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NONPARAMETRIC DENSITY ESTIMATION BY GENERALIZED
EXPANSION ESTIMATORSA CROSSVALIDATION APPROACH

1. Introduction

1.1 A Review of Nonparametric Density Estimation

Much of modern statistics is based upon maximum likelihood estimation

which was introduced by R. A. Fisher (1922). The maximum likelihood estimation

approach assumes that the unknown density f belongs to a family of densities a

with each density in a having a common functional form and dependent upon a

parameter 0, 19 E Rm. The family a is referred to as a parametric family of

densities. Provided that the unknown density f is in a, maximum likelihood

estimation is a very efficient means of estimating the unknown density . On the

other hand, when the unknown density does not belong to a the resulting

maximum likelihood density estimate can be a very poor estimate of the unknown

density f.

A more general approach to density estimation is nonparametric density

estimation. Nonparametric density estimation addresses the problem of estimating

an unknown density when there is little or no information available concerning the

functional form of the density. According to Tapia and Thompson (pg. 22, 1978)
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nonparametric density estimation is a method by which

...we may attack the problem of estimating the density function of x
without prior assumptions (other than smoothness) as to its functional
form.

Silverman (pg. 1, 1986) makes the following statement regarding nonparametric

density estimation

Although it will be assumed that the distribution has a probability density
f, the data will be allowed to speak for themselves in determining the
estimate of f more than would be the case if f were constrained to fall in
a given parametric family.

The most widely used and probably the oldest form of nonparametric density

estimation is the histogram. Tarter and Kronmal (1976) have given several

reasons why the histogram is not a particularly good density estimator. In

particular, one shortcoming of the histogram is that each observation in a

histogram class contributes the same amount to density estimate no matter where

it is located. Thus clusters of points may be given less weight then they deserve.

Fix and Hodges (1951) and Rosenblatt (1956), in independent work, introduced

the naive estimator which is given by

Fn(x+h) Fll(xh)
f(x) := "

2h

where Fn(x) is the empirical distribution function. Rosenblatt in his paper goes

on to introduce a wide class of density estimates which also contain the naive

estimator. Rosenblatt's general density estimators are of the form

1 nf(x) := n wn(xX.) where wn(x) is a nonnegative density such that for some
i=1
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> 0, lirn
11-4co

w (x)dx = 1.
ixl<c

Whittle (1958) in a Bayesian approach considered a wide class of kernel

n

estimators containing estimators of the form f (x) := 1 K n(x
'
x.) Parzenn

1=1

(1962) restricts his attention to a smaller class of kernel estimators which include

the now popular Gaussian kernels. The Parzen kernel estimators take the form

f(x) = K rvi] , where the kernel function K is a probability density on
i=1

ER, bounded and integrable, and it must satisfy limy I YK(Y)1 = 0.

The class of orthogonal series estimators was introduced by erencov (1962).

6encov's estimator is based upon a sequence of functions {Or} which are

orthogonal with respect to a nonnegative weight function w and the estimators

are of the form f(x) := 00r (x) ' where 0r
r=0

n

0r(Xi)w(Xi) for
i=1

r = 1,2,...,m for some nonnegative integer m. It is easily shown that erencov's f

is a kernel estimator in the sense of Whittle with kernel

K(x,y) := Or(y)0r(x)w(x).

r=0
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Watson (1969) considered a more general class of orthogonal series

estimators consisting of orthogonal series estimators of the form

oo

f (x) := ar r0r(x), where {ar} a sequence of real numbers converging to
1.4

r=0

zero as r co. The class of orthogonal series estimators has also been considered

by Schwartz (1967), Kronmal and Tarter (1968), Brunk and Pierce (1974), Wahba

(1975), Brunk(1978), and Shih and Brunk (1984), among others.

Many other nonparametric density estimators have been developed since

Rosenblatt's pioneering work in 1956. Among the other numerous nonparametric

density estimators that have been introduced are the maximum penalized

likelihood approach of Good and Gaskins (1971), the histospline method of

Boneva, Kendall, and Stefanov (1971), and the polynomial splines of Wahba

(1971). Excellent surveys of the history and different types of nonparametric

density estimators available are given in Tapia and Thompson (1978), Wertz

(1979), and Silverman (1986).

1.2 Data Based Smoothing of Density Estimates

An important feature common to every nonparametric density estimator is

that there is some parameter or set of parameters that governs the amount of

smoothness associated with the estimator. This parameter is generally referred to

as the smoothing parameter and in some cases a set of smoothing parameters is

called a smoothing policy. For example, in the case of a Gaussian kernel estimator

the bandwidth h is the smoothing parameter, and here larger values of h

determine smoother estimates.
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According to Scott and Factor (1981) a databased algorithm for choosing

a smoothing parameter, or the smoothing parameters, is

...an algorithm that can be embodied in a computer subroutine whose
input is the data and whose output is a value of the smoothing parameter
that is approximately equal to the theoretically optimal, but unknown,
value of the smoothing parameter.

More generally a databased algorithm is an algorithm that determines a value of

the smoothing parameter based upon only the data and the functional form of the

particular density estimator being used.

One approach to the problem of determining a databased smoothing

parameter is to consider smoothing parameters that minimize the mean integrated

squared error (MISE) of an estimator f, where MISE is given by

-OD
MISE Ef[ I f (x) f(x) I 2dx].

co

Note that MISE can be defined analogously for discrete densities. Among those

who have taken this approach are Kronmal and Tarter (1968), Watson (1969),

Davis (1977), Wahba (1981), Hart (1985), and Diggle and Hall (1986).

Another approach used to determine a databased value of the smoothing

parameter is crossvalidation. Scott and Terrell (1987) regard the goal of

crossvalidation as to automatically provide "nearly optimally calibrated

nonparametric estimates, mimicking the choices of experts and perhaps surpassing

them." Stone (1974) proposed using crossvalidation as a method of determining

the smoothing parameter. In particular, Stone used the following Li and L2



crossvalidation criteria to fit mixtures of multinomial densities to data

and

L : minimize n= Dpi(x) Si(x)]
1 pe[0,1] 1=1 X

L : minimize 1 Dpi(x) oi(x)12,
2 pE[0 , 1] ni=1

X
P

6

where X is the support of the unknown density, plp(x) is the density based on

the sample with the point xi deleted, the parameter pE[0,1] determines the

amount of mixing, and 61(x) = 1 if x = xi and Si(x) = 0 if x 1 xi.

Habbema, Hermans, and van den Broek (1974), Aitchison and Aitken

(1976), Duin (1976), and Hermans and Habbema (1976) have all considered a

modified maximum likelihood approach. Here the objective is to choose the value

of
,fthe smoothing parameter that maximizes 11 (x.) where f'(x) is the

i =1

density estimate based upon the sample minus the point {xi }. Titterington (1978,

1980) has shown that this is a form of crossvalidation, now called maximum

likelihood crossvalidation (MLCV). Marron (1985) also gives a modified version

of MLCV which yields an asymptotically optimal estimate. Bowman (1980, 1984)

has shown that the MLCV approach is equivalent to a form of crossvalidation

based upon the KullbackLeibler loss function which is given by

I(p,q) := fp log {p/q}.

Rudemo (1982) and Bowman (1984) have further investigated L2

crossvalidation in addressing the problem of selecting the bandwidth h for a
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class of Parzentype kernel estimators. Hall (1983) considers the large sample

optimality of L crossvalidation and Wahba (1981) considers L

crossvalidation for a class of orthogonal series estimators. Scott and Terrell

(1987) have introduced an alternative form of L crossvalidation, referred to here
2

as A crossvalidation, which is asymptotically equivalent to L
2 2

crossvalidation.

Finally Rossi and Brunk (1987) have investigated Li, L2, and A2

crossvalidation for a wide class of generalized expansion estimators. In

particular, Rossi and Brunk address the problem of estimating multinomial

densities with generalized expansion estimators whose smoothing policies are

determined by Li, L2, and A2 crossvalidation. Rossi and Brunk also introduce

a new orthonormal series estimator and give a theorem relating the degree of

smoothing associated with L
1

, L
2

, and A
2

crossvalidation smoothing policies of

this new estimator.

1.3 A Preview of the Thesis

As the title suggests this thesis addresses the problem of determining a

databased smoothing parameter or smoothing policy for a wide class of

generalized expansion estimators through the use of crossvalidation. In chapter 2

the general crossvalidation setting is discussed and four crossvalidation criteria,

namely the L L
2'

A
2'

and KullbackLeibler criteria, are investigated for an

arbitrary class of nonparametric density estimators. Furthermore, the

crossvalidation objective functions to be optimized are found for each of the four

criteria.
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In chapter 3 a wide class of generalized expansion (GE) density

estimators, which includes the orthogonal series estimators, is considered. The

crossvalidation criteria of chapter 2 are considered for the restriction to this class

and also for restriction to the subclass consisting of the orthonormal expansion

(OE) estimators. Also the crossvalidatory statistics that determine the optimal

crossvalidation smoothing policies are given for both the GE and OE classes of

estimators.

Within the class of OE estimators special attention is given to the

estimators with decreasing smoothing policies, and a new family of estimators with

decreasing smoothing policies, the OED estimators, is considered. Explicit

formulas are given for the optimal L , L , and A crossvalidation smoothing
2 2

policies for the class of OED estimators. A theorem is given that establishes an

ordering on the smoothness associated with the OED estimates based on

smoothing policies determined by Li, L2, and A
2

crossvalidation, and a similar

result is given for the other two families of estimators with decreasing smoothing

policies. Also, conditions for which the OED L , L , and A crossvalidation
2 2

estimators are consistent estimators are discussed.

Examples of fitting densities by generalized expansion estimators are given

in chapter 5. Examples of both discrete and continuous data are considered and in

each example several estimators are considered. Furthermore, the estimators in

each example are compared on the basis of how well they optimize the

crossvalidation objective functions.
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2. Crossvalidation

Recall that all nonparametric density estimators involve a set of smoothing

policies, which sometimes only depend upon a single smoothing parameter. Even

the usual kernel estimators (i.e. Gaussian kernel estimators) involve a smoothing

policy. In this case, the selection of the bandwidth of the kernels constitute the

smoothing policy. Thus an important problem in nonparametric density

estimation is choosing the smoothing policy based upon an observed data set 2,

where := {xi,...,xn} is a random sample from the unknown density f. Note

that, since the observations need not be distinct we refer to a function

D : Nn 2 c X, where an := {1,...,n }, rather than to the subset of X consisting

of the points xl,x2,...,xn. One frequently used method in nonparametric

probability density estimation in determining the data based values for the

smoothing policies is crossvalidation.

Now the idea behind crossvalidation is to use the observed data, 2, in

the following fashion:

The data is split into two sets, say SE and 2p. Then .91 is

used to generate a density estimate which is then used to predict

the remaining data in gip.
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The most common approach in nonparametric density estimation, to

splitting the data into sets, SE and 2 is to use single point prediction. Here

for 1=1,...,n, a point, xi, is left out, a density estimate is constructed based upon

the remaining n-1 points, and then f(xi) is predicted. Single point prediction

methods of estimation that predict best according to some criterion are preferred.

2.1 Single Point Prediction Crossvalidation

Let I E e(D) be a class of density estimates based on D. Then for fixed ID,

a density estimate based on D is a rule, R, that associates with the restriction of

ID to an arbitrary subset of Nn the density with respect to i) of a probability

distribution over X. Also, for fixed ID, a rule It in I, and for fixed i E Mn, let

Di denote the restriction of D to an \ {i }, and let fk. be the density with

respect to v that R associates with Eli. Let g' be a function constant on a

small neighborhood of xi, zero outside of the neighborhood, and the density of a

probability distribution, Sp concentrated near xi. That is,

(2.1.1)
0 for x¢Ni

gi(x) =
v(N1) -1 for xeN'

Now single point prediction crossvalidation is based upon the choice of a

loss generating function, L, a nonnegative weighting function, v, and the class of

density estimates on ID, X. Then for fixed L, v, I, and densities f, g, and h
set

and

(2.1.2) Iv(f,g) := J
x

L(f,g)vdu

(2.1.3) Hv(g,h,f) = Iv(g,h) Iv(g,f).
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Note that (2.1.2) and (2.1.3) are generalizations of the I and H functions

that Bowman (1984) associates with the KullbackLeibler loss function. The

function I is the average weighted loss over X of a density f with respect to

another density g. The function H is the relevant loss due to using the density

h rather than the density f, in comparison to the density g. In particular, for a

loss function I, we compare rules R E X on the basis of

AR;ID) := Hv(gi,fA,f), where f is the true unknown density and gi is given

by (2.1.1).

The goal of crossvalidation is to choose a smoothing policy that minimizes

a crossvalidation objective function C(R;D), which is a limiting function, as the

sizes of the neighborhoods around the points approach zero, of 07(R;D). Hence, a

crossvalidation criterion is defined as follows:

For fixed D, a loss function L, and weighting function v the

crossvalidation criterion is to minimize C(R;D) over R E

Rules R and R are compared on the basis of C(R;D), with rule Ri 2 1

superior to rule R
2

if C(R
1'
.0) < C(R

2'
.D), and a rule 11 in X is said to be a

*
crossvalidation rule for D if C(R ;D) < C(R;D) V R E X.

2.2 Crossvalidation Objective Functions and Criterion

Recall that the choice of the loss generating function, L, determines the

functions I and H defined in (2.1.2) and (2.1.3) and hence the crossvalidation

objective function which is to be minimized. That is, choosing different loss



12

generating functions is one of two ways that different crossvalidation objective

functions arise, the other way to be discussed later.

The three different loss generating functions being considered in this

dissertation are the L loss generating function, L (f,g) = 1fg1, the L
2

loss

generating function, L2 = 1fg12, and the KullbackLeibler loss generating

function, LKL(f,g) = flog {f /g }. Each of these loss generating functions

determines a unique crossvalidation criterion. An alternative criterion for the L

loss generating function is also presented.
2

2.2-1 L Crossvalidation Criterion
1

First consider the L crossvalidation criterion, arising from the use of the

L loss generating function.

Continuous Densities

Suppose the densities are continuous and consider the class g consisting of

densities taken with respect to a nonnegative, continuous weight function,

w := dv /dA (A is the Lebesgue measure on X), that are (i) continuous at points

in the range of ID(Nn), of ID, and (ii) are densities of probability distributions

over open subsets of X c Rd. Also let N = NE be a neighborhood of x1, where

= v(N), and let gi = gci be defined as before on N. Now consider
Hiv(0.1 f

uoe R'

I (x)gi(x) I v(x)w(x)A(dx) 1 f(x)g1(x) I v(x)w(x)A(d4.



For c sufficiently small, gie > max( f lit(x),f(x)} on N. Thus Hvl (ge,

I[ (x) f(x)]v(x)w(x)A(dx) 21 [fk(x) f(x)Iv(x)w(x)A(dx).

13

Now if v E 1, which is generally the case for continuous densities, the first

integral is zero, since both f and qt. are densities on X with respect to w, and

f A,f) = 2.1 [ f k(x) f(x)]w(x)A(dx).

Thus

AR;ID) = 2r: INLf A(x) f(x)]w(x)A(dx).

Now the L crossvalidation objective function can be found by using the

following lemma.

LEmmAl: Let f(x) be a continuous function on X c Did, xo E X, let

NA(x0) = NA be a neighborhood of xo of Lebesgue measure A whose diameter

approaches zero as A - 0. Then

Proof:

For A > 0,

f (x)A(dx) f(x0) as A 0.
NA

f 00(dx)-f(x0) --=1

A
f(x) -foo(dx)

NA

AINlf(x)f(x0)1A(dx)
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Fix 6 > 0. Then since f is a continuous function there exists A > 0, such that

whenever x E NA, I f(x) f(x0) I < 6. Thus

f(x) f(x0) I A(dx) < 6A(dx) = 6,
NA NA

1and therefore lim
A.0

-INA

f (x)A(dx) = f(x0).a
I

Thus since f, fR, and w are continuous functions, lemma 1 applies with

A = A(Ne)' and the L crossvalidation objective function to be minimized over

X is given by

C(R;10) := lim JekR; 2) /2A(N c) = {f k(xi) f(xi)lw(xj).

Also, since f(xi) does not depend upon the choice of the rule R, an equivalent

L crossvalidation objective function to be maximized over X is given by

(2.2.1) Si(R;ID) := aifli(xj)w(xj).

Note that if the densities are densities with respect to Lebesgue measure,

that is w = 1, then the Li crossvalidation objective function reduces to

d(R;D) := fA(xi). That is, the L single point prediction crossvalidation

rule that is preferred, is the rule R in X that maximizes the sum of the

predicted values for the points in 2.
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Discrete Densities

Now suppose that X is at most countable and the densities are discrete, with

respect to a positive weight function, w := dv /dr, that is absolutely continuous

with respect to r, the counting measure. Here recall, gi(x) is taken to be

1 /w(xi) when x = x. and zero otherwise. That is, the neighborhoods, Ni, are

taken to be Ni =Ax.}. Then for densities f and g set

V (1,g) = I f(x)g(x) w(x)v(x).
x

Then 11:7(gi,ift,f) =

A(x)gl(x) I w(x)v(x) I f(x)gi(x) I w(x)v(x)
x

= [fit(x)f(x)]w(x)v(x) [f A(xi) f(xd]w(xi)v(xi)
xixi

= tfft(x)f(x)]w(x)v(x) 2(qt(xi)f(xi)]w(xi)v(xi).

Now v is generally taken to be 1, and in this case the first term above is zero

since

IA(x)w(x) = f(x)w(x) = 1.

Furthermore, since f does not depend upon a rule R in e, a rule R in I is
an L crossvalidation rule if C (R ;ID) achieves

min C (R,D) = min HI (gi,f ,f).
R E M i R E M

= min f A(x.1
1

)w(x.).
R E 1(10)
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Equivalently, the L crossvalidation rule R maximizes

(2.2.2) ce(R,D) = Lritiiit(Xi)W(Xi) = LpA(xi),

where pA. is the probability rule R assigns to xi when based upon mi. Note

that if the densities are taken with respect to T, the counting measure, then

..ei(R,19) = fA(xi) = 1 iPlit(xj).

Note that the L crossvalidation objective functions (2.2.1) and (2.2.2)

are identical. Thus for X c Rd and the densities taken with respect a measure v,

absolutely continuous with respect to the counting measure or Lebesgue measure

on X, the single point prediction L crossvalidation rule R based upon ID, is

the rule R in that maximizes

(2.2.3) 1 11^=

where for each i E Nn, pi is a density with respect to v (i.e. p := fw).

2.2-2 L Crossvalidation Criteria
2

Now consider the L
2

crossvalidation criterion, which is based upon the

L loss generating function.
2

Continuous Densities

Suppose first that the unknown true density and the densities in e are

continuous on X, with respect to a continuous positive weight function w (again

w := dv/A(dx), where v is absolutely continuous with respect to Lebesgue

measure, A). Let ge1 and N1 be as defined before, and for a nonnegative weight

function v set

I (h,g) = 12(h,g) = I hg 12wvA(dx)



and

H (g,h,f) = H2(g,h,f) 12(h,g) I2(f,g)

= [ h2 2gh wvA(dx) [ f2 2gf] wvA(dx).
X

17

Thus H2(gicift,f) =

[Lf R(x)r [f(x)]2i w(x)v(x)A(dx) + ?e- [f(x) fR(x)] w(x)v(x)A(dx),

and then since f, fR, and v are continuous functions and lj w(x)dx = 1 it
NE

follows thatffN [f(x) A(x)] w(x)v(x)A(dx) # 2 [f(xi) fR(xi)) v(xj),

as e 0, and hence

[[f R(x)]2 [f(x)]2] w(x)v(x)A(dx) + 2[f(xi) qt(xj)] v(xi),

as c i 0. Thus taking C(R;D) to be limf,o it(11;D), the L2 crossvalidation

objective function is

C2(R;D)=Kix A(x)I2 [f(x)]2) w(x)v(x)A(dx) + [f(xi) fR(xi)] v(xi).

As before, v is generally taken to be identically 1, and since f does not

depend on the rule R in X, a rule R E I is an L crossvalidation rule for D
2

if it minimizes

2(2.2.4) .72(R;D) := rift [ A(x)]2w(x)A(dx) f R(xi)n



18

Also, if the densities are densities with respect to Lebesgue measure, then

the L crossvalidation objective function to be minimized simplifies to
2

c2(R;D) :=
4-01 [fA(x)]2a(dx) fA(Xi).x

Discrete Densities

Now suppose X is at most countable and the densities are densities with

respect to a nonnegative weight function w := dv/dr, absolutely continuous with

respect to r, the counting measure. From (2.1.1) g' is 1/w(xi) on [xi}, and

zero otherwise, and for densities f and g set

I2v(f,g) fg I 2wv,

and

Thus 112(gi,f ,f

x

H2(g,f,h) = [Ph2]wv + 21 [hgfg]wv.

[
x

(x)]2 f(x)]2] w(x)v(x) + 2 [f(xi) ik(xj)] v(xi),

and

016(R,®) = Ix [[fA(x)]2 f(x)121 w(x)v(x) + 21i [f (xi ) f )] v( xi )

And since f does not depend upon D, an equivalent L2 crossvalidation

objective function to be minimized is

r cfA(x),2w(x)v(x) 2211:fit(X0V(Xi)
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Again v is generally taken to be 1, and in this case the L2

crossvalidation objective function to be minimized is given by

(2.2.5) .12(R;D) =
XX
V [fIlp(x)]2w(x) iA(xi).

' "
And when the densities are densities with respect to the counting measure (i.e.

w 1), f = p and oc(R;ID) is given by

.12(R;D) = i x X
[PRi (x)12 --a2riPR1(x.).

Note that the L crossvalidation functions for the continuous and
2

discrete densities, (2.2.4) and (2.2.5) respectively, are identical. Thus for X C Rd,

and the densities taken with respect to a measure v, absolutely continuous with

respect to either the counting measure or Lebesgue measure on X, the L2 single

point prediction crossvalidation objection function to be minimized is

(2.2.6) ..c(R;1)) = if A(x)12w(x)p(dx) nif A(xj),ni J1

where it is either the counting measure or Lebesgue measure on X. Furthermore

a rule R in e is an L
2

single point prediction crossvalidation rule for II in a if

R minimizes (2.2.6).

2.2-3 An Alternative L Crossvalidation Criterion
2

Suppose now that X c Rd and densities on X are taken with respect to a

measure v absolutely continuous with respect to either the counting measure or

Lebesgue measure on X. Suppose also that for a prescribed positive weight

function, w, dv := wdp, where tt is either r or A. Scott and Terrell (1986)

propose an alternative L crossvalidation criterion, A2, by modifying the L

crossvalidation objective function, 12(R;11:1) (v 1). The modification only
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involves the first term of (2..2.6), which is given by anifx [fk(x)]2w(x)p(dx).

The modification Scott and Terrell make is to substitute fR(x) in place of fkx)

in the integral. That is, the estimate based upon ID, not the restriction ID', is

used in the first term of (2.2.6) yielding the alternative L crossvalidation
-2

objective function A
2
(R;ID) which is given by

iiL [fR(x)]zw(x)p(dx)

Note that this substitution is the only difference between the objective

functions and A . Scott and Terrell's motivation for this substitution is the
2 2

following; if the densities fR satisfy certain certain regularity conditions then the

objective function, .42, is unbiased for

MISE [1(x)]zw(x)p(dx),

where MISE = f [f(x) fR(x)Pw(x)p(dx). In particular, for the orthonormal

expansion estimators in chapter 4 and w 1 the A2 crossvalidation objective

function A is unbiased for MISE f [f(x)]2v(dx).
2

Also when n, the sample size, is large the objective functions .1 and ,4

are effectively the same, hence the two objective functions are asymptotically

equivalent. Therefore when n is large, the slight difference in the two objective

functions will not affect the selection of the smoothing policy. Therefore when n

is large, the choice of an L2 objective function can be made by selecting the

objective function that is easier to work with.
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2.2-4 KullbackLeibler Crossvalidation

Now consider KullbackLeibler crossvalidation, arising from the use of the

KullbackLeibler loss generating function, LKL. This leads to a crossvalidation

criterion described by Bowman (1980 and 1984).

Recall that for positive densities f and g taken with respect to a measure

v on X, LKL
(f,g) := flog {f /g }v, where v is a nonnegative weight function,

IK:(1,g) := f(x)log{f(x)/g(x)}v(x)v(dx),

and

HICL(a,hp In(
e \ 1V 1 V k V

(2.2.8) g(x)logif(x)/h(x)}v(x)v(dx).

Recall that gi defined in (2.1.1) is only positive on the set Ni, and in this case

the functions IKL(f,gi) and IKL(fR'gi) are infinite. However by letting
Ha(,

gi,f) be defined by (2.2.8) this problem is avoided.v R'

Continuous Densities

First consider the case in which X c Rd and the densities are densities with

respect to a continuous positive weight function, w :=dv/dA, absolutely

continuous with respect to Lebesgue measure A. Then for a nonnegative

continuous weight function v

Huta; ,.1
a'f) = g'((x)log{f(x)/f4(x)}w(x)v(x)A(dx)kae

t
X

=
Ni

log{f(x)/ fil(x)} w(x)v(x)A(dx).



Now since f,

Thus
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1
, and v are continuous and cf w(x)dx = 1 it follows that

= log{f(xi) /iA(xi) }v(xi)

= [log{f(xj)} log{ iA(xj)}1 v(xj).

'M) = [log{f(xi)} log{ ift(xi)}] v(xd,

and since f does not depend upon the rule R, the KullbackLeibler

crossvalidation objective function is equivalent to maximizing the following

objective function

(2.2.9) CKL(R;D) = Kloglikxinv(xi).

Discrete Densities

Now let I be countable and the densities on I densities with respect to a

positive weight function, w dv/dr, absolutely continuous with respect to the

counting measure r. Then for a nonnegative weight function v and g' as
defined in (2.1.1)

Hva(glirti,f) = C(x)log{f(x)/iA(x)}w(x)v(x)
xEI

= log{f(xj)/ift(x1)} v(xi) = log kf(xj)} log{ ikxi)}1v(xi),

so that

ARP = [log{f(xi)} log{ iA(xi)}1 v(xi).

And since f does not depend upon the rule R, an equivalent objective function
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to be maximized is

n
(2.2.10) CKL(Rd0) = Lloguk(xi) }v(xi).

Note that the objective functions given in (2.2.9) and (2.2.10) are identical.

Thus for I c Rd, the densities taken with respect to a measure p, absolutely

continuous with respect to a measure v on I, and a nonnegative weight function

v, the KullbackLeibler crossvalidation rule is the rule R in 6 that
maximizes CKL(R;ID) over rules R in 6 Furthermore note that minimizing

Cul") is equivalent to maximizing

(2.2.11) 11)(R;D) := fJ fkx,yr(xi),

i =1

over rules R E M.

KullbackLeibler and Penalized Likelihood Crossvalidation

Note that in a sense (2.2.11) is a crossvalidation penalized likelihood

function (cf. Good and Gaskins (1971) and also Tapia and Thompson (1978)).

That is, for a weight function v and each i E Nn, the penalty function tlf is

taken to be W(fit) := [1v(x)ilog{fit(x)}, and the crossvalidation penalized

likelihood is given by

(2.2.12) r(R;D) := 121 A(xi)exp{-11/(f A) }.

i=i
*

Then a rule R in 6 is said to be a crossvalidation maximum penalized
*

likelihood rule in for D if R maximizes (2.2.12).

Also when v E 1, V E. 0 and the crossvalidation penalized likelihood
*

function becomes a crossvalidation likelihood function. In this case a rule R in
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is said to be a crossvalidation maximum likelihood rule in X for D if it

maximizes (2.2.11) (cf. Duin (1976), Hermans and Habbema (1976), and

Titterington (1978, 1980)).

Thus for weight functions w and v, if R is a rule in X minimizing

CKL' then R maximizes EP(R;10) and R is both a KullbackLeibler

crossvalidation rule and a crossvalidation maximum penalized likelihood rule for

ID in X. In particular, when v a 1 the KullbackLeibler crossvalidation rule in

X for ID is also a maximum likelihood crossvalidation rule in X for ID.



25

3. L and L Crossvalidation
1 2

In this chapter the L and L crossvalidation selection of smoothing
2

policies is studied for three classes of density estimators. The classes being studied

are (i) a wide class of kernel estimators, (ii) a class of expansion estimators formed

by linear combinations of prescribed functions, and (iii) a class of orthonormal

expansion estimators; however the primary emphasis is placed on the latter two

classes. Note that each of these classes generates a corresponding class of density

estimates based upon a data function D, the classes being gic ( D ) gic ,

EX(D) := 'TEX' and
o (10) :=So' and being nested in the following order,

c 6Ex c

For these three classes of estimates, methods for determining the optimal

smoothing policies are discussed for the restriction to each particular class. Also,

the crossvalidatory statistics used in determining the optimal L , L, and A
2 2

smoothing policies are determined and properties of these statistics are studied.

Throughout this section, unless otherwise noted, let X be a subset of Rd,

the densities be densities taken with respect to a prescribed positive weight

function w, where w is the RadonNikodym derivative of the measure v with

respect to a measure it, and v E 1. In particular, if the densities are continuous

on X, then p is taken to be Lebesgue measure on X, and if the densities are

discrete then p is taken to be the counting measure on X.
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3.1 L and L Crossvalidation for Kernel Estimators
1 2

First consider L and L crossvalidation on the class of kernel
1 2

estimators tic Let elK be the collection of rules based upon ID associated with

densities on 3C taken with respect to a measure v, dv : =wdp for a prescribed

positive weight function w, of the form

f(x) Kn(x,xj),

i=1

for some function Kn. Only functions Kn that actually define densities on X

are considered, and when p is the Lebesgue measure on X only continuous

functions K
11

are considered. The function K is called a generalized kernel

function, and the estimates associated with rules in efic are kernel estimates in the

general sense used by Whittle (1958). That is, each density is an average, over the

range of D, of the function Kn. Thus eK is a collection of rules that is associated

with a wide class of generalized kernel estimates, and each density estimate is a

function of a generalized kernel function, Kn.

Now for a rule R in elf' let the density estimate associated with R be

given by

f R n n
(x) := KR(

'
x.)

'
i=1

where Kn is the kernel associated with the rule R, and set

f R(x) := K n_i(x,xj),

.01

where K 1 is the kernel function based on a sample of size n-1 rather than n.n

Then rules It R and R
1 2

are L' L' and A crossvalidation rules in e
1 2 A2 2
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based upon I if they optimize their respective objective functions. For the

restriction to rules in
K

these objective functions are given by:

(3.1.1)

(3.1.2)

(3.1.3)

_(R;®)

...e2 (R;11) =

.42(R;B) =

1 Knti(xi,xj)w(xi)

2 KR

n(nl)ird

I
i =1

ja.. [tr-41 KRn_i(x,xj)] 2v(dx)

Jii

n n
KR(x,x)12v(dx) 2

n(n-1)=1 n-i`xi'xi)

R (x. x.)
1.

.
n-1 3n(nn

Note that when w E 11, then KnR-1(xi,xj) is common to
n(n-1).1=1 j#1

each of the above objective functions. In sections 3.2 and 3.3, the crossvalidatory

statistics are developed for the restriction to rules in cx and go, subclasses of

c. For the restriction to rules R in either enx or /50, this common term

determines a crossvalidatory statistic common to each of the LI, L2, and A
2

crossvalidation selection procedures when w 1.

3.2 L and L Crossvalidation for Expansion Estimators
2

An important subfamily of the generalized kernel estimates is the family of

expansion estimates, which are generated by kernels of the form

m

Kn(x,y) := arn/pr(y)Or(x),

r=0
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where m is a nonnegative integer, 10
OD

d {01 are sequences of square
00

an
r 0 r0

00

integrable functions, mapping I to ER, and {arn is a sequence of real numbers

that defines a probability distribution on 3C. When v is absolutely continuous

co

with respect to A, the Lebesgue measure, only continuous sequences {Or 10 and

{ii)r}
0

are considered.

The number of terms, rn, included in the generalized kernel function

00

generally depends upon the particular choice of the sequences {Or} and {Or} .

0 0

Kronmal and Tarter (1968), Tarter and Kronmal (1976), and Diggle and hall

(1986) have proposed methods based on the integrated squared error between f

and an estimator f for determining the number of terms to be included in an

orthogonal series estimator. These methods are easily adapted to the expansion

estimators based on orthogonal sequences {Or} or to the orthonormal expansion

estimators discussed in section 3.3. In chapter 4 a subclass of the orthonormal

expansion estimators is introduced for which the optimal L L , A
2' 2

crossvalidation rules automatically determine the number of nonzero terms to be

included in the expansion. Of course, the choice of m may also be made

subjectively by the investigator or according to some other criterion the

investigator feels is appropriate.

A rule R in X'
EX

associates D with a density estimate,

n 111

fR(X) := n1 Cn
Knit(X,Xi) = n-1 Clirn1Pr(Xi)Or(X)

i =1 i=1 r=0

, of the form
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m n m

V arn°r(x)[n1 LAY °r(xi)] arnelir(x)'
r=0 1=1 r=0

where Vr :=- n1 I r j(x). For fixed n the sequence la 1 is called a smoothing
i=1

policy, and a smoothing policy, a rn}' determines a rule, R, that associates D

with an expanded density estimate, f Also, for each i E Mn, a smoothing

policy associates the restriction to Di with an expanded density estimate qt.

Here the symbol e is used to refer to either a class of rules or to the collection of

smoothing policies that determine them. When 0 is in the range of r,
o' o'

and ao will be understood to be 1.

Now for a rule R in 'EX and a data function D, one must select the

smoothing policy associated with R. One way to select a smoothing policy is to

use a databased selection procedure such as crossvalidation. Note that a

smoothing policy selected by a crossvalidation procedure is optimal in the sense

that it minimizes (maximizes) the crossvalidation objective function. In

particular, the L , L
2

, and A
2

crossvalidation procedures yield objective

functions which simplify nicely for the restriction to rules in cx.

3.2-1 L Crossvalidation
1

Consider first the L crossvalidation problem for rules R in
EX

based

upon a data function, D, on X. Let the densities be densities with respect to a

measure v and w a positive weight function such that dv = wdp. Also, recall

that for the class of generalized kernel estimators a rule is an L crossvalidation
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rule for D if it maximizes the L cross-validation objective function

i=1

m

)w(xi) 1 Kitn_1(xpxj)w(xj).
n(n 1)i_1

Now for an expansion density estimator this is

..c(R;D)

n

1

=

n

1=1
w(xi)*

[ arnibr(xj)0r(xi)] w(xj),
n-1

m

[ {eernbr(xj)°r(xi) am4'r(xi)C6r(xi)li
r=0

y
n(11-1)1=1

Interchanging the order of summation and summing over i and j,

di(") arn[n -117-0-rW]
r=0

m

arn [rg5rw n-11

j
t 1.°1-vv}]

r=0

where the bar notation, "-", is used to indicate the average. Then setting

(3.2.1) Sn(Or,Or,w) := tprq5rw
nil K-°"-rW t.C6rvvi'

the L
1

cross-validation objective function to be maximized over SEX is

(3.2.2) S(R;D) = arnSn(tPr,q)r,w).
r=0

When w is understood to be 1, Sn will be written as a function of just Or and

Of Slaver).
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oo

Thus for prescribed sequences {q5r10 and 1.0 I , a positive weightr0
function w, and a data function ID, the L crossvalidation smoothing policy

only depends upon ID through the function Sn. That is, for the restriction to /EX

the statistics Sn(Or,Or,w), for r=-0,1,...m, are solely responsible for the

determination of the optimal L smoothing policy P)1. Determining thern
optimal smoothing policy then amounts to solving the following problem:

oo ao

Given the prescribed sequences {0r}0 and {0
r }0, a positive weight

function w, a data function II, and a class of rules ex

maximize d(R;D) = arnSn(0r,tbr'w).
R e eX r=0

If there are no constraints placed upon the smoothing policy, the above

problem may be solved by solving the following linear program.

m

maximize I' = a S (cb w)r n r' r'
r=0

subject to arVro = 1,
r=0

where Oro := 0r(x)00(x)w(x)p(dx) and 00 E 1.

Note that the constraint is required so that only collections of real numbers,

{at E r E Dim}, that integrate to 1 when used to define a density are considered.

That is, any set of real numbers {ar E r G Dim} that is a feasible solution to this
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problem must satisfy

1 = [ arVr0r(x)] v(dx) = arVri Or(x)v(dx) = qrgro.
X r=0 r=0 r=0

Then provided that the solution to the above problem defines a probability

density on X with respect to the measure v, this solution will be an optimal Li

smoothing policy. In this case take arci) = a* for r E Nm, where {ar, r E Rim} is

a solution to the above problem. However, if the solution to the above problem

does not define a density on X then the problem must be solved by some other

optimization method. That is, when the solution lar, r E Nm} does not

determine a nonnegative function, then the problem must be constrained further

with a nonnegativity constraint. However, by picking a finite number of points

and requiring f to be nonnegative at these points, the problem may still be solved

as a linear program. Note that any solution to this new problem will be an

optimal LI crossvalidation rule in eEX provided it determines a nonnegative

function on 3E.

If X is a finite subset of WI and the densities discrete, there are only a

finite number of nonnegativity constraints and hence the problem is a linear

program. Suppose then the densities on X are discrete and X is a finite subset

of Nd, say X = { c
t

}. Then the optimal L smoothing policy associated

with a rule R E g.
EX

is a solution to the following linear program:

m

maximize =- arSn (Or r'w)'
r=0
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subject to (1) arA0 = 1
r=0

and (2) L arrOr(ck) > 0, k=1,...t.
r=0

In some cases, however, the smoothing policies are taken to be functions of

an additional parameter 8, say am arn( 0). For example, Brunk and Pierce

(1974), Brunk (1978), and Shih and Brunk (1984) in their development of a Bayes

least squares linear est imator all specify orthonormal expansion exponential

(OEE) rate smoothing policies of the form

(3.2.3) a (b) , for b > 1.rn nl+br
A similar case is suggested by Wahba (1977,1981) where {arn} i s an

orthonormal expansion power rate (OEP) smoothing policy given by

(3.2.4) arn (A 'a) = n2a , for fixed A > 0 and a > .5.
n +Ar

Thus when a smoothing policy is a function of some other parameter 0, and not

linear in 0, the optimization of the L objective function can no longer be solved

as a linear program Hence some other optimization method must be used to

determine the optimal value of the L smoothing policy associated with these

particular subclasses of estimates in cx.

3.2-2 L Crossvalidation
2

Recall also that for the L
2

crossvalidation problem for the restriction to

SEX' a rule R is an L crossvalidation rule for ID if it minimizes the L2
2
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objective function which is given in (3.1.2) which is

,12(R;ID) = i f L i L Knit_1(x,xj)12w(x)p(dx) 2 K (x. x.)n-1 jX I n(n-1)j=j
i=1

Now for an expanded density estimator and with the results of the previous

section, ./(R; 2) can be rewritten as
2

n m

.a.c'(R;D) = 1
[ arnVriOr(x)]zw(x)p(dx) 2 arnSneibr,q5r,1)

i=1 X r=0 r=0

Squaring and expanding the integrand of the first term, .12(RM) becomes

n m m
22 2 arnasn r% f Or(x)08(x)w(x)p(dx) 2 I arnSn(pr,01.,1),

1=1 r=0 s=0 I r=0

where Vi :=
r nll L Or(xj). Then since

{oo

Or} is a sequence of square integrable
0

functions,
TS

:= I(x)0
S
(x)w(x)p(dx) is finite and

n m m m

S2(") 2 2 2 arnctsnVriVsi Ors 2 2 amSn('0c0r,1).
1=1 r=0 s=0 r=0

Recall that
V

(j 1 r T

1

1
x.)

, so that the first term of .f(R;ID) isn-1 2 ° r(xj) non
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Virus r%(3.2.5) Gn(01.0Ps) := (n 1)2'

the L
2

crossvalidation objective function, _c(R;D), to be minimized over SEX

is

Cm

m

(3.2.6) ornasnarsGn(0r,0s) 2 arnSn(0r,0r,1)
r=0 s=0 r=0

Furthermore, the optimal L2 crossvalidation rule for the restriction to

XE
X only depends upon D through the functions Sn and Gn' and the optimal

L
2

smoothing policy, {P)} in (TEX is completely determined by the jointrn

statistics [Sn r' r1)"G n(0r' 0 s)l
Ill

for r,s E N . Thus the L
2

optimal smoothing

policy for the restriction to e
EX

is found by solving the following problem:

00 GO

Given the prescribed sequences {0r}
0

and {0r}
0

, a positive

weight function w, a data function 0, and a class of rules cx

minimize
R E al

X

Cm

m

ce2") = L L a'rnasnlirsGn(Or's) 2 V arnSn(l'e°r'1)
r=0 s=0 r=0

If the smoothing policies {arn} are unrestricted, one approach to solving

this problem is to solve the following quadratic program:
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m m
minimize .12 = arasfirsGn(0r,bs) 2 arSn r r' 1)

r=0 s=0 r=0

subject to arfiroVr = 1.
r = 0

Then as before, if {al° r E Wm is a solution to the above problem and also

defines a density on X with respect to the measure v, then an optimal L
2

smoothing policy is given by a) = ar' for r E m . When {ar
'

r E [11m} doesrn

not define a density on X then picking a finite number of points and requiring f

to be nonnegative at these points the problem may still be solved as a linear

program. That is, the solution to the newly constrained problem is more likely to

provide a nonnegative function f than the unconstrained problem. If this still

does not provide a solution that defines a nonnegative function, then some other

method of optimization must be called upon to determine the optimal L2

smoothing policy for the restriction to cx.

Analogously to the Li situation, when the densities are discrete and X is

a finite subset of 112d, the L
2

optimal smoothing policy for rules in /EX can be

formulated and solved as a quadratic program. Here again, this is because the

nonnegativity condition associated with a density can be written as a finite

number of constraints.

On the other hand, when the smoothing policies are functions of other

parameters, such as the previously mentioned OEE and OEP smoothing policies,



37

the problem cannot be solved via quadratic programming. Hence it must be solved

by some other optimization method.

3.2-3 A Crossvalidation
2

Recall from the development of the alternative L
2

crossvalidation

objective function in chapter 2, that the objective functions, A and .1, only
2 2

differ in their first terms, and the first term of .,42 is given by

far[

m

(x)]2w(x)p(dx) = [ arnVrei5r(x)]2w(x)p(dx)
x r=0

m

la aL rn sn r s ors'
r=0 s=0

where, as before, /3 := (x)0 (x)w(x)p(dx). Thus the alternative Lrs T S 2
X

crossvalidation objective function for rules in SEX is
1/1 111

(3.2.7)42(R;1:1) = arnas jrVs firs 2 arnSn(0r,0r,1),
r=0 S=0 r=0

and the optimal A
2 T

smoothing policy, {,9(2A)} , is completely determined by the
I1

statistics [rVs,Sn(tpr,0r,1)1, for r,s E

The problem of determining the optimal A2 smoothing policy, for the

restriction to rules in SEX' can be formulated, analogously to the L setting,
2

simply by replacing the L
2

objective function with the A
2

objective function,

A2. Then solving for the optimal A
2

smoothing policy follows as before,

mimicking the procedure outlined for the L problem, with the objective function
2

A.
2



38

As should be expected, since the difference between the L and A2
2

crossvalidation problems is slight, when the smoothing policies are functions of

other parameters the alternative L2 problem must be solved by optimization

methods other than quadratic programming. Similarly, when I is a finite subset

of Ed, the A optimization problem can be solved by solving the appropriate
2

quadratic program.

Consider now the difference between the two L
2

crossvalidation objective

functions, A
2 2

and se
'

when restricted to R E
X'

M M
12(R;11)) 4,42(R;11)) a a

rn sn rs (n 1)2
r=0 s=0

co

If the sequence 10
r 10 is a bounded sequence of functions then

limn,00[12(R;ID)
2 2
(R;ID)] = 0, and hence 1 and A

2
are asymptotically

co

equivalent. If on the other hand {IP
r}0 is unbounded, then since {Or} is a

squareintegrable sequence of functions the Strong Law of Large Numbers applies

and
r

Os r converges to

ars := EbrOs] ENpr]E[tps] ixtprOswdp jx0rwdpjE[ xtbswdn.

lb S r swith probability 1. Thus 0 with probability 1, and therefore
(n 1) 2

..e(R;ID) A
2
(R;ID) -' 0 with probability 1. Thus

2
and A

2
are again

2

asymptotically equivalent, and for large n, 12 and should yield nearly

equivalent optimal smoothing policies for the restriction to rules in 8'
EX'

{a(2)}

and
{ci0A)-1rn }
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3.3 Orthonormal Expansion Estimators

Another subclass of the generalized kernel estimators is the subclass of gEx

consisting of rules that are linear combinations of functions orthonormal on

with respect to a probability measure v, where dv = wdp for a prescribed

positive weight function w. Note that in this case w is actually a prescribed

probability density function. Here the expansions are determined by taking {Or

to be an orthonormal sequence on I with respect to v, continuous when p is

the Lebesgue measure, Or = Or for V r, and 00 = E 1. This subclass of cx

is called the class of orthonormal expansion estimates based upon ID and is

denoted by Xo.

Here it is also convenient to assume that the true unknown density, f, has

OD

an expansion in terms of the functions {Or}
0

. Suppose then that f has the

following expansion

OD

f(x) = = yrOr(x),

r=0

where for r E N := {0,1,2,...}, -yr := E[Or(X)] = Orfdv, and
J 1*

Furthermore, when an investigator is willing to assume that a density has an

infinite expansion, it seems reasonable to expect that the investigator will also be

willing to assume that there is some finite expansion that represents the density

satisfactorily. Suppose then the investigator is willing to assume that f has a
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{
q

finite expansion in the sequence Or} given by

(3.3.1)

Note that q

q

f(x) = 1 + eircbr(x).

r=1

may be very large and is independent of the choice of m, the

number of nonzero terms in an expansion estimate, except that m < q.

In particular if X is a finite subset of [Rd then there do exist orthonormal

systems for which there are finite expansions of f(x). For example, if

card {X} = t, then f(x) can be expanded about a sequence of polynomials
t-1

{Or} , where Or is a polynomial of degree r. In this case q = t, and if t is
0

known then m = t, also.

A rule R in
0 associates D with a density estimate fR of the form

fR(x) 1 + arn r r(x)' for some nonnegative integer m < q and sequence
r=1

OD

of real numbers {am} chosen so that fR(x) > 0
' V x E X. Note that the

0

nonnegativity constraint is the only constraint needed to ensure that fR is

actually a density on X. That is, since 101.1 is orthonormal on X with respect
0

to v, for r,s E {0,1,-41}

0 if ris
Ors = Or(x)08(x)v(dx) = brs :=

X 1 if r=s
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and therefore for any rule R in 10

m m

J
fR(x)v(dx) = f arnVrOr(x)1v(dx) 1+ arn rbr0 E 1.

r=1 r=1

Note that for r E Nm a "natural" estimate of 7r is which leads to an

estimator of the form

m

,N(x) ror(x),
r=1

for some nonnegative integer m. This "natural" estimator is a rule in o' with

the constant smoothing policy aril = 1, V r c Nm, if and only if f N(x) > 0 for all

x E X .

Two orthogonal expansion estimators of particular interest, since they will

appear in the examples in chapter 5, are the previously mentioned OEE and OEP

estimators. In the OEE estimator 7 = for specified positive A and
r nl+Abr r

b > 1, and the OEP estimator has 7r
2a for specified positive

n + Ar

A and a > .5. here b and a are the smoothing parameters associated with their

respective density estimates. Note that these two approaches define subclasses of

No corresponding to rules associated with smoothing policies of the form

arn(b'A) = or a (a A) respectively. For the restriction
nl+Abr m n + Ar2a

to either one of these subclasses, crossvalidation may be used as a means of

finding a databased optimal smoothing parameter which generates the optimal

smoothing policy.
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Both estimators yield estimates based on D that are Bayes least squares

estimates for (hypothetical) investigators that prescribe prior means E [-yr] = 0

and, respectively, prior variances V [-Id Abr, and V {2r] = Ar2a-1 for r > 1.

Note that having set EN = 0, v may be interpreted as a "prior mean"

probability distribution.

3.3-1 L Crossvalidation
1

Consider now the L crossvalidation problem for rules It in
0

based

upon a data function, 0, on X. Let the densities be densities with respect to a

measure v and w a positive weight function such that dv = wdp. Also, recall

that for the restriction to the class of expansion estimates based upon D, a rule R

in IEX will be an L crossvalidation rule for D if it minimizes the L
1

crossvalidation objective function given in (3.2.2)

l(R;D) = fit(xi)w(xi) =
arriSn(fte cfrr'w)'

i =1 r=0

where Sn(Or'Or'w) is given in (3.2.1). Thus for the restriction to orthonormal

expansions, the Li objective function to be maximized over rules in eo is

Then for r E Nm' setting

(R;D) = arnSn( 0r' r'w).
r=0

Sw := Sn r,Or'w) = r rw n-1 kr(3.3.2) 1
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the L crossvalidation objective function to be maximized over o becomes

(3.3.3) l(R;I:1) = arnS7.
r=1

When w is understood to be 1, Sw will be replaced by Sr' and in this case, for

r E Nm'

S 2 1 pb2 2} =r r n-1 r r

where (I _ (x.) and ore :=
r n ¢r (xi) r2.

i=i

1 2a
n-1 r

00

Thus for a prescribed orthonormal sequence klo, a positive weight

function w, and a data function 1), the L crossvalidation smoothing policy

only depends upon ID through the function SW. That is, the statistics Sw for

r E Ulm, are solely responsible for the determination of the optimal L smoothing

policy, j a(1)}
' for the restriction to rules in

o' Furthermore, determining thern

optimal smoothing policy amounts to solving the following problem:

co

Given the prescribed sequence {Or} , a positive weight function w,

ITI

a class of rules 8'0' and data function ID maximize se(R;ID) = a
11 ISTw.

r=0

Note that when there are no constraints placed on the smoothing policies

then the optimal Li smoothing policy may again be the solution to a linear

program. However, if the solution to this linear program does not define a density

on X or the linear program is unbounded then another optimization method must
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be used to determine the optimal solution. This optimization problem, being

similar to the problem for the larger class of rules 1EX' can be solved as a linear

program when X is a finite subset of Rd or a finite number of nonnegativity

constraints are placed on points where f is expected to be close to 0. An

alternative that may be used in practice when the solution to the above problem

defines a function that does take on negative values is to use
* *

f (Re x) := [ f (x) V 0 ]; however, fR (x) does not define a density on X.
e

3.3-2 L Crossvalidation
2

Now for the restriction to XEX' recall that a rule R. is an L2

crossvalidation rule for ID in gEX if it minimizes the L
2

objective function

given in (3.2.6),

Cm

m

d(R;I) = arnasn rsGn r' Os) 2 arn Sn (.0r' r' 1)

r-.=0 s=0 r=0

and Gn(Or,tps) is given in (3.2.5). For an orthonormal expansion density

estimator associated with a rule It in N
0, 2

./(13; 2) can be rewritten as

Cm

ra

°c(R31°) L L e4resn6rsGn( tir'llis) 2/ arnSn(Or'Cbr'l)'
r=0 s=0 r=0

and since b
TS

= 1 if r=s and 5rs = 0 otherwise,

m m

./(Rim) = aLan(Or,Or) 2 arnSr.
r=0 r=0
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or osJs
Recall also from (3.2.5) that Gn(4r,0s) rs + (n 1)2. Thus setting

r r

(3.3.4) Gr Gn(C6r4r) .°r2 (n 1)2'

where 02 :. 1
or(xi)2,(x.)2 the L crossvalidation objective function to ben i=1 2

minimized over go is given by

(3.3.5) .12(R;ID) = aLGr 2 arnSr.
r=0 r=0

Thus for the restriction to
0

the L
2

crossvalidation rule only depends

upon ID through the functions Sr and Gr, and the optimal L2 smoothing policy

associated with the L
2

crossvalidation rule in 60 is completely determined by

the joint statistics [S r'Cr] for r,s E Ulm. The optimal L
2

smoothing policy, for

the restriction to go, is then found by solving a problem analogous to the L2
2

problem when restricted to the larger class,

go the following problem must be solved:

gEx. That is, for the restriction to

00

Given the prescribed orthonormal sequence {Or} , a positive
0

weight function w, a class of rules 310, and a data function ID

m m
minimize d(Ri)= ce2 G 2 a S .

R E 2 rn r rn r
r=0 r=0

This problem, being a special case of the L2 problem for the restriction to

the class gEXI may or may not be solved as a quadratic programming problem.
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Furthermore, if V r E m' Gr > 0 then

S 1,1; s;m

rnGr 2 arnSr Gr ar Gr 2 ,

r=0 r=0 T=0 r= 0 T

and the last term is constant with respect to the smoothing policy, minimizing the

objective function given in (3.3.2) is equivalent to minimizing the following

objective function,

(3.3.6)

S
ail2r(RM) := CI .am

r=0 'r
Note that i2(R;ID) is nonnegative and attains its minimum at am = r. Recall

Gr

from (3.3.4), Gr = r2 + 1
F02

rr
2], so that Cr = 0 if and only if Vr2 = 0

(n-1)2

and 1

2
p Tr 21 = However V = 0 and 1

2

[02
r

z
r 0 means

(n-1)

that r(x.) = 0 V i e tin, and hence Sr is also 0. Thus when Gr = 0 the

contribution of the rth term in the objective function given by (3.3.5) is 0.

Without loss of generality let Sr/Gr E 1 when Gr = 0, then a solution to the
S

unconstrained problem of minimizing (3.3.6) is given by am = when Gr > 0
Gr

and am 1 if Gr = 0, provided of course that this choice of {am} determines

a density on X.

Watson (1969) found the optimal choice of am for minimizing the squared

discrepancy of f from the true f to be

(3.3.7)

,2
ira Pt°

172 + nVatiOri
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A natural estimate of ePt is formed by using the natural estimates of 72 and

Var [Or] and is given by

(3.3.8)
z 2

a0Pt r
r ,

2 4_ 2
' n

[ ,4, 7 2}

Now looking at the rat io of r over art one finds that the differences
Gr

are 0[1] when the averages, fir, are bounded. Note ePt is always
n2

nonnegative whereas can take on negative values, both r and aoPt
Gr Gr

approach 1 as n 00 provided that V is bounded below by a positive value,
S

r
G

and ePt is always larger than =, although not necessarily larger in absolute
r

value.

3.3-3 A Crossvalidation
2

Recall from section 3.2-3, for the restriction to rules in emc the L2

objective functions ,A2 and a; differ only in the first term of their respective

objective functions. The first term of ..42, given in (3.2.7), is

mm mm arna snVrVs Ors.

r =0 s =0

1Now for the restriction to X
o' 0r

co

is an orthonormal sequence so that
0

TS
= ars and

m m m m
&rnasnWirs arnasJASrs'

r=0 s=0 r=0s=0
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where 6 is 1 when r=s and 0 otherwise. Thus the alternative L2
2

crossvalidation objective function for the restriction to rules R in (60 is given

by

m m
(3.3.6) 42") 2 arnSr

r=0 r=0

Thus the optimal A
2

smoothing policy for the restriction to rules in 6
0

is

completely determined by the statistics [r2,Sr], for r,s E N N.

Accordingly, since the L2 and A2 objective functions differ only slightly,

a procedure to determine the optimal A2 smoothing policy for the restriction to

rules in go is analogous to the procedure outlined for the L
2

problem in section

3.3-2, mutatis mutandis.

Now consider the difference between the two L crossvalidation objective
2

functions, A and of
' when restricted to R E g

2 2 0'

m d)2 2

,e(R;D) A (R;D) = (4. r y'r .

r=0
2 2 n (n-1)2

1

03

If the sequence Or is a bounded sequence of functions then
0

lim [S(R.ID) .4 (R;D)] = 0, and hence S and A are asymptotically
11-)0 2 ' 2 2 2

ao

equivalent. If 1.0r10 is an unbounded sequence of functions, then since {Or} is

an orthonormal sequence of functions and hence a squareintegrable sequence of

functions, the Strong Law of Large Numbers applies, and O2 2 converges tor

Var [Or] = E[¢r2] E210r1
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02_2
with probability 1. Thus r r 0 with probability 1, and therefore

(n 1)2

2 2
.42(R;11)) 0 with probability 1, and 09 and A

2
are asymptotically

equivalent. Thus for large n, .12 and .42 on the class of rules X should yield

nearly equivalent optimal smoothing policies.

3.3-4 The L and L Cross validatory Statistics
1 2

So far it has been shown that for the class of estimates X
o the optimal L1,

L
2
, and A

2
smoothing policies are determined by the statistics, {S r', r E N },

[Sr,Gr] , r,s E Nml, and { [Sr,r2], r,s c N .} respectively. In this section the

crossvalidatory statistics Sw Sr G r' and r2 are further investigated byT',

considering their means, variances, and asymptotic properties.

Suppose then that 9'1:= {X ,X n} is a random sample from X, that is

X1'' . ,Xn are i.i.d. random vectors with unknown density, f, on X. Let
0

be a sequence of functions orthonormal on X with respect to a measure v. Let w

be a prescribed positive weight function such that dv = wdit. Then for each

j E N set it := 10j(X.)
'
r E Nn}, and set N:=10i(Xj)w(X.),r E INn1. Then for

each j E am, 0i is a collection of i.i.d. random vectors. Note that 13' is also a

collection of i.i.d. random vectors. For simplicity since the Xi are i.i.d., let

E[0.(X.)] :=. E[0.] and E [0.(X.)w(X.)] E[q5.j j Jw]

Now for r E N , recall from (3.3.2) and (3.3.4)
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02 2

G 7 2 r r
r (n 1)2
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for which the following theorem gives the mean and variance of S7, Sr, Gr, and

also z.

THEOREM 3.1

Suppose E [OH and E [0.2w2] are finite for each j E Plm, then the means of the

crossvalidatory statistics for the restriction to No are given by

(i) E [S71 = E E [chi]

(ii) E [Si] = E2 [0j]

(iii) E [Gi] = E2 [cbi] + niyar

(iv) E [jz] = E2 + ilyar

and their variances by



(v) Var[ST] =

EHjw21Elq511 + E2 10iwi 2(2n-3 )E2 [OivilE2 [q5j]

+ (n-2)E2 [Oil Eklw21 + (n-2)E2kiwiE[01] +

2(n-2)E [OH E[OJE [Ey]

51

1

2Varicbd
[(vi) V[S 2(n-1)E2 [0i] + Varkil.

JJ n(n 1)

(vii) Var [Gil =

1

n(n-1)3

(2n-3) (n-3)E 2 [0] ] 2(2n-3) (n-2)2E4 [0j]

+ 4(n-2) [n2-5n+5]EME2[0i) + (n-1 ) E[0:11

+ 4(n-1 ) (n-2)E[O]E[01]

(viii) var[)2] =

[1

4 (n-1)(n-3)E[¢1]E2 [Oil 2(n-1)(2n-3)E4 [0i]

n3 + E[Oli + 4 (n-1)EHE[Oj] + (2n-3)E2 [01]
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PROOF

The proof of Theorem 3.1 is quite long and tedious and therefore is given in the

appendix.

Now Theorem 3.1 is very useful in comparing the L and A2

crossvalidatory statistics Gr and 2. In particular, note that the means of Gr

and only differ by a difference of which rapidly decreases to zero

as n ®. Clearly then, both Gr and converge to E2[0ri in probability

since (i) [Cr] sn*o s-'
r V

r E2[pr and (ii) their respective
'P

variances are 0 [I] unless E [Or] = 0, in which case the variances are on the

order of 1
2

. From this it is again apparent that the L
2

and A crossvalidation
2

procedures should be expected to give nearly equivalent smoothing policies when n

is large.

Furthermore, Gr and r2 actually converge with probability one to

E2 [Or] . To see this note that invoking the Strong Law of Large Numbers,

E [0 and 02 -p Ekbr2] with probability 1. Clearly then, E2 [Orl

02 2

and r 0 with probability one and therefore the result follows.
(n 1)2

Now when w 1, the L, L, and A crossvalidatory statistics, Sr,
2

Gr, and are easily compared. Note first that, for the comparisons between

Sr and Gr' and similarly for the comparison between Sr and T2 the difference
1between their means is 0 W. Note that E [Sr] = E2 (¢r] whereas both Gr and
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r2 are biased for E2[r). Applying the Strong Law of Large Numbers to Sr' it

is easily verified that Sr E2[0r1 with probability one, as do Gr and

Also, when w 1 the variances of the three statistics behave similarly. That is,

(off)the three respective variances are all on the order oqi, unless E 0 in

which case they are all 011/n2).

Now recall from section 3.3-2, the solution to the unconstrained L2

S
crossvalidation problem for the restriction to

0
is given by . Analogously,

Gr

Sr
the solution to the A

2
crossvalidation for the restriction to 8'0 is given by

2Z

Further, recall that the optimal solution given by Watson (1969) for minimizing

the expected squared discrepancy of an estimator f from the true density f is

given in (3.3.7) and is

E21 Or
ePt =

E2 [0r1 + Var [0r)

and the "natural" estimate of a"t given in (3.3.8) is

2

aoPt = r
r

+ 11+1 [C5T

Thus provided that E 0 0,[ r 1 0 converges andar" t nverges to 1 d a"t convergesr

to 1 with probability one. Wth the results given above for Sr, Gr, and
r

2 it is
S

also evident that both
Sr

and also converge to 1 with probability one
Gr 2

rr
provided E [Or] 1 0. Also since Sr -4 E2[0r] ? 0, Sr is unlikely to be negative
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when n is large. Therefore when E [Or] i 0, and n is large,
Sr

and
Sr

Gr .2r.
should be expected to close to both ar °0. and e". However, when E [Or} = 0

Sboth art
\and OP" converge to 1 i

r
&opt w.p.1) but it is not clear what -.

Gr
S

and converge to, or if they converge at all.7 2

Furthermore, the A2 crossvalidation objective function given by (3.3.6) is

unbiased for MISE 11(f), where MISE = E [f(x) f(x)]2v(dx)1 and
X

111(f) = f f2(x)v(dx). To see this, suppose that the density f has expansion
X

(3.3.1). Then in this case,

ISE = fx[f(x) f(x)12v(dx) = fx[rtolarrOr(x)E(07r0r(x)12v(dx)

=Eq(a. --r )2 , where ar = 0 for r > m. Then E[ISE] =0 rr r

E [Eq(a 7 )2] = Em(Var [a + Bias2 [a ) + Eq 72El (ar
T 0 T r r r m+1 r*

Also, for any specified sequence of real numbers {ail
1

MISE = E[ISE] = E1101( a?.Var [r] + [arli 24) + EA+1

Now since f has expansion (3.3.1) and {Or} is an orthonormal sequence, We =

f2(x)v(dx) = fx o[E7r0r(x)12v(dx)

Thus

MISE = Eio (&Var[r] + [ar-1] 24) En014.



Now with the results of Theorem 3.1, for any sequence of real numbers { ar}

E [Ai = E[E aR2 2E1: rSri = E110-1(4(Var [r] + 2Errolar
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m

= E1101( [1.] + [ar-d24)

and hence the A
2

objective function is unbiased for MISE 11(f).

Now the asymptotic distributions of Sr, Gr, and are given by the

following theorem.

THEOREM 3.2

For r E Rim' if E [Or] # 0

[Sr E2 kr] 1? N 0,4E2 [fir] V kr] ,

[r2 E2 kr]] D N( 0,4E2 [Or] Var [Or] ,

and

[Gr E2 [OW N 0,4E2 kr] Var kr] ,

however if E [Or] = 0 then

and
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where X is a random variable following a Chisquare distribution with one

degree of freedom.

PROOF

The proof of Theorem 3.2 is also given in the appendix.

Note that in both cases, E[cr] # 0 and E [r] = 0, the asymptotic

distributions of Gr and
r2 are the same. Note also that the asymptotic

distributions of Sr, Gr, and r2 are the same when E[Orj # 0, yet when

Ekr] = 0, the distribution of Sr differs from the distributions of Gr and
r2

which are the same; however this difference is only OW.

The properties of Sr, Gr, and will be discussed further in chapter 4.

In particular, the asymptotic properties of Sr, Gr, and will be discussed in

connection with the role these statistics play in determining the optimal smoothing

policies for a special subclass of go.
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4. Decreasing Multiplier Policies

In this chapter the subclass of go consisting of smoothing policies of the

form {or E IR : a0 = 1, ar ar+1 0, and ar = 0 for r > m} is considered.

The estimators based on smoothing policies in got are of the following form

00

f(x) = 1 + ar jr0r(x),
r=1

where 1 = a
On

> aln >a2n > >amn > 0
'

a
r = 0 for r > m, and

10,1

co

0
is a

sequence of orthonormal functions on X. The number of nonzero terms of the

smoothing policy jam) is automatically determined by the optimal LI, L2, and

A
2

crossvalidation smoothing policies for the restriction to as as is shown in

sections 4.1 and 4.2.

This class of smoothing policies or, accordingly, the class of rules

associated with smoothing policies of this type, will be called the class of

decreasing smoothing policies and is denoted by goi. A smoothing policy in got

will be referred to as a orthonormal expansion decreasing smoothing policy (OED)

or for short a decreasing smoothing policy. A decreasing smoothing policy in go],

associates ID with a density estimate fR of the form

m

fR(x) = 1 +
r=1

where 1 = aon > aln >a2n > >amn > 0 and m is a nonnegative integer.
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Justification for the special consideration given to this subclass comes from

the following observations:

[1] For some orthonormal systems the coefficients yr in the expansion of

the true density rapidly approach 0 as r co.

[2] If f is a square integrable function with an orthonormal expansion, then

ff2 = E ryr2 < co and hence yr 0 as r 4 co.

[3] For some orthonormal systems a rapidly decreasing sequence tarn

yields smooth estimates.

[4] The OEE and OEP density estimators have decreasing smoothing

policies.

[5] The optimal smoothing policy, due to Watson (1969), is bounded above

by 1, below by 0, and is a decreasing policy when the coefficients yr of the

orthonormal expansion of f are decreasing.

[6] The optimal L
1

, L
2'

and A
2

smoothing policies are easily characterized

for the restriction to g01' as is shown later.

Unless otherwise noted, throughout chapter 4 the crossvalidation problems

will be unconstrained except for the restriction to policies in go. However, at

times special reference will be made to the OEE and OEP estimators. Note also,
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the determination of the optimal smoothing policies for the restriction to /of

depends upon the crossvalidation objective functions given in sections 3.3-1,

3.3-2, and 3.3-3, and therefore the crossvalidatory statistics found in those

sections will again determine the optimal smoothing polices for the restriction to

the smaller class, Not.

Also throughout chapter 4, let X be a subset of itd, v a probability

measure on X absolutely continuous with respect to either the counting measure

or Lebesgue measure, and the densities on X densities with respect to v. Let

{ °Joe
be a sequence of functions orthonormal on X with respect to v, where

again the functions Or are continuous when the densities are continuous.

4.1 L Decreasing Policy Crossvalidation

Recall from chapter 3, for the restriction to the class of rules No, the L

crossvalidation problem is to maximize the objective function given in (3.3.2)

,I(R;11)= awrnSr
r-=0

over rules R in
o

. Similarly for the subclass eot, the optimal L decreasing

smoothing policy will be the policy in X'ol that maximizes cei(R;i1)) =
arnSwr

r=0
Note that the L crossvalidation optimization problem for rules in X0/ can be

formulated as the following optimization problem:

maximize Cy = a Swr
r=0
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subject to

(i) 1+ qr0r(x) > 0, V x E X
r=1

(ii) ar ar+i 0, for 0 < r < m-1

(iii) ao = 1 and am > 0.

In general it is not a simple task to determine which sets of real numbers

will satisfy constraint (i), the nonnegativity constraint. However, if the true

density f is not far from 1, then the observed data is likely to yield averages

r E Nm that are relatively small, and solutions to that satisfy constraint (i). In

the case where du = wdp, w a prescribed nonnegative density, if w is chosen so

that it is relatively close to f, then it is also likely that the data will yield

averages that are relatively small, again leading to solutions that satisfy the

nonnegativity constraint.

Throughout the remainder of the chapter the crossvalidation problems will

be considered without the nonnegativity constraint. Recall that when a solution to

the unconstrained problem does not define a density, adding a finite number of

nonnegativity constraints to the problem the optimal Li crossvalidation

decreasing policy may still be found by solving a linear program. Indeed, if the

solution to the unconstrained problem does not determine a density on X, then a

few points, points where f is negative, should be chosen for the nonnegativity

constraints in an attempt to determine the optimal L crossvalidation

smoothing policy via linear programming.
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Now ignoring constraint (i), the Li crossvalidation problem for the

restriction to Not can be formulated as the following linear program:

maximize Ls = arSwr

r=0

subject to

(i) ar ar+1 ? 0, for 0 < r < m-1

(ii) a0 = 1 and am ? O.

The solution to this problem is found by considering the partial sums of the

sequence {Si ' and a solution to this linear program is given by the followingr
0

theorem.

THEOREM 4.1

A decreasing policy {a(: )} maximizes .es, subject to constraints (i) and (ii) ifr

and only if

a(*) = {
1 for r = 0 , 1,...,k

rn 0 for r = k+1,...,m

for some nonnegative integer k < m such that

k j

Swr = max{ Swr : 1 j m}.
r=0 r=0

PROOF

Suppose there is no feasible solution that assumes only the values 1 and 0. Let

7 E (0,1) be a value assumed by a solution

a := {a : 1 = an > a1n > a mn}' and let a and b be positive integers
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such that [a,b] is a maximal interval on which a = 7. That is, arn 7 for

a < r < b, arn > 7 for r < a, and a
ril a T

> 7 for r > b. Then Eb
Sw = 0; for if

Eab S r
w

< 0, the objective function could be increased by decreasing the constant

value of a*, y, on [a,b], while if Ea > 0, the objective function could bea r

increased by increasing 7 on [a,13]. Since Eab w
S r = 0, the maximum value of

the objective function is also achieved by replacing the constant value of 7 by

aa-1 or by ab+i, thus reducing by one the number of distinct values assumed

by a . Applying the induction principle there is a solution assuming only the

values 1 and 0.

Let a(*) = {
1 for r = 0 , 1,...,k

Then
t

TR S < 0 for
0 for r = k+1,...,m r=k+ 1

t
t = k+1,k+2,...,m; for if Sw > 0 for some t greater than k, then choosing

r=k+1

(*)7 such that 0 < y < 1 and setting am = y for r = k+1,...,t would increase

k j
the objective function. Similarly, I S i > 0 for j = 1,2,...,k. Hence Sw

r=j r=0
achieves its maximum at j = k.

Now the value of k in the above theorem is not necessarily unique since

J

there may exist ki and k2 such that Sw attains its maximum at both ki
r=0

and k2. So without loss of generality, let c be the smallest integer such that



Sw = max{ Sw : j e 1' and let
r=0 r-=0

(4.1.1) a(1) 1 for r = 0 , c

rn 0 for r =- c+1,...,m
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be the optimal Li decreasing smoothing policy in goi. Thus the L optimal

smoothing policy for the restriction to goi associates with D an optimal

crossvalidation density estimate

Rl(x) 1 + 1-0,(x).
r=1

Note that if the functions Or oscillate more and more rapidly as r

increases then the degree of smoothness associated with a density estimate is

related to the rate at which the coefficient sequence aror decreases to zero.

That is, for the LI estimator restricted to got the sooner cricni) becomes 0 the

smoother the estimate will be, since it will not involve as many oscillatory terms.

Thus choosing c to be the smallest value of k gives the smoothest estimate of f

among the smoothing policies given as solutions to the Li problem for the

restriction to go] in Theorem 4.1. Note here, crossvalidation for the restriction

to rules in got automatically takes care of the problem of how many terms to

include in the estimate f
RI

For the OEE and OEP estimators defined by the smoothing policies in

(3.2.3) and (3.2.4) the L crossvalidation problem is not so easily solved.

Recall, both estimators have decreasing smoothing policies determined by a single

smoothing parameter, and the smoothing policies are decreasing functions of this
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smoothing parameter. Two extreme cases in which the optimal smoothing

parameter is easily determined are (i) S7, >0 V r E Mm and (ii) Sy: < 0 V

r E Nm. In case (i) the optimal smoothing parameter is the minimum allowable

value of the parameter, since this value of the smoothing parameter generates the

maximum values of the smoothing policy and therefore maximizes the Li

crossvalidation objective function, also. In case (ii) the optimal smoothing

parameter is the largest allowable value of the parameter, since this value

minimizes the smoothing policy generated by the smoothing parameter, therefore

minimizing the L
i

crossvalidation objective function. For the intermediate

cases, where some of the Sw are positive and some are negative, it is generally

not obvious which values of the smoothing parameter will maximize the objective

function; in these cases some nontrivial optimization procedure must be used to

determine the value of the optimal smoothing parameter.

4.2 L and A Crossvalidation for Decreasing Policies
2 2

Accordingly, the L2 and A2 crossvalidation problems for the restriction

to decreasing policies simply amounts to minimizing their respective objective

functions given in section 3.3 over the smaller class Sot. Here the

crossvalidation problems that must be solved to determine the optimal L and
2

A
2

smoothing policies are

m m
L :minimize a2 G 2 a S

2 rn r rn r
R E go I r=0 r=0



and

m m
A :minimize a2 2 2 a S

2 r11 r r
R E 8D r=0 r=0
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Recall an equivalent L2 crossvalidation objective function given in (3.3.6)

to be minimized over is

STf2(R;ID) = I Gr [a
r n

.

r=0 'r
Similarly an equivalent A2 objective function is

A* [a 2'2 r 7 2
r=0

provided that 2 > 0 for all r. The L
2

and A
2

crossvalidation problems can

now be reformulated as quadratic programming problems, and the solutions to the

quadratic programs will be, respectively, optimal L2 and A2 smoothing policies

for the restriction to 801. The two quadratic programs to be solved are

and

m
S 2

L : min = G Foe _ rl
2 2 r

Gr=0
[ rn

r.]

subject to

(i) ar ar+i > 0, for 0 < r < m-1

(ii) a0 = 1 and am > 0

m
Sr

2A
2 2

: min A* = r2[ar -a 2
r=0
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subject to

(i) ar ar+1 > 0
' for 0 < r < m-1

(ii) ao = 1 and am > O.

Fortunately these two minimization problems fall into a special class of

quadratic programs with known solutions. Namely, they are bounded isotonic

regression problems, where a bounded isotonic regression problem is a problem of

the following type:

Given a finite set A = {x1 x a known function h, and a nonnegative

weight function p, minimize [v(x) h(x)}2p(x)
xEA

subject to v(x) > v(y) whenever x < y and v(x) > 0 for all x E A.

The solution to a bounded isotonic regression problem was given by van Eeden

(1958) and can be found in Statistical Inference Under Order Restrictions (Barlow

et al, 1972, page 57). The solution is given by v (xr) = [ 0 V v(xr)

where

v(xr) = min max / h(xi)p(xi) / p(x.) }.
s<r t>r i=s i=s

Now in terms of the L crossvalidation problem, A = Ulm, h(x) = 1,
2 Gr

p(x) = Gr' v(x) = am' and the solution is given by

(4.2.1) a(2rn ) = [ 0 V vr



where

t t

vr = min max { S. /
s<r t>r

Similarly for the A2

(4.2.2)

where

1=5 1=5

crossvalidation problem the solution is given by

a(2A) [0 V Ur]

ur = min max
s<r Qr

Then since E G.
s

and PA), are
111

174

s
2 for large

nearly equivalent

Thus for s,t E INra,

SiI/

1

t

i=s i=s
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n, the optimal L
2

and A
2 rsolutions, P)

n

. However, note that

G
02

1 1 >
1 ri n(n-1)

t t t t
Si / Gi < Si /

1=-3 1=8 1=3 1=8

which means v
r < u for all r E N

M7
and hence a(2) a(A)

ior r E NM.rn rn

(
iFurther if either a, 2 1 or a(2A) in s 0 then so is the other; for if 421 = 0, thenrn

vr < 0, which means that there exists s < r such that for all t > r, Et Si < 0. But
s

EIs S.
i

< 0 for some s < r and all t > r implies that ur < 0
' rnand hence a(2A)

is

11
also 0. A similar argument shows that a (2A) = 0 implies that arn

2) = 0.
1
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The complexity of the L2 and A2 crossvalidation problems dictates that

another method of optimization be caned upon to solve for the optimal smoothing

policies associated with estimators whose smoothing policies are functions of a

single smoothing parameter. In particular, for the OEE and OEP estimators the

following method can be used to find a pseudooptimal smoothing policy:

[1] Given a data function I) and specified positive A, find the optimal

unconstrained L
2

(A2) smoothing policy for the restriction to Not.

[2] Determine the value of the smoothing parameter that generates a

smoothing policy that closely mimics the optimal L2 (A2) smoothing

policy found in [1].

For example, consider the smoothing policies of the OEE estimator with

cern(b) n
r, and let c42n) be the optimal L

2
smoothing policy in Noi.

n-1+b

Then a(2) = n if and only if In [ [ n/a(2) + 1 n I 1 = rin[b]. Thenm n-1 +br rn

letting y be the left hand side and taking x = ln[b], the least squares

approximation to In[b] can be used to generate a pseudooptimal smoothing

policy. Analogous procedures also follow for the A case and for the OEP
2

estimator.

4.3 A Comparison of the Li, L2, and A2 Decreasing Policies

Comparing the Li, L2, and A
2

decreasing smoothing policies for the case

of w 1 (or w is constant), it is first evident that the optimal L
i

decreasing

policy dominates both the L and A policies for the first c terms, since the
2 2
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optimal L decreasing policy is one for the first c terms, whereas the optimal L2

and A decreasing policies are bounded above by 1. Note that the L and A
2 2 2

decreasing policies are unlikely to be 1 for any r Ellin, since V r E 114m, Gr and

2 are both greater than or equal to Sr. In fact, the following theorem shows

that the optimal Li decreasing policy always dominates the other two policies

and the optimal Li, L2, and A smoothing policies are all 0 when r > c.
2

THEOREM 4.2

For the restriction to rules R E e
of,

and w E 1, let a(1)Im a(2)Ini
'

andrn J 1' rn J
1

0 A \ m
la(-41 be the optimal L L

2'
and A

2
crossvalidation decreasing policies.rn

1

Then

and

(i) for 1 < r < m, a(1) a(2A) > a(2)
rn rn rn

(ii) a(1r11 ) = 0 if and only if (2A) a(2)

PROOF

r2)It has already been shown that arnA) 1 < r < m and that ci,,n2A) =0

if and only if arn () = 0. Then since arn(1) only takes on the values 0 and 1, the

n
,(2)result follows by proving that a(1) = 0 if and only a(2A)
"rn rn

First recall that for the optimal Li smoothing policy given in (4.1.1),

a(1) = 0 for r > c, where c is the smallest integer in Nm such thatr11

El Si = max{El Si : j E Nm}.
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Let C(s,t) Et's Si for 1 < s < t < m. Then for r > c, arc) = 0, and thus

C(c+1,t) < 0 for c+1 < t <m; for otherwise the maximum sum could be increased.

Furthermore, since Et, Gi and Ets are both nonnegative

vc+1 = min
s<c+1 maxt>c+1

1
C(s,t) / Gi

i=4

so that for s = c+1

and

vou < maxt>c +l C(c+1,t) / G. 1 < 0

i=c+1

uc+1 = min
s<c+1 maxt>c +1 1 C(s,t) /

1
< 0

so that for s = c+1

Thus

i=s

uc+1 < max
t>c+1f{ C(c+1,t) / Vie < 0.

i=c+1

a(+1 [OVvc+1 c1=0= a(+1 2A) {0Vuc c+1

A)and therefore when r > c+1, a(2
n = a(2) = O.

Conversely, suppose

largest integer in Mm such

a(2A) a(2)

that a(2A) and

0 for r > ko' where ko is the

2)a,( are positive. Then for r > k +1
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Hence there exists so < ko+1 such that C(so,t) < 0 for all t > 1(0+1, and since

C(1,r) = C(1,s0-1) + C(so,r) for r > so, maxr C(1,r) is achieved at r = k < ko+1;

for if r > 1(0+1, C(1,r) = C(1,so-1) + C(so,r) < C(1,so-1). Therefore c4n1) = 0 for

all r > ko+1 and hence c = ko.

I

Recall now, when the orthonormal functions Or are such that they become

more and more oscillatory as r increases, then the degree of smoothness associated

with a density estimate is related to the rate at which the coefficients arnr go to

zero. In this sense, Theorem 4.2 implies that the optimal L2 decreasing

smoothing policy determines the smoothest estimate among the three

crossvalidation procedures, and the optimal A2 policy determines an estimate

smoother than the estimate associated with the optimal L policy. Also, all three

policies contain the same number of nonzero terms.

Furthermore, note that each of the three optimal crossvalidation

Inirn1) I ar(n)) {d(rnA)},decreasing policies, automatically takes care of

the problem of determining the number of terms to include in the orthonormal

expansion estimate. That is, all three policies determine density estimates that

are linear combinations of the functions 10
' where c is also determinedr0

through the crossvalidation procedures.
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Finally for the case where w a 1, consider the crossvalidation problem

associated with determining an optimal decreasing smoothing policy when the

smoothing policies under consideration are generated by a single smoothing

parameter 8 E P := {0 E [12 : B is an admissible value of the the smoothing

parameterl. That is, for fixed 9 E P, am := (Irn(8) V r e Nm. For example, the

smoothing policies of the OEE and OEP estimators given by (3.2.3) and (3.2.4),

for fixed A, are both strictly decreasing policies of this nature.

Now for an estimator based upon a smoothing policy that is completely

determined by a smoothing parameter B (i.e. larn(B) E
) let

and

(4.3.1) 11(0) := arn( 0)Sr,

r=0

m m
(4.3.2) 12(0) aL(0)Gr arn(0)Sr,

r=0 r=0

m m
(4.3.3) A2(0) := a%(0)1.2 arn(0)Sr

r=0 r=0

be the L1, L
2

, and A
2

crossvalidation objective functions to be optimized over

P. Also let 01, 612, and 9A' (not necessarily unique) be the values in 7

optimizing (4.3.1), (4.3.2), and (4.3.3) respectively. If the smoothing policies

generated by 0 are strictly decreasing sequences in 9, then the following theorem

shows that 01 < OA < 02. Then Corollary 4.4 shows that the OEE and OEP L2

and A
2

crossvalidation estimators determined by (3.2.3) and (3.2.4) generate

smoother estimates than the OEE and OEP L estimate based upon 01.
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THEOREM 4.3

Suppose that for each r E Nm' rn(0) is a nonnegative function strictly decreasing

in O. Let 01 be the value of 0 maximizing (4.3.1), 02 the value of

minimizing (4.3.2), and 0A the value of B minimizing (4.3.3). Then 01 < OA

PROOF

Theorem 4.3 is proved by showing first that 01 < OA and then
A

<
2'

To see

that 01 < BA, let B < B1, and consider .42(0) .A2(9) =

m m
(4.3.4) [ce2n(0)-0%(01gr2 2i [cern( 0)arn( 01)]Sr

r=0 r=0

The result follows by showing that (4.3.4) is nonnegative. Now since 'r2 > 0 and

arn(9) > rn(9
1)

(i.e. 9 < 9) the first term of (4.3.4) is nonnegative. Also, 01

maximizes (4.3.1), so that

m m m
ar (9)Sr < 1 ar (01)S and hence -21 [cfr(9)ar(01)]Sr > 0. Therefore

r=0 r-=0 r=0

(4.3.4) > 0 for 0 < 01 and thus 9A >

Finally to see that 0
A < 9,

7
recall that G = 2 + 1, r r

02r .-Tri
cu SO

(n-1)2

m

S2(0) = 42 + (n102 r/ 0(4(0)R. r2].that (4.3.2) can be rewritten as Now let



0 < OA and consider wit(0)-1(0
A
) =

2 2

(4.3.5)

m

A2(0)-A2(B
A)

+ i 2 [cn(U)ctin(9AAR0
r =0
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Then since OA minimizes A2(0) the first term of (4.3.5) is nonnegative and since

0 < OA' a r(0) > r (OA) and the second term is also nonnegative. Thus (4.3.5) is

nonnegative and therefore 02 > BA.

I

COROLLARY 4.4

For smoothing policies defined by (3.2.3) and (3.2.4), let b1, b2, and b
A

be the

optimal values of b and al, a2, and aA the optimal values of a, respectively.

Then b1 < b < b., and a1 < aA < a
1 A 2.

PROOF

Note that a (b) defined in (3.2.3) and a rn(A,a) defined in (3.2.4), for fixed A,

determine nonnegative smoothing policies that are strictly decreasing sequences of

functions b and a. Thus Theorem 4.3 applies and the result follows.

I

4.4 Consistency of the Decreasing Policy Estimators

In this section the consistency of the estimators determined by the optimal

Li, L2, and A
2

crossvalidation smoothing policies for the restriction to Xot is

discussed for the case where w = 1. Let f (1) be the estimator associated with

the optimal Li decreasing policy based upon a simple random sample of size n.

Similarly, let f (2) and f(2A) be the estimators associated with the optimal L2
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and A decreasing policies for a sample of size n. Here it will be assumed that
2

the true but unknown density f on X has a finite expansion in terms of the

prescribed orthonormal sequence {Or} given in (3.3.1): for x E X,
0

(4.4.1)
q

f(x) --= 1 + 7r0r(x),
r=1

where 71. = E [Or]. Recall from that when X is a finite subset of Rd f does

have a finite expansion like (4.4.1). Sufficient conditions ensuring the consistency

of the sequences of estimators If (n 1)1 ' nf 2)}, and If ( 2A)} are easily stated.

Suppose f is a density which has a finite expansion and let

estimators of f, where fn is given by

(4.4.2)

Then the sequence

q

In(x) 1 + arJrCSr(x)'
r=1

be a sequence of

is a consistent sequence of estimators of f if

arn r 7r in probabi ity, for r E N and a strongly consistent sequence if the

convergence is with probability one. Now by the Strong Law of Large Numbers,

r ~ 7r with probability one, so the sequence of estimators {in} will be

consistent (strongly consistent) for f if am 1 in probability (with probability

1).

In particular for the restriction to 1 > cy(1) a(2) a(2A) > 0 VOil r

r E Mq so that the three sequences of estimators If MI
' n nIf (2)} and {f^ (2A)}

will be consistent (strongly consistent) estimators of f if ar(n2) 4 1 in probability
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(with probability one). The following theorem and its corollary prove that these

are indeed strongly consistent sequences of estimators of f.

THEOREM 4 5

Let f be a density on X with expansion (4.4.1). Then 4112) 1 with

probability one for 1 < r < q.

PROOF

Recall from chapter three that Si and Gi both converge with probability one to

for all i E N . Thus for s,t E N Et S and Et G both converge to Et 7?q q' i i s

with probability one. Now V s < q, Elzsi Si / Ecsi Gi -- 1 with probability one, since

yq # 0, and hence a(qn ) i 1 with probability one, also. Thus since

(decreasing policy atn
2)

1 with probability one V r EN .

I

(Since cr 2)
1 with probability one for all r E N and sincern

{42)1 is a

41) 42A) 42),
a( i.1) and af.,2A) also converge to 1 with probability one

V r < q. And finally, the strong consistency of the sequences {f A2) }, and

{
i(2A)} is given by the following corollary.

COROLLARY 4.6

Let f be a density on X with expansion (4.4.1). Then IfT)}, {f(2)}, and

fn
(2(2A)A)} are sequences of strongly consistent estimators of f.
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PROOF

Now +
I'

7 with probability one for 1 < r < q, and a(1) a(n 2) and a(A)r rn ' r ' rn
(21all converge to 1 with probability 1, thus co4n1/4r, er '. c rnand a(2a).

r
all

converge to 'yr with probability one.

I

Furthermore, the L2 and A2 estimators are determined by [Gr,Srj and

[r2,51.], respectively, and these statistics are independent of the weight function

w. Therefore the collections of estimators If (2)l and If (2")}, based on the

optimal L and A crossvalidation smoothing policies are consistent estimators
2 2

of f for all choices of the weight function w.
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5. Examples of Fitting Densities to Data

The examples to follow in sections 5.1 and 5.2 have been selected to

demonstrate how the crossvalidation procedures discussed in chapter 2 can be

used to determine data based smoothing policies for the wide class of expansion

estimators covered in chapter 3 and 4. Section 5.1 contains three examples of

fitting orthonormal expansions to continuous univariate data. In section 5.2

several different expansion estimators, including the decreasing orthonormal

expansion estimators, are fit to discrete univariate data. In each of the examples a

variety of expansion estimators are considered and their optimal Li, L2, A2, and

KullbackLeibler single point prediction crossvalidation smoothing policies are

determined.

5.1 Fitting Densities to Univariate Continuous Data

Three examples of fitting densities to continuous data are presented here.

In each of the three examples only estimators in the class of orthonormal

expansions are considered. In particular, the L, L2, and A OED, the L , L ,
2 1 2

and A OEE, and the L , L , and A OEP estimators are fit to each data set.2 1 2 2

In each example an initial guess, fo, of the unknown density on X is

made. This initial guess fo is then used as the weight function w. That is, the

orthonormal sequence is orthonormal with respect to fo. Note that if a sequence
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of functions { er}
cc

is orthonormal on [0,1] with respect to Lebesgue measure and
0

fo is a continuous density with distribution function Fo(x), then

Fer
[Fo(x)1 es [Fo(x)] fo(x)dx = flor(z)c(z)dz ors.

00

Thus for a sequence of functions {c} orthonormal on [0,1], the sequence

{0r : 0 := roF
0 is orthonormal on X with respect to the density fo.

In particular, the sequence {acos(rrz): r E Oirn} is orthonormal on [0,1].

Thus {,f2cos[7rrFo(x)]1 is an orthonormal system on X with respect to fo'

where Fo is the d.f. of the initial guess fo. This orthonormal system will be

used in each example with 00 := 1. Furthermore, transforming the data by the

transformation Z := Fo(X), the estimation problem reduces to the case where

w E 1. That is, assuming that the true unknown density on X, f(x), has

expansion (4.4.2), then for for the transformation Z := Fo(x) (cf. Fellner (1974))

and z E [0,1], fz(z) is given by

m
fz (z) = fo [Fol(z)] .MFOI(z)] = 1 + 7r0r(z) = f(x)/f0(x).

r=0

Therefore the estimation problem amounts to using the transformed data to

estimate fz with an orthonormal expansion, f
z' and then constructing the

estimate of f by taking f := fofz.

The crossvalidation criteria of chapter 2, namely the L
t

, L
2

, A2, and

KullbackLeibler criteria, are used to fit the following estimators to the data in
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examples 5.1.1, 5.1.2, and 5.1.3:

[1] The OED L
1

, L
2'

and A
2

estimators, f ii), f j2), and f (t2A).

[2] The OEE L
i

, L
2

, and A
2

estimators, % (1) i ( 2) and ; (2A)
nt

[3] The OEP Li, L
2

, and A
2

estimators f ( 1) ' f ( 2) '
and , ; ( 2A)

W W 1 NV

[4] The OEE and OEP estimators with smoothing parameters determined

by KullbackLeibler crossvalidation, f (B) and f (w).
KL KL

Also in each example it is assumed that a satisfactory orthonormal

expansion of f exists with no more than 50 terms in the expansion. That is, the

number of terms q in expansion (4.4.2) is 50. Then in the case of the decreasing

multiplier policies the number of terms, m, will be determined by

crossvalidation. For the OEE and OEP estimators based upon the smoothing

policies given in (3.2.3) and (3.2.4) the estimates will include terms up to a point

ro where am 5..001 for all r > r0. The range of b values, 1b, considered as

smoothing parameters in the OEE smoothing policies, (3.2.3), is the interval [1,6]

in each example, and P the range of OED smoothing parameters, (3.2.4), is the
a

interval [.5,4] in each example. Note that Ph includes the value of the

smoothing parameter that generates the "natural" estimate (3.3.2), namely b = 1,

however 7 does not. Also the value of A in (3.2.4) is taken to be 1 in each
a

example.

5.1-1 Example 5.1.1 Suicide Risk Data

The data in this example consists of the lengths of 86 psychiatric treatment

spells undergone by control patients in a study of suicide risks. The data is given
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in table 5.1 add was first presented by Copas and Fryer (1980). This data set can

also be found in Silverman (1986). Copas and Fryer use the empirical distribution

function to estimate the distribution function and do not directly address the

problem of estimating the density associated with this population. On the other

hand, Silverman uses this data to illustrate several different types of

nonparametric density estimators, however none of these examples uses

crossvalidation as a means of determining a data based smoothing policy.

TABLE 5.1 Lengths of treatment spells (in days)
of 86 control patients in a suicide risk study.

1 18 32 54 82 103 153 311
1 21 34 56 83 111 163 314
1 21 35 56 84 112 167 322
5 22 36 62 84 119 175 369
7 25 37 63 84 122 228 415
8 27 38 65 90 123 231 573
8 27 39 65 91 126 235 609

13 30 39 67 92 129 242 640
14 30 40 75 93 134 256 737
14 31 49 76 93 144 256
17 31 49 79 103 147 257

The initial guess fo is taken to be the density of an exponential random

variable with mean 0, where Q is the sample average and

fo(x) 1113exlfi, for x > 0.

Plots of a histogram for the data and the initial guess fo are given in figures 5.1

and 5.2.

The L , L , and A crossvalidation statistics Sr'
1 2 2

determine the optimal smoothing policies are listed in table 5

L
1

, L
2
, and A

2
decreasing multiplier smoothing policies det

Gr' and 2 that

.2, and the optimal

ermined by these
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LENGTH OF TREATMENT SPELL

Figure 5.1 Histogram of the lengths of treatment spells
(in days) in a suicide risk study.
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Figure 5.2 The initial guess, fo, for the suicide risk data;

fo(x) = 1/122.33.e x/122.33
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statistics are given in table 5.3. Table 5.4 lists the optimal cross-validation values

of the smoothing parameters that generate the optimal L , L , A , and
1 2 2

Kullback-Leibler smoothing policies for the OEE and OEP estimators. The

smoothing policies generated by the optimal smoothing parameters are given in

table 5.5.

TABLE 5.2 The L1, L2, and A2 cross-validatory
statistics for the suicide risk data.

Sr Gr Sr Gr

1 .0013 .0128 .0127 26 -.0115 .0014 .0012
2 -.0117 .0009 .0008 27 .0153 .0281 .0279
3 -.0027 .0087 .0086 28 .0181 .0303 .0302
4 -.0053 .0074 .0073 29 -.0099 .0005 .0004
5 .0230 .0343 .0342 30 .0200 .0336 .0335
6 -.0099 .0024 .0023 31 -.0084 .0030 .0029
7 -.0117 .0004 .0002 32 -.0124 .0008 .0007
8 -.0013 .0131 .0129 33 -.0029 .0089 .0088
9 .0130 .0242 .0241 34 .0132 .0239 .0238
10 -.0115 .0002 .0001 35 -.0002 .0107 .0106
11 -.0115 .0002 .0001 36 -.0119 .0005 .0004
12 -.0102 .0026 .0024 37 .0282 .0397 .0396
13 .0140 .0259 .0257 38 .0386 .0499 .0497
14 -.0131 .0003 .0001 39 -.0087 .0033 .0032
15 -.0125 .0009 .0008 40 -.0121 .0007 .0006
16 .0855 .0965 .0963 41 -.0084 .0025 .0024
17 -.0118 .0014 .0012 42 -.0106 .0012 .0010
18 -.0099 .0022 .0021 43 -.0090 .0015 .0014
19 -.0120 .0017 .0016 44 .0009 .0117 .0115
20 -.0115 .0006 .0004 45 -.0088 .0029 .0028
21 -.0112 .0004 .0003 46 -.0095 .0025 .0023
22 -.0121 .0007 .0006 47 .0656 .0754 .0753
23 -.0111 .0004 .0002 48 -.0080 .0033 .0032
24 .0006 .0128 .0126 49 -.0115 .0008 .0006
25 -.0119 .0007 .0005 50 -.0047 .0072 .0071
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TABLE 5.3 The optimal L1, L2, and A2 decreasing smoothing
policies for the suicide risk data.

,u(2) (2A)a(1) "r a(1) a(2) a(2A)

1 1.000 .1527 .1542 9 1.000 .1527 .1542
2 1.000 .1527 .1542 10 1.000 .1527 .1542
3 1.000 .1527 .1542 11 1.000 .1527 .1542
4 1.000 .1527 .1542 12 1.000 .1527 .1542
5 1.000 .1527 .1542 13 1.000 .1527 .1542
6 1.000 .1527 .1542 14 1.000 .1527 .1542
7 1.000 .1527 .1542 15 1.000 .1527 .1542
8 1.000 .1527 .1542 16 1.000 .1527 .1542

TABLE 5.4 The values of the optimal cross-validation OEE
and OEP smoothing parameters for the suicide risk data.

OEE OEP

L : 1.00 L : 4.00
1 1

L : 6.00 L : 4.00
2 2

A : 6.00 A : 4.00
2 2

KL: 6.00 KL: 4.00

TABLE 5.5 The optimal cross-validation ORE and OEP
smoothing policies for the suicide risk data.

r L1
OEE
L2EA2 KL L1

OEP
L2="A2 KL

1 1.000 .945 .945 1.000 1.000 1.000
2 1.000 .711 .711 .252 .252 .252
3 1.000 .286 .286 .013 .013 .013
4 1.000 .062 .062 .001 .001 .001
5 1.000 .011 .011 .000 .000 .000
6 1.000 .000 .000 .000 .000 .000
r>7 1.000 .000 .000 .000 .000 .000
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The OED estimates are given in figure 5.3 and as expected the L2 and A2

estimators are nearly equal and indistinguishable in figure 5.3. Note that the L2

and A estimates tend to emphasize the concentrations of data points but not
2

nearly as much as the L1 estimate, and moreover the L2 and A2 estimates are

much smoother than the L estimate.

The OEE and OEP estimates are given in figures 5.4 and 5.5. Here the

OEE and OEP estimates with smoothing parameters found by KullbackLeibler

crossvalidation are the same as OEE and OEP L estimators. Also the A
2 2

OEE and OEP estimates are the same as the OEE and OEP L estimates. Hence
2

the only OEE and OEP estimates that will be plotted are the L and L

estimates. The L OEE estimate is based on smoothing parameter b = 1, the

constant smoothing policy with am = 1, 1 < r _< 50. Also note that the LI

estimate is not actually a density since it takes on negative values. Furthermore,

note the extreme difference in the L OEE estimate and the OEE L and OEP
1 2

L estimates. The L is estimate is very jagged emphasizing the clusters of data,
2 1

even more so than the OED L estimate, whereas the OEE and OEP L
1 2

estimates mimic the initial fit fo very closely.
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Figure 5.3 The OED density estimates for the suicide risk data.
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Figure 5.5 The OEP density estimates for the suicide risk data.
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5.1-2 Example 5.1.2 Old Faithful Geyser Study

The data in this example, given in table 5.6, represents the length in

minutes of 107 eruptions of Old Faithful, a geyser located in Yellowstone National

Park. The data consists of all eruptions between 6 a.m. and midnight for the week

of August 1 to August 8, 1978, and hence this data set is not a random sample.

However these observations are believed to be a representative sample of the

length of an eruption of Old Faithful during this week, and therefore density

estimates will be fit to this data as if it were a random sample. This data set can

be found in Weisberg (1985) and also in Silverman (1986). Weisberg's analysis of

this data is not related to the area of density estimation, and Silverman uses this

data set in his examples illustrating the different types of nonparametric density

estimators.

TABLE 5.6 Eruption lengths (in minutes) of 107
eruptions of Old Faithful geyser.

4.4 4.6 3.2 1.8 3.8 4.4 3.7 4.4 4.2 4.1
3.9 3.4 1.9 4.7 3.8 4.1 1.8 1.9 3.9 2.7
4.0 4.3 4.6 1.8 3.8 4.3 4.6 4.6 4.3 4.6
4.0 1.7 2.0 4.6 2.5 3.3 3.5 2.9 1.8 1.9
3.5 3.9 4.5 1.9 4.5 2.0 4.0 3.5 4.5 4.5
4.1 3.7 3.9 3.5 4.1 4.3 3.7 2.0 2.0 2.0
2.3 3.1 4.3 4.0 3.7 2.9 1.7 4.3 4.2 4.8
4.7 4.0 2.3 3.7 3.8 4.6 4.6 1.8 4.4 4.1
1.7 1.8 3.8 3.7 3.4 1.9 1.7 4.1 4.1
4.9 4.1 1.9 4.3 4.0 3.6 4.0 1.8 4.1
1.7 1.8 4.6 3.6 2.3 3.7 1.8 4.7 4.0

A histogram of the data is given in figure 5.6, and since the histogram

appears to indicate that the true density may be bimodal, the initial guess fo is

taken to be a mixture of normal densities. The mixture used for fo is of the form
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Figure 5.6 Histogram for the length of eruption (in minutes)
of 107 eruptions of Old Faithful geyser.
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(5.1.1) pfi(x;pi,a12) + (1p)42(x;122,0-22),

where p is the percentage of observations less than 2.06 (there appears to be a

natural break at 2.06 for this data set), pi and a12 are the sample mean and

variance of the data less than 2.06, P2 and 0-22 are the sample mean and variance

of the data greater than or equal to 2.06, and fi is a normal density with mean pi

and variance u?, for i=1,2. Here pi = 1.835, a12 = .01, p2 = 3.954, u22 = .344,

and p = .234. A plot of fo is given in figure 5.7.

Table 5.7 contains the crossvalidatory statistics Sr' Gr' and -1.2 and

the OED smoothing policy they generate are given in table 5.8. The OEE and

OEP smoothing parameters and smoothing policies they generate are given in

tables 5.9 and 5.10. Here again the L2 and A2 estimates are identical for the

OEE and OEP estimators.

Plots of the OED, OEE, and OEP estimates are given in figures 5.8, 5.9,

and 5.10. Again the L2 and A2 estimates for the OED, OEE, and OEP

estimators are indistinguishable, and hence only the Li and L2 estimates are

plotted. As for the OED estimates, again, the L estimate emphasizes the

clusters of data more so than the L estimate, and as a consequence the L
2 2

estimate is smoother than the L estimate. In the case of the OEE and OEP

estimators, the L2 estimates for both respective estimators again mimic fo very

closely. On the other hand, the OEE and OEP Li estimates appear to fall

somewhere in between the OED L and L estimates. Figure 5.11 is a plot of
2

the L OEE and OEP estimates which are very similar.
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The OEE and OEP estimates with smoothing parameters found by

Kullback-Leibler cross-validation are given in figure 5.12. Here the OEEestimate

is very similar to the OED L2 estimate, whereas the OEP estimate is very similar

to the OED L
1

estimate, and thus the Kullback-Leibler OEE estimate is

smoother than the OEP estimate for this example.

TABLE 5.7 The L1, L2, and A2 cross-validatory
statistics for the Old Faithful data.

Sr Gr 1.42

1 -.0045 .0053 .0052 26 -.0086 .0005 .0004
2 -.0071 .0020 .0020 27 -.0088 .0001 .0001
3 .0109 .0195 .0194 28 -.0029 .0065 .0064
4 -.0051 .0038 .0037 29 -.0085 .0012 .0011
5 -.0084 .0004 .0003 30 .0156 .0266 .0265
6 .0033 .0124 .0123 31 -.0088 .0005 .0005
7 -.0032 .0054 .0053 32 -.0083 .0004 .0003
8 -.0040 .0065 .0064 33 -.0068 .0018 .0017
9 .0783 .0875 .0874 34 .0059 .0154 .0153
10 .0033 .0136 .0135 35 -.0070 .0028 .0027
11 -.0077 .0012 .0011 36 -.0073 .0012 .0011
12 -.0082 .0016 .0015 37 .0128 .0227 .0227
13 -.0020 .0073 .0072 38 -.0072 .0029 .0028
14 .0115 .0203 .0202 39 .0092 .0181 .0180
15 .0052 .0135 .0135 40 -.0018 .0064 .0063
16 .0149 .0240 .0240 41 -.0046 .0036 .0035
17 -.0097 .0007 .0006 42 -.0051 .0044 .0044
18 -.0042 .0055 .0054 43 -.0035 .0046 .0045
19 -.0084 .0008 .0007 44 .0003 .0097 .0096
20 .0083 .0181 .0180 45 -.0075 .0029 .0028
21 -.0048 .0043 .0042 46 -.0030 .0062 .0061
22 .0006 .0107 .0106 47 -.0064 .0033 .0032
23 -.0084 .0017 .0016 48 .0035 .0119 .0118
24 -.0071 .0017 .0016 49 -.0033 .0042 .0041
25 -.0049 .0050 .0049 50 -.0068 .0032 .0031



TABLE 5.8 The optimal LI, L2, and A2 decreasing
smoothing policies for the Old Faithful data.

41) (42) ,(2A)
'Ar

1.000 .4222 .4245
1.000 .2399 .2415
1.000 .2029 .2044
1.000 .2029 .2044
1.000 .2029 .2044
1.000 .2029 .2044
1.000 .2029 .2044
1.000 .2029 .2044

r (1)
"r

(2)
1-1`r

,PA)
"r r

1 1.000 .4222 .4245 9
2 1.000 .4222 .4245 10
3 1.000 .4222 .4245 11
4 1.000 .4222 .4245 12
5 1.000 .4222 .4245 13
6 1.000 .4222 .4245 14
7 1.000 .4222 .4245 15
8 1.000 .4222 .4245 16

95

TABLE 5.9 The values of the optimal cross-validation
smoothing parameters for the Old Faithful data.

OEE OEP

L : 1.35 L : .95
1 1

L : 6.00 L : 4.00
2 2

A : 6.00 A : 4.00
2 2

KL: 1.60 KL: 1.25
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TABLE 5.10 The OEE and OEP smoothing policies for the Old Faithful data.

r L1

OEE
L2EA2 KL L1

OEP
L2EA2 KL

1 .997 .955 .994 1.000 1.000 1.000
2 .992 .754 .986 .975 .296 .958
3 .987 .332 .972 .938 .016 .880
4 .979 .076 .951 .892 .002 .775
5 .969 .014 .919 .841 .000 .661
6 .955 .002 .872 .786 .000 .551
7 .937 .000 .806 .731 .000 .454
8 .914 .000 .718 .677 .000 .373
9 .885 .000 .612 .626 .000 .307
10 .845 .000 .496 .577 .000 .253
11 .804 .000 .380 .532 .000 .211
12 .750 .000 .276 .490 .000 .177
13 .688 .000 .192 .452 .000 .150
14 .619 .000 .129 .417 .000 .128
15 .546 .000 .085 .385 .000 .110
16 .470 .000 .055 .357 .000 .095
17 .396 .000 .035 .331 .000 .083
18 .326 .000 .022 .307 .000 .072
19 .264 .000 .014 .285 .000 .064
20 .210 .000 .009 .266 .000 .057
21 .164 .000 .006 .248 .000 .050
22 .127 .000 .003 .232 .000 .045
23 .097 .000 .002 .217 .000 .041
24 .074 .000 .001 .204 .000 .037
25 .056 .000 .001 .191 .000 .033
26 .042 .000 .001 .180 .000 .030
27 .031 .000 .000 .170 .000 .028
28 .023 .000 .000 .160 .000 .025
29 .018 .000 .000 .151 .000 .023
30 .013 .000 .000 .143 .000 .021
31 .010 .000 .000 .136 .000 .020
32 .007 .000 .000 .129 .000 .018
33 .005 .000 .000 .123 .000 .017
34 .004 .000 .000 .117 .000 .016
35 .003 .000 .000 .111 .000 .015
36 .002 .000 .000 .106 .000 .014
37 .002 .000 .000 .101 .000 .013
38 .001 .000 .000 .096 .000 .012
39 .001 .000 .000 .092 .000 .011
40 .001 .000 .000 .088 .000 .011
41 .001 .000 .000 .085 .000 .010
42 .000 .000 .000 .081 .000 .009
43 .000 .000 .000 .078 .000 .009
44 .000 .000 .000 .075 .000 .008
45 .000 .000 .000 .072 .000 .008
46 .000 .000 .000 .069 .000 .007
47 .000 .000 .000 .067 .000 .007
48 .000 .000 .000 .064 .000 .007
49 .000 .000 .000 .062 .000 .006
50 .000 .000 .000 .060 .000 .006
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Figure 5.8 The OED density estimates for the Old Faithful data.
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5.1-3 Example 5.1.3 Silica Assays on Chondrite Meteors

In this example the data consists of 22 silica assays of chondrite meteors

first given by Ahrens (1965) and analyzed by Leonard (1978) and Good and

Gaskins (1980) in the context of density estimation. Leonard uses a method related

to the maximum likelihood approach to fit this data, and Good and Gaskins fit the

data with Fourier expansions using penalized likelihood methods. Neither Leonard

nor Good and Gaskins have analyzed the data with cross-validation procedures to

select their respective smoothing policies.

The data is given in table 5.11 and represents percentage silica, and scaled

percentage silica, (percentage 20)/16. Note that the scaled data has been

transformed to the interval [0,11. Leonard and Good and Gaskins have analyzed

the scaled data, and the scaled data will be analyzed here also.

TABLE 5.11 Silica percentages (raw and scaled)
of 22 assays of chondrite meteors.

Raw score Scaled Raw score Scaled

22.07 .04 29.36 .59
22.56 .15 30.25 .64
22.71 .16 31.89 .75
22.99 .18 32.88 .81
26.39 .40 33.23 .83
27.08 .44 33.28 .84
27.32 .45 33.40 .84
27.33 .46 33.52 .85
27.52 .47 33.83 .87
27.81 .49 33.95 .87
28.69 .54 34.82 .92

A histogram of the scaled data is given in figure 5.13. No obvious prior is

suggested by the histogram, however there do appear to be at least two clusterings
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of the of data. Therefore a rough initial fit of the data will be made with a

mixture of normals based on the break in the data around .65. Then the initial fit

has density, fo, given by (5.1.1) with in = .385, r/I2 = .033, #2 = .842,
a22 = .002, and p = .591. A plot of fo is given in figure 5.14.

The L , L
2

, and A
2

crossvalidatory statistics are given in table 5.12

and the OED smoothing policies determined by these statistics are given in table

5.13. Note here that the L OED smoothing policy is not given by urn r= 1 for

r < m and am = 0 for r > m. The reason for this is that the smoothing policy

consisting of only ones and zeros does not define a nonnegative function, and

therefore the optimal Li OED smoothing policy needs to be determined by

solving a further constrained linear program. Since .32 appears to determine the

minimum value of the OED L estimate, the following linear program was solved
2

to determine the optimal Li decreasing smoothing policy:

m m
maximize a S subject to 1 + ar r (.32) > 0

r=0 r=1

and ar ar+ 1 > 0 for r = 0,1,2,...,m.

The solution to this linear program does indeed define a density and therefore is an

optimal OED Li smoothing policy.

Figure 5.15 contains the plots of the OED estimates. Note that each of the

OED estimates has three bumps whereas fo only has two. Also, note that the Li

estimate again tends to emphasize the clusters of data points more so than the L2

and A
2

estimates. Again the OED L
2

and A
2

estimates coincide and therefore

are indistinguishable in figure 5.15.



104

-0.1 0.1 0.3 0.5 0.7

SCALED PERCENTAGE SILICA

0.9

Figure 5.13 Histogram of the scaled percentages of the 22 observations
of the chondrite data.
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TABLE 5.12 The LI, L2, and A2 cross-validatory statistics
for the chondrite data.

r

1 -.0422 .0045 .0024 26 -.0068 .0321 .0304
2 -.0479 .0103 .0076 27 .0647 .1099 .1079
3 -.0502 .0024 .0000 28 -.0270 .0303 .0277
4 .0174 .0625 .0604 29 -.0263 .0241 .0218
5 .2717 .3112 .3094 30 -.0146 .0143 .0130
6 -.0360 .0080 .0060 31 .0044 .0463 .0444
7 -.0412 .0023 .0003 32 -.0101 .0346 .0326
8 -.0448 .0049 .0027 33 -.0306 .0193 .0170
9 -.0151 .0340 .0318 34 -.0216 .0186 .0167
10 -.0360 .0225 .0199 35 -.0324 .0220 .0196
11 -.0320 .0130 .0110 36 -.0452 .0025 .0003
12 -.0207 .0276 .0254 37 -.0447 .0071 .0048
13 .0189 .0715 .0691 38 .0989 .1463 .1441
14 -.0077 .0347 .0328 39 -.0091 .0314 .0296
15 -.0514 .0025 .0001 40 .0531 .0899 .0882
16 -.0537 .0026 .0000 41 -.0331 .0127 .0106
17 .0857 .1336 .1314 42 .1084 .1454 .1437
18 -.0476 .0029 .0006 43 -.0174 .0233 .0215
19 .0895 .1457 .1431 44 -.0164 .0372 .0347
20 .0406 .0763 .0746 45 -.0265 .0229 .0206
21 -.0343 .0022 .0005 46 -.0143 .0372 .0348
22 -.0254 .0172 .0152 47 -.0544 .0034 .0008
23 -.0377 .0054 .0035 48 -.0031 .0452 .0431
24 -.0406 .0020 .0001 49 .0074 .0466 .0448
25 -.0073 .0323 .0305 50 .0112 .0637 .0613

TABLE 5.13 The optimal L1, L2, and A2 decreasing
smoothing policies for the chondrite data.

r a(1)
'(2)T "r

1 .8584 .3808 .3918
2 .8584 .3808 .3918
3 .8584 .3808 .3918
4 .8584 .3808 .3918
5 .8584 .3808 .3918
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The OEE and OEP smoothing parameters determined by the

crossvalidatory statistics are given in table 5.14, and table 5.15 contains the

smoothing policies generated by these smoothing parameters. The LI OEP

estimate contains considerably more nonzero terms than any of the other

estimators including the Li OEE estimate, and thus is the least smooth of all the

estimates.

On the other hand, note how quickly the OEE and OEP L2 smoothing

policies decrease to 0, which is partially due to the small sample size (n=22).

Here as in the two previous examples L2 and A2 are identical for the OEE and

OEP estimators. Plots of the OEE and OEP estimates are given in figures 5.16

and 5.17 respectively. In both figures note that the L2 estimates tend to follow

fo very closely, however the L estimates tend to be more responsive to the data

and thus mimic the OED L estimate. The OEE and OEP estimates determined
1

by KullbackLeibler crossvalidation are given in figure 5.18, and here the OEP

estimate is identical to the OEP L
2

estimate, however the OEE estimate

determined by the KullbackLeibler crossvalidation criterion is similar to the

OEE L estimate.
1

TABLE 5.14 The values of the optimal crossvalidation OEE
and OEP smoothing parameters for the chondrite data.

OEE OEP

L : 1.65 L : 1.00
1 1

L : 6.00 L : 4.00
2 2

A : 6.00 A : 4.00
2 2

KL: 1.90 KL: 4.00
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TABLE 5.15 The OEE and OEP smoothing policies for the chondrite data.

r L1
OEE

L2EA2 EL Li
OEP

L2=A2 EL

1 .971 .815 .961 1.000 1.000 1.000
2 .927 .386 .894 .880 .079 .079
3 .863 .093 .790 .733 .003 .003
4 .774 .017 .646 .595 .000 .000
5 .662 .003 .481 .478 .000 .000
6 .534 .001 .323 .386 .000 .000
7 .405 .000 .199 .314 .000 .000
8 .290 .000 .115 .259 .000 .000
9 .197 .000 .064 .216 .000 .000
10 .129 .000 .035 .182 .000 .000
11 .082 .000 .019 .155 .000 .000
12 .051 .000 .010 .133 .000 .000
13 .032 .000 .005 .116 .000 .000
14 .020 .000 .003 .101 .000 .000
15 .012 .000 .001 .089 .000 .000
16 .007 .000 .001 .079 .000 .000
17 .004 .000 .000 .071 .000 .000
18 .003 .000 .000 .064 .000 .000
19 .002 .000 .000 .058 .000 .000
20 .001 .000 .000 .052 .000 .000
21 .001 .000 .000 .048 .000 .000
22 .000 .000 .000 .044 .000 .000
23 .000 .000 .000 .040 .000 .000
24 .000 .000 .000 .037 .000 .000
25 .000 .000 .000 .034 .000 .000
26 .000 .000 .000 .032 .000 .000
27 .000 .000 .000 .029 .000 .000
28 .000 .000 .000 .027 .000 .000
29 .000 .000 .000 .026 .000 .000
30 .000 .000 .000 .024 .000 .000
31 .000 .000 .000 .022 .000 .000
32 .000 .000 .000 .021 .000 .000
33 .000 .000 .000 .020 .000 .000
34 .000 .000 .000 .019 .000 .000
35 .000 .000 .000 .018 .000 .000
36 .000 .000 .000 .017 .000 .000
37 .000 .000 .000 .016 .000 .000
38 .000 .000 .000 .015 .000 .000
39 .000 .000 .000 .014 .000 .000
40 .000 .000 .000 .014 .000 .000
41 .000 .000 .000 .013 .000 .000
42 .000 .000 .000 .012 .000 .000
43 .000 .000 .000 .012 .000 .000
44 .000 .000 .000 .011 .000 .000
45 .000 .000 .000 .011 .000 .000
46 .000 .000 .000 .010 .000 .000
47 .000 .000 .000 .010 .000 .000
48 .000 .000 .000 .010 .000 .000
49 .000 .000 .000 .009 .000 .000
50 .000 .000 .000 .009 .000 .000
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Figure 5.15 The OED density estimates for the chondrite data.
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5.1-4 Some Notes on the Crossvalidation Estimates

There are two issues to be discussed in this section, (i) which of the OED,

OEE, and OEP estimates does the best overall job of optimizing the

crossvalidation objective functions and (ii) how sensitive are the crossvalidation

objective functions to departures from the optimal OEE and OEP smoothing

parameters. Examples 5.1.1, 5.1.2, and 5.1.3 will serve as the basis for the

comparisons and the sensitivity study.

The first issue to be addressed is the comparison of the estimators. Table

5.16 contains the values of the L
1

, L
2

, and KullbackLeibler (1{L)

crossvalidation objective functions for each of the estimators considered in each

of the examples. The entries under the columns headed by ..e; are the values of

the L
1

objective function se given in (3.3.3) for the corresponding estimate.

Similarly the entries under the column headed by I and KL are the values of

the L objective function and the KullbackLeibler objective function, (3.3.5) and2

(2.2.9) respectively, for the corresponding estimate.

First consider the L crossvalidation objective function. Here the
1

estimates will be judged on the basis of how close they come to attaining the

maximum value of for the class of decreasing policies, Xot furnished by the

OED L estimate. Each estimate will be compared to the value of I given by

the OED L estimate which gives the maximum value of d among the

estimates in go[. Also since the OEE and OED estimates based upon the Az

estimates in each example only the L2 estimates will be considered.

Now consider the .9 entries in the top part of table 5.16. Note that the
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TABLE 5.16 A comparison of the OED, OEE, and OEP estimators for the suicide
risk, Old Faithful, and the chondrite data sets.

Example 5.1.1 5.1.2 5.1.3

Estimator

OED L1 .0352 .0773 .1277
L2 .0054 .0290 .0567
A2 .0054 .0292 .0583

OEE Li -.0042 .0492 .0035
L2 -.0079 -.0065 -.0555
A2 -.0079 -.0065 -.0555

KL -.0079 .0301 -.0108
OEP LI -.0017 .0210 -.0420

L2 -.0017 -.0064 -.0460
A2 -.0017 -.0064 -.0460
KL -.0017 .0093 -.0460

OED L1 .1603 .0696 .0325
L2 -.0054 -.0290 -.0567
A2 -.0054 -.0290 -.0566

OEE Li .6042 .0554 .1812
L2 .0285 .0211 .1155
A2 .0285 .0211 .1155

KL .0285 .0222 .1302
OEP L1 .0162 .0530 .1941

L2 .0162 .0183 .0965
A2 .0162 .0183 .0965

KL .0162 .0219 .0965

KL KL KL

OED Li -7.8038 -9.7844 0.3671
L2 0.2511 1.8044 0.8561
A2 0.2514 1.8072 0.8686

OEE L1 -82.0556 -2.9212 -1.3894
L2 1.2481 -1.1051 1.3403
A2 1.2481 1.1051 -4.3403

KL -1.2481 -0.6686 -0.9427
OEP L1 -0.7260 -2.7293 -1.7667

L2 -0.7260 -0.9844 -1.0914
A2 -0.7260 -0.9844 -1.0914

KL -0.7260 -0.9215 -1.0914
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crossvalidation objective function are identical to the L OEE and OED OED
2

L
2

and OED A
2 .1smoothing policies appear to do a better job of maximizing

than do any of the other estimators, except for the OEE Li and OEE KL

estimators in example 5.1.2. It also appears that the OEE and OEP L2

estimators do not fare well in the comparisons with the smoothing policies

generated by the L criterion. Furthermore, the OEE and OEP estimators with

smoothing policies determined by the KullbackLeibler crossvalidation criterion

tend to do a better job of maximizing Si than do the OEE and OEP estimates

based on the L crossvalidation criterion, but they do not do as well as the OEE2

and OEP estimates based on the L crossvalidation criterion.

Consider now the al entries in table 5.16. Analogously, the value of
2 2

for OED L estimate will serve as he basis for comparison in each example. As
2

expected, the estimates determined by the Li crossvalidation criterion do the

poorest job of minimizing S. Among the remaining OEE and OEP estimates the

OEP L
2 2

estimate does the best job of minimizing .1 in each of the examples.

Moreover, the OEP L2 estimate determines the smallest S2 value in each

example, except of course for the OED L2 estimate (which determines the

minimum value of 5) and the OED A
2

estimate which is very similar to the

OED L estimate.
2

Finally consider the KL entries of table 5.16, which contains the values of

the KullbackLeibler objective function. Clearly the OED L2 and A2 estimates

do the best job of maximizing the KL objective function in each example.

However the OED L estimate does not tend to compete well with the other

estimators. Furthermore, the L2 and A2 estimates tend to do a much better job
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maximizing the KL than the Li estimates do in each example. Also note that

the OEP estimates tend to do a better job of maximizing KL than the OEE

estimates.

The second and final issue to be discussed in this section is the sensitivity of

the crossvalidation objective functions for the OEE and OED estimators. Here

the idea is to determine how sensitive the Li, L
2

, and Kullback Leib ler objective

functions are to small departures from the values of the smoothing parameters

optimizing them. The objective functions have been plotted for both the OEE and

OEP estimators for each example. Figures 5.19, 5.20, and 5.21 contain plots of the

L , L
2

, and KullbackLeibler objective functions for example 5.1.1, figures 5.22,

5.23, and 5.24 cover example 5.1.2, and the sensitivity plots for example 5.1.3 are

given in figure 5.25, 5.26, and 5.27.

Note that in each example the L2 crossvalidation objective function and

the KullbackLeibler objective function appear to be the least sensitive. That is a

wide range of OEE or OEP smoothing parameters do a good job of minimizing

these two objective functions. Moreover, both the L2 and KL objective

functions tend to behave in a similar fashion in each example in that each changes

rapidly, S decreasing and KL increasing, as the smoothing parameter increases

from its minimum value and then both tend to flatten out. Note, however, that

the L crossvalidation objective function appears to have a well defined value

determining the maximum in each example and is fairly sensitive to departures

from the value of the smoothing parameter maximizing Si.
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Among the estimators considered in the three examples it appears that the

OED L
2

and A
2

estimators are the preferred crossvalidation estimators. That

is, the OED L2 and A2 estimators are best by both the L2 criterion and the

KullbackLeibler criterion in each example, and they are also among the best by

the L criterion. On the other hand, an investigator who uses "smoothness" as

a criterion for choosing a density estimate would be more apt to choose his

preferred estimate from among the estimates generated by the L
2

and A
2

OEE

and OEP estimators, since these estimators give the smoothest estimates in each

example.
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5.2 Fitting Multinomial Densities

This section illustrates how crossvalidation can be used to fit discrete

densities. Here X is a finite subset of IR, the densities on X densities with

respect to the counting measure, t := card{X}, n(x) is the number of

observations taking on the value x, and N E n(x). The problem may be
x

thought of as observing data which may be classified as belonging to one of t

categories, and then fitting a multinomial distribution to the data.

The six data sets analyzed in this section are given by Stone (1974),

however data sets 2 and 4 are due to Good (1965) and data set 3 is due to Spiegel

(1961). These six data sets will provide the basis for comparing the estimators of

Good (1965), Fienberg and Holland (1973), Stone (1974), and the expansion

estimators that will be presented here.

5.2-1 The Multinomial Estimators

Of the estimators considered in this section, several are mixtures of a

prescribed discrete density it and the relative frequency estimator pla and take

the form

(5.2.1) P(x) = pr(x) + (1p)finrIr(x)/n,

where p E [0.1] and Ir(x) = 1 if x is in category r and Ir(x) = 0 otherwise.

If r is a parametric density then the estimators given by (5.2.1) are

semiparametric density estimators (cf. Olkin and Spiegelman (1987)). In

particular, for each of the six data sets here Ir is taken to be the density of a

discrete uniform random variable on X.
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Good (1965) and Fienberg and Holland (1973) developed the following

estimators in an attempt to alleviate some of the problems associated with

n(x) = 0 in certain analyses. Their respective estimators are given by

and

1 for Z < 1
Pc(x) + (1pG)n(x)/N with po =

Z1 for Z > 1'

PF11(x) Pntit + (1 pFH)n(x)/N with pFH N Z

N + (N-1)Z

where Z := ttl E [n(x)N/t] 2.
XEr

Stone (1974) considered the class of estimators of the form in (5.2.1) and let

the L and L crossvalidation criteria determine p. The L and L
1 2 1

crossvalidation estimators are given by
2

1 for Z < 1
;lU(x) PlUit (1piu)n(x)/N with piu

0 for Z > 1
and

1 for Z < 1

P21.1(x)
P21311 + (1P2u )n(x)/N with

P2u N Z for Z > 1'
1 + (NZ)Z

The next estimator arises from applying the alternative L2

crossvalidation criteria to the class of estimators of the form given in (5.2.1).

Minimizing the A2 objective function for expansion estimators, (3.2.7), by solving
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a quadratic equation in p yields

1 for Z < 1
pA2uPA2U(x) (1 )n(x)/N with oPA2Uit A2U NZ for Z > 1'

(N-1)Z

Stone has shown that
PG P2 1.1

> pni > piu. Now considering the new
>

estimator, clearly o >o and thus D > 0' 2U A2U ? PFH G ' 2U ? PA2U PFH?
Now in terms of the crossvalidation estimators, o

' 1U' P2U' and DA2U' P2U
gives the most weight to the uniform density, pA2U the next most and the

least. Now since the uniform density is a smoother density than the relative

frequency estimator, again, L2 crossvalidation determines the smoothest

estimator, and Li the least smooth of the three estimators.

The two other estimators considered in this section are the L and L
1 2

crossvalidation decreasing multiplier orthonormal estimators. Here the function

Or in the expansion is a polynomial of degree r, for r = 1,2,...t, and the
It

sequence 0 orthonormal with respect to the counting measure. The functions111

Or for r = 1,2,...,t are determined by the GramSchmidt orthonormalization

procedure. Also recall that the optimal L and L decreasing smoothing policies
2

are given by (4.1.1) and (4.2.1), respectively.

5.2-2 Stone's Multinomial Data

The six data sets that are analyzed here are given in table 5.17. Data sets 1

through 5 have only five categories and for these examples N := {-2,-1,0,1,2},

however data set 6 has six categories and here I := {-2,-1,0,1,2,3}.
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TABLE 5.17 Stone's (1974) multinomial data.

Data Set 1 2 3 4 5 6
Cell

1 1 1 108 0 0 0
2 1 2 114 2 0 5
3 1 3 120 3 0 8
4 1 4 135 3 0 9
5 1 5 146 12 10 8
6 5

Two measures of crossvalidatory discrepancy are calculated for each

estimator on each data set. The two measures are the average squared

crossvalidation discrepancy (ACV) which is given by

ACV [p'(x) bi(x)] 2,

i=i X

and the average absolute crossvalidation discrepancy (ACV) given by

N
ACV iltY ipi(x) 61(x)1,

I

where pi is the estimator based on the data set formed by deleting .{xi} and
bi(x) := 1 if x = xi, bi(x) := 0 otherwise. Both ACV, and ACV2 are

reported in table 18 for each estimator and for each data set. Also reported in

FH,0,. .table 18 are the values of p for the mixture estimators D D
P21.1'

and

PA2U"

Note that among the estimators considered in table 17 pit and p21

consistently have the smallest ACV and ACV errors. In fact pit has the

smallest ACV error in 5 of the six examples and also has the smallest ACV
1 2



TABLE 5.18 A comparison of the multinomial estimators
for the six data sets of Stone (1974).

Example 1 2 3 4 5 6

t 5 5 5 5 5 6
N 5 15 623 20 10 35

1 1 108 0 0 0
1 2 114 2 0 5

Cell 1 3 120 3 0 8
Frequencies 1 4 135 3 0 9

1 5 146 12 10 8
5

Z 0 .83 1.96 5.38 10.0 1.4

PG
1 1 .511 .19 .1 .714

P F H
1 .53 .3 .12 0 .4

P 11J
1 1 0 0 0 0

P2U 1 1 .511 .15 0 .712

P A21J
1 1 .509 .14 0 .706

ACV1(G) 1.6 1.611 1.600 1.315 .178 1.650
ACV1(FH) 1.684 1.647 1.598 1.232 0 1.624
ACV1(1U) 1.6 1.661 1.598 1.232 0 1.624
ACV1(2U) 1.6 1.614 1.600 1.313 0 1.649
ACV1(A2U) 1.6 1.612 1.600 1.299 0 1.649
ACV1(RF) 2.0 1.619 1.598 1.232 0 1.624
ACV1(11,) 1.6 1.533 1.596 1.236 0 1.589
ACV1(11) 1.6 1.566 1.597 1.232 0 1.601

ACV 2(G) .8 .811 .800082 .6552 0 .9523
ACV2(FH) .89 .83 .7998 .652 0 .954
ACV2(1U) .8 .87 .80005 .648 0 .97
ACV2(2U) .8 .811 .800083 .6559 0 .95236
ACV2(A2U) .8 .812 .8001 .6555 0 .8262
ACV2(RF) 1.25 .867 .8001 .6524 0 .836
ACV2(11) .8 .779 .79822 .6641 0 .8005
ACV2(1t) .8 .790 .79836 .6412 0 .801

131
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error in 5 of the six examples. Also, p21 has the smallest or second smallest

ACV
1

and ACV
2

errors in all six examples. Thus it appears that the OED L

and L estimators are more responsive to the data than are the mixture
2

estimators.

Note that the ACV error for nA2U is less than or equal to the ACV-

error of pap and except for example 2 both are greater than the ACV error of

pH,. The ACV2 errors of p2u, and n
A2U are very similar except for example

6 where has much smaller error. One explanation for this is that DPA2U 2U
gives more weight to the uniform density than D A2U and thus is a smoother

estimate but is also less responsive to the data.

5.2-3 Consistency of the Multinomial Estimators

The multinomial estimators considered in this example fall into two

classes:(1) the mixture estimators, and (2) the' D FH' P1U' P2U' and PA2U
decreasing multiplier orthonormal estimators pa and p21. Since X is finite,

the true density on X, p, has a finite expansion in a sequence of t-1

orthonormal polynomials. Thus by Corollary 4.6, pli and p21 are both

strongly consistent estimators of f.

Now consider the mixture estimators n D and n' G' FR' Plii' P2U' A2U'
Note that each of these estimators is dependent upon the statistic Z, and in

particular, since 0 < Z < N each respective p 0 as N and Z become infinite.

Note also that Z can be rewritten as Z = t1 NE (p
RF

(x) 1/02. Now if
X

p(x) = 1/t for each x E X then Z converges to 0 with probability one, since
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pRF(x) -4 1/t for each x c X, and in this case p 1 for each of the estimators.

Thus when p(x) = lit for each x E X, p(x) lit for each x E X, for each

estimator and hence they are all strongly consistent. On the other hand, when

there exists at least one x E X for which p(x) is not lit, then Z 03 with

probability one and therefore each p -- 0 with probability one. In this case each

estimator converges to the same limit as the relative frequency estimator and

hence each is a strongly consistent estimator of p. Thus each of the estimators

considered is a strongly consistent estimator.
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Appendix 1

The Proof of Theorem 3.1

For simplicity, set Uri := or(Xi) and Vri :=- cbr(Xi)w(Xi), for r E fl4rn

and i E ENE. Then for each r E {Uri} and {Vri} are collections of

random variables. Let E [Uk.] := E [Uk] and E [Vk.] := E [Vkri , where Urri 21

and Vr are random variables such that for each i, Uri and Vri are distributed

as Ur and Vr, respectively. Then in terms of the U's and V's, Gr, and

2 are given by Sw = r rVr n11 [17r TirrVri, Sr = 7 1 [U2r -T3-2(n) 2 '

G = Ur + 1 [17 721, and = U. Also, note that Uri, U . V and2 2 (n-1)2 2 r r sj, tk'

Vzlare independent random variables provided that i, j, k, and 1 are distinct

regardless of the values of the first subscripts r, s, t, and z.

The proof of part (i): Note that S7. can also be written as

n-1 rVr n-1

1
TjrVr. Consider first the expected value of the latter term of Sw,

1 my
r r*

Since {Uri} and {Vri} are collections of i.i.d. random variables forn-1

each r E Ulm, SO iS .V .}
'

and thus

(A.1..1) E [177r1 E [ n U .V .] =E {UrVr].
i=1

Now consider the first term of Sw ' rV
r ' for which the expected value isS'', ITT

(A.1.2) [UrVrli + E [Uri E [Vrl] ,
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since

n n
n2urvr urivri UriVri + U .Vri 11

i=1 j=1 1=1

Then combining (A.1.1) and (A.1.2)

E [Swr = KITE [UrVri + E [Uri E [VI] (n_i )E krUri

= E [Uri E [yr}

The proof of part (ii): The proof follows from part (i) by noting that when w = 1,

Uri =V. V ri

The proof of Dart (iii): Accordingly, Gr can also be rewritten as

n ( n-2)p-2
1 U2. Then since E[e]. 1-Var [U + and'r r 11 r(n-1)2 r (n-1)2 r

E [U21 = Var [Ur] + E2 [Uri ,

E [GI]
(1

[(n-2) {Var [Ur] + nE2 [Ur} + Var [Ur] + E2 [Ur] 11
n1)2

1 Var [Ur] + E2 [Ur]
(n-1)

The proof of part (iv): Since E{U9r) = E2 [Ur] + Var [irr] and

Var [Ur] = Var [Ur}, the result fo lows..

The proof of part (v): The variance of will l be derived by the formula

Var [S7} = E [[S7]2] E2[Swri. Recall that Swlr. can be written as



= n V 1 VT so thatr n-1 r r n-1 r r'

[SwF = [n21:72V2 2n17 V ITV + TTV 21.r 01_1)2 CT Tr r T Tr

Also note that

(A.1.3) TJT.V12. = UriUriVrkyri
n i jkl

{/j,v.4.
Tj

+ 2
n4

1 ifj fj
V . + 2 U2.Vu

T1
UrjVrj T1 rl.Vrj

+ 2 UriUriVri + Ur2iVriVrk + UriUriVr2k
i j i #j #k iijik

+ 4 U V .0 V + U .0 Vrj rk rj rkVrl
i#j#1( iij#10 1

(A.1.4) TITVT7rfT 1 U .V .V Urj rk rk
i jk

= 1 1.,T2.v2.±
3 rl T1n

{

.
1

Vrl rl
i j

iii

rj

N± U2.Uri rj rj rlV

ijj
rj

N AT 13 Irj rk rk
if JO

(A.1.5)

.V + is
.17 U

T1 T T1 T1 11 I]

J

N AT Airl rj
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And when any of the second subscripts i, j, k, or 1 are different, the random
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variables with different subscripts are independent. Taking the expected values of

(A.1.3), (A.1.4), and (A.1.5) yields the following useful expressions,

(A.1.6) EE[Iird =1
na
1 [UTV] + (n -1){E [1.1,] E [V]

+ 2E2 [UrVri + 2E [U2rVr]E [VI] + 2E [UrV2r] E [Ur]

+ (n-1)(n-2) [O] E2[Nrd + E brd E2 [Ur]

+ 4E Ebid E NI] + (n-1)(n-2)(n-3)E2 [Ur] E2 [VI]

(A.1.7) E [17rV_TTY = 1 [E [UT 2VT 2] + (n-1 )1E [UrVr] E [VI]
n2

+2E [UrV2r] E [Ur] +E2[UrVr] + (n- 1)(n-2)E[Ur]E[Vr]E[UrVr]]

(A.1..8) E [ITSTrl = [E [U2rV21,] + E2 [1JrVi] 1.

Now multiplying by the corresponding coefficients, and aggregating like

terms,

E[[Swr]l *1_1) [E2 [UrVr] + E [Ur2]E [Vr2] + (n-2)1E [Ur2] E2 [VI]

+ E2 [Ur] E [VT] + 2E [UrVr] E [Ur] E [Vj + (n-3)E2 E2 [yr] 1].

Then subtracting E2 [Sr'] from E
r
w2

the result follows..
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The Drool of Dart (vi): The proof of (vi) follows from (v) and noting that when

w = 1, Uri = Vri V r,i.

The proof of Dart (vii): First recall that Gr can be written as

11(11-2)u2 . 1± U2. Thenur (n-1)2 r (n-1)2 r

G2 1 in2(n-2)2174 2n(n-2)/T2U2 + [112 I
(n-1)4 r rj

2

and using (A.1.6), (A.1.7), and (A.1.8) with Vr = Ur,

E [Gr2] = 1 [4(n-1)(n-2)E [Ur3] E [Ur] + (3n2-10n+9)E2 [U2r]
n(n-1)3

+2(n-2)2(3n-5)E [U2r] E2 [Uri + (n-1)E [Uri + (n-3)(n-2)3E4 [Uri 1.

Squaring E [GI] and subtracting it from E[G2r] the result follows.

The proof of Dart (viii): Using (A.1.6) with Ur = Vr, the expected value of rrr4

is found to be

131E [14.] + (n-1)(n-2)(n-3)E4[Ur] + 4(n-1)E [U3r1E [Ur]

+ 3 (n-1 )E2 [Uri + 6(n-2)(n-1)E [U2r] E2 [Ur] I.

Then subtracting E2[1 from E [17;1] the result follows..

I
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Appendix 2

The Proof of Theorem 3.2

First suppose Ekbil =ryi 0 0. Then by the Central Limit Theorem

_ tyil N (0,Var

Let g(u) = u2, so that g is a continuous function, gi(-rj) 0 0, and

(A.2.1) g(79] P-4 N (0,g'(792Var .

(See Lehmann pg. 337 (1983)). That is,

P-4 N (0,41Var )

Furthermore, 01 Var [Oil with probability one, and therefore

Vff [; V.21 0 0 with probability one and [-q-5 V.2] --0 0 with
(n-1) (n-1)2

probability one also. Then noting that

and

"ri [sr 711 ± [10::)21

M[Gr 7.11 +

2 1

j (n-1)2

the results follow by applying Slutsky's Theorem. That is, for yi 0 0

i,E{Sr N(0,41Var [0,d)

E{Vr2 1 N (0,41Var ,
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and

[or _ 21] D N (0 4 1Var [Oil) .

Thus the result follows for the case where E[0j1 # O.

Now suppose EH] = = 0. The proof of (A.2.1) given in Lehmann

(1983) is based on a first order Taylor's series expansion of the function g about

rij, g()) = g()) + () -yi)[&()) + Rni , where Rn 0 in probability. This

proof breaks down when gityi) = 0, or equivalently in this case = 0, however

Lehmann (1983) also gives the following result, based on a second order Taylor's

series expansion, for the case where g'(7)) = 0:

If NE[Tn 72- N(0,.72), g is a continuous real valued function,

g1(0) = 0, and g"(0) 1 0 then n[g(Tn) g(9)] 7))

Applying this result to with g()) = n[i2 72.1] Var [o)] X1.

Then since E [02i] = = 0 and Var [0j] = E [01] the result follows.

Furthermore, n [S.
J

= n [V n
J

, and
J

+
(11_1)

n [Gi y= n + 11(n02[0 . Then since 01 Var [0i]

with probability one,
(nn l)

[0? .2] Var [0)] with probability one and

(nnl)2
[0? -4 0 with probability one the results again follow by applying
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Slutsky's Theorem. Thus for yi = 0

n [Si 711 Var [X1-1]

n [ 2 71) Var ,

and

n [Gi Var

I


