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The nonlinear dynamic analysis of cable and membrane structures

is presented in this study. Attention is given to the nonlinearities

arising from large displacements, from nonlinear stress-strain

relationships and from nonconservative loadings.

The finite element method is used to model the cables and

membranes. Curvilinear geometries of the elements are approximated

by using higher-order interpolation polynomials. The relative

advantages and disadvantages of adopting elements with various orders

of approximating functions are determined by a variety of example

problems. Full interaction between the cables and membranes in a

structure can be realized by selecting compatible elements. Any

desired nonlinear constitutive equation can be specified for the

cable and membrane elements. The ability to handle nonconservative

loadings is demonstrated by studying the dynamic responses of cables

and membranes in a fluid medium.



The governing equations of motion of cables and membranes are

derived from the three-dimensional equations of finite elasticity.

Curvilinear, convected coordinates are used to describe the undeformed

and deformed configurations of a body. The total Lagrangian des-

cription and the principle of virtual work are used to formulate the

equilibrium equations. Specializations to cables and membranes are

made by assuming that states of uniaxial stress and plane stress

exist in the cables and membranes, respectively. The magnitudes

of the displacements and strains are not restricted. Explicit stress-

strain relationships are neither assumed nor required.

Isoparametric representation is used to formulate curved cable

and membrane finite elements. The element matrices are evaluated by

numerical integrations. The global dynamic equations of motions are

integrated by the Newmark's method. An iteration scheme is used to

minimize the residual errors.

Numerical examples are included to demonstrate the validity

and capability of the finite element models and the solution techniques.

Higher-order elements are found to be more accurate than linear

elements in general, but are computationally more costly. The

potential of the finite element method in analyzing the nonlinear

dynamic response of submerged cable and membrane structures to wave

forces is demonstrated.
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NONLINEAR DYNAMIC ANALYSIS

OF

CABLE AIM MEMBRANE STRUCTURES

CHAPTER I

INTRODUCTION

Cables and membranes have become increasingly popular in con-

struction of engineering structures because they are highly efficient

structural elements. The analysis of the nonlinear behavior of cable

and membrane structures under dynamic loadings is the subject of the

present study. Finite element models will be developed to represent

cables and membranes; considerations will be given to the various

nonlinearities associated with cable and membrane structures, such as,

large deformations, nonlinear stress-strain relationships and noncon-

servative loadings.

Cables and membranes are generally considered as tension elements;

their cross-sections and thicknesses are small compared with other

dimensions such that their strengths in flexure and compression are

negligible. They are quite flexible in their unstressed states and

obtain rigidity by developing tensile stresses under the action of

external loads. The adaptive nature of these elements often makes

their loaded shapes grossly different from the original ones.

Membranes are widely employed in the construction of pneumatic

structures. Pneumatic structures, according to Otto (1), are defined

as structural forms stabilized wholly or mainly by pressure differences

*Numbers in parentheses refer to numbered references in the bibliography.
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of gases, liquids, foam, or material in bulk. These include air-

supported, air-inflated and air-motivated structures. Specific examples

will be given later. Considerable attention has been given to the

analysis and design of pneumatic structures in recent years, as

discussed subsequently.

Balloons and airships are probably the earliest commercial

applications of pneumatic structures (2,3). They were used for trans-

portation purposes before the advent of the commercial airplane era.

Nowadays, balloons are mainly used in recreation and weather fore,,

casting, while their feasibilities in timber harvesting and space explo-,.

ration have been studied (4,5,6). Airships, too, have relinquished their

roles as a means of transportation but are still manufactured for various

specialized purposes (7).

The earliest structural application of pneumatics is perhaps the

Radome - an air-supported spherical membrane shell designed to protect

radar antennae from extreme weather elements (8). Since then, interest

in pneumatic structures has grown considerably. They have been used

as temporary facilities such as swimming pool covers, warehouses and

ship covers because they are light in weight, portable, readily

demountable and reusable (9,10). The pavilion for the travelling

exhibition of the U.S, Atomic Energy Commission is an example (11). In

the last two decades, permanent air-supported roofs have been con-

sturcted to cover stadiums; they have the advantage of being able to

provide large and unobstructed space at a minimal cost (12, 13, 14, 15,

16). An inflated membrane represents an efficient minimum surface and

such geometric shapes have been used in the design and construction of

thin concrete shells (17,18). Pneumatic structures have also been



proposed as Arctic shelters (19) and have been suggested as feasible

structural forms for lunar bases (20). Nonstructural applications

include liferafts, Hovercraft and pneumatic tires (1,9,10). A large

number of examples of pneumatic structures can be found in Reference

1, 9 and 10.

Membranes are often coupled with other structural elements, such

as columns and trusses. A fabric canopy covering an ice rink in a St.

Louis park is supported by truss masts, and the inverted canopy atop

a Jacksonville plaza is supported by a vertical mast in the center

and horizontal bars along the edges (21). A huge fabric roof is being

constructed in Saudi Arabia to cover five million square feet of air

terminal facilities (22).

Cable networks often are used In conjunction with membranes in

structures to relieve the stresses in the membrane, either partially

or totally; to restrain the shape of the membrane; or to resist

concentrated loadings such as fixtures (10). Large span air-supported

roofs often are reinforced with cable networks to maintain stability

(14,16,23,24).

Cables also play an important role in coastal engineering. They

are used in the mooring of buoys and ships, towing of vessels and

supporting undersea instrument packages (25). Tension leg platforms

are the most recent examples (26). Membranes also have potential

applications in ocean engineering, they can be used as breakwaters

when filled with liquid, air or other materials(27,28). They also can

be used in the manufacturing of storage bags for fluids (29).

There are many difficulties in analyzing cable and membrane

structures. They are characterized as 'dynamic' by Otto (1) in the
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sense that they are extremely susceptible to external loadings; even

moderate loads can result in gross distortion of these structures if

not properly designed and restrained. Conventional linear analysis,

which assumes small deformation, is often not applicable to membrane

and cable structures because of the possible gross deviations from

their original configurations. Also, the external loads may become

nonconservative; the directions of application of the loads may change

as a result of large relative motions. Furthermore, materials tsed to

manufacture cables and membranes are generally inelastic, with tempera-

ture or time dependent properties, and often anisotropic in the case

of fabric membranes (30).

Because of the increasing engineering applications of cable and

membrane structures, the ability to analyze these structures under

the action of dynamic loadings is essential. It is hoped that the

present work will provide useful information on the analysis of cable

and membrane structures and fill some gaps in the existing literature.

After a brief review of the previous works on this field, a description

of the present work will follow.

Previous Research

The development of analytical methods for nonlinear cable and

membrane analysis has met with much difficulty; researchers were

unable to solve the highly nonlinear governing equations involved in

finite deformation analysis; the stress-strain relationships for inelastic

materials were not well established. But perhaps the most important

reason is that the interest for such analysis was not stimulated until

the widespread use of cables and membranes as structural elements (8).
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Small deflection, isotropic, linearly elastic solutions for cables

and membranes have been known to students of mechanics and applied

mathematics for many years (31,32,33). Linear static and dynamic

analyses of cable networks and membranes also have been studied in

various recent researches (34,35,36,37,38,39,40,41,42). However, the

applicability of linear solutions is limited because nonlinear effects

are generally predominant.

Finite deformations of membranes were first studied by Rivlin(43).

The results found by Rivlin and his associates for finitely deformable

elastic membranes are reported in the monograph by Green and Adkins(44).

Considerable works on the static behavior of elastic and hyperelastic

membrane shells followed, but such studies were restricted to certain

geometries and loading conditions (45,46, 47,48,49,50,51,52,53,54,55,56).

Analytical investigations of the nonlinear dynamic response of membranes

have been less extensive (57). Nonlinear static and dynamic solutions

are available for single cable systems (58,59,60,61), but explicit

solutions for the finite deformation of cable networks are extremely rare

because of their complexly connected configurations (62). Cable networks

have also been modelled by means of 'equivalent' membranes (63,64,65).

The development of the finite element method has had a great

impact on structural analysis. The finite element method is a

numerical method by which the structure or continuum is subdivided into

discrete regions (finite elements) and the problem is transformed to the

solution of a discrete set of algebraic or differential equations. The

finite element method has been used successfully in solving both struc-

tural and non-structural problems, either linear or nonlinear. Detailed

discussions and applications of the method can be found in References



66,67 and 68.

The finite element method has been used by various researchers

in the static and dynamic analyses of cable networks (69,70,71,72).

These works utilized straight, elastic elements to model cables.

Application of the finite element method in the large deflection, static

analysis of elastic and hyperelastic membranes has been reported by Oden

et al., in which flat, constant-strain, triangular elements were used

(73,74,75). The same elements were also used by Oden in his work on the

nonlinear dynmaic analysis of elastic membranes (76).

It has long been known that curved structural members are

extremely sensitive to topological approximations (77). Therefore,

elements with the ability to attain curvilinear geometries are perferred

over straight or flat elements in the modelling of cables and

membranes because of their naturally curved geometries. Otherwise, a

large number of straight or flat elements are needed to approximate

structures with significant curvatures. Curved cable elements have been

used by Leonard (78) in which the slope continuities between elements

are enforced by direttion cosine approximation. Ma et al. (79) have

developed a third-order isoparametric cable element using chord-length

coordinates, however, the chord length of a severely deformed cable

element is not necessarily unique. Using the shallowness assumption,

Gambhir. and Batchelor (80) have derived a curved element which was

subsequently used in a parametric study of the free vibration of cable

networks (81). Henghold and Russell (82) presented a family of curved

cable elements to use in static and frequency analyses. Ozdemir (83)

pointed out that the definition of strain used in the elements of Heng-

hold and Russell leads to 'false' strains in an element in which the arc
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length remains unchanged after deformation; he went on to derive

a curved element using separate interpolation functions for the arc

length and the displacements. Peyrot and Goulois (84,85) used catenaries

to model cable segments. This approach has been further refined by

Jayaraman and Knudson (86). Leonard et al. (87,88,89) derived curved

membrane elements using Coons's patching technique (90) and used them in

the nonlinear static analysis of elastic and hyperelastic membranes with

success. The nonlinear dynamic response of membranes has been investi-

gated by Benzley and Key (91) using cubic quadrilateral membrane elements.

The finite deformation of cable-membrane systems has received

less attention. The behaviors of plane and cylindrically symmetric

elastic membranes reinforced by inextensible cords have been examined

by Green and Adkins (44). Cable-reinforced membranes with linearly

elastic and isotropic material have been studied by Li and Srivastava(92).

The static analysis of hyperelastic membranes was studied by Verma (93),

in which cubic interpolation polynomials were used to model the curved

geometries but only linear displacement fields were assumed. Static

and dynamic behaviors of cable-reinforced inflatable shells were examin-

ed by Malcolm et al. (94,95), assuming that the membranes act as

load-transfer elements only. Recently, Haber et al. (96) presented a

procedure for the design of cable-reinforced membrane structures using

constant-strain elements.

The dynamic behaviors of structures under the action of natural

forces, such as wind, water current and water waves, have been a popular

subject of research in recent years. Surveys of this broad and dynamic

field can be found in References 97,98, 99 and 100. The steady state

responses of membrane structures and cable roofs to wind loads have been
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investigated by Seely et al. (101) and Berger et al. (102). Among other

findings, they have shown that nonlinear effects cannot be neglected.

Fluttering and resonance of membrane roofs in wind have been studied by

Kunieda (103,104). Kunieda has also investigated the quasi-static

interaction between cylindrical membrane structures and wind (105).

Effects of wind loads on air-supported, cable-reinforced structures

have been investigated by Morris (106), but the membranes were again

assumed as load-transfer elements only. Works on the large deformation

of compliant structures under the action of water current or water waves

are virtually nonexistent, and only small deflection analyses have

been reported (100, 107, 108).

Scope of Work

With the increasing popularity of large fabric roofs and use of

cable and membrane structures in offshore engineering, a better under-

standing of the behavior of these structures under dynamic loadings is

needed. To date, there has been no study reported on the nonlinear

dynamic analysis of cable-membrane structures while taking into account

the full interaction between the cable network, the membrane and the

embedding medium. Finite element models will be developed in the

present study which can be used to analyze cable-membrane systems under

deterministic dynamic loadings.

The governing equations of motion for cables and membranes will

be derived from the finite deformation theory for three-dimensional

solids. The total Lagrangian description and convected coordinates are

used to describe the motion of the material points. A family of

comnatiable isoparametric elements will be derived to represent the

cables and membranes. Curved geometries can be approximated by



higher-order elements. The magnitudes of the displacements and strains

are not restricted. Explicit stress-strain relationships are neither

assumed nor required. Nonconservati e loadings such as pressure

and fluid drag can be incorporated into the model directly.

Element matrices and force vectors are evaluated by numerical

quadratures. An incremental/iterative scheme is used to solve the

nonlinear equation systems generated by finite element discretizations.

Newmark's Beta method (114) is used to transform dynamic problems

into equivalent static problems. Material damping is not considered

but structural damping can be introduced directly as in linear analysis.

The validity and capability of the finite element model will be demons-

trated by numerical problems.

In Chapter II, the basic governing equations for the finite

deformation of cables and membranes are derived based on the three-

dimensional equations of finite elasticity and the principle of virtual

work. The finite element representations of cables and membranes are

presented in Chapter III. In Chapter IV, algorithms for static and

dynamic solutions are discussed. Example problems are presented in

Chapter V to verify the validity of the finite element models and demon-

strate the'capabilities of the analysis schemes. Chapter VI contains

the summary, discussion and possible extensions of the present study.



CHAPTER II

DEVELOPMENT OF THE BASIC EQUATIONS

Introduction

10

In this chapter, the basic governing equations of motion of cables

and membranes are developed. The general theory for a three-dimensional,

finitely deformable solid is first presented, followed by the speciali-

zations for cables and membranes. Cables are assumed to be in a state

of uniaxial stress while membranes are assumed to be in a state of plane

stress. No assumption is made on the magnitudes of displacements and

strains. An initially unstressed, undeformed configuration is used as

the reference state for stresses and strains. Curvilinear coordinates

and tensor notations are used throughout the development. In general,

lower case subscripts indicate covariant tensor components while lower

case superscripts indicate contravariant tensor components. Repeated

indices denote summation; Latin indices range from 1 to 3 while Greek

indices range from 1 to 2. Symbols are defined upon their first

appearance.

Fundamental Equations of 3-Dimensional Solids

Displacement and Strain. For a detailed discussion of the

following development, refer to Green and Zerna (109). An inertial,

Cartesian coordinate system (xl,x2,x3) with unit base vectors el,e2,e3

is used as the reference coordinate system. The distinction between

covariant components and contravariant components vanish in this

coordinate system. An unstrained configuration Co of the body is used

as the reference configuration. Beginning at time t , the body is
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transformed into the configuration C at time t under externally applied

forces (see Fig. 1). A material point P
o

in C
o
at time t

o
becomes the

point P in C at time t. A set of coordinates is given to Co such that

the coordinates (E
l'

E
2'

E3) of the point P in C will have the same

numerical values as the coordinates of P
o

in C
o'

i.e., the coordinate

system deforms with the body and such coordinates are called convected

coordinates. The convected coordinates are curvilinear in general.

Let the position vectors for points Po and P with respect to the

origin of the reference Cartesian coordinate system be r and R,

respectively,

r = x.e.
1 1

R = y.e.
1 1

(2.1a)

(2. lb)

in which x. and y. are the Cartesian coordinates of P
o
and P, respect-

ively.

Let the displacement vector from P
o

to P be u,

-4-

u = u.e,
i

in which u. are Cartesian components of u. From Fig. 1,

seen that

Therefore

-4.

= r + u

. x. + U.Yl
2 1

can be

(2.2)

(2.3)

(2.4)

The coordinates x. and y. are required to have one to one correspon-
i

dence and the transformation is assumed to be continuous, such that
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Figure 1. Undeformed and Deformed Configurations of a body.



xi = xi( yl, y2, y3, t)

= 371( x t)
1, 2' 3'

Or, in terms of the curvilinear, convected coordinates

Hence,

=xi
i( El' E2' E3)

Yi = Yi( 2,

r = r( El, y

El' E2' E3' t)

u = u( t)

These functions are also required to be differentiable, so that

dr = .1E E =

dR= 3R

aEi

13

(2.5a)

(2.5b)

(2.6a)

(2.6b)

(2.7a)

(2.7b)

(2.7c)

(2.8a)

= R,idEl (2.8b)

Commas denote partial differentiation in Eq. 2.8. The same notation

is employed throughout the rest of this study.

The covariant base vectors which are tangent to the curvilinear

coordinate lines, are defined as

gi = r,i

G.. = R,.
1

in C
o
and C, respectively. Eq. 2.8 can then be written as

dr = dE g.
1

(2.9a)

(2.9b)

(2.10a)



dR =
1

14

2.10b)

Let ds
o
and ds respectively denote the magnitudes of dr and dR, then

where

ds
o

2
= drdr = g..dE dE

j

2 -4- j
ds = dRdR = G..dE dE

13

4. 4.

(2.12a)=

(2.12b)
4- 4.

G. = G. G.
1j 1 3

are the covariant metric tensors in C
o

and C, respectively. The change

in the differential length squared can then be written as

in which

ds
2

ds
2

= 2y..d
o 3

v.. = 1

ilj 2
G.. - ,.)
13 13

is defined as the strain tensor.

(2.13)

(2.14)

Three strain invariants can be formed from the metric tensors,

they are

in which

sG

TS

12 = G
rs

g
rs 3

1
3

= G/g

G = detl IGij

; r,s = 1,2,3

(2.15a)

(2.15b)

(2.15c)

(2.16a)



g = (let'gib

rs rs
and g , G are the contravariant metric tensors defined by

where

grsg = (5s

rt

GrsG
rt t

1 if s=t
d=
t

0 if sOt

15

(2.16b)

(2.18)

Stress. The natural measure of stress is the Cauchy stress

tensor, which is measured per unit area of the deformed configuration.

Let the contravariant components of such stress be denoted by oij.

For reasons to be explained in the next section, the stress in the

deformed configuration measured per unit area of the undeformed con-

figuration is needed. Such a stress tensor is called the Kirchhoff

stress tensor, and let it be denoted by T
ij

. Then it can be shown

that (109)

Tij =
3

ij (2.19)

in which I
3

is the strain invariant defined in Eq. 2.15c. It should

be noted that even when I
3
is unity, as in the case of an incompres-

sible material, and a
ij

are not equivalent because they are tensor

quantities and are referred to different coordiante systems with

different base vectors.



Equation of Equilibrium - Principle of Virtual Work

The equilibrium of a body can be described by the principle of

virtual work (110). The unstrained, unstressed configuration C
o

will

be used as the reference configuration and all quantities are to be

expressed in terms of C. Consider a body in equilibrium at time t

with initial volume V and initial surface area S
o

. One can express

the principle of virtual work as

in which

III Tii6y..dV - III p b'Su.dV
V V

3.3 o o o o

0 0

+ III p iilSu.dV - If t Ou.dS = 0
V

1 0 o 1 0

0 0

P
o

= initial density

b
i

= body force in C per unit volume of C
0 0

.1
il = material acceleration in C

to = traction on C per unit surface area of Co

Su. = virtual displacement

Sy.. = virtual strain tensor
1.]

16

(2.20)

The first term in Eq. 2.20 is the virtual work of the internal forces,

the second term is the virtual work of the body forces, the third

term is the virtual work of the inertia forces and the last term is

the virtual work of the external forces. In the next chapter, Eq. 2.20

will be specialized for discrete portions of cables and membranes

(finite elements). Finally, it should be noted that Eq. 2.20 is valid

regardless of the magnitudes of the displacements or strains involved,

and that stress-strain relationships are not needed explicitly.
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Stress - Strain Relationship

Eq. 2.20 is a general statement for equilibrium. It is app-

licable regardless of the material involved provided an appropriate

stress-strain relationship is used in computing the work done by the

internal forces. Specific material properties are not assumed in the

pursuing developments but two kinds of material will be used in the

demonstration problems of Chapter V. The first is an isotropic,

linearly elastic material with a general constitutive equation relating

the Cauchy stress tensor and the Green's strain tensor,

Ev ij

g
E ik

g 'g

jk\l.

(l+v)(1-2v) g 2(1+v)g g JjYkl

i,j,k,l = 1,2,3 (2.21)

in which

E = Young's modulus

v = Poisson's ratio

The magnitudes of the strains need to be small for Eq. 2.21 to be valid

so that quantities such as the stress tensors in Co and C need not

be distinguished.

The second material to be used is the so called hyperelastic

material, specifically the linear form proposed by Mooney (ill), i.e.

W = C
1
( I

1
3) + C

2
( I

2
- 3) (2.22)

in which W is the strain energy per unit volume; Il and 12 are the

strain invariants in Eq. 2.15; C
1

and C
2
are material constants. This



form of strain energy function is widely used for incompressible,

rubberlike materials under moderate strains (44). When C
2
= 0, the

material is called neo-Hookean (66). The Kirchhoff stress tensor is

obtained from W by means of the following relationship,

ij 1 aw
T 2 ax .. ay

ji

It can be shown that Eq. 2.23 can be written as (109)

where

T = tg
ij

+ TB
ij

+ pG
ij

t = 2C ; T = 2C2 ; p = 4 77 ,

3

ij ij ir js
B = Ilg - g G

rs

Membrane Geometry, Stress and Strain

18

(2.23)

(2.24)

(2.25)

It is assumed that the thickness of the membrane is small and

its flexural rigidity is negligible. It is also assumed that lines

normal to the undeformed membrane mid-surface remain normal to the

deformed membrane mid-surface and that the motion of the membrane is

characterized by the motion of its mid-surface. The position vector

of the mid-surface of a membrane in the undeformed configuration C
o

(2.26)

(2.27)

can be defined by a two-parameter function,

r' = r'(
2
)

A material point in the membrane is then given by

r = r'( E
2
) + 3a31'



in which a
3

is a unit vector normal to the mid-surface and C
3

is the

coordinate measured in the normal direction.

Using Eq. 2.9a, the covariant base vectors in Co are given by

g
a

= r,
a

_
- r,a+ C3a_1 ,,

a
; a = 1,2

and at the mid-surface, i.e., at C3 = 0,

19

2.28)

4-

ga = as = r
a

; a = 1,2 (2.29)

where are the covariant base vectors lying on the plane tangent to

the mid-surface, and are tangent to the coordinate lines.

Similarly, the geometry of the mid - surface of the membrane in

the deformed configuration C is defined by

=

A material point in the membrane is again given by

R = l' r2) + E313

(2.30)

(2.31)

in which A
3

is the vector normal to the membrane mid-surface defined

by Eq. 2.30. Note that A3 is no longer a unit vector but its mag-

nitude indicates the change in thickness of the membrane. The covari-

ant base vectors in C
o

are then

a
a

=
a

=
:a + 3 3 a

and at the mid-surface

G
a
= A

a
= R:

a

(2.32)

(2.33)
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At the mid-surface in C
o'

the components of the metric tensor

can be written as

g
a$

= a
a
-a

$
= a

a$

g33 = a33 = 1 (2.34)

ga3 = 0 ; a,R = 1,2

If the thicknesses of the membrane is h
o

in C
o
and h in C, then an

extension ratio A can be defined as

A = h/h

So that the covariant metric tensor components at the mid-surface of

the membrane in C are given by

(2.35)

Gad = = A
f3 'a a

G
33

= A
33

= A
2

Ga3 = 0 ; a, = 1,2

(2.36)

Using Eq. 2.14, yaci and y33 can be computed while other components

of the strain tensor vanish.

If one defines

a = det a
a$

and

A = detIA
a$

I

(2.37a)

(2.37b)

then, at the mid-surface, the strain invariants in Eq. 2.15 become



I = X
2
+ a

1 a8

1
2

=
2
(A/a)a

a8
A
aE
+ A/a

I
3

= X
2
A/a
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(2.38a)

(2.38b)

(2.38c)

in which the contravariant metric tensors aa and Aa are defined by

a
Xa
a = (5

a

X8 8

A
Xa
A = SS

(2.39a)

(2.39b)

Since the thickness of the membrane is small and its flexural

strength negligible, one can assume that the stress is constant

throughout the thickness of the membrane. If it is further assumed

that the stress components normal to the mid- surface of the membrane

is negligible compared to the in-plane stresses, then a state of plane

stress exists in the membrane.

For an isotropic, linearly elastic material with a stress-strain

relationship given by Eq. 2.21, it can easily be shown that

in which

T ^
CaRhu

y
Ap

(2.40)

Ev (113Xu.i. E , aX lip au f3X
)20.4.v)ka a+ a a ) (2.41

(1 +v) (1 +2v) a

is the tensor of material constants.

For the Mooney material defined by Eq. 2.24, the term p in

Eq. 2.25 can be evaluated by imposing the plane stress condition.



Then it can be shown that the Kirchhoff stress tensor is given by

Tat3 = 2a
aE

( Cl + C X
2
) +

2A
otE

{ C
2
A/a -

2
C1 C
1

X2)]}
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(2.42)

in which A is the extension ratio defined in Eq. 2.35; Il and 12 are

the strain invariants in Eq. 2.38; Cl and C
2
are the material constants

in Eq. 2.22.

Cable Geometry, Stress and Strain

It is assumed that the cross-section of the cable is small.and

its flexural resistance is negligible. It is also assumed that a

material plane that is normal to the cable axis in the undeformed

configuration Co remains plane and normal to the cable axis in the

deformed configuration C. It is further assumed that the axial stress

is constant throughout a section normal to the cable axis and other

stress components are negligible by comparison.

The cable geometry in C
o
can be described by a one-parameter

curve coinciding with the axis of the cable,

r' = r
-4-

i(C )
1

A material point in the cable is then given by

r = ri(C 1) + C2a2 + C3a3

(2.43)

(2.44)

in which a
2
and a

3
are, respectively, unit vectors in the normal and

binormal directions at the cable axis with C2 and being measured

in the corresponding directions.
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From Eq. 2.9a, the covariant base vector is given by

-4-

g
1

= r,1 +
2
a
2

,

1
+

3
a
3

,

1

and at the cable axis,

g
1
= al = r,

1
;

g
i

= a. i = 2,3

(2.45)

(2.46a)

(2.46b)

Similarly, in the deformed configuration C, the cable axis is

defined by

it kt(c1)

So that a material point in C is given by

= ) + + E
3
1
3

(2.47)

(2.48)

-4-

in which A
2
and A

3
are in the normal and binormal directions res-

pectively, but their magnitudes are no longer unity. Again, at the

cable axis,

G1 Al
'1

4.

-6.
1 1

; i = 2,3

(2.49a)

(2.49b)

If the cable has a circular cross-section, one can define an

extension ratio by

A = d/d
o

(2.50)

in which d
o
and d are the initial and deformed diameters, respectively.

Then at the cable axis in C , where
0

'2 3
0



one has

and at

in C

gll all

g22 g33 1

2
=

3
= 0

i,j = 1,2,3 i#j
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(2.51a)

(2.51b)

(2.51c)

G
11

=
11

(2.52a)

C.. = 0 ; i,j = 1,2,3 i j (2.52b)

G
22

= C33 = X
c

2
(2.52c)

Under the uniaxial assumption, only T
1

is present so that for

an isotropic, linearly elastic material,

11
= Ea

11
a
11

yil

and for a Mooney material

where

2 11
T
11

= 2( C
1 c
+ X

2
C
2
)( all - XcA )

all = 1/a
11

A
11

= 1/A11

(2.53)

(2.54)

(2.55a)

(2.55b)



Nonconservative Loads

External loads, such as pressure on membranes and fluid drag on

cables, change directions and magnitudes when the body undergoes

finite deformation. Eq. 2.20 requires that the external. forces in C

to be expressed in terms of Co

Let the surface force on the membrane in C be

F = P A.aS
1

25

(2.56)

in which P1 are the contravariant components of the force per unit

surfaceareaofC;A.are the covariant base vectors; and dS is the

differential surface element in C. If the force is transferred onto

C
o
while preserving its magnitude and direction, one can write

F = t e.dS
o 1 0

(2.57)

in which to are Cartesian components of the force per unit area of C
o

;

e.
1
are the Cartesian base vectors; and dS

o
is the differential surface

area element in C
o

. Thus

P AAS = t e.dS
1 0

(2.58)

On dividing both sides by dS
o
and'forming inner products with e. one

obtains

e.)
d

to
S

ik .
o dS p1 Ai e.) (2.59)

in which dSidS
o

can be shown (109) to be A-T; where A and a have been

defined in Eq. 2.37. Expressions for nonconservative loads on cables

can be similarly derived.
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CHAPTER III

FINITE ELEMENT REPRESENTATION

Introduction

Finite element representations of cables and membranes will be

presented in this chapter. The finite element method is a method by

which the continuum is subdivided into discrete portions, or, finite

elements. The variables at some strategically chosen points in an

element are then used to describe the behavior of the element, and the

behavior of the continuum is approximated by the behavior of an

appropriate assemblage of the elements. For details of the finite

element method, see References 66, 67 and 68.

Interpolation Functions

Isoparametric finite elements (67) are used in this study to model

cables and membranes. They have been chosen because: (a) The corres-

pondence between the curvilinear coordinates used in the previous

chapter and the natural coordinates of the isoparametric elements

provides a smooth transition from the continuous system to the discrete

system; and (b) the introduction of different element models only

requires the use of different interpolation functions (shape functions),

hence additional element models can be incorporated into a computer

program with minimal efforts.

For a membrane element, the geometry and displacements can be

described by



xi( 1, E2
MI

)x.

E2) = M1(E1, )u. I = 1, ,N
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(3.1)

(3.2)

in which x. and u. are the Cartesian coordinates and Cartesian com-1 1

ponents of displacement, respectively; El and are the natural coordi-

nates of the element which range from -1.0 to 1.0; the capital super-

script I denotes a node number in an element with N nodes; M
I

is the

interpolation function for node I and has the property that its

numerical value is unity at node I and zero otherwise. Note that the

same interpolation functions are used to describe both the geometry and

displacements, hence the term 'isoparametric'

Similarly, for a cable element

x
i
(E 1) = LI(E

1
)x.

ui( l) = L'(l)uI

in which L
I
are one-parameter interpolation functions for cable

elements.

(3.3)

(3.4)

The interpolation functions are generally polynomials and those

adopted in this study are summarized in Appendix A. Geometrically,

the interpolation functions map a curved quadrilateral, or triangular

surface in 3-D space onto a 2-D square, or 2-D triangle; or map a curve

in 3-D space onto a 1-D straight line. The choice of shape functions

has a great influence on the ability of the discrete model to simulate

the actual continuous structure. Consider a model composed of elements
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using the simplest of the shape functions, the first order (linear)

polynomial, which represent cables by straight segments and membranes

by flat surfaces. This model obviously does not provide a good

approximation for a structure with significant curvatures, unless the

element sizes are made small compared with the curvatures of the struct-

ure. However, as far as the displacement field is concerned, this is

nevertheless an adequate model because if no moment is allowed then

only displacement continuity is required at the nodes. But since

internal force is function of strain, and strain is in turn a function

of displacement derivatives, discontinuities of internal forces exist

at the nodal points and equilibrium configuration cannot be accurately

predicted. Models using higher-order interpolation functions, such

as quadratic and cubic polynomials, are more accurate predictors of the

correct equilibrium shape in general, since the geometry can be better

interpolated and the discontinuities of internal forces at the nodal

points are minimized. Furthermore, according to a theorem in appro-

ximation theory (112), an.analytical function can be represented by a

polynomial over a small interval, and therefore, the higher the order

of the interploation polynomial, the greater the rate of convergence.

The shortcoming of higher-order elements is that they are computationlly

costly, though some times this is offset by using less elements. Of

course, when high accuracy is needed, higher-order elements are pre-

ferred. Examples of both linear and higher-order elements for cables

and membranes are found in Chapter V.

In the two following sections, finite element representations of

cables and membranes are derived in terms of unspecified interpolation

functions. The generality of isoparametric elements will then be seen.
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Membrane Finite Element

The virtual work equation for a membrane element, as a special

case of Eq. 2.20, can be written as

ff T dy
a(3

h
o
dS + if p U.Ou.h dS

o o o
S
o

S
o

- If p
0
b
01
.6u.h

0
dS

0
I- I t

01
.81.1.1 dS

0
= 0 ; a,6 = 1,2 (3.5)

1

0 0
i = 1,2,3

in which S
o
is the initial area of the mid-surface of the membrane

element and h
o
is the initial thickness.

Using Eqs. 3.1 and 3.2, one can express the covariant base

vectors, defined in the initial configuration Co by Eq. 2.29, as

I I+
a = (x.e.) = N, x.e.
a 1 1 'a a 1

and, defined in the deformed configuration C by .Eq. 2.33, as

= [(x. + = MI (Jj +
a 1 1 1 a 1 1

The metric tensors in Eqs. 2.34 and 2.36 then become

a
a6

M
Ia
x
I
)(M

J6
x.J )

'

(3.6)

(3.7)

(3.8)

IIJJ
A
a6

= [M
Ia

'

(x. + u.)1[M (x + u? )1 )1 I,J = 1,..,N (3.9)

a,6 = 1,2

Hence the strain tensor, defined in Eq. 2.14, can be expressed as

af3

I J
x..

1

IJ IJJI I J

a 133_u.
+ M, aM

'a
x.u. + M ui )ll a

(3.10)



The virtual strain, Syc3 , defined by

3Yot(3 I
Sy

ct

=

auI

Sul

1

is then

fi

1 e, mI MI mJ tcsuI
Ta 2

t

` a a 'V\
(xi

uJ\

Also, one can write

I
(Su. = M

I
du.

1 1

I
U. = M

I
U.

1 1

and

dS = 1/-a dC dC
o 1 2

in which a is defined in Eq. 2.37a.

Using Eqs. 3.12 through 3.15, Eq. 3.5 can be written as

1 laJI I J J r
{ T (M, M + M, M )(x. + u. h va dC

1
dC

22 'a a '13 o

1 1
I_J .J r- Ir-

+ II p h 14----M uVa dC dC - I' p h b .11 va dC dr
o o 1 1 2 o 0 01 1 '2

-1 -1
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

1
I r-

"-Ift*I"411(1C2/611'22.0 (3.16)
-1

Since the virtual displacement, Su., is arbitrary, the expression

within the bracket in Eq. 3.16 must vanish. Therefore, the equation

of motion of a membrane element is given by



1 J I J J J r---T M M + M, M )(x. + u. h va clE dE
2 a6 a '6 ,a 0 1 2

-1

1
r- r-+ ffphMmu.va dE dE - ffphb .MI

Ya clC dC
20o 1 00 of

1

II t 1dE
1clC

= 0

-1
01

/71

Cable Finite Element
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(3.17)

The virtual work equation for a cable element, as a special case

of Eq. 2.20, is given by

I T
11Sy Ads + fpAil.6u.ds

11 o o o o o
S S
O o

- fpAb.Ou.ds - ft.6u.ds = 0
o 01 1 01 1 0

(3.18)

in which A
o

and s
o
are the cross-sectional area and length of the cable

in C
o

, respectively.

Using Eqs. 3.3 and 3.4 in Eqs. 2.46a and 2.49a, one obtains

So that

T 14-
a
1 1

(x.e ) = L- x e
i '1 '1 i

(3.19)

.4. .4. I +
1

Al = [(x. + u.)e.],
1

= L
1
(x

I

i
+ u.I )e ; = 1,...,N (3.20)

1 i 1

I J I J
all

L,
11

L
'1 1 1

A=LI LJ x.I +u.I ) (xJ. + u.)A11

(3.21)



Thus the strain is given by

J J IJ
)y

l
= L

I
L (x.Iu. + x.Ju.

I
+ u u

11 2 1 '111 1

and the virtual strain is

IJJ JI
= + ui)(Sui

61'11

Again, one can write

I
= L

I
E.

I
Su. = L

I

1

ds
o

= VT-dE;
11 1

Then, using Eqs. 3.24 through 3.27, Eq. 3.18 becomes

1 11IJ Jr-- I J...1{fT L L (x
J
+ u.)A + fpALLu .va

1 1 i o 11 1 o o 11 1
-1 -1
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(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

1 1

- I p Ab.L I
va

1
I t

ol
.L

I
va

11
dC

1
Su. = 0 (3.28)

o 11
-1 -1

Again,with6u.being arbitrary, the equation of motion of a cable

element is given by

1 111 IJ J J I J J

-1
IT L,1L, x. + u)A va + fpALLUva

o 11 1 o o i 11 1

1 1
i--- fpAb.

-1
L
Iva g - ft.LI

va
)-

dE = 0 (3.29)
-1

o o cu. 11 1 of 11 1
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Nonlinearities

In general, three types of nonlinearity may be associated with

the discretized equations of motion, Eqs. 3.17 and 3.29 :

(a) Geometrical nonlinearity - The first term in the equations

of motion representing the internal forces is nonlinear

even if the stress-strain relationship is linear because

displacements are assumed to be finite.

(b) Material nonlinearity - Most 'linear' materials exhibit

linear behavior only under small strains, and some materials

have no linear relationships at all, for instance, the

Mooney material (hyperelastic) described in Chapter II.

(c) Nonconservative loading - The last term in the equations of

motion accounts for the external forces and may be non-

linearly dependent on the displacements if their magnitudes

and directions vary with the displacements. For instance,

internal pressure and fluid drag.

Pressure Load on Membrane

The finite element representation of pressure loads on membranes

is presented in this section to illustrate the general approach for

nonconservative loads. Consider the pressure

P = P(1, 2, t)

which always acts normal to the mid-surface of the membrane. The

(3.30)

Cartesian components of the pressure force in C
o

, from Eq. 2.59, is



II

t = AP(1 .e )
ok a 3 k

A3in which A
3

i
s

the unit normal vector defined by

xAl
2

It can be shown that

Thus

Now

x I
2

1
t
ok VT= PHA

1
x A2) ]

Hx.e. + u.e.), ] x.e. + u.e.), ]

1 1 1 J J 1
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(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

u., + u., x., + u.,6..
13k 1,1 j'2 3 1 1131 i131

where sik
is the permutation symbol defined by

j

sijk

when any two indices are equal

when i,j,k are even permutations of the numbers
(3.36)

1,2,3

otherwice

Thus, if Eqs. 3.1 and 3.2 are used, then

J IJ IJ IJ IS
t = e M M [xx +xu +ux +uu ]
ok ijk '1 '2 i j j i j j

(3.37)



35

which are the Cartesian components of the pressure force on C measured

per unit area of C
o

, and it can be seen that it is indeed nonlinear in

the displacement components.

In the next chapter, solution strategies for the nonlinear

global equations of motion assembled using the elemental equations

are considered.



CHAPTER IV

SOLUTION PROCEDURES

Introduction
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The governing equations for cables and membranes were derived

in Chapter II and their finite element equivalents have been presented

in Chapter III. The discretized equations of motion, Eqs. 3.17 and

3.29, for membranes and cables, respectively, are highly nonlinear and

while they can be used directly in the solution of nonlinear problems,

further manipulations of these equations are needed in order to

incorporate them into efficient numerical procedures. In this chapter,

general schemes for the solution of nonlinear algebraic equation systems

are reviewed and applied to the solution of nonlinear static problems.

Nonlinear dynamic analysis procedures will then be presented and shown

to be similar to those for static analysis under appropriate temporal

integration schemes.

Solution of Nonlinear Algebraic Equation Systems

In this section, some general methods for solving nonlinear

algebraic equation systems are reviewed, with particular attention

devoted to those equations generated by finite element discretizations.

The procedures for assembling of the element equations into the global

equation of motion are well-documented (66,67,68) and will not be

discussed here. The global equation of motion can be written as

F. = 0 i = 1, ,N (4.1)
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in which F. are the resultant force components and N is the total

number of degrees of freedom in the discretized system. In dynamic

problems, F. will be dependent on the external forces, accelerations,

velocities, displacements and time. It will be shown later in this

chapter that the displacement derivatives at time t+At can be expressed

in terms of the displacements at time t and t+At, and in terms of the

displacement derivatives at time t, and that the global dynamic

equilibrium equation is reduced to an equivalent static equation

during the time increment At. Hence, without loss of genreality, the

solution to the static equation of equilibrium,

Fi(U) = 0 ; i = 1, N (4.2)

is considered, in which

U = tu ...,u
,T

(4.3)

is the displacement solution vector in N space. Eq. 4.2 can be highly

nonlinear; for instance, finite displacements, nonlinear stress-strain

relationships and nonconservative external loads may be involved.

Three general approaches for solving Eq. 4.2 are possible; the first

is direct iteration, the second is incremental approximation, and the

third is combined incremental and iterative solution.

Iteration. Numerous direct iteration schemes exist. Perhaps the

most straight forward iteration scheme is the method of successive

substitution. It can be shown that Eq. 4.2 can always be rearranged

into the form

1".(U*) = ui ; i = 1, ,N (4.4)



in which

U* = u
1,

,u }T
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denotes the true solution. Assuming that a reasonable initial guess

for U*, U0, is available, then a supposedly better approximation to the

displacements is given by

F!(U °) = u.
1

(4.5)

in which the superscripts denote the iteration numbers, and subsequent

approximations are obtained from

1". U
k

= u
k+1

(4.6)

Convergence is usually presumed to have been achieved when a suitable

norm of the displacement vector is less than a prescribed tolerance.

For instance, the Euclidean norm

N k+1 k 2
E (u. ui)

i=1 1

(4.7)

is often used, in which c is a prescribed small number. The advantage

of this method is its simplicity, but convergence is possible only if

o
U is sufficiently close to U* (within the radius of convergence).

Even so, convergence is not guaranteed (112). Furthermore, this

approach is extremely inefficient. A more efficient successive sub-

stitution technique is the Gauss-Seidel iteration scheme in which the

newlycomputedu.(j = 1,. ..i) are used in the evaluation of ui.4.1.

Convergence of this scheme is usually faster, if the process indeed

converges.
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A more stable and efficient iteration scheme is the Newton-Raphson

method (113). Consider Eq. 4.2 and assume that Fi (i = 1,...N) are

continuous functions of U. Let U* be the true solution and U° be the

initial approximation to U* and define

AU1 = U* U°

To compute the vector AU
1
, subsitute Eq. 4.8 into Eq. 4.2 and use

Taylor series expansion, i.e.

(4.8)

Fi(U*) = Fi (U
o + AU1)

F.
= Fi(U °) + 7511-11Auli' + 0[(AU)

2
] + (4.9)

31 o
U=U

If U° is assumed to be close to U* so that the higher-order terms in

Eq. 4.9 can be neglected, then AU
1

can be computed from the linear

approximation

7Fil7,77 Auj = -Fi(u°) ;

u=u°

i = 1, ,N (4.10)

The matrix [9F./Du. ] is the Jacobian matrix of order N, and Eq. 4.10
3.

is a set of N linear algebraic equations. Efficient methods are

available for solving linear algebraic equation systems and are

usually variations of the Gaussian elimination scheme (114). The

evaluation of AU
1
then provides a presumably better approximation to

U* by setting

U
1

= U° + AU
1

(4.11)



Subsequent approximations can then be computed by

9F.

9u. j

11 k+1
)

,
-J
U=U

K

and

U
k+1 k

+ AU
k+1

=

and so on. Convergence is defined by either

IlFi(uk+1)11

Or

Ilak+111
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(4.12)

(4.13)

(4.14a)

(4.14b)

or both, in which 11 II denotes a chosen norm; el and £2 are prescribed

tolerances. The advantage of the Newton-Raphson method is that its

convergence rate is quadratic near the true solution (113), but

difficulties remain in choosing a suitable U° to initiate the iteration

process. A one-dimensional analogue of the Newton-Raphson method is

graphically shown in Fig. 2, it can be seen that the initial approxi-

mation plays an important role in the convergence of the scheme. The

N-dimensional situation is too complicated to be displaced graphically

but the same reasonings apply.

The evaluation of the Jacobian matrix at every iteration is

potentially very time consuming. In situations where the nonlineari-

ties are not severe and good initial approximations are available, the

Jacobian matrix can be kept unchanged. This is often called the

modified Newton-Raphson method, its convergence rate is only linear but
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error

OMM* =Ma MOM S

A A. Pi.S1)-1(

1

d P

1

Figure 2. Initial Approximations for Newton-Raphson Iteration.
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substantial computation efforts could be save. However, the modified

Newton-Raphson method seems to have difficulties in converging when

dealing with highly nonlinear or singular problems (115). In common

nonlinear problems, the usual practice is to update the Jacobian matrix

only at intervals of a certain number of modified Newton-Raphson steps,

and the number of modified Newton-Raphson steps between two updates is

chosen according to the severity of the nonlinear behavior of the

system.

Another approach which is showing excellent promise in nonlinear

finite element analysis is the Quasi-Newton methods (116). These

methods are closely related to the Newton-Raphson method. The main

idea is to update the Jacobian matrix approximately, using the newly

computed approximate solution vectors in a way which guarantees to

minimize the residual errors in the resultant forces. This approach

requires less computational efforts than the Newton-Raphson method and

provides better convergence characteristics than the modified Newton-

Raphson method. Both one-rank and two-rank update formulas have

been used successfully (115,117), see References 115, 116 and 117 for

details of their derivations. The convergence rate of the Quasi-Newton

methods is superlinear (better than linear) and they represent excellent

compromises between the costly Newton-Raphson method and the slow

converging modified Newton-Raphson method.

Incremental Schemes. Incremental schemes are essentially

extensions of linear analysis. The idea is to apply the external loads

in small increments and assume the response of the structure to be

linear during each load increment. Consider another form of Eq. 4.1,



F:(11) = P.(U) ; i = 1,...,N
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(4.15)

where the left hand side represents the internal force and the right

hand side the external forces. Both sides are nonlinear functions of

the displacements in general.

If Eq. 4.15 is to be satisfied for every U, then one can write

+ AU) = Pi(U + AU) (4.16)

Expanding the left side of Eq. 4.16 by Taylor series expansion and

using Eq. 4.15, one obtains

91111
---Au. = P.(U + AU) Pi(U) = ,....,N (4.17).1 j

3 U

If one defines

then

LP.

1

= Pi(U + AU)

Au. = AP.

U

Pi(U) (4.18)

(4.19)
au.

J

in which AP.(i=1,....,N) are the incremental load components. Eq. 4.19

is a system of linear equations and pv:/a .1 is again the Jacobian
a. 3

matrix evaluated with the displacement vector U. Approximations has

to be used for the incremental load vector if nonconservative external

loads are present. Depending on the nature of the problem, if the

magnitudes of the incremental load components are kept small, Eq. 4.19

provides a reasonably good approximation of AU and the total displace-

ment vector is the sum of the incremental displacement vectors. The
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drawback of this scheme is that the error of each step tends to be

cumulative; the one-dimensional case is shown graphically in Fig. 3.

This cumulative error can grow unacceptably large and render the result

useless.

An improvement on the purely incremental scheme just described

is the so called self-corrective incremental scheme. This scheme

can be expressed as

av:
1

7771°Ui Pi
3

U + AU) - Fi(U) (4.20)

which provides better error control than the purely incremental scheme,

Eq. 4.19. Of course, extra computational efforts are needed to compute

the internal force vector, F(U), but this method is generally pre-

ferable to the purely incremental scheme in terms of accuracy.

The difficulty in applying the incremental schemes is that a

equilibrium state is needed to initiate the incremental process. For

structures in which the unstressed states are stable, such states can

be used as the initial equilibrium states. However, the unstressed

states of cable and membrane structures are generally unstable and

the stressed states are, unfortunately, the unknown solutions being

sought. Various methods for the determination of the initial equili-

brium configuration will be presented in later sections.

Incremental/Iterative Approach. It is believed that a judicious

combination of incremental and iterative techniques is most efficient

in dealing with most nonlinear finite element problems. The incremental
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process eliminates the need for initial approximations required for the

iteration scheme (except the initial state), which keeps the residual

errors under control.

Let the left hand superscripts denote the increment numbers and

consider the equilibrium equation, Eq. 4.2, at the (k+l)th increment,

k+1 k+1
F.( U*) = 0 i = , ,N

in which k+117* is the true solution vector sought at the (k+l)th

increment. Assume that

k+1
U* = kU + AU

o

in which KU is the Computed solution vector at the kth increment,

and expand Eq. 4.21 by Taylor series expansion. Then

(4.21)

(4.22)

.k+1 k+1 k+1 oF
aF

i( U*) = Fi(-Uk_
1)+TT 1

Au, + 0[(AU°)] + (4.23)

j kUj

Retain the linear terms only, thus AU° is given by

Let

aF.

11 Au
oi

k+1
Fi(

ku
)

au.
ku

k+1,,o
u = kU + AU°

and one can initiate the iteration process by using
k+1

U
o

as the

(4.24)

(4.25)

initial approximation. If a Newton-type scheme is being used, then

the (1+1)th iterate is given by



i1
k+lui+1 k

-U + E AUJ
j=0

in which AU
j+1

is obtained by solving

aFl.
3Auj+1 _k+1Fi(k+luj)
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(4.26)

(4.27)

The Jacobian matrix is evaluated according to the particular Newton

method being used and convergence is again defined by Eqs. 4.14a or

4.14b, or both.

In the following section, appropriate Jacobian matrices for cable

and membrane elements are derived which are required to implement

the solution procedures presented in this section.

Alternate Forms of the Governing Equations

Let the left hand superscripts denote the time and left hand

subscripts denote the iteration numbers. In static analysis, the

time indices will be replaced by the increment numbers.

Membrane Elements. The finite element equilibrium equation for

a membrane, Eq. 3.17, at time t+At and at the (k+1)
th

iteration step

can be written as

in which

t+At
F +
I t+At

G
I t+At

P
I

. =
k+1

.

k+1 k+1
.

t+At
F
I

= Internal force components at time t+Atk+1 i

1 t+At
T M Ma8 J I I M )(x +J J t+At

11J-1
,= .

2 k+1 'a '8 a 1 k+1

(4.28)

h
o

dE
1
d (4.29)



t+At I
G = Inertia force components at time t+Atk+1

.

1
t+At...7 J

k+1
= II u.MMpo ho ia- cg

1
dC

2
-1

t+t I
k+1

P = External force components at time t+At

II

1
t+At

b .M
Ip

h I: eXlcK2=
k+1 ol o o

-1

t+At,

k+1`olivi "1" '1 2
-1
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(4.30)

(4.31)

To obtain the Jacobian of the internal forces, use Taylor series

expansion to obtain the expression in Eq. 4.29 while retaining the

linear terms only. Thus

DF aF.
t+At I t+At I " XVF. = F + + Tk+1 k i Jj

auk
t+At t+A

k
U

tu

and, by differentiation,

in which

DF.
AuJ. .. 1 t+At J I

1

J.17 kT m, + 11 mJ )A j
Du J 1

a
ui

aF.
6Txp (le, MI 141 rnJ t+Atuj,A,043.

2 ` a a '' k
1

Au =
J t+At

uJ
t+At

uJ
1 k+1

.

k
.

, a8 t+At a8 t+At 046
LT =

k+
iT

k
T

hove
1 2

(4.32)

(4.33)

(4.34)



In this study, the stress tensor, Tag, is assumed to be a continuous

function of the strain tensor during the displacement increment, so

that the incremental stress tensor can be approximated by

in which

afi a13Ap
AT = C Ay

Ap

C
af3Ap

= Incremental constitutive coefficients

/,= T
a13Id

Yxp

and the incremental strain tensor is

1
041 =

2
(MJ, M

I

13, a
+ MI, MJ )

a '

J t+At J I
x. + u.)Lu.
1 k 1 1
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(4.35)

(4.36)

(4.37)

which is similar to Eq. 3.12. Appropriate expressions for the incre-

mental constitutive coefficients for the materials used in this

study are found in Appendix B.

The Jacobian matrix for the inertia force vector is not needed

because it is linear in the accelerations. The incremental form

of Eq. 4.28 can then be written as

where

t+At IJ J IJ t+At...1 t+At I t +Lt I
k

[ K..]{An.} + [IC2.3 J{
k+1 1

u.} = {
k+1 1

P.} - {
kF.} (4.38)13 1

t +Lt IJ
K .][

k i3
= Tangent stiffness matrix

(1[2 t+Akt af3 I J
i +

1 / K M

Ml 13

(MI;
X
Mj
'u

mK MIM M )If3 ,a

L J L
++ M M )(x.,p ,x

(4.39)

t+At K1 a134.

t+A
kuii.
t L r-)jh va dE
k o 1

dE
2



IJ
= Consistent mass matrix

1

= If MIMJ 6..h
o
p
o

1d
-1
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(4.40)

Note that both the tangent stiffness matrix and the mass matrix are

symmetric matrices.

If nonconservative external loads are present, the external load

vector, {
t+At

P.I }, will be dependent on the displacements. However,k+1

the Jacobians of such load vectors are non-symmetric, which is com-

putationally inconvenient. In this study, such Jacobians are not, used

and the effects of nonconservative loads are accounted for by iterations

and using approximation for the external load vector. For instance,

if pressure load is involved, an approximate form of Eq. 3.37 would

be

t+At
t+At IJ IJ t +Lt J I

---E M, M (x x u.k+1 ok ijk 1 '2 i j k 3
x. +

ti-At I J t+At I t+A.t J
u.x. + u. u.)ki 3 ka. kJ (4.41)

Cable Elements. The tangent stiffness matrix and mass amtrix

for cable elements can be derived in the same manner as those for

membrane elements. From Eq. 3.29, the internal forces and inertia

forces are given by

t+At I t+At 11,I J t+At j
1

k+1T -'
xi + (4.42)

-1
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1
t+Lt I t+At-J

L
J

/1"---G. =

-1

f u.L p A d (4.43)k+1 1 k+1 1 o o 11 1

respectively.

As in the last section, linear approximation of the internal

forces gives

in which

and

Let

I I

tk+1
F =

+At I t+At I 11 J

k
F
i
+ ----Au.

F.
1

1

IA11
J j , 1

dT
t+At t+At

kw

I
@F. 1
1 AuJ t+AtTly _J

L Auj.A Vii---gJ j k 1 '1 1 o 11 1au.-1
J

I
1

i 11
AT = I L,

1
3T

1
-1

J t+At J 11
+

k
u )AT A

o
va

11 11

QuJ
=

t+At
uJ

t+At
u
J

. U.
1 k+1 1 k i

11
=

t+At 11 t+At 11
AT

kflT k
T

AT
11=

411

(4.44)

4.45)

(4.46)

(4.47)

where E
t

is the tangent Young's modulus. Thus the tangent stiffness

matrix becomes



t+At IJ
1

t+At 11 I J
[

k ij
[ ki L

'1
L

' 6ij
+
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(4.48)

K LI K t+At
ll'

TM TJ M i-%At
u 3A VTdEL

1 ' x
+

i kuie'14"1\xj k- j o 11 1

and the consistent mass matrix, form Eq. 4.43, is given by

IJ 1 ""

[M..] = I LLI, A VT-dE
1 o o 11

-1
(4.49)

The evaluation of the element matrices and load vectors are best

be done by numerical quadrature because of their complexities. In this

study, line integrations and surface integrations over quadrilateral

elements are evaluated by Gaussian quadrature (112) while surface

integration over triangular elements are evaluated by the Gauss-Hammer

formulas (118). Theoretically, the value of an integral with a poly-

nomial integrand can be computed exactly with Gaussian-type formulas,

provided that the order of the error of the formula is higher than that

of the integrand. However, it has been shown (67) that in some cases

solutions using element matrices evaluated by lower-order formulas are

more accurate than those obtained by using exact integrations. Reduced

integration, as it is usually called, is often preferred by some

researchers (68). The superiority of reduced integration, in terms

of both accuracy and computational expense, is perhaps due to the fact

that the stiffness of a discretized structure is generally greater than

that of the corresponding real structure, and by evaluating the stiff-

ness matrix in an approximate sense, the discretized structure is made

more flexible, which in turn models the real structure better. Moreover,

higher-order isoparametric elements are too costly if their element



matrices are to be integrated exactly. Extreme caution must be used

in applying reduced integration, however, because it may lead to

grossly distorted results and sometimes even create singularities

in the global stiffness matrix. In this study, the necessary order

of integration for the stiffness matrix of a particular element is

obtained by numerical experimentation.

On assembling the element stiffness matrices, mass matrices and

load vectors following standard procedures (66,67,68), one obtains

in which

t+At t+Atl ft+Atpi j,t+At1,1
[ K ] {AU} + rMlf

k T '` k+1 k+1 J k

rt+At

k
= global tangent stiffness matrix

= global consistent mass matrix

= global incremental displacement vector

r

k+1
t+At-

Ul = global acceleration vector

{t+At
k+1

P} = global external load vector

t+At
{ Fl = global internal force vector
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(4.50)

In the next two sections, solution procedures will be described

for solving Eq. 4.50.

Nonlinear Static Analysis Procedures

Although this study is primarily concerned with nonlinear dynamic

analysis, solution procedures for nonlinear static analysis will first
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be discussed because; (a) in performing time-domain or frequency

analyses for prestressed cable and membrane structures, nonlinear

static analyses are usually needed to establish the initial equili-

brium configurations; (b) it will be shown in the next section that

by means of a temporal integration scheme, transient dynamic analyses

are in effect reduced to equivalent static analyses.

A combined incremental and iterative approach will be adopted

here which can be easily reduced to the purely iterative or the self-

corrective incremental scheme. The static equations of equilibrium can

be deduced from Eq. 4.50 by dropping the inertia force terms and

replacing the left hand superscripts by the increment numbers. Thus,

following Eq. 4.24, to begin the (i+l)th increment, one uses

in which

[iF
T

{A
o
U} = {i1-11)} {1F}

{A u} = {i +lu}
{IT}0

(4.51)

(4.52)

.

and [

i
KT]

th
and { F} are evaluated using the final results from the a.

increment. For subsequent iterations, one uses the recurrence formula,

similar to Eq. 4.27,

in which

i+1 i+1
[

k
KT] {A

k+1
U } = {

k+1
P} - {1 1-1F}

i+1
{A
k+1

U } =
k+1

U}
i+1

-
k
U}

(4.53)

(4.54)

The updating of the Jacobian can be done according to any one of the

schemes described previously, however, only the Newton-Raphson scheme
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and the modified Newton-Raphson scheme are used in this study. Con-

vergence is defined by the vanishing of either the residual error in

resultant forces, Eq. 4.53, or the incremental displacements, Eq. 4.54,

or both.

The scheme described above is reduced to the purely iterative

scheme if the external loads are applied in a single step, or to the

self-corrective incremental scheme if only Eqs. 4.51 and 4.52 are

used for each increment.

Since cables and membranes derive their stiffnesses from tensile

stresses, circumstances often arise in which the initial unstressed

configurations are computationally unstable. For example, the finite

element model shown in Fig. 4 has no lateral resistance to applied

loads if initial stresses do no exist. Such configurations cannot be

used to initiate the incremental procedure because the tangent stiff-

ness matrix thus formed is singular.

A variety of procedures have been used to obtain stable initial

configurations (109,120,121). The most popular approach is to assume

a set of initial displacements on the structure, so as to make the

stiffness matrix positive-definite, and then to proceed with the

iteration process until an equilibrium configuration is reached. The

advantage of this approach is its simplicity but it suffers from the

lack of consistency since no rational scheme is available for choosing

a suitable set of initial displacements which faciliates convergence.

Another approach which is closely associated with dynamic analyses

will be described in the next section.
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Nonlinear Dynamic Analysis Procedures

Various solution schemes for solving nonlinear algebraic equation

systems and procedures for static analysis have been discussed.

Procedures for dynamic transient analysis are described in this section.

A stable equilibrium configuration of the structure is assumed to have

been obtained, and its transient dynamic response under prescribed

external loads is to be analyzed. The dynamic equilibrium equations

at time t+At can be written as

in which

t
f
t+At

Fl +
+At

Fl = {t+Atp}

{
t+At

= global internal force vector at time t+At

t+At ,

Gi = global inertia force vector at time t+At

{

t+At
Pl = global external force vector at time t+At

4.55)

Following previous material, the counterpart of Eq. 4.56 for the

incremental/iterative process can be expressed as

t+At t+At t+Att+At
E kKT3{ k+11j k

U} + EMI{
k+1

U} =
t+At

{
k+1

P} - {
kP}

(4.56)

which is similar to Eq. 4.50. Eq. 4.56 is a set of second order,

linear, ordinary differential equations with constant coefficients.

Given appropriate initial conditions, Eq. 4.56 can be solved by a

variety of methods (112,122). Two classes of methods are currently

used in structural dynamics; the implicit schemes and explicit schemes.

The most important difference between the two is that the displacements
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and velocities at time t+At are assumed to be independent of the

accelerations at time t +Lt in explicit schemes, while in implicit

schemes the displacements and velocities at time t+At are assumed

to be dependent on the accelerations at time t+At. The advantage of

explicit schemes is that no assmeblage of the global stiffness

matrix is required if a lumped mass matrix is used. Thus solution of

simultaneous equations is not necessary. However, this advantage is

sometimes offset by the stability requirement that the time step

size must be a fraction of the smallest natural period of the structure,

which could be prohibitively small. On the other hand, many implicit

schemes are unconditionally stable so that larger time steps can be

used, but assemblage of the global stiffness matrix and solution of

a commonly large equation system are mandatory. Explicit schemes and

implicit schemes are not mutually exclusive, however, explicit-implicit

schemes have been used successfully in media-structure type problems,

such as fluid-structure interaction, in which an explicit scheme is

applied on the 'soft' media while an implicit scheme is applied on the

'stiff' structure (123).

In this study, the implicit Newmark's method is chosen for the

integration of the equations of motion, Eq. 4.56. Newmark's method

(114) has been shown to have good accuracy characteristics and is

unconditionally stable in linear dynamic analysis. Theoretical analysis

of the method in a nonlinear setting is extremely complicated and

although there has been some progress in this aspect (124), the

development has not yet been completed. Nevertheless, Newmark's method

has been applied successfully in nonlinear dynamic transient analyses

(125) and appears to be very reliable while showing good convergence



characteristics.

In the Newmark's method, it is assumed that

in which

where

t+At. t. t- t+At-
k+1

U = U + [(1 - a) U + a
k+1

U]At

t+At . t- t+A t::,

k+1
U =

t t
U + UAt + [(1/2 - E) U

k+1
ujAt2

t t. t
U, U U = global vectors of displacement, velocity

and acceleration at time t
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(4.57a)

(4.57b)

t+At t+Gt-
U, U = global vectors of displacement and accelerationk+1 k+1

,

at time t+At at the (k+1)
th
iteration

a, = Newmark's constants

Eq. 4.57b can be rearranged so that

t+Atu t+At
-

t t. t-U) -a U-aUk+1 o k+1 1

1
a

EAt
2

1 1

EAt a2 2E
1

If Eq. 4.58 is subsitituted into Eq. 4.56, one then obtains

in which

rf+ tR It+Atpi it+AtFI
L k T'' vj k+1 J k J

it+AtT7
] = modified tangent stiffness matrixL

(4.58)

(4.59)

4.60)



LIT}

t+At

kKTI ao14.3

{t+Atul {t+Atul
k+1

t+At-
{

k+1
P} = modified external load vector
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(4.61)

(4.62)

t At t+At t t.
P/ itfl{a ( k

U - -a
1
U-a

2

t

k+1 Ul

(4.63)

Eq. 4.60 is in the same form as Eq. 4.51 in the previous section, so

that all the solution procedures in the previous section apply. After

the incremental displacements are computed, the accelerations and

velocities can be computed from Eq. 4.57.

Guidelines for selecting a suitable time step size, At, in

nonlinear problems are not available, despite the fact that the choice

of time step size is extremely critical in obtaining meaningful

results. In most cases, numerical experimentation is the only

plausible approach for determining,a feasible time step size. The

Newmark's constants, a and 13, are chosen to be 1/2 and 1/4 in this

study, respectively. This has proved to be a successful combination

although other combinations are possible.

A dynamics related approach in determining stable initial confi-

gurations is to use an artifical damping matrix instead of the mass

matrix in Eq. 4.56. The damping is gradually reduced while the solut-

ion is converging. Static equilibrium is reached when the velocities

vanish. This approach is often called viscous relaxation and has been

used in slightly different forms by various researchers (119). A
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variation of this approach has been used in this study to determine

initial configurations and is presented in Appendix C.

Development of the equations necessary for static and dynamic

analyses of cables and membranes has been completed. Example problems

will be presented in the next chapter to validate the finite element

models developed and demonstrate their capabilities.
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CHAPTER V

EXAMPLE PROBLEMS

Example problems are presented in this chapter to demonstrate the

validity and capability of the finite element models and solution

schemes presented in the previous chapters. A program has been written

to perform the required numerical computations. The computer program

has the capability to perform nonlinear static, nonlinear dynamic and

frequency analyses of cable and membrane structures. A brief descript-

ion of the computer program is given in Appendix D.

Convergence of the finite element models is not examined in the

present study because isoparametric elements are known to meet all the

convergence criteria (67) if the element matrices are integrated

exactly. However, as mentioned before, exact integration in most cases

is not required and the necessary integration order for a particular

element was selected by numerical experimentation in the set of example

problems presented in this chapter. Furthermore it may be too costly

to use higher-order elements if exact integrations are to be used.

Consistent mass matrices were used in the dynamic analyses and they

were always integrated with quadratures an order higher than those for

the stiffness matrices because their expressions contain higher-order

polynomials. No parametric studies of the free vibrations of cable and

membrane structures have been performed because the present study is

mainly concerned with nonlinear transient dynamic analysis. The

iteration convergence criterion used in this study is defined by
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(5.1)

in which u are the displacement components and N is the total number

of equations.

Nine example problems are presented in this chapter. The first

five concerned with static analyses and the last four examples are con-

cerned with dynamic analyses. The first example is intended to demonst-

rate the large-displacement capability of the cable elements by using

them to model a suspended cable. The second example is that of the

nonlinear static deflection of a cable network. The third and fourth

examples concern the inflations of a circular cylinder and of a flat

circular sheet, respectively. The capability of the membrane elements

in large-displacement, large-strain analysis is demonstrated. The fifth

example is that of the inflation of a cable-reinforced cylindrical tube,

which serves to demonstrate the ability of the finite elements to model

cable membrane interactions. In the sixth and seventh examples, the

the natural frequencies of a cable and of a square membrane are calcu-

lated. These examples serve to validate the mass matrices and provide

guidance in selecting appropriate elements in nonlinear dynamic analysis.

The eighth example involves the modelling of an underwater cable-buoy

system. This example serves to validate the transient dynamic

solution scheme used. The last example is that of the transient resp-

onse of a submerged, fluid-filled cylinder under the action of a train

of gravity waves. This example demonstrates the ability of the finite
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element method in modelling the transient dynamic response of a cable-

membrane structure under the action of spatially and temporally

varying nonconservative loads. It also shows the potential of the

finite element method in the handling of structure-media interaction

problems.

Example 1 : Suspended Cable

This example is intended to show the validity of the cable

elements and the viscous relaxation technique. As shown in Fig. 5, the

cable is simply supported and the initial configuration was assumed

to be the horizontal position. The loads include the dead weight of

the cable and the horizontal force at the movable support. The cable

is linearly elastic and has the following properties :

Young's modulus, E = 1,000,000 psf

Initial area , A = 0.1 ft
2

, Po= 0.031056 lb. sec /ft4Density

Gravitational constant, g = 32.2 ft /sect

The initial configuration of the cable is unstable because it has

no lateral stiffnesses. The viscous relaxation technique described in

Appendix C was used to calculate the equilibrium configuration. The

solution parameters, defined in Appendix C, are :

Tolerance , e = 0.001

Initial damping factor , U = 0.01

Decrement coefficient , y = 1.00

Damping matrix constant , C = 10,000.0
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Figure 5. Initial and Final Configurations of a Suspended Cable.
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It should be noted that these parameters were chosen arbitrarily and

not necessarily represent the most efficient combination.

Three finite element models were used : (i) eight linear

(2 nodes) elements; (ii) four quadratic (3 nodes) elements; (iii)

two cubic (4 nodes) elements. The results are shown in Fig. 6 and

Table 1.

Fig. 6 shows the final equilibrium configurations of the three

models and of the exact configuration, which was obtained by solving

the governing differential equations. It can be seen that the nodal

displacements of the linear element model are almost exact while the

other two models also provide good approximations. The apparent

superiority of the linear element model in this problem can also be

seen in the solution summary shown in Table 1; it required less

increments and computer time than the other two models. However,

should again be emphasized that more efficient solution parameters

could be selected to provide faster convergence in a particular

finite element model.

It is known that finite element models acquire "extra"

stiffness during the discretization process and therefore, in general,

are not as flexible as the real structure. In this example, the linear

element model apparently is the most flexible among the three. The

additional stiffnesses of the higher-order element models can be

attributed to the fact that as the elements deformed from their

initially straight configurations, the shape functions were not

capable of interpolating the new curvatures exactly and, thus,

created extra stiffnesses. The linear element model behaved as
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TABLE 1. COMPARISON OF SUSPENDED CABLE MODELS.

Model AC (ft.) AR (ft.)
No. of
Increments

Execution
Time (CPU sec.)

8 Linear Elements 58.13 47.68 25 3.03

4 Quadratic Elements 59.25 46.93 27 3.38

2 Cubic Elements 57.84 46.89 27 3.21

True Solution 57.80 47.92 -- ____
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linkages in this case and therefore had a better chance to converge to

the correct solution from a straight initial configuration. This

shows that the initial configurations assumed can influence the final

equilibrium configurations and thus should be chosen carefully. It

cannot be concluded, however, that linear element models always

perform better than higher-order element models with comparable

degrees of freedom, as will be demonstrated in later examples. It

should be noted that higher-order isoparametric elements have

higher convergence rates than linear elements in general, so that

improvements in the solutions could be realized by using more elements.

Examples 2 : Cable Network

The nonlinear deformation of a suspended cable network is

Considered here to demonstrate the validity of the incremental/

iterative solution scheme. The cable network employed here has been

studied in Reference 129. The initial configuration of the suspended

cable network is shown in Fig. 7 and the static response was calculated

for a loading of 13.608 kips applied at every interior node in the

negative z-direction. The cable properties are :

Young's modulus , E = 3,600,00.0 ksf

Initial area ,

o
0.01 ft

2

Only linear elements were used in the finite element model. An

incremental/iterative scheme was used to compute the static response;

the loads were applied in four equal increments and Newton-Raphson

iteration was performed at each increment to achieve a convergence

tolerance of 0.0025. The first increment required five iterations,

while three iterations were sufficient for the subsequent increments.
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Figure 8. Cable Network Load-Displacement Curves.



TABLE 2. CABLE NETWORK - COMPARISON OF DISPLACEMENTS.

Model Nodal

Points

(See Fig.7)

Displacement Components (ft. x 10
2
)

x

Present

4 -2.35 -2.73 34.0

0.00 -3.66 35.1

Study
-2.25 -0.73 23.4

7 0.00 -0.96 23.9

Ref. 129

4 -2.36 -2.73 34.0

0.00 -3.67 35.2

6 -2.26 -0.73 23.4

7 0.00 -0.96 24.0



TABLE 3. CABLE NETWORK - COMPARISON OF MEMBER FORCES.

Model

Member Forces (Kips)

Member (See Fig. 7)

1 2 5 6 17 18 19 22 23 24

Present
Study

83.6 82.5 80.0 78.5 44.4 43.8 43.8 58.9 58.0 57.8

Ref. 129 83.5 82.4 80.6 78.5 44.4 43.9 43.8 58.9 58.0 57.8
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The results are shown in Fig. 8, Tables 2 and 3.

The displacements of nodes 5 and 7 are plotted in Fig. 8 to

demonstrate the nonlinear load-displacement behavior of the structure.

The displacements and member forces obtained in the analysis are shown

in Table 2 and Table 3, respectiviely, together with the results, from

Reference 129. It can be seen that there is virtually no difference

between the two sets of results and the slight discrepancies can be

explained by the residual errors in the iterations and by the

different definitions of strain used; Green's strain, is used in this

study while engineering strain is used in Reference 129.

Since the deformations in this problem are not excessive, it

might have been more efficient to apply the loads in a single step.

However, such a decision is purely problem - dependent and, in general,

the magnitudes of deformation in a large-displacement problem cannot

be predicted beforehand. The incremental/iterative scheme used in this

problem was for the purpose of demonstration only.

Example 3 : Inflation of a Hyperelastic Cylindrical Tube

The large deformation of a hyperelastic cylindrical tube

subjected to internal pressure is considered in this example. The

longitudinal motion of the tube is restrained, while the tube is free

to expand in the radial direction. See Fig. 9 for a definition sketch.

The tube has the following properties :

Length , L = 30.0 ft

Initial radius R = 10.0 ft

Initial thickness , 110= 0.01 ft
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Figure 9. Geometry of Cylindrical Tube.
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Hyperelastic material consrants :

C = 2,300.0 psf

C
2

280.0 psf

This problem has been considered by Verma (93) using superparametric

elements (67), and the exact solution can be derived from results found

in Reference 44.

Since the geometry and loading are axisymmetric, only a quadrant

of the cylinder need be modelled. Two finite element models were used;

eight linear (4 nodes) elements and two quadratic (8 nodes ) elements,

as shown in Fig. 10. Cubic elements were not used because they are

considerably more costly than those used, and do not necessarily

provide more accurate results. The internal pressure was applied

in five increments of one psi each and Newton-Raphson iteration was

performed until a convergernce tolerance of 0.005 was achieved. The

unstressed initial configurations of the finite element models are

unstable, so stable, estimated configurations were used to initiate the

iteration process for the first increment. The numerical results

are shown in Figs. 11. through 14. It should be noted that the load-

response curve of this problem is highly nonlinear and the loading is

nonconservative due to the large change in the surface area of the

cylinder.

The radial displacement of the cylinder is plotted agsinst the

internal pressure in Fig. 11. The quadratic element model compares

extremely well with the exact solution while the linear element

model shows an increasing deviation from the exact solution. The
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Figure 10. Cylindrical Tube Finite Element Models.
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same can be said for the circumferential and longitudinal stress

resultants shown in Fig. 12 and Fig. 13, respectively. The final

inflated profiles of the two models are shown in Fig. 14.

The quadratic element model definitely performs better than the

linear element model in this problem. This can be attributed to the

fact that the initial and deformed configurations can be interpolated

exactly by the quadratic shape function. This in turn provides better

approximations of the magnitude and direction of the internal pressure

since they depend on the area and orientation of the surface of the

cylinder.

As mentioned previously, this problem has been solved success-

fully by Verma (93) using superparametric elements; an element which

uses a cubic Hermite polynomial to interpolate the geometry and

bilinear polynomials to interpolate the displacements. This element has

the characteristic that its initial curvatures are preserved during

deformation and thus is a good element for this problem because the

initial and final curvatures are theoretically the same. However, in

this element model, an initally flat element will remain flat through-

out the deformation because of the bilinear displacement field. Thus,

it can be expected to perform less satisfactorily in situations where

curvatures do vary.

It should be noted that the hyperelastic material considered is

highly nonlinear, and from Fig. 11, it can be seen that the cylinder is

gradually "softened". Increasing numbers of iterations were required

to achieve convergence in this example; only five iterations were need-

ed for the first increment while twenty iterations were needed for
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the last increment in the quadratic element model. It was also found

that the modified Newton-Raphson scheme was not satisfactory for this

problem. The same difficulty was encountered in the linear element

model. Additional nonlinear effects are introduced by the noncon-

servative nature of the internal pressure. As noted in Chapter IV, the

Jacobian of the internal pressure vector is not included in the

tangential stiffness matrix. This leads to difficulties in convergence

if the load-displacement behavior of the structure is highly sensitive,

as in this problem. However, the inclusion of the Jacobian of the

internal pressure vector will render the tangential stiffness matrix

non-symmetric, which requires considerably more solution efforts.

Example 4 : Inflation of a Flat Circular Sheet

The static response of a hyperelastic, initially flat, circular

sheet with a clamped perimeter is studied in this example. This

example has been solved by Verma (93) using the superparametric element

discussed previously, and by Oden (75) using constant-strain triangles.

The properties of the circular sheet are .

Radius , R = 4.0 in

Initial thickness , h
o
= 0.05 in

Hyperelastic material constants :

C
1

= 24.0 psi

C
2

= 3.0 psi

The finite element model used in the present study and those

by Verma and Oden are shown in Fig. 15. It should be noted that a

large number of additional nodes, both internal to and on the perimeter
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of the elements are needed to interpolate the geometry in Verma's model.

The comparison between the solutions obtained by Verma and Oden can be

found in Reference 93. The agreement was found to be very good so

that only Verma's results will be shown in this example.

In this study, the inflating pressure was applied in 0.3 psi

increments with Newton-Raphson iteration used at every increment to

achieve a convergence tolerance of 0.005. However, numerical

instability was encountered after an internal pressure of 1.8 psi

was reached. The solution process was therefore restarted at the 1.5

psi internal pressure point and incremental analysis was used with

0.03 psi pressure increments. Difficulty was again encountered at the

2.4 psi pressure point and the solution process was discontinued. The

displacements of the center of the circular sheet are plotted against

the internal pressure in Fig. 16 for pressure up to 2.4 psi. Good

agreement

It should

Verma but

reached.

between the present model and Verma's model can be seen.

be noted that numerical instability was also experienced

did not appear until an internal_ pressure of 2.8 psi was

The inflated sectional profiles at an internal pressure

by

of 2.25 psi is shown in Fig. 17. It can be seen that the present model

provides a more realistic profile than Verma's model due to the fact

that Verma's elements remained flat during the deformation. This

does not mean that Verma's element is inferior, because less degrees

of freedom were used in his analysis. However, together with the

results from the last example, one can conclude that higher-order

elements are better able to model curvilinear geometries and noncon-

servative loads than linear elements.
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The numerical instability perhaps is again due to the highly

nonlinear material behavior and due to the approximation of pressure

loads. However, large-displacement and large-strain problems such

as these are rare in practical applications. The omission of the

Jacobian of the pressure load vector can be justified due to the

computational efficiencies gained in most practical problems. The

highly nonlinear behavior of the material means that the equilibrium

shape is not necessarily unique; multiple equilibrium shapes perhaps

can be calculated for a particular inflating pressure. Incremental/

iterative solution thus is not the most efficient scheme to achieve a

desired equilibrium configuration because divergence may appear at

a certain point because of multiple equilibrium configurations.

Example 5 : Cable-Reinforced Cylinder

This example is presented here to show the capability of the

finite elements in modelling cable-membrane interaction. The cylinder

used in this example is the same as that in Example 3. As shown in

Fig. 18, the cylinder is reinforced with five circumferential cables

with the following properties :

Initial area, A
o
= 0.012272 ft

2

Hyperelastic material constants :

C
1
= 14,000.0 psf

C
2
= 4,000.0 psf

The finite element model is shown in Fig. 18. Again, because

of axisymmetry, only a quadrant of the cylinder need be modelled.

Also, since the cylinder is symmetric about the plane bisecting the
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cylinder longitudinally, only four quadratic membrane elements and

six quadratic cable elements were used. A 4.0 psi inflating pressure

was applied to the cylinder in two increments and Newton-Raphson

iteration was performed at each increment until a convergence tolerance

of 0.0025 was achieved. The inflated longitudinal profile obtained

in the present study is compared with that obtained by Verma (93) in

Fig. 19.

The longitudinal displacement profile obtained by Verma as

shown in Fig. 19 is not possible for a finite cylinder since the radial

displacements at the ends of the cylinder did not show the proper

constraint effects of the reinforcement cables. In compassion, the

inflated profile obtained in the present study is more realistic because

the radial displacements at the ends were less than those in the

interior of the cylinder. The radial displacements along an interior

section were close to those obtained by Verma and thus it is suspected

that Verma's solution was for an infinitely long cylinder. It should

also be noted that the profile obtained in this study is smoother than

that obtained by Verma while only one-fourth the number of elements

were used in the present study.

Example 6 : Natural Frequencies of a Cable

In this example, the natural frequencies of a stretched cable

are calculated by the finite element method. It serves as check on

the consistent mass matrices used in this study and provide guidance

in selecting cable elements in nonlinear dynamic analysis. Three finite

element models were used; twelve linear elements, six quadratic elements
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and four cubic elements. These models all have the same number of

interior degrees of freedom. The geometry and properties of the

cable are shown in Fig. 20. An axial load was first applied statically

to the models in order to provide lateral stiffnesses. Then natural

frequency analyses were performed using the Subspace Iteration Technique

(114). The first ten modes of the cable models were calculated and the

natural frequencies are compared with the exact solutions in Table 4.

It can be seen that all three models provide reasonably good

approximations in the lower modes, but the accuracy deteriorates in the

higher modes. Higher-order elements perform better than lower-order

elements in the lower modes while the situation is reversed in the

higher modes. This can be traced to the fact that in the lower modes,

higher-order elements with higher-order interpolation polynomials are

able to interpolate the mode shapes better. In the higher modes,

excessive deformation of elements are needed to duplicate the mode

shapes and extra constraints are encountered in the higher-order

elements. This is illustrated by the mode shapes of the ninth mode,

which are shown in Fig. 21. It can be easily shown (130) that the

natural frequencies computed from a discretized system are greater than

the exact frequencies because the discretized systems are generally

stiffer, as evidenced by Table 4. Although it has not been proven

to be generally true for nonlinear dynamic analysis, the dynamic

response of a structure is usually dominated by a few lower modes.

Hence, one would choose higher-order elements if accuracies in the

lower modes are needed. The computer time used in the three models

were comparable, with lower-order element models requiring slightly

less CPU time, though the differences were negligible.
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TABLE 4. COMPARISON OF NATURAL FREQUENCIES OF CABLE MODELS.

Model

Natural Frequencies (rad sec)

Mode

1 2 3 4 5 6 7 8 9 10

Exact Solution(Ref.33) 9.560 19.119 28.679 38.238 47.798 57.357 66,917 76.476 86.040 95.596

4 Cubic Elements 9.560 19.120 28.699 38.490 48.319 58.867 70.270 78.881 106.295 127.570

6 Quadratic elements 9.560 19.134 28.786 38.655 48,914 57.735 73.735 87.457 103.570 120.690

12 Linear Elements 9.587 19.338 29.420 40.000 51.235 63.245 76.051 89.443 102.776 114.736
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Example 7 : Natural Frequencies of a Membrane

The free vibration of a square membrane under uniform tension is

studied by means of the finite element method in this example. The

membrane geometry and properties are shown in Fig. 22. The exact

solution is well-known (33). Six finite element models were used and

they are shown in Fig. 23. The natural frequencies for the first eight

modes are tabulated in Table 5 together with the exact solutions. The

relative errors are tabulated in Table 6 for convenience of comparison.

The number of interior nodes of each model is equivalent to the number

of transverse degrees of freedom of the model. The amount of computer

time needed for each model is also shown for comparison of relative

efficiencies.

The model with nine quadrgtic quadrilateral elements seems

to provide the best estimate of the natural frequencies. The next best

estimate was offered by the model with 25 linear quadrilateral elements,

which required less computer time than the model with nine quadratic

quadrilateral elements having comparable number degrees of freedom.

The model with four cubic quadrilateral elements gave good results

in the lower modes but the results of the higher modes are not

satisfactory because the locations of the interior nodes are not

favorable in interpolating the shapes of the higher modes. The model

with four quadratic quadrilateral elements also provided good estimates

for the first three modes but an insufficient number of degrees of

freedom led to fast deterioration of accuracies in the higher modes.

The model with sixteen linear quadrilateral elements, though not as

accurate as the four other quadrilateral models, provided acceptable
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4 Cubic Elements 16 Linear Elements
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Figure 23. Membrane Finite Element Models.



TABLE 5. COMPARISON OF NATURAL FREQUENCIES OF MEMBRANE MODELS.

Model
No. of
Interior
Nodes

Natural Frequencies (rad/sec)

Execution
Time

(CPU sec)

Mode

1 2 3 4 5 6 7 3

Exact
Solution(Ref.33) 40.55 64.13 64.13 81.12 90.69 90.69 103.40 103.40 --

9 Quadratic
Quadrilaterals 15 40.59 64.76 64.76 82.98 91.65 91.65 109.54 109.54 52.0

4 Cubic
Quadrilaterals 9 40.62 65.83 65.83 93.37 94.19 122.47 122.47 193.09 51.0

4 Quadratic
Quadrilaterals 5 40.78 65.83 65.83 107.49 109.05 - - - 31.0

25 Linear
Quadrilaterals 16 41.2 3 67.75 67.75 86.49 102.60 102.60 115.80 115.80 36.0

16 Linear
Quadrilaterals 9 41.61 69.75 69.75 89.44 106.90 106.90 120.68 120.68 25.0

8 Quadratic
Triangles 9 41.95 69.11 69.11 99.99 99.99 99.99 144.70 144.70 36.0



TABLE 6. RELATIVE ERRORS OF FINITE ELEMENT MEMBRANE MODELS

Model

Relative Errors in Frequencies (%)
(Refer to Table 5)

Mode

1 2 3 4 5 6 7 8

9 Quadratic
Quadrilaterals

0.10 0.98 0.98 2.20 1.06 1.06 5.94 5.94

4 Cubic
Quadrilaterals

0.17 2.65 2.65 15.00 3.80 35.40 18.38 86.74

4 Quadratic
Quadrilaterals

0.56 2.65 2.65 32.50 20.24 - -

25 Linear
Quadrilaterals

1.60 5.60 5.60 6.62 13.13

----

13.13 11.99 11.99

16 Linear
Quadrilaterals

2.61 8.76 8.76 10.26 17.87 17.87 16.71 16.71

8 Quadratic
Triangles

3.40 7.70 7.70 23.26 10.25 10.25 39.94 39.94
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results in all eight modes while requiring the least computer time.

The model with eight quadratic triangular elements is the stiffest

model although the estimates for the lower modes are still acceptable.

In nonlinear dynamic analysis, the number of elements that can

be used in a model is often restricted by computational expenses. Of

the different membrane elements presented in this study, the best

choices seem to be the linear quadrilateral and quadratic quadrilateral.

The cubic quadrilateral, besides being costly, does not seem to be

able to provide a wide range of responses when only a few of them are

used in a model because of its poor curve fitting properties. The

linear quadrilaterals seem to be more efficient in terms of computat-

ional effort but are not as accurate as the quadratic quadrilaterals

in models with comparable numbers of degrees of freedom. In linear

transient dynamic analysis, the response is generally dominated by a

few lower modes and the contributions of the higher modes are often

negligible. In nonlinear analysis, the situation is more complicated

because modal superposition is no longer valid. The selection of

elements is then highly problem-dependent and the results from free-

vibration analyses can only serve as a guide. It is believed that if

the curvatures of the structure is severe, especially when pressure

loading is involved (which is often the case with cable-membrane

structures), quadratic quadrilateral element represents an excellent

compromise between cost and accuracy. Linear quadrilaterals can

also be used but are expected to be less accurate in dealing with

the type of structure and loading just mentioned, though it may be less

costly when a model with a comparable number of degrees of freedom is
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used.

Example 8 : Relaxation of a Single Point Moor

This example serves to demonstrate the validity of the transient

dynamic scheme and the capability of the cable element model to deal

with nonconservative hydrodynamic loadings.. Small-scale experiments

on the relaxation of a cable-buoy system have been conducted (131) for

the purpose of validating cable computer programs. The experimental

model consisted of a submerged spherical buoy anchored to the bottom

by a single cable. The buoy was then statically displaced to a

specified position and then released. The dynamic responses of the

system were recorded. The problem has been successfully simulated by

various finite element models (127,128). The displaced configuration

of the cable-buoy system is shown in Fig. 24, and the properties of the

cable and buoy are :

Cable :

AE

Weight in air

Buoy :

= 4.8 lb

= 11.443 x 10-3 lb/ft

Weight in water = 2.381 x 10-3 lb/ft

Unstretched length = 71.56 in

Diameter = 0.163 in

Diameter = 2.0 in

Weight in air = 0.025 lb

Weight in water = -0.121 lb
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The finite element model used in the present study consisted of

four quadratic cable elements with a concentrated mass element to

model the buoy. The displaced configuration was obtained by the

viscous relaxation technique with the cable laying in a horizontal

position initially. The release of the buoy was simulated by

applying to the buoy the buoyancy of the buoy and forces required to

cancel the static restraints at the buoy. The drag and inertia forces

due to the presence of water and the motion of the cable-buoy system

were represented by a discrete hydrodynamic model based on the Morison

Equation approach (132), which is described in Appendix E. Constant

drag and added mass coefficients were used, they are :

Cable normal drag coefficient = 1.20

Cable tangential deag coef. = 0.02

Cable added mass coef. = 1.00

Buoy drag coefficient = 0.50

Buoy added mass coef. = 0.50

The response of the system during the first 3.0 sec after

release was simulated. The size of the time step used was 0.005

sec and modified Newton-Raphson iteration was used at every step to

ensure a convergence tolerance of less than 0.1. The global

stiffness matrix was updated after every two steps. The results of

the simulation are shown in Figs. 25 through 29.

It can be seen in Figs. 25 and 26 that the finite element model

provided excellent estimates of the horizontal and vertical positions

of the buoy in comparison to experimental results. The total

velocity of the buoy is shown in Fig. 27 and the agreement is quite
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acceptable. The fact that the model seemed to have overpredicted the

velocity and the vertical displacement of the buoy is likely due to the

inadequacy of the constant drag coefficients used. It should be noted

that the velocity history from the experiment was obtained by numeric-

ally differentiating the displacement data. The tension histories

are shown in Fig. 28. The model has underestimated the tension in

general, especially the peak tension. This is probably due to the fact

that the tension history was measured at the anchor in the experiment

while it was computed at an interior integration point in the finite

element model.

The same problem was analyzed by Palo (128) using 12 linear

elements and by Lo (127) using 4 cubic elements (Ma's model (79)), and

the results were comparable. However, fewer elements and degrees of

freedom were used in the present study.

Example 9 : Transient Response of a Submerged Fluid-Filled Flexible Tube

The purpose of this example is to demonstrate the ability of the

finite element model to simulate the nonlinear dynamic response of a

cable-membrane structure under a prescribed external force field that

is nonconservative, and which varies both spatially and temporally.

The problem considered was that of a submerged membrane shell filled

with liquid and subjected to the action of a train of gravity waves.

Such a structure might be employed as an oil pipeline or storage tank,

for instance.

The particular structure under consideration is shown in Fig. 29.

It is a infinitely long, flexible cylindrical membrane tube moored to
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Figure 29. Definition Sketch of Submerged Cylindrical Tube.



the bottom by means of cables. The membrane tube has the following

properties :

Diameter = 10.0 ft

Young's modulus = 500,000.0 psi

Density = 1.5228 lb.sec
2
/ft

4

Poisson's ratio = 0.3

The mooring cable has the following properties :

Area = 0.06545 in
2

Young's modulus = 100,000.0 psi

Density = 4.6584 lb.sec
2
/ft

4
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The cylinder was assumed to be filled with a fluid with specific

gravity equal to 0.9. The liquid was pressurized so that the pressure

resultant is as shown in Fig. 29. A train of gravity waves was assumed

to be travelling in the positive x-direction (normal to the cylinder)

with no disturbance ahead of the wavefront. The wave height was

assumed to be 5.0 ft and the wave period was assumed to be 5.0 sec.

The finite element model used is shown in Fig. 30. It consisted

of six quadratic membrane elements and six quadratic cable elements.

Symmetric boundary condition were applied so that the infinite tube

could be modelled by a single layer of membrane elements. The presence

of the fluid inside the tube was simulated by the static resultant

pressure and by lumping the internal mass at the membrane nodal points.

The static equilibrium shape under the resultant pressure was first

computed, thus providing the system with initial stiffnesses. A

frequency analysis was then performed to study the free-vibration

characteristics of the prestressed system.
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Figure 30. Finite Element Model of Submerged Cylindrical Tube.
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The mode shapes of the first six modes of the cylinder are shown

in Fig. 31. The first and the second modes represent the sway and the

heave modes, respectively, with the cylinder behaving essentially as

a rigid body under the constraints provided by the mooring cables. The

third and the fourth modes are the first two local modes of the cylinder

coupled with a certain amount of rolling. The fifth and sixth modes

are purely local modes with little cable influence. The longest period

of the system is below that of the incident waves, so that structural

resonance is not expected.

The wave front was assumed to begin at x = -6.0 ft and to

progress in the positive x-direction. The pressure exerted on the

cylinder by the waves was computed from the linear wave theory (132)

for the incident waves only, diffraction and radiation were neglected.

Fluid drag and added mass effects were applied on the cable element

using the Morison Equation with the wave kinematics calculated from the

linear wave theory. The self-corrective incremental scheme was used

with the stiffness matrix updated at every time step. The time step

size was 0.02 sec for the first 50 steps and 0.05 sec thereafter. The

first 10.0 seconds of the response of the system was simulated. The

results are shown in Figs. 32 through 36.

Shown in Fig. 32 are the displacement histories of the top (node

1) and the bottom (node 7) of the tube. The horizontal displacements

are seen to be in-phase, which indicates large amplitude swaying

of the cylinder. The vertical displacements are seen to be 1800 out-

of-phase which appears to be similar to the fifth mode in the free-

vibration analysis. The displacement histories of node 4 (extreme
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Figure 32. Displacement Histories of Node 1 and Node 7.
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right of the tube) and node 10 (extreme left of the tube) are shown in

Fig. 33. The horizontal displacements again indicate swaying. The

vertical displacenents are 180° out-of-phase and represents the large

amplitude rolling motion of the cylinder. As a check on whether the

internal fluid was adequately modelled, a displacement history of the

`center' was computed by averaging the displacements of the four

corners and is shown in Fig. 34. It can be seen that the behavior

of the 'center' of the cylinder in general is similar to those of the

four corners, thus indicating that integrity of the fluid-cylinder

system was preserved under the applied loading. Note that the periods

of the horizontal displacements are about 5 sec, and are approximately

equal to the period of the incident waves. The tensions in the mooring

lines are shown in Fig. 35. They do not show any identifiable

trends as they were influenced strongly by the swaying, heaving and

rolling motion of the cylinder, as well as by the fluid forces on the

cables. The stress resultants in the elements on the left and right

faces of the tube are shown in Fig. 36.

More than 25 minutes of computer CPU time were required for the

simulation. This is because the computation of the stiffness matrices

and the pressure load vectors are very time-consuming operations.

When the problem was run with the stiffness matrices being updated after

alternate time steps, rather than after every time step during the

solution process, signs of incipient numerical instability occured

during the sixth or seventh second of the simulation. This is due to

the fact that the displacements were large and the loads vary both

spatially and temporally. Updating the stiffness matrix every other
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step did not represent the instantaneous configurations with

sufficient accuracies.



CHAPTER VI

CONCLUSION

Summary

124

Finite element models of cables and membranes have been presented

and validated in the previous chapters. The finite element models were

proved to be an useful tool in the nonlinear dynamic analysis of cable

and membrane structures under nonconservative loadings.

The governing equations of motion of cables and membrane were

derived from the three-dimensional equations of finite elasticity.

Curvilinear, convected coordinates were used so as to facilitate the

transition of the continuous system to its discrete finite element

representation. The equilibrium of a body was described by the

principle of virtual work. The kinematic variables, internal and

external forces were referred to an undeformed, unstressed configuration

of the body. Specializations of the general equations for cables and

membrane were made by assuming that the cable is in'a state of uniaxial

stress and the membrane is in a state of plane stress. No restrictions

on the magnitudes of strains and displacements were imposed. Explicit

constitutive relationships were not required. Expressions for the in-

clusion of nonconservative external forces were derived.

Isoparametric finite elements were used to represent the cables

and membranes; the discrete equilibrium equations for cable and

membrane finite elements were derived from the equations of equilibrium

of the continuous bodies by using the same polynomial shape functions

for both the displacements and geometries. Curved geometries of cables
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and membranes thus can be interpolated more accurately by using higher-

order elements.

Various procedures for the solution of nonlinear algebraic

equation system were described. An incremental/iterative approach was

adopted in the present study to solve the nonlinear global equations

of static equilibrium. Alternate forms of the equations of equilibrium

for cable and membrane finite elements were derived which were needed

in the incremental solution schemes. Dynamic solution procedures were

prsented in which the Newmark's method was used to integrate the

global equations of motion. The resulting equations were shown to be

similar to the global equations of equilibrium in static analysis.

Since the initially unstressed shapes of cable and membrane structures

are generally computationally unstable, various procedures were

described to initiate the incremental/iterative solution scheme. The

viscous relaxation technique was used to establish stable equilibrium

states for cables while estimated, stressed configurations were used for

membranes in this study.

Nine example problems were presented. General discussion and

conclusions drawn from these examples are given in the next section.

Discussion

A suspended cable was modelled in the first example using three

types of cable element: linear, quadratic and cubic. It was found that

linear elements performed the best although all three models provided

excellent approximations. The higher-order elements did not perform as

well as the linear element because extra stiffnesses were acquired
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during the large deformation. This showed that the choice of assumed

initial configurations is important though theoretically any initial

configuration could be used. Linear elements behaved as linkages in

this example and thus were more flexible. The viscous relaxation

techique performed very well and proved to be a viable tool in

establishing stable equailbrium shapes for cable structures.

A cable network was analyzed in the second example. An

incremental/iterative scheme was used to study the nonlinear load-

displacement behavior. The solution compared extremely well with that

in Ref. 129. Different definitions of strain contributed to the minor

discrepancies. The incremental/iterative solution techique used in

this example might not have been the most efficient choice because the

nonlinearity was mild. However, the decision is purely problem-

dependent and the incremental/iterative scheme was used for

demonstration and validation purposes only.

The inflation of a cylindrical tube was studied in Example 3.

Two finite element models were used; eight linear elements and two

quadratic elements. The results compared well with the exact solution.

The quadratic elements performed better than the linear elements because

they were able to interpolate the geometry of the tube exactly, which

in turn provided a better representation of the internal pressure.

The highly nonlinear constitutive relationship of the cylinder material

(hyperelastic) made the displacement behavior very sensitive to changes

in load. Neglecting the contribution of the change of pressure to the

tangent stiffness matrix required a large number of Newton-Raphson

iterations when the incremental displacement was large during a load

increment. Modified Newton-Raphson iteration did not perform well in
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this instance and even led to alternate equilibrium states during

some numerical, experiments.

Another problem involving large deformation and large strain of

membranes was considered in Example 4. The problem posed a tougher

challenge than the previous problem because of the large change of

curvature. Quadratic elements were used and they were found to be able

to provide a more realistic equilibrium shape than Verma's super-

parametric elements (93). Numerical instability occurred at large

pressure because of the highly nonlinear material behavior and load-

displacement interaction. The approximation of the pessure load seemed

to be less satisfactory in this problem and perhaps a different

iteration scheme could be used to provide a more stable solution

algorithm.

Cable-membrane interaction was studied by means of a cable-

reinforced membrane tube. The present model again provided a smoother

inflated profile than that obtained by Verma (93), even though fewer

elements were used in this study.

Free-vibrations of cables and membranes were studied in Examples

6 and 7, respectively. Higher-order elements were found to perform

better in the lower modes while the reverse was true in the higher modes.

This is due to the curve fitting properties of the higher-order poly-

nomials used in the higher-order elements; the excessive deformation

within an element in the higher modes made the elements stiffer. How-

ever, in linear dynamic analysis, generally only the lower modes are

important, so that higher-order elements are preferred. This may not

be generalized to nonlinear dynamic analysis because linear



128

superposition does not apply. Nevertheless, it is believed that

higher-order elements are still more accurate because they can

approximate curvilinear geometries and nonconservative loads better

than linear elements.

A cable-buoy system was considered in Example 8 to demonstrate

the capability of the cable model in dealing with nonconservative

hydrodynamic loadings and to show the validity of the transient

dynamic solution scheme used. Excellent agreement was found between

the simulated results and experimental results. The constant drag

coefficients used might not have been adequate because a slight over-

predication of the velocity of the buoy was found. This could perhaps

be remedied by the use of variable drag coefficients. Comparable

simulations were made by Lo (127) and Palo (128), but relatively fewer

elements were used in this study.

The transient dynamic response of a cable-membrane structure

under spatially and temporally varying nonconservative loads was

analyzed in Example 9. The structure considered was a submerged, fluid-

filled membrane tube restrained by mooring cables. The nonconservative

pressure field was provided by a train of gravity waves. The simulated

results were considered to be realistic and reasonable. The finite

elements method thus proved to be a useful tool in the nonlinear

dynamic analysis of submerged cable-membrane structures. The fluid

load model might be considered inadequate in that diffraction and

radiation effects were neglected. However, the principal purpose of

this example was to demonstrate the response of the finite element

model under a prescribed force field rather than to develop accurate
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representations of the fluid forces.

Possible Extensions

Extensions to the present study are possible in various aspects:

(1) Various iteration schemes are available besides the

Newton-Raphson and the modified Newton-Raphson methods

used in this study, which might not be the most efficient

schemes for the highly nonlinear problems considered in

this study. The Quasi-Newton methods, for instance, are

viable alternatives. The relative efficiencies of the

various iteration schemes should be investigated.

(2) Slackening of the cables and wrinkling of the membranes

are likely to occur under extreme dynamic loadings. Such

phenomena have not been investigated in this study.

Explicit integration with small time steps might be more

effective in dealing with these phenomena than would an

implicit integation scheme with larger time steps, because

these phenomena could create momentary discontinuities in

the behavior of the structure.

(3) Cable and membrane materials are often viscoelastic.

Linear viscoelastic material models could be incorporated

into the present finite element model directly, but

nonlinear viscoelasticity would require extensive work.

(4) Only the incident wave pressure was used in the example

problem presented. Full fluid-structure interaction
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would be preferrable due to the dimensions and large

movement of the cable-membrane structure. A computer

program that computes the instantaneous diffraction and

radiation forces could be coupled with the computer

program developed in this study although the added

computational cost might be considerable.

(5) Dynamic loadings from natural sources such as wind and

waves can only be described realistically in statistical

terms. Procedures for nonlinear analysis of cable and

membrane structures under non-deterministic loads would

be a valuable addition to the existing literature.
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SHAPE FUNCTIONS

The following shape functions are found in Reference 67.

(1) Shape Functions for Cable Elements

(a) Linear Element

1

Node E L (E)

1 -1.0 (1 - E)/2

2 1.0 (1 + E)/2

(b) Quadratic Element

3
2 ...Ir..

Node L
I

(C)

1

2

3

-1.0

1.0

0.0

(1

(1

- E)/2 (1

+ E)/2 - (1

1 - E
2

- E2)/2

- C2)/2
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(c) Cubic Element

Node E LI(E)

1 -1.0 (1 - )(9
2

1)/16

2 1.0 (1 + E)(9E2 + 1)/16

3 -1/3 (1 - E
2
)(1 - 3E)9/16

4 1/3 (1 - E2)(1 + 3E)9/16

(2) Shape Functions for Quadrilateral Membrane Elements

(a) Linear Element

Node (,n) M (,n)

1 (1,1) (1 + E)(1 + n) /4

2 (-1,1) (1,- E) (1 + n) /4

3 (1,-1) (1 - E)(1 - n)/4

4 (1,-1) (1 + )(l - n)/4
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(b) Quadratic Element

Node (E,n) mi(,n)

1 (1,1) (1+ E)(1 + n)(C + n - 1)/4

2 (-1,1) (1- E)(1 + n)(-E+ n 1)/4

3 (-1,-1) (1- E) (1 n) (-E- n - 1)/4

4 (1,-1) (1+ E)(1 71)( n 1 1)/4

5 (1,0) (1 - E)(1 - n2)/2

6 (0,1) (1 - E
2
)(1 + n)/2

7 (1,0) (1 - E)(1 - n
2
)/2

8 (0,-1) (1 - E
2
)(1 n)/2
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(c) Cubic Element

Node (E,n)

1 (1,1) (1 + E)(1 + n)[ -10 + 9(E2 + n
2
)]/32

2 (-1,1) (1 - E)(1 + n)[-10 + 9(E2 + n2)]/32

3 (-1,-1) (1 - E)(1 - n)[ -10 + 9(E2 + n2)]/32

4 (1,-1) (1 + 0(1 n)[-10 + 9(E2 + n2)]/32

5 (1,-1/3) (1 + E)(1 - D2)(1 - 3n)9/32

6 (1/3,1)" (1 + n)(1 - E2)(I + 3E)9/32

7 (-1,1/3) (1 - E)(1 - n2)(1 + 3n)9/32

8 (-1/3,-1) (1 - n)(1 E2)(I 3E)9/32

9 (1,1/3) (1 + E)(1 n2)(1 + 3n)9/32

10 (-1/3,1) (1 + n) (1 - E
2
) (1 3)9/32

it (-1,-1/3) (1 - E)(1 - n2)(1 - 3n)9/32

12 (1/3,-1) (1 - n)(1 - E
2
)(1 + 3E)9/32
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(3) Shape Functions for Triangular Membrane Elements

Area coordinates (c
2' 3

) are used in the

expressions for the shape functions. They are related to

the convected coordinates by

= 1 - -

(a) Linear Element

r =0
1

Node (c )
mi(c

1'
c
2' -3 l' -2' -3)

1 (1,0,0)
1

2 (0,1,0) e
2

3 (0,0,1) e
3



3
=0

13 1
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(b) Quadratic Element

\C2=°

t 1/

Node , ;2, 3) M
2

1 (1,0,0) (2;1 - 1);1

2 (0,1,0) (2;2 - 1);2

3 (0,0,1) (2;
3 3

4 (1/2,1/2,0) 4;1;2

5 (0,1/2,1/2) 4;2;3

6 (1/2,0,1/2) 4
1 3

3
)
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(c) Cubic Element

Node (C
l'

;2
' 3

) ( 1, C2' c3)

1

2

3

(1,0,0)

(0,1,0)

(0,0.,1)

(3C1 1)(31 2);1/2

(3;2 1)(3;2 2)C2/2

(3;3 - 1)(3;3 - 2)C3/2

4 (2/3,1/3,0) ;
1
;
2
(3;

1
- 1)9/2

5 (1/3,2/3,0) ;
1
;
2
(3;

2
- 1)9/2

6 (0,2/3,1/3) ;
2
;
3
(3;

2
- 1)9/2

7 (0,1/3,2/3) ;
2
;
3
(3;

3
- 1)9/2

8 (1/3,0,2/3) ;
1
;
3
(3;

3
- 1)9/2

9 (2/3,0,1/3) ;
1
;
3
(3;

3
- 1)9/2

10 (1/3,1/3,1/3) 27;
1
;
2
;
3
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INCREMENTAL CONSTITUTIVE COEFFICIENTS

The incremental constitutive coefficients for isotropic, linearly

elastic materials have been given in Eq. 2.41. Following is the

derivation of the incremental constitutive coefficients for hyper-

elastic materials with the strain energy per unit volume given by

Since

in which

and

W = C
1
(I

1
- 3) + C

2
(I
2

- 3)

aT"py

(B.1)

a,a,n,E = 1,2 (B.2)

2
T
al3

= 2C
1
a
aa

+ 2C2 (X (X a +
A
---A ) -

1
y = --(A

2 71

Then using the fact that

in which

2A
2
[C

1
+ C

2
(I

1
- A)]A

c3

- and)

eA= T1 PneL4A A P,w,n,E = 1,2

e
11

= e
22

= 0 , e
12

= -e
21

= 1

(B.3)

(B.4)

(B.5)



and

X
2
= A/a

= a
aS
A
aS

+ x2

it can be shown that

DA
af3

ay
nE

oE 04
ern) 1

e e e e ) --Aa8A
2

DA
= 2 AATIE

ay
nE

ax
2

= 2X2A flC
Dy

nE

3I
1

= 2(a - A
2AnE )

ay
nC

So that the incremental constitutive coefficients are given by

in which
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(B.6)

(B.7)

(B.8)

(B.9)

(B .10)

Cat3n = 8A"AnEX2J + 2(eane + e4e13n)4-2 ( xC-4 - J) -

4C
2
X2(a"An + anA")

J = C
1
+ (I

1
- X )

(B.11)

(B.12)
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VISCOUS RELAXATION

The static equation of equilibrium can be written as

F(U) = P(U) (C.1)

in which F is the internal force vector; P is the external force

vector; and

F = {F., ,FN}

P = {P.1 , ,P
N

}

U = {ui, ..... ,uti}

(C.2)

in which N is the total number of degrees of freedom in the system.

Eq. C.1 can be solved by the Newton-Raphson method, i.e.

aultuk+1
uk) pk+1

-
j
U
k

i,j = (C.3)

in which the superscripts denote the iteration numbers. For an

initially unstressed structure, it often happens that the Jacobian

matrix

[KT] [aFila Au°

evaluated at

(C.4)

U° = 0 (C.5)

is singular so that Eq. C.3 cannot be solved.

Instead of solving Eq. C.1 directly, one may attempt to solve

the set of first order differential equations,
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[D] a + F = P (C.6)

in which [D] is an artificial damping matrix and

U = IU
1,.......,uN (C.7)

is the velocity vector. Eq. C.6 can be integrated with respect to

time and the solution to Eq. C.1 is recovered when the velocity vector

components vanish. This approach is called 'viscous relaxation'(119).

The Crank-Nicholson method is chosen to integrate Eq. C.6 in

this study,

t+At k+1 t t+At.k+1
U. = U. + U. At
1

(C.8)

in which the left superscripts denote time and At is the artificial

time increment. At can be arbitrarily large because the implicit

integration scheme given by Eq. C.8 is unconditionally stable.

Combine Eqs. C.6 and C.8, and use the Newton-Raphson method, one

obtains

1

E

[KT] Qt[D) ilt+Atuk+1 t+Atpk+1 t+AtFk

Eq. C.9 can be solved provided that the matrix

[RT] = [KT] + zt[B] (C.10)

is non-singular, which is the only criterion for choosing the matrix

[D]. The artificial damping matrix chosen in this study is

[D] = C[I] (C.11)



in chich C is a constant (damping matrix constant) and [I] is the

identity matrix.

In order to accelerate convergence, the constant C is changed

after each step according to

where

and

t+At t+At
C = pC

I (
t
u.

t-At 2
u.)

t+At t 1=1
1 1

p = py

0
1-1 = 1-1

I (
tu) 2

1=1 1
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(C.12)

(C.13)

(C.14)

in which y (decrement coefficient) and p (initial damping factor)

are prescribed constants. Convergence is defined by

t-At
u.)

2
I ( u1. -

i=1

N
I (

tu)
i=1 1

and e is a prescribed small number.

(C.15)
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COMPUTER PROGRAM SUMMARY

Analysis Modes

The computer program can perform four types of analysis :

(a) Initial configuration determination - The 'viscous

relaxation' technique is used to compute the equili-

brium configuration of a unstressed structure under

applied static loads.

(b) Nonlinear static analysis - The incremental/iterative

scheme is used to solve the static equation of

equilibrium. Either the Newton-Raphson method or the

modified Newton-Raphson method can be chosen.

(c) Nonlinear dynamic analysis - The Newmark's method and

the modified Newton-Raphson method are combined to

solve the nonlinear equation of motion. Hydrodynamic

loads can be specified. A simplified flow chart

of the algorithm is shown in Fig. D.1.

(d) Frequency analysis - Natural frequencies and mode

shapes are calculated using the Subspace Iteration

Technique (114).

Element Library

The element library includes the

(1) Cable element- linear

following element types :

(2 nodes), quadratic (3 nodes)
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and cubic (4 nodes).

(ii) Quadrilateral membrane element - linear

(4 nodes), quadratic (8 nodes) and cubic

(12 nodes).

(iii) Triangular membrane element - linear (3 nodes),

quadratic (6 nodes) and cubic (10 nodes).

(iv) Axisymmetric membrane element - linear (2 nodes),

quadratic (3 nodes) and cubic (4 nodes).

(v) Axisymmetric cable element

(vi) Spring element

(vii) Concentrated mass element

Loadings

The following types of loadings can be specified

(a) Gravity loads

(b) Applied nodal loads - constant or time varying.

(c) Applied pressure loads - constant or time

varying.

(d) Fluid inertia and drag forces on cables (Morison

Equation).

(e) Hydrodynamic pressure on membranes computed from

the linear wave theory.
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1 i.1, no. of

time steps

Compute mass

matrix [MI

Find current t
and At

Compute load

vector (121
t+At

Need

new stiffness

trix ?

no

yes

Compute internal

Iforce vector {F
t

}

Do 2 j=1, max no.

of iterations

yes

Compute tangent stiffness

matrix [KT] and internal

force vector {Ft}

Compute modified tangent

stiffness matrix

17) IKTJ ao[Mi

Compute {Pi+tt!

and IFJ 1{Ft

Solve

[) {Au} {PJ } - {Fj
t+At t+At

{F t1+At
=

t
1

Output

Figure D.1. Flow Chart for Dynamic Analysis
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HYDRODYNAMIC FORCES ON CABLES

The Fluid forces on a cable element can be expressed as

1

F = I f.L
I
V.E--g I = 1,...,N

-1
11 1 '

i = 1,2,3

161

(E1)

in which f. are the components of the fluid forces per unit length

in the deformed configuration and N is the number of nodes in the

element.

The Morison Equation is used to represent the fluid forces (133).

The component of the fluid forces normal to the cable axis can be

written as

in which

!÷

n

,

I
n

=
1

C
ndp wIv

-
n
i(vn - A

n
) +

2

P Av + AC (vt uw n m n n )i

I
n = vector of the fluid force per unit length

normal to the cable axis

C
n
= normal drag coefficient

d = cable diameter

pw = fluid density

(E.2)

v = fluid velocity vector normal to the cable axis

u
n

= cable velocity vector normal to the cable axis

A = cable area

C
m = added mass coefficient

v
n
= fluid acceleration vector normal to the cable axis

u
n = cable acceleration vector normal to the cable axis



One can write
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= f .e
4

. ; i = 1,2,3 (E.3)n na.

in which f
ni are the Cartesian components of the normal component

of the fluid forces. Similarly,

4 4.
v
n

= v .e.
ni

4 4
= u .e.

n ni

9.
v = v .e.
n ni

. 4
u
n

= .e.
ni

The vector tangent to the cable axis can be written as

(E.4)

t=a[(x.+u.)Z.]/33. (E.5)

So that the direction cosines can be written as

(xi + ui)

11

in which

A
11

= I
11 1

is given by Eq. 2.52a. The fluid velocity vector tangent to the

cable axis can then be written as

4 4
v
t

= (v.j6.)0.1e.
j 1

(E.6)

(E.7)

; i,j = 1,2,3 (E.8)

in which v. are the Cartesian components of the fluid velocity vector.

Hence, the Cartesian Components of the fluid velocity vector normal to



the cable axis can be written as

Similarly,

v .= - (v.e.)0.
ni j 1

u . = -
n1 1 1

. = v - (
J J
0

1
)e.

n1 1

U
n1 1

. = U. - (u
J
e)6.

J 1
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(E.9)

(E.10)

in which u., u.
1
and v. are the Cartesian components of cable velocity,

1 1

fluid acceleration and cable acceleration, respectively. Also, since

v
n = ( v .)

1/2
ni n1

(1ini1.ni)

1/2

un = )
1/2

na. ni

u = (u U .)
1/2

n ni

(E.11)

then the fluid forces normal to the cable axis given by Eq. E.2 can be

evaluated. If Eq. E.1 is evaluated by means of Guassian quadrature,

then

N AF. = ( f.L
I
YA 1) w,

j
w.

1 1 11
j=1

j
(E.12)

inwhichNisthenumberofsamplingpointsandur.are the sampling

weights. Thus Eq. E.2 only needs to be evaluated at the discrete

Gaussian sampling points.


