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DIGITAL SIMULATION OF MULTI-DIMENSIONAL RANDOM

PROCESSES

AND ITS APPLICATIONS

CHAPTER I

INTRODUCTION

The response of structures to random excitation is

of wide engineering interest. The vibration environment

may be generated by such diverse sources as atmospheric

turbulence, ocean waves in a rough sea, ground motion due

to earthquakes, acoustic pressures caused by jet engines

and rocket motors. In each case, the excitation may be

characterized by the fact that vibrational energy is

generated in a random manner over a broad band of fre-

quencies. A probabilistic outlook on the design of

structures or equipments functioning in such an environ-

ment seems mandatory.

Those aspects of the theory of random vibration

which deal with the first and second order statistics of

random processes and with the input-output relations for

linear devices has been developed and used for almost

fifteen years in structural engineering. (1 ), (35)

One aspect of the theory which presents itself as a
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plausible alternative to a real random process for engin-

eering use is the simulation method. The limitations and

paucity of random process data together with the wide

spread use of time history dynamic analysis for obtaining

structural systems' response are the primary motivation

for the development of a simulation method in this work.

The dissertation deals with an efficient method

of simulating on a digital computer a set of correlated,

stationary and Gaussian time series with zero mean from

the given target cross spectral density matrix. The

simulation method to be introduced is the superposition

of sine functions with the aid of the Fourier transform

technique.

Rice (3) originally introduced an one-dimensional

simulation method by the sum of cosine functions, i.e.,

X(t) =EAncos((,Ont + 45n) (1)

n=1

Shinozuka (1),(2) later expanded it to multi-dimensional

processes and eventually succeeded in incorporating the

fast Fourier transform technique into the simulating

method of random processes by the sum of cosine functions.

Vanmarcke (23) noted in his paper without proof

that one-dimensional simulation can be performed by the

superposition of sine functions with the random number

generator in a computer, i.e.,



N

X(t) Ansin(Wn + On)
n=1

where Anis the amplitude and 0 is the random phase

angle of the n-th contribution of sinusoid and they are

distributed uniformly between 0 and 27r. In Chapter III

of the thesis the validity of the simulating method by

the superposition of sine functions is proved and expand-

ed to multi-dimensional processes. Chapter IV presents

the method of incorporating the Fourier transform tech-

nique into the simulation method by the superposition

of sine functions.

The essential features of the simulating techni-

que are demonstrated by presenting three examples in

Chapter V: an artificial generation of an earthquake

accelerogram, digital simulation of wind generated sea

waves and the generation of a two-dimensional wind field.

Most of the work in Chapter III through V is believed

to be original.

It is to be noted that all the computation in

this work have been carried out by an Apple II computer

with a disk drive; the core memory is 48K and the disk

can store up to 186K. The special commands pertinent

to the Apple II computer should be replaced with speci-

fic ones in the listed programs when using other micro-

computers.

3

( 2 )
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CHAPTER II

LITERATURE SURVEY

Rice ( 3) derived a form similar to Equation (2)

after discussion of the Fourier series representation of

the shot effect current in his paper. Numerous studies

dealing with simulation of random process have been

published in various forms since then. Although many

authors dealt with the simulation of single random pro-

cesses utilizing trignometric series ( 3), filtered white

noise ( 4), filtered shot noise ( 5), and correlated ran-

dom pulse train (6 ), only Borgman (7 ), Shinozuka (8 ),

and Whittig and Sinha (9 ) investigated the simulation of

multicorrelated processes.

I. In the simulation of ocean surface elevation,

Borgman used wave superposition by choosing the frequen-

cy in such a way that the amplitude of each wave function

was an equal portion of the cumulative spectrum. Borgman

also presented a method for simulating several simul-

taneous time series by passing a white noise vector

through filters. He proposed the following model (7 ):

m

ym(t) =E krn1(T)xm(t=7),T m = 1,2,... M (3 )

1./ -co
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where

ym(t) = m th time series

xi(t) = independent random inputs

kmi(r) = kernels

If Smr(f) represents the cross-spectral density between

ym(t) and y,(t), then kernels kmj(T) and its Fourier

transform Km.(f) are determined from the relation

Smr(f) = Kmi(f)Krj(f)Sxj(f)
17.1

r = 1,2,..., m; m = 1,2,..., M

where the bar denotes the complex conjugate.

The system of equations can be solved sequentially:

S11(f) = 1Kil(f)12

s21(f) = K21(f) K11(f)

S22(f) = 1K21 (f)I2 IK22(f)12

S31(f) = K31(f) K11(f)

S32(f) = K31(f) K21(f) + K32(f) K22(f)

S33(f) = I K31(f)12 + IK32(f) 12 + IK33(f)12

Etc.

Upon solution:
1

K11(f) = [S11(f)]

K21(f) [2111A]i

K22(f) = [S22(f) K21(f)]

Etc.

(4)
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This, in turn, determines the digital filter coefficients,

anmj, needed to approximate the kernel associated with

the system function kmj(f). Then the final simulation

equation reduces to

N N
ym(kAt) E anmixi

k-n

j=1 n=-N
= (6)

inwhichx.,n for n = 1, 2, 3, ... is the j-th generat-

ed sequence of independent, zero mean, unit variance,

normal random variables.

II. Wittig and Sinha indicated in their paper

( 9) that complex random numbers can be used to generate

sample functions. Given the spectral matrix, Spg(k/Nh)

which represents the one-sided cross-spectral density

function between process xp(nh) and process xg(nh), it

can generally be factored into a lower triangular matrix

Hpg(k/Nh) and its complex transpose, i.e.,

Spg(k/Nh) = Ppg(k/Nh)][H;g(k/Nh)]
T

( 7)

where * denotes the complex conjugate and T the transpose.

Equation ( 7) can be written in summation notation as

Spg(k/Nh) Hpi(k/Nh)Hgi(k/Nh)

p,g = 1,2,...,M ( 8)



7

Then a set of sample time series can be simulated using the

following model:

(nh ) = Xp(k/Nh)exp(j2114m) ( 9)

It is to be noted that x (nh) is the Fourier transform

of Xp(k/Nh). To define and obtain the terms Xp(k/Nh)

first a set of completely independent Gaussian random

numbers =tik + 17714, is generated using a standard

random number generator, such that

E[eid= E[77id= 0

rfr2 1 r,,g 1
and EK-ikj= EL/hkj =0.5

where E is the expectation operator. Then

X (k/Nh) = (N/2h)

or, in matrix form,

pi(k/Nh) ik (10)

H 0 0

H H . . . 0

H

. . .

. . .

. . .

H . . H M

The cross correlation between time series x (nh) and

xg,(mh) is

N-1N-1

R
Pg '

(m =1E N2
Xp(k/Nh)X(1/Nh)

k= =0

x exp
[.277-(kn lm)]

N (12)



where, since x (nh) is a real function, it has been

replaced by its complex conjugate. Because only the

X and Xg terms are random in nature, the expectation

operator can be brought inside the summation. If this

is done, Equation (12) reduces to

N-1N-1

pg END(k/Nh)X;(1/Nh)]R (m n) = 1
=01=

x exp
[j271-(kn - 1m)]

Considering Eq. (10) and the properties of it

follows that

E[Xp(k/Nh)X:(1/Nh)]

P P

8

(13)

Hpi(k/Nh)1)(1/Nh)
1=1 j=1

x E [4.141]

N
2h

i=1

Hpi(k/Nh)Hgi(1/Nh) &1

(14)

where Ski is the Kronecker delta function. From Eqs.

(12) and (13), it can be shown that

N-1 p

kg (m,n) = 2Nh
Hpi(k/Nh)Hgi(k/NH)

1 1=1

x exp [j
2TikN (n - m) (15 )

The right-hand side of Eq. (15) is dependent upon only

the difference between m and n, but not on their separate

values. From this it can be concluded that the time series

generated by this technique are stationary.
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By applying the Fourier transform and multiplying

by a factor of two to get an one-sided spectrum, the cross-

spectral density between processes p and g can be

obtained, which confirms that the time series given by

Equation ( 9) does have the required power and cross-

spectral densities.

III. Shinozuka expanded the concept of Equation

(2) to the multi-dimensional processes and systematized

the use of series of cosine functions in simulations (8).

For an n-dimensional homogeneous process with

mean zero and spectral density function Se(k) which is

of insignificant magnitude outside the region defined

by

s; lid< 00

and denote the interval by

(pkon,k2,...kn) = k u -kit k2u -k2t , knu -knt )
N N N

where usually k1 = -1!1. then the process can be simulated

as

where

N1 N2 N

f ( x ) E , [so , k2 ..... knjn ),,k
1
.,1c

2
j =1 =1

1

aknp cosoc/i x1+ k2i x2 + +knjnxn +0j
2

(16)

0* .=independent random phase angles
32"On
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uniformly distributed between 0 and 2 .

k.. = k + 47.akm
//

(jm

Equation (16) can

which the FFT technique

f(x) = Re ,FE

where Re indicates

B4d...jn
I

j
2

with

A. .

j1j2...jn

= 1,2,...,N, m = 1,2,...,N)

be written in the following

is readily applicable.

Ni N2

form to

ei k x
m=1 mjm m

(17)

(18)

Ak
1 2

1

B. . .

31.32-41
jr 1 j2= 1 j17

the real part and

= A e
j/ j

2
. . j

...jj j2 n

= [S (k . ,k . . )Ak
1j1 2j2 non

(19)

For the case of an one dimensional process with symmetric

So(k), Equation (16) reduces to

where

ku

N

CSI (jAk)Pk? cos ( jpic + (1) )

and *jak) = 2S0(jak) (20)

When S 1 (k) can be discomposed into

where

4(k) = H(k)H(k)*

k =
k1.

,k , k
1j 2j nj,

then So1 i(k) in Equation (20) can be substituted by H(k).
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IV. Comparison of various methods.

It appears that the method of simulation proposed

by Shinozuka ( 8) is the most efficient and systematic

so far. With the incorporation of the FFT technique

into the simulation method, the one proposed by Shinozuka

takes less computer time and is more practical than

that proposed by Borgman, which requires (a) the inverse

Fourier Transform and (b) N(N+1)/2 number of integrations

in the time domain. The method proposed by Wittig and

Sinha which utilizes the complex random numbers can be

reduced to the one of using sinusoids. Then there

appears to be not much difference between the methods

proposed by Shinozuka and Wittig and Sinha.



CHAPTER III

DIGITAL SIMULATION OF RANDOM PROCESSES

I. A basic form.

A basic form of a homogeneous one-dimensional

random process f(x) with mean zero and spectral density

So ((,J) can be represented by:

f(x) [2 AksinvAix t 00

where Okare random phase angles distributed uniform-

ly between 0 and 2/T and

Ak = [S,;((a))40)P, (4= (k - i)Aco

with

12

(21 )

(22)

SI)(GO) = 2S0 ((J) (23)

being the one-sided spectral density function. Fig. 1

shows the relationship between the frequency and the

one-sided spectral density function.

II. Simulation of a multidimensional process.

The autocorrelation function of an n-dimen-

sional homogeneous real process fo(x), defined by

R0( ) = E [fo(Lci )fo (x2)] (24)

is even in

R0( = (25)



2
1

,42,+2

_per pw --.A44) -

I I

Cuk Wk+1 (Ok+2

Figure 1

where E indicates expectation, xi and x2 are space

vectors and = x2 - xiis the separation vector.

The density function of f0(x) is then defined as

op

1
-ik.

d
S (k) -
0

-O
(27ry Ro(i)e

D

13

(26)

where k is the frequency (or wave number) vector and

k4 is the inner product of k and and for simplicity

cc,

n-foldji
` "41121i 26 ''cn

lc° -co -co

with n being the dimension of the vector e. It follows

from equation (25) that

jcco

R0( )sin(k)d = 0

and therefore from Equation (26)

(27)



Then
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So(k) = So(-k)

co

So
= Ro )cos(k.)4 (28)

-cc

and is real.

It can be shown that if the autocorrelation function

R0 (L) is nonnegative definite, then according to

Bochner (10),it has a nonnegative n-fold Fourier

transform, i.e., So (k) ? 0.

Based on these properties of So(k), an efficient

method of simulating fo(x) can be proposed as follows.

For an n-dimensional homogeneous process with zero

mean and spectral density function So(k) which has

values of negligible magnitude outside the region defined

by

- co < ki < k < ku < co

and denote the interval vector by

kw , kpu
2
-k2t , kny_

N
knt )

(Ak1 ,Lk2 , . ,Akn ) = ( N

where usually ki

simulated as
N1 N2

f(,) v1 E
j1.1j2.1

. Then the process can be

L 0si(k
1j '

. k 23 '
.

'
k
nj

)6kAk...ak] 2

=1 1 2

sin (k .x +k .x +...+k .x +0.. )

131 1 232 2 n3n n 31 32 Jr).

(29 )
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where

240,1(1 440.14 6G14

Figure 2

4)jij2...jn= independent random phase angles

uniformly distributed between 0 and 27r.

kijm= ki/ + jmAkm

(jm = 1,2,...,N, m = 1,2,...,n)

To avoid the lengthy expression in the subsequent

discussion, f(x) will be written in the following form:

f(x) = fiEA( k ) sin(krz + op (30)

J.1



where

N = N1N2...Nn

A(ki) = [So(kj)LkiLk2 ,...,Lkn ]2 = [So(kj) ilk]2

16

It can be shown ( 8) that when the ensemble average f(x)

is zero, then the autocorrelation function R () of

f(x) becomes:

R ( e ) = E A2 (k )cos e) (31)
j=1,

Upon substituting A2(k ) = So(k )Lk and taking the limit

as N-0,c0 one obtains

co

R ) = So(k)cos(ke)dk = Ro( ) (32)
-co

where it is assumed So(k) = 0 outside the region.

This indicates that, when the ensemble average is con-

sidered, the simulated process f(x) possesses the target

autocorrelation Ro(e) and therefore the target spectral

density So(k). It can be shown ( 8) that the spatial

(temporal) mean< f(x) > is also zero and the spatial

autocorrelation approaches Ro() as N This

makes the method directly applicable to the space (time)

domain anaysis in which the ensemble average can be

evaluated in the form of the spatial (temporal) average.

It is to be noted that the simulated process is Gaussian

by virtue of the central limit theorem (11).



In order to make it feasible for the FFT technique,

Eq.(29) has to be written in the following form:

n
NI N2 Nn i Ek . x

f(x) = Im \FE E... E B. e. m=1 mom
m

jpivi 471 J1J2' **Jr-I

where Im indicates the imaginary part and

with

. .

B. . . =A. . e 3132in
3132-3n J132,In

17

(33)

(34)

A.
1J m J2

.

n °
[S 1 (kii

1
,k2i

2
,...,knjn)AklAk2...Aknr

For one-dimensional processes with symmetric So(k),

Equation (30) reduces to

where

f(x) =
7 [so1

(j Ak) Alt]2 sin(j Ak 0j) (35)
j=1

Ak = Nu and Sio-(jAk) = 2S0(jAk)

III. Decomposition of the cross-spectral density matrix

Discussed in this section will be a set of

homogeneous Gaussian n-dimensional processes fi(x) (j=

1,2,...m) with zero mean and with the cross-spectral

matrix So(k) defined by:
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0
S11 (k) S12 (k) Sim(k)

S21 (k) S22 (k) S2m(k)
(36)

Sici)11 (11) SM2 (k )

where Sii(k) is the n-fold Fourier transform of the

cross correlation RITi(). Because of the fact that

R°.(e) = hlj (), it followslj --/

j
S
o

. (k) = S lo (k)*lj

where the (*) indicates the complex conjugate. The

matrix So(k) is therefore Hermitian and nonnegative

definite. If a matrix H(k) which possesses an n-dimen-

sional Fourier transform can be found and satisfies the

following equation

S°(k) = H(k)H!.(k)T (37)

where So(k) is the specified target cross-spectral matrix

and (T) indicates the transpose. Then fl(x) (1=1,2,..,m)

can be simulated by the following filtering technique

( 7 ) .

=E
j=1

where hij(x) is the n-dimensional Fourier transform of

hij(x AL)72j(11)di (38)



H1J.(k). ao
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hij(I) =Hij(k) e dk
-ik.x

-co-O

and 7j(k) is an independent n-dimensional normalized

white noise component such that

with

4771(x)71 (x) J = 8(x1 ij

81(1 8(x11 x21 )8(x12 -x22). 8(xin x2n)

To find the matrix H(k) in an efficient way, it can be

assumed that H(k) is a lower triangular matrix (12):

H(k) =

H11(k) 0

H21(k) H22(k)

0

0

-
H
m1

(k) H
m2

(k) H
mm

(k)

Inserting the above H(k) into equation (37), solutions are

obtained as

H..33 (k) =
Dk (k )

D.
J-1

(k)

1
2

j = 1,2,...m (39)

where Di(k) is the j-th principal minor of S°(k) with

D
o
being defined as unity, and



So(1,2 , j-1,1
1,2,...,j-1,j

)

Hij(1) = Hji(k)
(k)Dj

j= 1,2,...,m

20

where

so(1,2,...j -1,1)
1,2,...J-1,J

1 = j+1 ...,m

,o 0o
S11 S12
oo oo
S21 S22

0 0
Si...1,1 Si...1,2

S0 0
11 S 12

o ,o
Si,j_i

S2,j_i S2j

,o ,o
'j-1,j-1°j-1,j

0 0...S1,j_1 Slj

(40)

is the determinant of a sub-matrix obtained by delet-

ing all elements except the (1,2,...j-1,1)th row and

(1,2,...j-1,j)th column of S°(k). It is noted that the

above decomposition is valid only when the matrix S°(k)

is Hermitian and positive definite as can be seen from

Equation (39). Because the cross-spectral density

matrix S°(k) is known to be only nonnegative definite,

special consideration is needed in those cases where

S°(k) has a zero principal minor. This is discussed

in Ref.(8). Since the real and the imaginary parts

of cross-spectral density functions are respectively

even and odd in k, it can be shown from successive

substitutions using equations (39) and (40) that

Re Hij(k) = Re Hij(-k)
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Im H .(k) = -ImH .(-k)lj lj

for 1>k, and

H11 (k) = H11 (-k)?_0

from which it follows that hij(x) is real.

Once H(k) is computed using equations (39) and

(40), then instead of passing a white noise vector through

filters, the process f1(x) can be simulated in terms of

the following series:

f
1
(x)

1 N

Pq

(t1) I FAT sin[;. x +GiA, opq]
p=1 q=1

(41)

where k , Ak, N and (/)
Pq

are essentially the same as

defined previously for n-dimensional processes and

= tan-1
Re

(Im
H/p

(k
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CHAPTER IV

FAST FOURIER TRANSFORM

I. The Fast Fourier transform.

The present study is concerned with an efficient

numerical single and double Fourier transform and its

inversion which plays a crucial role in a stochastic

approach to dynamic structural analysis. A new

concept of the application of the FFT technique in

simulating sample fuctions will be introduced and used

in the subsequent chapter.

The mathematical tools employed in the present

study are the complex Fourier series technique and

the Cooley -Tukey algorithm (13), as used in the numeri-

cal evaluation of the inverse FFT (14),(15). Based on

the Cooley-Tukey algorithm, the number of operations

required for evaluating the complex Fourier coefficients

for the first N terms of the expansion of a given spec-

trum is 2N log2N against N2 operations in the usual

computation, in which an operation is defined as that

consisting of one complex multiplication followed by

one complex addition. Therefore, for large values of N,

especially in the double Fourier inversion, the number

of operations in the numerical inversion is signifi-
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cantly reduced by applying the FFT in computation.

1. Discrete Fourier transform.

Let a Fourier series subroutine whose input is

the complex sequence A(n), n=0,1,...,N-1 and whose out-

put is the Fourier series (IDFT),

N-1

X(j) = A(n)Wili\11, j=0,1,...,N-1 (42)

n=0

Then, it can easily be seen that by letting X*(n)/N

replace A(n) as input and A #(j) replace X(j) as output,

the above subroutine will be capable of computing the

discrete Fourier transform (DFT)

N-1

A(n) = (43)

j=0

2. Two sets of real data in one pass through a DFT

subroutine.

Using the linearity property, it can be seen

that if X1(j) and X2(j) are real sequences such that

A1(n)

X2 (j) A2 (n)

and

X(j) = X1(j) + iX2(j)

then X(j) has the transform

A(n) = Al( ) + iA2(n)

(44)

(45)
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Replacing n by N-n, taking complex conjugates of both

sides, and applying conjugate relations gives

A#(N-n) = A1(n) - iA2(n) (46)

Solving (45) and (46) for A1( n) and A2(n), we

obtain

A1(n) = i[A*(-n) + A(n)]

A2(n) = ii[A*(-n) A(n)] . (47)

The procedure can be outlined as follows:

(a) form X(j) as defined by (44);

(b) compute A(n) by means of the DFT subroutine;

(c) compute Al(n) and A2(n) according to (47)

for n=0,1,...,N/2

3. Computing 2N from two N-point sequence.

Given the 2N data points Y(j) with Y(j)-c----,C(n),

where n and j = 0,1,...,2N-1. If the two N-point

sequences

X1(j) = Y(2j),

X2(j) = Y(2j + 1), j = 0,1,...,N-1 (48)

have the N-point transforms A1(n) and A2(n),

X1(j).c A1(n)

X2(j).c---A2(n). (49)



Separating even and odd indexed points in the series

for C(n), it becomes

2N-1
C(n) = E )'-'n2gi

J0
N-1 N-1

1
2N ' ' 2

Ey(2j)wN
22nj

y(2i±1 \w-2N nj-n

j=0

]

j=0

Because

W2
2N

= W
N

C(n) =21i\T

25

(50)

1M-1 N-1

Ey(2i)w-n y(2J-1-1)w-n4wir,1
J=0

(51)

The sums appearing in (51) define Al(n) and A2(n),

so (51) can be written

C(n) = 2 [Ai(n) + A2(n)W2ri 1. (52)

Substituting N+n for n, and using the fact that 02N=-1,

C(N+n) = i[Al(n) A2(n)qiil] (53)

It can be summarized as follows:

(a) compute the two N-point DFT's of the sequences

X
1
(j) = X(2j) and X

2
(j) = X(2j+1)

(b) apply (52) and (53) to the resulting trans-

forms. This procedure, when iterated upon to produce

successive doublings up to N, the total number of points

is the FFT algorithm with radix 2.
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4. Calculation of the DFT of real data.

The transform of a single sequence of 2N real data

points can be done by means of one DFT of N complex

points (16) by using procedure 2 and procedure 3.

First, assuming Y(j), j=0,1,...,2N-I to be the real

sequence, let

Y(j).11- C(n).

Then form the N-point sequences,

X
1
(j) = Y(2j),

X
2 (j) = Y(2j + 1),

X(j) = X1(j) + iX2(j) (54)

Compute the N-point Fourier transform of X(j) and use

procedure 2, Equation (47), obtain the transforms of

the two real sequences X1(j), X2(j) in terms of the

DFT of X(j). For convenience, Equation (47) is repeated

Ai(n) = [A*(-n) + A(n)],

A2(n) = i2 A*(-n) - A(n)] . (55)

By using procedure 3, the doubling algorithm (52),

the transform of the full array Y(j) is obtained:

C(n) = [ Al (n) + A2(n)1G] (56)

It is to be noted that the upper half of the C(n) array
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is redundant;i.e., Y(j) real implies that C(n) = C*(2N-n).

Since X
1
(j) and X

2
(j) are real, A

1
(n) and A

2
(n) are

conjugate even. Replacing N by N+n in (56);

C(N+n) = [Ai(n) A2(n)W2-N] . (57)

It is efficient to use (56) and (57) for n=0,1,...,N/2.

It can be easily shown that the C(n)'s in

2N-1

Y(j) C(n)Wg
j = 0,1,...,2N-1 (58)

n=0

can be identified with the sine-cosine coefficients

of the series

N-1

Y(j) = a(0) + a(n)cosIPI + b(n)sinPli
n=1

+ 2(-1)ja(N), (59)

as follows:

a(n) = 2 Re C(n), for 0<ns-N;

b(n) =-2 Im C(n), for Oczn<:N.

The procedure for this section is outlined below;

(a) let the 2N-point array Y(j) be put into a

complex N-point array X(j) as defined by (54); in many

computer programs, this means one does nothing since

complex arrays are stored so that real and imaginary

parts are already in alternating locations;

(b) compute the N-point DFT of X(j);

(c) apply Equation (55) for n=0,1,...,N/2 to get

A
1
(n) and A

2
(n).

'
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(d) apply equations (56) and (57) for n=0,1,...N/2

to get C(n) for n=0,1,...,N.

It is to be noted that the 2N real data points Y(j) are

transformed to N+1 complex frequency values C(n), n=0,

1,2,...,N. Since C(0) and C(N) are real and since the

remaining C(n)'s are complex the sequence C(n) contains

2N independent real numbers. It is to be noted again

that C(n) is defined for 05;n<2N, but due to the pro-

perty C(n) = C*(-n), values for N.cn:2N are redundant

and need not be computed or stored.

5. The calculation of Fourier series for real data.

This is performed by reversing the previous

procedure. To derive this formula , solve (56) and (57)

for A
1
(n) and A

2
(n) in terms of C(n) and C(N + n):

A
1
(n) = C(n) + C(N + n)

A2(n) = [0(n) C(N + n)NN .

Then solving (55), it becomes

(60)

(61)

A(n) = A1(n) + iA2(n) (62)

A#(N-n) = A1(n) iA2(n). (63)

Therefore, procedure 5 is as follows:

(a) generate A1(n) and A2(n) for n=0,1,...,N/2

according to (60) and (61);
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(b) generate A(n) by using (62) and (63) with

n=0,1,...,N/2;

(c) compute the inverse DFT of the N-element

complex array A(n); the result will be the sequence

X(j) whose real and imaginary parts are the real ele-

ments of Y(j) as defined by (54).

Procedures 4 and 5 also permit one to transform a con-

jugate even data sequence X(j) to a real frequency A(n)

and vice versa. This is easily seen to be accomplished

by letting X*(n)/N replace A(n) and A*(j) replace X(j)

in procedures 4 and 5, thereby switching the roles of

"frequency" and "data".

6. Calculation of cosine series for real data.

It can be easily demonstrated that Y(j) being

real and even implies that its IDFT will be a cosine

series. Thus, if Y(j), j=0,1,...,2N-1, is real and

Y(j)=Y(2N-j),

or

2N-1

Y(j) = C(n)Wg

Y( j ) = 12----a.( 0) +

N-1
i 1a(n)cosW
N
n

2
+ (-1)Ja(n) (64)

where the a(n)'s are real and

a(n) = 2C(n).



30

It follows that the DFT of Y(j) can be expressed as a

cosine series:

N-1

a(n) i[iy(0) Y(j)cos
j=1 (65)

The procedure will be derived for computing a cosine

transform of real even data Y(j), j=0,1 ..... N-1, where

Y(2N-j) = Y(j).

It is to be noted that actually only Y(0),...,Y(N) need

be given. First define the complex sequence

X(j) = Y(2j) + [Y(2j+1) Y(2j-1)] i (66)

for j=0,1,...,N-1. It is to be noted that only terms

with j=0,1,...,N/2 have to be formed. This is a complex

conjugate even sequence and, therefore, its trans-

form, A(n), must be real. Procedure 5 gives an effi-

cient way to transform a conjugate even sequence to a

real sequence. It is to be noted that the former was a

frequency function and the latter was data. Here the

roles are reversed. Letting the conjugate even sequence

X*(j)/N be the input to procedure 5, the output will

be A(n), the real DFT of X(j).

Having A(n), procedure 2 can be used to obtain

the transforms of the real and imaginary parts of X(j).

Let it be defined that
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Y(2j)4E- A1(n)

A2(n)

(67)

(68)

Y(2j+1).4.-

Y'(2j) = Y(2j+1) - Y(2j -1)

From procedure 2, equation (47)

A1(n) = [A(n) + A(-n)] , (69)

A2(n) = ILA(n) - A(-n)] , (70)

where A(n) is real. From reference (14), it can

be derived that

Y(2j-1).<--3WNnA2(n),

and therefore,

giving

Al2 (n) = A
2

- W
N
flA

2
(n)

'

A
2
(n) = A2(n) /(1 Wn).

(71)

(72)

A special calculation must be made for n=0 and n=N. For

this, it must be computed

N-1

A
2
(0) = 1 Y(2j+1). (73)

3=0

Finally, procedure 3, the doubling algorithm, leads

from A
1
(n) and A

2
(n) to 0(n), the DFT of Y(j). Substi-

tuting (69) and (71) in Equation (56) of procedure 4,

it becomes

C(n) = 12 [Ai (n) + A2(n)1Alf\TI
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2C(n) = i[A(n)+A(-n)] + [A(n)-A(-n)]-.4--i-rr W
1 W

Therefore

[A(n)+A(-n)]-1-.A(n)-A(-n)i
a(n)=2C(n)=

2sin2511

for n=1,2,...,N-1. For n=0 and n=N the following

equation must be used

C(0) = 12-L. [A1(0) + A2(0)] ,

C(N) = FA1(0) - A2(0)] . (75)

Summarizing, procedure 6 for the cosine transform is:

(74)

(a) given the real even sequence Y(j), j=0,1,..,

2N-1, define X(j) according to (66);

(b) let X*(j)/N be the input to procedure 5; the

output will be A #(n) = A(n);

(c) compute C(n) using (74) for n=1,2,...,N-1;

for n=0 and n=N, let A
1
(0) = A(0) and compute A

2
(0)

with (73); then, use (75) to obtain C(0) and C(N);

finally, let a(n) = 20(n) for n=0,1,...,N.

7. Calculation of sine series for real data.

It can be easily demonstrated that if Y(j),

j=0,1,...,2N-1 is real and odd, it is expressible as

a sine series,



2N-1

Y(j) = C(n)W34 =

n=0

N-1

33

b(n)sinTli, (76)

where the b(n)'s are real and

b(n) = 2iC(n).

It should be noted that Y(0) = Y(N) = 0. It also

follows that

N-1

b(n) = E y(i)siner,nj (77)

J.1

For the calculation, the following fact should be noted;

if Y(j) is real and odd, then iY(j) is conjugate even

and its transform is real. Therefore,

and

y(i)e_401,c(n) 14111

= ib(n).

Therefore, letting

X(j) = [Y(2j+1) Y(2j-1)] + Y(2j)i, (78)

and, following a derivation similar to that for equation

(74) in procedure 6, Equation (79) can be arrived at for

the coefficients of the cosine series.

Summarizing, procedure 7 is as follows:

(a) given values Y(j), j=1,2,...,N-1 of a real

odd sequence Y(j), j=0,1,2,...,2N-1, form X(j) accord-

ing to (78);

(b) let X*(j)/N be input to procedure 5; the



output will be A #(n) = A(n), where X(j).orwA(n):

(c) compute

b(n) = 2iC(n) =
[A(n) - A(-n - [A(n) + A(-n)]

2sin

(79)
for n=1,2,...,N-1.

Use of procedure 6 and 7 yields a fourfold decrease in

computation and storage requirements since only half

the real input data arrays need be supplied. Actually,

N/2 + 1 data for the cosine transform and N/2 1 for

the sine transform. The complex data X(j) to be trans-

formed contains only N/2 terms rather than the 2N

required if the full array Y(j) is supplied to a

complex DFT subroutine.

II. Application of the FFT to the simulation processes

Unless the given data has a special property such

as real, imaginary, even and odd, the N data require

2N inputs because of the characteristic of the simu-

lation function.

Two expressions have been presented in Chapter I,

they are:

and

N
X(t) = 1:Ansin(6)nt + On) (1)

n=1

N

X(t) = EA cos(Wnt + 11) )
n=1 n

( 2 )
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In order to take advantage of the Fast Fourier

transform technique, alternate forms of equations (1)

and (2) will be introduced,

N

z(t) =
n=1

Then,

A
nexp(ip n)exp(iWnt) . (80)

Z(t) = X1(t) + X2(t)

N

= An {cos(Wnt +On) + isin(Wnt +On)].
n=

(81)

Therefore Equation (1) is:

X(t) = X2(t) = Im Anexp(i0n)exp(iWnt) (82)
n=1

and Equation (2):

X(t) = X1 (t) = Re E Anexp(3.45n)exp(i(.int) (83)

n=1

The discrete form of Equation (6) is a prerequisite to

FFT application. The following conversion is also

necessary for the FFT application:

(Ajn 27Tfn'

At =

n n ,

f = of = T = TAt

kTt = T, k, n = 0,1, N-1 (84)

Thus,



N-1
nkX(k.sf) = Im A exp(i0n)exp(i27 7 )

n=

36

(85)

The limits in Equation (85) requires special scrutiny.

Rice ( 3) originally expressed the digital simulation

in the following form:

x(t) =

N

ncos(Wnt - On)

The limits of summation are from 1 to N. The FFT

form is:
N-1

X(t) = ImFAnexp(icbn)exp(i2Trf)

n=0

Equation (87) is zero at limits n=0 and n=N since

sin(27tf) = 0

(86)

(87)

at n=0 and n=N. The choice of Equation (1 ) over Equa-

tion ( 2) in the subsequent section is of course

motivated by the reason just mentioned above. Equa-

tion (87) is the imaginary part of Z(t), which is the

inverse Fast Fourier transform. The inverse FFT of a

subroutine, however, has generally a built-in scale

factor, i.e., 1/N. This scale factor has to be removed

prior to the inverse FFT computation.

To show the effectiveness of-the FFT technique

when incorporated into the simulating function Equation

(87), the following data has been used in a computer

program as input :
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Sample data points = 128

Amplitude A
n

= 1.0

The program and output are listed in Figures (3) through

Figure (6). The effectiveness of the FFT computation

is well demonstrated by the ratio of computations, i.e.,

2Nlog2N = 2log2N = 14

NxN N 128 .

The computer program in Fig. 2 has been written

in BASIC programming language to implement the previously

discussed calculations. The parameters are defined bellow:

Program symbol Description

P 27T

PI 71

Al Amplitude An

W Frequency increment

R Random phase angle On

A(k) Simulated time series by Eq.(1)

FI(k) Simulated time series by FFT.

The loop 100 - 300 computes the simulated time series

by the standard method, i.e., by Equation (1) , except

statements 210 and 220 extract values of Anexp(i96n )

The loop 1000 - 3000 is the implementation of the FFT.
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The result of the simulation using Equation (1)

is shown in rows designated as "STD" meaning the stan-

dard method and the "FFT" is the result by implementing

Equation (87) in Figure 6.

In APPLESOFT BASIC, which is used in the program,

numbers are stored internally to over nine digits of

accuracy and when printed, only nine digits are shown.

Figure 6 indicates that the results are the same up to

seven digits.



LIST 1,300

10 DIM FR(512),FI(512),SR(512),S
I(512),A(512)

20 HOME
30 HTAB 16: VTAB 7: INVERSE : PRINT

"COMPUTING"
40 HTAB 12: VTAB 11: PRINT "PLEA

SE BE PATIENT"
50 NORMAL
60 P = 8 * ATN (1)
70 PI = P / 2
80 N = 128
90 F = P / N
100 FOR I = 1 TO N
110 A(I) = 0
120 NEXT I
130 VTAB 5: PRINT QW
140 FOR L = 1 TO N
150 QW = QW + 1
160 Al = 1
170 W = F
180 R = RND (L) * P
190 S2 = SIN (R)
200 C2 = COS (R)
210 SR(L) = C2 * Al
220 SI(L) = S2 * Al
230 U = - 1
240 S1 = SIN (W)
250 Cl = COS (W)
260 A(1) = A(1) + Al * S2
270 FOR K = 2 TO N
280 QW = QW + 1
290 S3 = SIN (W * (K - 1) * (L -

1) + R)
300 A(K) = A(K) + Al * S3
3

3

Figure 3.
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LIST 310,540

4o

310 VTAB 5: PRINT QW
320 NEXT K,L
330 N4 = N / 8
340 GOSUB 1000
350 PR# 1
360 PRINT CHR$ (15) + CHR$ (1)

370 PRINT CHR$ (1) + "132N"
380 PRINT "NO. OF COMPUTATION=";

QW
390 PRINT "NO. OF FFT COMPPUTATI

ON=";QX
400 PRINT : PRINT
410 FOR J = 1 TO N4
420 PRINT "STD ";

430 FOR K = 1 TO 8
440 PRINT A(8 * (J 1) + K); SPC(

2)
450 NEXT K
460 PRINT
470 PRINT "FFT ";

480 FOR K = 1 TO 8
490 PRINT FI(8 * (J 1) + K); SPC(

2)
500 NEXT K
510 PRINT
520 NEXT J
530 PR# 0
540 END

Figure 4.



LIST 1000,3000
14-1

1000 REM
1010 FOR IT = 1 TO N
1020 I = IT 1

1030 J = 0
1040 M2 = 1
1050 M1 = M2
1060 M2 = M2 + M2
1070 MI = INT (I / M2)
1090 MS = I - MI * M2
1090 IF MS - M1 < 0 THEN 1110
1100 J = J + N M2
1110 IF M2 - N < 0 THEN 1050
1120 JF = J + 1
1130 FR(IT) = SR(JF):FI(IT) = SI(

JF)
1150 NEXT IT
1160 PRINT : PRINT
1210 L = 1
1220 IF L - N = > 0 THEN 3000
1230 ST = 2 * L
1240 EL = L
1250 FOR M = 1 TO L
1260 A = PI * (1 - M) / EL
1270 WR = COS (A)
1280 WI = SIN (A)
1281 IF U < 0 THEN 1285
1282 GOTO 1290
1285 WI = - WI
1290 FOR I = M TO N STEP ST
1295 QX = QX + 1
1300 J = I + L
1310 TR = WR * FR(J) - WI * FI(J)

1320 TI = WR * FI(J) + WI * FR(J)

1330 FR(J) = FR(I) - TR
1340 FI(J) = FI(I) - TI
1350 FR(I) = FR(I) + TR
1360 FI(I) = FI(I) + TI
1365 NEXT I,M
1370 L = ST
1380 GOTO 1220
3000 RETURN

Figure 5.
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I32N

NO. OF CONPUTATION=16384

NO. OF FFT CONPPUTATION=448

STD -13.5071041 .925342795 -.91965651 -2.02184861 -8.06727744 -12.4235314 -6.95233814 -6.00746897

FFT -13.507104 .925342815 -.919656508 -2.02184857 -8.06727742 -12.4235313 -6.95233824 -6.00746894

STD .0699925864 .797093071 12.3110947 -8.11595969 -3.00893509 -13.9600725 -9.03665644 -9.90095831

FFT .0699925125 .797093092 12.3110946 -8.11595962 -3.00893533 -13.9600725 -9.03665649 -9.90095817

STD -.990155118 11.5152396 3.42345453 6.19365518 -12.1814656 .276834135 3.04800914 .0558410252

FFT -.990155013 11.5152397 3.42345465 6.19365518 -12.1814655 .276834079 3.04800909 .0558409877

STD -11.6684336 -1.4879015 -.913069759 -2.27256963 -4.21068191 2.28047262 19.4170723 -6.62977302

FFT -11.6684337 -1.48790114 -.913069813 -2.27256981 -4.21068182 2.28047261 19.4170723 -6.62977317

STD -3.88431406 -17.7666349 10.5244671 -.36629541 2.44750068 13.1253808 2.19596293 -2.8107277

FFT -3.88431386 -17.7666347 10.5244671 -.306295384 2.44758099 13.1253807 2.19596309 -2.81072781

STD -2.7906381 .864539589 -.586356806 -.600376181 -.52258663 -15.4033209 -9.38582525 .218064269

FFT -2.79063818 .864539615 -.586357018 -.600376463 -.5225864 -15.4033211 -9.38582523 .218063863

STD -4.19021226 - 12.8647145 .539652218 -11.6194848 5.16418244 8.01066313 7.70594693 -16.5376199

FFT -4.19021259 -12.0647146 .539652852 -11.6194845 5.16418309 8.0106633 7.70594694 -16.5376197

STD 1.57837461 6.13485166 -12.9850639 -3.36867451 .665564401 -4.41090463 -4.93392232 -6.31755217

FFT 1.57837458 6.13485144 -12.9850642 -3.36867446 .665564272 -4.41090409 -4.93392203 -6.31755224

STD 7.64438394 .265750928 14.094952 -11.1177575 -3.40274293 .951005932 -11.5951081 10.8721279

FFT 7.64438448 .265750984 14.0949519 -11.1177575 -3.40274274 .951006334- -11.595108 10.872128

STD -8.39872447 -7.57264635 -16.634389 6.69521189 9.14398593 5.50475832 -4.62668768 1.08121415

FFT -8.3987239 -7.57264614 -16.6343898 6.69521206 9.14396587 5.50475852 -4.626688 1.08121396

STD 12.3405139 7.34962399 .273304494 1.89974124 -6.01223223 7.73500329 4.46056584 -17.361121

FFT 12.340514 7.34962377 .273304409 1.89974192 -6.61223248 7.73500272 4.46050595 -17.3011202

STD 14.9588226 7.07121836 -1.45206619 -10.9942145 -5.97717412 -4.59636378 2.33655537 1.79058254

FFT 14.9588229 7.07121835 -1.45206518 -10.9942142 -5.97717461 -4.59636204 2.33655583 1.79058276

STD 11.454465 -10.197553 9.98383047 9.55265385 -3.43028685 .375046034 7.81709493

FFT 11.454465

.2.63434403

-10.1975531 9.98383031 9.55265363 -3.4302873 .375046207 2.6343452 7.81709503

STD -7.8992595 -2.86176983 12.5788115 .230840301 -2.44481278 5.38738906 16.5427908 1.4930809

FFT -7.89926019 -2.8617698 12.5788111 .230840205 -2.44481317 5.38738946 16.5427901 1.49308084

STD -10.5530043 -5.38288846 -10.4345255 .0815321351 -4.77078338 -3.20996125 1.85674685 11.2397068

FFT -10.5530046 -5.38288887 -10.4345249 .0815320388 -4.77078364 -3.20996144 1.85674593 11.2397058

STD -5.65925615 15.6301138 - 3.31248065 -11.3399604 8.57572503 - 2.44785739 -14.5659191 .693130892

FFT -5.65925662 15.6301137 -3.31248019 -11.3399601 8.57572418 -2.44785696 -14.5659182 .693131643

Figure 6.



III. A two dimensional simulation process.

A two dimensional homogeneous random process

f (x,y) with spectral density S
0
(k

1
,k

2
) can be derived

by logical extension of the one-dimensional case (17).

According to Equation (30), the simulated process f(x,y)

corresponding to fo(x,y) can be written as

N/ N2

f(x,y) =IT EAmnsin(kimx k2n7 g5mn) (89)

m=1 n=1with

A = \)4S0(kim,k2n),LklAk2 (90)Inn

where symmetry of So(k1,k2) with respect to lc, and k2

has been assumed and

AAk1 k1u/N1 k2 = k
2
u/N

2

k
1
m = mAk

1
k
2
n = nAk

2 (91)

= random phase angles distributed uniformly

between 0 and 27T.

In Equation (91), kill and k2u are the upper cut-

off frequencies in the first quadrant of the k1 k2

plane such that S
o
(k

1
,k

2
) is significant only in the

domain D
o

specified by

D
o

: 0 < k1 <k
1u '

0 <k2 < k
2u

To take advantage of computing efficiency, here

again Equation (89) is rewritten in the following form
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iOrri
ne

i(k
1mx + k2ny)f(x,y) =

,

A
mne (92)

n=1

f(x,y) is evaluated at

x = ppx (p=0,1,...,N1-1)

y = qAy (q=0,1,...,N2-1)

where'Im indicates the imaginary part and

Ax pki

2'7T 27TLY N2 Ak2 k2u

Using Equations (91) and (93), Equation (92) can be

rewritten as

f(pAx,qAy) = Im

where

N1-1 N0-1
27Ti(RE RI)

Bmn e 1 2

n=0

B
mn = Amn eiOnln

(93)

(94)

(95)

(96)

Now the FFT technique can be directly applied to

Equation (95) and the use of FFT technique is almost

mandatory because of the large size of the sample

points resulting from N
1
x N

2
.

The identity between Equations (89) and (95) is

established by setting in Equation (96)

A
m0

= A
On

= 0



and

Amn = O.

4_5

A computer program written in BASIC is again

listed with its output. The program computes the

simulated random fuctions by both the standard and

the FFT method with the view of comparing resulting

values. The parameters which differ from the previous

listing are listed below.

Program symbol Description

A(k,j) Simulated time series in 2-D

TI(k,j) Simulated time series by FFT

The loop 110 340 computes the simulated time series

by Equation (89). The statements 230 and 240 computes

Equation (96). Amo
AOn 0 are introduced at

statements 320 - 330. The loop 740 - 800 is the matrix

transposition, the special method of which will be

discussed in the following section. The statements

840 - 1220 is the loop for the FFT computation (21),(22).

Amn = 0 is automatically taken care of at the state-

ment 280 by proper indexing and in the loop of FFT

computations.
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10 DIM FR(16),FI(16),A(16,16),TR
(16,16),TI(16,16),SR(16),SI(
16)

20 N = 8
30 HTAB 16: VTAB 7: INVERSE : PRINT

"COMPUTING"
40 HTAB 12: VTAB 11: PRINT "PLEA

SE BE PATIENT"
50 NORMAL
60 P = 8 * ATN (1)
70 PI = P / 2
80 F = P / N
90 W = F
100 QW = 0
110 FOR I = 1 TO N
120 FOR J = 1 TO N
130 A(I,J) = 0
140 VTAB 5: PRINT QW
150 NEXT JO
160 FOR J = 1 TO N
170 FOR L = 1 TO N
180 QW = QW + 1
190 Al = N * (J - 1) + L
200 R = RND (A1) * P
210 S2 = SIN (R)
220 C2 = COS (R)
230 TR(L,J) = C2 * Al
240 TR(L,J) = S2 * Al
250 FOR I = 1 TO N
260 FOR K = 1 TO N
270 OW = QW + 1
280 S3 = SIN (W * ((K - 1) * (L -

1) + (I - 1) * (J - 1)) + R)

290 A(I,K) = A(I,K) + Al * S3
300 VTAB 5: PRINT QW

Figure 7.



LIST 310,600

14,7

310 NEXT
320 TR(J,0) = 0:TR(0,J) = 0
330 TI(0,J) = 0:TI(J,0) = 0
340 NEXT J
350 GOSUB 560
360 PR# 1
370 PRINT CHR$ (15) + CHR$ (1)

380 PRINT CHR$ (1) + "132N"
390 PRINT "NO. OF COMPUTATION=";

QW
400 PRINT "NO. OF FFT COMPPUTATI

ON=";QX
410 PRINT : PRINT
420 FOR J = 1 TO 8
430 PRINT "STD ";

440 FOR K = 1 TO 8
450 PRINT A(K,J); SPC( 2)
460 NEXT K
470 PRINT
480 PRINT "FFT ";

490 FOR K = 1 TO 8
500 PRINT TI(K,J); SPC( 2)
510 NEXT K
520 PRINT
530 NEXT J
540 PR# 0
550 END
560 REM
570 U = - 1
580 FOR K = 1 TO N
590 FOR J = 1 TO N
600 SR(J) = TR(K,J):SI(J) = TICK,

J)

Figure 8.



LIST 610,900

610 NEXT J
620 GOSUB 830
630 FOR M = 1 TO N
640 TR(K,M) = FR(M):TI(K,M) = FIC

M)
650 NEXT M
660 NEXT K
670 IF SW < 0 THEN 710
680 GOSUB 720
690 SW = - 1
700 GOTO 580
710 RETURN
720 REM
730 FOR I = 2 TO N
740 LL = I - 1
750 FOR J = 1 TO LL
760 X = TR(I,J):Y = TI(I,J)
770 TR(I,J) = TR(J,I)
780 = TI(J,I)
790 TR(J,I) = = Y
800 NEXT J,I
810 RETURN
820 QX = 0
830 REM
840 FOR IT = 1 TO N
850 I = IT - 1
860 J = 0
870 M2 = 1
880 M1 = M2
890 M2 = M2 + M2
900 MI = INT (I / M2)

3

Figure 9.
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LIST 910,1400

910 MS = I MI * M2
920 IF MS M1 < 0 THEN 940
930 J = J + N / M2
940 IF M2 N < 0 THEN 880
950 JF = J + 1
960 FR(IT) = SR(JF):FI(IT) = SI(J

F)
970 NEXT IT
980 PRINT : PRINT
990 L = 1
1000 IF L N = > 0 THEN 1220
1010 ST = 2 * L
1020 EL = L
1030 FOR M = 1 TO L
1040 A = PI * (1 M) / EL
1050 WR = COS (A)
1060 WI = SIN (A)
1070 IF U < 0 THEN 1090
1080 GOTO 1100
1090 WI = WI
1100 FOR I = M TO N STEP ST
1110 QX = QX + 1
1120 J = I +L
1130 TR = WR * FR(J) WI * FI(J)

1140 TI = WR * FI(J) + WI * FR(J)

1150 FR(J) = FR(I) TR
1160 FI(J) = FI(I) TI
1170 FR(I) = FR(I) + TR
1180 FI(I) = FI(I) + TI
1190 NEXT IsM
1200 L = ST
1210 GOTO 1000
1220 RETURN

3

3.

Figure 10.

49



50

I32N

NO. OF COMPUTATION=4160

NO. OF FFT COMPPUTATION=192

STD 168.463181 153.122407 -68.1804928 -196.555777 147.772747 -48.9815142 -21.0300458 -76.7114471

FFT 168.46318 153.122407 -68.1804933 -196.555777 147.772748 -48.9815123 -21.0300465 -76.7114478

STD -19.7631101 117.068057 -310.424627 366.829792 113.116516 -180.046591 -131.860369 -4.13069721

FFT -19.7631097 117.068057 -310.424627 366.829789 113.116516 -180.046589 -131.860369 -4.13069672

STD -191.329798 158.668122 -270.751995 -51.9876561 -507.430468 123.771956 341.920224 237.341941

FFT -191.329798 158.668123 -270.751994 -51.9876561 -507.430467 123.771956 341.920223 237.34194

STD 46.0528117 -8.44475029 40.2930351 -175.344035 -261.22257 134.738506 8.66409435 249.436503

FFT 46.0528118 -8.44475049 40.2930352 -175.344036 -261.222571 134.738506 8.66409238 249.436503

STD 158.597389 -93.0257152 227.783027 245.482221 -352.133456 -194.993083 238.54861 157.973399

FFT 158.597389 -93.0257156 227.783025 245.482221 -352.133455 -194.993083 238.54861 -157.9734

STD -320.842537 85.2720386 -144.08918 153.547831 428.974041 -27.0075637 -50.9678987 -79.6149231

FFT -320.842537 85.2720387 -144.08918 153.54783 428.974042 -27.0075618 -50.9678995 -79.6149244

STD 281.906888 307.332581 205.065764 -75.8691008 -189.714622 -63.641971 -97.0695095 -342.414005

FFT 281.906886 307.332581 205.065762 -75.8690987 -189.714621 -63.6419729 97.0695088 -342.414003

STD -107.734476 335.913585 44.7738794 -45.9754901 -344.866302 153.007326 -110.531961 -10.980645

FFT -107.734475 335.913587 44.7738799 -45.9754898 -344.866301 153.007328 -110.531961 -10.9806491

Figure 11.
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IV. The FFT with external storage.

A characteristic feature of the FFT, as presented

by Cooley and Tukey (13), is the assumption that all

data points in the array to be transformed are kept

in the main storage simultaneously. This can be a

serious restriction on the range of data points when

a mini- or micro-computer set-up is the only alternative

for the FFT computation. In the following sections,'

some of the special techniques will be presented

which are intended to remove those restrictions.

1. One dimensional FFT.

Singleton (18) presented a method using four

external storage files, such as magnetic tapes or

serial disk files. In his method the n = 2m complex

data points are first written on two of the files,

with the first n/2 complex values in sequence on the

first file and the remaining n/2 on the second. The

Fast Fourier transform is computed while copying the

data back and forth between the two pairs of files.

An ALGOL program is also listed in his paper for those

who may want to experiment with it.

When the random-access files are available,

however, two files are sufficient for the Fast

Fourier transform computing. The n data points
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are initially written on the first file and subsequent

computings are written on the second file. The

implementation of the second method will be demonstrated

by listing a BASIC computer program which can be

compared with the core memory program in Fig. (12).

In Figure 12, the file "DATA1" contains the

initial n-data and the file "data" is the computing one.

2. Two dimensional FFT.

When the FFT computing is implemented on

Equation (95) of the two-dimensional case; first, one-

dimensional Fourier transform is performed row by row

starting from the first to the last row, then column

by column another one-dimensional Fourier transform

is carried out in a similar fashion to complete the

required two-dimensional Fourier transform.

Because of the inherently large data points in

the two-dimensional Fourier transform, the data are

generally stored in the external storage. This may

impose a serious restriction on the method described

above. To state the problem more explicitly, let

m,n = 0,1,...,N-1 ( 97)Bmn = B(m,n),

be the matrix to be transformed. The transform is

defined by



LIST 1,1100

250 PRINT D$;"OPEN DATA1"
260 PRINT D$;"DELETE DATA1"
270 PRINT D$;"OPEN DATA1,L16"
480 PRINT D$;"WRITE DATA1,R"01
490 PRINT SR
500 PRINT D$;"WRITE DATA1,R"02
510 PRINT SI
520 NEXT L
530 U = 1

530 PRINT D$;"CLOSE DATA1"
800 REM
810 FOR IT = 1 TO N
820 I =.IT 1

830 J = 0
840 M2 = 1
850 M1 = M2
860 M2 = M2 + M2
870 MI = INT (I / M2)
880 MS = I MI * M2
890 IF MS M1 < 0 THEN 910
900 J = J + N / M2
910 IF M2 N < 0 THEN 850
920 JF = J + 1
930 J2 = JF 2
940 J1 = J2 1

950 PRINT D$;"OPEN DATA1,L16"
960 PRINT D$;"READ DATA1,R"01
970 INPUT SR
980 PRINT D$;"READ DATA1,R";J2
990 INPUT SI
1000 PRINT D$;"CLOSE DATA1"
1010 12 = 2 * IT
1020 I1 = 12 1

1030 PRINT D$;"OPEN DATA ,L16"
1040 PRINT D$;"WR1TE DATA ,R";Il

1050 PRINT SR
1060 PRINT D$;"WRITE DATA ,R";I2

1070 PRINT SI
1080 PRINT D$;"CLOSE DATA"

_1090 NEXT IT

Figure 12

3

.53
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LIST 1110,2000

1110 PRINT D$; "OPEN DATA,L16"
1120 L = 1
1130 IF L N = > 0 THEN 1540
1140 ST = 2 * L
1150 EL = L
1160 FOR M = 1 TO L
1170 A = PI * (1 M) / EL
1180 WR = COS (A)
1190 WI = SIN (A)
1200 IF U < 0 THEN 1220
1210 GOTO 1230
1220 WI = WI
1230 FOR I = M TO N STEP ST
1240 J = I + L
1250 32 = 2 * J
1260 J1 = J2 1

1270 PRINT D$;"READ DATA,R"01
1280 INPUT FR
1290 PRINT DWREAD DATA,R"02
1300 INPUT FI
1310 TR = WR * FR WI * FI
1320 TI = WR * FI + WI * FR
1330 12 = 2 *
1340 Il = 2 * I 1

1350 PRINT D$; "READ DATA,R";Il
1360 INPUT SR
1370 PRINT DWREAD DATA,R"02
1380 INPUT SI
1390 R1 = SR TR
1400 R2 = SR + TR
1410 F1 = SI TI
1420 F2 = SI + TI
1430 PRINT DWWRITE DATA,R"01
1440 PRINT R1
1450 PRINT D$;"WR1TE DATA,R";J2
1460 PRINT F1
1470 PRINT D$;"WR1TE DATA,R";Il
1480 PRINT R2
1490 PRINT D$;"WRITE DATA,R";I2
1500 PRINT F2
1510 NEXT I,M
1520 L = ST
1530 GOTO 1130
1540 PRINT D$;"CLOSE DATA"
1550 RETURN

3 Figure 13
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M-1N-1

B(m,n)exp i271( + 121 ) (98)
m= n=0 M N

p = 0,1,...,M-1, q = 0,1,...,N-1

B(m,n) is stored on an external unit, e.g., a disk or

tape, row by row, that is in the order B(0,0),B(0,1),

B(0,2),...,B(°,N-1),B(1,0),B(1,1),...,B(M-1,N-1).

B(m,n) is then read row by row and the following sum

is calculated
N-1

g(m,q) = B(m,n)exp(i27r/f), q=0,1,...,N-1
0

(99)

To minimize required storage, g(m,q) is stored in the

location that earlier contained B(m,n). If the result-

ing arrays are written on an external data set, the

matrix elements are still stored row by row. Now

the next operation is to calculate

M-1

f(P,q) = g(m,q)exp(i27riF), p=0,1,...,M-1

m=0
(100)

that is,to form the sum of the elements in the matrix

g multiplied by their corresponding exponential factor

column-wise. But since g is stored row by row, it

cannot be obtained by the elements in one column

without reading through the whole matrix, picking from

each row the proper element. Doing this straightforward-

ly, it is required to go through the matrix M times, which

will result in excessive input output time, even in the
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case of moderate matrix sizes. One way to avoid this

is evidently to transpose the matrix g, which is

by no means trivial. The problem can be formulated

as one of constructing a specific permutation

of a given sequence when only part of the sequence

can be kept in the main storage and operated on at

the same time, minimizing the number of the times the

matrix is worked through, and each element is taken

into the core. Theoretically, the algorithm

requires that the matrix - that is supposedly

stored on an external data set unit - is brought into

the main storage and returned again N times. This

number, however, can be reduced to a quarter of that

by efficient programming. The algorithm will be present-

ed by an example of 8x8 matrix A.

A

all a12 a13 a14 a15 a16 a17 a18

aaaaaaaar,21 a22 a23 24 a25 a26 a27 2o

281 a82 a83 a84 a85 a86 a87 a88

The matrix will be transposed in the following steps.
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Step 1: First read row 1 and 2 and let a12,a14,

a16, and a18 change places with a21,a23,a25 and a27

respectively. This means that the elements of even

columns in row 1 swap the elements of odd columns in

row 2. Then write row 1 and 2 in their former places

and repeat the procedure with row 3 and 4, row 5 and 6,

and row 7 and 8. The result is:

Al

"M.

all a21 a13 a23 a15 a25 a17 a27

a12 a22 a14 a24 a16 a26 a18 a28

a31 a41 a33 a43 a35 a45 a37 a47

a32 a42 a34 a44 a36 a46 a38 a48

a51 a61 a53 a63 a55 a65 a57 a67

a52 a62 a54 a64 a56 a66 a58 a68

a71 a81 a73 a83 a75 a85 a77 a87

a72 a82 a74 a84 a76 a86 a78 a88

Step 2: Read row 1 and row 3 of Al, interchange

the elements 3,4,5,6,7, and 8 in row 1, with elements

1,2,3,4,5, and 6 in row 3, and finally write row 1

and row 3 in their proper locations and repeat the

procedure with row 2 and row 4, row 3 and row 5, row

4 and row 6, row 5 and row 7, and row 6 and row 8.

The intermediate result is:



A
2
=

all a21 a31 a41 a33 a43 a35 a45

a12 a22 a32 a42 a34 a44 a36 a46

a13 a23 a51 a61 a53 a63 a55 a65

a14 a24 a52 a62 a54 a64 a56 a66

a15 a25 a71 a81 a73 a83 a75 a85

a16 a26 a72 a82 a74 a84 a76 a86

a17 a27 a37 a47 a57 a67 a77 a87

.a18 a28 a38 a48 a58 a68 a78 a88
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Step 3: Columns 1 and 2, and rows 7 and 8 of

A
2
have been transposed. The upper-right corner elements

are yet to be transposed. The procedure of step 2 is

repeated for the 6x6 matrix. The result is:

A
3
=

all a21 a31 a41 a51 a61 a53 a63

a12 a22 a32 a42 a52 a62 a54 a64

a13 a23 a33 a43 a71 a81 a73 a83

a14 a24 a34 a44 a72 a82 a74 a84

ai5 a25 a35 a45 a55 a65 a75 a85

a16 a26 a36 a46 a56 a66 a76 a86

alp? a27 a37 a47 a57 a67 a77 a87

a18 a28 a38 a48 a58 a68 a78 a88

Step 4: Now the 4x4 submatrix in the upper corner

is left to be transposed. The same procedure

again of step 2 is repeated here to get finally



the transposed matrix A*.

A*=

a11 a21 a31 a41 a51 a61 a71 a81

a12 a22 a32 a42 a52 a62 a72 a82

a13 a23 a33 a43 a53 a63 a73 a83

a14 a24 a34 a44 a54 a64 a74 a84

al5 a25 a35 a45 a55 a65 a75 a85

a16 a26 a36 a46 a56 a66 a76 a86

a17 a27 a37 a47 a57 a67 a77 a87

a18 a28 a38 a48 a58 a68 a78 a88

59

When the random-access file is available, all

the complications inherent to the sequential file can

be eliminated. The random access file will be used

in the subsequent computer programs.
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CHAPTER V

APPLICATIONS OF THE SIMULATION METHOD

1. Introduction.

Vibratory motions in mechanical and structural

systems can in many cases be represented by random

vibrations. Examples include such motions as (a) the

response of aircraft to aerodynamic noise and turbulent

boundary layers, (b) the response of ground vehicles to

rough roadways, (c) analysis of ship oscillations caused

by ocean waves, (d) the statistical strength analysis

of engineering materials, (e) the response of off-shore

structures to wave and wind forces, and (f) the response

of tall structures to wind and seismic forces.

In subsequent sections, 3 examples will be pre-

sented to demonstrate the usefulness of the digital

simulations to various vibratory motions in structural

engineering. The first two of the examples are both one-

dimensional cases and Eq. (87) will be applied to them.

The third example shows the application of Equation (95)

to a tall structure subject to buffeting of a two-

dimensional wind field.



2. An Artificial Earthquake Accelerogram.

Because of the statistical nature of earthquake

ground motions, the information that can be obtained

from structural response studies based on only a single

earthquake record is limited, and it would be desirable

to have a large sample of recorded strong-motion earth-

quake accelerograms for each class of intensity and

duration at various epicentral distances. For this

reason, it is desirable to develop a practical method of

constructing random functions that can be used in place

of earthquake accelerograms in making studies of the

response of structures. A classical method of

modelling the strong earthquake motion will first be

demonstrated. Then the simulation method introduced in

Chapter III will be contrasted with the classical method.

In a constant parameter linear system with a

weighting function h(T), the response y(t) can be

defined (19) by:

03

y(t) =1 h(T)x(t (101)

For a pair of times t and t + T , the product y(t)y(t +7")

is given (20) by

co

Y(t)y(t +r) =jj h(e)1-1(7,7)x(t-6)x(t+7-_77)q1d77
0

(102)
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The expected value of Equation (102) yields

op

R (T) =ff h( )h("77 )Rx(1.-+- 77)dd-77 (103)
0

The transformation of Equation (103) to a complex-valued

frequency domain by taking the Fourier transform yields

the power spectrum relation. i.e.,

Sy(GJ) = H(W) 2 Sx(W) (104)

where H(0J) is the Fourier transform of h(T) and Sx(W)

is the power spectral density of the excitation. If the

input power spectral density is given by a Gaussian white

noise with a mean zero and magnitude 1, then

S = H(W) 2 (105)

The response power spectral density to be used here is

that developed by Tajimi (23) from the work of Housner

and Jennings:

L 1 + 42 (W/U)g)2] Go
S(Cti) =

[1_(0j/wg)212 2g (A)/(..4) 2
(106)

With Sx(60) = 1 and Sy(W) given by Equation (105), it is

found that

H(6)) =
(1 - (Ai 24t) g) /co

1610 (1 + i2 .cW /w g)
(107)



and

64)2

h(T) =Fop' --g Wg7-sin(JT

+ (4) ge-,Nir cos (A)dT]

If N (t ) represents a white noise ensemble with power
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(108)

spectral density 1, then a sample of the pseudo-earth-

quake ensemble will be given by

t

y(t) = a(t) h(t -T)d7" (109)
-co

in which 1(t) is the pseudo-earthquake accelerations.

However, Eq. (109) is not in a form convenient for

generating i(t) on the digital computer. It would be

more desirable to represent Equation (109) by a differen-

tial equation that could be used more readily for producing

samples of the process. It will now be shown that the

desired differential equation is:

Z(t) + 2S"luigZ(t) + (A):z(t) = -F(t) (110)

This equation can describe the relative displacement

of a linear, viscously damped oscillator whose base is

excited by the acceleration F(t). By differentiating

the integral form of the relative displacement, the

absolute acceleration is found to be
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1.(t) + F(t) =i1 - fF(T )exp[-PA)g(t -T)]

sin&Jd(t + 2(6J f F(T)exp
0

[ S-Gtig(t )]cosoid(t -VdT (Ili)

2
where 61)d = W gi1 - s7

From Equation (111), it is seen that the weighting

function for the absolute acceleration is identical with

Eq. (108), except for a factor of J. The differen-

tial equation to be used instead of Equation (111) is

therefore obtained by replacing F(t) by TCroN(t):

Z(t) + 2pj9Z(t) + Wgz(t) = -/ToN(t) (112)

The pseudo-earthquake accelerogram is

(t) = .(t) +170N(t) = -[2S4Z(t) +Wgz(t)] (113)

Housner and Jennings (4) have shown a convenient method

of choosing initial conditions to integrate Equation (113)

and their results can be found in the reference (4).

A basic form of a homogeneous one-dimensional

random process y(t) with zero mean and spectral density

S (W) can be expressed by

Y(t) = /2S (C41)A6J sin(60,.t + On) (114)

n=1

with parameters according to Housner and Jennings (4 ):
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G
o

= 0.01238, j-2 = .410, and W = 242.

Equation (106)of the response spectral density becomes

S (W) = 0.01238(1 +u)2/147.8)/(1 -CO2/242)2

+GU
2
/147.8

Figure (14) shows the relation between Sy(W) and (,).

The generation of the random function, i.e., Eq.(114)

is fairly straightforward, once parameters are chosen.

In order to compare the results from Equation (114) with

those of Housner and Jennings (4), the same data are

used in Equation (114), i.e.,

Wu = 30 rad/sec; t = 26.808 sec; N = 128

2.25

C\1O

1.00

0.25

0 12 18 24 30
oj (rad/sec)

Figure 14
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Figure (15) shows the result of the simulation

method by Housner and Jennings(4) and Figure (16) is the

result of the simulated accelerogram by implementing

Equation (114). The results obtained by the proposed

method compare very favorably with the ones obtained by

Ref. (4) in terms of statistical charateristics, i.e.

the number of zero crossings and the peak value. Fig.

(15) by Ref.(4) has 158 zero crossings and 2.00 ft/sec2

for its maximum peak value, while the proposed method

has 156 zero crossings and 2.00 ft/sec 2 for its maximum

peak value.

The use of Equation (114) facilitates generation

of random functions and when it is incorporated into

a computer program with the aid of FFT, the time

expended for computation is far less than the classical

method (24). The BASIC computer program is listed in

the Appendix for the problem.
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3. Simulation of Wind Generated Waves

Random irregular waves induced by wind are difficult

to incorporate into engineering design. Yet, interest

in the dynamic response of offshore structures due to

ocean wave forces has increased considerably in the

past decade. It is frequently not possible to analytical-

ly model the statistical properties of waves. In

fields of this type, the use of simulation techniques

has been the only successful method for obtaining solu-

tions. The wave velocity and acceleration, which are pre-

requisite for the dynamic analysis of offshore structures,

will be simulated in the following.

For waves induced by wind under fully developed sea

conditions, the following one-sided wave spectrum (25),(26)

will be assumed:

Shh (W) = ciSeXp[-Cr(7-t2)4] (0 5 W < co ) (115)

where 0(= 8.1 x 10 , cr= 0.74, and We= g/V, with V

being the mean wind velocity. A plot of this spectrum

for three different values of wind velocity is given in

Figure 17.

For linear wave theory, the horizontal component of

wave particle velocity, v, for deep water waves can be

represented by (27)
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ir(y,t)=E\i2Sto (GOAL° GO exp(-W? Y )cos (Wit + (1);)
n=1 g (116)

where CiSi = random phase angles uniformly distributed

between 0 and 21r

the upper cut-off frequency and equal to N4W

WI = Law

The acceleration, V, is obtained by differentiating Eq.

(116) with respect to time:

N
.7(y, t)=- 4 sm (tAidaw exp

2 y
) sin (C4 t +(1).)n1

(117)

Sample simulations of wind velocity v = 25, 75 and

125 have been performed with the following data:

N = 512

(4= 24.0 rad/sec

2IT/24 sec

g = 32.2 ft /sect

y = 10 ft

Therefore,T = N t = 134.04 sec. Figure 18 shows the

time history of the velocity at 75 ft/sec. A computer

listing in BASIC of Eq. (116) is also appended. Once

the velocity and acceleration have been obtained, a stan-

dard procedure of dynamic analysis can be carried out to

design an offshore structure. According to Malhotra and

Penzien (28), the equation of motion for a discrete mass
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system can be written as follows:

[M]fu} [C]{ u} [K] {4 = Fl

{F1 = [co] 5)[vv} + [CM -rvr] l-_ui

72

(118)

where [M] is the mass matrix; [C] is the structural dam-

ping matrix; [K] is the structural stiffness matrix; IFI

is the resultant wave force vector consisting of the contri-

bution from the drag force [CD] - u) 1v - All , the iner-

tia force due to the mass of the fluid displaced by the

structure f[p]1.171 , and the inertia force due to the add-

ed mass based on the relative acceleration Eq4-01{v - 11};

[CM] = ficm[v]; ficp[A] ; fis the mass density of

water; KM is the empirical coefficient of inertia; KD is

the empirical coefficient of drag; [A] is the diagonal

matrix indicating area projected in the direction of the

flow. Assuming the normal mode solution, the generalized

coordinate tY1 is introduced, i.e.,

= [0] {Y}

then Equation (118) can be expressed:

(119)

ird [c] t1 [k] ty = [FM] t'171

[Fe] t (\r [(p] {fl) I ir-[9s] MII
(120)

in which [m]=PSHM + (Cm - rNT][1] is the generalized

mass matrix; [c] =
T
[C][0] is the generalized damping
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matrix; [k] = [T[K][0] is the generalized stiffness

matrix; [FM] = [91[Cm1 and [F,01= KM are the coef-

ficient matrices of the generalized fluid forces; and

the superscript T indicates matrix transposed. The modal

matrix[Ojcan be obtained by solving the linearized,

homogeneous, and undamped equation

CM
+ (CM YVT )] u + = {01 (121)

After the time histories of the wave particle veloci-

ty 1.7- and the acceleration V are generated, Eq. (120)

can be solved for 1Y(t)1 directly in the time domain

utilizing a numerical integration procedure. Once fY(t)1

is evaluated, ful can be obtained by means of Eq. (119).

Being a one-dimensional example, the results shown

in Figure 18 match well in terms of statistical properties

the results presented in Ref. (27), which is shown in

Figure (19): the number of zero crossings is 48 and

the maximum peak value is 12.01 ft/sec. The proposed

method has 47 zero crossing and 12.08 ft/sec for the

maximum peak value.
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4. Two Dimensional Wind Field Generation.

With the view of limiting the memory space in a

computer, a two dimensional frozen wind field is defined

as follows:
2

u
o
(x,y) = Amnsin(k1mx + k2ny + mn

) (122)
n=1

where Amn= [8S1(k1m,k2n)Ak10 k2i2 (123)

in which k1
k1u/N1; k2 k2u/N2;

k = miNk k = nAk1m 11 2n 2

and 0 mn = random phase angle

In Eq. (124), kiu and k
2u are the upper cutoff wave

numbers in the first quadrant of the k1 - k2 plane, such

that S1(k1,k2) is significant only in the domain D

specified by

Do: 0 k1 k 0
1 1u'

k2 k2u

Prior to implementing the FFT technique to Equation (122),

the spectral density function will be defined. Let

u(x,y,t) denote the fluctuating components of the wind

velocity in the along wind direction. Assuming that

u(x,y,t) is a homogeneous random process in x,y and

t, the autocorrelation function, R( ,77) of u(x,y,t)

at a specified altitude y is defined as

(124)

R( ,77) = E[u(x + ,y,t +T)u(x,y,t)] (125)



According to Davenport (29), the following relation can

be established:

co

CD ( (A) ) = 21711 R ( , )exp ( )d7"

-co

= exp(-EIGUq140(W)
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(126)

where exp(-Z 16-)11 ) is the space correlation and 3 is

a positive constant related to the scale of turbulence;

and CD
o
is the two-sided mean square spectral density

of u(x,y,t),i.e.,

co

(1) ( = 21,7rf Ru (7-) exp ( -iuT)
" -OD

where Ru(T) = E[u(x,y,t +7)u(x,Y,t)]

Generally in designing engineering structures, the

dynamic structure-wind interaction is not paramount,

thus the space correlation may be approx-

imated as exp(-I) /L), which is independent of W.

Therefore

-ILI(t ,W) = exp )cl) (co )

(127)

(128)

(129)

where L = correlation distance in space. Writing So(GJ)

for the one-sided version ofOID
o
(W), it is assumed for

analytical convenience that So(W) is of the following

form (30),(31);



K
1
Au2

-z7rU(y)(1 + X2)5/6
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(130)

in which u 2
= mean-square value of u(x,y,t)=6.0K

r
U
1

2
(131)

X -
27ru(y)

2r(i)
K1

ry-)r(L) 04751
2 3/

(132)

(133)

i).
U(y) = mean wind velocity at altitude y=171 yi

(
(134)

(u
)

2\3/2
yi

K
2
(aU

1
)

(135)

with K
r= surface drag coeffieient; c<= exponent of the

power law governing the profile of mean wind velocity;

yi = reference height = 33 ft; U1 = mean wind velocity

at reference height y1; 1( ) = gamma function defined

as follows (32):

1 2 3 - (n 1)

I1(x) + 1)(x + 2)-.. (x+n -1) n

K2 = (27)-1K 2a3/2( 1L
K1/

x

(136)

where K= the Karman constant = 0.4; and a = the uni-

versal Kolmogorov constant = 0.5.

The intensity of So(W) varies with altitude y.

For the first approximation and for analytical simpli-
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fication, the geometrical center, y = y
*
will be elected

to be used in computation (31).

Then Eq. (130) can be written as

.2K1 *
1 i
X u

s0(6)) 27ru(y*)(1 x*2)5/6

ca2,3/2 1-3a
A*C4)Y Y1where A.*

K2(gu1 )3 Yl X* 27ru(y*)

(137)

(138)

For ease of algebraic manipulation, the following forms

are defined:

Then

K
1

u2
c , b =

271U(y*) 27TU(y *)
(139)

So (W) - (140)

(1 + 102(4) 2)5/6

The inverse Wiener-Khintchine transform of Equation

(129)with respect to (j gives the autocorrelation function,

R( ,

T.)
=

L
So ( ) cosiaa-d6) (141)

Jo

Substituting Equation (140)into Equation (141) it follows

R(

c7-2 1/3

T) 14
L / br (; 2b K1/3(17,

(
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where Ku (x) = the modified Bessel function of the

second kind. It can be shown that

3

)1
2b

(-1-)
1/3 b 2 3

Ire = 1.34o (143)

thus 1-

er ]) c l)R( ,0 ) = R0( ) exp
2br

(144)

Now the frozen field, which has been mentioned

earlier, will be formally defined. With the assumption

that the fluctuating component of wind velocity, u(x,y,t)

= u
o (x,y), at a fixed value of t, which is the frozen

wind field, depends only upon the distance between two

points in the x-y plane. It follows that the autocorre-

lation function of the frozen field, i.e.,

, ) = quo (x y+77 )uo(x,Y)] (145)

can be written as

R1( ) = Ro())) (146)

(147)where

Then

)° =

R1(

( 2

7i)

+ 772)12

= R (01))
1- (1\

7r 2r\5) c
exp

2b1"
6

(-If! \
L (148)

The two-dimensional Wiener-Khintchine transform

of R1( ,77 ) leads to the corresponding two-dimensional
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spectrum, S1(k1,k2), of the frozen field:

CO

S1 (k1,k2)(27T)2
R1( t '77 )exp -i(k1

+k2r? )
-CO -00

d d77 (149)

in which k
1
and k

2
= the wave numbers in the x and y

directions, respectively. It can be shown (33) then

that S1(k1,k2) = S(k) is obtained from

CO

S(k) = PRo(p)J0(Pk)dp (150)

where k = (k1 k
2

2
)2 and J0( ) = the Bessel function of

1

order zero.

According to Tables (34)

00

exp(-CXx),Ty (A x)x)) +1dx

0
2 c7C(2)' r(Y +

)))+3/2]

Therefore
r(i)c L2

S(k) =
4fir r(ob (1 L2k2)3/2

(151 )

(152)

Equation (152) can be rewritten in the following form:

Q
k
2

) =

1 + L
2
(k

2
+ k

2 )] 3/2

2

(153)



where

r(i)L2c
Q

41)7i r(i)b

8o

(154)

Now Equation (95) can be applied to any numerical

example. As an example, a structure having the following

parameters will be considered:

Height = 400 ft; Width = 400 ft

K
r

= 0.03; L = 280 ft; y* = 200 ft

U
1

= 30 fps; a(= 1/7

The conceptual relationship between the structure

and wind field is shown in Figure 20.

u(x,y,t)

y

x

Figure 20.

OO
st-
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A two-dimensional wind field is generated by

telescoping Equations (153), (90), and (95). The

associated parameters with the FFT technique are:

N1 = N2 = 64; 0 x=,6y= 400/64
k
1u =

k
2u

= 27/Ax.

The BASIC computer program of the above wind field

is listed in the Appendix. To get the same result,

the simulation method in Ref (31) requires a two-dimen-

sional array of 256 x 256 complex numbers while the

proposed method requires an array of only 64 x 64.

For ready comparison, two results are shown in Figures

(21) and (22): Figure (21) shows a two-dimensional

wind field simulation by the superposition of sine

functions using an array of N1 x N2 = 16 x 16 and

Figure (22) shows the same simulation by tha sum of

cosine functions with an array of N
1
x N

2
=64 x 64.

Note the requirement of a larger array for the simu-

lation method by the sum of cosine functions. The

statistical properties of two results are very similar,

which shows the advantage of the simulation method

proposed here over the one in Ref. (31). Sample

simulations of mean wind velocity U, = 15, 22.5, and

30 have been performed by using both methods and the

results are shown in Table 1.
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140

140

140

Figure 21 Sample simulation by
the proposed method

128 256

Figure 22 Sample simulation by
Ref. (31)



TABLE I Numerical Results

=U1

Mean
Velocity
(ft/sec)

Simulation Method by Ref. (31) Simulation by the proposed method

Maximum
Peak Value
(ft/sec)

Number of
Zero Crossings

Maximum
Peak Value
(ft/Sec)

Number of
Zero Crossings

15.0 30.06 64 29.10 62

22.5 81.44 63 80.21 65

30.0 140.01 68 138.04 64
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CHAPTER VI

CONCLUSION

A method of simulating a multivariate and multi-

correlated random process has been presented by the sum

of sine function. Then, methods of incorporating the

fast Fourier transform into the simulating functions

have been reviewed in order to optimize computer memory

and execution time requirements.

In Chapter 2, it has been pointed out that the

simulating method by the sum of cosine functions which is

proposed in Ref. (8) seems to be most efficient in the

past. The method which has been presented in this docu-

ment is a refinement to that presented in Ref (8): a. the

limits of summation in Equation (1), i.e.,

A nsin(Wn +
n)

are from 1 to N. In the FFT, however, the limits are

from 0 to N-1. The sum of sine functions sin(27tnk /N)

are zero at n=0 and n=N. Therefore the function (1) is

more definite than the function (2). b. In generating

and modelling a one dimensional field, there is no

clear advantage using either Equation (1) or (2). The
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disadvantage of using Equation (2) comes into play when

it is applied in simulating two or three dimensional

fields. For example, in Ref. (31), the two dimensional

wind field is represented by the expanded domain of an

array of 512 x 512 complex numbers. The method intro-

duced in Ch. 4 requires an array of 128 x 128 complex

numbers.

Occasionally investigators still use Equations

(1) or (2) for sample simulations (24). The

only drawback is the amount of computer storage, which

can be prohibiti-cre if there are too many correlated

processes to be simulated or if a very large number of

discretized points are necessary for analysis. It is

well known that the FFT method works much faster in

terms of computer time compared to the sinusoid models.

The incorporation of the FFT techniques to the digital

simulation is all but indispensible except for special

cases. Some of the pertinent characteristics of FFT

which are very effective in reducing computer time

requirements are presented in Chapter 4. For example,

the transform of a single sequence of 2N real data

points can be done by means of one DFT of N complex

points which has been also presented by Hudspeth and

Borgman in Ref. (16).
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In many problems in structural engineering, it is

desirable to perform three-dimensional simulation. The

methodology does not present any difficulty; the three-

dimensional package program like HARM has been around

for a few years. It is rather a matter of available

computer times and its cost. For that matter, the mini-

or micro-computer presents a very attractive alternative.

A three dimensional array of 128 x 128 x 128, which is

a minimum set of data points for any practical application,

requires about 40 mega bytes. Even micro-computers

plus disk drives having that much memory have been

around from many companies for several years. The

FFT program in Appendix can be readily expanded to three

dimensional cases.
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APPENDIX

COMPUTER PROGRAM

This Appendix deals with the listing of some of

the important input parameters in the computer programs

included. On the right -hand column is the computer

language (BASIC) symbol and on the left -hand side,

just opposite, is the equivalent variable used in the

derivation of the equations in Chapter V.

Listing for Program I

(An Artificial Earthquake Accelerogram)

7r
27r

wu

OW

Ck) n

CA) n

S(W)

PI

P2

WU, upper cutoff frequency

DW, Increment of frequency

W

WC

GW( ), the response power spectral
density

/2S ( )1V.J Al

The statements 20 130 and 380 420 are for graphic

outputs. The loop 220 - 330 computes simulation of

Eq. (114). The loop 450 - 830 is the FFT computing.
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LIST 1,400

10 HOME
20 HGR
30 HCOLOR=
40 HPLOT 18,9 TO 23,9
50 HPLOT 18,149 TO 23,149
60 HPLOT 23,9 TO 23,79
70 HPLOT 23,150 TO 23,79
80 HPLOT 18,44 TO 23,44
90 HPLOT 18,114 TO 23,114
100 HPLOT 151,74 TO 151,84
110 HPLOT 279,74 TO 279,84
120 HPLOT 279,79 TO 23,79
130 X0 = 23:Y0 = 79
140 DIM FR(128),FI(128),SR(128),

SI(128),GW(128)
150 N = 128
160 PI = 4 * ATN (1)
170 P2 = PI * 2
180 WU = 30
190 DT = P2 / WU
200 T = N * DT
210 DW = 30 / N
220 FOR L = 1 TO N
230 W = (L - 1) * DW + 1E - 5
240 WC =-W ^ 2
250 GW(W) = .01238 * (1 + WC / 14

7.8) / ((1 - WC / 242) 2
WC / 147.8)

260 GW(W) = GW(W) * DW * 2
270 Al = SQR (GW(W))
280 R = RND (L) * P2
290 S2 = SIN (R)
300 C2 = COS (R)
310 SR(L) = C2 * Al
320 SI(L) = S2 * Al
330 NEXT L
340 N2 = N / 2
350 N4 = N / 4
360 U = - 1
370 GOSUB 450
380 FOR I = 1 TO N2
390 X = 4 * 1 4- 23

400 Y = 79 - FI(I) * 35
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LIST410,1000

410 HPLOT XO,YO TO X,Y
420 X0 = X:Y0 = Y
430 NEXT I
440 END
450 REM
460 FOR IT = 1 TO N
470 I = IT - 1
480 J = 0
490 M2 = 1
500 M1 = M2
510 M2 = M2 + M2
520 MI = INT (I / M2)
530 MS = I - MI * M2
540 IF MS - M1 < 0 THEN 560
550 J = J + N / M2
560 IF M2 - N < 0 THEN 500
570 JF = J + 1
580 FR(IT) = SR(JF):FI(IT) = SI(J

F)
590 NEXT IT
600 PRINT : PRINT
610 L = 1
620 IF L - N = > 0 THEN 830
630 ST = 2 * L
640 EL =L
650 FOR M = 1 TO L
660 A = PI * (1 - M) / EL
670 WR = COS (A)
680 WI = SIN (A)
690 IF U < 0 THEN 710
700 GOTO 720
710 WI = - WI
720 FOR I = M TO N STEP ST
730 J = I + L
740 TR = WR * FR(J) - WI * FI(J)
750 TI = WR * FI(J) + WI * FR(J)
760 FR(J) = FR(I) TR
770 FI(J) = FI(I) - TI
780 FR(I) = FR(I) + TR
790 FI(I) = FI(I) + TI
800 NEXT I,M
810 L = ST
820 GOTO 620
830 RETURN
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Listing for Program II

(Simulation of Wind Generated Waves)

77 PI

27r P2

W
u WU, Upper cutoff frequency

A t DT, Increment of time

T T = N x DT

H = 10 ft

CV AL = 8.1E-3

SG = 0.74

g G = 32.2

w DW, Increment of frequency

S
hh

(C.)) GW(b)), The one-sided wave spectrum

The statements 70 520 are implementation of Equation

(116)and writing them on the file "DATA1". The loop

800 - 1400 is the FFT computing.
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]LIST 1,300

1 REM THIS PROGRAM SIMULATES WI
ND GENERATED WAVES WHICH CAN
BE USED FOR DESIGNING OFF-S

HORE STRUCTURES.
10 REM STATEMENTS FROM 10 TO

380 ARE VARIOUS DATA INPUT A
ND COMPUTING OF THE SQUARE 0
F THE SPECTRAL DENSITY.

20 DIM GW(1024)
30 HOME
40 HTAB 16: VTAB 7: INVERSE : PRINT

"COMPUTING"
50 HTAB 12: VTAB 11: PRINT "PLEA

SE BE PATIENT"
60 NORMAL
70 N = 1024
80 PI = 4 * ATN (1)
90 P2 = PI * 2
100 WU = 24
110 DT = P2 / WU
120 T = N * DT
130 H = 10
140 N4 = N / 4: GOTO 180
150 HGR
160 HPLOT 0,0 TO 0,79
170 HPLOT 279,79 TO 0,79
180 AL = 8.1E - 3
190 SG = 0.74
200 G = 32.2
210 V = 75
220 WO = G / V
230 DW = 24 / N
240 D$ = CHR$ (4)
250 PRINT D$;"OPEN DATAI"
260 PRINT D$;"DELETE DATA1"
270 PRINT D$;"OPEN DATA1,L16"
280 FOR L = 1 TO N
290 W = (L - 1) * DW + 1E - 5
300 GW(W) = (AL * G 2) / (W 5

) * EXP ( - SG * (WO / W)
4)

3
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LIST 310,660

310 GOTO 350
320 Y = 79 - 50 * (GW(W))
330 X = 20 * W
340 HPLOT TO X,Y
350 A2 = - (W ' 2 / G) * H
360 A3 = W * EXP (A2)
362 STSTEMENT365ACCOUNTS FOR ACCE

LERASTI ON .
365 A3 = - W * A3
370 GW(W) = GW(W) * DW * 2
380 Al = SQR (GW(W))
390 REM STATEMENTS FROM 380 TO

590 COMPUTE COMPLEX NUMBERS
AND STORE THEM IN RANDOM ACC
ESS FILE DATA1

400 Al = Al * A3
410 R = RND (L) * P2
420 S2 = SIN (R)
430 C2 = COS (R)
440 SR = C2 * Al
450 SI = S2 * Al
460 J2 = 2 * L
470 J1 = J2 - 1
480 PRINT D$;"WR1TE DATA1,R"01
490 PRINT SR
500 PRINT DS; "WRITE DATA1,R"02
510 PRINT SI
520 NEXT L
530 U = - 1
530 PRINT DWCLOSE DATA1"
550 REM PRINTOUT
560 GOSUB 800
570 PRINT DWOPEN DATA,L16"
580 FOR I = 1 TO N
590 12 = 2 *
600 II = 12 - 1
610 PRINT D$;"READ DATA,R";Il
620 INPUT FR
630 PRINT D$;"READ DATA,R";12
640 INPUT GW(I)
650 NEXT I
660 PRit 1

3
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LIST 670,1000

670 PRINT CHR$ (15) + CHR$ (1)

680 PRINT CHR$ (1) + "132N"
690 FOR J = 1 TO N4
700 FOR K = 1 TO 4
710 NN = N4 * (K - 1) + J
720 PRINT NN; SPC( 2);8W(NN); SPC(

5);
730 NEXT K
740 PRINT
750 NEXT J
760 PR# 0
770 PRINT D$;"CLOSE DATA"
780 END
790 REM STATEMENTS FROM 860 TO

THE LAST COMPUTE FFT
800 REM
810 FOR IT = 1 TO N
820 I = IT - 1
830 J = 0
840 M2 = 1
850 M1 = M2
860 M2 902 + M2
870 MI = INT (I / M2)
Imo Ms = I - MI * M2
890 IF MS - M1 < 0 THEN 910
900 J = J + N / M2
910 IF M2 N < 0 THEN 850
920 JF = J + 1
930 J2 = JF * 2
940 J1 = J2 - 1
950 PRINT D$;"OPEN DATA1,L16"
960 PRINT D$;"READ DATA1,R"01
970 INPUT SR
980 PRINT D$;"READ DATA1,R";J2
990 INPUT SI
1000 PRINT DWCLOSE DATA1"

3



98

LIST 1010,1400

1010 12 = 2 * IT
1020 I1 = 12 - 1
1030 PRINT D$;"OPEN DATA ,L16"
1040 PRINT D$;"WR1TE DATA ,R";Il

1050 PRINT SR
1060 PRINT D$;"WRITE DATA ,R";I2

1070 PRINT SI
1080 PRINT D$;"CLOSE DATA"
1090 NEXT IT
1110 PRINT DWOPEN DATA,L16"
1120 L = 1
1130 IF L - N = > 0 THEN 1540
1140 ST = 2 * L
1150 EL = L
1160 FOR M = 1 TO L
1170 A = PI * (1 - M) / EL
1180 WR = COS (A)
1190 WI = SIN (A)
1200 IF U 4 0 THEN 1220
1210 GOTO 1230
1220 WI = - WI
1230 FOR I = M TO N STEP ST
1240 J = I + L
1250 J2 = 2 * J
1260 J1 = J2 - 1
1270 PRINT DWREAD DATA,R"01
1280 INPUT FR
1290 PRINT DWREAD DATA,R";J2
1300 INPUT FI
1310 TR = WR * FR - WI * FI
1320 TI = WR * FI + WI * FR
1330 12 = 2 * I
1340 II = 2 * I 7 1
1350 PRINT D$;"READ DATA,R";Il
1360 INPUT SR
1370 PRINT D$;"READ DATA,R";I2
1380 INPUT SI
1390 RI = SR - TR
1400 R2 = SR + TR
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LIST 1410,1550

1410 Fl = SI - TI
1420 F2 = SI + TI
1430 PRINT D$;"WRITE DATA,R"01
1440 PRINT R1
1450 PRINT D$;"WRITE DATA,R";J2
1460 PRINT Fl
1470 PRINT D$;"WRITE DATA,R";I1
1480 PRINT R2
1490 PRINT D$;"WRITE DATA,R";I2
1500 PRINT F2
1510 NEXT I,M
1520 L = ST
1530 GOTO 1130
1540 PRINT D$;"CLOSE DATA"
1550 RETURN
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Listing for Program III

(Two Dimensional Wind Field Generation)

N N, Number of sample points

Width LO = 400 ft

L LL, Correlation distance in space

I1(1/2) G1 = 1.77245

Il(1/3) G2 = 2.67893

11(5/6) G3 = 1.12878

K
1

K1 = 0.4751

K
r KR, Surface drag coefficient

U(y*) UC, Mean wind velocity at altitude y*

Q Q, Quantity defined by Eq.(54)1

x

Wu

X1

2717Ax

The statements 490 950 is the implementation of

Equation (122). The FFT computation is done by the

loop 40 400. Putting a subroutine in the beginning

of program saves some of the searching times. The

program in page 110 is a way of extracting a section

of a large two dimensional array.
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]LIST 1,400

30 GOTO 440
40 U = - 1
50 REM
60 FOR IT = 1 TO N
70 I = IT - 1
80 J = 0
90 M2 = 1
100 M1 = M2
110 M2 = M2 + M2
120 MI = INT (I / M2)
130 MS = I - MI * M2
140 IF MS - M1 < 0 THEN 160
150 J = J + N M2
160 IF M2 - N < 0 THEN 100
170 JF = J + 1
180 FR(IT) = SR(JF):FI(IT) = SI(J

F)
190 NEXT IT
200 QW = QW + 1
210 L = 1
220 IF L - N = > 0 THEN 430
230 ST = 2 *
240 EL =
250 FOR M = 1 TO L
260 A = PI * (1 - M) / EL
270 WR = COS (A)
280 WI = SIN (A)
290 IF U < 0 THEN 310
300 GOTO 320
310 WI = - WI
320 FOR I = M TO N STEP ST
330 J = I + L
340 TR = WR * FR(J) - WI * FI(J)
350 TI = WR * FI(J) + WI * FR(J)
360 FR(J) = FR(I) - TR
370 FI(J) = FI(I) - TI
380 FR(I) = FR(I) + TR
390 FI(I) = FI(I) + TI
400 NEXT I,M
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]LIST 410,800

410 L = ST
420 GOTO 220
430 RETURN
440 HOME
450 HTAB 16: VTAB 7: INVERSE : PRINT

"COMPUTING"
460 HTAB 12: VTAB 11: PRINT "PLE

ASE BE PATIENT"
470 NORMAL
480 DIM FR(64),FI(64),SR(64),SI(

64),TI(8,8)
490 N = 8
500 PI = 4 * ATN (1)
510 P2 = 2 * PI
520 L0 = 400
530 LL = 282
540 G1 = 1.77245
550 G2 = 2.67893
560 G3 = 1.12878
570 G4 = G1 * G2 * .5 * G3
580 K1 = 0.4751
590 KR = .03
600 AL = 1 / 7
610 K2 = (1 / P2) * .4 ' 2 * .5 '

(3 / 2) * G4
620 ZC = 200
630 Zi = 30
640 U1 = 30
650 UC = UI * (ZC / Z1) ' AL
660 U2 = (6 * KR * Ul 2) ' 2
670 U3 = (AL * UI) ' 3
680 LD = U2 ' 1.5 * Z1 / (K2 * U3

) * (ZC / Z1) ' (1 - 3 * AL)

690 BC = P2 * UC
700 C = K1 * LD * U2 / BC
710 B = LD / BC
720 Q = G2 LL ' 2 * C / (4 * SQR

(PI) * G3 * B)
730 X1 = L0 f N
740 Y1 = X1
750 WU = P2 / X1
760 DW = WU / N
770 QW = 0
780 D$ = CHR$ (4)
790 PRINT DWOPEN DATA"
800 PRINT D$;"DELETE DATA"

3
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]LIST 810,1200

810 PRINT D$;"OPEN DATA,L16"
820 FOR IA = 1 TO N
830 FOR L = 1 TO N
850 KM = IA * DW:KN = L * DW
860 KK = (KM * KM + KN * KN)
870 KK = (1 + KK * LL * LL) ^ 1.5

880 Al = Q / KK
890 Al = SQR (8 * Al * DW * DW)
900 R = RND (IA + L) * P2
910 S2 = SIN (R)
920 C2 = COS (R)
930 SR(L) = C2 * Al
940 SI(L) = S2 * Al
950 NEXT L
960 GOSUB 50
970 FOR K = 1 TO N
980 Y1 = N * (IA - 1) + K
990 J2 = 2 * Yl
1000 J1 = J2 - 1
1010 PRINT D$;"WRITE DATA,R"01
1020 PRINT FR(K)
1030 PRINT D$;"WRITE DATA,R"02
1040 PRINT FI(K)
1050 NEXT K
1060 NEXT IA
1070 PRINT D$; "CLOSE DATA"
1080 N4 = N / 4
1090 PRINT D$;"OPEN DATA,L16"
1100 FOR IB = 1 TO N
1110 FOR K = 1 TO N
1120 Y1 = N * (K - 1) + IB
1130 J2 = Y1 * 2
1140 J1 = J2 - 1
1150 PRINT D$; "READ DATA,R"01
1160 INPUT SR(K)
1170 PRINT D$;"READ DATA,R"02
1180 INPUT SI(K)
1190 NEXT K
1200 GOSUB 50

]
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MIST 1210,1520

1210 FOR KB = 1 TO N
1220 Y2 = N * (KB - 1) + IB
1230 J2 = 2 * Y2
1240 J1 = J2 - 1
1250 PRINT D$;"WRITE DATA,R";J1
1260 PRINT FR(KB)
1270 PRINT D$;"WRITE DATA,R";J2
1280 PRINT FI(KB)
1285 NEXT KB
1290 NEXT IB
1300 PRINT D$;"CLOSE DATA"
1310 PRINT D$;"OPEN DATA,L16"
1320 FOR I = 1 TO N
1330 FOR K = 1 TO N
1340 Y1 = N * (I - 1) + K
1350 J2 = Y1 * 2
1360 J1 = J2 - 1
1370 PRINT D$;"READ DATA,R";J1
1380 INPUT TR
1390 PRINT D$;"READ DATAyR";J2
1400 INPUT TI(K,I)
1410 NEXT K
1420 NEXT I
1430 PRINT D$;"CLOSE DATA"
1440 GOTO 1524
1450 FOR I = 1 TO N
1460 ZX = X1 * (I 1)

1470 IF ZX - Z1 < = 0 THEN 1510

1480 UX = Ul * (ZX / Z1) ^ AL
1490 FR(I) = UX
1500 GOTO 1520
1510 FR(I) = Ul
1520 NEXT I

]LOAD TTT
3
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]LIST 11500

10 D$ = CHR$ (4)
20 PRINT D$;"MON C,I,O"
30 DIM FR(16,32)
40 N = 64
50 R = 0:S = 0
80 PRINT D$;"OPEN DATA,L16"
90 FOR I = 49 TO 64
94 R = 0
95 S = S + 1
96 FOR K = 1 TO 32
97 R = R + 1
100 YI = N * (I - 1) + K
110 J2 = 2 * Y1
120 JI = J2 - I
250 PRINT D$;"READ DATA,R"01
260 INPUT TR
270 PRINT D$;"READ DATA/R";J2
280 INPUT FR(S,R)
290 NEXT K
300 NEXT I
310 PRINT D$;"CLOSE DATA"
320 PR# 1
330 PRINT CHR$ (15) + CHR$ (1)

340 PRINT CHR$ (1) + "132N"
350 FOR J = 1 TO 16
360 FOR L = 1 TO 4
370 FOR K = 1 TO 8
380 M = 8 * (L - 1) + K
430 PRINT FR(J,M); SPC( 2)
435 NEXT K
437 PRINT
440 NEXT L
450 PRINT
460 NEXT J
470 PR# 0
480 END


