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Control algorithms for accurate and fast moving

robots require the use of the complete dynamic model of

the robot. The complete dynamic model takes into account

the nonlinearity and coupling terms of the whole

structure. The time of computing the dynamic equations

determines whether they are usable in practical

applications. Reducing the computation time can be

achieved by simplifying the dynamic model, simplifying

the calculations, and improving the computer's

computation speed.

The proposed solution is a distributed computer

architecture, and new fast parallel algorithms which allow

efficient utilization of the computers. This architecture

has several advantages: modularity, reliability, spatial

distribution, and speed.



Because of the serial nature of the dynamic

calculations, it is difficult to achieve efficient

utilizations of the multiple computers. With the new

algorithms, motion, and force values, which must be passed

between the computers, are replaced by predicted values.

The predicted information is acquired from values

calculated in previous sample intervals. This allows

efficient use of the computers and increases the

computation speed of the control algorithms.

The gain in speed approaches the theoretical limit,

which is the number of computers used. Analytic error

analysis and experimental results have shown that the

errors introduced by prediction are relatively small.

The algorithms have been used in motion simulations with

a simple closed loop feedback control scheme. There were

only small differences between the desired and the

simulated paths. These algorithms give good results even

during rapid movement when other simplified methods

failed. The computer architecture and the algorithms

presented in this research offer a practical way to

implement the control algorithms with relatively

inexpensive computing devices.
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DISTRIBUTED ARCHITECTURE AND FAST PARALLEL ALGORITHMS

IN REALTIME ROBOT CONTROL

1. INTRODUCTION

Robots can be seen as an evolution of automatic

machine tools. Interest in automatic machine tools began

mainly in factories as a means to increase plant

productivity and product quality, and in applications

where the environment is hostile to man. Robots are used

today to perform simple repetitious tasks, such as machine

loading, welding, and spray painting. Robots are also

used in undersea tasks, space operations, and for handling

hazardous material. Unlike automatic machine tools, which

are designed to perform a single function, a robot is

designed to perform a variety of functions that are not

specified in advance by the designer.

For our purpose, the general model of a robot will

include two basic elements: the mechanical unit or

manipulator, and the controller.



2

The mechanical unit interacts with the environment.

It contains links, joints, drivers, sensors and a gripper.

The controller performs all calculations relevant to

robot action. It receives status signals related to robot

motion from sensors, and sends control commands to the

mechanical system. The controller performs tasks such as

communications with the operator, path planning,

coordinate transformation calculations, control algorithm

calculations, and sensory data processing.

In order to accommodate the simple functions of

today's robots and the more complex functions of future

robots, a controller based on computer principles is

needed.

1.1 Overview

1.1.1 Robotics

Many definitions and categories of robots have been

suggested in the technical literature, [TANNER 78]. The

American Robot Industry Association (RIA) defines a robot

as: "A reprogrammable multifunctional manipulator designed
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to move materials, parts, tools or specialized devices

through variable programmed motions for the performance of

variety of tasks". Engelberger defines an intelligent

robot as 'a robot using sensory perception (visual and/or

tactile) to independently detect changes in the work

condition and by its own decision making faculty proceed

with its operation accordingly'. The key words in the RIA

definition are: reprogramable, multifunctional and

manipulator, while the key word in the second definition

is sensors. Most of the current robots can be classified

in the RIA definition, but have only basic and low level

intelligence.

1.1.2 Basic Elements in Robotic Systems

1.1.2.1 The Manipulator

The basic objective of an industrial robot is to move

workpieces (parts, objects) through three-dimensional

space, workspace (or work volume). This motion is

mechanically accomplished by the manipulator or mechanical

unit. The manipulator consists of a series of links

connected together in a serial fashion by joints. One end

of the chain, called the base, is mounted on a support

stand and has a fixed location in the workspace. The
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other end is free to move. Attached to the end is a tool

(commonly called an end effector, or hand) with which the

robot performs its job. Typically the end effector is in

the form of a gripper device which manipulates parts

located within the workspace. The end effector may also

be custom designed to perform manufacturing operations.

It is simpler to replace the hand when the task of the

robot changes than to design a general purpose hand.

There are several ways in which a manipulator can be

constructed to reach or to move parts in the workspace.

The basic configuration of .a mechanical arm is described

in terms of its coordinate system. There are currently

four coordinate systems commonly being used.

The simplest is the rectangular (or Cartesian)

translational (or prismatic), i.e straight along one of

three perpendicular axes.

Cylindrical and spherical coordinate systems are

based on rotational motion combined with prismatic motion.

The fourth configuration is called revolute (also

known as jointed motion, or polar articulate) and is

solely rotational motion about several axes. This

configuration offers the possibility for simpler

mechanical design and large working volume. It is the
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preferred configuration in most currently available

robots.

Each of these configurations has a different work

volume. The end effector can be moved to any point in

this volume. The work volume can be cylindrical,

spherical or spheroidal.

The number of independent ways in which the end

effector can move is the degree of freedom. It is

determined by the number of rotational or translational

joints. Three degrees of freedom are needed to reach any

point in the workspace. At least three additional degrees

of freedom are required to reach a point with a specified

orientation of the end effector. This orientation

mechanism, sometimes called a wrist, allows roll

(rotation in a plane perpendicular to the end of the arm),

pitch (rotation in a vertical plane through the arm), and

yaw (rotation in a horizontal plane through the arm). The

number of degrees of freedom determines the complexity of

movement the arm is capable of performing. The term also

expresses the number of moving joints or joint variables

of the arm.

1.1.2.2 Power Supply

The function of the power supply is to provide energy
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to drive the robot's actuators. The actuators used and

the type of power needed are determined by the robot's

tasks. Robot drives can be pneumatic, electric, or

hydraulic. Pneumatically powered robots are used only in

limited sequence robots. (controlled with a series of

adjustable stops or limit switches). They usually

receive power from a remote compressor which may also

supply power to other machines. Electrically powered

robots are used, mainly, in small robots or robots for

assembly operations which are characterized by high

accuracy and light load. Electrical or stepping motors

are used in these type of robots. A stepping motor is an

electromagnetic incremental actuator which converts

digital pulse inputs to discrete motion steps. Its

importance is due to ease of interface to digital

equipment. A hydraulic actuator converts forces from high

pressure hydraulic fluid into mechanical shaft rotation.

This type of power is used, mostly, in large robots with

heavy loads.

1.1.2.3 Control

The basic function of the controller is to direct the

motion of the joints and links so that the end effector is

positioned and oriented correctly in the workspace during

the task time.
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Robots may be classified according to the type of

control used to direct its motion. From the control point

of view robots are classified as non-servo or servo

controlled devices.

Servo controlled robots are controlled by a closed

loop servo system. They incorporate feedback sensors on

their joints to measure actual position, velocity, and

sometimes acceleration of the robot arm. The measured

data are compared with predetermined or desired data

stored in the controller's memory. The controller will

command the actuator to move in a manner that will

correct any error. Servo controlled robots are more

complex than the non-servo controlled robots. They are

capable of executing accurate motions with controlled

speeds and accelerations. They can also adapt their

motions to changing conditions.

Non-servo robots are often referred to as pick and

place, end point, or limited sequence robots. This type

of control uses mechanical stops, or limit switches, which

permit motion between two end points. These robots are

simple to design and provide relatively high speed

operation. They are limited to the performance of simple

tasks, such as moving parts from one area to another. The

main disadvantage of this form of control is the inability

to adapt to changing conditions.
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In the class of servo controlled robots,

point-to-point robots move in discrete steps from one

point or location in the workspace to another. Since,

only the discrete points are important, all joints can be

moved independently (and concurrently) to reach their

final position.

Continuous path robots attempt to follow a smooth

continuous path between the end points. They do this by

establishing a path consisting of a succession of discrete

points. When joined, these points describe a smooth

compound curve. Continuous path motion is produced by

interpolating each joint control variable from its initial

to final point. The motions of the joints need be

synchronized to achieve the total desired movement of the

end effector.

1.1.2.4 Sensors

Sensors are used to supply information about the

actual position, velocity, and acceleration of the joints

to the control system. They also supply information about

the interaction between the robot and the environment.

This information is used for real-time adjustment of the

robot's movement. Real-time adjustments are needed to

correct for many situations. These include:
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1. Imperfect modeling of the robot, backlash, time

variations in physical conditions such as friction.

2. Perturbations in the environment.

3. Forces exerted on the end effector.

Sensing can be defined [ROSEN 77] as the "Translation

of relevant physical properties into information required

to perform a given application". Sensing is performed in

two basic steps:

1. Transducing- converting of physical properties into

electrical analog signals.

2. Processing- transforming the signal into the required

information. This step usually involves

signal conditioning and digitizing. In

the case of visual information, it may

involve pattern recognition.

Sensors for robotics can be classified in different

Ways.

Internal robotic sensing is used to monitor the state

of the robot's mechanical unit, (joint position,

velocity, and acceleration, joint load, internal
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temperature, etc.).

External robotic sensing is used to monitor the state

of the robot's environment or workspace (determining the

presence, position and orientation of objects, inspecting

their surface, tracking them, etc.).

Vision sensors are one of the most potentially useful

types of sensors for intelligent robots. Vision sensors,

such as TV cameras, are often interfaced with computers

for part recognition. The main applications of such

systems are to recognize and identify parts according to

their shape, to determine the orientation of a part (for

grasping), and to measure the specific position of an

object so that the arm can move to it.

1.1.2.5 Communication with the Operator

Before the controller can direct the manipulator to

accomplish a given task, the operator must first specify

the robot task. It is necessary to establish some kind of

communication between the user and the robot. The process

of informing the controller is referred to as teaching or

programming the robot. There are several approaches that

can be used to specify robot action.
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1. Manual lead-through (sometimes called walk-through)

2. Teach pendant specification (or teach box)

3. High level language programming (textual)

Manual lead-through is used for continuous path

robots. This approach requires the operator to manually

move the manipulator through a complete operating cycle.

The motion of the arm and the operations of the end

effector are sampled by the controller during the manual

movement and recorded in memory. This type of task

specification requires little knowledge of robotics and

robotic languages by the operator. However, it may

require a great deal of skill to manually perform the

operation.

Teach pendant specification is the most commonly used

method in current robots. Robot action is specified by

leading it, in slow motion, through the operating sequence

by means of a hand held control box (teach pendant). The

pendant has a set of pushbuttons (one for each joint) or a

joystick. The robot is led through each desired step and

the motion (the set of joint variables) is recorded in

memory at the end of each movement by pressing the record

button. These position set points are then interpolated

by numerical techniques. The advantages of this method
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are that it requires relatively small memory, and the user

can easily learn how to move the robot.

The use of high level programming languages is called

off-line programming. These languages are designed with

special features for operator-robot communication. These

include the ability to describe complete robot tasks in a

program and the ability to utilize and integrate sensory

information into the control system.

1.1.3 Robot Design Specifications

Position accuracy is a measure of the ability of the

manipulator to position the end effector at a specific

point in space. Accuracy is specified as a distance range

around a desired positioning point. Accuracy is a

function of the resolution with which the computer can

calculate the desired set of joint positions and the

inaccuracies of the mechanical components (links,

actuators, gears, etc.).

Repeatability is the ability of the robot to

reposition the end effector to a previously programmed

position. If a certain position has been reached by the

end effector, it will repeatedly reach this position

within a specified distance of the original position.
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Speed is usually specified as the speed of the end

effector, and tells how fast the end effector can move

between arbitrary points in its workspace. The speed can

vary depending on the axes about which the arm is moving,

its position in the workspace, and the load being carried.

Speed is also related to the accuracy. Usually high

accuracy is associated with lower speed.

Weight carrying capacity is the amount of weight the

robot can move between points in the workspace. This

specification is also related to the speed. It is defined

as the maximum load the robot can carry at low speed or at

normal operation speed.

1.2 Real-Time Robot Control

A basic operation of industrial robots is to move

objects between locations in the workspace. The task of

the robot is to position the end effector according to a

prescribed time based trajectory. The actual movement of

the end effector is carried out by a coordinated movement

of its joints and links. In this section the controller's

role in controlling the movement of the end effector, and

problems associated with computation time are described.
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1.2.1 The Controller

Controlling the movement of the end effector involves

calculations related to force generation, motion, and

trajectory planning. Computations are also required for

implementing control algorithms.

The kinematic equations of the manipulator describe

relationships such as position, orientation, velocity, and

acceleration among the links of the manipulator. The

direct kinematic problem is to find the position and

orientation of the end effector given the particular set

of all joint variables. The inverse kinematic problem is

to obtain the joint variables, given the Cartesian

coordinate description of the end effector. Homogeneous

4x4 transformation matrices which describe geometric

relationships between objects in space are the basic tools

in solving these problems [DENEVIT 55, COLSON 83, LEE 82a,

83, PAUL 81a]. The kinematic equations play a major role

in trajectory planning and in deriving the dynamic

equations of motion.

The dynamic equations are a set of nonlinear

differential equations describing the motion of the robot.

They relate joint accelerations and velocities to the

forces and torques acting on the robot. Such equations
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are used to design control techniques and in computer

simulation of robot motion.

Trajectory planning is the activity of calculating

the exact path that each link must follow during the

execution of the robot's task [PAUL 79, TAYLOR 79, LUH

84, CASTAIN 84]. Trajectory planning can often be done

long before the actual movement is performed. In some

cases, because of unexpected obstacles in the workspace,

the planning algorithm is executed shortly before the

movement or simultaneously with the movement.

Robot control involves the calculation of the desired

force or torque which the motor is to supply to each joint

to allow the robot to follow the desired trajectory.

These calculations are based on the robot's dynamic

equations, and on feedback information about the actual

motion. By measuring the actual motion and computing the

error from the desired motion, the control algorithm

modifies the subsequent inputs to reduce the error.

In most of the robots currently used in industry,

each joint position is locally controlled by a

conventional servomechanism. Such control usually

involves analog servo-control assemblies that contain the

necessary circuitry to provide position and velocity

control of the servo loop. It does not take into account

nonlinear changes in the inertia of the manipulator and
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changes in gravitational forces which are position

dependent. It also does not provide any compensation to

account for dynamic coupling between the joints. These

forces, like Coriolis and centrifugal forces, are position

and velocity dependent.

The non-linearity and the coupling effects cannot be

neglected when large motions, high speed, and position

accuracy are desired.

Dynamic control or computed torque control has been

proposed in order to handle these two problems. This type

of control makes use of the complete dynamic model of the

manipulator. The complete dynamic model takes into

account the non-linearity and the coupling terms of the

whole structure. Dynamic control is based on real-time

calculation of the desired torque at each joint as a

function of the desired motion (position, velocity, and

acceleration) of the manipulator. The desired motion used

in the calculations is updated according to feedback

information and the control algorithm. Reducing

computation time is the main problem in using dynamic

control techniques in practical applications.

1.2.2 Real-Time Control Calculations
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Convergence of the control algorithms for dynamic

control requires that the calculation rate should be at

least 10 to 15 times the link structure resonant

frequency. The frequency is a function of the mechanical

parameters and the mass of the link [PAUL 81a, RODRICK

76]. For most systems this requires a calculation period

of less than five milliseconds. This period is difficult

to achieve due to the large number of vector and matrix

operations associated with the dynamic equations.

Many approaches have been used in deriving the

dynamic equations for a robot. The most commonly used are

the Lagrange - Euler approach and the Newton - Euler

approach. In the Lagrange-Euler approach [UICKER 65,

BEJCZY 74, PAUL 72, LEWIS 74], the dynamic equations are

obtained by evaluating the total kinetic and potential

energy and their appropriate derivatives. The

computations associated with the equations are inefficient

and time consuming. The execution time is a major

disadvantage for its use in real-time control.

Calculations for a six link manipulator requires about

66,000 multiplications and 51,000 additions. (Table II

in HOLLERBACH 80). Luh, Walker, and Paul [LUH 80a]

estimated that the computation time was about eight

seconds on a PDP 11/45 computer.
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Several methods have been proposed to reduce the

number of multiplications and additions required to obtain

the desired forces. These approaches are based on

expressing the equations in a form that takes advantage of

several recursive relations in the calculations. Waters

[WATERS 79] and Hollerbach [HOLLERBACH 80] presented an

efficient set of recursive equations which are based on

the Lagrange - Euler equations.

Other, more efficient, recursive formulations are

based on the Newton - Euler formulations [LUH 80a,

ARMSTRONG 79, ORIN 79]. In this approach the input

forces are calculated by successive transformations of

joint velocities and accelerations from the base of the

manipulator out to the end effector. This proceeds link

by link, using the relationships of moving coordinate

frames [SYMON 71].

The recursive methods, unlike the direct use of the

Lagrange - Euler equation, do not explicitly provide the

gravity, Coriolis, centrifugal, and inertia terms. Their

main advantage is the improved computational time.

Hollerbach estimated the computation complexity of the

Newton - Euler approach as 850 multiplications and 730

additions for a six link manipulator.

Many control algorithms [PAUL 72,81a, BEJCZY 74,

KHATIB 78, LIEGOIS 80, LEE 84] are based on calculating
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the desired torques and forces. These algorithms do not

explicitly require calculation of Coriolis, centrifugal,

and gravitational components, and can be performed using

the Newton-Euler equations.

Several approaches have been used to reduce the

computation time for the torques and forces required for

dynamic control in real-time. These include simplifying

the dynamic model calculations and improving the

computer's structure. [COIFFET 83].

1. Simplification of the dynamic model calculations

Computational simplification can be achieved by

simplifying the dynamic model of the robot. This can

be done by neglecting terms in the dynamic equations

which are less significant compared with others

[BEJCZY 74,79, BEJCZY and PAUL 81, PAUL 72,81a, LUH

and LIN 81]. The centrifugal, Coriolis, and coupling

terms are commonly neglected. The simplified

calculation involves only position dependent gravity

and inertia terms.

Another approach is to avoid difficult and

time-consuming calculations. This is achieved by

calculating some terms of the dynamic equations in

advance and using them as look-up tables. [ALBUS
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75a, RAIBERT 77,78a, RAIBERT and HORN 78b].

In both methods it is presumed that an

appropriate control algorithm involving feedback will

compensate for the error in the computed torque.

2. Improving the computer's computation speed

Computation speed can be increased by using

special computer structures, special processing units

(co-processors), and special instruction sets

suitable to the control algorithms. Special computer

structures might include a distributed computer

architecture. It might also include parallel

processing with special considerations for effective

coupling between the computers and input/output

handling. In addition to the computation power

provided by multiprocessors, they have the ability to

offer other advantages like modularity and

reliability. Turney and Nudge [TURNEY 81] have

suggested a VLSI implementation of a special purpose

numerical processor for calculating the Newton -

Euler equations. Luh and Lin [LH 82] studied the

problem of dividing the dynamic equations into

subtasks for parallel computations. They found that

for a certain manipulator six processors can reduce

the computation time by a factor of 2.6.
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1.3 Objectives and Approach Used

The primary objective of this research is to present

a structure and organization for a robot controller

capable of computing robotic control algorithms which are

based on the complete dynamic model of the robot. The

controller will have the computational speed necessary for

real-time calculations. It will also be reliable,

flexible, and relatively simple.

The primary objective has been achieved by:

1. Investigating the computational requirements of robot

control algorithms.

2. Proposing a modular distributed system model which is

suitable for parallel processing of the calculations.

3. Proposing a new, simplified approach for calculating

the dynamic equations by extensive use of parallel

computations. This approach improves the computation

time sufficiently to allow real-time calculations.

These simplified calculations have been shown to offer

greater accuracy than other approaches discussed in

the literature.
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The second objective of the research is the

development of computer programs which enable computer

simulations of the robot movement. These are used to

evaluate the influence of the proposed simplifications on

the robot movements.

1.4 Evaluation

In order to evaluate the success of this research the

following criteria have been used:

1. Computation Time- The computation times of the

proposed algorithms are compared to currently used

methods.

2. Accuracy of Force Calculation- Experimental studies

were conducted. These involved calculation of the

forces and torques with the new simplified

algorithms. The results are compared with the exact

calculations. They are also compared with simplified

methods used by other researchers [BEJCZY 74, 79,

PAUL 81a].

These studies have been performed for different

trajectories. The trajectories have been chosen to
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offer a variety of velocity and acceleration

conditions.

3. Motion Simulation- Simulation studies were performed.

Simulation deals with postulating forces and torques

applied to the robot and simulating its actual

movement. Open loop and closed loop control have been

used in the simulations. The objective of the

simulations was to investigate the expected errors

between the desired and the actual trajectories

resulting from inaccurate force and torque

calculations. The results are compared to simulated

results using other proposed methods for force

calculations.

For the purpose of the calculations, the mechanical

parameters of the JPL (Jet Propulation Laboratory)

manipulator [BEJCZY 74, PAUL 81a], were used. This is

also known as the Stanford Manipulator. This manipulator

and its parameters are widely used among researchers and

universities. This manipulator has seven links and six

joints, (link 0 is the base and does not move). There are

six degrees of freedom. Five of its joints are rotational

(revolute) and one is translational (prismatic). Beside

being used for experimental and simulation studies, these

parameters are used in several examples presented later.

The manipulator is shown in Figure 1.1 [BEJCZY 79].
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1.5 Outline of the Chapters

Chapter 2 presents the mathematical background

related to the algorithms presented. The 4x4 homogeneous

transformation matrices that are used to represent the

position and orientation of the robot links are presented.

This is followed by a discussion of techniques for

planning trajectories for manipulators. A trajectory

planning example is worked out. This trajectory is also

used later in the experiments.

Finally, the robot's dynamic equations, which are

based on Lagrange-Euler and Newton-Euler formulations, are

presented. Various methods suggested in the literature

for simplifying the calculations are discussed. The

complexity of the Newton-Euler formulations are analyzed

and tabulated. The results are used, in later chapters,

for comparing the calculation time, and the gain of speed,

of the algorithms.

Chapter 3 discusses possible computer architectures

suitable for robot control. The general structure of a

robot controller is presented. This is followed by
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discussion and comparison of centralized control

architecture with distributed control architecture.

Various system models for distributed computer

architecture are also investigated. These discussions and

investigations lead to the suggested distributed system

model.

Chapter 4 presents the main principles of a new

approach for fast calculation of the dynamic equations,

suitable for a distributed computer architecture. The

system model and possible ways to perform the calculations

are presented.

Chapter 5 contains a more detailed discussion and

evaluation of the techniques introduced in the previous

chapter. First, an error analysis that estimates the

expected errors of the proposed simplified calculation is

discussed. From the error analysis, suggestions for

correction terms that reduce the errors are identified.

Second, three fast parallel algorithms for real-time

calculations of the dynamic equations are presented,

discussed, and compared.

Chapter 6 presents the experiments and the simulation

results. The chapter explains the experiments and the

simulations procedures used. Finally the results are

presented, and discussed.
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Chapter 7 presents conclusions and suggestions for

follow on work.
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2. MATHEMATICAL DESCRIPTION OF ROBOTIC DEVICES

2.1 Kinematics

As mentioned in the previous chapter, the kinematic

equations of the manipulator are used in trajectory

planning and in deriving the dynamic equations of motion.

Homogeneous 4x4 transformation matrices, which describe

geometric relationships between objects in space, are the

basic tools used in obtaining the kinematic equations.

In the following subsections, the general form of the

transformation matrices and their properties are

presented. Their application to obtain the kinematic

equations of a robot are discussed.

2.1.1 Transformation Matrices

Homogeneous transformation matrices are used to

describe the geometric relationships between objects in

space. Beside being used in robotics they are also used
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in the fields of computer graphics and computer vision.

These matrices contain information about position and

orientation between objects in space.

An object in space can be described as a collection

of major points (e.g corner points). If we attach a

coordinate frame to the object, the major points can be

described as vectors in this frame. Since the attached

coordinate frame will move with the object, this

collection of vectors will have a fixed representation

with respect to the attached frame. In order to describe

the object in any other coordinate frame, especially in

some reference coordinate frame, in terms of its fixed

vectors, a 4x4 homogeneous transformation, A, is used.

This matrix describes the position and orientation of the

frame attached to the object with respect to the reference

frame. By using this matrix any point, p, on the object

(which can be described in general as a vector, V, in the

object coordinate frame) can be described in the reference

frame as:

W=AxV (2.1-1)

where W is the vector representation of the point p in the

reference coordinate frame.

The homogeneous matrix A can be obtained as a product

of two transformation matrices: one describing
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translation, and the other describing rotation.

2.1.1.1 Translation Matrix

Let some point, p, be the origin of the object

attached coordinate frame. The coordinates of p in the

reference frame are px,py,pz. When the axes of the object

attached coordinate frame are parallel to the axes of the

reference frame (without any rotation), the transformation

matrix, A, is called the translation transformation matrix

and is given as:

ArTrans(Px,Py/Pz)
r

:1

10

10

0

0

0

0

1

0

px:

p'uzI

1 1

(2.1-2)

The fourth column in the matrix represents the position

vector expressed in homogeneous coordinates. The fourth

element of this vector represents a scaling factor. In

this case it is equal to one, (no enlarging or reducing).

2.1.1.2 Rotation Matrix.

Let the origins of the object attached coordinate

frame and the reference frame coincide. When the axes of

the object attached coordinate frame are rotated with some

angle q about one (or more) of the axes of the reference
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coordinate frame, X,Y,or Z, the transformation matrix can

be constructed from three basic rotational matrices.

Rotation of an angle ql about X.

:1 0 0 0:

Rot(X,q 10 cosql -sinqi 01
1 10 sinqi cosql

0 0 0 1:

Rotation of an angle q2 about Y

Rot(Y,q2):

cosq2 0 sinq2 0
0 1 0 0

-sinq2 0 cosq2 0
0 0 0 1

Rotation of an angle q3 about Z.

cosq3 -sinq3 0 01

Rot(Z,q ): sing cosq2 0 01
0 ' 1 01J

2

0 0 0 1:

2.1.1.3 Translation and Rotation

(2.1-3)

(2.1-4)

(2.1-5)

The general homogeneous transformation matrix can be
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determined by multiplying the three rotational matrices

with the translation matrix. Let 01,X1,Y1,Z1, denote the

body attached coordinate frame, coordinate frame 1. Let

00,X0,Y0,Z0, denote the reference frame, coordinate frame

O. If the origin 01 is located at a point p (px,py,pz in

the reference coordinate frame) and the 01,X1,Y1,Z1

coordinate frame is rotated by q1 about axes X0, by q2

about YO, and by q3 about ZO then the general homogeneous

transformation matrix between these two coordinate frames

is denoted A(0,1). A(0,1) is used to convert vectors

represented in coordinate frame 1, to vectors represented

in coordinate frame O. A(1,0) is used to convert vectors

represented in coordinate frame 0, to vectors represented

in coordinate frame 1. A(0,1) is determined by:

A(0,1)=Trans(px,py,p1)Rot(X,q1)Rot(Y,q2)Rot(Z,q3)

A(0,1)=
nx sx ax Px1nsaY pl 1NSA P1

oz oznY sY a pYz; : 10 0 0 1:
(2.1-6)

The first column (or N vector) of A(0,1) represents a

unit vector along the X1 axis (with origin at point 01)

with respect to the reference frame 00,X0,Y0,Z0. The

second column (3 vector) and the third column (A vector)

represent unit vectors along Y1 and Z1 axes, respectively,

with respect to the reference frame 00,X0,Y0,Z0. The
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fourth column of A(0,1), the P vector, represents the

position of the origin of 01,X1,Y1,Z1 coordinate frame

(namely the point 01) with respect to the reference frame.

The three unit vectors N,S,A form a right hand system such

that S=AxN.

2.1.1.4 Properties of the Transformation Matrix.

A point v in space can be described as a vector

V(X0,Y0,Z0) in the reference coordinate frame and as a

vector V(X1,Y1,Z1) in the object attached coordinate

frame. These two vectors are related by the homogeneous

matrix A which has the properties:

V(X0,YO,Z0)=A(0,1)V(X1,Y1,Z1)

V(X1,Y1,Z1)=A(1,0)V(X0,YO,Z0)

A(1,0)=A(0,1)-1

(2.1-7)

(2.1-8)

(2.1-9)



n n n -N-P,x y z

A(0,1)
-1 sx

ay
sz -S.P

:a a -AP
;Ox 0/1 Oz 1
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(2.1-10)

When the homogeneous transformation matrix represent

rotation only, without translation, the inverse of the

matrix equals its transpose.

2.1.2 The Use of Homogeneous Matrices in Robotics

A manipulator consists of links connected together by

joints. For an n degree of freedom manipulator there will

be n links and n joints. The joints and the links are

numbered from the base link joint 1 (link 0) to the end

effector joint n. Since the links are rigid, a coordinate

frame can be attached to each link. By using homogeneous

transformations, the relative position and orientation

between links can be described.

Let A(i-1,i) denote the homogeneous transformation

matrix describing the position and orientation of the link

i coordinate frame with respect to the link i-1 coordinate

frame. The position and orientation of link i with

respect to any link j, for i>j, can be described as:
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i-1

A(j,i)=I 1 A(k,k+1) (2.1-11)
k=j

The configuration of the end effector, as expressed in the

base coordinate frame, is denoted as Tn. It is calculated

by:

T
n--A(0 /

n)=A(°,1)A(1,2)....A(n-1,n) (2.1-12)

Each link is connected to the previous link by a

joint that can be either revolute or prismatic only.

Denavit and Hartenberg [DENAVIT 55] proposed a method of

systematically attaching coordinate frames at each link.

This method causes the components of the A(i-1,i) matrices

to be a function of only one variable. According to their

rules every coordinate frame is determined and established

as follows:

1. The Z(1-1) axis lies along the axis of motion of the

i-th joint.

2. The X(i) axis is normal to the Z(i-1) axis pointing

away from it.

3. The Y(i) axis completes the right-handed coordinate

system as required.
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Any link can be characterized by four parameters:

q(i)- The joint angle from the X(i-1) axis to the X(i)

axis about the Z(i-1) axis.

d(i)- The distance from the origin of the (i-1)th

coordinate to the intersection of the Z(i-1) axis

with the X(i) axis along the Z(i-1) axis.

a(i)- The distance from the intersection of the Z(i-1)

axis with the X(i) axis to the origin of the i-th

frame along the X(i) axis, (the offset distance).

a(i)- The angle between the links from the Z(i-1) axis to

the Z(i) about the X(i) axis.

By establishing the coordinate systems according to

the above rules, a general homogeneous matrix relating the

i-th coordinate frame to the (i-1)th coordinate frame can

be obtained:

(2.1-13)

ICq(i) -Sq(i)Ca(i) Sq(i)Sa(i) aCa(i):
Sq(i) Cq(i)Ca(i) -Cq(i)Sa(i) aSa(i):A(i,i-1)=, 0 Sa(i) Ca(i) d(i)

; 0 0 0 1

where: Sinq=Sq, Cosq=Cq
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For a revolute joint a(i), a(i), and d(i) are

constant and A(i-1,i) is a function of the revolute angle

q(i) only. In this case q(i) is called the joint

variable. For a prismatic joint a(i), q(i), a(i) are

constant and A(i-1,i) is simplified to be a function of

the translation distance d(i) only. In this case d(i) is

the joint variable.

By applying this method of attaching coordinate

frames to the robots currently used in industry, the

transformation matrices are often further simplified,

Colson and Perrira, tCOLSON 83]. In most cases a(i) is 0,

90, or 180 degrees, and some of the distances a(i) and

d(i) are equal to zero.

2.1.2.1 Direct Kinematic Solutions.

The direct kinematic problem involves finding the

position and orientation of the end effector with respect

to the base coordinate frame, (or any other reference

frame), when all the joint variables, q(i), are given. By

using Equation (2.1-13) the n matrices, A(i-1,i), are

calculated. Each of the matrices is a function of only

one joint variable. By multiplying the n matrices,

according to Equation (2.1-11), the matrix representing

the position of the end effector with respect to the base
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T(n)=A(0,1)A(1,2)....A(n-1,n)

Inx sx ax px1
ins alp; 1NSA PiT(n)= my sY ay pYlt 10 0 0 11

0z Oz Oz 1z:
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(2.1-14)

By assigning coordinate frames according to the

Denavit-Hartenberg method and by referring to the

properties of the N,S,A and P vectors (Section 2.1.1.3) it

can be seen that the A vector, which coincides with the Zn

axis of the last coordinate frame, is pointing in the

direction normal to the end effector mounting plate. This

vector is usually called the approach vector, (Figure

2.1).

The S vector, which coincides with Yn, is pointing in

the direction of the finger motion as the gripper opens

and closes. It is called the sliding vector.

The N vector, which coincides with Xn, is orthogonal

to the fingers of the robot arm. It is called the normal

vector.

The P vector, which is pointing to the origin of the

Xn,Yn,Zn coordinate frame, represents the position of the

end effector in the base coordinate frame. It is called
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the position vector.

2.1.2.2 Inverse Kinematic Solution.

The inverse kinematic problem is to find all the

desired joint variables q(i), (or d(i)), when the desired

position and orientation of the end effector is known.

The configuration of the end effector is usually specified

by the homogeneous transformation T(n).

Sometimes the configuration of the end effector is

specified by a position vector and three angles, (i.e

roll, pitch, and yaw), which describe the orientation. In

this case T(n) can be calculated by chain multiplying

three rotational matrices (about XO,YO and ZO axes), and

the translation matrix, Equation (2.1-6).

In general the solution of the joint variables can be

obtained by equating the given matrix representation of

the desired configuration with the general form of the

T(n) matrix obtained from Equation (2.1-14). By equating

elements of the two matrices, 12 equations (3 equations

for each one of the N,S,A and P vectors) with n unknowns

(the n joint variables) are obtained. A general closed

form solution by simultaneously solving the 12 equations

can not be determined because:
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1. Some of the equations are redundant (e.g the vectors

N,A,S are related by N=AxS).

2. The equations are coupled, non linear, and the

unknowns cannot be separated.

Paul [PAUL 81a, 81b], and Lee [LEE 82a] present some

algebraic techniques which are useful for simple

manipulator configurations.

In most cases there is more than one joint variable

configuration which will place the end effector in the

desired configuration. Figure 2.2 is an example of a two

link manipulator with two possible solutions for the same

end effector position:

a) (11=90°, q2=00, elbow up.

b) q2=90°, elbow down.

Lee [LEE 83] expands his method [LEE 82] and gives some

indications on how to choose the correct solution for a

particular arm configuration.
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Figure 2.1: The coordinate frame at the end effector

(C) (b)

Figure 2.2:Two possible joint solutions for the same
end effector position
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2.2 Trajectory Planning

Trajectory planning deals with specifying the exact

path (trajectory) the manipulator must follow during the

performance of the task. Robot tasks are usually

described by specifying points in the workspace that the

end effector must pass through. For example, a basic

description of a task can be "Move from point M0 to point

M1".

This section discusses various techniques of

designing such a path. The path is designed from the

descriptions of the task. The results of the trajectory

planning calculations are used by the controller in

obtaining the desired forces and torques that need to be

applied to the robot's actuators.

This section starts with an overview of trajectory

planning techniques, their advantages, and disadvantages.

This is followed by three subsections that discuss

trajectory planning methods suggested in the literature.

Based on these, an example of a trajectory planning

technique is worked out. The trajectory generated by this

example will be used in the experiments and simulations
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conducted in Chapter 6. In the example the parameters of

the Stanford Manipulator are used.

2.2.1 Overview

The basic description of a task may include

constraints other than the initial and the final position

of the arm. The time limit to complete the movement may

be specified. Constraints may be specified due to special

requirements on the approach angle to pick up an object,

or requirements for straight line motion. Constraints may

also be included to avoid obstacles in the workspace.

The output of the trajectory planning activity is a

time sequence of desired configurations x(t), velocity

x(t), and acceleration x (t). As is shown below, the

trajectory can be specified in joint space as a set of

joint positions, velocities, and accelerations. It might

also be specified in the reference space, and converted

later to the joint space.

Trajectory planning requires knowledge of the

configuration at the initial and final points, M0 and M1

mentioned above. There are, of course, many ways in which

the path between these points can be constructed. Beside

restrictions specified by the task, the trajectory
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planning program needs to incorporate the limits of the

kinematics of the arm. Limits on the joint positions and

limits in the actuator accelerations and velocities must

also be considered.

The restrictions and limits will eliminate some of

the trajectories. These inadmissible trajectories can be

avoided by adding midpoints (some times called via points

or knot points) between the initial and final points.

A trajectory x(t) which passes through V via points

can be calculated by interpolation in either the

Cartesian space or the joint space. Controlling the

movement, however, requires knowledge of the trajectory in

the joint space. Conversion from Cartesian space to joint

space is performed by the inverse kinematic equations.

When the interpolation is performed in joint space, only

the end points and the via points, which are given in

Cartesian coordinates, are converted to joint coordinates.

The interpolation is then performed separately for each

joint. Interpolation in Cartesian coordinates requires

successive conversion of the interpolated points to joint

space.

The main disadvantage of the joint interpolation

approach is that the path followed by the end effector is

not given explicitly along the whole path. On the other
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hand the disadvantages of Cartesian path interpolation

techniques are:

1. The analysis is more complex which leads to a

considerable increase in real-time computation demand.

2. Since the end effector position can be controlled only

through the joints of the manipulator, there may be

positions which are nearby in Cartesian space but the

corresponding joint space vectors are far apart. If

the path passes through such points, then the joints

of the manipulator may be unable to accelerate to the

desired high joint velocity and the motion will slow

down.

3. The trajectory followed by the end effector is

specified and hence it can guarantee that the end

effector does not collide with object in the

workspace. This does not mean that other parts of the

robot do not collide (Lozano-Perez [LOZANO 797

described a collision avoidance algorithm for planning

paths among objects).

The most common form of interpolation is to fit one

or more polynomials of varying degree between the

specified positions [CASTAIN and PAUL 81, LUH and LIN
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81, 84, LEE et al. 83] Cartesian path interpolation along

a straight line has been suggested by Paul [PAUL 79].

This method is based on what he calls a drive

homogeneous matrix which is interpolated from the initial

point to the final point. To reduce the amount of

real-time computations needed in trajectory planning in

Cartesian space, Taylor [TAYLOR 79] proposed an algorithm

which enables linear interpolation in joint space while

keeping a straight line trajectory with some small

deviations. He called his method bounded deviation joint

path.

In the following sections interpolation techniques,

and a review of Paul's and Taylor's method, are explained.

2.2.2 Interpolated Trajectory.

Any two initial and final position constraints, Mo

and M1, along the trajectory path can be satisfied, in

general, by a path of the form:

where:

X(t)=f(t)M1+(1-f(t))M0 (2.2-1)

t- is the normalized time t=t'/T
1

T1- is the time to move from Mo to Mi

f(t)- is any continuous function satisfying
f(0)=0; f(1)=1; 0<=f(t)<=1.
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The simplest function is f(t)=t. In this case x(t)

is a linear interpolation of the points MO and M1. The

velocity, v(t), which is constant throughout the

trajectory, is:

or:

v(t)=i(t)=(tM11-(1-0M0)1=M1 -M0 (2.2-2)

when t is normalized

(M1-M0)/T=Ve for unnormalized t

the acceleration a(t) is:

a (t)=0

Although it has the advantage of simplicity, this

linear interpolation can not be executed. The velocity at

the end points is discontinuous which requires infinite

acceleration.

In order to satisfy constraints on the velocities and

accelerations at both ends, f(t) is specified as a fifth

order polynomial of t:

f(t)=P t5+P t4+P t3+P t2+P t P5 4 3 2 1 + 0 (2.2-4)

The six constants P0, P1, P2, p3, P4, and P5, are the path

parameters. They can be found by obtaining the
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derivatives of X(t) and applying the boundary conditions.

The boundary conditions are the desired positions,

velocities, and accelerations at the end points, namely

X(0) =MO; X(1)=M1; i(0)=V0; i(1)=V1, X (0)=A0;

X (1)=Al. From these, the functions specifying the

position X(t), the velocity X(t), and acceleration k.(t)

can be constructed.

Polynomial trajectories are smooth functions of t for

which the functions to form a vector space basis.

However, other basis functions can be used. Mujtaba

[MUJTABA 77] proposed several different trajectories

including a cosine function, fifth degree polynomial and a

sum of a sine function and a linear trajectory.

When more constraints are introduced along the

trajectory (i.e constraints on velocities and

accelerations at some via points) the order of the

polynomial can be higher. Lee [LEE 83] described a

trajectory with several constraints. These constraints

are introduced in order to lift and position an object.

This trajectory requires an 8th order polynomial.

An alternative to the use of high order polynomials

is to split the path into several trajectory segments of

lower order polynomials, [LEE 83, CASTAIN and PAUL 84].

There are different ways a trajectory can be split.

Common methods are: 4-3-4, 3-5-3, and 5-cubic
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trajectories. In the 4-3-4 method the trajectory is split

into three segments. The first segment is a fourth order

polynomial; the second and the third segments are third

and fourth orders polynomials, respectively.

2.2.3 Cartesian Motion.

In order to plan a trajectory between two points

along a straight line in Cartesian mode, Paul CPAUL 79]

suggested a method based on a drive matrix D(r); r is a

normalized time 0<=r<=1 which is interpolated from the

initial point M0 to the final point M1. The position and

the orientation of the end effector in these two points

are given as two homogeneous transformation matrices, M0

and M1, respectively, represented in the base coordinate

frame.

The motion from point M0 to Mi can be expressed in

terms of the drive matrix D(r), which is a function of

relative motion r, so that:

T (r) D(r)6 0 (2.2-5)

where: T6- the homogeneous matrix representing the

position and orientation of the end effector
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at every moment of time

r- the normalized time, r=t/T

t- the time since the start of the motion

T- the total time of the move

By finding an appropriate D(r), and interpolating r from 0

to 1, the position and orientation of the end effector

along a straight line in Cartesian coordinates can be

calculated.

At the beginning of the motion r=0, T6rm0 so that

D(0)=I, (I is the identity matrix).

At the final position r=1, T6=111 so that

D(1)=1.10-1
M1.

Paul suggested expressing the drive matrix, D(r), as a

product of three matrices:

D(r)=T(r)Ra(r)Ro(r) (2.2-6)

where: T(r)- interpolates the position of the end

effector between the initial and final

positions.
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Ra(r)- rolls the hand about an axis to change its

approach between the two points.

Po(r)- twists the hand about its approach vector

to change the orientation vector between

the two points.

Paul has shown that from the matrix representation of

the beginning and the final points, the three matrices can

be computed and D(r) is determined. Most of the

computation required by this algorithm is devoted to

calculating the roll and the twist matrices.

2.2.4 Joint Motion with Bounded Deviation

The main disadvantages in Cartesian path motion

calculation are the amount of real-time computation

required and the difficulties in finding, in real-time,

the physical constraints in the joint space. In order to

overcome these drawbacks, motion can be calculated in

joint space. This is more efficient and faster.

The main disadvantage in joint motion is that

interpolation of the joints, between the end points, will
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not lead to a straight line trajectory in Cartesian space.

One possible way to overcome this problem is to specify

the position of the end effector also in intermediate

points along the desired straight line trajectory. The

complete trajectory is then found by interpolation in the

joint space between these points. The difficulty with

this method is the number of intermediate points needed to

keep the end effector close to the desired path depends on

the particular path. Taylor [TAYLOR 79] presents an

algorithm which generates only enough intermediate points

to guarantee that the manipulator's deviation from a

straight line, on each motion segment, does not exceed a

prespecified error bound.

From the given initial position MO and the final

position M
1

(in the reference frame), all the joint

positions for the initial point, Jo, (J0 is an n

dimensional vector representing the n joints variables)

and the final point, J1, are computed. The algorithm then

computes the midpoint between MO and M1 in Cartesian

coordinates, say
M2c,

M2c:"1-10)12 (2.2-7)

This is compared with M2j which is the Cartesian

equivalent of the midpoint in the joint space. M2j is

obtained by calculating the midpoint (in the joint space)



52

between Jo, and J1, and then by the kinematic solution

obtaining the corresponding point in the reference frame.

'2i="1ro)12

M2j=kinematic solution of J2j

(2.2-8)

If the two configurations "deviate" by more than a

prespecified amount, a knot point is placed at M2c and

the algorithm is applied recursively to:

1. The initial point M0,(J0), and the midpoint M2c, (J2).

2. The midpoint M2c, (J2), and the final point M1, (J1).

The recursive generation of midpoint knots terminates

when the Cartesian midpoint and the joint midpoint are

within the prespecified deviation. The complete path is

then generated by interpolation in the joint space between

the knot points.

Simulation of the algorithm has shown that, in most

cases, the convergence is relatively fast. The maximum

deviation is usually reduced by a factor of four for each

level of midpoint iteration. Near degenerate points,

however, the convergence may be slower. A degenerate

joint solution occurs when two (or more) axes of the
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manipulator are lined up and thus eliminate a degree of

freedom. Techniques for improving the convergence time

near such points depend on the kinematics of a particular

manipulator.

The main drawback of this algorithm is that

situations exist, such as when obstacles are in the path,

which the knot points need to be changed while the motion

is being made. In this case the whole algorithm needs to

be applied in order to determine the new midpoints. This

might cause unacceptable delay in the move.

2.2.5 Example of a Trajectory Implementation

An example of a trajectory planning technique is

shown in this section. This technique uses interpolation

functions in the joint space and mid points to bound the

deviation in the Cartesian space. The example is used to

illustrate the activities and procedures involved in

trajectory planning. This technique and the trajectory

worked out in this example are used in the experiments and

simulations to follow. The mechanical parameters of the

Stanford Manipulator are used in the calculations.

Assume that the path traveled by the end effector is

given by the starting point and the end point. Two via



54

points are used to bound the deviation in the Cartesian

space. So that a total of four points in the Cartesian

space need to be specified. Three path segments that pass

through these points are calculated. A separate

interpolation at every path segment is performed in the

joint coordinates. In order to satisfy the boundary

conditions, a fifth order polynomial is used to

interpolate between the given points.

In this example the following constraints are

specified:

1. The time limit to complete the movement along every

segment

2. Zero acceleration and zero velocity at both the

starting and final points

3. Constant velocity, in the joint space, between the

two via points, (the middle segment).

In order to design the trajectory, the position and

the orientation of the end effector at the starting point,

end point, and the two via points should be specified.

The common way to provide this information is by

specifying the 4x4 homogeneous transformation matrices at

these points. The last column of the matrix, px, py, pz

is the desired position of the end effector, in the

reference coordinate frame, at each specified point. The
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first three columns specify its desired orientation. The

time limit to complete the move between the points also

needs to be specified.

The four transformation matrices and the time limits

used in this example are specified below. (M0 and M3 are

the starting and the final points, respectively. M1 and

M2 are the midpoints).

1 .0 .86 .50 .30
11.0 .0 .0 -.50

0M 0 (t )- 0 .50 -.86 -.10
.0 .0 .0 1.0

.0 .86 .50 .30
11.0 .0 .0 -.15

M1(t1)= .0 .50 -.86 -.10
.0 .0 .0 1.0

tozOsec.

t1r.1.4sec.

.0 .86 .50 .301
1.0 .0 .0 .151

M2(t2)=1 .0 .50 -.86 -.10 t2=2.6sec.
i .0 .0 .0 1.0

1 .0 .86 .50 .30
11.0 .0 .0 .50

M3(t3)= .0 .50 -.86 -.10
: .0 .0 .0 1.0

t
3
=4 Osec.

In order to perform the interpolation in the joint

space, the joint variables corresponding to the specified

Cartesian points need to be found. These are calculated

from the inverse kinematic equations of the manipulator.
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The joint variables are denoted by qi(t). For the

Stanford Manipulator, the joint variables q1(t), q2(t),

44(0, q5(t), q6(t), represent the five rotational joints.

They are measured, in their link coordinate frame, as

degrees of rotation. The joint variable q3(t) represents

the translational joint. Its unit of measure is meters.

The four (six dimensional) sets of joint positions

which correspond to the four Cartesian configurations M0,

M1, M2, M3, are denoted by J0, J1, J2, J3 respectively.

For the Stanford Manipulator, the four sets of joint

positions have been found to be:

JointJ 41
q2 q3 c14 q5 q6

i

point: [deg.] [deg.] [m] [deg.] [deg.] [deg.]
:

:

J0(t0): -74.96 1 100.11 .57 I 30.20 1 73.75 I 1.15
I

J1R1): -55.06 1 108.74
I .31 I 29.38 1 56.67 8.77

1

J 2 (t 2 )
;

-1.93 108.74 .31 1.46 41.28 I 85.71

J3(t)1 43.11 100.11 .57 -23.43 59.24 153.45
_,

1

In order to satisfy the constraints, a fifth order

polynomial is used. For a fifth order polynomial there

are six path parameters (coefficients) that need to be

found, Po, p1, p2, p3, P4, and P5. The path parameters

are determined to satisfy the boundary conditions. These
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parameters need to be found for every segment of the path

and for every joint. A total of 108 parameters are

required.

(6 coefficients)*(3 path segments)*(6 joints)=108

Let q(t), q(t), q(t) denote the time functions of the

joint position, velocity,and acceleration, respectively.

For a fifth order polynomial we get, for every link and

for every path segment, three general equations:

q(t)=P t5+P tli+P t3+p t2+
5 4 3 2 -/0 1--1p 0

q(t)=5P
5
t4+4P

4
0+3P

3t2+2P 2t+P1

q (t)=20P
5
t3+12P t

2+6P
3
t+2P

2

For the three path segments and for the six links we

get eighteen sets of equations. This gives a total of 108

equations which are used to determine the 108 path

parameters. Each coefficient in the above general

equations represents eighteen coefficients. For example,

there are eighteen P5's that need to be calculated.

For every link and for every path segment there are

three initial conditions and three final conditions. The

initial conditions are the desired position, Q0, velocity,
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Vo, and acceleration, 20, at the starting point of the

particular path segment and link. The final conditions

are the desired position, Q1, velocity, V1, and

acceleration, a1, at the final point. These boundary

conditions are determined from the specified constraints.

For example, the initial and the final positions for the

first path segment are determined from the points J0(t0),

and JIRO, respectively. For joint 1 they are: Q0=-74.96

degrees, and Q1=-55.06 degrees.

The time, t, at the starting point of the segment is

zero. The time, t, at the final point is determined from

the specified time constraints to complete the motion.

In general, from the initial conditions of each

segment, we get the first three coefficients, Po, Pl, and

P
2* These are obtained by substituting t=0 and substituting

the initial conditions in the equations. This gives:

Por:Q0

P1=Vo

P2ra0/2

substituting the final conditions (of each segment), and

using Po, Pl, P2 from above, we get three more equations.

From these equations P 3, 4P,
,

and P
5

are determined. These

procedures are repeated for all the joints and segments.
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Boundary conditions for link 1.

For the three path segments we need 6 boundary

conditions for positions, 6 for velocities, and 6 for

accelerations. From the given points J0, J1, J2, J3, we

get four boundary conditions:

q1(t0)=-74.96 degrees, q1(t1)=-55.06 degrees

q1(t2)=-1.93 degrees, q1(t3)=43.11 degrees

From the requirement of zero velocity and accelerations at

the starting and the final points of the trajectory we get

four additional conditions:

q(t0)=0, q(t3)=0

q (t0)=0, q (t3)=0

Four more conditions are obtained from the requirement of

constant velocity in the middle path segment. This gives:

q(t1 )ra(t2)=(q1 (t2)-qi(ti))/(t2-ti)

q(t1):q (t2):0

The last six conditions are obtained from the continuity

in position, velocity, and acceleration. The final

conditions of segment i are the initial conditions of

segment i+1.

From the above boundary conditions the eighteen path
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parameters of the first joint are calculated. The same

procedure is applied to all the joints.

The boundary conditions at the four specified points

and the complete set of path parameters for the three path

segments are presented below. The boundary conditions for

position and velocity are represented by q(ti), and

q(ti), respectively, (i=0,1,2,3). The boundary

conditions for acceleration, q (ti), is zero in all the

cases and therefore was omitted. P (K) represents the

path parameters, k is the segment number k=1,2,3, and j is

the coefficient number j=0,...,5.
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Figure 2.3 shows plots of the six joint trajectories,

qi(t), that satisfy all the given constraints. Figures

2.4, 2.5, and 2.6 show the trajectory traveled by the end

effector along the X, Y, Z axes, respectively, in

cartesian space. Figure 2.7 shows the trajectory of the

end effector in the X-Y plane.
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2.3 The Dynamic Equations of Robot Motion

The dynamic equations of motion are a set of

mathematical equations describing the dynamic behavior of

the manipulator. For controlling the movement of the

robot arm, these equations are used to determine the

control torque or force input to each of the robot's

joints which will cause the robot to follow the desired

trajectory. The desired trajectory is represented as a

set of three n dimensional vectors (at every sampling

time) describing the position, velocity, and acceleration

of each one of the n joints. These vectors are determined

by the trajectory planning part of the controller, as was

described in the previous section.

The problem of calculating the desired forces and

torques used in dynamic control of a robot can be defined

as follows:

given the set of desired position, velocity, and

acceleration of the individual joints, q(t), q(t),

q (t), respectively.

q(t)=(qi(t),c12(t), ,qn(t))



a (t)r(a1(t),a2(t),... ,qn(t))

q (t)::(qi (t),q2 (t),... ,qn (t))

find the torque or the force, u(t),:

U(t)r(U (t) U (t)
1 2 / ,un(t))
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which each joint motor is to supply to allow the robot to

follow the desired trajectory. These calculations are

based on the dynamic equations of the robot. Two main

approaches have been used to systematically derive the

dynamic model of a manipulator, the Lagrange-Euler (L-E)

and the Newton-Euler (N-E).

In the next sections these two formulations are

described. Long computation time is the main problem in

using the dynamic equations in practical applications. In

following sections, approaches used to simplify the

calculations are discussed.

2.3.1 The Lagrange-Euler Approach

In the Lagrange-Euler approach DICKER 65, BEJCZY 74,

PAUL 72, LEWIS 74] the dynamic equations are developed by

applying the Lagrange-Euler equation (Equation 2.3-1) to

the robot.
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d aL aL
-( )- -u(i) (2.3-1)

dt Dq(i) ?q(i)

L= K-P.

K= Total kinetic energy of the manipulator.

P= Total potential energy of the manipulator.

q(i)= Position of joint i.

q(i)= Velocity of joint i.

u(i) = The force (or torque) applied to joint i.

The dynamic equations are obtained by evaluating the

total kinetic and potential energy and their appropriate

derivatives. The final equation can be expressed in a

compact matrix form:

u=D(q)q+H(q,q)+G(q) (2.3-2)

Where:

G(q) = nx1 gravity vector.

H(q,q) = nx1 nonlinear Coriolis and

Centrifugal vector.

D(q) = nxn inertia matrix.

u = nxl vector of input forces.

The calculations of the terms in the inertia matrix,

D(q), involve an order of n3 matrix multiplications.

The calculations of the n terms in the Coriolis and

centrifugal vector, H(q,q), involves an order of n4
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matrix multiplications.

2.3.1.1 A Numerical Example

A numerical example that shows explicitly the terms of

this equation at two sample points along some trajectory

is shown below. The mechanical parameters of the

Stanford Manipulator have been used. The measured units

for q, q, q for rotational joints (joints 1,2,4,5,6)

are degrees, rad/sec., and rad/sec2, respectively. For

the translational joint (joint 3) the measured units are

meters, (m), m/sec, and m/sec2.

The three, six dimensional, input trajectory vectors

for the first point are:

q(i)=-70.536, 101.290, .539, 29.381, 70.740, 4.105

@i).. 1.573, .419, -.632, -.291, -1.070, 1.051

4.(i)= 16.780, 4.476,-6.750, -3.106,-11.415, 11.211

The calculated 6x6 inertia matrix, D(q), for this point

is:
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D(q)

1.89905 .05039 -1.06238 .05103 .03558 -.00026

.05039 1.49800 -.09739 -.02828 .03174 .00014

-1.06238 -.09739 6.47000 -.00000 -.10848 0.00000

.05103 -.02828 .00000 .01534 .00000 .00010

.03558 .03174 -.10848 .00000 .01600 .00000

-.00026 .00014 0.00000 .00010 .00000 .00030

The Coriolis and Centrifugal force, H(q,q), the

gravity force, G(q), the inertia force D(q)q , and their

summation, u, are:

H(q,q)=-1.821, .362, -1.811, -.217, .084, -.00019

G(q)= 0.000, 7.265, 12.421, -.462, .109, 0.00000

D(q)q=38.695,

u=36.873,

7.936,

15.563,

-60.696,

-50.086,

.683,

.003,

1.288,

1.482,

-.00071

-.00089

For this trajectory point, which is characterized by high

acceleration, the inertia force has the largest magnitude.

The second trajectory point is shown below. This

point is characterized by zero acceleration. The elements

in the inertia matrix are now different from the previous

case. This shows the position dependency of the matrix.
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This example also shows, that now the total input force,

u, is a function of the gravity, Coriolis and centrifugal

forces, only.

The second trajectory point:

q(i)= 5.440, 105.810, .420, -.570, 51.960, 91.575

a(i)= 4.931, -.746, 1.125,-2.992, .952, 8.099

q(i)= .000, 0.000, .000, 0.000, 0.000, 0.000

The inertia matrix:

D(q)

1.76739 .01472 -.98956 .04094 .01658 -.00028

.01472 1.43586 -.09044 .00290 .04574 -.00000

-.98956 -.09044 6.47000 -.00000 -.09050 0.00000

.04094 .00290 .00000 .01119 .00000 .00018

.01658 .04574 -.09050 .00000 .01600 .00000

-.00028 -.00000 0.00000 .00018 .00000 .00030

The forces:

H(q,q)= 1.586, 8.764, 2.273, .632, .665, .00112

G(q)= 0.000, .119, 17.285, .063, .426, 0.00000

D(q).q.= .000, -.000, .000, .000, -.000, -.00000
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u= 1.586, 8.884, 19.559, .696, 1.091, .00112

Equation 2.3-2 is very appealing from a control point

of view because of its structure. The computation method,

which involves many matrix multiplications, is inefficient

and time consuming. For a six link manipulator the number

of multiplications and additions is about 66,000 and

51,000 respectively. (Table II in HOLLERBACH 80). Luh,

Walker, and Paul [LUH 80a], estimated that the computation

time for a six link manipulator was about eight seconds on

a PDP 11 computer.

2.3.1.2 Recursive L-E Equations

In order to reduce the number of multiplications and

additions in the above equation, Waters [WATERS 79]

noticed that the generalized dynamic equations could be

expressed in a form that allowed recursive computations.

His equations reduced the computational complexity to

7,000 multiplications and 5,600 additions. Hollerbach

[HOLLERBACH 80] used the same method but presents a

simpler formulation and derivation of these recursive

relations. By using 3x3 rotation matrices (instead of the

4x4 rotation and translation matrices) he came up with a

total of 2,200 multiplications and 1,700 additions.
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2.3.2 The Newton-Euler Approach

The Newton - Euler approach has only recently been

applied to manipulators [LUH 80a, ARMSTRONG 79, ORIN

79]. The input forces are calculated by successive

transformation of joint velocities and accelerations from

the base of the manipulator out to the end effector. This

proceeds link by link, using the relationships of moving

coordinate frames [SYMON 71]. This method, unlike the L-E

dynamic equation, does not explicitly provide the gravity,

Coriolis, centrifugal, and inertia terms. Its main

advantage is the short computational time. Hollerbach

estimated the computation complexity of the N-E approach

as 850 multiplications and 740 additions.

Many control algorithms [PAUL 72,81a, BEJCZY 74,

KHALIL 78, LIEGOIS 78, LEE 84] are based on calculating

the desired torque and forces. These algorithms do not

explicitly require calculation of Coriolis, centrifugal,

and gravitational components, and can be performed using

the Newton-Euler approach.

The recursive Newton-Euler dynamic equations are

based on Newton's equation (2.3-3) which relates linear

acceleration, a(i), of the center of mass, m(i), to the

total force, F(i), acting on the mass. They are also
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based on Euler's equation (2.3-4) which relates the

angular velocity ,w(i), and accelerations, w(i), to the

total torque, N(i), acting on a link with inertia J(i).

Where:

F(i): m(i)a(i) (2.3-3)

N(i)=J(i)W(i)+w(i)x(J(i)w(i)) (2.3-4)

a(i), F(i), (Equation 2.3-3) and w(i), w(i), N(i)

are 3x1 vectors

J(i) is the inertia matrix of link i about

its center of mass

x stands for vector cross product.

The terms a(i), w(i), w(i), F(i), N(i) are functions

of w(i-1), w(i-1), a(i-1), the motion of the previous

link. The total force, F(i), and the total torque, N(i),

acting on link i are functions of two components. The

force and moment exerted on link i by link i-1, and the

force and moment exerted on link i by link i+1, f(i-1),

n(i-1), and f(i+1), n(i+1), respectively. The motors must
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supply the torque (force) acting about (along) the joint

axis. These forces and torques are obtained by projecting

the moment, n(i-1), or the force, f(i-1), acting at the

joint onto the joint axis.

The equations are composed of two recursive

calculations. First, a recursion which propagates angular

and linear velocities and accelerations from the base of

the manipulator to the end effector (Equations 2.3-5,

2.3-6, 2.3-7 below). At this point the total force, F(i),

and the moment, N(i), can be calculated. (Equations

2.3-8, and 2.3-9).

From the total force and moment, calculated in the

recursion explained above, the forces at each motor can be

obtained by a second recursion. The second recursion,

from the end effector to the base, propagates the forces

and moments exerted on link i by link i+1. From these

calculations the moment, n(i), and the force, f(i), at

each joint are calculated, (Equations 2.3-10, and 2.3-11).

Finally the force (or the torque) that each motor needs to

supply is obtained (Equation 2.3-12).

The order of computations can be summarized in

following equations. Note that 101 indicates a function

number i, while f(i) stands for force. The complete

calculations associated with these eight functions are

given in sections 2.3.2.3, and 2.3.4.



Starting from link 1 to link n. For a stationary base

w(0)=0, W(0)=0, and a(0)=g (the gravitational

acceleration).

calculate:

w(i)rf icw(i-1),q(i)}

w (i)=f2iw(i-1),w(i-1),q(i),q (01

a(i)rf
3
[w(i),w (i),a(i

F(i)=f4{a(i)}

N(i)=1 5
(w(i),w (i),J(i))
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(2.3-5)

(2.3-6)

(2.3-7)

(2.3-8)

(2.3-9)

After calculating all F(i)'s and N(i)'s, start the

force calculation from link n and continue to link 1.

The end conditions f(n+1) and n(n+1) are the force

and the moment for the end effector to carry the load.

f(i)=f0F(i),f(i+1))

n(i)=f7[F(i),f(i+1),N(i),n(i+1)}

urfOn(i),f(i)}

(2.3-10)

(2.3-11)

(2.3-12)



76

f(i), n(i) are the the force and torque at joint i.

In the following subsections the complete dynamic

equations based on the N-E approach is derived.

2.3.2.1 Moving Coordinates Frames

Let the three points 0(0), 0(i-1), 0(i) be the origin

of three parallel coordinate frames X0,Y0,ZO;

Xi-1,Yi-1,Zi-1; and Xi,Yi,Zi; respectively, Figure 2.8.

Frame 0(0) is our reference frame. For any vector A:

dA
- - -denotes the derivative with respect to the
dt

reference frame

d
*
A

- -- -denotes the derivative with respect to the
dt

0(i-1) frame

The point 0(i) can be located by a vector r(i) in the

reference frame and by a vector S(i) in the 0(i-1) frame.

The point 0(i-1) is located by a vector r(i-1) in the

reference frame.

r(i)rr(i-1)+S(i)
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0(0)

Figure 2.8: Relationships among moving coordinate frames
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If frame 0(i-1) is moving with velocity V(i-1), and

acceleration a(i-1) with respect to the reference frame,

and V (i) and a (i) are the velocity and acceleration of

point 0(i) in the 0(i-1) frame then:

dr(i)

dt

dr(i -1)
*

d S(1)

dt dt

V(i)=V(i-1)+Vs(i)

with a similar argument we get:

a(i)=a(i-1)+a
s
(i)

If 0(i-1) is also rotating with an angular velocity and

acceleration w(i-1), w(i-1) respectively, with respect to

the reference frame; and the velocity and acceleration of

the point 0(i) is w(i), w(i), in the reference frame, and

w
s
(i)

>

w
s
(i) in the 0(i-1) frame then, from Symon [SYMON

71] Chapter 7, we can derive:

V(i)=V (i)+w(i-1)xS(i)+V(i-1) (2.3-13)

a(i)=as(i)+W(i-1)xS(i)+2w(i-1)xVs(1)+

w(i-1)x(w(i-1)xS(i))+a(i-1) (2.3-14)

w(i)=w(i-1)+w
s
(i) (2.3-15)



W(i)=W(i-1)+Ws(i)+w(i-1)xws(i)

Vs(i)=ws(i)xS(i)

a
s
(i)rw

s
(i)xS(i)+w

s (i)x(ws(i)xS(i))

2.3.2.2 Reference Frame Calculations

The Recursive Motion Equations
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(2.3-16)

(2.3-17)

(2.3-18)

In applying the above equations to robots we can use

the convention of assigning coordinate systems to the

robot's links and joints as described in section 2.1.

According to this convention, and for a rotational joint,

the angular velocity of link i is about Z(i-1) and its

magnitude is q(i) with respect to the 0(i-1) frame. Then

for a robot we get:

ws(i)=Z(i-1)q(i) (2.3-19)

ws(i)=Z(i-1)q (i) (2.3-20)

From Equation 2.3-15 and Equation 2.3-19 we get the

angular velocity of link i:

w(i)=w(i-1)+Z(i-1)(i) (2.3-21)



80

From Equations 2.3-16, 2.3-19, and 2.3-20, we get the

angular acceleration for link i:

(2.3-22)

w(i)=w(i-1)+Z(i-1)q (i)+w(i-1)xZ(i-1)q(i)

From Equations 2.3-13, 2.3-15, and 2.3-17 we get the

linear velocity of link i:

V(i)=w(i)xS(i)+V(i-1) (2.3-23)

From Equation 2.3-14, and Equation 2.3-18 with some

manipulations we get the linear acceleration of link i:

a ( )=14 ( ) xS ( 1) +w( i ) x ( w ( i) x3( i) )+a( i-1 ) ( 2 . 3 -24)

This is the acceleration of the origin of coordinate frame

0(i) or, according to our convention, the acceleration at

joint i.

In order to find the acceleration at the center of

mass of link i, the following notation has been used,

(Figure 2.9). In Figure 2.9 let:

r
c (i)- the position of the center of mass of link i with

respect to the reference frame

S
c (i)- the position of the center of mass of link i with
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o(o)

Figure 2.9: Link's i parameters and forces
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respect to frame 0(i)

Vc(i)- the velocity of the center of mass of link i with

respect to the reference frame

ac(i)- the acceleration of the center of mass of link i

with respect to the reference frame

From Equation 2.3-13, and noticing that the velocity and

accelerations of the center of mass of link i with respect

to its own coordinate frame, namely 0(i), is zero, we get:

Vc(i):w(i)xSc(i)+V(i)

From Equation 2.3-14 we get

(2.3-25)

ac(i)=W(i)xSc(i)+w(i)x(w(i)xSc(i))+a(i) (2.3-26)

The Recursive Torque and Force Equations

From the Newton and Euler equations described at

section 2.3.2, (Equations 2.3-3, and 2.3-4), we now can

find the total external forces, F(i), and total external

torque, N(i) exerted on link i:

F(i) =m(i)ac(i)

N(i)=J(i)W(i)+w(i)x(J(i)w(1))

(2.3-27)

(2.3-28)
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Let:

f(i)- be the force exerted on link i by link i-1

n(i)- be the moment exerted on link i by link i-1

The total external force on link i is also equal to:

F(i)=1(i)-f(i+1) (2.3-29)

The total external torque on link i is also equal to:

N(i)=n(i)-n(i+1)+(r(1-1)-re(0)xf(i)_

(r(i)-re(i))xf(i+1) (2.3-30)

Substituting

rc(i)-r(i-1)=S(i)+Sc(i), we obtain the recursive

relations:

f(i)=f(i+1)+F(i) (2.3-31)

(2.3-32)

n( i)= n( i+ 1)+ S( i )xf(i +1) +(S(i) +Sc(i))xF(i) +N(i)

Finally, the external torque or force supplied by the

motor at the joint is about the Z(i-1) axis for a
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rotational joint, and along the Z(i-1) axis for a

translational joint. These forces are found by projection

of f(i) or n(i) on this axis.

(2.3-33)

u(i)=n(i)tZ(i-1) for a rotational link

u(i)=f(i)tZ(i-1) for a translational link

Note that some of the movement equations were derived for

a rotational joint. When the joint is translational, we

do not have any angular velocities and accelerations at

joint i. Therefore:

ws(i)=0

w
s
(i)=0

and hence:

w(i)=w(i-1)

w(i)= w(1-1)

On the other hand, we need to add the linear velocity of

the joint which, according to our convention, is along the

Z(i-1) axis. So:

Vs(i)=Z(i-1)q(1)

as(i)=Z(1-1)q (i)
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The linear velocity and acceleration of the origin 0(i) in

the reference frame become:

V(i)=Z(i-1)4(i)+w(i)xS(i)+V(i-1)

a(i)=Z(i-1).q.(i)+w(i)xS(i)+2w(i)x(Z(i-1)q(i)+

w(i)x(w(i)xS(i))+a(1-1)

2.3.2.3 Internal Link Calculations

In the above formulations, the movement terms and the

force terms are referred to the reference frame. The

inertia matrix, J, and the internal vectors S(i), rc(i),

Z(i) are also referred to the reference frame. When the

robot is moving, these vectors, and especially the inertia

matrix, need to be recomputed. Luh, Walker, and Paul,

CLUH 80a2 noted that the calculations will be more

efficient by referring the dynamics to internal link

coordinates, instead of referring them to the reference

frame.

Any vector in the reference frame can be referred to

its link coordinate frame by multiplying it by the

homogeneous matrix A(i3O). Multiplying the recursive

dynamic equations from the previous section by the 3x3

rotational matrix only, and with some mathematical

manipulations, the equations can be referred to the link's

frame. The procedure is as follows:
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For the w(i) term (Equation 2.3-21) multiplying both sides

of the equation by A(i3O) gives:

A(i3O)w(i)=A(i3O){w(1-1)+Z(i-1)C1(1)1

Since

A(i3O)=A(i,i-1)A(i-1,0)

We get

A(1,0)w(i)=A(i,i-1)(A(i-1,0)w(i-1)+A(i-1,0)Z(i-1)}

notice that:

A(i3O)w(i)- is the angular velocity of joint i in

its own coordinate frame

A(i-1,0)w(i-1)- is the angular velocity of joint i-1 in

its own frame

A(i- 1,0)Z(i -1)- is the representation of the Z(i-1) axis

in its own frame, and hence it is a

constant unit vector in the Z direction

Not all of the above matrix multiplications need to be

carried out. By changing the notations to:

AW(i)=A(i3O)w(i)



Z(0)=A(i-1,0)Z(i-1)

we get:

AW(i-1)=A(i-1,0)w(i-1)
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(2.3-34)

and the recursive equation for the angular velocity in the

joint frame becomes:

AW(i)=A(i,i-1)[AW(i-1)+Z0q(i)) (2.3-35)

This corresponds to the function fi in Equation 2.3-5.

With the same argument, the recursive equation for

the angular acceleration, Equation 2.3-22 becomes:

(2.3-36)

AW(i)=A(i,i-1)1AW(i-1)+Z0lq(i)+AW(i-1)xZ3q(i)}

This corresponds to the function f2 in Equation 2.3-6.

The terms for linear velocities and accelerations are

obtained by multiplying the equations of the linear

velocities and accelerations by A(i3O) and changing the

notations to:

A(i3O)V(1)=AV(i)

A(i3O)a(i)=Aa(i)
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A(i3O)ac(i)=Aac(i)

A(i3O)S(1)=AS(i)

A(1,0)rc(i)=Arc(i)

AV(i), Aa(i), Aac (i) are the representation of the

velocity, acceleration of the origin of frame i, and the

acceleration of the center of mass of link i,

respectively, in link i's coordinate frame.

Ar c (i) is the center of mass of link i in its own

frame, and hence it is constant. It is the same as the

vector S
c
(i) described previously, (Figure 2.9).

AS(i) is a vector from the origin of frame i-1 to the

origin of frame i represented in the i-th coordinate

frame. This vector is position dependent and needs to be

recomputed for every new position of the robot.

Using the above notations, the equations in the link

coordinate frame are obtained. From Equation 2.3-23 we

get:

AV(i)=AW(i)xAS(i)+A(i,i-1){AV(i-1)} (2.3-37)

From Equation 2.3-24 we get:

Aa(i)=AW(OxAS(i)+AW(i)x(AW(i)xAS(i))+

A(i,i-1){11a(i-1)} (2.3-38)
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This corresponds to the function f
3

in Equation 2.3-7.

From Equation 2.3-26 we get:

(2.3-39)

Aac(i)=AW(i)xArc(i)+AW(i)x{AW(i)xArc(i)1+Aa(i)

For the total force and torque, we follow the same

procedures. From Equation 2.3-27 we get:

A(i3O)F(i)=m(i)A(i3O)ac(i)

Using the notation:

A(i3O)F(i)=AF(i)

we get:

AF(i)=m(i)Aac(i) (2.3-40)

This corresponds to the function f4 in Equation 2.3-8.

From Equation 2.3-28 we get:

A(1,0)N(i)=A(i3O)J(i);/(i)+A(i3O)w(i)x{A(i3O)J(i)w(i)}

In order to eliminate the w(i), w(i), and J(i) terms, we

post-multiply J(i) by A(i3O)A(0,i), which is identical to

the identity matrix I.
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A(i3O)J(i)A(0,i)-is the inertia of link i about its center

of mass represented in its own coordinate

frame, and hence it is constant.

If we denote:

A(i3O)J(i)A(0,i)=Jc(i)

A(i3O)N(i)=AN(i)

we get:

AN(i)=Jc(i)AW(i)+AW(i)x{Jc(i)AW(i)} (2.3-41)

This corresponds to the function f5 in Equation 2.3-9.

With the same procedure, from 2.3-31 we get:

Af(i)=A(i,i+1){Af(i+1)} +AF(i) (2.3-42)

This corresponds to the function fe, in Equation 2.3-10.

From Equation 2.3-32 we get:

(2.3-43)

An(i)=A(1,1+1){An(i+1)} +AS(i)xA(i,i+1){Af(i+1)}+

(AS(i)+Arc(i))xAF(i)+AN(i)

This corresponds to the function f7 in Equation 2.3-11.
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Finally, from Equation 2.3-33, the input torque, or
force, for link i is:

(2.3-44)

u(i)=An(i)t A(i,i-1)Z0(i) for a rotational joint

u(i)=Af(i)t A(i,i-1)Z0(i) for a translational joi

This corresponds to the function f8 in Equation 2.3-12.

For a translational link, with the same arguments and

notations, the movement equations in the link frame

become:

AW(i)=AW(i-1)

AW(i)=AW(i)

AV(i)=A(i,i-1)(AV(i-1)+Zoq(i)1+AW(i-1)xAS(i)

Aa(i)=A(i,i-1)1Aa(1-1)+Zoq(i)1+AW(i)xAS(i)+

2AW(i)xAS(i)+AW(i)x(AW(i)xAS(i)}

2.3.3 Computational Simplifications

As mentioned before, one way to overcome the problem

of calculating the torques and forces in real-time is by

simplifying the dynamic model and calculations. This

section presents approaches used to speed up the

computations.
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2.3.3.1 Look-up Tables

This approach is suggested to avoid difficult and

time consuming calculations. This is achieved by

calculating some terms of the dynamic equations in advance

and using them as look-up tables. Albus first introduced

this approach in what he called Cerebellar Model

Articulation Controller (CHAC), [ALMS 75a].

The general dynamic equation is in the form:

u(i)=f(q,q,q )

Albus suggested that the entries in the tables include all

the three variables, q, q, and q . The forces can be

obtained by simple indexing of the tables, which are

prepared off line, without any computation. Obviously

some method of interpolation is required for values which

lie between table entries. This approach requires a very

large memory, and some simple procedures for memory

access.

Raibert [RAIBERT 77, 78a), and Raibert and Horn

[RAIBERT 78b] proposed to reduce the table size at the

expenses of some computation. Raibert [RAIBERT 77] has

discussed the trade-off between the size of the tables,

which will determine the memory size, and the computation
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time.

For example, the acceleration dimension can be

eliminated from the tables by expressing the dynamics in

the form:

u(i):D(q)q +K(q,q),

and tabulating K(q,q) and D(q) only. A further reduction

in the table size is achieved by eliminating the velocity

dimension also, and only tabulating the position dependent

terms. In this case, if m is the number of position

points and n is the number of degrees of freedom, the

required memory size is mn compared with m3n in

complete tabulation.

Hollerbach EHOLLERBACH 80] estimated the computation

requirement for this case, when n=6, to be 460

multiplications and 260 additions. This is more efficient

than the N-E equations. However, for a manipulator with

more than nine degrees of freedom this method becomes less

efficient.

2.3.3.2 Simplifying the Model

This approach is based on evaluation of the terms in

the dynamic equations and neglecting terms which are less
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significant compared with others. [BEJCZY 74,79, BEJCZY

and PAUL 81, PAUL 81a, LUH and LIN 81]. The centrifugal,

Coriolis, and coupling terms are commonly neglected. In

this case, the dynamic equations will be in a form:

u(i)=d(i,i)q(i)+g(i)

where d(i,i) is the i-th diagonal term in the, nxn,

inertia matrix, D, and g(i) is the i-th term in the

gravitational vector G.

Simplification can be also achieved by referring to a

particular arm geometry. For example, when the origin of

two coordinate frames attached to successive links are

very close, or even share the same point, the distance

term in the calculations can be eliminated. Luh and Lin

[LUH 1981] presented an automatic computer procedure for

simplifying terms according to a prespecified threshold.

Bejczy [BEJCZY 74,79] derived the complete dynamic

equation for the Stanford Manipulator. By eliminating

less significant terms, and pre-calculating terms which

are not position dependent, he derived a simplified and an

efficient algorithm for this manipulator. Below are the

set of the reduced terms used in his algorithm.

Calculation of the effective inertia term for the

first joint, d(11), has been reduced from about 75
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additions, and 100 multiplications, to a very simple form

which requires only 4 additions and 6 multiplications.

d(11)=b 41-h +(h +h rn )(I (n 1S o
1- 2 3 -51513+-4 13,2- -2-2

where:

qi- is the joint variable (distance for i=3 and

angle for i=1,2,4,5,6)

bi- are pre-computed constants

Cqi- stands for COSqi, Sqi- for SINqi

C2qi- stands for C0S2(qi), S2qi- for SIN2(qi)

The inertia terms for the other five joints have been

reduced to:

d(22)=b (h ) n 213+34-h -5-r 95,q3+--h 4-13

d(33)=b30

d(44) rb14+1)1532q5

d(55)=b17+b18

d(66)=b1
9+1)20

The gravity terms are:

g(1)=0

g(2)=g(a1 +a2q3)Sq2+ga3(Sq2Cq5+Cq2Cq4Sq5)

g(3)=-ga2Cq2

g(4)=ga3Sq2Sq4Sq5
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g(5)=ga3(Sq2CcutCq5+Cq2Sq5)

g(6)=0

Where:

g- is the gravitational acceleration (g=-9.806 m/sec2)

ai- are pre-computed constants

Paul in his book [PAUL 812] used the same method, but

he also suggested the addition of some of the coupling

terms d(i,j). According to his calculations, the two

coupling terms d(12), and d(13) are more significant

than the others. His simplifications to these terms are:

d(12)=d1q3cq2

d(13)=d2sq2

where:

d
1,

d 2 are pre-calculated constants

2.3.3.3 Restricted Dynamic Model

Simplification can be achieved by restricting the

movement of the manipulator, [BEJCZY 79]. Active dynamic

coupling between different joints exists only when several

links are moving relative to each other simultaneously.

An obvious restriction is to consider the motion only at
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one link at a time. In this case the positions of the

other joints are kept in a known configuration.

Another possible dynamic model restriction is to

consider the simultaneous motion of a subgroup of the

joints. In this case, only the dynamic interaction

between moving links is of interest.

Bejczy has identified two important dynamical

subgroups of joints for the Stanford Manipulator: the

first three joints, and the last three joints. He has

shown that the exact dynamic equations for these two

subgroups can be reduced significantly. For example,

Bejczy and Paul EBEJCZY 81] stated that for the first

three links the computation complexity reduces to 48

multiplication and 26 additions.

2.3.4 Calculation Complexity

As was described in the previous sections, the

complete dynamic equations, which are based on the N-E

formulations, include five terms in the recursion from the

base of the manipulator to the end effector, AW, AW, Aa,

AF, and AN. They also include three terms in the

recursion from the end effector to the base, Af, An, and

u. In this section the calculation complexity, in terms
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of the number of additions and multiplications, of each

term is studied. The relative complexity of the terms is

also analyzed. Table 2.1 shows the number of mathematical

operations associated with each term. The operations are:

matrix times vector, (matrix vector); addition of two

vectors, (vector add); vector cross product, (vector

cross); vector dot product, (vector dot); and scalar times

vector, (vector scalar).

Each of the three dimensional vector operations

described above involves the following number of addition

(add.) and multiplications (mul.).

Matrix vector multiplication: 9 mul., 6 add.

Vector addition: , 3 add.

Vector cross product: 6 mul., 3 add.

Vector dot product: 3 mul., 2 add.

Scalar times vector: 3 mul.,

In addition, There are some calculations related to

several other terms. These include calculations of the

elements in the 3x3 matrices A(i-1,i), and A(i,i+1).

These also include calculation the elements of the vector

AS(i) between the origin of two adjacent coordinate

frames, and the vectors Z0q, Zoq .

Table 2.2 shows the total number of additions and

multiplications associated with the calculation of each
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term. It does not take into account the additional

calculations mentioned above. The third column in the

table shows the total number of additions and

multiplications. With the assumption of similar

execution time for addition and multiplication, the last

column shows the relative time required to calculate each

term. i.e the number of additions and multiplications

needed to calculate the term divided by the total number

of additions and multiplications required to calculate all

the terms.

Table 2.1: Vector & matrix operations

matrix,
vector;

1

vector vector vector vector
add cross :dot scalar

AW 1

1

1

1

1

1

I

1 - - -

AW 1 2 1 - -

Aa 1 2 3 - -

AF - 2 3 - 1

AN 2 1 1 - -

Af 1 1 - - -

An I 1 4 2

u
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Table 2.2: Multiplications and additions

i

1

1

1

I

1

1

1

1 mul. 1

:

'add.
add. Imul.

& I

1 %

1

AW

AW

:

9 1

1

9 1
18

I

1

:
7 . 0

I

1

I 15 I

I

15 30
I

I 11.7
:

i 1 1

1
Aa

1
27

I

I 1

21 48I

1

I

1 18.7
:

1

: AF
I

1

1

1

: AN

21 15
I

' 36
1

1 14.0
:

24 1 18 42
:

16.3

: Af :

1

:

9 :

1

1

9 18
1

I

I

7.0

:

1 An : 21 1

1 1

24
1

45
:

: 17.5
I

1 1

u 12
1

,

, 1 1

:

8 20
I

I 7.7

,

1

:
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3. COMPUTER ARCHITECTURES FOR ROBOT CONTROL

3.1 General Structure of a Robot Controller

The general model of a robot controller is shown

in Figure 3.1. The trajectory planning program uses

feedback information from the environment and knowledge of

the task to generate the desired positions, qd,

velocities, qd, and accelerations, qd, of every joint.

qa, qa, q a, are the actual values of these variables.

The task of robot control is to achieve the desired

position and orientation of the end effector as a function

of time. Feedback from the environment is often used to

avoid obstacles in the work space.

The controller uses the desired joint variables

calculated by the trajectory planning program and the

actual variables as measured by internal position and

velocity sensors. It computes the torque (force) which

will minimize the difference between them. The control

algorithm makes use of the dynamic equations of motion

together with an appropriate feedback law to calculate the

torque (force) which minimizes errors in the path.

As mentioned before, the time required to calculate
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the desired input force is the major drawback of the above

system. The performance of the system is directly

influenced by the computation speed, which, in turn is

related to the computer architecture of the controller.

In the following sections two basic computer

architectures and their options are described. The basic

configurations are a central control architecture, and a

distributed control architecture. The main distinction

between these architectures is the number of computers

used. Central control architecture consists of a single

computer. Distributed control architecture consists of

several separate autonomous computers with some means of

communication between them.

3.2 Central Control Architecture

All the architectures discussed in this section

consist of a single computer with one or more processing

units.

3.2.1 Single Processor Architecture
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With this type of architecture one processor is

responsible for executing the control algorithm for the

entire robot. There are also some additional activities

the processor needs to execute.

These activities include:

- Communication with the trajectory planning

program.

- Input/Output operations between the processor,

the mechanical system, and the environment.

- Sensor data processing and interpretation.

Most general purpose micro or mini computers do not

have, at present time, the computational power needed to

carry out all of these activities in real-time. Hence,

this type of architecture can be used only with a very

powerful special purpose computer. This architecture is

currently used with simple control algorithms where the

computational demand is limited.

3.2.2 Single Computer With Special Purpose Coprocessors.

The use of coprocessors is shown in Figure 3.2. The

high precision arithmetic operations are performed by

one or more coprocessors. The coordination of these

calculations and other activities such as I/O operations
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Figure 3.2: Single computer with a special coprocessor
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are executed by the computer. The addition of a

coprocessor to the single computer can speed up the

computation time in two main ways:

1. Arithmetic operations and some other activities can be

executed in parallel.

2. The coprocessor can be designed to support the special

and commonly used functions of the control algorithms.

Since the coprocessor can be highly specialized, it

will have fast execution time.

Turney and Mudge ITURNEY 81] have suggested a VLSI

implementation of a special purpose numerical processor

for robotic uses. This device has a 32 bit floating point

adder and multiplier, and an on-chip program memory. To

evaluate the performance they performed a functional

simulation. A set of equations for computing the actuator

torque was used as a benchmark. They found that about 73%

of the time the processor produced results within a 350ns

cycle time. This is a much faster than is possible with

currently available general purpose micro or mini

computers.
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3.2.3 Single Computer With Multiprocessing Units

When using multiprocessing units the task of the

single computer is divided among the processors. These

processors all share a common control unit, which provides

signals both for controlling them, and for handling the

interaction between them. They also share access to a

common memory and to Input/Output channels.

Multiple processors have the capability of speeding

up the computation time of the control algorithm. Here,

the whole task is divided into subtasks which can be

executed in parallel. A processor can be dedicated to one

or more such tasks. The speedup achieved with a parallel

architecture is directly related to the inherent

parallelism of the control algorithm. In a robot the

dynamic equations, which are based on the Newton-Euler

formulation, are calculated in a recursive serial fashion.

It is difficult to achieve efficient parallelism.

For example, Luh and Lin [LUH 32] studied the problem

of dividing the dynamic equations into parallel subtasks

for a multiprocessor system. They divided the dynamic

equations into eighteen subtasks. They found that for the

Stanford Manipulator, six processors can reduce the

computation time by a factor of 2.6. This does not take
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into account the added overhead due to scheduling and

coordination of tasks. It also ignores the effects of

memory conflicts. Obvious candidates for subtasks are:

I/O activities, sensor data processing, feedback control

algorithm, and calculations of the dynamic equations.

3.3 Distributed Computer Architecture

A distributed computer architecture uses several

distributed and independent computers. Each computer has

its own control and memory units. A high level scheduler

integrates the action of the distributed system. A

distributed computer architecture offers several

advantages over a centralized architecture. These include

modularity, reliability, spatial distribution, and speed.

Modularity- A modular structure is easier to maintain

and is relatively more flexible for future

modification and expansion.

Reliability- The availability of several processors

may allow the system to tolerate a failure

in one or more of its processors. This may

result in some degradation in performance

but not total failure.
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Spatial Independent computers can be located close

distribution- to the mechanical element they control.

Speed- The availability of many processors might

offer some of the advantages of parallel

processing.

There are a number of considerations that need to be

addressed in each particular application. These include:

1. The degree of coupling between the computers

2. The method of communication between computers

3. The characteristics and the complexity of the

scheduler which coordinates the activities of the

computers

4. The efficiency of task distribution between computers

5. The methods of fault detection and correction.

In the next subsections several distributed

architectures for robot controllers are described and

evaluated. These architectures are distinguished by the

complexity of the distributed tasks, the degree of

coupling, and the complexity of the scheduler. The

evaluation is based on computation requirements for torque
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and force calculations that use the Newton-Euler recursive

formulation.

3.3.1 Full Parallel Computations

The system model for full parallel computations is

shown in Figure 3.3. The control algorithm is divided

into n tasks and n computers. (n is the robot's degree of

freedom - i.e. the number of joints). Each computer is

connected to two communication paths.

1. Communication exists between the trajectory planning

level and each one of the control level computers.

This path can also be used to transfer information

between the computers.

2. A local communication path exists between every

computer and its own joint. The distribution of the

control algorithm enables each computer to handle its

own internal sensors, and actuators.

Task distribution.

In every sample interval each computer performs all

the calculations necessary to determine the torque its
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motor must supply. In order to complete these recursive

calculations, the computer needs information regarding all

the links. A computer, say computer i, needs information

about the movement of links one to i, and information

about forces exerted on links 1+1 to n. Each computer can

acquire this information by performing the necessary

calculations in its own processing units. This requires

information about the trajectory of all the other links.

This information is passed every sample interval through

the common communication path. Each computer also needs

information about initial movement conditions of the

manipulator base and force conditions on the end effector.

This configuration is characterized by minimal

interaction between the computers, simple scheduling, and

full parallel operations. Its main disadvantage is the

complexity of the tasks each computer needs to perform.

Because of the recursive nature of the algorithm there is

a great deal of duplicate calculations of the same terms.

This complexity might reduce the gain in speed achieved by

parallel operations.

3.3.2 Serial Computations With Buffers

The system model for this type of architecture is
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shown in Figure 3.4. Here too, the control algorithm is

divided into n tasks and n computers. The tasks, however,

are less complex than the tasks in the previous case. The

complexity is reduced by sharing data generated by

adjacent computers. Sharing data avoids duplicate

calculations of the same term.

As can be seen from the dynamic equations, the

movement of the links, and the forces exerted on the

links, affects that of their adjacent links. Each

computer instead of generating these data by its own

processing unit can use data generated by its two adjacent

processors. The shared data are passed by adding a

bidirectional communication path between adjacent

computers through a common storage buffer. The common

buffer is used for momentarily storing and passing these

data.

The order of operations is similar to the order of

computations in the recursive Newton-Euler formulation

described in section 2.3. The desired trajectory is

specified at time intervals of T. Every sample interval T

is divided to 2n subintervals T(1), T(2),.. ..T(2n). The

activities of the computers during these subintervals are

described below.

The first recursion starts from computer 1 to

computer n. Computer i during subinterval T(i) executes
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Equations 2.3-5 to 2.3-9, and computes the total force,

F(i), and torque N(1) acting on the center of mass of link

i. During these computations, intermediate results about

the angular velocity, angular acceleration, and linear

acceleration of link i, are stored in buffer i. During

interval T(i+1), and based on data stored in buffer i,

computer 1+1 executes the same equations. Intermediate

results are now stored in buffer 1+1. After interval T(n)

each one of the n computers has finished its calculations.

The second recursion starts now from computer n and

proceeds to computer one. Each computer during the

subinterval T(2n+1-i) executes Equations 2.3-10 to 2.3-12,

and computes the force (or torque), u(i), that needs to be

applied to its joint. Intermediate results, about the

force, f(i), and the torque, n(i), exerted on link i-1 by

link i, are stored in buffer i-1. These results are used

by computer i-1 in its computations. In this fashion a

complete set of forces for the n actuators are calculated

during one sample interval T.

The time to execute a complete set of the dynamic

equations, for one link, Equations 2.3-5 to 2.3-12, may be

normalized so that the total time is assumed to be 1.

From Table 2.2 the normalized time required to execute the

calculations during each subinterval can be determined.

The time interval, T(i), that computer i executes the
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first recursion is a sum of the normalized time required

to execute the first five terms in the equations (AW, AW,

Aa, AN, and AF). From Table 2.2 we get:

T(i)=.07+.12+.19+.14+.16=.68

The time interval, T(2n +1 -i), that computer i

executes the second recursion is a sum of the normalized

time required to execute the last three terms in the

equations (Af, An, and u). The normalized time for these

subintervals is equal to:

T(2n+1-i)=1-T(i)=.32

The normalized time for the complete sample interval T is

hence equal to:

T=n.(T(i)+T(2n+1-i))=n.1=n

A space-time graph of the operations described above

is shown in Figure 3.5. The figure shows, for n=6, the

time intervals each one of the computers is busy in

executing the dynamic equations. In the figure each

subinterval is further divided into the relative time

required to execute each one of the terms mentioned above.
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For example, the five divisions during T(i), are the

normalized times needed to calculate the five terms AW,

AW, Aa, AF, and AN, respectively. The three divisions,

during T(2n+1-1), are the normalized times required to

calculate the three terms Af, An, and u, respectively.

Each computer is busy during only two of the 2n

subintervals (during subintervals T(i) and T(2n+1-1) for

computer i). The rest of the time the computer can be

involved in other activities such as communication with

the path planning program, I/O operations, sensor data

processing, and feedback law calculations.

This type of architecture has all the advantages of

distributed systems. Since the recursive calculations are

essentially serial, the gain in speed is relatively small.

This structure has other advantages:

1. All the computers have the same program (the first and

the last programs might be slightly different).

2. The calculations are less complex than the full

parallel computations.

3. The scheduling is relatively simple and can be

distributed between the computers.
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3.3.3 Parallel Computations With Buffers

The system model is the same as that of the modular

structure shown in Figure 3.4. It is distinguished from

the previous case by the order of operations. Computation

speed is improved by executing some of the serial

operations, described earlier, in parallel. In

general, the limit of the possible speedup is n, the

number of computers used.

Computer i does not need to wait until subinterval

T(i) in order to start its calculations. It can start

some of its operations during subinterval T(i-1).

However, because of the serial nature of the dynamic

calculations, it is not possible to achieve efficient

parallelism.

For example, execution of the terms Aa(i), AF(i), and

AN(i) in computer i, can start immediately after computer

i-1, during subinterval T(i-1), completes its execution

of the terms AW(i-1), Alnr(i-1) and Aa(i-1). The same

argument holds for the subintervals T(2n+1-i), during the

recursion from unit n to unit 1. Computer i-1 does not

need to wait until computer i completes its execution of

the term u(i). It can start execution immediately after

computer i completes its execution of the Af, and An
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terms.

Figure 3.6. shows, for this example and for n=6, the

time intervals each one of the computers is busy in

executing the dynamic equations. Let tl, t2, t3, t4, t5

be the time required to calculate the terms AW, AW, Aa,

AF, AN. Let t6, t7, t8 be the time required to calculate

Af, An, and u. Ts is the total execution time without

parallelism. It is n times the time required to calculate

the eight terms, i.e:

Ts=n(t1 +t2+t3+t4+t5+t6+t7+t8)

Let Tp be the total execution time for all computers when

using parallel calculations. The calculations during the

time intervals, to t5, and t8, are executed in parallel

with other calculations. In order to obtain the total

time T they need to be counted only one time, instead of

n times. The total time in this case is:

Tp=n(t1 +t2+t3)+t4+t5+n(t6+t7)+t8

The gain in speed is:

G=T /T
S p

Substitution the relative times from Table 2.2 gives:
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Grn/(0.6n+0.14)

For n=6 the gain in speed is 1.5.

A further gain in speed can be achieved by starting

the AW(i), and AW(i), calculations immediate after

computer i-1 completes its calculations of the AW(i-1),

AW(i -1) terms, without waiting for completion the

calculations of the Aa(i-1) term. In this case the

contribution to the total time, T
P'

of the calculations

during time intervals t1 and t2, is also counted only one

time. In this case T
P

is:

Tort1 +t2+nt3 +t4 +t5+n(t6 +t7)+ts

and G is:

Grn/(0.43n+0.57)

For n=6 the gain in speed is 1.9. This is still far short

from the theoretical limit which is 6.

Parallel operations require additional

synchronization and schedule algorithms. These increase

the overhead associated with scheduling, and may require a

special computer for scheduling purposes.
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4. PARALLEL COMPUTATIONS WITH PREDICTIONS

In this chapter a new approach for fast calculations

of the dynamic equations suitable for distributed computer

architecture is presented. The main principles of the new

method are introduced. This is followed by presenting the

system model and possible ways to perform the

calculations. A more detailed discussion and evaluation

of the technique is presented in the next chapter.

4.1 Fast Parallel Computations

In order to speed up the computation time, a

different approach to the dynamic calculations is being

suggested with this model. The modular architecture

discussed previously has many advantages but its gain in

speed is relatively modest due to the inherent serial

nature of the dynamic calculations. A computer, say

computer i, before starting its calculations must wait for

computers 1 to i-1 to propagate computational results

related to their movements. Before it is able to complete

the force calculations, computer i needs to wait for
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computers n to i+1 to propagate results of force

calculations. This order of calculations does not use the

full computational power of the computers which, in turn,

does not allow a speed up in computation time close to the

multiplicity of computers.

With the proposed new approach, a speed up in the

calculations is achieved by decreasing the time each

computer is waiting for results from its adjacent

computers. For every link, i, the calculation results of

the terms in the dynamic equations at time t, and at time

t+T, are different, (T is the sampling interval). The

difference is due to changes in the position, velocity,

and acceleration between adjacent trajectory points. For

short sampling intervals, on the order of 5msec or less,

these changes are relatively small. Computer i, instead

of waiting for computer i-1 to propagate the complete set

of computational terms necessary to start its

calculations, can start calculations based on predicted

results. Predicted results, of the terms that are passed

between the computers can be acquired from calculated

terms in previous sample intervals. Prediction offers a

way of reducing the time each computer is waiting for

intermediate results from its adjacent computers.

Using predicted terms might cause errors in the

calculations. However, as mentioned above, changes in
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adjacent calculated data points involved in the recursion

are expected to be relatively small. Hence, for short

sampling intervals the errors in the computed torques, or

forces, resulting from the above prediction is also

expected to be relatively small. On the other hand, the

computation time can be improved up to the theoretical

limit of n.

Introducing predictors in the architecture offers a

way of increasing the calculation speed of the control

algorithms without losing any of the advantages of the

modular system.

Several questions need to be answered before this

method is accepted.

1 What kind of errors in the force and torque

calculations are introduced by the approximate

calculations?

2. What is the gain in speed?

3. What errors, between the desired path and the actual

path of the robot, are expected when this method is

incorporated in an appropriate real-time control

algorithm?

1. What form of prediction is the best?

5. How does the performance of this method compare with

other methods suggested in the literature?
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4.2 The System Model

As mentioned above, speed up in dynamic force and

torque calculations can be achieved by decreasing the time

each computer is waiting for results from its adjacent

computers.

The system model for parallel computations with

predictions is the same as that of the modular structure

shown in Figure 3.4. In order to reduce the time each

computer is waiting for results, and hence to increase the

sample speed, the buffers in the modular architecture

described earlier will be replaced with predictors.

Figure 4.1 shows the structure of the computers in the new

system. The recursive dynamic equations (section 2.3)

include five terms that are passed to computer i from its

adjacent computers (AW, AW, As, Af, An).

Based on previous and currently calculated results,

predictor, i, generates data for its adjacent computers

(computers i-1 and i) which will enable them to start

their desired force calculations without delay. Predictor

i, which is located between computers i and i-1, performs
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two functions every sample interval. Conceptually it is

two predictions; one generating information for computer

i-1, and the other generating information for computer i.

First, it accepts from computer i-1 previous

information concerning link i-1. This includes angular

velocities, AW, angular accelerations, AW, and linear

accelerations Aa. Based on this information, predictor i

generates for computer i predicted information about the

present velocity and acceleration of link i-1.

Second, it accepts from computer i previous

information concerning link i. This includes the force,

Af, and the torque, An, exerted by link i on link i-1.

Based on this information, predictor i generates predicted

information about the present forces and torque exerted by

link i. This is passed to computer i-1.

In this fashion all the computers can start

calculation in parallel at the beginning of each sample

interval.

4.3 Possible Algorithms

The parallel activities at every sample interval,

when predictions are used in the calculations, are
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performed in the following execution steps.

1. Calculate the angular velocity, AW(i), Equation

2.3-35. In this calculation predicted information

about AW(i-1) is used.

2. Calculate the angular acceleration, AW(i), Equation

2.3-36. In this calculation predicted information

about AW(i-1), and AW(i-1) is used.

3. Calculate the linear acceleration, Aa, Equation

2.3-38. In this calculation predicted information

about Aa(i-1) is used. The results of steps 1, and

2, are also used in this calculation.

4. Calculate the total force acting on the link, AF(i),

Equation 2.3-40. In this calculation the results of

steps 1, 2, and 3, are used.

5. Calculate the total torque acting on the link, AN(i),

Equation 2.3-41. In this calculation the results of

steps 1, and 2, are used.

6. Calculate the force at joint, Af(i), Equation 2.3-42.

In this calculation predicted information about

Af(i+1) is used. The result of step 4 is also used

in this calculation.

7. Calculate the torque at the joint, An(i), Equation

2.3-43. In this calculation predicted information

about An(i+1), and Af(i), are used. The result of

step 5 is also used in this calculation.
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8. Calculate the force (torque) that the motor must

supply, u(i), Equation 2.3-44. In this calculation

the result of step 7 for a rotational joint, or the

result of step 6 for a translational joint, is used.

In addition to the above activities each computer

passes some of the calculated results to the predictors.

The results calculated in steps 1, 2, and 3, are passed to

predictor i+1. The results calculated in steps 6, and 7,

are passed to predictor i.

Computer 1, in its calculations of steps 1, 2, and 3,

uses the initial motion conditions of the base instead of

predicted values. The last computer, computer n, in its

calculations of steps 6, and 7, uses the end conditions at

the end effector instead of predicted values. The

calculations for the first sample interval are also based

on the initial and end conditions instead of predicted

values. As mentioned before, the initial conditions for a

stationary base are AW(0)=0, AW(0)=0, and Aa(0)=g (the

gravitational acceleration). The end conditions are the

force and moment for the end effector to carry the load.

The desired velocity and acceleration for the first sample

interval are usually q(0)=0, ticis (0)=0.

Based on the main principles of the new method

presented above, different algorithms to perform the
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calculations are suggested below. The algorithms are

distinguished by the method of prediction used.

A computationally simple way to perform the

prediction is to use the same data generated at the

previous sample interval, without any modification. This

information is available at the end of the previous

interval and is the most recent information calculated.

This algorithm will be called Zero order prediction, or

simple prediction.

On the other extreme, a complicated way with greater

accuracy is to perform full prediction. This requires the

predictor to perform the exact calculation necessary to

calculate the data for its adjacent computers. In order

to perform full prediction, the predictor needs

information concerning all links. This includes motion

and force information. The complexity here is similar to

the complexity of full parallel computations described in

Section 3.3.1.

Another way, is to perform Zero order prediction and

then add correction terms. The correction terms can be

determined by analyzing the sources of errors introduced

by simple prediction. Correction terms can include

additional information, such as the differences in

velocities and accelerations between sample intervals. In

the next chapter, correction terms that use information



132

about the differences in the desired velocities and

accelerations between only the current and the previous

sample intervals are introduced. This algorithm will be

called First order prediction.

Prediction can be performed for all the five terms

that are passed to computer i from its adjacent computers.

In this case the gain in speed is the maximum. Prediction

may, however, be performed on only a subset of the passed

terms. For example, prediction may be used only for

calculating Aa and An; the terms AW, AW, and Af use the

exact terms. In this case the error introduced by using

predicted terms is expected to be less than in the

previous case. This is achieved on the expense of the

gain in speed. This method will be called the Hybrid

technique.
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5. ERROR ANALYSIS AND ALGORITHMS

5.1 Error Analysis and Correction Terms

In this section errors caused by Zero order

prediction are analyzed. Based on the analysis,

correction terms are introduced. These correction terms

reduce the errors caused by the Zero order prediction and

form the basis of the First order prediction.

The terms in the dynamic equations include matrix and

vector operations. The elements of these vectors, and

matrices, are position dependent. This makes exact

analysis extremely complicated. In order to clarify the

computations, the analysis starts with a simple case of

planar movement. In this case the velocity, and

acceleration are represented by one dimensional (scalar)

functions. First the scalar angular velocity is analyzed.

This is expanded, with some assumptions, to the general

case of three dimensional space movement. In the general

case, the angular velocity is represented by a three

dimensional vector, AW. Later the calculations are

expanded to the other two terms of movement, AW and Aa.
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5.1.1 Scalar Angular Velocity

The general recursive form of the angular velocity in

the joint frame is:

AW(i)=A(i [AW( i-1 )+Z0a( i ) 1

For the case of planar movement in a reference frame this

equation can be written in a scalar (one dimension) form

as:

w(i)=w(i-1)+q(i)

adding the time term to the equation we get:

w(i,t)=w(i-1,0+q(i,t)

the explicit terms for the links are:

w(1,t)=q(1,t)

w(2,0=q(1,t)+q(2,t)

w(i,t):q(1,t)+q(2,t)+..

or in a compact form:

..+q(i,t)
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(5.1-1)
w(i,t)=I q(k,t)

k=1

In the case of Zero order prediction the value of

w(i-1) from the previous sample interval is used instead

of the current one. Let w
*
(1) denotes the approximate

value of w(i), i.e in its calculation predicted terms are

used. For Zero order prediction the recursive equation

for the angular velocity becomes:

w*(i,t)=w*(i-1,t-1)+q(i,t)

From this we get:

w*(1,t)=q(1,t)

w*(2,t)=q(1,t-1)+q(2,t)

w*(3,t)=q(1,t-2)+q(2,t-1)+q(3,t)

w*(i,t)=q (1,t+1-i)+q (2,t+2-i)+.. ..+q (i,t)

or in a compact form:

(5.1-2)
w*(i,t)=1 4(k,t+k-i)

k=1

Calculating the error, dw, between w(i) and w*(i)



let: dw(i,t)=w(i,t)-w*(i,t)

e(i,t)=q(i,t)-a(i,t-1)

From Equations 5.1-1, and 5.1-2, we get:

dw(1,t)=q(1,t)-q(1,0=0

dw(2,t)=q(1,t)-q(1,t-1)=e(1,t)

dw(3,t)=q(1,0-q(1,t-2)+q(2,t)-q(2,t-1)

but

4(1,0-q(1,t-2)=e(1,t)-e(1,t-1)

SO
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dw(3,t)=e(1,0+e(1,t-1)+e(2,t)

or in general

dw(i,t)=e(1,t)+e(1,t-1)+.... ....+e(1,t+2-i)+e(2,t)+

e(2,t)+e(2,t-1)+.. ..+e(2,t+3-i)+

+.. ..+e(i-1,t)

in a compact form this becomes:

i-1 i-k-1

dw(i,t)=2

K=1 m=0

e(k,t -m)

(5.1-3)

The error can also be expressed in a recursion form

dw(1,t)=0

dw(2,t)=e(1,t)

dw(3,t)=e(1,t)+e(1,t-1)+e(2,t)=dw(2,t-1)+e(1,t)+e(2,t)



with the same argument we get:

dw(i,t)=dw(i-1,t-1)+e(1,t)+e(2,t)+.. ..+e(i-1,t)

or finally in a recursive compact form:

i-1

dw(i,t)=dw(i-1,t-1)+1 e(k,t)

k=1

Adding correction term
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(5.1-4)

From the error analysis presented above it can be

shown that, for the case of scalar velocity, the errors

introduced by Zero order prediction can be eliminated with

a correction term. If we add to w
*
(i,t) a correction term

equal to the error caused by prediction, dw(i,t), we get:

w
*
(i,t)=w(i,t)

When this is done, the first term in the recursive

equation for dw(i), ( the term dw(i-1,t-1) in Equation

5.1-4), is equal to zero. This term represents the error

in the previous sample interval which was eliminated after

adding the correction. In this case Equation 5.1-4

becomes:

i-1

dw(i , 0=2.- e(k,t)

k=1



If we denote the correction term by c(i,t) we get:

i-1

c(i,t)=1 e(k,t)

k=1
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(5.1-5)

With the correction term added, the recursive equation for

the angular velocity becomes:

w*(i,t)=w(i-1,t-1)+c(i,t)+q(i,t) (5.1-6)

In this case the error caused by prediction is eliminated

i.e.:

dw(i,t)=0 (5.1-7)

In order to reduce the calculation time associated with

the correction term, it can be expressed in a recursive

form. From Equation 5.1-5 we get:

c(1,t)=0

c(2,t)=e(1,t)

c(3,t)=e(1,t)+e(2,t)=c(2,t)+e(2,t)



c(i,t)=c(i-1,t)+e(i-1,t)
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(5.1-8)

Although this form reduces the number of operations

associated with calculating the correction term, it has

the same disadvantage related to recursive operations.

Computer i needs to wait for computer i-1 to finish its

calculations of the correction term before it can start

its own calculations. In order to reduce the time each

computer is waiting, the same approach used in fast

parallel computations of the dynamic equations can be used

again. This is achieved by changing the time term, t, in

the equation for c(i,t) with, t-1. In this case Equation

5.1-8 becomes:

c(i,t)=c(i-1,t-1)+e(i-1,t-1) (5.1-9)

As is shown below, adding the approximate correction term,

Equation 5.1-9, to w*(i) will reduce the error. However,

unlike the case in which the exact correction term,

Equation 5.1-8, has been added, the error is not

completely eliminated. With the same arguments used to

calculate the previous error we get that the error is

reduced to:

i-1

dw(i ,t)rdw(1-1,t-1)+1 de(k,t)

k=1

(5.1-10)
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where: de(i,t)=e(i,t)-e(i-1,t)

The error now becomes a function of de(i). This is

less than the error without correction which is a function

of e(i). Below are two numerical examples that show the

magnitude of e(i,t), and de(i,t) for motion with constant

velocities, and for motion with constant accelerations.

For a trajectory segment with positive acceleration,

e(t) is positive. For a trajectory segment with negative

acceleration (deceleration), e(t) is negative. In

general, trajectories start and end with zero velocity,

and acceleration. In this cases, the average magnitude of

e(t), over an entire trajectory, approaches zero.

Examples:

1. For constant angular velocity:

q(i,t))=C

and hence:

q (i,t) =0

In this case the errors which are related to e(i,t)

are zero:
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e(i,t)=a(i,t)-a(i,t-1)=C-C=0

and no correction term is needed.

2. For constant angular acceleration

q (i,t)=C

4(i,t)=C.t

In this case e(i,t) is not zero:

e(i,t)=C.(t+T)-C.t T-is the sampling interval

e(i,t)=C.T

For a case of C=1 rad/sec2, and T=5msec, the error

in velocity calculations, between adjacent sample

intervals, is a function of:

e(i,t)=0.005 rad/sec.

As mentioned before adding the exact correction term,

(5.1-8), eliminates the error. When the approximate

correction term, (5.1-9), is added instead, the error

is a function of de(i,t).

For this example, however, the approximate correction

term also eliminates the error. This is because

de(i,t) is zero:
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de(i,t)=e(i,t)-e(i,t-1)=C.T-C.T=0

5.1.2 Vector Angular Velocity

In this section the equations developed for a scalar

case, when the motion was assumed to be planar, is

expanded to include the general term of angular velocity,

AW(i), associated with the dynamic equations of a robot.

The general recursive form for the angular velocity

of link i represented in its own coordinate frame is:

AW(i)=A(i,i-1)1AW(1-1)+ZOCI(i)}

The general form of the 3x3 homogeneous matrix A(i-1,1)

is:

Cq -CaSq SaCq
A(i,i-1)=: Sq CaCq -SaSq

1 0 Sa Ca

As can be seen the elements in the matrix are a function

of the position q. Because of the trigonometric functions

the absolute values of the terms are equal or less than

one.

assumption: For small sample intervals (5msec or
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less) the matrix A(i,i-1) is constant around a position in

space.

With this assumption and with adding the time term in

the equation we get:

AW(i,t)=A(i,i-1)1AW(i-1,t)+Z0q(i,t)1

The explicit terms for the links are:

AW(1,t)=A(1,0)Z0q(1,t)

AW(2,0=A(2,1)A(1,0)20q(1,0+A(2,1)a(2,t)

Since

A(2,1)A(1,0)=A(2,0)

we get

AW(2,t)=A(2,0)Z0q(1,t)+A(2,1)Z0q(2,t)

The analogous equation to (5.1-1) in the scalar case

becomes:

AW(i,t)z A(i,k-1)Z0q(k,t)

k=1

(5.1-11)

The equation with Zero order prediction of the angular



velocity, analogous to Equation (5.1-2) becomes:

AW*(i,t) =E A(i,k-1)Z0a(k,t+k-i)

k=1

Equation (5.1-4) becomes:

i-2

dAW( i , t) =dAW(i-1 , t-1 )+2- A(i ,k)Ae(k+1 ,t)

k=0
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(5,1-12)

(5.1-13)

Where Ae(i,t)=Z0q(i,t)-Z0q(i,t-1)

The correction term for this case analogous to (5.1-5) is:

i-2

Ac(i,t) =1 A(i,k)Ae(k+1,t)

k=0

(5.1-14)

notice that in the scalar case when e(i,t) is zero

(example 1 above) the error is zero and no correction term

is needed. In the vector case, however, even when Ae(i,t)

is zero and hence the correction term is zero, there still

might be an error. This error is associated with the

position dependency of A(i,i-1), that was neglected.

The recursive Equation 5.1-8 becomes:

Ac(i,t)=A(i,i-1)(Ac(i-1,t)+Ae(i-1,t)} (5.1-15)
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and Equation 5.1-9 becomes:

Ac(i,t)=A(i,i-1){Ac(i-1,t-1)+Ae(i-1,t-1)} (5.1-16)

The approximation of AW(i-1,t) after adding the correction

term becomes now:

AW (1-1,t)=AW*(i-1,t-1)+Ac(i,t) (5.1-17)

and finally, the approximate recursive equation with

correction, analogous to (5.1-6), becomes:

AW*(i,t)=A(i,i-1){AW*(i-1,t-1)+Ac(i,t)+ZOq(i))

The term AW
*
(i-1,t) in Equation 5.1-17 includes a

summation of the Zero order prediction of AW(i-1,t),

namely AW
*
(i-1,t-1), and the correction term Ac(i,t).

Equation 5.1-17 can be seen as a new way to predict the

value of AW(i-1,t). This will be called First order

prediction. In this case the recursion equation analogous

to (5.1-6) can be expressed also as:

AW*(i,t)=A(i,i-1)1AW*(i-1,t)+ZOCI(i)]. (5.1-18)
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5.1.3 Acceleration

With the same arguments presented above, correction

terms can be added to the Zero order prediction terms of

the angular and linear acceleration, AW *(i), and Aa*(i),

respectively.

The equation for angular acceleration with Zero order

prediction is:

AW
*
(i,t)rA(i,i-1){AW

*
(i-1,t-1)+ZOq (i,t)+

+AW*(i-1,t-1)xZ0q(i,t)) (5.1-19)

Here we have two sources of error related to the

approximate values of AW and AW. This calls for two

correction terms.

The correction for the term AW
*
(i-1,t-1) is the same

as that used to calculate AW
*
(i,t). (It is shown in

Equation 5.1-17). The recursive equation for correcting

the A1d term, can be obtained from Equations 5.1-15, and

5.1-16. By changing Ae to Ae Equation 5.1-15 becomes:

AC(i,t)rA(i,i-1){AC(i-1,t)+Ae(i-1,t)}

where:

Ae(i,t) =q (i,t) -q (i,t-1)
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and (5.1-16) becomes:

Ac(i,t)=A(i,i-1)tAc(i-1,t-1)+Ae(i-1,t-1)}

and finally the First order prediction of AW(i-1,t)

becomes:

AW
*
(i-1,t)=AW

*
(i-1,t-1)+Ac(i,t)

Using this equation, with the First order prediction of

AW(i-1,t), (Equation 5.1-17), in Equation 5.1-19 gives the

the approximation of the angular acceleration. Equation

5.1-19 becomes:

* .* *AW (i,t)=A(i,1-1)1AW (i-1,t)+ZOq (i,t)+AW (i-1,t)xZ0q(i,t)}

The equation for linear acceleration with Zero order

prediction is:
(5.1-20)

Aa*(i,t)=AW*(i,t)xAS(i,t)+AW*(i,t)x[Aw*(i,t)xAS(i,t)7+

+A(i,i-1)Aa*(i-1,t-1)

The indices in the first two terms in the summation are i,

and t, and hence they already include the correction terms

*
from previous calculation of AW , and AW . The last term

includes Aa (1-1,t-1) which has still an error. From the

general equation of Aa it can be seen that this error is

related to differences in the values of AW and AW between

times t and t-T. These, however, are exactly the



correction terms discussed previously, Ac(i,t), and

Ac(i,t). So the correction term for Aa*(i-1,t-1)

resulting from the first term AW
*
(i,t)xAS(i,t) is:

Aci(i,t)=Ac (i,t)xAS(i,t)
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(5.1-21)

and the correction resulting from the second term is:

Ac
2
(i

/

t)-Ac*(i,t)x[Ac*(i,t)xAS(i,t)] (5.1-22)

Finally the approximation of the previous link linear

acceleration with the two correction terms added becomes:

Aa*(i-1,t)=Aa(i-1,t-1)+Aci(i-1,t)+Ac2(i-1,t) (5.1-23)

5.1.4 Discussion

Adding the correction terms reduces the errors,

caused by Zero order prediction, in calculating the forces

in the dynamic equations. As was explained above, for the

vector case, this does not eliminate the error, since:

1. For ease of the calculation, the matrices A(i,i-1)

were assumed to be constant. This adds errors to the
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correction terms.

2. In order to speed up the calculations the correction

terms presented above have been approximated.

3. There are additional sources of error because of the

prediction of the force terms Af, and An.

The execution time associated with the calculation of

the correction terms, will reduce the gain in speed

achieved by simple Zero order prediction.

5.2 Fast Parallel Algorithms

In this section three fast parallel algorithms for

force and torque calculations are presented. The

algorithms are based on the new approach, for fast

parallel computation with predictions, suggested in this

dissertation. They are also based on the error analysis

described in Section 5.1. The speed of calculations and

the relative accuracy of the algorithms are also discussed

and compared.

The algorithms are:
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1. Zero order prediction

2. First order prediction

3. Hybrid technique

The first algorithm is the fastest. It has been

shown in Section 5.1 that the errors in this algorithm

increase with joint velocity, and acceleration. For most

movement conditions these errors are small. The other two

algorithms are presented mainly as possible alternative

ways for error reduction. They also serve to verify the

error analysis discussed previously. They might be useful

in cases of extremely fast movement.

5.2.1 Zero Order Prediction

The computation of the recursive dynamic equations,

at every link, involves calculation of eight main terms.

Five of these terms are calculated with intermediate

results generated at adjacent links. The other three

terms, are calculated with results generated at their own

link.

As mentioned before, prediction can speed up the
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computation time. One possible way to perform the

prediction is to use the same data generated at previous

sample interval, without any modification. This method

has been called Zero order prediction. All the five terms

in the dynamic equation which are passed between the

computers are predicted. This includes the motion terms,

AW, AW, Aa, and the force terms, Af, An.

In this algorithm all the computers start their

calculations at the same time. They do not wait for the

adjacent computers to pass updated results. Figure 5.1

shows, for the case of six computers (n=6), the time-space

graph for this algorithm. In the figure the subdivisions

during the sampling interval, T, are the relative times

required to execute each one of the eight terms, described

in Table 2.2, in the proper order. A star in a

subdivision (*) represent a term that is calculated based

on predicted value from its adjacent computer. The arrow

represents the direction of the passed predicted value.

An up arrow is for information passed from computer i-1 to

computer i. A down arrow is for information passed from

computer i+1 to computer i. Blank subdivision represent a

term that does not require information from adjacent

computers.

For example, the first subdivision in computer 3 is

the relative time required to compute the first term in
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the dynamic equations, i.e the term AW(3). The star and

an up arrow in this subdivision denote that in the

calculations of AW(3) predicted value of AW(2) is used.

The seventh subdivision in computer 3 is the relative time

required to compute the seventh term in the dynamic

equations, An(3). Here, the star and the down arrow

denote that in the calculations of An(3) the predicted

value of An(U) is used.

In calculating the terms AW(1), AW(1), Aa(1), Af(6),

and An(6), the initial and the end conditions are used.

These calculations do not use predicted values of their

adjacent computers and hence, the stars in these

subdivisions are omitted.

This algorithm is characterized by rapid

computations. Each computer calculates the desired force

or torque without waiting for results from it's adjacent

computers. The gain in speed, G, is hence:

Gtn

Where n is the number of computers (joints).

As was discussed in the previous section, changes in

velocities and accelerations between sample intervals will

cause errors in the calculated forces and torques. The

errors are expected to increase as the trajectory become

faster.
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Figure 5.1: Zero order prediction, time-space graph



154

5.2.2 First order Prediction

This algorithm has been developed in order to reduce

the errors introduced by Zero order prediction. Errors

can be reduced by adding correction terms. The correction

terms used in this algorithm are the approximate terms

developed and analyzed in Section 5.1. However, adding

correction terms increases the number of multiplications

and additions associated with the algorithm and hence,

reduces the gain in speed.

As in the previous algorithm, each computer starts

its calculations at the beginning of the sample interval,

Figure 5.1. The corrections involve calculating the

correction terms Ac, Ac, Ac1, and Ac2 (Section 5.1).

These corrections are added to the terms of angular

velocity, AW, angular acceleration AW, and linear

acceleration Aa. The number of multiplications and

additions required to calculate the terms AW, AW, and Aa

is increased. They are increased by the number of

operations required to calculate the correction terms.

This decreases the gain of speed of the algorithm.

The addition of the correction term Ac to the term AW

requires two vector additions, one matrix multiplication,

and one scalar subtraction. The same is required for
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correcting the term AW. Correcting the acceleration term

Aa requires three vector cross product, and two vector

additions. A total of 77 additions and multiplications

are added to the 257 shown in Table 2.2. The gain in

speed is therefore reduced from:

to:

G=n

G=257n/(257+77)

For n=6 this means a reduction in the gain of speed from

3=6 to G=4.6.

In addition, the recursive calculations of the

correction terms require additional information to be

passed between the computers. This also adds to the

complexity of the algorithm.

The addition of the approximate correction terms will

not eliminate the errors, but it is expected to reduce the

errors over the previous algorithm.

5.2.3 Hybrid Technique

This algorithm presents a different way to reduce the

errors. Errors in the Zero order prediction algorithm can
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be reduced by predicting only a subset of the five terms

that are passed between adjacent computers. The other

terms can be calculated in the regular recursive way.

Computer i waits for its adjacent computers to complete

calculations only for terms that are not predicted.

Calculations of the predicted terms start without delay.

Since less terms are predicted, the error in the

calculations is expected to be reduced. In this case, the

reduction in error is achieved on the expense of the gain

in speed.

Obviously there are many possible combinations to

choose for the subset. Possible candidates for prediction

are terms that require the most computation time.

prediction of these terms have the most effect on the gain

in speed. Possible candidates for regular recursive

calculations are the terms that introduce the largest

errors. The relative computation time of each term is

shown in Table 2.2. From the table it can be seen that

the terms Aa, and An, require the most calculation time.

In this section an example of applying the hybrid

algorithm to a subset of the terms is presented and

discussed. The algorithm in this example uses Zero order

prediction for a subset that includes the terms Aa, and

An. The remaining terms AW, AW, and Af are calculated in

the regular recursive manner, i.e with the exact terms
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from adjacent computers.

Figure 5.2 shows the time-space graph for this

algorithm for the case of six computers (n=6). Here again

a star (*) in a subdivision represents a term that is

calculated based on predicted value from its adjacent

computer. In this case the total execution time Tp is:

Tp=t1+nt2+t3+t4+t5+nt6+t7+t8

Substitution the relative times from Table 2.2 gives the

gain in speed, G.

G=n/(.19n+.81)

For n=6 the gain in speed is 3.1.
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6. EXPERIMENTAL RESULTS AND MOTION SIMULATIONS

5.1 Force Calculations

6.1.1 Objectives

In the previous chapter three fast parallel

algorithms for forces and torques calculations have been

presented. The gain in speed of these algorithms has been

calculated and compared. Because of the complexity and the

number of computations involve in the dynamic equations,

exact calculations and comparison of the errors between

the algorithms is extremely complicated. Only a

qualitative comparison of the expected errors between the

different algorithms has been discussed.

The objectives of the experiments are:

1. To verify the above comparisons and to get

quantitative results of the expected errors caused by

applying the proposed algorithms.

2. To compare and to evaluate the performance of the

proposed algorithm with the simplified methods of
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performing the calculations suggested by Bejczy

[BEJCZY 74, 79], and Paul [PAUL 81a].

6.1.2 Procedure

Three main experimental comparisons have been

performed. Computer programs that implement the various

algorithms have been developed, and are used in these

experiments.

The general procedure in the experiments involve

calculations of the forces and torques with the algorithm

that is evaluated. The calculations are performed for

different robot motion trajectories. The forces and

torques, for the same trajectories, are also calculated

with the exact recursive fashion. Finally the error

between the exact calculations and the algorithm that is

evaluated is determined and compared.

Each experiment has been performed with different

robot motion trajectories. The trajectories have been

chosen to represent different movement conditions. These

trajectories allow evaluation of the effect of different

velocities, and accelerations, conditions on the accuracy

of the algorithms. The various trajectories are presented
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in the next subsection.

Experiment I

The objectives of this experiment are:

1. To evaluate the errors in the Zero order prediction

algorithm.

2. To evaluate the errors in Bejczy's algorithm.

3. To investigate the effect of various velocities and

accelerations on the errors.

4. To compare the errors caused by the above algorithms.

As is explained below, a variety of robot motion

trajectories have been chosen in order to achieve the

above objectives. They range from a slow motion

trajectory, where the errors are expected to be small, to

a very fast trajectory, where the errors are expected to

increase.

Experiment II

The objectives of this experiment are:

1. To evaluate the errors in the First order prediction

algorithm.

2. To compare the above errors with the Zero order
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prediction algorithm, investigated in Experiment I.

3. To investigate the effectiveness of the approximate

correction terms on reducing the errors.

In this experiment only the fast trajectories, used

in Experiment I, have been chosen. The errors of the Zero

order algorithm are larger in fast trajectories, and

hence, the effect of the correction terms is more

significant.

Experiment III

The objectives of this experiment are:

1. To evaluate the errors in the Hybrid technique.

2. To compare the above errors with errors caused by the

Zero order prediction algorithm investigated in

Experiment I.

3. To investigate the effect of the Hybrid technique on

the errors.

The subset used in the Hybrid technique of this

experiment is the same as that discussed in Section 5.2

The trajectories used in Experiment II have been used also

in this experiment. They have been chosen for the same

reasons explained above.
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The results of the experiments are presented in plots

that show the calculated torque, or force, of each link as

a function of time. The results are also presented in

tables that compare the mean squared error between the

proposed algorithms and the exact calculations.

As explained previously, the sampling interval for

most manipulators should be 5msec or less. However, for

some manipulators faster sampling intervals are required.

All the calculations presented in this section have been

performed for a sample interval of 5msec. The performance

of the algorithms is related to the sampling interval.

Smaller sampling intervals will give better performance.

So that the results presented here are also valid for

cases when faster sampling intervals are required.

For the purpose of the calculations, the mechanical

parameters of the Stanford Manipulator (explained in

Chapter 1) were used.

6.1.3 Trajectories

Many trajectories have been used for the experiments.

In this section only two representative trajectories are

presented. However, the results presented with these

trajectories are similar to results obtained from other
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examples.

The first trajectory is characterized by two sections

of accelerations (decelerations), and one section of

constant velocity (zero acceleration). It has been chosen

to examine the effects of different acceleration

(velocity) profiles on the calculations. The effect of

constant velocity is of special interest in this

trajectory. This trajectory is identical to the example

presented in Chapter 2. It is restricted to pass through

two intermediate points. The trajectory segment between

these points has constant velocity. This trajectory will

be referred to as trajectory number 1.

The second trajectory is characterized by two

sections of high speeds, and accelerations, without

constant velocity. It has been chosen to examine the

effect of high speeds, and accelerations, on the

calculations. This trajectory (Trajectory number 2) uses

the same end points as the previous one, but it is

restricted to one intermediate point (via point) only.

The restriction on constant velocity has been omitted. It

is also restricted to stop in the intermediate point.

These restrictions increase the accelerations and

velocities, along the trajectory.

A further change in the conditions of the

acceleration profiles is achieved by changing the
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restriction on the total time allowed to complete the

movement. Changing the restriction on the total time

causes changes in accelerations, and velocities, required

to complete the motion. For example, a trajectory that

the total time is restricted to 2 seconds,(it is referred

to as 2 second duration), requires faster velocities, and

accelerations, to complete the movement, than an 8 second

duration.

6.1.4 Bejczy's Algorithm

As mentioned before, the proposed new algorithms are

compared with the simplified methods to perform the

calculations suggested by Bejczy [BEJCZY 74, 79], and by

Paul [PAUL 81a]. These methods and the associated

equations have been explained in Chapter 2.

In their simplifications of the equations for link 4

they suggested to neglect one of the gravity terms in g(4).

It has been found that adding this term can improve the

accuracy of the simplified algorithm without significant

additional computation time. This term has been added

for the purpose of the comparison.

The simplified method presented by Bejczy, and

improved by Paul, with the added term described above will

be called, in this chapter, Bejczy's algorithm, or in
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short Bejczy. A program that implements Bejczy's

algorithm has been prepared and has been used in

Experiment I.

6.1.5 Results of Experiment I

Experiment I deals with the errors in the Zero order

prediction algorithm, and the errors in Bejczy's

algorithm. The results of this experiment are shown in

Figures 6.1, 6.2, 6.3, 6.4, 6.5, 6.6, and in Tables 6.1,

6.2, 6.3, 6.4.

Figures 6.1, 6.2, 6.3, 6.4, and 6.5, show, for

trajectory number 1, the calculated torques (force) as a

function of time. The six plots in each figure represent

the torques (force) at the six links for one trajectory.

All five figures are for the same trajectory. They differ

in the time allowed to complete the movement. The time is

labeled on the horizontal axis of each plot. The

difference in the duration causes differences in

accelerations, speeds, and hence, different torques and

errors. The solid lines in the figures represent the

exact calculations, the dashed lines Bejczy's

simplifications, and the dotted lines the Zero

order prediction algorithm.
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The errors between the exact calculations and

Bejczy's calculations have been determined for the six

links. Table 6.1 shows the mean squared errors along

trajectory number 1. The five entry lines in the table

represent different speeds of the trajectory. The results

in the table have been normalized by dividing by the full

scale torque or force. Full scale, has been calculated as

the range between the maximum torque (force) and the

minimum torque (force) for every plot.

The errors between the exact calculations and the

Zero order prediction algorithm have been also determined.

The results are shown in Table 6.2.

The same procedure has been applied to trajectory

number 2. The calculated mean squared errors in Bejczy's

algorithm, and in the Zero order prediction algorithm, for

different duration times, are shown in Table 6.3, and in

Table 6.4, respectively.

Figure 6.6 is an example of the calculated force and

torques for trajectory number 2 with a duration time of 2

seconds.

6.1.5.1 Slow Movement, 8 and 6 Second Duration

The plots of the calculated torques for slow movement
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are shown in Figures 6.1, and 6.2. The figures show the

results of Trajectory 1 only. The first two lines in

Tables 6.1, and 6.2, show error results for Trajectory 1.

The first two lines in Tables 6.3, and 6.4, show error

results for Trajectory 2.

The 8 second duration (Figure 6.1) and the 6 second

duration (Figure 6.2) are characterized by low speeds and

accelerations. In the figures, the sections with constant

torques correspond to path sections with constant

velocity.

From the figures, the torques in Bejczy's

simplifications along the sections with constant velocity

(zero acceleration) are close to the exact calculations.

Along the sections with nonzero accelerations, there are

some relatively small errors.

The torques in the Zero order prediction algorithm

are quite close to the exact calculations along the whole

trajectory. The torque error for the section with

constant velocity, and also for the sections with

accelerations, are relatively small.

From the tables for both duration times, it is clear

that the errors in the Zero order prediction algorithm are

much smaller. The only exception is in the first link,

trajectory number 1, for the 8 second duration. The error
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in the Zero order prediction algorithm is slightly larger

(2.6% versus 2.04%). It is also noticed that the errors

in link 6 in Bejczy's are very large (up to 92%).

6.1.5.2 Fast Movement, 4 and 2 second duration

The plots of the calculated torques for the fast

movement are shown in Figures 6.3, 6.4, and 6.6. Figures

6.3, and 6.4, show the 4 second duration, and the 2 second

duration, respectively, for Trajectory 1. Only the 2

second duration, Figure 6.6, is shown for Trajectory 2.

The third and the fourth lines in tables 6.1, 6.2, 6.3,

and 6.4, show the error results for both trajectories.

The 4 second duration and the 2 second duration are

characterized by higher velocities and accelerations. As

the total time to complete the movement decreases, the

errors in the Bejczy algorithm become more significant.

The errors in the sections of constant velocity are caused

by the neglected Coriolis and centrifugal terms. These

terms are related to the relative velocities between the

links. The effect of these terms are clearly demonstrated

in the plots of trajectory number 1, for the 2 second

duration, (Figure 6.4).

The errors in the sections with acceleration result

from the neglected Coriolis and centrifugal terms. They
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are also affected by the neglected coupling terms in the

inertia matrix. These coupling terms are related to the

relative accelerations between the links. For fast

accelerations the coupling terms are more significant and

hence the errors in Bejczy's algorithm increase. The

drastic effect of these terms on Bejczy's algorithm is

shown in both trajectories when the total time is

restricted to 2 seconds, (Figures 6.4, and 6.6). This is

especially significant in the last three links.

The errors in the Zero order prediction algorithm

also increase as the total time of the movement decreases.

This verifies the expected trend discussed earlier. The

errors are related to the differences in accelerations and

velocities between successive sample intervals.

Increasing the speed of motion increases the difference.

However, the plots and the tables show that the errors are

still relatively small. Only for link 6, in trajectory 2

with a time duration of 2 seconds, is the error more than

10% (12.1%).

6.1.5.3 Very Fast Movement, 1 Second Duration

The plots of the calculated torques for very fast

movement are shown in Figure 6.5. Only results for

Trajectory 1 are plotted. The last line in Tables 6.1,

and 6.2, shows error results for Trajectory 1. The last
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line in Tables 6.3, and 6.4, shows error results for

Trajectory 2.

The 1 second duration is characterized by very large

accelerations and velocities. For this trajectory the

errors in the Zero order prediction algorithm become

noticeable, especially in the last three links. However,

as in the slower movement conditions, they are much

smaller than the errors in Bejczy's algorithm.

6.1.5.4 Trajectory 1 Versus Trajectory 2

The main difference between the two trajectories is

in the magnitude of the velocities and accelerations. The

joint velocities, and accelerations, of Trajectory 2 are

greater than those of Trajectory 1. Comparing the errors

in the Zero order prediction algorithm Table 6.2

(Trajectory 1) with Table 6.4 (Trajectory 2), shows that

the errors in Table 6.4 are, for most cases, larger.

However, the rates that the errors increase from slow

trajectory to the very fast trajectory are similar in both

tables. For example, the error in link 4 in Table 6.2

increases from 0.16% (8 seconds path) to 12.9% (1 second

path) i.e by a factor of 80. The rate of increase,

in the same link, in Table 6.4 is similar. It increases

by a factor of 76, from 0.18% to 13.7%.
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6.1.5.5 Link 1

In both trajectories, the relative errors in Bejczy's

algorithm for link 1 do not change when the trajectory

becomes faster. This is because of the relatively small

interaction between the other links and the first link.

In the section of constant velocity the centrifugal and

Coriolis forces for link 1 are zero. The error comes

mainly from the ignored terms in calculating the value of

D(1,1) in the inertia matrix.

In the Zero order prediction algorithm, the error in

the 6 second duration is less than the error in the 8

second duration. This is opposed to the regular trend of

increased error when the path is faster. The magnitude of

the error increases as was expected but the full scale of

the torque also increases resulting in proportionally

smaller error.
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Table 6.1: Relative mean squared errors in Bejczy's
algorithm, Trajectory number 1.

DURATIONi LINK
TIME i 1

i LINK
2

1 LINK
3

LINK LINK
4 5

LINK
6

8 Sec. 2.04 0.42 0.63 0.49 12.3
1 49.3

6 Sec. 2.04 0.42 0.96 0.88 4.2 1
49.3

4 Sec. 2.04 0.88 1.53 2.02 9.33 49.3

2 Sec. 2.04 3.76 2.31 7.94 1 25.8 49.2

1 Sec. 2.04 9.34 2.64 28.1 34.9 49.2

Table 6.2: Relative mean squared errors, Zero order
prediction algorithm, Trajectory number 1.

DURATION LINK
TIME

i
1

LINK LINK
1
LINK

i 2
i 3 1

4

LINK
5

1 LINK
1 6

8 Sec. 12.6 1 0.19 0.27 0.16 0.17 1 1.6

6 Sec. 1.9 1 0.27 1 0.35 1 0.21 0.30 1 2.2

4 Sec. 1 1.78 1 0.46 0.49 0.35
1
0.76 3.3

2 Sec. 3.21 1.54
1
0.97 1.88

1
3.6 16.5

1 Sec. 6.15 5.55 : 1.97 13.0 9.25 12.6
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Table 6.3: Relative mean squared errors in
algorithm, Trajectory number 2.

Bejczy's

DURATION,
TIME

LINK
1 1

LINK LINK LINK
2 3 4

LINK
5

1

LINK
6

8 Sec. 2.48 0.42 0.42 1.17 3.79 1 92.9

6 Sec. 2.48 0.51
1 0.68 2.08

1 6.62 i 92.9

4 Sec. 2.48 1.10 1.2 4.6
1 13.9 1 92.9

2 Sec. 2.48 4.5
1 2.15 18.0 39.5 1 92.8

1 Sec. : 2.48 12.3 12.6 36.3 1 39.1 1 92.8

Table 6.4: Relative mean squared errors, Zero order
prediction algorithm, Trajectory number 2.

DURATION
TIME

LINK
1

LINK LINK
2 3

LINK
4

LINK ' LINK
5 1

6

8 Sec. 1.73 1 0.16 0.23 0.18 0.24 3.07

6 Sec. 1.6 0.22 0.31 0.23 0.4 4.09

4 Sec. 2.15 0.36 0.49 0.43 11.0 6.12

2 Sec. 1 4.4 1.07 1.27 3.29
1 4.96 12.1

1 Sec. 8.6
1 3.95 2.93 13.7 9.42 1 23.7
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6.1.6 Results of Experiment II

Experiment II deals with the errors in the First

order prediction algorithm. It compares these errors with

those caused by the Zero order prediction algorithm. The

largest errors in the Zero order prediction algorithm have

been observed in the cases of fast, and very fast,

movement conditions (2 second, and 1 second duration).

For this reason, only these cases are presented here.

Table 6.5 shows the error results for Trajectory 1,

and Trajectory 2. The first two entries show error

results for the case of 2 second duration, in both

trajectories. The last two entries, show error results

for the case of 1 second duration, in both trajectories.

Plots of the calculated torque are shown only for

Trajectory 2 for the case of 2 second duration.

The errors shown in Table 6.5 are those for the First

order prediction algorithm. The error reduction (in

percentage) between the Zero order prediction algorithm

(the last two lines in Tables 6.2, and 6.4), and the First

order prediction algorithm has also been calculated, and

is shown in the table.
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For example, for trajectory 1 with 2 seconds duration

time, the error in link 2 with the Zero order prediction

algorithm, (Table 6.2), is 1.54%. With the First order

prediction algorithm the error has been reduced to 1.1%.

This is a 39% reduction.

The plots in Figure 6.7 show the calculated torques

as a function of time along trajectory 2. The solid lines

in the figure represent the exact calculations, the dashed

lines the Zero order prediction algorithm, and the dotted

lines the First order prediction algorithm.

The figure, and the table, demonstrate the

effectiveness of the correction terms on reducing the

errors. The errors in the First order prediction

algorithm are, in all cases, less than the errors in the

Zero order prediction algorithm. The reductions are

between 26% to 82%. Even for the very fast movement

conditions the errors now are less than 9%.
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Table 6.5: Relative mean squared errors, First order
prediction algorithm, and the percentage of
error reduction over the Zero order
prediction algorithm.

PATH
TYPE

i LINK
1

LINK
2

LINK
I 3 I

LINK
4

LINK
5

LINK
1

6

Trajec.

2 Sec.

1 1.75

(46%)

1.10

(39%)

0.67 i

(27%) 1(33

1.26

%)

1.40

(61%)

1 1.88

(71%)

Trajec. 2 2.51 0.79 1 0.78 1.93 2.4 2.2

2 Sec. (43%) (26%) (39%) (41%) (52%) (82%)

Trajec. 1 1 3.55 3.62
1 1.39 8.63 1 4.19 1 5.37

1 Sec. (42%) (35%) 1(29 %) (34%) (55%) 1(57 %)

Trajec. 2 5.17 1 2.46 1.66 1 8.49 1 4.74
1 6.99

1

1 Sec. (40%) (38%) (43%) 1(38%) (50%) (61%)

6.1.7 Results of Experiment III

Experiment III deals with the errors in the Hybrid

technique. It compares these errors with those caused by

the Zero order prediction algorithm. As mentioned before,

the largest errors in the Zero order prediction algorithm
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have been observed in the cases of fast and very fast

movement conditions (2 second, and 1 second duration

time). Only these conditions have been used in the

investigation of the Hybrid technique presented here.

Table 6.6 shows the error results for Trajectory 1,

and Trajectory 2. The first two entries, show the error

results for the case of 2 second duration, in both

trajectories. The last two entries, show error results

for the case of 1 second duration in both trajectories.

Plots of the calculated torque are shown only for

Trajectory 2 for the 2 second duration, Figure 6.8.

The errors shown in Table 6.6 are between the exact

calculations and the Hybrid technique. The error

reduction (in percentage) between the Zero order

prediction algorithm (the last two lines in Tables 6.2,

and 6.4), and the Hybrid technique has also been

calculated, and is shown in the table.

The plots in Figure 6.8 show the calculated torques,

as a function of time, along trajectory 2. The solid

lines in the figure represent the exact calculations, the

dashed lines the Zero order prediction algorithm, and the

dotted lines the Hybrid technique.

The results are similar to the previous case when

corrections have been added. The errors have been reduced
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in all cases. The error in link 6 is totaly eliminated,

while in link 5 for the case of trajectory number 1 the

reduction is small, only 3%.

Table 6.6: Relative mean squared errors, in the Hybrid
technique, and a percentage of error reduction
over the Zero order prediction algorithm.

PATH LINK LINK LINK i LINK LINK LINK
TYPE 1 2 3 1

4
1 5 6

Trajec. 1 1.72 1.10 0.56 1.3 1 3.5 0

2 Sec. (46%) (29%) (42%) 1(31 %) 1 (3%) (100%)

Trajec. 2 2.27
1 0.79 0.7 2.24 3.77 0

2 Sec. 1(48 %) 1(26%) (45%) (31%) (24%) (100%)

Trajec. 1 1
3.43 1 3.5 1.05

1
9.43 1 8.93 0

1 Sec. (44%) 1(37%) (47%) 1(27 %) 1 (3%) (100%)

Trajec. 2
1
4.53 1 2.4

1
1.5

1
9.62 1

7.1
1

0

1 Sec. (48%) 1(39%) (49%) (30%) (25%) (100%)
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6.2 Motion Simulation

6.2.1 Objective

Motion simulation deals with applying forces and

torques to the robot and simulating its actual movements.

This requires development of computer programs for

calculating the joint trajectories from the given input

torques and forces.

The objective of the simulations is to get an

estimation of the expected errors between the desired and

the actual trajectory resulting from inaccurate torque and

force calculations. The results of the simulations are

also related to the feedback techniques used.

In this section, first the simulation equations are

presented. Second, the simulation models and the feedback

technique used are explained. Finally, the results of the

simulations are presented and discussed.
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6.2.2 The Equations

The general form of the dynamic equation based on the

Lagrange-Euler formulation, is used in the simulation of

the manipulator's motion.

For an n degree of freedom manipulator, this equation

gives n nonlinear second-order differential equations

which form the complete dynamical model of the

manipulator.

u=D(q)q+H(q,q)+G(q) (6.2-1)

From this equation the desired force (or torque), u,

for every joint can be calculated from the given qd, qd,

cid, the desired position, velocity, and acceleration,

respectively.

For simulation purposes, we need to solve the inverse

problem. Given the force, position, and velocity, find

the acceleration. From (6.2-1) the following equation is

obtained:

ci=p(q)-1Eu-H(q,i)-G(q)] (6.2-2)
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The explicit terms for the inertia matrix D(q), the

Coriolis and centrifugal force H(q,q), and the gravity

force G(q), are obtained from the Lagrange-Euler

formulations. The computation time to obtain this terms

is in the order of six seconds, (on a HP 1000 computer

with a program in Fortran). Most of the time is spent on

calculating the Coriolis and centrifugal term, H(q,q)

In order to reduce the computation time of the simulation

a combination of the L-E, and N-E, formulation has been

used.

From (6.2-1) it is apparent that the term

H(q,C1)+G(q) is the input force for the case of zero

acceleration, q =O. Input forces can be calculated,

faster, from the N-E formulations. Using the N-E

formulations with q=0 the required term H(q,q)+G(q), in

equation (6.2-2), is calculated faster. Only the inertia

matrix D(q) is calculated from the L-E formulation.

The simulation procedure starts by calculating the

force to maintain the desired given initial point of the

trajectory. Now, by knowing the actual position and

velocity of the joints and the applied force, the actual

acceleration is calculated. Integrating the acceleration

once will give the next actual velocity and one more

integration will give the next actual position. This

procedure is repeated from the initial point through all



191

the sample points of the trajectory. For the initial

point, the actual and the desired trajectory points, q,

q, q, are the same.

The integration can utilize any of the commonly used

numerical integration techniques, e.g. the Euler technique

where:

q(t+dt)=q(t)+(4(t)+0.5.q.(t)dt)dt (6.2-3)

q(t+dt)=4(t)+V(t)dt (6.2-4)

dt is the sampling interval of the simulation. This

sampling interval should be less, or at most equal, to the

sampling interval of the force calculations.

6.2.3 Open Loop Simulation

The simulation procedure for open loop simulation is

shown in Figure 6.9. In open loop simulation, the

calculations of the applied forces to maintain the path

are based on data from the desired trajectory only. These

forces, and the simulated positions, qa, and velocities,

q a, are used in equation (6.2-2) to calculate the

accelerations, qa, Errors between the desired and the

actual trajectory, arising from slight inaccuracies in the
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calculations, tend to compound, causing even larger

errors. For this reason open loop control techniques are

rarely used.

6.2.4 Closed Loop Simulation

The simulation procedure for closed loop simulation

is shown in Figure 6.10. Here, unlike the open loop

simulation, the applied force is a function of the

difference between the desired and the actual path. The

additional information about the actual trajectory is used

to generate forces that decrease the error between the

actual and the desired trajectory.

The performance of the system is related to the

feedback technique used in the simulation. The dynamics

of the robot represent a nonlinear coupled system which is

difficult to control. For the purpose of simulation a

simple feedback technique has been used [LUH 80b]. In

this technique the terms in the dynamic force calculations

are computed from the actual joint positions and

velocities. The accelerations are updated from the

difference between the actual and the desired path. This

generates accelerations, and hence forces, that tend to

decrease the errors. The acceleration is computed from

the following control scheme:
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q =q d+Kv(cid-qa)+Kp(qa-cid) (6.2-5)
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Where K
v and K are the velocity and the position

feedback gains, respectively. In general, K
v

and K are

nonlinear position dependent matrices. Obtaining the

optimal values of these matrices is very difficult. The

matrices can be obtained, however, by assuming diagonal

and constant matrices. With this assumption the diagonal

terms can be obtained by trying and tuning the values

until stable movement is achieved. Obviously this does

not provide optimal values.

6.2.5 Results

Several simulation runs have been performed and the

elements in the matrices K
v, K

p
have been experimentally

determined. From the limitations in obtaining optimal

elements in the feedback gain matrices an exact numerical

comparison is not possible. Different values of the

matrices give different numerical results. However, from

the simulation the following observations have been made:

1. Open loop control does not work. Only at the

beginning of the motion is the simulated trajectory
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close to the desired trajectory. Errors accumulate

very fast and often exceed 100 degrees by the end of

the run.

2. The errors in the translational link (link 3) are

small. The worst case was less than 2mm (.5%)

difference along the trajectory.

3. The last three links are more difficult to control

than the first ones.

4. When the method of force calculation introduces large

errors, like in the case of Bejczy's simplifications

for fast motion, it is difficult to compensate the

errors with feedback. Several values were chosen,

none resulted in a stable system. In this case

restricted motion of only the first three links

provides small errors.

5. Motion simulations for the algorithms with prediction

have shown small errors. Small errors have been

observed even in the cases of fast motion.

An example of a simulation experiment for the Zero

order prediction algorithm is shown in Figure 6.11.

This example is for the trajectory presented in

Chapter 2, (Trajectory number 1), for the case of

fast motion (2 seconds). The six plots represent the

desired and actual trajectories of the six links. In

the figure the solid lines describe the desired

trajectory, and the dotted lines the actual
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(simulated) trajectory.

Table 6.7 shows the mean squared errors between the

desired and the actual path observed in the

simulations. It is shown for the fast and the very

fast trajectories. The slow trajectories have even

smaller errors.

Table 6.7: Examples of the mean squared errors between
the desired and the actual path, in motion
simulation with the Zero order prediction
algorithm.

PATH i LINK LINK ' LINK
1 LINK LINK LINK

TYPE I 1 2 3 I
4 5 6

[deg.] [deg.] [mm] [deg.] [deg.] [deg.]

4 Sec. 1 0.06 10.3 1 0.02 1.1
1

0.1 0.7

2 Sec 0.3 0.4 0.05 1.6 0.3 1.0
1

1

1 Sec. 1.0 0.42 1 0.1 2.2 1.0 1.3
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7. CONCLUSION

This dissertation has been concerned with problems

related to the computational requirements of real-time

robot control. Control algorithms for accurate and fast

moving robots require the use of the complete dynamic

model of the robot. The complete dynamic model takes into

account the nonlinearity and coupling terms of the whole

structure. From the dynamic equations, the desired force,

or torque, at each joint, as a function of the desired

trajectory, are obtained. The computation time of the

dynamic equations, which need to be performed in

real-time, is the main problem in using them in practical

applications.

In this dissertation, fast parallel algorithms and

the computer architecture for calculating the dynamic

equations have been investigated and discussed. The

algorithms are based on the recursive Newton-Euler dynamic

formulation of the robot's dynamics.

It is proposed to use a distributed architecture that

uses several distributed computers. Each computer is

associated with one of the robot's links, and performs the

calculations required to control its link motion. This



200

architecture has several advantages over a centralized

architecture. These include modularity, reliability,

spatial distribution, and speed.

The computational requirement and the distribution of

tasks between the computers have been investigated. It

has been shown that because of the serial nature of the

dynamic calculations, it is difficult to achieve efficient

utilization of the multiple computers. Each computer is

busy executing the dynamic equations during only a part

of the sampling interval. The algorithms proposed and

investigated allow efficient utilization of the

distributed computers. This, in turn, increases the

computation speed of the control algorithms.

With the new algorithms, the computers do not wait

for results from their adjacent computers. Motion and

force values, which must be passed between the computers

for torque calculations, are replaced by predicted values.

This allows all the computers to start concurrent

calculations at the beginning of the sample interval. The

predicted information is acquired from values calculated

in previous sample intervals.

It has been shown, through analytic error analysis

and experimental results, that the errors introduced by

prediction algorithms are relatively small. Using these

algorithms in motion simulations, with a closed loop



201

feedback control scheme, have shown small errors between

the desired and the simulated paths. It has also been

shown that these algorithms give good results even in

rapid movement when other simplified methods have failed.

The Zero order prediction algorithm is the most

efficient and therefore is preferred of the three proposed

algorithms. Although the errors are greater than in the

other two, they are still small for most cases of motion

conditions. Extremely fast motion might justify the use

of one of the other methods.

Real-time control algorithms that use the complete

dynamic equations of the robot have only been used in

laboratories and in simulation studies. The computer

architecture and the algorithms presented here are steps

toward their use in industrial applications. These

approaches offer a practical way to implement the control

algorithms with relatively inexpensive computing devices.

Further investigations of the new approaches

presented in this dissertation may include:

1. Investigation of special architectures for the

computers which are suitable to the distributed

system suggested in this research.
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One possible way to speed up the computation is

to use multiprocessors in each one of the distributed

computers. Some of the operations that are performed

at every link can be executed in parallel, e.g. if

the internal architecture of computer i will include

two processors, the calculations of the terms AW(i),

and AW(i), can be executed in parallel.

Computation time could also be improved using a

computer architecture that supports vector operation.

Most of the computations associated with the dynamic

equations include operations on 3x1 vectors, and 3x3

matrices. An architecture that includes three

arithmetic units might be very suitable for these

operations.

2. Investigation of special architectures for the

predictors.

3. Investigation of other approaches to perform the

predictions.

4. A different approach to a Hybrid technique is to

divide the whole trajectory into segments.

Calculations in some of the segments will be

performed with predictions, while the calculations in

the others will be performed in the regular recursive

way.
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5. Investigation of different trajectory planning

techniques to reduce the errors caused by

predictions. It has been shown that the errors in

the Zero order prediction algorithm are related to

the difference in the velocities, and accelerations,

between successive sample intervals. A study of

techniques that minimize these differences along the

trajectory might offer a way of minimizing the errors

in force calculations.

6. Investigation of feedback control techniques that use

the complete dynamic model of the manipulator and are

suitable to distributed computer architecture.
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