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QUADRUPOLE MOMENTS AND g-FACTORS OF LOW-LYING BANDS IN

ODD-A-NUCLEI (150<A<190)

I. INTRODUCTION

In the few decades that nuclear physics has existed as a

discipline, remarkable successes have been achieved on the way to

obtaining an understanding of the structure of the nucleus. As is

the case in virtually all fields within physics, continuous progress

was the result of close interaction between theoretical and

experimental physics. New experimental results may require the

introduction of new concepts into the theoretical framework, and new

or improved theories have, in return, to be tested through

experiment. However, with the increasingly powerful nuclear

structure theories the latter is not such a trivial matter.

Those theories typically cover a large group of different

nuclei, as well as a wide range of properties of any given nucleus of

that group. Their input parameters are usually not directly obtained

from experiment, but are secondary parameters, i.e. only deducible,

under certain assumptions, from primary parameters like transition

energies. The large variety of experimental techniques that can be

used to arrive at secondary parameters makes it difficult to compare

the results of different experiments.

Thus, there exists a need for an internally consistent and

comprehensive set of primary and secondary nuclear parameters, both,



2

as input parameters for some nuclear structure theories, as well as

for comparison with the predictions of more comprehensive or more

microscopic theories.

Two such parameters that are of interest not only to the nuclear

physicist are the quadrupole moment of the nucleus and its g-factor

(the ratio of the nuclear magnetic dipole moment to the total angular

momentum of the nucleus). The interest beyond the domain of nuclear

physics involves, for example, the use of nuclei as probes in solid

state physics. In order to learn something about the fields at the

site of a nucleus in some solid, and, hence, the structure of the

solid, solid-state physicists study the hyperfine structure of the

transition energies involving that nucleus. It is possible to

calculate the strength of a field (or of its derivatives) at the site

of the nucleus from a hyperfine shift in the transition energy, if

one has information about the strength of the nuclear multipole

moment interacting with the field (or with its derivatives).

It is common in structure calculations for heavy nuclei to try

to separate the collective properties (those associated with the

rotation or vibration of the nuclear core) from the properties

associated with a small number of valence particles. In the case of

the nuclear g-factor, no such separation is generally possible from a

measurement of a single nuclear magnetic dipole moment, however,

measurements of dipole moments of nearby states with similar

structure and of magnetic dipole transition moments between such

similar states often permit model-dependent separation of collective

and single-particle g-factors.
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Low-lying states in the region of deformed nuclei, which were

investigated in this project, are successfully described by the

particle-rotor model, allowing model-dependent parameter extractions

to be attempted with confidence. In the particle-rotor model, which

will be briefly described in the next chapter, the nuclear g-factor

separates into a rotational g-factor (ga) and an intrinsic g-factor

(g id.
The first is due to collective rotation of the core nucleons,

while the latter is characteristic of the state of the valence

nucleons and is defined as the ratio of the projection of the

magnetic dipole moment on the (rotating) symmetry axis to the

projection of the angular momentum on the same axis.

The main objective of this work was two-fold: to provide an

internally consistent set of rotational and intrinsic g-factors for

the low-lying rotational bands in odd-A-nuclei; and to compare this

set of parameters, derived from experiment, with different

theoretical predictions. An existing compilation of static magnetic

dipole moments contained in the "Table of Isotopes, "1 as well as an

update by Berkes2 where used in the analysis. Also, an unpublished

compilation of ratios of E2 to M1 transition matrix elements of low-

lying transitions in deformed nuclei by W. Teich and K. S. Krane3 was

used.

In order to extract the g-factors from the E2 /Ml- mixing ratios,

found in the tables of Teich and Krane, one needs to know the

intrinsic quadrupole moments of the rotational bands. The last

comprehensive compilation of nuclear intrinsic quadrupole moments has

been done by Lobner et. al.4 in 1970. Feeling that this old
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compilation is now quite outdated by a mass of new experimental data,

especially by the application, over the last few years, of the

technique of muonic x-ray studies to the measurement of quadrupole

moments in a wide range of deformed nuclei, it was decided to include

our own compilation of nuclear intrinsic quadrupole moments for the

mass region 150<A<190.

As an example of an application for a whole set of rotational g-

factors, the values of gR obtained in this work and based on

experimental data, were compared with the predictions of two

different cranking model calculations: an early one, done by

0. Prior et. al.5 in 1968, using pair correlated Nilsson wave

functions and a more recent one by D. W. L. Sprung et. al.6 using

density dependent Hartree-Fock wave functions, where a pairing

interaction has been included.

It is possible to obtain a first theoretical estimate of the

intrinsic g-factors by employing the Nilsson wave functions7.

However, when one uses the free-nucleon value for the spin g-factor

(gs) of the valence nucleon in this calculation, the resulting

estimates tend to display rather large deviations from the

experimental values. This has been known for a long time, and as

early as 1960, an explanation of these deviations in terms of a spin

polarization of the nuclear core by the odd nucleon was suggested by

Mottelson8 and Nilsson and Prior.9 For deformed nuclei, this leads

to a renormalization of the free-nucleon spin g-factor.

Effective nucleon spin g-factors (gaff) have been extracted from

the set of experimental intrinsic g-factors and the ones calculated
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from the Nilsson wave functions. These have been compared with the

results of a calculation by Z. Bochnacki and S. Ogazal° of the spin

polarization effect in a number of deformed nuclei with 150<A<190.
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II. NUCLEAR MODELS

In this chapter the two models which underlie our analysis will

be introduced: the particle-rotor model and the Nilsson model. The

particle-rotor model has been used to describe the rotational states

of the strongly-deformed odd-A nuclei under investigation. The

Nilsson model is one particular model for the single-particle nuclear

potential and, as such, gives a set of single-particle states. The

asymptotic quantum numbers of those Nilsson states have been used to

characterize the intrinsic states belonging to the rotational bands

that are found in deformed odd-A nuclei. In addition, these Nilsson

states have been used to obtain a first estimate of the intrinsic g-

factors in those nuclei (neglecting spin-polarization effects) for

comparison with the experimental values extracted from our

compilation.

2.1. The Particle-Rotor Model

In this model, an odd-A nucleus is treated as a single particle

coupled to a rotor which represents the even-even core of that

nucleus. Simple as it is, it is nevertheless powerful enough to

describe many features of the low-lying bands in odd-A nuclei. It

works especially well in the region of strongly deformed nuclei for

reasons that will become clear later on in this chapter.
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We will use two different coordinate systems throughout this

chapter: a system fixed in the laboratory with axes denoted by x,y,z

and a body-fixed system with its axes labeled 1,2, and 3.

The rotor, i.e. the even-even core of the deformed nucleus, is

assumed to possess axial symmetry around the 3-axis as well as

symmetry under rotations by 180° around an axis perpendicular to the

3-axis.

Rotational motion in two dimensions, i.e. about a fixed axis, is

characterized by a single angle 4, and the state of motion by the

eigenvalue M of the conjugate angular momentum. The associated wave

function is:

-11
cpm(0) (2/0 exp (iMO) (2.1.)

The orientation of a body in three-dimensional space involves

three angular variables, such as the three Euler angles. Accor-

dingly, three quantum numbers are needed in order to specify the

state of motion. The total angular momentum I and its component MIz

on the z-axis of our laboratory-fixed coordinate system provide two

of these quantum numbers. A convenient choice for the third quantum

number is obtained by considering the projection 13 of 1 on the body-

fixed 3-axis. 12, Iz, and I3 form a commuting set of angular

momentum variables. The eigenvalues of 13 are denoted by K and have

the same range of values as does M:
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K - I, I-1, . , -I (2.2.)

For specified values of the three quantum numbers I,M,K, the

rotational wave function is given by: 11

cf)IKM (w) (

21 + 1
)

1/2

DIIK(
c-;

)

871-2

(2.3.)

-
w
-

where the functions DI
MK
(w) are the rotation matrices and stands for

all three Euler angles. For K-O, the D functions reduce to spherical

harmonics:

-

(PI,K=0,M
(w) - (270

-1/2

YIM(8, 0) (2.4.)

The low-lying bands of odd-A nuclei show only half-integer values of

K (for reasons which are explained a little further on). However, an

important case of K-O is the ground state band of a strongly deformed

even-even nucleus. For this case, Eq.(2.4.) gives the correct

rotational wave functions with the additional requirement that the

total angular momentum quantum number I can only take on the values

0, 2, 4, 6, .. , a consequence of the even parity of the intrinsic

state (if reflection of the intrinsic coordinates leaves the state

unaltered, so must reflection of the external ones). For an example

of the rotational spectrum of a typical strongly-deformed even-even

nucleus see Figure 3.2. in the next chapter.

-42
While I and Iz are constants of the motion for any rotationally

invariant Hamiltonian, the commutator of 13 with the Hamiltonian
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depends on intrinsic properties of the system. In general, there-

fore, K is not a good quantum number and the stationary states

involve a superposition of components with different values of K.

There are, however, two important consequences of the axial symmetry

of the even-even nuclear core that we have assumed above:11

a) The projection 13 on the symmetry axis is a con-

stant of the motion, that is, for this special

case, K is a good quantum number.

b) There are no collective rotations about the sym-

metry axis.

The first implication is well known from classical mechanics and

expresses the invariance of the Hamiltonian with respect to rotations

about the symmetry axis. The second expresses the impossibility of

distinguishing orientations of the intrinsic frame that differ only

by a rotation about the symmetry axis.

As long as we only consider the nuclear core with its assumed

axial symmetry, both implications a) and b) hold rigorously. We have

to be careful, however, when adding on the odd particle. We now want

to consider as our rotating system the axially symmetric even-even

core plus the single particle. With the core at rest in the lab

frame, the particle sees an axially symmetric potential and its wave

function will reflect this symmetry. As a consequence, the composite

rotating system, core plus particle, still possesses axial symmetry.

With a rotating core, however, we will have to deal with Coriolis

forces which destroy the axial symmetry of the potential and,



10

therefore, of the single-particle wave function. This results in the

so-called Coriolis mixing of states with different values of K.

In the strong-coupling limit (adiabatic approximation) the

Coriolis forces are small compared to the forces that couple the

particle to the core and can be treated as a perturbation. K is then

an approximately good quantum number and, from the lack of collective

rotations around the symmetry axis, it follows that K represents the

projection of the angular momentum of the intrinsic motion on the

symmetry axis.

In the even-even core, all neutron and proton pairs have total

angular momentum zero at excitation energies below approximately 2

MeV. This means that they do not contribute to 13. In the particle-

rotor model, therefore, the only contribution to 13 is the projection

j
3
of the single particle angular momentum 3 on the 3-axis. The

eigenvalues of j3 are commonly denoted by 0 and, since we are only

dealing with one valence particle, it is obvious that K=0. In the

following we will, therefore, only use K.

Keeping in mind that the whole rotating system consists of the

core plus the single particle, we will, from now on, mean the even-

even core only, when talking about the rotor. The angular momentum

of the rotor, then, is denoted by it, with eigenvalues R and component

R3 with respect to the symmetry axis.

The energy of the rotor is taken to be proportional to the

square of the angular momentum, corresponding to the Hamiltonian:



Hrot
2

h2
2

(R1 + R22 ) = R
230 230

11

(2.5.)

This is directly taken over from the classical expression for a

symmetric rigid body constrained to rotate about axes perpendicular

to the symmetry axis. The moment of inertia of the rotor is denoted

by 30.

The interaction between the rotor and the particle is described

by a potential V, depending on the variables of the particle in the

body-fixed system. V is assumed to have the same symmetries as the

rotor, i.e. axial symmetry and invariance under 180° rotations around

an axis perpendicular to the symmetry axis, plus an additional

invariance under space reflections and time reversal. This model

ignores the possibility of terms in the potential depending on the

angular rotational frequency, such as may arise from rotational

perturbations of the rotor (e.g. centrifugal stretching). The

Hamiltonian for the coupled system is

H Ht + T + V , (2.6.)

where T is the kinetic energy of the particle. The anisotropy of the

potential provides the coupling between the motion of the particle

and that of the rotor.

If the rotational frequency is small compared with the excita-

tion frequencies that characterize orbits with different orientations

relative to the potential V, the motion of the particle is strongly

coupled to the rotor and follows the precessional motion of the axis
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of the rotor in an approximately adiabatic manner. The coupled

system can then be described in terms of a superposition of intrinsic

motion, for fixed orientation of the rotor, and a rotational motion

of the system as a whole.

The intrinsic states (DK are labeled by the quantum number K and

are degenerate with respect to the sign of K, as a consequence of the

spatial reflection symmetry of the Hamiltonian. The states with

negative K are labeled by R. Since the single particle is a fermion,

K takes the values 1/2, 3/2, .

The rotational motion is specified by the quantum numbers KIM,

and the total wave function has the form:11

'1'KIM

(21 + 1)1/2 D!IK6:0 (_1)I-11( 11)1.4,._1(()) I

1671-2

(2.7.)

Here, q represents the intrinsic coordinates (including the spin

variable). The second part in the wave function (2.7.), containing

(DR and DI , ensures the proper behavior of the wave function under
M-K

rotations around an axis perpendicular to the 3-axis; more specifi-

cally, it makes sure that a rotation of the external coordinates has

the same effect as a rotation of the internal ones.

In order to express the Hamiltonian in the representation

(2.7.), the relation i=1-3 is employed. The angular momentum R of

the rotor is thereby decomposed into a part 1, which rotates the

system as a whole and thus acts only on the rotational wave function,

and a part j acting only on the intrinsic variables. This

decomposition is illustrated in Figure 2.1.
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Fig. 2.1. Vector diagram illustrating the coupling of the valence
article angular momentum j and the rotor angular momentum

R to form the total angular momentum I. The projection of
I on the 3-axis is denoted by K and is due to the particle
angular momentum only.



For the energy of the rotor (2.5.), one obtains:

h2

Hrot = [ (II ji)2 (12 j2)2 ]

2So

h2 h2 2 2 2
h2

(j j j ) (j+I_ j_I+)
230 23 1 2 3

0 25o

14

(2.8.)

where use has been made of the customary notations I,=I1 ±iI2 and

jiji±ij2. The first term in the Hamiltonian (2.8.) depends only on

the total angular momentum and, therefore, is a constant of motion.

The second term in Eq.(2.8.) represents a recoil energy of the rotor

and depends only on the intrinsic variables; this term might

therefore be included in the Hamiltonian determining the intrinsic

wave function. However, since the recoil energy is comparable in

magnitude with rotational energies and, therefore small compared with

intrinsic energies, its effect on the intrinsic wave function (DK may

be neglected in first approximation.

The third term in Eq.(2.8.) represents the Coriolis and

centrifugal forces acting on the particle in the rotating coordinate

system. This term is non-diagonal in K (has AK=±1) and provides a

coupling between intrinsic and rotational motion. In the special

case of K=1/2 bands, the Coriolis interaction connects the components

with opposite K in the states (2.7.) and hence contributes to the

expectation value of the energy.

The total Hamiltonian (2.6.) can now be rewritten in the form:

H = Ho + He (2.9.a)



with

and

hz ,2
Ho T + V + I

230

h2 h2
He - (.] +I- j_I+)

23 1 2

(J2 J2 i2)

23
(.] +I- J3/

15

(2.9.b)

(2.9.c)

The wave functions (2.7.) are eigenstates of H0, and in this

basis, neglecting the small recoil term, the expectation value of the

energy is given by: 11

where

EK, (KIMI H 'KIM) a EK Erot (2.10.a)

Erot = ((IMI Hrot 'KIM)

2

20
[ 1(1 + 1) + 6

K
(-1)

1+1/2
(I + 1/2) a ] (2.10.b)

The parameter "a" in the rotational energy of K-1/2 bands is referred

to as the decoupling parameter and has the value:

a (K-1/2I IK-1/2) (2.11.)

For a typical rotational spectrum of a deformed odd-A nucleus see

Figure 3.3. in the Chapter III.

The coupling He (see Eq. (2.9.c)) gives rise to an interweaving

of rotational and intrinsic motion that can be analyzed in terms of a

mixing of different rotational bands. This is the Coriolis mixing

that has already been mentioned earlier in this chapter. For small

rotational frequencies, the coupling He can be treated by a perturba-
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tion expansion. In the region of strongly deformed nuclei, the

requirement of sufficiently low rotational frequencies is usually

well satisfied for the low-lying states and, consequently, we have

mostly ignored Coriolis effects in our analysis. Only in the evalua-

tion of some precise measurements of the static quadrupole moment, we

have made use of already existing Coriolis mixing calculations. This

resulted in a small correction of the extracted intrinsic quadrupole

moments. For transition matrix elements of intraband transitions,

the already small mixing amplitudes coincide with generally small

matrix elements connecting the different intrinsic states (DK, as has

been shown by sample calculations.12 Accordingly, we have ignored

the effect of Coriolis mixing on transition matrix elements in all

cases.

2.2. Nilsson Model

The Nilsson model is an extension of the spherical shell model

to the domain of deformed nuclei. The only deformation considered is

the one retaining rotational symmetry around the 3-axis and the

reflection symmetry through a plane perpendicular to that axis. The

model allows the calculation of single-particle intrinsic wave

functions on the basis of a potential V that represents the inter-

action of that nucleon with all other nucleons in an average way,

i.e. it depends only on the single-particle's coordinates, its spin,

and its orbital angular momentum.
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The potential chosen is that of an anisotropic harmonic oscilla-

tor with a spin-orbit coupling term and an 12 term added on:

where

*42
H Ho +C 1s + D 1

h2
Ho ==

v'2 + M (w2x, 2 + w2 '2
+ w

2
z

/ 2

2M 2 ' Y Y z )

(2.12.a)

(2.12.b)

Note that the body-fixed coordinates are now labeled x', y', and z'.

The reduced mass of the single-particle is denoted by M, but in our

region of interest, with nuclei having A>150, and to the level of

accuracy of the present model, it is sufficient to set M equal to the

nucleon's mass.

The spin-orbit term has been taken over from the spherical shell

model, where it has proven essential in explaining the energy gaps

associated with the magic numbers and reproducing the correct level

sequence. So has the 1 -term, which serves as a correction to the

oscillator potential especially at large distances (corresponding to

high 1-values) and may be considered an interpolation between the

square well and the oscillator potential.

In the limit of zero deformation, the single particle states

calculated from the Hamiltonian (2.12.) must match the experimentally

observed level sequence of spherical nuclei. From this requirement,

the two potential parameters C and D are determined.

Cylindrical symmetry of the potential V implies coxwy. Rather

than describing the deformation of the potential simply by a
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different wz, it is convenient to introduce a deformation parameter 6

defined by:

4, =W2 = Wi ( 1 -4- 26 )
3

4 4 (1 6)
3

(2.13.a)

(2.13.b)

Requiring the volume of the nucleus to remain constant under

deformation leads to the condition:

wxwywz
const. (2.14.)

Condition (2.14.) together with Eq.(2.13.) yields the dependence of

wo on 6:

woos) (1 462 2663)-"6 (2.15.)

Here, 60 is the value of forfor zero deformation (6 =0).

By introducing new coordinates

Mw
x (--k)

1/2

x' , etc. (2.16.)

and splitting Ho into a spherically symmetric term flo and a term H6

representing the coupling of the particle to the axis of the

deformation, we can rewrite the total Hamiltonian (2.12.) as:
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and
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H = Ho H6 + C D 12 (2.17.a)

A
° 2

lhw
0

(-V2 + r2)

4 ;1H8 S hw0 -5(i) r
2
Y20(9)

(2.17.b)

(2.17.c)

The functions Y20 are the spherical harmonics and r2 ..x2+3,21_z2.

A representation is chosen with H0 diagonal, together with 12,

lz, and sz, which all commute with Ao. The corresponding quantum

numbers are denoted 1, A, and E, and the configuration space

representation of the basic vectors can be written down in analytical

form. None of the above operators commute with the total Hamil-

tonian. A commuting operator, however, is jz-lz+sz. The quantum

numbers of jz are denoted by 0 and, in the particle-rotor model with

only one valence particle considered, are equal to the quantum number

K.

For the states corresponding to a given 0, the vectors 'NIA*

with A+E-0 are used as basic vectors. The quantum number N repre-

sents the total number of oscillator quanta. One has

and

Ho IN1AE) (N + i)hwo IN1AE)

12 (N1AE) - 1(1 + 1)h2 IN1AE)

(2.18.)

(2.19.)

4 4
The other two terms in the total Hamiltonian, H6 and 1.s, have non-

vanishing off-diagonal matrix elements and, thus, cause the mixing of
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the basis states IN1AE). The selection rules for 118 imply that there

is a coupling between states with different N (the difference in N

being an even number). The approximation is made to neglect this

coupling. This is justified by the fact that levels belonging to the

N-shell and the (N+2)-shell are on the average separated by an energy

of 2 hwo, which, for most values of the parameters, is much larger

than the corresponding off-diagonal coupling energies.

In order to obtain the single-particle states for the case of a

deformed potential, one must now diagonalize the total Hamiltonian in

the chosen representation. This can only be done numerically. The

resulting eigenstates IN0a) are linear combinations of states IN1AE)

with coefficients ALA and definite N and OA+E

INfla E A IN1A*
1,A LA

A+z=n

T. [ Al, IN1(0-11)+) + AL
+1

IN1(0+1/2)) ] (2.20.)

The configuration space representation of IN0a) is denoted by (11.n and

is an example of the intrinsic wave functions (DK used in Chapter 2.1.

For very strong deformations, corresponding to large values of

8, the H5-term in the total Hamiltonian becomes large compared to the

1Z -term-term and the spin-orbit term. Since the pure anisotropic harmonic

oscillator without those two terms is separable in cartesian coordi-

nates, this means that n3, the number of oscillator quanta in

direction of the symmetry axis, must be an approximately good quantum

number. It turns out that in this limit of strong deformations A and
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E also become approximately good quantum numbers, and all three of

them together are called the asymptotic quantum numbers of a state

INcla). All states INfla) transform continuously into states with

approximately good quantum numbers n3, A, and E as the deformation

parameter is increased. It has therefore become customary to label

them [Nn3An], or also 0[Nn3A], even in cases far from the asymptotic

limit.

For completeness, it should be mentioned that, instead of the

parameters C and D occurring in the Nilsson potential (2.12.), one

often finds the alternate parameters x and p, defined by:

1 C
X 7

2Dp =
C

(2.21.a)

(2.21.b)

Two other deformation parameters are also frequently used. One is

defined similar to 6:

w. wy wo(e) (1 + ie) (2.22.a)

wz wo(e) (1 ie) (2.22.b)

The other one is dependent on the potential parameter x:

6 wo(6) _ 6 (1 462 1663) -1/6
t7= 7 0

w
0

(2.23.)



III. EXTRACTION OF INTRINSIC QUADRUPOLE MOMENTS

FROM EXPERIMENTAL DATA

Classically, the electric quadrupole moment of an axially

symmetric charge distribution is defined by: 14

J
(3z2 - r2) p(1) d3x

Qc1 e

= 1 (167r)1/2

Y20(9) P(1) d3xe 5
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(3.1.)

If p is the charge distribution of a deformed nucleus as seen in the

rotating frame, then the quadrupole moment defined by Eq.(3.1.) is

called the intrinsic quadrupole moment (Q0). If it is further

assumed that p is roughly constant throughout the nucleus, the

intrinsic quadrupole moment gives us some information about the shape

of that nucleus. More specifically we have:

Q0 > 0 for prolate (cigar shaped) nuclei

Q0 = 0 for spherical nuclei

Q0 < 0 for oblate (disk shaped) nuclei

The exact shape of the nucleus is not uniquely determined by Q0.

As long as no exact information about higher-order electric moments

of nuclei is available, it would be most reasonable to assume that

the shape is such that the nucleus has only a quadrupole moment.

However, if a constant charge distribution exists, there is no simple

shape which has a quadrupole but no higher moments. Consequently,

one has to make further assumptions about the specific shape of the

nucleus. Different choices lead to various different definitions of
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deformation parameters, all of which are uniquely determined by the

intrinsic quadrupole moment (given a constant charge distribution).

The two choices of a specific shape most frequently found in the

literature are those of the rotational ellipsoid and the quadrupoloid

(defined as having only quadrupole deformation, which is not

identical with having only a quadrupole moment).

A good example for the usefulness of the connection between

intrinsic quadrupole moment and the deformation of the nucleus is

provided by the Nilsson model discussed in Chapter II. There it was

the deformation parameter, as obtained from a measurement of the

intrinsic quadrupole moment, rather than Q0 itself that served as an

input parameter for the potential of the single-particle Hamiltonian.

3.1. Determination of 00 from Spectroscopic Quadrupole Moments

The intrinsic quadrupole moment was introduced above as the

quadrupole moment of the charge distribution in the rotating frame.

Obviously, what one measures in any quadrupole interaction of the

nucleus (i.e. an interaction of the nucleus with an electric field

gradient) is the quadrupole moment of the charge distribution as seen

in the lab frame. This is referred to as the spectroscopic

quadrupole moment (Q).

Quantum mechanically, Q is defined as the expectation value of

the quadrupole moment operator (6 evaluated for the nuclear state in

which the magnetic quantum number takes on its maximum value M =I :



where

Q = (I,MII Q.p II,MI)

Qop = 2 J (3z2 r2) p(;) d3x

e 5

(167(.)1/2
M(E2;p -0)
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(3.2.a)

(3.2.b)

where M(E2;A-0) is the A-0 component of the electric quadrupole

tensor relative to the lab frame. Since M(E2,p) is a spherical

tensor operator, its matrix elements between states with specified

angular momentum quantum numbers can be expressed in terms of reduced

matrix elements. Thus we can write the spectroscopic quadrupole

moment as

Q e 5

(1671)1/2

j21

1

71
(1120111) (III M(E2) DI) (3.3.)

On the other hand, we can express the M(E2;p) referring to the

axes of the laboratory system in terms of the intrinsic moments by

the standard transformation of tensor operators:

2 -
M(E2;11) E M(E2;1/) Dmv(w)

2 -
= (-

5
-16) 1/2 eQ0 Diho(w)

7r

= 1 eQ
°
Y
2A '

(0 0)
2

(3.4.)

where use has been made of the fact that M(E2;v-0) is the only non-

vanishing component of the quadrupole tensor in the intrinsic frame.
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The collective E2 moment (3.4.) connects states with AI:52

belonging to the same rotational band. The E2-matrix elements

between two such states, with wave functions (2.7.), can be evaluated

by employing the properties of the D functions, and one obtains the

reduced matrix elements:

5
(KI2I1 M(E2) OKI1) J717771 (I1K201I2K) (16---)

1/2

eQ0
7-

(3.5.)

The diagonal matrix elements (I1I2) together with Eq.(3.3.) give the

relation between the spectroscopic and the intrinsic moments:

Q (IK20IIK) (II20III) Q0

3K2 I(1 + 1)

(I + 1) (21 + 3)
Qo (3.6.)

It can be seen from Eq.(3.6.) that IQI is always smaller than

1Qol (since I.-.K). Furthermore, for large angular momenta I, as

compared to K, the spectroscopic quadrupole moment carries the

opposite sign from the intrinsic moment.

For the particular case IK, which usually applies to the band

head of a rotational band, Eq.(3.6.) simplifies to:

1(21 1)
Q Qo

(I + 1)(2I + 3)
(3.7.)

It follows that the band heads of rotational bands with K-0 or K=1/2

have a vanishing spectroscopic quadrupole moment. In particular,
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this is true for the ground states of all strongly deformed even-even

nuclei, where K is always equal to zero.

In odd-A nuclei with K>1/2 for the ground state band, the

spectroscopic quadrupole moment is usually best known for the ground

state itself. Thus, in many cases, Eq.(3.7.) provides the most

reliable value for the intrinsic quadrupole moment.

Since the total angular momentum I is always known unambiguously

for a state for which a spectroscopic quadrupole moment is measured,

and assuming that K is a good quantum number which is also known, the

relative uncertainty in Q0 is just equal to the relative uncertainty

in Q:

6Q 6Q

Qo
(3.8.)

In the cases where Coriolis mixing is known to be significant

and where mixing calculations could be found in the literature, this

has been taken into account. Since only diagonal matrix elements

contribute to the spectroscopic quadrupole moment, it is straight

forward to correct for an admixture of states with different K to the

dominant intrinsic state. The normalized intrinsic state (1) can be

written as:

X a 4,

K a Ka Ka
,

(3.9.)

where a serves to distinguish between different intrinsic states with

the same K. The amplitudes a are obtained from the mixing
Ka
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calculation. The generalization of Eq.(3.6.) for such a case where K

is not a good quantum number is thus:

Q Qo
E la 12 [3K2 - 1(1+1)]

(1+1)(21+3) K,a Ka
(3.10.)

Since, in the cases that have been investigated, the corrected

intrinsic quadrupole moment as obtained from Eq.(3.10.) differed only

by a few percent from the one obtained from Eq.(3.6.), the

uncertainty in the mixing calculation has no significant influence on

the value extracted for Q0. Therefore, Eq.(3.8.) has been used as an

uncertainty for all Q0 that were obtained from spectroscopic

quadrupole moments, regardless of whether Coriolis mixing has been

corrected for or not.

There exist several different experimental methods for measuring

the spectroscopic quadrupole moment Q. In atomic and molecular

spectroscopy, the hyperfine structure of spectral lines emitted by an

atom or a molecule is observed. This hyperfine structure, consisting

of a (hyperfine) splitting of the atomic and molecular levels,

results from the interaction of the electric quadrupole moment Q of

the nucleus with the internal electric field gradient of the

electrons and other nuclei in the molecule, of which the nucleus

forms a part. Some of the numerous techniques employed in this

category are: atomic and molecular beam resonance, electron spin

resonance, ultraviolet spectroscopy, microwave absorption

spectroscopy, optical spectroscopy, laser resonance spectroscopy,

paramagnetic resonance, and quadrupole resonance.
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In the same way as the atomic or molecular levels split up by

the quadrupole hyperfine interaction, the degenerate sublevels of the

nucleus split up. This splitting of the nuclear sublevels can be

measured directly by the Mossbauer effect and, in a more indirect

way, by the relatively new technique of nuclear quadrupole

orientation.

The most precise absolute values of spectroscopic quadrupole

moments today are obtained from muonic x-ray spectra data. In muonic

states with low principal quantum number N, the muon is roughly two

orders of magnitude closer to the nucleus than are the electrons of

the atomic shell. Therefore, the electrons may be neglected and the

problem reduces to that of a hydrogen-like atom, which can be

calculated with high precision. Also in a muonic atom, the electric

quadrupole interaction is much larger than the magnetic dipole

interaction, since the magnetic dipole moment of the muon is about

206 times smaller than that of the electron. The same arguments

apply in principle to pionic as well as kaonic x-ray data, and, in

fact, these are also used to arrive at electric quadrupole moments.

But both the pion and the kaon interact with the nucleus not only via

the electromagnetic but also via the strong interaction, which

introduces new uncertainties. It also offers the possibility to

study the mass quadrupole moment of a nucleus and compare it to its

electric quadrupole moment, thereby obtaining some information about

the different distribution of neutrons and protons. This, however,

lies outside the scope of the present investigation.
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While muonic x-rays yield very precise absolute values for Q,

the values obtained from electronic hyperfine interaction depend

heavily upon the relatively uncertain assumptions made concerning the

electronic configurations of the atom or molecule. The polarization

of the inner shells of electrons under the influence of the nuclear

quadrupole moment in turn can lead to a shielding or antishielding of

the outer electronic shells from the quadrupole moment. This is

known as the Sternheimer effect15 and is commonly taken into account

in form of the so-called Sternheimer factor R.26

By comparing the values of quadrupole moments obtained from

muonic and from electronic hyperfine structure of the same nucleus,

one can extract an experimental Sternheimer factor. This has been

recently done by Tanaka et. al.16 with the result that all previous

attempts to calculate the Sternheimer factors must be considered

highly unreliable. Since the quadrupole moments obtained from

electronic hyperfine structure depend crucially on these shielding

corrections, they too, must be assigned uncertainties of up to 50%.

However, the study by Tanaka et. al. also concluded that for

different isotopes of the same element the Sternheimer factor was

constant at least to within a few percent.

In view of the above, it was decided to adopt exclusively those

among the absolute values of quadrupole moments, which had been

derived from muonic x-ray data. These were then used to "gauge" the

electronic hyperfine data: extremely precise ratios of quadrupole

moments of different isotopes can be obtained from electronic

hyperfine measurements. With the muonic values as a reference value,



30

those ratios can lead to the precise determination of the quadrupole

moment of an isotope that either has not been measured yet by the

muonic x-ray technique or is not even accessible by that method due

to scarcity or short life-time.

3.2. Determination of Q0 from Intraband-E2-Transitions

If one takes another look at Eq.(3.5.) for the reduced matrix

elements of the electric quadrupole tensor, one finds that not only

the diagonal matrix elements but also the transitional ones are

expressed in terms of Q0. Recall that both have been evaluated for

states with wave functions of the form (2.7.), i.e. under the

assumption of adiabatic coupling. The connection between the

transitional E2-matrix elements and the intrinsic quadrupole moment

Q0 suggests that one can also obtain information about Q0 from E2-

transitions within rotational bands.

The reduced E2-transition probability B(E2J1 -I2) is defined as

B(E2J1 - 12) E 10(12m21 M(E2;p) IKI1M012 (3.11.)

pM2

and is related to the reduced E2-matrix element by:

B(E2;I1 12)
1

KKI211 M(E2) IIKI1)12
211 + 1

5 e2Q2
16n °

(111(20112W (3.12.)
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Since it is sometimes the source of confusion in the literature, it

seems worthwhile to emphasize that while the reduced E2-matrix

elements are invariant under the interchange of initial and final

state, the reduced transition probabilities for excitation and

relaxation are related by:

B(E2;I2 - Ii)
21 + 1

B(E2;I1 - 12)
212 +1

(3.13.)

While many reduced E2-transition probabilities can be directly

taken from the literature, in which case Eq.(3.12.) immediately

yields a value of Q0, more often one has to calculate B(E2) from the

life-time of the upper level involved in the transition. The total

rate for decay of a nuclear state by emission of a photon of the

electric quadrupole type (T(E2)) is related to the reduced E2-

transition probability B(E2) by:25

T(E2;I1 - 12)
47t.

(
E
-)

5
B(E2;I1 - 12)

75h he
(3.14.)

where E is the transition energy. The decay rate T(E2) is just the

inverse of the partial life-time rE2 connected with electric

quadrupole 7-radiation.

For an excited state in a rotational band, there are several

decay modes that compete with a given E2-7-transition (see

Figure 3.1.). For that reason the life-time r that is actually

measured for some particular level is always shorter than the partial
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Fig. 3.1. Several competing decay modes starting on the same level in
a) the ground state band of a deformed even-even nucleus,
and b) the K-3/2 band of a deformed odd-A nucleus.
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life-time that we are interested in. Three modes have to be

considered:

- branching to different final states

- Ml-transitions to the same final state

- internal-conversion.

If the transition has AI-1, Ml-transitions are allowed and the decay

rate T(E2) is expressed in terms of the half-life t1/2 (which is more

commonly used than the life-time r) as:

where

T(E2)1
(1 am0/62 (1 + aE2)

b 1n2

t1/2

(for AI-1) (3.15.)

b ... fraction of decays (radiative and int.-conv.) that

end on the final state under consideration

aE2 ... total internal-conversion coefficient for E2-

transitions to the final state

ami ... total internal-conversion coefficient for Ml-

transitions to the same state

E2/M1-mixing ratio (ratio of amplitudes) for the

transition under consideration

If, on the other hand, we have AI-2, Ml-transitions are

forbidden and the expression for T(E2) simplifies to:

T(E2)1 =
b 1n2

1 + aE2 t1/2

(for AI-2) (3.16.)
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The B(E2)-values of E2-transitions that involve the ground state

of a sufficiently stable nucleus are accessible by Coulomb excitation

measurements. In Coulomb excitation experiments, those nuclei are

bombarded with charged particles of typically several MeV energy and

the total cross-section is measured. It is directly proportional to

the upward reduced E2-transition probability B(E2)t. The cross-

section can be measured by detecting:

- inelastically and elastically scattered particles

gamma-radiation from the Coulomb-excited states

- internal-conversion electrons from the excited

states.

It should be mentioned that B(E2)-values of transitions between

two excited rotational states can also be measured using multiple

Coulomb excitation. Although the experimental uncertainties are

larger, these measurements yield valuable information about the

"pureness" of a rotational band, since in the absence of Coriolis

mixing, the Q0 derived from different B(E2)-values within the same

rotational band are predicted to be all equal to each other.

The relative uncertainty of the Qi, that are calculated from

those B(E2)-values using Eq.(3.12.) is just the experimental relative

uncertainty of the B(E2), so that:

5Q0 1 6B(E2)

Qo 2 B(E2)
(3.17.)

If the reduced transition probability must be deduced from

measurements of the half-life, several different sources of
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uncertainty have to be considered. The transition energy that occurs

in Eq.(3.14.) is always known to very high precision and its

uncertainty can be neglected. Besides the experimental uncertainty

of the half-life, those of the branching ratios and the E2 /Ml- mixing

ratio introduce the largest errors. Finally, we have introduced a 3%

uncertainty for all internal-conversion coefficients and 5% in the

few cases where the transition energy lies below the L-threshold.

The internal-conversion coefficients were obtained from the tables of

Rosel et. al.17 by logarithmic interpolation. The uncertainty

reflects any errors introduced through the interpolation as well as a

small model-dependence in the calculation of the conversion

coefficients themselves. For the outer electron shells, screening

effects become more important. Since the model-dependence lies just

in the way in which those screening effects are treated, a larger

uncertainty was assigned to conversion coefficients of transitions

with energies below the L-threshold (i.e. transitions in which only

conversion electrons from the M-shell and higher shells are emitted).

In mixed transitions (E2+Ml) the uncertainties in the mixing ratio

and the branching ratio outweigh the uncertainty in the internal-

conversion coefficient, so that the latter has been neglected in

those cases.

The E2/M1-mixing ratios (5 (and their experimental uncertainties)

were taken from a compilation by Krane.13,19 The parameter b in

Eqs.(3.15.) and (3.16.) is closely related to the branching ratio and

was obtained from the "Table of Isotopes"1 and the "Nuclear Data

.20Sheets" In cases where only 7-branching ratios where available,
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the internal-conversion coefficients from the tables of ROsel et.

al.17 were used to arrive at the total branching ratio

(-y + conversion electrons).

For pure E2-transitions, the uncertainty in Q0 derived from the

half-life of a rotational state is then:

SQo
1/2

I

aE2 )2(iar2 )2 (6b)2 (Sty

Q0 1 + aE2 aE2 t1/2

For mixed transitions the uncertainty becomes:

(M=2) (3.18.)

1/2

(
1 + aM1 )2(S(6))2 (S12)2 (it)2]

Q0 2 L (1 aml) + 62(1 + aE2) 6 b t1/2

(AI-1) (3.19.)

The uncertainty in the internal-conversion coefficients has been left

out in Eq.(3.19.), since for (AI-1)-transitions it is negligible

compared to the uncertainties in the branching and the mixing ratios.

In the case of deformed even-even nuclei, where the ground state

band has K-0, the most reliable values of Q0 are usually obtained

from E2-transition data by the means described above. There are

several reasons for this besides the lack of spectroscopic quadrupole

moments for the ground states of those nuclei. The most important

one is the simplicity of their band structure of which Figure 3.2.

shows an example. For reasons that have been explained in

Chapter II, the angular momentum quantum number I for the states of

the K=0 ground state band increases in steps of AI-2. As a

consequence, those states are all connected by pure E2-transitions
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Fig. 3.2. Partial band structure of a typical deformed even-even
nucleus (162Er). The lowest rotational bands are based on
the ground-state and on collective-vibrational states.
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(see Figure 3.1.a), which eliminates the uncertainty introduced by

the mixing ratio in the cases of mixed transitions. Furthermore, for

any excited rotational state that is a member of the ground state

band, there is only one lower state that it can decay to by an E2-

transition (higher order multipole-transitions are strongly

suppressed). So branching ratios also do not enter the calculation.

Finally, the assumption of K being a good quantum number does not

present a problem as is occasionally the case in odd-A nuclei due to

Coriolis mixing of the single-particle states.

The band structure of the low-lying bands in odd-A nuclei is

much more complex, as can be seen in Figure 3.3. This is even more

true for the resulting transition scheme. In extracting Q0-values

from E2-transition data of those nuclei, one does not have all those

advantages described in the last paragraph for the case of the even-

even nuclei. In particular, the need to know all the branching

ratios and mixing ratios, in order to calculate the reduced

transition probability, generally results in large uncertainties. In

the case of B(E2)-values that are taken from Coulomb excitation data,

the problems are less serious and in most cases Eq.(3.12.) gives a

value for Q0 with a reasonably small uncertainty. However, only

relatively stable nuclei are accessible to the method of Coulomb

excitation. Coriolis mixing presents another problem, as has been

mentioned already. Even when the mixing-amplitudes are known, the

correction is not as straight forward as for the spectroscopic

quadrupole moments. One would also have to know the off-diagonal

matrix elements of the electric-quadrupole tensor relative to the
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Fig. 3.3 Partial band structure of a typical deformed odd-A nucleus
(171/4f). The lowest rotational bands are based on the
ground state and on single-particle excitations.
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intrinsic coordinates. Although those matrix elements tend to be

small, the effect of the mixing cannot be neglected: even if the off-

diagonal matrix elements vanished altogether, the mixing would still

take strength out of the dominant transition which would result in a

value of Q0 that is too small.

In view of the above, we have decided to base our finally

adopted values of Q0 mainly on E2-transition data for even-even

nuclei and almost exclusively on spectroscopic quadrupole moments for

odd-A nuclei. Nevertheless, we have compiled all available data of

both types for all nuclei in our region of interest. The degree of

consistency between Q0-values derived from the two different types of

data yields valuable information about the validity of our

assumptions. For example, large disagreement in the case of an odd-A

nucleus may indicate a strongly mixed band.

3.3. Interpolation between Isotopes and Isotones

From all the spectroscopic quadrupole moments and the E2-

transition data that was found in the literature, one value of Q0 has

been extracted for each nucleus in the region 150<A<190 (if any data

existed for that nucleus). Despite the fact that the adiabatic

rotational model predicts a constant intrinsic quadrupole moment only

within a given rotational band, it is reasonable to assume that the

influence of vibrational excitations and different valence single-

particle states on the equilibrium deformation of the nuclear core is
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minimal, resulting in a single Q0-value for all low-lying bands in a

given nucleus. This assumption is supported by a few cases for which

a Q0 could be extracted for an excited band independently and with a

reasonably small uncertainty. In general, good agreement with the

ground state value has been found. Additional support comes from the

few Q0-values that have been deduced from the doublet-structure of

the electric giant-dipole resonance. Those values also agree roughly

with the Q0-values of the low-lying rotational bands, indicating that

even at such extremely high excitation energies, the overall shape of

the nucleus remains largely the same.

If more than one independent set of experimental parameters was

available for a given nucleus, a value for Q0 has been derived from

each one and weighted averages (see Appendix) have been taken

separately for the spectroscopic moment quadrupole data and the E2-

transition data. If more than one value existed for a single

parameter (e.g. the half-life t112), the weighted average of those

values has been used in the determination of Q0. For the reasons

explained above, in the case of an even-even nucleus, the adopted Q0-

value is in most cases the weighted average from the E2-transition

data, while for an odd-A nucleus it is the weighted average of the

spectroscopic quadrupole moment data.

There were, however, a considerable number of odd-A nuclei left

in that region, for which there was not enough information available

to allow the independent extraction of an intrinsic quadrupole moment

for those nuclei. For those nuclei, we have attempted to interpolate
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and, in some cases, extrapolate a value of Q0 from the known values

of neighboring even-even nuclei.

Until a few years ago, such a procedure would have certainly met

with strong objections, since spectroscopic quadrupole moments from

electronic-atom data did not seem to be consistent with the intrinsic

quadrupole moments of their even-even neighbors. More recently,

however, the application of the muonic x-ray technique to a large

number of nuclei in that region has demonstrated the unreliability of

the electronic-atom data (for the extraction of absolute values of

Q0). Tanaka et. al.18 conclude from their systematic investigation

that, after the abrupt onset of deformation at N=90, the deformation

varies smoothly with mass number and that the deformation parameters

of the odd-A nuclei are entirely consistent with those of their even-

even neighbors. This is actually the expected behavior, in view of

the fact that the nuclear deformation is a collective phenomenon, on

which the odd-A valence nucleon should have only a modest influence.

Our more comprehensive compilation (including the results of

Tanaka et. al.) confirms their conclusion. Figures 3.4.-3.6. show

examples of the smooth variation of Q0 in an isotope (isotone) chain,

following a more or less abrupt onset of deformation at neutron

number N=90 (see Figures 3.4. and 3.5. for Gd and Yb isotopes,

respectively). Also shown are some interpolated as well as two

extrapolated values. Both kinds have been assigned uncertainties for

later use in the calculation of g-factors (see Chapter IV). These

uncertainties merely reflect our faith in the interpolated
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(extrapolated) value, based on the uncertainties and variation of the

Q0 in adjacent nuclei, and should not be taken too seriously.

A complete list of the adopted values for the intrinsic

quadrupole moments of even-even and odd-A nuclei in the mass region

150<A<190 can be found in Table A.1. of the appendix.
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Fig. 3.6. Intrinsic quadrupole moments of a) N=96-isotones and
b) N=106-isotones.
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IV. EXTRACTION OF ROTATIONAL AND INTRINSIC g-FACTORS

FROM EXPERIMENTAL DATA

The g-factor of a charged elementary particle or a composite

system (charged or neutral) is defined as the ratio of the z-

components of the magnetic dipole moment to the total angular

momentum in the state with MI. Atomic g-factors are given in units

of pa/h, where pBeh/2msc is the magnetic dipole moment associated

with the orbital angular momentum of an electron in a state with

I=M-1. pi3 is also called the Bohr magneton. Nuclear g-factors are

given in units of AN/h, where ANeh/2mpc is called the nuclear

magneton. This choice of pm makes the orbital g-factor gl of the

proton be identically equal to 1, whereas the orbital g-factor of the

neutron must, of course, vanish, the neutron possessing an overall

charge of zero.

The spin g-factor gs of a truly elementary fermion with spin 1/2

and charge ±e (Dirac particle) must be very nearly equal to ±2, as is

indeed the case with the electron. A neutral Dirac particle is

supposed to have no magnetic moment, i.e. a spin g-factor of zero.

The spin g-factors of the proton and the neutron, however, are rather

different from those values, despite both nucleons being spin 1/2

particles. The experimental free-nucleon values are:21

protons: gs +5.586 (4.1.a)

neutrons: gs 3.826 (4.1.b)
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This apparent anomaly was one of the first indications for the

compositeness of the nucleons and is now well-understood in the quark

picture.

The magnetic dipole moment of a nucleus is just the sum of those

magnetic dipole moments associated with orbital angular momentum and

spin of the protons and neutrons that make up the nucleus.

Consequently, the nuclear g-factor must have a magnitude between that

of the neutron and that of the proton.

4.1. Extraction of (gKr.ZR)/Qo from E2/M1-Mixing Ratios

The non-diagonal matrix elements of the magnetic moment operator

determine the amplitudes of Ml-transition processes. The matrix

elements are usually expressed in terms of the magnetic dipole

tensor:

M(111;µ) (- ) 1/2 AN (A)A4r

where (p)A denotes the spherical components (p--1, 0,+1) of the

vector p, and pN is the nuclear magneton.

(4.2.)

In rotational bands with K-0, no Ml transitions occur within the

band, since successive states have AI-2. Also the magnetic moment

produced by the intrinsic motion vanishes for those bands. In bands

with K00, the intrinsic nucleonic motion does generate a magnetic

moment, in addition to that produced by the rotational motion. As
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has been done in the last chapter for the quadrupole tensor, we can

again perform a transformation to intrinsic coordinates, and the M1

operator takes the form:11

M(Ml;p) e E M(Ml;v) (d.)1/2 AN gR (Im I3Dpo) (4.3.)

where the parameter gR is the effective g-factor for the collective

rotational motion (rotational g-factor). M(Ml;v) is the magnetic

dipole tensor relative to the intrinsic coordinates, and the first

term in Eq.(4.3.) represents the moment (as measured in the lab

frame) produced by the intrinsic motion, which, to leading order is I

independent. The second term in Eq.(4.3.) represents the effect of

the rotational motion, which is proportional to the angular momentum

perpendicular to the symmetry axis.

The matrix elements of the magnetic dipole tensor (4.3.) can

again be evaluated between states of the form (2.7.) belonging to the

same rotational band, leading to the expression:11

(K1111 M(Ml) OKI2) (43)1/2 pN j7.37-1 I (u-gR) K(IiK101I2)

6K,1/2 b (-1)11+1/2 1 (I1-1/2 111121/2)] + ST
1,'

gR 41(11+1)
Ji7 '

(4.4.)

with the definitions:

and

3 1/2

gicK (KI M(M1;v-0) IK)

1
(- )

1/2

p N (gK -g R ) b (K-1/21 M(M1;v-1) 1K-1/2zor

(4.5.a)

(4.5.b)
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for the intrinsic g-factor (gid and the quantity b, referred to as

the magnetic decoupling parameter.

The reduced Ml-transition probability for transitions within a

band follows from Eq.(4.4.) (only those transitions with AI±1 are

allowed). For a band with K>1/2, it can be written:

B(Ml;Ii - 12) - _2
42

p2
(gK-gR)2

K2 (IIK10112102 (K>1/2) (4.6.)

For K-1/2, the Ml-matrix elements (4.4.) contain an additional

contribution from the AK-1 term in the intrinsic moment, leading to

the expression for the reduced transition probability:

B(Ml;Ii -+ 12)
16r

p2 (gic-gR)2[1 + (-1)
I,+1/2

b] (111/2101'2;02

(K=1/2) (4.7.)

where I> denotes the greater of II and 12.

The reduced Ml-transition probability is related to the total

Ml-ry-transition rate by:25

T(M1)1
16r

(
E
_)

2
B(M1)1

9h tic

(4.8.)

The absolute Ml-transition probability is often not directly

measured. Rather, relative transition probabilities or ratios of

transition matrix elements are usually determined. One of the most

common parameter deduced from those kinds of measurements is the

E2/M1-multipole mixing ratio 5, introduced already in Chapter III.
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Forming the ratio of the total E2-7-transition rate (3.14.) to

the total M1-7-transition rate (4.8.), one gets:

T(E2)1 3 (E )2 B(E2)1
T(m1).1. 100 he B(1401

(4.9.)

This is just 62. Taking the square root then of Eq.(4.9.) and

employing the phase convention of Krane and Steffen,22 we obtain the

mixing ratio 6 itself in terms of the reduced matrix elements:

6
J7 E (IKO M(E2) III-1K)

100 tic (IKII M(Ml) III-110
(4.10.)

Using Eqs.(3.5.) and (4.4.) and evaluating the Clebsch-Gordan

coefficients therein, one finds the relation between the E2/M1-mixing

ratio and the parameter (glc-gR)/Q0 (for K>1/2):

6 (2) E
1/2 e 1

----21--
5 4ANhc (I+1)(I-1) (gK-gR)

(4.11.)

Note that I refers to the angular momentum of the upper level. For

the special case of K-1/2, the magnetic decoupling term in Eq.(4.4.)

can be taken into account by simply replacing the expression (u-gR)

in Eq.(4.11.) by (glc-gR)[1 + (-1)/+1/2 b].

There are three different kinds of experimental data that have

been used to obtain values for the E2/M1-mixing ratios of transitions

within the rotational bands under investigation: cascade-to-

crossover ratios, internal-conversion coefficients, and angular
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distribution data. In the following section those three will be

briefly explained.

a) Cascade-to-Crossover Branching Ratios: The cascade-to-crossover

ratio R is defined as the ratio of two -y- transition rates, both

transitions starting from the same level, but going to two different

levels within the same rotational band. The mixed transitions

leading to a state with IfIi-1 are called the cascade-transitions,

the pure E2-transitions with IfIi-2 belong in the crossover

category. We can write:

Tc Tc(E2) + Tc(Ml) Tc(E2)(1+6-2)

Tco Tco(E2) Tco(E2)
(4.12.)

So far, only the definition of 6 has been used, but through employing

Eqs.(3.12.) and (3.14.) for the E2 --y- transition probabilities, we can

express the branching ratio R as

(Ec )5 IK201I-1K)2
(1+6-2)

Eco (IK201I-2102
(4.13.)

It is clear from expression (4.13.) that one can only determine

the magnitude of 6 from the branching ratio, but not the sign. Also,

it should be stressed that by employing Eq.(3.12.) for the reduced

E2-transition probability, we have introduced a model-dependence into

the determination of 6. The validity of the adiabatic rotational

model must be assumed for the band under investigation, including the

assumption of the constancy of Q0 throughout the rotational band. So
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the values of (gic-gR)/Q0 eventually deduced from the branching ratios

depend twice as much on our specific model than do those values that

are determined from model-independent E2 /Ml- mixing ratios.

Consequently, they ought to be more sensitive to deviations from the

model, as, for example, one can find in the form of Coriolis mixing.

Although, cascade-to-crossover branching ratios form the largest

body of data that can yield mixing ratios of intraband-transitions in

rotational bands, and although many of the most precise value of &

are obtained from branching ratios, it is important to have other,

model-independent ways of measuring 8, in order to check the validity

of the assumptions.

b) Internal-Conversion Coefficients: The experimentally measured

internal-conversion coefficient (total or for a single shell or sub-

shell) is defined as the ratio of conversion-electrons to photons for

a specific transition. In a mixed transition (Ml+E2) it is composed

of a part aMl and a part aE2, corresponding to conversion electrons

with orbital angular momentum one or two. Using T7(E2)-62T7(M1), we

can express the /-transition rate and the internal-conversion rate

as:

T
7

T (M1)(1 + 82)

Tic Tl(M1)(am, + 82aE2)

(4.14.a)

(4.14.b)



from which it follows that the experimental internal-conversion

coefficient must be:

a
exp Tr: IS_

2 aE2

1

a M1 + 6

1 + 62

or solving for 62, we get:

52 aexp a M1

aexp a E2
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(4.15.)

(4.16.)

The partial internal-conversion coefficients aml and aE2 can be

calculated with only a very small model-dependence (as has been

mentioned in Chapter III) and are listed in extensive tables17,23 as

a function of transition energy, multipolarity and number of protons

in the nucleus.

Unfortunately, due to the difficulty of normalizing the

conversion-electron spectra with respect to the 7-ray-spectra, very

few absolute values of internal-conversion coefficients have been

measured. Instead, one usually finds the ratios of the coefficients

for different sub-shells Sn, given in the form:

aexp (S1) : gtexp (S2) aexp (S3)

Eq.(4.15.) with the theoretical values for aml(Sn) and aE2(Sn) yields

a value for the internal-conversion coefficient of each sub-level,

given a specific value for 62. 62, then, must be varied in order to

best fit the experimentally observed ratios. For the low-energy

rotational transitions surveyed in this work, relative L-subshell
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intensities give the best values of 62. It is obvious again that the

sign of S cannot be determined from internal-conversion data.

c) Angular Distribution: The angular distribution (with respect to

the preferred axis of the nucleus) of the photons emitted in a

nuclear transition is characteristic of the multipolarity of the

transition. If more than one kind of multipole-transition is

involved, the angular distribution is the incoherent sum of the two

distributions of the pure multipole-transitions. From it, the mixing

ratio can be obtained.

The experimental methods that have provided most of the angular

distribution data used in this work are: low-temperature nuclear

orientation (followed by Coulomb excitation, a- or a-decay, or other

nuclear reactions leading to the initial state of the transition of

interest) and the conventional 7-7-angular correlation.

The particular importance of the angular distribution data for

this work lies in the fact that, unlike the other two sources

considered, it gives the sign of the mixing ratio.

The values of the parameter (gK- gR) /QO for odd-A nuclei in the

region 150<A<190, calculated in the manner described in this chapter,

have been taken from a previous compilation by W. Teich and K. S.

Krane3. Where sufficient amounts of data are available, they give

three separate values of (gK- gR) /QO for each band in each nucleus,

belonging to the three types of experimental data considered above

(branching ratios, internal-conversion coefficients, and angular
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distribution data). For each data type, the values deduced from the

lowest 5 transitions (if available) have been averaged (weighted

according to their respective uncertainties) and a value of the

normalized x2, as well as the number N of transitions actually

averaged, is given along with the averaged (u-gR)/Q0 and its

uncertainty.

For consistency with our definition of the uncertainty of a

weighted average (see Appendix), we have multiplied all their

uncertainties with x, if x>1.

The finally adopted value of (gx-gR)/Q0 was then the weighted

average of the (up to) three values deduced from the different data

types. These were then multiplied with the values of Q0 taken from

our own compilation to obtain the (gK-gR) themselves. The relative

uncertainty of the (gK-gR) is simply:

1/2.5(gIc_gR) F(.5[(gK-gR)/(20] )2 + (L1.1)2 (4.17.)
(gK-gR) L [(gicgR)/(20] Q0

In those cases, where the sign of (gK-gR) was undetermined, for

lack of angular distribution data, the same sign was assigned that is

found for the same band in different nuclei. The assumption that

(gK-gR) has the same sign for one band in different nuclei is

strongly supported by our data. A list of all extracted values of

(gK-gR) for the odd-A nuclei with 150<A<190 is included in Tables

A.2. and A.3. of the appendix.

The bands with K=1/2 have not been considered in this work,

since for those bands, the magnetic decoupling parameter b must be
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taken into account. In order to determine this additional parameter

from experimental data, at least two transitions with different

dependence on b must be evaluated. At present there exist very few

K=1 /2 bands for which enough data of good quality exists that would

allow the extraction of (gK -gR) and b with reasonable uncertainties.

4.2. Separate Extraction of gic and gR Using

Static Magnetic Dipole Moments

It has been shown in Chapter 4.1. that the analysis of Ml-

transition data can only produce a value for the difference of the

intrinsic and the rotational g-factor. In order to obtain separate

values for both of them, one must turn to static magnetic dipole

moments.

Recall the definition of the magnetic dipole moment of a state

with total angular momentum I:

p s (I,M -II Az II,M I) (4.18.)

where Atz is the z-component of the magnetic moment operator A.

Noting that Az is equal to the spherical component p0 of the vector

p, one can relate the magnetic moment p to the reduced matrix

elements of the magnetic dipole tensor M(M1), by employing Eq.(4.2.):



poi - (E)11 (I,M=II M(M1;p-0) II,M-I)

- (AL) --1--
2T-71

(MOW) (III M(M1) DI)
3 I
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(4.19.)

For states of the form (2.7.) expression (4.4.) gives the reduced

matrix elements. Substituting them in Eq.(4.19.) yields the static

magnetic moment for the member of a rotational band with K>1/2:

A gRI + (g1C-g11)
K2

1+1
(4.20.)

For completeness, it should be mentioned that for a K-1/2 band, the

magnetic decoupling term must again be taken into account, which can

be done by substituting (u-gR)[1 + (-1)/431 (21+1) b] for (gK-gR) in

Eq.(4.20.). However, for the reasons given in Chapter 4.1., this

compilation of g-factors has been limited to rotational bands with

K>1/2.

If an experimental value p of the magnetic dipole moment of a

rotational state is available, then Eq.(4.20.) allows the extraction

of the rotational g-factor from the difference (gK-gR). Solving for

gR, one obtains:

K2
gli

I(I+1)
(gIcgR)

with the uncertainty:

11/2

I
sea = 1 [(8A)2 + (IEl1 )

2

[6(gx-gR)]2.]
+

(4.21.a)

(4.21.b)
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This value of gR can in turn be used to calculate the intrinsic

g-factor:

gK ( gK gR) ÷ gR

with the uncertainty:

(4.22.a)

2 i'l1 r

6gK -
I

[(6p)2 + (
K -

I+1(1+1) )

2
[8(k-gR)]2] (4.22.b)

1

The experimental parameters (gK-gR), averaged for each band as

listed in Tables A.2. and A.3., have been used together with the

static magnetic moments of individual member-states of those bands,

in order to extract the maximum number of separate intrinsic and

rotational g-factors. The magnetic moments have been taken from the

"Table of Isotopes"1 and from an update by Berkes2.

A list of all rotational g-factors that could be extracted is

included in Tables 5.1. (odd-N nuclei) and 5.2. (odd-Z nuclei). The

intrinsic g-factors are found in Tables 5.5. (odd-N) and 5.6.

(odd-Z).

In some cases, static magnetic moments of excited rotational

states were available, which made possible the extraction of more

than one value for the rotational g-factor of that particular band.

Some of those values are in disagreement with each other (see Tables

5.1. and 5.2.). However, all of the "excited state values" that

strongly differ from the gR which has been calculated for the ground

state of the same band, have extremely large uncertainties. This

makes it questionable whether any significance should be attached to

the disagreement. On the other hand, those value of gR that have



60

been derived for excited states and that have a relatively small

uncertainty show reasonable and, in a few cases, exceptionally good

agreement with the respective ground state values. Examples are the

gR-values for the ground state bands of the odd-N nuclei 173Yb and

177Hf, as well as those for the odd-Z nucleus "Ho. The constancy

of those gR-values, in a few cases up to the second excited state,

can be seen as an indication for the internal consistency of the

method of extraction and for the validity of the specific assumptions

that went into it.



V. COMPARISON WITH THEORY AND DISCUSSION OF RESULTS

5.1. Cranking Model Prediction of gR
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The nuclear moments of inertia can be analyzed by considering

the motion of the nucleons in the rotating nuclear potential. The

Coriolis and centrifugal forces acting in the rotating body-fixed

system give rise to an increase in the energy of the nucleonic

motion, which can be identified with the rotational energy.

For a single nucleon, the motion with respect to the potential

rotating with frequency Wrot is described by the Hamiltonian:

H Ho hwrot. (5.1.)

where Ho describes the motion in the absence of the rotation. The

fact that Ho appears unaltered in Eq.(5.1.) reflects the assumption

that the potential in which the particles move is not affected by the

rotational motion. Note that the energy of the system is still

represented by Ho, while the Hamiltonian H is the time-displacement

operator describing the evolution of the system in the rotating

(time-dependent) coordinate frame.

If the effect of the rotation can be considered as a small

perturbation of the nucleonic motion, the resulting first order shift

in the one-particle energies is proportional to the square of the

rotational frequency and can therefore be interpreted as a
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contribution to the moment of inertia. Adding the contributions from

all the particles, we obtain the total moment of inertia for a given

state 10)24:

where

Scr 2h2 (ii Ji 10) 1 0.1 J1 (0) (5.2.a)
JEo° Ei E0

A

J1 E (j1) kk=1
(5.2.b)

and the (j1)k are the components of the one-particle angular momenta

3 along the axis of rotation. The states li) represent the many-
k

particle states of the A nucleons in the deformed potential, with

excitation energies Ei. The expression (5.2.) is referred to as the

"cranking formula", since the frequency of the rotating potential is

treated as an externally prescribed quantity.

An expression for the rotational g-factor is obtained by

replacing the first J1 in Eq.(5.2.a) with the component M1 of the

magnetic moment operator along the axis of rotation (not to be

confused with a spherical component):

where

screr = 2h2 E (i( M1 10) 1 01 J1 10) (5.3.a)
1*0 E E0

A

M1
kE

[ g
1
(11) k gs(S1) k1

(5.3.b)

The rotational g-factors of deformed nuclei in the mass region

150<A<190 have been calculated in the cranking approximation by two

different groups, using different sets of many-particle wave
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functions li). Prior et. al.5 used pair-correlated Nilsson wave

functions in their calculations. They derived two values of gR for

each ground state band. These are based on two different lines of

approach for fixing the neutron and proton pairing strengths, which

are important input parameters for the calculation. In a more recent

paper by Sprung et. al.6, density dependent Hartree-Fock wave

functions were employed, for which a BCS pairing interaction was

included.

Tables 5.1. and 5.2. present the experimental rotational g-

factors of our compilation together with the results of the two

cranking model calculations. The values for odd-N nuclei are given

in Table 5.1., while those for odd-Z nuclei appear in Table 5.2.

Figures 5.1. and 5.2. contain the information of the two tables in

graphical form. Since the rotational g-factors are expected to

depend most strongly on the Nilsson state of the odd-particle, the

tables are organized in a way that groups together the values for the

same bands in different nuclei. The bands are identified by the

asymptotic quantum numbers R[Nn3A] and their parity. The total

angular momentum quantum number I applies to the state the magnetic

moment of which has been used in the derivation of the experimental

value of gR. As indicated in the tables, most bands for which

separate values of gR could be extracted are the ground state bands

of the respective nuclei.

All three sets of theoretical values reproduce the trends of the

experimental data. Remarkable agreement is found for the

extraordinarily low values of gR predicted for the ground state bands
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Table 5.1. Rotational g-factors of odd-N nuclei. The column labeled
"gR" gives the experimental values, the three following
ones show the two sets of theoretical values by Prior et.
al.5 and the results of the density dependent Hartree-Fock
calculation by Sprung et. al.6

A Nucl K p Band I gR Prior 1 Prior 2 DDNIF

153 Sm 3/2 +[ 651 ] gab. 3/2 0.050 t 0.010

161 Dy 5/2 +[ 642 ] gsb. 5/2 0.104 t 0.011 0.04 0.02 0.116
7/2 0.124 t 0.006

165 Dy 7/2 +( 633 1 gsb. 7/2 0.109 t ?

167 Er 7/2 +3 633 1 gsb. 7/2 0.179 t 0.007 0.22 0.17 0.090
169 Yb 7/2 +( 633 ] gsb. 7/2 0.128 t 0.019 0.12 0.08

177 Hf 9/2 +( 624 1 9/2 0.154 t 0.019

179 Hf 9/2 +[ 624 ] glib. 9/2 0.174 t 0.019 0.12 0.14 0.168
183 Os 9/2 +( 624 ) gsb. 9/2 0.028 t 0.017

189 Os 3/2 -( 512 ] gab. 3/2 0.329 t 0.013 0.32 0.30

5/2 0.347 t 0.006

155 Gd 3/2 -[ 521 1 gsb. 3/2 0.296 t 0.015 0.26 0.27
157 Gd 3/2 -( 521 1 gsb. 3/2 0.304 t 0.035 0.32 0.31 0.310
159 Gd 3/2 -[ 521 ] gsb. 3/2 -0.025 t 0.048

155 Dy 3/2 -( 521 1 gsb. 3/2 0.093 t 0.052

157 Dy 3/2 -( 521 ] gsb. 3/2 0.306 t 0.020
161 Dy 3/2 -[ 521 7 3/2 0.211 t 0.025
161 Er 3/2 -( 521 ] gsb. 3/2 0.176 t 0.033

163 Yb 3/2 -[ 521 ] gsb. 3/2 0.136 t 0.052

173 Yb 5/2 -( 512 gsb. 5/2 0.275 t 0.024 0.31 0.27 0.281
7/2 0.247 t 0.024

9/2 0.253 t 0.080
175 Hf 5/2 -[ 512 1 gsb. 5/2 0.169 t 0.091 0.28 0.28

151 Sm 5/2 -[ 523 ] gsb. 5/2 0.259 t 0.026
161 Dy 5/2 -( 523 ) 5/2 0.340 t 0.009

163 Dy 5/2 -( 523 1 gab. 5/2 0.313 t 0.009 0.31 0.35 0.340
163 Er 5/2 -( 523 1 gsb. 5/2 0.276 t 0.008

165 Er 5/2 -[ 523 ] gsb. 5/2 0.323 t 0.016 0.29 0.36
167 Yb 5/2 -( 523 1 gsb. 5/2 0.285 t 0.013

175 Yb 7/2 -[ 514 ] gsb. 7/2 0.228 t 0.035 0.30 0.28
177 Hf 7/2 -[ 514 ] gsb. 7/2 0.256 t 0.002 0.28 0.24 0.288

9/2 0.259 t 0.009

11/2 0.282 t 0.095
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Table 5.2. Rotational g-factors of odd-Z nuclei. The column labeled
"gR" gives the experimental values, the three following
ones show the two sets of theoretical values by Prior et.
al.5 and the results of the density dependent Hartree-Fock
calculation by Sprung et. al.6

A Nucl K p Band I gR Prior 1 Prior 2 DDHF

189 Ir 3/2 +[ 402 ] gsb. 3/2 0.272 t 0.033

153 Eu 3/2 +( 411 ] 3/2 0.520 t 0.026

155 Tb 3/2 +( 411 ] gsb. 3/2 0.652 t 0.138

157 Tb 3/2 +( 411 ] gab. 3/2 0.507 t 0.078

159 Tb 3/2 +[ 411 ] gsb. 3/2 0.557 t 0.015 0.49 0.45 0.460

161 Tb 3/2 +[ 411 ] gsb. 3/2 0.674 t 0.141 0.43 0.48

177 Ta 5/2 +( 402 ] 5/2 0.143 t 0.427

181 Re 5/2 +[ 402 ] gsb. 5/2 0.524 t 0.062

183 Re 5/2 +C 402 ] gsb. 5/2 0.256 t 0.115

185 Re 5/2 +( 402 ] gsb. 5/2 0.452 t 0.023 0.45 0.47 0.325

7/2 0.143 t 0.232

187 Re 5/2 +( 402 ] gab. 5/2 0.402 a 0.027 0.48 0.51 0.401

7/2 0.056 t 0.252

153 Eu 5/2 +[ 413 ] gsb. 5/2 0.485 a- 0.010 0.48 0.48 0.426

7/2 0.446 t 0.018

155 Eu 5/2 +( 413 ] gsb. 5/2 0.441 t 0.006 0.52 0.45

151 Eu 7/2 +( 404 ] 7/2 0.613 t 0.021

169 Tm 7/2 +( 404 1 7/2 -0.283 t 0.036

171 Lu 7/2 +[ 404 ] gsb. 7/2 0.264 ± 0.038

173 Lu 7/2 +[ 404 ] gsb. 7/2 0.330 t 0.034 0.34 0.34

175 Lu 7/2 +[ 404 ] gsb. 7/2 0.341 t 0.005 0.33 0.32 0.254

9/2 0.258 a- 0.034

11/2 0.233 t 0.127

177 Lu 7/2 +[ 404 ] gsb. 7/2 0.365 a 0.008 0.33 0.35

9/2 0.316 t 0.173

175 Ta 7/2 +3 404 ] gsb. 7/2 0.350 t 0.040

177 Ta 7/2 +[ 404 ] gsb. 7/2 0.364 t 0.027

181 Ta 7/2 +( 404 ] gsb. 7/2 0.317 t 0.010 0.36 0.33 0.286

9/2 0.348 t 0.156

153 Eu 5/2 -( 532 ] 5/2 0.733 t 0.102

165 Ho 7/2 -( 523 ] gsb. 7/2 0.457 ± 0.019 0.51 0.69 0.525

9/2 0.450 t 0.039

169 Tm 7/2 -[ 523 ] 7/2 -0.361 a 0.037

183 Re 9/2 -[ 514 ] 9/2 0.312 a- 0.109

177 Ta 21/2 -[ ? ] 21/2 -0.531 ± 0.078
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of the odd-N nuclei 161Dy, 167E_r and 169Yb. The data does not

strongly discriminate between the results of the two groups, but on

theoretical grounds the Hartree-Fock calculations must be considered

superior for not containing any single adjustable parameter and still

comparing well to the results of Prior et. al., where such parameters

were used (e.g. in the form of effective spin-g-factors instead of

the free-nucleon values).

Tables 5.1. and 5.2. can also be checked for very unusual or

even improbable results, which may indicate either bad data or a

breakdown of the model employed in the extraction of the parameter

gR

Clearly, a negative g-factor associated with the rotation of a

positively charged body is unusual at first site. However, one must

not forget that the rotational g-factor contains a spin-part as well,

which, in principle, can cause it to be negative.

Nevertheless, it seems highly unlikely that negative values as

large as the ones extracted for the 7/2+ and 7/2- bands in 169Tm or

the 21/2- band in 177Ta are genuine. Since, in the case of 169Tm,

the same bands in neighboring nuclei show values that are not at all

unusual, and, for the 7/2+ band, also quite consistent with each

other, there is no reason for a breakdown of the model. Instead

these two results strongly suggest that the static magnetic moments

of the two band-heads in 169Tm should be reexamined.

In the case of the 21/2- band of 177Ta, on the other hand, it

seems more likely that the model has been stretched beyond its

elastic limits. In particular, the high excitation energy of the
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1 =21/2 band-head (above 1.3 MeV) makes the applicability of the

simple particle-rotor model and the assumption of pure states

questionable.

At the outset of this project, it was hoped that, in the many

cases for which separate values of gR could not be extracted for lack

of static magnetic moments, it would still be possible to use the

simple rigid-rotor-estimate gRZ/A to obtain a separate value for the

intrinsic g-factor gK. The large spread of values, however, that the

rotational g-factors of odd-A nuclei display (unlike those of the

even-even ones) quickly destroyed that hope.

Another possible approach would have been to keep gR constant

for the same bands in different nuclei. An averaged value of gR,

characteristic of a certain band, could then be used to extract more

values for the intrinsic g-factor. But a closer look at the data

presented in Tables 5.1. and 5.2. rules out this possibility as well.

Especially, the rotational g-factors for the 3/2 [521] band in odd-N

nuclei with 155<A<165 display a large spread of values. This

variation is theoretically explained by the strong dependence of the

cranking model results not only on the Nilsson state of the single-

particle, but also the occupation numbers of the neighboring states

and the exact level spacings between them. Thus, it is not all too

surprising that the rotational g-factor is also sensitive to the

number of odd particles and the deformation.

In view of the above, it would be difficult to suggest a

reasonable scheme by which the existing body of data could be used to

estimate the rotational g-factor of a band for which it has not yet
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been measured. Clearly, it would be desirable to have more static

magnetic moment data available in order to further analyze the

extensive compilation of (gK-gR). In absence of those data, one can

only rely on detailed calculations, like the ones based on the

cranking model, the reliability of which has been tested for the

cases in which experimental values exist.

5.2. Estimate of gK Using Nilsson Wave Functions

The ground state bands of even-even nuclei have K-0 and

therefore do not display an intrinsic magnetic moment (i.e. gK-0).

Thus, in a first estimate of the intrinsic g-factor of a deformed

odd-A nucleus, one can neglect the contribution of the even-even core

and treat gK as due solely to the single-particle.

In this chapter, Nilsson wave functions are used to calculate

the single-particle component of the intrinsic g-factor. The purpose

of this calculation is to extract the contribution of the even-even

core to the intrinsic g-factor by comparing the results of the

calculation to the experimental values of gK that have been obtained

from our compilation.

Recall the definition of the intrinsic g-factor:

gKK (KI A3 110 (5.4.)
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If IK) is the Nilsson state of the single-particle, Eq.(5.4.) can be

rewritten as:

gKK (KI g113 + g.s3 IK)

(KI gij3 + (g. gi)s3 IK)

gl K + (g. g1) (KI s3 IK) (5.5.)

where the free-nucleon values (4.1.) are used for gs, while g1-0, 1

for neutrons and protons, respectively. What must be obtained from

the Nilsson wave functions is simply the expectation value of s3. If

the normalized wave functions are given in form of an expansion in

eigenfunctions of s3 (see Eq.(2.20.)), the expression for (53)

becomes:

(S3 1 X2 [ IA
1,n-1/2 12 IA1,n+1/2 12 ] (5.6.)

The coefficients AlA have been taken from the original paper of

Nilsson,7 but had to be normalized before application. Nilsson gives

the wave functions for the three values of the deformation n-2, 4, 6.

In addition, the wave functions of the N =4 odd-proton states have

been evaluated for two different values of the potential parameter p,

namely p-0.45 and p-0.55.

In Tables 5.3. and 5.4. the expectation values of s3 are

presented as calculated from the Nilsson wave functions for the three

values of the deformation parameter n. They have been complemented
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Table 5.3. Expectation value of s3 for odd-neutron states with 0>1/2
as function of deformation n. The states are identified
by their spherical limit (n-0) and by their asymptotic
quantum numbers (r1-4.0). All values are given for p=0.45 .

States s3

lj -,. 0 [Nn3A] (770) n=2 n=4 n=6 (77-..r.)

P3 /2 - 3/2 [512] ( 0.50) -0.223 -0.328 -0.381 (-0.50)

h9/2 -0. 3/2 [521] (-0.14) 0.005 0.212 0.310 ( 0.50)

f7/2 - 3/2 [532] ( 0.21) 0.138 -0.064 -0.186 (-0.50)

h9/2 -+ 5/2 [512] (-0.23) 0.199 0.354 0.405 ( 0.50)

f7/2 - 5/2 [523] ( 0.36) -0.054 -0.229 -0.307 (-0.50)

h9/2 -* 7/2 [503] (-0.32) 0.404 0.463 0.478 ( 0.50)

f7/2 7/2 [514] ( 0.50) -0.262 -0.354 -0.394 (-0.50)

h11/2' 11/2 [505] ( 0.50) 0.500 0.500 0.500 ( 0.50)

113/2.4 3/2 [651] ( 0.12) 0.142 0.183 0.237 ( 0.50)

i13/2-4 5/2 [642] ( 0.19) 0.228 0.271 0.314 ( 0.50)

i13/2-* 7/2 [633] ( 0.27) 0.306 0.342 0.373 ( 0.50)

i13/2-* 9/2 [624] ( 0.35) 0.377 0.402 0.421 ( 0.50)

113/2.4 11/2 [615] ( 0.42) 0.441 0.454 0.463 ( 0.50)
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Table 5.4. Expectation values of s3 for odd-proton states with 0>1/2
as function of deformation r/. The states are identified
by their spherical limit (x7-40) and their asymptotic
quantum numbers (n,..). For N=4 states, the first value
applies to p=0.45 and the second to p=0.55 . For N=5
states, only /1=0.45 has been used.

States

13 0 [Nn3A] (77-q)) n=2

(s3

-4 r7 =6

d3/2 - 3/2 [402] (-0.30) -0.405 -0.441 -0.459 (-0.50)
d3/2 -0.409 -0.444 -0.461

g7/2 3/2 [411] (-0.17) 0.195 0.339 0.397 ( 0.50)
d5/2 ( 0.30) 0.354 0.392 0.422

g7/2 5/2 [402] (-0.28) 0.407 0.460 0.476 ( 0.50)
d5/2 ( 0.50) 0.477 0.481 0.486

d5/2 5/2 [413] ( 0.50) -0.240 -0.338 -0.386 (-0.50)

g7 / 2 (-0.28) -0.308 -0.357 -0.394

g7/2 7/2 [404] (-0.39) -0.423 -0.445 -0.458 (-0.50)

g7 / 2 -0.423 -0.445 -0.458

h11/2' 5/2 [532] ( 0.23) 0.273 0.321 0.361 ( 0.50)

h11/2' 7/2 [523] ( 0.32) 0.358 0.391 0.416 ( 0.50)

h11/2' 9/2 [514] ( 0.41) 0.433 0.450 0.461 ( 0.50)
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by the spherical limit (7.-0) and the asymptotic limit (, -+co). For the

N-4 states in Table 5.4., the first and second entries refer to

p-0.45 and p-0.55, respectively. It should be noted that for the two

different choices of p, the wave functions may converge to different

spherical limits. This fact is illustrated by Figure 5.3., where

(s3) is plotted versus deformation for p-0.45 and p-0.55. However,

it can also be seen from Figure 5.3. that for deformations around

72-4, which are the ones actually observed in strongly-deformed nuclei

in this region, the expectation value of s3 is fairly insensitive to

small changes in the potential parameter p.

The values for (s3) that were finally used in Eq.(5.5.) have

been obtained by linear interpolation between the ones listed in

Tables 5.3. and 5.4. The error that is introduced through the

procedure of interpolation is negligible compared to the one due to

the uncertainty in the potential parameter p. The deformation

parameters n, needed for the interpolation, were obtained from the

deformation parameter 6 according to Eq.(2.23.) with the potential

parameter x set equal to 0.05 as done in Nilsson's paper. 6, in

turn, is related to the intrinsic quadrupole moment by the

expression4

Q0 Z (6 + i62 + +80154 + ) (5.7.)

where Ro is defined as the radius of a sphere having the same volume

as the deformed nucleus (rotational ellipsoid). An estimate for Ro

is obtained from:
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2 4 6

DEFORMATION 77

Fig. 5.3. Expectation value of s3 versus deformation for a) a
5/2[402] state and b) a 5/2[413] state.
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Ro = 1.2 fm A1/3 (5.8.)

Eqs.(5.7.) and (5.8.) together with the values of Q0 found in

Table A.1. yield the values of the deformation parameters S. Due to

the fact that the curves of the expectation values of s3 are fairly

flat in the region where q=4 (see Figure 5.3.), the accuracy of the

deformation parameters, obtained this way, is quite sufficient.

A list of the intrinsic g-factors that have been calculated from

Eq.(5.5.), using Nilsson wave functions, is presented in Tables 5.5.

and 5.6. along with the experimental values of gK. Also listed for

each nucleus are the deformation parameters n (for x=0.05).

5.3. Spin Polarization and Effective Spin g-Factors

It has been mentioned already that the contribution of the even-

even core to the intrinsic g-factor cannot be completely neglected.

Mottelson8 and Nilsson and Prior9 have suggested that a spin

polarization of the core might cause this contribution. The spin-

dependent part of the interaction between the odd nucleon and the

nucleons in the core tends to align the spins of like nucleons

antiparallel and the spins of the unlike nucleons parallel to the

spin of the odd particle. This always has the effect of reducing the

spin contribution to the intrinsic magnetic moment of the nucleus due

to the opposite signs of the magnetic moments of proton and neutron.
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Formally, this reduction can be taken into account through a

renormalization of the free-nucleon values of gs.

The effective spin g-factors that result from such a renormali-

zation have been calculated by Bochnacki and Ogaza10 using a spin-

spin dependent residual interaction. The residual interaction

between the odd particle and the core nucleons leads to the creation

of three-quasiparticle states by breaking up nucleon pairs in the

core wave function. Only interactions between the odd group of

particles in a given nucleus have been taken into account. These are

expected to be dominant since the residual interaction between like

nucleons is significantly stronger than the one between unlike

nucleons.

The effective spin g-factors calculated in that manner and

expressed in units of the free-nucleon values of gs for neutrons and

protons, respectively, have been included in Tables 5.5. and 5.6.,

where they can be compared with the experimental results.

The experimental values of grf have been obtained from

Eq.(5.5.) by treating the spin g-factor as the only variable. The

expectation values of s3 derived in Chapter 5.2. were used together

with the intrinsic g-factors of our compilation. Since the values of

(s3) are calculated from the Nilsson single-particle states, the term

"experimental" applies only in a restricted sense to the effective g-

factors based on our compilation of gK.

Tables 5.5. and 5.6. are organized in a way that groups together

nuclei with the same number of odd particles. The motivation for

this is the expected relative independence of g:ff of the single-
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Table 5.5 Intrinsic g-factors and effective spin f-factors of odd-N
nuclei. The value of the deformation parameter n is given
in the column labeled "ETA". The effective spin g-
factors are normalized by the free nucleon value. The
last column gives the theoretical values of gs(eff.)/gs as
calculated by Bochnacki and Ogaza.'°

A Nuc1 N K p Band ETA gK(exp.) gK(Nilsson) gs(eff.)/gs THEORY

155 Dy 89 3/2 -[ 521 ] gsb. 4.2 -0.402 t 0.045 -0.56 0.71

153 Sm 91 3/2 +[ 651 ] gsb. 5.1 -0.057 t 0.006 -0.54 0.10

155 Gd 91 3/2 -( 521 I gab. 5.0 -0.485 t 0.010 -0.67 0.73 0.65

157 Dy 91 3/2 -1 521 ] gsb. 4.9 -0.553 t 0.016 -0.65 0.85

157 Gd 93 3/2 -( 521 ] gab. 5.2 -0.579 ± 0.023 -0.70 0.83 0.64

161 Er 93 3/2 -( 521 ] gsb. 4.9 -0.528 t 0.022 -0.65 0.81

163 Yb 93 3/2 -( 521 ] gsb. 4.4 -0.506 t 0.035 -0.59 0.87

161 Dy 95 5/2 +[ 642 ] gsb. 5.2 -0.310 t 0.005 -0.45 0.68

159 Gd 95 3/2 -( 521 ] gab. 5.4 -0.472 t 0.035 -0.71 0.66

163 Er 95 5/2 -( 523 ] gsb. 5.1 0.209 t 0.008 0.42 0.50

161 Dy 95 3/2 -[ 521 ] 5.2 -0.588 t 0.017 -0.69 0.85 0.61

161 Dy 95 5/2 -( 523 ] 5.2 0.197 x 0.004 0.42 0.47

163 Dy 97 5/2 -C 523 ] gsb. 5.3 0.252 t 0.004 0.43 0.58 0.61

165 Er 97 5/2 -( 523 ] gsb. 5.2 0.240 t 0.013 0.42 0.57

167 Yb 97 5/2 -( 523 ) gsb. 5.1 0.235 t 0.006 0.41 0.57

165 Dy 99 7/2 +( 633 ] gsb. 5.3 -0.218 t ? -0.40 0.55

167 Er 99 7/2 +[ 633 ] gsb. 5.3 -0.259 t 0.002 -0.40 0.65 0.59

169 Yb 99 7/2 +( 633 ] gsb. 5.2 -0.270 a 0.006 -0.39 0.68

173 Yb 103 5/2 -( 512 ] gsb. 5.1 -0.491 t 0.010 -0.59 0.84 0.60

175 Hf 103 5/2 -( 512 gsb. 4.7 -0.460 t 0.052 -0.57 0.81

175 Yb 105 7/2 -( 514 ] gsb. 5.0 0.061 t 0.020 0.41 0.15

177 Hf 105 7/2 -( 514 ] gsb. 4.6 0.218 t 0.001 0.40 0.55 0.60

177 Hf 105 9/2 +( 624 1 4.6 -0.231 t 0.019 -0.35 0.67

179 Hf 107 9/2 +( 624 ] gsb. 4.5 -0.213 t 0.004 -0.35 0.62 0.59

183 Os 107 9/2 +C 624 ] gsb. 3.6 -0.221 x 0.005 -0.34 0.66

189 Os 113 3/2 -[ 512 ] gsb. 2.8 0.514 t 0.009 0.68 0.75
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Table 5.6. Intrinsic g-factors and effective spin f-factors of odd-Z
nuclei. The value of the deformation parameter i is gi-tn
in the column labeled "ETA". The effective spin g-
factors are normalized by the free nucleon value. The
last column gives the theoretical values of gs(eff.)/gs as
calculated by Bochnacki and Ogaza.1°

A Nucl Z K p Band ETA gK(exp.) gK(Nilsson) gs(eff.) /gs THEORY

153 Eu 63 5/2 +1 413 I gsb. 5.3 0.664 t 0.004 0.30 0.57 0.69

155 Eu 63 5/2 +[ 413 ] gsb. 5.4 0.680 t 0.004 0.30 0.55

151 Eu 63 7/2 +[ 404 ] 3.1 0.777 t 0.006 0.43 0.50

153 Eu 63 3/2 +( 411 ] 5.3 1.925 t 0.018 2.23 0.80

153 Eu 63 5/2 -[ 532 ] 5.3 1.510 t 0.094 1.64 0.84

155 Tb 65 3/2 +1 411 I gsb. 4.8 1.788 t 0.135 2.20 0.72

157 Tb 65 3/2 +( 411 ] gsb. 5.1 1.884 t 0.072 2.22 0.77

159 Tb 65 3/2 +[ 411 ] gsb. 5.3 1.866 t 0.010 2.23 0.76 0.71

161 Tb 65 3/2 +[ 411 ] gsb. 5.4 1.884 t 0.106 2.23 0.77

165 Ho 57 7/2 -( 523 ] gsb. 5.4 1.402 t 0.009 1.53 0.80 0.70

171 Lu 71 7/2 +[ 404 ] gsb. 5.0 0.670 t 0.029 0.41 0.64

173 Lu 71 7/2 +[ 404 ] gsb. 5.0 0.765 & 0.026 0.41 0.50

175 Lu 71 7/2 +[ 404 ] gsb. 4.9 0.723 t 0.002 0.41 0.56 0.72

177 Lu 71 7/2 +[ 404 ] gsb. 4.7 0.718 ± 0.004 0.41 0.57 0.72

175 Ta 73 7/2 +( 404 ] gsb. 4.4 0.734 t 0.018 0.41 0.55

177 Ta 73 7/2 +( 404 ] gsb. 4.6 0.723 t 0.016 0.41 0.57

181 Ta 73 7/2 +[ 404 ] gsb. 4.4 0.781 t 0.003 0.41 0.49 0.72

177 Ta 73 5/2 +[ 402 ] 4.6 1.346 t 0.423 1.88 0.50

181 Re 75 5/2 +[ 402 ] gsb. 3.9 1.592 ± 0.030 1.88 0.73

183 Re 75 5/2 +( 402 ] gsb. 4.0 1.652 t 0.049 1.88 0.79

185 Re 75 5/2 +1 402 ] gsb. 3.8 1.604 ± 0.009 1.88 0.74 0.73

187 Re 75 5/2 +[ 402 ] gsb. 3.6 1.642 t 0.011 1.88 0.78 0.73

183 Re 75 9/2 -[ 514 ] 4.0 1.334 t 0.033 1.46 0.78

189 Ir 77 3/2 +[ 402 ] gab. 3.0 -0.181 t 0.028 -0.31 0.92
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particle state denoted by K [Nn3A]. However, this expectation is

confirmed by the data in just a few cases, notably for the nuclei

with Z =73 and Z-75, while, in general, roughly equal values of g:ff

are obtained only for identical single-particle states in the ground

state bands of nuclei that contain the same number of odd particles.

The theoretical values of Bochnacki and Ogaza show qualitative

agreement with the experimental data in reproducing reductions of the

spin g-factors that are, on the average, of the right size. However,

the experimental values show large variations which are not accounted

for by the theory. In particular, for the cases of some odd-N

nuclei, the effect of the spin polarization is overestimated by the

theory, resulting in effective spin g-factors which are too small.

On the other hand, in the odd-Z nuclei 175'177a1 and 181Ta, the

experimental data suggest a stronger polarization of the core than

predicted by the theory.

Clearly, further systematic data is necessary in order to decide

whether these fluctuations are of a statistical nature or represent a

real effect. This, again, brings us back to the need for more static

magnetic moment data of good quality, which is essential in the

extraction of separate gK.

On the other hand, if these fluctuations indeed turn out to be

genuine variations of the polarizability, their detailed explanation

would pose a challenge to more microscopic theories or serve as a

test for any such theory that may already exist. Until more work is

done in this area, it will remain difficult to obtain reasonable
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estimates of intrinsic g-factors for nuclei where these have not yet

been measured.
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Definition of Weighted Averages

If xi±Axi, x2±Ax2, x.±Axn are n independent measurements of

a given quantity, Axi being the uncertainty in xi, then the weighted

average of these measurements is x±x, where

with

W (AXi)2

W
1

(Ax02

The uncertainty AR is defined as:

(A.1.a)

(A.l.b)

with

AR

X
2

(W)
-1/2

X(W)
-1/2

1

for x2<1

for X2>1

(X -Xi )2

(A.2.a)

(A.2.b)
n-1 (Axi)2

If x represents the weighted average of a number of measurements

of the same primary parameter, then the normalized x2 is expected to

be close to 1. A value of x2 significantly larger than 1 would

indicate that the experimental uncertainties might have been

underestimated.

In the case of a secondary parameter that is deduced within the

framework of a particular model, the x2 for a number of values,

derived from different kinds of data, will not only reflect the

quality of the data, but also the validity of the assumptions that
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went into the extraction. Thus, a x2>1 may also indicate a failure

of the model at the level of precision of the experimental data.

Expression (A.2.) takes into account both of the above mentioned

possibilities by increasing the uncertainty of the weighted average

accordingly.
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Table of Intrinsic Quadrupole Moments

The following table contains a summary of the intrinsic

quadrupole moments that have been extracted for the even-even and

odd-A nuclei in the region 150<A<190. For details about the method

of extraction see Chapter III. Where values have been obtained by

interpolation or extrapolation, this is indicated in the table.

Table A.1. Intrinsic quadrupole moments of even-even and odd-A nuclei
in the region 150<A<190.

Nucleus clo[fm2] Comments

154Nd

152sm
153sm
154sm
155sm

153Eu
155Eu
15,Eu

1 52Gd

472 ± 61

589 ± 1

635 ± 64
662 ± 3

568 ± 57
(680 ± 50)

675 ± 5

695 ± 7

710 ± 30

seems too small
extrapolated

extrapolated

425 ± 20 not a good rotor (N<90)
153Gd 441 ± 9 not a good rotor (N<90)

622 ± 3

155Gd 645 ± 7

156Gd 681 ± 2

157Gd 685 ± 7

153Gd 708 ± 2

159Gd 710 ± 20 interpolated
isoGd 722 ± 3
161Gd 720 ± 40 extrapolated

154Cd

155Tb 620 ± 30 interpolated
157Tb 680 ± 20 interpolated
159Tb 716 ± 4

730 ± 20 interpolated



Nucleus Qo[fm2]

154Dy 490 ± 20
155Dy 540 ± 50
156Dy 611 ± 3
157Dy 646 ± 9
158Dy 685 ± 3
159Dy 690 ± 20
160Dy 705 ± 14
161Dy 710 ± 9
162Dy 731 ± 6
163Dy 739 ± 5
164Dy 748 ± 2
165Dy 745 ± 18

157Ho 590 ± 30
159Ho 670 ± 20
161/40 710 ± 20
163H0 740 ± 20
165Ho 763 ± 6

156Er 405 ± 6
158Er 563 ± 10
159Er 610 ± 50
isoEr 660 ± 8
161Er 680 ± 10
162Er 710 ± 2

163Er 722 ± 24
164Er 742 ± 3
165Er 750 ± 20
166Er 767 ± 4

167Er 773 ± 7
168Er 768 ± 4
169Er 765 ± 15
17°Er 764 ± 6

171Er 760 ± 20

163Tm 690 ± 30
165Tm 730 ± 20
167Tm 770 ± 20
169Tm 780 ± 30
171Tm 770 ± 20
173Tm 780 ± 40

158yb 429 ± 26
160yb 482 ± 8
161yb 512 ± 10
162yb 590 ± 8
163yb 619 ± 11
164yb 669 ± 13
165yb 692 ± 11

Comments

not a good rotor (N<90)
interpolated

interpolated

corrected for Coriolis mixing

interpolated
interpolated
interpolated
interpolated

not a good rotor (N<90)

interpolated

interpolated

corrected for Coriolis mixing

interpolated

extrapolated

interpolated
interpolated
interpolated
interpolated
interpolated
extrapolated

not a good rotor (N<90)
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Nucleus Q0 [fm2 I Comments

166yb
167yb

168Yb
169yb
170yb
171yb
172yb
173yb
174yb
175yb
176yb

720 ± 12
752 ± 12
762 ± 3

785 ± 20
762 ± 6

793 ± 12
779 ± 4

781 ± 11
773 ± 4

760 ± 30
737 ± 7

corrected for Coriolis mixing

interpolated

167Lu 690 ± 40 interpolated
169Lu 730 ± 30 interpolated
171Lu 760 ± 50 interpolated
173Lu 771 ± 21
175Lu 748 ± 4

177Lu 726 ± 4

166Hf
168Hf
169Hf

594 ± 14
653 ± 15
670 ± 30 interpolated

170Hf 699 ± 15
171/4f 710 ± 30 interpolated
1721if 661 ± 23
173Hf 730 ± 30 interpolated
174Hf 730 ± 18
175Hf 730 ± 20 interpolated
176Hf 724 ± 4

177Hf 721 ± 7

699 ± 4
695 ± 6

691 ± 4

680 ± 40 extrapolated

178Hf
179Hf
180Hf
181Hf

173Ta 605 ± 66
175Ta 690 ± 50 extrapolated
177Ta 720 ± 40 extrapolated
179Ta 680 ± 30 interpolated
181Ta 696 ± 11

179w
180w
181w
182w
183w
184w
185w
186w

640 ± 30
646 ± 15
650 ± 20
652 ± 4

631 ± 22
618 ± 15
605 ± 20
590 ± 4

extrapolated

interpolated

corrected for Coriolis mixing

interpolated
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Nucleus Q0 { fm2 Comments

laiRe 630 ± 30 interpolated
3.83Re 644 ± 56
185Re 613 ± 6
187Re 580 ± 6

1810s 630 ± 50 extrapolated
1820s 622 ± 7
1830s 590 ± 40 interpolated
1840s 555 ± 6
1850s 560 ± 30 interpolated
1860s 561 ± 3
1870s 540 ± 40 interpolatedissos 532 ± 3

1851r 550 ± 30 interpolated
1871r 550 ± 40 interpolated
1891r 500 ± 40 interpolated

184 Pt
186 pr
188 pr

627 ± 11
546 ± 11
510 ± 46
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Tables of (gx.z.gRi

All extracted values of the parameter (gK-gR) are listed in the

following two tables. The rotational bands are identified by the

asymptotic quantum numbers K [Nn3A] of the single-particle states and

by their parity. Ground state bands are marked "gsb.".

The column (gK- gR) /QO contains the weighted averages of the

branching ratio data (BR), the internal-conversion data (IC), and the

angular distribution data of the compilation by Krane and Teich.3

The signs are taken from the AD-data. No sign means that the sign

has not been determined. A value of the normalized x2 has been

calculated in cases where a weighted average has been taken and is

listed in the column labeled "Chisq". It can be used as a measure of

consistency of the values extracted from the three types of data (BR,

IC, AD). The three columns labeled "BR", "IC", "AD" give the number

of transitions for which data of that particular type has been

evaluated.

The Q0 are taken over from Table A.1., but are given in units of

barns. The entries in the column "Comments" refer to the Q0 and have

the following meanings:

i . interpolated value

e ... extrapolated value

c ... corrected for Coriolis mixing

* ... particularly reliable value

The sign of (pc-gR) is taken from those nuclei for which AD-data

exists and is kept the same for equal bands in different nuclei.
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Table A.2. (gK-gR) for odd-N nuclei. For more detailed description
of table see first page of this appendix.

A Nucl K p Band (gK-gR)/Q0 Chisq HR IC AD Q0(barns) Comments (gK-gR)

153 Sm

155 Sm

3/2

5/2

+(

+[

651 1

642 ]

gsb. 0.0168 2 0.0019

0.0776 t 0.0120

0.0

7.4

1

1

1

1

6.35 2 0.64

5.68 x 0.57

-0.107 t 0.016

-0.441 2 0.081

159 Dy 5/2 +[ 642 1 0.0425 2 0.0045 4.8 1 2 6.90 ± 0.20 i -0.293 t 0.032

161 Dy 5/2 +( 642 ] gsb. 0.0583 t 0.0019 0.1 3 1 7.10 t 0.09 -0.414 ± 0.014

163 Er 5/2 +3 642 1 0.0286 2 0.0061 0.7 2 2 7.22 2 0.24 -0.207 t 0.044

165 Er 5/2 +( 642 1 -0.0385 * 0.0043 3.0 3 2 2 7.50 2 0.20 i -0.289 2 0.033

167 Yb 5/2 +[ 642 ] -0.0416 t 0.0055 4.9 2 2 7.52 t 0.12 -0.313 t 0.041

169 Hf 5/2 +( 642 ] -0.0405 t 0.0083 6.2 1 1 6.70 t 0.30 1 -0.271 t 0.057

165 Dy 7/2 +( 633 ] gab. 0.0439 2 0.0089 1. 7.45 t 0.18 -0.327 t 0.067

167 Er 7/2 +[ 633 ] gsb. -0.0567 t 0.0011 1.6 5 5 7.73 t 0.07 -0.438 2 0.010

169 Yb 7/2 +[ 633 1 gsb. -0.0506 2 0.0028 1.2 4 2 5 7.85 t 0.20 c, -0.398 t 0.024

171 Yb 7/2 +3 633 1 -0.0559 t 0.0010 0.3 2 2 3 7.93 t 0.12 -0.443 t 0.010

171 Hf 7/2 +3 633 gsb. -0.0397 t 0.0049 4.8 4 4 7.10 t 0.30 i -0.282 t 0.037

173 Hf 7/2 +( 633 ]
-0.0487 2 0.0027 0.8 2 2 7.30 t 0.30 i -0.355 t 0.025

175 Hf 7/2 +[ 633 ] -0.0394 t 0.0037 2.4 1 4 7.30 t 0.20 i -0.288 t 0.028

173 W 7/2 +( 633 1 -0.0347 ± 0.0024 0.0 1 1

175 W 7/2 +3 633 1 0.0389 2 0.0028 3

177 Os 7/2 +3 ? 1 0.0298 t 0.0041 4

179 Os 7/2 +3 ? 0.0543 t 0.0027 2

177 Hf 9/2 +[ 624 ] -0.0534 t 0.0006 0.4 4 4 5 7.21 t 0.07 -0.385 2 0.006

179 Hf 9/2 +[ 624 ] gsb. -0.0557 t 0.0033 2.7 5 5 6.95 t 0.06 -0.387 2 0.023

179 W 9/2 +[ 624 ] -0.0359 t 0.0025 0.7 4 3 6.40 t 0.30 e -0.230 t 0.019

181 W 9/2 +3 624 ] gsb. -0.0490 t 0.0013 0.0 4 3 6.50 t 0.20 1 -0.319 t 0.013

183 Os 9/2 +( 624 ] gsb. -0.0424 2 0.0019 1.2 4 5 5.90 t 0.40 i -0.250 t 0.020

185 Os 11/2 +[ 615 ] -0.0410 t 0.0031 0.7 4 3 5.60 2 0.30 i -0.230 2 0.021

187 Os 11/2 +3 615 ] 0.0370 t 0.0093 3 5.40 t 0.40 i -0.200 t 0.053

175 Hf 19/2 +3 ? +0.0465 2 0.0042 0.1 4 4 7.30 t 0.20 +0.339 t 0.032

177 Hf 23/2 +3 ] 0.0743 ± 0.0003 3 7.21 t 0.07 0.536 t 0.006

183 Hf 3/2 -( 512 ] gsb. 0.0400 2 0.0070 1

183 W 3/2 -[ 512 ] +0.0377 t 0.0098 33.8 1 2 1 6.31 t 0.22 c, +0.238 2 0.062

185 W 3/2 -[ 512 1 gsb. 0.0420 t 0.0080 2 6.05 t 0.20 i +0.254 2 0.049

187 Os 3/2 -[ 512 ] 0.0300 2 0.0070 1 5.40 2 0.40 1 +0.162 2 0.040

189 Os 3/2 -( 512 1 gsb. +0.0401 t 0.0018 1.8 1 2 1 4.60 t 0.50 i +0.185 2 0.022

151 Sm 3/2 -( 521 1 -0.1587 t 0.0164 7.6 1 1 2 2.14 t 0.22 c -0.340 t 0.050

153 Sm 3/2 -[ 521 3 0.0840 t 0.0012 1 6.35 2 0.64 -0.533 2 0.054

155 Sm 3/2 -[ 521 ] gsb. 0.1410 t 0.0190 13.6 2 2 5.68 t 0.57 -0.801 2 0.135

153 Gd 3/2 -[ 521 ] gsb. 0.0858 2 0.0140 12.0 1 2

155 Gd 3/2 -( 521 ) gsb. -0.1212 2 0.0037 0.1 3 1 2 6.45 ± 0.07 -0.782 2 0.025
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A Nucl K p Hand (gK-gR)/Q0 Chiaq BR IC AD Q0[barns] Comments (6K-gR)

157 Gd 3/2 521 1 gsb. -0.1289 t 0.0083 0.0 4 1 6.85 t 0.07 * -0.883 ± 0.058

159 Gd 3/2 -( 521 ] gsb. 0.0630 ± 0.0100 1 7.10 2 0.20 i -0.447 2 0.072

155 Dy 3/2 -( 521 ] 101). 0.0916 ± 0.0068 1.1 1 2 5.40 2 0.50 i -0.495 2 0.059

157 Dy 3/2 521 1 gsb. 0.1330 s 0.0040 3 6.46 2 0.09 * -0.859 2 0.028

159 Dy 3/2 521 gsb. 0.1374 2 0.0110 18.4 3 2 6.90 2 0.20 1 -0.948 2 0.081

161 Dy 3/2 -C 521 1 -0.1126 t 0.0056 2.2 3 1 1 7.10 2 0.09 c, * -0.799 2 0.041

159 Er 3/2 -[ 521 1 gsb. 0.1080 t 0.0061 ? 6.10 2 0.50 i -0.659 2 0.066

161 Er 3/2 -( 521 1 gab. 0.1036 2 0.0079 0.2 4 4 6.80 2 0.10 -0.704 ± 0.055

163 Er 3/2 521 1 0.1283 1 0.0033 0.0 1 2 7.22 2 0.24 * -0.926 2 0.039

165 Er 3/2 521 1 0.1190 t 0.0080 1 7.50 2 0.20 1 -0.893 2 0.065

163 Yb 3/2 -C 521 1 gab. +0.1038 2 0.0139 0.6 3 3 6.19 2 0.11 * -0.642 2 0.087

153 Sm 3/2 -I 532 1 0.1130 2 0.0140 1 6.35 2 0.64 0.718 2 0.115

165 Dy 5/2 -( 512 1 0.0836 1 0.0138 0.8 1 1 7.45 2 0.18 -0.623 i 0.104

167 Er 5/2 -C 512 0.0950 2 0.0100 1 7.73 2 0.07 -0.734 2 0.078

169 Yb 5/2 -( 512 1 -0.0880 2 0.0032 3.0 4 2 5 7.85 2 0.20 c, * -0.690 1 0.030

171 Yb 5/2 -( 512 1 -0.1082 2 0.0054 1.3 2 2 2 7.93 2 0.12 -0.858 2 0.044

173 Yb 5/2 512 1 gsb. -0.0980 t 0.0042 3.5 4 2 3 7.81 2 0.11 -0.765 t 0.034

175 Yb 5/2 -I 512 1 0.1040 2 0.0230 1 7.60 2 0.30 i -0.790 2 0.178

169 Hf 5/2 -( 512 0.1090 2 0.0208 3 6.70 2 0.30 i -0.730 2 0.143

171 Hf 5/2 -( 512 ] -0.0852 ± 0.0060 0.9 4 4 7.10 2 0.30 i -0.605 2 0.050

173 Hf 5/2 -( 512 1 +0.0867 2 0.0348 9.7 4 2 7.30 2 0.30 -0.633 2 0.255

175 Hf 5/2 -( 512 ] gab. -0.0861 2 0.0154 4.0 3 3 7.30 2 0.20 i -0.629 2 0.114

179 Hf 5/2 -( 512 0.1120 2 0.0100 1 6.95 2 0.06 -0.778 ± 0.070

173 W 5/2 -[ 512 gsb. -0.1403 2 0.0099 0.2 2 3

175 W 5/2 -( 512 0.0950 2 0.0114 2

177 Os 5/2 -C 512 gsb. 0.1170 2 0.0066 3

151 Sm 5/2 523 gsb. -0.0749 2 0.0153 16.0 1 1 2.14 2 0.22 c -0.160 2 0.037

159 Dy 5/2 -[ 523 ] 0.0364 2 0.0052 1 6.90 2 0.20 i -0.251 2 0.037

161 Dy 5/2 523 1 0.0201 2 0.0017 0.2 2 1 7.10 2 0.09 c, * -0.143 2 0.012

163 Dy 5/2 -[ 523 ] gab. -0.0083 2 0.0017 0.1 2 1 7.39 2 0.05 -0.061 2 0.013

161 Er 5/2 -[ 523 ] 0.0211 2 0.0069 0.2 1 2 6.80 2 0.10 -0.143 t 0.047

163 Er 5/2 -[ 523 gsb. 0.0093 t 0.0003 0.1 2 1 7.22 2 0.24 -0.067 2 0.003

165 Er 5/2 -[ 523 ] gsb. 0.0110 t 0.0020 2 7.50 1 0.20 i -0.083 ± 0.015

167 Yb 5/2 -[ 523 1 gsb. -0.0066 t 0.0023 1.3 1 1 1 7.52 2 0.12 -0.050 2 0.017

169 Hf 5/2 -I 523 gsb. -0.0252 t 0.0037 0.7 1 1 6.70 t 0.30 i -0.169 ± 0.026

183 W 7/2 -C 503 1 0.1080 2 0.0150 1 6.31 2 0.22 c, * -0.681 2 0.098

185 W 7/2 -[ 503 ) 0.0490 2 0.0290 1 6.05 2 0.20 1 -0.296 t 0.176

185 Os 7/2 503 ] -0.1100 t 0.0059 0.6 4 4 5.60 2 0.30 i -0.616 2 0.047

187 Os 7/2 -( 503 ] 0.1040 t 0.0200 3 5.40 2 0.40 i -0.562 ± 0.116

175 Yb 7/2 -( 514 1 gsb. 0.0220 ± 0.0050 1 7.60 2 0.30 i -0.167 2 0.039

177 13f 7/2 -[ 514 ] gab. -0.0052 2 0.0004 7.2 3 2 3 7.21 2 0.07 -0.037 2 0.003

179 W 7/2 -( 514 / gab. -0.0041 t 0.0033 7.0 1 1 2 6.40 1 0.30 e -0.026 t 0.021

179 Os 7/2 -[ 514 1 gab. -0.1010 2 0.0041 6.9 4 1

181 Os 7/2 514 gab. 0.0240 2 0.0172 3 6.30 t 0.50 a -0.151 2 0.109

151 Sm 11/2 505 ] 0.0930 2 0.0050 4 2.14 ± 0.22 c -0.199 2 0.023

151 Gd 11/2 -( 505 gsb. -0.0825 2 0.0160 10.5 4 3
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A Nucl K p Band (gK-gR)/Q0 Chisq BR IC AD Q0(barna1 Comments (gK-gR)

153 Gd 11/2 -[ 505 1
-0.0735 s 0.0076 2.3 4 5

155 Gd 11/2 505 1
-0.0663 s 0.0248 17.0 3 3 6.45 x 0.07 * -0.428 s 0.160

155 Dy 11/2 -( 505 1
0.0600 & 0.0120 2 5.40 2 0.50 i -0.324 ± 0.071

157 Dy 11/2 -( 505 -0.0875 ± 0.0092 0.4 2 3 6.46 t 0.09 * -0.565 s 0.060

159 Dy 11/2 -( 505 1 -0.0916 ± 0,0083 0.1 3 3 6.90 t 0.20 i -0.632 1 0.060

161 Er 11/2 505 0.0770 s 0.0071 4 6.80 s 0.10 -0.524 t 0.049

163 Er 11/2 -( 505 1
0.0665 s 0.0068 1 7.22 s 0.24 * -0.480 s 0.052

171 Yb 11/2 505 1
0.0500 t 0.0050 3 7.93 ± 0.12 * -0.397 t 0.040

175 HZ 23/2 -( ? 0.0520 s 0.0040 4 7.30 t 0.20 i 0.380 * 0.031
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Table A.3. (gK -gR) for odd-Z nuclei. For more detailed description
of table see first page of this appendix.

A Nucl K p Band (gK-gR) /Q0 Chisq BR IC AD Q0(barns] Comments (gK-gR)

185 Ir 3/2 +[ 402 1 0.0696 t 0.0184 2.6 1 1 5.50 2 0.30 i -0.383 2 0.103

187 Ir 3/2 +1 402 ] gsb. -0.0635 2 0.0028 0.8 2 1 1 5.50 ± 0.40 1 -0.349 2 0.030

189 Ir 3/2 +[ 402 1 gsb. -0.0907 2 0.0031 0.3 4 2 3 5.00 2 0.40 1 -0.453 2 0.039

191 Ir 3/2 +1 402 ] gab. -0.1311 2 0.0010 0.4 3 1 2

193 Ir 3/2 +3 402 ] gsb. -0.1377 2 0.0106 3.9 3 1 2

151 Pm 3/2 +( 411 1 0.1480 2 0.0370 1

151 Eu 3/2 +3 411 ] +0.3837 2 0.0351 0.3 2 1 3.65 2 0.10 c +1.401 2 0.134

153 Eu 3/2 +3 411 ] 0.2082 a 0.0062 1.5 4 1 6.75 2 0.05 +1.405 a 0.043

155 Eu 3/2 +( 411 1 0.0820 ± 0.0130 1 6.95 2 0.07 +0.570 ± 0.091

153 Tb 3/2 +3 411 3 0.2690 2 0.0340 2

155 Tb 3/2 +3 411 ] gsb. 0.1832 2 0.0031 0.2 4 3 6.20 2 0.30 1 +1.136 2 0.058

157 Tb 3/2 +( 411 ] gab. 0.2026 2 0.0079 1.3 4 2 6.80 2 0.20 i +1.378 2 0.067

159 Tb 3/2 +1 411 1 gsb. +0.1829 a 0.0033 3.9 5 1 5 7.16 ± 0.04 * +1.310 2 0.025

161 Tb 3/2 +( 411 1 gsb. -0.1658 ± 0.0279 10.1 1 1 1 7.30 2 0.20 i +1.210 2 0.206

161 Ho 3/2 +( 411 1 0.1190 2 0.0121 4 7.10 2 0.20 i +0.845 ± 0.089

163 Ho 3/2 +3 411 1 0.1040 2 0.0217 3 7.40 2 0.20 i +0.770 2 0.162

165 Bo 3/2 +[ 411 1 0.1761 ± 0.0126 0.9 1 1 7.63 2 0.06 * +1.344 2 0.097

151 Eu 5/2 +( 402 1 gab. +0.2081 2 0.0746 2.6 2 1 3.65 2 0.10 c +0.760 ± 0.273

153 Tb 5/2 +( 402 1 gsb. 0.2027 a 0.0137 1.0 3 2 3

171 Tm 5/2 +3 402 ] 0.1070 2 0.0190 1 7.70 2 0.20 i +0.824 a 0.148

169 Lu 5/2 +( 402 ] 0.0830 2 0.0287 2 7.50 2 0.40 i +0.623 t 0.218

171 Lu 5/2 +( 402 1 +0.1590 ± 0.0175 2.2 4 1 3 7.60 2 0.50 / +1.208 2 0.155

173 Lu 5/2 +( 402 1 0.1700 ± 0.0130 4 7.71 2 0.21 +1.311 t 0.106

175 Lu 5/2 +1 402 1 +0.1859 t 0.0161 2.1 2 1 1 7.48 ± 0.04 * +1.390 2 0.121

177 Lu 5/2 +( 402 1 0.1910 a 0.0110 4 7.26 2 0.04 * +1.387 2 0.080

173 Ta 5/2 +3 402 1 0.1280 2 0.0269 4 6.05 2 0.66 +0.774 2 0,183

175 Ta 5/2 +1 402 1 0.2230 2 0.0847 2 6.90 2 0.50 +1.539 2 0.595

177 Ta 5/2 +3 402 1 +0.1670 2 0.0079 0.4 4 4 7.20 2 0.40 +1.203 2 0.088

179 Ta 5/2 +3 402 1 0.2000 2 0.0199 3 6.80 2 0.30 1 +1.360 2 0.148

177 Re 5/2 +[ 402 ] +0.1852 2 0.0134 0.1 3 4

179 Re 5/2 +3 402 ] gsb. 0.2270 a 0.0200 2

181 Re 5/2 +1 402 1 gsb. +0.1696 2 0.0103 0.0 4 3 6.30 2 0.30 i +1.069 2 0.082

183 Re 5/2 +( 402 ] gab. +0.2168 2 0.0159 14.6 4 2 4 6.44 2 0.56 +1.396 2 0.159

185 Re 5/2 +[ 402 ] gsb. +0.1880 a 0.0050 2 6.13 2 0.06 * +1.152 ± 0.033

187 Re 5/2 +3 402 1 gab. +0.2139 2 0.0062 8.9 2 1 2 5.80 2 0.06 * +1.241 2 0.038

151 Pm 5/2 +[ 413 ] gsb. 0.0351 2 0.0020 0.1 1 1

151 Eu 5/2 +( 413 ] 0.0160 2 0.0160 1 3.65 2 0.10 a +0.058 2 0,058

153 Eu 5/2 +3 413 1 gab. +0.0265 2 0.0020 13.5 5 1 1 6.75 a 0.05 +0.179 t 0.014

155 Eu 5/2 +( 413 1 gsb. 0.0344 2 0.0008 1 6.95 2 0.07 +0.239 2 0.006

155 Tb 5/2 +3 413 7 0.0960 2 0.0220 1 6.20 t 0.30 1 +0.595 t 0.139

151 Eu 7/2 +( 404 ] 0.0447 t 0.0072 2 3.65 a 0.10 c +0.163 t 0.027

153 Tb 7/2 +3 404 ] +0.0712 t 0.0078 3.3 4 2 4
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A Nucl K p Band (gK- gR) /Q0 Chisq BR IC AD Q0[barns] Comments (gK-gR)

155 No 7/2 +( 404 ] gsb. 0.0504 t 0.0059 1

161 Bo 7/2 +( 404 ] 0.0458 t 0.0083 1 7.10 t 0.20 i +0.325 t 0.060

163 Tm 7/2 +( 404 ] 0.0383 t 0.0033 2 6.90 t 0.30 i +0.264 t 0.026

165 Tm 7/2 +[ 404 ] 0.0532 t 0.0046 3 7.30 t 0.20 i +0.388 t 0.035

167 Tm 7/2 +[ 404 ] +0.0537 t 0.0007 0.0 4 4 7.70 t 0.20 i +0.413 t 0.012

169 no 7/2 +[ 404 ] +0.0540 t 0.0055 3.5 3 3 7.80 t 0.30 i +0.422 t 0.046

167 Lu 7/2 +( 404 ] gsb. 0.0550 ± 0.0049 3 6.90 t 0.40 i +0.380 t 0.041

169 Lu 7/2 +[ 404 ] gab. 0.0620 t 0.0050 1 7.30 t 0.30 1 +0.453 t 0.041

171 Lu 7/2 +( 404 ] gab. +0.0535 t 0.0024 3.1 4 2 4 7.60 t 0.50 i +0.406 t 0.032

173 Lu 7/2 +( 404 ] gsb. 0.0565 t 0.0034 3 7.71 t 0.21 +0.436 t 0.029

175 Lu 7/2 +( 404 ] gab. +0.0511 t 0.0009 3.5 5 2 5 7.48 t 0.04 +0.382 a 0.007

177 Lu 7/2 +[ 404 ] gab. +0.0486 t 0.0013 0.2 4 3 5 7.26 t 0.04 +0.353 t 0.010

173 Ta 7/2 +( 404 ] 0.0451 t 0.0073 4 6.05 t 0.66 +0.273 t 0.053

175 Ta 7/2 +( 404 j gsb. 0.0557 t 0.0058 4 6.90 s 0.50 e +0.384 t 0.049

177 Ta 7/2 +( 404 ] +0.0498 t 0.0029 0.1 3 3 7.20 t 0.40 a +0.358 t 0.029

179 Ta 7/2 +( 404 ] gsb. 0.0685 t 0.0034 3 6.80 t 0.30 i +0.466 t 0.031

181 Ta 7/2 +( 404 ] gab. +0.0667 t 0.0016 0.7 5 2 5 6.96 t 0.11 +0.464 t 0.013

179 Ta 25/2 +1 ? ] 0.0239 t 0.0064 2 6.80 t 0.30 i 0.163 t 0.044

151 Pm 5/2 -[ 532 ] 0.1010 t 0.0060 1

153 Eu 5/2 -( 532 ] +0.1151 t 0.0090 0.2 3 1 6.75 t 0.05 +0.777 t 0.061

155 Tb 5/2 -( 532 ] 0.0560 t 0.0090 12.3 3 1 6.20 t 0.30 i +0.347 t 0.058

157 Tb 5/2 -( 532 ] 0.1090 t 0.0180 4 6.80 t 0.20 i +0.741 t 0.124

159 Bo 7/2 -( 523 ] gab. +0.1198 t 0.0073 2.0 4 3 6.70 t 0.20 i +0.803 t 0.054

161 Bo 7/2 -[ 523 gsb. +0.1125 t 0.0022 0.1 4 5 7.10 t 0.20 i +0.799 t 0.027

163 Bo 7/2 -( 523 ] gsb. 0.1140 t 0.0030 4 7.40 t 0.20 i +0.844 t 0.032

165 Ho 7/2 -[ 523 ] gsb. +0.1239 ± 0.0027 0.9 5 1 2 7.63 t 0.06 +0.945 t 0.022

163 Tm 7/2 -1 523 ] 0.0919 t 0.0091 2 6.90 t 0.30 i +0.634 t 0.069

165 Tm 7/2 -( 523 ] 0.1190 t 0.0119 3 7.30 a 0.20 i +0.869 t 0.090

167 Tm 7/2 -[ 523 ] +0.1172 t 0.0023 5.1 4 4 7.70 t 0.20 i +0.902 a 0.029

169 Tm 7/2 -( 523 ] +0.1048 t 0.0028 2.2 4 1 5 7.80 ± 0.30 i +0.818 a 0.038

167 Lu 9/2 -( 514 ] 0.0800 t 0.0078 3 6.90 t 0.40 i +0.552 t 0.063

169 Lu 9/2 -( 514 0.0580 t 0.0050 1 7.50 t 0.40 +0.435 t 0.044

171 Lu 9/2 -( 514 ] +0.1070 t 0.0120 7.2 4 5 7.60 t 0.50 +0.813 t 0.106

173 Lu 9/2 -[ 514 ] 0.0900 t 0.0070 4 7.71 t 0.21 +0.694 t 0.057

175 Lu 9/2 -[ 514 ] +0.1230 t 0.0250 3 7.48 t 0.04 +0.920 t 0.187

177 Lu 9/2 -[ 514 ] +0.1148 t 0.0210 11.0 3 1 7.26 t 0.04 +0.834 t 0.152

173 Ta 9/2 -[ 514 0.1010 t 0.0061 4 6.05 t 0.66 +0.611 ± 0.076

175 Ta 9/2 -[ 514 0.1380 t 0.0106 4 6.90 t 0.50 +0.952 t 0.100

177 Ta 9/2 -( 514 ] +0.1337 t 0.0060 2.2 4 5 7.20 t 0.40 +0.963 t 0.069

179 Ta 9/2 -( 514 ] 0.1540 t 0.0050 4 6.80 t 0.30 i +1.047 t 0.057

177 Re 9/2 -[ 514 ] +0.1528 t 0.0220 14.5 4 4

179 Re 9/2 -[ 514 ] 0.1210 t 0.0148 2

181 Re 9/2 -[ 514 ] +0.1574 t 0.0038 0.2 4 2 6.30 t 0.30 +0.992 a 0.053

183 Re 9/2 -[ 514 ] +0.1587 t 0.0146 2.0 4 1 5 6.44 t 0.56 +1.022 t 0.130

177 Ta 21/2 -( ? +0.0820 t 0.0110 2 7.20 t 0.40 0 +0.590 t 0.086

179 Ta 23/2 -1 ? 0.0120 t 0.0090 1 6.80 t 0.30 i 0.082 t 0.061


