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A four-detector time differential perturbed angular correlation

(PAC) spectrometer was built and has been used to characterize phases

and study local properties and defect dynamics of pure zirconia,

yttria stabilized cubic zirconia, and yttria partially stabilized

zirconia (Y-PSZ). The PAC spectra of pure zirconia were

characterized by discrete frequencies. The electric field gradient

(EFG) magnitude V
zz'

the asymmetry parameter '7, and the EFG

distribution 6 were determined from the spectra by a least-square

fitting procedure. The EFG in the monoclinic and tetragonal phase is

weakly temperature-dependent and is larger in the tetragonal phase.

The EFG was calculated using a point-ion charge model. The results

agree qualitatively with the experimental data, but the calculated

EFG magnitudes were typically 40-50% smaller than the experimental

field gradients. The spectral lines in the monoclinic phase show

significant broadening. Line broadening was not observed in the



tetragonal phase. The broadening depends on the thermal history of

the sample and could not be eliminated by annealing. It is proposed

that stacking faults in the monoclinic phase are the cause for the

line broadening.

PAC spectra in cubic stabilized zirconia are characterized by a

wide frequency distribution. While spectra at highest and lowest te-

mperatures are static, the spectra in the intermediate temperature

range show relaxation phenomena arising from oxygen vacancy

diffusion. The high-temperature spectrum could be reproduced by a

computer simulation. The relaxation parameter A has an activated

form and peaks at -700°C. While the activation energy in the high-

temperature region (T>700°C) is -1 eV, the apparent activation energy

in the low-temperature region (T<700°C) is smaller. Such asymmetric

relaxation is commonly observed and often attributed to two distinct

relaxation processes. It is proposed here that the asymmetry arises

from the effect of distant vacancies.

PAC spectra in Y-PSZ show two components, one tetragonal-like,

the other cubic-like. From a least-squares fitting procedure the

phase boundary between the cubic and tetragonal-cubic mixed phase

region was determined. It was found that the PAC-derived phase

boundary is consistently lower than reported in the literature.
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PERTURBED ANGULAR CORRELATION INVESTIGATION OF

ZIRCONIA CERAMICS

Introduction

Ceramics, as defined from the point of view of material science,

are nonmetallic, nonpolymer, inorganic materials. This general

definition includes single crystals, glasses, and polycrystalline

materials as well as compounds such as carbides, nitrides, silicates,

and oxides. Among the wide variety of properties of ceramics are

extreme mechanical stiffness and hardness, low wear, outstanding

dielectric properties, high resistance against heat and aggressive

chemicals. The recently discovered La-M.-Cu-0 compounds, which show

superconductivity above 40 Kl, are ceramic materials. One of the

chief drawbacks common to all ceramic materials is their low crack

resistance.

A large amount of research effort has been and still is focused

on reducing the propensity for cracking of ceramics. Zirconia (Zr02)

has played a major role in this effort ever since the tetragonal-

monoclinic phase transformation was realized to provide significant

increase in the fracture toughness, strength and thermal shock

resistance of ceramics.2 Besides using zirconia as an additive to

improve mechanical properties of other ceramics, there exists a wide

range of technological applications for zirconia-based ceramics,

including cutting tools, machinery wear parts, thermal barrier
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coatings, piezoelectric and optical devices, and solid electrolytes

for oxygen sensors, fuel cells, and magnetohydrodynamic generators.

1.1. Zirconia - an Overview

Because of the wide potential for applications of zirconia

ceramics, a great deal of interest has been shown in zirconia and

zirconia-related phenomena in the past ten to fifteen years. This

overview begins with a review of the mineral sources and processing

of zirconia. The crystal structures of the existing polymorphs are

discussed next, followed by a brief summary of binary phase

equilibria. This section concludes by giving some details on

applications involving zirconia.

1.1.1. Occurrence and Processing

The element zirconium is present at a level of 0.02 to 0.03% in

the earth's crust and is more abundant than copper, nickel, lead, and

zinc. The two main mineral sources of zirconium are zircon and

baddeleyite.

Zircon (Zr02Si02) is the most abundant and widely distributed

zirconium mineral. Zircon is found as secondary deposits with other

minerals in river and beach sand. Deposits are mined in Australia,

India, South Africa, USSR, and the USA. Besides the major
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components, zirconia and silica (Si02), zircon contains small amounts

of titanium oxide, ferric oxides, and alumina.

Baddeleyite (Zr02) is the mineral form in which zirconia was

first discovered in 1892 in Brazil. Baddeleyite is the second most

important zirconium mineral and is usually found containing small

quantities of silica and ferric oxides. Original mining was done in

Brazil, but more recently South Africa has become a major source of

baddeleyite, where it is a by-product in the extraction of uranium,

copper, and phosphate minerals.

Several processes for the extraction of zirconia from its

mineral sources are available. Crude grades of zirconia for use as

refractories and abrasives can be produced by thermal processing

of zircon in an electric arc furnace with carbon. The resulting

zirconium carbonitride is then roasted in air to give impure

zirconia. Higher purity zirconia can be obtained by chemical

processing, which can be divided into four stages:

(i) Zircon decomposition

(ii) Treatment of decomposition products

(iii) Isolation of pure zirconia

(iv) Calcination

Zircon decomposition can be achieved by chlorination or reaction with

alkali oxides. The chlorination process yields the volatile silicon

monoxide and zirconium tetrachloride (ZrC14). In the second stage a

treatment with water follows to produce zirconium oxychloride
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solution from the tetrachloride. Reaction with sodium hydroxide

results in sodium zirconate (Na2Zr03) and sodium silicate (Na4SiO4).

Water treatment is also used to remove the sodium silicate and

hydrolyse the sodium zirconate to a crude hydrous zirconia; the

latter is then dissolved in sulfuric acid for further purification.

The third stage involves precipitation of zirconia from the

oxychloride solution by addition of aqueous ammonia, or precipitation

of basic zirconium sulphate from the sodium zirconate disolved in

sulfuric acid. If mixed compositions with homogeneous distributions

are required, coprecipitation from mixed solutions can be used.

Calcination is the last stage in the chemical process. The pure

zirconia precipitate is heated under oxidizing conditions to drive

off water and volatile substances.

1.1.2. Structure

Zirconia exhibits three well defined polymorphs: monoclinic,

tetragonal, and cubic. Crystallographic data of these polymorphs are

given in table 1.1. Other phases have also been reported to exist at

high pressures.3

The monoclinic phase exists at temperatures below -1170°C.

Monoclinic zirconia has the space group symmetry P21/c with four

formula units in the unit ce11.4 The Zr atoms are positioned at

(0.2758, 0.0411, 0.2082). There are two types of 0 atom positions.

The 0
I
atoms are located at (0.070, 0.342, 0.341), while the 0

II

atoms are located at (0.442, 0.755, 0.479). The structure can be



Table 1.1. Crystallographic data of the polymorphs of zirconia

Monoclinic Tetragonal Cubic

5

Space Group P21/c P42 /zinc F
m3m

Lattice Parameter a =0.5145 nm a-0.5144 nm a-0.5198 nm

b-0.5208 nm b-0.5269 nm

c =0.5311 nm

Angle (a,c) fl-99.2°

envisioned as a distortion of the fluorite structure; the unit cell

is stretched along the c-axis followed by a tilt of the c-axis versus

the a-axis by 9°. The Zr atom is seven-fold coordinated by the two

types of 0 atoms. The 0
I
atoms are coordinated to three Zr atoms in

an irregular triangle approximately parallel to the (100) plane. The

0
II

atoms are coordinated nearly tetrahedrally in an only slightly

distorted square array lying parallel to the (100) plane. The Zr

atoms are sandwiched between triangular 0/ layers and square layers

of 0
II

atoms. The coordination polyhedron of a Zr, shown in

Fig. 1.1, can be thought of being derived from a cube with four On

atoms and one 0
I
at the corners; the remaining two 0

I
atoms are

located close to the centers of cube edges. The distances at room
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O Oxygen

Zirconium

Fig. 1.1. The Zr coordination polyhedron of monoclinic zirconia.
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temperature range from 0.205 to 0.216 nm for Zr-OI and from 0.215 to

0.229 nm for Zr-0
II'

The tetragonal phase is stable between -1170°C and 2370°C. The

space group symmetry is P42/nmc. The tetragonal form represents a

slightly distorted fluorite structure where the c-axis has been

elongated. Instead of describing the tetragonal cell in terms of a

face-centered lattice which makes comparison with the fluorite

structure easy, a primitive cell with two formula units is usually

found in the literature.5 The Zr atoms are at positions (0,0,0) and

(1/2, 1/2, 1/2). The 0 atoms are given by (0, 1/2, z), (1/2, 0, -z),

(0, 1/2, 1/2+z), and (1/2, 0, 1/2-z), where z is a variable position

parameter. For the perfect fluorite positions of the 0 atoms z=1/4.

The z-parameter for tetragonal zirconia is given by Teufer
5

as

z-0.185 at T-1250°C. More recent measurements show that z varies

slightly with temperature.6 Each 0 atom is coordinated by four Zr

atoms and each Zr atom is eight-fold coordinated with four 0 atoms at

a distance of 0.2455 nm and four at 0.2065 nm. The latter four 0

atoms form a flattened tetrahedron with the Zr, while the former 0

atoms and Zr form an elongated tetrahedron rotated by 90° with

respect to the first. The Zr coordination polyhedron is shown in

Fig. 1.2. Note that the oxygen positions are offset from the ideal

fluorite positions at the corners of the cube.

Above 2370°C up to the melting point at 2680°C, zirconia exists

in the cubic phase. The cubic phase is the fluorite structure, with

the space group symmetry Fm3m. The Zr atoms are at (0,0,0), and the

0 atoms are located at the eight (±1/4, ±1/4, ±1/4) positions. There



O Oxygen

Zirconium

Fig. 1.2. The Zr coordination polyhedron of tetragonal zirconia.
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is evidence from neutron-diffraction studies that the oxygen

positions are shifted similar to the tetragonal cell but to a smaller

extent. 7 Each Zr atom is eight-fold coordinated by equidistant 0

atoms, and the 0 atoms are tetrahedrally coordinated by four Zr

atoms.

The transformation between the monoclinic and tetragonal phase

is of technical importance. The tetragonal to monoclinic

transformation is accompanied by a 3-5% volume expansion. This

change occurs abruptly and causes crumbling of the materials. The

phenomenon is the reason why pure zirconia cannot be used to

manufacture large sintered objects. It was recognized early8 that

other features of the transformation are similar to the trans-

formation of austenite (y Fe) to martensite (a Fe). The

monoclinic/tetragonal transformation and others like it are

classified as martensitic. A martensitic phase transformation is a

first order diffusionless solid state phase transformation. Some of

the features of a martensitic transformation are: (i) The

transformation takes place athermally, i.e. it proceeds only during

change of temperature and stops when the temperature is constant.

The transformation takes place over a range of temperature. (ii) The

transformation exhibits a large temperature hysteresis. Going up in

temperature from monoclinic to tetragonal, the transformation starts

at -1150°C; the onset of the reverse transformation is typically

-940°C. (iii) The high-temperature phase is not quenchable to

arbitrarily low temperature. (iv) Between the parent and product

phase exists an orientation relationship and both phases are in
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contact with each other. The plane of contact, the habit plane,

remains undistorted and unrotated.

1.1.3. Binary Phase Equilibria

Alloying zirconia with certain metal oxides or certain rare-

earth metal oxides lowers the temperature for the cubic to tetragonal

and tetragonal to monoclinic phase transformation. The most-studied

binary zirconia systems are zirconia-calcia (Zr02-Ca0), zirconia-

magnesia (Zr02-Mg0), and zirconia-yttria (Zr02-Y203). Fig. 1.3 shows

the zirconia-rich section of the zirconia-yttria phase diagram based

on the work of Scott.9 Phase diagrams of other systems have been

reviewed by Stubican and Hellmann.1° Addition of at least 17 wt%

yttria to zirconia stabilizes the cubic phase over the entire

temperature range from room temperature to the melting point. This

composition region is commonly known as fully stabilized zirconia

(FSZ), or, with reference to the stabilizing agent, yttria stabilized

zirconia (YSZ), calcia stabilized zirconia (CSZ), etc. Doping with

less stabilizer than required for fully stabilizing the cubic phase

results in partially stabilized zirconia (PSZ). PSZ is a mixture of

cubic and tetragonal, or cubic and monoclinic phase. Yttria PSZ

PSZ) has a cubic-tetragonal mixed phase region above -600°C and a

cubic-monoclinic mixed phase region below -600°C (Fig. 1.3). PSZ has

a lower lattice thermal expansion coefficient and smaller volume

change associated with the tetragonal-monoclinic transformation than
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either pure zirconia or FSZ,
11 resulting in a better thermal-shock

resistance for PSZ. Mechanical properties of PSZ are also enhanced

by the presence of a metastable tetragonal phase. This so-called T'

phase is precipitated into the cubic matrix at -1400°C and can be

retained at room temperature after rapid cooling.
9

Lange showed that

the fracture toughness of PSZ increases linearly with the amount of

retained T' phase.
12 Transformation-toughening, one of the

mechanisms that have been suggested to contribute to the toughening

of PSZ, is based on the stress-induced transformation of metastable

tetragonal particles. The tetragonal particle is constrained by the

surrounding matrix. If a crack tip propagates, this matrix

constraint is diminished and the particle transforms to the

monoclinic form. Because of the 3-5% volume increase, the

transformed particle creates a compressive strain on the matrix.

More work is now required to propagate the crack, resulting in an

increased toughness of the material.

Doping zirconia with stabilizing oxides introduces aliovalent

cations on regular Zr lattice sites. For reasons of charge

conservation, oxygen vacancies are created in the material. For

example, one oxygen vacancy is created for every two-valent cation

(e.g. Ca
2+

, Mg
2+

) introduced, but only one vacancy for every two

three-valent cations (e.g. Y3 +)) s generated. The oxygen vacancies

are very mobile and migrate through the material many orders of

magnitude faster than the cations. The resulting ionic conductivity

follows an Arrhenius law with an activation energy of -1 eV and
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exhibits a maximum near the lowest dopant amount required to

stabilize the cubic phase.13

1.1.4. Applications of Zirconia Ceramics

Fine tetragonal zirconia particles can be incorporated in other

ceramics, e.g. alumina, silicon carbide, etc., to increase their

strength and fracture toughness. Typical proposed applications

include wear component in combustion engines, e.g. piston crowns,

valve guides and seatings.

Thin layers of FSZ applied on certain superalloy components of

gas-turbine engines allows increase of operating temperatures and

results in an increased efficiency of the engine without exposing the

metal parts to the increased temperature. Such thermal barrier

coatings can be achieved by plasma-spraying Y-FSZ on an intermediate

layer (bond-coat) of Ni-Cr-Al-Y which improves the ceramic-metal

bond.

The ionic conductivity of zirconia is large enough that it can

be used to build furnace elements capable of operating at

temperatures >2000°C for long times. A preheater must be provided to

heat the zirconia element to -1000°C. Above this temperature the

ionic conductivity of zirconia is sufficient for self-heating. The

preheating can be realized by a conventional electric resistive

heating element or by high-frequency inductive heating.

A voltage is created across a zirconia electrolyte when the

opposite sides are exposed to different partial oxygen pressures.
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The voltage is proportional to In (pi/p2), where pi and P2 are the

oxygen partial pressures on either side of the electrolyte. Knowing

the pressure on one side, the unknown pressure can be determined.

Such oxygen sensors can be used in high-temperature applications such

as control of internal combustion engines, atmosphere control in

furnaces during heat treatment, etc.

Cubic zirconia, like the other polymorphs, has a high refractive

index and can be used to imitate diamonds. For growing large,

optical quality single crystals from the melt the skull melting

process is used.14 Zirconia is liquified in a water-cooled copper

cylinder using inductive heating. The melt is contained in a thin

skin of solid material of the same composition called the skull.

Crystal growth is initiated by slow cooling. Crystals sizes of order

10 cm diameter can be achieved in this way. Colored gemstones can be

produced by addition of transition metal or rare earth oxides such as

CuO, Cr203, Ce02, Er02, etc.

1.2. Perturbed Angular Correlation Measurements in Zirconia

Perturbed angular correlation of 7 rays (PAC) is a nuclear

technique that allows sampling of the hyperfine fields at the site of

probe nuclei. PAC is sensitive to short range order and provides

information complementary to X-ray diffraction. 7 ray penetration

depths of order centimeters makes PAC a bulk probe that is easy to

use at high temperatures.
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One of the problems associated with PAC is introduction of the

probe nuclei in the sample material. In case of zirconia ceramics,

this problem has been solved by nature. Zirconium and hafnium are

chemically very similar. Most natural zirconium minerals contain of

order 1 at% hafnium occupying substitutional zirconium positions.

This hafnium is usually not removed during chemical processing

(unless special steps are taken to obtain hafnium free zirconium,

e.g. for nuclear applications) and thus, zirconia usually contains

181Ta,1% hafnia (Hf02). The actual PAC probe, the isotope
181

produced by irradiation with thermal neutrons for a few hours. Just

as the hafnium parent nuclei, the tantalum nuclei occupy zirconium

sites. The only interaction of consequence in zirconia ceramics is

the electric quadrupole interaction, so PAC with the
181

Ta probe

samples the electric field gradients (EFG) at a zirconium site.

Since the different polymorphs of zirconia will have a distinct

EFG signature, an obvious use of PAC in zirconia ceramics is the

determination of phases and their temperature dependence. PAC in

mixed phase materials, such as PSZ, may be used to study phase

equilibria, i.e. measure the relative amounts of different phases

present as a function of temperature and composition. The EFG

spectrum will depend on the short range order of every probe site; a

discrete spectrum is expected in pure, high quality zirconia where

all probe nuclei experience nearly the same EFG, while a distribution

of EFGs is anticipated in disordered materials such as cubic

stabilized zirconia. Thus, PAC can be used to study sample purity

and its dependence on methods of preparation and thermal history.
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Furthermore, the migration of oxygen vacancies in stabilized zirconia

will cause relaxation phenomena which will depend on the vacancy

diffusion rate and concentration.

This work is an attempt to demonstrate that PAC in zirconia-

based ceramics can be a valuable analytical tool that provides

significant new information about the microscopic structure and

defect dynamics of these technically important materials.
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Angular Correlation of Gamma Radiation

Radiation emitted by atoms or nuclei can be shown to have a

characteristic angular distribution relative to a given axis of

quantization. In a macroscopic sample, the nuclei are randomly

oriented which results in an isotropic distribution of the emitted

radiation.

To measure anisotropic radiation distributions, a sample with

oriented nuclei has to be chosen. This can be realized by subjecting

the nuclei to strong magnetic fields or electric field gradients at

low temperatures15 or using nuclear reactions to produce beams of

oriented nuclei.16 In both methods, the nuclei have to be physically

aligned along a given direction, a fact that often restricts the type

of experiments one is able to perform.

A different approach is to select from a random ensemble of

nuclei only those that are oriented along a given direction. This

method requires a nuclear decay that consists of two successive

emissions of radiations. The first radiation is used to establish a

quantization axis against which the second radiation is correlated.

This process selects nuclei preferentially radiating in the direction

of the first detector without the need of orienting the entire

ensemble.

In this chapter, the theoretical formalism describing angular

correlations of gamma rays will be discussed. In section 2.1 the

unperturbed correlation function for two gamma rays will be derived.

The following section treats extranuclear perturbations, both static
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and time dependent. In order to maintain a concise form, details of

derivations and mathematically involved steps have not been included

and can be found in the appendices.

2.1. Directional Correlation for Free Nuclei

Consider a nuclear cascade Ii -4. I -0 If with the successive

emission of two gamma rays 71 and 72. The probability that 71, /2

are emitted in directions ki,k2 in solid angles dill, d02 respectively

is given as W(ki,k2) dU14.17 The function W(ki,k2) is called the

angular correlation function. Often the polarization of the emitted

radiation is not observed and W(111,k2) simplifies to the directional

correlation function W(0) and depends only on the angle d between the

emitted radiations.

Using the density matrix formalism (Appendices A.IV and A.V ),

the angular correlation is

W(1,2) Tr[p(iti)p(-i2)] (2.1)

where p(ki) and p(k2) are the density operators describing the

nuclear ensemble immediately after emission of 71 and 72. Neither p

in this expression depends on time, since the nuclei are assumed not

to be subject to external fields.
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If polarization is not observed, the matrix elements of p(iti)

and p(k2) are:

<alp(14)1a,>_ E (_1)2I -ii+a(2k1+1) 1/2 (I, I

a N1'
Dki

'a - N10' 11
k1N1

(2.2a)

<elp(iC2)1a>- E (-1)k2-if-a(2k2+1)
1/2 fI I k2k2*

(14
k2 'a' -a N2' N20' 2'

k2N2
(2.2b)

Note that the summation indices k1 and k2 are not related to the

vectors ki and k2. Inserting (2.2) in (2.1) and using the

orthonormality of the 3j-symbols (A.10), the correlation function

becomes

1#7(k,ii2) a E (-1)k Ak(1) Ak(2) DItcio(141) D1,11(k24)

kN

(2.3)

The parameter Ak(i) are normalized to A0-1 and depend only on spins

of the levels involved in the transition and the multipolarities of

the emitted radiations. Summation over N reduces the rotation matrix

elements to Legendre polynomials

W(i9) = (-1)k Akk Pk(cose)
k

(2.4)
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with i9 the angle between it1 and k2 and AkkAk(1)Ak(2). For odd k,

the Akk vanish as a consequence of parity conservation and the fact

that polarization is not measured. The sum over k is finite due to

angular momentum conservation (Appendix B.II). The final expression

for the directional correlation function for nuclei not subject to

external fields is:

kmax
W(6)

kO
even

Pk (cos8) (2.5)

For details concerning the evaluation of the Akk coefficients see

appendix B.II.

2.2. The Effect of Extranuclear Perturbations

In the presence of external fields, the intermediate state of the

cascade Ii - I - If may change its m-state population due to

interaction with the perturbation. This means that the density

matrix p(k1) evolves with time according to (A.44). The angular

correlation function must be written (see appendix A.V)

W(k1,k2,t) = E <alp(ki,t)la'><a'lp(k2,0)1a> (2.6)

aa'
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The time evolution of the density matrix elements is:

<alp(ki,t)le> = E <blp(iti3O)lbs><bb'IG(t)laa'> (2.7)

bb'

where G(t) is defined by <bb'IG(t)laa'><alA(t)lb><elA(t)lb'>*

(A.47) and related to the time evolution operator A(t) (A.42).

Inserting (2.7) into (2.6), using (2.2) (polarization not observed)

and writing the rotation matrix elements as spherical harmonics

(A.18), the directional correlation function becomes:

W(kl,it2,t)
1/,

[(2k +1)(2k2+1)] fh AL
Kl
(1) A

i
42) G

N1N2
(t)kk2

kik2 N1N2

*
x Y k1N1(191,V1) Yk2N2(1921V2) (2.8)

19i, (pi are the angles ki makes with the z-axis and the perturbation

factor is defined as:

2I+a+b 1/2 I I ki\ II I k2\
G
NiN2

( ) (-1) [(2k1+1)(2k2+1)] (a,
a N1' -b N2'kik2

aa'

bb'

x <bb'IG(t)Iaa'> (2.9)
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The perturbation factor contains the influence of the extranuclear

perturbation. If no perturbation is present, G(t) 1 and with the

orthonormality of the 3j-symbols (A.10), the perturbation factor is

,NiN2

-kik2

(t) =
8k k2 (1\11N2

(2.10)

and the directional correlation function reduces to the unperturbed

case (2.5).

2.2.1. Static Perturbations

The environment of the nucleus does not change during the lifetime r

of the intermediate state I if the extra-nuclear fields are constant

in magnitude and direction. Consider a single crystal where all the

nuclei are located on regular lattice sites which are all equivalent.

Let K be a time-independent interaction Hamiltonian. The time

evolution operator can then be written as

A(t) exp{- h Kt]

Let U be the unitary operator that diagonalizes the interaction

Hamiltonian

UKU- 1 E

(2.11)

(2.12)



23

with E the diagonalized Hamiltonian having energy eigenvalues En in

the diagonal. Substituting (2.12) in (2.11) and expanding in a power

series, the time evolution operator becomes:

A(t) exp[- Et] U

and the matrix elements of A(t) are:

1

<alA(t)lb> <aln><bln>
*

exp[-int]
n

(2.13)

(2.14)

where <aln> are the matrix elements of U, and the notation

exp[ - Ent] exp[-int] (2.15)

has been used. (This notation will be used from now on for the

arguments in exponentials). Thus, the elements of G(t) become:

,

<bb'IG(t)laa'> <aln><a'in'>
*
<bin>

*
<b'In'> exp[-i(n-n')t]

nn'
(2.16)
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and the perturbation factor is

GNIN2,0 (_1)2I+a+b
[(2(14-1)(2k2+1)]

1/2
'aI '

I

a
kNi''bi

'

I

b Nk2\i2
aa'nn'

1 2

bb'

x exp[-i(n-n')t] <aln><a'In'>*<bIn>*<b'In'> (2.17)

If the interaction has axial symmetry, the symmetry axis can be

chosen to be the quantization axis. K and A(t) become diagonal in

the IIm> representation and <aln>-6
an'

<bIn>(5
bn

etc. Equation

(2.17) reduces to

i I k2
(t) E [(21(1-1-1)(2k2+1)]1/2 In

-n

k
N '' n

nn'

x exp[-i(n-n')t] (2.18)

If one of the radiations is emitted parallel to the symmetry

axis of the perturbing field, the corresponding Ylm in (2.8) becomes

Fisi±1, )1/2
YkN NO 4/r

(2.19)

From the sum rule of the 3j-symbols (A.6) the non' terms in (2.18)

vanish. Using the orthonormality of the 3j-symbols (A.10), the

perturbation factor (2.18) simplifies to



NN
kik2 kik2
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(2.20)

and the angular correlation takes on the unperturbed form (2.5).

Experimentally, it is convenient to use powder sources for

observing angular correlations. A powder consists of a large number

of randomly oriented microcrystals. In this case it is convenient to

reformulate the problem in terms of axes fixed with respect to kl, i2

(lab system). Normally one takes kl parallel to the z-axis. Let

D(w) be the rotation that transforms the interaction Hamiltonian K(z)

from the lab system z to the principal axis system z' of an

individual microcrystal:

-4

K(z') D(w) K(z) D
-1

(w)

Again, U diagonalizes K(z')

- 1
U K(z') U E

and the time evolution operator is written

-0 -1
A(t)

-1
D (w) U exp[-int] U D(c-;)

(2.21)

(2.22)

(2.23)
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The matrix elements of A(t) are

*
-+ I

<alA(t)lb> E <mil n><m2In>
*
exp(-int) D

I

la
_(w) Dm2b(w) (2.24)

M
m1m2 n

and the elements of G(t) become:

1

<bb'IG(t)laa' > <miln><ml'In'>
*
<m21n>

*
<m2' In'> exp[-i(n-n')t]

m1m1' nn'

m2m2'

I I -* I
x D

m(w)
D
I

(w) D
m(w)

D
m,la ml a 2b 2

(w) (2.25)
b

Inserting (2.25) in (2.9) and using the contraction relation (A.17b)

for the 3j-symbols, the sums over aa' and bb' can be performed:

GN1/42,0 1/,
exp[-i(n-n')t]E (-1)

2I+mi+m
2 [(2k1+1)(2k2+1)] 14

kik2' '
m1m1' nn'
m2m2'

I I ki
) (

I I k2) plc]. Dk2

ml' -ml P1 m2' -m2 P2 P1111 P214

<mlln><ml'In'>
*
<m2I n>

*
<m2' I n'> (2.26)

This expression must be averaged over all orientations of the z'-axis

to take into account the contribution of the randomly oriented

microcrystals. Using the orthonormality of the rotation matrices

(A.16) leads to
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fdc-; G12(t)
6kik2

s
NiN2

s 1;2 exp[- i(n -n')t] G
kk

(t) (2.27a)
kik2

nn'

for the perturbation factor of a powder source. The S-coefficients

are defined by:

S
11(.1. 12

E (-1)
2I+ml+m2 I I ki

) (

I, k

ml -ml P m2 "mI

2
)

2 P
m1m1'
m2m2'

x <miln><mi' In'>
*
<m2In>

*
<m2'In' (2.27b)

Since p = mi - mi' from the sum rule of the 3j-symbols, the sums of

mlmi' and m2m2' can be replaced by a sum over p. Inserting (2.27b)

into (2.27a) and comparison with the single crystal result (2.17)

shows that the perturbation factor for a powder source becomes

the average of the perturbation factors Gkk(t) of the single crystal:

1
k

Gkk(t) 2k+1 E Cc (t)
p--k

(2.28)

Rearranging the summation order in (2.27a) together with (2.28) leads

to the following expression for the perturbation factor of a powder

source:

ckk
) E e e,

nn nn
cos[(E

n
- E

n
,)t/h]

n n#n'

(2.29)



Inserting Gkk(t) in the expression for the directional correlation

function (2.8), the sum over N1N2 can be performed since the

perturbation factor is independent of N1 and N2. Applying the

addition theorem for the spherical harmonics, the directional

correlation function for a powder source simplifies to

kmax
W(0, t) E AL

kk Gkk(t)
P
k
(cosD)

k-0
even

28

(2.30)

In the literature the perturbation functions for a powder source

G
kk

(t) are sometimes referred to as the attenuation factors.

An important feature of the perturbation function of a

polycrystaline source (2.29) is the time independent term E S
kk
nn '

n
called the hard-core. Because of this term, the angular correlation

(2.30) of a powder source is never completely destroyed. In the case

of axially symmetric perturbation, the hard-core term originates from

nuclei oriented such as to emit one gamma ray along the symmetry

axis. Those nuclei are not affected by the perturbation, because, in

semi-classical terms speaking, the nuclear spin precesses about the

symmetry axis and the z-projection of the spin does not change with

time. If the perturbation has no symmetry axis, the hard-core still

exists, but a semi-classical interpretation is no longer possible

anymore.
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2.2.2. The Electric Quadrupole Interaction

The quadrupole moment of a nucleus interacts with the electric

field gradient (EFG) that is caused by a charge distribution

surrounding the nucleus. The interaction Hamiltonian is of the form

2

5
E (-1;

(2)
13

A

)

p--2
(2.31)

where q
(2)

is the second-rank tensor operator of the nuclear

quadrupole moment and V
(2)

the classical electric field gradient

operator due to some extra-nuclear charge distribution.

The spherical components V
(2)

of the EFG operator can be
A

expressed in terms of the cartesian derivatives V
xx'

V
xy'

etc. If

the principal axis system is chosen as the coordinate system, the EFG

components are characterized by two parameters:

VV
(2) q

z
0 16w zz

V
(2)

+1
0

V
(2) 5 1/2

n V
+2 '96w zz

the magnitude Vzz and the asymmetry n, defined by

V - V
xx yy

V
zz

(2.32)

(2.33)



0 n 1 provided the principal axis are defined such that

IV
xx

I<IV
yy

I<IV
zz

tiI . 0 is the axially symmetric case (Vxx
V
yy

)

with the z-axis as the symmetry axis.

The matrix elements of (2.31) are:

4n
lImi>

5
A

-1 <Im11(42) IIm'> 4)

30

(2.34)

Using the Wigner-Eckart theorem (A.25) and the conventional

definition of the nuclear quadrupole moment18, the matrix elements

of the quadrupole moment tensor components can be calculated

(Appendix C.I)

(2)'m>
- (-1)

I-m
11; )

1
I

/2 eQ (
I I 2

) (
I I

A m' -m p I -I
(2.35)

In the principal axis system, all but the diagonal terms and the

two-off-diagonal terms vanish. The non-vanishing matrix elements of

the quadrupole Hamiltonian are:

1,,
<Imi-21H

QI
IIm>

2
hw [(I±m+1)(I±m-i-2)(ITm-1)(ITm)] 14 (2.36a)

Q

<ImIH
QI

IIm> hw
Q

[3m
2
- I(I+1)] (2.36b)



where the quadrupole frequency wQ has been defined as

e Q) V
zz

41(21-1)h

For the axially symmetric case (n-0), the Hamiltonian is

diagonal. The energy eigenvalues for this case are:

31

(2.37)

E
m

hwc1 [3m2 - I(I+1)] (2.38)

There are (21+1)/2 (for 1/2-integer I) of 21+1 (for integer I)

distinct energy values since the ±m levels are doubly degenerate.

The perturbation factor for an axially symmetric quadrupole

interaction in a powder source is then:

sd,(t) = z e z e, cos[11 (m2_m,2)t]
m

mm mm
m7qe

(2.39)

Introducing a new index n = lm2 - m121/2 (for 1/2-integer I) or

1m2
- m'21 (for integer I) and defining

S
kk
mm'

(
I

,

I k
)

2

kn , m -m p
mm mm

(2.40)



equation (2.39) can be written:

qdc (t) + E Ian cos(nt t)
n>0

32

(2.41)

with wo 6wQ (for 1/2-integer I) or wo a 3wQ (for integer I). The

S
kn

are normalized E S
kn

1; S
kn

values for 1-5/2 and k-2,4 are
n

given in table 2.1.

Table 2.1. S
kn

coefficients for axially symmetric quadrupole

interaction with intermediate state spin 1-5/2

k s
k0 Ski Sk2 Sk3

2

4

0.2000

0.1111

0.3714

0.2381

0.2857

0.2857

0.1429

0.3651

If the interaction Hamiltonian is not axially symmetric, it has

to be diagonalized to find the energy eigenvalues. The eigenvalues

for the intermediate state spin 1-5/2 case are (Appendix C.II)

2cchw cos[-1arccosp]E
±5/2 3

1

E +3/2
-2echw cos[-i(r + arccos#)]

E+1/2
cos (A - arccos#)] (2.42)
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2 1 (1-n
2

)
where a [28 (.2 + 1)] /2 and p

80
a3 . Note that the

3

sum of the three energies vanishes: E+1/2 + E+3/2 + E+5/2 0.

For n-0 the expressions (2.42) reduce to the diagonal terms (2.38).

Fig. 2.1 shows the eigenvalues of H
QI

for the case 1-6/2 as a

function of the asymmetry parameter n.

1

As before, the introduction of the index n im
2

- m'21/2 will

simplify the expression for the angular correlation function.

Assuming a powder source, one obtains from (2.29)

3

Ckk (t) qto (n) + E qcn (17) cos(con (n)t)

n-1

The w
n

are the differences of the energy eigenvalues (2.42):

(2.43)

wi 1E3/2- E1/21 2j3awQ sin[arccosp]

`42 IES/2 F3/2 I

2j3a/4 sin (7r - arccosP) ]

-
1E5/2- E1/21

2i3cwQ sin[(71. + arccosp)] (2.44)

with the sum rule w
1
+ w2= w3. Fig. 2.2 shows the frequencies as a

function of the asymmetry parameter n. Note that the frequency ratio

w2 /wl = 2 for the axially symmetric case (71 0) and w2 /w1 < 2 for

nonaxially symmetric interaction (t 0).
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Fig. 2.1. Eigenvalues of the quadrupole Hamiltonian (2.42) as a
function of the asymmetry parameter t for intermediate
state spin I-5/2. The ±m states energies are degenerate.
Energies are given in units of hWQ.
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Fig. 2.2. PAC frequencies for quadrupole interactions (2.44) as a
function of the asymmetry parameter 7 for intermediate
state spin 1-5/2. The frequencies are the differences of
the energy eigenvalues in Fig. 2.1. Frequencies are given
in units of wQ.



The S
kn

-coefficients in (2.43) also depend on 7, and are defined by

S
kn

(q) E S
kk

,

mm
mm'

36

(2.45)

with the S
kk

'

given by (2.27b). The S
kn

-coefficients as a function
mm

of q are shown in Fig. 2.3 and Fig. 2.4. Numerical values for k-2,4

are tabulated in table 2.2. The perturbation function G
22

(t) (2.43)

for several values of the asymmetry parameter n is shown in Fig. 2.5.

Note that both extreme cases (n-0 and n-1) exhibit a regular pattern

because the frequencies are integer multiples of each other.

2.2.3. Time Dependent Perturbations

Often the environment of the nucleus changes during the life

time r of the intermediate state I. Relevant for this work are the

so-called relaxation interactions caused by randomly fluctuating

extra-nuclear fields. In the following section the formalism of

Bloch-Wangsness-Redfield theory of nuclear relaxation
19

'

20
is used to

derive the perturbation factors for simultaneous static and time

dependent perturbations.

As before, the time evolution of p(ki,t) must be considered.

The equation of motion for the density operator is:

p(t) - [H(t),p(t)J (2.46)
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Table 2.2. S
kn

coefficients for k-2,4 for a general quadrupole

interaction as a function of the asymmetry parameter n for
intermediate state spin 1-5/2. n-0 is the axially
symmetric case.

77 S
20

S
40

S
21

S
41

S
22

S
42

S
23

S
43

0.0 0.2000 0.3714 0.2857 0.1429
0.1111 0.2381 0.2857 0.3651

0.1 0.2024 0.3688 0.2855 0.1432
0.1098 0.2395 0.2858 0.3649

0.2 0.2090 0.3617 0.2850 0.1443
0.1061 0.2435 0.2861 0.3643

0.3 0.2181 0.3517 0.2844 0.1458
0.1010 0.2491 0.2864 0.3634

0.4 0.2280 0.3405 0.2840 0.1474
0.0955 0.2553 0.2867 0.3625

0.5 0.2373 0.3296 0.2841 0.1490
0.0904 0.2613 0.2866 0.3617

0.6 0.2451 0.3198 0.2847 0.1504
0.0860 0.2668 0.2863 0.3609

0.7 0.2511 0.3113 0.2861 0.1515

0.0827 0.2715 0.2855 0.3603

0.8 0.2552 0.3044 0.2882 0.1522
0.0804 0.2753 0.2844 0.3599

0.9 0.2576 0.2988 0.2910 0.1526

0.0791 0.2784 0.2828 0.3596

1.0 0.2583 0.2945 0.2945 0.1528
0.0787 0.2808 0.2808 0.3596
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Fig. 2.3. Stn coefficients (2.45) as function of the asymmetry

parameter q.
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Fig. 2.4. S4n coefficients (2.45) as function of the asymmetry

parameter n.
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Fig. 2.5. G
22

(t) for a static quadrupole interaction and intermediate

state spin 1=5/2 for several values of the asymmetry
parameter 17.
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Let the Hamiltonian be of the form H(t)Ko+K(t), where KO is time

independent. Rewriting (2.46) in the interaction representation

* *
p (t) - [K (t),p (t)] (2.47)

The * indicates interaction representation and should not be confused

with complex conjugate. With a Hamiltonian of the form H(t)Ko+K(t),

an operator in the interaction representation is defined by the

transformation:

A
*
(t) = exp(Kot) A(t) exp(- Kot)

The equation of motion (2.47) can be written as*

co

1 r * *
p (t) = -

,
dr [K (t),[K (t-r),p

*
(t)]]

0

under the following conditions:

(i) K(t) is a stationary random function so that the

time average <mIK(t)Ims> vanishes.

A bar over a quantity indicates ensemble average.

(2.48)

(2.49)



(ii) A correlation function R(r) = K(t) le(t-r)

exists. R(r) is an even function of r. A

characteristic time r
c

, the correlation time, is

defined such that R(r>>7c) 0.

(iii) K(t) can be treated as a small perturbation; a

time t exists so that 1<m1K(t)Im>1

and r
c

<< t.

The matrix elements of p (t) can be written:

2trc/h2 « 1

42

* , * ,

<alp (t)le> R
aa'bb'

exp[i(a-a'-b+b')t] <blp (t)1b1> (2.50)

bb'

with the relaxation matrix R
aa'bb'

defined by

1
--7R

aa'bb' 2
[J
aba'b'

(a'-b') + J
aba'

(a-b)
h

6
ab E ca'cb'

(c-b') - 6
a'b' cbca

(c-b) (2.51)

c c

and the spectral density function is given by

J
aa'bb'

(co) f dr <alK(t)la'xbIK(t-r)lbs> exp ( -iwr) (2.52)

-co



Only terms with a-a' b-b' contribute significantly to the

2
sum

1
in (2.50) and the equation of motion of p

*
can be written as

,.* , *
<alp (t)le> R

aa'bb'
<blp (t)113'>

bb'

b-b' a-a'

To solve the coupled differential equation system (2.53), the

43

(2.53)

Hamiltonian K(t) must be specified.

2.2.4. Simultaneous Static and Time Dependent Quadrupole Interaction

For a randomly fluctuating quadrupole interaction, the Hamiltonian is

2)
K(t) E

A'

(-1)
p

5
q
(2)

D
(2

) V
(A

,(z , ) (2.54)
i-A

A

where V
(2)

(z') is the EFG operator in the principal axis system and

(2) -
D (w(t)) is the rotation from the lab system into the principal

-
axis system. D

(2)
(w(t)) changes with time as the z'-axis reorients

itself at random.

Assuming an isotropic relaxation mechanism, the spectral density

function for this case is (Appendix D.I):

J
aa'bb'

(0) (-1)
2I-a-b 2

r
c
w2

> I(I+1)(2I+3)(2I+1)(2I-1)
5

/I I 2\ II I 2\

x \a' -a A1 'b' -b A'
(2.55)
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2
eQV

zz 2
2

and <w
Q
> < (

4I(2I-1)h ) (
3

+1) > is the average coupling

constant. For the case of half-integer I, the (21+1)/2 distinct

eigenvalues of the quadrupole Hamiltonian are doubly degenerate, and

the energy differences between all levels are different. This

reduces the sum in (2.53) to four terms with bb' a', a-a', -aa', and

-a-a'. Furthermore, the diagonal case (a =a') is decoupled from the

off-diagonal case (aea'), and both cases can be treated separately.

(i) The Off-diagonal Case (aria')

R
aa'-a-a'

-J
a-aa'-a'

/h2-0 for aoas. Similarly R
aa'-aa'

-0 and

R
aa a-a

,-0 and equation (2.53) simplifies to

,.
<alp

*
(t) R

aa'aa'
<alp

*
(t)le>

1

with the solution <alp
*
(t)la'>-<alp

*
(0)Ia'>exp(-A

aa'
t) .

eigenvalues are A
aa'

--R
aa'aa'

or

(2.56)

A
aa

, a 7 r
c
<w

2
> [1 (I+1)

2
+I(I+1)(a

2
+a'

2
-1)-3a

2
a'

2
] (2.57)

Q
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(ii) The Diagonal Case (aa')

From aa' follows bb' and equation (2.53) has the form of a master

equation

abab
<alp

*(t)le>
j---7 kb p

*
(t)lb>-<a p

*
(t)la>] (2.58)

b

The solution to equation (2.58) can be written (Appendix D.II)

* IIr IIr
<alp (t)le> E ( -1) (2r +1)(2r+1 ) (a -a 0) (b -b 0) exP(-Ar0t)

b r

(2.59a)

with the eigenvalues:

A
r0

3
rc <w2e r(r+1)[4I(I+1)-r(r+1)-1] (2.59b)

Combining the solutions of the diagonal and off-diagonal case

leads to the general solution for the equation of motion (2.53):

, * ,

<alp (t)la'>
Aaa't)(1-6aa' r

exp(- ) + ( -1) (2r +1)(2r+1)

bb'

(I I r I

a -a 0 ) (b -b r0) exP(-Ar0t)1
<blp

*
(0)Ibt> (2.60)
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Recall the definition of G(t)

<bb'IG(t)laa'> <alA(t)lb><a' A(t)lb'>
*

(A.47)

A Hamiltonian of the form H(t)-Ko+K(t) leads to a time evolution

operator of the form A(t)=A0A(t) and the function G*(t) is defined

by:

<bb'IG(t)laa'> a exp[-i(a-a')t] <bb' IG*(t)laa'> (2.61)

The general time evolution (2.7) of p(t) in the interaction

representation becomes

, * * ,

<alp (t)la'> <blp*(0)Ib'><bb'IG (t)laa'>
bb'

(2.62)

Comparing (2.62) with (2.60) and combining with (2.61) results in the

following expression for the perturbation factor:

oNiN2to [(2k1+1)(2k2+1)]1/2 (I
' -a

k
N1' -b N2

I i\ (I I k2\

1(11(2' ' a'
aa'

bb'

x [exp(- Aaa'÷i(a-a' )0(1-Saa,) (2r+1)
r

IIr IIr
x (

a -a 0
) ( b -b 0

) exp(-A
r0

t)] (2.63)
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Expression (2.63) is valid for a single crystal source. Using

(2.28), the attenuation factors for a powder source under the

influence of a simultaneous static interaction and randomly

fluctuating quadrupole interaction can be written as

Gkk(t) exp( -Ak0t) E S
kkkk

exp[-i(m-m1)t] expl-A ,t] (2.64)

m mm' mm

When both the static and the time-dependent perturbations are

quadrupole interactions, equation (2.64) is of a form similar to the

perturbation function for a static quadrupole interaction in a powder

source (2.43)

Gkk(t) exP[-AkOt] Sk0(7/) E Skn(n)
cos(wn(n)t) exp[-Ant] (2.65)

rL>0

with the same definitions as in (2.43); the A
n

are arranged by

increasing energy differences, e.g. for the 1-5/2 case: A.A1/23/2;

A
3
A

1/2,5/2
and A

k0
is defined by (2.59b).A

2
A

3/2,5/2'

If no static interaction is present (K0 0) as is the case for

liquid or gaseous sources, the perturbation factor (2.65) simplifies

to

G
kk

(t) exp(-
Ak0t)

(2.66)
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with A
k0

given by (2.59b). Expression (2.66) was originally derived

by Abragam and Pound for the case of Brownian motion in a liquid.22

A characteristic feature of all time dependent interactions is

the absence of a hard-core term in the expression for the

perturbation function (2.65) and (2.66). Unlike the static case, the

angular correlation

kmax
W(15,t) E

-kk
G
kk

(t) Pk(cosl9)
kO
even

will be completely destroyed after a time of order 1/
Ak0.

(2.30)
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3. Ex erimental Arran ements

3.1. PAC Spectrometer

In the spectrometer used in this work, a microcomputer replaces

the more conventional multichannel analyzer. While standard features

readily available in a multichannel analyzer must first be programmed

for a microcomputer, such a setup offers many advantages and great

flexibility over a traditional multichannel-analyzer-based

spectrometer.

In principle, the PAC spectrometer detects the gamma quanta 71

and 72 emitted by the tracer nuclei and measures the time between

them. This time corresponds to the lifetime of the intermediate

state of the PAC nuclei. A time-differential PAC spectrometer

records the time-dependent spectrum of events in which 71 enters a

detector and 72 enters another detector at a time t later. Fig. 3.1

shows a block diagram of the spectrometer. Four gamma ray detectors

are positioned at 90° angles in a plane with the source at the

center. Each detector is driven by its own high voltage power supply

and provides two output signals for each absorbed photon. The timing

pulse is correlated to the time the photon was absorbed, while the

energy pulse is proportional to the energy of the absorbed photon.

The timing signals from detector 0 and 1 are shaped by constant

fraction discriminators (CFD) and then connected to the START input

of the time-to-amplitude converter (TAC). The timing pulses of
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Fig. 3.1. Block diagram of the PAC spectrometer. High voltage power

supplies (HV), preamplifier (PA), and linear amplifier (LA)
are used for each detector but are shown explicitly only

for detector O. The constant fraction discriminators (CFD)
are each 1/4 of the EG & G Ortec model 934 quad unit. The

time-to-amplitude converter (TAC) is EG & G Ortec model 566
and the analog-to-digital converter (A/D) is EG & G Ortec

model 800.
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detectors 2 and 3 are fed to the constant fraction discriminators and

then into the STOP input of the TAC. A delay cable is inserted such

that a prompt event (71 and 72 are detected simultaneously) is

recorded near mid-range of the TAC. The TAC output signal, which is

proportional to the time between START and STOP pulses, is digitized

by an analog-to-digital converter (A/D).

The energy pulse of each detector is amplified and shaped by a

preamplifier and linear amplifier. The resulting signal is fed into

a twin single channel analyzer (TSCA) for energy discrimination.

Each TSCA is set to detect both a 71 and 72 energy. The two signals

from each of the four TSCAs make up the routing information and are

strobed into a buffer by the TRUE START signal from the TAC. A

conversion is accepted as a valid "normal" event if the TSCA of

detector 0 and 1 indicates 71 was absorbed and a TSCA of detector 2

or 3 indicates 72 was absorbed. A "reverse" event occurs when 72

appears in detector 0 or 1 and 71 in detector 2 or 3.

Once a valid event is flagged, the computer is interrupted and

the digitized time and routing information is collected by the

interrupt service routine of the operating software and stored in the

computer memory. The computer can perform different tasks while

waiting for interrupts. For example, the raw data may be displayed

on an oscilloscope and on-line data analysis can take place while the

experiment is in progress. After an experimental run is completed,

the data are stored on a floppy disk for further analysis.
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3.1.1. Gamma Ray Detectors

Each detector consists of a 1" x 1" cylindrical barium fluoride

scintillator (BaF2) mounted on a XP 2020 Q photomultiplier tube.

Each detector is powered by its own high voltage supply (Power

Design, Westbury NY, model 3K10B). A photon entering the

scintillator interacts with the material. The intensity of the

resulting fluorescence light is proportional to the energy the photon

deposited in the scintillator. The light from the scintillation

process hits the photomultiplier cathode and frees electrons which

are then accelerated and multiplied along the dynode chain.

The main advantage of BaF2 scintillators over alkali iodide

scintillators is the short response time. The fluorescence spectrum

of BaF2 shows a fast component in the ultra violet at 220 nm next to

the slow component at 310 nm. The fast component carries about 20%

of the total light intensity and has a decay time constant of

0.76 ns; the slow component decays in about 620 ns. In comparison,

NaI scintillates at 413 nm with a decay time of 230 ns. Time

resolutions as small as 100 ps have been reported using BaF223, but

resolution for gamma energies similar to those detected in this

experiment is presently limited to 500 ps due to electron transit

time spread in the XP 2020 Q photomultiplier. The density of

4.88 g/cm3 of BaF2, compared to 3.67 g/cm3 for NaI, results in a

higher absorption efficiency for gamma quanta in BaF2. The energy

resolution of the detector is defined as R = AE/E where AE is the

full width at half maximum (FWHM) of the energy peak and E the mean



53

energy of the peak. While E is proportional to the number of

photoelectrons created at the photomultiplier's cathode, AE is

proportional to the standard deviation of the number of photoelectro-

ns. Since the photoelectron yield for BaF2 detectors is about 50% of

the yield in NaI detectors, the energy resolution for BaF2 detectors

is by a factor of /2 worse than for NaI detectors. For 511 keV gamma

rays and a 25 mm x 25 mm cylindrical BaF2 crystal, an energy resolut-

ion of 13% is reported in the literature.24

The face and the sides of the scintillator were covered with

teflon tape for increased light output. The crystal was mounted on

the photomultiplier face using glycerol as coupling fluid* and the

whole assembly was covered with an aluminum can to block external

light from the scintillator and with magnetic shielding against

magnetic fields originating in the furnace leads. The

photomultiplier tube is installed on a base that supplies the high

voltage necessary to operate the detector and gives access to the

output signals. The energy signal is taken off the seventh dynode,

and the anode pulse is used as the timing signal. All detectors are

fixed on steel frames and free to move along tracks at 90° angles

from each other. A scale at the side of each detector ensures

reproducabilty of sample-detector distances.

The energy resolution of the detectors used in this work is 20%

for the 511 keV gamma quanta from a 22Na source, much lower than

Coupling fluid must not absorb in the ultraviolet in order to

use the fast scintillation component. Even thin layers of EMI

optical coupling compound absorb completely in the UV below 250 nm

and thus cannot be used.
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compared to numbers quoted in the literature.
23

'

24
T e reason for

this poor performance could not be established. The time resolution,

determined using the positron annihilation quanta emitted by a

22Na source, was found to be between 600 and 700 ps for all of the

detectors. This resolution is close to the best that has been

reported with similar detectors. Although the scintillator is

capable of much shorter times, the limiting factor is the transit

time spread in the photomultiplier tubes used.

3.1.2. Coincidence Electronics

The coincidence circuitry is divided into two branches. The

fast branch processes the timing signals, and the slow branch handles

the energy signals.

The fast branch includes a quad CFD module (EG & G Ortec model

934), the TAC (EG & G Ortec model 566), and the A/D (EG & G Ortec

model 800). Connected to the anode of the photomultiplier tube, the

CFD forms a sharp pulse correlated to the time the photon was

absorbed in the detector. The outputs of CFDO and CFD1 are fed into

the START input of the TAC, while the outputs of CFD2 and CFD3

provide the STOP signals for the TAC. Note that the STOP signal

delay, which is added to move the time-zero point of the TAC near

mid-range, is located before the CFD rather than between the CFD and

the TAC. This arrangement, although requiring the addition of two

identical delay cables before the CFDs instead of one delay after the
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CFDs, minimizes the crosstalk between the CFD modules found under

some circumstances.

After the TAC has received both a START and a STOP pulse, the

CFDs are shut off until the conversion is complete to avoid

interference with the TAC output caused by incoming CFD signals. The

TAC output, the amplitude of which is proportional to the time

between START and STOP, is fed into the A/D. As soon as the AJD

starts the conversion, the BUSY signal, a high-active TTL signal,

gates the TAC until the A/D is free for the next conversion. The A/D

output is read by the computer through the interface board.

The slow branch is made up of a preamplifier (EG & G Ortec model

113), a linear amplifier (Tennelec model TC 211), and a TSCA

(laboratory built) for each detector.

Each energy signal, taken off the seventh dynode of the

photomultiplier, is first amplified by a preamplifier and then shaped

and further amplified by the linear amplifier. The output of the

linear amplifier is a bipolar signal with amplitude proportional to

the energy of the photon absorbed in the detector. This signal is

then fed into the TSCA. The TSCA is laboratory-built, and the

circuit diagram is shown in Fig. 3.2. The TSCA accepts unipolar or

bipolar pulses from the linear amplifier. The input signal is split

between the peak sensing circuit (C3) and two window comparators (C1,

C2, G1 and C4, C5, G3). The time-constant at the input of C3 is

adjusted such that the output goes low at the peak of the input

signal. The output of C3 triggers a 50 ns pulse from a one-shot

(monostable multivibrator) which strobes the outputs of the window
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Fig. 3.2. Circuit diagram of a TSCA unit. Comparators (C1,...C5) are
LM 311, AND-gates (01,...04) are 1/4 of a SN 7408, and the
monostable multivibrators (F1, F2, F3) are each 1/2 of a

SN 74221.
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Fig. 3.3 Timing diagram for the upper SCA of a TSCA. The signals

are IN, OUT1 and the outputs of: the peak-sensing
comparator (C3), the peak strobe (F1), the upper (C1) and
lower (C2) level threshold comparators, logical AND (G1) of
(C1) and (C2), the strobed result (G2). (a) Input pulse

within window, (b) input pulse exceeds the upper level

threshold.
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comparators G1 and G3. The window comparator output is high at the

time of the input peak only if the input signal exceeds the lower

level threshold (LLT) and not the upper level threshold (ULT). (See

Fig. 3.3). The potentiometers used to adjust the LLT and the ULT are

linear precision pots fitted with ten-turn dials for reproducible

level settings. A dual one-shot (F2, F3) is used to generate output

pulses. The output pulse length can be adjusted with trim pots

accessible from the front panel. In typical usage, one window of the

TSCA is centered on the pulse height of 71, while the other window is

adjusted to the pulse height of 72.

3.1.3. Routing Circuit and Computer Interface

The computer interface is built around a peripheral interface

adapter (PIA) chip (Synertek, Santa Clara CA, type SY 6522) and

connected to the computer (Tandy/Radio Shack Color Computer 2) via a

bus expansion box (Basic Technology model BT 1000). Fig. 3.4 shows

the diagram of the coincidence and interface circuits. The logic

connected to ports PB3...PB7 of the PIA forms the routing/valid

circuit. The VALID output (output of SN 7400) is low only if one 71

input and one 72 input are high. The circuit also encodes the 71 and

72 inputs into two two-bit codes. The encoded routing information

and VALID are clocked into a SN 74374 octal D-type flip-flop on the

delayed positive transition of the TRUE START TAG signal. This

routing information is used as the upper address bit input into the
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60

PIA. The TRUE START TAC signal is delayed to compensate for the

-2 ps amplifier delay (see Fig. 3.1).

The remaining PIA inputs are connected to the A/D conversion

output. When the A/D conversion is completed, the 16-bit word on the

PIA input is the address of the byte (in memory space $4000...$7FFF)

to be incremented. The A/D signals the completion of a conversion by

generating a DATA READY pulse. At this point the spectrometer is

disabled until the interface returns a TRANS COM signal indicating a

completed transmission. The DATA READY pulse is gated by the

VALID line so that only valid events interrupt the computer via the

CA1 handshake line. Invalid DATA READY signals trigger a one-shot

(SN 74221) to clear the A/D and enable the spectrometer. This

feature reduces the dead time of the spectrometer by a factor of

three and is especially useful when using samples of high activities.

The PIA is initialized to operate in automatic read-handshake mode,

i.e. after the PIA registers have been read by the interrupt service

routine, a reset pulse originates at CA2 to reset the A/D and enable

the spectrometer. If the event were invalid and had not interrupted

the computer, a one-shot would supply the reset signal for the A/D.

In some cases, particularly for calibration purposes, it is

desireable to allow all events, including those that fail the

validity check of the routing circuit, to interrupt the computer.

For convenient interrupt selection a switch was installed. In its

normal position (VALID), only DATA READY signals associated with

valid events interrupt the computer. With the switch in the ALL INT

position, every DATA READY signal interrupts the computer.
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3.1.4. Operating Software

Most of the spectrometer software is written in BASIC, but time-

critical parts are written in machine language. The most time-

critical part is the interrupt service routine, because the time

spent in reading the PIA ports largely determines the dead-time of

the system. On entry of the interrupt service routine, the processor

register, processor status, and return address are saved on the

stack. After the PIA registers are read, the A/D is reset and the

next interrupt can occur while the computer is still processing the

previous one. This sets an upper limit on the rate at which

interrupts can be accepted. If the interrupt rate becomes too high,

the stack overflows and the computer crashes. In practice, this has

not been a problem since the dead time of the system is typically

less than ten percent. The interrupt routine examines the VALID bit

(most significant bit of the routing information) and returns

immediately from interrupt if the event be invalid. Since the

present hardware excludes invalid interrupts, this step is redundant;

it was originally introduced before the valid-gating circuit was

installed and has been left in the program as a safety. In the case

of a valid interrupt, a memory address is formed from the data at the

PIA input lines. The computer's random access memory (RAM) between

address $4000 and $7FFF is divided into 16 sectors corresponding to

pairs of detectors that absorbed yi and y2; e.g. sector 0/2 holds the

spectrum of events in which yi is absorbed in detector 0 and y2 in

detector 2, etc. Each sector consists of 512 channels and each
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channel is represented by two bytes. The routing information

identifies the memory sector, while the A/D conversion result

designates the channel that corresponds to the detected event. The

channel corresponding to the PIA input data is incremented by one,

and the routine returns from interrupt. The channel representing

time-zero (71 and 72 detected simultaneously) is located near mid-

range of the TAC (channel 256), so that in addition to the "normal"

spectra (sectors 0/2, 0/3, 1/2, and 1/3) the "reverse" spectra

(sectors 2/0, 3/0, 2/1, and 3/1) can be accumulated.

While not processing interrupts the computer can perform other

tasks. Software has been developed that displays counts vs. time for

any memory sector on an oscilloscope, determines the accidental

coincidence count rates, and computes true counts by subtracting the

(uniform) random-count background. While spectra are being

accumulated, the computer calculates the perturbation function and

the Fourier power spectrum and displays them on the graphics screen.

This on-line data analysis is of great value since it allows the

experimenter to view analyzed data while the experiment is in

progress. Inspecting analyzed data during an early stage of the

experiment often can reveal sample or spectrometer problems which, if

uncorrected, would render the experiment meaningless.

About 3x104 to 4x104 counts per channel at the peak of the

spectrum are required for accurate numerical analysis of the data, so

a total of -107 counts needs to be accumulated. For a sample of

average activity, the interrupt rate is 200 per second, and it takes

15 to 20 hours to accumulate two statistically independent spectra.
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When sufficient data have been collected, the spectra and relevant

information such as sample name, date, temperature, and calibration

data are saved to a floppy disk for later analysis on a PDP 11 or

IBM XT computer.

3.1.5. Spectrometer Calibration

At regular intervals, the energy and time calibration of the

spectrometer must be checked and, when necessary, adjusted. This was

usually done before a new sample was placed in the spectrometer.

The energy calibration is performed using a sample containing

181
Hf isotopes and a multichannel analyzer (MCA) connected to the

output of the linear amplifier. Fig. 3.5 shows a typical energy

spectrum accumulated in the MCA. Four prominent peaks can be

recognized; the large low-energy peak is largely due to 133 keV

photons from the 1/2 -+ 5/2 decay (see inset or Fig. 3.7), while the

two smaller high-energy peaks are from the 346 keV gamma resulting

from decay of the intermediate state to the 9/2 state and the 482 keV

gamma from the intermediate to ground state decay, respectively. The

small low-energy peak near 70 keV is an internal conversion peak.

Note that the 136 keV peak from the 9/2 state to ground state decay

is not resolved from the large 133 keV peak. With the MCA gated by

the output signal of the TSCA, the windows of the TSCA are set so

that only the 133 keV (71) or 482 keV (72) peak is detected. Special

care was taken to minimize contribution from the 346 keV decay in the
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Fig. 3.5. Typical energy spectrum of
181Ta recorded with a BaF2

scintillation detector. The PAC transitions 71 and 72 are

the 133 keV and 482 keV peaks, respectively.
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upper energy window since this results in a distortion of the

spectrum near the time-zero channels.

The time calibration consists of two steps: (i) the cable

lengths in the fast branch must be adjusted such that the time-zero

channels for all memory sectors are the same, and (ii) the time scale

of the TAC must be determined. The time-zero channel of each memory

sector is determined using a
22

Na source.
22
Na decays with a half -

life of 2.6 years to Ne with emission of a positron, which

eventually annihilates with an electron. Two photons, each with

energy of 511 keV, are created simultaneously and travel in opposite

directions. Occasionally, the photon pairs will be absorbed by two

detectors and the resulting prompt spectrum accumulated in the

corresponding memory sector ideally will be a spike at the time-zero

channel. In reality, however, the prompt peak resembles a Gaussian

distribution about the time -zero channel due to limited detector time

resolution. By adjusting variable delay lines between the detectors

and the CFDs, the time-zero channels of all memory sectors are

aligned to within a few tenths of a channel-width. After prompt

peaks for each detector pair have been accumulated for a fixed time,

a program determines location and full width at half maximum (FWHM)

of every prompt peak and computes the instrumental resolution

function for both the normal and reverse spectrum. The instrumental

resolution function, used during data analysis to compensate for

finite time resolution, is the sum of the prompt peaks in each of the

four channels before and after the time-zero channel and is

normalized to 255 in the time-zero channel itself. Therefore the
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FWHM of the resolution function is as wide as the prompt peak

belonging to the worst detector combination, assuming that the peaks

are lined up perfectly. The overall time resolution of the

spectrometer used in this work is between 700 and 800 ps.

A time calibrator (EG & G Ortec model 462) is used to determine

the absolute time scale of the TAC. The time calibrator generates

START and STOP pulses separated by integer multiples of a constant

time period. These pulses are fed directly into the TAC inputs, and

a calibration program accumulates a number of periodic repeating

peaks and evaluates the time calibration by doing a least squares

fit. The time calibration for all data collected in this work is of

order 0.5 ns per channel with an error of less then 0.4%. Time-zero

channel, instrumental resolution function, and time calibration are

stored in the computer's memory and saved with experimental spectra

to a floppy disk so that this information is available when the

spectra are analyzed.
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3.2. Furnace

Although the furnace is not an integral part of the PAC

spectrometer, the experimental arrangement imposes severe constraints

on the furnace design:

The furnace must be small so that the detectors can be

positioned closely.

The outer surfaces of the furnace must be at room

temperature so the scintillators work at the same

temperature independent of the sample temperature.

The furnace body should be thin and constructed using

a low Z material so as not to absorb the gamma rays

emitted by the sample.

The furnace must work reliably at temperatures as high

as 1500°C continuously over several weeks.

Several furnaces were built using nichrome, tantalum, or

molybdenum wire wound around an alumina tube that is closed on the

bottom. The tube, with the winding embedded in Sauereisen No.8

electro-temp cement, is mounted in an aluminum housing surrounded by

a water-cooled jacket. To protect the wire from oxidizing and to

minimize heat loss by conduction, the interior of the housing is

pumped using a forepump (Sargent-Welch model DirecTorr 8821). The

open end of the alumina tube is exposed to atmospheric pressure, and

the sample and a Pt- PtlO %Rh thermocouple is placed on the inside of
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the tube. The furnace is powered by a laboratory-built AC power

source, and the temperature is controlled by a proportioning

controller (Omega Engineering model 49) connected to the

thermocouple. All of these furnaces worked satisfactorily for

temperatures up to 1100°C but burned out within several hours when

operated above 1200°C.

After some experimentation, a new furnace using a graphite

heating-element was designed. Fig. 3.6 shows a drawing of the

furnace used for this work. The heating-element is a 5" x 5/8"

cylindrical graphite tube with 1/32" wall thickness and is held in

place between the bottom and top contact piece by a spring-loaded

cover-assembly. The top contact piece, made of brass, is water-

cooled to avoid excessive heating of the graphite-metal contact area.

An open alumina tube covered with two layers of 1/1000" zirconium

foil serves as a heat shield. In addition, the foil acts as a getter

and protects the heating-element from oxidizing. The furnace housing

is evacuated by a diffusion pump and enclosed by a water cooled

jacket to keep the outer surface at room temperature. A plastic ring

electrically insulates the cover-assembly from the furnace housing.

The power-leads are connected to the water cooled top contact piece

and the part of the furnace below the insulator ring.

Even though the graphite heating-element was made as thin as

possible, its resistance is very low. To achieve a sample

temperature of 1500°C, a current of 170 A is required. The power

supply (Sorenson, model Nobatron DCR 20-250 A) operates in constant

current mode and is controlled by a proportioning controller
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Fig. 3.6. Furnace used to heat PAC sample. The furnace housing is
enclosed by a water cooled jacket to keep the outer surface
at room temperature.
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(Omega Engineering model 49). Since the current flows down through

the cylindrical heating-element into the bottom contact piece and

then up through the cylindrical furnace housing, the magnetic fields

generated by the current in the furnace cancel. To avoid disturbance

of the photomultiplier due to magnetic fields generated by the

currents in the leads, the detectors were covered with a magnetic

shielding. The temperature profile of the furnace was measured for

various temperatures up to 1400°C and it was found that the variation

over 2 cm, the size of a typical sample, was less than 2%. The

maximum of the temperature profile shifts gradually upwards with

increasing temperature. The temperature profile maximum at 1400°C

was 1 cm higher than its position at 300°C.

3.3. Sample Preparation

A sample typically consists of 100 to 300 mg zirconia or a

zirconia-yttria alloy. All sample materials, most of which were

obtained from Teledyne Wah Chang, Albany, contained roughly 1 at%

hafnium. Several different sample containers were used. Most of the

original work was done with sealed samples. The material was placed

in a 3 or 4 mm (inner diameter) vitreous silica vial, evacuated and

sealed. The average sample length was 20 to 30 mm. More recently,

the sample material was placed in 4 mm (inner diameter) by 25 mm

cylindrical alumina capsules and cemented shut without evacuating.

For additional safety, the silica vials and alumina containers were
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sealed in nuclear grade polyethylene-vials. The sealed samples were

irradiated for two hours at the Oregon State University Triga

reactor. The thermal neutron flux of this reactor is

4x1012 n/(cm2 s) at 1 MW. Neutron irradiation of natural
180

Hf

nuclei creates the unstable isotope
181Hf,

which decays by i53 emission

with a half-life of 43 days to an excited state of
1 8 1

Ta (Fig. 3.7).

After a half-life of 18 As, this state decays to the ground state by

emitting several gamma rays. Of interest for this work is the

cascade 1/2 - 5/2 -* 7/2 emitting 71 with 133 keV and 72 with 482 keV.

The intermediate state has a large quadrupole moment (Q-2.5 b) which

interacts with extra-nuclear fields during the state's 10.8 ns half-

life. In addition to
181

Hf, a number of short-lived isotopes were

produced. The samples were allowed to stand for at least two days to

let these short-lived isotopes decay. The remaining
181

Hf activity,

typically 5 to 15 ACi, was adequate to permit accurate PAC spectra to

be accumulated within 20 hours. A sample retains sufficient activity

to be used for two to three months before it must be reirradiated or

placed in storage. Old samples were labeled by isotope and date of

irradiation, placed in a small lead container, and stored in a steel

safe located in the radioactive materials laboratory. After

irradiation, a sample with a Pt-Pt10%Rh thermocouple was mounted in

the furnace. The thermocouple was placed so that the junction was

beside the center of the sample. The thermocouple was used to

measureandcod=olthesampletampexature.
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4. Ex erimental Results

4 1. Data Reduction

Originally, the data were transferred via RS 232 serial

interface to a PDP 11 computer. More recently, software has been

developed for reading the Tandy disks into IBM-compatible computers,

and an IBM XT was used for data analysis.

For every detector pair the average background counts per

channel are calculated. The background counts are taken from

channels that correspond to events 100 to 200 ns before time-zero.

The counts in this region are entirely due to accidental

coincidences. To obtain the background, the counts of 100 channels

in that region are averaged. The average background per channel is

subtracted from the data beginning at the time-zero channel until the

signal-to-noise ratio becomes smaller than one.
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iscalculated.Thec.are the background corrected coincidence

counts in memory sectors i/j:

cij C. (6,t) r1 E. exp(- ) W(6,t)

rN v rN
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(4.2)

The angle 6 between detectors 0 and 2 is 180°, between 0 and 3 the

angle is 90°, etc. (Fig. 3.1). N0 is the decay rate of the parent

nuclei and
TN

is the life time of the intermediate state. The terms

E.. contain detector singles efficiencies and source self-

absorption26 and W(0,t) is the angular correlation function

kmax
W(19,t) -

Akk Gkk(t)
P (cos6)

k-0
even

(2.30)

For the
181Ta nucleus the intermediate state spin I equals 5/2 and

kmax is 4. Since A4 << A2 (Fig. 3.7) only the A2 term needs to be

retained for practical calculations*

W(6, t) - 1 + A2 C2 (t) P2 (cost) (4.3)

Using (4.2) and (4.3) in (4.1) and under the assumptions that the E.

are the same for each detector pair, the four-spectra ratio is equal

In the following the abbreviations A A2m_22 and G2(t)$G22(t)

will be used.
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to A2G2(t). The four-spectra ratio is then fitted to an appropriate

expression for A2G2(t) (section 4.2 and 4.3). To take into account

the finite time resolution of the spectrometer, the theoretical

expression for A2G2(t) is convoluted with the instrumental resolution

function determined during calibration. In the fitting procedure,

the first three channels of the spectrum are usually discarded, since

these channels contain counts due to the cascade 5/2 - 9/2 7/2.

The 9/2 level decays practically instantaneous (rN 58 ps) under

emission of a gamma ray with an energy of 136 keV, nearly the same

energy as the first gamma of the 1/2 -* 5/2 -' 7/2 cascade. Because of

the poor energy resolution of the BaF2 scintillators, it is

impossible to separate the 482 keV line from the 346 keV line without

drastically cutting down on the coincidence count rate. Consequently

the TSCA window allows some of the 346 keV gammas to be passed as

482 keV gammas, which results in a superficial prompt peak in the

time-zero channel.

The values of the Ak parameter given in Fig. 3.7 are valid for

point source and point detectors. In many cases it is possible to

make the sample small enough to consider it a point source. In

addition, moving the detectors far away from the sample approaches

these ideal conditions but also cuts down the coincidence rate

tremendously. In this work, neither samples nor detectors can be

considered to be point-like, and corrections for finite size of

sample and detectors must be applied. Consider two finite-sized

cylindrically symmetric detectors, the axes of which make an angle 19.

Assume two gamma quanta, 71 and 72, are emitted by the same nucleus
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simultaneously, and 71 is detected by one detector and 72 by the

other. Because of the finite sample and detector size, the angle m

between the propagation directions of the two photons will be

somewhere in the range 19-A6 m < 6+A19, where LO is determined by the

size of source and detectors and their distance from the source.

This leads to an averaging over the angles appearing in the Legendre

polynomials in the expression for R(t) and the four-spectra ratio

(4.1) now becomes R(t) = 4eff) G(t) and the effective anisotropy is

given by

A
(2 eff)

A
2

( <cos
2
180°> - <cos

2
90°> ) (4.4)

to first order. The angular brackets indicate averaging over the

possible angles determined by sample and detector geometries. A

(
Monte-Carlo calculation has been done to evaluate A

2

eff)
for several

sample sizes over a range of sample-detector distances. The

assumptions of this calculation were:

The sample has cylindrical symmetry and is located at

the center of the detector arrangement, the detector

plane intersecting the sample at half height.

All four detectors are identical, have cylindrical

symmetry, and the detector axes are at angles of 90°

with respect to each other.

The detectors are perfect, i.e. any photon entering

the detector face is absorbed by the detector.
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The results of this calculation are shown in Fig. 4.1 for detectors

having a face diameter of 1" and 11/2". The theoretical value of the

anisotropy for
181

Ta in the I-5/2 intermediate state is A2 -0.295

(Fig. 3.7). This value is reduced by as much as 50% with 11/2"

detectors at 30 mm distance from a 20 mm sample.

4.2. Pure Zirconia Data

High-purity zirconia samples were obtained from Teledyne Wah

Chang, Albany. These samples were polycrystalline powders and had

been prepared by coprecipitation from a ZrOC12-Hf0C12 solution by

addition of aqueous ammonia and calcining at 800°C. The Hf02 content

was typically one mole percent. Small amounts of the sample material

(100...300 mg typically) were sealed and neutron-irradiated as

described in section 3.3. After irradiation, a sample was placed in

the furnace and spectra were accumulated at constant temperatures.

Typical spectra for monoclinic and tetragonal zirconia are shown

in Figs. 4.2 (a) and (b) respectively. It is expected, that all

probe nuclei are located on equivalent lattice sites. Thus, the

Fourier transform of A2G2(t) should, in principle, show peaks at each

of the three frequencies (2.44) corresponding to the EFG

characteristics of the crystalline phase. In Fig. 4.2, the Fourier

transform spectra clearly display peaks at the two lower frequencies.

The time resolution of the spectrometer is insufficient to resolve
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Fig. 4.2. PAC spectrum of
181

Ta in pure zirconia at (a) 400°C,
(b) 1310°C, and (c) 1160°C. Time spectra are on the left,
the corresponding Fourier power spectra are shown on the
right. The solid curves on the time spectra are computer
fits discussed in the text. (c) is a sum of spectra from
monoclinic (shown by M on the Fourier spectrum) and
tetragonal (T) grains. In (c) the amplitude of the third
T-frequency is too small to be seen.
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clearly the highest frequency, which is barely visible. The

frequencies of the axially symmetric tetragonal phase are in the

expected 1:2:3 ratio. For the monoclinic phase, w2/w1 < 2, as is

appropriate for nonaxial site symmetry. In Fig. 4.2 (c), a spectrum

of a partially transformed sample is shown. This spectrum was

obtained for a sample that was heated up to approximately the

transition temperature and held at that point. The Fourier spectrum

in Fig. 4.2 (c) shows peaks corresponding to monoclinic (M) and

tetragonal (T) phases. The small shift of the peaks in Fig. 4.2 (c)

compared to the peaks in Figs. 4.2 (a) and (b) are due to temperature

differences.

Single-phase data were fitted to the expression

3 62w2t2

A
2
G
2

(t) A
2

[S
20

+ E S2
n

cos(w
n
t) exp(-

n
)] (4.5)

which is based on the perturbation function for a static quadrupole

interaction in a powder source (2.43). An additional term has been

included to account for small variations of the electric field

gradient (EFG) due to random imperfections such as impurities,

lattice defects, etc. A common and usually adequate model for such

variations is to assume a Gaussian distribution of the EFG magnitude

characterized by a relative width 6 = AVzz/Vzz

magnitude Vzz

about the average
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If both monoclinic and tetragonal phases are present, the data

were fitted to the two-site function

( (
A2G (t) A2 ( f G2

T)
(t) (1-f) G2M) (t) ] (4.6)

where f and GT)(t) are the tetragonal fraction and the perturbation

(
function for the tetragonal phase, respectively, and G2

M) (t) is the

perturbation function for the monoclinic phase. The perturbation

functions for both phases are of the form (4.5). A2 was kept

variable in all computer fits. For the tetragonal perturbation

function, the ratio of the frequencies wi:w2:w3 was fixed to 1:2:3,

and the S
2n

coefficients were fixed to the values given in table 2.1.

The EFG distribution 6 in the tetragonal spectra was zero within

experimental uncertainty and was fixed at zero in the computer fits.

For the monoclinic perturbation function, w3 was forced to equal

wri-w2; both cal and w2 as well as 6 and the S2n coefficients were kept

variable in the computer fits.

Fig. 4.3 shows the EFG magnitude Vzz (a), the asymmetry

parameter n (b), and the EFG distribution width 6 (c) as a function

of temperature. The solid symbols in Fig. 4.3 (a) and (b) are data

from a sample that was heated to -1450°C and spectra were accumulated

on cooling at several temperatures down to -600°C. The data points

represented by open symbols were taken from a sample that has never

been transformed into the tetragonal phase. These points were taken

going up and down in temperature between room temperature and -500°C;
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data taken on heating were reproduced on cooling. Both Vzz and n

exhibit a discontinuity at -1000°C where the monoclinic/tetragonal

phase transformation occurs and are otherwise only weakly temperature

dependent. The EFG distribution width 6 in the tetragonal phase was

zero within experimental uncertainty. In the monoclinic phase, 6 is

different from zero and depends on the thermal history of the sample.

Data taken on heating could be reproduced on cooling as long as the

sample was not transformed into the tetragonal phase (open symbols).

Once the sample was transformed, 6 on subsequent cooling into the

monoclinic phase was significantly larger (solid symbols).

Measurements performed on a small quantity of high quality single

crystals* are shown as solid circles in Fig. 4.3 (c). Data on this

sample were taken between room temperature and -750°C. The error

bars on these points are large, because only a small amount of the

sample material was available.

4,3. Stabilized Zirconia Data

Several samples of fully yttria-stabilized zirconia of

composition 16.9 wt%, 18.4 wt%, and 23 wt% Y203 obtained from

Teledyne Wah Chang, Albany were sealed in fused silica capsules as

described in section 3.3. PAC spectra of these samples were

accumulated between room temperature and 1470°C. The silica capsule

Made by Prof. I-Wei Chen, Massachusetts Institute of
Technology
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collapsed around the sample powder when heated above 1300°C. There

was no evidence of interaction between the zirconia and the silica.

The silica was transparent, and the zirconia remained white. As a

check, a brief series of additional measurements was made on samples

enclosed in unsealed Pt foil capsules. Apart from a small negative

shift due to the higher 7 ray self-absorption in Pt27, these PAC

spectra were identical with the ones taken from samples sealed in

silica capsules. More recent measurements were made using small

thin-walled alumina cylinders as sample containers. The data taken

from these samples are identical with data obtained from samples in

the silica capsules.

In Fig. 4.4 typical spectra and Fourier transforms for low and

high temperatures are shown. The Fourier spectrum does not consist

of discrete frequencies as is the case for pure Zr02, but shows a

wide continuum of frequencies. While the spectra for highest and

lowest temperatures clearly go to a hard-core suggesting a static

interaction, spectra in the intermediate temperature range show a

decaying correlation typical for time dependent interactions

(Fig. 4.5). The decay constant increases with temperature to a

maximum at 700°C and decreases from then on with increasing

temperature. The solid lines are results of least-square fits

discussed below.
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The data in the high-temperature region (T > 700°C) were fitted

to the expression

A
2
G
2

(t) A
2

exp(-A
20

t) S20

3

+ A
2

E

62w2t2

n
cos(w

n
t) exp(- ) exp(-A t)]

2
(4.7)

based on equation (2.65). The wn are the frequencies (2.44)

associated with the static EFG. As before, a Gaussian distribution

was included to account for random variations of the static EFG due

to defects, impurities, etc. The relaxation parameter A20 is defined

by (2.59b) and is proportional to the correlation time of the

fluctuating EFG; the An are given by (2.57) and can be expressed as

multiples of A20.

Low-temperature data (T < 700°C) were fitted to the expression

3
62w2t2

A
2
G
2
(t) A

2
exp(-A

c
t) [S

20
+ E S

2n
cos(w

n
t) exp(- )] (4.8)

n-1

which describes the PAC spectrum due to slow variations in the

interaction Hamiltonian as seen in viscous liquids.28 Although this

case is not applicable to stabilized zirconia in detail, (4.8) is

believed to be qualitatively correct. Expression (4.8) is the

perturbation function for a static quadrupole interaction and a

powder source (2.43) multiplied by an exponential damping term caused
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by a slow atomic or molecular diffusion; the decay constant A
c

is the

inverse correlation time of the fluctuating EFG.

In both (4.7) and (4.8) A2, the S2n coefficients, 6, and wl were

variable fitting parameters. w2 and w3 were adjusted according to an

axially symmetric EFG, i.e. wi:w2:w3 1:2:3. This procedure is not

rigorously justifiable but provides a means of characterizing the EFG

in these highly disordered materials.

The relaxation parameter A as a function of inverse temperature

is shown in Fig. 4.6. The maximum of A near 700°C separates the high

temperature region from the low temperature region. In the high-

temperature region, A A
20

and in the low-temperature region A A.

Note that the slopes (apart from the sign) in the high and low

temperature regions are not the same. The slope of the low-

temperature data is roughly one third of the high-temperature slope.

Fig. 4.7 shows the temperature dependence of the static EFG magnitude

V . V is temperature independent in the low temperature region
zz zz

and shows a sharp drop near the beginning of the high temperature

region.

4.4. Partially-Stabilized Zirconia Data

A number of partially-stabilized zirconia samples made by skull-

melting
14

was obtained from the Naval Research Laboratory, Washington

D.C. Several cm-sized pieces were crushed and ground in a mortar and

pestle and then sealed in fused silica capsules as
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discussed in section 3.3. PAC spectra were taken between 800°C and

1400°C on samples of composition 8.6 wt% and 11.8 wt% yttria. As

with the fully stabilized zirconia samples, a number of spectra were

taken with the sample placed in an unsealed Pt foil capsule to make

sure no interaction with the silica takes place at temperatures above

1300°C.

Typical spectra for the zirconia/8.6 wt% yttria samples are

shown in Fig. 4.8. The spectra clearly consist of two components,

one tetragonal-like, the other cubic-like. For comparison, Fig. 4.9

shows the PAC spectrum of a zirconia/4 wt% yttria sample measured at

1000°C. At this temperature, the material is in a tetragonal phase.

The spectrum is qualitatively similar to those in pure tetragonal

zirconia, having axial symmetry but with an EFG distribution of order

10%. Spectra similar to the one in Fig. 4.8 were found for the

zirconia/11.8 wt% yttria sample below 1200°C, but at higher

temperatures the tetragonal part disappears. Typical spectra above

and below this transition temperature are shown in Fig. 4.10.

The spectra were fitted to a two-site function

(

A
2
G
2
(t) A

2
[ f G

(2 c)
(t) (1-f) G

2

T)
(t) ] (4.9)

where f and GC)(t) are the cubic fraction and the perturbation

function for the cubic phase, respectively, and 4r)(t) is the

perturbation function for the tetragonal phase. The perturbation

functions for both the cubic and the tetragonal phase are taken of
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the form (4.5). It was not necessary to use the fluctuating field

perturbation function (4.7) for the cubic phase, since the decay of

the correlation for the temperature range investigated was

negligible.

Fig. 4.11 shows the EFG magnitude Vzz as a function of

temperature for both the cubic and tetragonal phase fractions. The

fraction of tetragonal phase T/(T+C) as a function of temperature for

both compositions is shown in Fig. 4.12.



18 0 00,
41 L) 0 0

(T)

111, o

16 4,6

N 14
O pure Zr02

8.6 wt. °A Y203

12
11.8 wt. °/. Y203-4

0

Tv 10

(C)
O

6

600 1000

T (°C)

0

1400

97

Fig. 4.11. EFG magnitude of cubic (C) and tetragonal (T) phases in
Y-PSZ. Data for tetragonal pure zirconia are also shown.
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Discussion of Results

5.1 Pure Zirconia

The electric field gradient (EFG) at regular lattice sites in

solids is usually taken to be the sum of a lattice part due to the

ion cores of the nearby atoms and a local electronic part arising

from the influence of covalent bonds, conduction electrons, and

unfilled electron shells of the probe atom.29 Filled shell electrons

of the probe atom do not contribute directly to the EFG since their

charge distribution is spherically symmetric. However, closed

electron shells are usually distorted from spherical symmetry by

nearby charges; this polarization causes an additional field gradient

at the nucleus. Due to the proximity of the closed shell electrons

to the nucleus, this indirect contribution of the electron shells to

the field gradient can be one to two orders of magnitude larger than

the EFG due to the surrounding charges. To include the EFG due to

polarization of the core electron shells, the lattice part of the EFG

is usually parameterized by

V
lattice ion
zz (1 7m) Vzz

(5.1)

and V
ion

where 7. is the Sternheimer anti-shielding factor
(29)

the EFG
zz
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due to the neighboring ion cores. / is negative for most ions and

can be as large as -400 for I-. Extensive tables of anti-shielding

factors can be found in the literature.30

Based on estimates from difference in the electronegativity of

Zr and 0, the Zr-0 bonds in zirconia are 50-60% ionic in character.31

Charge density plots indicate that some charge is located between the

oxygen atoms, but the oxygen charge distribution is mostly directed

towards the zirconium atoms.32 Thus one expects the EFG in zirconia

at a Zr lattice site to be largely due to the ion cores plus some

contribution from covalent Zr-0 and 0-0 bonds.

5.1.1. Electric Field Gradient in the Tetragonal Phase

The EFG magnitude V
zz

at a Zr site in the tetragonal phase

decreases with increasing temperature (Fig. 5.1 (a), T > 1000°C).

The asymmetry parameter n is zero in the tetragonal phase since this

structure is axially symmetric. The observed temperature dependence

is not surprising since the lattice parameters, and thus the distance

of the neighboring atoms, increase with temperature. The

distribution width 5 of the EFG is zero. All PAC nuclei are located

at equivalent sites and experience the same field gradient. This

situation was expected, since these samples do not contain any

impurities apart from the dilute quantities of hafnium.

The lattice contribution to the EFG in zirconia at a Zr site was

calculated based on a simple point-ion model. Both Zr and 0 atoms

were treated as point charges located at lattice positions determined
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by Teufer.
5

Based on the thermal expansion coefficients determined

by Patil and Subbarao,33 the unit cell expansion with temperature

was calculated under the assumption that the oxygen position

parameter z-0.185 does not vary with temperature. The charges of Zr

and 0 ion cores were assumed to be +4e and -2e, respectively. The

Sternheimer antishielding factor for the Ta
5+

ion could not be found

in the literature, thus the value 1 (Ta
5+

) -61 was chosen by

extrapolating between the numbers quoted for Hf
4+

and W
6+

.

30
Since

the EFG decreases as r
-3

, the sums of the Zr and 0 ion contributions

converge very slowly. To improve convergence of these lattice sums,

Ewald introduced a summation procedure involving transformation to

reciprocal lattice space.34 For the calculations in this work, a

summation method based on Ewald's procedure was used.35 In Fig. 5.1

(a), the result is shown as line T
A
together with the experimental

data. The point ion calculation accounts -60% of the experimentally

measured field gradient. The temperature dependence of the

calculated EFG is weaker than that of the experimental data. The EFG

magnitude and its variation with temperature depend critically on the

relative oxygen position parameter z. Line TB is the result of a

similar calculation where experimental data for the z parameter have

been used. Aldebert and Traverse have measured the structural

parameter of zirconia by neutron time-of-flight spectroscopy between

1300°C and 2000°C.
6

Their results for z are -5% larger than the

value used previously and decrease slowly with increasing

temperature. The structural
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parameter in this calculation were taken from a least square linear

fit to the data in reference 6. The resulting EFG is only 50% of

the measured values and shows the opposite temperature dependence.

The increase of the calculated EFG with temperature is due to the

decrease of z with increasing temperature. As z decreases, the

lattice moves away from the ideal fluorite structure (z-1/4), where

the EFG is almost zero. It becomes evident from this calculation,

that the lattice part of the EFG is very sensitive to the oxygen

positions within the tetragonal unit cell.

5.1.2. The Monoclinic-Tetragonal Phase Transformation

Several PAC spectra of a sample that previously had not been

transformed into the tetragonal phase were accumulated on heating and

cooling between 750°C and 1250°C. The spectra were analyzed for

tetragonal phase content, and Fig. 5.2 shows the tetragonal phase

fraction T/(T+M) as a function of temperature. The data display the

wide hysteresis loop characteristic of a martensitic transformation.

A martensitic transformation is a diffusionless first order solid

state phase transformation. 'Diffusionless' means that the

displacement of the atoms due to the transformation is less than an

interatomic distance. The atoms do not move past their neighbors and

the product structure is a distortion of the parent structure. The

movement of the atoms is cooperative, i.e. many atoms move at once,

and the transformation propagates through the material extremely

rapidly. The transformation from tetragonal to monoclinic is
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accompanied by a shape change and a 3-5% volume increase which leads

to crumbling of the material. The large strains set up by the shape

change inside bulk zirconia cannot be relieved by atomic migration,

since the transformation is diffusionless. The strain opposes the

development of the transformation and eventually stops the reaction.

A change in temperature is necessary to continue the transformation

until the strain halts it again. This process continues until the

entire sample is transformed. Such a transformation is referred to

as athermal; it proceeds while the temperature is changing and stops

while the temperature is held constant. The thermal hysteresis

associated with this transformation is attributed to the different

specific volumes of the monoclinic and tetragonal phase.36 The

specific volume of the monoclinic phase is larger than the one of the

tetragonal phase. The strains involved in growing a monoclinic phase

in a tetragonal matrix are different from the strains developed when

a tetragonal phase grows in a monoclinic matrix. Thus, forward and

reverse transformations are associated with different strain energies

which lead to the large hysteresis loop.

5.1.3. Electric Field Gradient in the Monoclinic Phase

The EFG magnitude at a probe site in the monoclinic phase

decreases with increasing temperature (Fig. 5.1 (a), T < 1000°C), but

both magnitude and slope are smaller than in the tetragonal phase.

The asymmetry parameter n increases with temperature; such a

temperature dependence seems plausible, because the lattice thermal
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expansion in monoclinic zirconia is anisotropic. The expansion

coefficients for the lattice parameter a and c are one order of

magnitude larger than that of the lattice parameter b.
33

Assuming

that the positions within the monoclinic unit cell do not vary with

temperature, this anisotropic lattice expansion tends to enlarge the

deviation from axial symmetry of the lattice. The discontinuity in

both V
zz

and i at -1000°C marks the monoclinic-tetragonal phase

transition. The reason for the EFG being larger in the tetragonal

phase than in the monoclinic phase is not obvious. In the tetragonal

phase, a Zr atom is surrounded by eight 0 atoms, four at a distance

of 0.2455 nm and the other four at a distance of 0.2065 nm.
5

The Zr

atom in the monoclinic phase is only seven-fold coordinated,37 with

three Zr-0 distances in the range of 0.205 nm to 0.216 nm, and four

Zr-0 distances from 0.215 nm to 0.229 nm. Since the 0 atoms in the

monoclinic phase are closer to the Zr atoms than in the tetragonal

phase, one would expect a larger EFG in the monoclinic phase.

Using structural data from Smith and Newkirk
4
and thermal

expansion coefficients from Patil and Subbarao,
33

the lattice

contribution of the EFG at a Zr site in monoclinic zirconia was

calculated based on a point-ion model. Charge state of the ion cores

and Sternheimer antishielding factor were chosen as in the

calculation for the tetragonal phase (section 5.1.1.). A straight-

forward spherical summation procedure was used and all ion cores

within 0.9 nm of the probe site were included. The line M in

Fig. 5.1 (a) shows the magnitude of the calculated EFG, and the solid

line in Fig. 5.1 (b) shows the calculated asymmetry parameter. The
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experimental data are shown as solid and open symbols. The asymmetry

parameter is reproduced reasonably well considering the simplicity of

the model. The point ion charge calculation of the EFG accounts for

-70% of the measured EFG, and the temperature dependence of

calculated and experimental EFG is the same.

Unlike in the tetragonal phase, the EFG distribution width .6 in

the monoclinic phase is unexpectedly large (Fig. 4.3 (c), T < 1000°C,

solid and open squares). Since these samples are sufficiently pure,

one would expect to find all PAC probe nuclei on equivalent sites and

thus a set of narrow spectral lines, just as it was the case in the

tetragonal phase. However, the 6 values shown in Fig. 4.3 (c) not

only decrease with increasing temperatures but are also sample

dependent. The EFG distribution of a previously transformed sample

(Fig. 4.3 (c), solid squares) was considerably larger than 6 of a

sample never heated above the calcining temperature of 800°C

(Fig. 4.3 (c), open squares); iS values from measurements performed on

a small amount of high quality single crystals are consistent with

zero. As already mentioned in section 5.1.1., all of these samples

are free of impurities apart from the dilute quantities of hafnium,

so this observed EFG distribution must be due to structural disorder

or defects present in the monoclinic phase.

One obvious source of structural damage is the neutron

irradiation every PAC sample undergoes. Room temperature spectra

accumulated right after irradiation have slightly broader line widths

and show a small background of random frequencies. Although no

attempts were made to quantify these radiation damage effects, it was
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established that these features disappeared after a few hours of

annealing at temperatures as low as 200°C. Since the line broadening

of the monoclinic spectra was reproduced after annealing for several

days and was even more pronounced after heating the sample for more

than a week at temperatures above 1200°C, it is certain that the

observed line-broadening does not originate in radiation defects.

Disorder in the monoclinic phase also arises from the

monoclinic-tetragonal phase transformation. Transmission electron

microscope observations on foils38 and single crystals
36

show

stacking faults and twinned structures in the monoclinic phase. The

twins are deformation twins and result from constraints imposed on

the transforming grain by the surrounding matrix. It is not likely

that the PAC line-broadening is caused by the deformation twins

because the disorder of twinning is limited to the twin boundary

plane, and no temperature dependence of the twin structures has been

observed. More recently, Chiao characterized the stacking faults in

the monoclinic phase of a skull-melted zirconia crystal. 39 He

observed wide bands of stacking faults in the range of 10 nm to

1000 nm at temperatures between 1000°C and 600°C. The width of the

stacking faults is a function of temperature, and the narrowest

widths were observed at temperatures close to the tetragonal-to-

monoclinic transformation. These observations lead to a hypothesis

that can explain the PAC line broadening. PAC probe nuclei located

in the vicinity of stacking faults would experience a slightly

different EFG than nuclei at regular sites. As the temperature is

lowered, the stacking faults grow wider and more probe nuclei are
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subject to variations in the EFG, leading to broader lines in the PAC

spectra. Stacking faults have not been observed in the tetragonal

phase but reappear during cooling in the monoclinic phase.
38

Based

on this hypothesis, the data in Fig. 4.3 (c) suggest that the sample

made by coprecipitation contains stacking faults, even before it was

transformed (open squares); after being cycled through the

monoclinic-tetragonal transformation, more stacking faults were

created which result in a larger 15 (solid squares). The spectra

taken from the high quality single crystal sample (solid circles) do

not contain any structural defects and the spectral line widths are

independent of temperature and close to zero.

During the course of this work it was noticed that fitting

results of the A2 coefficient decrease with decreasing temperature.

The drop begins at -500°C and at room temperature A2 is only -50% of

the high - temperature value. Measurements done at 77 K suggest that

no further change takes place below room temperature." This

phenomenon has been observed on very pure samples only. Data taken

on baddeleyite (natural zirconia) and niobium doped zirconia do not

show this A2 anomaly. The A2 coefficient is determined by nuclear

parameters such as spins of nuclear levels and multipolarity of

emitted radiation. The only experimental correction for A2 arises

from finite detector and sample sizes (solid angle corrections) as

discussed in section 4.1. However, this is a purely geometrical

effect; thus A2 should remain constant as long the sample size and

detector-sample distance are unchanged. The possibility that a

second site exists has been considered. This site cannot be
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characterized by sharp frequencies because additional peaks would

appear in the Fourier spectrum. A very wide frequency distribution

would not show up in the Fourier spectrum, but a systematic variation

of the hard-core (S
20

coefficient) is expected in that case. None of

the attempted fits with such a second site were successful and the

reason for the A2 anomaly remains unknown.

5.2. Stabilized Zirconia

Adding yttria to zirconia lowers the temperature of the

tetragonal-cubic phase transformation in the material. Adding at

least 17 wt% yttria stabilizes the cubic phase over the entire range

from room temperature to the melting point. For dopant cations of

lower valence than the four-valent Zr, oxygen vacancies are formed as

charge compensating defects. Y is three-valent, thus one oxygen

vacancy is introduced for every two Y atoms added. In pure cubic

zirconia, the EFG at a cation site vanishes due to the cubic

symmetry. Replacing one Zr
4+

ion with a Y
3+

results in an EFG

different from zero because the cubic symmetry is broken. The EFG

for this case is the same as for an empty lattice with a relative

charge of -le located at the site of the Y ion. Similarly, the EFG

obtained when removing an 0
2- and so creating an oxygen vacancy is

the same as for the empty lattice with a relative charge of +2e at

the site of the vacancy. Thus, the EFG at a cation site in
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stabilized zirconia is determined entirely by surrounding dopant

cations and oxygen vacancies. There are many possible ways to

distribute dopant ions and oxygen vacancies over the lattice sites.

As a consequence, each PAC probe nucleus in a sample of stabilized

zirconia experiences a different EFG resulting from a distinct dopant

and vacancy distribution in the neighborhood of the probe site. This

situation is quite different from the one in pure zirconia. There,

every probe nucleus is subject to almost the same EFG, and the PAC

spectrum consists of three distinct frequencies. In stabilized

zirconia, the PAC spectrum consists of a wide frequency distribution

which results in a nonoscillatory behavior of the angular correlation

function (Fig. 4.4).

The EFG at a cation site in stabilized zirconia experienced by

the probe nuclei results from static and fluctuating contributions.

The latter is due to oxygen vacancies on the anion sublattice. In the

fluorite structure the jump-rate for anions is several orders of

magnitude higher than the cation jump-rate. Thus, the oxygen

vacancies are highly mobile which gives rise to relaxation phenomena.

The cations in the fluorite structure can be considered static on the

time scale of PAC experiments (rN-15ns for
181

Ta) in the entire

temperature range. At very high temperatures the static EFG is

entirely due to dopant cations. The oxygen vacancies do not

contribute because of their rapid diffusion. The vacancy jump-rate

at high temperatures is much higher than the PAC frequencies, so that

every anion site around the probe is occupied by a vacancy in the

average. Since the lattice has cubic symmetry, the vacancy
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contribution to the static EFG averages to zero. The data shown in

Fig. 4.7 suggest that at T > 1200°C the static EFG does not decrease

any longer and the vacancy contributions average to zero. A point-

charge calculation was used to support this hypothesis. A computer-

simulated sample with 216 anion sites and 171 cation sites was used

to calculate the PAC frequency distribution in stabilized zirconia

doped with 18.4 wt% yttria. This sample size allowed the calculation

to be performed on an IBM XT personal computer in a reasonable amount

of time. Use of larger sample sizes greatly increases the

computation time without significant changes in the result. The EFG

from the rapidly diffusing oxygen vacancies was assumed to average to

zero and only the cation dopants were considered to contribute to the

EFG. The cation sites were populated randomly with zirconium and

yttrium ions according to the doping level. Typically, 35 cation

sites were occupied by yttrium ions. A relative charge of -le was

assigned to each yttrium ion. The total EFG at the center of the

sample was calculated for 10000 different cation distributions.

Fig. 5.3 shows the resulting EFG distribution in comparison with the

experimental EFG distribution at 1450°C. The agreement between

simulation and experiment is excellent.

As the temperature is lowered, the jump-rate of the vacancies

decreases and the vacancy EFG does not average to zero. The vacancy

contribution to the static EFG increases with decreasing temperature

(Fig. 4.7) until the average time between two successive vacancy

jumps becomes greater than the life-time of the intermediate state of
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yttria stabilized zirconia at 1450°C.
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the probe nucleus. Further decrease in temperature below 600°C

leaves the EFG unchanged.

The relaxation due to migrating oxygen vacancies can be seen in

the PAC spectra between -200°C and -1100°C as a decay of the hard-

core (Fig. 4.5). Relaxation is most effective near 700°C. The

relaxation parameter behaves differently below and above this

temperature.

5.2.1. Relaxation in the High Temperature Region

In section 2.2.4. the perturbation function for a simultaneous

static and fluctuating quadrupole interaction was derived in the

limit of short correlation times. In the resulting expression (2.65)

the relaxation is described by a set of parameters (equations (2.57)

and (2.59b)). For 1-5/2 and k-2 the relaxation parameters are

A
20

- 100.8 <w
2
> r
Q c

Al - 105.6 <w
2
> r

c
- 1.048 A

20Q

A2 - 120 <w
2
> r

c
- 1.190 A

20Q

A
3

- 144 <w
2
> r

c
- 1.429

'20Q

(5.2a)

(5.2b)

(5.2c)

(5.2d)

where <w
2
> is the coupling constant (2.55) and r

c
the correlation

time of the fluctuating EFG. The EFG fluctuations in stabilized

zirconia are caused by vacancy-hopping. One oxygen ion next to a

vacancy jumps on the site of the vacancy; thus the vacancy moves to
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the site previously occupied by the oxygen ion. The jump frequency

I/

0
follows an Arrhenius law

AE
//0

exp(
kT )

(5.3)

where v
0

is the attempt frequency, AE is the activation energy of the

jump, and k is the Boltzmann constant. Consistent with the

definition in section 2.2.3., the correlation time can be associated

with the jump frequency by

c 1/v
kT

r0 exp( AE ) (5.4)

with r
0

1/v
0.

Table 5.1 shows the results of least-square fits of

PAC relaxation data in the high temperature region to the expression

,

A 100.8 <c4 >r0 exp )

The activation energy for vacancy hopping is 1 eV and does not

change with vacancy concentration. This is an unexpected result

because activation energies determined from ionic conductivity

measurements increase with vacancy concentrations cv > 2%.41

(5.5)
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Table 5.1. Activation energy for vacancy hopping and prefactor as
function of oxygen vacancy concentration in yttria doped
zirconia in the high-temperature region. The numbers are
results of least-square fits of PAC relaxation data to
equation (5.5)

wt% Y
2
0
3

V
0

conc.

[ %]

AE

[eV]

100.8 <w
2
> r

0

[10
2

s
-1

]

16.9 4.54 1.04 (9) 17 (15)

18.4 4.94 1.01 (5) 25 (13)

23.0 6.15 1.02(10) 16 (17)

Calculation of correlation time or attempt frequency from the

relaxation data requires the knowledge of the coupling constant <w
2
>

for the fluctuating EFG. An estimate of the coupling constant was

obtained by calculating the EFG due to vacancies based on a point-

charge model. The oxygen ions were assumed to be located at the

ideal fluorite structure sites (±1/4, ±1/4, ±1/4) and vacancies were

assumed to be distributed at random on the anion sublattice,

independent of the dopant cation locations. The relative charge of

the vacancy was taken as +2e. Any temperature dependence of the

lattice parameter was omitted.

First the calculation was restricted to vacancies in the first

anion shell around the probe site. Contributions of these vacancies

were summed weighted by the probabilities of occurrence based on a
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random vacancy distribution. The resulting estimate for the coupling

constant is of order 10
16

s
-2

. The correlation time at infinite

temperature r0 and the attempt frequency vo were calculated from the

relaxation data shown in Fig. 4.6. using (5.2a), (5.3), and (5.4),

and the results are shown in table 5.2. One expects the attempt

frequency to be of order an optical phonon frequency, i.e. -10
13

s
-1

The assumption that the coupling constant is dominated by vacancies

in the first anion shell leads to an attempt frequency of -10
15

s
-1

,

about two orders of magnitude too large for a phonon frequency.

Table 5.2. Coupling constant, correlation time, and attempt frequency
as function of oxygen vacancy concentration under the
assumption that the coupling constant is dominated by
vacancies in the first anion shell around the PAC tracer
site.

wt% Y
2
0
3

V0 conc.
2<we ro

v0

[%] [10
15

s
-2

] [10
-15

s] [ 0
15

s
-1

]

16.9 4.54 31 0.5 2

18.4 4.94 34 0.7 1

23.0 6.15 40 0.4 2
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Next, the calculation was repeated under the assumption that no

vacancies are present in the first anion shell. This assumption can

be justified by a simple electrostatic argument. Before the sample

is irradiated with neutrons to produce the PAC probe nuclei,
180

Hf

nuclei are located on Zr sites. Since Hf and Zr have the same

valence, the relative charge state of the Hf ion is neutral (i.e.

same charge state as the Zr ion). During irradiation the
180

Hf

absorbs a neutron and turns into
181Hf, which subsequently decays by

p emission to an excited state of
181

Ta (Fig. 3.7). The Ta ion is

five-valent and has a relative charge state of +le. The relative

charge of an oxygen vacancy is +2e; thus there will be an

electrostatic repulsion between PAC probes and oxygen vacancies. Any

oxygen vacancy originally located next to a probe nucleus will

migrate during the 18 As half-life of the initial Ta state, and by

the time emission of 71 takes place the probe nucleus will be

surrounded by eight oxygen ions in the first anion shell. In that

case the coupling constant will be dominated by vacancies located in

the second anion shell, and one obtains the estimate <w2> 10
15

s
-2

.

Correlation times and attempt frequencies based on this coupling

constant are shown in table 5.3. The attempt frequency is of order

10
14

s
-1

. This is still larger than typical phonon frequencies, but

the estimate for the coupling constant is an upper limit. More

realistic calculations have to include the covalent character of the

Zr-0 bonds. The net charge of the 0 ions will be more positive, and

the charge state of the oxygen vacancies will be less than +2e. This

correction enters with the square, e.g. a charge reduction by a
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factor of two results in a decrease of the attempt frequency by a

factor of four. The assumption that vacancies are not present in the

first anion shell at the time of emission of 71 and 72 leads to

physical reasonable values for the attempt frequency v
0
of vacancy

hopping.

Table 5.3. Coupling constant, correlation time, and attempt frequency
as function of oxygen vacancy concentration under the
assumption that the coupling constant is dominated by
vacancies in the second anion shell around the PAC tracer
site.

wt% Y
2
0
3

V0 conc.

[%]

<w
2
>

[10
15

s
-2

]

r0

[10
-15

s]

v0

[10
14

s
-1

]

16.9

18.4

23.0

4.54

4.94

6.15

1.8

1.9

2.1

9

13

8

1

0.8
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5.2.2. Relaxation in the low Temperature Region

The relaxation parameter A for temperatures below 700°C is

equal to the inverse of the correlation time (i.e. the jump-

frequency) of the fluctuating EFG. This was originally shown to be

valid for slow rotational diffusion of molecules in viscous

liquids.
28

Subsequently, Winkler and Gerdau developed a stochastic

model that allows numerical calculation of the perturbation function

for a randomly jumping interaction.42 They show that their model in

the limiting case of fast fluctuations is equivalent to the treatment

discussed in section 2.2.4. In the limit of slow relaxation, the

stochastic model must be solved numerically. The result is

consistent with the solution obtained from the case of slow molecular

diffusion, i.e. the perturbation function can be described by the

expression for static interactions multiplied by a damping factor of

the form exp(-At), with A being equal to the jump frequency (5.3) of

the fluctuating EFG. More recently, Baudry and Boyer numerically

evaluated the perturbation function in the presence of both static

and fluctuating EFGs43 and found that asymptotic relations between

jump frequency and relaxation parameter A are good approximations

everywhere except near the maximum of A. For high jump frequencies,

the relaxation parameter is given by (5.2a) and for low jump

frequencies A = v ljr where r is the jump time (i.e. time between

two successive jumps). With only the fluctuating EFG present, the A

vs. r dependence is qualitatively

2 2
shown in Fig. 5.4. A has a maximum near r 0.1/j<wf>, where <wf> is
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the coupling constant of the fluctuating EFG. The relaxation

parameter at the maximum A
max

is related to the coupling constant

2
approximately by

Amax = 5i<w >.
When a static EFG is present in

addition to the fluctuating EFG, the A vs. r dependence does not

change significantly as long as the coupling constant of the static

EFG <w
2

s
> is not greater than the coupling constant of the fluctuating

2
EFG <wf>.

Jump-frequency and jump-time have an activated form described by

(5.3) and (5.4), respectively. Plotting logA maj. 1/T thus is

equivalent to the logA vs, logy plot in Fig. 5.4. The main

difference of the experimental A (Fig. 4.6) and calculated A is the

slope in the low-temperature region. The slope in the logA vs. 1/T

plots is proportional to the activation energy of the vacancy jump

process. Results of least-square fits of A to the expression

A (1/r0)exp(-AE/kT) are shown in table 5.4. The activation

energies in the low-temperature region are roughly one third of the

values at high-temperature. On the basis of the above discussion,

one should expect the same activation energy in both temperature

regions. PAC measurements of the quadrupole relaxation parameter in

calcia-stabilized zirconia,44 hydrogen diffusion in hafnium

hydride ,45 and hydrogen diffusion in zirconium-nickel alloys" yield

qualitative similar results. The difference in the activation

energies in calcia-stabilized zirconia was interpreted as arising
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Fig. 5.4. Relaxation parameter A for an 1 -5/2 intermediate spin state
as a function of the jump time after reference 46.
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Table 5.4. Activation energy for vacancy hopping and prefactor as
function of oxygen vacancy concentration in yttria doped
zirconia in the low-temperature region. The numbers are

results of least-square fits of PAC relaxation data to
A = (1/r0)exp(-AE/kT).

wt% Y
2
0
3

V
0

conc. AE r0

[%] [eV] [10
-12

s]

16.9 4.54 0.33(10) 100 (200)

18.4 4.94 0.37 (3) 60 (30)

23.0 6.15 0.31 (6) 230 (200)

from fluctuations of the potential barrier caused by varying numbers

of dopant cations around the vacancies,
44

while in the case of

hydrogen diffusion in zirconium-nickel alloys the authors conclude

that two competing processes are responsible for the different slopes

in the logy vs. 1/T plot; in the high-temperature region, hydrogen

diffusion takes places as an over-barrier jump process, while in the

low - temperature region diffusion is described by a sub-barrier or

tunneling mechanism.
46

In one or the other case the temperature at which the two

competing mechanisms are equally dominant may coincide with the

maximum of the relaxation parameter A, but this will be not true in

general. A different interpretation possibility of the distinct
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activation energies will be given here. The A vs. r curve in

Fig. 5.4 is the result of calculations where a point-charge was

allowed to jump between the corners of a cube, i.e. only the first

neighbor shell of the probe site is considered. Assuming the effect

of the more distant vacancies is not affected by the presence of

closer vacancies, the relaxation parameter in the high temperature

range can be written as

E 100.8 <w
2
(n)> r

n
(5.6)

where <co
2 (n)> is the coupling constant for the EFG due to a vacancy

in the nth shell. The coupling constants for increasing distance r

from the probe site decrease like 1/r6. Thus the contribution of the

nth shell to the relaxation parameter will look qualitatively like

the contribution of the first shell but will be shifted towards

longer times. Fig. 5.5 shows the contributions of vacancies in the

first 8 shells. Summing the contributions of the different shells

does not modify the short jump time region but changes the slope in

the long jump time region. One can see in Fig. 5.5 that it is

important to consider contributions of distant vacancies in order to

obtain the modified slope in the long jump time region. The smaller

slope of lop. vs. 1/T plots of the quadrupole relaxation parameter A

thus can be explained using a single activation energy when the

effect of distant vacancies is included. Model calculation on a

computer will be used to further quantify this hypothesis.
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Fig. 5.5. Relaxation parameter A for an 1-5/2 intermediate spin state
as a function of the jump time. Considering the effect of

more distant vacancies results in a smaller slope in the

long jump time region.
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5.3. Partially-Stabilized Zirconia

Doping zirconia with 4 wt% to 17 wt% yttria partially stabilizes

the cubic phase. The boundary between cubic and tetragonal phases is

lowered and a mixed tetragonal/cubic and monoclinic/cubic two-phase

region exists at lower temperatures (Fig. 1.3).

The behavior of the static EFG of the partially stabilized

zirconia samples is the same as observed in stabilized zirconia.

EFGs between 1000°C and 1500°C agree well with values measured in the

fully stabilized zirconia samples. EFGs measured below 1000°C seem

to drop contrary to what was observed in the fully stabilized

zirconia samples. It was also noticed that spectra below 1200°C

measured at different times were similar but were not quantitatively

reproducible. This behavior is believed to arise from nonequilibrium

distribution of dopant ions on the cation sublattice. The cation

diffusion rate is many orders of magnitude lower than the vacancy

diffusion. Extrapolation of cation diffusion data47 indicates a jump

time of order 1 s at 1200°C; thus the cation diffusion rate is too

slow for mixed-phase materials to reach equilibrium at temperatures

lower than 1200°C on a time scale of 20 to 30 hours.

Using the fractions of cubic and tetragonal phases obtained from

least-square fits of the PAC spectra, the boundary between cubic and

mixed tetragonal/cubic phase regions was derived. The points given

by the open symbols in Fig. 5.6 were calculated using the lever rule

under the assumption that the tetragonal to cubic/tetragonal phase

boundary is correctly given by Scott.
9

To minimize systematic error
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resulting from inaccuracy of the tetragonal to cubic/tetragonal

boundary, the highest temperature points were calculated using the

8.6 wt% sample data, and at lower temperatures points were calculated

from 11.8 wt% sample data. Uncertainties due to other factors are

smaller than the size of the symbols.

Beside the points based on PAC data, Fig. 5.6 also shows

measurements by other groups
48,49 using an analytical electron

microscope. The cubic/tetragonal mixed phase to cubic phase boundary

determined from PAC data is lower than those found by other groups.

From the scatter of the points it is clear that the PAC data are not

completely reliable at lower temperatures, but the differences above

1200°C are well outside the experimental uncertainty of the PAC-

derived points. Possible reasons for the observed difference are as

follows. Phase diagrams are most often determined by X-ray

diffraction of quenched samples. Fig. 5.6 shows Scott's diagram

(solid lines) together with a phase diagram due to Ruh et. al.5°

(dashed lines); the latter was determined by differential thermal

analysis, a method requiring continuous heating of the sample. A

phase transition is detected from the temperature difference of the

sample and a reference material in the same furnace. The two phase

diagrams show qualitatively similar features but do not agree in

detail. The PAC data were collected in situ and therefore can be

expected to provide a more reliable phase analysis than one obtained

from quenched samples.

PAC has a nanosecond intrinsic time scale which allows only

time-averaged observations of phenomena on a sub-nanosecond time
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Fig. 5.6. Phase diagram of the zirconia-rich section of the zirconia-

yttria system. Solid lines are from Scott (Ref. 9), dashed
lines are from Ruh et. al. (Ref. 52). Solid circles are

from Ruhle et. al. (Ref. 48) and crosses are from Heuer
et. al. (Ref. 49). Open squares (circles) show
cubic/cubic-tetragonal phase boundary derived from PAC
spectra of 8.6 (11.8) wt% Y-PSZ.
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scale. It is conceivable that in some of the tetragonal precipitates

the oxygen positions fluctuate rapidly. Such a rapid fluctuation

would on average produce a cubic-like interaction at the site of the

PAC probe and lead to an overestimate of the cubic phase content.

Further research is required on quenched and extensively heat-treated

materials to explore this and other possible explanations for the

difference between diffraction- and PAC-derived cubic to

tetragonal/cubic phase boundary.
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A. Mathematical Background and Conventions

I. Clebsch-Gordan Coefficients and 3j-symbols

Consider a system of two particles having angular momenta J1 and

J2. Let the system be in a state characterized by quantum numbers

ji mi and j2 m2. The eigenstates for the operator set J12 , J2
2

Jlz,

J2z are:

lili2m1m2> (A.1)

An alternative way of describing the system is to couple the angular

momenta of the two particles to JJ1+J2. The operator set for the

coupled system is J12 , J2
2

, J
2

, Jz. The eigenstates for this

operator set are:

1j lj 2.im> (A.2)

Both (1) and (2) form a complete set of states and it thus is

possible to expand the states of the coupled system in terms of the

uncoupled states:



= lili2m1m2><ili2m1m2lim>
m1m2

1:11.i2m1m2> I j lj 2j m><j lj 2i m I m1m2>

jm
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(A.3a)

(A.3b)

(For short, the states Ijij2jm> and Ijij2mim2> are often written as

Ijm> and Imlm2 >, respectively). The connection between the two

systems is a unitary transformation and the elements of the

transformation matrix <j1j2m1m 2Ijm> and <j1j2jmImim2> are the

Clebsch-Gordan coefficients. Some of the properties of the

Clebsch-Gordan coefficients are:

Orthonormality relations:

<imlili2m1m2><ili2m1m2Iiim' Sii, sue,

m1m2

<mim2Iiij2jm><jij2jmImi'm2'> smimi, 6m2m2,
jm

Symmetry relations:

<jii2m1m2Ijm> s (-1)J1412-i <iii2-ml-m2li-m>

<j1j2m1m2lim> ffi <ili2-m2-mlii-m>

(A.4a)

(A.4b)

(A.5a)

(A.5b)

Other symmetry relations and tables of often used values of the

Clebsch-Gordan coefficients can be found in the literature.
51

'

52



In many cases it is convenient to replace the Clebsch-Gordan

coefficients by the Wigner 3j-symbols defined by

(3132 j)
ml m2 m

(.1)J1-j2-m

(2j+1)1/2 <j1j2m1m21j-m>
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(A.6)

Note that the sum convention for the 3j-symbols is mi+m2+m-0 as

opposed to m1 +m2m for the Clebsch-Gordan coefficients. The

3j-symbols are invariant under even permutations of their columns:

(J1 3) =(J 31 j2 ) ( J2 J 31)
ml m2 m m ml m2 m2 m mi

(A.7)

Odd permutations and change of sign of all m adds a phase factor:

( 31 j2 3) (_1)31-Fj2i-j ( j2 ji 3)

mi m2 m m2 mi m

(3132 = (_01+.12-Fj (31 J2 3)

m1 m2 m -ml -m2 -m

The orthonormality relations (A.4) using the 3j-symbols become:

E J1 J)( 32 j') 6(2j+1) (

m1m2
m1 m2 m m1 m2 m' jj'

E (2j+1) (
j1 j2 J)( jl j2

ml m2 m m1' m2'
jm

6 ,

mm

(A.8)

(A.9)

(A.10a)

6 , 6 , (A.10b)
m1m1 m2m2



The sum of three 3j-symbols can be performed using the Wigner

6j-symbol:51

(_1)j4-1154j6-1-m41-m5-1-m6( jl J5 j6)( j4 j2 j6)( j4 j5 j3)

m4m5m6
ml m5 -m6 -m4 m2 m6 m4 -m5 m3

( jl J2 j3 )(11 12 13 )

ml m2 m3 3 4 3 5 3 6
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(A.11)

The 6j-symbols result from coupling of three angular momenta.
51

Extensive tables of 3j and 6j-symbols exist in the literature.53

Sometimes the Racah coefficient W instead of the 6j-symbol is

tabulated. The connection between them is:

(

jl j2 j3) (_1)j14-J2+j44-j5 W(j1j2j5j4;j3j6)
J4 J5 J6

The six angular momenta in the 6j-symbols must satisfy the four

;triangle relations (j1j2j3), (j1j5j6), (j2j4j6) and (j3j4i5)
,

e.g. 131-331 j2 < j1-1-j3, etc.

(A.12)



II. Rotation Matrices

Let D be the rotation operator of a quantum mechanical state

with angular momentum J. D(z-') describes a rotation that carries

the z-axis over to a new z'-axis. If Ijm> is an eigenstate of J2 and

Jz, then the rotated state D(z-z')Ijm> also will be an eigenstate of

J2 since D commutes with J2; however, unless the rotation is

performed about the z-axis, the new state will not be an eigenstate

of Jz. The expansion of the rotated states in terms of eigenstates

Ijm> defines the matrix elements of the rotation operator D:

D(z-e)lj Dj "-4. -4

(z-'z') 1jm'>

m' m

Some properties of the rotation matrices are:

Dom, ,(z-*z') m
D ,

m
(z -oz)

j
D ,(z-oz') - (-1)

m_m,
D
j

m-m
(z-+z')

mm -

Closure relation:

E Dom
i

(z-+z") (z"e) - ,(14')
m"

mums
Dom,

(A.13)

(A.14a)

(A.14b)

(A.15)



Orthogonality relation:

fdc-; DJ1 (Z) D!,112(Z) (2j1+1)-1 g
6mlml m1m2 ml'm2'
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(A.16)

where w stands for the Euler angles yo, 6, 7 describing the rotation.

Contraction relations:

Djl D 32 E (2j+1) 01 .12 .1) 01 .12 .1,)
, (A.17a)

mmmlmli m2m2' ml m2 m ml' m2' m mm

(j1 .12 ) 01 .12 .1) Dil D32
ml' m2' m' mm ml m2 m m1m1' m2m2'mlm2

(A.17b)

Equation (A.17a) is often called the Clebsch-Gordan series. The sum

over mm' reduces to one term since for given ml, m2, ml,, m2, all but

one pair of 3j-symbols vanish. The j summation runs over all values

satisfying the triangle condition 1ji-j21 s j s ji+j2-
The rotation matrices are related to the spherical harmonics:

1/2 *
D

4r
Y
lmV0 9,7)

( 21+1 )
1

m0 (

4r
Di
m (V,I9,1) ` 21+1

1/2

Yl-m(15'1)

(A.18a)

(A.18b)



and the Legendre polynomials

D
0
(v,6,7) P

1
(cos9)

0
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(A.19)

The angles p, 6, 7 are the Euler angles describing the rotation.

III. Tensor Operators

Operators can be classified according to their properties under

rotations. Some operators are invariant under rotations (scalars),

others transform like components of a vector.

An irreducible tensor operator of rank k is defined as a set of

2k+1 operators that transform under rotation like

D T
(k)

D
-1

E T
(k)

D
k

q
q'

q' q'q
(A.20)

Irreducible tensor operators obey the following commutation rules

with the angular momentum operators:

[J,T (k) ] T
(k)

<kcrIJIkq> (A.21)
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The cartesian coordinates of vector operator V are related to

the spherical components (q-coordinates) of an irreducible tensor

operator of rank k-1

V
+1

2
_1/,

(V V
0

V
z

(A.22)T
x

± iV )
y

More general, the 21+1 polynomials Pim(Vx,Vy,Vz) form an irreducible

tensor operator of rank 1 ( where Plm(x,y,z) r1 Ylm ). For

example, the spherical components of a tensor of rank 1-2 formed by

the vector operator V are:

(2) 15

8r
1/o 2

T
+2

(--) V
+1

) 15 1/2
T (---16r ) (V

0
V
+1
+ V

±1
V
0

)
±1

p(2) f 5 \1/2 2 2

'16r/ 3 V )0
Vo

(A.23a)

(A.23b)

(A.23c)

To evaluate matrix elements of irreducible tensor operators, one

invokes the Wigner-Eckart theorem. It states that the matrix element

of an irreducible tensor operator can be written as the product of a

Clebsch-Gordan coefficient and a term independent of the magnetic

quantum number, the so-called reduced matrix element:

<cej'reITIc)locjm> (2j'+1)-1/2 <jkmqijim'><cej'ilT(k)Ilaj> (A.24)
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Using the 3j-symbols for the Clebsch-Gordan coefficients (A.6), the

Wigner-Eckart theorem becomes:

<cejim'IT(k)lajm> s (-1)ji-ra' ( -mj'
' q J) <cejlIT(k)ilaj>k

m

a stands for all other quantum numbers of the system.

IV. The Density Matrix

(A.25)

Let the states Im> form a complete set of orthonormal eigen-

states. A pure state In> can be expanded in terms of eigenstates:

In> E Im><mln> (A.26)

m

The absolute squares of the coefficients <min> represent the

probability of finding the system in an eigenstate Im>.

Most of the time one does not deal with pure states, but rather

with a mixture or ensemble of pure states. With that in mind, the

density operator or density matrix is defined as:

P In>gn<nl
n

(A.27)
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where the gn are the weights associated with the pure states In>.

The matrix elements of the density operator are:

<m'In>gn<nlm> (A.28)

n

and the diagonal elements are just the probabilities of finding any

member of the ensemble in an eigenstate Im> weighted by the factors

gn:

<ml P(m) = E I<mln>12 gn
n

(A.29)

Note that P(m) is the incoherent sum of the probabilities times the

weights.

The expectation value of an operator F is

<F> = E gn <nIFIn> (A.30)

n

Inserting the unit operators E Im><ml and E lm'><m'I and rearranging
m'

leads to

<F> E E <mIn>gn<nlm'><m'IFIm> (A.31)

mm' n



The first part is the density matrix, so

<F> = I Tr (pF)

mm'

The P(m) are normalized E P(m) a 1 as can be seen from the
m

expectation value of the unit operator:

144

(A.32)

<1> 1 = Tr (p) = E P(m) (A.33)

m

Let N be the number of states of the system. If all the ensemble

members have equal weight gng then

p = g E In><nl = gl (A.34)

and g-1/N from normalization. For this case the density matrix is

diagonal.
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V. The Density Matrix Under Influence of Radiation

Now consider a system consisting of levels Ii and I, each having

sub-levels mi,mi',... and a,a',... The initial system is described

by the density matrix

Pi E jn>gn<nj
n

(A.35)

Let H1 be the Hamiltonian inducing a transition Ii I accompanied by

a radiation R1. H1 turns the states In> into kin> and the system

after emission of R1 will be given by

P(R1) = E Hijn>gn<n1Hil" (A.36)

n

The probability of finding the system in an eigenstate ja> after the

transition is

<alp(Ri)ja> E <alH1jn>gn<n1H1 +ja>

<alHilmi><milpilmi'><milHi+ja> (A.37)

If I is not the ground state of the system, a transition I -* If

can take place. Let H2 be the Hamiltonian governing the decay of I
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to If under emission of radiation R2. The probability for the system

to be in an eigenstate Imf> after emission of R1 and R2 is

<mflp(R1,R2)Imf> E <mf1H21a><alp(Ri)la'><a'
aa'

+i
2 imf> (A.38)

Assuming that the detectors observing R1 and R2 have efficiencies

independent of the final state mf, the angular correlation function

is

W(R1,R2) = E <mflp(Ri,R2)Imf> (A.39)

mf

Inserting (A.38) assuming that the density matrix of the initial

state I
i

is diagonal with equal weights for all substates and

defining

<a'Ip(R2)1a> a E <as1H2+Imf><mf1H2la>
mf

the angular correlation function (A.39) becomes

W(R1,R2) = E <alp(Ri)la'><a' IP(R2)1a>
aa'

(A.40)

= Tr [p(R1) p(R2)] (A.41)
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The angular correlation as written in (A.40) is only valid if

p(R1) does not change during the time between the emission of R1 and

R2. In the presence of an interaction that changes p(R1) before

emission of R2, the time evolution of p(R1) has to be taken into

consideration. If the interaction Hamiltonian is K(t), then the time

evolution operator of the system can be formally written

t

A(t) exp [- f K(t') dt' ]

0

(A.42)

The integral must be evaluated using Feynman's rules for time ordered

operators. Given a density matrix at tO

p(0) In>gn<nl (A.43)

n

the time evolution operator turns the states In> into A(t) n> so that

p(t) A(t)In>gn<n1A-1-(t) A(t) p(0) A+(t) (A.44)

n

The angular correlation function in the presence of perturbations

becomes
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W(R1,R2,t) Tr(p(Ri,t) p(R2,0)]

E <alp(Ri,t)la'><a'lp(R2,0)1a> (A.45)

aa'

Evaluating the matrix elements of p(R1,t) at time t after emission of

radiation R1 using (A.44)

<alp(R1,01e> <alA(t)p(111,0)A4-(t)

Defining G(t) by

I>

E <alA(t)lb><blp(R1,0)Ib'><bilA4-(t)la'> (A.46)

bb'

<bb'IG(t)Iaa'> <alA(t)lbxelA(t)lb"
*

(A.47)

The angular correlation function can be written as

W(R1,R2,t) = E E <blp(R1,0)Ib'><bb'IG(t)laa'><elp(R2,0)1a> (A.48)

aaPbb'

Only the density matrix elements at the time of the emission of R1

and R2 enter while G(t) contains the perturbation dependent

quantities.
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B. Mathematical Develo ment of the Un erturbed Correlation Function

I. The Matrix Elements <alp(it)la'>

Starting from equation (A.36) and assuming that the density matrix of

the initial state I
i

is diagonal with equal weights for all substates

<m.1 koi lm.'>.-8m
m.'

(2I.+1)-1 (infinite temperature approximation),
. 1

the matrix element of p(i) is

<alp(it)la'> E <alHlm.1 ><m1 dele> (B.1)

m.
1

where H is the Hamiltonian for the transition I
i

I and k the wave

vector of the emitted radiation. The matrix elements of H depend not

only on the magnetic quantum numbers, but also on initial and final

state angular momentum and the direction it and polarization a of the

emitted radiation. In plane wave representation

<alHlm > <IaltalHIL m >

or expanded in spherical waves

<alHlm.> E <itaILMr><IaLMrIHII1 .m1 .>
1

LMr

(8.2)

(B.3)
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By rotating the coordinate system so that the z-axis coincides with

the direction of k, the first term in (B.3) becomes:

*

<1aILMir> <OalLAir> itu(z--0k)

A

(B.4)

where the zero indicates that tc. is parallel to the z-axis. H is a

tensor operator of order L. Using the Wigner-Eckart theorem (A.25)

to evaluate <IaLMA-IHII.3. m.3. > and inserting (B.4) in (B.3) results in

the following expression:

*
L

<alHlm.> E (-1)
L-I-m I(i I L

) <OalLAr> D
MA

(z-k)

LMwA
-m a M

(B.5)

Using (B.5), the density matrix elements (B.1) can be written:

L+L'-2I-2m- I. L I. i L'
<alp(i)la'> (-1) 1 ( )( )

M'
m. LMAir L'M'A'r'

*
* H H

*
D
L'

<OalLinr><Oa' 112i.eit"><41,91.><III L' e HI.> D
1 Mil M'pe

(B.6)

After reducing the product of rotation matrices using the

contraction relation (A.17a), the sums over mi, M, and M' can be

evaluated using (A.11):
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-

<alp(it)la'> E E (-1)
2I+I

1
-aA'

(2k+1)<OalLpr><Ocr'lL'A'x'>
*

LAr kNr

L L'kIIkIIk
( -A ,

r
) (a' -a N

) (
L L' I.

) Dk
1 1 Nr

1

(8.7)

Note that the summation index k is not related to the vector it. The

terms containing radiation dependent quantities define the Racah

radiation parameter:

L-A 1/2 L L' k * 1

c
kr

(LL') E (-1) (2k+1) ( , ) <0(71LAw> <00111.211'irs>

AA'
A -A -r

(8.8)

In this work the polarization of the emitted radiation is not

observed; thus the density matrix elements must be invariant under

rotations about the direction of it. This means that only the r-0

terms contribute to the sum over r. Defining the Ak coefficients as

follows:

I I k
lc (LL' IL I) E (-1)L c* (LL' )(

L L' I. )

LL' 1

(B.9)

and after substituting (B.9) in (B.7), the density matrix element can

be written as

<alp(i)la'>
(-1)2I-I.+a

1 (2k+1)1/2 Ak(LL'I.I) (
I I lc\ Dk (140

I a' -a 111 NO
kN

(B.10)



152

II. Evaluation of the Ak-coefficients

To determine the <OalLAN> terms in the Racah radiation parameter

(B.8),one expands the plane wave traveling along the z-axis <0.71 into

electric and magnetic multipoles54

<Oal (2L+1)
1
/2 [ <Laxml + a<Larel ]

L-1

(B.11)

with <Lanel, <Larml the electric and magnetic multipole fields of

order L; 0 -1 ( -1) indicates right (left) circular polarization and

e
-(-1)

L+1
and ir

m
-(-1)

L

The <OalLAr> evaluated for the multipole fields are:

<0aILMirm> (2ilN1/2
2 '

6
Ma

(2L
<OalLMir

e
> +1)1/2 MS

MaMa

(B.12a)

(B.12b)

First consider pure multipole radiation (L=L'). In equation

(B.8) A=A' and only the terms A-±1 contribute. The Racah parameter

for pure multipole radiation of order L become:

eko(LL)
(-1)1-1 (21.+

1
)(2k+1)

1/
2 (

1 -1 0

L L k
) [(-1)

2L+k
+1] (B.13)
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Since L.-integer, the term [(-1)
2L+k+1] vanishes for odd k and so

does c
k0

(LL) for k =odd.

For the case of mixed multipole radiation, it is sufficient to

consider magnetic 2
L-pole radiation mixed with elec ric 2

L+1
-pole

radiation since the emission probability of radiation with

multipolarity L decreases by a factor (wR)2 with every increase in L

by one (R is the nuclear radius. As an estimate, wR-6.1x10-3 A1/3 E,

A is the mass number, E is the energy of the 1-radiation in MeV).
54

A third admixture of magnetic 2
L+2-pole radiation would have a

transition probability decreased by several orders of magnitude. The

Racah parameter for mixed multipole radiation are:

c IL,L+1) (-1)
L-1 1

[(2L+1)(2L+3)(2k+1)]
1/2

(
L

0

L+1 k
)[(-1)

2L+2+k
+1]

2 1 -1

(B.14)

Again, the term [(-1)
2L+2+k

+1] vanishes for odd k. For k restricted

to even values only, the Racah radiation parameter can be written as:

c
k0

(LL') (-1)
L-1

[(2L+1)(2L'+1)(2k+1)]
1/q

(
1

L L+1 k
)

-1 0
(B.15)

With (B.15) and the definition of the Fk-coefficients

I-+I-1
Fk(LL'I.I) (-1) 1 [(2L+1)(2L'+1)(2I+1)(2k+1)]

1
/2

x (
L L' k L L' k
1 -1 0 ) t

I I I.
(B.16)
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the Ak coefficients (B.9) can be expressed in terms of the amplitude

mixing ratio S

Ak(LL'IiI)
Fk (LLI.1)+26Fk(LL'1.1) + 6

2
F
k
(L'L'I.I)

1 1 1

1 + 6
2

The mixing ratio 6 vanishes for pure multipole radiation and is

defined by

1

<I111,70.
1
>

(B.17)

(B.18)

Mixing ratios for various nuclei and Fk coefficients are tabulated in

the literature.5556

Note that the 6j-symbols in (B.16) or (B.9) satisfy the triangle

conditions

IL+L'I k L+L' (B.19a)

0 k _ 21 (B.19b)

which leads to the condition fo
r
k
max

k = min(L+L',2I)

For k > k
max

the Ak coefficients vanish.

(B.20)
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C. The Quadrupole Hamiltonian

I. The Matrix Elements

The Hamiltonian describing the interaction of a nucleus with a

surrounding charge distribution can be written as a multipole

expansion, the quadrupole term being the lowest order term since the

nucleus does not have a dipole moment.

The quadrupole Hamiltonian describes the interaction of the

nuclear quadrupole moment with the electric field gradient (EFG) due

to a surrounding charge distribution and is of the form

2
4ir

5
Z (-1Y4 01(.2) V(2)

q(2) is the second-rank tensor operator of the nuclear

(C.1)

quadrupole moment. If the nucleus is assumed to be made up of point

charges em at r
m

, *
m

,

m
, the components of the quadrupole moment are

(2) 2
em rm Y

2m
(19
m

,cp
m

)

A m

(C.2)

(2) .

V is the classical electric field gradient operator due to

some extra-nuclear charge distribution. In cases where the field



gradientischletopointelargese.at locations r., 69i, , ., the

components of the EFG operator can be written

e.
42)

E 3 Y2 (15. )
. r. p 1

In terms of the cartesian derivatives V
xx

, V
xy

, etc., the EFG

components are:

5V
(2)

(---)
1
/2 V

0 16r zz

(2) 5 1/2
V ±1 T ) (V

z y
± iV )

r x'thz
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(C.3)

5 /,

V
+2

)
(---1-
967)

1
'4 (V

xx
- V

yy
± i2V

xy
) (C.4)

In the principal axis system, the mixed derivatives in (C.4) vanish:

/,
V
(2)

(

5

16r
)

1
'L V

0 zz

V
(2)
±1

V
(2) 5 1/,

( 96r) 14 n v±2 zz
(C.5)
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The two parameter characterizing the field gradient are the magnitude

V
zz

and the asymmetry parameter defined by

17

V - V
xx yy

V
zz

(C.6)

in the principal axis system defined such that IV
xx

I<IV
YY

I<IV
zz

I and

from the Poisson equation V + V + V 0 follows 0 5. n - 1. q=0
xx yy zz

is the axially symmetric case (V V ) with the z-axis as the
xx yy

symmetry axis.

The matrix elements of the quadrupole Hamiltonian are:

lIm'> =
4,7r

E (-1f <Im 1(2) IImi> V(2) (C.7)

The matrix elements of the quadrupole moment tensor components can be

calculated using the Wigner-Eckart theorem (A.25)

<Imi,(2)Iim,
m
(I, I

-m

2) <Iilq(2)11,

I4A p
(C.8)

The reduced matrix element is evaluated following the conventional

definition of the nuclear quadrupole moment
18

16%. 2

0
eQ (---)

1/
<IIiq

(2)
III>

5
(C.9)



and using (8), the reduced matrix element is:

)1/2

(I -I 0

I 2 -1
eQ<I lig II I> =

158

(C.10)

Assuming the coordinate system chosen is the principal axis system,

only the diagonal terms

<1.19;2) I 'in>

and the two-off diagonal terms

1 (2
<Im±2(q4.2

)1
IIM>

(C.11a)

(C.11b)

contribute. Expressing the EFG components in cartesian derivatives

(C.5) and using the reduced matrix element (C.10), the non-vanishing

matrix elements of the quadrupole Hamiltonian are:

1/,

<Im±2IH
QI

lIm> hw n [(I+m+1)(1±m+2)(ITm-1)(ITm)] 14 (C.12a)
Q 2

<ImIH
QI

IIm> hw
Q

[3m
2

- 1(1+1)] (C.12b)



where the quadrupole frequency w
Q
has been defined as

wQ
e Q Vzz

41(21-1)h

II. The Eigenvalues

159

(C.13)

The Hamiltonian (C.1) is diagonal in case of axial symmetry (n a 0)

and the eigenvalues for this case are:

hwQ [3m2 - 1(1+1)] (C.14)

There are (21+1)/2 distinct energy values since the ±m levels are

doubly degenerate.

If the interaction Hamiltonian is not axially symmetric, it has

to be diagonalized to find the energy eigenvalues. To simplify the

treatment, the following discussion will be restricted to the 1=5/2

case, which is of importance in this work.
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The eigenvalue problem for the matrix

10

0

nj10

0

-2

0

nj10

0

-8

0

n3j2

0

0

0

n3j2

0

0

H
QI

hw
Q 0 n3j2 0 -8 0 nj10

(C.15)

0 0 nj2 0 -2 0

0 0 0 nj10 0 10

leads to a cubic secular equation

E3 - 28E( 2+3) - 160(1-n2) 0

because of the ±m degeneracy of the Hamiltonian. The secular

equation is of Cardano type and can be solved analytically.57

Defining

a 2 1 /,

+ 3)] 143

80 (1-n
2

)

(C.16)

(C.17)



the solution of (C.16) is

El u + v

E
2,3

-[(u+v) F ij3 (u-v)]/2

u,v hw
Q

[13

2
± 0

2
1)

1/2
]

1/3

After some algebra, the solutions of (C.16) are:

E
±512

2ochw
Q

cos[larccosP]
3

-2cchw
Q

cos(l(r + arccosj3)]E
±3/2 3

;-112
cost(ir - arccosfl)]

161

(C.18)

(C.19)
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D. Ouadruvole Relaxations

I. Spectral Density Function for a Fluctuating Quadrupole Interaction

The randomly fluctuating quadrupole Hamiltonian (2.54) can be written

K(t) = E q
(A 2)

f
(2)

(t)

with f
(2)

(t) defined as

fµ 2)(t) (-1\p
5

,

D(A 2 )

-A

akw
/

v(2)tz,/

(D.1)

(D.2)

Assuming the components of f
(2)

to be statistically independent, the

spectral density function (2.52) for the fluctuating quadrupole

interaction is

J
aa'bb'

E <a q
(2)1

a'><blq
(2)

ib'>
*

dr f
(2)

(t)f (2) (*t-r)exp(-iwr)
14 -m

A bar over a quantity indicates an ensemble average. Let the

) (2)*
correlation function R (r) f

(2
yt) f (t-r) be of the form

p A

R(r) R(0) exp[-

(D.3)

(D.4)



The integral in (D.3) is the Fourier transform of R
A
(r)

co 2r R (0)

f dr R(r) exp(-iwr)
c

(wrd2

but wr
c
<< 1 because of the conditions imposed on (2.49), and

equation (D.5) simplifies to

CO
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(D.5)

f dr R (r) exp(-iwr) = 2r
c

R
A

(0) (D.6)

- CO

With the matrix elements of the quadrupole moment (C.8) and equation

(D.6), the spectral density function (D.3) becomes

,\,\
(-1)

2I-a-b 5
r (eQ)

2
R (0) (

I
,

I 2 I I 2 I I 2 -2

jaa'bb' 871- c l`b' -b plI -I 01

(D.7)

R
A
(0) is evaluated using (D.4) and (D.2). The ensemble average in

(D.3) is calculated by integrating over the random distribution of

Euler angles w(t) at time t:

$(0) f dc-; 42)
w

2

(t)) 1 <m ( +1)>
25 zz 3

(D.8)



Defining the average coupling constant by

e

<w
Q
> a < (

4I(2I-1)h
)

QV
zz 2

(
3

a
2

+1) >
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(D.9)

the spectral density function for a rapidly fluctuating quadrupole

interaction is

J
aa'bb' 5

(0) - (-1)
2I-a-b 2

r
c
<w

2
> I(I+1)(2I+3)(2I+1)(2I-1)

/I I 2\ II I 2\

`a' -a p1 `13' -b p/

II. The Master Equation

The relaxation equation (2.53) for the diagonal case (a-a') is

1. 1 *
<alp

*
(t)fa> <bip (t)fb> - E --94h 924 "-" Ip*(t)la>

(2.55)

jabab * 1--T- < ip (t)lb> - <alp
*
(t)la> (2.58)

bab I I 2
and has the form of a Master equation. Writing

ja
--Tz- B (b p)

2

where B stands for
2

r
c
<w

2> I(I+1)(2I+3)(2I+1)(2I-1), and using the
5 Q
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orthonormality of the 3j-symbols (A.10), equation (2.58) becomes

1 1.* .1 * .1
i <alp (t)la> + <alp (t)la> (113 2A)

2
<blp *(t)Ib> (D.11)

21+1

The ansatz <blp
(r)

(t)1b> <blp
(r)

(0)lb> exp(-A
r
t ) changes (D.11) to

the form

Z (I
I

i

2\(1 I 2
)<bip

(r)
(0)1b> (

21+1
-

B
)alp (r)

(0)1a> (D.12)1

b -a p% -a p
b

Comparison of (D.12) with (A.11) yields the following expressions:

1) 1 0)
<blp(r)(0)1b> (-1)i+b (2r+1)1/2

(1 -)

1
A
r I I r

( 21+1 B ) {I I 2

where equation (D.13a) has been normalized such that

<blp
(r)

(0)1b><blp
(r')

(0)1b>
rr'

b

(D.13a)

(D.13b)
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From (D.13b) and explicit expressions for the 6j-symbo158 one finds

for the eigenvalues Ar:

3 2
Ar

5
ra <1> r(r+1)[4I(I+1)-r(r+1)-1] (D.59b)

The general solution of (D.11) is a linear combination of the

eigenfunctions (D.13a):

1 * 1 1 (r) 1

<blp (t)lb> a <blp (0)1b> exp(-A t)

Using the orthonormality of the solution (D.13a), the ar can be

determined

(D.14)

I I r * ,

a (-1)
I+b

(2r+1)
1/2

b -b p
( ) <b p (0)1b> (D.15)

b

and the solution of the Master equation (D.11) is

<alp
*
(t)1.9.1> E E ( -1) (2r +1)(2r+1) ( )

( 11)
-11D

) exp(-A
r
t)

b r

(2.59a)


