensitivity compare to the

undamped systems. Geometric nonlinearity also has a stabilizing effect, although

it is not as significant as the other two sources. The larger the geometric

nonlinearity (i.e. the less slender the object) the more stable the system becomes.

In general, the rocking response is more likely to contain higher modes, quasi-

periodic and chaotic responses when the system has a large slenderness ratio, a

small damping coefficient, and the initial displacement is near the critical angle.

EFFECTS OF VERTICAL EXCITATION

The above analyses and observations are for systems subjected to

horizontal excitation only. However, in many practical situations, the vertical

component of the excitation cannot be neglected. Therefore, it is essential to

determine the influence of the vertical excitation on the behavior of the rocking

response. Because the vertical excitation component couples nonlinearly with

response amplitude (see Eq.(2.1)) analytical solutions are not available, hence, the

analysis is mainly based on numerical results. The effects of vertical excitations

are examined here for three types of systems: (1) undamped slender systems, (2)

damped slender systems, and (3) damped systems with small slenderness ratio.

In each case, the parametric maps for responses with and without vertical

excitations are compared. The strength of the vertical excitation relative to the

horizontal, r = Ay / Ax is set at 0.3.
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UNDAMPED SLENDER SYSTEMS

In Fig. 26, parametric maps of systems subjected to horizontal excitation

only (Fig. 26a), and the corresponding system subjected to both horizontal and

vertical excitations (Fig. 26b) are presented. For both cases, the only responses

observed are quasi-periodic, chaotic, and overturning. No stable periodic

response exists. It is observed that much more overturning occur for the systems

subjected to horizontal and vertical excitations. Thus vertical excitation reduces

the overturning stability of the system.

DAMPED SLENDER SYSTEMS

Figures 27a and b show the parametric map of a damped slender system

subjected to horizontal excitation only, and to both horizontal and vertical

excitations, respectively. The responses of the system with only horizontal

excitation are symmetric odd periodic modes. No chaotic response is observed.

However, when vertical excitation is present, the parametric map becomes

significantly more complicated. Chaotic, unsymmetric odd and even modes, and

overturning responses are observed. The stability region of chaotic response is

enlarged. The symmetry of the response is broken, unsymmetric periodic modes

become dominant responses. Furthermore, transitions between different

unsymmetric modes and chaotic response occur frequency. Thus vertical

excitation increases the sensitivity of the response significantly.
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DAMPED SYSTEM WITH SMALL SLENDERNESS RATIO

As shown in Fig. 28a, for the system subjected to only horizontal excitation,

the regions of no response, symmetric (1,1) mode, (1,3) mode and overturning are

smooth. However, when vertical excitation is present (Fig. 28b), the periodic

modes become unsymmetric, and the regions of each type of response become

more scattered. This indicates the system has become more sensitive because of

the frequency transition between different types of responses.

DISCUSSIONS

The influence of vertical excitation is apparently not systematic. The

parametric maps of the system with vertical excitation are much more

complicated than those of the system subjected to horizontal excitation only.

Chaotic response occurs much more frequently, and the region of chaotic

response is quite large. Because the symmetry of the system is destroyed by

vertical excitation, the unsymmetric even modes become dominant compare to the

symmetric odd modes.

For systems subjected to horizontal excitation only, damping tends to

stabilize the system response by reducing the stability region of chaotic response

and shortens the duration of transient motion. However, for systems with vertical

excitation, the effect of damping is not as systematic. Chaotic response can occur

in the case with large damping. The transient parts of responses do not always

reduce monotonically with increasing damping.

Based on numerical results, it is also observed that the response of the
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system with vertical excitation is very sensitive to the strength of the vertical

component, r. Response characteristics vary with small changes in r. In fact, the

response characteristic can be significantly different between the response to

horizontal excitations only, and the response with vertical excitation, even though

the amplitude of the vertical excitation is relatively small. Thus, the presence of

vertical excitation changes the characteristics of the behavior of the system.

Chaotic response exists in the case with vertical excitation, hence, the

responses are sensitive to changes of initial conditions. This may be the reason

of non-repeatability of shaking table experiments (As lam, et al., 1978).

EFFECTS OF IMPACT TRANSITIONS

It was shown in Chapter 4 and in previous section of this chapter that

impact transition is the main source of sensitivity, and it induces chaotic response.

However, for a system subjected to horizontal excitation only, damping eliminates

most of the chaotic responses. Periodic and overturning responses dominates the

parametric map. This is so because chaotic response occurs near the overturning

region, and damping reduces the chaotic region to a very thin area. To further

demonstrate the influence of impact transition, it is interesting to remove the

overturning response by bracing the sides of the rigid object. The responses of

rocking object with rigid braces at the critical angle are examined in the

following.

The response of a system with braces subjected to horizontal excitations

are shown in Figs. 29a and b. Responses with normalized displacement amplitude
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less than unity are not affected by the presence of the braces. When the rotation

angle exceeds the critical angle, then perfectly elastic impact occurs. Numerical

results show that chaotic response occurs frequently. The chaotic attractor of a

typical chaotic response is shown in Fig. 29a. Its characteristics appear to be

quite different than those of the case with no brace. A parametric map is shown

in Fig. 29b. It is observed that chaotic response occurs frequently, and the

occurrence is scattered. Other even, unsymmetric modes also occur with the

dominant symmetric (1,1) mode. Thus, it is clear that transition nonlinearity is

a major cause of chaotic response.
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CHAPTER 6. SUMMARY AND CONCLUDING REMARKS

This investigation dealt with the chaotic rocking response and overturning

stability of free-standing offshore equipment (rigid objects) subjected to horizontal

and vertical base excitations due to wave-induced motions of the compliant

platform. The goals of this study were: (1) to identify the major sources of

sensitivity which cause the rocking response to be difficult to predict and

experiments with identical set up and excitations to be unrepeatable, (2) to

develop analytical and quantitative measures to characterize the sensitivity of the

system using modern geometric methods, and (3) to determine the influence of

various nonlinearities and system parameters on the response behavior.

Analytical and numerical procedures have been developed to solve the governing

equations of the rocking response.

Four major sources of nonlinearity -- transition of governing equations at

impact; the abrupt reduction in angular velocity due to energy dissipation at

impact; geometric effect due to finite slenderness ratio; and coupling of the

vertical (parametric) excitation with the response amplitude, were examined in

detail.

To isolate the influence of each source of nonlinearity on the chaotic

response and overturning stability, several models containing different

combinations of the nonlinearities were used. Modern analytical and numerical

techniques have been developed to analyze the sensitivity of the response

behavior.
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SYSTEMS SUBJECTED TO HORIZONTAL EXCITATION ONLY

It has been demonstrated in this study that the rocking behavior is much

more complicated than the periodic and overturning response studied so far in

the literature. The transition nonlinearity at impact induces responses that cannot

be predicted by classical perturbation analyses. With modern geometric methods,

two new types of steady state responses were discovered. Melnikov method and

numerical results developed in this thesis show that quasi-periodic, and chaotic

responses may co-exist with periodic and overturning responses.

Conditions of the chaotic response in terms of system and excitation

parameters has been derived using the Melnikov method. Quasi-periodic

response appears to be a transition mode between periodic and chaotic responses.

Contrary to results from perturbation analysis, the lack of stable periodic

responses does not necessary imply overturning; quasi-periodic and chaotic

resposes may result. Melnikov's method can provide a more accurate boundary

for existence of chaotic response.

For undamped system, the only source of nonlinearity is from impact

transition; quasi-periodic, chaotic and overturning responses are the only stable

responses and periodic response does not exist. The occurence of overturning

response is widely scattered and does not appear to have a predictable pattern.

However, when damping nonlinearity is introduced, periodic response becomes

dominant. Numerical results indicate that chaotic response occurs only rarely.

Quasi-periodic response is not found.

Geometric nonlinearity due to finite slenderness ratio does not significantly
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influence the characteristic of the rocking response in general.

Based on the results of this study, it can be concluded that: (1) impact

transition is the main source of sensitivity of the system, (2) damping decreases

the sensitivity of the system, (3) increasing geometric nonlinearity (decreasing

slenderness ratio) decreases the sensitivity of the system.

SYSTEMS SUBJECTED TO HORIZONTAL AND VERTICAL EXCITATIONS

The rocking response of systems subjected to both horizontal and vertical

excitations are much more sensitive than those of systems subjected to horizontal

excitation only.

The presence of vertical excitation destroys the symmetry of the system

response. Unsymmetric even order modes become dominant instead of the

symmetric odd order modes for systems without vertical excitation.

The region of chaotic response increases with increasing magnitude of

vertical excitation. However, the influence of vertical excitation is not systematic.

Chaotic response tends to scatter over a wide region of the parametric map,

indicating a higher level of sensitivity. Thus it may be concluded that vertical

excitation increases the sensitivity of the rocking response.

SYSTEM WITH SIDE BRACINGS

When side bracings are introduced, the responses become more sensitive

and the region of chaotic response is enlarged. This confirms that the transition

nonlinearity at impact is the major source of sensitivity.
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Figure 1 Free-standing equipment on board a compliant offshore structure
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8

Figure 2 Idealization of free-standing equipment as rigid rocking object subject
to horizontal and vertical excitations
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Figure 5 Examples of overturning response: (a) time history, and (b) phase
diagram; A. = 1.75, T = 2.0, and e = 0.95
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Figure 7 Examples of chaotic response: (a) time histories: (i) chaos I, (ii)
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+, chaotic V, and overturning reponse ; e = 0.96, B/H = 4, and R
= 120.
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Effects of vertical excitation on response of damped systems with low
slenderness ratio (excitation amplitude vs. period): (a) no vertical
excitation, r = 0, symmetric periodic (1,1) +, (1,3) 0, and (b) vertical
excitation parameter r = 0.3, unsymmetric periodic (1,1) V, (1,2) +,
(1,3) 0, (1,6) 0; overturning and no response *. e = 0.96, B/H
= 2, and R = 120.
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(b)

vertical bracing impact transition: (a) chaotic response
map), and (b) parametric map (excitation amplitude vs.
Periodic (1,1) +, (1,2) 0, (1,3) *, (1,4) CD, and chaotic
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