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1 Introduction

Although radiation therapy has been used for decades to treat cancer, advances in di-

agnostic imaging are largely responsible for the dramatic improvements in the ability to

target tumors and spare healthy tissue. Advances in these fields are not strictly limited

to the hardware and technology in the imaging and treatment machines. The increased

computational power of PCs over the last decade has been crucial for computed tomogra-

phy (CT), magnetic resonance imaging (MRI), and positron-emission tomography (PET)

image reconstruction, as well as modeling and optimizing the absorbed dose in tissues

and bone delivered by treatment machines to patients. Present clinical radiation therapy

treatment planning systems primarily employ deterministic physics codes to model and

optimize the treatment. An alternate technique with higher accuracy and precision over

these codes is to employ Monte Carlo codes. At present however Monte Carlo methods

are significantly more computationally intensive, and are thus not widely used in clinical

settings.

Present and future advances in computing technology have the potential to signif-

icantly improve the optimization, accuracy, and precision of treatment planning sys-

tems. These improvements will often require redesigning the treatment planning soft-

ware in such a manner that they fully utilize the latest high-performance computing

architectures. For instance, the number of floating point operations per second (FLOPs)

of central processing units (CPUs) designed for general computing in a PC has been

greatly surpassed by graphics processing units (GPUs) that have a computing architec-

ture specifically optimized for parallel floating point calculations on large data sets. In

order to fully utilize the computing power of GPUs however, algorithms originally writ-

ten for CPUs must be redesigned and optimized for the GPU architecture, and present

a rapidly expanding area of research in many fields. For example Jia et al. ported the

fortran based Dose Planning Method (DPM) Monte Carlo code for radiation therapy

to run on a 448 core NVIDIA Tesla C2050 GPU, and report speed-up factors of 69.1 -

87.2 over a 2.27 GHz Intel Xeon CPU [1]. Furthermore they report realistic intensity
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modulated radiation therapy (IMRT) and volumetric modulated arc therapy (VMAT)

treatment plans were computed in 36.1 - 39.6 s with less than 1% standard deviation

[1]. GPU architectures are expected in the near term to continue to rapidly improve in

performance. For example the new NVIDIA Tesla K10 released in late 2012 reports a

peak of 4.58 teraflops of single precision calculations verse 1.03 teraflops for the previous

model, the Tesla C2050. However this trend will not be able to continue indefinitely.

If one looks not too far into the future, transistor densities will certainly hit limits in

which quantum tunneling introduces more bit errors, heat production becomes a more

significant problem, and further reduction in transistor size using CMOS technology will

become impossible. Intel scientists estimate that CMOS scaling beyond a 22-nm node

(9-nm physical gate length) will be challenging, and based on the Heisenberg uncertainty

principle, a 1.5 nm gate size is approximately the limit due to bit errors that arise from

quantum tunneling [2]. For comparison, the NVIDIA Tesla C2050 is built on a 40nm

node, and the NVIDIA Kepler series of GPUs released in 2012 are built on 28-nm nodes.

Presently the semiconductor industries are working on the next generation 14-nm chips,

which will have approximately a 5 nm gate size, not far from the estimated limit of 1.5

nm. Once this limit is reached, tradeoffs between transistor switching speed and den-

sity will most likely need to be made, or fundamentally different computing technologies

employed.

In 1982 Richard Feynman, the acclaimed physicist and nobel laureate suggested a

type of machine coined a quantum computer that in theory could more efficiently sim-

ulate physics than a classical computer [3]. Quantum computing represents a unique

computing paradigm that employs quantum bits that operate in a fundamentally dif-

ferent manner than classical bits, and may provide substantial speed-ups over classical

methods for select computational problems. However the class of problems which quan-

tum computers are more efficient at seems to be limited primarily to problems such as

cryptography, database searching, optimization problems, and simulating quantum sys-

tems [4]. The quantum hardware required to solve these problems is still in its infancy

however. Further investigation into quantum computing has revealed that large numbers
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of small quantum computers coupled with classical computers may be employed to effi-

ciently solve a variety of partial differential equations with application to many diverse

fields, for example image and signal processing [5, 6], and modeling of nonlinear turbu-

lence and shock formation [7]. Two great advantages are that the required hardware will

be available sooner than large-scale quantum computers, and the quantum bits would

scale beyond the limits of CMOS technology since the quantum effects are harnessed

rather than deemed undesirable.

In this paper we propose several methods in which quantum bits, the fundamen-

tal building block of any quantum computer, may be employed in Monte Carlo physics

simulations to sample arbitrary probability density functions. One technique employs

independent non-entangled qubits, lending to nearer term implementation. An alternate

technique employs entangled qubits to produce equivalent results with exponentially less

qubits. We demonstrate the applicability of the method to portions of Monte Carlo code

for radiation therapy treatment planning such as modeling x-ray interactions. Employ-

ment of quantum bits may provide scalability beyond the limits of CMOS technology.

The method is simulated through modifications of the DPM code for radiation therapy

to characterize the accuracy and precision of the algorithm as a function of the number

of quantum bits employed.
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2 Background

2.1 Radiation Therapy

Radiation therapy for treating cancer dates as far back as January 29, 1896, just one

month after German physicist Wilhelm Conrad Roentgen announced to the world his

discovery of x-rays. On this date Emil Grubbe is reported to have delivered 18 fractions

of radiation, one hour per day to a breast cancer patient [8, ch. 21]. Initially treat-

ments were fractionated out of necessity due to low x-ray output. As single fractionated

radiation therapy became possible there was considerable debate as to which approach

yielded better results. After several decades of experimentation, Henri Coutard of the

Curie Institute in Paris published results in 1932 that were widely accepted as demon-

strating the advantages of fractionation [8, ch. 21]. In modern radiation therapy the

reasons for fractionation are better understood as described next.

Modern radiation therapy exploits the differences in cell survival as a function of

dose between healthy tissue and tumors. Absorbed dose is defined as the average energy

deposited by ionizing radiation per mass, and is defined by the unit 1 Gy = 1 J/kg.

A commonly used model of radio-biologic response as a function of dose is the linear-

quadratic (LQ) model given by [8, eqn 21.4]:

S = e−αD−βD
2

(1)

where S is the surviving fraction of cells given a dose D, and α and β are parameters

characteristic of a particular type of cell and are related to the cells response to radiation

and its ability to undergo repair. The first term e−αD is based on Poisson statistics

governing rare events, and is based on the probability that a single ionizing particle causes

an irreparable double stranded DNA break (DSB) preventing the cell from completing

mitosis. The second term e−βD
2

relates to the probability that two independent ionizing

particles each create separate single stranded breaks (SSB) in a section of DNA. When

two DSBs occur, the result may be either cell death, carcinogenesis, or mutation [9, pp.
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13]. DSBs are believed to be the most important radio-biologic interaction in radiation

therapy as compared to SSBs which are more easily repaired [9, pp. 12]. A full discourse

on radiobiology is beyond the present scope, but it is important to understand that the

basis of radiation therapy is the selection of dose fractionation schemes for each type of

cancer to take advantage of the so called “therapeutic window” in which the dose per

fraction results in a higher surviving fraction of normal tissue cells than cancer cells.

An example set of survival curves is shown in Figure 1. The doses in the region to the

left of the intersection of the two survival curves is the region where normal tissue (red

dashed line) is able to repair the radiation induced damage better than the cancer cells

can (blue solid line).

Figure 1: Example cell survival curves for cancer cells verse normal tissue using the linear
quadratic (LQ) model

2.2 Linear Accelerators

Modern radiation therapy primarily uses linear accelerators to produce high energy x-

rays that are collimated to treat the intended treatment site. An overview of linear

accelerators is given in reference [10, ch. 4.3]. X-rays are generated by accelerating
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electrons toward a tungsten target, producing characteristic x-rays and a spectrum of

bremsstrahlung x-rays. The initial stage of electron production requires a DC power

supply to power a modulator that creates short DC pulses on the order of a few mi-

croseconds. The pulses are used to drive a magnetron or klystron to produce microwaves

to accelerate the electrons, which are produced by running a current through a heated

cathode filament with a perforated/grounded anode. The electrons are accelerated down

the wave guide by the microwaves, and bent using magnets through either a 90 degree

or 270 degree angle toward the target.

The electron beam is sometimes diverted away from the tungsten target and used

directly for treating superficial tumors through use of a scattering foil to broaden the

beam, an applicator to collimate the beam, and an electron cutout to shape the beam

near the surface of the patient. Most often the electron beam is used to produce x-rays

for treating deeper tumors.

2.3 Radiation Interactions

Modern radiation therapy predominantly uses linear accelerators to treat patients us-

ing megavoltage (MV) x-rays. As the beam enters the patient, the x-rays may undergo

five primary possible different interactions: coherent (Rayleigh) scattering, photoelec-

tric effect, pair production, photodisintegration, and incoherent (Compton) scattering.

Coherent scattering occurs predominantly in high atomic number Z materials with low

photon energies, and results in the photon scattering at a small angle with the same en-

ergy. The effect is the result of the incident electromagnetic wave setting orbital electrons

in the atoms into an oscillation, in turn re-radiating the energy. Since this effect does

not change the energy of the photons, this effect is not important in radiation therapy.

When an x-ray undergoes photoelectric effect, all of its energy (less the binding energy of

the electron) is transferred to an orbital electron. Upon ejection, an electron in another

shell may drop energy to fill the vacancy, resulting in the emission of a characteristic

x-ray or mono-energetic Auger electron. This effect is predominant at energies at or just

above the binding energy of the electrons in the atom. Thus the photoelectric effect is
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predominant at low x-ray energies on the order of keV. For example the relative number

of photoelectric effect interactions in water for 10 keV photons is 95%, declining to 50%

and 7% for 26 keV and 60 keV photons respectively [10, Table 5.2]. Pair Production is

the process by which an x-ray with energy greater than the rest mass of two electrons

(2 ∗ 0.511 MeV = 1.022 MeV) interacts with the electromagnetic field of an atom’s nu-

cleus, and disintegrates, producing an electron and positron. The total kinetic energy of

the electrons is equal to the energy of the incident photon minus 1.022 MeV, the energy

required for the rest energy of the electron and positron. Within a short time period

the positron will annihilate with a nearby electron, producing two 0.511 MeV x-rays.

Due to conservation of momentum the two x-rays are emitted in opposite directions.

Photodisintegration occurs primarily at photon energies around 10 MeV and higher, and

results when the photon excites the nucleus of the atom to an excited state, resulting

in the ejection of a photon, proton, or neutron. For high energy MV beams such as 18

MV and 23 MV the additional dose to the patient from these high linear energy transfer

(LET) particles, and the additional shielding requirements for the vault must be con-

sidered. Although each of these interactions is important in radiation therapy, the most

important x-ray interaction is Compton scattering, which is discussed next.

Compton scattering is the predominant interaction that occurs for x-rays produced

from modern megavoltage accelerators. This interaction is between the photon and an

electron that has a low binding energy relative to the photon energy, and thus is effectively

“free”. The outcome of the Compton scatter is transfer of energy to the electron which

is ejected from the atom at an angle θ, and scatter of the photon at an angle φ. The

final energies of the particles may be derived by applying the principles of conservation

of momentum and energy. The resulting electron energy E is

E = hν0
α(1− cosφ)

1 + α(1− cosφ)
, (2)

and the resulting scattered photon energy hν′ is given by
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hν′ = hν0
1

1 + α(1− cosφ)
, (3)

where h is Plank’s constant, ν0 is the frequency of the incident photon, α = hν0/mec
2,

and mec
2 is the rest energy of an electron (0.511 MeV) [10, eqn 5.19, 5.20]. The angle

that the electron scatters at may be determined from [10, eqn. 5.21]:

cot θ = (1 + α) tanφ/2. (4)

Common x-ray beams are 6, 10, 15, 18, or 23 MV. The percent of interactions in wa-

ter that undergo Compton scatter are given in reference [10, Table 5.2]. At 100 keV

approximately 100% of the interactions in water are Compton scatter. Around 4 MeV

94% are Compton scatter, and 6% are pair production. By 10 MeV only 77% of inter-

actions in water are Compton scatters, and 23% are pair production. At higher energies

around 24 MeV the number of Compton scatters are approximately 50%, with the rest

being pair production. For Monte Carlo simulations that simulate each of these photon

interactions, more time is spent on Compton scattering calculations, which is why we

focus on developing a hybrid classical-quantum method for simulating Compton scatter-

ing. Compton scattering is also the most computationally intense x-ray interaction to

process in a Monte Carlo code as it requires randomly sampling the probability density

function for scattering for a given photon energy and material, and then calculating the

new state of the electron and photon.

Upon transfer of energy from an x-ray to an electron, the electron may experience a

number of interactions. Primarily energy is transferred through Coulombic interactions,

bremsstrahlung, and further ionization of other atoms, creating delta rays. The modeling

of the transport of electrons in a Monte Carlo code is computationally intensive. In the

present research we focus on speeding up the Compton scattering process, and leave

electron transport for future research.
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2.4 Treatment Planning Process

We now discuss the process involved in planning a course of external beam radiation

therapy (EBRT) and the relation to the present research. When a patient is referred to

receive EBRT, they will undergo one or more imaging techniques required for treatment

planning. At a minimum for most cases a computed tomography (CT) simulation is

performed. During this process the patient is setup on the CT couch in the position

deemed best for their course of treatment. A set of immobilization devices may be

used to reduce the ability of the patient to move during treatment, ensure repeatable

setup, and increase patient comfort. Coronal and axial lasers (either fixed or movable)

are usually aligned on the patient in a location that enables repeatable patient setup.

Tattoos are placed at the laser intersections, along with metallic BBs. This coordinate

is used for the initial patient setup during their course of treatment. After the CT is

performed, the images are transferred to the treatment planning system. If required an

MRI and/or PET may be acquired and fused to the CT. The general steps in performing

treatment planning are outlined next.

First, the user origin/setup location where the BBs were placed must be set by finding

the point at which planes extending through the BBs visible on the CT intersect. Second,

all critical organs and other structures near the tumor must be contoured slice by slice

using manual or automated tools in the treatment planning software. These structures

are contoured for dosimetric tracking purposes. Third, the radiation oncologist and/or

neurosurgeon contour the gross tumor volume (GTV), clinical target volume (CTV),

and planning target volume (PTV). The gross tumor volume is identified as the visible

portion of the tumor in the diagnostic images. The CTV is an expansion of the GTV

that is intended to include the microscopic extent of the tumor that is not visible on the

diagnostic images. Finally the planning target volume is an expansion of the CTV to

account for inaccuracies of the imaging, tumor movement, setup error, and tolerances of

the delivery machine. Effective radiation therapy relies on being able to accurately and

precisely model the dose to the target and critical structures. Thus the present research
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focuses on improving the speed of Monte Carlo simulations for radiation therapy to make

them more feasible for use in the clinic.

2.5 Treatment Planning Dose Computation Algorithms

Over many decades a number of methods have been developed for calculating dose in

the patient from a given beam arrangement. A summary has been provided by Kahn

[10, Section 19.3]. Generally the algorithms fall into three categories: correction based,

model based, and Monte Carlo. Within each technique there are further categories, but

for our purposes the high level descriptions are sufficient.

Correction based algorithms were among the first used and are based on empiri-

cal measurements in a water phantom. Examples of measured data are percent dose

depth, profiles, scatter factors, tissue air ratios, and tissue maximum ratios. During the

treatment planning process the measured data is corrected to account for contour irreg-

ularity, field size, shape, inhomogeneities, source to surface distance (SSD), and other

variables. An example method for calculating dose to a point is the Clarkson method,

which integrates along a series of lines extending radially from the point in which cor-

rections are applied for each point. In modern times, these simplistic methods are often

used as backup calculations to check for gross errors in the treatment planning software.

One significant disadvantage of these algorithms is the lack of correction for electronic

disequilibrium at interfaces such as lung, tissue, and bone.

Model based algorithms are based on a simplified model of radiation transport, and

account for both primary and scattered photons and electrons. Free parameters in the

model are often tuned to match the measured data for the linac. An example model

based algorithm is the convolution-superposition method which calculates dose with the

following equation [10, eqn 19.1]:

D(~r) =

ˆ
µ

ρ
ψp(~r)A(~r − ~r ′)d3~r ′ (5)

where D(~r) is the dose at point ~r, µ/ρ is the mass attenuation coefficient, ψp(~r) is
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the primary photon energy fluence, and A(~r − ~r ′) is the convolution kernel. Often the

convolution kernel is pre-computed from Monte Carlo simulations, and then tweaked

during commissioning to match the measured data for the linac.

The Monte Carlo method simulates large numbers (millions to billions) of photons and

electrons using fundamental laws of physics and keeps track of where dose is deposited.

Different radiation transport codes have been developed for various applications such as

shielding, nuclear reactor design, and medical physics. Several popular codes include

EGS4 [11], MCNP [12], PENELOPE [13], ETRAN/ITS [14], PEREGRINE [15], and

DPM [16]. In our present research we use DPM as it has performance optimized for

radiation therapy.

2.6 Computing Hardware Review

Computers have become an integral part of diagnostic imaging and radiation therapy,

both for image processing and treatment planning. For many years the software devel-

oped for these applications have been able to run faster by simply upgrading to the latest

computing hardware. For many decades computers have largely followed Moore’s law,

which was a prediction that the number of transistors on an integrated circuit would dou-

ble approximately every two years for at least 10 years. This “law” has held for the last

half century. The result of the increased number of transistors has been faster processing

and more storage/memory capacity. Since the early 2000’s however, improvements in

CPU clock speeds have stalled. For example every two years we do not see the clock

speeds increasing from 2 GHz to 4 GHz to 8 GHz, etc. As a result most improvements

in processing power have came by introducing multiple parallel CPUs (dual core, quad

core, etc.). Most existing software has not been architected to use multiple CPUs in par-

allel however, and thus cannot fully harness the full computing power of such computers.

Even when software is written to run in parallel there are still limitations governed by

Amdahl’s law which argues that the speedup from multiple processors is limited by the

time required to run all of the sequential portions of code that are not parallelizable.

Realistically these theoretical limits are often not reached due to bottlenecks in memory
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access for single and multi-core computers. To describe the issues, we shall review the

basic architecture of a PC as shown in Figure 2.

The slowest components in a computer are typically external peripherals that com-

municate over various standards such as USB, PCI-E, RS-232 (serial), and PS/2 (for

mouse and keyboards). The next fastest is usually internal storage devices such as hard

drives, which have large storage capacities, but are very slow to access. Due to the slow

access times of permanent storage, Random Access Memory (RAM) that may only store

data while powered is used for hosting the running operating system and running soft-

ware. RAM does not utilize mechanical components to read data as most hard drives

do, resulting in faster access times. Even though RAM is faster than hard drives, it is

usually slower than CPU clock speeds. When data is randomly accessed but re-used,

it is often faster to cache memory that is being accessed often instead of retrieving the

data from RAM repeatedly. To facilitate caching, CPUs have an L1 cache built in that

provides fast access to cached data to running software, and an L2 cache that is a bit

further away than the L1 cache, and thus a little slower, but still faster than reading the

same data from RAM. Some processors have additional L3 and L4 caches for multi-CPU

architectures. Finally, the fastest component of a standard computer is the CPU, which

has registers for processing instructions and includes arithmetic and logic units (ALU)s.

The general trend is that the larger the storage capacity the slower the access times,

and the smaller the storage capacity, the faster the access times. These tradeoffs are im-

portant in optimizing code for solving computationally intensive problems as discussed

next.
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Figure 2: Architecture of a general computer

As CPU processor speeds have stalled, attention has been largely focused on parallel

processing using multiple CPUs. During the 2000’s a new architecture for highly paral-

lelizable computational problems has emerged due to advances in graphical processing

units (GPUs). The principle market for GPUs has been for video games and other graph-

ical applications. GPUs are designed to offload the calculations involved in rendering

3D scenes from the CPU. These calculations are highly parallelizable and arithmetic in-

tensive, rather than memory access intensive. As the technology progressed the general

purpose GPU (GPGPU) paradigm emerged which enables GPUs to be programmed not

just for computer graphics, but for any computational problem. By re-writing portions

of CPU codes that are well suited for parallelization on a GPU, significant speed-ups

over CPUs have been obtained. The reason for the increased performance does not lie

in advances in hardware, such as transistor densities or speed, but rather in optimiza-

tion of hardware for computational problems rather than memory intensive applications.

Figure 3 provides an illustration of some of the differences between CPUs and GPUs.

The primary difference is that CPUs by nature need more transistors dedicated to data

cacheing and flow control for running operating systems and software, while GPUs are
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designed to execute a small set of instructions in parallel on a large number of data sets.

As illustrated in the figure, the GPU has many cores compared to typical PCs, but each

core has few transistors dedicated to flow control (purple) and cacheing (dark green). In-

stead, a large number of ALUs (light green) are built into each core to enable performing

the same instruction on many sets of data in parallel. In order for a computational prob-

lem to run more efficiently on a GPU, the arithmetic operations must take significantly

longer than the memory access times. The modern GPU often has several gigabytes of

global memory, much like a CPU. However, each of the cores cannot access the global

memory without blocking other cores until the memory I/O is complete. For this reason,

problems that are optimal for running on a GPU typically load and map large sets of data

from global memory to the small but fast local memory blocks that the ALUs access.

The local fast memory is then accessed as required during the intensive computations,

and the final results are sent back to global memory at a much slower speed. Achieving

high performance in a computationally intensive problem requires evaluating the right

balance of pre-computing data to be accessed from memory, and computing data on the

fly and storing the results later. By spending the time to optimize code for GPUs, sig-

nificant speedups may be achieved as demonstrated by Jia et al. when they ported the

fortran based Dose Planning Method (DPM) Monte Carlo code for radiation therapy to

run on a 448 core NVIDIA Tesla C2050 GPU. Through optimization they report speed-

up factors of 69.1 - 87.2 over a 2.27 GHz Intel Xeon CPU [1]. In the up coming decade

GPUs will certainly provide a significant role in high performance computing. However

the speedups gained by GPUs will most likely begin to plateau as quantum effects begin

to dominate at smaller gate sizes. At this point many computationally intense problems

will not benefit from the “free” hardware speedups that have been available over the last

half century. Thus our research focuses on harnessing a new computational architecture

that would integrate quantum bits with classical computers to provide further speedups

down the road.
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Figure 3: CPU vs. GPU architecture

2.7 Quantum Computers

2.7.1 Quantum Bits (Qubits)

Traditional digital computers are composed of logical bits encoded by the presence or

absence of a voltage across a silicon gate. Various encoding standards such as CMOS,

TTL, LVTTL, and LVCMOS exist that define appropriate voltage ranges for specific

hardware to represent a logic 0 and a logic 1. For example in one hardware standard a

voltage less than 1.5 V may be considered a logic 0, and a voltage between 3.5 V and 5

V may be considered a logic 1. A set of logical gates such as AND, OR, NOT, NAND,

NOR, XOR, XNOR may be combined to perform operations on bits and are the basis

for all modern digital computing. As described next, quantum computers would employ

quantum bits and quantum logic gates that are more powerful.

The basis of a quantum computer is a quantum bit, which may be created in the-

ory from any two-state quantum system. Unlike their classical counter parts, quantum

bits are not limited to a logical 0 or 1, but rather a linear combination of both states

concurrently, with a particular probability of being in either state upon measurement.

Quantum bits are best understood under the formulation of quantum mechanics in which

a particle is described by a wave function ψ(x, t) that for non-relativistic particles evolves
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according to the Schrödinger equation:

i~
∂ψ(r, t)

∂t
= − ~2

2m
∇2ψ(r, t) + V (r, t)ψ(r, t) (6)

where ~ is Plank’s constant divided by 2π, m is the mass of the particle, V (r, t) is the

potential energy of the system as a function of space and time, and ∇2 is the Laplacian.

Solving the Schrödinger equation with appropriate initial/boundary conditions and po-

tential energy leads to the evolution of the wave function over space and time. The

statistical interpretation of the wave function describes that the amplitude of the wave

function squared gives the probability of finding a particle in a given state. For example

in one spacial dimension the probability of finding a particle between position a and b

at time t is given by:

P (a ≤ x ≤ b, t) =

bˆ

a

| ψ(x, t) |2 dx. (7)

It is important to note that if the wave function is to represent a realistic state, it must

be normalized such that

P (−∞ ≤ x ≤ ∞, t) =

∞̂

−∞

| ψ(x, t) |2 dx = 1. (8)

In general ψ is a complex valued function that exists in an infinite dimensional Hilbert

space. In quantum computing one primarily considers two state quantum systems in

which the quantum bit is represented by a wave function in a finite dimensional Hilbert

space that is a linear combination of two quantum states:

|ψ〉 = α|0〉+ β|1〉 = α

 1

0

+ β

 0

1

 =

 α

β

 (9)

where α and β are complex numbers such that |α|2 + |β|2 = 1 to define a properly

normalized state. In Dirac Bra-ket notation |ψ〉 is called a ‘ket’ and 〈ψ| is called a ‘bra’,

and are related by 〈ψ|† = |ψ〉 where † denotes the conjugate transpose. It follows that
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the inner product is given by

〈ψ1|ψ2〉 = α∗1α2 + β∗1β2 (10)

and

〈ψ|ψ〉 = α∗α+ β∗β = |α|2 + |β|2 = 1. (11)

We may then interpret |α|2 as the probability of the qubit being in the |0〉 state, and

|β|2 as the probability of the qubit being in the |1〉 state.

When considering an N qubit system in which each qubit is initialized independently

of every other qubit, meaning that they initially do not physically interact with each

other, the register of qubits may be collectively described to be in a collective state given

by a tensor product of each individual state:

|ψ〉 =

N⊗
i=1

|ψi〉. (12)

As an example for a two qubit system we may write:

|ψ〉 = |ψ1〉 ⊗ |ψ2〉 = (α1|0〉+ β1|1〉)⊗ (α2|0〉+ β2|1〉) (13)

= α1α2|00〉+ α1β2|01〉+ β1α2|10〉+ β1β2|11〉 (14)

=

 α1

β1

⊗
 α2

β2

 (15)

=



α1α2

α1β2

β1α2

β1β2


(16)

= |ψ1ψ2〉. (17)
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Upon performing a measurement of the two qubits the probability of observing a |00〉

state is |α1α2|2. Likewise the probability of observing the |01〉, |10〉, and |11〉 states are

|α1β2|2, |β1α2|2, and |β1β2|2 respectively. We can see that unlike classical bits, qubits

contain more information per bit as N qubits are described by 2N complex numbers.

Although this is one of the key aspects that defines qubits, and enable quantum comput-

ing algorithms to solve select problems faster than classical algorithms, there is another

characteristic that is equally if not more important, namely quantum entanglement.

Perhaps the defining aspect of quantum mechanics is that quantum states exist in

which it is impossible to write the state of the system as a tensor product of individual

states as in equation 12. Such states are coined entangled states, and were considered

by Albert Einstein, Boris Podolsky, and Nathan Rosen in their 1935 paper titled “Can

Quantum-Mechanical Description of Physical Reality Be Considered Complete?” [17].

These states were studied and provided cause for the authors to suggest that quantum

mechanics must be incomplete. Decades later experimental physicists discovered that

such states do exist. Furthermore these states are what enable quantum computers to

perform tasks faster than a classical computer could. An example of entangled states

are the well known Bell states:

|ψ+〉 =
1√
2

(|00〉+ |11〉) (18)

|ψ−〉 =
1√
2

(|00〉 − |11〉) (19)

|φ+〉 =
1√
2

(|01〉+ |10〉) (20)

|φ−〉 =
1√
2

(|01〉 − |10〉). (21)

Upon inspection one can see that these states may not be written as a tensor product

of any two individual wave functions. Additionally these states are unique in that if a

measurement is performed on one qubit, the state of the other qubit is instantly known,

regardless whether the qubits are physically separated. Maintaining entangled states
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in practice however requires preventing the quantum bits from interacting with the im-

mediate physical environment, except for when operations such as quantum logic gates

are performed on the qubits. Increasing decoherence times is one of the key focuses of

present research to enable qubits to remain in entangled states long enough for quan-

tum logic gates to be performed, as well as to enable error correction algorithms to be

implemented. While ultimately fully entangled quantum computers have significantly

more capabilities than individual qubits, the first hybrid classical-quantum Monte Carlo

method presented in this paper does not require entangled qubits, but only individual

quantum bits, enabling implementation before large-scale entangled systems are feasible.

However, as shown later a similar algorithm that uses entangled quantum bits enables

the sampling of discrete probability density functions with exponentially fewer qubits

than the method which uses non-entangled qubits.

2.7.2 Quantum Logic Gates

The quantum circuit model of quantum computing describes computations in terms of

wires and logic gates in a manner analogous to classical circuits, with some key differ-

ences. In classical gates, some operations are irreversible, such as AND/OR gates. In

other words, given two input bits to the gate, after the operation is applied, it is impos-

sible to determine what the input was. For example if the output of the OR gate is 1,

it is impossible to know whether the input was 01, 10, or 11. Such gates are considered

irreversible. Quantum logic gates on the other hand are based on a continuously evolving

wave function with an associated unitary operator that has an inverse operator. As a

result, any quantum logic gate may be reversed to obtain the original input as long as

measurements haven’t been performed. Another key difference is classical logic gates are

described by boolean algebra. Quantum logic gates however are described by unitary

operators that act on a larger domain, modifying the complex coefficients that describe

the quantum system. Generically we may describe a quantum gate by a unitary operator

U that transforms an input quantum state to an output quantum state:



20

U |ψ〉 = U



a0

a1

a2

...

an−1


=



a
′

0

a
′

1

a
′

2

...

a
′

n−1


= |ψ

′
〉, (22)

where |ψ〉 is the input quantum state described by n complex coefficients, and |ψ′〉 is

the output quantum state. Note that |ψ〉 may be recovered by applying U−1 to |ψ′〉,

enabling reversible operations. For a single qubit, all single qubit gates may be described

using the following generalization [4]:

U =

 eiα/2 0

0 e−iα/2

×
 cos θ/2 sin θ/2

− sin θ/2 cos θ/2

×
 eiβ/2 0

0 e−iβ/2

 , (23)

where α, β, and θ are arbitrary free parameters describing angles of rotation. Multi-qubit

operations which may produce entangled states are described by 2n×2n unitary matrices

which may be decomposed into a basis set of elementary operations. One universal set

of gates consists of the Hadamard gate H, the phase gate Φφ, and the CNOT gate [4]:

H =
1√
2

 1 1

1 −1

 , Φφ =

 1 0

0 eiφ

 CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (24)

The development of quantum circuits for specific applications is a broad subject and not

discussed further.

2.7.3 Traditional Quantum Computing Algorithms

Quantum computers are designed on the basis of exploiting the quantum mechanical ef-

fects of superposition and entanglement to perform tasks difficult for standard computers.
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Some of the primary applications of quantum computers/quantum bits are Shor’s inte-

ger factorization algorithm, Grover’s search algorithm, quantum key distribution, and

simulating large many-body quantum systems. These are considered the primary moti-

vations for the development of quantum computers because the algorithms, if they could

be implemented, presently have no classical counterparts with regard to their superior

algorithmic order or security. An in depth discussion of these algorithms is beyond the

present scope, but a general overview follows.

Integer factorization into a product of prime numbers is a very difficult problem and

is the basis for the widely used RSA encryption method. In 1994 the mathematician Pe-

ter Shor demonstrated that by harnessing entangled quantum bits, a quantum computer

could factor integers in polynomial time [4, pp. 24], enabling a quantum computer to

break modern encryption using RSA. Presently no classical algorithm has been devised

that can factor integers in polynomial time [4, pp. 24]. Another example is Grover’s

search algorithm which is capable of solving the inverse of a function y = f(x) in O(
√
N)

time, whereas classical algorithms are linear O(N) at best [4, pp. 38-40]. This capabil-

ity has been primarily considered for searching unsorted databases faster than classical

computers. Quantum key distribution is believed to provide a secure method of com-

munication between two parties in which it is impossible for a third party to eaves drop

without the other two parties knowing. Classical communication systems on the other

hand allow eaves dropping without the two parties knowing. Finally the simulation

of quantum simulations on classical computers is exponentially difficult as the num-

ber of particles increases. Researchers have demonstrated that in principle a quantum

computer could simulate quantum systems in polynomial time [18], with many diverse

applications such as pharmaceutical design, and development of advanced materials and

chemical systems.

2.8 Quantum Lattice Gas Algorithms

Although less widely publicized, other applications of quantum bits have emerged such

as quantum lattice gas algorithms (QLGAs), which consists of arrays of small quan-
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tum computers coupled with classical computers to solve partial differential equations.

QLGAs have been shown to be able to simulate a diverse range of problems including

diffusion [19], the telegraph equation [6], fluid dynamics [7], the Maxwell equations [20],

and perform image/signal processing [5]. Basic experimental demonstrations have been

shown using an NMR implementation [21], while other experimental implementations

have been suggested such as using Persistent-Current qubits [22]. For an overview of

QLGA’s see references [23, 24].

2.9 Probability Density Function Sampling

Monte Carlo methods often require the sampling of probability density functions. A

variety of sampling methods may be used on classical computers, all of which rely on

the generation of pseudorandom numbers. To properly sample a PDF, sequences of

numbers uniformly distributed between zero and one are required. While it is impossible

to generate truly random numbers using pure digital logic with high gate fidelity and

error correction, it is possible to deterministically devise sequences of numbers that pass

a number of statistical tests for randomness. These methods produce pseudorandom

numbers. For high fidelity Monte Carlo codes it is important to select a high quality

pseudorandom number generator algorithm such as the Mersenne Twister [25]. Provided

a sufficient pseudorandom number generator, some common methods for sampling PDFs

are the cumulative distribution method, the rejection method, the composition method,

and the composition-rejection method. We shall now briefly provide an overview of each

method.

The cumulative distribution method requires the ability to determine the cumulative

probability distribution (CPD) of a PDF. The CPD is given by

F (x) ≡
ˆ x

−∞
f(x′)dx′ (25)

where f(x′) is the PDF, and F (x) is normalized such that F (−∞) = 0 and F (∞) = 1

[26, pp. 411]. By selection of a pseudorandom number ρi uniformly distributed in the
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range [0,1], a sample xi may be determined by solving [26, pp. 412]:

xi = F−1(ρi). (26)

This method works well as long as the CPD may be easily obtained, and xi easily solved

for. If this is not the case, alternate methods must be employed such as the rejection

method.

The rejection method has two steps. First linearly sample the domain of the PDF

over (a, b) [26, pp. 413]:

xi = a+ ρi(b− a) (27)

Second, select another random number ρj . Assuming the maximum value of the PDF

is less than or equal to a known value M over the range (a, b), if ρjM ≤ f(xi) then accept

xi, otherwise reject it and repeat the two steps until an accepted value is obtained. The

efficiency of this method depends on choice of M, and whether f(x) is highly peaked.

More efficient rejection methods are available, but not described here. In some cases the

composition method may be used as described next.

If a PDF that is difficult to sample may be split into a linear combination of PDFs

that are more easily sampled, one may use the composition method. For this technique

to work the PDF must be cast into the form [26, pp. 414]:

f(x) ≡ A1f1(x) +A2f2(x). (28)

Note that A1 and A2 must sum to unity. We may then sample the PDF as follows. First

select a random number ρi. Second, if ρi < A1 then sample f1(x), otherwise sample

f2(x) [26, pp. 414].

Finally both the composition and rejection methods may be combined to form the

composition-rejection method. In this technique, the PDF must be able to be cast into

the form of [26, pp. 415]:
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f(x) =

n∑
j=1

Ajfj(x)gj(x), (29)

where all Aj must be positive, all gj must be PDFs with analytical CPDs, and all fj(x)

must be between zero and one. To sample the PDF, we perform the following three steps

[26, pp. 415].

1. Select ρi and a corresponding value of i, in which the probability of selecting i is

proportional to Ai.

2. Select xt from the PDF gi(x) using the cumulative method.

3. Calculate fi(xt) and accept x = xt with probability fi(xt). If the value is rejected,

return to step 1.

The ability and efficiency of each of these methods to sample a given PDF greatly varies,

and may at times be computationally intensive. We thus propose an alternate technique

using a hybrid classical-quantum architecture as described next.

2.10 Generalized Hybrid Classical-Quantum (HCQ) Method Us-

ing Non-Entangled Qubits

Monte Carlo simulations of radiation transport often require large amounts of complex

code to implement. The approach we take is to delegate the sampling of probability den-

sity functions (PDF) to quantum bits, and leave further processing to classical computers.

In theory the additional processing could be performed by a quantum computer, but we

seek near term integration between the hardware and existing Monte Carlo codes. The

proposed architecture consists of external quantum hardware that initializes and mea-

sures the state of quantum bits in real-time, and directly sends the results to the host

computer where the classical Monte Carlo code processes the results from the quantum

hardware. An overview of the algorithm is depicted in Figure 4.

At the start of the Monte Carlo code, the quantum hardware is signaled to start the

sampling process. First, each quantum bit is initialized to states designed to reproduce
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the particular PDF to be sampled. Second, the states of the qubits are measured,

resulting in a random sequences of logical 0’s and 1’s. Depending on the application, the

overall set of states may or may not be valid. If the state is invalid, the qubits are re-

initialized and measured until a valid state is obtained. Finally, the sampling has ended

and the sequences of logical 0’s and 1’s of the qubits is routed for classical processing

in the host Monte Carlo code. The most plausible architecture would consist of a set of

shared memory in the host computer that is continuously updated with the measurement

results, which are read on-demand by the Monte Carlo code. We now provide several

examples of portions of Monte Carlo code for radiation therapy that this method may

be applied to.

Start Sampling

Initialize Qubits

Measure Qubits

Valid
State?

End Sampling

Yes

No

Route Results
for Classical
Processing

Figure 4: Generalized method for sampling a probability distribution function using
quantum bits.
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2.11 Hybrid Classical-Quantum Method for Photon Interaction

Selection Using Non-Entangled Qubits

Consider a Monte Carlo simulation of high energy photons in which at each time step

a photon may under go one of four outcomes with a particular probability: Compton

scatter, photoelectric effect, pair production, or no event (the photon continues with

the same energy and momentum). For the present moment we consider only photon

interactions and leave application of the proposed method to electron transport for future

investigation. Additionally coherent scattering is not considered as we are primarily

interested in eventually calculating locally absorbed dose in a medium from high energy

photons, and coherent scatters will not make a contribution to the dose. In radiation

therapy we are primarily concerned with photons with energies between 50 keV to 20

MeV, so these energies will be used in model problems. The proposed method may be

used for any energy range however.

In general the probability of each possible event the photon may undergo depends

on the energy of the photon and the medium it is propagating through. Sampling of the

probability distribution is often performed using pseudo random number generators and

cross sections for each event, which are either directly calculated or interpolated from

pre-computed tables. An example set of cross-sections for water is presented in Table

1 [27]. In contrast to traditional sampling techniques we present a method utilizing

independent quantum bits that do not require application of an entangling operation,

enabling nearer term physical implementation. The techniques employed here may also

be applied to sampling any probability distribution function in theory.
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Table 1: Example photon mass coefficients for water in cm2/g assuming a density of 1
g/cm3. The mass coefficients are for incoherent (Compton) scattering µinc/ρ, photoelec-
tric effect µph/ρ, pair production µpp/ρ, and total minus coherent µ/ρ.

E (MeV) µinc/ρ µph/ρ µpp/ρ µ/ρ

0.020 1.774E-1 5.437E-1 N/A 7.211E-1
0.20 1.353E-1 2.887E-4 N/A 1.356E-1
0.60 8.939E-2 1.173E-5 N/A 8.940E-2
2.00 4.901E-1 1.063E-6 3.908E-4 4.940E-2
6.00 2.454E-2 2.484E-7 3.155E-3 2.770E-2

We now describe a method for simulating photon transport over a step length ∆x

using quantum bits, following the generalized method in Figure 4 and described in section

2.10. For each type of event that we simulate we designate a quantum bit. For Compton,

photoelectric, and pair production events we thus require three quantum bits. A more

useful notation for the state of a qubit is given for example by |ψinc〉 =
√

1− finc|0〉 +
√
finc|1〉, and likewise for the other quantum bits, where f denotes the probability of

finding the qubit in the |1〉 state. The sampling process for a photon of energy E consists

of three steps. First the three quantum bits are initialized to pre-determined states as

described later. Second, measurement is performed simultaneously on all bits, and third

the measurement results are routed for classical processing. The process is then repeated

for the next photon. Each quantum bit is defined such that a measurement resulting in

a |1〉 state signifies that the event it represents occurred, and a |0〉 indicates the event

did not occur. Note that application of the generalized method to selecting which event

occurs does not require a validity check as listed in the generalized method. The reason

will be elaborated on soon. The validity check will be required however for simulation of

Compton scattering as described in a later section. Next we discuss each step in detail.

As previously mentioned, a photon of energy E requires three quantum bits for

sampling, one per interaction type. Thus to simulate N discrete energy levels, 3N

qubits are required. The wave function to sample a given energy is given by |ψ(E)〉 =

|ψinc(E)〉 ⊗ |ψph(E)〉 ⊗ |ψpp(E)〉. The full state vector is given by
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|ψ(E)〉 =



√
fincfphfpp√

fincfph(1− fpp)√
finc(1− fph)fpp√

finc(1− fph)(1− fpp)√
(1− finc)fphfpp√

(1− finc)fph(1− fpp)√
(1− finc)(1− fph)fpp√

(1− finc)(1− fph)(1− fpp)



. (30)

Upon measurement the wave function will collapse to one of eight states |000〉, |001〉,

|010〉, |011〉, |100〉, |101〉, |110〉, |111〉 with probabilities given by the square of each

respective element of the state vector in equation 30. A measurement resulting in the

|100〉 state indicates a Compton scatter should be processed, and occurs with probability

finc(1 − fph)(1 − fpp). Similarly a measurement of |010〉 occurs with a probability of

(1−finc)fph(1−fpp), and indicates a photoelectric event should be processed. And finally

a measurement of |001〉 occurs with probability (1−finc)(1−fph)fpp, and indicates a pair

production event should be processed. If a measurement yields any other combination of

bit states ‘no event’ occurs and the photon is propagated along its momentum vector by a

path length ∆x. Since the ‘no event’ state is represented by any bit state other than those

for Compton, photoelectric, and pair production, every possible measurement results in

a valid state for the algorithm. This is why no validity check is required as included in

the generalized algorithm, but will be later required for Compton scattering modeling.

Note that the f coefficients are selected such that the probabilities of each of the eight

states maps to the probabilities of the four possible event outcomes. Following is the

approach taken to determine the appropriate values of f with representative examples.

The probability of a photon surviving propagation over a distance ∆x with no inter-

action is given by e−µ∆x = e−(µinc/ρ+µph/ρ+µpp/ρ)ρ∆x. Often the probability of a Comp-

ton scatter is calculated as 1 − e−µinc∆x, however this technically isn’t a probability as

applying the same method to photoelectric and pair production and then summing the
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probabilities slightly over estimates the probability of interaction compared to 1−e−µ∆x.

Thus to better estimate the probability of Compton scatter, photoelectric effect, and pair

production we use (1− e−µ∆x)µinc/µ, (1− e−µ∆x)µph/µ, and (1− e−µ∆x)µpp/µ respec-

tively. The f coefficients are determined by solving three simultaneous equations for

finc, fph, and fpp:

finc(1− fph)(1− fpp) = (1− e−µ∆x)µinc/µ (31)

(1− finc)fph(1− fpp) = (1− e−µ∆x)µph/µ (32)

(1− finc)(1− fph)fpp = (1− e−µ∆x)µpp/µ. (33)

It is worth noting that in general there are multiple solutions for a given set of coefficients.

Those which produce values of f not within the interval [0,1] are discarded. Following

is an example using mass attenuation coefficients from Table 1.

Consider a 6 MeV photon in water. Assuming a density of 1g/cm3, a path length

of ∆x = 1 cm, and the tabulated data in Table 1, one may calculate the probability

of each outcome to be 2.42033E-2, 2.44992E-7, and 3.11171E-3 for Compton scattering,

photoelectric effect, and pair production respectively. These probabilities are given on

the right hand side of equations 31, 32, and 33. Two solutions for the qubit initial states

are finc = 2.42807∗10−2, fph = 2.51892∗10−7, fpp = 3.18915∗10−3, and finc = 0.996801,

fph = 3.14371 ∗ 10−3, fpp = 0.975642. One may verify that both solutions produce the

same mathematical results, namely the probability of each interaction or no interaction.

Note that the values in the first solution are remarkably close to the actual probabilities.

Depending on the precision required in a given application, one may be able to set the

coefficients exactly equal to the desired probabilities, with a small error that may not be

statistically relevant for certain sample sizes. The advantage would be that the values

would not have to be pre-computed using root finding techniques such as a Newton-

Raphson solver, and may scale more easily to sampling larger probability distribution

functions. However in general this substitution will not produce the same results as
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solving for the coefficients, and may grossly fail in some cases and must be evaluated

on a case by case basis. Depending on the physical implementation there may be cases

where the second solution with high probabilities has advantages. Investigation of the

feasibility of certain physical implementations including associated errors is left for future

work.

2.12 Hybrid Classical-Quantum Method for Compton Scatter-

ing Using Non-Entangled Qubits

The first example considered sampling whether Compton scatter, photoelectric, or pair

production occurs over a given step length ∆x, the result of which triggers classical

processing of the event. There are other cases that this general quantum bit sampling

method may be applied to as well. For example if a Compton scatter event occurs, a set

of qubits may be used to sample the Klein-Nishina equation to determine the angle and

energy at which the photon will scatter. In this method, the photon may only scatter

at discrete angles. The number of qubits will determine the resolution of the sampling,

and may be experimentally determined depending on the application. In general this

method may be used to sample any probability density function, with application to

many diverse fields.

The predominant photon interaction at the energies employed in radiation therapy is

Compton scattering, in which a photon scatters off an electron that has a minimal binding

energy and may be considered free. Monte Carlo simulations for radiation therapy often

employ traditional probability density function sampling methods to model the Compton

scattering of photons according to the Klein-Nishina equation, which gives the differential

cross section for scattering at a given angle/energy given the initial photon energy. One

form of the equation is given by Shultis and Faw [27, pp. 417]:

f(λi, r) = K[A1g1(r)f1(r) +A2g2(r)f2(r)], 1 ≤ r ≤ 1 + 2/λi, (34)

where
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A1 =
λi + 2

9λi + 2
and A2 =

8λi
9λi + 2

, (35)

g1(r) =
λi
2

and g2(r) =
λi + 2

2r2
, (36)

f1(r) = 4

[
1

r
− 1

r2

]
and f2(r) =

1

2

[
1

r
+ (1− rλi + λi)

2

]
, (37)

λi =
mec

2

Ei
and r =

λs
λi

= (1 + λi − cos θs)/λi. (38)

Note that λi is the inverse initial photon energy measured in units of the rest energy of

an electron, λs is the inverse energy of the scattered photon also measured in units of the

rest energy of an electron, and r is the ratio of the initial photon energy to the scattered

photon energy. Equation 34 is written in a form such that a composition-rejection

method may be employed to sample the Klein-Nishina equation . This method is often

employed in Monte Carlo simulations and produces a continuous range of scattering

angles and energies given the initial photon energy. In contrast, the hybrid classical-

quantum method described beneath scatters photons at discrete angles/energies.

After the Monte Carlo code has determined that a Compton scatter should occur,

either using traditional methods or the hybrid method described in the previous section,

the photon must be scattered in a manner consistent with the Klein-Nishina equation.

The hybrid classical-quantum method proposed employs one quantum bit per discrete

energy level per discrete scattering angle. In order to determine the probabilities that

each quantum bit must be set to, we first must calculate the probability of scattering

between r′ and r′ + ∆r , which is given by

P [r′ ≤ r ≤ r′ + ∆r] = F (λi, r
′ + ∆r)− F (λi, r

′) (39)
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where

F (λi, r) = f0

ˆ
f(λi, r)dr (40)

=

´
f(λi, r)dr´ 1

1+2/λi
f(λi, r)dr

(41)

= f0

ˆ
(A1g1(r)f1(r) +A2g2(r)f2(r))dr (42)

= f0A1

ˆ
λi
2

4

(
1

r
− 1

r2

)
dr + (43)

f0A2

ˆ
(λi + 2)

2r2

1

2

(
1

r
+ (1− rλi + λi)

2

)
dr

= f02λi
(λi + 2)

(9λi + 2)

[
ln(r) +

1

r

]
+ (44)

f04λi
(λi + 2)

(9λi + 2)

[
− 1

2r2
+

(λ2
i (r

2 − 1)− 2(λi + 1)λir ln(r)− 2λi − 1)

r

]
= f0

λi
r2

(λi + 2)

(9λi + 2)
(45)[

−1 + 2r2 ln(r) + 2λ2
i r

3 − 2λ2
i r − 4λ2

i r
2 ln(r)− 4λir

2 ln(r)− 4rλi
]

= f0
λi
r2

(λi + 2)

(9λi + 2)
(46)[

−1 + 2r2 ln(r)− 4rλi(1 + r ln(r)) + 2rλ2
i (−1 + r2 − 2r ln(r))

]
and f0 is a normalization constant such that P [1 ≤ r ≤ 1 + 2/λi] = 1. Figures 5

and 6 give examples of Equation 39 evaluated over a span of radiation therapy photon

energies including 200 keV, 500 keV, 1 MeV, 3 MeV, and 20 MeV. As well known, higher

energy photons scatter primarily in the forward direction as compared to lower energy

photons and is readily observed in the figures. The proposed method must be able

to produce randomly scattered photons sufficiently close to this distribution to provide

correct results in a Monte Carlo code. The detailed method is described next.
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Figure 5: The frequency of scattering at different photon energies as a function of the
cosine of the scattering angle is shown. The frequency (probability) given that a Compton
scatter occurs is calculated by evaluating equation 39 over 50 discrete scattering angle
bins.

Figure 6: Figure 5 reproduced with a zoomed in vertical axis to show the differences in
frequency as a function of photon energy and scattering angles.

The proposed hybrid classical-quantum method for modeling Compton scattering

uses the generalized method described in section 2.10 and shown in Figure 4. First, N∗M

qubits are initialized to pre-determined states, where N is the number of discrete energy
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levels to be modeled, and M is the number of discrete scattering angles to be modeled.

In the limit that N and M go to infinity, the sampling will converge to reproduce the

probability of scattering at every angle and energy. However as we shall later see in the

results section, relatively modest discretization may properly re-produce correct dose

distributions within the standard uncertainty of a Monte Carlo code. Second, the qubits

are measured. Third, the resulting state is checked for validity. In the present case a

valid state is deemed to be one in which only one qubit is a 1, and all other qubits are 0.

If the present state is not valid, the qubits are re-initialized and measured until a valid

state is obtained. Once a valid state is reached the result is routed for classical processing

in the Monte Carlo code, signifying which angle the photon should be Compton scattered

at. No interpolation of probabilities between photon energies and scattering angles is

performed in classical processing after qubit measurement. This requires that the qubit

discretization of energies and angles is sufficiently small. Next, we describe the details

of determining the initial states that the qubits must be set to.

For each of the N discrete energy levels we designate M qubits. We use n to index

discrete energies from 1 to N, and m to index discrete scattering angle ranges from 1

to M. Perhaps the simplest and most obvious choice for initial qubit states is to set the

probability of qubit n,m being in the |1〉 state to the probability of a photon Compton

scattering in the bins angle range, given the initial energy of the photon. By breaking

cos θ into M intervals between -1 and 1, and substituting into r using equation 38 and

39, we get:

|ψn,m〉 =
√

1− fn,m|0〉+
√
fn,m|1〉 (47)

fn,m = F (λi,n, r2)− F (λi,n, r1) (48)

r1 =

(
2 + λi,n − 2

m− 1

M

)
1

λi
(49)

r2 =
(

2 + λi,n − 2
m

M

) 1

λi
. (50)

One may verify that substituting m = 1 and m = M ensures that r is linearly sampled
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with bins from 1 to 1 + 2/λi. Although this is the simplest choice for the qubit states,

close examination reveals that due to the nature of the generalized algorithm, initializing

qubits with these states will produce errors from the analytic result. Thus a more careful

treatment follows.

To better understand why the initial state given in equation 47 leads to some error

is best demonstrated by a simple example. Consider a simple case of the generalized

algorithm where event A may occur with probability 0.8 , otherwise event B occurs with

probability 0.2. Suppose we initialize two qubits to represent these states. Qubit one is

initialized with a probability of being in the |1〉 state of 0.8, and qubit two is initialized

with a probability of 0.2 of being in the |1〉 state. We then perform a large number

of trials of the generalized algorithm. Recall that the rejected states will be |00〉 and

|11〉. A measurement resulting in the |10〉 state indicates event A should occur, and

a measurement resulting in the |01〉 state indicates event B should occur. After the

large number of trials we then tally the percent of event A’s verse event B’s. One might

initially expect on average 80% and 20%, but this would be incorrect. The correct values

are given by:

f1(1− f2)

(1− f1)f2 + f1(1− f2)
=

0.8(1− 0.2)

(1− 0.8)0.2 + 0.8(1− 0.2)
= 0.941

(1− f1)f2

(1− f1)f2 + f1(1− f2)
=

0.2(1− 0.8)

(1− 0.8)0.2 + 0.8(1− 0.2)
= 0.059.

The numerator corresponds to the probability of the qubit representing event X of being

in the |1〉 state, and every other qubit being in the |0〉 state. The denominator represents

the probability of obtaining any valid state, which is only one qubit in the |1〉 state, and

all other qubits in the |0〉 state. In this example the error from what we desire, that the

probability of event A = 0.8 and the probability of event B is 0.2 grossly fails using the

generalized algorithm. However the problem is not a shortcoming associated with the

algorithm, but with the choice of initial qubit states. In general if N qubits represent

N events, the expected probability of event n occurring with the generalized sampling
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method is given by:

Pn =

fn
∏
j 6=n

(1− fj)∑
k

fk
∏
l 6=k

(1− fl)
(51)

=
fn

1− fn

∏
j

(1− fj)

∑
k

fk
1− fk

∏
l

(1− fl)
(52)

=
fn

1− fn
1∑

k

fk
1− fk

. (53)

It follows that N equations with N unknowns may be generated by setting Pn equal to

the desired probability. There are many solutions to these equations for a given set of

probabilities. In theory any valid solution will work for initializing the qubits, however

different solutions have different probabilities of obtaining a valid state upon measure-

ment. Practically, different solutions must be evaluated for their failure probability to

pick a reasonable solution. The probability of a successful measurement being a valid

state is given by

PSUCCESS =
∑
k

fk
∏
l 6=k

(1− fl) =
∑
k

fk
1− fk

∏
l

(1− fl). (54)

For the algorithm to be of practical use, the success probability must be on the

order of 1 as compared to 10−3 for example, and must scale well for sufficiently large

discretizations to produce minimal error. Due to the simplified nature of equation 53

over equation 51, it is slightly easier to determine at least one set of possible solutions.

For example a possible solution is:

fn =
pn

1− c+ pn
(55)

where c is an arbitrary constant on the interval [0, 1), and 1 − c + pn 6= 0. Note that
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choice of c affects the probability of success of a valid state. The solution may be verified

by substituting equation 55 into equation 53 as follows:

pn =
fn

1− fn
1∑

k

fk
1− fk

pn =

(
pn

1−c+pn

)
1−

(
pn

1−c+pn

) 1∑
k

(
pk

1−c+pk

)
1−

(
pk

1−c+pk

)
pn =

pn
1−c+pn

1−c+pn
1−c+pn −

pn
1−c+pn

1∑
k

pk
1−c+pk

1−c+pk
1−c+pk −

pk
1−c+pk

pn =

pn
1−c+pn

1−c
1−c+pn

1∑
k

pk
1−c+pk

1−c
1−c+pk

pn =

pn
1−c+pn

1−c
1−c+pn

1
1

1− c
∑
k

pk

pn = pn.

Note that the substitution
∑
k

pk = 1 is made, since the desired discrete probabilities are

normalized. Since this solution is valid for all choices of pn, it may be used to evaluate

any normalized probability density function. Experimental confirmation of the solution

applied to Compton scattering is provided in the results section.

2.13 Generalized Hybrid Classical-Quantum (HCQ) Method Us-

ing Entangled Qubits

The first generalized method that was developed employed non-entangled qubits. The

advantage being that the hardware requirements are greatly relaxed due to the qubits

being independent of each other, lending to nearer term implementation. Despite these

advantages it is worth considering whether an arbitrary PDF may be sampled using
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entangled qubits, and what advantages there potentially would be. In this section we

describe a method for constructing a unitary operator for N qubits to sample a PDF

with 2N discrete intervals. For example if a PDF is broken into 256 discrete regions, one

may sample the PDF using either 256 non-entangled qubits, or 8 entangled qubits. As

will be shown, entangled qubits enable sampling of a discrete PDF with exponentially

less resources than using non-entangled qubits.

The generalized hybrid classical-quantum method using entangled qubits is very sim-

ilar to the non-entangled form. The only differences are that all qubits are initialized to

the |0〉 state and a unitary operator is applied prior to measurement. With this method

there is no need for a validity check, which can improve the speed of the algorithm since

all states are valid. In order to understand how to construct a unitary operator that

properly samples an arbitrary PDF, it is useful to look at a simplified case where we use

3 qubits to sample a PDF with 23 = 8 states. First, the qubits are initialized to the |0〉

state:

|ψ〉 = |000〉 =



1

0

0

0

0

0

0

0



. (56)

Next we perform a sequence of unitary operations to produce an overall unitary operator

that entangles the qubits such that upon measurement the desired PDF is sampled. To

get an intuitive understanding of this process, we first present a unitary operator used

on two qubits to implement a quantum lattice gas algorithm for the Telegraph equation
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[6]:

U =



1 0 0 0

0 e−iπ/4 cos θ eiπ/4 sin θ 0

0 eiπ/4 sin θ e−iπ/4 cos θ 0

0 0 0 1


. (57)

When this operator is applied to an arbitrary two qubit state:

|ψ〉 = |ψ1〉 ⊗ |ψ2〉 =



√
1− f1

√
1− f2

√
1− f1

√
f2

√
f1

√
1− f2

√
f1

√
f2


, (58)

the wave function will be transformed as follows:

|ψ′〉 = U |ψ〉 =



√
1− f1

√
1− f2

e−iπ/4 cos θ
√

1− f1

√
f2 + eiπ/4 sin θ

√
f1

√
1− f2

eiπ/4 sin θ
√

1− f1

√
f2 + e−iπ/4 cos θ

√
f1

√
1− f2

√
f1

√
f2


. (59)

The first notable observation is that the |00〉 and |11〉 states are unchanged, and thus the

probability upon measurement of these states is still (1−f1)(1−f2) and f1f2 respectively.

The second observation is there is mixing between the |01〉 and |10〉 states. Upon mea-

surement, the probability of measuring these states are cos2 θ(1−f1)f2 +sin2 θf1(1−f2)

and sin2 θ(1− f1)f2 + cos2 θf1(1− f2) respectively. The effect of this operator is thus to

swap the two states with a probability given by cos2 θ. If we were to consider a simple

case where f1 = 0 and f2 = 1, then upon application of the unitary operator and mea-

surement the probability of the |01〉 and |10〉 states will be cos2 θ and sin2 θ respectively.

Thus, one may use the inner block to selectively shift probabilities between two states.

Next we describe how to use a series of these operations to set the desired probabilities

of the 8 possible measurement outcomes in the 3 qubit case.
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Starting with all qubits initialized according to equation 56, we apply a unitary

operator U1:

|ψ1〉 = U1|ψ〉

|ψ1〉 =



e−iπ/4 cos θ1 eiπ/4 sin θ1 0 0 0 0 0 0

eiπ/4 sin θ1 e−iπ/4 cos θ1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1





1

0

0

0

0

0

0

0



|ψ1〉 =



e−iπ/4 cos θ1

eiπ/4 sin θ1

0

0

0

0

0

0



.

The effect of the U1 operator is to shift the initial probability of being in the |000〉 state

from 1 to cos2 θ1. The remaining probability sin2 θ1 goes to the |001〉 state. If instead of

performing the measurement after U1, we apply a second operation U2:
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|ψ2〉 = U2U1|ψ〉

|ψ2〉 =



1 0 0 0 0 0 0 0

0 e−iπ/4 cos θ2 eiπ/4 sin θ2 0 0 0 0 0

0 eiπ/4 sin θ2 e−iπ/4 cos θ2 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



U1



1

0

0

0

0

0

0

0



|ψ2〉 =



e−iπ/4 cos θ1

e−iπ/4 cos θ2e
iπ/4 sin θ1

eiπ/4 sin θ2e
iπ/4 sin θ1

0

0

0

0

0


then the |001〉 and |010〉 states may be mixed. If a measurement is performed after

applying U1 and U2, then the probability of a measurement resulting in the |000〉, |001〉,

and |010〉 states is cos2 θ1, sin2 θ1 cos2 θ2, and sin2 θ1 sin2 θ2 respectively. To simplify

notation going forward, we define |000〉 ≡ |1〉, |001〉 ≡ |2〉, |010〉 = |3〉 ... |111〉 ≡ |8〉.

Ultimately we desire to be able to set the probability of measuring all eight states. Since

the sum of the probabilities of measuring each state must equal 1, there must be seven

free variables, since fixing the probability of seven states automatically determines the

probability of the eighth state. We thus apply a total of seven unitary operations with
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seven free variables to obtain a final operator:

U |ψ7〉 = U7U6U5U4U3U2U1|ψ7〉. (60)

Each operator is constructed with the same pattern of mixing two states at a time in

sequence until the last state is determined. Upon measurement the probability of a

measurement resulting in state |i〉 is given by Pi = 〈i|ψ7〉〈ψ7|i〉:

P1 = cos2 θ1

P2 = cos2 θ2 sin2 θ1

P3 = cos2 θ3 sin2 θ1 sin2 θ2

P4 = cos2 θ4 sin2 θ1 sin2 θ2 sin2 θ3

P5 = cos2 θ5 sin2 θ1 sin2 θ2 sin2 θ3 sin2 θ4

P6 = cos2 θ6 sin2 θ1 sin2 θ2 sin2 θ3 sin2 θ4 sin2 θ5

P7 = cos2 θ7 sin2 θ1 sin2 θ2 sin2 θ3 sin2 θ4 sin2 θ5 sin2 θ6

P8 = sin2 θ1 sin2 θ1 sin2 θ2 sin2 θ3 sin2 θ4 sin2 θ5 sin2 θ6 sin2 θ7. (61)

We first note that the probability P1 only depends on one variable. Thus we may solve

for the value of the free parameter θ1 required to set the probability upon measurement of

obtaining the |1〉 state to any desired probability P1. The solution is θ1 = arccos(
√
P1).

Second, we note that the probability of measuring the |2〉 state depends on two free

parameters, θ1 and θ2. Since θ1 is already solved for and is determined by choice of

P1, there is only one free parameter left to determine P2. Solving for θ2 yields θ2 =

arccos(
√
P2/ sin2 θ1). We note that P2 is again an arbitrary desired probability, and θ1 is

already known, so θ2 may be readily calculated. Each subsequent parameter is iteratively

determined once the previous parameter has been determined. Thus the methodology is

to solve seven equations and seven unknowns in order as given in equation 61.

It is evident that this sequence of operations may be applied in principle to any

number of states. Thus any given PDF may be broken into 2M discrete intervals, and
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sampled withM entangled qubits with an appropriate set of operations. We have verified

this method can be extended into an arbitrary numbers of qubits by developing a code

that accepts an input discrete PDF, and generates the unitary operator required to

sample it withM qubits. The unitary operator is then applied to the initial wave function

in the |1〉 state, and a measurement operation performed to determine the probability of

each state. The resulting probabilities are then compared with the original input PDF,

and verified to show perfect agreement. We may conclude that entangled quantum bits

can thus sample an arbitrary discrete PDF with less bits than a classical computer is

able to.

2.14 Physical Implementation

The proposed method may be implemented using any two state quantum system. Both

non-entangled and entangled quantum bits may be used, with the former being easier

to demonstrate first. Example approaches to constructing quantum bits include optical

systems, ion traps, nuclear magnetic resonance, cavity quantum electrodynamic, spin

based solid state systems, and quantum dots, as described in reference [4, ch. 4]. An

example implementation of non-entangled qubits could consist of single photon sources,

adjustable polarizers, and detectors. Note that liquid crystal displays are an example

of a high density photon source with polarizers (not single a photon source however).

Following we discuss several of the advantages of using quantum bits in Monte Carlo

codes compared to classical techniques using digital logic.

In Monte Carlo radiation transport codes where event cross sections are calculated for

various materials and densities and stored in memory (rather than computed on demand),

a number of bits are required to store each cross-section. 16 or 32 bits would not be

uncommon. Additionally a set of bits are required to store pseudo random numbers,

and a set of logic gates are required to produce the sequence of pseudo random numbers.

Regardless of the pseudo random number generator algorithm used, there will be physical

resources required to produce the next pseudo random number, and a set of comparators

to determine which event occurred. In contrast the present method requires only one
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quantum bit per cross-section, significantly reducing the number of physical resources

required. Additionally the temporal sequence of events has the potential to be actually

random. Naturally certain biases such as temperature dependence must be considered

in physical systems, but assuming these are controlled, the sequence may be inherently

more random than pseudo random number generators.

Additionally quantum bits may provide a linear speed up in some computations.

For example, assuming that the quantum bits may be initialized and measured at the

clock speed of the host CPU, the Compton scattering process may be as fast as 1 clock

cycle. For comparison, in our experience DPM takes an average of approximately 1-5

microseconds to process a Compton scatter on a typical PC. Considering that typical

clock speeds on PCs are between 1-2.5 GHz, which is on the order of a nano-second, the

Compton scatter process takes a relatively long number of clock cycles. Present optical

based quantum random number generators (QRNG) of various complexity in research

laboratories have demonstrated generation of random bit sequences between 4 Mbps [28]

and 2 Gbps [29]. Some commercial systems are available such as a 150 Mbps QRNG

produced by PicoQuant, which is based on random photon arrival times as described

by Wahl et al [30]. Since quantum hardware would provide updated scattering angles

for every energy level simultaneously, a Compton scatter may be processed on the order

of nano-seconds, providing a 1000x increase in performance. Using quantum bits also

potentially enables higher densities of bits compared to classical bits due to their usually

smaller size, and the ability to use exponentially fewer quantum bits if full-entanglement

is available in the hardware.

Finally, it is worth noting that this approach may provide advantages over using

graphical processing units (GPUs) for Monte Carlo simulations. GPU architectures

typically yield large parallelism in cases where the same instruction may be executed on

large sets of data. This architecture is known as single instruction multiple data (SIMD).

When a different instruction must occur for each set of data, the threads are serialized

and the parallelism greatly reduced. For example if one samples whether a Compton

event, photoelectric event, or pair production should occur for a given photon, assuming
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one photon per thread, the threads will fork in their instructions depending on which

event occurred, and will be serialized by the processor, loosing the desired parallelism.

Research has been performed for select Monte Carlo sims to create queues of the same

event to be processed and then batched with the same set of instructions for each event

type [16]. This method provides a speed-up over the normal technique, but still does not

get around the branch that occurs when deciding which queue to add an event to, thus

not achieving maximal parallelism. Using the present method the processing may be

setup using dedicated processors for each event type, with a state machine that updates

the photon’s position, direction, and energy whenever a logic 1 signal is detected for the

event. Note that the input qubits to the state machine would have been filtered through

a multiplexer that selects the qubits to sample based on the photon’s present energy.

Furthermore, since at every clock cycle a scattering angle is provided for every energy

level, multiple classical processors can read results for photons of different energies using

the same quantum hardware.
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3 Materials and Methods

Multiple techniques may be employed to verify the hybrid classical-quantum methods

described. The most ideal method of testing is with actual quantum bits followed by

classical processing in a recognized Monte Carlo code. Since a large number of quantum

bits is not readily available we focus on verification using computer simulation, and also

estimation of the required number of quantum bits to produce acceptable accuracy and

precision for a given application. Although the generalized method may be applied to

numerous Monte Carlo physics codes with diverse applications, we focus on application

to radiation therapy treatment planning. In particular we demonstrate the capability

of using the hybrid classical-quantum method to randomly scatter photons at differ-

ent angles according to the Klein-Nishina equation for photons that undergo Compton

scatter.

3.1 Verification of the Hybrid Classical-Quantum Sampling Method

We first verify that the HCQ method is able to correctly sample an arbitrary PDF.

The method employed consists of using the HCQ method to perform a large number

of samples of a PDF with an analytical solution, and as well as with an independent

sampling method to compare against. We have selected the Klein-Nishina equation as

our test since it may be verified against the analytical form the PDF, and against existing

sampling code using the composition-rejection method. To simulate the HCQ method,

we first calculate the probabilities that each qubit should be initialized to using non-

entangled photons. For each qubit we generate a random number. If the random number

is less than the probability of the qubit being in the |1〉 state, the qubit is marked to

be in the |1〉 state, simulating the measurement process. Otherwise, the qubit is marked

to be in the |0〉 state. Second, after the measurement process has been simulated on all

qubits, we determine if an invalid state has been obtained, which occurs when multiple

qubits are in the |1〉 state. If the state is invalid the qubits are re-sampled until a valid

state has occurred. Finally a histogram of the output states is generated for comparison
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against the analytic solution and the composition-rejection method.

3.2 Verification of the Hybrid Classical-Quantum Method for

Compton Scattering

In order to test the generalized method for Compton scattering we employ a fortran based

Monte Carlo code for radiation therapy called Dose Planning Method (DPM), which

was jointly developed between the University of Barcelona, Polytechnical University of

Catalonia, and the University of Michigan [16]. It has been compared against clinical data

and agrees within ±2% for clinical photon and electron beams [31, 32]. The verification

method employed starts with running baseline problems consisting of a 10x10 cm2 mono-

energetic photon beam incident on a phantom with dimensions of 30.5 × 30.5 × 30.0

cm3 with 0.5 × 0.5 × 0.2 cm3 voxels. The phantom consists of 5 cm water, 5 cm ICRU

bone, 5 cm ICRU lung, and 15 cm water along the z-direction. Each problem is ran

with a unique set of pseudo random numbers, and the dose in MeV/g is recorded in each

voxel.

After obtaining data for baseline problems without any modifications to the DPM

code, the Compton scattering routine in DPM is swapped with a simulation of the

hybrid classical-quantum method, and the same test-cases re-ran. Qubit initialization

and measurement is modeled by using a pseudo random number generator. For each

qubit, if the pseudo random number drawn is less than the probability of the qubit being

in the |1〉 state, the simulated qubit is marked to be in the |1〉 state. Otherwise the

qubit is marked to be in the |0〉 state. The algorithm is evaluated at a number of energy

levels and scattering angle discretizations, as well as evaluated using the uncorrected vs.

corrected qubit initial states given in equations 47 and 55.

To verify the hybrid classical-quantum method for Compton scattering produces ac-

ceptable physical results, we perform a statistical two-tailed t-test on each voxel between

the test cases ran with unmodified DPM code, and the test cases with the new algorithm.

The t-statistic for each voxel is calculated as:
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t =
DDPM −DHCQ√
s2
DPM + s2

HCQ

(62)

where t is the t-statistic, DDPM is the dose in the voxel in the unmodified DPM code,

DHCQ is the dose in the voxel using the hybrid classical-quantum method, and s is

the sample standard deviation of the voxel ran with the respective code. Finally, the

t-statistic is compared against a significance level of α = 0.025 to determine whether the

hypothesis that there is no statistically significant difference in dose between DPM and

the hybrid classical method should be accepted or rejected at each voxel. The percentage

of voxels that pass the significance level test are tallied and recorded for all voxels in

the phantom, and all voxels with dose higher than half the maximum dose recorded

in the phantom. We denote the two statistics as Pall and Phigh respectively. When a

high number of histories is used such that the standard deviation in dose is less than

1%, we expect the number of voxels that pass the t-test to be near 95% if the 3D dose

distribution of a particular test case is statistically indiscernible from the baseline case.

This test is used to evaluate the correctness of the algorithm and the number of quantum

bits/discretizations required.
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4 Results

4.1 Results of Qubit Initialization Errors and Verification of

HCQ Sampling

To verify the HCQ method and quantify errors from initializing qubits with initial states

using equation 47 instead of the correct values required by solving equation 53 we per-

formed Monte Carlo simulations of Compton sampling alone using the unmodified DPM

routine, and the hybrid quantum classical-quantum method with qubits initialized using

equations 47 and 55. We perform sampling using 1 million photons and 10 batches for

each algorithm, with initial photon energies of 200 keV, 500 keV, 1 MeV, 3 MeV, 6 MeV,

and 20 MeV. The frequency of scattering in each of 50 discrete angle ranges is shown in

Figures 7, 8, 9, 10, and 11.

Figure 7: The frequency of scattering for 1 million 200 keV photons is plotted verse cos θ
using the built in DPM Compton sampling routine (red), and using the hybrid classical-
quantum method with unmodified qubit initial probabilities given in equation 47 (blue).
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Figure 8: The frequency of scattering for 1 million 500 keV photons is plotted verse cos θ
using the built in DPM Compton sampling routine (red), and using the hybrid classical-
quantum method with unmodified qubit initial probabilities given in equation 47 (blue).
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Figure 9: The frequency of scattering for 1 million 1 MeV photons is plotted verse cos θ
using the built in DPM Compton sampling routine (red), and using the hybrid classical-
quantum method with unmodified qubit initial probabilities given in equation 47 (blue).
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Figure 10: The frequency of scattering for 1 million 3 MeV photons is plotted verse cos θ
using the built in DPM Compton sampling routine (red), and using the hybrid classical-
quantum method with unmodified qubit initial probabilities given in equation 47 (blue).
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Figure 11: The frequency of scattering for 1 million 20 MeV photons is plotted verse
cos θ using the built in DPM Compton sampling routine (red), and using the hybrid
classical-quantum method with unmodified qubit initial probabilities given in equation
47 (blue).
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Figure 12: 250 million 20 MeV Compton scatters were simulated using the built in DPM
algorithm, as well as the HCQ algorithm with both uncorrected and corrected probabili-
ties using equations 47 and 55 respectively. HCQ runs consisted of discretization into 64
angles. A histogram of the scattering angles for each of the 3 cases was generated, and
the relative error calculated using the exact solution from integrating the Klein-Nishina
equation over each bin. Excellent agreement is shown between DPM (red diamonds)
and the HCQ algorithm with corrected initial probabilities (blue squares). Uncorrected
probabilities result in approximately a -9% error in the frequency of scattering at each
angle, with the most significant error being 20% in the forward direction.



55

Figure 13: Figure 12 is reproduced with the uncorrected probabilities removed to show
the relative error in sampling the Klein-Nishina equation using the DPM algorithm (blue
squares) verse the HCQ algorithm with corrected probabilities (red diamonds) and 64
discrete angles. The relative errors randomly fluctuate and are less than ±0.25%.

4.2 Preliminary Results of DPM Compton Scattering Verse Hy-

brid Classical Quantum Method

The first test cases were simplified for testing and consisted of 2.5 million mono-energetic

photons incident on a water-lung-water phantom with energies of 200 keV, 500 keV, 1

MeV, 3 MeV, and 20 MeV, with 2 trials of each performed. The list of runs made are

listed in Tables 2-7. Runs 1-15 are baseline runs with unmodified DPM for statistical

comparison to the hybrid classical-quantum method. Runs 16-65 simulate the qubits

using the uncorrected form in equation 47 to determine whether there would be a sta-

tistical difference in dose due to the inherent errors. Runs 16-25 employ 50 discrete

scattering angles, and no energy discretization. Every time a Compton event occurs the

actual probabilities are calculated on demand for comparison against discretized ener-
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gies. Runs 26-35, 36-45, 46-55, and 56-65 use 50 discrete scattering angles and 1 keV, 50

keV, 250 keV, 2.5 MeV energy discretizations to estimate the affect on dose errors. As

described later in the discussion section the preliminary runs had insufficient number of

photons to produce an average voxel dose standard deviation of less than 1%. Thus for

future runs the number of photons was increased to 250 million.

Table 2: Baseline water/lung/water phantom run table with 3 trials per incident mono-
energetic photon energy including 200 keV, 500 keV, 1 MeV, 3 MeV, and 20 MeV photons.
The DPM seeds and user time as reported by the unix time command are displayed. Each
run consisted of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
1 0.2 1 1298 9283 0m16.895s
2 0.2 2 2755 8234 0m17.054s
3 0.2 3 273 4775 0m17.302s
4 0.5 1 7341 236 0m17.602s
5 0.5 2 973 9277 0m17.456s
6 0.5 3 8836 9234 0m17.970s
7 1 1 2833 7988 0m20.669s
8 1 2 4467 1270 0m20.744s
9 1 3 2643 3928 0m21.150s
10 3 1 8332 6710 0m31.056s
11 3 2 5634 7823 0m30.743s
12 3 3 8473 7842 0m31.368s
13 20 1 6856 3654 1m4.145s
14 20 2 2279 2347 1m3.569s
15 20 3 5631 9417 1m3.673s
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Table 3: Qubit sampling runs with 50 discrete angles and no energy discretization.
Water/lung/water phantom run table with 2 trials per incident mono-energetic photon
energy including 200 keV, 500 keV, 1 MeV, 3 MeV, and 20 MeV photons. The DPM seeds
and user time as reported by the unix time command are displayed. Each run consisted
of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
16 0.2 1 1298 9283 3m58.052s
17 0.2 2 2755 8234 3m58.636s
18 0.5 1 7341 236 3m39.790s
19 0.5 2 973 9277 3m40.368s
20 1 1 2833 7988 3m12.453s
21 1 2 4467 1270 3m12.704s
22 3 1 8332 6710 2m30.309s
23 3 2 5634 7823 2m28.451s
24 20 1 6856 3654 3m5.564s
25 20 2 2279 2347 3m5.014s

Table 4: Hybrid Classical-Quantum Method for Compton Scattering runs with 50 dis-
crete angles and 1 keV energy discretization using a water/lung/water phantom and 2
trials per incident mono-energetic photon energy including 200 keV, 500 keV, 1 MeV, 3
MeV, and 20 MeV photons. The DPM seeds and user time as reported by the unix time
command are displayed. Each run consisted of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
26 0.2 1 1298 9283 0m37.989s
27 0.2 2 2755 8234 0m38.026s
28 0.5 1 7341 236 0m37.092s
29 0.5 2 973 9277 0m37.308s
30 1 1 2833 7988 0m37.881s
31 1 2 4467 1270 0m38.007s
32 3 1 8332 6710 0m43.477s
33 3 2 5634 7823 0m43.251s
34 20 1 6856 3654 1m18.984s
35 20 2 2279 2347 1m17.685s
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Table 5: Hybrid Classical-Quantum Method for Compton Scattering runs with 50 dis-
crete angles and 50 keV energy discretization using a water/lung/water phantom and 2
trials per incident mono-energetic photon energy including 200 keV, 500 keV, 1 MeV, 3
MeV, and 20 MeV photons. The DPM seeds and user time as reported by the unix time
command are displayed. Each run consisted of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
36 0.2 1 1298 9283 0m37.640s
37 0.2 2 2755 8234 0m37.495s
38 0.5 1 7341 236 0m36.356s
39 0.5 2 973 9277 0m36.679s
40 1 1 2833 7988 0m36.821s
41 1 2 4467 1270 0m37.013s
42 3 1 8332 6710 0m42.987s
43 3 2 5634 7823 0m42.494s
44 20 1 6856 3654 1m18.641s
45 20 2 2279 2347 1m19.682s

Table 6: Hybrid Classical-Quantum Method for Compton Scattering runs with 50 dis-
crete angles and 250 keV energy discretization using a water/lung/water phantom and 2
trials per incident mono-energetic photon energy including 200 keV, 500 keV, 1 MeV, 3
MeV, and 20 MeV photons. The DPM seeds and user time as reported by the unix time
command are displayed. Each run consisted of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
46 0.2 1 1298 9283 0m38.089s
47 0.2 2 2755 8234 0m38.133s
48 0.5 1 7341 236 0m36.607s
49 0.5 2 973 9277 0m36.587s
50 1 1 2833 7988 0m36.983s
51 1 2 4467 1270 0m37.073s
52 3 1 8332 6710 0m42.018s
53 3 2 5634 7823 0m42.110s
54 20 1 6856 3654 1m16.623s
55 20 2 2279 2347 1m15.793s
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Table 7: Hybrid Classical-Quantum Method for Compton Scattering runs with 50 dis-
crete angles and 2.5 MeV energy discretization using a water/lung/water phantom and
2 trials per incident mono-energetic photon energy including 200 keV, 500 keV, 1 MeV,
3 MeV, and 20 MeV photons. The DPM seeds and user time as reported by the unix
time command are displayed. Each run consisted of 2.5 million histories.

Run # Energy (MeV) Trial Seed 0 Seed 1 User Time
56 0.2 1 1298 9283 0m36.073s
57 0.2 2 2755 8234 0m35.943s
58 0.5 1 7341 236 0m36.143s
59 0.5 2 973 9277 0m36.159s
60 1 1 2833 7988 0m38.407s
61 1 2 4467 1270 0m38.321s
62 3 1 8332 6710 0m42.932s
63 3 2 5634 7823 0m42.977s
64 20 1 6856 3654 1m16.982s
65 20 2 2279 2347 1m17.060s

Table 8: The passing rates Pall and Phigh of the per voxel t-test are compared for baseline
runs (Run # A) and additional runs of DPM with different random seeds (Run # B).

Run # A Run # B Energy (MeV) Pall Phigh

1 2 0.2 96.68% 93.59%
1 3 0.2 96.70% 93.36%
4 5 0.5 96.96% 93.57%
4 6 0.5 96.95% 93.35%
7 8 1 97.46% 93.80%
7 9 1 97.47% 94.08%
10 11 3 97.99% 94.36%
10 12 3 97.97% 94.33%
13 14 20 97.68% 94.99%
13 15 20 97.65% 94.88%
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Table 9: The passing rates Pall and Phigh of the per voxel t-test are compared for
baseline runs (Run # A) and qubit sampling runs with 50 discrete angles and no energy
discretization (Run # B).

Run # A Run # B Energy (MeV) Pall Phigh

1 16 0.2 96.69% 93.47%
1 17 0.2 96.68% 93.41%
4 18 0.5 96.99% 93.58%
4 19 0.5 96.94% 93.45%
7 20 1 97.44% 93.87%
7 21 1 97.48% 93.95%
10 22 3 97.96% 94.07%
10 23 3 97.99% 94.18%
13 24 20 97.62% 94.67%
13 25 20 97.56% 94.58%

Table 10: The passing rates Pall and Phigh of the per voxel t-test are compared for
baseline runs (Run # A) and Hybrid Classical-Quantum Method for Compton Scattering
runs with 50 discrete angles and 1 keV energy discretization (Run # B). The total number
of qubits required is 50 angles * 19,951 energy levels = 997,550.

Run # A Run # B Energy (MeV) Pall Phigh

1 26 0.2 96.69% 93.43%
1 27 0.2 96.68% 93.34%
4 28 0.5 96.99% 93.59%
4 29 0.5 96.94% 93.38%
7 30 1 97.44% 93.90%
7 31 1 97.47% 93.92%
10 32 3 97.96% 94.15%
10 33 3 97.98% 94.22%
13 34 20 97.63% 94.65%
13 35 20 97.59% 94.79%
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Table 11: The passing rates Pall and Phigh of the per voxel t-test are compared for
baseline runs (Run # A) and Hybrid Classical-Quantum Method for Compton Scattering
runs with 50 discrete angles and 50 keV energy discretization (Run # B). The total
number of qubits required is 50 angles * 400 energy levels = 20,000.

Run # A Run # B Energy (MeV) Pall Phigh

1 36 0.2 96.68% 93.12%
1 37 0.2 96.69% 93.39%
4 38 0.5 96.95% 93.76%
4 39 0.5 96.96% 93.88%
7 40 1 97.48% 94.14%
7 41 1 97.50% 94.04%
10 42 3 97.95% 94.10%
10 43 3 98.01% 94.17%
13 44 20 97.59% 94.50%
13 45 20 97.58% 94.62%

Table 12: The passing rates Pall and Phigh of the per voxel t-test are compared for
baseline runs (Run # A) and Hybrid Classical-Quantum Method for Compton Scattering
runs with 50 discrete angles and 250 keV energy discretization (Run # B). The total
number of qubits required is 50 angles * 100 energy levels = 5,000.

Run # A Run # B Energy (MeV) Pall Phigh

1 46 0.2 96.56% 93.20%
1 47 0.2 96.55% 92.98%
4 48 0.5 96.97% 93.59%
4 49 0.5 96.95% 93.41%
7 50 1 97.47% 93.71%
7 51 1 97.45% 93.74%
10 52 3 97.97% 94.05%
10 53 3 97.99% 94.02%
13 54 20 97.60% 94.75%
13 55 20 97.57% 94.71%



62

Table 13: The passing rates Pall and Phigh of the per voxel t-test are compared for
baseline runs (Run # A) and Hybrid Classical-Quantum Method for Compton Scattering
runs with 50 discrete angles and 2.5 MeV energy discretization (Run # B). The total
number of qubits required is 50 angles * 10 energy levels = 500.

Run # A Run # B Energy (MeV) Pall Phigh

1 56 0.2 96.47% 87.34%
1 57 0.2 96.46% 87.85%
4 58 0.5 96.16% 82.01%
4 59 0.5 96.19% 82.17%
7 60 1 96.12% 77.79%
7 61 1 96.10% 77.79%
10 62 3 97.94% 94.31%
10 63 3 97.92% 94.22%
13 64 20 97.57% 94.67%
13 65 20 97.55% 94.52%

4.3 Results of DPM Compton Scattering Verse Hybrid Classical

Quantum Method

The hybrid classical-quantum method for Compton scattering was tested using 250 mil-

lion mono-energetic photons incident on a phantom consisting of 5 cm water, 5 cm ICRU

bone, 5 cm ICRU lung, and 15 cm water along the z-direction. Each problem was ran

with a unique set of pseudo random numbers, and the dose in MeV/g recorded in each

voxel. In addition to baseline runs with the unmodified version of DPM, runs of the

HCQ method were performed using the uncorrected and corrected qubit probabilities

given in equations 47 and 55 to better discern any errors introduced in the dose using

the uncorrected probabilities. Since the quantum hardware would interface with classical

hardware, scattering angle discretizations were selected to be in powers of 2, namely 64

angles and 256 angles. For easier comparison, passing rates are grouped into a single

table for each incident mono-energetic photon energy. The results are shown in Tables

14-20 for 200 keV, 500 keV, 1 MeV, 3 MeV, 6 MeV, 10 MeV, and 20 MeV photons re-

spectively. Sample central axis depth dose curves for each simulation configuration are

shown in Figures 14-27. An example set of profiles at multiple depths along the z axis

are shown in Figures 28-31 for the 20 MeV simulations.
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Table 14: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 200 keV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.01 94.65
HCQ Uncorrected 1 64 94.86 92.92
HCQ Uncorrected 2 64 94.85 92.57
HCQ Corrected 1 64 95.02 94.56
HCQ Corrected 2 64 94.97 94.77

HCQ Uncorrected 1 256 94.95 93.17
HCQ Uncorrected 2 256 94.86 92.59
HCQ Corrected 1 256 94.97 94.62
HCQ Corrected 2 256 95.01 94.85

Table 15: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 500 keV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.00 94.69
HCQ Uncorrected 1 64 94.63 90.84
HCQ Uncorrected 2 64 94.64 90.95
HCQ Corrected 1 64 94.96 94.95
HCQ Corrected 2 64 94.98 95.01

HCQ Uncorrected 1 256 94.58 90.89
HCQ Uncorrected 2 256 94.61 90.85
HCQ Corrected 1 256 95.02 94.77
HCQ Corrected 2 256 95.03 94.95



64

Table 16: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 1 MeV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 94.98 94.46
HCQ Uncorrected 1 64 94.23 88.61
HCQ Uncorrected 2 64 94.23 88.51
HCQ Corrected 1 64 95.00 94.74
HCQ Corrected 2 64 94.96 94.51

HCQ Uncorrected 1 256 94.27 88.58
HCQ Uncorrected 2 256 94.25 88.82
HCQ Corrected 1 256 95.00 94.82
HCQ Corrected 2 256 94.99 94.98

Table 17: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 3 MeV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.02 95.09
HCQ Uncorrected 1 64 92.16 80.36
HCQ Uncorrected 2 64 92.16 80.77
HCQ Corrected 1 64 94.69 94.80
HCQ Corrected 2 64 94.73 94.77

HCQ Uncorrected 1 256 92.21 80.68
HCQ Uncorrected 2 256 92.14 80.58
HCQ Corrected 1 256 95.01 95.03
HCQ Corrected 2 256 94.96 94.96
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Table 18: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 6 MeV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.04 94.90
HCQ Uncorrected 1 64 89.97 74.40
HCQ Uncorrected 2 64 89.96 74.60
HCQ Corrected 1 64 94.08 92.87
HCQ Corrected 2 64 94.09 92.48

HCQ Uncorrected 1 256 90.04 75.00
HCQ Uncorrected 2 256 89.99 74.33
HCQ Corrected 1 256 95.02 94.87
HCQ Corrected 2 256 95.02 95.07

Table 19: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 10 MeV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.01 94.99
HCQ Uncorrected 1 64 89.95 81.60
HCQ Uncorrected 2 64 89.90 81.25
HCQ Corrected 1 64 92.78 84.52
HCQ Corrected 2 64 92.86 85.39

HCQ Uncorrected 1 256 89.91 81.66
HCQ Uncorrected 2 256 89.90 81.75
HCQ Corrected 1 256 95.00 94.86
HCQ Corrected 2 256 94.99 94.90
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Table 20: Runs were made of DPM unmodified for reference and compared against runs
employing the Hybrid Classical-Quantum Method for Compton Scattering. Angles were
divided into 64 and 256 discrete angles with 400 energy levels corresponding to a 50 keV
energy discretization. The model problem consists of 250 million 20 MeV mono-energetic
photons incident on a water/bone/lung/water phantom. Two trials were performed for
both uncorrected and corrected initial qubit states using equations 47 and 55 respectively.
The overall voxel passing rate Pall and high dose region voxel passing rate Phigh were
calculated using a statistical t-test comparing against baseline DPM runs.

Run # of
Angles

Pall
(%)

Phigh
(%)

DPM Unmodified - 95.02 94.84
HCQ Uncorrected 1 64 90.60 83.34
HCQ Uncorrected 2 64 90.62 83.12
HCQ Corrected 1 64 88.46 49.75
HCQ Corrected 2 64 88.36 50.58

HCQ Uncorrected 1 256 90.64 83.65
HCQ Uncorrected 2 256 90.54 83.21
HCQ Corrected 1 256 94.87 94.35
HCQ Corrected 2 256 94.95 94.49
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Figure 14: A depth dose profile using 200 keV mono-energetic photons is shown using
the corrected and uncorrected HCQ Compton scattering algorithm (solid green line and
solid red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm.
64 discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 95% and Phigh is approximately 93% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 15: A depth dose profile using 200 keV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 95% and Phigh is approximately 93% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 16: A depth dose profile using 500 keV mono-energetic photons is shown using
the corrected and uncorrected HCQ Compton scattering algorithm (solid green line and
solid red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm.
64 discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 95% and Phigh is approximately 91% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.



70

Figure 17: A depth dose profile using 500 keV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 95% and Phigh is approximately 91% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 18: A depth dose profile using 1 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 64
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 94% and Phigh is approximately 89% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 19: A depth dose profile using 1 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 94% and Phigh is approximately 89% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.



73

Figure 20: A depth dose profile using 3 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 64
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 92% and Phigh is approximately 81% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 21: A depth dose profile using 3 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 92% and Phigh is approximately 81% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 22: A depth dose profile using 6 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 64
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 90% and Phigh is approximately 75% for the uncorrected
algorithm. Pall is approximately 94% and Phigh is approximately 93% for the corrected
method. See text for discussion of the passing rates.
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Figure 23: A depth dose profile using 6 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 90% and Phigh is approximately 75% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.



77

Figure 24: A depth dose profile using 10 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 64
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 90% and Phigh is approximately 82% for the uncorrected
algorithm. Pall is approximately 93% and Phigh is approximately 85% for the corrected
method. See text for discussion of the passing rates.
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Figure 25: A depth dose profile using 10 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 90% and Phigh is approximately 82% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 95% for the corrected
method. See text for discussion of the passing rates.
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Figure 26: A depth dose profile using 20 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 64
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 91% andPhigh is approximately 83% for the uncorrected
algorithm. Pall is approximately 88% and Phigh is approximately 50% for the corrected
method. See text for discussion of the passing rates.
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Figure 27: A depth dose profile using 20 MeV mono-energetic photons is shown using the
corrected and uncorrected HCQ Compton scattering algorithm (solid green line and solid
red line respectively) verse unmodified DPM (solid blue line) at x = y = 15.25 cm. 256
discrete angles and 400 energy levels in 50 keV increments from 50 keV to 20 MeV were
employed. Pall is approximately 91% and Phigh is approximately 84% for the uncorrected
algorithm. Pall is approximately 95% and Phigh is approximately 94% for the corrected
method. See text for discussion of the passing rates.
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Figure 28: Lateral dose profiles along the x-axis are shown using 20 MeV mono-energetic
photons for the HCQ Compton scattering algorithm (symbols) and unmodified DPM
(solid black lines) at multiple depths along the z-axis. 64 discrete angles and 400 energy
levels in 50 keV increments from 50 keV to 20 MeV were employed. Pall is approximately
91% andPhigh is approximately 83% for the uncorrected algorithm.
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Figure 29: Lateral dose profiles along the x-axis are shown using 20 MeV mono-energetic
photons for the corrected HCQ Compton scattering algorithm (symbols) and unmodified
DPM (solid black lines) at multiple depths along the z-axis. 64 discrete angles and 400
energy levels in 50 keV increments from 50 keV to 20 MeV were employed. Pall is
approximately 88% and Phigh is approximately 50% for the corrected method.
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Figure 30: Lateral dose profiles along the x-axis are shown using 20 MeV mono-energetic
photons for the uncorrected HCQ Compton scattering algorithm (symbols) and unmod-
ified DPM (solid black lines) at multiple depths along the z-axis. 256 discrete angles and
400 energy levels in 50 keV increments from 50 keV to 20 MeV were employed. Pall is
approximately 91% and Phigh is approximately 84% for the uncorrected algorithm.
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Figure 31: Lateral dose profiles along the x-axis are shown using 20 MeV mono-energetic
photons for the corrected HCQ Compton scattering algorithm (symbols) and unmodified
DPM (solid black lines) at multiple depths along the z-axis. 256 discrete angles and 400
energy levels in 50 keV increments from 50 keV to 20 MeV were employed. Pall is
approximately 95% and Phigh is approximately 94% for the corrected method.
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5 Discussion

5.1 Qubit Initialization Errors

Previously it was demonstrated that employment of non-entangled qubits requires a re-

jection step in the algorithm to ensure invalid states are not allowed, such as simultaneous

scattering at multiple angles or an individual photon simultaneously undergoing multiple

events such as photoelectric effect, pair production, and Compton scatter. The rejection

step changes the probability of a given outcome however, and thus may result in errors in

the effective probabilities if not corrected for when determining initial qubit probabilities.

To quantify the errors in sampling the Klein Nishina equation for Compton scattering,

sampling was performed using the uncorrected probabilities, corrected probabilities, and

the DPM Compton scattering algorithm. The results in Figures 7-11 for a wide range of

energies show excellent visual agreement. However, plots of the relative error shows that

there are indeed noticeable errors compared to the analytic solution of the Klein Nishina

equation. The relative errors are plotted in Figure 12. The uncorrected probabilities

that do not account for the rejection step lead to an average error of -9% at large scat-

tering angles with the highest error being on the order of 20% in the forward direction.

The plot indicates the corrected probabilities introduce less errors. To compare them

against the DPM sampling routine, a plot of the DPM routine sampling and the HCQ

method with corrected probabilities is shown in Figure 13. The absolute value of the

relative error is seen to be less than 0.25% and the two sampling methods show similar

variance across the full range of scattering angles. Both mathematical analysis and the

experimental results confirm the validity of the equation for the corrected probabilities

given in equation 55.
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5.2 DPM Compton Scattering Verse Hybrid Classical Quantum

Method

For each preliminary run made, the passing rates Pall (all voxels) and Phigh (regions

with dose greater than half the maximum dose) were tabulated. Multiple baseline runs

were compared against each other to provide a standard reference for acceptable passing

rates. As shown in Table 8, Pall ranges from 96.68% - 97.99% for all baseline comparisons

varying by test case and energy. The passing rate in the high dose regions varies between

93.35% - 94.99%, generally increasing slightly from lower energies to higher energies. The

runs made with the hybrid quantum-classical method and uncorrected initial probabili-

ties are compared against baseline runs in Tables 9 - 13. To much surprise all cases show

excellent agreement with the unmodified baseline runs of DPM except for the case of 2.5

MeV energy discretization shown in Table 13. At this discretization the passing rates in

the high dose region vary from 77.79% - 94.72%. The fact that the 20 MeV runs with

2.5 MeV energy discretization had high passing rates caused the data to be suspect, as

one would expect such low levels of energy discretization to introduce significant errors

at all energy levels. To investigate the reason for the variation in passing rates in this

case, sample dose profiles were plotted. The plots revealed high uncertainty in the dose

profile. The average relative standard deviation in dose for these test cases was computed

to be on the order of 4.5%. Thus it is readily apparent that the unexpected relatively

high passing rates, and variation in passing rates at the 2.5 MeV energy discretization

level are largely due to any discretization errors being hidden by statistical fluctuations

due to insufficient number of photons being launched. At this point it was determined

that 250 million photon histories are required to produce an average relative standard

deviation less than 1% for a 10x10 cm2 beam of mono-energetic photons incident on the

water/lung/water phantom. After an acceptable number of histories was determined,

the final test cases were ran as described next.

Upon analysis of the overall passing rates and high dose passing rates for the final test

cases over the range of energies from 200 keV to 20 MeV using baseline DPM, and the
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HCQ method with uncorrected and corrected qubit probabilities, several general trends

may be identified. Foremost the baseline passing rates between two runs of unmodified

DPM using different random seeds are always near 95%. This result is expected for the

hypothesis that there is no statistically significant difference between two different runs

of DPM when comparing the t-statistic against a significance level of α = 0.025. Second,

when 256 discrete scattering angles are used with 256 corresponding qubits initialized

with the corrected probabilities, the overall passing rates and high dose passing rates

are always near 95% indicating the dose distribution is not statistically different than

unmodified DPM. Third, we observe that errors become more significant at high photon

energies, lower angle discretization (e.g. 64 discrete angles), and using the uncorrected

initial qubit probabilities. A more detailed analysis follows.

Passing rates for low energy photons (200 keV and 500 keV) are shown in Tables 14

and 15 respectively. The overall passing rates are always near 95%. In the high dose

region passing rates are near 95% when the corrected initial qubit probabilities are used.

When the uncorrected probabilities are used the passing rate decreases to around 93%

for 200 keV photons, and 91% for 500 keV photons. One may not initially expect that

passing rates would remain high with as few as 64 discrete scattering angles even using

the corrected probabilities. The high passing rate near 95% may be due to the fact

that there is less Compton scattering at lower photon energies and more photoelectric

effect, leading to less affect on the final dose. It is evident however that the uncorrected

probabilities introduce sufficient error to lower the high dose passing rate.

The passing rates for 1-3 MeV photons are shown in Tables 16 and 17 respectively.

As with lower energy photons the overall passing rates and high dose passing rates are

always near 95% using the corrected probabilities. Using the uncorrected probabilities

leads to a decrease in overall passing rates however, on the order of 94% and 92% for 1

and 3 MeV photons respectively. In the high dose region, passing rates are around 89%

and 81% using uncorrected probabilities for 1 and 3 MeV photons respectively. Similar

to the lower energies, the corrected probabilities always gives high passing rates even

with 64 discrete scattering angles.
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For 6-10 MeV photons the only trials with passing rates near 95% are those with

the corrected probabilities and 256 scattering angles as shown in Tables 18 and 19.

Although the corrected probabilities always result in higher passing rates than the un-

corrected probabilities, the passing rate for 64 scattering angles is no longer around 95%.

The overall passing rates were reduced to 94% and 93% for 6 and 10 MeV photons re-

spectively. The high dose passing rates decreased to 93% and 85% for 6 and 10 MeV

photons respectively. Trials with uncorrected probabilities suffered the greatest reduc-

tion in overall passing rates down to 90%. Similarly the high dose region passing rates

decreased to 75% and 82% for 6 and 10 MeV photons respectively. It is not immedi-

ately evident why 10 MeV has a higher passing rate in the high dose region than the 6

MeV trials despite having a higher probability of Compton scatter. Some confounding

factors in understanding the differences are the different depths of maximum dose with

energy in relation to the slab depths/thicknesses in the phantom, and the increase in

pair production at higher energies.

Finally at 20 MeV passing rates remain near 95% for trials using the corrected prob-

abilities and 256 scattering angles as shown in Table 20. The high dose region may

possibly have slightly decreased passing rates closer to 94.5%, but this may be a statis-

tical fluctuation. If further testing showed this to be the case, more scattering angles

could be used to increase the passing rate closer to 95.0%. The overall passing rates

using uncorrected probabilities are around 91%, slightly higher than at 10 MeV. Simi-

larly the high dose passing rates using the uncorrected probabilities (83%) are slightly

higher than at 10 MeV (82%). The slightly higher passing rates are speculated to be a

result of increased pair production and less Compton scatter at these energies. Note that

the 20 MeV trials are not realistic when compared to a 20 MV linac, since few photons

have an energy at the peak energy of 20 MeV. Instead there is a composite spectrum of

bremsstrahlung and characteristic x-rays with an average energy around 1/3 - 1/2 the

peak energy. Thus the 20 MeV trials have a much higher average energy than common

clinical linacs which typically have no more than 23 MV beams. At 20 MeV there is

an interesting observation that is presently unexplainable. When 64 discrete scattering
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angles are used, the runs made with the corrected probabilities unexpectedly have an

overall passing rate around 89% and high dose passing rate, around 50%. Although the

error with less scattering angles is expected, it is not readily apparent why in this one

case the high dose passing rate is significantly worse with the corrected probabilities

than the uncorrected probabilities. This result is unexpected as sampling tests using 64

discrete angles showed that the corrected probabilities agree well with DPM, as well as

the exact probabilities from the Klein-Nishina equation, while the uncorrected probabil-

ities result in up to 20% errors in the probability of scattering at each discrete angle (see

Figures 12 and 13). Since the error disappears at higher scattering angle discretizations

(256), this unexpected result does not suggest any inherent problems with the algorithm

or the corrected probabilities, and was not investigated further.



90

6 Conclusion

Modern radiation therapy, which is primarily used to treat cancer, requires the use

of computers to generate a treatment plan that maximizes the dose to tumors, and

minimizes the dose to healthy tissue. This process is iterative by nature, since it is

impossible to know what the most optimal treatment plan is for a certain clinical goal.

Each iteration in the treatment planning process requires time consuming calculations of

absorbed dose to all critical and target volumes. Presently Monte Carlo codes that model

the radiation interactions from the treatment machine through the patient are generally

too slow for use in a clinical setting. Since the Monte Carlo method is considered the gold

standard for accuracy and precision in determining 3D dose distributions, particularly

in regions without electronic equilibrium, we were motivated to develop a new method

for speeding up Monte Carlo codes.

Monte Carlo codes often require the sampling of probability density functions using

pseudo random number generators. This process is often computationally time con-

suming. For example processing a Compton scatter event in the Dose Planning Method

(DPM ) Monte Carlo code by sampling the Klein-Nishina equation with the composition-

rejection method takes on the order of 1-5 microseconds. Although this may sound fast,

when billions of Compton scatters need to be processed the computational time rapidly

compounds. For many decades increased computing power has enabled Monte Carlo

codes to run faster than ever. However it is possible that the “free” increases in the

speed of such codes will not continue indefinitely as transistor sizes become smaller and

near the dimensions in which quantum tunneling introduces a high number of logic gate

errors. Motivated by the probabilistic nature of quantum systems, we seek to harness

quantum effects for computing rather than completely discourage them. To this end

we have devised a generalized hybrid classical-quantum method for sampling discrete

probability density functions.

The approach we take is to delegate the sampling of probability density functions to

quantum bits, rather than classical bits. We envision an architecture in which a classical
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computer may signal the quantum hardware to start sampling the quantum bits, the

results of which are read by the classical hardware and processed by the Monte Carlo

code. The devised method for sampling discrete probability density functions may be

generalized as 4 steps as shown in Figure 4:

1. The quantum bits are initialized to pre-determined states.

2. The quantum bits are measured.

3. The measurement results are checked for validity (optional step).

4. Upon obtaining a valid state, the results are sent to the classical computer for

processing in the Monte Carlo code.

Initial qubit states are dependent on the probability density function to be sampled, and

whether the quantum bits employed are entangled or not. For non-entangled quantum

bits, one qubit per discrete bin in the discrete PDF domain is required. The initial states

are determined using equation 55. Upon measurement a validity check is performed. If

the measurement produced a result in which multiple events occur simultaneously, the

measurement may optionally be rejected depending on the application, and the quantum

bits are re-initialized and measured until a valid state is obtained. If entangled quantum

bits are used, only log2 N qubits are required, where N is the number of bins in the

domain of the discrete PDF. Initial states are determined by first initializing all quantum

bits to the |0〉 state, and then performing a sequence of unitary operations as described

in section 2.13. By harnessing the unique properties of entangled states, not only are

significantly fewer quantum bits required, but no validity check is needed, increasing the

efficiency of the algorithm at the expense of more complex hardware. In our work we

have provided two example applications of these algorithms to Monte Carlo codes for

radiation transport, although many other applications are possible.

A simple example application of the HCQ method to a Monte Carlo radiation trans-

port code is event selection during the history of an x-ray propagating through a medium.

As an x-ray traverses a distance ∆x in a medium, there are associated probabilities that
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the x-ray will undergo photoelectric effect, Compton scatter, pair production, photodisin-

tegration, or continue propagating undisturbed. The probabilities depend on the energy

of the x-ray, the atomic composition of the medium, and the density of the medium.

In the therapeutic x-ray energy range, the most common events are Compton scatter,

photoelectric effect (low energies), and pair production (higher energies > 1.022 MeV).

To encode the probability of each of these events for a given medium and x-ray energy we

use three quantum bits, one per event. The probabilities are encoded using equation 55,

with the probability of rejection being equal to the probability that the x-ray propagates

undisturbed over a distance ∆x. In this application the “invalid” states merely signal

the Monte Carlo code to propagate the x-ray undisturbed. After each measurement the

Monte Carlo code will process the event that occurred.

Upon selection of which event should occur, the Monte Carlo code must update the

state of the x-ray. If photoelectric effect occurred, the x-ray is removed and no longer

exists, and a photoelectron is created with the energy of the x-ray less the binding energy

of the electron. The code must then model the emission of any characteristic x-rays or

mono-energetic Auger electrons, as well as the transport of the photoelectron. Research

in application of the HCQ method to this process is left for future research. If pair

production occurred, the x-ray is also removed and replaced by an electron and positron,

which must then be transported. Likewise, research in application of the HCQ method

to this process is left for future research. If a Compton scatter occurred, the code must

determine which angles to scatter the x-ray at based on the Klein Nishina equation, and

must also create a scattered electron. Finally, if neither of the three events occurred,

the x-ray is propagated a distance ∆x along its momentum vector. Our second example

application of the HCQ method was to the processing of Compton scatter events as

described next.

Since Compton scattering is the predominant x-ray interaction in the therapeutic

energy range and the most computationally intensive, we applied the HCQ method to

sample the angle θ at which to scatter an x-ray if it undergoes Compton scatter. For each

type of medium modeled in the Monte Carlo code we designate N ∗M qubits, where N
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is the number of discrete energy levels to be modeled, and M is the number of discrete

scattering angles to be modeled. Note that if entangled qubits are used only N ∗ log2 M

qubits are required. For each material and discrete energy level, the qubits are initialized

using equation 55 for non-entangled qubits, or the unitary operations in section 2.13 are

applied if entangled qubits are used. The Klein-Nishina equation is used as the PDF to

describe Compton scattering. Next we review the methods employed to verify the HCQ

method.

In order to verify the HCQ method algorithm we used numerical simulations since

quantum bits are not readily available. We first demonstrated that the HCQ method

can sample an arbitrary PDF. By performing 1 million samples of the Klein-Nishina

equation using the HCQ method we were able to show good agreement with the analytic

solution, and the relative errors were consistent with performing 1 million samples using

the composition-rejection method employed in DPM.

Upon verification of the method, we devised tests to evaluate the number of quantum

bits required to model Compton scattering sufficiently in a model problem such that the

resulting dose distribution is statistically indiscernible from the composition-rejection

method. We used the DPM Monte Carlo code to perform simulations using the HCQ

method and the traditional method. The model problem consisted of a 10x10 cm2 mono-

energetic x-ray beam incident on a phantom with dimensions of 30.5 × 30.5 × 30.0 cm3

with 0.5 × 0.5 × 0.2 cm3 voxels. The first phantom consists of 5 cm water, 5 cm ICRU

bone, 5 cm ICRU lung, and 15 cm water along the z-direction. Each test case was ran

with a unique set of pseudo random numbers, and the dose in MeV/g was recorded in

each voxel. The test cases compared 64 verse 256 discrete scattering angles, and the

uncorrected verse corrected probabilities. Each case had a specific incident x-ray energy.

The energies used were 200 keV, 500 keV, 1 MeV, 3 MeV, 6 MeV, 10 MeV, and 20 MeV.

Baseline runs of each problem were first performed with DPM and the composition-

rejection method algorithm for Compton scattering that the code ships with. We than

swapped the algorithm with the HCQ method. To perform a comparison between the

two methods we calculated a t-statistic using the dose and standard deviation for two
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runs, and compared the t-statistic against a significance level of α = 0.025. We then

tallied the number of voxels that pass the t-test. If two test-cases produce statistically

indiscernible results we expect the pass rate to be near 95% for sufficiently large sample

size. 250 million photon histories were employed to ensure the average standard deviation

in voxel dose was less than 1%. The passing rates were also compared for all voxels, and

only high dose voxels, defined as voxels with dose greater than half the maximum dose

in the phantom. The results are described next.

By comparing the HCQ sampling routine for Compton scattering over a wide range

of x-ray energies, materials, and discrete scattering angles we provided a broad range

of tests of the method. We demonstrated that in all cases with sufficient discretization

of scattering angles (256), the dose distribution in the phantom was statistically indis-

cernible from the baseline runs of DPM as evidence by similar passing rates near 95%.

We were also able to demonstrate breakdown of the algorithm at lower discretizations

as expected (64 scattering angles). Additionally we were able to show that initializa-

tion of the qubits with uncorrected probabilities for the rejection step usually resulted

in poor passing rates. There was one case however where the dose distribution had a

higher passing rate with the uncorrected probabilities compared to the correct proba-

bilities. However since this was at low discretization, and it disappeared at high levels

of discretization, we are confident that the surprising result was not due to a short-

coming of the algorithm but is specific to the particular test case and low discretization.

The demonstration that the HCQ method samples the Klein-Nishina equation with the

same relative error as the composition-rejection method also supports this conclusion.

Since we have demonstrated that a modest number of quantum bits are able to produce

statistically indiscernible results in Compton scattering, we now discuss future areas of

research.

There are three primary areas that need further research to bring this method to

practical use: hybrid classical-quantum algorithms, quantum bit implementations, and

hardware architectures. Foremost more research needs to be conducted in designing

hybrid classical-quantum computing algorithms that have the potential for a realistic
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improvement in speed over classical algorithms for a wide range of fields. One of the

challenges is that the utilization of quantum bits in computing requires a fundamentally

different approach to thinking about how to solve computational problems. As more

applications are demonstrated, there may be growing interest in the field that will enable

more people to understand how to design the algorithms. Without a wide range of

applications and an expectation of advantages over classical techniques, there will be less

motivation and funding for developing the required hardware. In our present research

we focused on modeling x-ray interactions and left electron transport for future research.

Electron transport is computationally intensive however, and presents an open area for

research in how to best apply the HCQ method to. For radiation therapy solving this

issue may be important to demonstrate the utility of using the HCQ architecture. The

second area of research is naturally in quantum bit implementations. Most likely certain

implementations will have different advantages. Some may be more suitable for high-

speed non-entangled qubits (e.g. photon based), while others may provide more control

of entanglement, but at slower speeds (e.g. ion-trap based). The third area of research

that should not be underestimated is in hardware architecture. Suppose that quantum

bits could be sampled at the same speed as a modern CPU, on the order of nanoseconds.

In order to provide a speed-up to a Monte Carlo code, the results need to be available

at high speed, ideally at the clock speed of the CPU. If the qubit measurement results

were interfaced over a slower standard such as USB or PCI-E, the full gains may not

be realized. Ideally the quantum bits would be interfaced more directly where code

running on a CPU, GPU, or FPGA could read the quantum bits in real-time. Despite the

numerous areas of research that remain, our work has demonstrated that a broader range

of applications of quantum bits may be possible and further investigation warranted.

Considering that Monte Carlo methods are used in a wide range of computational

fields such as physics, chemistry, biology, engineering, weather forecasting, finance, and

mathematics, there is much benefit in increasing the speed of these methods in order

to solve problems that are currently intractable. Since quantum mechanical systems are

probabilistic in nature they are an ideal candidate for providing a future technology for
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speeding up Monte Carlo simulations. Previously most attention in quantum computing

primarily has been devoted to decryption, searching databases, secure communication,

simulating quantum systems, and solving some partial differential equations. Our work

has demonstrated the potential for quantum bits to be employed in a much broader

range of applications. Some of the potential advantages of sampling probability density

functions using quantum bits include a reduction in the number of logical bits required,

theoretically smaller physical dimensions, and possibly faster processing depending on

the application and physical qubit implementation. It may be that for select applications

quantum bits will provide a speed-up when classical computers are no longer able to scale

with Moore’s law. One advantage of our method is that it may be implemented sooner

than full-fledged quantum computers since non-entangled qubits may be employed. As

the technology matures, entangled qubits would enable increased computational power

with the same number of qubits, and previously intractable problems may finally become

possible.
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