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etc.). The Monte Carlo technique as developed by

Metropolis et al. is used to calculate thermodynamical equilibrium

properties. The same technique is used to study the transport

properties of oxygen vacancies in the system, which is justified when

the applied external field is weak. At low temperatures the

vacancies are trapped in the vicinity of the yttria due to the

attractive yttrium-vacancy potential. At high temperatures the

positions of the vacancies are completely random. The transition

temperature of the order to disorder "phase change" is modified by

adding a repulsive vacancy-vacancy interaction. The energetically

lowest trapsites are depopulated with increasing strength of the

vacancy-vacancy repulsion. The transition temperature drops for a

weak, but increases again for a strong repulsion. A similar behavior



is found for the energy capacity of the system. The conduction of

the system is described by an Arrhenius behavior. The activation

energy is sensitive to the mutual repulsion of the vacancies. The

activation energy for conduction exhibits a drop for weak repulsions.

The dependence of the transition temperature and the energy capacity

on the concentration show similar features. The activation energy

also depends on the concentration, but the connection is not fully

understood. The experimentally observed dramatic drop of the

conductivity for highly doped samples of Zr02 and Ce02 is not

reproduced, because it is due to an increase in the interstitial

barrier height, which is not built into this model.
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MONTE CARLO SIMULATION OF OXYGEN MOBILITY

IN CUBIC ZIRCONIA

1. Introduction

Computer simulations are a very useful tool in solid state

physics. Numerical results of transport simulations of diffusion and

conductivity are often much more detailed than results that can be

obtained analytically. When one deals with many body systems,

computer simulations are often the only feasible way to model

properties in solids. Additionally, the translational invariance of

crystalline solids is translated in a straightforward way into

computational data structures.

Monte Carlo (MC) techniques are examples of computer simu-

lations. They are easily accessible and readily usable. MC methods

are used to estimate the statistical mechanical averages of

parameters describing a system of particles. The system to be

examined is modeled on a regular lattice (Ising lattice for spin

systems) and its properties are evaluated on the lattice sites. The

MC method is directly applicable to periodic structures as found in

crystalline materials. Other techniques are used in point defect

parameter calculations, molecular dynamics techniques and the study

of the contribution of surfaces and grain boundaries to the transport

properties of materials.
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1.1. Zirconia

Zirconia is a widely used ceramic material, whose mechanical

properties can be varied considerably. It is used as a toughening

and strengthening additive to other ceramics in order to improve

their mechanical performance. The crystal structure of pure zirconia

is monoclinic at room temperature and tetragonal at intermediate

temperatures above 1170 °C. At temperatures above 2370 °C zirconia

is found to possess the cubic CaF
2

structure
1

. This structure is

shown in Fig. 1.1. Zirconia can be stabilized in this fluorite-type

cubic structure by alloying it with di- or trivalent oxides such as

calcia or yttria. For temperatures above the cubic to tetragonal

phase transformation the structure of doped zirconia is completely

cubic. It is referred to as fully stabilized zirconia (FSZ). For

temperatures below the cubic to tetragonal phase transformation the

sample consists of a mixture of cubic and tetragonal phases. This

region of the phase diagram is called partially stabilized zirconia

(PSZ). Increasing amounts of dopant shift the cubic to tetragonal

phase transformation towards lower temperatures. For yttrium

concentrations above 17 wt% the crystal structure becomes cubic over

the whole temperature range. In the cubic fluorite structure the

difference in charge between the zirconium host ions and the lower

valent dopant ions is compensated by the presence of oxygen

vacancies, as found experimentally. Electrostatic attraction between

cation impurities and oxygen vacancies results in experimentally

observed defect ordering which is also investigated in this thesis.
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Fig. 1.1. Crystal structure of cubic zirconia. Every other cell of
the oxygen sublattice is filled with a zirconium ion (open
circles), which can randomly be replaced by an yttrium ion.
At the center an oxygen vacancy is shown (filled circle).
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Homogeneity of the alloys can be obtained by freezing in dopant

solutions at high temperatures during the melting process.

Homogeneous alloys of zirconia with CaO or Y203 are metastable at

room temperature
2
and the material decomposes through intermediate

stages by cation diffusion. The cation diffusion rate is

considerably smaller than the rate at which oxygen diffuses through

the lattice via oxygen vacancy exchange. In the model studied in

this thesis the possibility of cation diffusion is excluded and the

dopant ions are assumed to be statistically distributed among the

zirconium sites. Along with a high oxygen diffusion constant a high

ionic conductivity is observed for stabilized zirconia. Solid fuel

cells, furnaces and oxygen sensors are applications based on oxygen

conduction. Furthermore cubic zirconia possesses a high refractive

index and is used as an imitation of diamonds.

1.2. Defects in Solids

The properties of solids are strongly affected by the presence

of impurities and defects. The homogeneous structure of real

crystalline materials is always contaminated by small amounts of

impurities. Impurities change the structure of the sample locally

and can alter the macroscopic properties as well. In the type of

materials considered in this thesis the dopant impurities (yttrium)

also cause the introduction of a second type of defect (oxygen

vacancies) because of charge conservation in the electronically
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insulating material. Apart from extrinsically induced defects

through doping there are intrinsic defects whose existence arises

from thermal or mechanical disturbance. Thermal motion induces

vacancy interstitial pairs (Frenkel defects). Vacancies left in the

bulk material after the interstitial migrated to the crystal surface

are denoted Schottky defects. These types of defects can also be

caused extrinsically by radiation damage.

1.3. Monte Carlo Simulation and Metropolis Algorithm

The numerical evaluation of one-dimensional integrals can be

done by standard methods such as the trapezoidal or Simpson rule.

These techniques are purely deterministic. The evaluation of

integrals using these methods is based on the evaluation of the

function to be integrated on a set of points. The points chosen are

normally equally spaced and these methods work best for smooth

functions. Better results require more detailed knowledge of the

particular features of the function. Functions with sharp peaks show

significantly better results, if the interval length is reduced in

the vicinity of the peaks.

The task of numerical integration can also be accomplished by

Monte Carlo (MC) techniques in which a random process determines the

points at which the function is evaluated. For the numerical

evaluation of multidimensional integrals Monte Carlo methods are the

only feasible techniques, since the number of points at which the
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function has to be evaluated is proportional to the power of the

dimension of the configuration space. Integrations over high

dimensional configuration spaces occur especially in statistical

functions of systems with large numbers of particles. The partition

function for any real physical system or integrals describing the

ensemble averages of observables are examples. At temperatures of

interest (i.e. for which E >> kT) the shape of these functions is

always characterized by a narrow peak, because states near the

thermodynamical equilibrium are far more likely than states far away

from the equilibrium. In the so called crude MC method the choice of

support points is independent of the particular shape of the curve to

be integrated. This method, like many standard techniques, implies

that in many cases the majority of support points gives only a small

contribution to the value of the integral, whereas relatively few

random points fall within a range where the function is large. This

deficiency can be removed by the so called importance sampling

technique in the following way: the uniform distribution of random

points is replaced by a distribution that follows the shape of the

curve which is to be integrated. The weight of the values of the

function f(x) at those points is reduced accordingly. The effect

of this procedure on the integral is a variable redefinition :

J f(x) dx
dG dG

f(x) where g(x)
g(x) dx

g(x) has to be chosen as close as possible to the function f(x) in

order to ensure maximum sampling efficiency.
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Since the choice of g(x) requires detailed knowledge of the

shape of the function f(x) , an importance sampling technique which

automatically weighs the values of the function in the same way as

g(x) without explicit knowledge of g(x) would be of great value.

The general method to obtain such a technique is outlined next.

Consider an observable A of the system. The average value

<A> is defined as:

<A>
A(xi) exp(-E(xi)/kT)

E exp(-E(xi)/kT)

thwhere E. is the energy of the and the sum is taken over

all configurations. Here and in the following the integrals are

replaced by sums, because the system we model is described by a set

of discrete rather than continuous coordinates. In an MC evaluation

of the equilibrium value of A the sum over all configurations is

replaced by a sum over a finite number M of points in configuration

space. The choice of points is performed by constructing a Markov

chain of points. The aspect of importance sampling is introduced by

weighing the points in configuration space with a probability P(xv).

For sufficiently large M the average value <A> then becomes :

<A>
E A(xv) P-1(xv) exp(-E(xv)/kT)

E P
-1

(xv) exp(-E(xv)/kT)

where the sum is taken over the M states in the Markov chain. One

can choose the probability P(xv) , with which the points are
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selected to be proportional to the Boltzmann probability, which is

valid for the thermodynamical equilibrium

P(xv) oC exp(-E(xv)/kT)

The thermodynamic average <A> then reduces to the average of the

observable A evaluated at the points x
v
which were taken according

to the probability distribution P(xv) . The construction of a

Markov chain is a process which requires the definition of the

transition probability between different states of the system. The

states are therefore correlated. A sufficient condition imposed on

the transition probabilities W(xv,xv,) to go from state (xv) to

state (x
v
,) is the relation :

W(xv,xv,)

W(xvxv) exp(-(E(xv,)-E(xv))/kT)

i.e. the ratio between the forward and backward jump probabilities

depends only upon the difference in energy of the final and initial

state. There are two widely used choices for the transition

probabilities which satisfy above relation : the heat bath method and

the Metropolis algorithm3 . The latter is used in this thesis and

will be described now.

In the Metropolis algorithm a Markov chain of states of the

system is generated. The states are completely described by the

coordinates over which the integration is performed i.e. the space

coordinates of the moving oxygen vacancies. The quantities of

interest are obtained by taking the average over these states.
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Generally in the Metropolis algorithm the following steps are

performed :

1) the system starts out in an arbitrary state (i)

2) the total internal energy Ei of the initial state is

calculated

3) a subsequent state (i+1) is chosen and its energy Ei+1 is

calculated

4) the decision is made, whether state (i) or state (i+1) is

added to the chain, thus defining the transition probabilities

a) if the change in energy is negative AE = Ei+1 - Ei 5 0, then

the move (i --> i+1) is accepted and the new state (i+1) is

added to the chain

b) if AE > 0, then exp(-AE/kT) is compared with a random number

x, where 0 5 x < 1 . If the Boltzmann factor exp(-AE/kT) > x,

then the move is accepted otherwise rejected and the old state

(i) is added to the Markov chain.

5) analysis of the new configuration and averaging of the desired

quantities

6) the cycle 1) - 5) is repeated to obtain the thermodynamical

averages.

The algorithm requires some comments. The initial configuration

is usually not close to equilibrium and it takes a certain number of

steps to reach thermal equilibrium and to lose correlation with the
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initial state. The process of decay of the initial configuration is

shown in Fig. 1.2. The energy of a 20% sample with a moderate

vacancy-vacancy interaction (V=0.3) at T=8 is recorded. (For

definitions of parameters see Sec. 1.4). The curves show the energy

per vacancy after every tenth Monte Carlo step. (In the entire text

energy always means energy per vacancy, unless otherwise noted). The

top curve starts out with a hot and therefore random configuration,

whereas the bottom curve begins with a cool and completely ordered

sample. After about 1000 Monte Carlo steps the states starting with

either configuration have lost all correlation with the initial

configuration and equilibrium is reached. The averaging process can

be started. Since the time that must be cut off from the start of

the simulation depends on the concentration and the temperature as

well as on the initial configuration, we discarded the first 5.10
4

Monte Carlo steps before starting to take averages, which is expected

to be sufficient in all cases considered.

The convergence rate of Monte Carlo simulations is proportional

to the inverse square root of the number of MC steps taken. The

difference between subsequent states (i.e. the jump mechanism) is

important. We allowed only one vacancy to jump at a time and

permitted only nearest neighbor jumps, which is the smallest change

possible. The total number of steps we took to calculate the

averages was 5.10
5

. Small differences between subsequent states mean

large correlation lengths. The differences must be large enough to

guarantee truly random fluctuations of the states around the

equilibrium and to enable the system to decay rapidly enough from
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metastable states. They also must be small enough to make sure that

the averaging process includes only states around the thermal

equilibrium and the ground state does not mix with metastable states.

Monte Carlo simulations perform calculations of thermodynamical

averages for statistical ensembles. The actual realization by means

of Markov chains implies the introduction of an ordered list of

states, which is created in the way described above. The kinetic

mechanism which is used to change the state of the system, e.g.

nearest neighbor jumps can have its counterpart in the real system

the model tries to describe. Consequently the states in the chain

are ordered in the same way as they could be ordered in a real

process. The time scale associated with the process however has not

necessarily its equivalent in the Markov chain. Times of the order

of the vacancy hopping rate cannot be translated into time

differences between subsequent states. Averages over many subsequent

states however represent the real state and time evolution of the

system. The correlation between subsequent states allows a dynamic

interpretation of the Markov process on a macroscopic time scale.

The external perturbation of the system (e.g. a field) must be taken

small, such that the system virtually remains in equilibrium.

Transport simulations can therefore be done using the same algorithm

and the effects of different kinetic models on the transport

properties can be studied.
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1.4. Model

The key features of the model used in our simulations are the

following. A cubic 10x10x10 array represents the oxygen sublattice

of the fluorite type zirconia structure (see Fig. 1.1). The

boundaries of the array are kept periodic in all directions. This

reduces surface effects and allows to simulate the behavior of the

bulk part of the crystal. The center of every other oxygen subcell

is filled with a metal ion, which form a face centered cubic

zirconium sublattice. The concentration of dopant yttria which

randomly (see App. A) replace the host zirconium ions is given in

mole% Y01
5.

For every two dopant yttria there is one induced oxygen

vacancy which is allowed to move on the oxygen sublattice. The

number of oxygen vacancies is kept fixed. The model does not allow

oxygen vacancies to jump on interstitial sites and does therefore not

include the thermal activation of vacancy-interstitial pairs. The

relative charge of the yttrium ions (-1) with respect to the

zirconium background and the vacancies (+2) with respect to the

oxygen background leads to the introduction of two electrostatic

interaction potentials. The interaction energy is calculated from

Coulomb's law and does not take into account local deviations of the

lattice parameters due to relaxation of bonds in the vicinity of

oxygen vacancies. In a real sample the high dielectric constant

means that the long range electrostatic interactions are screened.

Screening effects are included in the model by cutting off the long

range Coulomb interaction. An attractive yttrium-vacancy binding
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energy is set up including the eight nearest neighbor oxygen lattice

sites. Additionally we assume a repulsive vacancy-vacancy

interaction which includes the six 1
st

, twelve 2
nd

and eight 3
rd

nearest neighbor oxygen sites (see Fig. 1.1). The potentials are

additive, thus allowing for multiple trapsites near yttrium clusters.

Since the cation mobility is many orders of magnitude smaller than

the oxygen mobility
4

, the initial dopant yttrium distribution is kept

fixed. The yttria therefore provide a static electric potential for

the oxygen vacancies. Thus their contribution to the total electric

field can be calculated once in the beginning and kept fixed during

the simulation. The repulsive energy between the vacancies has to be

updated after every successful attempt to move a vacancy on the

lattice. The magnitude of the yttrium vacancy binding energy is

fixed and given the value of 10 arbitrary energy units. All other

energies, vacancy-vacancy repulsion and temperature, are measured in

this unit. For the transport simulation part an additional external

electric field in the z-direction is introduced. The gain of

potential energy of each vacancy between adjacent planes of the

oxygen lattice is also measured in this energy unit.

For each temperature the system starts out in an ordered

configuration, where all vacancies occupy the deepest yttrium

trapsites available. This is the zero temperature equilibrium

configuration for the limiting case of vanishing Coulomb repulsion.

This initial configuration was chosen in order to prevent the

configuration from being trapped in long-lived metastable states i.e.

to prevent the vacancies from being trapped in trapsites other than
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the lowest ones available. A major disadvantage however is, that for

the case of interacting vacancies this configuration is a metastable

rather than the equilibrium state. This results in noticeable

systematic deviations from the correct energy values for low

temperatures, high concentrations and large vacancy-vacancy

interactions. For these cases the simulations done most recently

were performed in a slightly different way. The sample starts out in

a random configuration. Beginning with a high temperature one

proceeds towards lower temperatures by using the final configuration

for each temperature as the initial configuration for the next lower

temperature. This gives the system more "time" (= Monte Carlo steps

per vacancy) to decay from the undesired metastable states.

Comparison of the results obtained by both methods indicates that

this decay was actually complete.

A vacancy and one of its six nearest neighbors are chosen

randomly. If the neighbor happens to be a vacancy, then the process

of choosing a vacancy is repeated and not counted as an unsuccessful

attempt to move the vacancy.
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2. Theory

2.1. Thermodynamical Ensemble

The thermodynamical potentials controlling the system are

described in this section. The appropriate potential for

thermodynamical processes under constant pressure p is the Gibbs

free energy G :

G U-TS+pV

where U is the internal energy and S is the entropy of the

system. The enthalpy part is H :

H U+pV

The Gibbs free energy depends on temperature T , pressure p and

particle number N . Its total differential is therefore :

dG - S dT + V dP + y dN

The particle number N is fixed, therefore dN 0 . This

means the ensemble is chosen to be canonical. Furthermore the

internal energy is independent of the volume V . Then the enthalpy

H is equal to the internal energy U of the system. The Gibbs free

energy G and the Helmholtz free energy A coincide. The only

independent variable left over in the Gibbs free energy is the

temperature T .

G(T) = U-TS
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E.g. the thermodynamical potential describing the migration

process of the oxygen vacancies through the bulk part of the solid is

a Gibbs free energy Gm . The activation of vacancies trapped in

dopant induced trapsites is described by a Gibbs free energy denoted

by qv .

2.2. Checks of the Algorithm

The program developed to simulate the model described above can

be checked in various ways. One limiting case of the general problem

has an exact solution. The distribution function of a fixed number

of vacancies interacting only with the potential produced by an

yttrium distribution fixed in space but not with each other can be

obtained analytically. The temperature dependence of energy,

specific heat, occupation numbers as well as the transition

temperature can be derived by an analytic evaluation of the partition

function Z . E.g. for the total energy we get

E(T)

no
nl

(No)
n

(N°)
(Ni)

.... E(n0,n1,...) exp(-E(no,ni,...)/T)
l

no
n1

!No\ IN1)
exp(- E(n0,n1,...) /T)

n0/ n1

no,ni,... are the occupation numbers of the different types of

trapsites (free,single, double etc.). No, N1,.... are the number of

sites available of each type. The energy E of each state
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contributing to the sum can be calculated by weighing the occupation

number with the depth of the corresponding trapsite. The summations

are to be taken over all possible occupation numbers. The

conservation of particle number eliminates one independent variable

and also limits the upper bound of the summations. Derivatives

needed for the specific heat and the transition temperature can be

calculated in the same way. The second possibility to calculate the

total internal energy of the system makes use of the Fermi-Dirac

statistics which are appropriate for identical particles not being

allowed to occupy the same site on the oxygen sublattice
5

. However

the concept of a chemical potential p(T) , which must be calculated

numerically, is an approximate procedure, since it is exact only in

the limit of large particle numbers.

The system generally exhibits an order-disorder transition,

which exposes a peak in the specific heat. The specific heat C of

the system defined as

C
dE
dT

is also related to the fluctuations of the energy EE of the system

by

1 ,2
(---
AE

)

The fluctuations of the energy are easily calculated by keeping track

of the square of the energy :

(AE)
2

= <E
2
> <E>

2
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where <E> and <E
2
> are the averages over all states in the Markov

chain. Comparison of both methods to calculate C can lead to the

detection of programming or typing errors which would go undetected

otherwise.

2.3. Atom Transport in Solids

Atomic transport in solids can be investigated on a macroscopic

level by two measurable effects. Diffusion describes the transport

of matter and conduction describes the transport of charge. We are

only concerned with ionic conduction, i.e. the charge transport by

ionic defects. The effects are described by two quantities, the

diffusion constant and the conductivity. The conductivity c is

measured by DC or AC techniques, whereas the diffusion constant D
*

is measured by diffusion of a tracer. Tracer techniques use (radio-

active) isotopes. In the case of oxygen diffusion the available

tracer is not radioactive and the measurement is more difficult. The

transport of vacancies giving rise to conduction and the transport of

the tracer through the material as observed in diffusion is

accomplished by the same vacancy hopping mechanism, but a and D
*

are affected differently. The hopping of vacancies to nearest

neighbor sites is a random process, but the hopping of a tracer ion

into the site occupied by an oxygen vacancy is a correlated process,

because there is a probability of 1/6 that a subsequent jump will

reverse the preceding jump. Therefore the Nernst-Einstein relation
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is valid only up to a correlation factor f

a v q
2

D f
* *

k T

where n is the vacancy density and q the vacancy charge. The

conductivity a depends on the mobility p of the charged species.

a nqp

In terms of a vacancy hopping model p can be expressed by the jump

distance a and the jump frequency v , which in general is a

function of the temperature :

p

q a2 fI v(T)

k T

where f
I

is the conductivity correlation factor, which equals unity

for not too large defect concentrations. The conductivity becomes :

a T
q
2

a
2

fI

k

where c
V

is the effective vacancy concentration. The effective

vacancy concentration can vary with temperature in three different

ways. For very high T additional vacancies are available through

thermal generation of vacancy-interstitial pairs.

cv(T) N
1
exp(-G

Fa
/2kT) (I)

where G
Fa

is the free energy of vacancy-interstitial pair creation.

For high temperatures all vacancies induced by the dopant yttria are

available for conduction and hence :
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c
v
(T) = N0

For lower temperatures local ordering reduces the number of vacancies

available for conduction :

cv(T) = No exp(-Gv/kT) (III)

where G
V

is the free energy of association of yttrium-vacancy

pairs.

Of the stages (I) - (III) described above stage (I) is not

included in the model we use, thus leading to a canonical rather than

a grandcanonical ensemble. Full development of stage (II) is only

expected for small activation energies and small concentrations at

high temperatures. Stage (III) mixes with stage (II) at higher

temperatures and Arrhenius plots show a corresponding curvature even

at lower T .

If the mechanism responsible for vacancy transport is a hopping

mechanism, then the jump frequency v = v(T) shows an exponentially

activated behavior according to the absolute rate theory
6

.

where

v(T) = vo exp(-Gm/kT)

G
m

Hm - T Sm

The enthalpy part Hm of the activation energy for motion is the

height of the potential barrier for a vacancy on its jump path

between two oxygen sites.

Because of the similar form of the conductivity in the three

stages discussed above, it is convenient to plot ln(aT) vs. T
-1

(Arrhenius plot) in order to obtain the activation energy for

conduction E
act



22

a T = A exp( -Eact/kT)

where the preexponential factor A contains the entropy terms

arising from the free energies.

The activation energy Eact for the two stages included in the

model is

E
act

- H
m

E
act

- Hm - Hv

In order to optimize the efficiency of the Monte Carlo

simulation, it is necessary to scale all transition probabilities

with the highest one. If we assume that the barrier height is

independent of the final state, we can subtract the constant

activation energy for motion Hm . The activation energy Eact then

becomes

E
act

= 0

E
act

-H
v

2.4. Ionic Conductivity

If an external electric field F is applied to the lattice, the

oxygen vacancies start drifting in the direction of the field. To

measure the conductivity of the system under various conditions of

concentration, ordering and temperature, the current induced by the

field must be determined. This was accomplished by measuring the

mean drift velocity of the center of charge, i.e. the ratio of drift
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distance and number of Monte Carlo steps. In order to normalize to

an effective conductivity per vacancy ao the number of vacancies

has been divided out.

The limit of a
0

for a vanishing yttrium-vacancy binding

energy, i.e. for the case of no traps, is calculated now. Consider a

single vacancy in the lattice. Out of six possible jump paths,

chosen with equal probability, four are sideward jumps perpendicular

to the direction of the field, one is a forward and one a backward

jump. Every sideward and forward jump attempt will be accepted, only

for the backward jump the acceptance probability is less than one.

If the positive axis of the field is taken in the z direction, the

jump probabilities P(z) are

sideward P(0) 4/6

forward 13( +1) 1/6

1backward P(-1) exp(-F/T)

where the vacancy charge and the lattice constant are both unity.

The expectation value <z> of the z-component of the center of

charge in units of the lattice constant after N jump attempts per

vacancy is then

<z> = N E z P(z) = LT (1 - exp(-F/T))
6

If the temperature is large compared with the field strength F , the

Boltzmann factor can be expanded and we get :



<z>
N F
6 T
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The accuracy of the expansion determines the maximum field strength,

which still can be considered "small". The current density j is

the total displaced charge divided by the number of MC steps per

vacancy:

10
5

s <z>

where s is the number of vacancies and the factor 10
5

was

inserted for reasons of convenience. Finally for the dependent

quantity in the Arrhenius plot a
0
T we get :

j T 10
5

aOT F s 6

or ln(a0T) 9.72

This is the high temperature limit corresponding to stage (II)

described in Sec. 2.3.

An approximate calculation of the conductivity can be performed

under the assumption that only untrapped vacancies in the free phase

contribute to the conduction. This model is expected to be

reasonable only for small concentrations and it serves as a check of

the algorithm. If the number of free vacancies is denoted n0 , we

get

105 n
0

aOT
6 s

10
5

Or ln(a0T) - ln(s) + in(n0(T))
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where the temperature dependent number of free vacancies no(T) can

be calculated from the partition function (see Sec. 2.2) :

no(T)

i
)(

No
) (no nl nO n

no exp(-E(no,ni,....)/T)

No Ni
no n1

(no) (

nl
) . exp(-E(no,ni,....)/T)

The activation energy E
act

is the negative slope of the

straight line, to which ln(aT) can be approximated for low T .

E
act

can be calculated from above equation. Since only the terms

with the smallest energy E contribute to either multiple sum, Eact

must equal the Fermi energy (provided the free vacancies have zero

energy).
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3. Results of the Equilibrium Simulation

3.1. Data Reduction

The data obtained by the calculation of the thermodynamical

averages and the simulation of the conductivity were reduced using a

least-square fitting procedure in the version realized in the

Marquardt algorithm

The internal energy E = E(T) was fitted to the following

numerical 5-parameter function :

E(T) = Al +

where A
2
> 0 .

exp(A2/T) - 1

A3 exp(A2/T) + A4 + A5 exp(-A2/T)

temperature limits :

high T : E
m

Al

low T E
0

Al +
Al

3

The uncertainties in the energy SE were taken equal to each other.

The dependent variable in the Arrhenius plots aT was fitted to

the following numerical 3-parameter function :

aT

where E
act

> 0 .

cc C

a c + c exp(Eact/T)



temperature limits :

high T : ln(aT)(00) ln(c)

low T : ln(aT)(T<<Eact) s ln(a)
E
act

T
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The extreme temperature limits show the correct behavior required by

the mixing of the two stages (II) and (III) described in Sec. 2.3.

The uncertainties 61n(aT) were taken from the simulation (see

App. C).

3.2. Specific Heat

The verification of the algorithm using the specific heat check

described in Sec. 2.2 was done for yttrium concentrations of 4% and

20% without vacancy-vacancy interaction. The result for the sample

with 20% concentration is shown in Fig. 3.1. The solid line shows

the analytic result, the data points were calculated using the

relation between the specific heat and the energy fluctuations. In

both the case of 20% and 4% concentration (Fig. 3.2) the results are

consistent. The analytic specific heat curve (a) for the 4% sample

shows a more detailed structure. The curve consists of two peaks due

to the presence of single and double trapsites. The same figure also

shows the specific heat obtained by differentiating the fit to the

numerical function from Sec. 3.1 (curve (b)). The observed

deviations are expected from the deficiencies of the fitting
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Fig. 3.1. Specific heat for a sample with 20% yttrium. Solid line is
the analytic result. Datapoints are calculated via
fluctuation of energy.
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Fig. 3.2 Specific heat for a sample with 4% yttrium. Analytic
result (a), fitted curve (b), fluctuation of energy
(datapoints).
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function. As expected the 20% peak is broader than the 4% peak due

to the finite size of the sample. The fluctuations of C(T) are

larger for higher concentrations, because the number of Monte Carlo

steps per vacancy was chosen such that the total number of steps per

run was the same for all concentrations.

3.3. Yttrium Clustering

The yttrium configurations for the different concentrations were

prepared in a random way. In order to examine the effect of

inhomogeneous dopant distributions the case of 0.8% concentration was

chosen to artificially manipulate the yttrium configuration.

In a dilute system with a yttrium concentration of 0.8% we find

two vacancies and four yttria. If the dopant is randomly distri-

buted, 32 single but virtually zero multiple trapsites are expected

(see App. A). A set of another four samples was generated putting in

the yttria by hand. The yttria were successively moved closer and

closer together, thus increasing the depth of the traps. Table A.2

in App. A shows the configurations created and their trapsite

distributions.

In the case of vanishing vacancy-vacancy interaction an analytic

solution can be obtained. Fig. 3.3 shows the energy per vacancy E

plotted against temperature for the five different cases. The system

exhibits an order-disorder transition. The high temperature limit

E
m must be the same in all cases and independent of the amount of
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Fig. 3.3. Energy per vacancy vs. temperature for samples with 0.8%
concentration and different degrees of clustering (analytic
result). 4 single (4S) (a), 1 pair (1P) (b), 2 pairs (2P)
(c), cluster of 3 (C3) (d), cluster of 4 (C4) (e).
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Fig. 3.4. Specific heat per vacancy vs. temperature for samples with
0.8% concentration and different degrees of clustering
(analytic result). 4 single (4S) (a), 1 pair (1P) (b),
2 pairs (2P) (c), cluster of 3 (C3) (d), cluster of 4 (C4)
(e).
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clustering. For high T the energy is the potential average of the

sample. Each yttrium lowers the total potential by 10 energy units

per nearest neighbor (8). Since the potentials are assumed to be

additive, this does not depend on the location of the other yttria in

the lattice. Fig. 3.3 also shows the decrease in the ground state

energy E0 = E(T =0) for increasing clustering and the shift of the

transition towards higher temperature values.

In Fig. 3.4 the specific heat obtained analytically for the

different cases of clustering is plotted against the temperature.

The area under each curve is the energy difference between disordered

(T-00) and ordered (T =0) state. The transition temperature TT and

the width of the peak increase with increasing clustering. As in the

case of 4% concentration the specific heat of the most clustered

sample (C4) shows more details. The energy function is therefore

expected to be more difficult to fit.

Fig. 3.5 shows again the specific heat for the case of a cluster

of four yttria (C4). Also shown on a convenient independent scale

are the change in depopulation of the two energetically lowest

trapsites (quadruple and double trapsite), i.e.

-
dT 1

n. i = 2,4

th
Here n. denotes the occupation number of the The

main peak seems to be due to the depopulation of the quadruple

trapsite in the center of the yttrium cluster, which is completely

occupied for low temperatures. The feature on the left shoulder of
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Fig. 3.5. Specific heat and depopulation change of trapsites for a
highly clustered sample of 0.8% (C4). Specific heat (a),
change in population of double traps (b), change in
population of quadruple trap (c).
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the main peak comes from the depopulation of the six double traps,

where the other vacancy is found in the ground state.

3.4. Vacancy-Vacancy Interaction

The effect of vacancy-vacancy interaction on the system in

particular on the internal energy is examined. Fig. 3.6 shows the

energy as a function of temperature for a sample with 12% yttrium

concentration. In the system, which belongs to the bottom curve, the

vacancies interact only with the potential produced by the yttria and

the vacancy-vacancy interaction energy is set zero. The top curve

shows the behavior of the energy for the same sample, where the

yttrium-vacancy interaction is zero and only vacancy-vacancy

interaction is included. The strength of the Coulomb interaction is

V-1 , which means the forces are set as large as expected from a pure

unshielded potential. In the center curve both potentials are

acting. All curves exhibit the familiar order-disorder transition

feature. The transition temperatures in the pure cases are

proportional to the interaction strengths. When both interactions

are turned on, the one with the stronger potential is expected to

dominate the behavior of the energy in the mixed case.

Fig. 3.7 shows the behavior of the energy for various values of

the vacancy-vacancy repulsion. For increasing V the energy is

shifted towards higher values. For small V (up to V = 1) this

shift is not uniform over all temperatures and the curves get
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Fig. 3.6. Energy per vacancy for 12% concentration. Vacancy-vacancy
repulsion only (top), yttrium-vacancy binding only
(bottom), both interactions (center).
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Fig. 3.7. Energy per vacancy for 12% concentration and different
values of the scaling parameter V .



38

slightly distorted. When the repulsion becomes larger than the

binding energy, the form of the curve changes. The order-disorder

transition is dominated by the vacancy repulsion generating regular

vacancy arrays rather than by the cluster generating binding energy.

3.5. Temperature Limits and Energy Capacity

The high temperature limit of the energy Em can be calculated

analytically (see App. B). The result is that Em depends linearly

on the vacancy-vacancy interaction strength V and (almost) linearly

on the concentration. So we can write

Em= (A + B V) x

where x is the concentration and A and B are constants.

Next we consider the zero temperature limit E0 . For low

temperatures all vacancies are found trapped in the lowest trapsites

available. For typical concentrations the lowest two types of sites

are completely or partially occupied (see App. A). Since deep

trapsites are always surrounded by less deep sites, the ground state

energy E0 is expected to show a strong dependence on the scaling

parameter V . Fig. 3.8 shows E0 plotted against the Coulomb

repulsion parameter V for a 12% sample. Two stages can be

distinguished. For small values of V the ground state energy E0

increases. At around V-0.5 the curve starts to level off. At V =3

and V-10 (not shown in the plot) E0 keeps about the value already

reached at V-1 . This behavior can be interpreted in the following
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Fig. 3.8. Ground state (T-0) energy per vacancy for 12% concentration
vs. scaling parameter V .
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way. With increasing vacancy-vacancy repulsion more and more

vacancies are thrown out of the trapsites surrounding the very deep

sites. When the repulsion strength is larger than of the order of

the yttrium vacancy binding energy (i.e. V=1), all vacancies will be

distributed in such a way that they do not interact with each other.

For even higher values of V the configuration needs not be

rearranged any further and E
0

remains constant.

Next we consider the case in which the potentials produced by

each dopant ion are not additive. If it is assumed that the depth of

all traps is the same, then E
0

loses its sensitivity to the scaling

parameter V . A sample with 4% yttrium was set up. In one case

multiple (double) traps were generated due to the additivity of the

potentials. In the second case the potential of all multiple traps

was replaced by that of single traps. Fig. 3.9 shows the ground

state energy E0 as a function of the scaling parameter V . The

deep trapsites reduce the room available for each vacancy and the

vacancies come close enough to repel each other from the energe-

tically preferred sites. If all traps have the same potential, the

vacancies have considerably more space available and are allowed to

be distributed over many single trapsites without being forced to

move to the free phase. Consequently E0 becomes virtually

independent of V .

An interesting and non-trivial quantity is the energy capacity

of the system per vacancy. For the range of concentrations between

0.8% and 40% the difference between the high temperature limit of

the energy Em and the ground state energy E0 per vacancy was
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Fig. 3.9. Ground state energy per vacancy for 4% concentration.
Sample without multiple trapsites (top), sample with
multiple trapsites (bottom).
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Fig. 3.10. Energy capacity per vacancy vs. concentration (analytic
result).
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Fig. 3.11. Transition temperature vs. concentration (analytic
result for large samples). Datapoints show transition
temperatures for the samples used in the simulation.
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calculated for the non-interacting case (V=0). Fig. 3.10 shows the

result. Maxima occur at 5% and 28%. Comparison with App. A Fig. A.3

shows that the maxima are located at the concentrations where single

trapsites (double traps respectively) discontinue to be occupied in

the ground state. For small concentrations the increase in Em E0

is due to the generation of the first multiple traps. For higher

concentrations things get more complicated and have yet to be

explained.

3.6. Transition Temperature

The transition temperature T
T

for the order-disorder

transition is defined as the peak of the specific heat curve. The

value of T
T

is sensitive to the dopant concentration x as well as

to the vacancy-vacancy interaction parameter V .

Examining the concentration dependence we note, that for V=0

the transition temperature can be calculated analytically using the

partition function. The result is summarized in Fig. 3.11, where T
T

is plotted against the dopant concentration. The trapsite distri-

butions used were the ones expected in a large and truly random

sample as calculated in App. A. The transition temperature TT does

not simply increase with concentration due to an increase in the

number of deep trapsites. Rather the structure displays some

similarity with the structure of the energy capacity (see Sec. 3.5

Fig. 3.10). The maxima of the energy capacity coincide with the
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minima in TT . For concentrations larger than 2% E
m

- E0 has the

same shape and proportions as - TT . For small concentrations (<2%)

the behavior of E
m

- E0 resembles that of + TT . The lack of

smoothness in the curve seems to be due to rounding errors resulting

from the finite size of the sample and the rather small integer

numbers of vacancies. Also shown in the plot are the analytically

calculated transition temperatures (V=0) for the samples actually

used in the simulation. This confirms that the choice of samples

made in App. A seems to be good enough.

Next the transition temperatures measured in the simulation are

compared with the calculated temperatures for vanishing vacancy-

vacancy interaction. Table 3.1 shows the calculated and fitted

values of T
T

for the various samples and the percent differences

between them. The difference is largest for the highly clustered

0.8% sample (C4), where the fit is expected to be not so good because

of the large asymmetry in its specific heat peak (see Sec. 3.3). The

deviations serve as an estimate for the uncertainty in TT .

Next the dependence of the transition temperature TT on the

vacancy-vacancy interaction is examined. As described in Sec. 3.5.

the ground state energy E0 shows a strong dependence on the

strength of the vacancy-vacancy repulsion. This is due to the

induced depopulation of traps by the clustering of vacancies.

Similarly TT is expected to show some dependence on V by the same

mechanism. The case of a 12% sample was examined more closely.

Fig. 3.12 shows the transition temperature as a function of the

vacancy-vacancy repulsion for small V . A rapid drop in TT is
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Table 3.1. Calculated and fitted transition temperatures T
T

for
samples with non-interacting vacancies

concentration
(mole% Y01 5)

trans. temp.
calculated

trans. temp.
from fit of

percent
difference

simulation

0.8 (4S) 2.26 2.24 1

0.8 (1P) 2.61 2.60 0.4

0.8 (2P) 3.03 2.97 2

0.8 (C3) 3.90 3.70 5

0.8 (C4) 5.57 4.87 13

2 2.84 2.80 1

4 2.69 2.57 5

12 3.96 3.87 2

20 4.17 4.25 2

40 4.35 4.30 1

followed by a slow increase with the minimum found near V=0.3 . In

order to attempt an explanation the energy capacity Em - E0 is also

plotted as a function of V . The shape of the TT and E
m

E0

curves seems to be the same in both cases, but the quantities are not

linearly related to each other. Em - E0 drops to a minimum at

V=0.5 , which is followed by a more rapid increase. This behavior is

consistent with the result from Sec. 3.5, where it has been shown,

that the ground state energy E0 levels off for sufficiently high
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Fig. 3.12. Transition temperature (circles) and energy capacity
(triangles) per vacancy vs. scaling parameter V for 12%
concentration.
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values of V . This result together with the linear increase of E
m

with V explains the observed dip in the energy capacity.

It is assumed that (as a function of V) T
T

and E
m

- E
0

are

related by a monotonous function, i.e. the more thermal energy per

vacancy the system can absorb the higher the temperature at which

this order-disorder transition occurs. This assumption has only

limited validity for two reasons. Comparison with Fig. 3.3 shows

that for the same concentration different trapsite distributions can

lead to equal energy capacities yet different transition

temperatures. Also note, that, if the energy capacity and the

transition temperature are considered a function of concentration the

opposite relation holds. Em - E0 is then found to be proportional

to To - TT , where To is some constant to be determined (see

Sec. 3.5 Fig. 3.10).

It is possible to conclude, that the decrease in T
T

is

qualitatively due to the depopulation of the traps and that the

following increase originates in the increase in the energy capacity.
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4. Results of the Trans ort Simulation

4.1. Application of an Electric Field

If an additional potential due to an electric field is included,

the conductivity of the system can be studied. Fig. 4.1 shows the

conductivity for fields of different strength F obtained from a

4% sample for three different temperatures, with both the conducti-

vity and the field strength plotted on a logarithmic scale. Note

that F here is measured in units of the binding energy. For high

values of F , i.e. for F>>E
act ,

the existence of traps is ignored,

all vacancies are available for conduction and the current is

constant. The conductivity is therefore inversely proportional to

the field strength. For fields smaller than the trapping energy an

Arrhenius type behavior of ln(aT) is expected :

A
a = T exp( -Eact/kT)

Since the system was examined at temperatures as low as T=1 , an

electric field strength of the order of F=0.1 would be necessary to

consider the effect of the field a small perturbation of the system.

The signal to noise ratio increases linearly with F , but decreases

only with the square root of the number of MC steps. It was not

feasible to perform all runs of the program with fields of F=0.1

long enough to obtain reasonably small uncertainties. The regular

runs were done with a field of F=1 .
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Fig. 4.1. Conductivity vs. strength of electric field for different
temperatures. T-10 (top), T =4 (center), T=2 (bottom).
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4.2. Shape of Arrhenius Plots

The shape of the Arrhenius plots depends strongly on the

concentration. Only for dilute systems all vacancies are free at

high temperatures and stage (II) (see Sec. 2.3) will be fully

developed. For highly doped systems ln(a0T) cannot level off to

zero slope in the high temperature limit. Fig. 4.2 shows the

Arrhenius curves for non-interacting vacancies for different

concentrations as obtained from the fit to the numerical function

given in Sec. 3.1. For concentrations larger than 12%

stage (III) (see Sec. 2.3) dominates completely over the whole

temperature range. For low temperatures the conductivity per vacancy

drops with increasing concentrations. An increase in the number of

deep trapsites immobilizes the vacancies. For very highly doped

samples the average potential is lowered thus decreasing the apparent

depth of the deep trapsites. A considerable fraction of the current

is provided by vacancies hopping between trapsites. The Arrhenius

curve of the 40% sample shows that the conductivity increases again.

4.3. Activation Energy for Non-interacting Vacancies

The calculation of the activation energy Eact expected for

non-interacting vacancies is described in Sec. 2.4. The central

assumption is that conduction takes place only in the free phase. It

is shown in App. A that for increasing concentrations the vacancies
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Fig. 4.2. Arrhenius plot for non-interacting vacancies for different
concentrations (fitted curves). 0.8% (a), 2% (b), 4% (c),
12% (d), 20% (e), 40% (f).
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Fig. 4.3. Activation energies for non-interacting vacancies vs.
concentration. Solid line : expected values, if conduction
were only present in free phase. Datapoints : activation
energies actually measured in simulation.
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are increasingly deeper bound. For concentrations larger than

certain thresholds successive types of trapsites remain unoccupied.

The Fermi energy therefore drops in steps of the binding energy at

these concentrations and the activation energy jumps accordingly.

This is shown in Fig. 4.3. At concentrations of 5% and 28% single

and double trapsites are completely depleted and the activation

energy jumps to the binding energy of double and triple trapsites

respectively. Also shown is Eact as obtained from fitting the data

acquired in the simulation. The activation energies actually

observed do not increase in steps as expected for higher concentra-

tions. The assumption breaks down, that only vacancies in the free

phase can contribute to the conductivity. Fig. 4.4 shows that the

validity of this assumption does hold for low concentrations (0.8%)

and different degrees of clustering. The datapoints come from the

simulation and the solid lines come from the calculation of ln(a T)
0

as described in Sec. 2.4. In Fig. 4.5 the concentration has been

raised to 4%. Although the field in this special case is only F=0.1

and therefore meets the requirement of being low even for tempera-

tures of the order of T-1, the conduction in the free phase does not

completely account for the total conductivity observed in the

simulation, as can be seen from the discrepancy between the fitted

(a) and the expected (b) curve. The main effect of the vacancies

jumping between trapsites to the conduction is that the activation

energy Eact is smaller than predicted. For higher concentrations

the deviations become even stronger.
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Fig. 4.4. Arrhenius plots for dilute samples (0.8%) with different
degrees of clustering. Solid lines : analytically obtained
expected conductivity, datapoints are from simulation.
4 single (4S) (a), 1 pair (1P) (b), 2 pairs (2P) (c),
cluster of 3 (C3) (d), cluster of 4 (C4) (e).
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Fig. 4.5. Arrhenius plot for 4% concentration (V=0), small field
(F=0.1). Analytically expected result (a), fit from
simulation (b).
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4.4. Activation Energy for Interacting Vacancies

Next we examine the effect of vacancy-vacancy interaction on the

activation energy. As described in Sec. 3.6 the depopulation of the

deep trapsites due to the repulsive force between the vacancies

effects a drop in the transition temperature TT . By similar

reasoning one can expect a comparable behavior in the activation

energy Eact for increasing values of the scaling parameter V .

Fig. 4.6 shows the activation energy Eact plotted against V for

different concentrations. For almost all concentrations E
act

first

drops and then levels off. Its behavior for values of V larger

than V=1 is dominated by the tendency of the vacancies to form

regular arrays and cannot be understood in terms of the depopulation

effect. The concentration dependence of the activation energy under

the influence of a repulsive force between the vacancies shows some

oscillatory behavior. It was not possible to bring this into agree-

ment with the concentration dependence of the transition temperature.

The behavior of the 0.8% sample is different, because it lacks

multiple trapsites. The vacancies are distributed over many sites in

the ground state and have therefore enough space to avoid each other.

The activation energy is virtually independent of the interaction

strength in much the same way as the ground state energy is

independent of V for the sample without double traps discussed in

Sec. 3.5, Fig. 3.9.
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4.5. Highly Doped Samples

When the concentration becomes very high, vacancy-vacancy

scattering plays an increasingly important role in the efficiency of

the charge transport and therefore affects the conductivity.

Furthermore it must be noted that very large values of the vacancy

interaction parameter V effectively enlarge the size of each

vacancy according to the range of its repulsive potential. Fig. 4.7

shows the Arrhenius plots of a 20% sample for various values of the

interaction parameter. For V-10 the conductivity drops over the

whole temperature range. This indicates that the vacancies are

effectively immobilized, because the space for them available to move

around is considerably reduced.

4.6. Concentration Dependence of Conductivity

The model described here comprises similar systems like Yttrium

doped Ceria, which is stable at room temperature even for dilute

systems. This and the yttrium-zirconia system show maxima of the

experimentally determined conductivity at concentrations much lower

than expected from statistical considerations
8

'

9
. Fig. 4.8 shows the

result for this model. The conductivity levels off and does not show

the maximum calculated in a different model, which uses a more

sophisticated way to calculate the interaction potentials, but does

10
not include vacancy-vacancy repulsion .
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A. Distribution of Vacancy Trapsites

As outlined in the introduction we assume that the yttrium ions

replace the zirconium ions randomly. It is then reasonable to assume

a binomial distribution for the nearest neighbor sites. We are

mainly interested in the appropriate distribution of trapsites. The

range of concentrations examined corresponds to a total number of

yttria between 4 and 200. We expect therefore rather large

fluctuations in the number of different trapsites, when we distribute

the yttria among the zirconium sites. It is desirable to minimize

this effect. We therefore first calculated the expected distribution

of trapsites from all possible yttrium configurations. Then we

randomly generated twenty samples and selected the one which came

closest to the expected distribution.

Fig. A.1 shows an yttrium in the center of a portion of the

zirconium sublattice. It is surrounded by twelve cation sites. The

probability, that the yttrium at the center is surrounded by n

nearest neighbor yttria is given by a binomial distribution :

P(n) (
12
n) x

n
(1-x)

12-n

where x denotes the yttrium concentration. All possible yttrium

configurations are considered and the distribution of the vacancy

trapsites is calculated. The probability of finding s single,

d double, t triple and q quadruple trapsites generated by a

total of m yttria in the cube above is denoted by Qm(s,d,t,q) .

The expectation value for e.g. the number of single trapsites <S>,
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Fig. A.1. Segment of zirconium sublattice showing cationic
environment of a zirconium site at the center.
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given a total of N
T

= 1000 anion sites, is

13
<S> = NT x E

m -rn
(s,t,d,q)

m=1

Table A.1. shows the theoretically expected trapsite distribution

together with the trapsite distribution for the samples actually used

in the simulation. The deviations are assumed to be small enough to

eliminate systematic errors in the simulation. Table A.2. shows the

trapsite distribution for the set of 0.8% samples generated to

examine the effect of yttrium clustering (see Sec. 3.3).

Furthermore the change of the expected trapsite distribution

with concentration was examined for a contiguous series of

concentrations. Fig. A.2 shows the number of different trapsites as

a function of concentration in a random sample under the assumption

of the yttria being distributed according to a binomial distribution

as described above. Also of interest is the question in which type

of trapsites the vacancies are found in the zero temperature ground

state. Because of the fact, that every two yttria induce 16

trapsites but only one vacancy, the number of deep trapsites

increases faster with concentration than the number of vacancies

occupying them. Fig. A.3 shows (a) the sum of quadruple and triple

traps, (b) the sum of quadruple, triple and double traps and (c) the

number of vacancies as a function of concentration. It is found that

at an yttrium concentration of approx. 5% no single traps are

occupied in the ground state. Similarly for concentrations larger
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Table A.1. Theoretically expected trapsite distribution (top) and
the trapsite distribution for the samples actually used
in the simulation (bottom).

conc.
(vac.)

free single double triple quadruple

0.8 968.4 31.2 0.4 0.0 0.0

(2) 968 32 0 0 0

2 922.4 75.3 2.3 0.0 0.0

(5) 922 76 2 0 0

4 849.2 141.6 8.9 0.3 0

(10) 850 140 10 0 0

12 599.7 327.1 66.9 6.1 0.2

(30) 598 332 62 8 0

20 409.6 409.6 153.6 25.6 1.6

(50) 404 421 147 27 1

40 129.6 345.6 345.6 153.6 25.6

(100) 131 342 350 150 27

Table A.2. Trapsite distribution of 0.8% samples with different
degrees of clustering

sample free single double triple quadr. config.

4S 968 32 0 0 0 4 single Y

1P 970 28 2 0 0 1 pair of

2P 972 24 4 0 0 2 pairs of

C3 973 23 3 1 0 cluster of

C4 977 16 6 0 1 cluster of

Y

3 Y

4 Y
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Fig. A.2 Number of different trapsites (out of 1000 oxygen sites)
vs. yttrium concentration. Single (a), double (b),
triple (c), quadruple (d).
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Fig. A.3. Type of trapsites occupied as a function of concentration.
triple and quadruple traps (a), double, triple and
quadruple traps (b), number of vacancies (c).
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than 28% the ground state contains no vacancies in double traps.

This behavior seems to have consequences in the energy capacity,

which is the energy difference between the ordered (T=0) and

completely disordered (T-03) configuration (see Sec. 3.5).
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B. High Temperature Limit

At very high temperatures the Boltzmann factor exp(-E/kT)

equals unity and the occupation probabilities become independent of

the energy. All states are equally likely and in the Monte Carlo

simulation every attempt to move a vacancy (see Sec. 1.3) is

accepted. The binding energy per vacancy therefore equals the

potential average produced by the yttria. The vacancy repulsion

energy per vacancy is proportional to the scaling parameter V and

the yttrium concentration x .

The high T binding energy per vacancy is

E
ytt

8
ETrTr

where x/2 is the vacancy concentration (with respect to the

cations), E
Tr

10 is the yttrium-vacancy binding energy and 8 is

the number of single trapsites (nearest neighbors) induced by each

dopant cation.

To calculate the high T repulsive energy per vacancy consider an

oxygen vacancy and its interacting neighbors. The potentials Ei on

the Ni neighboring sites are

E1 = 10 4iF

E
2

= 10 47f

E
3

= 10

V

V

V

N
1

= 6

N2 12
2

N
3
= 8

(1
st

nn)

(2
nd

nn)

(3
rd

nn)
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h.

The expectation value of the number of occupied 1 neighbor sites

is

P. Ni
1 4 1

The high T repulsive energy per vacancy is

V
7

E
vac E P. E.

1 1

Consequently the high temperature limit of the total energy per

vacancy Em can be written

E
m

(A + B V) x

with the constants A and B to be determined from the relations

above.
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C. Calculation of Uncertainties in Conductivity

During each run of the program simulating the charge transport

an estimate for the uncertainty of the measurement of the current was

obtained. The measurement of the current j is done via the

determination of the average drift distance <z> of the center of

charge per unit number of MC steps in z-direction. The uncertainty

associated with the drift distance cannot be calculated directly

during the run, because of its "time"-dependence. However the

displacement of the x- and y-component of the center of charge is

subject to an unbiased random motion. For small fields it is

expected that the continuous drift in z-direction is superimposed by

the same type of random motion. This random motion accounts for the

uncertainty in <z> and hence j . One can therefore use the random

motion in x and y to estimate the uncertainty in <z> .

The mean square displacement of the center of charge of s

vacancies after N MC steps per vacancy for a random walk (T=.0) is

<r
2
>
N s

To calculate this in practice for finite temperatures one must take

an average over a set of m successive intervals of length N' ,

where N = m N' .

m
<r

2
>
N

<r
2
>
N'

i =1

The same procedure works for each component perpendicular to the

field. Furthermore we note that the mean square displacements of x



and y are equal. Consequently one can estimate the uncertainty in

<z> by

<x
2
>
N

+ <y2>
(6z)

2
/

2
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D. Transport Mechanism

Consider a vacancy and a nearest neighbor oxygen ion switching

places. During the switching process the oxygen has to overcome an

energy barrier. Two contributions to the hopping probability are

possible. Classically the jump can be treated as an overbarrier

hopping process. We then assume that the energy is distributed

according to a Boltzmann distribution and the transition probability

is proportional to the difference in free energy between the initial

state (x) and the saddle point (i) of the jump path :

P(x,i) 0( exp(-AGm/kT)

Oxygen ions also can overcome the barrier by a quantummechanical

tunneling process.

In order to estimate the error made by ignoring the tunneling

contribution the following sample calculation was performed.

Consider a vacancy hopping between two equivalent oxygen sites. The

potential barrier to be overcome is assumed to have a parabolic

form :

,t,(x)
0

- (1)

2
x
2

where (I.

2
1,
0
/a

2
and a is the lattice parameter of the oxygen

sublattice.

The occupation probability be a Boltzmann distribution :

1 -

W(E) kT exPIklE\
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Fig. D.1 Ratio of transport probability due to quantummechanical
tunneling and classical hopping as a function of
temperature.
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The classical overbarrier hopping probability is then

0

Pc]. exP(T)

The quantummechanical tunneling probability is calculated in the WKB

approximation
11

. The tunneling probability P(E) of a vacancy with

energy E is

x(+)

P(E) exp(-
2T

(cD(x)-E))
1/2

dx)

x(-) h

where x(+) - x(-) is the effective width of the barrier for the

energy E . The tunneling probability for the whole energy

distribution W(E) is

where

(1)

o

P
Qm

= P(E) W(E) dE
J

0

-(10
exp(-A110) - exp(---)

kT-

1 - A kT

2

A ( )

2 h (I.

2

The ratio of tunneling and overbarrier hopping probability becomes

exp((P
Qm kT A) (10) 1

(T)

P
cl

1 - A kT
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This ratio was evaluated using the following constant values :

(1)

0
1 eV, a 2.56 A, m - 16 u. Fig. D.1 shows the result. For

higher temperatures the overbarrier hopping dominates, whereas in the

low temperature limit the only possible contribution comes from the

tunneling of.the vacancies as expected.


