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TEMPORAL GAMMA-RAY SPECTROMETRY TO QUANTIFY 

RELATIVE FISSILE MATERIAL CONTENT 

CHAPTER 1 

INTRODUCTION 

1.1 Motivation 

Preventing nuclear proliferation has been an international concern from 

the dawn of the nuclear age. The International Atomic Energy Agency (IAEA) 

promotes the peaceful use of nuclear energy, while working to ensure nuclear 

energy is not used for further military application (IAEA, 1957). Because of 

the dual-use nature of nuclear materials and technology, the IAEA and the 

U.S. Department of Energy (DOE) largely focus on the control and 

accountability of fissile materials across the globe (DOE, 2011; State Dept, 

1980).  Of particular interest is determining the fissile material content of 

spent nuclear fuel assemblies by non-destructive means (Veal, LaMontagne, 

Tobin, & Smith, 2010). An intensive effort to develop such a capability has 

resulted in several promising approaches. The capabilities are roughly split 

between passive radiation measurements that are minimally intrusive (passive 

gamma-ray measurements, x-ray flouresence) and active interrogation 

techniques that have the potential to be more accurate (delayed neutrons, 

delayed gamma-rays following induced fission) (Charlton, 2011). Many of the 
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techniques in development exploit the difference in fission yield of plutonium 

and uranium (as shown in Figure 1-1) to determine fissile material quantities, 

particularly of very short-lived isotopes. 

 

The techniques rely upon published nuclear data, including gamma-ray 

energies, gamma-ray branching ratios, and fission yield data, among many 

others.  The uncertainty associated with the nuclear data used in the models 

directly contributes to uncertainty in the resultant measurement, which is 

preferably minimized to increase accuracy and precision of the measurement. 

Data associated with the gamma-ray energies of some isotopes can carry large 

uncertainties (Krane, Keck, Norman, & Shivprasad, 2012).  Additionally, the 

error associated with branching ratios of very short-lived isotopes are often 

very high because the isotopes are typically only created via fission, and are so 

Figure 1-1: Thermal neutron induced fission fragment mass yield distribution for 235U 

(solid line) and 239Pu (dashed line) (England & Rider, 1994). 
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short lived that they are difficult to study (NNDC). For similar reasons, the 

fission yields of very short-lived isotopes often carry large uncertainties, 

typically 30% or more (Bail, et al., 2011), however the differential fission yield 

between fissile materials is one of the most useful discriminators in 

determining fissile material content (Firestone, et al., 2005; Runkle, 

Chicherster, & Thompson, 2012). The attenuation of gamma-rays by the 

sample also must be considered, and while most techniques utilize higher 

energy gamma-rays (>1 MeV) which minimize attenuation effects, a generic 

attenuation correction must be applied (Beddingfield & Cecil, 1998) to 

minimize any bias. Additionally, if a large energy range of gamma-rays is 

utilized in a model, the varying efficiency of the detector for different energies 

must be accounted for so as to not induce any bias in the calculation (Marrs, 

et al., 2008). The techniques generally involve forming intensity ratios of 

handpicked gamma-ray peaks to exploit the differential fission yield. While 

minimizing the energy range of the gamma-rays used can reduce systematic 

bias, it can never fully eliminate it (Chivers et al. , 2011).   

This is but a short list of areas which make quantifying fissile material 

content using delayed gamma-ray spectrometry promising in modeling, yet 

challenging to accomplish in practice. Efforts to improve nuclear data 

continually emerge (Romano, 2009), however with over 700 fission products 
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(Uckan et al., 1999) to study, and a practical limit on the accuracy of nuclear 

data, it may take decades to improve accuracy to within 10%. Another 

approach is to develop a non-destructive assay technique that minimizes the 

effects of these uncertainties and biases that can be put into practice in a very 

short period of time.   

1.2 Temporal Characteristics of Gamma-Ray Spectra 

Experts in delayed gamma-ray spectrometry have noted that there exist 

characteristic temporal trends of the peaks of interest used in creating 

intensity ratios (Beddingfield & Cecil, 1998). A novel methodology is 

presented in this research to use this dynamic temporal response of delayed 

gamma-rays from radioactive fission products to estimate the quantity of 

fissile material in a sample. The method involves characterizing the temporal 

growth and decay of the gamma-ray spectrum for fissile materials, including 

the total integrated counts and the count rate. These aspects of the gamma-

ray spectrum carry unique characteristics that can be used to estimate fissile 

material content.   

A method has been proposed by researchers that model a discrete 

temporal ratio technique that normalizes the information contained in the 

spectral intensity differences such that only the temporal differences of the 

peak remain (Chivers et al., 2011).  To do this, the total number of counts 
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over 2.5 seconds in a 3 keV energy bin is normalized by the total number of 

counts over 10 seconds in the same energy bin. This normalizing has the 

potential effect of significantly reducing inherent biases due to attenuation and 

detector efficiency. Additionally the analysis does not rely upon a single 

isotopic peak (therefore uncertain fission yield data and gamma-ray attribution 

to a specific isotope), but rather multiple isotopes contribute to the peaks. The 

result is that more robust and developed peaks can be used independent of the 

isotopes creating the peaks, allowing for better counting statistics and 

removing a significant amount of uncertainty related to nuclear data accuracy.  

The discrete temporal ratios could be used exclusively to characterize the 

fissile material, and the difference in the temporal ratios could then be used to 

quantify the fissile material content. Initial results have been promising using 

this technique in highly idealized modeling simulations (using a δ-pulse of 

neutrons, neglecting the buildup of long-lived nuclides), but has not been 

empirically validated (Chivers et al. , 2011) nor has a practical experimental 

application been proposed.  

Researchers have measured the time-dependence of individual photo 

fission products (Wehe, Yang, & Jones, 2006; Norman, et al., 2007), usually of 

cesium and strontium to identify the presence of fissile material, less so for the 

characterization of fissile material content (Runkle, Chicherster, & Thompson, 
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2012). The temporal and spectral signatures of thermal neutron induced fission 

of 235U and 239Pu have been roughly characterized by quantifying the raw 

number of gamma-rays between 3000 – 4000 keV and 4000 – 8000 keV in 3 

second time bins (Norman, et al., 2004), however there is not enough spectral 

information to discriminate between uranium and plutonium or to reliably 

quantify fissile material content as shown in Figure 1-2.  

 

1.3 Practical Temporal Gamma-Ray Spectrometry 

Recent advances in digital spectrometers now allow researchers to 

capture the time and energy of every gamma-ray detected in a raw format 

that can later be parsed by the user in post-processing called List Mode.  

Figure 1-2: γ-ray spectra observed in 30s of live time following the neutron 

irradiation of 0.568g of 239Pu and 115g of steel (Norman, et al., 2004). 
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Utilizing this feature, it is possible to create a continuous temporal 

characterization of the sample’s gamma-ray spectrum, including the 

instantaneous count rate and total integrated counts. This provides the 

capability to develop a practical temporal gamma-ray spectrometry method to 

characterize and quantify fissile material content.   

In this research, a practical temporal gamma-ray spectrometry method 

is developed and implemented that creates a continuous temporal ratio to 

empirically characterize the time-dependent gamma-ray response of fission 

fragments following the brief irradiation of a sample by a neutron source. In 

contrast to the Chivers et al. discrete method of creating an integrated peak 

ratio using two discrete points in time, this research proposes a dynamic, near-

continuous, spectrum of the temporal ratio.  

1.4 Research Goal and Objectives 

The research goal is to develop a practical temporal gamma-ray 

spectrometry technique to quantify the fissile material content of a sample.  

To accomplish the goal, multiple objectives must be accomplished.   

A) Develop a temporal gamma-ray spectrometry program that allows 

post-processing and analysis of the raw gamma-ray time-dependent 

fission yield spectral data.   
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B) Identify the key spectral regions and optimum parameters that 

provide the best statistics to comprise the temporal spectra used to 

quantify the fissile material content.  

C) Demonstrate that the temporal gamma-ray spectrometry method 

can quantify fissile material content, and determine the uncertainty 

associated with measurements.   
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CHAPTER 2 

NON-PROLIFERATION 

2.1 IAEA – Treaties 

The landmark Non-Proliferation Treaty (NPT), which entered into 

force in 1970 and has been signed by 187 parties, is the cornerstone of the 

international effort to prevent the spread of nuclear weapons and the 

associated technology, while promoting the peaceful use of nuclear energy.  

The treaty establishes a system of safeguards used by the IAEA to verify 

compliance, detect special nuclear material, and prevent its use in nuclear 

weapons (IAEA, 1970).  

Among other functions the safeguards system primarily acts as an early 

warning measure that, if violated, can set in motion appropriate responses by 

the IAEA.  The international community is continually working to strengthen 

the safeguard system through a variety of means including increased 

cooperation, information sharing, technical developments, and policy outreach.  

Over the past two decades these safeguards have increasingly been focused on 

strengthening the probability that a clandestine nuclear weapons program can 

be detected at the earliest point in development allowing the international 

community to ensure states are abiding by their NPT commitments in good 

faith (IAEA, 2002).  



10 

 

2.2 NPT Safeguards - Materials Control and Accountability 

The safeguards system works by verifying the declared nuclear or 

nuclear-related activities by an NPT-state are correct and complete (IAEA, 

2002).  Often these verification measures require visits to the country for on-

site inspections and evaluations by international experts.  The assessments 

largely rely on material controls and accountability (York, Rochau, & Cleary, 

2007).   

The NPT simultaneously promotes the peaceful use of nuclear energy 

and aims to prevent the spread of nuclear weapons programs (IAEA, 1970).  

The peaceful use of nuclear energy, however, uses many of the same 

technologies as those required to establish a national nuclear weapons 

capability.  Furthermore, the technical knowledge to fabricate and assemble a 

basic nuclear weapon has spread across the world.  Numerous countries have 

shown that a nuclear weapons program can be developed clandestinely 

(Walter, 1999); therefore one of the primary instruments to prevent nuclear 

proliferation is control and accountability of nuclear material (DOE, 1999). 

Increasing the capability of the IAEA nuclear materials control and 

accountability safeguard system is paramount to a successful international 

non-proliferation regime. In a joint statement released on July 6, 2009, 

President Barack Obama of the United States and President Dmitry 
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Medvedev of the Russian Federation emphasized the critical role of 

multinational cooperation in bolstering the international safeguards system:   

Successful material accountability programs ensure that all nuclear 

materials are accounted for, and that unauthorized acts, such as diversion of 

special nuclear material, are detected.  These programs include physical 

inventories to ensure materials are present in their stated quantities, detailed 

accounting systems in place for all transfers and shipments, material 

measurements which verify inventory quantities, and material measurements 

capable of detecting losses or diversions of nuclear material (DOE, 1999).  

While the former attributes largely rely on record-keeping and accounting 

measures, the latter requires the application of measurement technology and 

techniques that pose a unique scientific challenge because of the inherent 

properties of the materials being measured. 

“Recognizing the important role of safeguards in promoting 

confidence in the peaceful use of nuclear energy and in addressing 

proliferation threats, we will work together to expand opportunities 

for bilateral and multilateral cooperation to strengthen the overall 

effectiveness and efficiency of the international safeguards system.” 

(Obama & Medvedev, 2009) 
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2.3 Next Generation Safeguards Initiative 

Assessing the risk of proliferation in the Middle East, Korean peninsula, 

and elsewhere, it can be argued that the system of safeguards currently in 

place to detect unauthorized nuclear activity is more important than any time 

in its 45-year history (ElBaradei, 2004). The number of safeguarded facilities 

in the world has more than tripled since the mid-1980s; the amount of 

safeguarded highly enriched uranium and plutonium has increased six fold 

(IAEA, 2010).  Considering global energy demands continue to grow while 

many countries are shifting increased attention to non-fossil fuels, it is highly 

likely that the number of safeguarded facilities will continue to rise.  With 

increased nuclear energy demands comes increased risk of nuclear proliferation, 

masked by peaceful nuclear technology, making the need for more robust 

safeguards even more vital.   

In 2008 the National Nuclear Security Administration (NNSA), an 

extension of the DOE that manages the United States’ nuclear weapons and 

nuclear non-proliferation efforts, conducted an assessment of international 

safeguards. The report concluded that a renewed effort should begin by the 

United States to develop the next generation of nuclear safeguard technology 

to bolster the IAEA’s current safeguard system. The effort would be termed 

the Next Generation Safeguards Initiative (NGSI), with the goal of 
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coordinating U.S. safeguards technology programs, and revitalizing the U.S. 

safeguards technology and human capital base (NNSA, 2008).   

Fundamental to the NGSI effort is that for international safeguards to 

be effective, the safeguards must be able to accurately detect illicit nuclear 

activities indicating non-compliance with international treaties. To realistically 

accomplish the required capability, safeguard technologies must be continually 

improved to achieve greater effectiveness and efficiency, particularly in the 

detection of nuclear materials control and accountability (NNSA, 2009).  

Detecting nuclear materials diversion is an extremely difficult task that 

requires sophisticated measurement techniques, many of which are still in 

development (Charlton, 2011).   

Of particular concern is determining the quantity of fissile material in 

spent nuclear fuel (SNF) assemblies from light water reactors (LWR).  The 

fissile isotopes of 235U and 239Pu are of most concern for nuclear weapons 

proliferation.  While there are different designs of nuclear weapons, emerging 

nuclear states have largely focused on plutonium implosion because it is a 

more efficient design, plutonium fission releases more neutrons per fission than 

uranium, and highly enriched uranium is extremely expensive because of the 

enrichment process (Office of the Deputy Assistant to the Secretary of Defense 

for Nuclear Matters, 2007). Plutonium is produced in a reactor that can also 
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be used for the production of electricity, providing a cover for nefarious 

activities without draining a nation’s coffers for enrichment. The quantity of 

plutonium in SNF assemblies is relatively small compared to the dominant 

mass quantity of 238U and the assembly structural materials. Determining the 

mass of plutonium in SNF assemblies by non-destructive means is 

exceptionally difficult (Charlton, 2011).  
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CHAPTER 3 

NON-DESTRUCTIVE ASSAY TECHNIQUES 

3.1 NGSI Efforts 

The scope of determining the fissile material content and composition of 

SNF assemblies is enormous, evidenced by the number of spent fuel assemblies 

stored worldwide.  Whether the SNF is in a cooling pool at a reactor site, at a 

reprocessing plant, in dry storage at a waste repository, or in transit, all fissile 

material requires accurate accounting and control.  Current materials 

accountability and control measures rely largely upon initial enrichment data 

and operator logs, which allow scientists and technicians to estimate the mass 

of each fissile isotope.  Passive measurements are taken on the SNF assemblies 

for confirmatory purposes, but accuracy is generally 10-15% (Charlton, 2011; 

Mora, Padilla, Palomino, & Terremoto, 2011).  The current materials 

accountability methods not only have relatively large uncertainty, but there is 

a possibility that operator log continuity can be incorrect, falsified, or lost, 

rendering the estimates suspect when accuracy is of essence (Avenhaus, 1977).  

As part of the NGSI effort, a five-year research endeavor began in 2009 

to provide safeguards inspectors with a capability to directly measure the 

plutonium content in SNF assemblies and to detect the diversion of pins from 
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an assembly (Charlton, 2011).  Initially 14 NDA techniques were proposed and 

investigated: 

1. Passive Neutron Albedo Reactivity (PNAR) 

2. Self-Interrogation Neutron Resonance Densitometry (SINRD) 

3. Passive Gamma (PG) 

4. Differential Die-Away Self Interrogation (DDSI) 

5. Neutron Multiplicity (NM) 

6. X-Ray Fluorescence (XRF) 

7. 252Cf Interrogation with Prompt Neutron Detection (CIPN) 

8. Assembly Interrogation with Prompt Neutron Detection (AIPN) 

9. Delayed Neutron (DN) 

10. Differential Die-Away (DDA) 

11. Delayed Gamma (DG) 

12. Nuclear Resonance Fluorescence (NRF) 

13. Lead Slowing Down Spectrometry (LSDS) 

14. Neutron Resonance Transmission Analysis (NRTA) 

The techniques are roughly split between passive radiation techniques 

that are minimally intrusive (listed 1-7 above) and active interrogation 

techniques that have the potential to be more accurate (listed 8-14 above). Of 

the 14 techniques, 4 were removed from consideration (LSDS, NRF, NM, 
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AIPN) as they have been deemed to be unfeasible or unable to achieve the 

required accuracy, and the remaining 10 have been grouped into integrated 

systems for further study. The integrated systems will allow for multiple 

methods to be combined into a single system, potentially providing greater 

confidence in the results. Of particular interest is the use of the Delayed 

Gamma technique to achieve accuracy and precision within 5-10% (Charlton, 

2011).  

3.2 Delayed Gamma-Ray Spectrometry  

Passive measurements of the gamma-ray spectrum for the identification 

of uranium or plutonium generally require measuring gamma-rays below 500 

keV (Beddingfield & Cecil, 1998).  In the 500 keV energy range the 

background signature from an SNF assembly is very intense, creating 

overlapping peaks and a low signal-to-noise ratio making accurate 

determination of the quantity of special nuclear material difficult.  To 

overcome the challenge, researchers have developed active interrogation 

techniques to induce fission in the sample and measure the high-energy 

delayed gamma-ray signature above the SNF passive gamma background.  The 

approach has the potential to be successful because the independent fission 

yield of each fissionable isotope is unique (Campbell, Smith, & Misner, 2011).   
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Researchers originally investigated the application of novel intensity 

ratios of high-energy gamma-rays near 1 MeV to determine if uranium or 

plutonium is present in an unknown sample (Beddingfield & Cecil, 1998).  One 

of the unique aspects of the method is that the number of fissions induced by 

the interrogating neutron source does not need to be precisely known, as the 

intensity ratios of multiple isotopes provide sufficient data to accurately 

determine if uranium or plutonium is present.  The authors theorize that 

additional application of the theory could lead to determining the relative 

quantity of each constituent isotope.   

Building from the work presented by Beddingfield and Cecil, a method 

of determining the concentration and enrichment of 235U in a sample using a 

combination of prompt and delayed gamma-rays was developed (Firestone, et 

al., 2005).  The investigation is extended to more energetic gamma-rays, 

between 3-4 MeV, and utilizes thermal and cold neutron sources.  The result is 

a more complete ability to identify an isotope in an unknown sample and to 

begin to determine the relative isotopic concentration and enrichment 

(Firestone, et al., 2005). 

With the foundation of delayed gamma-ray spectrometry established as 

a viable technique to identify special nuclear material within an unknown 

sample, research efforts in the new field of study increased worldwide.  Several 
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new gamma line pairs and groups were identified that are very sensitive to 

fissile material and are prominent at different times in the gamma-ray 

spectrum (Marrs, et al., 2008).  Gamma line pairs are chosen that are 

relatively insensitive to incident neutron energy, such that a white neutron 

source (i.e. neutrons with energies that span a large range) could be used to 

perform activation analysis through induced fission.  The time-dependent 

intensity of the selected gamma-ray lines, from 1 minute to 14 hours following 

fission, allows the specific fissile material isotopes to be identified, specifically 

235U and 239Pu, and the enrichment of the uranium content to be determined 

(Marrs, et al., 2008). 

3.3 Applied Delayed Gamma Non-Destructive Assay Techniques 

Two independent efforts to develop a system using traditional (non-

temporal) delayed gamma-ray spectrometry to determine the content of fissile 

material have progressed concurrently. Both delayed gamma-ray assay 

techniques rely upon the underlying theory of using the ratio of observed 

fission product gamma-rays to estimate the quantity of fissile material content 

(Beddingfield & Cecil, 1998), but do not utilize the temporal nature of 

gamma-ray growth and decay.  

Shown in Figure 3-1, Los Alamos National Laboratory (LANL) has 

modeled a delayed gamma-ray spectrometry system that actively interrogates 
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the SNF assembly with a moderated deuterium-tritium (D-T) neutron source, 

induces fission events, then uses a low-efficiency slot collimator coupled with a 

high-purity germanium (HPGe) detector approximately 100 centimeters from 

the assembly to measure the delayed gamma-rays.  The purpose of the slot 

collimator and distance is to reduce the background count rate to the detector, 

thereby reducing dead-time whilst ensuring sufficiently high intensity of high-

energy delayed gamma peaks (Mozin et al., 2011).   

 

 

Using the same theoretical basis, researchers at Pacific Northwest 

National Laboratory (PNNL) also developed a delayed gamma-ray assay 

model to estimate fissile material content. The PNNL design, shown in Figure 

3-2, similarly uses a D-T neutron source for interrogation and HPGe for 

detection; however the moderator, geometry and reflector are different from 

the LANL design.  The PNNL design utilizes a high-density polyethylene 

(HDPE) moderator, while the D-T neutron source is surrounded by an iron 

Figure 3-1: LANL delayed gamma assay model (Mozin et al., 2011). 
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plug.  The HPGe detector is set back 50 centimeters from the fuel to reduce 

the dead-time of the detector (Campbell, Smith, & Misner, 2011). 

 

 

The Campbell and Mozin approaches represent two practical 

applications of delayed gamma-ray spectrometry to quantify the spent nuclear 

fuel fissile material content that have been modeled to date. Both efforts have 

furthered the theory and application of using delayed gamma-rays to 

characterize fissile material content, optimizing the original theory to use high-

energy gamma-rays that are much more energetic (3 – 5 MeV) than the 

passive background of the SNF assembly. A corresponding difficulty arises 

using these gamma-rays, however, as the nuclear data sets for these isotopes 

are less accurate, and sometimes non-existent (IAEA, 2000).  

Figure 3-2: PNNL delayed gamma assay model (Campbell, Smith, & Misner, 2011). 
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3.4 Challenges Associated with Fission Yield Data 

All of the established delayed gamma-ray spectrometry techniques rely 

heavily on the published nuclear data, and a plurality of the techniques have 

concluded that more accurate nuclear data are required to achieve the 

requisite accuracy during assay (Campbell, Smith, & Misner, 2011; Charlton, 

2011; Beddingfield & Cecil, 1998; Firestone, et al., 2005; Mozin et al., 2011). 

Determining the yield of very short-lived fission products is a difficult 

challenge because of the half-lives of the material under investigation.  There 

are over 700 independent fission products known to exist (Uckan et al., 1999), 

however not all of their yields have be empirically measured because of the 

very short half-lives.  The yields of fission products with half-lives less than a 

second are typically estimated using sophisticated models derived and 

benchmarked from studies of time-dependent changes of progeny observed in 

measured yields (Younes, et al., 2001), though not measured directly. Many 

techniques have been developed to measure the yield of fission products, but 

the measurement of very short-lived products has remained elusive. A common 

method, gamma-ray spectrometry, is utilized quite extensively to measure 

fission product yields where the isotope of concern is identified by its unique 

delayed gamma-ray (Tipnis, et al., 1998; Amhad & Phillips, 1995; Schier & 

Couchell, 1994; Wahl A. C., 2002)). The technique has been used to determine 
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the fission yield of hundreds of isotopes with half-lives ranging from months 

down to around 30 seconds (Dickens & McConnell, 1981). A common problem 

with the technique, however, is the gamma-ray spectrum is very complicated 

and intense, and identifying very short-lived isotopes is difficult because the 

transit time of the fission products to the detector, and the statistical accuracy 

resulting from short counting times (IAEA, 2000; Schier, et al., 1998;  

Ferguson & Read, 1965; Galy, Fogelberg, Storrer, & Mach, 2000). The 

resultant uncertainty  (Bail, et al., 2011) for the very short-lived isotopes (30% 

or more) means that potential isotopes with large differences in fission yield 

between plutonium and uranium cannot be accurately modeled in traditional 

delayed gamma-ray spectrometry, or large uncertainty is introduced into the 

fissile quantity estimate (Campbell L., 2011).   

3.5 An Alternative Approach: Temporal Gamma-Ray Spectrometry 

As mentioned earlier, an alternate delayed gamma-ray spectrometry 

method is proposed that utilizes the temporal response of the gamma-ray 

signature, instead of individual isotopic intensity ratios, to characterize the 

content of an unknown sample. Previous researchers in delayed gamma-ray 

spectrometry have noted that systematic bias is introduced into the 

calculation of fissile material contents from the SNF assembly self-attenuation 

of the gamma-rays and the effects of detector efficiency (Beddingfield & Cecil, 
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1998; Marrs, et al., 2008; Firestone, et al., 2005; Fensin, Tobin, Sandoval, 

Swinhoe, & Menlove, 2009). To minimize systematic bias, ratios with similar 

gamma-ray energies can be used; however the bias can never be completely 

eliminated.  Chivers et al. theorize that using a discrete technique, 

independent of intensity ratios of specific isotopes instead using the a ratio of 

the gamma-ray spectra from two different count times, can obviate what is 

commonly the largest source of systematic uncertainty in the assay of mixed 

isotope samples.  The technique has been modeled with Monte Carlo 

simulations to identify the contents of an unknown sample within 3% error, 

however it has not been empirically validated (Chivers et al., 2011).  

The fundamental theory of focusing on the temporal growth of regions 

of interests appears promising.  The proof of concept model Chivers et al. 

utilize includes a delta-pulse of 1,000 fissions occurring in the sample material 

while investigating the temporal response of 50 regions of interest, generally 3 

keV wide, for the first 10 seconds following fission. The total number of counts 

in the region of interest over a 2.5 second count time is normalized by the 

total number of counts over a 10 second count time, creating a characteristic 

fractional response for the fissionable material. After one pulse, researchers 

state they can determine the 235U and 239Pu content within ± 0.26%.  The 

pulses are repeated 1,000 times with no additional sample cooling time, taking 
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approximately 2.8 hours, and researches compute the fissile content again on 

the 1,001 neutron pulse within ± 0.16%. Both of the above assays neglect the 

effects of the Compton continuum, while the latter assay attempts to account 

for the effects of the build-up on long-lived fission fragments. The accuracy of 

the Monte Carlo model decreases when the effects of the Compton continuum 

are incorporated to ± 3.84% for one neutron pulse and 3.54% after 1,001 

neutron pulses. 

The method initially presented by Chivers et al. in a highly idealized 

model presents some practical challenges.  The principal challenge of the 

model is inducing 1,000 fissions instantaneously, or even inducing a known 

number of fissions.  While a brief exposure to thermal neutrons is practical 

using the Oregon State University TRIGA reactor, calculating the number of 

fissions to use as a normalization factor is challenging in such a short counting 

time period (<10 seconds), while the geometry of the Chivers et al. model, 

detector efficiency, and dead-time are unknown. The effects of the Compton 

continuum and long-lived isotopic build-up in experimental measurements may 

pose an additional challenge outside the idealized Monte Carlo model initially 

used. These represent just some of the practical difficulties in the Chivers et 

al. model.   
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In this research, a practical temporal gamma-ray spectrometry method 

is developed and implemented that creates a continuous temporal ratio to 

empirically characterize the time-dependent gamma-ray response of fission 

fragments following the brief irradiation of a sample by a neutron source.  

Dynamic temporal gamma-ray spectra are generated using total integrated 

spectra and count rate spectra, then used to identify the most effective regions 

of interest that characterize each fissile isotope.  Using the empirically-derived 

regions of interest, temporal responses can then be used to assay the relative 

fissile material content of a sample.  The primary advantage of this approach 

over traditional delayed gamma-ray spectrometry is the regions of interest are 

composed of multiple fission fragments instead of often obscured single-isotope 

peaks, using more robust and developed peaks to minimize systemic biases and 

improve counting statistics. In contrast to the Chivers et al. discrete method 

of creating an integrated peak ratio using two discrete points in time, this 

research proposes a dynamic, near-continuous, spectrum of the temporal ratio. 
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CHAPTER 4 

FISSION THEORY 

As mentioned previously, the basis in discriminating between fissile 

materials using gamma-ray spectrometry comes from the differential fission 

yield of each fissile isotope.  To understand why the resultant distribution of 

fission fragments is different for each fissile isotope, the structure of the 

nucleus must first be understood, along with the process of fission.  

Fundamental to explaining the structure of a nucleus is an understanding of 

the nuclear forces acting upon the nucleons and the resultant nuclear binding 

energy. This knowledge leads to the different models of the nucleus, which 

help explain the fission process itself, and the resultant fission fragment 

distributions 

4.1 Nuclear Force 

The nucleus of an atom is a bound system of neutrons (N) and protons 

(P); the properties of the nucleus are determined by the forces acting between 

these constituent nucleons. The nuclear part of this force is particularly 

complicated and challenging to derive from first principles, or to express in an 

implicit form (Lilley, 2001). Calculations of the nuclear forces involved in the 

structure of a nucleus generally employ empirical forms derived from 

experimental studies of nucleonic interactions combined with advanced models. 
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The nuclear force between nucleons has a strongly attractive component 

that acts only over a very short range, approximately 1 femtometer (10-15 

meters) between the nucleon centers, and is sufficiently strong enough to 

overcome the long-range Coulomb repulsion between protons. Because of their 

strength compared to electromagnetic interactions, nuclear forces are said to 

be due to the strong interaction (Basdevant, Rich, & Sprio, 2004). This 

attractive force, which acts only on hadrons (which includes baryons such as 

neutrons and protons, and mesons such as pions and kaons), drops off rapidly 

past about 2.5 femtometers (Foderaro, Nuclear Forces, 1971).  At extremely 

short distances, less than 0.5 femtometers, the force becomes repulsive.  The 

nature of the nuclear force is responsible for the physical radius of the nucleus 

because the constituent nucleons can come no closer than the force allows 

(Lilley, 2001). 
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The minimum in the potential energy shown in Figure 4-1, which 

corresponds to the maximum attraction the nucleons experience, occurs where 

the attractive and repulsive forces are in equilibrium.  Because this is the 

separation distance in which the forces are equal and opposite it is also the 

separation that the nucleons will tend to maintain as an average position 

(Lilley, 2001). The nuclear binding energy of a nucleon due to the interactions 

with its neighboring nucleons approaches a saturation value independent of 

mass number (A), which is evidenced by the approximately constant density 

of the nucleus. Figure 4-2 shows the charge density, and therefore the proton 

density, of a nucleus as a function of the nuclear radius.  Assuming the proton 

and neutron densities are approximately the same, then the nucleonic density 

Figure 4-1: Potential energy as a function of distance between two nucleons (Lilley, 

2001). 
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is shown to be approximately constant in the interior of the nucleus for A>40 

(Basdevant, Rich, & Sprio, 2004). 

 

The variation in binding energy per nucleon for nuclides greater than 

A=20 is relatively small, which leads to the concept of the saturation of the 

nuclear force. This situation is similar to the separation distance of molecules 

in a drop of liquid, which is approximately constant, and is the reason why the 

density of the liquid and the binding energy of a molecule in a liquid drop are 

both independent of the drop size (Lilley, Nuclear Mass, 2001).  This 

correlation between nuclear structure and a liquid drop will be returned to 

often in the following discussion of models of the nucleus.  

Figure 4-2: Experimental charge density as a function of radius. (Basdevant, Rich, & 

Sprio, 2004). 
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The nuclear force is found to be charge independent and charge 

symmetric. Charge independent means that the nuclear force is the same for 

neutrons interacting with other neutrons, neutrons interacting with protons, or 

protons interacting with other protons. Charge symmetric means that the 

force between two protons in given states is the same as two neutrons in the 

same states. However, because the nucleons are baryons (and therefore 

fermions) their intrinsic angular momentum projected on an arbitrary 

direction can take on only the values of ±
2


, so they must obey the Pauli 

exclusion principle. The principle states that no two identical fermions may 

have the same spatial wave function, thereby occupying the same quantum 

state, simultaneously (Basdevant, Rich, & Sprio, 2004). For charge symmetry 

to hold, it means that the spin states of each proton-proton or neutron-

neutron pair must be opposite (Massimi, 2005).  

This concept leads to the spin dependence of the constituent nucleons.  

A pairing of like nucleons (neutron-neutron or proton-proton) would result in 

one nucleon being spin up and the other spin down, producing a net spin of 

zero.  This gives rise to the quantum number S, the total spin angular 

momentum, which in this case would be S=0 representing the lowest state of 

the dineutron or diproton pairing (Lilley, 2001). Charge independence becomes 

important to the discussion at this point, as neutron-proton pairings are not 
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restricted by the Pauli exclusion principle, therefore the spins of each nucleon 

can either be anti-parallel (S=0) or parallel (S=1), in which case the latter 

state results in a stronger binding force.  This accounts for why a neutron-

proton pairing can form a bound system as a deuteron, however neither the 

dineutron nor diproton has a bound state.  The result is that the average force 

between a neutron and a proton inside a nucleus is greater than the force 

between two identical nucleons, by a factor of approximately two.  

The orientation of the total spin angular momentum also combines with 

the orbital angular momentum L to contribute to the spin-orbit force.  This 

force is attractive if S and L are parallel, and repulsive if they are anti-

parallel.  Therefore, if a nucleon is deep in the interior of the nucleus it 

encounters as many spin up nucleons as spin down nucleons, on average, 

resulting in the effect of spin-orbit dependence averaging out. In instances 

where the spin-orbit force does not average out, such as near the edges of the 

nucleus, the force leads to an important contribution to the total forces 

experienced by the nucleon (Lilley, 2001).  This effect is discussed later in the 

context of models of the nucleus, specifically the nuclear shell model.   

4.2 Nuclear Binding Energy 

Nuclear binding energy B(Z,N) is the total amount of energy required 

that must be added to the nucleus to separate the system into its constituent 
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parts an infinite distance from one another (Foderaro, 1971). It also represents 

the energy that would be released if the constituent nucleons were brought 

together to form the nucleus, therefore it can be computed by taking the 

difference in rest mass energy between a nucleus and its constituent nucleons 

(neutrons and protons): 

 2( , ) ( )
p n nucleus

B Z N Zm Nm m c= + − . (4.1) 

The binding energy must be positive for the nucleus to be formed, and 

when divided by the number of nucleons (A) in the nucleus, the binding 

energy per nucleon (B/A) can be calculated.  As Figure 4-3 shows, the binding 

energy per nucleon reveals important information on the nuclear structure of 

atoms.  The higher the value of B/A, the more tightly bound the nucleus.  

The peak of the binding energy per nucleon curve is near A=60, which means 

that one may gain energy by fusing lighter nuclei together below this peak, or 

breaking heavy nuclei apart that lie above this peak.  In the former case, 

nuclear fusion is the mechanism to climb the B/A curve, whereas nuclear 

fission is the method for heavier nuclides (Krane K. S., 1988). 
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4.3 Liquid Drop Model 

As previously mentioned, the nucleus is analogous to a liquid drop in 

many aspects, particularly in the fact that nucleons interact strongly with 

their neighbors in the nucleus, just as molecules do in a liquid drop.  Based 

upon this premise, Niels Bohr developed the liquid drop model of the nucleus 

in 1935, which later played an essential part in understanding nuclear fission 

in his 1939 work with John Wheeler (Bohr & Wheeler, 1939). From this 

foundation, Hans Bethe and Carl von Weizsäcker developed the semi-empirical 

Figure 4-3: Nuclear binding energy per nucleon B/A (Basdevant, Rich, & Sprio, 

2004). 
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mass formula to represent the known nuclear masses in terms of parameters, 

enabling estimates to be made of the masses of unknown nuclei (Lilley, 2001).    

4.4 Semi-Empirical Mass Formula  

The semi-empirical mass formula relies upon the liquid drop analogy 

while adding two quantum parameters: asymmetry energy and pairing energy.  

The mass of an electrically neutral atom (m(A,Z)) is the sum of the masses of 

the constituent nucleons, reduced by the binding energy of the nucleus, given 

by 

 2( , ) /
H n

m A Z Zm Nm B c= + −  (4.2) 

where mH and mn are the atomic masses of a hydrogen atom and a neutron, 

respectively, and Z and N represent the number of protons and neutrons, 

respectively (Lilley, 2001).  The Bethe-Weizsäcker semi-empirical mass 

formula begins with the total contribution from the volume of the nucleus, 

created by the nearest-neighbor interactions (which would result in a constant 

binding energy per nucleon B/A ~16 MeV), then is reduced by subsequent 

terms. 

 

2 22
3

1
3

( 2 )
( , ) ( )

V S C A

Z A Z
B A Z a A a A a a A

AA
δ−

= − − − +  (4.3) 

The coefficients ai are constants obtained by fitting the formula to 

experimentally determined values (hence the term ‘semi-empirical’) given by 
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aV = 15.753 MeV 

aS = 17.804 MeV 

aC = 0.7103 MeV 

aA = 23.69 MeV 

and 

3
4

3
4

33.6 if  and  are even

( ) 33.6 if  and  are odd 

0 if  is odd 

A N Z

A A N Z

A N Z

δ

−

−



= −
 = +


  

(Basdevant, Rich, & Sprio, 2004).  Each of the terms is derived from general 

properties of the nuclear forces and the nucleus is treated as an assembly of 

particles which behave like molecules in a liquid drop.   

As previously mentioned, the first term (aV) is the volume energy term.  

The mass dependence of this term follows directly from the saturation of the 

nuclear force, described earlier. A nucleon in the interior of the nucleus will 

interact with a fixed number of neighboring nucleons, within the short range of 

the nuclear force. Therefore the volumetric binding energy will be proportional 

to the number of nucleons A in the nuclear volume (Lilley, 2001). 

The surface correction term (aS) reduces the total binding energy 

because nucleons on the periphery of the nucleus interact with fewer nucleons 

than those in the interior, therefore they are less tightly bound. To account for 
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this, an amount proportional to the surface area of the nucleus must be 

subtracted from the volumetric energy term.  Because the radius (R) is 

proportional to A1/3 

 
1
31.25  fmR A=  (4.4) 

and the surface area proportional to R2, the surface correction term is 

proportional to A2/3 (Basdevant, Rich, & Sprio, 2004). 

The Coulomb repulsion term (aC) reduces the total binding energy by 

accounting for the long-range repulsive electric force acting between protons.  

A uniformly charged sphere with radius R and total charge Q has an electrical 

potential energy proportional to Q2/R.  Again, the nuclear radius is 

proportional to A1/3, and since the nuclear charge is Ze, the Coulomb repulsion 

term is proportional to Z2/A1/3 (Lilley, 2001). The result is that neutron excess 

is favored over proton excess, especially in higher mass isotopes, which is seen 

in the band of stability. 
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The symmetry term (aS) expresses the charge-symmetric nature of the 

nucleon-nucleon force that has been previously discussed, therefore asymmetric 

isospins reduce the total binding energy. For this reason, the term is 

sometimes referred to as the asymmetry term. In the absence of electric forces, 

Z = N is energetically favorable, which follows from the Pauli exclusion 

principle in that the effective force in the nucleus is stronger between unlike 

nucleons (proton-neutron) than between identical nucleons (Basdevant, Rich, 

& Sprio, 2004).  This term is most important for light nuclei, which is why the 

term is proportional to (A-2Z)2/A (Krane K. S., Nuclear Binding Energy, 

1988). 

Figure 4-4: Band of nuclear stability (AlgebraLab n.d.). 
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The final term is the quantum pairing term, which accounts for the 

tendency of like nucleons to form spin-zero pairs in the same spatial state to 

form especially stable configurations.  When spin-zero pairs are formed, extra 

binding energy comes from the strong overlap of their spatial wave functions, 

which means that they will spend more time being closer together within range 

of the nuclear force then when they occupy different orbitals (Lilley, 2001).  

When there are an odd number of nucleons, this term does not contribute or 

reduce the binding energy.  However when the number of proton and neutrons 

are both odd (resulting in an even total number of nucleons) the binding 

energy is reduced, yet when the number of protons and neutrons are both 

even, the binding energy is increased. This is evidenced by the fact that there 

are only four nuclei with odd N and odd Z (2H, 6Li, 10B, 14N), yet 167 with 

even N and Z (Krane K. S., Nuclear Binding Energy, 1988). 

The sum of these terms can be seen in Figure 4-5, which shows the 

starting volume energy term and the corresponding reductions in binding 

energy by the surface, Coulomb, and asymmetry terms. 
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The semi-empirical mass formula predictions are very accurate for 

stable nuclides; however there are some deviations in the experimental data 

that suggest a more complex model may be required to understand the nuclear 

forces and structure.  In particular the number of stable isotopes for Z=20 and 

50 is larger than average. Similarly there are greater than average stable 

isotopes with N=50 and 82. The energy to remove a neutron or a proton from 

a nucleus (called the separation energy) is distinctly higher for numbers of 

Figure 4-5: Predicted binding energy per nucleon from the SEMF (solid line) and 

each constituent term with the observer binding energy per nucleon (dots) 

(Basdevant, Rich, & Sprio, 2004). 
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protons or neutrons equal to 2, 8, 20, 28, 50, 82 and 126 (Lilley, Nuclear Mass, 

2001).  

 

These values are commonly termed magic numbers, which are not well 

predicted by the liquid drop model or the semi-empirical mass formula. The 

discontinuities in Figure 4-6 represent the excess binding energy for magic 

nuclei as compared to that predicted by the semi-empirical mass formula 

(Basdevant, Rich, & Sprio, 2004). There are, however, states in atomic shell 

Figure 4-6: The difference between measured two-neutron separation energies of 

those predicted by the SEMF (Lilley, 2001). 
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models in which magic numbers exist, particularly in noble gases where the 

outer electron shell is completely filled (Lilley, 2001).  By adapting the 

principles of the atomic shell model to the nucleus, the nuclear shell model 

attempts to account for many of the unique aspects of the nuclear structure to 

provide a more accurate model. 

4.5 Nuclear Shell Model 

The nuclear shell model assumes that nuclei possess a shell-structure, 

similar to orbital electrons, and that the nuclei can be constructed by filling 

successive shells of an effective potential well (Basdevant, Rich, & Sprio, 

2004). In atomic physics, the existence of shells implies that electrons occupy 

well-defined states and move into these states independently of each other, 

resulting in the independent particle approximation.  The motion of a single 

nucleon is governed by the potential caused by all of the other nucleons, and if 

each nucleon is treated independently, the nucleons can successively occupy 

the energy levels of a series of subshells (Krane K. S., 1988). 

The potential energy (V(r)) experienced by a nucleon in a nucleus is 

produced by its interactions with other nucleons, as discussed previously.  

Therefore the spatial form of the potential energy must be similar to that of 

the density of nuclear matter, which has been shown to be approximately 

constant in the interior of the nucleus, and then decreases nearing the nuclear 
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surface proportional to the range of the nuclear force (refer to Figure 4-2) 

(Lilley, Nuclear Shell Model, 2004).  To approximate the forces applied on 

each nucleon, the Woods-Saxon potential energy is used (Woods & Saxon, 

1954): 

 ( )
0( )

1
r R

a

V
V r

e
−

−
=

+

 (4.5) 

where V0 is the depth of the well, R is the mean nuclear radius given by 

equation (4.4), and a = 0.524 fm representing the diffuseness of the nuclear 

surface. Using this two-dimensional potential energy, the three-dimensional 

Schrödinger equation can be solved. 

 2( , ) ( , ) ( ) ( , )
2

i r t r t V r r t
t m
∂ −
Ψ = ∇ Ψ + Ψ

∂


  (4.6) 

The solution to this results in discrete energy levels of the nucleus, or 

shells, as shown in Figure 4-7. Also shown in Figure 4-7, as a matter of 

comparison, are the predicted levels for an infinite square well potential and 

for a spherical well potential with sharp edges.  Notable is that the ordering of 

the shells is affected by changing the shape of the potential, but the number of 

shells remains the same.  The shells are labeled similar to atomic shells s, p, d, 

f, g, h, i, j, etc., according to the orbital angular momentum quantum number 

l = 0, 1, 2, 3, 4, etc (Lilley, Nuclear Shell Model, 2004). For each value of l 

there are (2l+1) sub-states.  As the shells are filled in order, each state can 
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contain up to 2(2l+1) nucleons of each type.  A magic number results when 

there is a large energy gap between the last filled level and the next 

unoccupied one.  When the 1s shell is filled, the first magic number (2) is 

reached. When both the 1s and 1p states are filled the next magic number (8) 

is reached. The third magic number (20) occurs when the 1s, 1p, 1d and 2s 

shells are filled. After this, the higher magic numbers do not appear from the 

calculations (Krane K. S., Nuclear Models, 1988).  To obtain the higher magic 

numbers, the inclusion of spin-orbit coupling to the Woods-Saxon potential 

energy is introduced (energy levels on the far right of Figure 4-7).  
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Figure 4-7: Sequences of bound single-particle states calculated for different nuclear 

shell-model potentials. The number of protons and neutrons allowed in each state is 

indicated in parentheses; the number magic number corresponding to closed shells is 

circled (Lilley, Nuclear Shell Model, 2004). 
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4.6 Spin Orbit Coupling 

The theory of spin-orbit coupling comes from atomic physics, just as 

the shell model does.  The observed fine structure of spectral lines is caused by 

the spin-orbit interaction.  It is arises due to the electromagnetic interaction of 

the electron’s magnetic moment with the magnetic field generated by its 

motion about the nucleus (Lilley, Nuclear Shell Model, 2004). A similar theory 

is adopted and applied to the nucleus, resulting in a nuclear spin-orbit force of 

the same form as the atomic variant.  If L represents the orbital angular 

momentum, and S represents the spin angular momentum (both defined 

earlier in the Nuclear Force section), then the total angular momentum can be 

calculated from 

 = +J L S . (4.7) 

The spin-orbit coupled Woods-Saxon potential energy has the form of 

( )V r ⋅L S , with  ⋅L S  acting as the spin-orbit factor which causes the 

reordering of the levels in Figure 4-7 (Krane K. S., Nuclear Models, 1988).  As 

mentioned earlier, if L and S are parallel the binding energy increases, and if 

L and S are anti-parallel, the binding energy decreases. Therefore, nucleon 

states with different values for total angular momentum (J) will have different 

energies (Lilley, Nuclear Shell Model, 2004). A single nucleon has a quantum 

spin number of S = ½, so the possible values of j are given by 
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1 1

 (except for 0,  when only  is allowed)
2 2

j l l j= ± = = . (4.8) 

The expectation value of ⋅L S  can be found by the following method 

(Krane K. S., Nuclear Models, 1988): 
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L S J L S

L S


. (4.9) 

The addition of the spin-orbit coupling significantly alters the way the 

states group together in shells. For the 1f state, corresponding to l = 3, the 

possible values of j are given by j = l±2, resulting in j = 7/2 and 5/2. The 

spin-orbit coupling results in 1f7/2 and 1f5/2 states, whose capacity is 6 and 8 

nucleons respectively, which provides sufficient separation to give a magic 

number at 28 (Lilley, Nuclear Shell Model, 2004).  The consequence of 

applying spin-orbit coupling is a remarkable agreement between the shell 

model of the nucleus and observed behavior, and it proved to be a crucial step 

in understanding the properties and behaviors of nuclear structure.  

With the understanding of the nuclear forces acting on the nucleons, 

and the structure of the nucleus, it permits a better understanding of why 

certain isotopes undergo fission. 
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4.7 Fission 

Substituting the semi-empirical mass formula from equation (4.3) into 

the atomic mass formula given by equation (4.2) it is possible to define the 

mass of an isotope entirely by the number of:   

 

2 22
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 15.753 MeV;  17.804 MeV;  0.7103 MeV;  23.69 MeV
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(4.10) 

By examining nuclei with constant A (isobars) it is seen that the atomic mass 

is defined as a quadratic equation in Z.  If A is odd, then a plot of the mass 

versus Z will result in a single parabola (as the pairing term is zero), and if A 

is even there will be two parabolas separated by twice the pairing energy 

contribution.  The mass-energy difference between two adjacent isobars is the 

energy available for a radioactive transition from the heavier to the lighter 

one, as the nucleus prefers a more tightly bound state (Lilley, Nuclear Mass, 

2001).   



49 

 

 

As Figure 4-8 shows, for odd A there is only one parabola, therefore the 

semi-empirical mass formula predicts only one isobar that is expected to be 

stable.  For even A the semi-empirical mass formula predicts two stable even-

even isobars.  Figure 4-8 illustrates that the stable even-even nuclides are 

typically more stable than the odd-odd nuclides, as the latter nuclei is more 

massive than the either of the former nuclides. This results in an interesting 

feature in which the heavier odd-odd nucleus can often decay in either 

direction (Lilley, Nuclear Mass, 2001). 

As seen in Figure 4-3, beyond A~60 the binding energy per nucleon 

decreases as A increases; examining the semi-empirical mass formula shows 

that this decrease is largely due to the increasing contribution of the Coulomb 

Figure 4-8: Stability of nuclei in isobaric mass sequences for (a) odd A and (b) even 

A (Lilley, Nuclear Mass, 2001). 
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repulsion term. Because the binding energy per nucleon decreases for 

increasingly heavy nuclei, eventually there is an energetic preference for these 

nuclei to undergo fission. For very heavy isotopes the binding energy per 

nucleon is generally below 7.6 MeV/nucleon, whereas stable nuclides with half 

the number of nucleons generally have a binding energy of about 8.5 Mev per 

nucleon. If fission occurs in the actinide, splitting perfectly in half, energy 

must be released resulting in approximately 200 MeV liberated. When the 

probability of decay is calculated, the more energy that is released corresponds 

to a greater number of ways for decay products to share the energy and the 

greater number of final states to decay into, which all corresponds to a higher 

decay probability. With such a large amount of energy available for decay, one 

would expect spontaneous fission to be dominant for actinides, yet it does not 

compete favorably with spontaneous α decay, which is much less energetic 

(Krane K. S., Nuclear Fission, 1988). 

238U α decay 238U spontaneous fission 

tα1/2 = 4.5 x 109 years tsf
1/2 = 7.97 x 1015 years 

Decay Energy=4.27 MeV Decay Energy=205.87 MeV 

Spontaneous fission does not occur as frequently as expected, however, 

because in order for fission to occur a nucleus must first become deformed 

Table 4-1: 238U competing decay mechanisms. 
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from its equilibrium shape.  This deformation increases the surface area and, 

in turn, requires energy according to the semi-empirical mass formula. The 

increase in surface energy is partially offset by an energy gain from the 

Coulomb term, which decreases with deformation (Lilley, Nuclear Mass, 2001).   

4.8 Barrier Against Fission 

Inhibiting heavy nuclei from fissioning is the Coulomb barrier.  If a 238U 

nucleus is divided into two identical 119Pd nuclei that are just touching at their 

surfaces, their separation distance would be twice the nuclear radius given by 

equation (4.4).  The Coulomb barrier for these two nuclei would be given by  

 
2

1 2

0

1
4

Z Z e
V

Rπε
=  (4.11) 

resulting in a barrier of 250 MeV.  The Coulomb barrier for these two nuclei 

at an infinite separation distance would be zero, therefore it can be used as the 

base of the energy scale in Figure 4-9 (Krane K. S., Nuclear Fission, 1988).   
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The energy released from 238U spontaneous fission can be determined by 

taking difference in the binding energy of two 119Pd nuclei and the binding 

energy of 238U, which results in 214 MeV. Inside the region of the nuclear 

potential, 238U can exist as two 119Pd nuclei because of the enormous number of 

final states available from a 214 MeV energy release. The difference between 

the availabe energy and the Coulomb barrier still leaves a ~36 MeV barrier for 

the fragments, which is practically impenetrable (Krane K. S., Nuclear Fission, 

1988).   

The Coulomb barrier can be reduced if the fission fragments are not 

identical; if they have a mass ratio of 2:1, coupled with the release of a few 

Figure 4-9: Ideal nuclear potential well for 238U and two 119Pd fragments (Krane K. 

S., Nuclear Fission, 1988). 
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neutrons to form more tightly bound fragments, the Coulomb barrier is 

reduced from 250 MeV to 221 MeV while the available energy remains 

approximately 214 MeV.  Even with a reduced barrier of 7 MeV, the two 

fragments cannot readily penetrate this fission barrier (Krane K. S., Nuclear 

Fission, 1988). 

The sharp edges of the Coulomb barrier represented in Figure 4-9 are 

not entirely realistic; a more appropriate graph is shown in Figure 4-10 which 

shows a smooth potential fission barrier representing the competing effects of 

the terms in the semi-empirical mass formula. 

 

Figure 4-10: Fission barrier of fissionable actinide (Krane K. S., Nuclear Fission, 

1988). 
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The surface energy term dominates for all naturally occuring nuclei in a 

state of stable equilibrium.  Energy is required in order to deform this stable 

nucleus, and there is a strong restoring force from the volume term to return 

the nucleus to its equilibrium shape.  If sufficient energy is imparted upon the 

nucleus, at a certain point the deformation of the nucleus will cause the 

relative strengths of the Coulomb force and the surface energy term to reverse 

(Lilley, Nuclear Mass, 2001).  

If the nucleus is assumed to be spherical with a radius R, when energy 

is imparted it deforms into an oblate ellipsoid of revolution with a volume of 

 24
3ellipsoid

V abπ=  (4.12) 

where a is the semi-major axis b is the semi-minor axis, and ε is the 

eccentricity of the elliptical shape given by 
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Assuming the nucleus is composed of incompressible nuclear matter, the 

volume of the nucleus is unchanged during deformation.  As the nucleus 

deforms, the surface area increases as  

 2 22
4 1 ...

5
S Rπ ε

 
= + + 

 
. (4.14) 

Because of this, there will be an increase in the surface energy term of 

2
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5 s
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, which results in a decrease of the Coulomb term of 
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ε
 compared to the stable, spherical state (Lilley, Nuclear Mass, 2001). 

The resultant change in the binding energy from deformation is the difference 

between zero eccentricity (sphere) and the ellipsoid is given by 

Figure 4-11: Oblate ellipsoid of revolution. 
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When the Coulomb term 
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 it is clear from equation (4.15) that any change in deformation will 

result in a gain in binding energy due to deformation.  This will cause the 

nucleus to be shape unstable, and will underogo very rapid spontaneous fission 

(Lilley, Nuclear Mass, 2001).    

4.9 The Fission Process 

When the Coulomb repulsive force begins to dominate, the deformed 

portions of the nucleus are irreversibly driven further apart, causing greater 

values of the Coulomb term until the nucleus ruptures like a liquid drop, 

resulting in fission.   

 

Figure 4-12: Illustration of liquid drop model of nuclear fission (Liquid Drop n.d.). 
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Once the rupture is complete, the Coulomb repulsion of the two 

fragments drives them apart, and the potential energy is converted into kinetic 

energy of the fission fragments.  The energy required to cause sufficient 

deformation, to overcome the barrier to fission, is called the activation energy.  

For A~240 this activation energy is approximately 6 MeV.  As A increases, 

the binding energy per nucleon decreases, and the activation energy decreases 

(Lilley, Compound Nucleus Reactions, 2001).   

The activation energy required to initiate a fission event can be 

supplied by the absorption of a slow (or thermal) neutron, which has a 

relatively large probability of occuring for certain isotopes. The absorbtion of a 

thermal neutron creates a compound nucleus which is in an excited state. The 

added excitation energy is approximately equal to the neutron binding energy; 

if the added neutron binding energy results in an excited energy state that 

exceeds the activation energy required to overcome the barrier to fission, the 

compound nucleus will decay by (induced) fission.  If the compound nucleus’s 

excited energy state does not exceed the barrier to fission, fission is strongly 

suppressed because the probability of a relatively heavy fragment penetrating 

even a small barrier is low.  Instead of fission in this case, a gamma-ray (or a 

series of gamma-rays) will be emitted with the energy corresponding to the 

nuclear excitation energy (Lilley, Compound Nucleus Reactions, 2001). 
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Nucleus Neutron Binding Energy (MeV) Activation Energy (MeV) 

232 Th 4.8 6.7 

233 U 6.8 5.85 

235 U 6.5 5.9 

238 U 4.8 5.8 

239 Pu 6.5 6.3 

As the pairing term in the semi-empirical mass formula predicts, the 

neutron binding energy depends on whether the neutron number N in the 

target nucleus is odd or even.  If the target nucleus has an odd N, there is 

energy gain from the neutron pairing in the compound nucleus, causing an 

even N nucleus.  This explains why 233U, 235U and 239Pu have such large 

neutron binding energies.  This does not occur for target nuclei which already 

have an even N nucleus such as 232Th and 238U (Lilley, Compound Nucleus 

Reactions, 2001). 

4.10 Mass Distribution 

While the liquid drop model is generally used to explain fission, and is 

particularly helpful in picturing the process, it doesn’t fully explain the 

distribution of fission fragments that result; the shell model of the nucleus is 

Table 4-2: Neutron binding energies and activation energies for select actinides 

(Lilley, Compound Nucleus Reactions, 2001). 
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most helpful for this aspect of fission.  While it was noted that a fragment 

mass ratio of 2:1 helped reduce the activation energy required to induce 

fission, examining the double hump curve of fission fragments for multiple 

fissionable isotopes reveals two interesting aspects: the ratio mass peaks are 

shy of the 2:1 ratio (closer to a 3:2 ratio), and the heavier mass fragments 

from various fissionable materials seems to coalesce around A~132 while the 

lighter mass fragments vary greatly.   

 

For a nuclide fissionable by a thermal neutron, the heavy mass 

fragment remains nearly constant, whereas the lighter mass fragment increases 

Figure 4-13: Mass distribution of fragments from thermal-neutron induced fission 

(Krane K. S., Nuclear Fission, 1988). 
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linearly as A increases.  This indicates that the added nucleons, as A increases, 

go exclusively to the lighter mass fragment; however the liquid drop model 

would predict that the average masses would scale roughly with the mass of 

the drop (Krane K. S., Nuclear Fission, 1988).   

When the fission process occurs, one can imagine two fission fragments 

forming within the nucleus as the deformation progresses.  Using the shell 

model and the concept of magic numbers, one would expect more stable 

nucleon configurations to form during this initial deformation.  Observing the 

mass distribution of fission fragments illustrates this concept, particularly for 

the heavier mass fragment. The areas shaded in Figure 4-13 represent the 

areas that encompass fission fragments with magic numbers of nucleons.  At 

the lower edge of the heavy fragment peak, there is a sharp drop just to the 

left of a doubly magic nucleus, 132Sn, which has 50 protons and 82 neutrons.  

Recalling from Figure 4-2, these magic numbers represent two significantly 

stable nuclear shell completions, resulting in a very stable nuclear 

configuration that determines the lower edge of the heavy mass fragment 

distribution. The light mass fragment distribution, however, does not exhibit 

this behavior, and there is little to no overlap with magic number nuclei.  

Evidence suggests that the heavy fragment is highly dependent upon nuclear 
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shell closures, whereas light fragments are unaffected by shell closures (Krane 

K. S., Nuclear Fission, 1988). 

With the heavy mass fragment distribution relatively consistent for 

different fissionable materials, is follows then that the lighter mass fragment 

distribution illustrates the difference between target materials in neutron-

induced fission.  Exploiting this resultant differential fission yield is the origin 

of temporal delayed gamma-ray spectrometry. 

4.11 The Fission Yield Challenge 

Determining the yield of a fission event has been studied for many 

decades, and as such, many techniques have been developed (Crouch, 1977).  

Users need accurate fission yield values for applications across nuclear physics 

and engineering fields.  From the 1950s through the 1980s, fission yield 

determination was widely studied, especially for the longer-lived isotopes and 

certain short-lived isotopes of particular interest that had a large impact on 

reactor kinetics (Denschlag, 1986; IAEA, 2000).  Many short-lived isotopes, 

however, were not studied because of technological limitations, or because 

accurate yield values were not required at the time for those isotopes.  To fill 

in the gaps in knowledge, many of these unknown yield values have been 

estimated using semi-empirical techniques or models (Wahl, 1988).  
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Fission yields can be classified in two distinct ways: independent yield 

(also termed direct) and cumulative yield.  Independent fission yield is 

commonly termed direct fission yield because it represents the probability of a 

fission product formed directly from a fission event.  More specifically when 

represented as a percent, it is defined as “the number of atoms of a specific 

nuclide produced directly, not via radioactive decay from precursors, in 100 

fission reactions” (IAEA, 2000). 

Cumulative fission yield represents the probability of a fission product 

accumulating directly from a fission event (independent yield) plus the decay 

from its precursor(s), neglecting any neutron capture events of the isotope 

after its creation from fission.  Again when represented as a percent, as in the 

nuclear data files, it is defined as “the number of atoms of a specific nuclide 

produced directly and via decay of precursors, in 100 fission reactions” (IAEA, 

2000). 

Of the more than 700 possible fission products, a majority of their 

yields have been empirically measured to a certain level of accuracy (or 

uncertainty) (Wahl, 1988).  Some isotopes, particularly fission products with 

short half-lives on the order of tens of seconds or less, do not have measured 

independent fission yield values, but have cumulative fission yield values.  If 

an isotope has a known independent and cumulative fission yield, and its 
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precursor does not, the precursor’s cumulative fission yield can be estimated 

by taking the difference of the cumulative and independent fission yields of the 

known isotope. The remaining fission product yields are either listed as 

unknown or estimated from semi-empirical models, often taking known fission 

yield values and fitting the yield of isotopes that exist further off the band of 

stability with a Gaussian, or more sophisticated, fit (IAEA, 2000).  These 

estimated cumulative yields and semi-empirically derived yields carry an 

associated higher uncertainty, often in the 30% range (England & Rider, 

1994).   

The most common methods for determining fission yield are 

radiochemical separation, mass spectrometry and gamma spectrometry. Each 

of these techniques has a unique suite of strengths and weaknesses, and many 

hybrid techniques have been developed from these as a basis (IAEA, 2000). 

4.11.1 Radiochemical Separation 

As one of the most widely used methods, radiochemical separation is 

typically the most accurate method to determine the fission yield of a 

relatively long-lived isotope (Herrmann & Trautmann, 1982).  The process of 

chemically separating fission fragments and measuring the content of the 

desired isotope is well established and has been optimized to minimize the time 

required (Rengan & Meyer, 1993).  There are several downsides to the method 
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that makes it less attractive for certain applications.  First, the fissionable 

material must be dissolved in a solvent and the isotope of interest must be 

separated, then the amount of the isotope of interested must be determined 

(Herrmann & Denschlag, 1969).  Second, the time required for such a process 

limits the application to only isotopes with half-lives longer than radiochemical 

separation and isotopic analysis takes.  Third, repeated irradiations and 

measurements are usually not feasible; therefore the neutron flux that the 

sample is exposed to must be sufficient to cause enough fission events for 

accurate values (IAEA, 2000).  The isotopic analysis that is used, whether 

radioactive counting, neutron activation, x-ray florescence, or another 

analytical method, all carry added uncertainties (Denschlag, 1986).   

4.11.2 Mass Spectrometry 

Classical mass spectrometry techniques are generally very precise in 

determining chain yields, which is the cumulative yield of the last stable or 

long-lived decay chain member (Cunninghame, 1978).  Commonly these decay 

chains are purely beta-decay isotopes, therefore the mass remains unchanged.  

The process involves ionization of the fission products and volatilization of the 

elements, and then the isotopes are separated in a mass spectrometer (De 

Laeter, 1988).  To produce sufficient amounts of the isotope of interest, large 

amounts of fissionable material are required, and exposure time must be rather 
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long.  These long irradiation times increase the likelihood that the isotopes of 

interest may undergo additional nuclear reactions, thereby affecting their yield 

(IAEA, 2000).  

To determine the independent fission yield of an isotope by mass 

spectrometry, the fission products must be transferred to the ion source as 

quickly as possible.  A commonly used technique is to utilize an on-line system 

to transfer fission products to an ion source nearby, or to even co-locate the 

ion source with the sample (Rudstam, 1987) (Kirchner, 1992).  Additional 

complexity arises in the technique as the volatilization yields vary for each 

isotope (Tracy, et al., 1972).  If these challenges are met, however, very 

accurate fission yields (within a few percent) can be determined (Wahl, 1988).  

4.11.3 Gamma-Ray Spectrometry 

Gamma-ray spectrometry is perhaps the most straightforward fission 

yield technique in which the fissionable material is irradiated to induce fission 

events, then the delayed gamma-rays from the fission products are measured 

with high resolution detectors.  With knowledge of the decay characteristics of 

the isotope of interest, it is possible to determine the independent and 

cumulative fission yield.  Gamma-ray spectrometry is particularly useful when 

small quantities of the target material are available, however it requires 

extensive data analysis and relies heavily on the branching ratios of gamma-
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rays for isotopes that may not be well known (IAEA, 2000).  Furthermore, the 

resultant gamma-ray spectrum can be very complicated from the immense 

amount of radioactive fission products created, especially at energies below 1 

MeV (IAEA, 2000). During the late 1970s and early 1980s, researchers 

optimized the gamma spectrometry technique to determine the fission yield of 

hundreds of isotopes with half-lives ranging from months down to around 30 

seconds (Dickens & McConnell, 1981; Wahl A. C., 2002).   
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CHAPTER 5 

TEMPORAL GAMMA-RAY SPECTROMETRY THEORY 

The temporal gamma-ray spectrometry method uses the uniquely time-

dependent decay of fission fragments to estimate the fissile material content in 

a sample.  Specifically it uses the temporal behavior of a peak, or energy 

region, to create a ‘fingerprint’ to characterize the constituent fissionable 

materials in the sample. Commonly the individual gamma-ray lines are either 

obscured by the background, or have nearby gamma-lines which further 

contribute to the energy bin due to the limited resolution of the detector, 

requiring de-convolution of the gamma-ray spectrum. Well-developed peaks, 

however, are often composed of multiple gamma-rays from multiple different 

radioactive fission fragments, which are also dependent upon the fission yield 

of the fissile material exposed to the neutron beam.  Because they have 

contributions from many gamma-rays, these peaks tend to be more 

pronounced.  For this reason, instead of using individual gamma-ray lines, the 

temporal gamma-ray spectrometry method uses well developed peaks to 

characterize the fissile material content. 

The temporal response of a peak is affected by its composition (peak 

comprising a single radioisotope, or multiple radioisotopes), the half-life of the 

radioisotope(s) creating the peak, and if any of the constituent radioisotopes 
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have in-growth.  To develop the temporal method, first the decay kinetics will 

be defined including the effects of in-growth, and then the effects of multiple 

radioisotopes in a peak will be explored. 

5.1 Fission Fragment Decay Kinetics 

Because higher Z materials tend to have a higher neutron to proton 

ratio, the resultant fission fragments are nearly always neutron rich, and 

therefore radioactive.  These neutron rich fragments decay largely via β −

decay.  Decays by β −  often do not result in a direct transition to the 

daughter’s most stable ground state, leaving the daughter nucleus in a highly 

excited nuclear state, which usually de-excites by emission of one or more 

gamma-rays.  The rate of gamma-ray emission is given by the basic nuclide 

production and β −  decay rate equations.  

The population of an isotope N(t) is given by the differential equation 

 ( ) ( ) ( )
d

N t F t Y N t
dt

λ= −  (5.1) 

where F(t) is the fission rate, Y is the independent fission yield of the isotope, 

and λ is the decay rate constant. The fission rate equation is given by 

 ( ) ( ) ( )a f
f

N
F t t t

A

ρ σ
φ φ= Σ =  (5.2) 

where 
f

Σ is the target material macroscopic fission cross-section, ( )tφ is the 

neutron flux, ρ is the target material density, 
a

N is Avogadro’s number, 
f

σ is 
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the target material microscopic cross-section, and A is the target material 

molecular weight (Lewis, 2008).  To simplify the equation, the fission rate is 

assumed to be constant, therefore ( ) a f
N

F t F
A

ρ σ
φ= = . The general solution to 

this differential equation is  

 ( ) a f t
YN

N t Ce
A

λ
ρ σ

φ
λ

−= +  (5.3) 

where C is a constant of integration used to satisfy the initial conditions.  

Assuming the initial population of the isotope of interest is zero, then  

N(t = 0) = 0, which allows C to be solved for, resulting in  

 ( )( ) 1a f t
N Y

N t e
A

λ
ρ σ

φ
λ

−= − . (5.4) 

If the target material is placed in a neutron beam at t = 0 and 

irradiated for a short period of time, then removed at t = t1, the rate equations 

can then be written as 

 ( )1
( ) 1a f t

N Y
N t t e

A
λ

ρ σ
φ
λ

−< = −  (5.5) 

for the time in the beam and  

 ( ) ( )11

1
( ) 1

t tta f
N Y

N t t e e
A

λλρ σ
φ
λ

− −−> = −  (5.6) 

for the time out of the beam. 

Plotting equation (5.5) for isotopes with increasing half-lives shows the 

general growth behavior(Figure 5-1) which eventually reaches a saturation 
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level where the isotopic content is constant.  For illustrative purposes, the 

half-life N1 is on the order of milliseconds with each subsequent nuclide (Ni) 

longer lived, with N4 possessing a half-life near 1 minute. 

 

 

When equation (5.6) is plotted following irradiation to saturation, the 

standard decay graphs result, as shown in Figure 5-2. 

Figure 5-1: Isotopic growth during irradiation (t<t1). 
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Combining the sets of growth and decay equations together illustrates 

the behavior during one cycle of irradiation and rest (Figure 5-3; note the log 

scale of the y-axis). 

 

Figure 5-2: Isotopic decay following irradiation to saturation (t>t1). 

Figure 5-3: One cycle of irradiation and rest. 
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5.1.1 In-Growth From Precursors 

If the isotope of interest Ni includes in-growth from precursor isotopes 

Ni-1, equation (5.5) becomes 

 
( ) ( ) ( )11 1

1
1

( ) 1 i i ii i t t ta f a f i
i

i i

Y YN N Y
N t t e e e

A A
λ λ λρ σ ρ σ

φ φ
λ λ

−− − − −−

−

+
< = − + −  (5.7) 

where it is assumed the initial concentration of all precursors is zero.  

Similarly, equation (5.6) can be re-written as 

 ( ) ( )( ) ( )1 1 1 11 1 1
1 1

1

( )
( ) ( )i i it t t t t ti i

i i
i i

N t
N t t e e N t e

λ λ λλ
λ λ

−− − − − − −− −

−

> = − +
−

 (5.8) 

where Ni(t1) and Ni-1(t1) are given by 

 
( ) ( )11

1
( ) 1 mm m ta f

m
m

Y YN
N t e

A
λρ σ

φ
λ

− −
+

= − . (5.9) 

As equations (5.7) and (5.8) show, these are coupled growth and decay 

equations that depend on how many precursors are considered.  For more than 

one precursor, it is best to iteratively compute the content of each isotope of 

interest because an implicit calculation can get very complicated.  

5.1.2 Temporal Response with In-Growth 

If it is assumed that the fission fragments do not escape the high-

density polyethylene encapsulation that the target material resides in (Turner, 

1995), then the material can be counted by a detector with a characteristic 

absolute efficiency ε.  Factoring the gamma-ray branching ratio of the beta-
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decaying isotope Iγ it is possible to calculate the total number of detected 

gamma-rays D of a given energy over a period from when the target is 

removed from the neutron beam t = t1 to the end of the count time t = t2 for 

an isotope (Campbell L., 2012): 

 
1 2

1

1 ,
( )

t t

i i i
t

D N t t I dtγλ ε
+

= >∫  (5.10) 

where 
1

( )
i

N t t>  is defined by equations (5.8) and (5.9). As expected and 

shown in Figure 5-4, the very short-lived isotopes decay away quickly while 

the total counts for the longer lived isotopes continue to grow for a much 

longer time.  This also means that there is a possibility of the longer lived 

isotopes remaining if a short irradiation/count cycle is used without allowing 

the sample to rest long enough.  The result is a gradual build-up of long-lived 

isotopes, which has the potential of obscuring some peaks from very short-

lived isotopes. 
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Likewise, one can calculate the count rate, Ri(t) at some time 
1 2
t t t< <  

from the relationship 

 ( ) ( )( ) ( )1 1 1 1

1 ,

1 1 1
1 ,

1

( ) ( )

( )
( ) ( )i i i

i i i i

t t t t t ti i
i i i i

i i

R t N t t I

N t
R t e e N t e I

γ

λ λ λ

γ

λ ε
λ

λ ε
λ λ

−− − − − − −− −

−

= <
 

= − +  − 

. (5.11) 

As Figure 5-5 shows, there is a noticeable effect of the precursor isotopes 

contributing to the early count rate of the longer lived isotopes.  

Figure 5-4: Total decays of isotopes with half-lives ranging from 500 milliseconds to 

1.5 minutes. 
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5.1.3 Temporal Response with Multiple Isotopes 

If a peak is comprised of more than one isotope, the differing half-lives 

will affect the temporal response of the peak, or region of interest. For 

example, if a peak consists of gamma-rays of nearly identical energy from two 

different radioisotopes, the temporal behavior of the peak depends on the 

amount of each radioisotope contributing to the peak, and each of the 

radioisotope’s half-lives.  Figure 5-6 and Figure 5-7 demonstrate the effects of 

multiple isotopes decaying into the same peak.   

 

Figure 5-5: Count rate of isotopes with half-lives ranging from 500 milliseconds to 1.5 

minutes. 
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For a single fissionable material in a sample, the temporal response for 

a peak will be repeatable and consistent, as the fission yield for the 

Figure 5-6: Temporal effects on the count rate response of multiple radioisotopes in a 

peak. 

Figure 5-7: Temporal effects on the integrated response of multiple radioisotopes in a 

peak. 
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contributing isotopes in the peak will be static.  If there are multiple 

fissionable materials, however, the response for each fissionable material will 

be unique because the fission yield of the contributing isotopes in the peak 

may be different. Figure 5-8 illustrates this feature for the total detected 

counts from a set of theoretical fission yield values and two contributing 

radioisotopes with different half-lives.   

 

This effect is compounded by any radioisotopes that also have in-growth as 

illustrated in Figure 5-9. 

Figure 5-8: Unique temporal integrated (total) count response for a peak with two 

different contributing radioisotopes for two different fissionable materials (red-235U, 

blue-239Pu). 
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Figure 5-8 and Figure 5-9 illustrate the result of in-growth and multiple 

radioisotopes contributing to a peak, resulting in a unique temporal response 

for each fissionable material. This is the foundation for the temporal gamma-

ray spectrometry method. 

5.2 Temporal Gamma-Ray Spectrometry 

The gamma-rays of a given energy are directly proportional to the 

fission yield of the parent isotope, and this fission yield differs for different 

target fissionable materials. For the estimate of fissile material content to be 

independent of the number of fissions the values used need to be fission 

Figure 5-9: Unique temporal count rate response for a peak with two different 

contributing radioisotopes for two different fissionable materials including the effects 

of in-growth (red-235U, blue-239Pu). 
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normalized instead of raw values.  Two possible normalization methods can be 

used.  The traditional method is to normalize the response by creating a ratio 

by dividing by a gamma-ray peak created by a fission fragment that is 

insensitive to the fissionable material (similar fission yield for all fissionable 

material); the result is a ratio of gamma-ray lines of different energy. In this 

research however, the spectra are normalized by dividing by the response (over 

the exact same energy region) at a given reference time.  As discussed in 

chapter 3, a temporal ratio can be constructed to minimize the system bias 

that is caused by using gamma-rays of different energy.  If this method is 

applied to the entire temporal response, equation (5.11) becomes a function of 

temporal ratios instead of pure values.  The proposed temporal gamma-ray 

spectrometry method uses this method to create dynamic count rate ratios and 

dynamic integrated count ratios of specified regions of interest (which may 

include multiple gamma-ray lines) to estimate the fissile material content.  

5.2.1 Temporal Gamma-Ray Spectrometry Fractional Response 

Function 

If there is more than one fissionable target material Tm in the sample 

being irradiated, equation (5.2) can be written to include the contribution of 

each target material (m). 

 ,
,

( ) ( ) ( ) ( )m a f m
m f m

m m m m

N
F t F t t t

A

ρ σ
φ φ= = Σ =∑ ∑ ∑  (5.12) 
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Re-examining equations (5.2) to (5.11), the number density of a 

particular isotope Ni is dependent upon the time of irradiation tirr, counting 

time tcount, fissionable target material’s characteristics (such as fission cross-

section, mass and density, collectively termed Tm for simplicity), and the 

fission yield of the isotope for the fissionable target Yi,m. With this, equation 

(5.9) can be represented as ( ), ,
, , ,

i m irr count m i m
N t t T Y , equation (5.10) relating the 

total number of detected counts for a given gamma-ray with energy E as 

( ), ,
, , , ,

i m irr count m i m
D t t T Y E , and equation (5.11) relating the count rate of a given 

gamma-ray with energy E as ( ), ,
, , , ,

i m irr count m i m
R t t T Y E . For peaks with multiple 

contributing isotopes and assuming the irradiation time is the same for each 

measurement, these equations become a sum each contribution given by 

 ( ), , ,
( , ) , , ,

m count i m count m i m
i

D E t D t T Y Eγ= ∑  (5.13) 

and 

 ( ), ,
( , ) , , ,

m count i m count m i m
i

R E t R t T Y E= ∑ . (5.14) 

Continuous temporal ratios are then developed by fission-normalizing 

the response by dividing by the response at some reference time tref, where 
m

Θ

represents the new temporal ratio of the total detected counts  

 
( , )

( , , )
( , )
m

m ref
m ref

D E t
E t t

D E t
Θ =  (5.15) 

and 
m

Λ represents the new temporal ratio of the detected count rate 
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( , )

( , , )
( , )
m

m ref
m ref

R E t
E t t

R E t
Λ = . (5.16) 

 As an illustrative example, consider a peak with two contributing 

radioisotopes with half-lives of 5 seconds and 30 seconds, each with different 

fission yields for 235U and 239Pu.  The characteristic time-dependent response of 

each fissile material is shown in Figure 5-10. 

 

Figure 5-11 demonstrates the result of equation (5.15) for a peak modeled in 

Figure 5-10.   

Figure 5-10: Theoretical integrated response of a peak with two contributing isotopes. 
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To minimize the uncertainty in the measurement, the reference time tref 

is generally chosen where the total counts are the highest; in the example 

illustrated in Figure 5-11 the normalizing response function is taken at tref = 

60 seconds. 

 Using the same theoretical mixture of isotopes in a peak, Figure 5-12 

illustrates what the dynamic count rate would look like for each fissile 

material. 

Figure 5-11: Temporal gamma-ray spectrometry ratio of integrated counts with tref of 

60 seconds. 
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By using equation (5.16) to apply the temporal gamma-ray 

spectrometry fission normalization to the response shown in Figure 5-12, the 

temporal ratio of the count rate response for each fissile material is illustrated 

in Figure 5-13.   

 

Figure 5-12: Theoretical count rate of a peak with two contributing isotopes. 

Figure 5-13: Temporal gamma-ray spectrometry ratio of count rates with tref of 1 

second. 
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Again, the normalizing response function is evaluated at the time in 

which the count rate is the highest to minimize the uncertainty in the 

measurement; in this example the count rate is highest immediately after 

irradiation, so tref = 1 second.  

Using the response from reference materials, such as a pure 235U 

spectrum and a pure 239Pu spectrum, one can use these spectra as a basis set 

to define a vector space in which mixed isotopic sample spectra must reside 

given by 

 
235 235 239 239

...
mix m m

m

ω ω ωΘ = Θ + Θ + = Θ∑  (5.17) 

and 

 
235 235 239 239

...
mix m m

m

ω ω ωΛ = Λ + Λ + = Λ∑ . (5.18) 

From this relationship, the relative content of each reference material 

can be estimated given  

 ... 1
m m m

m

ω ω ω+ + = =∑ . (5.19) 



85 

 

 

Figure 5-14 illustrates the ability of the temporal gamma-ray 

spectrometry method to estimate the fissile material content of a sample using 

the basis vectors of reference materials.  Assuming the total mass of the 

sample (M) is known, the estimated fissile material mass for each constituent 

target material is estimated by 

 
m m

M Mω= . (5.20) 

5.2.2 Advantages of Approach 

As discussed previously, traditional gamma-ray spectrometry techniques 

use a ratio of total counts from a pair of single isotopic peaks, modeled in 

Figure 5-15.  In this example, the ratio 0

0

( )

( )

ref

ref

t

mix
Rb

t

mix
Y

N t dt

N t dt

∫

∫
 would be formed by the 

Rubidium isotope (3383 keV) and the Yttrium isotope (3401 keV) resulting in 

a single estimate.   

Figure 5-14: Relative fissile material content estimates using temporal gamma-ray 

spectrometry. 
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While these gamma-rays are close in energy, they still have a slight 

difference that can induce bias due to the varying attenuation of the 

surrounding materials and the (minimal) difference in detection efficiency.  

Furthermore the total counts are low, which adds to the propagated 

uncertainty of the estimate. 

The method modeled by Chivers et al. removes the majority of the bias 

of the estimate by using a static ratio of the integrated counts of a single peak 

at two times, tx=2.25 seconds and tref=10 seconds.  

Figure 5-15: Traditional gamma-ray spectrometry method of using pairs of single 

isotopic peaks to create an estimate of fissile material content (Campbell L. , 2011). 
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Because a wider energy range is possible to be used instead of 

individual gamma-ray lines, better statistics are possible over a shorter 

counting period. Again the result is a single estimate of the fissile material 

contents; however, multiple peaks must be used to create an aggregate of 

static estimates.  This method has only been modeled in an idealized system, 

and does not appear to accurately characterize the effects of the build-up of 

long-lived radioisotopes obscuring peaks, compounded by a steadily growing 

effect of the Compton continuum on repeated trials. 

The proposed temporal gamma-ray spectrometry method introduced 

here contains several novel components compared to previous gamma-ray 

spectrometry efforts.   

Figure 5-16: Illustrative model of Chivers et al. method using a ratio of the 

integrated response at two different times to create an estimate of fissile material 

content. 
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1) It creates continuous, rather than discrete, temporal ratios using the 

integrated counts of a peak to increase the fidelity of the estimate. 

 

2) It creates dynamic temporal ratios using the count rate for a peak, 

previously not investigated in any research, to provide an additional 

method to estimate the fissile material content for each peak or 

region of interest.  

Figure 5-17: Dynamic temporal ratio of integrated counts permitting high fidelity 

estimate. 
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3) It includes larger energy regions, which increases the number of 

detected counts to decrease the count-related uncertainty. 

4) Instead of relying upon modeled nuclear physics data that carry 

variable, often very high uncertainty, the representative response of 

each fissile material is characterized experimentally. 

   

 

 

 

 

Figure 5-18: Dynamic temporal ratio of count rate producing a second method of 

estimating fissile material content. 
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CHAPTER 6 

MATERIALS AND METHODS 

Data has been obtained independently from facilities at the Oregon 

State TRIGA Reactor (ORST) at Oregon State University (OSU) in Corvallis, 

Oregon, and at the Idaho Accelerator Center (IAC) at Idaho State University 

(ISU) in Pocatello, Idaho.  For simplicity the materials and methods for each 

locale are separated in this document. 

6.1 Materials and Methods – OSU  

The TRIGA reactor at Oregon State University is a pool-type 1 

megawatt (MW) reactor cooled by natural convection.  The fuel rods that 

make up the core are composed of low-enriched uranium homogenously 

combined with zirconium-hydride, which acts as a moderator (Oregon State 

University, 2007). The core is surrounded by a graphite reflector, in addition 

to graphite reflector elements which occupy the outer grid positions not being 

used by fuel elements or other core components.  The reactor is equipped with 

four beam ports that penetrate the reactor biological shield and reactor tank, 

as shown in Figure 6-1. 
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Beam ports #1 and #2 are radial beam ports that are not currently 

active.  Beam port #3 is a tangential beam port to the outer edge of the core 

that is currently being used for neutron radiography.  Beam port #4 is a 

radial beam port that, unlike beam ports #1 and #2 pierces the graphite 

Figure 6-1: Top view of ORST reactor facility, including the four beam ports and the 

PGNAA facility (Robinson, Hartman, & Reese, 2009). 
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reflector shield, and terminates at the outer edge of the reactor core (Robinson 

J., 2009).   

6.1.1 ORST Beam Port #4 

Because beam port #4 penetrates the graphite reflector shield and looks 

directly at the core, it produces the highest thermal neutron flux.  With the 

high thermal neutron flux also comes a high fast neutron flux, and a high 

gamma-ray flux.  To thermalize and focus the beam produced by beam port 

#4, a collimator with filters was installed, as shown in Figure 6-2. 

 

The shell of the collimator is made from welded schedule 40 aluminum 

pipes with aluminum thin windows on each end.  The addition of the thin 

windows allows the collimator to be evacuated or filled with helium to reduce 

Figure 6-2: Beam port #4 collimator with filters. 
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the attenuation of the neutron beam and decrease the production of gamma-

rays resulting from neutron activation of air.  The first filter that the beam 

encounters is a large-grain poly-crystalline bismuth filter, which has a large 

gamma-ray absorption cross-section while having a relatively good 

transmittance of thermal neutrons (Robinson, Hartman, & Reese, 2009).  

Next, the beam passes through a crystal sapphire filter, which preferentially 

attenuates the fast neutron flux.  Lead and Boral rings line the length of the 

collimator to focus the beam to a 2 centimeter uniform diameter at the center 

of the sample chamber (Robinson J., 2009).   

A bioshield and shutter have been installed to reduce the background 

radiation levels around the facility.  The beam then passes through the 

aluminum sample chamber, and then is terminated in the beam stop, as shown 

in Figure 6-3. 
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The neutron beam has been characterized using neutron radiographs 

and gold and nickel foils.  The radiographs show that the beam is well-focused 

with a nearly constant flux across the 2 centimeter diameter of the beam, as 

shown in Figure 6-4. 

Figure 6-3: Beam port #4 collimator, bioshield, shutter, sample chamber and beam 

stop (Robinson, Hartman, & Reese, 2009). 
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The neutron flux determined by foil measurements shows a thermal flux 

2.81 × 107 ± 5.13 × 105 neutrons per centimeter squared, per second      

(n/cm2 s-1), and an epithermal flux of 1.70 × 104 ± 3.11 × 102 n/cm2 s-1 

(Robinson, Hartman, & Reese, 2009). 

6.1.2 Fast Rabbit Transfer System  

Located on the end of beam port #4 is a Prompt Gamma Neutron 

Activation Analysis (PGNAA) facility that is used to perform gamma-ray 

spectrometry, however the distance between the sample and the detector 

(approximately 30 centimeters) creates a geometry with too low of an 

efficiency to look for low yield fission products. It is desired to characterize as 

Figure 6-4: False color image and profile of the neutron beam in the sample chamber, 

warmer colors represent higher intensity; profile plot of intensity across midplane of 

the beam (Robinson, Hartman, & Reese, 2009). 
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much of the immediate temporal spectrum as possible for each fissile material.  

Close proximity of the sample to the detector is needed to maximize the 

counting geometry.   

To solve this geometry problem a pneumatic transfer system and 

detector station have been built and tested around the existing PGNAA 

facility.  As the schematic in Figure 6-5 shows, the system transfers the 

encapsulated sample from the detector into the beam and back.  The capsule 

(shown in Figure 6-6) is made of high density polyethylene and is slightly 

smaller than the inner diameter of the transit tubing such that it can navigate 

the tube bends without binding, while still being large enough to minimize gas 

flowing around the edges of the capsule. 

 

Figure 6-5: Pneumatic transfer system schematic. 
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The system uses pressurized helium gas to propel the capsule, and 

transit times vary depending on the pressure applied. Through multiple trials 

15-18 pounds per square inch (psi) proved to be the optimal pressure setting, 

resulting in transit times of approximately 100 milliseconds.  At higher 

pressures the capsule will arrive at the terminus (at either the counting or 

irradiation end) with so much velocity that there is a concern that the capsule 

could fail.  A baffling system was built into each terminus to provide an air 

cushion, and rubber o-rings have been installed to help absorb some of the 

impact energy.  At the irradiation end, the system uses the PGNAA sample 

chamber already in place, with a custom lid replacing the standard lid as 

shown in Figure 6-7.   

Figure 6-6: Engineering drawings of transit capsule. 
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The lid has been manufactured to fit tightly which allows a vacuum to 

be pulled on the sample chamber.  The custom lid allows the transit system 

tubing to enter the sample chamber and make the bend from vertical to 

horizontal, aligning with the center of the neutron beam as shown in Figure 

6-8.   

 

Figure 6-7: Irradiation terminus and custom lid. 
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Seen in Figure 6-7 and Figure 6-8 are two vertical pipes; one for the 

helium gas propellant (center of the lid) and one for the transit system tubing.  

All tubing is connected with Swagelok fittings that permit a smooth, air-tight 

connection. 

The transit system elevates over the radiation shielding material and 

descends to the detector counting terminal shown in Figure 6-9.  The counting 

station includes an elevated platform with a vertical detector mount, and lead 

ring and brick shielding.  The counting terminus is designed in a similar 

fashion as the irradiation terminus, with one inlet tube for helium compression 

and venting and one for the transit system tubing.   

Figure 6-8: Irradiation station of pneumatic transfer system built onto the existing 

PGNAA facility. 
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The system is controlled by a programmable logic controller (PLC) that 

allows automation of the irradiation time, count time, rest time, and controls 

the 5-port 3-position closed center solenoid pneumatic valve (shown in Figure 

6-10).   

Figure 6-9: Detector counting station of pneumatic transfer system. 
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Additionally, there are optical sensors as close to each terminus as 

possible which provides a 5V TTL pulse to the PLC indicating when the 

capsule arrives and leaves each terminus.  This information is collected in the 

PLC and sent real-time to the DSPEC Pro, which inputs the signal through 

an external port and records the status in the List Mode data files.   

The pneumatic transfer system (shown complete in Figure 6-11) can be 

disassembled in approximately 15 minutes, allowing the PGNAA facility to be 

reconfigured quickly without major modifications. 

Figure 6-10: Mounted programmable logic controller, pneumatic solenoid valve and 

gas reservoir. 
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Following construction and testing of the pneumatic transfer system, 

initial spectra using 235U foil were recorded and analyzed using GammaVision 

for various irradiation and counting times.  Immediately it was noticed that 

the activity of the sample following irradiation was so high that detector dead-

times were initially as high as 60%.  Increasing the distance of the sample from 

the detector to 10 centimeters (from a previous 2 centimeters) helped reduce 

the dead-time by nearly 50%.   

6.1.3 Surrogate Material Targets 

Silver acetate (AgC2H3O2) and dysprosium oxide (Dy2O3) were first used 

to confirm that the temporal gamma-ray spectrometry method is a viable 

technique to estimate the contents of an unknown sample.  Both of these 

Figure 6-11: Complete pneumatic tranfer system installed to the modified PGNAA 

facility. 
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surrogate materials were activated using the ORST beam port #4 and 

shuttled from the beam to the counting station using the fast rabbit transfer 

system.  The advantages of the chosen surrogate materials are that they both 

have an isotope that can be activated by thermal neutrons which then decay 

into the same 663 keV gamma-ray line with different half-lives, are readily 

available, non-hazardous, and in a powder form that can be pressed into solid 

pellets. The primary targets for this application are 107Ag and 164Dy: 

 107Ag 164Dy 

Natural abundance 51.839% 28.26% 

Thermal neutron 

capture cross-section 

37.65 barns 2651 barns 

Half-life of activated 

product 

2.382 minutes 2.33 hours 

Table 6-1: Surrogate material properties. 
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A manual hydraulic 15-ton press was used to compress the powdered materials 

into pellets, which then can be fit directly into a capsule for irradiation and 

transit in the fast rabbit system. 

Figure 6-12: Dysprosium Oxide (left) and silver acetate (right) in pure powder form, 

and in a homogenous mixture. 
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 After being pressed into a pellet, the surrogate materials are placed and 

sealed into a Teflon bag, which acts as a containment barrier, and the top of 

the capsule is screwed tightly to secure the sample.  

Figure 6-13: Hydraulic press and die to transform powdered materials into pellets. 

Figure 6-14: Resultant pellet after pressing surrogate material powder. 
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6.1.4 High-Purity Germanium Detector 

A coaxial high-purity germanium (HPGe) detector (MMR Technologies 

Model: AD0239-001, SN: 010613) is used for the gamma-ray spectrometry, 

chosen for its excellent energy resolution (Knoll, 2000). The HPGe is coupled 

with a digital spectrometer (DSPEC Pro), which is used in standard mode via 

GammaVision, and in List Mode.  

6.1.5 Energy Calibration 

The energy of the delayed gamma-rays for very short-lived isotopes 

tends to be very high, in the 1-4 MeV range.  Conducting a proper energy 

calibration of the detector is somewhat difficult due to the energy regime 

investigated.  HPGe detectors are well suited to identifying high energy 

Figure 6-15: Pelletized surrogate materials encapsulated in a Teflon bag before being 

secured in the capsule. 
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gamma-ray photopeaks; however energy calibration sources typically only 

extend to the 1-2 MeV range. To calibrate the energy for the higher energy 

spectrum, a calcium carbonate powder (CaCO3) source and sodium chloride 

salt (NaCl) are loaded into the capsule, and then exposed to the neutron flux 

to activate calcium and sodium, creating 49Ca and 24Na which have gamma-

rays of 3.084 MeV and 2.754 MeV respectively. The capsule is then counted at 

the same time a 60Co source is placed on the detector face.  The combination 

of these isotopes creates enough photopeaks to precisely calibrate the energy of 

the detector within 1 keV over a broad energy range.  To verify this precision, 

the photopeaks from 90mRb and 90Rb with gamma-rays of 3.317 MeV and 3.383 

MeV respectively are used. 

6.1.6 Efficiency Calibration 

The HPGe detector efficiency calibration is determined by using 

radioisotope check sources of known activity placed in front of the detector. 

The certified calibration source utilized for this efficiency calibration contains 

three radioisotopes (154Eu, 155Eu and 125Sb) resulting in five gamma-ray peaks 

with well characterized branching ratios ranging from 86.5 keV to 1274 keV.  

The total uncertainty of the measured calibration source is documented to be 

3.0% at the 99% confidence level.  The total activity, half-life, branching ratio, 

and date/time of assay for each gamma-ray is entered into GammaVision’s 
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inherent calibration routine, which results in an efficiency calibration 

polynomial fit with uncertainty of 4.5065 %.  The efficiency calibration curve 

is shown in Figure 6-16, along with the polynomial equation and its 

coefficients (ORTEC, 2003). 

 

6.1.7 DSPEC Pro Digital Spectrometer  

Coupled to the HPGe detector is a DSPEC Pro digital gamma-ray 

spectrometer, manufactured by ORTEC that includes many built-in features 

that allow for advanced applications (Model: DPEC Pro, Serial Number: 199).  

One of the most important features is List Mode, which is crucial to 

characterizing the temporal spectra of fissile materials. 
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Figure 6-16: Efficiency calibration curve of HPGe detector used in OSTR 

irradiations. 
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When the detector is placed in List Mode, all time-stamped count 

information is streamed directly to the computer, event-by-event.  The 

information passed includes the time of detection (resolution within 200 

nanoseconds), energy channel of detection, and running tally of live- and real-

time (ORTEC).  This permits the measurement of activity as a function of 

time, allowing one to observe the temporal spectrum.  The data is saved in a 

text file in a structured tab delimited format, which allows for post-processing.  

Additionally the DSPEC Pro includes an external port which can process a 5V 

TTL pulse, which can be set to high (1) or low (0).  This is used by two 

optical sensors on the pneumatic transfer system that indicate in the output 

file when the sample is in the beam, and when the sample is in front of the 

detector. The status of the external port is included in the List Mode output 

file with the same resolution as data acquisition. 

6.1.8 List Mode Data Acquisition  

List Mode data is retrieved from the DSPEC Pro using a program 

developed by ORTEC software engineers called ListPRO.  All of the detection 

data is stored in an internal memory cache and ListPRO retrieves it every 10 

milliseconds, therefore the data is dumped and the cache is cleared in 10 

millisecond increments. ListPRO creates a data file (.dat) containing all of the 

32-bit data words from the DSPEC Pro.  Imbedded in these data words are 
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the channel of the count, the real time of the detection (in 200 nanosecond 

increments), the running live time and real time (in 10 millisecond 

increments), header information, and external port readings in 10 millisecond 

real time increments.  The raw data files created by the ListPRO program 

must be converted and formatted to a text file to be usable, which is 

accomplished using the ORTEC ListDump program. 

The ListDump program reads the .dat file created by ListPRO and 

pulls out the relevant information from the 32-bit data words.  The result is a 

list of events in sequential formatted text, as seen in Figure 6-17. 
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The formatted text file is tab delimited and lists important header 

information, then proceeds to list the sequential events.  The first column 

indicates the information listed within each row, where U1, U2 and U3 are 

used to provide line breaks prior to Coordinated Universal Time (UTC) time-

stamps, LT and RT represent the rolling live time and real time respectively, 

CRM provides the spectrometer’s count-rate meter since the last cache dump, 

EX1 and EX2 display the current value of the signal into external ports 1 and 

Figure 6-17: List Mode data produced by ListDump program. 
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2 respectively, and ADC represents the time and channel from detected 

gamma-ray processed by the spectrometer.   

ListDump converts the time listed in the 32-bit data words generated 

by the ListPRO program into readable real time stamps and calculates the 

UTC-formatted timestamp and lists the channel that the count was detected 

in.  In the header section the latest energy and shape calibration is listed, 

which is pulled from the last calibration done in GammaVision, which allows 

the ADC value to be translated into an energy bin. The excerpt in Figure 6-17 

shows only a 30 millisecond time range during a very low count rate period.  

During high count rates, data is generated at a rate of about 50-100 pages of 

text per second.  This results in gigabytes worth of information which, if 

displayed on-screen or in print-outs, constitutes hundreds of thousands of 

pages of data.  

6.1.9 ORTEC List Mode Data Parsing 

The formatted List Mode data generated by ListDump can be either 

viewed in histogram form using ORTEC’s ListHisto program, producing 

Maestro compatible plots of the data, or they can be parsed and analyzed 

using custom programs.  For the temporal spectrometry application, a custom 

parsing program has been implemented.   
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During irradiation cycles List Mode data are continually collected and 

stored, even when the sample is not in front of the detector.  For this reason, 

it is desired to parse the data such that the data collected while the sample is 

away from the detector are discarded.  Additionally it is desired that the time 

of each count is normalized to the time since the irradiation ended and the 

dead time for each count can be calculated. As noted earlier, hundreds of 

thousands of pages of data are generated from the runs, therefore a 

programming language that is very efficient at reading and parsing text files is 

required to effectively analyze the data (Python Software Foundation, 2013). 

The Python programming language was developed in the 1990s by 

Guido van Rossum and is a free, open source, multi-platform language that is 

relatively efficient at reading and parsing large text files.  To parse the large 

text files created using List Mode, a custom function was built to open the 

files, read in the lines of data, parse and strip out the relevant information into 

multi-dimensional arrays, and do some rudimentary computations. 

Additionally, Python dynamically allocates memory space, which becomes 

very useful when dealing with large files with and unknown number of entries.   

The custom program written for this research prompts the user to input 

the file to be parsed, then opens said file and begins to read each line 

sequentially. Utilizing the intrinsic Python function ‘startswith()’, one can 
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create an if/then logical test for each item of interest.  By using the above 

conditional statement, it is possible to apportion the data in each line to the 

proper array, such as to an array containing all live time (LT) values in 

sequence, or each detected count (ADC) and its corresponding timestamp in 

real time and UTC formatted time. With the data properly apportioned, the 

intrinsic Python function ‘split()’ is used to split each entry by tab 

delimitation and assign the entry to its respective array. The string data split 

out often contain extraneous strings characters or spaces, which can be 

eliminated using the Python ‘strip()’ command.  The data are initially read as 

a string, but can be easily changed to a floating point number, integer, or 

many other variable types with a simple command such as ‘float()’ or ‘int()’.  

As mentioned previously Python dynamically allocates memory, so it is 

preferred to initialize an array of minimal size and increase or decrease its size 

dynamically as more entries are needed or not required.  To add the data to 

an existing array, the ‘append()’ command is used.  

Within the parsing function there is a logical test for every occurrence 

of ‘EX1’, which is the row that corresponds to inputs from the external port, 

to identify the point in time which the irradiation has ended and the sample 

has arrived in front of the detector.  The reading from external port 1 

corresponds to the reading from the optical sensor located approximately 2 
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inches from the detector terminus, resulting in a 5V TTL pulse to EX1, 

setting the logical value to ‘1’.  When the sample leaves the detector terminus 

and passes the optical sensor, another 5V TTL pulse is passed, setting EX1 to 

‘0’. Within the parsing code, a conditional test uses this information to 

determine when the start of a new count begins and the timestamp is saved 

into the start time (ST) array. By subtracting the ST from the timestamp of 

each subsequent count, it is possible to normalize each count to the time since 

irradiation ended, corresponding to decay time. 

6.1.10 Validation of Parsing 

The parsing function has been tested on hundreds of different List Mode 

files without indicating an error.  A detailed validation has been accomplished 

using relatively shorter List Mode text files (files with approximately 20,000 or 

less detected counts over a 45-60 second period, consisting of 5-10  

count/irradiation cycles), in which the parsed data were continually printed 

real-time, then compared to the raw List Mode data.  All aspects of the 

parsing function were tested, including the logical flags which indicate to the 

parsing function that a count cycles has begun or ended, channel assignment, 

real timestamp of count, total counts, rolling live-time and rolling real-time. 
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6.1.11 Dead-Time Characterization 

Using the List Mode function to acquire gamma-ray counts requires a 

manual dead-time calculation from the limited real-time and live-time updates 

reported in the resultant text files.  Figure 6-17 shows that live-time and real-

time updates are reported every 10 milliseconds, however the system only 

reports if the live-time has incremented in that 10 millisecond timeframe, or 

not. The system may report counts over the 10 millisecond period while not 

incrementing the live-time counter, indicating that the system has some live-

time between zero and 10 milliseconds over this interval, but it is unreported, 

therefore the dead-time resolution is 10 milliseconds at best. This report 

scheme results in the updates acting in a binary way; either the system reports 

it was 100% live during the interval, or reports 0% live-time during the 

interval. It is unknown what the true live-time is during these intervals, 

however using a Gaussian moving average one can estimate the true dead-

time. The moving average attempts to capture patterns in large data sets by 

creating an estimate over a moving range of the data (Cheridito, 2004). As 

Figure 6-18 shows, different techniques can be applied to estimate the 

response.   
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After applying different moving averages to the dead-time raw data, the 

Gaussian moving average appeared to estimate the true dead-time the best, 

with the least amount of noise and random variations.  The Gaussian moving 

average uses a convolution operator that spreads the binary value over a 

window with the shape of a Gaussian distribution 
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Figure 6-18: Data smoothing using various moving average techniques (Harden, 

2008). 
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Next the number of points used in the moving average window was 

investigated.  For very low count-rates smaller windows (5-10 points) resulted 

in the best fit, however the count rate for surrogate material analysis and 

fissile material irradiations is much higher.  At higher count rates, 20-40 points 

appeared to provide the best estimate.  An under-estimate occurs when more 

than 40 points are used, and an over-estimate with excessive noise results 

when less than 20 points are used.  After multiple iterations, it has been 

determined for this application that 30 points results in the optimal balance of 

smooth and accurate estimates of the dead-time.   

To validate the List Mode dead-time estimate, a sample of aluminum 

was irradiated in the core of the OSTR using the rabbit facility for 5 seconds, 

then placed directly on top of the HPGe detector.  The dead-time was 

recorded using GammaVision’s inherent software every 30 seconds, and then 

was compared to the estimated dead-time using the List Mode Gaussian 

moving average.  The estimate matches the GammaVision dead-time within 

3.4%. 
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6.2 Materials and Methods – ISU 

The Idaho Accelerator Center in Pocatello, Idaho is a research facility 

operated by the Idaho State University Physics Department that includes 

40,000 sq. ft. of laboratory and office space including multiple electron linear 

accelerators (LINACs) of varying capabilities (Idaho State University, 2013).   

6.2.1 25 MeV Linear Accelerator 

The data used in this research were obtained using the IAC’s 25 MeV 

LINAC.  The LINAC was previously used as a clinical medical LINAC, and 

has been reconditioned and configured for use in the IAC facilities.  These 
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Figure 6-19: Validation of List Mode dead-time estimate. 
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efforts resulted in a LINAC with higher beam currents, energies, and repetition 

rates than its original configuration (Idaho Accelerator Center, 2012). 

 

 The 25 MeV LINAC operates in a pulse mode; the LINAC generates an 

electron pulse with a user-determined width ranging from a minimum of 50 

nanoseconds to a maximum of 4 microseconds.  These pulses can be repeated 

at a rate up to 360 hertz, depending on the application, to produce a nearly 

continuous beam of electrons. In the Figure 6-20 photo, the electron beam 

exits the LINAC on the right side and can be diverted to an exit port. 

Figure 6-20: Idaho Accelerator Center 25 MeV LINAC (Idaho Accelerator Center, 

2012). 
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 The LINAC has four exit ports (circled in yellow in Figure 6-21) that 

can be used for a myriad of different experimental applications.  For this 

research, the first exit port was fitted with the requisite materials to generate 

a forward biased neutron flux to irradiate fissile material reference samples. 

Figure 6-21: Idaho Accelerator Center 25 MeV LINAC's four exit ports (Idaho 

Accelerator Center, 2012). 
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Figure 6-22 is a schematic of the experimental set-up used to produce a 

neutron flux for this research. First the electron LINAC produces a beam of 

electrons that exit the first port and pass through a current transducer to 

measure the current per pulse.  The electron beam then interacts with a 4.2 

g/cm2 tungsten radiator that produces a bremsstrahlung photon beam. The 

electron beam then strikes an aluminum beam stop, while the forward-biased 

photon beam passes through a lead collimator.  The collimated photon beam 

then interacts with a beryllium target to produce neutrons.  These 

photoneutrons then interact with the virgin (undoped) polyethylene that 

Figure 6-22: Idaho Accelerator Center neutron-induced fission experimental set-up 

(Hunt A. W., et al., Determining isotopic concentration using delayed gamma-rays 

from active inspection techniques for nuclear material safegaurds, 2012). 
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surrounds the beryllium target and moderate the neutrons to thermal energies.  

Finally, the thermal photoneutrons strike the sample targets and induce 

fission, producing radioactive fission products that largely decay by β − decay 

and are accompanied by characteristic gamma-rays, which are detected by a 

high-purity germanium detector.  The HPGe detector is placed perpendicular 

to the photon beam to reduce its exposure to the bremsstrahlung photons.  To 

further reduce the background, the detector is encased in 5cm of lead shielding 

and placed inside 20cm of borated polyethylene.  To further shield the detector 

from the photon beam, an additional 10cm of lead shield is added on the 

accelerator side of the detector exterior to the virgin polyethylene.  To 

minimize the effect of low-energy background gamma radiation on the 

observed spectra, and to reduce the detector dead-time, a 0.635 cm lead filter 

is placed over the face of the detector.  Despite the additional shielding and 

offset orientation, the detector does look directly at the photoneutron source, 

which causes neutron activation within the detector, resulting in additional 

large peaks in the spectrum which correspond to activated indium.    

For this research, the electron LINAC was set to 15 MeV (25 MeV 

capability) producing 4 microsecond pulses at a rate of 30 hertz.  The result is 

a neutron flux on the order of 106 neutrons cm-2 s-1, estimated using gold foils. 
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6.2.2 Fission Material Targets – ISU 

Two different fissile material targets were used at ISU: a plutonium target and 

a uranium target. The plutonium targets are high purity nuclear accident 

dosimeter sources, shown in Figure 6-23, the compositions of which are listed 

in Table 6-2. 

 

 238Pu 239Pu 240Pu 241Pu 241Am Total Pu 

Average Mass (g) 5.53E-5 9.74E-1 5.50E-2 3.83E-4 3.58E-3 1.03 

% stdev (1σ ) 7.56% 0.62% 2.41% 2.49% 0.67% 0.58% 

The total diameter and thickness of each plutonium source, including 

copper cladding, is approximately the diameter and thickness of a quarter, 

Figure 6-23: Plutonium NAD source. 

Table 6-2: Plutonium NAD source contents. 
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with the plutonium about the diameter of a nickel.  For reference, a photo of a 

plutonium source is shown next to a quarter and nickel in Figure 6-24. 

 

Plutonium NAD sources are kept in a plastic case and taped to the 

front of a .75 inch thick low-density Styrofoam sample holder, as shown in 

Figure 6-25. The plutonium NAD source is placed in the target chamber 

shown in Figure 6-22 with the source closest to the beryllium photoneutron 

source. Each plutonium NAD source has approximately 10 cm2 of surface area 

presented to the thermal neutron flux. 

Figure 6-24: Plutonium NAD source next to a quarter and nickel for size reference. 
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The uranium samples were assembled using 1.124 gram hollow cylinders 

of 43% enriched 235U, placed into two separate 1 milliliter centrifuge tubes.  

Three cylinders are placed into each centrifuge tube, and two tubes are used 

resulting in 2.8 grams of 235U, as shown in Figure 6-26. 

 

Figure 6-25: Plutonium NAD and sample holder. 

Figure 6-26: Uranium sources used to in ISU experiments. 
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The two tubes present a total of approximately 5 cm2 to the thermal 

neutron flux. The uranium-filled centrifuge tubes are placed into two holes in 

the same low-density Styrofoam sample holder used for the plutonium sources.  

Figure 6-27 shows the configuration of a mixed uranium-plutonium target set-

up.  When inserted into the target chamber, the plutonium source will be 

closest to the beryllium photoneutron source, with the uranium behind the 

plutonium. 

 

  As Figure 6-27 shows, the plutonium source, with approximately 10 

cm2 of surface area, partially shields the uranium sources, which present 5 cm2 

Figure 6-27: Mixed uranium-plutonium target configuration. 



128 

 

of surface area.  When there are multiple plutonium sources in a mixed 

sample, the physical shielding is increased as shown by schematic drawings in 

Figure 6-28. 

 

6.2.3 Multiparameter Analyzer Data Acquisition 

The ISU data acquisition system includes a FAST ComTec 

Multiparameter Analyzer (MPA) system coupled to the HPGe detector that 

can record counts from the HPGe detector in List Mode.  The FAST MPA-3 

data acquisition system is capable of storing events with a timestamp 

resolution of 50 nanoseconds, as well as accepting and reporting external TTL 

trigger pulses to indicate when each accelerator beam pulse begins and ends. 

Figure 6-28: Mixed uranium-plutonium target orientation with multiple plutonium 

sources. 
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Because the HPGe detector is so sensitive to photons and the bremsstrahlung 

photon environment during each pulse is so intense, the HPGe detector is 

unable to resolve individual events while the accelerator is active, and for a 

short period of time thereafter.  To overcome this paralyzing effect, the 

detector was gated during the accelerator pulse and for approximately 5 

milliseconds after the end of the pulse using a digital gate and a delay 

generator, triggered by a TTL pulse the end of the accelerator pulse (Hunt A., 

2013).       

6.2.4 FAST MPA-3 List Mode Unpacking and Parsing 

The form of the List Mode data acquired via the FAST MPA-3 is 

unique, with a plain text header section that lists the settings, range, 

calibration, and other detector information, followed by all of the List Mode 

data in binary form.  To unpack the binary List Mode data, the ISU staff 

developed a C++ program that can be customized to retrieve only the data 

desired by the user.  For simplicity and compatibility with other programs 

written to parse List Mode data, it was desired to produce plain text files with 

the requisite count, channel, timestamp, and dead-time readings.  The result is 

a C++ unpacking program that first outputs the energy calibration 

information for the detector, which allows later programs to translate the 

channel labels into energy labels. Next the program parses out the channel of 
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each count, the raw value timestamp in 50 ns increments, and instantaneous 

updates of the current real-time and live-time that allows continuous 

calculation of the detector dead-time.  Each pulse-count cycle is saved as its 

own file, so later programs can either inspect each individual pulse-count cycle, 

or layer the cycles with the same start-count time.   

6.2.5 Validating FAST MPA-3 List Mode Parsing 

Unlike ORTEC’s List Mode function that can only operate in either 

standard GammaVision mode, or List Mode, but not both simultaneously, the 

data recorded by the FAST MPA-3 can be visualized in the FAST ComTec’s 

MPANT program even while List Mode data is being recorded.  This allows a 

simple validation of the parsing program by comparing the recorded spectra in 

MPANT to the parsed data taken in List Mode over the same period of time 

for each channel.  This validation was accomplished for each of the data sets 

and show complete agreement.   

6.3 Spectral Inspection 

6.3.1 Creating Histograms from Parsed Data 

The parsing function for either the OSU data or the ISU data returns a 

large multi-dimensional array which contains each count’s channel and 

timestamp, the live and real time readings, and the start time of each counting 

cycle.  To create histograms of the data based upon channel and time, another 
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intrinsic Python function is used titled, appropriately enough, ‘histograms()’.  

The intrinsic Python function requires the list of values to turn into a 

histogram, and the bin edges, to be passed in the arguments, and results in a 

compiled histogram.  A custom function is used to create a multi-dimensional 

array of histograms which prompts the user for the time bin widths, the 

maximum time to create the histograms out to, the raw count times for each 

channel and the sequential real and live times (to compute and account for 

dead time).  

6.3.2 Plotting the Temporal Spectra 

While the commercially available gamma-ray spectrometry programs 

such as ORTEC’s Gamma-Vision or FAST ComTec’s MPANT are very 

powerful at analyzing the spectral data, they do not have the capability to 

also analyze the temporal aspect of the data. Because of the unique format of 

List Mode data, a custom plotting program was written to visualize the counts 

per channel and per time bin.  The program allows the user to define the 

width of the time bins and select the energy (and therefore channels) to be 

investigated, then creates a three-dimensional surface plot of the data.   

Python has the ability to interface with a myriad of other programs for 

special applications.  Many programs are particularly adept at detailed three-

dimensional plots, such as MatLab or Mathematica, however Microsoft Excel 
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was chosen as the interface tool because it allows an easy interface to visualize 

the data in graphical and raw forms.  

To open an external program in Python, a ‘wrapper’ has to be used 

that calls the program and sends properly formatted commands to it. Once the 

wrapper is in place, a new Excel workbook and worksheet is opened.  The data 

is populated by simply translating the histogram multidimensional array into 

Excel.  Axes values are then added for the channel number and time bin edge, 

completing the import of the raw data.  Next a new worksheet is added for the 

three-dimensional plot to be shown in.  A simple call to Excel’s surface plot 

function creates the three-dimensional plot, followed by titling the chart and 

the axes to complete the function.  When executed, the function can create 

three-dimensional plots that can be manipulated and analyzed using the 

standard functionality of Excel, with all of the raw data already present in the 

workbook.   

6.4 Multidimensional Analysis  

By collecting the gamma-ray data using List Mode and applying the 

temporal gamma-ray spectrometry technique of normalizing the spectra by the 

response at some reference time, two dimensions of data can be compiled: 

temporal and energy.  Often the spectra are recorded using a pulsed method, 

where a pulse of neutrons irradiate the target for a set period of time, then the 
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response is collected for a set period of time, and this is repeated multiple 

times.  A multidimensional analysis method must be used to analyze the data, 

whether two or more dimensions of data are collected. Note: To properly 

conduct a multidimensional analysis, it is imperative that the reference spectra 

and sample spectra are taken using identical geometry and identical cycle 

protocols.    

As equations (5.17) and (5.18) show, the temporal relationship of an 

integrated gamma-ray spectrum or a count-rate spectrum is assumed to be a 

linear combination of each component’s relative weight times the temporal 

spectrum’s response.  In the most generic terms, the relationship is written as 

 i i
i

a c ω= ⋅∑  (6.2) 

where a is the resultant spectral value, 
i

c is the ith temporal response value, and 

i
ω  is the ith relative weight for i materials.  This relationship is then expanded 

into a system of linear equations to develop a multidimensional analysis 

technique.  

Once all spectra are normalized by the response of the peak at a 

reference time (temporal-fission normalized), they can be collected into vectors 

of histograms.  If reference temporal spectra 
i

s
  are collected from different 

compositions (e.g. a spectrum from irradiating a 235U source of known 

composition, and 239Pu of known composition), they can be assembled into a 
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reference matrix S. This reference matrix can then be used to create a basis set 

performing a singular value decomposition (SVD) of the matrix (Campbell L. , 

Personal Communication, 2013).  

 
TS U V= ⋅ Σ ⋅  (6.3) 

   The result of the SVD of S is the left singular orthogonal matrix U, 

the right singular orthogonal matrix V, and the matrix Σwhich contains the 

square roots of the eigenvalues of S (Strang, 2006). The left singular matrix U 

is used to create an orthogonal basis matrix of the reference spectra by  

 
TA U S= ⋅ . (6.4) 

Next, a matrix W can be assembled with the weights (isotopic 

composition) of the reference spectra for each constituent isotope 
i

ω .  For 

instance, consider two hypothetical reference spectra, one of 100% pure 235U 

and one of 100% pure 239Pu.  The resultant composition matrix would be  

 

1 0

0 1
W

 
=  
  

, (6.5) 

where the relative weights of each isotope are in the rows, and the source 

spectra indices are in the columns.   

 Again it is assumed that all observed temporal spectra are a linear 

combination of the independent isotopic spectra, so the matrix A can be 

represented by 
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 A C W= ⋅  (6.6) 

with an unknown transformation matrix C.  To find C, the inverse of W must 

be found in equation (6.6).  The reference matrix W may not be square, so 

purely taking the inverse is not always possible, but by using SVD a pseudo-

inverse can be taken of the matrix (Strang, 2006).  The SVD of W results in  

 
TW u vσ= ⋅ ⋅  (6.7) 

 which allows the pseudo-inverse W + to be constructed by 

 
1 TW v uσ+ −= ⋅ ⋅ . (6.8) 

This allows C to be constructed from  

 C A W += ⋅  (6.9) 

If a temporal spectrum of unknown composition o

 is observed, it can 

similarly be transformed into the vector space defined by the orthogonal 

matrix A to create a transformed spectrum α .  

  TU oα = ⋅ 
 (6.10) 

Again it is assumed that α  is a linear combination of the transformation 

matrix C and the relative contribution from each fissionable isotope r

. 

 Cα ω= ⋅ 
 (6.11) 

Therefore, to estimate the relative fissile material content, ω  must be solved 

for in equation (6.11).  To solve for ω , the pseudo-inverse of C must be found 

in the similar fashion as W +.  The final result is  
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 Cω α+= ⋅ 
. (6.12) 

6.5 Computing Relative Content  

The multidimensional data has been temporal-fission normalized using 

the temporal gamma-ray spectrometry technique, therefore the actual relative 

content must be computed by “unpacking” the temporal spectrum back into 

un-normalized terms.  The calculation is rather straightforward; however 

arriving at the equation takes some algebraic manipulation.  

Using equation (6.11) the temporal-fission normalized spectral data are 

defined as 

 ( ) ( ) ( )1 1 2 2
t c t c tα ω ω= ⋅ + ⋅  (6.13) 

where ( )tα  is the temporal spectrum of the unknown sample, ( )i
c t  are the 

temporal spectra of the known constituents, and 
i

ω  are the relative temporal 

weights of the constituent spectra.  From equation (6.12) all of these variables 

are known. The temporal spectrum of the unknown sample ( )tα , however, is 

composed by normalizing the standard spectrum by the response at a reference 

time tR 

 ( ) ( )
( )R

a t
t

a t
α =  (6.14) 
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where ( )a t  is the standard spectrum of the unknown sample at time t and 

( )R
a t  is the standard spectrum at a reference time tR.  The standard spectra 

are composed of a linear combination of the un-normalized response spectra n, 

but the weights w are not the same, as they are not normalized, resulting in  

 

( ) ( ) ( )
( ) ( ) ( )

1 1 2 2

1 1 2 2R R R

a t n t w n t w

a t n t w n t w

= ⋅ + ⋅

= ⋅ + ⋅ . (6.15) 

It is desired to find a representation of the un-normalized weights w in 

terms of the normalized weights ω , so equations (6.13), (6.14), and (6.15) are 

set equal.   

 ( ) ( )
( )

( ) ( )
( ) ( )
1 1 2 2

1 1 2 2R R R

a t n t w n t w
t

a t n t w n t w
α

⋅ + ⋅
= =

⋅ + ⋅
 (6.16) 

Solving for 
1

w , the following relationship exists to relate the temporal-fission 

normalized fractional weights to the un-normalized, true fractional weights of 

the constituent isotopes. 

 

( )
( ) ( )

1 2

1

1 2 2 1

R

R R

n t
w

n t n t

ω

ω ω

⋅
=

⋅ + ⋅
 (6.17) 

6.6 Propagation of Error 

The error associated with each measurement is assumed to conform to 

the Poisson distribution.  The predicted variance of the Poisson distribution is 

defined as  
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2 xσ =  (6.18) 

and the predicted standard deviation is defined as  

 xσ = . (6.19) 

Propagation of error for standard mathematical calculations is fairly 

straightforward, calculated by   

 

2 2 2

2 2 2 2 ...
u x y z

u u u
x y z

σ σ σ σ
     ∂ ∂ ∂

= + + +     ∂ ∂ ∂     
 (6.20) 

where u=u(x,y,z,…) represents the derived quantity as a function of the 

components x, y, z (Knoll, 2000).  When the temporal spectra Θ are derived by 

dividing the response at some time (
t

D ) by the response at some reference 

time ( )
reft

D , the error is propagated using equation (6.20) resulting in 

 

222

treft

ref

DD

t t
D D

σσσΘ
      = +     Θ       

. (6.21) 

 While the propagation of error for standard derivations can be direct, 

the propagation of error when solving a system of linear equations as discussed 

in section 6.4 is much more complex. The covariance of the calculation, 

coupled with the use of singular value decompositions and pseudo-inverse 

calculations, complicates the error propagation. Using techniques outlined by 

Wikstrom and Wedin, the same decomposition matrices used to solve the 
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linear least squares problem can be used to propagate the error in the estimate 

(Wikstrom & Wedin, 2002).  

Recall that the reference spectra 
i

s
  are assembled into a reference 

matrix S.  Each value in each reference spectrum has an associated error 
i

sδ .  

Since the measurement of each reference spectrum is independent of the 

others, a covariance matrix mSΣ  can be assembled for the reference spectrum 

for each material m with the values of 
i

sδ on the diagonal, and the off-diagonal 

values set to zero. When the reference spectra are converted into the 

orthogonal space in equation (6.4), the error can be propagated by  

 
m mA STU UΣ = ⋅ Σ ⋅ . (6.22) 

The result is an m x m covariance matrix for each material.  Because the 

reference spectra are taken from material of known contents, the error 

associated with the reference material composition matrix W (from equation 

(6.5)) is assumed to be negligible compared to the error associate with matrix 

A (Campbell L. , Personal Communication, 2013). Recall from equation (6.9) 

that the transformation matrix C is assembled by the matrix multiplication of 

A times the pseudo-inverse of the matrix W.  Because there is assumed to be 

no error associated with W +, it is treated as a constant and the error is 

propagated simply   

 
m mC A W +Σ = Σ ⋅ . (6.23) 
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To solve for the relative fissile material content of the unknown material in 

equation (6.12), the pseudo-inverse of C must be found by performing a 

singular value decomposition of C and reassembling the components to arrive 

at C +, similar to what was done in equations (6.7) and (6.8) for W and W + 

 
1

T

T

C X Y Z

C Z Y X+ −

= ⋅ ⋅

= ⋅ ⋅
. (6.24) 

To propagate the error through the decomposition C and reassembly of C +, 

the principles detailed by Wedin and Wikstrom are used (Wikstrom & Wedin, 

2002).  First error is propagated to the eigenvalues of the decomposed C 

matrix by  

 
m mY CTX YΣ = ⋅ Σ ⋅ . (6.25) 

Next the error YΣ  is transformed to the inverse 
1Y −

Σ and used to construct the 

error for the pseudo-inverse of C.  

 

1
m mC Y TZ X
+ −

Σ = ⋅ Σ ⋅  (6.26) 

 With the error propagated to the pseudo-inverse of the transformation 

matrix used in equation (6.12) to estimate the contents from the temporal 

spectra, attention is now directed toward the error of the other value in the 

equation αΣ .  Just as the error was propagated for each reference material 

spectra in equations (6.21) and (6.22), the same treatment is performed on the 

unknown material spectra, resulting in 
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unknownSTU UαΣ = ⋅ Σ ⋅ . (6.27) 

With the error propagated for the two principal components of equation  

(6.12), the error can be propagated for the matrix multiplication of these 

values to arrive at an error for the solution to the least squares problem 

(Wikstrom & Wedin, 2002). 

 
C Cω αα

+ +Σ = Σ ⋅ + ⋅ Σ  (6.28) 

As discussed in section 6.5, the estimates found using the 

multidimensional analysis need to then be “unpacked” to arrive at the final 

estimate of the fissile material contents.  The associated error from the 

multidimensional analysis is propagated in the normal way using equation 

(6.20) to arrive at the final error estimate following the calculation performed 

in equation (6.17).  Because the final calculation of the fissile material estimate 

involves addition, multiplication, and division, the error propagation is 

algebraically laborious, but fairly straightforward if it is broken down into 

pieces.  Equation (6.17) is broken into three components: 

 

( )

( )

( )

1 2

1 2

1 1 2

2 2 1

R

R

R

N
w

D D

N n t

D n t

D n t

ω

ω

ω

=
+

= ⋅

= ⋅

= ⋅

. (6.29) 
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First, the error is propagated for each component in which two values with 

associated uncertainty are multiplied together 

 

( )

( )

( )

( )

( )

( )

21

21 1

12 2

222

1 2

22 2

1 1 2

22 2

2 2 1

R

R

R

n tN

R

n tD

R

n tD

R

N n t

D n t

D n t

ω

ω

ω

σσσ
ω

σσ σ

ω

σσ σ

ω

      = +           

    
    = +

     
     

    
    = +

     
     

. (6.30) 

Next the errors in the two denominator terms are added together to get the 

error in the entire denominator 

 
1 2

2 2 2
D D D

σ σ σ= + . (6.31) 

Finally the error for the fissile material estimate is computed by propagating 

the error of the numerator and denominator 

 

2 2 2

2 2

N D

N D

N D

N D

ω

ω

σ σ σ
ω

σ σ
σ ω

     
= +         
    

   
= +      

   

. (6.32) 
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CHAPTER 7 

RESULTS AND ANALYSIS 

7.1 Surrogate Material Analysis 

To demonstrate that the temporal spectrometry theory can be applied 

to any pair of radioisotopes decaying into the same gamma-ray line, surrogate 

materials which both decay into the 663 keV gamma-ray line were activated 

and measured in the ORST beam port #4 using the fast rabbit transfer 

system (see section 6.1.3 for more information on the surrogate materials 

used).  

7.1.1 Surrogate Material Raw Spectra 

The spectra of activated silver acetate and dysprosium oxide were 

recorded for 20 minutes after being irradiated for 20 minutes in the thermal 

neutron beam. As Figure 7-1 shows, the growth of the integrated counts from 

108Ag forms a well-developed peak with a smooth growth that asymptotically 

approaches the maximum after about 16 minutes (108Ag half-life is 2.382 

minutes).  
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The relatively dynamic growth of the pure silver curve shows great promise in 

applying the temporal spectrometry method, especially for the first 10 minutes 

of observed decay.  

Similarly, the count rate of the decaying silver creates a dynamic curve 

over the first 10 minutes of counting as shown in Figure 7-2.   

Figure 7-1: Spectrum of integrated counts from pure silver target following 20 

minutes of irradiation. 
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Figure 7-2: Spectrum of count rate from pure silver target following 20 minutes of 

irradiation. 
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Contrasted with the dynamic silver spectra are the dysprosium spectra. 

As Figure 7-3 shows, the long half-life (2.33 hours) of 165Dy means that the 

growth of the integrated count spectrum is constant over the entire counting 

period. 

 

The constant growth of the dysprosium peak and longer half-life indicates that 

the count rate during the observation period will likely be low, which is 

illustrated in Figure 7-4.  The low count rate results in a fairly jagged count 

rate spectrum due to the inherent variability in the decay of the isotope.  

Figure 7-3: Spectrum of integrated counts from pure dysprosium target following 20 

minutes of irradiation. 
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Figure 7-4: Spectrum of count rate from pure dysprosium target following 20 minutes 

of irradiation. 
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When the two isotopes are combined in the irradiation and counting 

cycle, as shown in Figure 7-5, the growth in the integrated spectrum is more 

muted than the silver peak, illustrating the temporal differences that can be 

used to estimate the contents in a sample.  As expected, the dynamic growth 

of the mixed spectrum is most evident in the first 10 minutes of the counting 

period, when there is more substantial activity from silver.    

 

Figure 7-5: Spectrum of integrated counts from a 50-50 mix of silver and dysprosium 

target following 20 minutes of irradiation. 
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 Predictably, the count rate spectrum for the mixed sample displays the 

key attributes of the silver (dynamic change in activity) and dysprosium (low, 

yet steady count rate) spectra, as shown in Figure 7-6.  

 

While the dynamic change in activity of the sample is very useful in 

determining the contents using the temporal spectrometry method, the 

variability due to the low count rate causes some problems in the estimate. 

 By analyzing the mixed sample spectra it is clear that the weakness in 

applying the temporal spectrometry method will be when the spectrum is 

dominated by a low count rate isotope because the inherent variability will 

Figure 7-6: Spectrum of the count rate from a 50-50 mix of silver and dysprosium 

target following 20 minutes of irradiation. 



150 

 

cause the time-dependent decay spectra to be less predictable. To test the 

more difficult scenario, a mixture dominated by dysprosium was created.  

Following the same irradiation and count protocol, the resultant 25% silver, 

75% dysprosium integrated spectrum is shown in Figure 7-7. 

 

The integrated spectrum shows that there is some visible change in the growth 

of the peak in the first few minutes, and then the spectrum growth becomes 

constant as the dysprosium decay begins to dominate. 

The count rate spectrum for the 25% silver, 75% dysprosium mix 

(Figure 7-8) displays the dynamic change in activity from the silver content in 

Figure 7-7: Spectrum of integrated counts from a 25-75 mix of silver and dysprosium 

target following 20 minutes of irradiation. 
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the first 5-8 minutes, which indicates there is enough change in the time-

dependent spectrum to effectively analyze the contents.  

 

7.1.2 Surrogate Material Temporal Spectra 

Once each of the raw spectra are recorded, the counts under the peak 

are summed (which partially damps out some of the variability in the low 

count rate spectra) and temporal spectra are created by dividing the response 

at each point in time by the response at some reference time.  To minimize the 

measurement uncertainty propagated to the temporal spectra, the reference 

time is chosen as the time with the most counts; for the integrated spectra this 

Figure 7-8: Spectrum of the count rate from a 25-75 mix of silver and dysprosium 

target following 20 minutes of irradiation. 
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is the maximum time that the temporal spectrum spans, and for the count 

rate spectra this is first time bin. The result of this normalization of the 

spectra is shown in Figure 7-9.   

 

To test that the temporal spectrometry theory is sound, the estimated 

contents were generated by applying equation (6.15) to the raw spectra for 

pure silver and pure dysprosium times their relative content weights (e.g. 25% 

times the raw silver spectrum plus 75% times the raw dysprosium spectrum).  

The estimated raw spectra were then converted into estimated temporal 

Figure 7-9: Estimated relative silver - dysprosium content using the integrated 

temporal spectra method. 
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spectra in the same manner as the observed spectra. As Figure 7-9 illustrates, 

the estimated and observed temporal spectra show very good agreement, 

suggesting that the method can estimate the relative contents of a sample with 

good accuracy.  

Applying the same process to the count rate spectra, with the reference 

time taken in the first minute of counting, allows the creation of temporal 

count rate spectra shown in Figure 7-10. 

 

Figure 7-10: Estimated relative silver - dysprosium content using the temporal count 

rate spectra method. 
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Most notable in the temporal count rate spectra is the dysprosium 

spectrum, which displays the count rate variability that was observed in the 

raw count rate spectrum for dysprosium in Figure 7-4.  This variability 

extends to the estimated temporal spectra for the two mixes, and is seen in the 

observed temporal spectra as well.  

With the temporal spectra inspected, the raw values for each spectra 

are put into the temporal gamma-ray spectrometry algorithm based on the 

equations detailed in sections 6.5 and 6.6 using the R statistical language (The 

R Project, 2013).  The result is an estimate of the relative contents of the 

sample in percentage form.  Figure 7-11 shows the results in graphical form, 

with the known contents of the mixed samples on the abscissa, and the 

estimated contents on the ordinate of the plot.  The diagonal dotted line 

represents a perfect match of the estimated contents. The error bars represent 

one standard deviation of the estimate. The blue line represents the best fit 

linear regression to the data points and the grey shaded area represents the 

95% confidence interval to this linear regression fit.  
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 Because the conditions in the surrogate material analysis were nearly 

ideal, the estimates were very accurate and relatively precise.     

7.2 Fission Material Analysis – ISU Data 

The raw spectra of uranium, plutonium, and three mixed uranium-

plutonium samples were provided by researchers at ISU (Hunt A. W., et al., 

Fission spectra of fissile material targets, 2012). The 5 total target 

configurations are listed in Table 7-1 and are in the form outlined in section 

6.2.2.  The targets were exposed to the neutron flux for a set period of time, 

Figure 7-11: Estimated relative silver content using the integrated temporal spectra 

technique and the temporal count rate spectra technique. 
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and then counted for the same time interval (e.g. 60 second irradiation 

followed by 60 second count) repeatedly.  Each irradiation-count cycle is 

referred to as a pulse in this document, and because each pulse followed the 

same irradiation-count protocol, the time-dependent spectra could be overlaid 

on each other, and the counts per corresponding time bin summed. This 

allowed for much better counting statistics.  The primary data set used in this 

research is from a 60 second irradiation, 60 second count protocol that was 

performed over 120 times consecutively on each target. 

Target: Pure Pu 25%-75% Mix 50%-50% Mix 63%-37% Mix Pure U 

Mass 239Pu: 2.92g 0.97g 2.92g 4.87g 0.00g 

Mass 235U: 0.00g 2.80g 2.80g 2.80g 2.80g 

Relative 
239Pu:235U 

100.0% Pu: 

0.00% U 

26.25% Pu: 

74.75% U 

51.94% Pu: 

48.06% U 

64.58% Pu: 

35.42% U 

0.0% Pu: 

100.0% U 

 The spectra for the pure plutonium and pure uranium targets must first 

be analyzed to find potential peaks to use in the temporal spectrometry 

method. Key attributes to promising peaks include a differential fission yield 

for plutonium and uranium (primarily seen in the light fission fragments 

ranging from 80 to 100 AMU), a relatively short half-life (on the order of 

seconds to minutes), a gamma-ray branching ratio greater than 1%, and 

preferably multiple isotopes decaying into the same peak.  

Table 7-1: Fissile material targets. 



157 

 

After investigating the possible peaks and performing parameter studies 

on the width of the time bins, the number of pulses summed, and pulse 

grouping, the temporal spectrometry method has been determined to 

accurately estimate the contents of a mixed fissile material sample. Figure 7-12 

shows the estimated plutonium content using 2 second time bins, 20 summed 

pulses of 60 seconds of irradiation followed by 60 seconds of counting using 

two different peaks, the 3186 keV and 4077 keV gamma-ray peaks. The 

precision of the estimates shown in the figure ranges from 2% to 4% error. The 

estimates using this data set overestimate the plutonium content by an 

average of 2.6%, likely due to the orientation of the targets (the plutonium 

samples are placed in front of the uranium samples, shielding the neutron flux) 

and the different fission cross-sections of the materials (the thermal fission 

cross section for 239Pu is 747.4 barns versus 585.1 barns for 235U). This data set, 

along with the other parameter studies, is discussed at length in the following 

sections. 
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7.2.1 Identifying Potential Peaks   

Because the detector used to collect the fissile material data faced the 

oncoming neutron beam during the irradiation periods, and because there was 

indium and sodium inside the detector body, activated indium and sodium 

resulted from each pulse. The decay of the activated indium and sodium 

generated gamma-rays which dominated the spectrum in many areas.  The 

effects of the activation are seen in the spectrum up to the 3045 keV energy 

level.  Beyond this energy there is no noticeable effect from activation; 

however below this energy the background is higher and some peaks that 

Figure 7-12: Estimated plutonium content using the integrated temporal spectra 

method, summation of 20 pulses of 60s irradiation, 60s count with 2 second time bins. 



159 

 

might be usable in temporal spectrometry are obscured by the activation 

peaks.  Peaks that reside below this energy threshold may be useful in future 

works (see section 9.6 for a discussion on this topic). After investigating the 

gamma-ray spectrum of uranium and plutonium, seven peaks of interest were 

identified.  Figure 7-13 and Figure 7-14 show the results of estimates using all 

seven peaks, first for the summation of 20 pulses, and then using the 

summation of 120 pulses.  For the value used in the estimate, the total 

number of counts under the peak was summed.  The region of interest was 

defined by determining the full width at half maximum (FWHM), and 

summing all counts over the energy region that spanned two FWHM.  Each 

peak will be investigated in the following section. 
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Figure 7-13: Collection of all peaks investigated using the integrated temporal spectra 

method, summation of 20 pulses of 60s irradiation, 60s count. 
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7.2.2 2701 keV Peak 

The 2701 keV peak is the lowest energy peak investigated and the only 

peak below the 3045 keV threshold referenced above. The peak is primarily 

composed of 106Tc, which has a 35.6 second half-life and gamma-ray branching 

ratio of 5.6% to the 2701.4 keV gamma-ray.  The cumulative fission yield 

(CFY) for 235U is 4.009e-3, while the CFY for 239Pu is 4.025e-2, which is a 

significant difference between the two isotopes, and a good marker for 

plutonium content. Because the peak is primarily composed of a single isotope, 

it is narrow with a FHWM of 1.275 keV, and therefore underdeveloped. Upon 

Figure 7-14: Collection of all peaks investigated using the integrated temporal spectra 

method, summation of 120 pulses of 60s irradiation, 60s count. 
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evaluating the peak for the mixed samples and multiple pulses, it proves to be 

unreliable for use in the temporal spectrometry application, as there is no 

other significant isotope contributing to the peak to help contrast the time-

dependent behavior of the peak growth.  As seen in Figure 7-13 and Figure 

7-14, the peak produces unreliable estimates for the mixed material targets. 

7.2.3 3143 keV Peak 

The 3143 keV peak is primarily composed of decays from 104Tc, which 

has a rather long half-life at 18.3 minutes and a gamma-ray branching ratio of 

0.8% for the 3143.4 keV gamma-ray. One of the reasons it is considered a 

potential peak is due to the relatively high fission yield from both fissile 

isotopes under investigation; the CFY for 235U is 1.880e-2, while the CFY for 

239Pu is 6.075e-2. Because this peak is primarily composed of a single isotope it 

is narrow with a FWHM of 1.7 keV and underdeveloped. The peak shows up 

prominently above the background for both uranium and plutonium, however 

because of the long half-life there is very little temporally to utilize in the 

application of the temporal spectrometry method. 

7.2.4 3186 keV Peak 

The 3186 keV is perhaps the most ideal peak of all investigated because 

it is composed of two isotopes with differing half-lives and opposite trends in 

fission yield. The two primary components of the 3186 keV peak are 106Tc and 
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88Br.  The technetium isotope has a 35.6 second half-life with a 5.0% gamma-

ray branching ratio, a CFY for 235U of 4.009e-3, and a CFY for 239Pu of 4.025e-

2, while the bromine isotope has a 16.29 second half-life with a 1.48% gamma 

branching ratio, a CFY for 235U of 1.740e-2, and a CFY for 239Pu of 5.074e-3. 

These attributes make an ideal peak because as the concentration of uranium 

increases, the effect of 88Br will increase on the peak and reduce the effective 

half-life of the peak. Conversely, as the concentration of plutonium in the 

sample increases relative to the uranium, the effects of 106Tc will increase the 

effective half-life of the peak. Because two different isotopes comprise this 

peak, it is slightly wider with a FWHM of 3.00 keV and appears to be 

sufficiently developed. After extensive analysis, this peak became one of the 

two primary peaks recommended for use in the application of temporal 

gamma-ray spectrometry, and can be seen in the majority of the plots in the 

following parameter studies. 

7.2.5 4077 keV Peak 

The 4077 keV peak is another nearly ideal peak for analysis as it is also 

comprised primarily of two different isotopes, 95Sr and 91Rb. The strontium 

isotope has a 23.90 second half-life with a 1.22% gamma-ray branching ratio, a 

CFY for 235U of 5.270e-2, and a CFY for 239Pu of 3.010e-2, while the rubidium 

isotope has a 58.4 second half-life with a 4.08% gamma branching ratio, a 
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CFY for 235U of 2.222e-2, and a CFY for 239Pu of 1.383e-2. Although the 

difference between the fission yield of both isotopes is not as great as the 3186 

keV peak, there is still enough difference to create a key characteristic in the 

temporal spectra for use in the proposed method. Similar to the 3186 keV 

peak, there are two different isotopes that contribute to this peak making it 

slightly wider with a FWHM of 3.39 keV and appears to be sufficiently 

developed. The 4077 keV peak is the second of two primary peaks recommend 

for use in the application of temporal gamma-ray spectrometry, and can be 

seen with the 3086 keV peak in the majority of the parameter studies plots. 

7.2.6 4135 keV Peak 

The 4135 keV peak is primarily composed of 90Rb and 90mRb, and 

partially by 87Br. The two rubidium isotopes decay into the same gamma-ray 

line, however they have different half-lives, branching ratios, and cumulative 

fission yield values. The 90Rb isotope has a half-life of 158 seconds, a gamma-

ray branching ratio of 6.7%, a CFY for 235U of 4.457e-2, and a CFY for 239Pu of 

1.270e-2. The 90mRb isotope has a half-life of 258 seconds, a gamma-ray 

branching ratio of 0.11%, a CFY for 235U of 1.274e-2 and a CFY for 239Pu of 

7.557e-3. The 87Br isotope has a half-life of 55.6 seconds, a gamma-ray 

branching ratio of 0.26%, a CFY for 235U of 2.069e-2 and a CFY for 239Pu of 

6.908e-3. Because the peak is primarily composed of the rubidium isotopes, it 
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is very narrow with a FWHM of 1.27 keV and is underdeveloped. While this 

peak has three different isotopes that contribute, there is not enough of a 

contribution from the 87Br or 90mRb due to the low branching ratio to 

counteract the dominance of 90Rb, therefore this peak is not recommend for 

use in temporal gamma-ray spectrometry. 

7.2.7 4180 keV Peak 

The 4180 keV peak is primarily composed of 87Br, and partially 

composed of 138I.  At such a high energy, the peak has a very low background, 

but it also has a very low count rate, which makes it difficult to use in 

temporal gamma spectrometry. The 87Br isotope has a half-life of 55.6 seconds, 

a gamma-ray branching ratio of 4.0%, a CFY for 235U of 2.069e-2 and a CFY 

for 239Pu of 6.908e-3. The 138I isotope has a half-life of 6.49 seconds, a gamma-

ray branching ratio of 0.63%, a CFY for 235U of 1.484e-2 and a CFY for 239Pu 

of 1.283e-2. With such a low branching ratio from the iodine isotope, coupled 

with the fact that CFY of 138I for uranium and plutonium is so similar (which 

is expected as a heavy fission fragment) means there is very little 

differentiation in the uranium and plutonium temporal spectra, and the peak 

is extremely narrow with a FWHM of 0.85 keV, therefore very 

underdeveloped. For these reasons, the 4180 keV peak is not recommended for 

use in temporal spectrometry applications. 
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7.2.8 4646 keV Peak 

The 4646 keV peak is the highest energy peak investigated in this 

study. The peak is primarily composed of 90Rb, and to a lesser extent, 87Br.  

The 90Rb isotope has a half-life of 158 seconds, a gamma-ray branching ratio of 

2.25%, a CFY for 235U of 4.457e-2, and a CFY for 239Pu of 1.270e-2.  The 87Br 

isotope has a half-life of 55.6 seconds, a gamma-ray branching ratio of 0.82%, a 

CFY for 235U of 2.069e-2 and a CFY for 239Pu of 6.908e-3.  Because the 

branching ratio of the bromine isotope is so low, and because both isotopes 

have a similar uranium to plutonium fission yield relationship, there is very 

little difference between the uranium and plutonium temporal spectra for this 

peak, and the peak is extremely narrow with a FWHM of 0.85 keV and 

therefore underdeveloped. For this reason, the 4646 keV peak is not 

recommended for use in temporal spectrometry applications. 

7.2.9 Time Bin Parameter Study 

To identify the optimal time bin width, estimates were calculated using 

the best peak (3186 keV peak) over 4 different bin widths: 1 second, 2 seconds, 

5 seconds, and 10 seconds.  The integrated temporal spectra was generated for 

each target by summing 120 pulses, which helped reduce the measurement 

error in the estimates significantly, however the accuracy in the estimates 

varied drastically.   
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Using a 1 second time bin width, the temporal spectra exhibited more 

variation per time bin in general. This likely affected the estimate accuracy, 

and the data points in Figure 7-15 shows that there is less confidence in 

estimates with this time bin width.  The 2 second time bin width (Figure 7-16) 

shows the best accuracy of the all of the options, with almost an exact match 

in the estimated contents to the actual contents; this is the time bin width 

that is recommended for this experimental set up.  The 5 second time bins 

(Figure 7-17) show increasing precision in the estimates; however the accuracy 

begins to degrade, mainly because fidelity is lost in the temporal spectra as the 

time bins increase. There is a delicate balance between the reducing count 

variations from narrow time bins, and losing fidelity with wider time bins.  At 

10 seconds wide (Figure 7-18), the time bins are far too large to maintain the 

majority of the temporal spectra differences, and is not recommended for use 

in temporal spectrometry. 
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Figure 7-15: Relative plutonium content using the integrated temporal spectra 

method with 1 second time bins, summation of 120 pulses of 60s irradiation, 60s 

count. 
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Figure 7-16: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins, summation of 120 pulses of 60s irradiation, 60s 

count. 
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Figure 7-17: Relative plutonium content using the integrated temporal spectra 

method with 5 second time bins, summation of 120 pulses of 60s irradiation, 60s 

count. 
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Recalling that the 3186 keV peak (as well as the 4077 keV peak) 

contains isotopes with half-lives between 20 and 60 seconds, the 2 second time 

bin width is recommended.  If the peaks of interest were composed of isotopes 

with half-lives less than 15 seconds, a 1 second time bin with would be 

advised. As shown in the surrogate material analysis, time bin widths up to 1 

minute are useful if the isotopes under investigation have half-lives on the 

order of several minutes to hours.   

Figure 7-18: Relative plutonium content using the integrated temporal spectra 

method with 10 second time bins, summation of 120 pulses of 60s irradiation, 60s 

count. 
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7.2.10 Pulse Summing Parameter Study 

Nearly all delayed gamma-ray spectrometry methods proposed for 

estimating fissile material content rely upon a pulsed method for accumulating 

enough counts under the peaks of interest to reduce the measurement 

uncertainty (Charlton, 2011). Because the same irradiation-count protocol is 

used for each pulse, the data points at corresponding time steps can be 

summed.  As the number of pulses increase, longer lived isotopes begin to 

build up if there is not enough counting or resting time between irradiations. 

These longer lived isotopes begin to alter the temporal spectrum as the 

number of pulses increase, generally damping out the time-dependent growth 

effects.  For this reason, the number of pulses summed to create a spectrum 

was investigated to find the optimum protocol for the experimental set-up 

used in this research.  Figure 7-19 through Figure 7-24 displays the results of 

1, 5, 10, 20, 50, and 120 pulses. 
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Figure 7-19: Relative plutonium content using the integrated temporal spectra 

method using 1 pulse of 60s irradiation, 60s count. 
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Figure 7-20: Relative plutonium content using the integrated temporal spectra 

method, summation of 5 pulses of 60s irradiation, 60s count. 
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Figure 7-21: Relative plutonium content using the integrated temporal spectra 

method, summation of 10 pulses of 60s irradiation, 60s count. 
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Figure 7-22: Relative plutonium content using the integrated temporal spectra 

method, summation of 20 pulses of 60s irradiation, 60s count. 
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Figure 7-23: Relative plutonium content using the integrated temporal spectra 

method, summation of 50 pulses of 60s irradiation, 60s count. 
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 In general it is evident in Figure 7-19 through Figure 7-24 that as the 

number of pulses increases, the precision of the measurements improves. This 

is expected, because it adds to the number of counts per time bin, and 

decreases the measurement uncertainty.  However as the number of pulses 

grows beyond 50 pulses, the accuracy of the estimate degrades because the 

effects of long-lived isotopes degrades the temporal characteristics of the 

spectra.  For a single pulse there is far too much measurement uncertainty, 

resulting in estimates with very large error bars.  When 5 pulses are summed, 

the measurement error decreases, but there is still too much variability from 

Figure 7-24: Relative plutonium content using the integrated temporal spectra 

method, summation of 120 pulses of 60s irradiation, 60s count. 
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the pulses to arrive at an accurate estimate. When 10 pulses are summed, the 

accuracy and the precision begin to improve, but there is still room for 

improvement. When 20 pulses are summed, the measurement uncertainty has 

been reduced to an acceptable level of less than 5%, while the accuracy 

improves greatly.  As the number of pulses increases to 50, the peaks become 

more diluted by longer lived isotopes, significantly degrading the accuracy. 

When the maximum number of pulses is reached at 120, the measurement 

uncertainty is at a minimum, but the accuracy is unacceptable.  

 For this experimental set-up, and using the 60 second irradiation, 60 

second count protocol, it is recommended that 20 pulses are summed to create 

each spectrum.  The 20 pulse bundles appear to be a good balance between 

precision and accuracy, and present an opportunity to further examine the 

potential of using pulse bundles to further improve the accuracy of the 

estimate. 

7.2.11 Pulse Bundling Parameter Study 

With over 120 pulses of data available for study, and concluding that 

the optimum number of pulses to be summed to create a spectrum is 20, it is 

proposed that 20 pulse bundles can be created to increase the number of data 

points in an estimate. If pulses 1 through 20 are bundled to create a spectrum, 

then pulses 21 through 40 are bundled to create another spectrum (and so on 
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up to 120 pulses), then multiple estimates can be made from the data set. 

Each 20 pulse bundle represents a snapshot in time with a characteristic 

temporal response.  As the longer lived isotopes begin to have an effect in 

changing the temporal characteristics of the peaks, they are summed across a 

smaller time scale (20 pulses) instead of smeared across the entire 

measurement period (120 pulses). 

Each peak of interest was investigated independently to better 

understand the effects of pulse bundling and the long-lived product build up.  

When the 3086 keV peak was investigated (Figure 7-26 through Figure 7-28), 

the pulse bundling showed promising results for the first two bundles, however 

the estimates for the 63% plutonium target become nonsensical from the third 

bundle on. The estimates for the 25% plutonium target begin to degrade from 

the fourth bundle on. After the fourth bundle all of the estimates become 

unreliable.  It is possible that the peak degrades due to the contribution from 

104Tc, which has an 18.3 minute half-life.  Although the branching ratio for 

104Tc is low at 0.41%, it has a relatively high CFY for 235U of 1.880e-2 and 

6.075e-2 for 239Pu.  The increasing long-term growth of 104Tc could gradually 

mute the temporal characteristics of the peak, rendering it less useful as the 

bundles progress.  Therefore for the 3186 keV peak, it is recommended that 
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the first two bundles can be used to increase the number of estimates using 

temporal spectrometry.   

 

Figure 7-25: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 3186 keV peak, summation of pulses 1 - 20 of 

60s irradiation, 60s count. 
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Figure 7-26: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 3186 keV peak, summation of pulses 1 - 20, 

and 21 - 40 of 60s irradiation, 60s count. 



183 

 

 

Figure 7-27: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 3186 keV peak, summation of pulses 1 - 20, 

21 - 40, and 41 - 60 of 60s irradiation, 60s count. 
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When investigating the 4076 keV peak, the peak does not suffer the 

same degrading effects in the later bundles that the 3086 keV peak does. As 

Figure 7-29 through Figure 7-34 illustrates, the estimates for the first 3 

bundles result in good accuracy. During the fourth bundle the estimate for the 

25% plutonium target is an outlier. It is unclear what causes this erroneous 

estimate, however subsequent estimates with four or more bundles provide 

good accuracy.  This is likely due to the fact that there are no long-lived 

isotopes near the 4076 keV line. Because of this behavior, it may be possible to 

Figure 7-28: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 3186 keV peak, summation of pulses 1 - 20, 

21 - 40, 41 - 60, and 61 - 80 of 60s irradiation, 60s count. 
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extensively utilize pulse bundling for the 4076 keV peak in temporal 

spectrometry.  

 

Figure 7-29: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 - 20 of 

60s irradiation, 60s count. 
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Figure 7-30: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 – 20, 

and 21 - 40 of 60s irradiation, 60s count. 
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Figure 7-31: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 - 20, 

21 - 40, and 41 - 60 of 60s irradiation, 60s count. 
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Figure 7-32: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 - 20, 

21 - 40, 41 – 60, and 61 - 80 of 60s irradiation, 60s count. 
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Figure 7-33: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 – 20, 

21 - 40, 41 - 60, 61 - 80, and 81 - 100 of 60s irradiation, 60s count. 
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7.2.12 Optimum Parameters 

 The optimum peaks from section 7.2.1 have been narrowed down to the 

3186 keV and the 4076 keV. The optimum time bin width from section 7.2.9 

for the 60 second irradiation, 60 second counting protocol has been determined 

to be 2 seconds.  It has been concluded that the optimum number of pulses 

from section 7.2.10 is the summation of 20 pulses. And best results when 

bundling pulses from section 7.2.11 are using the first two bundles for the 3186 

keV peak, and the first 3 bundles using the 4077 keV peak.  The result of 

Figure 7-34: Relative plutonium content using the integrated temporal spectra 

method with 2 second time bins for the 4076 keV peak, summation of pulses 1 – 20, 

21 - 40, 41 - 60, 61 - 80, 81 - 100, and 101 - 120 of 60s irradiation, 60s count. 
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these optimum parameters is shown in Figure 7-35. An average of the 

estimates results in estimates with 2% of uncertainty or less, and within 2% of 

the actual fissile material contents. 

 

7.2.13 Temporal Count Rate Spectra 

In addition to the integrated temporal spectra, the temporal count rate 

spectra were also analyzed.  Unfortunately the count rate for the fissile 

material targets used in this research is low, making it very difficult to use the 

Figure 7-35: Optimum parameters used to estimate the relative plutonium content 

using the integrated temporal spectra method with 2 second time bins for the 3186 

keV peak pulses 1 - 20 and 21 - 40, and the 4076 keV peak pulses 1 - 20, 21 - 40, and  

41 - 60 from 60s irradiation, 60s count. 
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temporal count rate method to estimate the fissile material contents.  As 

Figure 7-36 through Figure 7-39 shows, none of the peaks looks promising 

when 120 pulses are summed with 2 second time bins. When the 20 pulses 

were used, the measurement uncertainty was far too high to be useful, and 

there was too much variability in the count rate to confidently create a 

temporal count rate spectrum.   

 

Figure 7-36: Relative plutonium content estimates from the 2701 keV and 3143 keV 

peaks investigated using the temporal count rate spectra method, summation of 120 

pulses of 60s irradiation, 60s count. 
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Figure 7-37: Relative plutonium content estimates from the 3186 keV and 4077 keV 

peaks investigated using the temporal count rate spectra method, summation of 120 

pulses of 60s irradiation, 60s count. 
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Figure 7-38: Relative plutonium content estimates from the 4135 keV, 4180 keV, and 

4646 keV peaks investigated using the temporal count rate spectra method, 

summation of 120 pulses of 60s irradiation, 60s count. 
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The count rate for the fissile material targets is relatively low because 

gram-quantity targets were used for this data set. If kilogram-quantity 

materials are used, similar to what is expected in actual fuel assemblies, the 

count rate would be greater and the possibility of using the temporal count 

rate spectra for estimating the fissile material content might be another 

valuable tool, but from this data set it is inconclusive. 

  

Figure 7-39: Collection of all peaks investigated using the temporal count rate spectra 

method, summation of 120 pulses of 60s irradiation, 60s count. 
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CHAPTER 8 

CONCLUSION  

This research introduces a new method to quantify relative fissile 

material content for future applications in international safeguard efforts, and 

then successfully demonstrates its effectiveness using empirical fissile material 

data.  Other non-destructive assay techniques combine empirical 

measurements with nuclear data to estimate the relative fissile material 

quantity, which inherently injects additional uncertainty into the measurement 

(Charlton, 2011); the temporal gamma-ray spectrometry method does not 

require any nuclear data for an estimate, relying solely upon measurement 

data.  Furthermore other methods use a ratio of responses from different 

energy peaks to fission-normalize the measurements which potentially adds 

systematic bias to the measurements due to changing detector efficiency at 

different energies. The temporal gamma-ray spectrometry method fission-

normalizes the measurements by using the response of the peak at a reference 

time, thereby eliminating a potential source of measurement bias. Delayed 

gamma-ray spectrometry methods currently under development are generally 

accurate and precise to within 10% for spent nuclear fuel assembly models 

(Charlton, 2011); the temporal gamma-ray spectrometry method has been 

shown to be accurate to within 2% and precise within 2% in empirical studies 
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on low-mass targets. Highly idealized modeling of delayed gamma-ray 

spectrometry by Chivers et al. resulted in estimates accurate and precise 

within 3%; the temporal gamma-ray spectrometry method shows comparable 

performance in empirical studies using non-idealized irradiation and counting 

protocol.  

As the number of safeguarded nuclear sites increases across the world, 

and the amount of safeguarded nuclear material increases, the capability of 

nuclear materials control and accountably by domestic and international 

bodies must advance as well.  In support of the IAEA’s NGSI, the temporal 

gamma-ray spectrometry method has been empirically shown to work on 

sample targets. It has the potential to be expanded to provide an additional 

measurement technique in the non-destructive assay of spent nuclear fuel 

assemblies. This technique has the very real potential to increase the precision, 

accuracy, and confidence in the estimates from systems in development.  The 

method does not require any additional hardware than the methods being 

considered by the NGSI effort, and uses the same data as other delayed 

gamma-ray spectrometry techniques.    

8.1 Observations  

The temporal gamma-ray spectrometry method requires the system be 

calibrated to two known reference standards.  For applications in non-
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destructive assay of spent nuclear fuel assemblies the method would require 

calibration from two reference assemblies, preferably one fresh uranium 

assembly and one MOX assembly, both with known isotopics. This 

requirement, however, is the same requirement for all delayed gamma-ray 

spectrometry methods in development, and is an area that is being addressed 

by the NGSI review committee (Charlton, 2011). The options in creating 

reference spectra for any delayed gamma-ray spectrometry are to either model 

the response using nuclear data (with its associated uncertainty), observe the 

response using reference assemblies, or a combination of both. 

8.2 Assumptions and Limitations 

As discussed in section 6.6, it is assumed that the composition of the 

reference targets is well known and does not contribute to the error 

propagation in this research.  Reference fuel assemblies would almost certainly 

have considerable uncertainty in the fissile material composition, which would 

directly impact the precision of the estimates generated from this method.    

Additionally this research considered only the contribution of 235U and 

239Pu in the fission spectrum, when in fact there are many other materials 

contributing to the fission spectrum. As discussed in section 9.5, this is an area 

for future study.  
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CHAPTER 9 

RECOMMENDATIONS FOR FUTURE WORK  

The results and analysis of the data set used in this research serves as a 

proof of principle of the new temporal gamma-ray spectrometry method.  

There are many different areas of research that have the potential to improve 

upon the accuracy and precision of the estimates generated from the data set.  

9.1 Third Dimension of Analysis 

The ability to capture the time-dependent behavior of a peak offers 

another dimension of data analysis to what has been previously limited to 

simple the total integrated counts. Other researchers have improved upon 

traditional gamma-ray spectrometry by using the response of an entire energy 

region wider than a single peak, sometime up to 400 keV wide (Reedy, 2011).  

Adding this to the 2-dimensional linear system of equations could improve the 

estimates. Additionally, the pulse bundles could be treated as another 

dimension of data; if a method is developed to handle more than two 

dimensions of data, it has the potential to improve upon the current estimates. 

9.2 Curve Fitting 

Some researchers in delayed gamma-ray spectrometry do not simply 

take the counts under a peak, but they take the data across multiple channels 
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and fit it to a Gaussian curve, then use the height of the curve as their value 

to represent the peak (Campbell L. , Personal Communication, 2013). This 

methodology could be applied at each time step in the temporal gamma-ray 

spectrometry method to investigate if the variability due to low count rate can 

be damped, resulting in better precision and accuracy.  

9.3 More Sophisticated Statistical Methods 

The linear system of equations generated by the creation of the 

temporal spectra is solved using a linear least squares method.  More 

sophisticated techniques, such as non-linear regression methods, could be used 

to solve this system of equations to better capture the nuanced behavior of the 

temporal spectra and investigate any possible non-linear relationships between 

the fissile material contents and the temporal spectra.  

9.4 Irradiation and Counting Protocols 

The fission material data set used in this research was provided by 

researchers using traditional delayed gamma-ray spectrometry techniques 

which simply uses the total counts under a peak after all pulses and counting 

are complete.  For this reason, the irradiation-count protocol was not 

optimized for temporal spectrometry.  The optimum irradiation-count protocol 

for temporal gamma-ray spectrometry would be to irradiate the target for a 
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set period of time, then count for a set period of time, but would add in an 

extended period of time for the targets to rest before the next irradiation.  

This rest period would allow the longer-lived isotopes to decay away before the 

next irradiation, thereby creating a cleaner temporal spectrum.  Additional 

spectra could be recorded with a set rest period per pulse and the results could 

be analyzed to determine if there is an increase in accuracy. 

9.5 Additional Fissionable Isotopes 

This study focused on the relative contents of 235U and 239Pu in a 

sample; in actual fuel assemblies there will be many more fissionable materials 

that will contribute to the fission spectrum. The added materials will add 

complexity to the estimate, however the multidimensional analysis method 

used in this study could be expanded to include other isotopes, thereby 

arriving at a more complete and accurate estimate of the contents. 

9.6 Other Potential Peaks of Interest 

This study identified two primary peaks of interest to use for temporal 

gamma-ray spectrometry, but it was confined to peaks above the indium 

activation threshold of 3045 keV.  There appear to be multiple peaks below 

this threshold that could be used in future studies in which the indium peak is 

not a limiting factor. The lower energy peaks typically have a higher likelihood 
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of containing significant contributions from multiple isotopes, thereby making 

them very good candidates for this technique. Investigation of these peaks in 

future work could improve the precision and accuracy of this method. 

9.7 Integration into Other Delayed Gamma-Ray Spectrometry Models 

Extensive modeling is currently underway by the national laboratories 

to further develop an integrated delayed gamma-ray spectrometry system.  

Future work could include integrating the temporal gamma-ray spectrometry 

method into these models to determine if dual methods can substantially 

increase the accuracy and precision of the estimates generated by the models. 

This would also help integrate the technique into any system that is fielded 

using the same data and programming language as the traditional delayed 

gamma-ray spectrometry methods. 
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APPENDICIES 

APPENDIX A PLC LADDER LOGIC 
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APPENDIX B ISU LIST MODE UNPACKING FILES 

Provided courtesy of Idaho Accelerator Center (Hunt, Reedy, & Oborn, 

2013). 
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APPENDIX C OSU DATA PARSING PROGRAM 
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APPENDIX D ISU DATA PARSING PROGRAM 
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APPENDIX E EXPLORATORY PLOTTING PROGRAM 
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APPENDIX F CSV CREATOR PROGRAM 
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APPENDIX G SUPPORTING PYTHON FILES 
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APPENDIX H INTEGRAL TEMPORAL ESTIMATE PROGRAM 
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APPENDIX I TEMPORAL COUNT RATE ESTIMATE 

PROGRAM 
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