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1 Introduction 

Surface states are a wellspring of interesting physics and interactions, where much can be 

learned about a material. The surface is where the material interacts with its environment. 

Computational modeling of these states and interactions has become an informative and 

important part of material sciences. However, modeling the three dimensional structure of 

solids and all the corresponding interactions may require a significant amount of 

computational power due to a very complex Hamiltonian. Some methods of simplifying these 

computations are: reduce the number of dimensions and use simplifying assumptions such as 

the nearest neighbor approximation, time independence, and instances of symmetry. In certain 

topological studies, these and similar computational simplifications are used. 

1.1 Previous Work 

In a study at University of British Columbia, a computational model was developed to 

simulate a pair of parallel two dimensional topological surfaces. The Hamiltonian matrix 

describing the system incorporated spin-orbit coupling and the tight-binding model or LCAO 

(linear combination of atomic orbitals), which is a model describing the bonding between 

atoms in a solid as a linear combination of the free atom’s wave functions. The Total 

Hamiltonian was able to describe magnetic and excitonic instabilities in the surface state 

consistent with 3D and continuum models describing similar systems [1]. 

Another paper at Universidad Complutense in Madrid reported a similar study, modeling a 

one-dimensional topological insulator using the Creutz Ladder model [2]. This model is an 

example of a one-dimensional fermion system which describes the dynamics of spinless 

electrons along a ladder system determined by some Hamiltonian [3]. It displays some 

fundamental properties of a topological insulator (TI), particularly localized states and zero 

energy modes at the boundaries or edges of the system [2]. This study was able to analyze the 

dynamical thermal effects of the endstates of the TI. The Hamiltonian for the system included 

the reference Hamiltonian for the system (the unperturbed state), that is the Hamiltonian of 



2 
 

the Creutz Ladder or 1-D TI system, the Hamiltonian for the thermal baths, and the 

Hamiltonian for the interaction between the baths and the Creutz Ladder [3]. 

As the motivation for this report stemmed from these studies, the original goal of this study 

was to develop a model that incorporated complex behavior similar to those in the above 

papers. It was later determined that developing a simpler approach more thoroughly would be 

more useful. The other types of interactions could then be added in later projects. Therefore, 

this study will not include in the model: spin, magnetism, exitonic disturbances, nor 

interactions with the thermal environment. 

1.2 Theory 

Modeling surface states is often done using the Hamiltonian from the Schrödinger 

equation or eigenvalue equation ( Eq. 1.1) in order to associate particular energies to 

particular states: 

  ̂        (1.1) 

where the Hamiltonian  ̂ is a NxN matrix describing the state of the system 

containing N particles with only certain allowed formations or eigenstates.  The 

entries of the Hamiltonian depend on the type of system, i.e. the lattice structure and 

spin of the surface material one is interested in as well as the overall energy. The 

eigenstates are described by a particular eigenvector    and eigenvalue or 

eigenenergy   . This relationship can be used to illustrate the interaction between the 

particles in the solid, which is typically a force, for instance electromagnetic. The 

overall effect of the particles’ interactions with one another and their behavior can be 

expressed by using the eigenvector describing that particular state. Knowing the 

energy of a particle or system and the relation of the energy to the state and/or 

position of that particle is key to determining other information about the particle. 
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This study builds a one-dimensional model of linearly coupled oscillators using an 

NxN matrix to represent the Hamiltonian of a line of N particles, in order to address 

general inquiries as to how the surface state energies of the system change as the 

potentials at the surfaces are changed. 

1.3 Simplification/Representation 

A highly simplified method of describing the system’s behavior or state would be to 

find the number of sign changes within the eigenvector. Each sign change indicates a 

180
o
 phase shift. As the number of sign changes for a line increases, the number of 

these phase shifts, or the frequency, increases. As each element within the vector 

describes a particular particle’s contribution at some position within the system, such 

a sum would describe the interactions between particles in the system, just as 

frequency may be used to describe the energy of a system. The description as 

frequency described with sign changes is further clarified in Figure 1.1: as the 

frequency increases so does the number of sign changes per length. The description is 

formed by computing the sum 

       ∑       
 
 

 
  

(1.2) 

  

where ci is ±1, the sign of the ith entry, and, similarly, ci+1 is ±1, the sign of the next 

entry of an eigenvector of the NxN matrix.This sum is analogous to the frequency of a 

wave function describing a system; thus a higher number of sign changes corresponds 

to a higher energy.  Though this sum does not give particularly exact information or 

directly describe the surface states themselves, it is useful as a check for the expected 

Figure 1.1 Comparing frequency to sign changes: each arrow represents an 

atom site along the chain and the sign of the amplitude 

E 
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form of the various eigenstates. To evaluate this sum for a long line of particles, even 

greater than ten, would be tedious by hand, as one would need to calculate all the 

eigenvalues of the NxN matrix. So there is the need for a computational method.   

 

Figure 1.2 A sample of the reference Hamiltonian matrix used in this study with N=5 

The NxN matrix used by this study to represent the Hamiltonian, similar to the one 

in Figure 1.2, is set up containing zeros in all the entries except the off diagonals 

which, to simplify the computation, initially contain only -1’s.This matrix serves as 

the reference Hamiltonian Href for this study against which all other matrix forms  and 

their eigenenergies are compared. This Hamiltonian uses the model of Linear 

Coupling of Atomic Orbitals, which incorporates the nearest neighbor approximation, 

with onsite energies α=0 which are on the nth column and nth row (Hnn) and coupling 

energies β=-1 symbolizing attractive interactions (Hnn±1). If the material is of uniform 

make, i.e. the same element, the interaction and onsite energies are all the same. 

Entering a different value along the diagonal would imply an impurity in the material, 

one with a different onsite energy, and setting a pair of off diagonals to zero (or close 

to it) would represent a hole in the line or a decoupling between the two sides of the 

particle chain. The edges of the line of particles only have one nearest neighbor so 

nonzero entries at the ends of the diagonal represent the edge effects or the potential 

at the surface. Changing these values is indicative of surface potentials. 

1.4 The Scope of This Study 

As with the previous computational studies of surface states, this study is designed 

to be informative in the general sense, but, as it is a very simple model, it may not be 

useful for something so precise as a material study. However, it may be useful as an 
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educational tool as it incorporates many concepts important to the basics of solid 

states and the studies of their surfaces as well as other systems of linear oscillators. 

This study will explore the threshold edge potentials at which the surface states 

become localized. It will also analyze how the ground-state energies change as 

various changes are made to the matrix or particle line (adding impurities and 

changing interaction terms between some of the particles). In addition, where along 

the particle chain the states localize to (the point of lowest potential) will be explored. 

The decay length (how much these states localize) and how it relates to the energy of 

the ground-state is also explored. How this decay length relates to the energy of the 

ground-state is also explored. Finally, the study will observe how the two lowest 

surface energies behave as the potentials on the two surfaces are ranged above and 

below the threshold potential. 
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2 Methods 

2.1 Building the Reference Matrix 

The program used for this study was Mathematica; however, other basic programing 

applications such as Python or Matlab could also be used. In Mathematica, the NxN 

matrix, used as the Hamiltonian, is formed with a sparse array, setting the two bands 

adjacent to the center diagonal to -1: 

 M=SparseArray[{Band[{2,1}]1,Band[{1,2}]1},{N,N}] (2.1) 

This code results in a matrix like that in Figure 2.1 

 

Figure 2.1 The result of the above code with N=5 

The eigenvectors and eigenvalues are then calculated using eigensystem: 

 {e,v}=Eigensystem[M]  (2.2) 

where e is a 1xN vector containing the eigenvalues and v is a list containing the N 1xN 

eigenvectors. Figure 2.2 (a) is an example of an eigenvector of the matrix in Figure 

2.1. The sum of sign changes is computed from these eigenvectors. When this sum is 

computed, the product of consecutive entries is taken, so, if there are entries in an 

eigenvector whose value is zero, the product of adjacent entries would be zero, 

resulting in a skewed calculation. For instance, though there is a total of one sign 

change for three consecutive entries: 1,0,-1, the 0 would cause the product of first and 

second entries and the product of second and third entries both to be zero, resulting in 

a sum of zero sign changes. Therefore, in case of an entry of zero in the eigenvector, a 

small number is added to the list of eigenvectors which then adds that value to each 

entry in the eigenvector, as in Equation 2.3.  



7 
 

 v1:=v+10^(-4) (2.3) 

Dividing out the magnitudes of the entries, the signs of the eigenvectors are found by 

using the function Sign[]: 

 S=Sign[v1] (2.4) 

 

Figure 2.2 shows the result of this function on an eigenvector. 

   

(a)                    (b) 

Figure 2.2 The first eigenvector of the 5x5 matrix (a) and the result of the Sign[] function on the   

eigenvector (b) 

Using the results of the sign function, the sum is then computed as a Riemann sum 

with vn being the desired number of a particular eigenvector: 

 (-Sum[S[[i,vn]]*S[[i+1,vn]],{i,N-1}]+N-1)/2 (2.5) 

This outputs the number of sign changes within the eigenvector. This can be thought 

of as the number of sign changes of a mode in classical mechanics or the frequency of 

a particle. The larger the number of sign changes, the higher the mode or the higher 

the energy.  

2.2 Changing the Matrix 

Once the system is set up, it can be adjusted to represent a more complex system. 

The nonzero entries representing the potential at the edges may be amended by the 

ReplacePart function. 

 ReplacePart[M,{{1,1} (2.6) 
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Figure 2.3 is the result of Eq. 2.6 acting on the matrix in Figure 2.1 

 

Figure 2.3 The resulting matrix after the matrix sites {1,1} and {N,N} were changed to –v1 and –v2 

The center and adjacent diagonal entries may also be changed using the same 

method. Changing the off diagonals can be thought of as changing the strength of an 

interaction between two particular objects in the system. For instance, in a system of 

masses connected by springs, it would be similar to changing the spring constants, or 

in a solid, this would be like changing the hoping integral β between two particles. 

2.3 Plotting and Analyzing Data 

In order to more easily analyze the system, graphs and tables in Mathematica can 

relate the components of the system visually via any of the visual functions available. 

However, in this study, the data will generally be plotted in an xy plot format using 

ListPlot[], although later a density plot will be used. The information to be plotted, in 

this case the number of sign changes of the ith eigenvector of the NxN matrix, must 

be put into a list. This can be done by using the Reap[Sow[]] function. 

 T=Reap[Sow[(-Sum[S[[i,vn]]*S[[i+1,vn]],{i,N-1}]+N-1)/2]] (2.7) 

This outputs a list of two parts, one of which contains a null, which is useless for our 

purposes, and one which is the desired list of number of sign changes as in Figure 2.4.  

 

Figure 2.4 The output of the sign changes function 

The second, desired, part of the output is taken and set, for convenience, to T2 by: 

 T2=T[[2]] (2.8) 

Then the second part of that list is plotted with the energies by inputting into the 

function 
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 ListPlot[T2, e] (2.9) 

where e is the list of energies corresponding to the eigenvectors for which the number 

of sign changes was found. Figure 2.5 is a sample of the resulting plot. 

 

Figure 2.5 The number of sign changes and the corresponding energy for a chain of 175 particles 

 

2.4 Wavefunction Density 

To find how the electron wave density varies with energy along the line of particles, 

the eigenvectors of the Hamiltonian were plotted with their corresponding eigenvalue 

(energy) and entry numbers of the eigenvector, or position along the line, as a density 

plot, where the entries or coefficients of the eigenvector are represented by the density 

in the plot v (which is colored white at higher densities), the y-axis is the energy e, 

and the x-axis is the particle/entry number p. Because list-density plots require a list 

of 3D points to plot, there need to be equal numbers of entries for each of these three 

quantities. Thus there are N entries for each eigenenergy; one for each eigenvector 

entry with an associated index number. (En=e[[i]] for each ith entry of each vector 

v[[n]]) 

Figure 2.6 shows how the amplitude of the nth coefficient within each eigenvector 

(with coefficient number on the x-axis), which represents the electron density (plot 

50 100 150
Signchanges

2

1

1

2

Energy
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density), varies with energy (y-axis): where the density is high (white) the density of 

electrons is high. In a way, Figure 2.6 indicates the allowed positions for the electrons 

for the allowed energies. Figure 2.7 illustrates how the square of the coefficients vary 

with energy (y-axis) along the chain or with the eigenvector entry number(x-axis), 

which allows one to see how the coefficients’ magnitudes vary along the line.  

 

Figure 2.6 A density plot showing the local average of the wave function of the chain as the density along the 

line (horizontal axis) over the energy spectrum (vertical axis) 

 

Figure 2.7 A density plot showing the square of the amplitude of the wave function of the particle chain as the 
density (white is more concentrated), along the chain line (horizontal axis) for the energy spectrum (vertical 

axis) 

In order to smooth the density plot and obtain an easier-to-read plot, the entries of 

the eigenvectors were averaged with their nearest neighbors and entered as a newly 
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compiled vector: wavg. This was done by creating a list to hold the values and 

computing a Do[] loop: 

 wavg=List[1] (2.10) 

 Do[Append[wavg,vavg]; vavg=(v[[n]][[i-1]]+v[[n]][[i]]+v[[n]][[i+1]])/3, {i,2, N-1}] (2.11) 

for the second entry of the nth eigenvector v[[n]] to the second to last entry of said 

vector, where v[[n]][[i]] is the ith entry of v[[n]]. The averages of the first and last 

entries are calculated separately and added to the new vector as the appropriate entries 

using Append[] and Prepend[]. These entries of the new averaged vector are then 

either squared, as in Figure 2.7, to observe how the magnitude of the coefficients vary 

or left alone to observe how the wave changes in frequency with increasing energy, as 

in Figure 2.6. 

2.5 Changing N 

With the Hamiltonian held in the reference form (with 0’s along the center diagonal,   

-1’s along the adjacent diagonals, and 0 elsewhere), the dimension N of the 

Hamiltonian is methodically varied from 2 to 175 and the lowest energies recorded. 

The change of dimension simulates changing the length of the chain. 

2.6 One Endpoint 

In order to obtain a relationship between the edge or surface potentials and the 

energy corresponding to the lowest state, one endpoint was held constant at the 

reference potential 0 and the other endpoint’s onsite energy was varied systematically 

between -2 and 0. The corresponding lowest energies were recorded. 
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Figure 2.8 Exponential decay of the wave function amplitudes of the coefficients of the particles along the 
chain for a negative potential applied to the left endpoint 

The ground-state eigenvector of matrices with endstates less than about -1 display 

localization or exponential decay (Figure2.8). A value known as the decay length, 

which relates the rate of this decay, is equal to the time (or position) at which a 

function is 
 

 
 its initial value: 

      
    (2.12) 

when 

   
  

 
 

(2.13) 

then 

 
  

 

 
 

 

 
 

(2.14) 

where d is the decay length. For the lowest states or eigenvectors given by the matrix, 

d was found using log properties: 

 
       

 

 
          

(2.15) 

So 
 

 
 is the slope: 

     (  [[   ]])        [[  ]] 

      
 

(2.16) 

where Log(v1[[100]]) and Log(v1[[10]]) are two points on the resulting logarithmic 

curve in Figure 2.8. Any other two other pairs of entries of the eigenvector v1 may 
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also be used to find 
 

 
. It is useful to plot the log of the vector versus log of position to 

be sure the region is linear. Figure 2.9 

 

Figure 2.9 The log-log plot of energy log(x) vs the eigenvector log(φ) used to calculate the decay length d (the 

slope of the linear region is
 

 
) 

2.7 Two Endpoints 

In order to determine how decay length and energy changes as both edges changes, 

the first endpoint is varied while the second is held constant, similar to changing one 

endpoint. This process is repeated for the second endpoint at various values near -1. 

2.8 Impurities 

The effect of impurities is observed by holding both endpoints at the reference value 

0 and by varying the center diagonal entries. In order to represent holes in the chain, 

four adjacent off-diagonal entries around a single center diagonal entry are varied to 

near zero. (Setting them equal to zero yields an odd discontinuity in Mathematica 

where it sets most of the entries of the eigenvectors to zero.) In addition to changing 

the entries of the matrix directly, a NxN perturbation Hamiltonian    containing only 

four nonzero entries is added to the reference matrix to produce the same effect. This 

is done so that the change in the ground-state energy can be analyzed in greater detail 

using perturbation theory. This perturbation matrix is created similar to the reference 

matrix. For even dimensions, the matrix is made by: 
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 ReplacePart[SparseArray[{},{N,N}], {
 

 
  , 

 

 
}  , {

 

 
, 
 

 
  } 

  {
 

 
   

 

 
}     

 

 
 
 

 
     }] 

(2.17) 

where   is the perturbation. If m is odd, IntegerPart[] is used: 

 {IntegerPart[
 

 
  ], IntegerPart[ 

 

 
]}    (2.18) 

The first and second order energy corrections were found using perturbation theory: 

   
    ⟨ |  | ⟩=v[[n]].   .v[[n]] (2.19) 

and 

   
    ∑

|⟨ |  | ⟩| 

     
   =Sum[(v[[i]].   .v[[n]])^2/(e[[i]]-e[[n]]),{i,n}] (2.20) 

 

For further details about the code, see Appendix B. 

2.9 Merging of lowest energies 

Finally, the behavior of the two lowest energies as the edge potentials approaches 

the threshold potential or the reference potential is found. Holding one end constant 

while varying the potentials of the other edge, the two lowest energies are measured. 

Some care is needed in determining the second lowest energy as Mathematica lists 

eigenvalues in descending magnitude. When both end potentials are below -1, the first 

two can be taken. If one value is about -1, the 1
st
 and 3

rd
 eigenvalues should be taken. 

(Both values should be negative, so it is easy to recognize the correct values if the 

eigenvalue list is displayed). These energy values are then plotted versus the 

corresponding potentials.
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3 Results: 

The results of various experiments are listed here. For these experiments, except the 

changing of the dimension N, the dimensions of the matrix were held at a constant N=175. 

Only the magnitudes and signs of the center diagonal and adjacent diagonal entries were 

varied. Only the lowest 3 states, those with fewest sign changes, and their corresponding 

energies were analyzed. 

 3.1 Changing N 

The lowest energy, the energy corresponding to the state with zero sign changes, was 

calculated and recorded as the dimension of the matrix was changed; the results are given in 

Table A.1 in Appendix A.  As see from the plot in Figure 3.1, N becomes very large 

(    , E approaches   . The energy and dimension were plotted in a log-log plot 

as in Figure 3.2. A slope was fitted to the curve in Figure 3.2 to determine an 

approximate relationship resulting in the slope -1.946   . Thus: 

                   (3.1) 

       (3.2) 

 

Figure 3.1 A plot comparing the chain length to the ground-state energy. As the length of the chain increases, 
the ground-state energy of the reference matrix tends toward -2. 
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Figure 3.2 A log-log plot displaying the exponential relationship between the chain length and the deviation in 
the ground-state energy from -2 

This result is consistent with theory of the dispersion relation for the ground state of 

a one dimensional solid of N particles: 

  
    

  
    

  
       

     
       

   

         
 

   
  

for α=0 and β=-1, and since N is very large we can use a small angle approximation 

for cosine: 

       (
 

   
)
 

  

as described in Electronic Structure of Semiconductors by Sutton [4]. 

3.2 Changing Surface Potentials 

The decay length and energy of the lowest state are compared in Figure 3.3 for 

different potentials at the first endpoint (data in Table A.2 in Appendix A). In order to 

determine a proportional relationship between the decay length d and the change in 

energy of the end-state ΔE, log(d) was plotted against log(E). This produced a one-to-

one relationship to which a linear fit was applied to find the approximate slope. This 
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slope determined the exponential relation between d and ΔE. As seen in Figure 3.3 , 

the resulting slope was            so then 

                 

   

(3.3) 

and 

        (3.4) 

 

Figure 3.3 A log-log plot relating the ground-state energy’s deviation ΔE from the reference energy to the 

decay length d as one endpoint is changed 

So the decay length is inversely related to the change in energy of the lowest state, 

as expected from similar theoretical relationships, such as the decay length of 

evanescent waves in optics. As the energy approaches zero, or in the case of this 

program, as the energy approaches the threshold energy (-2 for an infinite chain or -

1.99968 for a chain of 175 atoms), the decay length begins to increase dramatically, 

particularly near E=-2 . This indicates that the interaction along the chain is greatest 

near E=-2. As the decay length increases, the two endpoints (represented by the two 

lowest states) begin to have some overlap and interaction as seen in Figure 3.4. As the 

energies change with the changing of the first endpoint, the lowest state, which 
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originally was largely localized at the end for on-site energies of less than -1, begins 

to leak into and interact across the particle line. 

 

 

(a)                                                                                   (b) 

  

(c)                                                                                         (d) 

Figure 3.4 These plots map the two lowest states and their interaction level as the first endpoint is changed. 

These plots were for endpoints of -0.5, -0.9, -1, and -1.1 for (a), (b), (c), and (d) respectively. As the endpoint 

becomes more and more negative, the second state (red) begins to look more like the first state (blue). 

3.3 Two Endpoints 

In a similar manner, when both endpoints are changed, the decay length and the 

energies, shown in Figure 3.5, display the same relationship as with one endpoint 

change, with some slight deviation at the end. The data for this plot is shown Table 

A.3 in Appendix A. This deviation may have resulted from the nonlinearity of the log 

of the lowest state, which was used to calculate d. As the endpoint’s on-site energy 

crosses below the threshold value, the wave function is no longer localized and the 

relationship between d and E is no longer just exponential. Thus the plot begins to 

curve.  
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Figure 3.5 This plot displays the log-log relationship between the energy deviation from the reference 

energy ΔE and the decay length d as the second endpoint of the chain is varied for two values of the first 

endpoint 

In Figure 3.6 are displayed the wave functions of the two endpoints for various 

changes of the endpoints. It can be seen that as the perturbation increases, the 

penetration across the line also increases up to the threshold value. 
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(a)        (b) 

  -  

(c)        (d) 

 

(e)         (f) 

Figure 3.6 Plots of the two lowest states wave functions for various combinations of the two endpoints. (a), 
(b), (c), and (d) have the left endpoint -1 and right endpoints of -0.1, -0.5, -0.8,  and-1 respectively. (e) and (f) 
have left endpoints of  -0.9 and right endpoints of -0.1 and -0.8 respectively. The lowest state is blue and the 

second lowest state is red. 
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3.5 Two Lowest Energies, Band Energy 

 

Figure 3.7 This plot shows the four lowest energies of the system as the left endpoint is varied for a right 

endpoint of -0.9. 

In Figure 3.7, the four lowest energies as the left endpoint is varied for a certain 

right endpoint value are shown from Table A.3 in Appendix A. The energies for other 

pairs of left and right endpoints exhibit similar behavior: getting closer together as 

one endpoint approaches the threshold value of -1. For potentials less than -1, the 

lowest state is localized and its energy is much lower than the rest of the energy band. 

As the potential approaches -1 from below, the ground state energy joins the energy 

band, replacing the second lowest energy and shifting all other energies up. At a 

surface potential of -1, the on-site energy is the same as the coupling term. This odd 

behavior results from the eigenvalue equation relating the coefficients of the 

eigenvector to the energy: 

             (3.5) 

                 (3.6) 
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          (3.7) 

             (3.8) 

The coefficients in the bulk of the vector are then related in the same way as in Eq. 

3.8, so there is only a discontinuity at the edges. By Eq. 3.6, all the coefficients can be 

made the same, or constant, if α and β is chosen to make Eq. 3.6 look the same as Eq. 

3.8. This can be done if at the end α is chosen to be -1 and β is chosen to be -1. If the 

on-site energies at both ends are chosen to be -1, this results in a line with periodic 

boundary conditions. The potential of -1 is also the value at which d is very large, and 

the interaction between the two ends or lowest states is large, so there are a lot of 

interesting effects resulting from setting α=β at the endpoints. 

3.4 Impurities 

3.4.1 Changing center diagonal 

Holding both endpoints constant at zero, one of the center diagonals, about midway 

through the chain, was varied to simulate adding an impurity. The lowest energies and 

decay lengths are recorded in Table A.4 in Appendix A. 

The log of the lowest energy was again plotted against the log of the decay length in 

order to determine a proportional relationship between E and d. The result, plotted in 

Figure 3.8, was           , again resulting in the relationship: 

                   (3.9) 

and 

       (3.10) 
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Figure 3.8 A log-log plot of the energy deviation from the reference energy for the ground-state energy ΔE 

against the decay length d for an impurity with the same nearest neighbor interactions as the rest of the 

solid. 

Figure 3.9 shows how the ground state energy varies as the midpoint potential is 

varied below zero. The energy varies nearly linearly with the value of the impurity 

 

Figure 3.9 A plot showing the ground state energy of the system for various on-site energies for the impurity 

Equation (3.6) indicates that an impurity that couples the same as nearby particles, or 

at least does not change the coupling between the atoms at the other cites, has the 

same or a similar effect as changes in the edge potentials on the decay length.  This 
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can be more clearly seen from the plots of the two lowest states for different 

magnitudes of perturbation seen below in Figure 3.10. 

 

 

(a)           (b) 

 

(c)       (d) 

 

(e)       (f) 

Figure 3.10 Plots of the two lowest states (a), (b), and (c) all only have an impurity added: -.01, -0.7, and 0.7 

respectively. (d), (e), and (f) have a negative potential applied to the first endpoint and as well as an 

impurity: (-1.1,-0.1), (-1.1,-1.5), and (-1.1,0.1) respectively. Blue is the lowest state; red is the second lowest 

state. 

3.4.2 Changing of diagonals/creating holes 

The four nearest-neighbors or coupling terms of one of the center diagonal matrix 

entries, about halfway along the chain were varied from the reference value of -1 to 

close to zero (-0.001). Instead of just changing the matrix entries directly, as in 
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add to the reference matrix. This matrix contained four entries containing the 

difference, p, of the reference matrix’s -1 entries and the desired value for the nearest 

neighbors. All four were the same value (see Section 2.8). The energy deviation from 

the reference energy (the energy corrections) were found directly using 

Mathematica’s Eigensystem[] and by using perturbation theory. The results of the first 

and second order energy corrections for the 3 lowest energies are found in Table A.5 

in Appendix A. 

 

 

Figure 3.11 Plot of the first order correction to the ground state energy ΔE against the decrease in coupling 

between two particle sites 4p (size of hole) 

Plotting the first order energy correction for the ground-state energy against the entry 

differences yielded a linear relation (Figure 3.11) with a slope of 0.0454 so: 

   
            (3.11) 

Plotting the log of the second order energy correction against the log of p (Figure 3.12) 

yielded the relationship: 

      
                 (3.12) 
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Figure 3.12 A log-log plot of second order corrections to the ground-state energy ΔE against the decrease in 

coupling between two sites in the chain 4p (size of hole) 

The combination of these corrections yields a combination of linear and quadratic 

changes to the energy as off-diagonal coupling terms are changed, where     

         

                  (3.13) 

The changes to these coupling terms according to perturbation theory can be shown to 

affect the entire chain as see from the plots in Figure 3.13 of three lowest states of the 

chain for a few values of p. 
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Figure 3.13 A plot of the resulting three lowest energies against the perturbation to the coupling terms 4p 

around one site in the chain 

 

Figure 3.14 A plot of the perturbation calculated energies vs the actual energies 

In Figure 3.14 the perturbation calculation is compared to the actual eigenenergy 

provided by Mathematica. As can be seen, the approximation fits quite nicely for 

small values of perturbation but the deviation becomes quite large after a perturbation 

of 0.01. 
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4.1 Conclusion 

In this study, a one dimensional solid was modeled using the nearest neighbor 

approximation as a Hamiltonian matrix. By finding the eigenvectors and eigenvalues 

of the matrix, the allowed states and energies for the one-dimensional solid were 

determined. The ground-state or lowest state was identified, corresponding to the state 

with the fewest sign changes in the eigenvector entries.  

The system’s lowest state was analyzed as various changes were made to the 

system. The surface potential was changed for one end with one end held at 0, then 

both ends’ potentials were changed. An impurity was added to the chain, then a hole 

or decoupling perturbation was added. The changes to the energies of the lowest states 

were analyzed for each change to the system in order to determine approximate 

relationships. The change in the ground-state energy was found to be inversely 

proportional to the square of the dimension. The decay length was found to also be 

inversely proportional to the change in lowest energy for center diagonal changes 

(edge potentials and non-coupling impurities). The energy deviation for a hole was 

found to be related to the level of perturbation via a quadratic-linear relationship. The 

convergence, then separation, of the two lowest energies as the perturbation changed 

was observed for changes of edge values and for a hole perturbation. 

The development of these relationships indicate that this model, though simple, is 

useful for general analysis and understanding of a solid. In addition to learning how 

different changes to a one-dimensional solid changes its energy and its level of 

interaction within the chain, this program makes a lot of data readily available to the 

user as well as a lot of tools for analysis. For this reason, it could be used to develop 

data analysis techniques students. 
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In future studies, this program could be further developed to simulate more complex 

interactions and phenomena displayed by real solids, such as: spin, magnetization, 

thermal interactions with the environment, and perhaps even exitons. This program 

could easily be adapted to model dimers or more diverse solids by altering the on-site 

and coupling terms. The spin of the available electrons occupying the sites or allowed 

states could be modeled by doubling the allowed states, in the most rudimentary 

model as each state can hold a spin up or a spin down.  However, it may be possible 

to model spin more accurately by multiplying the 2x2 sub-matrix around each on-site 

energy α by the Pauli spin matrices. Time dependent perturbations could also easily 

implemented visualized and Mathematica can make video of step progressions. 

Another way to further the development of the program would be to make it more 

user-friendly and represent the data in a more visual, qualitative way in addition to the 

graphs of the perturbation versus energy. 
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APPENDICES 

Appendix A 

N E1 logN logE1 

175 -1.99968 2.243038 -3.49485 

170 -1.99966 2.230449 -3.46852 

167 -1.99965 2.222716 -3.45593 

160 -1.99962 2.20412 -3.42022 

147 -1.99955 2.167317 -3.34679 

144 -1.99953 2.158362 -3.3279 

123 -1.99936 2.089905 -3.19382 

106 -1.99914 2.025306 -3.0655 

99 -1.99901 1.995635 -3.00436 

82 -1.99857 1.913814 -2.84466 

75 -1.99829 1.875061 -2.767 

61 -1.99743 1.78533 -2.59007 

46 -1.99553 1.662758 -2.34969 

29 -1.98904 1.462398 -1.96019 

22 -1.98137 1.342423 -1.72979 

19 -1.97538 1.278754 -1.60871 

18 -1.97272 1.255273 -1.56416 

13 -1.94986 1.113943 -1.29982 

10 -1.91899 1 -1.09146 
Table A.1 Values used to compare the length of the particle chain to the energy 

endpoint1 d E E-2 logd loge 

-1.2 5.48481 2.0333 0.03362 0.73916159 -1.4734 

-1.15 7.15502 2.01957 0.01989 0.85461085 -1.70137 

-1.125 8.49019 2.01389 0.01421 0.92891741 -1.84741 

-1.11 9.58221 2.0109 0.01122 0.98146568 -1.95001 

-1.1 10.4921 2.00905 0.00937 1.02086242 -2.02826 

-1.09 11.6039 2.00743 0.00775 1.06460398 -2.1107 

-1.08 12.9936 2.00593 0.00625 1.11372949 -2.20412 

-1.07 14.78 2.00458 0.0049 1.16967443 -2.3098 

-1.065 15.8792 2.00397 0.00429 1.20082862 -2.36754 

-1.06 17.1614 2.0034 0.00372 1.23455271 -2.42946 

-1.055 18.6763 2.00287 0.00319 1.27129084 -2.49621 

-1.05 20.4934 2.00238 0.0027 1.31161402 -2.56864 

-1.045 22.7121 2.00194 0.00226 1.35625729 -2.64589 

-1.04 25.4799 2.00154 0.00186 1.40619772 -2.73049 

-1.035 29.0237 2.00118 0.0015 1.46275278 -2.82391 

Table A.2 Values used to compare the decay length to the ground state energy with one end holding a 

potential 
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{1,1}=-1 endpoint2 d1 E1 Logd1 Log(E1-2) 

  -2 1.4427 2.5 0.15917603 -0.3007521 

  -1.9 1.55795 2.42632 0.19255352 -0.3699384 

  -1.8 1.7013 2.35516 0.2307809 -0.4491848 

  -1.7 1.88456 2.28824 0.27520997 -0.5397639 

  -1.5 2.4663 2.16667 0.3920459 -0.7773095 

  -1.4 2.97201 2.11429 0.47305027 -0.9407775 

  -1.3 3.81149 2.06923 0.58109478 -1.1577029 

  -1.2 5.48481 2.03333 0.73916159 -1.4730149 

  -1.15 7.15502 2.01957 0.85461085 -1.7013652 

  -1.1 10.4921 2.00909 1.02086242 -2.0264104 

  -1.05 20.4975 2.00238 1.3117009 -2.5686362 

  -1.025 40.958 2.00061 1.61233874 -3.0315171 

  -1.015 72.485 2.00023 1.86024814 -3.2596373 

  -1.006 224.665 2.00005 2.35153542 -3.4317983 

  -1.005 279.015 2.00004 2.44562755 -3.4436975 

{1,1}=-1.5 endpoint2 d2 E2 Logd2 Log(E2-2) 

  -2 1.4427 2.5 0.15917603 -0.3007521 

  -1.9 1.55795 2.42632 0.19255352 -0.3699384 

  -1.8 1.7013 2.35556 0.2307809 -0.4486964 

  -1.7 1.88456 2.28824 0.27520997 -0.5397639 

  -1.6 2.12764 2.225 0.32789815 -0.6472003 

  -1.57 2.21692 2.20694 0.34575002 -0.6834845 

  -1.5 2.4663 2.16667 0.3920459 -0.7773095 

  -1.4 2.97201 2.11429 0.47305027 -0.9407775 

  -1.3 3.81149 2.06923 0.58109478 -1.1577029 

  -1.2 5.48481 2.0333 0.73916159 -1.4734023 

  -1.15 7.15502 2.01957 0.85461085 -1.7013652 

  -1.006 100.79 2 2.00341745 -3.49485 

  -1.005 107.046 1.99999 2.02957044 -3.5086383 

  -1.004 113.8 1.99997 2.05614226 -3.537602 

{1,1}=-.9 endpoint2 d3 E3 Logd3 Log(E3-2) 

  -2 1.4427 2.5 0.15917603 -0.3007521 

  -1.5 2.12764 2.225 0.32789815 -0.6472003 

  -1.4 2.97201 2.11429 0.47305027 -0.9407775 

  -1.3 3.81149 2.06923 0.58109478 -1.1577029 

  -1.2 5.48401 2.0333 0.73909824 -1.4734023 

  -1.1 10.4921 2.00909 1.02086242 -2.0264104 

  -1.05 20.4954 2.00238 1.3116564 -2.5686362 

  -1.01 84.3051 2.00009 1.92585385 -3.3872161 

  -1.006 109.54 2.00001 2.03957274 -3.4814861 

  -1.005 117.467 1.99999 2.06991588 -3.5086383 

  -1.004 126.195 1.99998 2.10104215 -3.5228787 
Table A.3 Values used to compare the decay length to the change in ground state energy for potentials on 

both ends 
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pmid logpmid e1 e2 d loge1 loge2 logd 

        -4 0.60206 -4.47214 -1.99875 0.692696 0.393129 0.300758 -0.15946 

-3.5 0.544068 -4.03113 -1.99875 0.754206 0.307806 0.300758 -0.12251 

-3 0.4771213 -3.60555 -1.99875 0.836986 0.20571 0.300758 -0.07728 

-2.5 0.39794 -3.20156 -1.99875 0.954569 0.079861 0.300758 -0.02019 

-2 0.30103 -2.82843 -1.99874 1.13459 -0.08158 0.300756 0.054839 

-1.75 0.243038 -2.65754 -1.99874 1.26555 -0.18187 0.300756 0.102279 

-1.5 0.1760913 -2.5 -1.99874 1.4427 -0.30075 0.300756 0.159176 

-1.4 0.146128 -2.44131 -1.99874 1.53218 -0.35494 0.300756 0.18531 

-1.25 0.09691 -2.3585 -1.99874 1.6945 -0.44512 0.300756 0.229042 

-1.2 0.0791812 -2.33238 -1.99874 1.75801 -0.47795 0.300756 0.245021 

-1.1 0.0413927 -2.28254 -1.99874 1.90302 -0.54843 0.300756 0.279443 

-1 0 -2.23607 -1.99874 2.07809 -0.62637 0.300756 0.317664 

-0.9 -0.0457575 -2.19317 -1.99874 2.29532 -0.71334 0.300756 0.360843 

-0.85 -0.0705811 -2.17313 -1.99874 2.42045 -0.76083 0.300756 0.383896 

-0.82 -0.0861861 -2.16157 -1.99874 2.50436 -0.79078 0.300756 0.398697 

-0.81 -0.091515 -2.1578 -1.99874 2.53374 -0.80101 0.300756 0.403762 

-0.8 -0.09691 -2.15407 -1.99874 2.56387 -0.81138 0.300756 0.408896 

-0.79 -0.1023729 -2.15037 -1.99874 2.59478 -0.82192 0.300756 0.414101 

-0.78 -0.1079054 -2.14672 -1.99874 2.6265 -0.83256 0.300756 0.419377 

-0.77 -0.1135093 -2.14311 -1.99874 2.65906 -0.84336 0.300756 0.424728 

-0.76 -0.1191864 -2.13953 -1.99874 2.6925 -0.85434 0.300756 0.430156 

-0.75 -0.1249387 -2.136 -1.99874 2.72684 -0.86544 0.300756 0.43566 

-0.5 -0.30103 -2.06155 -1.99873 4.04095 -1.20852 0.300754 0.606483 

-0.25 -0.60206 -2.01556 -1.99873 8.02074 -1.79915 0.300754 0.904214 

-0.2 -0.69897 -2.00998 -1.99873 10.0166 -1.98716 0.300754 1.00072 

-0.1 -1 -2.0025 -1.99872 19.9762 -2.54975 0.300752 1.300513 
Table A.4 Values used to compare the decay length the energy change of the ground state when an on-site 

impurity was added and to compare the perturbation to the energy 

4p e1(1) e1(2) e2(1) e2(2) e3(1) e3(2) 

0.1 0.004545 -0.01532 5.26E-28 0.0009085 0.004539 -0.00091 

0.2 0.009089 -0.06127 1.05E-27 0.0036341 0.009078 -0.00363 

0.3 0.013634 -0.13785 1.58E-27 0.0081766 0.013617 -0.00817 

0.4 0.018179 -0.24507 2.11E-27 0.0145362 0.018156 -0.01453 

0.5 0.022723 -0.38293 2.63E-27 0.0227128 0.022695 -0.0227 

0.6 0.027268 -0.55142 3.16E-27 0.0327064 0.027234 -0.03269 

0.7 0.031813 -0.75054 3.68E-27 0.0445171 0.031773 -0.0445 

0.8 0.036358 -0.98029 4.21E-27 0.0581447 0.036311 -0.05812 

0.9 0.040903 -1.24068 4.74E-27 0.0735894 0.04085 -0.07356 
Table A.5 Values used to compare the perturbation of the coupling terms to the change in energy and to 

check perturbation theory 
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Appendix B 

Code and Comments 

m=125 (* the length of the chain*) 

mt=List[1] (* list holding the particle number or place in the chain*) 

et=List[1] (* list holding the eigenenergies*) 

ve=List[1] (* list holding the averaged wave vectors*) 

t=Reap[M=ReplacePart[SparseArray[{Band[{2,1}]-1, Band[{1,2}]-1}, 
{m,m}],(*Band[{1,2}] and Band[{2,1}] hold the coupling terms along the line assuming a 

uniform material. If you want to change the overall coupling terms, change them here*) 

    {{1,1}-1.1,{m,m}0,{IntegerPart[m/2],IntegerPart[m/2]}0, 
     {IntegerPart[m/2],IntegerPart[m/2-1]}-.95,{IntegerPart[m/2-
1],IntegerPart[m/2]}-.95,{IntegerPart[m/2+1],IntegerPart[m/2]}-
.95,{IntegerPart[m/2],IntegerPart[m/2+1]}-.95}];   (*{1,1} is the position of the 
first endpoint and is assigned some value which represents the potential, similarly 

with any other {n,n} entry. If you want to change the potentials at onsite positions 

change them here. To change individual coupling terms, {n,n+1} and {n+1,n}, they may 

also be changed here. {IntegerPart[m/2±1],IntegerPart[m/1]} is used to change the off-

diagonal coupling terms halfway along the line the integer part is taken in the event 

m is odd*) 

  {e,v}=Eigensystem[N[M]];(* Generates the eigenvalues e and eigenvectors v of the 

Hamiltonian matrix M*) 

  S=Sign[v];(*takes only the sign of each eigenvector entry*) 

  Do[ 

   w=v[[vn]];(*Takes each entry of the list of eigenvectors so that it can be 

averaged*) 

   wavg=List[1];(*The list of locally averaged eigenvector entries, the first entry 

being 1 so it holds something*) 

   Do[wavg=Append[wavg,(w[[j-1]]+w[[j]]+w[[j+1]])/3],{j,2,m-1}];(*Averages each entry 

but the first and last and puts them in the list*) 

   wavg2=Drop[wavg,1]; (*Drops the unnecessary 1*) 

   wavg3=Prepend[wavg2,(w[[1]]+w[[2]])/2];(*Averages first eigenvector entry and puts 

at the beginning of list*) 

   wavg4=Append[wavg3,(w[[m-1]]+w[[m]])/2];(*Averages last eigenvector entry and puts 

at end of list*) 

   ve=Append[ve,wavg4];(*Puts the locally averaged eigenvectors into a list. If you 

want the square of the absolute value of the coefficients, square the average: 

wavg4^2, this squares each entry*) 

   h=e[[vn]];(*Takes the vnth eigenvalue corresponding to the vnth eigenvector*) 

   Do[mt=Append[mt,k];(*Makes a list holding the entry numbers of the eigenvectors or 

the site position number along the particle chain*) 

    et=Append[et,h];,{k,1,m}];(*Makes a list where each eigenvalue is repeated m times 

so that it will be the same length as the v or ve list*) 

          If[(w.M.w/(w.w)-e[[vn]])>0.01, Print[oh Noz!]];(*Provides a check that the 

program is working*) 

             Sow[(-Sum[S[[vn,i]]*S[[vn,i+1]],{i,m-1}]-1+m)/2](*Finds the number of 

sign changes in each eigenvector which can later be used to check which eigenvector 

one desires to work with, as Mathematica orders the eigenvectors according to the 

eigenvalues from greatest to lowest magnitude*) 

   ,{vn,1,m}]] 

 

t2=t[[2]](*Takes the part of the output of t containing the list of sign changes*) 

t3=Flatten[t2](*Makes a single level list, which can be more easily manipulated*) 

mt2=Flatten[Drop[mt,1]](*Takes the list containing the particle sites, drops the 

unnecessary first entry, and makes the list into a single level list*) 

et2=Flatten[Drop[et,1]](*Similarly to mt2, but with the list of eigenvalues*) 

L=Riffle[mt2,et2](*mixes or intersperses mt2 and et2 so that their entries can be 

plotted against each other*) 

K = Partition[L,  2](*Makes a list of 2D points of the site position and eigenenergy 

for each eigenvector*) 

ve2 = Flatten[Drop[ve, 1]](*Drops the un-needed first entry of the list of locally 

averaged eigenvectors and flattens then into a single level list for ease of 

manipulation. If you want the original eigenvectors, change ve to v and ve2 to v*) 

P = Partition[Flatten[Riffle[K, ve2]],3](*Intersperses the coefficients of the locally 

averaged eigenvectors with the already interspersed eigenvalues and site positions so 

that they can be plotted as 3D points in a density plot. If you wanted to use the 

original eigenvectors, change ve to v*) 

ListDensityPlot[P,AxesLabel{Position,Energy}] 
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(* Plots the coefficients of the eigenvectors as the density (white for higher 

positive darker purple for more negative values) the y axis is the energy, the x axis 

is site entry along the particle chain*) 

G=Partition[Riffle[t3,e],2](*Groups the number of sign changes of an eigenvector with 

the eigenvector's eigenenergy into 2D points to plot*) 

ListPlot[G,AxesLabel{Signchanges,Energy}](*Plots the number of sign changes against 

the energy and labels the axes*) 

ListPlot[v[[1]], PlotRange -> All, AxesLabel-> {Position,Vector Value}](*Plots the 

eigenvector that has the eigenvalue with the greatest magnitude, generally the lowest 

state or ground state. If you want to plot a particular eigenvector corresponding to 

say the third highest energy, check the list of number of sign changes, the higher the 

number of sign changes, the higher the energy will be, the entry number of that number 

of sign changes will be the desired vector*) 

d = Log[v[[1]]](*takes the natural log of each entry of the first eigenvector*) 

ListPlot[d, AxesLabel -> {Logφ,Logx}](*Plots the natural log of the entries of the 

first eigenvector and labels the axes, in order to determine the decay length which 

will be the inverse of the slope*) 

(111 - 101)/(d[[111]] -d[[101]])(*The inverse of the previous plot, that is the decay 

length*) 

p4=0.35 

M2 = ReplacePart[SparseArray[{}, {m, m}], {{IntegerPart[m/2], IntegerPart[m/2 + 1]} -> 

p4, {IntegerPart[m/2 + 1], IntegerPart[m/2]} -> p4, {IntegerPart[m/2 + 1], 

IntegerPart[m/2 + 2]}  -> p4, {IntegerPart[m/2 + 2], IntegerPart[m/2 + 1]} -> 

p4}];(*Creates a perturbation matrix with the perturbation values p4 on the 

offdiagonals, affecting the coupling terms halfway along the particle line*) 

H1' = Reap[Do[Sow[v[[i]].M2.v[[i]]], {i, m}]] (*First order energy corrections for the 

off-diagonal perturbation using perturbation theory)*) 

H2' = Reap[Do[Sow[Sum[If[i != k, (v[[i]].M2.v[[i]])^2/(e[[k]] - e[[i]]), 0], {i,m}]], 

{k,m}]] (*The second order energy corrections for the off-diagonal perturbations using 

perturbation theory*) 
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The Output Should Look Something Like This 
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