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Two new concepts have been explored in solving the neutron

diffusion equation in one and two dimensions. At the present time,

the diffusion equation is solved using source iterations. These

iterations are performed in a mathematical form which has a great

deal of physical significance. Specifically, the neutron production

term is on the right-hand side, while the absorption and leakage

terms are on the left side. In performing a single source iteration,

a distribution for the neutron flux is assumed so that the production

term can be calculated. This provides a "known" right-hand side.

Solving the difference equation for the flux, which corresponds to

this assumed source distribution, gives the next estimate for the

flux distribution. This type of iteration has the physically

significant characteristic of finding directly, for each iteration, a

flux which corresponds to an assumed source distribution. In this

thesis it was found that by subtracting the absorption term from both

sides of the diffusion equation, and performing "source iterations"



with both absorption and production terms on the right-hand side (and

only the leakage term on the left-hand side), improved convergence

rates were attained in many cases.

In one neutron energy group, this new idea of putting the

absorption term on the right-hand side worked best with only one

region, and where reactor dimensions were large compared to the

thermal neutron diffusion length (a>>0. In small reactors, where

.3=1, convergence behavior was similar for both forms of iteration.

This new idea was also found to work quite well in one-group multi-

region problems. However, due to problems with numerics (inherent

asymmetric treatment of the scattering terms), the method does not

work at all in a multi-energy group formulation.

Secondly, in two dimensions, a closed-form solution to a single

source iteration has been found. At this time, the standard method

of solution for a two-dimensional source iteration is to perform

"inner iterations" to approximately solve for the flux that

corresponds to an assumed source. The alternative, up until now, was

to solve a giant matrix of the order (N2 x N2). This is a sparse

matrix, but it has always been considered as highly undesirable to

work with a solution (even though it may be closed-form) where the

matrix to be solved increases in order roughly as the fourth power of

the number of mesh intervals. The new algebraic form for this

closed-form solution involves a matrix of order (N x N), not (N
2

x

N
2
). The matrix is, however, a full matrix.



What is done, essentially, is to solve simultaneously for all

the flux values along the vertical centerline of the two-dimensional

problem, and then use a reflective boundary condition across the core

centerline, and then the difference equation itself (in vector form)

as a set of flux-vector generating equations to generate the entire

flux field, line by line. In solving for the first flux vector (at

the x = o, or z = o, core centerline), the right-hand side of the

matrix problem incorporates all of the source values in the entire

problem space. The initial inversion of the full (N x N) matrix

algebraically guarantees that the (M+1)th flux vector (on the problem

space boundary) will go to zero. This matrix method for two-

dimensional neutronic analysis was shown to work well in both

cartesian and cylindrical coordinates.
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A COMPARISON OF ITERATIVE METHODS FOR THE SOLUTION OF
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS, PARTICULARLY

THE NEUTRON DIFFUSION EQUATION

1. INTRODUCTION

1.1 Background

Of primary interest in nuclear reactor fuel management studies

is the determination of neutron flux, and therefore power, as a func-

tion of position, in a nuclear power reactor. This is accomplished

by solving the neutron diffusion equation. This equation results

from a statement of neutron balance on a differential volume element,

with the further assumption that the neutron current density is

directly proportional to the flux gradient (Fick's Law). The steady-

state neutron diffusion equation in its most general form is(1)

-v.(D(,E)V0,E))+Ea(it,E)cp(it,E)=vEf(lit,E)grt,E) [1.1a]

where Nit,E) is the neutron diffusion coefficient, and is the propor-

tionality constant between the neutron current density vector, and

the neutron flux gradient. The neutron current density vector,

3(1",E), is

3(it.,E) = -DO,E)vgit,E) [1.1b]
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The macroscopic absorption cross section,Ea, is the probability,

per unit path length, that a neutron will be absorbed in the partic-

ular medium in which it is traveling. Similarly, the macroscopic

fission cross section, Ef, is the probability, per unit path length,

that a neutron will be absorbed, with the particular outcome of the

event being fission. Of course, fissile nuclei do not always fission

when they absorb a neutron, so that Ea> Ef. Actually, the absorption

cross section is equal to the fission cross section, plus the radia-

tive capture cross section. The parameter v is simply the average

number of neutrons produced in a fission event. The function

git,E) is the spatially and energy dependent neutron flux, which is

physically the total number of neutron path lengths per unit volume

being produced per second. It is easy to see, then, that the product

of the flux and a cross section is the total number of respective

reactions (absorption, or fission) taking place per unit volume per

unit time. The net number of neutrons leaking out of a differential

volume is the divergence of the current density vector. Hence, when

the total neutron production is set equal to the total neutron loss

(by both absorption and leakage), for any differential volume at

position it and at neutron energy, E, equation (1.1a) is formed.

Now, equation (1.1a) in its present form, assumes that (I) is the

steady state solution, since there is no time derivative term. In

any particular diffusion problem, the power level may or may not be

steady-state, or critical, so the renormalizing parameter K is
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inserted into (1.1a) to yield equation (1.2). Repressing the argu-

ments gives, for clarity

vE
f

4)

-v.(Dv(p) + E
a

ep

K
[1.2]

Mathematically, the neutron diffusion equation is a homogeneous

eigenvalue problem. Given a specific size and reactor shape, only a

specific combination of nuclear data (the coefficients D, Ea, and vEf)

will yield a solution for a critical reactor. The renormalizing

parameter, K, effectively adjusts Ef to give vEf' = vEf/K, so that

the nuclear data (D, E
a' f

vE') along with the specific reactor size

and shape, will yield a solution to the homogeneous eigenvalue

problem.

Physically, K is the ratio of the rate of production of neutrons

to the total rate of loss (by both leakage and absorption). Once the

solution is found, K determines if the original problem was sub-

critical, critical, or super-critical.

The standard method of solution of the one region, one group,

one-dimensional cartesian coordinate problem is to first assume some

initial flux distribution in the problem space. This yields some

source distribution. One "source iteration" is performed when the

flux that results from that assumed source distribution is calcu-

lated. The source distribution is then revised using the latest flux

distribution estimate. Symbolically,



(n)

-D
d2.(n+1) A(n+1) v'f4)

dx2 `aP
K(n)

4

[1.3]

The superscript (n) refers to the iteration number.

After the (p(n+1) distribution has been calculated, the estimate

of the so-called "effective multiplication factor," k("1) is deter-

mined.

From a variational theory standpoint,(2) the effective multipli-

cation factor is the ratio of the rate of neutron production divided

by the total rate of neutron loss (by both absorption and leakage),

each of which is weighted by the adjoint function (0+. This adjoint

function has the physical significance of being each neutron's impor-

tance to the continuing chain reaction, and is found from the differ-

ential equation Li-4)+=.0, where is the adjoint operator. The

adjoint operator, along with q)+, is defined as that operator which

satisfies the "closure integral" relationship

f
+
LcOp = f (11

+ +
dp,

p p
[1.4]

where the indicated integration is over all phase space. It can be

shown(3) that in a one-group problem, L = Li-, so that cp = (I)+, the

one-group problem is therefore self-adjoint. Multi-group coupled

diffusion equations are not self-adjoint, though.

Now that the adjoint is found, one wishes to find the total
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integrated production and loss rates for the entire core. The

adjointed-weighted production and loss expressions, then, yield for

k("1).

vEel)(n+1)dv

K(n+1) v

2 (n+1)

fff_n d (I) + r A(n+1))dv
w k 0 -d--z 'aT

v

[1.5]

The integration is performed over the entire volume of the prob-

lem space. In practice, with the assumption that the adjoint weight-

ing is, for simplicity, unity,

N
(n+1)

K(n+1)_ i=1 1 fic)i

N vEf4(pi
(n)

i 1
1

K

w.
(n)

=

[1.6]

The only sacrifice one makes with this assumption is somewhat

slower convergence. Figure 1.1 demonstrates the idea behind a source

iteration more graphically.
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represents one
"inner iteration"
performed by SOR, or
closed-form, etc.

NO

( Stop

Figure 1.1
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1.2 Methods of Solution

To solve equation (1.3), the equation is first made into N fin-

ite difference equations, for each of N discrete points in the med-

ium. The second-order derivative is replaced by a three-point cen-

tral difference approximation, with the resulting system of coupled

algebraic equations

-Ax2

i+1- 84)i+ 4)-1 D Si
i = 2,3,...,N [1.7a]

In this formulation, f3 = 2 + Ax2/L2, S = vEf+/K, and

L2 = D/ Ea. For i = 1, the reflective boundary condition requires

that +2 = +0, so that the first equation becomes

-Ax2
-84)1+ 2.2 D si [1.7b]

This system can be solved in two ways.

First, the set of equations can be set up for iteration. To do

this, one solves for each +i to get

(n+1) (n) (n) (n+1) A2 (n) (n)

4).1 + (4)i+1 + i - 1 4. --D-- Si "i )" [1.8]
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To accelerate the convergence, an overelaxation parameter can be

added to yield

oi(n+1). 44n).1. a(47) 4n..1-1).1.
Sin)-

4(n))/a
[1.9]

This method has been thoroughly researched,(4'5'6'7) and it is

known that the optimum value of a, the value which gives the fewest

number of iterations to convergence, is predicted by the formula

'lop(
[1.10]

where ul is the largest eigenvalue of the iteration matrix, and can

be estimated by the residuals as the iteration proceeds.
(8,9,10)

This method, known as point overelaxation, is not used in one-

dimensional problems, since the source iterations have a simple

closed-form solution. It is used in common practice, however, in

two-dimensional problems, as will be seen shortly.

Secondly, the set of one-dimensional equations (1.7) can be set

up in a simple tridiagonal matrix as



-a

1

0

0

0

2 0 0

-8 1 0

1 -a 1

0

0

0

N 8N 1

0 1 8

4)1

S2

4.3

ON

9

Si

S2

S3

I

S
N-1

S
N

[1.11]

In more general problems, there may be more than just one region

(subregions inside the problem space which contain different values

for the nuclear date of D, Ea , and vy.

In this case, the diffusion equation takes the form

-v.(Dv(p) + Ea4)

vEf 4)

K

In one-dimensional rectangular coordinates,

Tx (D dxdi ) + Ea(I)

vEfo

K

[1.12]

[1.13]
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To derive the boundary equation at node i = M, one integrates

the differential equation from the i = M- 1/2 node to the i = M+ 1/2

nodal point.

M+ 1/2 m+ 1/2 M+ 1/2 .

d

f dx (7(
dx - f E,(pdx = -f 1! dx

M- 1/2 m_ 1/2
M-

1/2

Carrying out the indicated integrations, one gets

Ax

D2 _nci411 r 1. r

AX
2

"2 dx I "1 dx I "al 2 4)4 "a2 2 'PM

M+ 1/2
m_ 1/2

AX
1 M

AX
2
0
M

v"r fl 2K vEf2 2K

[1.14]

[1.15]

Substituting finite differences for the indicated derivatives,

(1)MD2( M+1
) D. (4)M- AM -1) r A Y r Mt (IN

x " "al 1. "a2"-21 2
"A2 1

(Om

(vEfOxl+ vEf26)(2) 2K

Rearranging,

Ax
2 a2
2ED

1
AX

2

4'M

D
1
AX

2 Eal6x1, (PM

SM+1- D2 x1 D2Ax1 11-1 D2
(1+ Ea2Ax21 2

Ax22vEf2
vEfOxl (1)M

D
2

(1 +
vEf2 Ax 2

) 2K

[1.16]

[1.17]



Performing a little more algebra,

-AX 2
2 r ri vEfOxli (I)M

4)M+1- "MI- "M-1= D2 v'f2''
+

vEf2Ax2-1 2K

where a'
D
2
Ax

1

D
1
Ax

2

2

B = 1 + a- +
2

AX E
a2 " gal 1)

2D
2 a2

AX
2

11

[1.18]

In addition to multi-region problems, one can also perform

multi-energy group calculations, where one essentially takes into

consideration the fact that nuclear data is a function of neutron

energy, and the fact that the neutron energy spectrum does have a

certain distribution. In a two-group calculation, the coupled

diffusion equations are

d2 01(n+1)
,h(1 n+1). 1 (vE 0(n4 vEf20(:))

K(n) fl 1-R1'

d2
(n +1)

2 0(n+1)=
Es2,)1

(n+1)

Ea2 2
[1.19]
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These equations are solved in the same way the one-group equa-

tions are solved, with the k("1) equation being derived as before.

Assuming unity adjoint, the neutron production rate, over the entire

energy spectrum, is

Prod. Rate = f f vEf(it,E).(;,E)dE dv [1.20]

v E

Numerically, this is calculated for two energy groups as

N
,(n+14 vEf24n+1)3i

Prod. Rate("i)= wirvE
L f1411.

The loss rate by both leakage and absorption, is

[1.21]

d20 (n+1)

+ Ea2

dTiEz21
(n+1)

(n+1)]dvc

4)2
loss Rate = f [ Ofz + "aln

(n+1)

riIi-7
v

1 (n) (n+1) (n+1)

f [(n)(vEf1S1 vEf24)2 /

(n)
-

st
ct,

1
+ E

sz
(I)

1
Dv

K

[1.22]

Note that E-.= E
K1 Eal+ Est'

This allows for the cancellation of the

scattering term. Finally, dividing the production rate by the loss

rate one gets

N w.rv, A(n+1).1. (n+1)1

IL 'fin 4124)2 Ji
K(n+1)_ i

jiwiEvEf14)1(n)+ vEf2°2(n)11(K(n))

[1.23]
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In two dimensions, the Laplacian operator gives, in rectangular

coordinates,

az 32 (n+1) (n+1)_
vE

f
(0(n)

-D 4+ --372-)4)
-4- Ea4) ( n )

[1.24]

Di screti zing the differential equation, and using three-point

central di fference approximations for each of the two second-order

partial derivatives, yields

2$. .+ $ .+ ()2 ($, , 2$. .+ $. )

4)i+1,j 1,3
$i

-1,J+ AY 1,J+1 1,3 1,j-1'

Ax2 Ax2 i = 2,3,... ,M

--Ez 4)i ,j= D Si ,j ; j = 2,3,... ,N

Rearranging,

" -AX2
4ii1,i+ (i -1,fJ

1 (4i
j+1+ 4-,i-1)

-ski
,J D

S.

( , Axx2) Ax2
where 8 = 2(1+ qp

) -T.

[1.25]

[1.26]

To set up the problem for poi nt-overel axati on , as before, one

solves for $1. . and gets
A



A(n+1). A(n).1. _(,(n) ,(n+1)

+

(Ax12 fA) ,(n1-1)1

vij Pij `"1+1,J n-1,.] AYi 1/4n,J+1 n,J-11

Ax

j

2
S(

n)
- 04)0).)/0

D i 1 j

14

[1.27]

The optimum overelaxation parameter, a
opt

, is determined as in

the one dimensional case.

It is also possible to set up the set of equations as a matrix

problem(11), and doing so straightforwardly gives the following

matrix formulation:

A 2! 6 6

A 1 0 I

1 A 1 6

I

1

A

MOW

;2

;3

g
2

g3
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In this large matrix, the elements A and I are themselves

matrices, where

(A4)2

=
0

0

0

0 0 0

0 0

-a

0)(12
%Ay,

0 (162i)2

0

()2

-B
NxN

[1.29]

and I is the identity matrix. The diagonal elements in the A-matrix,

as before, are the fi-parameters, while the off diagonal elements are

l's if AX = Ay. If AX # Ay, then the elements are as shown. This

comes about when the finite difference approximations to the second-

order partial derivatives with respect to y, are multiplied by

Ax2. The a
1,2

element is multiplied by two to incorporate the reflec-

tive boundary condition across the y=0 centerline. In the large

grand matrix, the off-diagonal elements which are identity matrices

appear in order to pick up the i + 1 and i - 1 flux values for any

particular value of j. This is indeed a very large matrix problem to

solve for each source iteration, so this is why two dimensional prob-

lems are done iteratively, instead of in closed form. There is, how-
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ever, a new method of performing the source iterations in closed form

which circumvents the necessity of solving this large (N2 x N2)

sparse matrix. The new method will be explained later on in Chapter

Four.

There is another method of solving equations (1.25) which

involves solving for all values of (1) simultaneously, along a nodal

line in the plane, using the tridiagonal matrix technique of the one-

dimensional method. What is done is to take equation (1.26) and put

the ci,j+1 and terms on the right-hand side, and get

(n+1) (1) (n+1) -Ax2 (n)_ Ax2 (n)

D 4i,j Pi,j +1 41,J-1/'

j = 2,3,...,N [1.30]

AX2
where 8 = 2(1 +

AX 2
) + as before.

For the j = 1 line, the equation which is solved is

(n+1) A(n+1) _Ax2(n)

"i,1 + 41-1,1 D
si,1- 24 2 r0)

(n)
[1.31]

Equations (1.30) and (1.31) are then solved for each value of j.

Then, the direction is switched, so that for i = 1, a reflective

boundary condition requires that



(n+1) , (n+1) (n+1) -Ay2 (n) Ay (n)
- 0 th + th - S . - 2(----12 th

(1)1,j+1 1,J 1,J-1 D 1,j 'AX' '2,j

Then for successive values of i,

17

[1.32]

(n+1),-Ay2 (n) (g_)2 Nbc) .+ (04 1 4) ,0 'i,j 'Ax' 1+1,J 1-1,J

i= 2,3,...,M [1.33]

Av2
is performed, where V = 2(1 + 01)2) + ----1-'-''

ox L-

This method, called the Alternating Directional Implicit (or

ADI) method, has been thoroughly .researched.
(12,13,14,15)

1.3 Plan of the Thesis

The work to be presented in the following chapters deals with

two new concepts in solving the neutron diffusion equation in one and

two dimensions, and also compares the convergence performance of

these new iteration forms with the present, or standard, methods cur-

rently in use.

In Chapter Two the first new concept for performing source iter-

ations in one dimension, but with the diffusion equation in a

slightly different algebraic form, will be developed. It will be
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shown that the formula used to update the estimate of the effective

multiplication factor is quite different from that form currently in

use, but follows directly from the variational principle of equating

the estimate of keff to the neutron production-rate integral, divided

by the neutron loss-rate integral. The different, nonstandard form

for the source iteration will be seen to require the indicated form

for the formula used to update the keff estimate. A very aesthetic-

ally pleasing characteristic of this new idea will be demonstrated.

That is, that the numerical solution is actually a numerical approxi-

mation to the analytical solution, for each and every source itera-

tion. Next, Chapter Two demonstrates, by using actual analytical

solutions for the first two source iterations, why the new technique

converges faster in a large reactor (where a>>L) and why the two

methods are comparable in run time for a small reactor, where reactor

dimensions are comparable to L.

It will also be shown how this new form changes the iteration

matrix. This will be shown by comparing the elements of the itera-

tion matrix as well as-by comparing the condition numbers and diag-

onal dominance of the matrix problem being solved.

Chapter Three deals with computer applications of the new and

standard iteration forms in several different types of problems. The

method will be shown to be inapplicable to multi-energy group formu-

lations, but works very well indeed in multi-region problems. A one-

group collapsed cross-section flux initialization routine for a two-



19

group multi-region neutronic problem will be presented. This will be

shown to accelerate the convergence of the two-group multi-region

problem (using an asymptotic (a = 1) power iteration), as well as

when using Chebychev polynomial source extrapolation, (16) (which is

another method of accelerating convergence which is more sophisti-

cated than SOR).

Chapter Four will present the second new concept for solving the

two-dimensional neutron diffusion equation. This idea uses a compact

and workable closed-form solution for a two-dimensional source itera-

tion, in either rectangular or cylindrical coordinates.

Chapter Five will demonstrate computer application of the two-

dimensional method.



2. AN ALTERNATE APPROACH

2.1 Iteration Form

20

In all of the iteration schemes outlined up to this point, one

thing has always remained the same. The iteration has closely

modeled the physics of what is actually going on, by determining the

flux, 0("1), which results from an assumed source distribution.

This yields an iteration scheme which can be written compactly as

(n+1) (n+1)_ vEf4)-v (Dvo ) + Ea4)

(n)

[2.1]

Mathematically, there is no reason for necessarily iterating on

this equation in this form. Alternatively, it is just as valid to

iterate on the equation in the form.

-v (Dv.(n+1)) V1)4. vEf4)(n)

a
K(n)

[2.2]

Once again, the variational expression for the next estimate of

keff
is

f (if vEep(r1+1)dv

K(n+1)- v
f 041-V.(DV(1)(n+1)\ + r

a"
(r1+1)]dv

v
I '

[2.3]
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Again, by assuming unity adjoint, and by substituting equation

(2.2) for the leakage term, this is approximated by the quadrature

N
(n+1)

1 w 4 v,,,r

$i
K(n+1)- i=1 '

N vEfiSi
(n)

(A(n+1)_ A(n))]
/ w4 [ (n) tai(4)

i=1 ' K
din))]

[2.4]

In one cartesian dimension, equation (2.2) can be solved by

three different methods. The first two methods (iteration and by

tridiagonal matrices) have already been discussed.

For completeness, the tridiagonal matrix problem which is solved

in this new method is

-2 2 0 0

1 -2 1 0

0 1 -2

0

1

1 -2

0 0 1 -2
II=INE.

S
2

S3

N-1

4)N

(n+1) --s1--(n)

S
2

_Ax2
_

D

S3

S
N-1

S
N

.1

4)2

$3

(n)

In addition to the first two methods, there is also a third way

of solving for one source iteration. In the form of equation (2.2),

the only term on the left-hand side is, for one dimension, just a
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second-order derivative. In order to solve for cp("1) all one has to

do is to integrate the right-hand side twice, with the boundary con-

ditions being incorporated into the limits of integration.

Taking equation (1.2) and subtracting E.34 from both sides, and

assuming only one cartesian coordinate, one gets

( n+1 )
vE

CT.( dx ) a K(E

f

) (1)(n)

d(1)

=Integrating once, and noting that
a)7

o at x = o,

vEf(xl)
(n), 1)dx1)th

(n+1) x

K

ci)

= f (EakxD a

Integrating again, and requiring (I) = o at x = a,

f

xl ( )

(n+1)(x) - f

a

D(xl) -aI
IN

yE
f
K

x"

)(
(n)

(x")dedx1

[2.8]

[2.9]

[2.10]

It should be noted that equation (2.10) is an exact analytical

solution for any particular source iteration. With standard methods

(with absorption term on the left-hand side), the analytical solution

to the first iteration is easily derived, as will be shown in the

next chapter. It involves the solution of a non-homogeneous differ-

ential equation via the "method of judicious guessing." In order to
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solve, analytically, for the second iteration requires the method of

variation of parameters, and is quite involved algebraically. The

algebra required for successive iterations becomes virtually intrac-

table. Solving the problem using equation (2.10) results in a simple

polynomial approximation for the flux, with the order increasing by

two with every source iteration (since each source iteration inte-

grates over the previous polynomial approximation twice, to achieve

the next iterant for the flux). The only numerical approximation

occurs in equation (2.10) when a finite integration step size is

selected (which is the mesh spacing in a numerical approach). The

inherent nature, though, of a double integral quadrature approach is

very appealing, due to the fact that it is an analytical solution to

a single source iteration. Furthermore, by using a trapezoidal rule

double quadrature, one obviates the need to derive complicated

expressions for the boundary nodes when performing the iteration by

tridiagonal matrices. As will be shown later, performing this itera-

tion with a double quadrature is almost the same (numerically) as

performing the iteration by tridiagonal matrices. As one passes from

one region to another, one simply uses the appropriate region values

for D, Ea, and vE
f'

Crossing a boundary is done by changing the

integration kernels, which are functions of the particular nuclear

data corresponding to the region the routine is in.

Not only can this method be used in one-dimensional problems,

but it can also be applied to the two-dimensional ADI method already
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described.

This method, when applied to multi-energy group problems, yields

the following coupled equations, for two-group,

2 (
1
"1)d

- D
1

(vE
(n)

+ vE
(n)1 A(

n)n fl 1 f24)2 `R14'1

2 (n+1)
d .

2 (n) (n)
- D

2 dx2
E
st

(0

1
- E

a2
(0

2
[2.11]

It should be noted that in the second or thermal-group equation,

the nth estimate for . is used, and not the (n + 1g estimate. This

is done because the Est .l term in the first, or fast-group equation

is on the right-hand side, contained in the z
R1

term, since

R1 al
+

st'

By applying the same variational principle, that k(n 1) is the

ratio of production, divided by the loss (by both absorption plus

leakage), for the (n + 1)111- iteration, yields

N w.rv(n+14 A(n+1)1

..."11- `fin fr2 Ji
K(n+1)_ 1 1

N
d2A(n+1) d2A(n+1)

7 w.r(n+14 (n+1)4 P1 n 4'2 1

1L'al'l 'ar2 1 cF7 -2 dx2 Ji

[2.12]



Substituting for the leakage terms gives

K
(n+1)

N 2
,.(r14-1)1

E Vkf

i=1 j=1 4

1 2

wi[717./ vEf..$C9+ z s(9_ E .4)(9+ z .,(h+1)

i=1 k J=1
J1 31 SI 11 a21 21 all 411

(n) (n+1)
- Z .0 . + E .

R11 11 a21 .21

Rearranging,

2
(

wi / vE0.
n+1)

];

K(n+1)=
i=1
2 2

vr .A.0)4 v r A(n)11

if=1"1 LK-(

7

-T)j=L1 "fJw.)

A(n)}]
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[2.13]

As will be seen in Chapter Three, this method, good as it looks

on paper, does not work in practice, due to problems with numerical

instability. All the other previously discussed methods will be

fully demonstrated in the following chapter.

2.2 Analytical Solutions

The motivation behind putting the absorption term on the right-

hand side of the diffusion equation will now be examined.

In the one-region, one-group case, we have for the first itera-

tion, where 0(°) is a constant,



,42 (n+1)
n+1) vEf4)

-D + Eat( = constant; n = 0 [2.15]

(n)
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Rearranging, one gets what is essentially a non-homogeneous

elliptic differential equation:

d2o(1)
w

1 ,(1) r [2.16]

To solve this equation analytically, note that the solution to

the homogeneous equation is

(
oH

1) (x) = Aisinh* + A2cosh* [2.17]

To construct a particular solution, use is made of the method of

"judicious guessing." To this end, the particular solution is

assumed to be a constant, and this is substituted into the differen-

tial equation to find explicitly.

d2op

dx2
op =C [2.18]

Since op is a constant, the derivative term vanishes, so that

gyp= -CL2 [2.19]
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The general solution to (2.16) is the sum of the homogeneous and

particular solutions, so that

(1) (1)
0 (x) = OH (x) + 0

= Alsinh* + A2cosh* - CL2

For boundary conditions, it is required that

do

-al I X=0

o(a) = 0

(symmetry)

[2.20]

(zero boundary flux) [2.21]

Applying the first boundary condition to (2.20) requires Al =

0. Therefore,

o
(1)

(x) = A-2 cosh( 2C. - CL2
L

Applying the second boundary condition give

0 = A
2
cosh(!) - CL2

A2
CL2

cosh (f)

[2.22]

[2.23]



Therefore, the flux is seen to be

(I)

(1)
(x)

CL2
cosh (x/L) - CL2

cosh()

-CL2(1
cosh (x/L)1
cosh (a/L)/

vE40 )L2 cosh (x/L))

DK(°)
cosh (a/L))
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[2.24]

For the second iteration, one takes equation (2.24), which is

the solution to the first iteration, and inserts this into equation

(2.15), for n = 1. This gives, for the second iteration,

d20(2) 1 (2)_ -VEf (
yE

fL24)(°) ) (1 COSh(X/L, )

17) DOTT DK(°) J
cosh(a/L))

(1 cosh(x/L))
C
2 cosh(a/L))

Once again, the solution to the homogeneous equation is

0(2) (x) = C
0
sinh(x/L) + C

1
cosh(x/L)

[2.25]

[2.26]

In order to construct a particular solution, the method of

variation of parameters is used, where



(1)p(x) = pi(x)yx) + 112(x)42(x)

where 4)

1
(x) = sinh(x/L)

4)

2
(x) = cosh(x/L)

The variation of parameters theorem

the 111(x) and II

2
(x) functions are determined as

1
sinh(x /L) cosh(x/L)

1
0

29

[2.27]

states(17) that

_L L

1 cosh(x/L)
cosh(x/L)

1
-sinh(x/L) C2(1

t cosh(a/L)))

dx

Carrying

11100

ti2(x)

out the

= fLC
2

matrix inversion and multiplication,

cosh(x/L)
cosh

2
(x/L)

dx

[2.28]

[2.29]

cosh (a/L)

+
sinh(x/L)cosh(x/L)

-sinh(x/L)
cosh (a/L)

Performing the integrations,

= LC2

2x -2x

1
Lsinh(x/L) [1- e

L
+ - L e7]

4cosh(a/L) 2 2

1 L 2)1!

c
:2xLi

_1-Lcosh(x/L) r_ e
+ 4cosh(a/L) L2

[2.30]



The particular solution is, therefore

2x -2x
x sinh(x/L) Li. 4x

`

Li ,2r
(1)

p
(x) = L2C2sinh2()

L 8cosh(a /L) L 2

2x -2x

+ L [e + e
2C2 L

L] cosh(a/L
cosh(x/11

L2C
2

cosh2(x/L)

After some algebra, this reduces to

(x) = -L 2C

30

[2.31]

2x -2x

[2cosh)cosh* - (e
L 4)1! L)sinh

(X)]

8cosh(a/L)

Therefore, the general solution to 4)(2) (x) is

4)

(2)
(x) = C

o
sinh + C1 cosh (t) + (x)

Differentiating,

[2.32]

[2.33]
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C
o

C

d 4"

(2)

(x)
= --c cosh (I) + sinh (I) +

X

2x
L2C9 2cosh(--)

` + (t) -

-2x

+ e
L

) (
2
)]

condition

= 0,

[2.34]

[2.35]

[2.36]

[2.37]

[2.38]

[coshq)(bsinh(2b sinh

8cosh(1)

2x -2x 2xcosh*
L
+-

45-
1

(e L+ 2(e - e sinh (1-)

Applying the reflective centerline boundary

d (2)
C
0

L2C
+ 0 0 0]a 4) (0)

a
[0 - -

8cosh(E)

Co
=7=0

Therefore, Co = 0, so

4)(2)(x) = Cicosh (t) + 4)p(x)

Applying the boundary condition that 4 (a)

4)

(2)
(a) = Cicosh (1) + 4)

p
(a) = 0

This implies that

-4) (a)

1 cosh (a/L)
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Now that Co and C1 are determined, one gets, after some more

algebra, the final analytical form of the second source iteration.

(1)

(2)
(x) 4, (a)

4 )

P
(x)

cosh(x/01
p cpp(a) cosh(a/L)'

[2.39]

Now, if the iteration is performed with the absorption term on

the right-hand side, the first iteration is just the double integral

a

T5

x'

(1)

(1)
(x) = f f

o
(Ea

vEf (

)

0) dx"dx'

Performing the first integration yields

(1)
a

1 vEf (0)

(x) (17 DK) 4)

x' dx'
x

Performing the second integration yields

4)(1)(x) 4)(0) (x2)2

= 1.-)2 - 1) J-(4)_. (1 - *2)

where Kee = vE
f
/E

a
.

[2.40]

[2.41]

[2.42]
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In performing the second iteration, one gets

a x A(0)
1

0
(2)

(x) -f 7.20 -
K7)

(!..)2
(K17

- 1) (1 - q"")2) dx"dx-
x K 0

[2.43]

Performing the first integration yields

() a
(2) K., a 0 1 1

0 (x) - 1)2(02 (77) f (x- (x13) dx'
x 3a2

[2.44]

Performing the second integration yields

2 (0) fx)2 a 1 4 a0(2)(x) 1)2 Lr (k
(3a2)(4)

(x ) Ix)
4 x - I

- 112 a2 (°)= (1 (a2 - x2)
K 2 q

2 2

12a
(a4 - x4))

.0*

- 1)2 (t)4 41 (1 -
(1-)2 (1 V))

(1)2 4. (.1)4) [2.45]
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Double integral quadrature techniques for solving differential

equations have been researched and presented in more theoretical

detail by Nassersharif.(18)

If the iteration continues, the flux begins to be approximated

by the power series expansion

0(x)(x) a.(11.)2i(-1)i

j=0 a

[2.46]

where t is the number of iterations performed.

The analytical solution to the original eigenvalue problem for

one region is, of course,

0(x) = 0(0) cos(1-) [2.47]

The Taylor series expansion of equation (2.47) is

pc)21(_1)t

0(x) = 0(0) / a
1=0 (2*

[2.48]

Graphical comparison of the two series shows that the terms

built up by the double integral quadrature technique converge to the

same mathematical limit as the cosine function. In Figure 2.1, the

first three terms are compared with the analytically derived cosine

function. The two shapes are seen to converge quite rapidly.
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The same algebra can be used to show that in a two region

problem, where vEr 0 (in the reflector), the first iteration

produces a linear estimate for 0. The next iteration produces a

cubic polynomial, and so on. These terms match the Taylor Series

expansion for the hyperbolic sine function, which is the analytical

solution for the reflector.

In the first iteration,

(1)
a x'

vEf (°)d " dx'f

0

r (E
a

K(0)) x

x

In the reflector,
(0)

= 0, so that

(

SR

1)

(x)

a
1 vEfc (0)fat

-77 ) cpc dx"dx'
0 c K

a

= - C
1

f dx' = -C
1 a

a(1 - 21)
'

x

where - C
1

1 f, vEfcl ,(0) al

D "a -OTP
f dx" > 0 ,

R c K 0

and a
1
is the core half-thickness.

The next iteration yields a cubic polynomial in (a - x), and the

next produces a fifth-order polynomial in (a - x). Analytically, the

solution to 0 in the reflector is
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cos(Bal)

()

a-x

1R(x)
sinh(-7)

sinh(
L
1)

= A sinh

A ,a-x (a-x) (ax)5v___
3! L3 5! Ls *)

Since the series for the sinh(x) also has odd powers of (a - x),

these iterations are also seen to converge to the analytical solution

as the number of terms increase (or iterations continue). This will

be seen graphically in the next chapter when two region problems will

be solved numerically.

When reactor dimensions are large compared to the thermal neu-

tron diffusion length (i.e. a>>L), the flux converges rapidly,

acquiring most of the required curvature from the very first itera-

tion. When the iteration is performed with the absorption term on

the left-hand side, the curvature only sets in within a few L's from

the vacuum boundary, due to the cosh(x/L) / cosh(a/L) nature of this

type of iteration, analytically. In Figure 2.1 it can be seen that

the first two standard-type iterations are producing a "wave"

propagating into the core from the boundary, where each "wave" is a

few L's distance each.
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It is this difference in analytical behavior which is the reason

behind why the new iteration method converges faster. It is because

it is capable of introducing most of the curvature of the final solu-

tion from the very start of the iteration.

2.3 Comparison of Numerical Stability

Perhaps the single best way to compare the numerical stability

of one iteration scheme with another is to examine their respective

iteration matrices. Specifically, one compares the diagonal domi-

nance and the condition numbers of the matrices, A , where

; (n+1). (n)
[2.49]

It has been shown what matrix A looks like (i.e. equation

(1.11)). When the absorption term is on the left-hand side of the

equation, it is contained within the a parameter, so that

= 2 + Ax2 / L2 [2.50]

When the absorption term is on the right-hand-side, a is changed

so that

0 = 2.0 [2.51]
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If the iteration is to be performed by an integral method, the

iteration matrix has to be determined. When the quadratures are per-

formed via the trapezoidal rule, then the formula for each .(n+1) is

N j
4n+1). (K(1.(3 1) Ll 7 f 7 ,(n)i.

I j=ti J 11(1;4 k 'vk 1J

[2.52]

In Table 2.1, the first five values of j are listed along with

the inner sum over k in equation (2.52). In Table 2.2, the results

in Table 2.1 are utilized in order to list the first five values of

49
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TABLE 2.1

Formulae for the First Integration

i

4)kwk
k=/ 1

1 0
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TABLE 2.2

Formulae for the Second Integration

5

4

3

2

1

N

j=i

j

/ 4)k Wk )j

K=1

0

{ (1/2 4)2+ 4)3+ 4)4+
1/2.5)

(41 242 42'3 -3 44

7

(4)1 4. 24)2 jr 4)3 4)4

9
Y2 g..Y 3

114

41 + 34)2 + 243 + 4)4

ox + (1/2 4)1+ 4)2+ 4)3+ 1/2 4)4) Ax } 2

2A2
-2 Y5)

1

4)5) 46')(2

/
SAr4 ;4 y5) ox2

+ 1/4 4)5) Ax2
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Utilizing Table 2.2, one can write down expressions for the

flux, for each value of i. To wit:

4n+1). (111117 wic2 (_,/ 44n)i. 34n)+24n).1. 4n)+1 4n))

.(n +1)= AX2 (3 _(n)., 11 A(n) 9,0)(n). lh ( n
-

K -Tz. q 4 / 4 )

4)n+1). (143( A)1(..2

0(4n+1). (1117 :1(_2

(4)in)+ 244n)

4
44n)+ (4n)4.1/4 44n)

(4:,in).1.244n)+24n).1.1 4)(4n)+
1/2

4)5(n))

[2.53]

Noting the 4)5 is on the boundary, so that 4)5 = o, one gets the

following matrix formulation for a double integral quadrature (DIQ).

;(n+1). (}Sf,
Ax2

1)K T--7 /1DI

where

§
DIQ

=

7/4 3 2 1

3/2 11/4 2 1

1 2 7/4 1

1/2 1 1 3/4

[2.54]
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When the iteration is performed by a tridiagonal matrix (TDM),

the iteration matrix B is seen to be

§
TDM

=

.,,
2 -2 0 0

-1 2 -1 0

0 -1 2 -1

0 0 -1 2- _

r-
-1 2 3 2 1

3/2 3 2 1

1 2 2 1

1/2 1 1 1
......

[2.55]

The tridiagonal matrix method iteration matrix, Iimm is used to

perform source iterations of the form

i(n+1) (K... 11 Ax2 A +(n)

7 K " 1:2- "TM+
[2.56]

Comparison of the-two iteration matrices indicates that one is

performing almost the same process, numerically, whether the double

quadrature, or the tridiagonal matrix, is performed for each source

iteration, when the absorption term is on the right-hand side. In

fact, the two iteration matrices are related by

BTDM = §
DID

+141 [2.57]
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where I is again the identity matrix.

In order to compare the diagonal dominance, norms, and condition

numbers of the two techniques, the first step is to find the equiva-

lent matrix, A
eq,

which the integral method (with trapezoidal quadra-

ture) actually solves. So, the inverse of B
DIQ

is required.

eq

5D-1

"IQ

7/4

3/2

1

1/2

3

11/4

2

1

2

2

7/4

1

1--

1

1

3/4

-1

28 -48 32 -16

-24 44 -32 16

[2.58]

16 -32 28 -16

-8 16 -16 12

---

As can be seen, A is more diagonally dominent that is Aeq.

Table 2.3 compares the norms and condition numbers of the two

matrices. It is apparent that the tridiagonal matrix formulation is

more well conditioned that is the double integral quadrature formula-

tion, since the tridiagonal matrix method's condition number is much

smaller than the condition number associated with a double integral

quadrature.
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A

TABLE 2.3

Comparison of Norms and Condition Numbers

Norm

5

Condition Number

45

A
eq

140 1225

N

norm (M) = max 1 Im..1

j 1=1 li

cond (M) = norm (M) x norm (A-1)
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3. COMPUTER APPLICATIONS

3.1 One Dimension, One Group, One Region

When the absorption term is placed on the right-hand side of the

diffusion equation, the results turn out best when only one dimension

is considered. As will be shown later, this method only works in one

neutron energy group.

The simplest neutronics problem possible is the one dimensional

cartesian coordinate, one group, one region problem. This problem

has the analytical solution

vE
f
/E

a

Keff
+ L2(21)2

a

It was found that when the reactor's physical size is large compared

to the thermal neutron diffusion length (a>>L), that this new itera-

tion method worked very much better than standard methods. Figure

3.1 shows how the estimated neutron flux profile evolves during

iteration. It was found that if the initial flux estimate contains

the wrong curvature, then many iterations are required to gradually

"relax" the profile into the correct shape. In this problem, the

initial flux estimate was uniform, as is usually done. The first ten

iterations are shown in the figure, along with the final converged

profile, which required 79 iterations for a convergence criterion

of e
k

< 10
5

, where e
k

1 k
(n+1) k(n) k(n)
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It is apparent that many iterations were required to "round off"

the "corner" in the initial estimate.

When the new method was used to solve the same problem, the same

convergence criterion was met after only four iterations! In Figure

3.2, it can be seen that in the very first iteration, most of the

curvature of the final converged solution was introduced. Successive

iterations introduced only minor changes, and convergence was very

rapid. In fact, the CIS decreased roughly by an order of magnitude

with each iteration! Figure 3.3 contains two plots of the estimate

of the effective multiplication factor with each iteration. The two

plots have the same scale for Keff, so that the rapidity of conver-

gence of the new method, compared to the standard method, can be more

appreciated. The standard method required 3.999 seconds to run,

while the new method required only 0.350 seconds. The new method,

run with a double integral formula, required only 0.344 seconds.

This is not considered statistically significant, due to the "over-

head" time required on a main-frame computer.

The estimates for Keff in each iteration were very similar

whether the new iteration was performed by a tridiagonal matrix, or

by a double integral quadrature. In fact, both techniques yielded

for this problem, almost identical results.

As the reactor dimension decreases, the new method no longer out

performs the standard method. In a small reactor (where a=1), the

standard method does almost as well as the new method in



1.0 -

0.9 -

0.8
0.7 -

O 0.6-
o.s-

0.3...

0.1
0.1

FLUX PROFILE EVOLUTION
0 (NosmAuvro) .VS. NODE NUMBER. FOR FIRST

TEN ITERATIONS <155 IN StviNrY NINE rriltArioNs

.1.
I

-r

It

4.

I i a . . . . I 1
I 4 )

Is 21 31 41 ft 61 TI 81 91 gen ass 121 1,31 441 151 161 171 191 141 a DI
FIRST TEN ITERATIONS

+++ FINAL CONVERGED SHAPE

FIGURE 3.1
NoDE

a = 26.66 L

CO



FLUX PROFILE EVOLUTION
0 (NORMALISED) .VS. NODE 11111,18tR Felt F itsr

THREF ITERAT IONS : g. I Cr 5 IN FOUR ITERATIONS

1.0 -I,

A

0.9 P I

0.0

-

0
o.6 -

IL chi" -

X o.4 -
°'' 0.3

0.1
0.1 IllIlltI I Ilia

it al 31 41 SI 61 71 131 91 101 191 129 131 191 1S1 181 171 181 191 201

FIGURE 5.2 Node



EFFECTIVE MULTIPLICATION FACTOR
gEFF .V S. ITERATIoN

112S

1.100

Zslon

1 2 3 5 6
ITERATION

NEW Mmop

Aimie 11 11 .1MM...............
OO

ANALYTICAL
KEFF2 LI2 64f 3

ANALYTICAL Kw =1. 126'13

.11. "91P. "'"nr

to Ur 20 2t 20 3C 140 4C 50 Sr 60 or 70 Tr
ITERATION

STANDARD METHOD

FIGURE 3.3

50



51

introducing the correct curvature into the model. In Figures 3.4 and

3.5, it is shown that the two methods, for this problem, produce com-

parable results. The standard method converged to an epsilon of less

than 10-5 in seven iterations, and took 0.444 seconds of computer

time. The new method, when solved via tridiagonal matrix techniques,

required six iterations and 0.408 seconds of computer time. When

solved by the double integral quadrature technique, the method

required six iterations, and 0.396 seconds of computer time. Figure

3.6 compares the Keff estimate for both new and standard iteration

methods.

Finally, in Figure 3.7, a comparison is made between the stan-

dard and new iteration methods, along with the standard iteration

method, accelerated by Chebychev polynomial source extrapolation.

For this problem, the new method is seen to converge more rapidly

than the standard iteration method, even when it is accelerated by

Chebychev acceleration. Table 3.1 shows the various run times and

number of iterations required in these three runs.

TABLE 3.1
One-Region One-Group Run Time Comparison

Run Time (Sec) Iterations
Keff

New Method 1.891 17 1.2762433

Standard Method 4.590 69 1.2760535

Standard Method
with Chebychev 2.580 26 1.2762665

Analytically 1.275978
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3.2 Two Dimensions, One Group, One Region

The ADI method for two-dimensional neutronic analysis is not

appreciably aided by putting the absorption term on the right-hand

side. Run with the standard method, the ADI technique took 164 iter-

ations, and with the absorption term on the right-hand side, the pro-

gram took 154 iterations. Once again, the difference in run time was

statistically insignificant. In comparison, a two dimensional point

overelaxation code worked the same problem, but with only 59 itera-

tions. The two ADI codes solve a quarter of a core, using reflective

boundary conditions across y = 0 and x = O. The point overrelaxation

code (which, for this problem, used an overelaxation parameter

of a = 1.5, and four inner iterations per outer iteration) used zero-

flux on the boundary conditions. Since, for this comparison, mesh

spacing was identical for all three runs, the point overelaxation

code therefore had four times the number of mesh points as the two

ADI codes. Even considering this, the point overelaxation code took

only 52.018 seconds, while the two ADI codes took 26.142 and 24.385

seconds of computer time. Figure 3.8 shows the Keff as a function of

iteration for the three runs. The analytical value for Keff was

determined from the formula

vE
f
/E

a

Keff 1 + 1_2($2 + (i)2)



COMPARISON OF CONVERGENCE

1.3 IN TWO DIMENSIONS
Thcirlrlr.""t "r4"44' Thlt1.-T1/ arnr1/060.+

/ 2.
/141g

ANALYTICAL.
°..11-

'.
KErs = 1.23402.7

1.0
X

0. 9 4
X

0.8

0.7 -

0.16.

0. 1.

1 I . 4 4 i a .
l 1 1 / 1 1 i 1 1 1 )6

10 20 3o 10 co So To So go sox ago 43o /lo ago WO 16o Ito I80

. Standard Method ITEKATIONwith Power iteration
4 4 New Method

X X X Point Uverelaxation (0(= 1.5)
four k 4 ) inner iterations per
outer iteration FIGURN 3.8



58

3.3 One Region, Two Group, One Dimension

When the new method is applied to a multi-group formulation, the

method fails to converge to the correct answer, due to problems with

numerical stability. In two neutron energy groups, the new method

equations (2.11) inherently are in a form that will not work

properly. To see this, note that when the thermal group equation is

solved for in the first iteration, one gets

d2.(1)
=

2 (0) (0)
-D

2 --c---1)2( Lra2

(Est- Ea2)
(0)

[3.1]

The second equality is true exactly only when the initial esti-

mates of .1 and .2 are the same value (such as unity). Now, in a one

region problem (which is, by definition, a multiplying medium, and

not a reflector), the fast to thermal neutron flux ratio will have to

be greater than unity. In an infinite medium, the Laplacian term is

zero, so that the fast to thermal flux ratio is

41
E

2
> 1.0

2
Est

[3.2]

If this ratio is much greater than unity, then zsx< r
-a2

Numerically, this forces the right-hand side to be negative. When
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the iteration is performed via the integral method, the first inte-

gration yields

61)
(1)

2

dx
D2 0

f (E Ea2)

(0
)dx > 0 [3.3]

When the second integration is performed, the boundary condition

which requires the flux to go to zero at the boundary, coupled with

the positive flux derivative, numerically forces the thermal flux to

be negative. This completely non-physical estimate for the thermal

flux is then coupled to the fast flux equation (in the fission source

term), and the method quickly converges to a completely wrong

answer. Analytically, the correct Keff parameter is

vE
fl ( 1

E
st

vE
f2 1

Keff
a

) ( E )( Eeff E
R1 1 + T()2 R1 a2 (1 +

a
)

2
)(1 + L2(i)2)

where T is the neutron age, and is equal to D./E1R1
As the first plot in Figure 3.9 indicates, the standard method,

of course, works very well. The new method, as predicted, yields

negative thermal flux profiles.

As Figure 3.10 indicates, the standard method converges to a

convergence criterion of ck < 10
-5

in 32 iterations, and 0.333

seconds of computer time. In an effort to make the new method work
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by giving it a very good initial estimate, the standard method was

used (twenty iterations) to initialize the flux profiles, and then

the new iteration method was allowed to take over. As Figure 3.10

shows, this idea failed also; the Keff values converged very rapidly

with the new method, but unfortunately, to the wrong value.

If the initial fluxes are set to the infinite medium values,

then the iteration yields, for the thermal equation

dcp(1)
2 1 fx(E A(0)_ A(0)

) dx
dx

D2 0
st'l `a2 '2

x
(0)

1 (0)
dx

Ea2)0 (Est Ea2) 4'2
[3.4]

However,
(and

(I)

2

(o)
are the infinite medium values, then

1

o)

d(i)
(1)

2 1 r

X
(r (Ea2) ) .(0) dx 0 .-

dx D
2 St

' 'a2) *2

=
M'

the "machine epsilon". [3.5]
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Ideally, equation (3.5) would be zero. Numerically, due to

machine round-off error, this could be either a positive or a nega-

tive number which is very small. Clearly, this type of iteration is

very unstable under the best of conditions, and always converges very

rapidly to an incorrect result.

Since the input data tends to produce a numerically negative

thermal flux profile, what is actually happening is that the method

is finding the converged solution to a different problem, namely the

set of equations

- D v2.(n+1)_
,n,

1 T1 EvE )

(n)

K(n)
f14)1 vEf24)2 3 ER1(1)1(n)

D ,724) ("0 A(n)

2 2 's el 'a2T2 '

[3.6]

instead of the correct system, namely equations (2.11). The incor-

rect equations (3.6) differ from (2.11) in the sign of the Laplacian

term in the thermal energy equation. After the thermal equation is

integrated once, a reversed sign on the thermal flux derivative,

coupled with the zero-flux condition, forces the thermal flux to be

negative numerically.
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3.4 One Dimension, Two Region, One Group

Moving the absorption term to the right-hand side of the dif-

fusion equation also works quite well in a two region core and

reflector problem. For reference, the analytical expression for Keff

was derived. For a two region problem, it is impossible to explic-

itly solve for Keff, since the equation is transcendental. If one

assumes that the reflector is only a weakly multiplying medium so

that the flux shape in the reflector has a positive second-order

derivative one essentially has the differential equations

v2.1 + B2.1 = 0

V2'S'2 "z 4)2

(core)

(reflector)

The two region critical equation one gets is

I ba
f(K) =

D

'n

BL

tan(Ba) tanh(E-
-

-) - 1 = 0 ,

'2

l
where B2 = (7,Ef7--17 - 1)/L2

"al"

L2 02
/ E

a2

vE
f2

1
E
a2

K

[3.7]

a = core half-thickness

(b-a) = reflector thickness
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The analytical two-region Keff for reference was determined from

equation (3.7) by Newton-Raphson iteration, where

K
0

= K
co core

= vE
fl

/ E
al '

[3.8]

and K
1+1

= K
i

f'(Ki)

f(Ki)

Figure 3.11 shows how the flux profile evolves during iteration

for a two region core and reflector problem. As was demonstrated in

chapter two, the first iteration in the reflector does (for vEf2= 0)

indeed yield a straight line. The second iteration in the reflector

yields a cubic polynomial, etc. The first iteration in the core is

actually a quadratic, and the second iteration is a quartic polyno-

mial, and so forth. As it was shown, these polynomial approximations

of higher and higher order converge to the analytical solutions of

cosine and hyperbolic sine functions for the core and reflector,

respectively. In Figure 3.12, a comparison is made between the con-

vergence of the new method using a tridiagonal matrix solution (shown

in Figure 3.11), and the standard method (with and without Chebychev

extrapolation) employed by the AHRCHEB computer code. For this par-

ticular problem, standard techniques converged more rapidly than the

new technique.

In setting up a two-region problem using the new method, care

must be taken in making an initial guess for the flux profile. With
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the standard technique, an initialization which sets the flux equal

to unity over the entire problem space works quite well. In a two

region core and reflector problem convergence is accelerated, how-

ever, when the user makes a more realistic first guess for the flux

(such as unity in the core and zero in the reflector). With an ini-

tial flux guess of unity over the entire problem space (core and

reflector), iterating with the absorption term on the right-hand side

can become disastrous, with the solution destroying itself because of

the same type of numerical difficulties as those experienced in the

two energy-group formulation. To see this, consider the following

hypothetical problem. The flux is initialized to unity, over core

and reflector, with the reflector having a much larger optical thick-

ness than the core. On the first iteration, the flux derivative will

be

61) 1 ,
vE

dx

(1)
xkEa

- )dx, where (1)(0= 1.0.

The flux derivative in the reflector will be

(1)
- 1 r

a
VEfC1

dx +
1

dx D
R

ac K '
R

of EaR dx '

fr

where vEfR = O. Physically, the first integral, having zero and the

core/reflector boundary as the limits, is a definite integral, and is
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just a negative real number. The second integral is a positive func-

tion of x. If the reflector thickness is great enough, this positive

number (for any particular x = x0) may grow large enough to overwhelm

the negative value associated with the flux derivative at the

core/reflector boundary. If this happens, the flux derivative will

become increasingly positive. When the second integration is per-

formed (and the flux, 4)(1), is set to zero at the reflector boundary

at x = b), the positive derivative numerically forces the flux to go

negative. The iteration then becomes unstable, and chaos results.

This problem does not occur in thin reflectors where, physically, the

flux goes to zero at x = b rapidly, and not asymptotically.

To alleviate this problem the flux is initialized to unity in

the core, and zero in the reflector. This method works well.

3.5 Multi-Region, One Dimension

In order to realistically model some neutron diffusion problems,

it is required to solve the diffusion equation over many different

regions of varying enrichments, and in more than just one energy

group. Such problems are far beyond the practicability of analyt-

ically-derived effective multiplication factor formuli. Hence, the

need for numerical methods arises. A typical problem of this nature

is to find the effective multiplication factor associated with a

staggered enrichment loading pattern in a PWR core, where different

regions (usually further from the center of the core) have higher
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enrichments (actually lower burnups, or exposures), in order to

achieve a flatter power profile. This improves the fuel utilization,

since the center of the core burns out more rapidly when there is a

uniform distribution of fuel within the core, due to the increased

peaking factor at the center. The motivation, then, is to have a

certain fuel loading pattern, and hence, one gets a multi-region dif-

fusion problem when considering criticality calculations. The

AHRCHEB code previously mentioned is well-documented(19), and is cap-

able of handling up to twelve regions, four neutron energy groups, in

either one dimensional cartesian, cylindrical, or spherical geom-

etry. It also includes options for perpendicular buckling searches;

boron poisoning, etc.

Since the method of moving the absorption term to the right-hand

side of the iteration has been already shown not to work in a multi-

energy group formulation, an alternative idea was conceived to still

make use of its accelerated convergence characteristics in one energy

group in realistic neutronics problems (i.e. multi-region and multi-

groups). The idea is to use this new method to perform an

initialization of the flux profile in a one-group multi-region

scenerio, using collapsed one-group cross-sections for each region,

from the input multi-group cross-section data. Once converged (using

double integral quadrature formulae because of its simple programming

requirements), the multi-group fluxes are scaled according to the

multi-group cross sections in each region, and shaped by the one-
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group flux profile. These initial estimates of the multi-group

fluxes are then fed into AHRCHEB for "fine tuning".

In practice, one does the following. First, one produces, for

each region, the infinite medium fluxes for that region by

(I)

1,i
= X

1
/ ER1,i

[x2 + E
sit 1 ,i

(Pi ,0
2,i 11

1

(1) '2,i

1

')NG,
i IaNG,i

(E c) .) i = 1,...,NR
st

NG-1,i
NG-1,1

[3.9]

where NG is the number of neutron energy groups, and NR is the number

of coupled regions under consideration. The xi's are the fractions

of the total fission spectrum covered by that particular energy

group. For a simple two group calculation, xl= 1.0 .

Next, one determines, for each region, the one-group flux aver-

aged, or "collapsed" cross sections as

NG

J
.

_j
i

Z
aJ1 )1

E
a,i NG

4j

j=1 J'l

[3.10]
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The same type of averaging formulae are used for the diffusion

coefficients, and fission cross-sections. This type of averaging,

physically, is a statement of conservation of total reactions taking

place. Now that the one-group cross-sections are available, the one-

group diffusion problem is performed by the subroutine CONVG.

The initial fluxes for the one-group initialization routine, for

any particular region were that region's-infinite medium flux, and

zero in the reflector. Once this is done, the problem was worked

explicitly for a two-group problem only. In each region, the fast

flux was made identical to the converged one-group solution. Using

equation (3.2), the first thermal flux profile was shaped by the one-

group solution, and scaled by the two-group cross-sections, for a

given region, by

E

(R)

(R)

4)2,i
'1,i

r

Ea

sx

2

; i=1,2,...,NP [3.11]

where NP is the number of mesh points in the entire problem space,

and R indicates the region.

Figure 3.13 shows the first three iterations, along with the

final converged one-group shape, for the double-integral quadrature

subroutine CONVG, for a nine-region staggered enrichment core

model. The ninth region is a water reflector.

The actual number of points in the calculation was ten times the
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number shown in Figure 3.13, since only one in ten points were

output. The shape can be seen to be reasonable, however. As a check

on this shape, the AHRCHEB code was run (with Chebychev extrapolation

of the fission source term with only a one-group cross-section input

deck, with the same collapsed cross-sections that CONVG calculates).

The final profile can be seen, compared to the one-group profile

calculated by CONVG, in Figure 3.14. The agreement is certainly

acceptable. According to AHRCHEB the one-group Keff was Keff =

1.0968. According to CONVG, the one-group Keff was Keff = 1.0966.

In Figure 3.15, the final, converged fast and thermal fluxes are

shown for the nine-region problem, along with their initial estimated

profiles, produced via the one-group solution for th

fast
, and equa-

tion (3.11) for th

thermal
It is pleasant to note that the large

value of E
st

/ E
a2

for water produces a nice thermal flux peak in the

reflector, just as the converged profile has. This, physically, is

due to the fact that the moderator acts as the "source" of thermal

neutrons, since this is where the fast neutrons are thermalized.

The convergence of all these methods are shown in Figure 3.16.

The AHRCHEB code without the Chebychev extrapolation, running the

nine-region two-group problem, with no "fancy" flux initializaiton,

required eighty eight iterations to converge. With only six itera-

tions with the one-group integral initialization routine, the number

of required iterations was reduced to only fifty five, with an asso-

ciated 25% reduction in run time. This initialization routine, when
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attached to the AHRCHEB code (with Chebychev extrapolation), reduced

the required number of iterations from thirty two to twenty nine.

Table 3.2 shows all of these results in concise form.

The reason for the longer run time of the AHRCHEB code with both

the one-group collapsed cross-section flux initialization routine and

Chebychev extrapolation, compared to the AHRCHEB code without the

initialization routine, is that the number of actual AHRCHEB itera-

tions are very close. The double integral flux initialization rou-

tine itself took six iterations for this problem, and was the reason

why the AHRCHEB with it took longer to run, in spite of a small

reduction in the number of iterations required to converge to within

the same convergence criterion.
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TABLE 3.2

Multi-Region Run Time Comparison

Code/Method Keff
Iterations Run time

(Sec.)

1) AHRCHEB/CHEBYCHEV IT 1.0954787 32 5.668

2) AHRCHEB/CHEBYCHEV IT
with flux initialization

1.0954787 29 6.579

3) AHRCHEB/Power IT 1.0955372 88 11.409

4) AHRCHEB/Power IT
with flux initialization

1.0955388 55 8.529

5) Double integral flux
initialization

1.096631 6 contained in
(2) and (4)



80

4. AN ALTERNATIVE TWO DIMENSIONAL
CLOSED FORM SOLUTION

4.1 Recurrence Polynomial Method

There is an alternative method of solving equation (1.24) which

does not involve iteration in the performance of a source iteration,

and does not involve the solution of a large sparse matrix. This

method(20, 21) involves solving (in closed form) for one set of fluxes

along a single vertical line, and then using the difference equation

itself as a generating equation to find the entire flux field.

To do this, first take equation (1.26), and note that this equa-

tion can be put into vector form as

;i+1 ;i i -AX2
D

[4 . 1]

In this form, the matrix Foi contains the diagonal terms 0, and

the off-diagonal terms which pick up the (pi

,J
and coi,j_i terms.

The i matrix is, therefore,



AX.2.
where 0 = 2(1+(-,--) ) +

AX
.

Ay
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[4.2]

Now, if the neutron flux is to be set to zero on all four boun-

daries, note that $0 = 6, and ;4+1= 6, for M internal points in the

x-dimension.

The second flux vector is, using equation (4.1),

;2 ;1

The next two vectors are

A 42 41

N (1 ;1- gI

(R2 1) ;1 (Rlq g2)

;4 ;2

= A[(N2 - I) ¢1 - (N + g'i)] - gI - ;1- gt]

(is 2i) ;1 ((i2 1) Si + N S2 + gl)

[4.3]

[4.4]



If one now defines the following polynomials

Po(N)

P1(N)

Pi+1(M)
A Pi (N)

Pi-1(N)
[4.5]

82

it can be verified that P2(N) = F12 - I, and P3(N) = N3 - 2N .

Now, it appears as though the flux vectors are following a pattern,

and that pattern appears to be of the form

;i+1= Pi (N)1 / Pi-"(N)
j=1

[4.6]

To prove (4.6) for all i, a proof by mathematical induction is

required. To this end, note that if (4.6) is valid for any i, then

if it can be shown to be true for 1+1, then, by induction, it will be

true for all values of i. It is known that (4.6) is true for i = 2

and i = 3. To wit, does

i+1

;1+2 Pi+1(11) +1 -ill 15i+1 -j(H) j ?

From the original difference equation, it is known that

"I;i+2= A ;tii-1-1- 4+1

[4.7]

[4.8]
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Substituting for and in (4.8) yields

i 1

$i+2= RE-iii(g);1-j1;!i-j(1)/13 gt+1- r5i-l-j(1)1.13
j=1

[4.9]

Distributing, one gets

i1
$. = N 0.(A); A P. gt - O. (i); + P. .010gj
+2 1 j j- 1+1 1 -1 1 -1-j

j=1 j=1
[4.10]

Collecting terms, one gets

(N Pi(A) - Pi_1(1)); -
i 1

ER O. .(i)g/F
1

- P. (i)gt]
1 -J j -1-j j

-
0
(I) Si -

1+1
[4.11]

By the recurrence relation defining the Pi(N) polynomials,

-1

$i+2 r'i+1(i) ;1-
[P1+1

.(1)gt]
Si -gi

+1

i+1

$i+2 P; +1(N) ;1,11E'i+1 -J(1) g13

[4.12]

[4.13]

The relationship (4.6) is therefore true for all i. Since the

;mi.]. vector is required to go to zero as a boundary condition,



6 PM(N) :41 Pm .(i)j1

Solving for ;1 gives

;
1

= M (I)]-1 M.()
t*]

j=1 -J

[4.14]

[4.15]

84

Now, the rest of the flux vectors can be determined from the

generating equation

ii+1= i

4.2 Reflective Boundary Conditions

[4.16]

The two dimensional method just described works well, but cannot

solve just a quarter of a core, taking into consideration the sum-

metry of a two-dimensional problem across both x = 0 and y = 0

centerlines.

To incorporate a reflective boundary condition into the method

across y = 0 requires only a redefinition of the matrix N . For a y

= 0 reflective boundary condition, the required N is identical with

equation (4.2), except that the n1,2 element is changed to

n = -2(11)2
1,2 Ay

[4.17]
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To incorporate a reflective boundary condition into the method

across x = 0 requires a reformulation of the equations. For symmetry

across x = 0, note that

;1= (N "1"0 '(15) / 2

The next three flux vectors are

42
=

'1 1 40

42

A [N 41- ;0]

= (N2 1) ;1 N

$3 -42

A [(N2 1) 41- A ;13 ER ;1- ;o]
[4.19]

= (143 - 2A) 41 - (A2 - 1) ;0 - ((12 - 1) + A +

[4.18]

The pattern emerging here is that



i

;1+1= Pi (R) ;1
Pi

-1(R) ;0 / Pi-j(I) JJ1
[4.20]
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To prove this equation for all i via mathematical induction, it

must be shown that

i+1

;i+2 = P1+1 (R)
;
1

11
i
(R) $0 1 111+1-J (R) j

It is known that

;1+2= N 1'1+1- i'.+1-- 4;

Substituting for ;i4.1 and -4i, in equation (4.22),

i

;1+2 R [Pi R) ;1- Pi-1(11) -40- 1 Pi_J.(I)
J

t.-1-1j1

i-1

[Pi -1(R) ;1- Pi-2(i) $o ill Pi-1 -J(1) 113

[4.21]

[4.22]

[4.23]

Performing the same algebraic steps as before, (4.23) reduces to

the following.

i +1

;i+2= 131+1(1) ;1- Pi (4) .0 ,JIPi+1 -j(11)
Sj [4.24]
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This relation (4.20) therefore holds for all i's. As before, if

tm+1 is required to go to zero,

;M+1 PM(N) ;1 PM-1(R) ;0
j/ 1

-J J(1) 6
=

Using the reflective boundary condition [4.18],

Om*
2 (N ;0- g8) I3M-1(i) 40 / PM-j(1) gt 6

j=1 j

Rearranging gives, for ;0

-1 M
00) g5

46 2 PM- 1(N)] -1 / PM-.(M) gt 2
j=1

[4.25]

[4.26]

[4.27]

After ;0 is determined by the single matrix inversion indicated

in (4.27), 01 is calculated from (4.18), and all successive

are determined from (4.16). Figure 4.1 shows the nodal indexing

scheme used.

4.3 Cylindrical Geometry

In (r,z) geometry, it is very convenient to observe that the

axial coordinate is cartesian, just like (x,y). Therefore, if the r

variation is incorported into the matrix R, then the variation in z

can be handled with the same recurrence polynomials as in the method
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FLUX NODALIZATION SCHEME FOR THE

TWO-DIMENSIONAL CLOSED -FORM METHOD

i = y( or r) = N

0 =0 = N+ 1

i = + 1

i = M 2 ,

j + 1

3 - 1

x ( or x )
J = 1

i = 1 (computer -code array
index of flux-vector
o
o

, etc.)

Note: There are M internal points in the x (or z) dimension,

and N internal points in the y (or r) dimension.

Reflective boundary conditions assume a four-fold symmetry,

with the actual problem space being in the first quadrant only.

Figure 4.1
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already described. In cylindrical geometry, the Laplacian operator

has the form

02 - -12T + (r )

z- r ar ar.

The r-variation can be rearranged to become

2 1

ar".z 7' IF

[4.28]

[4.29]

Using the second-order partial derivative with respect to z to

index the flux vectors, the matrix, i
c

, becomes

where

011111M

2
-8-

3
0 0 0

-0
1,2 2

-0
3,2

0 0

0
-81,3

8
2

-8
3,3

0
81,N

82 -8
3,N

0 0 -0
1,N+1

0
2

=1

82 = 2(1 + (Ar )2)
Az2
172-

Az Az2

2
=0' 2(1 + 2(---Ar

L-
)2) + -T

Az
= 4 (or)2

[4.30]
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42%2 a2
131,j --A-10 2r.J Ar

Az Az2
0 (= .._. +
3,j Ar

J
2r.Ar

The matrix elements corresponding to the first equation are dif-

ferent due to the way in which the first equation was handled. In

general, the discretized equation has the form

AZ 2
Si+1,j- 2Si ,j + Si -1,j + (17.-) [`Pi

,j +1 24)i ,j + (1).i ,j-1 +

(Al. f, \-1 a2 -002
`2r .1 "1 +1 4),j-1" -1"/ `Pi ,j

Si
J [4.31]

This equation yields all the elements in 'lc, except for j=1.

For j=1, rj=0, so some careful consideration has to be given to this

case. Since the first derivative of the flux is also required to go

to zero at r=0, one has the situation

. 1 acp +0
r ar 0

[4.32]

L'Hospital's Rule states that if a rational function has both

its numerator and its denominator going to zero at the same point,

then the function itself will approach the same limit if both numer-

ator and denominator are each differentiated. Symbolically, if
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lim then lim
q

+ lim (P:cx?) .
0

,

kx)0
x+a x+a x+a

Using this theorem,

lim (-1 'A + lim (-14)
r ar ar

Therefore, equation (4.31) becomes, for j=1

[4.33]

2(or)2
r9A a2 -a2

Si(hi+1,1- 24)i ,1+ (hi-1,1+ ``Ar" L"i Pi D 1,1

[4.34]

This equation yields q and 83 elements of Ac .

Strictly speaking, to update the estimate of the effective mul-

tiplication factor in cylindrical geometry, one performs the follow-

ing integral, as before.

(vE,o(n+1))

K(n+1). v r

vEcco(n)

f (
) dv

(n)
v K

, where dv = 27rdrdz [4.35]

Approximating these integrals, one gets the appropriate formula

for cylindrical geometry, which is



N1
r.w.{ 1 wvz A(

.=

n+1)1

K(n+1) i=1

1 1
fri f

NR NZ wvE 0 (n)

,

riw.1 J fi i 1

J

i=1 1 j=1 K(n) 1

[4.36]
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where NR is the number of points in the radial direction, and 'NZ is

the number of points in the axial direction.

This formula has the exact same form as the formula for (x,y)

geometry, except for ri weighting, which is a result of the (r,z)

geometry. This arises because, as one proceeds outward from the cen-

ter of the core in the radial direction, each radial node has a vol-

ume associated with it which is proportional to the distance from the

axial centerline.

The cylindrical geometry code was run with both the (x,y) and

(r,z) geometry Keff formulae. Both runs yielded the correct value of

Keff, but the iteration behaved much more smoothly with equation

(4.38), the correct formula for cylindrical geometry.

4.4 Reduction to One Dimension

It is not, perhaps, of too much practical value, but it is

intersting to note at this point that the recurrence polynomial

method thus described also works in one dimension. The proof pro-

ceeds identically along the same lines as previously outlined for the

two dimensional problems. However, in one dimension, the Pi(N)

matrices are replaced with Pi(a) polynomials, which are simply
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scalar polynomials. Here 0 = 2 + Ax2/L2. The same type of defini-

tion of the P.1 (8) polynomials hold, where

P0(8)
1

P1(8) = 8

Pi+1(8) 8Pi(8) Pi-1(8)
[4.37]

Analogously, the first flux value, with a reflective boundary

condition assumed, is

M

j1 1

P
M-j j

(8)St + PM(8)S0(0)S* / 2
=

SO ON(8)

2 PM-1(8)

[4.38]
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5. COMPUTER APPLICATIONS FOR
TWO-DIMENSIONAL CLOSED-FORM PROBLEMS

5.1 Zero Flux Boundary Conditions

The recurrence polynomial method for the closed-form solution

for a two dimensional source iteration was run, and a comparison run

was made with point overelaxation. Figure 5.1(a) is a plot of the

effective multiplication factor as a function of iteration. Inter-

estingly enough (and very probably, coincidently), point overelaxa-

tion with an overelaxation parameter of = 1.5, with four inner

iterations per outer iteration, produced Keff estimates and

-values which were almost identical to the corresponding values

produced by the recurrence polynomial method. By "almost identical,"

what is meant is that to four or five decimal places, these

corresponding numbers were the same. Both codes ran a problem with

eight intervals in both x and y, had identical reactor dimensions

(and therefore identical mesh spacing), and had the same zero flux

boundary conditions all along the boundaries of the entire problem

space. Evidently, therefore, the recurrence polynomial method for

closed-form source iterations, is numerically almost equivalent to

solving the same problem with = 1.5, and using four inner

iterations per outer iteration. Run time for the closed-form

solution was three times that of the point overelaxation method.
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5.2 Reflective Boundary Conditions

The same recurrence polynomial method, but with reflective boun-

dary conditons, was used to solve the same problem solved in Section

5.1. The same number of intervals in each direction were used, so

that the mesh spacing was halved, since the reflective boundary con-

dition problem space is a quarter-core. For a somewhat qualitative

comparison, the same point overelaxation code was run (with the same

mesh spacing as the reflective boundary condition problem). Since

the point overelaxation code solves an entire core, using the same

mesh spacing means that there are four times the number of nodal

points in the problem space, so run time is roughly four times what a

"fair" comparison would be. Figure 5.1(b) shows that the reflective

boundary condition method converged somewhat faster than the point

overelaxation code with a = 1.5. Even though the point overelaxa-

tion runs solved for the flux with four times the number of points as

the closed-form solution, run times were substantially less, due to

the rather inefficient coding of the closed-form solution problem.

The code actually calculates each of the Pi(1) matrices, along with

the full matrix inversion for each source iteration. The run time of

this code could be dramatically reduced by storing each matrix and

using them for all successive iterations. It was felt, though, that

the scope of this work was to demonstrate the method, and save for

future work the job of extending and making the computer coding as

efficient as possible.
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mputer code which incorporated relective boundary

the two dimensional (x,y) computer program was

N
c

matrix for cylindrical geometry (r,z).

g finite cylinder diffusion code was then run, and

f as a function of iteration output is shown in Fig-

le was run for eight, twelve, and fourteen intervals

. As the number of intervals was increased, the

ive multiplication factor came closer to the

ved value. It was found that with fifteen or more

ch dimension, roundoff error started to be a

precision was used for the appropriate matrices, but

in each dimension still resulted in convergence down

r 10-3 , but the problem then started to diverge, and

p" numerically. Table 5.1 compares the three finite

Figure 5.2 plots the Keff values for the run with

s in both r and z. When the geometrically correct

used, the iteration seems to converge more slowly,

to be no problem with oscillating epsilons. The

- words, proceeds more smoothly.
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TABLE 5.1

Two-Dimensional Run Time Comparison

Number of intervals
in both r and z

Keff
Iterations

Run Time
(Sec)

8 1.1508394 11 1.301

12 1.1504229 6 2.707

14 1.1499364 18 13.542

14 1.1500331 20 16.004

(analytically) 1.1499801

The last run was with the correct formula for Keff in cylindri-

cal geometry.

5.4 Recurrence Polynomial Method in One Dimension

The recurrence polynomial method outlined in Section 4.4 was run

on a programmable calculator, with Keff as a function of iteration

shown in Figure 5.3.
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6. SUMMARY AND CONCLUSIONS

6.1 Summary
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This thesis has been primarily concerned with the development of

two different approaches to iteratively solving the neutron diffusion

equation for various types of one and two dimensional problems.

These new methods were compared and contrasted with existing itera-

tion techniques.

(1) First, the method of iterating on the diffusion equation

with the absorption term on the right-hand side was demonstrated in a

one group, one region, one dimensional cartesian coordinate system.

The new method was shown to be very much more effective than standard

methods when the reactor core half-thickness was of the order of

several or more neutron diffusion lengths (a>>L). In a small

reactor, where a=L, the new method's convergence behavior was similar

to existing methods. Also, in a moderately large core, a straight-

forward power iteration with the absorption term on the right-hand

side was shown to converge faster than the standard techniques even

when assisted by Chebychev polynomial source extrapolation. It was

also shown that in a two-dimensional problem, this new method works

just as well as standard techniques, if not a little better. The

method used to compare the two concepts was the alternating

directional implicit, or ADI method. Next, the method was extended

to a two-region (core and reflector), and then to a multi-region
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(staggered enrichment core model plus reflector) problem. The method

was found not to work when applied to a two-group (or more generally,

multi-group) formulation, due to numerical instabilities. It was

found that only six iterations were required to quite closely

converge the multi-region problem in one neutron energy group, using

the new method. Then using that converged shape, the run time

required to solve the multi-region two neutron energy group problem

was reduced by roughly 25%, compared to the same two-group code using

a unity flux initialization.

(2) Secondly, the two-dimensional recurrence polynomial closed-

form source iteration method was demonstrated with zero-flux, and

reflective boundary condition formulations. It was shown that this

method is numerically almost equivalent to performing the iteration

with point overelaxation, for certain overelaxation parameter values,

and number of inner iterations per outer iteration. The method was

also demonstrated in cylindrical geometry, and was shown to work

quite well. The converged Keff came close to the analytical value

when more intervals were used in the problem, but round-off error

became a problem with the CYBER computer when more than seventeen

intervals in x and y were used.
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6.2 Conclusions

This study has focused on the development of two new iteration

methods to solve the neutron diffusion equation, and on the compari-

son of these methods with standard, or existing methods. The first

concept, to iterate on the diffusion equation with the absorption

term on the right-hand side, was shown to work best in the simplest

problems. Even though the method does not work at all in a multi-

neutron energy group formulation, it was demonstrated that by solving

a one-group problem in several regions, and by using the converged

profiles' spatial shape to initialize the multi-group fluxes, a

twenty-five percent decrease in run time was noted, compared to the

same multi-region multi-group problem run with the fluxes initialized

to unity over the entire problem space. One motivation for

performing this one-group flux initialization with the absorption

term on the right-hand side is that this allows the user to perform

the problem with the double quadrature technique. Using the

trapezoidal rule to perform the integrations, there is no need to

code up tridiagonal matrix software, and there is no need for

complicated algebraic expressions for boundary nodes. Of course, the

method works with a tridiagonal matrix formulation, too. Also, the

tridiagonal matrix formulation, numerically, is more well-conditioned

than the double quadrature. The motivation for keeping the

absorption term on the right-hand side is, of course, for accelerated

convergence.
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On a practical standpoint, it is recommended that the best use

of putting the absorption term on the right-hand side is the one-

group collapsed cross-section flux initialization routine for a

multi-group multi-region core model, since a twenty-five percent

reduction in computer time is considered significant.

The two-dimensional closed-form solution using the recurrence

polynomials has the aesthetically pleasing characteristic of not

having to perform inner iterations to perform one source iteration

for a finite cylinder, considering that (r,z) geometry is probably

the most practical application of this method. The two-dimensional

closed-form method, incidentally, maintains the absorption term on

the left-hand side, so that there is no problem with the numerical

reliability of the iteration. The convergence of the standard

methods in multi-group formulation is well known, (22,23,24,25) and it

is expected that there should be no problem in extending the closed-

form method to multi-group, since all this method does is to provide

an algebraically closed-form solution to a standard iteration. How-

ever, in order to be practical, the method should be made more effi-

cient (and there is much room for these codes to be made more effi-

cient), so that run time is reduced. Also, it would be very nice to

use more than fifteen intervals in each of the two dimensions. These

ideas are good ideas for future research.
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6.3 Recommendations for Further Research

There are several areas of interest which this study has opened

up, but have not as yet been dealt with. First, the method of iter-

ating on the diffusion equation with the absorption term on the

right-hand side was only explored in rectangular coordinates. It

would be interesting to see how well the method works in one dimen-

sional cylindrical and spherical coordinate systems. Specifically,

it would be interesting to code up the double integral quadrature.

(n+1)
(r) = - 1R

1
f

r1
(z _

vE
f s(n)(r11) dril dr1 [6.1]

r (r1)aD 0
a K

where a is the geometry factor. This factor is a=1 when cylindrical

geometry is used, and a=2 when spherical geometry is desired. For

cylindrical geometry (with more than one region present), the itera-

tion would proceed according to

(n+1)
(r) = -

r1
(E - i

vEf

r D
f )r.11 (n) (rii)dril dr1

0
a K

[6.2]
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Similarly, in spherical geometry, the iteration would take on

the form

r1 vE

(0

(n+1)
(r) = f

R
1

f (E

a

-
K

f
)(r11)2 ()

(n)
(r11) dr11 dr1

r (r1)2D 0

[6.3]

A one-group collapsed cross-section flux initialization routine

utilizing equation (6.2) would be imminently practical in the multi-

region multi-group neutronic analysis of a finite cylinder Pressur-

ized Water Reactor (PWR) with different radial regions containing

fuel with varying exposures, or burnups (i.e. the analyses of varying

PWR loading patterns).

In regard to the two dimensional closed-form method, mention was

already made of the fact that it uses the standard iteration, with

absorption term on the left-hand side. It would be interesting to

write a computer code to model a two-group finite cylinder problem

using the recurrence polynomial method.

As long as material regions do not change as a function of

z (i.e. Ac * Ac (z)) , it should be possible to extend the method to

multi-region. The regions would be different annuli in the core,

which, once again, could be used to calculate effective multiplica-

tion factors for varying reactor loading patterns. The boundaries

would simply be handled by boundary equations contained in the

R
c

matrix, in the appropriate places. In principle, it should be
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possible, therefore, to produce a multi-region multi-group PWR reac-

tor core analysis code, with a closed-form solution for each source

iteration (no inner iterations)! Each iteration would involve only

one matrix inversion.

Finally, even this matrix inversion required for each source

iteration could be done away with, in the interest of faster run

time. The matrix which is inverted does not change during the itera-

tion.

Taking equation (4.27), and multiplying through by the inverted

matrix,

M

= AAt +1/2A
j=1

o 0 '

m(figi

where A. = [ "
2

0
M-1

(i)]-10
M-J

.(I) [6.4]

If the A.
J

matrices are calculated and stored once, before iter-

ation begins, all one has to do to perform a single closed-form

source iteration is just to express ;0 as a linear combination of

thevectors,wherethecoefficientmatriceskremain constant

for all iterations. The successive ;i's are determined as

before. For a reasonable number of nodes in radial and axial direc-

tions, there is a large number of matrices, and this requires a lot

of storage space. To store all these numbers, the total number of

matrix elements to be stored increases as the cube of the number of
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intervals (for an equal number of nodes in r and z). More generally,

with N internal points in r, and M internal points in z, there are

(M+1) Ai matrices, where the order of each Ai is (N+1) x (N+1). It

should also be recognized that each Aj is a full (N+1) x (N+1)

matrix, since it contains an inverse of a nearly full matrix. This

method would yield a very fast running reactor analysis code, but it

would require a lot of storage space. Heuristically, calculating

these A. matrices once and storing them for future use in all sub-

sequent iterations, is analogous to the forward elimination of a

matrix problem (Ait = I;) with many right-hand sides. One performs

the forward elimination of the A matrix only once. For successive

right-hand sides, one just performs the forward elimination on the

right-hand side only, followed by the back solution.
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ONE-REGION TRIDIAGONAL SOLUTION FOR
NEW ITERATION FORM: FILE NAME P4

The one-dimensional one-region problem was first solved by the

new iteration form using the tridiagonal matrix method.

To run this computer code, the user simply responds to the

printed prompting messages, with the appropriate data. The code

first requests the nuclear data D, andand vzf. Next, one supplies

the slab width and the number of desired intervals. Finally, one

supplies the actual, or analytically derived effective multiplication

factor, and the convergence criterion.

After initializing parameters such as AX and L, the code first

initializes the tridiagonal matrix. Since there are only three non-

zero diagonals in the matrix problem, the code uses three one-

dimensional arrays (U, the upper diagonal; D, the diagonal; and L,

the lower diagonal). Also at this time, the flux and right-hand side

vectors are initialized. Next, the matrix and right-hand side are

reduced. That is, the forward Gaussian elimination process is

performed. As the backsolution is performed, the new flux is

obtained, and the next estimate of Keff is calculated. Convergence

is then checked, and if the solution is converged sufficiently, the

output is the last estimate of Keff, and the normalized flux profile,

if desired by the user. If convergence is not obtained, the right-

hand side is recalculated using the new Keff and flux profile. The

right-hand side is reduced, and then the backsolution is repeated.
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For each iteration, output consists of the iteration number,

Keff, c, the difference between Keff and the analytical value of

Keff, and a representative flux point value (the flux in the middle

of the problem space).
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PROGRAM TEST(IMPUT,OUTPUT,TAPE5=INPUT,TAPE6=OUTPUT,TAPE7)
DIMENSION PHI(5000),PHIN(5000),B(5000),U(5000),D(5000),L(5000)
REAL K,NSIGF,KINF,K1,KACT
PRINT*,"INPUT DC,SIGA,NSIGF"
READ*,DC,SIGA,NSIGF
PRINT*,"INPUT # OF DESIRED INTERVALS"
READ*,N
PRINT*,"INPUT SLAB WIDTH"
READ*,A
PRINT*,"INPUT ACTUAL K VALUE"
READ*,KACT
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST
A=A/2
DX=A/FLOAT(N)
NP1=N+1
SOL=DC/SIGA
K=NSIGF
KINF=NSIGF/SIGA

C******FILL UP THE A-MATRIX, INITIALIZE FLUX VECTOR, R.H.S.
DO 110 I =1,N

D(I)=-2.0
U(I)=1.0
L(I)=1.0
PHI(I)=1.0
B(I)=(1-KINF/K)*(DX**2/SOL)

110 CONTINUE
L(1)=0.0
D(NP1)=1.0
L(NP1)=0.0
B(NP1)=0.0
U(1)=2.0
NP2=NP1+1
L(NP2)=0.0
D(NP2)=0.0
B(NP2)=0.0
u(N131).o.n
PHI(NP1)=1.0

C******REDUCE A-MATRIX, R.H.S.
DO 10 I=1,NP1
IP=I+1
U(I)=U(I)/D(I)
B(I)=B(I)/D(I)
D(IP)=D(IP)-L(IP)*U(I)

10 B(IP)=B(IP)-L(IP)*B(I)
ITC=1
PRINT*,"IT # KEFF DELTA-K/K KEFF-KACT FLUX(MID)"

C******COMMENCE OUTER ITERATIONS
C******BACKSOLUTION

M2=N/2
50 PHIN(NP2)=0.0

DO 20 I=1,MP1
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J=NP1+1-I
J1=J+1

20 PHIN(J)=B(J)-U(J)*PHIN(J1)
WRITE(7,100)(I,PHIN(I)/PHIN(1),I=1,NP1,10)

C******UPPATE K-EFFECTIVE
SNUM=0.0
SDEN=0.0
DO 90 I=1,NP1
SNUM=SNUM+PHIN(I)
SDEN=SDEN+NSIGF*PHI(I)/K+SIGA*(PHIN(I)-PHI(I))

90 CONTINUE
K1=NSIGF*SNUM/SDEN

C******CHECK FOR CONVERGENCE
EPS= ABS(K1 -K) /K

DELK=K1-KACT
WRITE(6,300)ITC,K1,EPS,DELK,PHIN(M2)

300 FORMAT( 1X,13,2X,F10.7,2X,F12.8,2X,F12.8,2X,F12.4)
ITC=ITC+1
IF(EPS.LT.EPST) GO TO 505

C******UPDATE B-VECTOR, FLUX VECTOR
K=K1
FACT=(1-KIMF/K)*(DX**2/SQL)
DO 75 I=1,N
PHI(1)=PHIN(I)
B(I)=FACT*PHI(I)

75 CONTINUE
PHI(MP1)=PHIN(NP1)
B(NP1)=0.0

C******REDUCE R.H.S.
DO 30 I=1,NP1
IP=I+1
B(I)=B(I)/D(I)

30 B(IP)=B(IP)-L(IP)*B(I)
GO TO 50

C******OUTPUT RESULTS
505 PRINT*,"WANT TO SEE PROFILE?"

READ(5,200)ANS
200 FORMAT(A3)

IF(ANS.EQ."NO") GO TO 900
PRINT*,"NORMALIZEP FLUX PROFILE"
WRITE(6,100)(I,PHIN(I)/PHIN(1),I=1,NP1,10)

100 FORMAT(1X,I3,4X,F1?.6)
900 PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1

STOP
END
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ONE-REGION DOUBLE INTEGRAL QUADRATURE
SOLUTION FOR NEW ITERATION FORM: FILE NAME P5

The one-dimensional one-region problem was next solved by the

new iteration form using a double integral quadrature method.

To run this computer code, the user follows the same instruc-

tions as for the code P4.

After initializing parameters such as AX and L2, the outer

iterations commence. As the first integration is performed, inter-

mediate values of the integral are stored in the array FLUXI. The

values in this array represent an integral from the centerline out to

the particular node, of the previous flux estimate. The flux inte-

gral at the first node is set to zero as a boundary condition on the

derivative of the next flux estimate. The new flux on the vacuum

boundary is set to zero as the second boundary condition. The second

integral is performed from the vacuum boundary to the slab center-

line, storing the new flux values, in the array PHIN as it goes.

Next, the estimate of the effective multiplication factor is updated,

and convergence is checked. If convergence is met, the final output

is the same at P4. If not, the flux vector, PHI, is updated, and the

iteration continues. Output for each iteration is also the same as

in P4.



PROGRAM TEST2(INPUT,OUTPUT,TAPE5=INPUT,TAPE6=OUTPUT,TAPE7)
DIMENSION PHI(5000),PHIN(5000),FLUXI(5000)
REAL K,NSIGF,K1,KINF,KACT
PRINT*,"INPUT D,SIGA,NSISF"
READ*,D,SIGA,NSIGF
PRINT*,"INPUT # OF DESIRED INTERVALS"
READ*,N
PRINT*,"INPUT SLAB WIDTH"
READ*,A
PRINT*,"INPUT ACTUAL K VALUE"
READ*,KACT
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST
A=A/2
DX=A/FLOAT(N)
NP1=N+1
SOL=D/SIGA
K=NSIGF
KINF=NSIGF/SIGA

C******INITIALIZE FLUX PROFILE
DO 99 I=1,NP1
PHI(I)=1.0

99 CONTINUE
ITC=1
PRINT*,"IT # KEFF DELTA-K/K KEFF-KACT FLUX(MID)"

C******COMMENCE OUTER ITERATIONS
M2=N/2

50 FLUXI(1) =O.O
DO 10 I=2,NP1
IM1=I-1
FLUXI(I)=FLUXI(IM1)+DX*(PHI(IM1)+PHI(I))/2.0

10 CONTINUE
PHIN(NP1)=0.0
DO 20 I=1,N
J=NP1-I
J1=J+1
PHIN(J)=PHIN(J1)+DX*(FLUXI(J)+FLUXI(J1))/2.0

20 CONTINUE
FACT=(KINF/K-1)/SOL
DO 30 I=1,N

30 PHIN(I)=PHIN(I)*FACT
WRITE(7,100)(I,PHIN(I)/PHIN(1),I=1,NP1,10)

C******UPDATE K-EFFECTIVE
SNUM=0.0
SDEN=0.0
DO 90 I=1,NP1
SNUM=SNUM+PHIN(I)
SDEN=SDEN+NSI0F*PHI(I)/K+SIGA*(PHIN(I)-PHI(I))

90 CONTINUE
K1=NSIGF*SNUM/SDEN

C******CHECK FOR CONVERGENCE
EPS= ABS(K1 -K) /K

117
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DELK=K1-KACT
WRITE(6,300)ITC,K1,EPS,DELK,PHIM(M2)

300 FORMAT( 1X,13,2X,F10.7,2X,F12.8,2X,F12.8,7X,F12.4)
ITC=ITC+1
IF(EPS.LT.EPST) GO TO 505

C******UPDATE K, FLUX VECTOR
K=K1
DO 75 I=1,NP1

75 PHI(I)=PHIN(I)
GO TO 50

C******OUTPUT RESULTS
505 PRINT*,"WANT TO SEE PROFILES?"

READ(5,200)ANS
200 FORMAT(A3)

IF(ANS.E0."NO") GO TO 900
PRINT*,"NORMALIZED FLUX PROFILE"
WRITE(6,100)(I,PHIN(I)/PHIN(1),I=1,NP1,10)

100 FORMAT(1X,I3,4X,F12.7)
900 PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1

STOP
END
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ONE-REGION TRIDIAGONAL SOLUTION FOR
STANDARD ITERATON FORM: FILE NAME P6

The one-dimensional one-region problem was finally solved by the

standard, or existing iteration form using a tridiagonal matrix

method.

Output, as well as input, is identical to the codes P4 and P5.

In fact, the only difference between the codes P6 and P4 is that P6

performs iterations with the E
a
(I) term on the left-hand side, and P4

performs the same steps with zas on the right-hand side.
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PROGRAM TEST(INPUT,OUTPUT,TAPE5=IMPUT,TAPE6=OUTPUT,TAPE7)
DIMENSION PHI(5000),PHIN(5000),B(5000),U(5000),D(5000),L(5000)
REAL K,NSIGF,KINF,K1,KACT
PRINT*,"INPUT DC,SIGA,NSIGF"
READ*,DC,SIGA,NSIGF
PRINT*,"INPUT it OF DESIRED INTERVALS"
READ*,N
PRINT*,"INPUT SLAB WIDTH"
READ*,A
PRINT*,"INPUT ACTUAL K VALUE"
READ*,KACT
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST
A=A/2
DX=A/FLOAT(N)
NP1=N+1
SOL=DC/SIGA
K=NSIGF
KINF=NSIGF/SIGA
BET=2.0+DX*DX/SOL

C******FILL UP THE A-MATRIX, INITIALIZE FLUX VECTOR, R.H.S.
DO 110 I=1,N
D(I)=-BET
U(I)=1.0
L(I)=1.0
PHI(I)=1.0
B(I)=-DX*DX/DC

110 CONTINUE
L(1)=0.0
D(NP1)=1.0
L(NP1)=0.0
B(NP1)=0.0
U(1)=2.0
NP2=NP1+1
L(NP2)=0.0
D(NP2)=0.0
B(NP2)=0.0
U(NP1)=0.0
PHI(NP1)=1.0

C******REDUCE A-MATRIX, R.H.S.
DO 10 I=1,NP1
IP=I+1
U(I)=U(I)/D(I)
B(I)=B(I)/D(I)
D(IP)=D(IP)-L(IP)*U(I)

in B(IP)=B(IP)-L(IP)*B(I)
ITC=1

PRINT*,"IT KEFF DELTA-K/K KEFF-KACT FLUX(MID)"

C******COMMENCE OUTER ITERATIONS
C******BACKSOLUTION

M2=N/2

50 PHIN(NP2)=0.0
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DO 20 I=1,NP1
J=NP1+1-I
J1=J+1

20 PHIN(J)=BW-u(J)*PHIN(J1)
WRITE(7,100)(I,PHIN(I)/PHIN(1),I=1,NP1,10)

C******UPDATE K-EFFECTIVE
SNUM=0.0
SDEN=0.0
DO 90 I=1,NP1
SNUM=SNUM+PHIN(I)
SDEN=SDEN+NSIGF*PHI(I)/K

90 CONTINUE
K1=NSIGF*SNUM/SDEN

C******CHECK FOR CONVERGENCE
EPS= ABS(K1 -K) /K

DELK=K1-KACT
WRITE(6,300)ITC,K1,EPS,DELK,PHIN(M2)

300 F0RMAT(1X,I3,2X,F10.7,2X,F12.8,2X,F12.8,2X,F12.4)
ITC=ITC+1
IF(EPS.LT.EPST) GO TO 505

C******UPDATE B-VECTOR, FLUX VECTOR
K=K1
FACT=(-DX*DX/DC)*NSIGF/K
DO 75 I=1,N
PHI(I)=PHIN(I)
B(I)=FACT*PHI(I)

75 CONTINUE
PHI(NP1)= PHIN(NP1)

B(NP1)=0.0
C******REDUCE R.H.S.

DO 30 I=1,NP1
IP=I+1
B(I)=B(I)/D(I)

30 B(IP)=B(IP)-L(IP)*B(I)
GO TO 50

C******OUTPUT RESULTS
505 PRINT*,"WANT TO-SEE PROFILE ?"

READ(5,200)ANS
200 FORMAT(A3)

IF(ANS.EO. "NO ") GO TO 900

PRINT*,"NORMALIZED FLUX PROFILE"
wRITE(6,100 )(I,PHINOVPHIN(1),I=1,NP1,10)

100 FORMAT(1X,I3,4X,F12.6)
900 PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1

STOP
END
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TWO-REGION TRIDIAGONAL SOLUTION FOR NEW
ITERATION FORM: FILE NAME P4TR

The one-dimensional two-region problem was solved by the new

iteration form using the tridiagonal matrix method.

The mechanics of the code P4TR is identical to the mechanics of

P4, with only two exceptions.

First, the required input requires nuclear data, region widths,

and number of desired itervals for each region, core and reflector.

There are also two separate loops for filling up the matrix for each

region, and two separate loops for performing the integrations

required for calculating the next estimate of K.

Secondly, the boundary node equation for the ta node. This

equation is
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where the subscript 1 refers to the core, and the subscript 2 refers

to the reflector.
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PROGRAM TEST(INPUT,OUTPUT,TAPE5=INPUT,TAPE6=OUTPUT,TAPF7)
DIMENSION PHI(5000),PHIN(5000),B(5000),U(5000),D(5000)
REAL K,NSIGF,NSIGFR,KINF,KINFR,K1,KACT,L(5000)
PRINT*,"INPUT DC,SIGA,NSIGF FOR CORE"
READ*,DC,SIGA,NSIGF
PRINT*,"INPUT DC,SIGA,NSIGF FOR REFLECTOR"
READ*,DCR,SIGAR,NSIGFR
PRINT*,"INPUT # OF DESIRED INTERVALS FOR CORE"
READ*,N
PRINT*,"INPUT # OF DESIRED INTERVALS FOR REFLECTOR"
READ*,NREF
PRINT*,"INPUT CORE WIDTH"
READ*,A
PRINT*,"INPUT REFLECTOR THICKNESS"
READ*,BTH
PRINT*,"INPUT ACTUAL K VALUE"
READ*,KACT
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST
A=A/2
DX=A/FLOAT(N)
DXR=BTH/FLOAT(NREF)
MP=N+1
SQL=DC/SIGA
SOLR=DCR/SIGAR
K=1.0
KINF=NSIGF/SIGA
KINFR=NSIGFR/SIGAR

C******FILL UP THE A-MATRIX, INITIALIZE FLUX VECTOR, R.H.S.
DO 110 I=1,N
D(I)=-2.0
U(I)=1.0
L(I)=1.0
PHI(I)=1.0
B(I)=(1-KINF/K)*(DX**2/SOL)

110 CONTINUE
INI=MP+1
ITERM=N+NREF
NP1=ITERM+1
DO 910 I=INI,ITERM
D(I)=-2.0
U(I)=1.0
L(I)=1.0
PHI(I)=0.0
B(I)=0.0

910 CONTINUE
D(MP)=-(1.0+DXR*DC/(DX*DCR))
U(MP)=1.0
L(MP)=DXR*DC/(DX*DCR)
PHI(MP)=1.0
B(MP)=1.0+DX*SIGA*(1-KINF/K)/(1-KINFR/K)/(DXR*SIGAR)
B(MP)=B(MP)*DXR**2*(1-KINFR/K)/SOLR/2.0
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L(1)=0.0
D(NP1) =1.0

L(NP1)=0.0
B(NP1)=0.0
U(1)=2.0
NP2=NP1+1
L(NP2)=0.0
D(NP2)=0.0
B(NP2)=0.0
U(NP1)=0.0
PHI(NP1)=1.0

C******REDUCE A-MATRIX, R.H.S.
DO 10 I=1,NP1
IP=I+1
U(I)=U(I)/P(I)
B(I)=B(I)/P(I)
D(IP)=D(IP)-L(IP)*U(I)

10 B(IP)=B(IP)-L(IP)*B(I)
ITC=1
PRINT*,"IT # KEFF DELTA-K/K KEFF-KACT FLUX(MID)"

C******COMMENCE OUTER ITERATIONS
C******BACKSOLUTION

M2=N/2
50 PHIN(NP2)=0.0

DO 20 I=1,NP1
J=NP1+1-I
J1=J+1

20 PHIN(J)=B(J)-U(J)*PHIN(J1)
WRITE(7,100)(I,PHIN(I),I=1,NP1)

C******UPDATE K-EFFECTIVE
SNUM=0.0
SDEN=0.0
DO 90 I=2,N
SNUM=SNUM+NSIGF*PHIN(I)*DX
SDEN=SDEN+PX*(NSIGF*PHI(I)/K+SIGA*(PHIN(I)-PPI(I)))

90 CONTINUE
DO 902 I=INI,ITERM
SNUM=SNUM+NSIGFR*PHIN(I)*DXR
SDEN=SDEN+DXR*(NSIGFR*PHI(I)/K+SIGAP*(PHIN(I)-PHI(I)))

9n2 CONTINUE
SNUM=SNUM+NSIGF*PHIN(1)*DX
SNUM=SNUM+(NSIGF*DX+NSI(;FR*PXR)*PHIN(MP)
DEN1=DX*(MSIGF*PHI(1)/K+SIGA*(PHIN(1)-PHI(1)))
PEN=PX*(NSIGF*PHI(MP)/K+SIGA*(PHIN(MP)-PHI(MP)))
DEN=DEN+DXR*(NSIGFR*PHI(MP)/K+SIGAR*(PHIN(MP)-PHI(MP)))
SDEN=SDEN+DEN1+DEN
K1=SNUM/SDEN

C******CHECK FOR CONVERGENCE
EPS= ABS(K1 -K) /K

DELK=K1-KACT
WRITE(6,300)ITC,K1,EPS,PELK,PHIN(M2)

300 FORMAT( 1X,I3,2X,F10.7,2X,F12.B,2X,F12.8,2X,F12.4)
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ITC=ITC+1
IF(EPS.LT.EPST) GO TO 505

C******UPDATE B-VECTOR, FLUX VECTOR
K=K1
FACT=(1-KINF/K)*(DX**2/SQL)
DO 75 I=1,N
PHI(I)=PHIN(I)
B(I)=FACT*PHI(I)

75 CONTINUE
FACT=(1 -KINFR/K)*(DXR**2/SOLR)
DO 76 I=INI,ITERM
PHI(I)=PHIN(I)

76 B(I)=FACT*PHI(I)
FACT=1.0+SIGA*DX*(1-KINF/K)/(1-KINFR/K)/SIGAR/DXR
FACT=FACT*DXR**2*(1-KINFR/K)/SOLR/2.0
PHI(MP)=PHIN(MP)
B(MP)=FACT*PHI(MP)
PHI(NP1)=PHIN(NP1)
B(NP1)=0.0

C******REDUCE R.H.S.
DO 30 I=1,NP1
IP=I+1
B(I)=B(I)/D(I)

3n B(IP)=B(IP)-L(IP)*B(I)
GO TO 50

C******OUTPUT RESULTS
505 PRINT*,"WANT TO SEE PROFILE?"

READ(5,200)ANS
200 FORMAT(A3)

IF(ANS.EQ."NO") GO TO 900
PRINT*,"NORMALIZED FLUX PROFILE"
WRITE(6,100)(I,PHIN(I)/PHIN(1),I=1,NP1)

100 FORMAT(1X,I3,4X,F12.6)
900 PRIMT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1

STOP
END
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MULTI-REGION DOUBLE INTEGRAL QUADRATURE SOLUTION FOR
ONE-GROUP COLLAPSED CROSS-SECTION FLUX INITIALIZATION

ROUTINE: SUBROUTINE CONVG

The subroutine was attached to the end of the computer program

AHRCHEB,(26) and takes the place (via CALL CONVG) of the original

AHRCHEB coding which initializes the group fluxes to unity. The

subroutine transfers the number of energy groups and number of

regions, with all the rest of the required data held in common blocks

with the main program.

The subroutine first calculates the infinite medium group fluxes

for each region, which are held in the two-dimensional array PH.

Next, the subroutine calculates the collapsed one-group cross-

sections for each region. The initial flux estimate is taken to be

the infinite medium one-group flux for a given region, and zero in

the water reflector.

The first and second integrations are performed in the same way

(trapezoidal quadrature) as in the code P5. Care is taken to use the

correct kernals in the quadratures (which are functions of the

specific nuclear data) corresponding to the region the routine is

integrating over at the time.

After the two integrations are done, the next estimate of the

flux profile is available, and the effective multiplication factor is

calculated. Convergence is then checked to an epsilon of c = 10-4.

When the convergence criterion has been met, the first estimate to
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the fast flux is set equal to the spatial shape of the one-group

solution. The first thermal flux estimate is then set equal to the

fast flux, multiplied by that region's ratio of zsr
/E
-a2'

Transfer

of control is then back to the main program.

Subroutine output, for each iteration, consists of the fluxes

and flux derivatives (at every tenth point), and the values for K

and E. Final output is the converged one-group profile, along with

the final group flux estimates.
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SUBROUTINE CONVG(NG,NR)
REAL NUSIGF,KEFFN,KEFFO,NSIG1
COMMON FLUX(4,501),NPT(12),F(501),VL(501),OFLUX(4,501),

1 VR(501),NI(12),X(4),SIGSL(4,12),NUSIGF(4,12),F0(501),
1 D(4,12),SIGA(4,12)
COMMON /S5/ KEFFN,KEFFO,DELT
COMMON /SR/ SIGR(4,12)
DIMENSION PHI1(501),PHIN1(501),D1(12),SIG1(12),NSIG1(12)
DIMENSION PH1(12),PH(4,12)
DIMENSION PDER(501)
ISUM =O

DO 2 I=1,NR
2 ISUM=ISUM+NI(I)

ISUM=ISUM+1
DO 10 I=1,NR
PH(1,I)=X(1)/SIGR(1,I)
DO 20 J=2,NG
JM1=J-1

20 PH(J,I)= (X(J)+ SIGSL (JM1,I) *PH(JM1,I)) /SIGR(J,I)

10 CONTINUE
KEFFN=1.0
PRINT*,'INITIALIZING 1-GROUP SOLUTION'
PRINT*,'ITER # KEFF EPSILON'

ITN=1
DO 30 I=1,NR
Dl(I)=0.0
SIG1(I)=0.0
NSIG1(I)=0.0
PH1(I)=0.0
DO 40 J=1,NG
01(I)=01()+D(J,I)*PH(J,I)
SIG1(I)=SIG1(I)+SIGA(J,I)*PH(J,I)
NSIG1(I)=NSIG1(I)+NUSIGF(J,I)*PH(J,I)

40 PH1(I)=PH1(I)+PH(J,I)
01(I)=01(I)/PH1(I)
SIG1(I)=SIG1(I)/PH1(I)

30 NSIG1(I)=NSIG1(1)/PH1(I)
C******ONE-GROUP CROSS-SECTIONS NOW COMPLETE FOR EACH REGION
C******INITIALIZE FLUX

NI1=NI(1)
DO 11 I =1,NI1

11 PHI1(I)= PH1(1)

INI =O

ITERM=NI1
PO 12 KC1=2,NR
IF(NSIG1(KC1).E0.0.0) PH1(KC1) =O.O

INI=ITERM+1
ITERM=ITEPM+NI(KC1)
no 13 KC2=INI,ITERM

13 PHI1(KC2)=PH1(KC1)

12 CONTINUE
IPF=ITERM+1
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PHI1(IPF)=PH1(NR)

C******NOW TO COMPUTE THE FIRST INTEGRATION
950 PDER(1)=0.0

DO 50 I=1,NI1
FF=(SIG1(1)-NSIG1(1)/KEFFN)
IP=I+1

50 PDER(IP)=PDER(I)+FF*(PHI1(I)*VR(I)+PHI1(IP)*VL(IP))
INI=0
ITERM=NI(1)
DO 60 KC1=2,NR
INI=ITERM+1
ITERM=MI(KC1)+ITERM
DO 70 KC2=INI,ITERM
FF=(SIG1(KC1)-NSIG1(KC1)/KEFFN)
IP=KC2+1
DERIV=PDER(KC2)+FF*(PHI1 (KC2)*VR(KC2)+PHI1(IP)*VL(IP))

77 PDER(IP)=DERIV
70 CONTINUE
60 CONTINUE
C******NOW TO PERFORM THE SECOND INTEGRATION

ITERM1=ITERM+1
PHIN1(ITERM1)=0.0
NIF=NI(NR)
DO 80 I=1,NIF
IN=ITERM1-I
IN1 =IN +1

PHIN1(IN)=PHIN1(IN1)-(PDER(IN)*VR(IN)+PPER(IN1)*VL(IN1))/D1(MR)
IF(PHIN1(IN).LT.O.0) PHIN1(IN) =O.O

80 CONTINUE
DO 90 IR=2,NR
IRA=NR-IR+1
NI2=NI(IRA)
DO 100 J=1,NI2
IN=IN-1
IN1=IN+1

100 PHIN1(IN)=PHIWIN1)-(PnER(IN)*vP(IN)+PnEP(IN1)*WIN1))
1/D1(IRA)

90 CONTINUE
PRINT *,'HERE ARE THE FLUX DEPIVATIES AND FLUXES'
no 209 I=1,ISUM,10
IF(PHIN1(I).LE.O.0) PHIN1(I) =O.O

209 PRINT*,I,' ',PDER(I),",PHIN1(I)
C******FLUX IS NOW UPDATED, SO CALCULATE THE NEW KEFF

SUMN=0.0

SUMD=0.0
NI1=NI(1)
DO 110 I=1,NI1
IP=I+1
SUMN=SUMN+NSIG1(1)*PHIN1(I)*VR(I)
SUMN=SUMN+NSIG1(1)*PHIN1(IP)*VL(IP)
SUMD=SUMD+MSIG1(1)*PHI1(I)*VR(I)/KEFFN
SUMD=SUMD+SIG1(1)*(PHIN1(I)-PHI1(I))*VR(I)



SHMD=SUMD+NSIG1(1)*PHI1(IP)*VL(IP)/KEFFN
110 SUMD=SUMD+SIG1(1)*(PHIN1(IP)-PHI1(IP))*VL(IP)

INI=0
ITERM=NI(1)
DO 120 KC1=2,NR
INI=ITERM+1
ITERM=ITERM+NI(KC1)
DO 130 KC2=INI,ITERM
IP=KC2+1
SUMN=SUMN+NSIG1(KC1)*PHIM1(KC2)*VR(KC2)
SUMN=SUMN+NSIG1(KC1)*PHIN1(IP)*VL(IP)
SUMD=SUMP+NSIG1(KC1)*PHI1(KC2)*VR(KC2)/KEFFN
SUMD=SUMD+NSIG1(KC1)*PHI1(IP)*VL(IP)/KEFFN
SUMD=SUMD+SIG1(KC1)*(PHIN1(KC2)-PHI1(KC2))*VR(KC2)

130 SUMD=SUMD+SIG1(KC1)*(PHIN1(IP)-PHI1(IP))*VL(IP)
120 CONTINUE

KEFFO=KEFFN
KEFFN=SUMN/SUMD

C******SAVE OLD FLUXES
DO 3 I=1,ISUM

3 PHI1(I)= PHIN1(I)

C******CHECK FOR CONVERGENCE
DELT=KEFFN-KEFF0
EPS=ABS(DELT/KEFF0)
PRINT*,ITN,' ',KEFFN,' ',EPS

ITN=ITN+1
IF(EPS.GT.O.0001) GO TO 950

C******ONE-GROUP INITIALIZATION COMPLETE, NOW TO
C******APPORTION THE FLUXES, SPATIALLY, ACCORDING TO THE
C******FAST TO THERMAL FLUX RATIO, FOR EACH REGION

PRINT*,' HERE ARE THE CONVERGED ONE-GROUP FLUXES'
PRINT*,'NODE FLUX'

DO 9037 I=1,ISUM,10
9037 PRINT*,I,' ',PHIN1(I)

NI1=NI(1)
DO 401 I=1,NI1
FLUX(1,I)=PHIN1(I)
DO 402 J=2,NG

402 FLUX(J,I)=PHIN1(I)*SIGSL(1,1)/SIGA(2,1)
401 CONTINUE

INI =O

ITERM=NI1
DO 320 K1=2,NR
INI=ITERM+1
ITERM=ITERM+NI(K1)
DO 330 K2=INI,ITERM
FLUX(1,K2)=PHIN1(K2)
no 333 K3=2,NG

333 FLUX(K3,K2)=PHIN1(K2)*SIGSL(1,K1)/SIGA(2,K1)
330 CONTINUE
320 CONTINUE

ITERM=ITERM+1

130
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FLUX(1,ITERM)=PHIN1(ITERM)
no 334 K3=2,NG

334 FLUX(K3,ITERM)=PHIN1(ITERM)*SIGSL(1,NR)/SIGA(2,NR)
PRINT*,' AND, HERE ARE THE APPORTIONED GROUP FLUXES'
PRINT*,'NODE FLUX1 FLUX2'

DO 9039 I=1,ISUM,10
9039 PRINT*,I,' ',FLUX(1,I),",FLUX(2,I)
998 RETURN

END
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APPENDIX B

ONE-REGION TWO-GROUP COMPUTER CODE
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ONE-REGION TWO-GROUP COMPUTER CODE:
FILE NAME: TGRPB

The one-dimensional, one-region, two-group problem was solved by

both standard and new iteration forms by the computer program

TGRPB. The technique used was the tridiagonal matrix method.

This computer code is used in the same way as those programs in

Appendix A: that is, by user prompting from the terminal. The code

first asks the user for the diffusion coefficients, absorption, and

fission cross-sections for both the fast and thermal energy groups.

It then prompts the user for the scattering or "slowing down" cross-

section. Next, the user is asked for the slab thickness, and the

number of intervals desired in the problem space. Finally, the

convergence criterion and the number of standard iterations is

required.

The logic of this code allows the user to solve a problem with

only the standard technique, if desired (e.x. to determine, for

reference, the true K-value). All one does is to input a very large

(n>100, say) number of standard iterations. The code will switch

iteration forms after this number of required standard iterations has

been completed, provided the convergence criterion has not been

met. When the convergence criterion has been met, program execution

terminates regardless of which iteration form is currently being

used. Therefore, if it is desired to solve the problem with the

standard method, the code is made to terminate execution before it



134

switches to the new iteration form. If it is desired to "solve" the

problem with the new iteration form, one inputs a small number of

standard iterations (however many is desired) to give the new form a

good initial estimate.

After input, the code initializes the matrices, sources, and

fluxes, for both fast and thermal coupled equations. The variable

IFLG is a "flag" to let the code know which iteration form to use.

IFLG is zero for the standard form, and unity for the new form.

The first iteration of the problem (and also the first iteration

after switching iteration forms) is performed outside the loop, so

that the forward elimination of the fast and thermal matrices need

only be done once.

For any particular iteration, the fast group right-hand side is

first constructed, reduced, and then the fast fluxes are solved

for. These are then used to construct the right-hand sides of the

thermal group problem, which are then reduced. The code then solves

for the thermal fluxes. The subroutine UPDATE is then called to

calculate the next estimate of the effective multiplication factor.

Next, the source vector is updated, and the convergence criterion is

checked. For each iteration, c and K are output. Final output

consists of the fast and thermal flux profiles, as well as the final

Keff estimate.
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PROGRAM TWOG(INPUT,OUTPUT)
COMMON OPHI1(100),OPHI2(100)
COMMON S(100),PHI1(100),BV1(100),PHI2(100),BV2(100)
COMMON DIAG1(100),DIAG2(100),U1(100),U2(100),NX1,SUVN
COMMON SUMD,ASIGF1,ASIGF2,SIGA1,SIGA2,IFLG,SIGSL
REAL L1(100),L2(100),K,K1
IFLG=0
PRINT*,"INPUT DC,SIGA,NSIGF FOR GROUP 1"
READ*,DC1,SIGA1,ASIGF1
PRINT*,"INPUT DC,SIGA,NSIGF FOR GROUP 2"
READ*,DC2,SIGA2,ASIGF2
PRINT*,"INPUT SIGSL"
READ*,SIGSL
PRINT*,"INPUT SLAB THICKNESS, NUMBER OF INTERVALS"
READ*,XMAX,NX
XMAX=XMAX/2.0
DX=XMAX/FLOAT(NX)
NX1=NX+1
SIGR=SIGAl+SIGSL
SQL=DC2/SIGA2
AGE=PC1/SIGR
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST
PRINT*,"INPUT # OF DESIRED STANDARD ITERATIONS"
READ*,ITST
ITN=1
BETA1=2.0+DX**2/AGE
BETA2=2.0+DX**2/SOL

C******INITIALIZE MATRICES, SOURCES, AND FLUXES
DO 105 I=1,NX1
PHI1(I)=1.0/SIGR
PHI2(I)=PHI1(I)*SIGSL/SIGA2

105 S(I)=1.0
K=ASIGF1*PHI1(1)+ASIGF2*PHI2(1)

502 PO 10 I =2,NX

OIAG1(I)=-BETA1
DIAG2(I)=-BETA?
U1(I)=1.0
U2(I)=1.0
Ll(I)=1.0
L2(I)=1.0
IF(IFLG.EQ.0) GO TO 11
BV1( I )=-DX**2*S(I)/DC1+DX**2*PHI1(I)/AGE
GO TO 10

11 BV1(I)=-DX**2*S(I)/DC1
10 CONTINUE

DIAG1(1)=-BETA1
PIAG2(1)=-BETA2
U1(1)=2.0
U2(1)=2.0
L1(1)=0.0
L2(1)=0.0
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IF(IFLG.E0.0) GO TO 12
BV1(1)=-DX**2*S(1)/DC1+DX**2*PHI1(1)/AGE
GO TO 14

12 BV1(1)=-DX**2*S(1)/DC1
14 BV1(NX1)=0.0

BV2(NX1)=0.0
DIAG1(NX1)=1.0
DIAG2(NX1)=1.0
L1(NX1)=0.0
L2(NX1)=0.0
U1(NX1)=0.0
U2(NX1)=0.0
NX2=NX1+1
Ll(NX2)=0.0
L2(NX2)=0.0
DIAG1(NX2)=0.0
DIAG2(NX2)=0.0
BV1(NX2)=0.0
BV2(NX2)=0.0

C******REDUCE FAST-GROUP MATRIX AND R.H.S.
no 110 I=1,NX1
IP =I +1

U1(I)=U1(I)/DIAG1(I)
BV1(I)=BV1(I)/DIAG1(I)
DIAG1(IP)=DIAG1(IP)-L1(IP)*U1()

110 RV1(IP)=BV1(IP)-L1(IP)*BV1(I)
C * * * * * *BACKSOLUTION ON FAST-GROUP MATRIX PROBLEM

PHI1(NX2)=0.0
DO 120 I=1,NX1
J=NX1+1-I
JP=J+1
OPHIl(J)=PHIl(J)

120 PHI1(J)=BV1(J)-U1(J)*PHI1(JP)
C******NOW CONSTRUCT R.H.S. OF THERMAL GROUP PROBLEM

DO 30 I=1,NX
IF(IFLG.E0.0) GO TO 16
BV2(I)=-DX**2*SIGSL*0PHI1(0/DC2+DX**2*PHI2(I)/SOL
GO TO 30

16 RV2(I)=-DX**2*SISSL*PHI1(1)/DC2
30 CONTINUE
C******REDUCE THERMAL-GROUP MATRIX AND R.H.S.

DO 210 I=1,NX1
IP=I+1
02(I)=U2(I)/PIAG2(I)
BV2(I)=BV2(I)/DIAG2(I)
DIAG2(IP)=DIAG2(IP)-L2(IP)*U?(I)

210 RV2(IP)=BV2(IP)-L?(IP)*PV?(I)
C * * * * * *BACKSOLUTION ON THE THERMAL-GROUP MATRIX

PHI2(NX2)=0.0
DO 220 I=1,NX1
J=NX1+1-I
JP=J+1
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OPHI2(J)=PHI2(J)
220 PHI2(J)=BV2(J)-U2(J)*PHI2(JP)
C******END FIRST OUTER ITERATION FOR A PARTICULAR ITERATION SCHEME

PRINT*,"ITER # EPSILON(K) K-EFF"
CALL UPDATE
K1=SUMN/SUMD
DELK=K1-K
EPS=ARS(DELK/K)
PRINT*,ITN," ",EPS," ",K1

K=K1
ITN=ITN+1

C******UPDATE SOURCE VECTOR
DO 305 I=1,NX1

305 S(I)=(ASIGF1*PHI1(I)+ASIGF2*PHI2(I))/K1
C******COMMENCE LOOP FOR OUTER ITERATIONS
559 ITN1=ITN-1

IF(ITN1.EO.ITST) GO TO 501
DO 40 I=1,NX
IF(IFLG.E0.0) GO TO 17
BV1(I)=-PX**2*S(I)/DC1+DX**2*PHIl(I)/AGF
GO TO 40

17 RV1(I)=-DX**2*S(I)/DC1
40 CONTINUE

RV1(NX1)=0.0
C******REDUCE R.H.S.

DO 130 I=1,NX1
I P= I +1

BV1(I)= BV1(I) /DIAG1(I)

130 BV1(IP)=BV1(IP)-L1(IP)*BV1(I)
C******SOLVE FOR FAST FLUXES

PHI1(NX2)=0.0
DO 320 I=1,NX1
J=NX1+1-I
JP=J+1
OPHI1(J)=PHI1(J)

320 PHI1(J)=RV1(J)-U1(J)*PHI1(JP)
C******CONSTRUCT R.H.S. FOR THERMAL FLUXES

DO 140 I=1,NX
IF(IFLG.EO.0) GO TO 19
BV2(1)=-DX**2*SIGSL*OPHI1(I)/DC2+DX**2*PHI2(I)/SOL
GO TO 140

19 RV2(I)=-DX**2*SIGSL*PHI1(I)/DC2
140 CONTINUE

BV2(NX1)=0.0
C******REDUCE R.H.S.

DO 230 I=1,NX1
IP=I+1
BV?(I)=BV2(I)/DIAG2(I)

230 BV2(IP)=BV2(IP)-L2(IP)*BV2.(I)
C******SOLVE FOR THERMAL FLUXES

PHI?(rX2)=0.0
DO 420 I=1,NX1
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J=NX1+1-I
JP=J+1
OPHI2(J)=PHI2(J)

420 PHI2(J)=BV2(J)-U2(J)*PHI2(JP)
CALL UPDATE
K1=SUMN/SUMD
DELK=K1-K
EPS=ABS(DELK/K)
PRINT*,ITN," ",EPS," ",K1

K=K1
ITN=ITN+1

C******UPDATE SOURCE VECTOR
DO 306 I=1,NX1

306 S(I)= (ASIGF1*PHII(I)+ASIGF2*PHI2(I))/K1
IF(EPS.GE.EPST) GO TO 559
PRINT*,"NODE FAST FLUX THERMAL FLUX"
DO 998 I=1,NX1

998 PRINT*,I," ",PHIl(I)," ",PHI2(I)
PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1
GO TO 999

501 IFLG=1
PRINT*,"SWITCHING ITERATION SCHEMES"
BETA1=2.0
BETA2=2.0
GO TO 502

999 STOP

END
SUBROUTINE UPDATE
COMMON OPHI1(100),OPHI2(100)
COMMON S(100),PHI1(100),BV1(100),PHI2(100),BV2(100)
COMMON DIAG1(100),DIAG2(100),U1(100),U2(100),NX1,SUMN
COMMON SUMD,ASIGF1,ASIGF2,SIGA1,SIGA2,IFLG,SIGSL
SUMN=0.0
SUMD=0.0
DO 10 I=1,NX1
SUMN = SUMN +ASIGF1 *PHI1(I) +ASIGF2 *PHI2(I)

IF(IFLG.EO.0) GO TO 110
SIGABS=SIGA1*(PHI1(I)-OPHI1(I))
SIGABS=SIGABS+SIGA2*(PHI2(I)-OPHI2(0)
SUMD=SUMD+S(I)+SIGABS
GO TO 10

110 SUMD=SUMD+S(I)
10 CONTINUE

RETURN
END
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APPENDIX C

TWO-DIMENSIONAL ITERATIVE COMPUTER CODES
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TWO-DIMENSIONAL ALTERNATING DIRECTIONAL
IMPLICIT (ADI) CODE: FILE NAME ADISTD

The two-dimensional one-region problem was solved by the stan-

dard iteration form using the ADI method.

To use this program, the user is prompted for each of the neces-

sary data from the terminal. The user is first asked for the nuclear

data D, Ea, and vE
f'

Next, the user is asked for the number of

intervals in x and y, and the core dimensions in the x and y direc-

tions. Finally, the user is asked for the convergence criterion.

First, the program initializes certain parameters, and then the

flux matrix, and the two A matrices, for x-direction and y-direction

iteration. Next, the A matrices are reduced.

Each outer iteration in the ADI method consists of a set of tri-

diagonal matrix 'solutions in each direction. First, the code per-

forms N tridiagonal matrix solutions in the x-direction, for each of

the N values of the y-index, j. Second, the code performs M tridiag-

onal matrix solutions in the y-direction, for each of the M values of

the x-index, i.

As in the simpler codes in Appendices A and B, the estimate of

the effective multiplication factor is updated at this point, fol-

lowed by a convergence test.

Output for each iteration includes the iteration number,

epsilon, and K. Final output is the entire flux field, and the final

estimate of Keff
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PROGRAM TWOD(INPUT,OUTPUT)
DIMENSION PHI(75,75),S(75,75),BX(75),BY(75)
DIMENSION UX(75),UY(75),DX(75),DY(75)
DIMENSION SECPAX(75),SECPAY(75)
REAL K,NSIGF,K1,LX(75),LY(75)
ITERN=1
PRINT*,"INPUT DC,SIGA,NSIGF"
READ*,DC,SIGA,NSIGF
PRINT*,"INPUT # DESIRED INTERVALS IN X AND Y"
READ*,M,N
PRINT*,"INPUT CORE DIMENSIONS IN X,Y"
READ*,AX,AY
PRINT*,"INPUT K-EFF CONVERGENCE CRITERION"
READ*,EPST
PRINT*,"ITER # EPS KEFF"
AX=AX/2.0
AY= AY /2.O

DELX=AX/FLOAT(M)
DELY=AY/FLOAT(N)
MP1=M+1
NP1=N+1
SOL=DC/SIGA
K=NSIGF
BETX=2.0*(1.0+(DELX/DELY)**2)+DELX**2/SOL
BETY=2.0*(1.0+(DELY/PELX)**2)+DELY**2/SOL

C******FILL UP AX MATRIX, INITIALIZE FLUX MATRIX
DO 110 I=1,M
DX(I)=-BETX
ux(I)=1,n
LX(I)=1.0
DO 111 J=1,N

111 PHI(I,J)=1.0
110 PHI(I,MP1)=0.0

D0 109 J=1,NP1
109 PHI(MP1,0.0.0

LX(1)=0.0
DX(MP1)=1.0
LX(MP1)=0.0
UX(1)=2.0
MP2=MP1+1
LX(MP2)=0.0
DX(MP2)=0.0
UX(MP1)=0.0

C******FILL UP AY MATRIX
DO 210 I=1,N
DY(I)=-BETY
UY(I)=1.0

210 LY(I)=1.0
LY(1)=0.0
DY(NP1)=1.0
LY(MP1)=0.0
UY(1)=2.0
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NP2=NP1+1
LY(NP2)=0.0
DY(NP2)=0.0
UY(NP1)=0.0

C******REDUCE A-MATRICES
DO 10 I=1,MP1
IP=I+1
ux(i).ux(I)/nx(i)

10 DX(IP)=DX(IP)-LX(IP)*UX(I)
DO 29 I=1,NP1
IP=I+1
UY(I)=UY(I)/DY(I)

29 DY(IP)=DY(IP)-LY(IP)*UY(I)
C******COMMENCE OUTER ITERATIONS
505 DO 500 IC=1,N
C****** CONSTRUCT SECOND-ORDER PARTIAL DERIVATIVES
C****** WITH RESPECT TO Y, AS A FUNCTION OF X.

IF(IC.EQ.1) SO TO 900
ICM1=IC-1
ICP1=IC+1
DO 501 ICP=1,MP1

501 SECPAY(ICP)=PHI(ICP,ICP1)+PHI(ICP,ICM1)
GO TO 502

900 DO 503 ICP=1,MP1
503 SECPAY(ICP)=2.0*PHI(ICP,2)
C*******CONSTRUCT B-VECTOR
502 DO 600 I=1,M

S(I,IC)=NSIGF*PHI(I,IC)/K
600 BX(I)=-UDELX**2/DC)*S(I,IC)+(DELX/DELY)**2*SECPAY(I))

BX(MP1)=0.0
BX(MP2)=0.0

C*******REDUCE R.H.S.
DO 30 I=1,MP1
IP=I+1
BX(I)=BX(I)/DX(I)

30 BX(IP)=BX(IP)-LX(IP)*BX(I)
C*******BACKSOLUTION OR X-DIRECTION

PHI(MP2,IC)=0.0
DO 20 I=1,MP1
J=MP1+1-I
J1=J+1

20 PHI(J,IC)=BX(J)-UX(J)*PHI(J1,IC)
500 CONTINUE
C******SWITCH DIRECTIONS TO ITERATE IN THE Y-DIRECTION

DO 700 IC=1,M
C****** CONSTRUCT 2ND ORDER PARTIALS

IF(IC.EQ.1) GO TO 901
ICM1=IC-1
ICP1=IC+1
DO 601 ICP=1,NP1

601 SECPAX(ICP)=PHI(ICP1,ICP)+PHI(ICM1,ICP)
GO TO 602
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901 PO 603 ICP=1,NP1
603 SECPAX(ICP)=2.0*PHI(2,ICP)
C*******CONSTRUCT B-VECTOR
602 DO 84 I=1,N

S(IC,I)=NSIGF*PHI(IC,I)/K
84 BY(I)=-UDELY**2/DC)*S(IC,I)+(DELY/DELX)**2*SECPAX(I))

BY(NP1)=0.0
BY(NP2)=0.0

C*******REDUCE R.H.S.
DO 35 I=1,NP1
IP=I+1
BY(I)=BY(I)/DY(I)

35 BY(IP)=BY(IP)-LY(IP)*BY(I)
C******* BACKSOLUTION ON THE Y-DIRECTION

PHI(IC,NP2)=0.0
DO 25 I=1,NP1
J=NP1+1-I
J1=J+1

25 PHI(IC,J)=BY(J)-UY(J)*PHI(IC,J1)
700 CONTINUE
C******UPDATE K-EFF

sumN.o.n
SUMD=0.0
DO 71 J=2,M
PO 72 J1=2,N
SUMN=SUMN+PHI(J,J1)

72 SUMD=SUMD+S(J,J1)
71 CONTINUE

SUMN=SUMN
SUMD=SUMD
DO 73 J=2,M
SUMN=SUMN+PHI(J,1)/2.0

73 SUMD=SUMD+S(J,1)/2.0
DO 74 J=2,M
SUMN=SUMN+PHI(1,J)/2.0

74 SUMD=SUMD+S(1,0/2.0
SUMN=SUMN+PHI(1;1)/4.0
SUMD=SUMD+S(1,1) /4.0
K1=NSIGF*SUMN/SUMD

C******CHECK FOR CONVERGENCE
EPS=ABS((K1-K)/K)
K=K1
PRINT*,ITERN," ",EPS," ",K1

ITERN=ITERN+1
IF(EPS.GT.FPST) GO TO 505

C******SOLUTION MOW CONVERGED IN K-EFF
DO 997 I=1,MP1
PRINT*,"X-NODE= ",I
DO 996 J=1,NP1
PRINT*,"FLUX(",J,") = ",PHI(I,J)

996 CONTINUE
997 CONTINUE
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PRINT*,"EFFECIVE MULTIPLICATION FACTOR = ",K1
STOP
END
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TWO-DIMENSIONAL ALTERNATING DIRECTIONAL
IMPLICIT (ADI) CODE: FILE NAME ADIBIS

The two-dimensional one-region problem was solved by the new

iteration form using the ADI method.

This code is completely identical to ADISTD, but has the Ea(j)

term on the right-hand side, whereas ADISTD has it on the left-hand

side.
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PROGRAM TWOD(INPUT,OUTPUT)
DIMENSION PHI(75,75),S(75,75),BX(75),BY(75),OPHI(75,75)
DIMENSION 11X(75),UY(75),DX(75),DY(75)
DIMENSION SECPAX(75),SECPAY(75)
REAL K,NSIGF,K1,LX(75),LY(75)
ITERN=1
PRINT*,"INPUT DC,SIGA,NSIGF"
READ*,DC,SIGA,NSIGF
PRINT*,"IMPUT # DESIRED INTERVALS IN X AND Y"
READ *,M,N

PRINT*,"INPUT CORE DIMENSIONS IN X,Y"
READ*,AX,AY
PRINT*,"INPUT K-EFF CONVERGENCE CRITERION"
PEAD*,EPST
PRINT*,"ITER # EPS KEFF"

AX=AX/2.0
AY=AY/2.0
DELX=AX/FLOAT(M)
DELY=AY/FLOAT(N)
MP1=M+1
NP1=N+1
SQL=DC/SIGA
K=NSIGF
BETX=2.0*(1.0+(DELX/DELY)**2)
BETY=2.0*(1.0+(DELY/DELX)**2)

C******FILL UP AX MATRIX, INITIALIZE FLUX MATRIX
DO 110 I=1,M
DX(I)=-BETX
UX(I)=1.0
LX(I)=1.0
DO 111 J=1,N

111 PHI(I,J)=1.0
110 PHI(I,NP1)=0.0

DO 109 J=1,NP1
109 PHI(MP1,J)=0.0

LX(1)=0.0
DX(MP1)=1.0
LX(MP1)=0.0
UX(1)=2.0
MP2=MP1+1
LX(MP2)=0.0
DX(MP2)=0.0
ux(mP1).n.0

C******FILL UP AY MATRIX
on 210 I=1,N
DY(I)=-BETY
UY(I)=1.0

210 LY(0.1.n
LY(1).n.n
oy(NP1)=1.0
Ly(NP1)=0.0
uy(1)=2.n
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MP2=NP1+1
LY(NP2)=0.0
DY(NP2)=0.0
UY(NP1)=0.0

C******REDUCE A-MATRICES
DO 10 I=1,MP1
IP=I+1
UX(I)=UX(I)/DX(I)

10 DX(IP)=DX(IP)-LX(IP)*UX(I)
DO 29 I=1,NP1
IP=I+1
UY(I)=UY(I)/DY(I)

29 DY(IP)=DY(IP)-LY(IP)*UY(I)
C******COMMENCE OUTER ITERATIONS
505 on 500 IC=1,N
C****** CONSTRUCT SECOND-ORDER PARTIAL DERIVATIVES
C****** WITH RESPECT TO Y, AS A FUNCTION OF X.

IF(IC.EQ.1) GO TO 900
ICM1=IC-1
ICP1=IC+1
DO 501 ICP=1,MP1

501 SECPAY(ICP)=PHI(ICP,ICP1)+PHI(ICP,ICM1)
GO TO 502

900 DO 503 ICP=1,MP1
503 SECPAY(ICP)=2.0*PHI(ICP,2)
C*******CONSTRUCT B-VECTOR
502 DO 600 I=1,M

S(I,IC)=NSIGF*PHI(I,IC)/K
BX(I)=-WELX**2/DC)*S(I,IC)+(DELX/DELY)**2*SECPAY(I))

600 RX(I)=BX(I)+DELX**2*PHI(I,IC)/SOL
RX(MP1)=0.0
RX(MP2)=0.0

C*******REDUCE R.H.S.
DO 30 I=1,MP1
IP=I+1
BX(I)=BX(I)/DMI)

30 RX(IP)=BX(IP)-LX(IP)*BX(I)
C*******BACKSOLUTION ON X-DIRECTION

PHI(MP2,IC)=0.0
DO 20 I=1,MP1
J=MP1+1-I
J1=J+1

20 PHI(J,IC)=BX(J)-UX(J)*PHI(J1,IC)
500 CONTINUE
C******SWITCH DIRECTIONS TO ITERATE IN THE Y-DIRECTION

DO 700 IC=1,M
C****** CONSTRUCT 2ND ORDER PARTIALS

IF(IC.E0.1) GO TO 901
ICM1=IC-1
ICP1=IC+1
DO 601 ICP=1,NP1

601 SECPAX(ICP)=PHI(ICP1,ICP)+PHI(ICM1,ICP)
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Go TO 602
901 DO 603 ICP=1,NP1
603 SECPAX(ICP)=2.0*PHI(2,ICP)
C*******CONSTRUCT B-VECTOR
602 no 84 I=1,N

S(IC,I)=NSIGF*PHI(IC,I)/K
BY(I)=-((DELY**2/DC)*S(IC,I)+(DELY/DELX)**2 *SECPAX(I))

84 BY(I)=BY(I)+DELY**2*PHI(IC,I)/SOL
BY(NP1)=0.0
BY(NP2)=0.0

C*******REDUCE R.H.S.
DO 35 I=1,NP1
IP=I+1
RY(I)=BY(I)/DY(I)

35 BY(IP)=BY(IP)-LY(IP)*BY(I)
C******* BACKSOLUTION ON THE Y-DIRECTION

PHI(IC,NP2) =O.O

DO 25 I=1,NP1
J=NP1+1-I
J1=J+1

25 PHI(IC,J)=BY(J)-UY(J)*PHI(IC,J1)
700 CONTINUE
C******UPDATE K-EFF

SUMN=0.0
SUMD=0.0
DO 71 J=2,M
DO 72 J1=2,N
SUMN=SUMN+PHI(J,J1)

72 SUMD=SUMD+S(J,J1)
71 CONTINUE

SUMN=SUMN
SUMD=SUMD
DO 73 J.-2,M

SUMN=SUMN+PHI(J,1)/2.0
73 SUMD=SUMD+S(J,1)/2.0

DO 74 J=2,N
SUMM=SUMN+PHI(1,J)/2.0
SUMP=SUMD+S(1,0/2.0

SUMN=SPN+PHI(1,1)/4.0
SUMD=SUMD+S(1,1)/4.0
K1=NSIGF*SUMN/SUMD

C******CHECK FOR CONVERGENCE
EPS=APS((Kl-K)/K)
K=K1

PRINT*,ITERN," ",EPS," ",K1

ITERN=ITERN+1
IF(EPS.GT.EPST) GO TO 505

C******SOLUTION NOW CONVERGED IN K-EFF
PO 997 I=1,MP1
PRINT*,"X-NODE= ",I
DO 996 J=1,NP1
PRINT*,"FLUX(",J,") = ",PHI(I,J)
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996 CONTINUE
997 CONTINUE

PRINT*,"EFFECIVE MULTIPLICATION FACTOR = ",K1
STOP
ENI)
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TWO-DIMENSIONAL POINT OVERELAXATION
(SOR) CODE: FILE NAME TDPRX

The two-dimensional one-region problem was solved by the

standard SOR point overelaxation method, by the reference code TDPRX.

To run this program, as before, user prompting of required data

is utilized. The code first asks for the nuclear

data D, E
a'

and vz
f'

Next, the code requests the x and y core

dimensions, and the number of desired intervals in x and y. The code

then asks for the convergence criterion. Next, the code initializes

the flux and source arrays, and then asks the user for the desired

number of inner iterations per outer iteration, and the SOR

overelaxation parameter.

For each point in the problem space, the code then performs the

point overelaxation iterations. The effective multiplication factor

is then updated, and the convergence tested.

Each iteration includes an output of E and K. When the conver-

gence criterion is met, the code outputs the final estimate of Keff
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PROGRAM TEST(IMPUT,OUTPUT)
DIMENSION PHI(50,50),S(50,50)
REAL K,K1,NSIGF
PRINT*,"INPUT DC,SIGA,NSIGF"
READ*,DC,SIGA,NSIGF
PRINT*,"INPUT CORE DIMENSIONS IN X AND Y"
READ*,XMAX,YMAX
PRINT*,"INPUT INTERVALS IN X AND Y"
READ*,NX,NY
NX1=NX+1
NY1=NY+1
DX=XMAX/FLOAT(NX)
DY=YMAX/FLOAT(NY)
SOL=DC/SIGA
K=NSIGF
PRINT*,"INPUT CONVERGENCE CRITERION ON K"
READ*,EPST

C******INITIALIZE FLUX AND SOURCE FIELDS
DO 10 I=2,NX
DO 20 J =2,NY
PHI(I,J)=1.

20 S(I,J)=1.

10 CONTINUE
DO 30 I =1,NX1

PHI(I,NY1)=0.
PHI(I,1)=0.
S(I,MY1)=0.

30 S0,1)=0.
DO 40 J=1,NY1
PHI(1,J)=0.
PHI(NX1,J) =O.

S(1,J)=0.
40 S(NX1,J)=0.

BETA=2.0*(1.0+(DX/DY)**2)+DX**2/SQL
PRINT*,"INPUT OVERPELAXATION PARAMETER"
READ*,ALPHA
PRINT*,"INPUT NUMBER OF INNER ITERATIONS PER OUTER"
READ*,I0

C******NOW TO COMMENCE THE OUTER ITERATIONS
ITN=1
PRINT*,"ITER # EPSILON(DELTA-K/K) K-EFF"

559 DO 70 IT=1,I0
DO 50 I=2,NX
DO 60 J=2,NY
IP1=I+1
IM1=I-1

JP1=J+1
JM1=J-1
RESID=PHI(IP1,J)+PHIOM1,0+(PHI(I,JP1)+PHI(I,P1))*(DX/DY)**2
RESID=RESID+DX**2*S(I,J)/DC-BETA*PHI(I,J)

60 PHI(I,J)=PHI(I,J)+ALPHA*RESID/BETA
50 CONTINUE



70 CONTINUE
C******UPDATE K-EFF

SUMN =O.

SUMD=0.
PO 80 I=2,NX
DO 90 J =2,NY

SUMN=SUMN+PHI(I,J)
90 SMMD=SUMD+S(I,J)
80 CONTINUE

K1=NSIGF*SOMN/SUMD
DELK=K1-K
EPS=ARS(DELK/K)
PRINT*,ITN," ",EPS," ",K1

ITN=ITN+1
IF(EPS.LT.EPST) GO TO 55P

C******UPDATE SOURCE FIELD AND K
DO 110 I =2,NX

DO 120 J =2,NY
120 S(I,J)=NSIGF*PHI(I,J)/K1
110 CONTINUE

K=K1
GO TO 559

558 PRIMT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1
STOP
END
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APPENDIX D

TWO-DIMENSIONAL CLOSED-FORM COMPUTER CODES
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TWO-DIMENSIONAL CLOSED-FORM MATRIX
SOLUTION CODE: FILE NAME TDMETH

The two-dimensional one-region problem was first solved in

closed-form with zero-flux boundary conditions on all four problem

space boundaries.

To run this program, the user must create a data file, named

TAPES. The first card image contains the x and y core dimensions,

and the number of desired intervals in the x and y directions. The

second card image contains the nuclear data D, andand vEf. The

final card image contains the convergence criterion.

After a data echoe, the code initializes the flux and source

fields, and the matrix R. The code then sets the Po* matrix

equal to the identity matrix, multiplies this by the appropriate

source vector, and stores the result in the array BVEC. The Pi(i)

is set to equal A , multiplied by the next source vector, and the

result added to BVEC. Each additional Pi(N) matrix is generated by

the subroutine PMP1, which contains the recurrence relation for these

matrix polynomials. These matrix polynomials are each multiplied by

the appropriate source vectors, and the results are all added to

BVEC. Using Pm(i) as the A matrix, the code solves the full matrix

problem by Gaussian elimination to obtain the first flux vector.

Successive flux vectors are calculated from the difference equation

(used as a flux-vector generating equation). This is done by the

subroutine FLUX.



155

The effective multiplication factor estimate is then updated,

and convergence tested.

Output for each iteration consists of iteration number, epsilon,

and K. Final output is the last estimate of Keff
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PROGRAM RTDM(INPUT,OUTPUT,TAPE5,TAPE6=OUTPUT)
REAL NSIGF,K,K1
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY1,DX,DC
COMMON /S1/ PHI(50,50),RVEC(50)
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
READ(5,100)XMAX,YMAX,NX,NY

100 FORMAT(2F10.5,2I3)
DX=XMAX/FLOAT(NX)
DY=YMAX/FLOAT(NY)
NX1=NX-1
NY1=NY-1
READ(5,200)DC,SIGA,NSIGF

200 FORMAT(3F10.5)
READ(5,300)EPST

300 FORMAT(F10.5)
SOL=DC/SIGA
R=2*(1+(DX/PY)**2)+DX**2/SOL
EL=-(DX/DY)**2
ITN=1
PRINT*,"CORE DIMESIONS/ A = ",XMAX," R = ",YMAX
PRINT*,"INTERVALS IN X = ",NX," IN Y = ",NY
PRINT*,"NUCLEAR DATA ECHOE"
PRINT*,"DIFFUSION COEFFICIENT = ",DC
PRINT*,"ARSORPTION = ",SIGA
PRINT*,"NU-FISSION = ",NSIGF
PRINT*,"CONVERGEME CRITERION (DELTA-K/K) = ",EPST

C******INITIALIZE FLUX AND SOURCE MATRICES
DO 10 I=2,NX
DO 20 J =1,NY1
S(I,J)=1.

20 PHI(I,J)=1.
10 CONTINUE

DO 14 J=1,NY1
S(1,J)=0.

14 PHI(1,J)=O.
K=NSIGF

C******INITIALIZE N-MATRIX
DO 11 I=1,NY1
DO 12 J=1,NY1

12 ENMAT(I,J)=0.
11 CONTINUE

NL =NY1 -1

NL2=NX1-1
DO 13 I=2,NL
IM1=I-1
IP1=I+1
ENMAT(I,IM1)=EL
ENMAT(I,I) =B

13 ENMAT(I,IP1)=EL
ENMAT(1,1)=B
EMMAT(1,2)=EL



ENMAT(NY1,NY1)=8
ENMAT(NY1,NL)=EL
PRINT*,"IT # EPSILON(K) K-EFF"

C******INITIALIZE P(0) MATRIX EOUAL TO IDENTITY, I

559 DO 40 I=1,NY1
DO 50 J=1,NY1
IF(I.E0.J) GO TO 41
PM(I,J)=0.
GO TO 50

41 PM(I,J)=1.
50 CONTINUE
40 CONTINUE

CALL AMATML(0)
DO 112 I=1,NY1

112 RVEC(I)=RHS(I)
C******CALCULATE P(1) MATRIX EOUAL TO N-MATRIX

CALL SAVE
DO 201 I=1,NY1
DO 202 J=1,NY1

202 PM(I,J)=ENMAT(I,J)
201 CONTINUE

CALL AMATML(1)
DO 122 I=1,NY1

122 BVEC(I)=BVEC(I)+RHS(I)
C******COMMENCE RECURRENCE RELATION CALCULATION
C******OF THE P-M MATRICES.

DO 79 I1=2,NL2
CALL PMP1(I1)
CALL AMATML(I1)
DO 152 J1=1,NY1

152 RVEC(J1)= BVEC(J1) +RHS(J1)

79 CONTINUE
C******NOW TO SOLVE FOR THE FIRST FLUX VECTOR

CALL PMP1(NX1)
NY2=NY1+1
DO 78 I=1,NY2
PMrNY2,I)=0.

78 PM(I,NY2)=0.
BVEC(NY2)=0.

C******REDUCE A-MATRIX AND RIGHT -HAND -SIDE

DO 110 I=1,NY1
IP=I+1
DIV=PM(I,I)
DO 111 J=I,NY1

111 PM(I,J)=PM(I,J)/DIV
8VEC(I)=BVEC(I)/DIV
IF(IP.GT.NY1) GO TO 127
DO 150 IJ=IP,NY1
AMULT=PM(IJ,I)
DO 119 J=I,NY1

119 PM(IJ,J)=PM(IJ,J)-AMULT*PM(I,J)
BVEC(IJ)=RVECOO-AMULT*RVEC(I)
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150 CONTINUE
110 CONTINUE
C******NOW TO COMMENCE THE BACKSOLUTION
127 DO 92 I=1,NL

IA1=NY1-I+1
NY5=IA1-1
DO 93 J=1,NY5
IA2=IA1-J

93 BVEC( IA2)=BVEC(IA2)-BVEC(IA1)*PM(IA2,IA1)
92 CONTINUE
C******THE B-VECTOR IS NOW THE FIRST FLUX VECTOR

DO 203 J=1,NY1
203 PHI(2,J)=BVEC(J)
C******NOW DETERMINE FLUX-MATRIX FROM THE VECTOR-VALUED
C******RECURRENCE RELATION (FROM ORIGINAL DIFFERENCE EON)

DO 505 I2=3,NX
505 CALL FLUX(I2)
C******FLUX-FIELD IS NOW FINISHED, NOW UPDATE K-EFF

SUMN =O.

SUMD=0.
DO 605 I=2,NX
DO 606 J=1,NY1
SUMN=SUMN+PHI(I,J)

606 SUMD=SUMD+S(I,J)
605 CONTINUE

K1=NSIGF*SUMN/SUMD
DELK=K1-K
EPS=ABS((DELK)/K)
PRINT*,ITN," ",EPS," ",K1

ITN=ITN+1
IF(EPS.LE.EPST) GO TO 950

C******UPDATE SOURCE FIELD
DO 701 I=2,NX
on 702 J=1,NY1

702 S(I,J)=NSIGF*PHI(I,J)/K1
701 CONTINUE

K=K1
GO TO 559

C******OUTPUT FINAL CONVERGED K-EFF
950 PR/NT*,"EFFECTIVE MULTIPLICATION FACTOP = ",K1

999 STOP
END
SUBROUTINE AMATML(IC)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY1,PX,DC
I1-411-IC+1

C******NOW WE PERFORM THE MATRIX MULTIPLICATION OF THE P-M
C******MATRIX WITH THE SOURCE VECTOR.

DO 104 J1=1,NY1
RHS(J1) =O.

DO 204 J2=1,NY1
204 RHS(J1)=RHS(J1)+PM(J1,J2)*S(I1,J2)*DX**2/DC
104 CONTINUE
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RETURN
END

SUBROUTINE PMP1(I1)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY1,DX,DC
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
DIMENSION PMPL1(50,50)
DO 10 I=1,NY1
DO 20 J=1,NY1
PMPL1(I,J)=0.
DO 30 IJ=1,NY1

30 PMPL1(I,J)=PMPL1(I,J)+ENMAT(I,IJ)*PM(IJ,J)
20 PMPL1(I,J)=PMPL1(I,J)-PMM1(I,J)
10 CONTINUE

CALL SAVE
DO 85 I=1,NY1
DO 86 J=1,NY1

86 PM(I,J)=PMPL1(I,J)
85 CONTINUE

RETURN
END
SUBROUTINE FLUX(I)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY1,DX,PC
COMMON /S1/ PHI(50,50),BVEC(50)
COMMON /S2/ ENMAT(50,50)
IM1=I-1
IM2=1-2
DO 10 K2=1,NY1
PHI(I,K2)=0.
DO 20 K3=1,NY1

20 PHI(I,K2)=PHI(I,K2)+ENMAT(K2,K3)*PHI(IM1,K3)
10 PHI(L,K2)=PHI(I,K2)-S(IM1,K2)*DX**2/DC-PHI(IM2,K2)

RETURN
END
SUBROUTINE SAVE
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY1,DX,DC
COMMON /S3/ PMM1(50,50)
DO 10 I=1,NY1
DO 20 J=1,NY1

20 PMM1(I,J)=PM(I,J)
10 CONTINUE

RETURN
END
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TWO-DIMENSIONAL CLOSED-FORM MATRIX
SOLUTION CODE: FILE NAME TDMTHR

The code TDMETH was rather extensively modified to produce the

code TDMTHR, which solves a quarter core by using reflective (zero-

current) boundary conditions on two of the four problem space

boundaries, actually the two core centerlines.

The program logic is the same as in TDMETH, but, as shown in

Chapter 4, the right-hand side is slightly different, and the matrix

to be inverted is more complex. The subroutines are all essentially

the same. Of course, the A is very slightly different, due to the

factor "2" in the n1,2 element.

Output is the same as in TDMETH, both for each iteration, and

for final output.
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PROGRAM BTDM(INPUT,OUTPUT,TAPE5,TAPE6=OUTPUT)
DIMENSION AMAT(50,50)
REAL NSIGF,K,K1
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY,DX,DC
COMMON /S1/ PHI(50,50),BVEC(50)
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
READ(5,100)XMAX,YMAX,NX,NY

100 FORMAT(2F10.5,2I3)
DX=XMAX/FLOAT(NX)
DY=YMAX/FLOAT(NY)
NX1=NX-1
NY1=NY-1
READ(5,200)DC,SIGA,NSIGF

200 FORMAT(3F10.5)
READ(5,300)EPST

300 FORMAT(F10.5)
SOL=DC/SIGA
B=2*(1+(DX/DY)**2)+DX**2/SOL
EL.-(DX/DY)**2
ITN=1
PRINT*,"CORE DIMESIONS/ A/2 = ",XMAX," B/2 = ",YMAX
PRINT*,"INTERVALS IN X = ",NX," IN Y = ",NY
PRINT*,"NUCLEAR DATA ECHOE"
PRINT*,"DIFFUSION COEFFICIENT = ",DC
PRINT*,"ABSORPTION = ",SIGA
PRINT*,"NU-FISSION = ",NSIGF
PRINT*,"CONVERGEME CRITERION (DELTA-K/K) = ",EPST

C******INITIALIZE FLUX AND SOURCE MATRICES
DO 10 1=1,NX
DO 20 J=1,NY
S(I,J)=1.

20 PHI(I,J)=1.
10 CONTINUE

K=NSIGF
C******INITIALIZE N-MATRIX

DO 11 I =1,NY

DO 12 J=1,NY
12 ENMAT(I,J) =O.

11 CONTINUE
NL=NY-1
NL2=MX1-1
DO 13 I=2,NL
IM1=I-1

IP1=I+1
ENMAT(I,IM1)=EL
ENMAT(I,I)=B

13 ENMAT(I,IP1)=EL
ENMAT(1,1)=B
ENMAT(1,2)=2.0*EL
ENVAT(NY,NY)=B
ENMAT(NY,NL)=EL
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PRINT*,"IT # EPSILON(K) K-EFF"

C******INITIALIZE P(0) MATRIX EOUAL TO IDENTITY, I

559 DO 40 I=1,NY
DO 50 J=1,NY
IF(I.EQ.J) GO TO 41
PM(I,J)=0.
GO TO 50

41 PM(I,J)=1.
50 CONTINUE
40 CONTINUE

CALL AMATML(0)
DO 112 I=1,NY

112 BVEC(I)=RHS(I)
C******CALCULATE P(1) MATRIX EQUAL TO N-MATRIX

CALL SAVE
DO 201 I=1,NY
DO 202 J=1,NY

202 PM(I,J)=ENMAT(I,J)
201 CONTINUE

CALL AMATML(1)
DO 122 I=1,NY

122 BVEC(I)=BVEC(I)+RHS(I)
C******COMMENCE RECURRENCE RELATION CALCULATION
C******OF THE P-M MATRICES.

DO 79 I1 =2,NL2
CALL PMP1(I1)
CALL AMATML(I1)
DO 152 J1=1,NY

152 BVEC(J1)=BVEC(J1)+RHS(J1)
79 CONTINUE
C******NOW TO SOLVE FOR THE FIRST FLUX VECTOR

CALL PMP1(NX1)
DO 903 I =1,NY

DO 904 J=1,NY
SUMIJ=0.0
DO 905 IJ=1,NY

905 SUMIJ=SUMIJ+PM(I,IJ)*EMMAT(IJ,J)
904 AMAT(I,J)=SUMIJ/2.0-PMM1(I,J)
903 CONTINUE

NY2=NY+1
DO 907 I =1,NY

sum.o.n
DO 908 J=1,NY

908 SUM=SUM+PM(I,J)*S(1,J)*DX**2/PC/2.0
907 BVEC(I)=BVEC(I)+SUM

DO 78 I=1,NY2
AMAT(NY2,I) =O.

78 AMAT(I,NY2) =O.

PVEC(NY2)=0.
C******REDUCE A-MATRIX AND RIGHT-HAND-SIDE

DO 110 I=1,NY
IP=I+1
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DIV=AMAT(I,I)
DO 111 J=I,NY

111 AMAT(I,J)=AMAT(I,J)/DIV
BVEC(I)=BVEC(I)/DIV
IF(IP.GT.NY) GO TO 127
DO 150 IJ=IP,NY
AMULT=AMAT(IJ,I)
DO 119 J=I,NY

119 AMAT(IJ,J)=AMAT(IJ,J)-AMULT*AMAT(I,J)
BVEC(IJ)=BVECOO-AMULT*BVEC(I)

150 CONTINUE
110 CONTINUE
C******NOW TO COMMENCE THE BACKSOLUTION
127 DO 92 I=1,NL

IA1=NY-I+1
NY5=IA1-1

DO 93 J=1,NY5
IA2=IA1-J

93 BVEC( IA2)=BVEC(IA2)-BVEC(IA1)*AMAT(IA2,IA1)
92 CONTINUE
C******THE B-VECTOR IS NOW THE FIRST FLUX VECTOR

DO 203 J=1,NY
203 PHI(1,J)=BVEC(J)
C******NOW TO DETERMINE THE SECOND FLUX VECTOR, ASSUMING
C******REFLECTION AT THE CENTERLINE OF THE PROBLEM

DO 801 K2=1,NY
PHI(2,K2)=0.0
DO 802 K3=1,NY

802 PHI(2,K2)=PHI(2,K2)+ENMAT(K2,K3)*PHI(1,K3)/2.0
801 PHI(2,K2)=PHI(2,K2)-S(1,K2)*DX**2/DC/2.0
C******NOW DETERMINE FLUX-MATRIX FROM THE VECTOR-VALUED
C******RECURRENCE RELATION (FROM ORIGINAL DIFFERENCE EON)

DO 505 I2=3,NX
505 CALL FLUX(I2)
C******FLUX-FIELD IS NOW FINISHED, NOW UPDATE K-EFF

.SUMN=0.
SUMD=0.
DO 605 I=1,NX
DO 606 J=1,NY
SUMN=SUMN+PHI(I,J)

606 SUMD=SUMD+S(I,J)
605 CONTINUE

K1=NSIGF*SUMN/SUMD
DELK=K1-K
EPS=APS((PELK)/K)
PRINT*,ITN," ",EPS," ",K1

ITN=ITN+1
IF(EPS.LE.EPST) GO TO 950

C******UPDATE SOURCE FIELD
DO 701 I=1,NX
DO 702 J=1,NY

702 S(I,J)=NSInF*PHI(I,J)/K1
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701 CONTINUE
K=K1
GO TO 559

C******OUTPUT FINAL CONVERGED K-EFF
950 PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1
999 STOP

END
SUBROUTINE AMATML(IC)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY,DX,DC
I1= NX1 -IC +1

C******NOW WE PERFORM THE MATRIX MULTIPLICATION OF THE P-M
C******MATRIX WITH THE SOURCE VECTOR.

DO 104 J1=1,NY
RHS(J1) =O.

DO 204 J2=1,NY
204 RHS(J1)=RHS(J1)+PM(J1,J2)*S(I1,J2)*DX**2/DC
104 CONTINUE

RETURN
END
SUBROUTINE PMP1(I1)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY,DX,DC
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
DIMENSION PMPL1(50,50)
DO 10 I=1,NY
DO 20 J=1,NY
PMPL1(I,J)=0.
DO 30 IJ =1.,NY

30 PMPL1(I,J)=PMPL1(I,J)+ENMAT(I,IJ)*PM(IJ,J)
20 PMPL1(I,J)=PMPL1(I,J)-PMM1(I,J)
10 CONTINUE

CALL SAVE
DO 85 I=1,NY
DO 86 J=1,NY

86 PM(I,J)=PMPL1(I,J)
85 CONTINUE

RETURN
END
SUBROUTINE FLUX(I)
COMMON PM(50,50),RHS(50),S(50,50),NX1,NY,DX,PC
COMMON /S1/ PHI(50,50),BVEC(50)
COMMON /S2/ ENMAT(50,50)
IM1=I-1
IM2=1-2
PO 10 K2=1,NY
PHI(I,K2)=0.
no 20 K3=1,NY

20 PHI(I,K2)=PHI(I,K2)+ENMAT(K2,K3)*PHI(IM1,K3)
10 PHI(I,K2)=PHI(I,K2)-S(IM1,K2)*DX**2/DC-PHI(IM2,K2)

RETURN
END
SUBROUTINE SAVE
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COMMON PM(50,50),RHS(50),S(50,50),NX1,NY,OX,DC
COMMON /S3/ PMM1(50,50)
DO 10 I=1,NY
DO 20 J=1,NY

20 PMM1(I,J)=PM(I,J)
10 CONTINUE

RETURN
END
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TWO-DIMENSIONAL CLOSED-FORM MATRIX
SOLUTION CODE: FILE NAME TDMTHC2

The two-dimensional one-region problem was solved in cylindrical

geometry with the computer program TDMTHC2. Since one dimension is

z, and the other is r, the problem space is actually a three-

dimension finite cylinder. The code TDMTHC2 was written by modifying

the code TDMTHR in only two ways.

First, the cylindrical geometry Ac matrix is used, where the

form of the Laplacian operator in polar coordinates is incorporated

into N.

Second, the formula used to update the Keff estimate has to

incorporate the ri weighting, once again, due to the cylindrical

geometry.

There are also aesthetic changes, such as the names of the

variables DX and DY being changed to DZ and DR, respectively.

All input and output is unchanged, from the earlier TDMTHR.



167
PROGRAM BTDM(INPUT,OUTPUT,TAPE5,TAPE6=OUTPUT)
DIMENSION AMAT(50,50)
REAL NSIGF,K,K1
COMMON PM(50,50),RHS(50),S(50,50),NZ1,NP,DZ,DC
COMMON /S1/ PHI(50,50),BVEC(50)
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
READ(5,100)ZMAX,RMAX,NZ,NR

100 FORMAT(2F10.5,2I3)
DZ=ZMAX/FLOAT(NZ)
DR=RMAX/FLOAT(NR)
NZ1=117-1

NR1=NR-1
READ(5,200)DC,SIGA,NSIGF

200 FORMAT(3F10.5)
READ(5,300)EPST

300 FORMAT(F10.5)
SOL=DC/SIGA
B1=2*(1+2*(DZ/DR)**2)+07**2/SOL
B=2*(1+(DZ/DR)**2)+DZ**2/SOL
EL1=-2*(DZ/DR)**2
EL=-(DZ/DR)**2
ITN=1
PRINT*,"CORE DIMESIONS/ H/2 = ",ZMAX," R = ",RMAX
PRINT*,"INTERVALS IN X = ",NZ," IN Y = ",NR
PRINT*,"NUCLEAR DATA ECHOE"
PRINT*,"DIFFUSION COEFFICIENT = ",DC
PRINT*,"ABSORPTION = ",SIGA
PRINT*,"NU-FISSION = ",NSIGF
PRINT*,"CONVERGENE CRITERION (DELTA-K/K) = ",EPST

C******INITIALIZE FLUX AND SOURCE MATRICES
DO 10 I=1,NZ
DO 20 J=1,NR
S(I,J)=1.

20 PHI(I,J)=1.

10 CONTINUE
K=NSIGF

C******INITIALIZE N-MATRIX
DO 11 I=1,NR
DO 12 J=1,NR

12 ENMAT(I,J)=0.
11 CONTINUE

NL=NR-1

NL2=NZ1-1
DO 13 I=2,NL
IM1=I-1

IP1=I+1
RJ=FLOAT(IM1)*DR
ENMAT(I,IM1)=EL+DZ**2/(2*RJ*DR)
ENMAT(I,I)=B

13 ENMAT(I,IP1)=EL-DZ**2/(2*RJ*DR)
ENMAT(1,1)=B1
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ENMAT(1,2)=2.0*EL1
ENMAT(NR,NR) =B
ENMAT(NR,NL)=EL+DZ**2/(2*FLOAT(NL)*DR**2)
PRINT*,"IT # EPSILON(K) K-EFF"

C******INITIALIZE P(0) MATRIX EOUAL TO IDENTITY, I

559 DO 40 I=1,NR
no 50 J=1,NR
IF(I.EO.J) GO TO 41
PM(I,J)=0.
GO TO 50

41 PM(I,J)=1.
50 CONTINUE
40 CONTINUE

CALL AMATML(0)
DO 112 I=1,NR

112 BVEC(I)=RHS(I)
C******CALCULATE P(1) MATRIX EOUAL TO N-MATRIX

CALL SAVE
PO 201 I=1,NR
DO 202 J=1,NR

202 PM(I,J)=ENMAT(I,J)
201 CONTINUE

CALL AMATML(1)
DO 122 I=1,NR

122 BVEC(I)=BVEC(I)+RHS(I)
C******COMMENCE RECURRENCE RELATION CALCULATION
C * * * * * *OF THE P-M MATRICES.

DO 79 I1 =2,NL2
CALL PMP1(I1)
CALL AMATML(I1)
DO 152 J1=1,NR

152 BVEC(J1)=BVEC(J1)+RHS(J1)
79 CONTINUE
C******NOW TO SOLVE FOR THE FIRST FLUX VECTOR

CALL PMP1(NZ1)
DO 903 I=1,NR
no 904 J=1,NR
SUMIJ=0.0
DO 905 IJ=1,NR

905 SUMIJ=SUMIJ+PM(I,IJ)*ENMAT(IJ,J)
904 AMAT(I,J)=SUMIJ/2.0-PMM1(I,J)
903 CONTINUE

NR2=NR+1
DO 907 I=1,NR
SUM=0.0
DO 908 J=1,NR

908 SUM=SUM+PM(I,J)*S(1,J)*DZ**2/DC/2.0
907 BVEC(I)=BVEC(I)+SUM

DO 78 I=1,NR2
AMAT(NR2,I)=0.

78 AMAT(I,NR2)=0.
BVEC(NR2)=O.
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C******REDUCE A-MATRIX AND RIGHT-HAND-SIDE
DO 110 I=1,NR
IP=I+1
DIV=AMAT(I,I)
DO 111 J=I,NR

111 AMAT(I,J)=AMAT(I,J)/DIV
BVEC(I)=BVEC(I)/DIV
IF(IP.GT.NR) GO TO 127
DO 150 IJ=IP,NR
AMULT=AMAT(IJ,I)
no 119 J=I,NR

119 AMAT(IJ,J)=AMAT(IJ,J)-AMULT*AMAT(I,J)
BVEC(IJ)=BVECOO-AMULT*BVEC(I)

150 CONTINUE
110 CONTINUE
C******NOW TO COMMENCE THE BACKSOLUTION
127 DO 92 I=1,NL

IA1=NR-I+1
NR5=IA1-1
DO 93 J=1,NR5
IA2=IA1-J

93 BVEC( IA2)=BVEC(IA2)-BVEC(IA1)*AMAT(IA2,IA1)
92 CONTINUE
C******THE B-VECTOR IS NOW THE FIRST FLUX VECTOR

DO 203 J=1,NR
203 PHI(1,J)=BVEC(J)
C******NOW TO DETERMINE THE SECOND FLUX VECTOR, ASSUMING
C******REFLECTION AT THE CENTERLINE OF THE PROBLEM

DO 801 K2=1,NR
PHI(2,K2)=0.0
DO 802 K3=1,NR

802 PHI(2,K2)=PHI(2,K2)+ENMAT(K2,K3)*PHI(1,K3)/2.0
801 PHI(2,K2)=PHI(2,K2)-S(1,K2)*DZ**2/DC/2.0
C******NOW DETERMINE FLUX-MATRIX FROM THE VECTOR-VALUED
C******RECURRENCE RELATION (FROM ORIGINAL DIFFERENCE EON)

DO 505 I2=3,NZ
505 CALL FLUX(I2)
C******FLUX-FIELD IS NOW FINISHED, NOW UPDATE K-EFF

sumN.n.
SUMD=0.
DO 605 I=1,NZ
DO 606 J=1,NR
JJ=J-1
RADJ=FLOAT(JJ)*DR
SVMN=SUMN+RADJ*PHI(I,J)

606 SUMD=SUMD+RADJ*S(I,J)
605 CONTINUE

K1=NSIGF*SUMN/SUMD
DELK=K1-K
EPS=ABS((DELK)/K)
PRINT*,ITN," ",EPS," ",K1

ITN=ITN+1
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IF(EPS.LE.EPST) GO TO 950
C******UPDATE SOURCE FIELD

DO 701 I=1,NZ
DO 702 J=1,NR

702 S(I,J)=NSIGF*PHI(I,J)/K1
701 CONTINUE

K=K1
GO TO 559

C******OUTPUT FINAL CONVERGED K-EFF
950 PRINT*,"EFFECTIVE MULTIPLICATION FACTOR = ",K1
999 STOP

END
SUBROUTINE AMATML(IC)
COMMON PM(50,50),RHS(50),S(50,50),NZ1,NR,DZ,DC
I1=NZ1-IC+1

C * * * ** *NOW WE PERFORM THE MATRIX MULTIPLICATION OF THE P-M

C******MATRIX WITH THE SOURCE VECTOR.
DO 104 J1=1,NR
RHS(J1)=0.
DO 204 J2=1,NR

204 RHS(J1)=RHS(J1)+PM(J1,J2)*S(I1,J2)*DZ**2/DC
104 CONTINUE

RETURN
END
SUBROUTINE PMP1(I1)
COMMON PM(50,50),RHS(50),S(50,50),NZ1,NR,DZ,DC
COMMON /S2/ ENMAT(50,50)
COMMON /S3/ PMM1(50,50)
DIMENSION PMPL1(50,50)
DO 10 I=1,NR
DO 20 J=1,NR
PMPL1(I,J)=0.
DO 30 IJ=1,NR

30 PMPL1(I,J)=PMPL1(I,J)+ENMAT(I,IJ)*PM(IJ,J)
20 PMPL1(I,J)=PMPL1(I,J)-PMM1(I,J)
10 CONTINUE

CALL SAVE
DO 85 I=1,NR
DO 86 J=1,NR

86 PM(I,J)=PMPL1(I,J)
85 CONTINUE

RETURN
END

SUBROUTINE FLUX(I)
COMMON PM(50,50),RHS(50),S(50,50),NZ1,NR,DZ,DC
COMMON /S1/ PHI(50,50),BVEC(50)
COMMON /S2/ ENMAT(50,50)
IM1=I-1
IM2 =I -2

DO 10 K2=1,NR
PHI(I,K2) =O.

no 20 K3=1,NR
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2n PHI(I,K2)=PHI(I,K2)+ENMAT(K2,K3)*PHI(IM1,K3)
10 PHI(I,K2)=PHI(I,K2)-S(IM1,K2)*DZ**2/PC-PHI(IM2,K2)

RETURN
END

SUBROUTINE SAVE
COMMON PM(50,50),RHS(50),S(50,50),NZ1,NR,DZ,DC
COMMON /S3/ PMM1(50,50)
DO 10 I=1,NR
DO 20 J=1,NR

20 PMM1(I,J)=PM(I,J)
10 CONTINUE

RETURN
END


