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simulated experimental data from three different two-compartment phar-

macokinetic models. While all the procedures -seem to give reasonable

estimates of the means, good estimates of the variances are obtained

only if the covariance structure of the stochastic model is taken into

account. In addition, the results suggest that the difference between

the mean of the stochastic model and the deterministic model evaluated

at the means of the rate constants is not as important in the parameter
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PARAMETER ESTIMATION IN STOCHASTIC

MULTICOMPARTMENT MODELS WITH

DESTRUCTIVE SAMPLING

I. INTRODUCTION

Compartment models are widely used for modeling many types of

physical and biological systems. In such models, the system under

consideration is viewed as a collection of homogeneous compartments,

and some material of interest is assumed to move between the compart-

ments (as well as into and out of the system) according to specified

rate laws. The usual assumption is that the kinetics are linear, i.e.,

the rate at which the material leaves a compartment is proportional to

the amount of material present in that compartment. With this assump-

tion, the model can be represented mathematically by a system of

linear, first-order differential equations, the solution of which

provides a description of the behavior of the system over time as a

function of the rate constants and the initial state vector.

An important statistical problem which arises in connection

with compartmental models is estimation of the system parameters (i.e.,

the rate constants and initial state vector) from observations of the

system. Because the equations describing the system are usually com-

plicated functions of the parameters, the inverse problem generally

involves some form of nonlinear parameter estimation. For the types

of equations arising in compartmental analysis, graphical and numer-

ical estimation methods are readily available (see, for example,

Jacquez (1972) or Gibaldi and Perrier (1975)).



2

In many modeling problems, however, the deterministic formula-

tion of the compartmental model is not adequate. Factors such as

environmental effects, interindividual variation, and cyclic fluctu-

ations of the rate coefficients may make it unrealistic to consider

the rate constants and/or initial state vector as fixed parameters.

Incorporation of uncertainties regarding the parameters into the model

leads to a stochastic compartmental model, in which the parameters of

the classical deterministic system are treated as random variables.

The inverse problem in this model is the estimation of the means and

variances (and possibly other distributional parameters) of the random

variables.

Mention should perhaps be made of another type of stochastic

compartment model, in which movement between the compartments occurs

in discrete units according to a probabilistic transfer mechanism.

Models of this sort, in which the lifetime of a unit in any compartment

is a random variable, have been reviewed by Purdue (1979). Matis and

Tolley (1979) and Matis and Wehrly (1979a, 1979b) have developed a

unified model incorporating both types of stochasticity. We will not

consider such models here, but will instead limit ourselves to the

case in which the transfer mechanism is deterministic but the rate

constants are time-invariant random variables.

Under this model, a system is deterministic for any particular

realization of the rate constants. One possible approach to the esti-

mation problem, therefore, is to estimate the constants for each

system in a sample, and then use these individual estimates to esti-

mate the population parameters. Often, however, situations arise in
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which estimation of the parameters of each individual in a sample is

impossible. Estimation in a deterministic system usually requires a

time series of observations, and such a time series may not be avail-

able. Many pharmacokinetics studies, for example, involve destructive

sampling, since the small laboratory animals used must be sacrificed

to obtain a tissue sample large enough for chemical analysis.

The usual approach to such a situation, where each animal (sys-

tem) can be observed only once, is to observe several animals at each

of several time points and fit the deterministic model to the sample

means. In general, however, the behavior of the population mean over

time is not the same as the behavior of the deterministic model eval-

uated at the means of the rate constants, so the wrong model is being

used. Furthermore, even when the difference between the true model

and the deterministic model is small, the deterministic model provides

no estimate of population variances. Thus, the need for a more sophis-

ticated method of parameter estimation for the stochastic model is

evident.

This thesis will compare several methods of estimating the pop-

ulation means and variances of the rate constants in a stochastic

multicomparment model when only one observation can be made on any

one realization of the model. The next chapter reviews the results of

the deterministic compartmental model and states the assumptions to be

used in the following chapters. Chapter III discusses the difference

between the deterministic model evaluated at the means of the rate

constants and the stochastic model. In Chapers IV and V, the esti-

mation methods are developed and their performances compared using
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simulated experimental data from three different two-compartment mod-

els. Finally, in Chapter VI, some concluding remarks are made and

areas for further research are suggested.
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II. PRELIMINARIES

2.1 The Deterministic Model

We briefly summarize results for the general p-compartment mod-

el. For a more detailed development, see Jacquez (1972).

Let X.(t) denote the amount of material in the i-th compartment
1

attimetande..?.0 the proportionality constant for flow from compart-
13

ment i to compartment j (i,j=1,2,...,p, i#j). Define the state vector

X(t)=(X
1
(t),...,X (t)P. Then the linear compartmental model can be

written as

dX(t)

dt
Ax(t) + B(t)
'111,

(1)

where k is a pxp matrix and 1Z(t) is a p-vector of inputs. We will as-

sume that there is no input to the system after time t=0, i.e.,

B(t) =0. The entries of the matrix k are

a.. =
31

i#j
13

p
a.. = - E A.. .

11 13
j=1

jai

In most compartmental systems of interest, the eigenvalues of A will

be non-positive and distinct (Soong and Dowdee, 1974); the solution

of Equation 1 can then be written as a sum of exponentials,



p
X.(t) = E c..exp(X.t)
1

j=1
lj

6

(2)

where {X.} are the eigenvalues of k and both the A. and the coeffi-

cients c, are functions of the 8
ij

(the c, are also linear
ij ij

functions of the initial state vector (0)).

2.2 Assumptions and Definitions

The parameter estimation problem with which we are concerned

arises from the following situation:

i) There is a population of compartmental systems available

for observation, each system having the same (known) form.

ijilnarlysystern,therrateconstants0are
each a realize-

13

tion of a nonnegative random variable with finite mean u.. and vari-
1J

ance a
ij

. The distributions of the
ij

do not vary over time.

iii) Each system can be observed only once.

To simplify notation, we assume some ordering on the 813. ., so we

can write 8
k
= 8 for k=1,...,r. We can now define the r-vectors

13

= (01,...,8r) ' and k = (111,...,pr)' and the rxr matrix ti = diag(a).

The following additional assumptions are made primarily for

mathematical convenience. Although there is naturally some loss of

generality, the resulting situation is certainly not unrealistic.

iv) The rate constants are mutually independent.

v) Only the i-th compartment is observed. (This assumption is

made to avoid the complication of multiple observations corresponding

to the same parameter vector. It appears to limit consideration to
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relatively small systems, since for larger systems observations from

a single compartment may not provide enough information for estimation

of the parameters. Such questions of identifiability have been dis-

cussed by Cobelli, Lepschy, and Romanin Jacur (1979) for deterministic

systems, but the stochastic situation apparently has not been inves-

tigated.)

vi) The initial state vector ,(0) is known with probability one.

vii) The measurement error made in observing Xi(t) is negligibly

small, so the only source of variability in the data that need be con-

sidered is the variation in the rate constants.

We assume a sampling scheme whereby at m time points t.,

n.>1 systems are observed. We will let x denote the k-th observa-

tion of X.(t.), with the i subscript indicating the compartment
3. 3

number being suppressed since only one compartment is observed.

2.3 An Example

As an example, consider the following typical protocol for a

pharmocokinetics experiment. A particular drug is assumed to distrib-

ute in the body according to the two-compartment model diagrammed in

Figure lb. At time t=0 a known dose of the drug is injected into

Compartment 1 (representing the blood, say) of each of a group of

small laboratory animals. At various time points after injection,

several animals are sacrificed and the amount of the drug in Compart-

ment 2 (representing some other tissue of interest) is accurately

determined. From the data thus collected, estimates of the means and



variances of the two rate constants are desired.

The equations for the system are

dX (t)
1 =

=

-6
1
X
1

6
1
X
1

-6
1

1

+
2
X
2

- 0
2
X
2

6
2

-6
2

X
1
(t)

x2(t)

dt

dX
2
(t)

dt

or in matrix form,

d(t)

dt

The general solution of the system can be found to be

X
1
(t) = (0

2
(X

1
(0)+X

2
(0))+(X

1
(0)e

1
-X

2
(o)e

2
)exp(-Zt))/Z

X
2
(t) = (6

1
(X

1
(0)+X

2
(0))+(X

2
(0)6

2
-X

1
(0)6

1
)exp(-2.t))/t

where 2, = 6
1
+6

2
. We will assume a unit input at time t=0, so

Z(0) = (1 0)'. The relevant equation then becomes

6
1

X
2
(t) (1-exP(-(e

1
+ 6

2
)t))

8
1
+0

2

8

( 3) .
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a. One-compartment model.

Compartment
1

=6

Compartment

=0 2
1

b. Two-compartment model.

Figure 1. Simple compartment models.



10

III. COMPARISON OF THE MEAN STOCHASTIC MODEL

AND THE DETERMINISTIC MODEL

As noted in the Introduction, the mean of a stochastic compart-

mental model follows a different time course from the deterministic

model evaluated at the means of the rate constants (see Jacquez, 1972,

p.119). This difference has been pointed out by many authors, but no

one appears to have attempted an analytical evaluation of the differ-

ence even for the one-compartment model. Such an evaluation is not

possible for most multicompartment models, since a closed-form expres-

sion for the mean of the stochastic model usually cannot be found.

For the two-compartment model of the previous chapter, however, a

particular distributional assumption allows a closed-form expression

for the mean to be obtained, and an analytical evaluation of the dif-

ference in mean functions is therefore possible.

Assume, then, that in Figure lb the rate constants el and A2

have independent gamma distributions with shape parameters r1 and r
2'

respectively, and common scale parameter w, i.e.,

1
r. -1

f ( 0 . ) =
.1

expe-eim, a<13....
1 r. 1 1

1
w r(r.)

1

Then it is easily shown that

L = 61 +
2
rt, Gamma (r

1
+r

2
,w)



U=
el

Beta(r
1
,r

2
)

1
+8

2

11

and that L and U are independent (Rao, 1973, p.164). It follows from

Equation 3 that

rl -(r
1
+r

2
)

g(t) = E{X
2
(t)} (1-(1+wt)

ri+r2

If we reparametrize in terms of

we have

2 2
11

1
=

rlw /12 r2w al = r
1
w

2 2

41

P +11

a, -P
1 (11

+1.1
2
)/o

1)
g(t) = (1-(1+ t)

2
P1

and for u
1

and u2 fixed,

Ul
lim g(t) = (1-exp(-(U3.+112)t)) = Z(t)

"1 "24
al

0

(4)

which is the deterministic model evaluated at the means of the rate

constants. Thus the difference between the two functions decreases

as the variances of the rate constants decrease. This is illustrated

for a particular case by Figure 2. As a consequence of this asymptot-

ic approach to the deterministic model, the true mean function is

relatively insensitive to changes in
2
when a

2
is close to zero,

1

which affects the ability to obtain least squares estimates of

using the true mean (as will be seen later).



X
2
(t)

deterministic model

....

5 10 15 20

t

Figure 2. True mean functions for the stochastic two-co mpartment model of

Chapter III with p
1

= .3, p
2
= .1, and various values of a

2

1
.



For a more quantitative assessment of the difference, we

reparametrize by letting

r
1

u -
ri r2

Then

r = r+r2 s = wt

g(t) = g(wt) = g(s) = u(1-(1+s)-r) and

9,(t) = I(wt) = I(s) = u(1-e-rs) .

The difference between the two functions is

d(s) = 2(s) --4(s) = u{(1+s)-r-e-rs} .

It can be shown (see Appendix 1) that d(s) has a maximum when

ln(l+s)
r -

s-ln(l+s)

13

(5).

For any particular value of r, let s* be the value of s which satis-

fies Equation 5. Then

-
dmax

(l+s*)
r+1

us*

One way of assessing the relative magnitude of d
max

is to com-

pare it to the variability of X2 at time t* = s*/w. Figure 3 shows

graphs of A7ar(X
2
(t*))/d

max
against the coefficient of variation of

Al for various values of the ratio u. Numerical output from the

program used to generate Figure 3 shows that the standard deviation

of X
2
at t* is greater than d

max
whenever C.V.(6

1
) is less than 165%,



max

30

25

20

15

10

5

0
0 50% 100%

c.v.(0 )
1

150% 200%

Figure 3. Graphs of var(X
2
(t*))/d

max
vs the coefficient of variation of

0
1

for different values of the ratio u.
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and is at least 2.8 times greater when C.V.(81) is less than 40%.

The implication is that in most realistic situations the difference

between the two functions is quite small in relation to the variabil-

ity inherent in the data.

These results of course apply only to the rather specialized

two-compartment model under consideration, and the extent to which

they might generally be true is unknown. However, Tsokos and Tsokos

(1976) obtained similar results in their investigation of a stochastic

three-compartment system with normally distributed parameters. They

do not discuss the matter directly, but their graphs clearly show the

standard deviation of X.(t) to be at least two or three times as great

as the difference between the deterministic and stochastic models.

It is also worth noting that the case u = 1.0 in Figure 3 is

equivalent to the one-compartment model (Figure la) with

Gamma(r,w).
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IV. METHODS OF PARAMETER ESTIMATION

4.1 One-Compartment Model

Parameter estimation in the one-compartment model (Figure la)

is relatively straightforward since exact closed-form solutions for

the moments of the stochastic model can be obtained. The equation

for the deterministic system is

X(t) = X(0)exp(-0t) (6)

If we assume that the probability distribution of 0 has moment-

generating function M(t), then

E{x(t)} = x(o)m(-t)

Expressions for higher moments of X(t) can be obtained in a similar

manner. Matis and Wehrly (1979a) discuss the use of nonlinear least

squares for parameter estimation in this and other stochastic one-

compartment models.

Other estimation methods for the one-compartment model should

also be noted. Lindstrom and Birkes (1979) discuss estimation using

approximate likelihood functions based on Gram-Charlier expansions of

the density of X (assuming A is gamma-distributed and an additive

normal error term). Their methods are very complicated even for the

simple one-compartment model, and become much more so when extended

to multicompartment models. Another obvious procedure (when X(0) is

known) is to solve Equation 6 to get an estimate of 6 for each
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observation X(t), and use these estimates to estimate the population

mean and variance.

4.2 Multicompartment Models

For most stochastic multicompartment models, closed-form expres-

sions for the mean and variance are not available. it is necessary,

therefore, to develop some sort of approximate model. We will describe

below several models which have appeared in the literature, and will

also develop from them two new models which have not previously been

suggested. We note in passing that all of the approximate models could

be applied to the one-compartment case if one does not wish to assume

a particular distributional form for the rate constant.

Model 1: Assume that the eigenvalues A. in the sum of expo-

nentials, Equation 2, are independent from each other and from the

coefficientsc...Define
13

m. = E(c..)
13

2
n.. = Var(c..)

13

Yijk
= E(c..c )

13 ik

M.(t) = moment-generating function of A-
7

Then we can write



ECX.(t)1 = E m..M.(t)
j=1 " 3

VarIX.(t)1=E{Ec..e(X.t) }2 ( E m..M.(t))
2

1
j=1

13 J j=1
13 3

= E [(n.2 .+m.2 ,)m.(2t) - m.2 .M.(t)
2
1

13 13 13
j=1

P P
+ E E (yijk-miimik)Mi(t)Mk(t)

j=1 k=1

Using Equation 7 as a regression function, we can estimate the m,.
13

18

(7)

(8)

and the distributional parameters of the A.. We then use these esti-

mates in Equation 8 to estimate the n.2 . and
Y

from a least squares
3 ijk

fit of the sample variances. Since the c. and X. are functions of
13 3

the 6.., the estimates from this two-step procedure can be used to
13

estimate k and ti (see Campello and Cobelli, 1978).

As an example, consider the two-compartment model of Equation 3.

We have

el
c21 = -c

22
= c =

'
Al = 0, and X2 = -(61+62).

1 2

Define m = E(c) and n
2
= Var(c) = Var(-c).

If we assume that -X
2
has a Gamma(r,w) distribution, then

E(X
2
(t)) = m(1-(1+wt)

-r
),
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which is just a reparametrization of Equation 4, and

Var(X
2
(t)) = n

2
11-2(1+wt)

-r
+(1+2wt)

r
l+m

2
{(1+2wt)

-r
-(1+wt)

-2r
1.

Using these equations, we obtain least squares estimates of the param-

eters m, r, w, and n
2

. We then use these estimates to estimate the

population means and variances from the relations

1
= E(0

1
) = E(-cA

2
) = E(c)E(-A.

2
) = mrw

u
2
= E(8

2
) = E(-(1-c)A

2
) = (1-m)rw

E(8
2

) = E(c
2
)E(A

2
) = (n

2
+m

2
)r(r+l)w

2

1 2

E(82) = (n
2
+1-2m+m

2
)r(r+l)w

2

Var(6
1

) = rw
2
(m

2
+(r+l)n

2
)

Var(8
2

) = rw
2
((l-m)

2
+(r+l)n

2
)

This approach was first suggested by Soong and Dowdee (1974) and

was extended by Chuang and Lloyd (1974) and Campello and Cobelli

(1978). Its justification is the special two-compartment model of

Chapter III, for which Equations 7 and 8 represent the true mean and

variance. For other multicompartment models the assumption of inde-

pendenceofthec..and A. does not hold, but Soong and Dowdee suggest
ij

that the procedure is robust for estimation in the general stochastic

multicompartment model.



Model 2: We expand the deterministic equation for X.(t) in a

Taylor series about k to get

X.(t) = f(e;t)

= f(k;t) + R(k;t)'(Q -)6) + 1/2(0-0',PIA:t)(,9,-k) + R(t)

where

p(k;t) =

,q,(16;t) -

of ;t)

aei

a
2
f (A; t)

ae.ae.
1 3

1

3f(k;t)

De
r

11

20

and the remainder R(t) contains third and higher order partial deriv-

atives. If we ignore the higher-order terms, we obtain the approximate

expectation

E {xj(t)} = f(vt)+1/2 EffiR,-,01G(k;t)42-,01

r
2
f(A;t)

= f(vt)+1/2 2
i=1 ae.

2
csi. (9) .

From a nonlinear least squares fit of Equation 9 to the sample means,

we obtain estimates of k and k.

Birkes and Lindstrom (1977) developed this method for estimation

from data consisting of a time series of a observations on each of

n animals. However, the estimation procedure is not altered if the
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n animals observed at t. happen to be different from the n animals

observed at t., so the method extends directly to the present situa-

tion. In fact, it could be argued that the method is more properly

applied here, since whatever additional information is contained in a

time series of q observations on one animal (compared with obser-

vation of q different animals) is not utilized.

It might be supposed that by keeping more terms in the series

expansion one would obtain an even better approximation to the true

mean. That this is not necessarily the case is demonstrated by Figure

4, which shows three approximating functions for the two-compartment

model of Chapter III where the true mean is known. It can be seen

that the function described by Equation 9 lies closer to the true mean

than does the function obtained by adding terms containing the third

central moments. As more terms are added to the series, the resulting

function more closely approximates the true mean for small values of

time, but diverges greatly from the true mean as time increases. Such

behavior is to be expected, since the radius of convergence of the

series expansion depends on t as well as on the system parameters,

and even within the region of convergence the convergence is oscilla-

tory. However, the fact that ECR(t)} may not be negligible for large

values of t does not invalidate the use of Equation 9 as an approx-

imating function. For the model used in Figure 4 (and in all other

cases examined) the approximation seems quite adequate for all values

of time.

Model 3: We retain only the first two terms in the series ex-

pansionforX.(t ) ,
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Figure 4 (page 23). True mean function and approximations
for a two-compartment model.

Al ti Gamma(7.5,.04) e
2
q, Gamma (2.5,.04)

(u1 =.3, a
2

=.012) (p
2
=.1, a

2

2
=.004)

1. Deterministic model evaluated at the means of the rate constants:

E(X2(t)) = f(k;t)

2 a
2
f(k;t)

1 2
2. E(X

2
(t))= f(k;t) +

2 2
E a.

1
i=1 ae.

1

2

2 1
2 3 f(k;t) 2 3

3
f(k;t)

3
3. E(X

2
(t))=f(k .+

2 1
;t)E a, +

6
E E{(0.-U1 .) }

1
2i=1 D6. i=1 363

1 i

4. True mean function:
r -(r

1
+r

2
)

E(X2(t)) = (1-(1+wt)
ri+r2
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X. (t) = f(k;t) + (k;t)1(?--k)

= f(k;t) + e(t)

and treat e(t) = Vk;t)'(2-k) as an additive error term with mean zero

and variance V(k,Z;t) = D (k; t) 'ti Rj(k;t)

P 3f(ff;t)

= E (

30.
i=1

We note that the expression for the variance involves the unknown

parameters. An obvious estimation procedure would therefore be to

minimize the weighted least squares objective function

n.

E3 (x.
3k q,
-f(u;t.))2

m k=1
V(,Z;tj)

j=1

This sort of procedure fails in the present situation because Q(k,Z)

can be made arbitrarily small by choosing the elements of k to be

arbitrarily large. We will investigate three alternative estimation

procedures in connection with Model 3.

a. (simple least squares): Define k to be the value of k which

minimizes

m n.
QIN,p,..EE)oc41 2.

3=1 k=1
]

Then define k such that
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m
2

Rq;A) = (s .-7
3

(A,E;t.) )
2

j=1 3

2
israilthnized,wheres.isthasamplevarianceattimet..This is

the same procedure that was used with Model 1. Note that the estimate

of k is obtained from fitting the deterministic model to the sample

means.

b. (weighted least squares): Using an initial estimate (A04,0),

obtain an estimate Al by minimizing

n.

E3 (x. -f(P;t.))2

0
l'

... nz -1, 3

Q(";n ,E ) = EJ ="" 3k
..

j=1 V(A0,Z0;ti)

Next, obtain an estimate E of E by minimizing R(E;11 ). Use

Q(k;A1,,E1) to obtain an estimate A2, and proceed iteratively.

c. (maximum likelihood): Assume that the distribution of e(t) is

normal. Then Xi(t) has a Normal (f(A;t),V(A,Z;t)) distribution and

a maximum likelihood estimator can be found by minimizing

n.

m E3(xjk-f(u;tj))
2

L(A,Z) = {n4ln(V(k,,E;tj))+
k=1

j=1

The first two methods described above are similar to methods

developed for the linear model by Jobson and Fuller (1980). The

likelihood formulation was developed by Sheiner and co-workers

(Sheiner, Rosenberg, and Melmon, 1972; Sheiner, Rosenberg, and
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Marathe, 1977) as part of a general scheme for the estimation of pop-

ulation parameters from clinical data. The assumption of normality

is not crucial for this method; one can look at L(k,k) as an "extend-

ed" least squares objective function, with the 1nV(k,k,;t) term acting

as a penalty function to prevent the variance from increasing without

bound (Sheiner and Beal, 1980).

We see that Model 3 uses f(k;t) as its mean and thus ignores

the difference between the deterministic model evaluated at k and

the true mean. It seems logical to suppose that a better model would

result if the difference were taken into account. Thus we are led to

Model 4: As in Model 3, except that the Taylor series approx-

imation to the mean of the stochastic model (Equation 9) is used as

the mean in place of f(k;t). Because fitting this approximation is

fairly time-consuming on the computer, only the likelihood estimation

procedure will be used with this model.

We note that Model 2 approximates the true mean of Xi(t), but

ignores the variance. A least squares fit of this model involves the

sample means but not the sample variances, as can be seen from the

decomposition

n.

2

n.

-2
n.

2EJ O-10tn = O-1 + 6c.-1(k,Z;t))
k=1

ik i

k=1
iky

k=1

2
= (ni-l)sj + nj(xj-h(k,Z;tj))

2

Where x. is the sample mean at time t. and h(k,k,;t) is the right-hand
7

2
iside of Equation 9, and the fact that the term involving s. is

3
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constant with respect to the minimization. A possible extension of

Model 2 would involve incorporation of an approximate variance into

the estimation procedure as was done with Model 3. However, the var-

iance expression associated with Model 2 involves the third and fourth

moments of the rate constants, and such an extension would thus double

the number of parameters to be estimated.

Model 3, on the other hand, approximates the variance but ig-

nores the difference between the mean functions. Estimation with this

model (and with Models 1 and 4) uses both the sample means and sample

variances. This is obvious for the least squares procedures; for the

likelihood methods it follows from a decomposition similar to the one

above (with f(k;ti) in place of h(k,k;ti)) and noting that the

term is not constant with respect to minimization over (,k,) when

weighted by a variance term involving k and E .

Models 1 and 4 approximate both the true mean and the variance

of the stochastic model. It might therefore be expected that these

models would perform better than the other two. We now proceed to

investigate the performance of the four models using simulated data.
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V. COMPARISON OF ESTIMATION METHODS

5.1 Generation of Simulated Experiments

To compare the estimation procedures discussed in the previous

chapter, data from experiments of the type described in Section 2.3

were simulated. For each experimental animal, random values of el and

e
2
were obtained from independent gamma distributions using the IMSL

gamma deviate generation routine GGAMR (IMSL, 1980). These values

were then used in Equation 3 to produce an observation of X2(t) from

a two-compartment animal. Each experiment consisted of five animals

at each of eight time points between zero and fifteen.

One hundred experiments were generated for each of three differ-

ent sets of parameter values:

Data Set I: r
1

= 90 r
2
= 30 w

1
= w

2
= 1/300

Data Set II: r, = 7.5 r
2

= 2.5 w
1

= w
2

= 1/25

Data Set III: r
1
= r

2
= 9 w

1
= 1/30 w

2
= 1/90

Representative experiments from each of the data sets are plotted in

Figures 5 through 7. In the first two sets, the eigenvalue A = 61+62

and coefficient u = 6
1
/(6

1
+6

2
) are independent, as noted in Chapter

III (the sample correlation coefficient for Data Set II was

r = -0.00378, n = 4000, p>.1). An exact expression for the mean is

therefore given by Equation 4. For Data Set III A and u are not
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Figures 5 through 7. Representative experiments from three

simulated data sets.

= deterministic model

= true mean function

= empirical mean function

Figure 5 (page 30). Data Set I

p
1

= .3 p
2

= .1 a
2
= .001 a

2
= .000333

2

(The deterministic model and true mean are superimposed.)

Figure 6 (page 31). Data Set II

u
2

= .1 a
2

= .012u
1

= .3 a
2

=
2

.004

Figure 7 (page 32). Data Set III

2 2
u
1

= .3 p
2
= .1 a = .010 a

2
= .00111
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independent (r = .436, p<.001), so an exact solution is not avail-

able; the true mean function shown in Figure 7 is an estimate obtained

by averaging the 500 simulated observations at each time point.

The means of the rate constants (11
1

= .3,
2
= .1) are the same

in all three data sets. In Data Set I the variances are small enough

that the difference between the stochastic mean and the deterministic

model is negligible. In Data Set II, we attempted to make the differ-

ence as large as possible while keeping the variance of the observa-

tions at a level which seems reasonable for biological systems. In

Data Set III both rate constants have the same coefficient of vari-

ation (C.V. = 33.3%), which again is near the upper limit of what we

consider likely to occur in a physiological system.

The means and variances of the rate constants were estimated

for each experiment by the six methods described in Chapter IV. For

Data Sets I and II a seventh estimation method is available: We

obtain estimates of the three parameters in the true mean function,

Equation 4, by least squares and use these estimates to calculate

estimates of k and rE. This method is not generally applicable and

is included only for comparison. In theory, the estimates of k

from the exact solution and from Model 1 should be the same; numer-

ical differences occur because different parametrizations of Equation

4 were used in the two procedures.

All function minimizations used the Nelder-Mead simplex method

(Nelder and Mead, 1965), with the true parameter vector used as a

starting point. All parameters were constrained to be nonnegative.
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Several other points regarding the computations should also be noted:

1. Initial runs using Model 1 with the more variable data sets (II

and III) gave several estimates of m = E{81/(81+82)} which were

greater than one. The constraint m<1 was therefore included in the

program for this model.

2. The iterative procedure of Model 3b was continued until all param-

eter estimates differed from their previous estimates by less than

10
-5

. Usually three or four iterations were required; the maximum

number was ten.

3. The least squares fitting of the exact solution and Model 1 to the

sample means was weighted by the sample variances to correspond with

previous applications of these procedures (Soong and Dowdee, 1974;

Campello and Cobelli, 1978).

Listings of all computer programs appear in Appendix 2.

5.2 Results and Discussion

The means and root mean squared error of the estimates of the

individual parameters are presented in Tables 1 through 3. Several

points emerge from examination of these tables.

Fitting the exact solution resulted in zero estimates of in

nearly half of the experiments. This reflects the insensitivity of

2
the true mean function to changes in a

1
for small values of a

l'
which

in turn results from the asymptotic approach of the true mean to the

deterministic model as discussed in Chapter III. Similar results are

obtained from Model 2, which gives even more zero estimates of Z.



TABLE 1

MEANS AND ROOT MEAN SQUARED ERROR OF
PARAMETER ESTIMATES: DATA SET I

Estimation
Method il

1
11

2
a
2

1
x10

3 3
a
2

2
x10

True value

Exact solution

.3

.3067 (.01642) .09938

.1

(.009786)

1.0

15.29 (22.77)

.3333

4.425 (6.141)
(48) a (48)

Model 1 .3067 (.01642) .09938 (.009785) 5.881 (12.37) .6690 (.8154)

Model 2 .3091 (.02003) .1072 (.03849) 19.27 (27.42) 34.67 (81.98)
(23)

Model 3a .3005 (.009486) .1019 (.008652) .9873 (.4108) .3375 (.2141)
(94)

Model 3b .3002 (.008911) .1017 (.008885) .9852 (.4104) .3371 (.2161)
(94)

Model 3c .3004 (.008800) .1020 (.008784) .9406 (.3255) .3180 (.2071)
(95)

Model 4 .3013 (.008933) .1018 (.008846) .9436 (.3272) .3209 (.2087)
(95)

a
Variance estimates which were equal to zero were excluded from the computations. The

number of non-zero estimates, if less than 100, is indicated in parentheses below the mean
and RMSE.



TABLE 2

MEANS AND ROOT MEAN SQUARED ERROR OF
PARAMETER ESTIMATES: DATA SET II

Estimation
Method

p
1

p
2

2 3
a
1
x10

2 3
a
2
x10

True value .3 .1 12.0 4.0

Exact solution .3243 (.07093) .07550 (.04783) 120.6 (168.1) 15.79 (23.17)
(59)a (46)

Model 1 .3243 (.07095) .07542 (.04781) 67.05 (121.5) 3.144 (2.872)

Model 2 .3776 (.1615) .1171 (.06530) 225.9 (413.1) 31.62 (148.3)
(60) (27)

Model 3a .2896 (.03367) .1024 (.02871) 10.33 (4.829) 4.455 (3.657)
(92)

Model 3b .2934 (.03344) .1052 (.03250) 10.62 (4.780) 5.008 (5.642
(98) (92)

Model 3c .2926 (.03261) .1041 (.03090) 10.26 (4.038) 4.334 (3.640)
(90)

Model 4 .3029 (.03317) .1039 (.03679) 10.65 (4.203) 4.487 (4.596)
(94)

a
Variance estimates which were equal to zero were excluded from the computations. The

number of non-zero estimates, if less than 100, is indicated in parentheses below the mean
and RMSE.



TABLE 3

MEANS AND ROOT MEAN SQUARED ERROR OF
PARAMETER ESTIMATES: DATA SET III

Estimation
Method 11 1 11

2

2 3
a
2
x10 a

2
x10

3

1

True value .3 .1 10.0 1.11

Model 1 .3149 (.06025) .08385 (.04279) 46.38 (105.9) 2.349 (3.052)

Model 2 .3320 (.08269) .1208 (.06562) 99.65 (171.5) 102.9 (145.5)
(53)a (29)

Model 3a .2890 (.03093) .1033 (.02442) 8.565 (3.402) 1.884 (1.846)
(77)

Model 3b .2892 (.02932) .1032 (.02406) 8.619 (3.449) 1.948 (1.835)
(74)

Model 3c .2892 (.03050) .1030 (.02492) 8.293 (3.523) 1.775 (2.222)
(77)

Model 4 .2965 (.02889) .09842 (.02745) 8.583 (3.588) 1.826 (2.492)
(83)

a
Variance estimates which were equal to zero were excluded from the computations. The

number of non-zero estimates, if less than 100, is indicated in parentheses below the mean
and RMSE.
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Even when the zero estimates of variances are not considered, these

two models give the worst estimates of both k and k, . Thus both

of the methods which ignore the covariance structure of the stochastic

model perform poorly relative to the other methods. It appears that

there is too much variability in the data to distinguish between the

stochastic and deterministic models on the basis of the difference in

their means.

It is also apparent that Model 1 performs poorly in comparison

to Models 3 and 4; Model 1 also does better with Data Set III than

with Data Set II. These results were unexpected, since for Data Sets

I and II Model 1 uses the true mean and variance functions while the

other models use approximations. Again the difficulty in obtaining

good least squares estimates from functions such as Equation 4 may be

a factor. However, it is surprising that Model 3, which uses the

deterministic model as the mean, should do better than a model which

uses the true mean of the stochastic model.

From Figures 6 and 7 it can be seen that even for the more var-

iable data sets the difference in means is still fairly small. Soong

and Dowdee (1974) generated data using a x
1
distribution (r=.5, w=2)

for both rate constants. While such a distributional assumption

seems quite unrealistic from a biological point of view, it does give

a situation where the difference in mean functions is very large.

Using one experiment with ten animals at eight time points (it is not

clear whether destructive sampling was assumed), they obtained much

more accurate results with the true mean function than with the de-

terministic model. When we simulated ten experiments with destructive
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sampling using five animals per time point and the same parameter

values, we got the results shown in Table 4:

TABLE 4

ESTIMATES FROM TEN EXPERIMENTS
WITH 13. '1, GAMMA(.5,2)

True
Value

Exact Solution Model 3c

Mean Range Mean Range

ul 1.0 3.07 .325-17.9 1.04 .389-1.86

P
2

1.0 8.41 0 -73.7 1.99 0 -5.40

2
al 2.0 83.2 0 -827. .802 .088-2.01

2
a
2

2.0 1.01 0 -10.1 8.56 0 -33.7

Clearly neither estimation method is able to produce good estimates

from such data. Again the variability of the data is so much greater

than the difference between the mean functions that the difference

is essentially undetectable with the small sample sizes commonly used

in pharmacokinetics experiments.

Of the three estimation methods associated with Model 3, none

seems to emerge as being preferable to the others insofar as the ac-

curacy of the estimates is concerned. The least squares procedures

would seem desirable since they involve no assumptions beyond those

made in deriving the model; however, the assumption of normality may

be necessary in situations requiring statistical inference. Model 4
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does about as well as Model 3 with Data Set I, which might be expect-

ed since the difference between the true mean and deterministic model

is very small. Even when the difference is larger, however, as in

Data Sets II and III, Model 4 does not seem to be much of an improve-

ment over Model 3.

Only Model 1 was able to give positive estimates of all four

parameters in every experiment. Models 3 and 4 also did reasonably

well, even though zero estimates of a
2

2
were obtained in a few exper-

iments even with the least variable data. Examination of several of

the experiments which gave such aberrant results revealed no pecu-

liarities (such as extreme outliers) which might account for them.

To provide an overall comparison of the methods, the relative

Euclidean distance of each estimated parameter vector from its true

value,

r.d. =

_
P1, 51 522

11
2

2 2_
al al

)

2
+(-----)

a
2

1

8
2

2-a
2

2

2
+(------)

2

a
2

2

}

1/2
,t ( ) +(

111 u2

was calculated for each experiment. The average relative distances

are shown in Table 5. The distances from Models 3a, 3b, 3c, and 4

were tested for differences by regarding each experiment as a block

in a randomized block design with four treatments. Using a

distribution-free test based on Friedman rank sums (Hollander and

Wolfe, 1973, pp.138-146), the following results were obtained:

Data Set I: S = 7.97, p=.046

Data Set II: S = .492, p>.25

Data Set III: S = .816, p>.25
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It should be noted that the relative distance is more closely related

to the mean squared error of the estimates than to their means. Thus

the estimates for Model 3c from Data Set I are on the average "closer"

to the true values than those from Model 3b, using the relative dis-

tance: however, Table 1 shows that the mean estimates of all four

parameters are closer to the true values with Model 3b than with Model

3c.

TABLE 5

MEAN RELATIVE DISTANCE OF PARAMETER
ESTIMATES FROM TRUE VALUES

Estimation
Method

Data Set
I

Data Set
II

Data Set
III

Exact solution 5.8510 5.4661 -

Model 1 9.9185 6.6301 5.2176

Model 2 29.5545 16.2059 29.0914

Model 3a .6968 .8887 1.2098

Model 3b .6996 1.0046 1.2031

Model 3c .6353 .8744 1.2404

Model 4 .6375 .9669 1.2963

We should also point out that while Models 3 and 4 seem to

perform equally well in estimating the parameters in the three sets

of experiments examined, they are quite different in terms of the

amount of computer time they require. Model 4 took nearly three min-

utes to estimate the parameters in 100 experiments, roughly six times

as long as Model 3a, twice as long as Models 3b and 3c, and 1.5 times

as long as Model 1.
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VI. CONCLUSION

Two main conclusions emerge from the results presented here:

1. While the difference between the mean of the stochastic model and

the deterministic model evaluated at the means of the rate constants

may sometimes be considerable, it is relatively unimportant insofar

as parameter estimation is concerned.

2. Of much greater importance, particularly for estimating the vari-

ances of the rate constants, is the incorporation of an expression

for the variance of the stochastic model into the estimation proce-

dure.

The first of these conclusions contradicts the statements of

some previous authors (for example, Soong and Dowdee (1974) and Matis

and Wehrly (1979a)), but it is strongly supported by several aspects

of the present study: The poor performance of estimation methods

based on an ordinary least squares fit of the true mean or an approx-

imation; the excellent results from Model 3, which uses the

deterministic model as the mean; and the lack of improvement of Model

4, which uses an approximation to the true mean, over Model 3. There

may well be situations in which the difference in mean functions is

more important, but for the experimental situation considered here,

all indications are that the difference is negligible in relation to

the variability of the data, and is of minor importance in the esti-

mation problem.
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In contrast, consideration of the variance of the model seems

to be crucial for obtaining good estimates. Typically the variance

of the observations is incorporated into an estimation scheme only

through weighting by the sample variances. Our results indicate that

this alone is not adequate. A comparison of the results obtained

from fitting the exact solution for the mean by variance-weighted

least squares with those from the two-stage estimation procedure of

Model 1 shows that much better variance estimates are obtained when

a variance expression containing the parameters is included in the

estimation scheme. The poor performance of an ordinary least squares

fit of an approximate mean function (Model 2) is further evidence for

the importance of the variance of the observations.

These conclusions suggest several worthwhile areas for further

research. Investigation of parameter estimation methods for non-linear

models whose covariance structure involves the unknown parameters is

clearly desirable. More complicated covariance structures than the

one used here should also be considered. For example, the assumption

that the rate constants are independent is quite unrealistic; a better

model would have covariance terms included with the elements of
ti

to be estimated. Another extension of the present work would be to

include some sort of measurement error in the formulation of the prob-

lem. It is straightforward enough to replace V(k,;t) by V(k4;t)+a
2

in Model 3, for example, but whether reliable estimates of a
2
could

be obtained with the methods used here remains to be investigated.

Additional areas for future research include relaxation of

some of the other assumptions made in Chapter II. For example, in
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many situations it is more natural to model the initial state vector

as a random variable rather than as a known constant; also, the pos-

sibility that the distributions of the rate constants vary over time

should be considered. Finally, the selection of an optimal sampling

scheme, both with regard to the choice of a set of time points and to

the number of observations at each time point, is another area which

merits investigation.



45

BIBLIOGRAPHY

Birkes, D.S. and Lindstrom, F.T. (1977). Compartment models with
stochastic transfer rates. Unpublished manuscript, Department
of Statistics, Oregon State University, Corvallis, Oregon.

Campbello, L. and Cobelli, C. (1978). Parameter estimation of
biological stochastic compartmental models - an application.
IEEE Transactions on Biomedical Engineering 25, 139-146.

Cobelli, C., Lepschy, A., and Romanin Jacur, G. (1979). Identifica-
tion experiments and identifiability criteria for compartmental
systems. In Compartmental Analysis of Ecosystem Models,
J.H. Matis, B.C. Patten, and G.C. White (eds). Fairland,
Maryland: International Co-operative Publishing House.

Chaung, S.M. and Lloyd, H.H. (1974). Analysis and identification
of stochastic compartment models in pharmacokinetics: Impli-
cations for cancer chemotherapy. Mathematical Biosciences 22,
57-74.

Gibaldi, M. and Perrier, D. (1975). Pharmacokinetics. New York:
Marcel Dekker.

Hollander, M. and Wolfe, D.A. (1973). Nonparametric Statistical
Methods. New York: Wiley.

IMSL Library, Volume 2. (1980). Houston: International Mathemat-
ical and Statistical Libraries.

Jacquez, J.A. (1972). Compartmental Analysis in Biology and Med-
icine. New York: Elsevier.

Jobson, J.D. and Fuller, W.A. (1980). Least squares estimation when
the covariance matrix and parameter vector are functionally
related. Journal of the American Statistical Association 75,
176-181.

Lindstrom, F.T. and Birkes, D.S. (1979). On the estimation of pa-
rameters in a non-linear one-compartment stochastic open model
by approximate likelihood functions. Technical Report No. 64,
Department of Statistics, Oregon State University, Corvallis,
Oregon.



46

Matis, J.H. and Tolley, H.D. (1979). Compartmental models with mul-
tiple sources of stochastic variability: The one-compartment,
time-invariant hazard rate case. Bulletin of Mathematical
Biology 41, 491-515.

Matis, J.H. and Wehrly, T.E. (1979a). Stochastic models of compart-
mental systems. Biometrics 35, 199-220.

Matis, J.H. and Wehrly, T.E. (1979b). An approach to a compartmental
model with multiple sources of stochasticity for modeling eco-
logical systems. In Compartmental Analysis of Ecosystem Models,
J.H. Matis, B.C. Patten, and G.C. White (eds). Fairland,
Maryland: International Co-operative Publishing House.

Nelder, J.A. and Mead, R. (1965). A simplex method for function
minimization. Computer Journal 7, 308-313.

Purdue, P. (1979). Stochastic compartmental models: A review of the
mathematical theory with ecological applications. In Compart-
mental Analysis of Ecosystem Models, J.H. Matis, B.C. Patten,
and G.C. White (eds). Fairland, Maryland: International Co-
operative Publishing House.

Rao, C.R. (1973). Linear Statistical Inference and Its Applications,
2nd ed. New York: Wiley.

Sheiner, L.B. and Beal, S.L. (1980). Pharmacokinetic parameter esti-
mation from nonexperimental data. In Drug Absorption and
Disposition: Statistical Considerations, K.S. Albert (ed).
Washington: American Pharmaceutical Association.

Sheiner, L.B., Rosenberg, B., and Melmon, K. (1972). Modeling of
individual pharmacokinetics for computer-aided drug dosage.
Computers and Biomedical Research 5, 441-459.

Sheiner, L.B., Rosenberg, B., and Marathe, V.V. (1977). Estimation
of population characteristics of pharmacokinetic parameters
from routine clinical data. Journal of Pharmacokinetics and
Biopharmaceutics 5, 445-479.

Soong, T.T. and Dowdee, J.W. (1974). Pharmacokinetics with uncer-

tainties in rate constants-III. The inverse problem.
Mathematical Biosciences 19, 343-353.

Tsokos, J.O. and Tsokos, C.P. (1976). Statistical modeling of
pharmacokinetics systems. Transactions of the ASME, Journal
of Dynamic Systems, Measurement, and Control 98, 37-43.



APPENDICES



47

We have

and

APPENDIX 1

d(s) = u{(1+s)
-r-e-rs}

d'(s) = ur{e-rs-(1+s)
-(r+1)

}

-rs -(r+1) ln(1 +s)
= 0 when e = (l+s) r -

s-ln(l+s)

To show that this stationary point represents a maximum of d(s), we

will show that d"(s) is negative when d'(s) = 0.

d"(s) = ur{(r+1)(1+s)
-(r+2)

-re
-rs

}

= ur{(r+1)(1+s)
-(r+2)

-r(l+s)
-(r+1)

} when d'(s) = 0

= ur(l+s)-(r+2) (1-rs)

So the sign of d"(s) at the stationary point is the sign of

s
1-rs = 1

sln(l+s)
s-ln(l+s)

Now l<1+1n(l+x) for all xi- s<s+fln(l+x)dx for all se(0,c°).
0

Integrating by parts, we get

s s
x

s< s+sln(l+s)- f----x
1+x

dx = s+sln(l+s)- I (1- )dx
1+

0 0
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or s < s+sln (l+s) -s+ln(l+s) = (l+s) ln (l+s)

s-ln(l+s) = 1 < 1sln (l+s) rs

± 1 < rs

+ d" (s) < 0' when d' (s) = 0.



49

APPENDIX 2

This appendix contains listings of the following Fortran IV

programs:

1. Data generation program

2. Function minimization program (for Models 2, 3c, and 4)

3. Model 1

4. Model 3a

5. Model 3b

6. Nelder-Mead simplex subroutine

1. PROGRAM DATA1(TAPE1,TAPE2,TAPE3,OUTPUT)

DIMENSION T(8),X(8,5),W(100),V(100)

DOUBLE PRECISION DSEED1,DSEED2
DSEED1=7545315

DSEED2=7544196

READ(1,10)KrN,M

10 FORMAT(3I5)

READ(1.20)A1,B1,A2,B2

20 FORMAT(4F10.7)
READ(1,30)T

30 FORMAT(8F5.2)

WRITE(2,20)A1,B1,A2,B2
DO 50 I=1,K
DO 40 J=1,M

DO 70 L=1,N

CALL 8GAMR(DSEED1,A1,1,W,THETA1)
CALL 86AMR(DSEED2,A2,1,V,THETA2)

THETA1=B1*THETA1

THETA2=82*THETA2

Z=THETA1+THETA2
X(J,L)=THETA1*(1.-EXP(-Z*T(J)))/Z

70 CONTINUE

WRITE(2.80)T(J),(X(J,L),L=1,N)

80 FORMAT(6(F8.4,2)())

40 CONTINUE

50 CONTINUE
END
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2. PROGRAM RFUNMIN(TAPE1,TAPE2,TAPE3)
COMMON /SIMP/ NICOUNT,REOMIN,YNEWLO,YSEC
COMMON /SIMP/ START(20),STEP(20),XMIN(20),XSEC(20)
COMMON /DATA/ YBAR(10),T(10),SS(10),SAMPSIG(10)
DIMENSION X(10),YDATA(10,50)

READ (1,1) N,NSETS,ICOUNT,REOMIN

1 FORMAT(3I4,F14.6)

READ (1,2) (START(I),I=1,N)

2 FORMAT (5F10.6)

READ (1,2) (STEP(I),I=1,N)

JCOUNT=ICOURT
DO 10 K=1.NSETS

DO 3 I=1,8
READ (2,4) T(I),(YDATA(I,J),J=1,5)

4 FORMAT (6F10.6)

SUMYBAR=SS(I)=0.0

DO 71 J=1,5

SS(I)=SS(I)+YDATA(I,J)*YDATA(I,J)
71 SUMYBAR=SUMYBAR+YDATA(I,J)

YBAR(I)=SUMYBAR/5.

SS(I)=SS(I)-SUMYBAR*SUMYBAR/5.
SAMPSIG(I)=SS(I)/4.

3 CONTINUE

CALL NELMIN

DO 60 I=1,N

60 X(I)=XMIN(I)*XMIN(I)

WRITE(3,700)ICOUNT,(X(I),I=1,N)

700 FORMAT(I6,3X,6(1X,F15.9))

ICOUNT=JCOUNT

10 CONTINUE

END

FUNCTION FX(X)
COMMON /SIMP/ N,ICOUNT,REQMIN,YNEULO,YSEC
COMMON /DATA/ YBAR(10),T(10),SS(10),SAMPSIG(10)

DIMENSION X(10),Z(10),DZ(10)01(10),SI6(10)

DO 10 I=1,N

10 Y(I)=X(I)*X(I)

SUM=0.0

C LINE 46...INSERT FUNCTION CODE

20 CONTINUE

FX=SUM

40 RETURN

END
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C

C EXACT SOLUTION

C

C

C

C

C

C

C

A=Y(1)+Y(2)

U=Y(1)/A
S=Y(3)/Y(1)
DO 20 1=1,8

Z(I)=U*(1.-(1.+S*T(I))**(-A/S))

DZ(I)=YBAR(I)-Z(I)
SUM=SUM+DZ(I)*DZ(I)*5.0/SAMPSI6(I)

3. PROGRAM MODEL1(TAPE1,TAPE2,TAPE3,OUTPUT,TAPE4=OUTPUT)
COMMON /SIMP/ N,ICOUNT,REOMIN,YNEULO,YSEC
COMMON /SIMP/ START(20),STEP(20),XMIN(20),XSEC(20)
COMMON /DATA1/ T(10),YBAR(10),SIG(10),IFN,XMU,R,XNU
DIMENSION YDATA(100,50)

READ(1,1)N,NSETS,ICOUNT,REOMIN
1 FORMAT(3I4,F16.6)

READ(1,2) (START(I),I=1,N)

READ(1,2) (STEP(I),I=1,N)

2 FORMAT(5F10.6)

JCOUNT=ICOUNT

DO 100 K=1,NSETS

DO 5 I=1,8
READ(2,4) T(I),(YDATA(I,J),J=1,5)

4 FORMAT(6F10.6)

SUMY=SUMSOR=0.0

DO 5 J=1,5

SUMY=SUMY+YDATA(I,J)
SUMSOR=SUMSOR+YDATA(I,J)*YDATA(I,J)
YBAR(I)=SUMY/5.
SS=SUMSOR-SUMY*SUMY/5.

SIG(I)=SS/4.

5 CONTINUE

IFN=1

N=3

CALL NELMIN

XMU=XMIN(1)*XMIN(1)
R=XMIN(2)*XMIN(2)

XNU=XMIN(3)*XMIN(3)

52
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IFN=2

N=1

T1=STEP(1)

T2=START(1)
STEP(1)= STEP(4)

START(1)=START(41

CALL NELMIN

STEP(1)=T1

START(1)=T2
ETA=XMIN(1)*XMIN(1)
X1=XMU*R/XNU

X2=R*(1.-XMU)/XNU
X3=R*(ETA+XMU*XMO+R*ETA)/(XNU*XNU)

X4=R*(1.-2.*XMU+ETA+XMU*X11U+R*ETA)/(XNU*XNU)

WRITE(3,10)XMU,R,XNU,ETA,X142,X3,X4
10 FORMAT(1X,F8.4,2E10.4,F10.6,4F12.9)

ICOUNT=JCOUNT

100 CONTINUE

END

FUNCTION FX(X)

COMMON /SIMP/ N,ICOUNT,REOMIN,YNEWLO,YSEC
COMMON /DATA1/ T(10),YBAR(10),SIO(10),IFN,XMU,R,XNU
DIMENSION X(4),Y(4),Z(10),DZ(10)

DO 10 I =i,N

10 Y(I)=X(I)*X(I)

SUM=0.0

IF(IFN.EG.2)8O TO 20
IF(Y(1).LE.1.0)G0 TO 25

FX= i.0E24

RETURN

25 DO 30 1=1,8
Z(I)=Y(1)*(1.-(1.+T(I)/Y(3))**(-Y(2)))
DZ(I)=YBAR(I)-Z(I)
SUM=SUM+DZ(I)*DZ(I)/SIO(I)

30 CONTINUE
FX=SUM

RETURN

20 DO 40 1=1,8

A=(XNU/(XNU+T(I)))**R

B=(XNU/(XNU+2.*T(I)))**R

C=XMU*XMU*(B-A*A)

Z(I)=Y(1)*(1.-2.*A+B)+C

DZ(I)=SIG(I)-Z(I)

SUM=SUM+DZ(I)*DZ(I)

40 CONTINUE

FX=SUM
RETURN

END



C

C

C

4. PROGRAM MOD3A(TAPE1,TAPE2,TAPE3,OUTPUT)
COMMON /SIMP/ N,ICOUNT,REOMIN,YNEWLO,YSEC
COMMON /SIMP/ START(20),STEP(20),XMIN(20),XSEC(20)
COMMON /DATA1/ T(B),YBAR(8),X1(2),SAMPSI6(8),LIND
DIMENSION SS(8),X2(2),YDATA(8,5)

READ(1,1)NSETS,ICOUNT,REOMIN

1 FORMAT(4X,214,F16.6)

READ(1,2)(START(I),I=1,4)

READ(1,2)(STEP(I),I=1,4)
2 FORMAT(4F10.6)

TEMP1=START(1)

TEMP2=START(2)
N=2

JCOUNT=ICOUNT
DO 10 K=1,NSETS

DO 3 1=1,8

READ(2,4)T(I),(YDATA(I,J),J=1,5)
4 FORMAT(6F10.6)

SUMYBAR=SS(I)=0.0
DO 71 J=1,5

SUMYBAR=SUNYBAWDATA(I,J)
71 SS(I)=SS(I)+YDATA(I,J)*YDATA(I,J)

YBAR(I)=SUMYBAR/5.
SS(I)=SS(I)-SUMYBAR*SUMYBAR/5.
SAMPSIG(I)=SS(I)/4.

3 CONTINUE

LIND=1

CALL NELMIN

ICOUNT=JCOUNT

DO 5 1=1,2

5 X1(I)=XMIN(I)*XMIN(I)

START(1)=START(3)
START(2)=START(4)

LIND=2

CALL NELMIN

ICOUNT=JCOUNT

DO 6 I =1 ,2

6 X2(I)=XMIN(I)*XMIN(I)

URITE(3,7)X1,X2

7 FORMAT(3X,4F15.9)

54



55

START(1):TEMP1
START(2)=TEMP2

10 CONTINUE

END

FUNCTION FX(X)

COMMON/ SIMP/ N,ICOUNT,REONIN,YNEWLO,YSEC
COMMON/ DATA1/ T(8),YBAR(8),X1(2),SAMPSIG(8),LIND

DIMENSION X(10),Y(4),2(8),D2(8),Z1(8),22(8),SIG(8)

DO 10 I=1,N

10 Y(I)=X(I)*X(I)

SUM=0.0

IF(LIND.ER.2)80 TO 50

A=Y(1)+Y(2)

DO 12 1=1,8

Z(I)=Y(1)*(1.-EXP(-A*T(I)))/A

DZ(I)=YBAR(I)-Z(I)

SUM=SUM+5.*DZ(I)*DZ(I)

12 CONTINUE

FX=SUM

RETURN

50 A=X1(1)+X1(2)

DO 22 1=1,8
Z1(I)=(X1(2)+EXP(-A*T(1))*(X1(1)*A*T(I)-X1(2)))/(A0)
Z2(I)=X1(1)*(-1.+EXP(-A*T(I))*(1.+A*T(I)))/(A*A)
SI8(I)=Y(1)*Z1(I)*Z1(I)+Y(2)*Z2(I)*Z2(I)
DZ(I)= SAMPSIG(I)- SIG(I)

SUM=SUM+DZ(I)*DZ(I)

22 CONTINUE
FX=SUM

RETURN

END
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5. PROGRAM MOD3B(TAPE1,TAPE2,TAPE3,OUTPUT)
COMMON /SIMP/ N,ICOUNT,REOMIN,YNEULO,YSEC
COMMON /SIMP/ START(20),STEP(20),XMIN(20),XSEC(20)
COMMON /DATA1/ T(8),YBAR(8),SS(8),SAMPSI8(8),SIG(8),X1(4),IND
DIMENSION YDATA(8,5),TEMP(4),Y(4)

N=2

READ(1,1)NSETS,ICOUNT,REOMIN

1 FORMAT(4X,214,F16.6)

READ(1,2)(START(I),I=1,4)
READ(1,2)(STEP(I),I=1,4)

2 FORMAT(4F10.6)

DO 5 1=1 ,4

5 TEMP(I)=START(I)

JCOUNT=ICOUNT
DO 10 K =1,NSETS

DO 3 1=1,8

READ(2,4)T(I),(YDATA(10),J=1,5)
4 FORMAT(6F10.6)

SUMYBAR=SS(I)=0.0
DO 71 J=1,5
SUMYBAR=SUMYBAR+YDATA(I,J)

71 SS(I)=SS(I)+YDATA(I,J)*YDATA(I,J)
YBAR(I)=SUMYBAR/5.

SS(I)=SS(I)-SUMYBAR*SUMYBAR/5.
SAMPSIG(I)=SS(I)/4.

3 CONTINUE

LCOUNT=0
30 DO 6 1=1,4

6 Y(I)=START(I)*START(I)

A=Y(1)+Y(2)
DO 7 J=1,8

B=(Y(2)+EXP(-A*T(J))*(Y(1)*A*T(J)-Y(2)))/(A*A)
C=Y(1)*(-1.+EXP(-A*T(J))*(1.+A*T(J)))/(A*A)
SIG(J)=B*B*Y(3)+C*C*Y(4)

7 CONTINUE

IND=1

CALL NELMIN

ICOUNT=JCOUNT

DO 8 1=1,2

START(I)=START(I+2)
8 X1(I)=XMIN(I)*XMIN(I)

IND=2

CALL NELMIN



ICOUNT=LCOUNT+1
IF(LCOUNT.E0.10)G0 TO 35

ICOUNT=JCOUNT

DO 9 1=1 ,2

9 X1(I+2)=XMIN(I)*XMIN(I)

C

C

C

DO 11 I=1,4
IF(ABS(Y(I)-X1(I)).GT..00001)60 TO 25

11 CONTINUE

GO TO 35

25 DO 26 1=1,4
26 START(I)=SORT(X1(I))

GO TO 30

35 DO 36 1=1,4

36 START(I)=TEMP(I)

WRITE(3115)LCOUNT,X1
15 FORMAT(I6,3X,4(1X,F15.9))

10 CONTINUE

END

FUNCTION FX(X)
COMMON /SIMP/ N,ICOUNT,REGMIN,YNEWLO,YSEC
COMMON /DATA1/ T(8),TBAR(8),SS(8),SAAPSI6(8).SIG(8),X1(4),IND

DIMENSION X(2),Y(2),Z(8).DZ(8)

DO 10 1=1,2
10 Y(I)=X(I)*X(I)

SUM=0.0

IF(IND.EQ.2)GO TO 50

A=Y(1)+Y(2)

DO 12 J=1,8
Z(J)=Y(1)*(1.-EXP(-A*T(J)))/A
DZ(J)=YBAR(J)-Z(J)

SUM=SUM+(SS(J)+5.*DZ(J)*DZ(J))/SIO(J)
12 CONTINUE

FX=SUM

RETURN

50 A=X1(1)+X1(2)

DO 14 J=1,8

P(X1(2)+EXP(-A*T(J))*(X1(1)*A*T(J)-X1(2)))/(A*A)
C=X1(1)*(-1.+EXP(-A*T(J))*(1.+A*T(J)))/(A*A)

SIG(J)=B*B*Y(1)+C*C*Y(2)

DZ(J)=SAMPSIG(J)-SIG(J)
SUM=SUM+DZ(J)*DZ(J)

14 CONTINUE
FX=SUM

RETURN

END
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SUBROUTINE NELMIN
COMMON /SIMP/ N,ICOUNT,REOMIN,YNEWLO,YSEC
COMMON /SIMP/ START(20),STEP(20),XMIN(20),XSEC(20)

DIMENSION P(20,21),PSTAR(20),P2STAR(20),PBAR(20),Y(21)

KCOUNT=ICOUNT

ICOUNT=0

RCOEFF=1.

ECOEFF=2.

CCOEFF=.5

IF(REOMIN.LE.0.)ICOUNT=ICOUNT-1

IF(N.LE.O.OR.N.F.20)ICOUNT=ICOUNT-10
IF( ICOUNT.LT.0)RETURN

DABIT=2.04607E-35

BIGNUM=1.0E38
KONVGE =5

DN=XN=FLOAT(N)

NN=N+1

DO 100 I=1,N

XMIN(I)=XSEC(I)=0.
100 P(I,NN)=START(I)

YNEULO= YSEC =0.

Y(NN)=FX(START)

ICOUNT=ICOUNT+1
DO 2 J =1 ,N

CHEK=START(J)

START(J)=CHEK+STEP(J)

DO 3 I=1,N

3 P(I,J)=START(I)

Y(J)=FX(START)

ICOUNT=ICOUNT+1

2 START(J)=CHEK

1000 YLO=YNEWLO=Y(1)

ILO=IHI=1

DO 5 I=2,NN
IF(Y(I).6E.YLO)60 TO 4

YLO=Y(I)

ILO=I

4 IF(Y(I).LE.YNEWL0)60 TO 5

YNEWLO=Y(I)
IHI=I

5 CONTINUE
CHEK=(YNEULO+DABIT)/(YLO+DABIT)-1.
IF(ADS(CHEK).LT.RE0MIN)60 TO 900

KONY6E=KONV6E-1

IF (KONVGE.NE.0) GO TO 2020

KONVGE =5

DO 2015 I=1,N

COORD2=COORD1=P(I,1)

DO 2010 J=2,NN
IF (P(I,J).6E.COORD1) 60 TO 2005
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COORD1=P(I,J)

2005 IF(P(I,J).LE.COORD2) GO TO 2010
COORD2=P(I,J)

2010 CONTINUE
CHEK=(COORD2+DABIT)/(COORD1+DABIT)-1.
IF (ABS(CHEK).GT.REOHIN) GO TO 2020

2015 CONTINUE
GO TO 900

2020 IF (ICOUNT.GE.KCOUNT) GO TO 900
DO 7 I=1,N

Z=0.

DO 6 J=1,NN

6 Z=Z+P(I,J)

Z=Z-P(I,IHI)

PBAR(I)=ZiDN
7 PSTAR(I)=(1.+RCOEFF)*PBAR(I)-RCOEFF*P(I,IHI)
YSTAR=FX(PSTAR)

ICOUNT=ICOUNT+1

IF (YSTAR.GE.YLO) GO TO 12
IF (ICOUNT.GE.KCOUNT) GO TO 19
DO 9 I=1,N

9 P2STAR(I)=ECOEFFWSTAR(I)+(i.-ECOEFF)qBAR(I)
Y2STAR=FX(P2STAR)

ICOUNT=ICOUNT+1
IF (Y2STAR.GE.YSTAR) GO TO 19

10 DO 11 I=1,N

11 P(I,IHI)=P2STAR(I)
Y(IHI)=Y2STAR

GO TO 1000
12 L=0

DO 13 I=1,NN
13 IF (Y(I).GT.YSTAR) L=L+1

IF(L.GT.1)G0 TO 19

IF(L.E0.0)G0 TO 15

DO 14 I=1,N

14 P(I,IHI)=PSTAR(I)
Y(IHI)=YSTAR

15 IF(ICOUNT.GE.KCOUNT) GO TO 900

DO 16 I=1,N

16 P2STAR(I)=CCOEFF*P(I,IHI)+(1.-CCOEFF)PPBAR(I)
Y2STAR=FX(P2STAR)
ICOUNT=ICOUNT+1
IF(Y2STAR.LT.Y(IHI)) GO TO 10

DO 18 J=1,NN

DO 17 I=1,N

P(I,J)=CP(I,J)+P(I,ILO))*0.5

17 XMIN(I)=P(I,J)

Y(J)=FX(XMIN)

18 CONTINUE

ICOUNT=ICOUNT+NN
IF(ICOUNTAT.KCOUNT)G0 TO 1000

GO TO 900



19 DO 20 I=1,N
20 P(I,IHI)=PSTAR(I)

Y(IHI)=YSTAR
GO TO 1000

900 DO 23 J=11NN

DO 22 I=1,N
22 X$IN(I)= P(I,J)

Y(J)=FX(XMIN)

23 CONTINUE

YNEULO=BIGNUN
DO 24 J=1,NN
IF(Y(J).6E.YNEWL0) GO TO 24

YNEULO=Y(J)
IBEST=J

24 CONTINUE
YSEC=MBEST)=BIGNUM
DO 25 J=1,NN

IF (Y(J).GE.YSEC)G0 TO 23

YSEC=Y(J)

ISEC=J

25 CONTINUE
DO 26 I=1,N

XNIN(I)=P(I,IBEST)
XSEC(I)=P(I,ISEC)

26 CONTINUE

RETURN

END

.
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