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FLUID FORCES ON SMOOTH AND
ROUGH CIRCULAR CYLINDERS

1.0 INTRODUCTION

1.1 Scope

Ocean wave and current forces on a cylinder have been

investigated extensively to enable more efficient designs

of offshore structures. Even so, a better understanding of

some aspects of wave force behavior is still needed. Since

the exact flow characteristics around a cylinder are still

not analyzed theoretically, some good semi-theoretical

formulations have been used for practical design. Organiz-

ing and summarizing the existing published work on the

semi-theoretical formulations is needed in order to give

designers advice on the present state of knowledge (75).

Most of the present data is for smooth or uniformly arti-

ficially roughened cylinders. On the other hand, an ocean

structure is subject to the accumulation of natural marine

growths. The behavior of fluid flow around a naturally

roughened cylinder might be different from that around a

smooth or uniformly roughened cylinder. The main thrust

of this thesis is to present new information on the fluid

forces on naturally roughened cylinders.

This thesis will emphasize and present some aspects

of the following topics:
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1. Hydrodynamic forces due to wave and current on

a circular cylinder in the drag/inertia flow

regime.

2. The influence of cylinder orientation on wave-

loads.

3. Statistical analysis of wave forces.

4. Hydrodynamic coefficients as influenced by marine

growths and natural roughnesses.

Topics not deeply involved in this thesis will be

mentioned briefly in section 1.3.

1.2 Purpose

The purpose is to summarize in depth some aspects of

wave and current forces on cylinders with particular empha-

sis on naturally roughened cylinders. A computer algorithm

for higher order coefficients is developed in order to

analyze the fluid forces on a cylinder with heavy marine

growths. The results of new experiments at Oregon State

University will be presented.

1.3 Adjunct Topics of Fluid Force on Cylinders

The following topics have the same importance as those

emphasized herein. However, it would be too lengthy to

detail each one. A brief summarization is made for the

sake of completeness.
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1.3.1 Proximity Effect

The fluid force on a horizontal cylinder near a free

surface or plane boundary can be significantly different

from that in an unlimited ambient flow. The free surface

effects can be examined approximately with the use of

potential flow theory, since it is similar to the problem

of surface waves disturbed by the presence of the cylinder.

Actually for a cylinder submerged three cylinder diameters,

the effect of the free surface on forces is small (67).

The proximity effect due to a plane boundary was investi-

gated in a series of theoretic and experimental works (67,

79, 95, 98). It was found that the effect of the nearby

plane boundary increases the drag, lift and added mass co-

efficients from two to four times as compared to the free

stream flow values (96). The frequency of vortex shedding,

or the Strouhal number, for a smooth cylinder is also in-

fluenced by a nearby plane boundary (35). As the smooth

cylinder approaches the plane boundary, the Strouhal

number increases from that of the free stream for the

range 0.9 < e/D s 1.5, then it decreases for the range

0.06 < e/D 5. 0.9, where e is the gap between the test

cylinder and the bottom boundary.

Another effect is force interaction from the proximity

of multiple cylinders. Yamamoto and Nath (97, 99) proposed

a complex potential solution in terms of an infinite series
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of doublets, based on Milne-Thomson's circle theorem.

Depending on the spacing between cylinders and the angle

of attack, the added mass force on a cylinder in the array

can be as high as three times that of an isolated cylinder.

Only potential flow was considered. The wake effects were

not taken into consideration. Other treatments of this

problem appear in (19).

1.3.2 Diffraction Theory

As the sectional size of a cylinder becomes large,

the wave scattering affect becomes important. One upper

limit criterion for the Morison equation is when the

diameter/wave length ratio (D/L) is equal to 0.2 (38)

where L is the wave length. As D/L becomes greater than

0.2, the diffraction wave theory should be used. Since

diffraction wave theory is based on the assumption of

potential flow, the viscous effects are disregarded. The

upper limitation of neglecting viscous effects is when the

parameter H/D is approximately equal to 1.5 (38), where H

is wave height.

Basically, diffraction theory solves the interactions

between wave and structure by way of potential flow

theory. A velocity potential (!) has to be determined from

the boundary value problem, which includes the Laplace

equation for the fluid regions and all the free surface

and submerged boundary conditions. For convenience 4) can

be considered to be composed of two parts.
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(1) g'w + `Ps

in which cP1,7 represents the velocity potential of the inci-

dent wave and Os represents the velocity potential of the

scattering of the incident wave due to interaction with

the solid object. The scattering potential Os is usually

determined through the Green's function theory (31). In

other words, the scattering potential Os is represented by

a distribution of wave sources over the surface of the

object. The distribution function of wave sources is

obtained by invoking the boundary condition in which the

velocity normal to the surface of the subject must be zero.

Once the velocity potential ci) is found, the pressure dis-

tribution on the surface of the object can be determined

and, therefore, the forces on the object can be computed

by integrating the pressure distribution over the body

surface.

MacCamy and Fuchs (55) first examined the interaction

of a large circular cylinder with a train of regular waves

by a diffraction approach. The scattering potential cps

was solved in closed form by using Bessel functions.

Garrison developed the first-order Green's function (29,

31), and second-order Green's function (30) to numerically

solve the wave force on large, arbitrarily shaped, float-

ing or fixed structures. In reference (38), a summary of

diffraction analysis and their applications is listed.
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One of the disadvantages of diffraction wave theory is the

complex numerical calculation of integral equations. As

the structural shape is more complex, the required cal-

culations increase rapidly.

1.3.3 Other Shapes of Structure

Although the circular cylinder is the most common

shape in offshore structures, there are other shapes used

for various purposes. Large crude oil storage tanks have

been built in a hemisphere, rectangle or conical shape.

Diffraction theory is used to solve this problem through

Green's function, such as the rectangle (45, 88), hemi-

sphere (5), open bottom cones (13), etc. Since each speci-

fic shape has its specific boundary condition and flow

characteristics, it is really difficult to have a simple

wave force formulation, like the Morison equation, to

cover all various shapes of large structures.

If the non-cylindrical structures are small in rela-

tion to the wave length, the Morison equation may still be

used to calculate the wave force. However, as with the

cylinder, the coefficients must be determined experimental-

ly. For a small submerged sphere, Sarpkaya (76) performed

experiments in his U-shaped water tunnel within the range

of subcritical Reynolds number. The coefficients, Cd and

Cm , were obtained by using a Fourier analysis method. Both

coefficients correlated with Keulegan-Carpenter number K
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reasonably well. But, no correlation was found between

Reynolds number, R, and the force coefficients, Cd or Cm.

1.3.4 Other Environmental Loads

In nature, the dynamic force exerted by breakers or

incipient breakers may reach a value much greater than that

produced by unbroken waves. But, this force is primarily

due to the acceleration at the front of a breaker and it

endures for only a short time interval. Brief empirical

design information is presented in (83).

Besides wave and current forces, there are other

environmental forces on ocean structures, such as those

due to wind, ice, and earthquake; and there are working

load forces such as those from rotating drill string,

shifting deck loads and vibration of other equipment.

Some design information on these environmental and man-

made forces appear in (61, 83, 84).
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2.0 FLUID FORCE DRAG/INERTIA REGIME

2.1 Steady State Ambient Flow

Ocean currents can be classified according to their

generation: tidal currents, wind currents, wave-induced

currents and local currents due to discharge from rivers.

They are all time-dependent. Their velocities can be

denoted by Vc(x,y,z,t). However, the oscillation periods

of ocean currents are much longer than surface wave periods

and are usually treated as a steady state condition. For a

tubular offshore structure, one may assume the distribution

of the current at the location of the structural member is

uniform in the horizontal plane and only a function of
2111c

c cdepth, which means that = = 0 and -7T 0. Givenax

that the vortex coherence length can be ignored, one may

also divide the whole depth into several sections and

assume the currents are uniformly distributed within each

section. Therefore, the drag force and vortex force on a

circular cylinder in a steady, uniform flow are the two

major parts to be discussed here.

2.1.1 Drag Force

The drag force on an object consists of two parts:

skin friction and pressure drag. The skin friction drag

is due to the viscous shear stress between the flow and

the body. For a bluff body, like a circular cylinder,
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boundary layers are formed in the front region on the body

and separate in the back region. The integral of the nor-

mal pressure distribution over the entire body yields the

pressure drag. The intecral of the shear stress over the

entire body yields the shear drag. The distribution of

the two components on the total drag force varies as a

function of Reynolds number, R. For the circular cylinder,

the skin friction drag is less than 6% of the total force

for R > 5 x 10 3
(34). Thus, the pressure drag consti-

tutes a major part of the total drag force.

A typical experimental plot of drag coefficient ver-

sus Reynolds number for a smooth circular cylinder in a

steady flow is shown in Fig. 1. The flow configuration is

described according to (34, 37, 48, 60, 75, 80, 93). In

the "symmetrical range" of 5 R 40, there are no oscil-

lating features in the wake. Twin vortexes are attached

behind the cylinder. In the range of about 40 s R S 150,

a regular vortex street is formed, and it decays by vis-

cous dissipation, eventually, in the free stream. As Rey-

nolds number increases further to the "subcritical region",

150 5- R -S. 2 x 105, the laminar boundary layer separates

from the cylinder surface at about 80° from the front

stagnation point. An unsteady, turbulent vortex street is

formed which persists for large distances downstream from

the cylinder. The drag coefficient is almost constant at

C
ds = 1.2. After the subcritical region, transition from

the laminar boundary layer to the turbulent boundary layer

occurs progressively. The turbulent flow has more momentum



102

2

10
1

Cds

100

5

10

10
1 2

I. Symmetrical region 1 1 1I

I I 1
I II. Regular vortex street, laminar

1 I

I wake I

I I
I Ill . Subcritical region, laminar

1

1
boundary layer, unsteady, tur-I

I Turhulellet Boundary
I

bulent vortex street I

I Layer _
1

IV. Critical region
I 1

V. Supercritical region
1 I

1

1

VI. Postcri ti cal region
1

1

I

I I I

II I 1

I-

I I

1

VI

I

III
1

V! V

I I

I

1 I I

I
I I

I
I

I

I

1
I

1

1

I
I

1 I

. I I . , 1 4 . I 1 a 1 1
I ' 1

1
I

i

2 2 5 2 55
01 2 2 03

5
1.0

4 2 5
10

5
106 107

R

Fig. 1 Drag Coefficient versus Reynolds Number for a
Smooth Circular Cylinder in Steady Flow



11

to move the separation point rearward. The size of the wake

is reduced. Between the laminar and turbulent boundary layer

conditions (2 x 10 5
< R 4 x 10 5

) the drag coefficient

C
ds falls steeply into the minimum. Up to these Reynolds

numbers, the wake flow, though oscillatory, exhibits little

variation in the width of the wake. In the supercritical

range of 4 x 10 5 < R 3 x 10 6
, Cds rises to 0.54 at R =

3 x 10 6
and decreases slightly to about 0.52 at R = 10 7

(48). In fact, the boundary layer on the entire forward

cylinder surface for R 3 x 106 is becoming predominantly

turbulent. The flow characteristics are almost independent

of Reynolds number (82). The limits of each region quoted

above are modified by the cylinder roughness, ambient

turbulence, cylinder aspect ratio and the influence of any

nearby walls, adjacent cylinders or the free surface.

2.1.2 Vortex Force

As fluid flows past a stationary cylinder, the fluc-

tuating wake is composed of vortexes shed alternately from

the sides of the cylinder. The shedding frequency fv is

related to the cylinder diameter D and flow velocity Vc.

The non-dimensional Strouhal number is defined as

f D
S = v

V
c

2.1.2-1
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which is dependent on the Reynolds number as shown in Fig.

2. In the subcritical region and above R = 103, the

vortex shedding from a smooth stationary circular cylinder

is strong and regular and S is approximately constant at

0.2. In the region greater than 2 x 105, both Cds and S show

dramatic change, associated with considerable scatter,

with S increasing to as much as approximately 0.45. How-

ever, the vortex shedding force in this region is weaker

and more random. It is difficult to define an accurate

shedding frequency (50). However, in the region of

Reynolds number, R > 3 x 10 6
, the vortex shedding behind

the cylinder becomes more regular as in the subcritical

region (48, 86) .

The vortex forces on a cylinder have two major parts:

a fluctuating component with frequency 2fli in the ambient

flow direction and another component with frequency fv in

the lateral direction. The former is the in-line vortex

force and the latter is the transverse vortex force (or "lift"

force). The in-line vortex force is small with respect to

the steady drag force, whereas the magnitude of the trans-

verse force can approach that of the steady drag force.

In the range of 150 R 5 105, the transverse force has a

fairly constant frequency for a given velocity of flow,

but the amplitude fluctuates randomly. Thus, they are

expressed in terms of various coefficients which are (a)

the maximum amplitude of the transverse force normalized
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by 0.5 DL
c
V2 , (b) the mean value of peak values of a trans-

verse force history normalized by 0.5 DLcV and (c) the

normalized root-mean-square value of the transverse force

(4, 48). Some results of these coefficients for a

stationary smooth circular cylinder are shown in Fig. 3.

In terms of the vortex shedding idea, the transverse

vortex force per unit length of cylinder, fL, can be

approximately expressed in the deterministic form

fL(t) = ipD*Lcos(27fvt) 2.1.2-2

in which C
L is usually obtained from the maximum amplitude

of the transverse force for the sake of conservativism.

The total force on a cylinder in a steady flow will be the

vector sum of the total drag force and the transverse

vortex force.

The fluctuating and random vortex force can also be

represented by spectral analysis. In Fig. 2, the spectra

of transverse vortex forces are also sketched and could

provide a simple criterion for classifying the flow

regimes (86). In the subcritical and postcritical regions,

the spectra have a clear and dominant peak at the shedding

frequency. In this manner, an accurate assessment of the

shedding frequency can be obtained. However, in the

critical and supercritical region, spectra of the vortex

force are much broader.
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2.2 Unsteady Ambient Flow

Oscillatory ambient flow and real wave flow are empha-

sized here. The other unsteady flow conditions, such as

uni-direction accelerating (or decelerating) flow, impul-

sive flow, etc., are not included. Although the oscilla-

tory flow is comparatively similar to the real wave flow,

it should be recognized that there are some significant

differences in hydrodynamic characteristics. The wake be-

hind a horizontal cylinder in deep water waves is rotating

around the cylinder instead of oscillating back and forth

as in oscillatory flows. A detailed discussion of these

differences will be given in section 3.2.

2.2.1 Morison Equation

Through the laminar boundary layer theory, Stokes (85)

showed that the force on an infinite cylinder oscillating

perpendicularly to its axis in an unlimited viscous fluid

consists of two terms, one involving the acceleration of

the cylinder and the other the velocity. The derived force

on the cylinder per unit of length can be written as

f = p7D
2
C
a
A + p1ID

2
aD

v
u 2.2.1-1

in which u and a are the instantaneous velocity and

acceleration of the oscillating motion, u = um cosat is

the motion of the cylinder, and a is the radian frequency
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(95). The added mass coefficient Ca and the viscous coef-

ficient Cv can be shown as

and

2/2 v/a
C = 1 +
a D

2(2-)

v
2/T77,77Y a

C =
D
2

2.2.1-2

2.2.1-3

where v is the kinematic viscosity of the fluid.

Stokes' theory is only applicable to very small ampli-

tude, laminar motions. It cannot be applied to large

motions such as ocean waves on submerged objects.

Morison, O'Brien, Johnson and Schaaf (66) proposed a

formula to estimate wave forces on a vertical cylinder

which has been commonly referred to as the Morison equa-

tion. The basic concept of the Morison equation is consis-

tent with Stokes' theory even though the final formulation

is different, particularly in the drag term. The horizon-

tal in-line force exerted on a unit length of a vertical

circular cylinder is

-4 u+ Df = Cm p -4 u + Cd p f ulul 2.2.1-4

in which Cm is the inertia coefficient (1 + the added mass

coefficient), and C
d

is the drag coefficient. In the case

of a perfect fluid, only the inertia force component

exists. From the potential flow theory, it can be shown
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that the inertia coefficient Cm is equal to 2.0 for a

fixed circular cylinder subjected to an unsteady flow. In

a real flow, both coefficients have to be determined from

experimental data, since the wake behind the cylinder is

turbulent and rather disorganized. It becomes necessary

to correlate C
d
and Cm with some nondimensional para-

meters, such as the Reynolds number, Keuleagan-Carpenter

number etc., for analyzing extensive sets of experimental

data.

2.2.2 Parameter Analysis

The Morison equation has two unknown coefficients to

be determined by measured force data from laboratory and/

or field experiments. Unfortunately, the variation of

these two coefficients is not always comprehensive and con-

sistent, since they depend on how the data are measured,

how the water kinematics are calculated, the method of

data analysis, the scaling of experiments, etc. Neverthe-

less, correlating the empirical force coefficients with

some non-dimensional parameters is expected.

Considering the dimensional aspects of the problem,

the force per unit of length, f, on a cylinder in an

oscillatory wave is

f = gl(T, um, De, p, \, t, k, g) 2.2.2-1
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where T is the wave period, um is the maximum velocity

in the wave cycle, De is the effective diameter, p is the

water density, v is the kinematic viscosity, t is time,

k is the surface roughness height and g is the gravity

constant. Grouping the variables by using the 7-theorem,

we obtain

or

f

pDum

= g2(t/T, umT/De, umDe/v, k/De, um//5;) 2.2.2-2

f
g2(t/T, K, R, k/De, Fr) 2.2.2-3

pDum

where K is the Keulegan-Carpenter number, R is the Rey-

nolds number and F
r

is the Froude number. The effective

diameter D
e

can be defined as

D
e
= 5D 2.2.2-4

where 6 is the effective diameter coefficient and D is

the original diameter of the smooth cylinder. The magni-

tude of 6 is probably equal to or greater than 1.0. It is

conceivable that 6 might be less than 1.0 for a porous

cylinder. For smooth and uniformly artificially roughened

cylinders such as those in Sarpakaya's work, 6 is equal to

1.0. For a cylinder with heavy marine growths, 6 should

be greater than 1.0, which can be determined from the

hydraulic model tests. A more detailed discussion will be



given in Chapter 7. If the free surface effect can be

ignored, the Froude number, F
r

, is not a dominant para-

meter. Therefore, the two coefficients Cd and Cm in the

Morison equation are

and

Cd = f
1
(t/T, K, R, k/D

e
)

Cm = f
2
(t/T, K, R, k/D

e
)
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2.2.2-5

2.2.2-6

Most experimental determinations of Cd and Cm are obtained

by assuming they are constant within the wave cycle. By

assuming Cd and Cm are time-invariant, they are easily

obtained from data analysis and simply handled by

designers, as compared with time-dependent force coeffi-

cients. In addition, Keulegan and Carpenter (49) found

that C
d

and Cm are almost constant during a wave cycle

except in the neighborhood of K = 15.

Examining these parameters, Sarpkaya (78) replaced R
2

with the frequency parameter 8, defined as 8 = R/K =
DT'

because the effect of viscosity is relatively small and um

appears in both K and R. Also Sarpkaya felt that the fre-

quency parameter, S, showed effects of frequency variation

more clearly. By using Fourier analysis as presented in

sec. 5.1.2, Sarpkaya (78) showed a remarkable correlation

among the force coefficients and the parameters K and $

for smooth cylinders, as shown in Fig. 4. As for roughened
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cylinders, Sarphkaya's work in oscillatory flow will be

summarized in Chapter 6.

Since oscillatory flow reverses direction every half

cycle, the wake has only a limited time to form before sud-

denly becoming the upstream part of the flow and being

swept back onto the cylinder again. The dominant para-

meter for the wake to form before the flow reversal is the

ratio of the double amplitude of water particles displaced

in one-half cycle, A, and the diameter of the cylinder.

The ratio is indeed proportional to K, i.e. K = IEL
'

accord-

ing to linear wave theory or harmonic flow. Thus, K is an

important factor in defining the oscillatory force coeffi-

cients. For very low K, K 3, there is no time for sepa-

ration or a wake to form before flow reversal. The pres-

sure drag is negligible. Only the viscous shear force

contributes significantly to the total drag force. How-

ever, this viscous shear force is small compared with the

inertia force. Therefore, in this range of K, potential

flow can be assumed and Cm approaches 2.0 for a circular

cylinder. It should be noted that this procedure is not

acceptable when the small hydrodynamic damping is impor-

tant in the determination of structural response. The drag

coefficient, Cd, obtained from experiments in this region

of K < 3 may be unreliable since the drag force component

may be too small to be measured accurately. As K is

increased progressively, separation occurs, eddies are
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shed, a wake begins to form and the pressure drag

increases. In this region, the drag force becomes of the

same order of magnitude as the inertia force. At extreme-

ly high values of K, K 200, the flow is virtually the

same as steady state flow. As discussed in sec. 2.1,

Reynolds number is the parameter more dominant than K in

the latter region. Thus, one will find that the depen-

dence on K in oscillatory flow is progressively

decreased and the dependence on R is increased when K

becomes large. For the case of important damping and

small K, the reader is referred to (65).

The total fluid force on a cylinder is the vector sum

of the in-line force and the vortex force. The in-line

force is predicted by the Morison equation. The vortex

force is composed of transverse and in-line components.

Usually the transverse vortex force can approach the value

of the drag force component in the Morison equation. The

transverse vortex force in the unsteady flow may also be

expressed with three kinds of coefficients, as defined in

sec. 2.2.2, except using um instead of Vc. Sarpkaya (77,

78) represented the maximum lift coefficient CLm, similarly

to Cd and Cm, as

CLm = f3 (K,(K R, k/D
e

) 2.2.2-7

Summarizing his experimental results, Sarpkaya obtained a

remarkable correlation between C
Lm and these non-
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dimensional parameters, as shown in Fig. 5. Considering

the significance of the in-line vortex force in the range

of 10 < K 5 20, Sarpkaya (77) proposed a modified Morison

equation for oscillatory flow, u = -umcose, as follows

7
2
D

Cmsine Cdicoselcose
Dpum "m

-
Lmcos(30-c) 2.2.2-8

in which c is a coefficient to be selected, and SI is the

phase angle between the in-line force and the vortex force.

Through the use of the appropriate values of CLm and Sn

with = 0.1, Sarpkaya showed that the above correlation

considerably reduced the difference between the measured

and calculated in-line total force in the range of

10 K 20. This work demonstrates that in-line vortex

force may account for most of the error or scatter in the

predictions from the Morison equation.

2.2.3 Limitations of the Morison Equation

Although the Morison equation is popular in ocean

engineering, designers should have a clear understanding

of its limitations in order to have a good judgement in

the estimation of wave forces. Apart from the necessary

assumption that the object must be small compared to the

incident wave length, i.e. small De/L, there are other

limitations as follows:
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(a) Morison, et al. (66) indicated that Eq. 2.2.1-4

is only for uni-directional waves that are not breaking,

progressing on a single pile without any influence from

other piles. The force coefficients, Cd and Cm, were

expected to be time-invariant and could be obtained from

the maximum value method as in sec. 5.1.1. Only the in-

line force was considered.

(b) The forces due to vortexes were neglected. How-

ever, the magnitude of the transverse force is appreciable

for K > 5, as illustrated in Fig. 6 (77). By neglecting

the transverse force component the actual total force act-

ing on the cylinder will be underestimated.

(c) The original formulation is only concerned with

the temporal acceleration forces and neglects the convec-

tive acceleration. However, in some specific situations

like a small cylinder close to a large cylinder, non-

uniform ambient flow, etc., the convective accelerative

force should be considered. Reference (95) had more

detailed information about the significance of convective

acceleration.

(d) The Morison equation is based on the assumption

that the object does not affect the incident waves. As

the size of the object in relation to the wave length in-

creases, the incident wave is scattered significantly.

Thus, for large objects, the Morison equation must be re-

placed by a more basic approach which accounts for the
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effect of finite relative size as well as the free surface

modification. Such an approach is generally referred to

as diffraction theory. It is briefly reviewed in sec.

1.3.2.

Basically, the Morison equation is an empirical equa-

tion. Two force coefficients, Cd and Cm, are necessarily

determined in order to best fit with experimental data. In

addition, they must be evaluated from experimental data

that approximate the design condition. The correlation of

these two force coefficients with nondimensional parameters

is important. Fortunately, more recent results for Cd and

Cm have less scatter, such as Sarpkaya's work in oscilla-

tory flow (75, 76, 77, 78). Therefore, the Morison equa-

tion is still widely used in the drag/inertia regime in

spite of the limitations mentioned above.

2.3 Combined Current and Wave

Waves and wave forces are affected by currents. Due

partly to the difficulty in obtaining and analyzing wave

and current force data combined and also from the lack of

suitable wave theories to describe waves on currents mathe-

matically, the effects of current on waves and wave forces

have not been so thoroughly investigated. In this section,

we first review the theoretical research on the interaction

of waves and currents. Then, some experimental works about

forces on cylinders are discussed.
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2.3.1 Interaction of Wave and Current

Theoretically, Longuet-Higgins and Stewart (51)

proved that certain changes in wave characteristics would

arise from the superposition of waves and current. When a

wave train propagates into a region of local current, the

wave amplitude decreases and the wave length increases if

the current and the waves are in the same direction. How-

ever, if the current and the waves are in opposing direc-

tions, the wave amplitude increases and wave length de-

creases. Therefore, a theoretically critical point is

reached as the current velocity becomes equal and opposite

to one half of the local wave group velocity, 0.5Cw. The

wave energy at this critical point can no longer be pro-

pagated against the current and the wave amplitude theore-

tically approaches infinity. In fact, waves will break

long before they reach this limit (42, 51).

Recently, Dalrymple (21) generalized the stream func-

tion wave theory by considering waves propagating on a cur-

rent. The velocity profiles of the current were assumed

to be two or three straight line segments. Due

to the non-linear interaction of the current and waves,

the combined velocity profile is not simply equal to the

superposition of an ambient current velocity profile into

the velocity field of a wave in still water. However, in

deep water, the difference of the combined velocity profile
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from the generalized stream function theory and simple

superposition of current and wave is quite small (21).

2.3.2 Experimental Work

Considering the effect of combined oscillatory flow

and a current, the Morison equation for a rigid cylinder

can be modified to (20, 93, 94)

TrD
2

f Cmc P T u Cdc p (u - V
c
)111 - V

c
2.3.2-1

in which C
mc and C

dc are respectively inertia and drag

coefficients associated with the combined flow. Verley

and Moe (62, 65) approximated the wave action with an

oscillating cylinder submerged in a current. From measur-

ing damping forces, they showed that the drag coefficient

Cdc in Eq. 2.3.2-1 was equivalent to the steady drag co-

efficient C
ds

for V
c
/aD > 10. For values of V

c
/aD S 10,

the coefficient Cdc is not equilvalent to Cds and is a

function of the amplitude of the oscillating cylinder as

shown in Fig. 7. The inertia coefficient Cmc was not con-

sidered in Verley and Moe's works.

Under the assumption that the current was in the

direction of the waves and the current did not effect the

inertia force component, Dalrymple (20) showed the follow-

ing equation by minimizing the squared error of Eq. 2.3.2-

1 and Eq. 2.2.1-4 with respect to Cd,
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2.3.2-2

where um is the maximum horizontal velocity induced by

waves without the current. A curve of Eq. 2.3.2-2 is

shown in Fig. 8. Thus, the significance of the effect of

a current on the determination of force coefficients is

important, especially for field experiments. In addition

to obtaining the force coefficients, Dalrymple (20) com-

puted the ambient mean current velocity from analyzing

field data of Wave Project II by non-linearly minimizing

the squared error between measured and predicted forces.
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3.0 FORCES ON AN ARBITRARILY ORIENTED CYLINDER

3.1 Vertical Cylinder

The Morison equation is a common method to evaluate

the in-line fluid force on a differential section of a

vertical pile. By integrating the Morison equation from

the bottom to the water surface and by integrating the dif-

ferential force times the moment arm, the total in-line

fluid force and overturning moment on the vertical cylinder

can be obtained. The force coefficients, Cd and Cm, are

usually selected from the results of laboratory experiments

or from measurements on a prototype structure. A summary

of these two coefficients is given in sec. 3.1.1. The

force coefficients, Cd and Cm, are generally taken as uni-

form along the span of the vertical cylinder. Whether one

has to use the non-uniform distribution of C
d
and Cm over

the span of the vertical cylinder is discussed in sec.

3.1.2. Besides the in-line force, a transverse force on

the vertical cylinder due to vortex shedding is discussed

in sec. 3.1.3.

3.1.1 Summary of Cd and Cm

The available force coefficients, Cd and Cm, are sum-

marized from some of the published sources. As discussed

in sec. 2.2.2, the non-dimensional parameters, K and R,
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are commonly correlated with the force coefficients.

Keulegan and Carpenter (49) first successfully related Cd

and Cm with the period parameter (Keulegan-Carpenter num-

ber), K, shown in Fig. 9. Although Keulegan and Carpen-

ter's experiment was on the horizontal cylinder, the force

coefficients shown in Fig. 9 have extensively been used in

predicting wave forces on a vertical cylinder. The cor-

relation between the force coefficients and Reynolds num-

ber is not found in Keulegan and Carpenter's work. How-

ever, the suggested values of Cd and Cm from the Shore Pro-

tection Manual (83) are only functions of Reynolds number,

which are

and

C
d = 1.2

R 2*10
5

Cm = 2.0

Cd = 7.86 - 1.25 log R
2*10

5
< R < 5*105

Cm = 2.5
5*105

C
d

= 0 7

Cm = 1.5
R 5*105

The correlation between the force coefficients and the

Keulegan-Carpenter number was ignored in the Shore Protec-

tion Manual. Recently, the relation of Cd and Cm with

both K and R has been investigated. Hogben, et al. (39)

reviewed lots of published literature and summarized
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suggested values of Cd and Cm as functions of R and K, as

shown in Fig. 10. Six boxes show different loading regimes

for Cd and Cm. The results from error analysis which com-

pares the measured force and the calculated force by using

the suggested Cd and Cm are also shown in each box.

Sarpkaya has successfully obtained a clear correla-

tion of C
d and Cm with R and K from his experimental work

in pure oscillatory flow. Due to the orbital motion of

the water particles in wave flow, there exists a fundamen-

tal hydrodynamic difference between the wavy flow and the

oscillatory flow. For a horizontal cylinder, the orbital

motion of the water particles has a significant influence

on wave flow, which will be discussed in sec. 3.2.

However, the wake flow along a vertical cylinder in waves

may not be affected so much as to have a significant dif-

ference from the oscillatory flow. Therefore, the force

coefficients from Sarpkaya's works in oscillatory flow, as

shown in Fig. 4, seem reasonable to be used for a vertical

cylinder in waves. But, it should be mentioned that the

flow is uniform along the span of the test cylinder in

Sarpkaya's works, whereas the flow external to the verti-

cal cylinder in waves is a function of depth. The distri-

bution of C
d

and Cm over the span of the vertical cylinder

in waves may thus be a function of depth.
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3.1.2 Distribution of Cd and Cm Over the Span

The assumption of uniform force coefficients over the

span is ambiguous. For example, two combinations of

cylinders in waves, one in a deep water wave and the other

in a shallow water wave, can be selected to give the same

values of R and K, which are defined by using the maximum

velocity at the still water level. The coefficients, Cd

and Cm, are then the same. However, the vertical distri-

bution of C
d and Cm can be quite different if one con-

siders the horizontal flow variation in deep water waves

acting on vertical piles, as shown in Fig. 11. The coeffi-

cients shown are the average values of Cd and Cm for dif-

ferent wave period groups from the field data of Wave

Force Project II in the Gulf of Mexico (26). Linear wave

theory was used to calculate the values of kwh in which kw

27is the wave number, kw = 17 and h is the water depth.

When kwh is equal to or greater than 7, the waves can be

taken as the deep water waves whereas the waves are shallow

water waves as kwh 0.17(44). The coefficients, C
d and

Cm , from wave force data are considerably influenced by

the wave parameter, kwh. The non-dimensional parameters

K and R do not correlate smoothly with all the wave

characteristics. They do, however, represent the charac-

teristics of the oscillatory flow. Thus, the parameter

kwh should probably be considered as well as K and R in
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wavy flow. Alternatively, the distribution of Cd and Cm

along the span of the vertical cylinder may be a function

of the local K and R which are defined by using the

local maximum velocity at the point of consideration.

In reference (73), the coefficients, Cd and Cm, were

assumed to be linear distributions along the span of the

vertical cylinder. This was no-doubt meant to be a better

approximation than assuming they were constant with depth.

However, especially for deep water waves, the flow condi-

tions change exponentially along the depth. The assump-

tion of a linear distribution of C
d and Cm along the whole

span may be too rough for deep water waves.

Chakrabarti, et al. (15, 17) measured the wave forces

on a vertical cylinder and calculated Cd and Cm by a least

square error method. The wave kinematics were obtained by

linear wave theory from the water surface profile. The

mean polynomial curves of Cd and Cm with respect to K2, are

plotted in Fig. 12. By assuming a spanwise distribution

of C
d

and Cm as a function of K from Fig. 12, Chakrabarti,

et al. predicted the total in-line force on the vertical

cylinder. The predicted results correlated fairly well

with the measured force.

The distribution of Cd and Cm over the span of the

vertical cylinder is not uniform. It will be a function

of kwh, K and R. Fig. 12 is a good plot to be used for

selecting the distribution of Cd and Cm along the span of



3.0

2.5

2.0

C 1.5

1.0

0.5

0.0
2.0

1.5

Cd 1.0

00.5

0.0
0 10 20 30 40 50 60 70 80

K

Fig. 12 Mean Fitted Curves of Drag and inertia Coefficients
versus Keulegan-Carpenter Number (17)



42

the vertical cylinder, although Fig. 12 doesn't show the

correlation with kwh and R. Further research on this sub-

ject is necessary.

3.1.3 Vortex Force

Besides the in-line force computed by the Morison

equation, there is a transverse force due to vortex shed-

ding in the unsteady flow. The mechanism of vortex shed-

ding appears to depend on the Keulegan-Carpenter number,

K. For K 3, no vortex formation is discernible. As

K > 3, the transverse vortex force is developed (15).

Zdravkorich and Namork (100) observed the vortex shedding

around a circular cylinder. They found that the flow pat-

tern in the wake was asymmetric with stronger vortexes

(i.e. higher circulation) being formed only on one side of

the cylinder at K = 5.4. In fact, by using spectral analy-

sis the predominant frequency of the transverse vortex

force, f
v'

in this range of 3 < K < 7 is equal to the fre-

quency of the ambient flow, a (15, 46). For K 2 18, more

vortexes are shed per half cycle. Generally, Sarpkaya (77)

found that the ratio, fr, defined as fv/a, is a function

of K and R for a horizontal cylinder in oscillatory flow,

as shown in Fig. 13. As mentioned in sec. 3.1.1,

Sarpkaya's results are reasonable to be used for the case

of a vertical cylinder in waves if one does not have to

consider the spanwise variation of the flow.
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The vortex shedding condition around a vertical

cylinder is not simple, especially for deep water waves.

The local Keulegan-Carpenter number near the surface is

higher than that at depth. Thus, the mechanism of vortex

shedding along the span of the vertical cylinder in waves

is significantly different from that in pure oscillatory

flow. By considering the non-dimensional parameter kwh

to interpret the variance of the vortex shedding along the

vertical cylinder in waves, Isaacson and Maull (46) showed

the correlation of C
L s

with K for various ranges of k
wh

as shown in Fig. 14. At higher values of kwh correspond-

ing to deep water waves, kwh 2 7, vortex shedding cannot

occur near the bed. Thus, vortex forces act over only

part of the span and C
Lrms is smaller for deep water

waves than for shallow water waves at the same K.

For intermediate water depth waves, CLrms was higher than

that for shallow water waves. This somewhat surprising

result is not explanable at the present time.

3.2 Horizontal Cylinder

For a vertical cylinder in waves, the vertical shear

force component parallel to the cylinder axis can be neg-

lected, compared with the in-line force and the transverse

vortex force. However, for a horizontal cylinder the

vertical force component due to the orbital motion of
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water particles is significant. It can be considered to

be the effect from a drag component, an inertia component,

and a transverse vortex shedding component. Thus, the

total force field is composed of horizontal, vertical, and

vortex forces. The hydrodynamic characteristics of the

wake around a horizontal cylinder in waves are discussed

in sec. 3.2.1. In addition, the force vector on a hori-

zontal cylinder in waves is also shown in sec. 3.2.1. This

vector form can be transformed into the matrix formulation

which will be discussed in sec. 3.3.2. The depth of sub-

mergence of a horizontal cylinder is an important factor

to be considered. As the cylinder approaches the splash

zone, a slamming force becomes a major item for design

loads, which is discussed in sec. 3.2.2.

3.2.1 Hydrodynamic Characteristics

In one-dimensional oscillating flow, the wake over a

horizontal cylinder perpendicular to the flow direction is

swept back and forth. The wake produced during one por-

tion of the cycle becomes the approaching flow for another

portion of the cycle and influences the nascent vortexes,

due to the reverse nature of the flow. However, the wake

formed over a horizontal cylinder in wavy flow is swept

back and forth only for shallow water waves. For deep

water waves the wake rotates around the cylinder. Since

the fluid force is influenced by the wake flow pattern,
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the force field in waves may have different characteris-

tics from those in oscillatory flow. The drag force com-

ponent in the Morison equation is proportional to V-IIIV11,

in which -V).
n is the velocity vector of the water particles

normal to the cylinder axis. The inertia force component

is proportional to
n' the normal acceleration vector. The

Morison equation can be rewritten as

2
= Cd 13- Di

n
1 n + Cm n 3.2.1-1

where ! is the force vector per unit length of the horizon-

tal cylinder. In addition to the force predicted by Eq.

3.2.1-1, the vortex force is assumed to act perpendicular-

ly to the velocity vector. The vortex force can be assumed

to be proportional to -±1k)inj-Vnx-6, in which C is a unit vec-

tor of the cylinder axis. The magnitude of the vortex

force is proportional to the square of the normal velocity

component and its direction is perpendicular to the normal

velocity vector and the axis of the cylinder. Therefore,

the total force vector f
T' per unit length of the horizon-

tal cylinder, is

71)2

T Cd DIV%I.IV''n 4. Cm -117-- An

±
CL 2 Dr'V

n n
x 3.2.1-2

A sketch in Fig. 15 shows the vectors of the three force

components in Eq. 3.2.1-2 at an instant in time within a
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wave cycle. The so-called in-line force (or horizontal

force) is associated with each force component, I
D'

I
I

and

L'
rather than only I

D
and I

I
as in the original Morison

equation. Similarly, the vertical force on the horizontal

cylinder is associated with each force component, instead

of only the vortex force component, IL. Therefore, if one

neglects the contribution from tL in analyzing the in-line

force (horizontal force) data, an error is formed. This

probably causes some of the scatter in the results from

analyzing past wave force data on horizontal cylinders.

3.2.2 Slamming Loads

Slamming is a general term involving fluid impact on

a structure which may be due to breaking waves or to emer-

gence and impulsive re-entry of the structure into a pass-

ing wave. The slamming forces exerted by breakers or in-

cipient breakers are probably greater than that produced

by unbroken waves (66). However, there are practically

no papers in the open literature on this subject. Slamming

loads due to breaking waves are not considered in the pres-

ent study. Attention here is concentrated on slamming

loads on horizontal bracing members situated in the splash

zone where the members are subjected to emergence and

impulsive reentry during the passage of steep waves.

Von Karman (89) first theoretically derived the

slamming force on seaplane floats during landing. Based
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on the principle of the conservation of momentum, the

maximum slamming force on the various shapes of wedges at

the moment of first contact with the water surface was

derived as

sm
pD _2

7v cota 3.2.2-1

in which a is the angle of inclination, shown in Fig. 16,

and V is the velocity of the wedge entering the water.

Miller (59) extended Von Karman's theory for computing the

slamming force on a horizontal circular cylinder in the

splash zone, which is

fs(t) = IpD V27(1 - 2z' /D) 3.2.2-2

in which z' is shown in Fig. 17. The maximum slamming

force occurs at the moment of the first contact with the

water and its magnitude is similar to Eq. 3.2.2-1 except

cota = 1.0. Basically, the Von-Karman's theory is

idealized and assumes a two dimensional impact correspond-

ing to perfect alignment of the cylinder with the wave

crest and incompressibility of the fluid. In practice,

the situation is much more complicated. So, the maximum

slamming load is conventionally expressed by

f
sm = iC

s
p D V2

where C
s
must be determined experimentally.

3.2.3-2
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Fig. 16 Definition Sketch for Von-Karman's Theory (89)

0

Fig. 17 Definition Sketch for Extending Von-Karman'sTheory (59)
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Of course, for a stationary cylinder subject to waves, the

pressure distribution within the wave should be added to

Eq. 3.2.3-2.

Miller (59) found that the average slamming coeffi-

cient is 3.6 from his experimental work with a perfectly

aligned cylinder and wave crest. Hogben (40) also indi-

cated that C
s
is of the order of 3 to 4. However, accord-

ing to Wagner's theory (90) which takes into account the

free surface deformation and spray development, Cs is

about 27. From experiments in a large U-shaped tunnel,

Sarpkaya (74) concluded that the slamming force coeffi-

cient is equal to 3.2. In addition, he found that this

slamming coefficient may be amplified to a value as high as

6.3 due to the dynamic response of the cylinder and its

supports.

3.3 Sloping Cylinder

A matrix form of fluid forces on a sloping cylinder

with arbitrary orientation is formulated based on the

Morison equation. The water kinematics are obtained by

using a proper wave theory. The force coefficients have

to be selected from the results of experimental work

on the sloping cylinder which is discussed in sec. 3.3.2.

3.3.1 Matrix Form of Morison Equation

Borgman (7) first extended the Morison equation into

a matrix form which includes the general orientation of a
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cylinder with respect to the wave direction. The matrix

form of the Morison equation is written as

2
[f] pD [Cd][Vn][IVIII] + P7D [Cm] [An] 3.3.1-1

where [f] is a p*3 matrix of force per unit length of the

cylinder, [Ca] and [Cm] are diagonal p*p matrices of force

coefficients, [1Vnl] is a p*p diagonal matrix of the abso-

lute values of normal velocity components, [Vn] is a p*3

matrix of normal velocity components, [An] is a p*3 matrix

of the normal acceleration components and p is the number

of points along the cylinder selected for computation.

For simplicity, the vortex force component is not included

in Eq. 3.3.1-1. A completed force matrix formulation in-

cluding the vortex force component will be given later in

this section.

The following derivation is for the middle point of

the unit section m along the cylinder, which is sketched

in Fig. 18. The velocity and acceleration of the water

particles at this point are represented by

=ui-0- +vj 3.3.1-2

and

i+ v j+ v77 3.3.1-3

Note that the convective accelerations are not considered.

By using vector algebra, one can obtain
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3.3.1-4

3.3.1-5

in which is a unit vector of the axis of the cylinder,

denoted as = Cxi + C + C . Eqs. 3.3.1-4 and 3.3.1-5

are rewritten into the matrix forms as

or

{u v w}n = -{u v w}

0 -C
z

C
z

0 -Cx

r-Cy C
x

0

fu v wl
n

= {11 v w} [C]

0 -C
z

Cz 0 -C
x

-Cy C
x

0

3.3.1-6

3.3.1-7

where {u v
n

are the x,y,z components of the current

velocity vector normal to the cylinder axis, and

2
1-C

x
-Cx Cy -C Cy x z

[C] = -CC 1-C
2

-C Cx y Y y z

-C
x
C
z

-C
y
C
z z

1-C
2

_

Similarly,

{t i7 v:7}
n

= {1:1 v w} [C] 3.3.1-8

The absolute value of the normal velocity can be cal-

culated by
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IV
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n
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3.3.1-9

Assembling each unit section along the span of the cylin-

der, one obtains the matrix form of [IVni], [Vn] and [An]

which is the following:

ni ] =

IV
n

I

1

IV
n m

0 jvn

0

I

{u v wl
nl

, 1

I
1 1

1 ,
1

[V
n

] = fu v wlnm
1 1

,

1

.
.

, ,

{u v wl
np

..._

[An]

{A
I .

''77}n1

I , 1

I ,

r
177L.0 w}m

I

. .

; .
,

fti 1.:71p

3.3.1-10

3.3.1-11

3.3.1-12

If the force coefficients are assumed to be constant along

the cylinder, one can simplify [Cd] and [Cm] as

and

[C
d

] = C
d

[I] 3.3.1-13

[Cm] = Cm[I] 3.3.1-14
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where [I] is a unit p*p matrix.

We can formulate the matrix form of the vortex force

component, [fL], as

or

where

Then

np
=

n X

{u
np vnpwnp } ={ u v w}[C

[C p] =

[V
np

] =

0 -C
z

Cz 0 -Cx

-Cy C
x 0

{u
np

v w
ip

}
1,np n ,

, .

, .
.

.

{unp v
np

w
np

}
m

i

,

,
.

1{u
np v

np
w
np

1
p

3.3.1-16

3.3.1-17

3.3.1-18

Combining Eqs. 3.3.1-1 and 3.3.1-15, the total force

matrix, [f T], on a unit length of the cylinder is obtained

as

or

[f T] = [f] + [f

n2
[f T]

12 [cd][1vnlirvn] +Hi2--. [Cm] [An]

222. !vn [vnp]

3.3.1-19

3.3.1-20



If the diameter of the cylinder is not uniform along the

span either by design or from uneven accumulations of

marine growths, Eq. 3.3.1-20 can be rewritten as

[f T] = 2 [D Cd][IVnl][Vn] + [D2 Cm] [An]

± [D CL][117n1] [Vnp]
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3.3.1-21

which means the diameter of the cylinder and the force

coefficients are variable along the span of the cylinder.

The three-dimensional force matrix has been formu-

lated for an arbitrarily oriented cylinder, including the

vortex forces. In the formulation we assume that the drag

force and vortex force are in phase with the normal velo-

city, and the inertia force is in phase with the normal

acceleration. In fact, the maximum vortex force is not

simultaneous with maximum normal velocity (19), due to the

fluctuation and random characteristic of the vortex force.

As an approximation, one might assume the vortex force

component to coincide with the inertia force component.

3.3.2 Experimental Work

A series of experimental studies about wave forces on

an inclined cylinder were done by Chakrabarti, et al. (11,

12, 16). By using the least square fit of the measured in-

line force data, they obtained mean curves of Cd and Cm

versus the local normal Keulegan-Carpenter number, K9.11, at
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variously oriented cylinders (Fig. 19, 20). Fig. 19 shows

the various orientations of the test cylinder and the cor-

responding symbols, which are used in Fig. 20. The para-

meter, Kzn, is defined as Vnmj/D and Vnmz is the maximum

normal velocity at the point of consideration on the

cylinder. Obviously, Cd and Cm are functions of K2,11 and

the inclined angle.

As for the vortex force component, Chakrabarti, et

al., only computed cases 1, 2, 3 in Fig. 19, by assuming

the transverse force component in the z-direction to be

strictly due to vortex shedding. The maximum vortex force

coefficient, CLm, of these three cases are shown in Fig.

21. The coefficient CLm
is also a function of K

Zn
and the

inclined angle.
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4.0 STATISTICAL ANALYSIS OF WAVE FORCES

Due to random fluctuations, ocean waves are not effec-

tively described in a deterministic manner in either space

or time. A better way is to describe the properties of

ocean waves statistically. Statistical characteristics of

ocean waves are presented in sec. 4.1. Random wave forces

on a cylinder by spectral analysis are given in sec. 4.2.

A statistical analysis of maximum wave forces on a cylinder

in a random sea state is discussed in sec. 4.3. The pre-

diction of extreme wave forces for practical purposes is

discussed in sec. 4.4.

4.1 Wave Statistics

By statistical analysis, wave data can be interpreted

in many forms depending on the purpose of the analysis and

the application. It is quite common to classify wave

statistics into short-term and long-term statistics. The

former aims at the description of wave conditions by using

a short period of recorded data, whereas the latter is for

design application to structures with a lifetime of

several tens of years. The following sections will sepa-

rately discuss these two categories of statistics.
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4.1.1 Short-Term Wave Statistics

The short-term distributions of wave height and wave

period are separately given in sec. 4.1.1.1 and 4.1.1.2.

The joint distribution of wave height and period is dis-

cussed in sec. 4.1.1.3. Then, a description on defining

sea state severity follows. The spectrum analysis of ocean

wave data is discussed in sec. 4.1.1.4.

4.1.1.1 Distribution of Wave Height

The well known distribution of wave height is given

by the Rayleigh distribution as

P(H) = 1 - exp(-H2/4ms) 4.1.1.1-1

in which Hrms is the root-mean-square value of wave height.

This distribution for wave maxima was proved theoretically

by Longuet-Higgins (53) for the case of narrow banded

spectra. The deviation from the Rayleigh distribution for

measured wave heights is small (27, 33). Forristall (27)

proposed an empirical probability distribution of wave

height for storm waves in the Gulf of Mexico, which is

P(x) = 1 - exp(-xa/8) 4.1.1.1-2

where x = H/mo ,

a = 2.126 ,

8 = 8.42 ,
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and m
o

is the zeroth moment of the wave spectrum. The

comparison between Eqs. 4.1.1.1-1 and 4.1.1.1-2 is shown

in Fig. 22. Although the Rayleigh distribution, Eq.

4.1.1.1-1, does not fit the data in Fig. 22 very well, one

will easily find the Rayleigh distribution being at least

on the conservative side. In addition, Longuet-Higgins

(54) showed that the data of Forristall was still able to

support the suitability of the Rayleigh distribution if

Hrms was estimated from the recorded data instead of from

the frequency spectrum. From a practical point of view,

it is preferred that only one unknown parameter, H
rms'

in Eq. 4.1.1.1-1 is needed to be estimated instead of the

two unknown parameters in Eq. 4.1.1.1-2. So, the Rayleigh

distribution is widely used.

4.1.1.2 Distribution of Wave Period

Bretschneider (10) estimated the distribution of the

square of the wave period to have a Rayleigh distribution.

The wave period, T, was defined as the intervals between

successive up-crossings of the mean water level. Longuet-

Higgins (52) derived theoretically the marginal distribu-

tion of the up-crossing wave period from the joint proba-

bility distribution of wave height and period, assuming

that the sea surface is Gaussian and that the spectrum is

sufficiently narrow. The probability density function of
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T was given by

2

p(T) 4.1.1.2-1
2[6

2
+ (T 1)

2
1

3/2

where T = T/T

(mo
2

2 1) ,

ml
co

mn = f
n
S ( w) dco

4.1.1.2-2

4.1.1.2-3

and T is the mean wave period. In addition, Longuet-

Higgins (52) compared the distribution expressed by Eq.

4.1.1.2-1 with Bretschneider's data (10) and found the

agreement to be remarkably good. Chakrabarti and Cooley

(14) also compared ocean wave data recorded in the North

Atlantic with the theoretical distribution of Eq.

4.1.1.2-1. The result showed that the correlation is

reasonably good even if the process is not narrow-banded.

4.1.1.3 Joint Distribution of Wave Height and Period

The joint distribution of wave height and period is

quite complex and difficult in the most general case. For

the case of zero correlation between wave height and

period, the joint distribution can be given directly by

p(H,T) = p(H)-p(T) 4.1.1.3-1

As for narrow-banded wave spectra, Longuet-Higgins (52)

derived the joint probability density of wave height and



period to be

x2p(x,T) = exp[-x 2
(1 + n

2
)/2]

(27)`'
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4.1.1.3-2

in which x = H/Hrms, (T - TUT and e is defined in Eq.

4.1.1.2-2. This theoretical joint density function was

shown to have good correlation with ocean wave data (14,

52) .

The above three kinds of distributions from sec.

4.1.1.1 to sec. 4.1.1.3 generally describe ocean wave

conditions. For the sake of designing ocean structures,

to define a specified sea state severity is usually re-

quired. The most common way to describe the sea state

severity by engineers is in terms of the significant wave

height, HI/3, which is the average of the one-third

highest waves. In reality, Nath and Ramsey (68) show a

more accurate description of sea state severity is the

joint values of H 1/3 and the steepenss parameter, K. The

steepness parameter, K, is defined as

H
rms

K
2

v
1

T
rms

4.1.1.3-3

where v
1

is a proportionality factor which makes K dimen-

sionless and T ms is the root-mean-square zero uperossing
r

wave period squared. In fact, vi can be obtained from

4.1.1.3-4
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in which H
b and T

b are respectively the wave height and

uperossing wave period when a periodic wave has just

reached the point of breaking. According to Dean's stream-

function theory, vi is 0.267 m/s 2
for deep water waves.

For convenience, the steepness parameter, K, can be esti-

mated from the first and second moments of the wave

spectrum (68), which is

, m2K = 0.2z
m
o

4.1.1.3-5

where mn = f wn S(w) dw, and the unit of S(w) is m2 -s.

Generally, if K and H1/3 are large then the sea is indeed

very rough. If K is large and H1/3 is small, the sea is

choppy. If K is quite small and HI/3 is large, then a

heavy swell is rising. Based on these concepts, Nath, et

al., (68) successfully described the capsizing probability

of buoys due to deep water breaking waves.

4.1.1.4 Wave Spectra

The ocean surface can be analyzed with the mean-

square spectral function, S(w), which represents the

Fourier transform of the autocorrelation function of the

water surface fluctuations. Several spectral functions

have been formulated for design use, such as the S-M-B

spectrum, Pierson-Moskowitz spectrum, Bretschneider spect-

rum, JONSWAP spectrum, Scott spectrum, etc. Given wind
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speed, fetch and duration of the storm, the sea state

spectrum can be approximated. In fact, the shape of the

wave spectrum can vary considerably, given a particular

significant wave height. A family of spectra representing

a variety of spectral shapes may be more helpful. Ochi

(71) proposed two families of spectra for short-term wave

statistics. One is based on the Bretschneider two-para-

meter wave spectrum which is modified as

4
w1.5 "2S (w)

2 m
n1/3 exp[-1.25( wm/w)

4
] 4.1.1.4-1

w

where wm is the modal radian frequency. Two parameters wm

and H
1/3 are estimated from wave data. If the modal fre-

quency, wm, is specified as

wm = 0.4 g/H1/3 4.1.1.4-2

then Eq. 4.1.1.4-1 becomes the Pierson-Moskowitz spectrum.

After examining wave data measured from 11 weather sta-

tions across the North Atlantic (35°N - 65°N and 50°W -

2°E), Ochi obtained the modal frequency as a function of

H
1/3 for various confidence coefficients, shown in Fig.

23. The regression formula of the upper and lower values

of modal frequency in terms of HI/3 for the given confi-

dence coefficients such as 0.95, 0.85, ... etc. are listed

in Table 4-1. The most probable modal frequency is shown

in Table 4-1. Therefore, given a significant wave height,
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Table 4.1. Modal Frequencies for the North Atlantic Wave
Spectra as a Function of Significant Wave
Height (wm in rps, Hs in meters).

wm - value wj

E

co

3
o
a

0.95

0.85

0.75

0.50

0.048(8.75 - Zn Hs)

0.054(8.44 - Zn Hs)

0.061(8.07 - kn Hs)

0.069(7.77 - Zn Hs)

0.0500

0.0500

0.0875

0.1875

Most probable 0.079(7.63 - Zn Hs) 0.2500

3E

o
a
a

0.50

0.75

0.85

0.95

0.099(6.87 - kn Hs)

0.111(6.67 - Zn H
s

)

0.119(6.65 - kn H
s

)

0.134(6.41 - Zn Hs)

0.1875

0.0875

0.0500

0.0500

* w ,: Weight factor (Eq. 4.4.2-1).
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one can obtain the modal frequencies from Table 4-1 or

Figure 23. A family of wave spectra is produced by sub-

stituting a given H1/3 and each modal frequency into Eq.

4.1.1.4-1. An example, given H1/3 = 3.0 m, is shown in

Fig. 24.

The other family of spectra proposed by Ochi is based

on a six-parameter wave spectrum which is

(4Aj+1 w4 1Xj H.
4 raj'

S (w) =
j=1

F(Xj)
w
4Aj+1

exp[-(4Aj + *)(wmj/(0)4] 4.1.1.4-3

where F(x) is the gamma function. In fact, this wave

spectrum consists of two sets of three-parameter wave

spectra, one representing the low-frequency component and

the other representing the high-frequency component, as

shown in Fig. 25. The six parameters Hsi, Hs2, wmi, wm2,

X
1
and A

2
involved in Eq. 4.1.1.4-3 are estimated from

wave data. Similarly, by using 800 available spectra

observed in the North Atlantic, six parameters are shown

as a function of the significant wave height in Table 4-2.

A six parameter family of spectra is thus obtained by

substituting the six values from Table 4-2 into Eq.

4.1.1.4-3, given a significant wave height. The method of

applying the family of wave spectra in the design of ocean

structures will be discussed in sec. 4.4.1.
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Table 4-2 Values of Six Parameters as a Function of
Significant Wave Height (Hs in meters)

H
sl

H
s2 Wm1

w
m2

X
1

k2 to.

3

Most Probable
Spectrum

0.84 H
s

0.54 H
s

0.70 a-0.046 Hs 1.15 e
-0.039 H

s 3.00 1.54 e
-0.062 H

s
0.50

0.95

Confidence
Spectra

0.95 H
s

0.65 H
s

0.84 H

0.84 H
s

0.90 H
s

0.77 H
s

0.73 H
s

0.92 H
s

0.84 H
s

0.84 H
s

0.31 H
s

0.76 H
s

0.54 Hs

0.54 H
s

0.44 F{

0.64 H
s

0.68 H
s

0.39 H
s

0.54 H
s

0.54 H
s

-0.046 H
s0.70 e

-0.039 H
0.61 e s

0.93 e
-0.056 H

s

-0.016 H
s0.41 e

0.810.81 e-0.052 Hs

0.54 e
-0.039 H

s

0.70 e
-0.046 Hs

0.70 e
-0.046 H

s

0.74 e
-0.052 H

s

-0.039 Hs
0.62 e

1.50 e
-0.046 H

s

-0.036 H
0.94 e s

1.50 e
-0.046 Hs

0.88 e
-0.026 H

s

1.60 e
-0.033 H

s

0.61

0.99 e-0.039
Hs

1.37 e
-0.039 H

s

1.30 e
-0.039 H

s

1.03 e
-0.030 H

s

1.35

4.95

3.00

2.55

1.80

4.50

6.40

0.70

2.65

2.60

2.48 e
-0.102 H

s

-0.102 H
2.48 e s

2.77 e
-0.112 Hs

s

1.82 e -0.089 Hs

2.95 e
-0.105 H

s

1.95 a
-0.082 H

s

1.78 e
-0.069 H

s

1.78 e
-0.069 I{,

3.90 e
-0.085 H

s

0.53 e-0.069 Hs

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05

Fig. 25 Decomposition of Wave Spectra (71)
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Comparing the two-parameter family of spectra, the

six-parameter family of spectra covers a variety of shapes

of wave spectra associated with the growth and decay of a

storm and the existence of swell. The members of the six-

parameter family have a wider variety of shapes than the

members of the two-parameter family.

4.1.2 Long-Term Wave Statistics

Long-term wave statistics considers all waves en-

countered during the lifetime of a structure. The concept

involves the long-term probability density distribution of

the parameters of wave spectra. Evaluating the extreme

wave expected to occur in the lifetime of a structure is

quite important in the design procedure. In addition,

long-term wave statistics provides valuable information

for calculating fatigue failure in which repeated loading

plays a significant role even though the magnitudes may

not be large. Some approaches to estimate the extreme

wave condition are discussed in sec. 4.1.2.1. The concept

of frequency of occurrence for various sea states, which

is necessary in the long-term prediction of wave forces,

is discussed in sec. 4.1.2.2.

4.1.2.1 Estimation of the Extreme Wave Condition

The methods for predicting the extreme wave conditions

are
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(a) extrapolation of long-term distributions of

individual or characteristic wave heights,

(b) extreme value analysis from the distributions of

sea state parameters for annual maxima, and

(c) extreme value analysis with peak wave heights of

major storms above a certain level.

Among these, method (a) is the most common approach. The

design wave, or so-called lifetime wave, is the extreme

wave condition which is assumed to be encountered once

during the design lifetime of a structure. The design

wave, such as for 100 years, may be estimated by extra-

polating from data measured in five or ten years. It is

most convenient to use a logarithmic-normal probability

graph plot, an example of which is given in Fig. 26 (25).

The construction of the probability axis in Fig. 26 is

also shown in Table 4.3. Recently, by using the concept

of asymptotic distribution of extreme values, Ochi (71)

derived

n =
1

1 - F(ffm)
4.1.2.1-1

to estimate the most probable extreme value of significant

wave height, Rm, for large n observations spanning the

design lifetime. Assuming that one has wave data with a

recording period, such as 10 minutes per two hour interval,

during the design lifetime, the significant wave height
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05
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0.80 0 841 6 020090 1.281 6 010095 1.645 0-05
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0998 2.878 0002
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for each recorded datum can be obtained from either original

data or from spectral analysis. The cumulative distribu-

tion function of the significant wave height, F(x), in Eq.

4.1.2.1-1 is constructed. A plot of in (1 - F(x)) -1
ver-

sus H
1/3 is obtained from wave data. Then, 11m is esti-

mated by using Eq. 4.1.2.1-1. However, it is practical to

use wave data measured in only one or two years, instead

of design lifetime, to calculate the cumulative distribu-

tion function of significant wave height, although this

kind of approximation may be inaccurate.

As for methods (b) and (c), a couple of probability

distribution functions for annual maxima and for peak wave

heights of large storms have been summarized by Goda (33).

The extreme value can be obtained by using these probabi-

lity distributions. An example is discussed here. Thom

(87) fitted the Frechet cumulative distribution function,

FH(He) = P[H < Hz] = exp[-(He/82)Y] 4.1.2.1-2

to the annual maximum wave heights obtained from Ocean

Station Vessels. In Eq. 4.1.2.1-2, FH(x) is the cumulative

probability of waves equal to or less than a particular

wave height (taken from long term wave statistics), He is

the extreme wave height corresponding to the probability

of FH(x), 132 and y are two empirical parameters which are

estimated from ocean wave data and are respectively about

54 and 6. Given a probability, the extreme wave height,
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H
e

, can be obtained by taking the inverse of Eq. 4.1.2.1-2

which is

He = exp[ln 62 -
In ln(4-)

4.1.2.1-3

Assuming the probability as 98%, He is calculated as 103

feet. In other words, the wave height of the design wave

for fifty years is 103 feet and there is a 2% chance that

it will be exceeded.

4.1.2.2 Frequency of Occurrence of Various Sea Severities

The frequency of occurrence of a certain sea severity

can be roughly estimated by constructing the exceedance

probability distribution of significant wave height and

steepness parameter, K, individually, similarly to Fig.

26. For better estimations, the conditional relationship

between H
1/3 and K must be taken into account. As a rough

one-dimensional example, assume a significant wave height

corresponding to a sea severity has a probability of

exceedance, p, the frequency of occurrence is once in a

period of the recording interval multiplied by 1 /p. For

example, if an instrument records once every three hours

and a sea severity is assumed to have a probability of

exceedance 0.00033, then we may expect on the average,

this sea severity to occur once in (1/0.00033)*3 hours =

9000 hours, i.e. once in a year.
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4.2 Wave Force Spectral Analysis

Borgman (6) first formulated wave forces for stochas-

tic analysis. The spectral density function of wave force

on a vertical cylinder based on the Morison equation for

the drag/inertia regime was derived as

G2 a
4

8S (w) 4S (w)
*3

u
6

S
f
(w) =

d
7

u
i + ...}
'

u
2

+
a 3a
u u

+ G2m S
a
(w)

where G
d

= C
d 2 D

G = C D2m m 4

au
2
= f Su (w) dw

4.2-1

and S
u
(w)

*n
is the n-fold convolution of the spectral den-

sity of velocity which is defined as

* r
S
u (w)

n
= j s

u (g)*(n-l)s u (w-g) dg0
4.2-2

Assuming linear wave theory, the spectral densities of

velocity and acceleration, Su(w) and Sa(w), can be obtained

from the wave amplitude spectrum, S (w), as

Su(w) = r
2

w
2

Sn(w)

S
a
(w) = r

2
w
4

S (w)

in which r = cosh kw (z+h)/sinh kwh.

4.2-3

4.2-4



When only the linear terms are kept, Eq. 4.2-1 becomes

2S
f
(w) = 8G2 a /7 Su(w) + Gm Sa (w)u
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4.2-5

This linearized approximation was proven to be equivalent

to using (urms va7) u(t) in place of lu(t)lu(t) in the

Morison equation for dissipating the same amount of energy

per cycle (6,92). The error of such linearlization was

shown to be reasonably acceptable (6,43).

4.3 Wave Force Statistics

The statistics of the maximum wave force on a cylin-

der in a random sea state should be considered as short

term statistics. The Morison equation is again the basic

formula for the wave force.

First, we define the maximum rate density, ;1(f), as

the expected number of the force maxima per unit time per

unit increment of force. Moe and Crandall (63) derived

1.1(f) for two cases, one narrow banded Gaussian case and

the other for the general stationary Gaussian case. As

for narrow-banded Gaussian waves, the maximum rate density

of wave force per unit of length of the cylinder is

p(f)
wi

=

-f
2

C)

f >

f f fo

4.3-1

f
o

2 2 2 exP ' 2 2fGm w
1

a
u

2 Gm w
1

2exp[-(f-f0/2)/2G
d

a
u

]

2)
au

27r

2
2G

d
a
u



where

and

2 2
w
1

Gm
f
0 2G

d

CO

f w2 Sn (w) dw
2

w
1

=

f S (w) dw
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4.3-2

4.3-3

In fact, the above expression is theoretically the same as

the statistical theory developed by Borgman (9). The pro-

bability that the force maxima are greater than a certain

level, fm = F, is

Or

f 1-1(f) df

P [f > F] =
00

f u (f) df
0

4.3-4

F
2 f

2
f
oexp(-

2 2 2)
exp(-

') 2
2)
1-exp( 2)

P[f >F] =

An example

2Gm wl au 2G
in

w1 au 4G
d

a
u

1 exp(

exp(

f
2

+ exp(
f
o

)

< fo

4.3-5

> f
0

for

2 2 2
)

2Gm wl au

F-f /2
°

4Gd

0

2
a
u

< f

f

> F]

2'
2G

d u

1 - exp(-

of the probability

f
2

+
f
o

P[f

exp(
2 2) 22G2

w a 4G am 1 u d u

distribution of

an assumed sea condition is given in the following:



The ocean wave condition is given by the Pierson-

Moskowitz spectrum which is

S (w) = (ag
2
/w

5
)exp[-a(wo4/w

4
)]
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4.3-6

where a = 0.0081, S= 0.74, wo = g/U, g is the gravity con-

stant and U is the wind speed. The frequency w1 can be

obtained from Eq. 4.3-3, given wind speed, U, and Eq. 4.3-

6. For deep water waves, the spectral density of velocity,

S
u
(w), is equal to

Su (w) = w
2
S (w) 4.3-7

The variance, au, can thus be obtained. With a pile dia-

meter D = 1 m, (Dui = 1026 kg/m3 and assuming Cd = 1.0 and

Cm = 1.5, the constants G
d

and Gm are calculated. Through

Eq. 4.3-5, the probability distribution function is

obtained. Fig. 27 shows the probability of exceedance of

wave force per unit of length at the still water level,

given the wind speed 40 knots and 60 knots respectively.

For example, one percentage of the waves will have the

force at the still water level which exceeds 18.2 kN/m for

U = 60 knots and 8.1 kN/m for U = 40 knots.

If the general stationary Gaussian wave without the

restriction on narrow-banded processes is considered, an

asymptotic estimate of maximum force is
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where

and

w2 - fV2)/2Gd2 au2 ]

1.1 ( f ) =
2ff 2

2G
d u

2 r
au josa(w)dw

w
2

= =
2

CO

cu f Su (w)dw

2 2
w
2

Gm
f*
0 2G

d

0
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4.3-8

4.3-9

4.3-10

Note that Eq. 4.3-8 is an asymptotical expression for

large force only. It is similar to the form of f > f
o

in

Eq. 4.3-1, except w2 instead of wl. The frequency, w2

is calculated from the velocity process, whereas wi is

from the surface elevation process. The distribution of

wave force maxima for a sea state can be obtained by sub-

stituting Of) into Eq. 4.3-4.

Furthermore, Moe (64) showed the long-term maximum

rate density as

1.1 (f) = I I p(flau ,w2 )p(au' T
2
)da

u
DT

2
o o

4.3-11

in which T2 = 21-/w2 and p(flau,w2) is given by Eq. 4.3-8.

If the joint probability density function of au and T2 is

known, the distribution for long-term force maxima can be

obtained through Eq. 4.3-4 and 4.3-11.
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4.4 Extreme Wave Force

An estimation of the extreme wave force which may

occur in a period of time is often required in the design

of ocean structures. Short-term and long-term predictions

of the extreme wave force are individually discussed in

sec. 4.4.1 and 4.4.2. The short-term prediction means to

estimate the extreme force which is based on a specified

sea state. The long-term prediction is concerned with all

sea conditions in the life of the operation of the ocean

structure, such as 20 or more years.

4.4.1 Short-Term Predictions

In section 4.2, the force spectrum corresponding to a

specified sea state was obtained, based on the Morison

equation. By using this force spectrum, Ochi (72) showed

that the most probable extreme value, f, and design

extreme value, f(a), could be deduced as

and

(60)
2
T

i1 = [2 ln(
27

a
TT2)] m'
0

(60)
2
T
a m2

f(a) = [2 ln(
27(a/no) irt-;

)1 mo

4.4.1-1

4.4.1-2

where T
a
is the duration of a specified sea state in hours,

mo is the area under the force spectrum, m2 is the second

moment of the force spectrum, a is the risk parameter, and
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n
c

is the number of encounters with a specified sea in

structural lifetime. Basically, Eq. 4.4.1-1 gives the

most probable extreme force based on a specified sea state.

In a sense, Eq. 4.4.1-2 seems to be associated with the

long-term force prediction. However, it only concerns the

probability of the specified sea state in a long term

sense, not for various different sea states. So, Eq.

4.4.1-2 is discussed here. The extreme values in Eqs.

4.4.1-1 and 4.4.1-2 are expressed in terms of time rather

than as a function of number of observations. Otherwise,

number of observations has to be estimated from T
a
by a

averaged wave period. It is convenient to use Ta direct-

ly for practical design. In addition, Eqs. 4.4.1-1 and

4.4.1-2 are derived without the assumption of the narrow

banded process. For example, Fig. 28 shows the duration,

T
a

, versus the significant wave height from North Atlantic

data. The risk parameter a is the probability that the

extreme load in a given sea will exceed the estimated

design load. The choice of a depends on the designer's

philosophy, usually a = 0.01 is chosen in practice (71).

Information of nc can be obtained from the concept of fre-

quency of occurrence discussed in sec. 4.1.2.2. Table

4-4 shows an example of nc in terms of H1/3 for the North

Atlantic (71).

As mentioned in sec. 4.1.1.4, a family of spectra is

a way to cover a variety of spectral shapes which ocean
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Table 4-4 Frequency of Occurence of Various Sea
States in the North Atlantic

Significant
Wave Height
(in Meters)

Frequency of
Occurrence

Significant
Wave Height
(in Meters)

Frequency of
Occurrence

> 1

1 - 2

2 - 3

3 - 4

4 - 5

5 - 6

6 - 7

7 - 8

8 - 9

0.0503

0:2665

0.2603

0.17 57

0.1014

0.0589

0.0346

0.0209

0.0120

9 - 10

10 - 11

11 - 12

12 - 13

13 - 14

14 - 15

15 - 16

16 - 17

17 <

0.0079

0.0054

0.0029

0.0016

00.00074

0 .00045

0.010020

0.000120

0.00009

50

40

30

20

10

4 6 8 10 12 14 16
Hs

Fig. 28 Significant Wave Height and its
Persistence in the North Atlantic
every 1.52-m Interval (72)
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structures may encounter, even if the significant wave

height is the same. Through the method discussed in sec.

4.2, the force spectrum corresponding to each of the

family of wave spectra can be obtained. Then, Eqs.

4.4.1-1 and 4.4.1-2 are evaluated for each force spectrum.

One of the family members will yield the largest value

which forms an upper bound, while another has a lower

bound. A band of the extreme force value, given a parti-

cular significant wave height, is formed.

4.4.2 Long-Term Predictions

Since the long-term predictions accumulates all varia-

tions of the short-term force response which may be en-

countered in the life time irrespective of their magnitude,

the probability density function for the long-term force

prediction can be obtained from that of short-term force

prediction, which is

lnw
k

Ps(x)

P(x) .iikU
ijkz

1

nswinwkwz

4.4.2-1

where ps(x) = probability density function for short-term

force prediction

n
s
= expected frequency of short-term force pre-

diction

= fT (m
2
/mo )2 for short-term force prediction



89

w. = weighting factor for various sea states

(Table 4-4)

w.
7
= weighting factor for wave spectrum (Tables

4-1 and 4-2)

w
k

= weighting factor for heading to waves in a

given sea

w = weighting factor for speed in a given sea

and heading (neglected for stationary ocean

structure)

The total number of force responses expected in the life-

time of a marine system becomes

n = (/ / nsiww.wkw Z
) T

t
(60)2ijk2, j

4.4.2-2

where T
t
is the total exposure time to the sea. In order

to evaluate the design extreme value f(a) through the

long-term approach, a formula analogous to Eq. 4.1.3-1

with the risk parameter a becomes

1 n
1 - F(f(a)) a

4.4.2-3

The cumulative distribution function F(x) is obtained by

integrating Eq. 4.4.2-1 with respect to x. Ochi (71) con-

cluded that the design extreme value estimated from the

long-term prediction method agreed with that estimated

from the short-term prediction method. In other words,

the small magnitudes of responses in relatively mild seas
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included in the long-term probability density function do

not contribute to the extreme value. Therefore, the

short-term prediction which involves only the more severe

conditions is well suitable for estimation of extreme

values. However, for evaluating the dynamics of the

structures like fatigue analysis, the long-term prediction

is necessary to be developed.
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5.0 DATA ANALYSIS TECHNIQUES

Experimental measurements of wave forces on cylinders

from the field or the laboratory need processing to deter-

mine the empirical coefficients in the predicting models.

In the field, investigators have difficulty with instru-

mentation and also with correlating measured wave profiles

with force details on the instrumented structures. Mea-

sured surface profiles are often used to estimate wave

kinematics from wave theories. Wave kinematics (veloci-

ties) can be measured directly, but it is more costly.

Field experiments in general are very expensive. However,

advantages of field data are that they represent real con-

ditions for proving the results from either theoretical

derivation or model studies. In the laboratory there are

problems from scale effects and sometime blockage effect.

Notably, the hydrodynamic drag force is Reynolds number

dependent, while the modeling of wave surfaces is governed

by Froude similitude. The high Reynolds numbers in the

field cannot be obtained in laboratory experiments. How-

ever, laboratory experiments can be more easily and

accurately instrumented and controlled and are usually

much less expensive than field experiments. Often, labo-

ratory Reynolds numbers are sufficiently high to give re-

sults applicable to field conditions. A system of
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laboratory experiments can be very useful to simulate and

analyze very complicated problems.

As a set of measured data either from the field or

from the laboratory is obtained, how to analyze data to

obtain unknown parameters in a predicted model is really

an important step in experimental studies. The Morison

equation is a most common model for predicting in-line

wave force on a cylinder. In previous sections its appli-

cability and limitations have been discussed. In this

chapter, the methods of data analysis for Morison formula

coefficients are discussed in two aspects: deterministic

and statistical approaches.

5.1 Deterministic Approach

The deterministic approach of data analysis consists

of at least four techniques:

1. maximum value method

2. Fourier analysis method

3. least-square method for first ordered parameters

4. least-square method for higher ordered parameters.

Each technique has distinctive characteristics. It is not

necessarily possible to point out which technique is worse

or better. It is important to correlate the predictor

model used for designs with the data analysis techniques.

Usually the force coefficients Cd and Cm are the unknown

parameters to be determined, whereas the effective diameter



93

coefficient 6 is an additional unknown parameter which

will be presented in section 5.1.4. Obviously, they

depend on which wave theory is chosen to calculate the

wave kinematics, if one does not measure the wave kine-

matics, and they depend on which of the four techniques are

used for evaluations.

5.1.1 Maximum Value Method

Given Stokes wave theory or linear wave theory is

used, the horizontal velocity is predominant and the

horizontal acceleration is zero at the wave crest. Con-

versely, the horizontal acceleration is predominant and

the horizontal velocity is zero near the node at x = L/4.

For Stokes wave theory the surface profile mode does not

occur at x = L/4. Thus, only the drag force component in

the Morison equation exists at the wave crest and only the

inertia force component exists at x L/4. The force co-

efficients C
d

and Cm are

and

C
d

Cm
*p7D

2
L
c
u(8

2
)

F(81)

ipDLcu2(61)

F(6
2

)

5.1.1-2

where 81 is the phase angle at the crest and 6
2
is the

phase angle at the node and F(8) is the measured
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total force on the cylinder at the phase angle of 0.

This method is simple, since only two specified force

values are needed to evaluate the force coefficients C
d

and Cm. However, the effect of the force time history is

not considered by using this maximum value method. Chan

(18) showed that various different force time histories

with the same peak values would result in different

values of force coefficients by using least square method

which will be discussed in sec. 5.1.2. In addition, the

coefficients C
d

and Cm determined from the maximum value

method are usually smaller than those determined from the

least square method. Therefore, applying the force

coefficients obtained from the maximum value method into

the structural dynamic analysis is not as conservative as

some other methods.

5.1.2 Fourier Analysis Method

The assumptions for this method are:

1. The ambient flow is varying harmonically. The

ambient velocity can be given by

u = -Um cos° 5.1.2-1

t7where 8 = at 2T
and T is the period.

2. The force is periodic, and because of flow sym-

metry, we have

f(e) -f(8 + 7), 5.1.2-2
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The detailed derivations of the Fourier analysis

method were done by Keulegan and Carpenter (49). Here we

only briefly summarize their results. From Eq. 5.1.2-2

and Fourier analysis, we can express the force per unit of

length as

f

pU2D A
1

sin 8 + A
3
sin 36 + A

5
sin 48 +

m

+ B
1

cos 8 + B
3
cos 36 + B

5
cos 58 +

5.1.2-3

where the coefficients Al, A3, A5, .... and B1, B2,

B3, ..., are independent of e which can be determined by:

and

A = 1 f
2

f sin ne
de

n 7 2
0 pUmD

B 1
2

f cos ne
de

2n JO
pUmD

5.1.2-4

5.1.2-5

n = 1,3,5, .... Introducing Eq. 5.1.2-1 into the Morison

equation, one obtains

f Da
Cm t-j-- sin - iCalcoselcose

pU
2
Dm

5.1.2-6

If the term IcosOlcose is expanded into a Fourier series

and compared with Eq. 5.1.2-3, the coefficients Cd and Cm

are reduced as



and

96

UmT
Cm (e) =

2

D
[A1 + A3 + A5 + 2(A

3
+ A

5
) cos 20

+ 2A
5

cos 48 + ...]

2
Cd (8) = -2B1 [2(B' 13)

1 icosei 3 5

5.1.2-7

+ 4(B5 - B3) cos 20 - 4B5 cos 46 + ...]

5.1.2-8

7where B' = 3
B B' = B3 - 5B1, B' = B + 35B

1 8 1, 3 1, 5 5 1, ""
If high order coefficients A3,

3
B'

'

A5,
5

B'
'

.... vanish,

the drag and inertia coefficients remain constant within

the wave cycle and become

and

2
UmT 2

UmT 27
f sine

Cm 2 D
= Al A

1
7
3 D

= de.
2

0 QUmD

3
27

f cos°= -2B' = - de .Cd
1

jT
0 pUmD

5.1.2-9

5.1.2-10

The expressions of Cd and Cm in Eqs. 5.1.2-9 and 5.1.2-10

are commonly used and called the Fourier analysis method.

In reality, they are the weighted averages of Eqs. 5.1.2-7

and 5.1.2-8, which are

and

27
Cm = f Cm (8)(e)

2
e de

7
sn

0

3
j

27
Cd = T Cd (0) lcoselcos

2
e de

0

5.1.2-11

5.1.2-12
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The variation of higher order coefficients A3, B3, A5 and

B5 are shown in Figs. 29 and 30 (49). They are functions

of the Keulegan-Carpenter number. Especially in the range

of 10 < K < 20, the higher order coefficients have some

contribution to Eqs. 5.1.2-7 and 5.1.2-8. Therefore, the

drag and inertia coefficients do not remain constant with-

in the wave cycle in the range of 10 < K < 20. The varia-

tions of C
d

and Cm during a wave cycle for K = 15.6 are

shown in Fig. 31 (49). Outside of 10 < K < 20 the coef-

ficients remain very approximately constant with respect

to 8.

5.1.3 Least-Square Method for First Ordered Coefficient

The least square method consists of the minimization

of the error between the measured and calculated forces.

As C
d
and Cm are unknown parameters to be determined, the

error function is defined as

E = fm - fp (C
d

, Cm ) 5.1.3-1

where fp(Cd, Cm) is the predicted model and fm represents

the measured data. When the Morison equation is used as

the predictor model, the unknown parameters Cd and Cm are

the first ordered. Eq. 5.1.3-1 can be rewritten as

5.1.3-2
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Squaring the error E and integrating over one complete

cycle of wave,

1 T 1 2 2
T

f E
2
dt = ,[f fm dt + f f

d
dt + f f

2 dtT
0 0 0

T T T
- 20 dt - 2f fmfI dt - 2f fdfI dt]

0 0

5.1.3-3

Note that the above equation is a function of Cd and Cm.

By taking the derivatives of Eq. 5.1.3-3 with respect to

C
d

and Cm and setting the results to zero

and

T

[T
E
2 dt] = 0

9C
0

T

9C
[T j
1.

E
2
dt] = 0 ,

m 0

5.1.3-4

5.1.3-5

one will minimize the mean square value of the total error

between the measured and the predicted forces. Thus, one

obtains two simultaneous equations which Cd and Cm as the

unknown parameters. By solving these two simultaneous

equations, the coefficients Cd and Cm are obtained as

and

T
f fm ululdt f u2 dt - fT f 1:1 dt f dt-m
0 0 0 0

C
d

=

4g[f dt fTu4 dt - (1 dt)2]
o 0 0

5.1.3-6
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r

f j

T
fmu dt u

4
dt - f fmululdt f dt

0 0 0 0Cm
PITD

2
f

T
1:12dt f

T
u4dt - (f

T
dt)2]

4 "0
0 0

5.1.3-7

If only the corresponding wave profile is measured instead

of wave kinematics, one has to calculate the wave kine-

matics through the proper wave theory, then obtain Cd and

Cm by Eqs. 5.1.3-6 and 5.1.3-7.

If the ambient flow is oscillatory and u = -Umcose

like Eq. 5.1.2-1, Eqs. 5.1.3-6 and 5.1.3-7 become

and

-8 f
27

f coselcosalCd = n_
2
Di" 0 pUm

2
UmT

7
f sine

C = j de
2

A

Tr
3 D

0 pUmD

5.1.3-8

5.1.3-9

Evidently, the least square method yields an identical Cm

value with the time-averaged Cm of the Fourier method. As

for Cd, one can expand coselcosel into a Fourier series

which is

coselcosel = cose + - -
'57

cos 2e

Then, Eq. 5.1.3-8 becomes

8

1057
cos 30

5.1.3-10
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e

27 cosy 27 f.T. g-7

2

cos 2e

Cd = - fj
2

d8 f de
0 pUmD 0 pUmD

27 f
1057 cos 39

2
de + ....]

0 pumD
5.1.3-11

27o f cos 20
deC

d
= -0.72 j

27 f cse
2

de 0.14 f
2

0 pUmD 0 pUmD

27

2

f cos 30+ 0.02 f de ....
0 pUmD

5.1.3-12

5.1.4 Least-Square Method for Higher Ordered Coefficients

When the unknown parameters are nonlinear with respect

to force in the predicting model, the previous technique

in sec. 5.1.3 is not suitable. For example, the effective

diameter coefficient, S, from eq. 2.2.2-4 is an unknown

parameter as well as the force coefficients, Cd and Cm, in

the problem of wave forces on the cylinder with marine-

grown roughness. The linear technique will fail to obtain

these three parameters, 6, Cd and Cm, separately. One can

rewrite the Morison equation as

or

f = Cd 242. ulul + C 1))21:1Cm
4
22 (6 5.1.4-1

f = (Cd(5) ului (cm62) -57,1 D2u 5.1.4-2
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If the linear technique is used, this means the parameters

to be determined are linear. Therefore, in Eq. 5.1.4-2

the parameters C
d
6 and Cm 6

2 will be taken as linear para-

meters and only the combinations, Cd6 and Cm6 2 can be

determined by the linear technique. It is impossible to

obtain the expected parameters Cd, Cm and 6, individually

unless a higher ordered technique is used.

In this section, there are three algorithms, Taylor

series method, gradient method and Lagrange multiplier

method, to be discussed. All these algorithms are direct

iterative minimizations of the error function. A major

point of these algorithms is how to have a prompt and

accurate convergence for iterations.

5.1.4.1 Taylor Series Method

Discretizing the whole cycle of wave force profile

into N points and expanding the predicting model by Taylor

series, one obtains

3 of .

01
fpi foi ( 3bj )

obj
3=1

5.1.4-3

for i = 1,2,3...N. Only linear terms are kept. If the

Morison equation is chosen as a predicting model and Cd,

Cm and 6 in Eq. 5.1.4-1 are unknown parameters, the

variables in Eq. 5.1.4-3 are represented as the following:



f
Pi

= the predicted force at the ith point,

7D
2

f
oi

= C
d
f ulul + Cm 4 u'

{b}
T

= [b
1

b
2
b3] = [Cd Cm 6]

and

{Ab }T = [Ab
1

Ab
2

Ab
3

] = [AC
d ACm A3]

The error function E is defined as

N
E = (f - f .)

2

mi pli=1
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5.1.4-4

where fmi is the measured force at ith point. Then, the

correcting matrix {Ab} can be found by setting

aE
0

3(Abj)

for j = 1,2,3. Finally, one will obtain

5.1.4-5

[A]{Ab} = {g} 5.1.4-6

where [A]
3x3 [13] 3xN[P] Nx3

and

PD
2

ulul 2 p7D
2

u DP ulul
[PiNx3 [6 ' 6

, Ca
2

p2 u]+ Cm 2
6 u]

{g}3x1 [P]LNIfclNx1

{fc}Nxi {fmi foi}-
i = 1,2,...N

Assuming an initial trial {b }1 as

{b}1 = [Cd1 Cmi 61]T 5.1.4-7
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one can solve Eq. 5.1.4-6 to obtain a correcting matrix

iAbl
1

. Then, the new trial matrix will be

{10}2 = {b}1 + f,..YD11 5.1.4-8

By using {b}2 and solving Eq. 5.1.4-8 again, a new correct-

ing matrix {Ab}2 is obtained. The procedure is repeated

until the correcting matrix {AID} becomes negligible, that

is, at the convergence of the iteration of the least

square estimation. This method converges rapidly, but only

if the initial guesses for the unknown parameters are quite

good.

In practice, it is found helpful to correct {b} by

only a fraction of -1D1; otherwise the extrapolation may

bebeyondtheregionwheref.
PI

can be adequately repre-

sented by Eq. 5.1.4-3, and can cause divergence of the

iterations. Therefore, Eq. 5.1.4-8 is rewritten as

{b/r+1 fblr
(r)

lAblr 5.1.4-9

for the rth iteration. The constant (r)
is equal to or

less than 1.0 and a (r)
is increased or decreased appro-

priately from iteration to iteration so as to keep it as

large as possible subject to the requirement,

E(r +l)
< E

(r)
5.1.4-10
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5.1.4.2 Gradient Method

If one thinks of the positive quantity E as a "con-

tour surface" when the unknown parameters are varied, the

gradient method determines the corrections which are in

the steepest downhill direction from the current trial

values. Thus, the correcting matrix {AID} can be simply

defined as the negative gradient of E.

{Alp} = [-
3E E T

aCd 3Cm 38
5.1.4-11

In order to avoid the zig-zag path which may cross

and recross the minimum trough of the contour surface,

one wishes to approach the minimum quite slowly. A modi-

fied steepest-descent is proposed (57) as

{Ab} = a{B} 5.1.4-12

where {B} = [B
1

B
2

B
3

]

T

and

B.
3

2
((1+ b.)

3bDE,

2
{

j

[(1 + b
j
)( 7s)] 2

1

=1

The quantity a is the weighting function for the step size

which determines the absolute magnitudes of the correc-

tions. The coefficient, a, is adjusted from trial to

trial, as described in the Taylor series method. The

iteration to correct the current trial values repeats un-

til the convergence is achieved.
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Usually, the gradient method converges slower than

the Taylor series method. It is quite practical using the

gradient method to get into the vicinity of the minimum,

then using the Taylor series method to converge more rapid-

ly to the precise values.

5.1.4.3 Lagrange Multiplier Method

We rewrite Eq. 5.1.4-6 by introducing a Lagrange

multiplier X (r)
,

([A]*r + X(r) = {g} 5.1.4-13

for the rth iteration. [A]*, {Ab }* and {g }* are the

normalized matrices of [A], {Ab} and {g }, which is defined

as

a. .

[A] * = (at.) (

13
) 5.1.4-14(aid)

i/E-77
11 33

{Ab}* = (Abp) = (Lbi ) 5.1.4-15

and
g.

{g }* = (g * ) = (-----1--) 5.1.4-16
,rii-77

33

Eq. 5.1.4-13 is then solved for {Ab}. The new trial vec-

tor becomes

{10}r+1 {b }r {Ab}r 5.1.4-17
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in which {Alp}
r is obtained from {Ab}* defined in Eq.

5.1.4-15. A new error function E (r+1)
is obtained. It is

essential to select A (r)
such that

E
(r+1)

< E
(r)

5.1.4-18

Marquardt (56) showed that a sufficiently large A (r)

always exists so that Eq. 5.1.4-18 will be satisfied, un-

less {Alp}
r is already at a minimum of E. A strategy was

proposed by Marquardt (56) to find an appropriate value

A(r) which would lead to satisfying Eq. 5.1.4-18 and would

produce rapid convergence of the algorithm to the minimum

least-squared values. This method has the advantage of

improving the stability of solving Eq. 5.1.4-13 for the

correcting matrix and thus prompts the convergence of the

iteration.

Computer programs were constructed on the above algo-

rithms. Since no force data with macro-roughness were

available at the time of writing this thesis, an assumed

force data base was calculated through the Morison equa-

tion with the following values: Cd = 0.6, Cm = 1.5, p =

1.94 lb sec
2
/ft

4
, D = 1 ft., u = 5.cose ft/sec, 8 = 0 - 27

and three different values of 6, 6 = 1.0, 1.2, and 1.6.

These assumed force data are plotted in Fig. 32. Then,

the suitability of each nonlinear least squared algorithm

is exhibited as one compares the output results with the

given values of Cd, Cm and 6, shown in Table 5-1. The
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Fig. 32 Variation of Assumed Force Data Base during an Oscillating Cycle



Table 5-1 Remarks of Each Algorithm for. Higher Order Least-Square Method

Program I

Algorithm

Taylor series method

Remarks

Unstable with respect to
number of data points and
initial values

Program II Gradient method + Taylor
series method

Gradient method is a good
starting routine. But the
final results is still
unstable

Program III Gradient method + Lagrange
multiplier method

Stable with respect to
number of data points,
but unstable with respect
to initial values

Program IV Gradient method + Lagrange
multiplier method +
modified step size

Stable with respect to
number of data points and
initial values
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remark for each algorithm is also shown in Table 5-1. The

algorithms for Programs I, II and III were found unstable

with respect to initial values, i.e. the results as a

function of the inputed initial values. The other in-

stability was found with respect to the number of data

points for Programs I and II, from which the results could

not be improved by increasing the number of data points.

The algorithm of Program III was tested as a good way to

reduce this instability of data points. Program IV was

selected as the best algorithm, since it eliminated both

instabilities of data points and initial values. A basic

difference between Program III and IV is using different

step sizes for Cd, Cm and 6. Since Cd and Cm are first

ordered and 6 is second ordered in the Morison equation,

the step size for 6 in iteration should be different from

that for Cd and Cm. Therefore, an empirical modification

of the step size for 6 is herein given as

a = a/C
s

5.1.4-19

where a is the step size for Cd and Cm, and Cs is a coef-

ficient to be selected by trial. Table 5-2 shows the

results by using different values of Cs. The averaged

error and maximum error for each C
s
are also shown. The

coefficient C
s
= 3.0 is the first choice since the error

is the smallest in general. Although Cs = 1/a has the



Table 5-2 Suitability Analysis for Higher Order
Least-Square Computer Programming

Initial
Values

True
Values

C = 2.5 C
s

= 3.0
s

C
s
= l/a C

s
= 1+2(.15)

C
d

= 0.7 0.6 0.564 0.561 0.348 0.560

C
m = 1.2 1.3 1.324 1.311 1.233 1.306

5 = 1.1 1.0 1.062 1.067 1.094 1.069

C
d

= 0.9 0.6 0.571 0.578 0.598 0.379

C
m

= 1.0 1.5 1.359 1.392 1.439 1.396

5 = 0.9 1.0 1.052 1.040 1.004 1.039

C
d
= 0.8 0.6 0.557 0.560 0.356 0.544

C
m = 1.2 1.5 1.293 1.347 1.238 1.232

3 = 1.2 1.0 1.074 1.053 1.079 1.101

C
d

= 0.8 0.6 0.600 0.635 0.393 0.602

C
m = 1.2 1.3 1.500 1.683 1.464 1.510

5 = 0.8 1.0 1.002 0.942 1.012 0.995

C
d

= 0.9 0.6 0.604 0.618 0.623 0.614

Cm = 1.2 1.5 1.521 1.592 1.642 1.572

5= 1.1 1.2 1.193 1.167 1.147 1.175

C
d

= 0.9 0.6 0.665 0.603 0.610 0.615

Cm = 1.2 1.5 1.884 1.513 1.350 1.574

5 = 1.4 1.6 1.445 1.598 1.374 1.563

Average
6.56% 5.56% 5.31% 5.47%Error

Maximum
Error 14.47% 8.60% 11.60% 12.43%
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smallest averaged error, the maximum error is larger so

that C
s

= lAx is considered as the second choice. A com-

puter routine of Program IV is listed in Appendix A.

5.2 Statistical Approach

Based on the properties of statistical theory, the

force coefficients, C
d

and C
m'

can be determined from mea-

sured force data. Two methods are referred here. One is

using the characteristics of statistical moments. The

other is based on the least squared fitting of the co-

variance function or the spectral density function.

5.2.1 Method of Moments

Under the assumption that the velocity and accelera-

tion in the Morison equation are independent and normally

distributed with zero mean and the variances are a2

u
and

a
a
2

, the theoretical statistical moments of force are

derived by Borgman (9),

M [f] = M[f3 ] = 0 5.2.1-1

11(f2]
u

_G2
d

3G2a4
a m u 5.2.1-2

and

, , 4
M[f4] = 3cu

a
4
Gm + 6G2

a
4
a
2
G
2 + 35G4 u 8 )duam du 5.2.1-3

The above theoretical moments can be obtained by equating

to the central sample moments, which are defined as



and

N
1 = f/N

i=1 1

n = (f. - 1)
n/N for n = 2,3,...

i=1
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5.2.1-4

5.2.1-5

Through the second and fourth central sample moments, the

2 2terms Gdau4 and Gmaa2 can be estimated by

and

2
Gdau

4
= [(

14
3 )

2
/78] 2

2 2 -2 2 4Gmaa = f - 3G
d
a
u

5.2.1-6

5.2.1-7

If au
2
and a

a
2
are known, then Eq. 5.2.1-7 and 5.2.1-8 can

be used to calculate Cd and Cm. Usually a 2 and a 2 are
a

obtained by giving the wave amplitude spectrum, Sn(w),

through linear wave theory. Thus

co w
2 cosh 2

kw(z+h)
u2

S (w) dw
0 sinh2 k

w
h

and

2
co w

4
cosh

2
k
w
(z+h)

r

2
s
n
(w) dw

.a JO
sink k

w
h

5.2.1-8

5.2.1-9

where h is the water depth and z is the distance below the

still water level.

5.2.2 Least Squared Fitting of Spectral Function

The force coefficients, Cd and Cm can also be

obtained by the technique of spectral least square



regression. The equation for the mean square error is

written as

E
2

= [Smf n ) Spf (wn )]
2

n=1
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5.2.2-1

in which w
n

= 27nf and f
1

is the fundamental frequency.

Then, Smf (w
n

) is the measured force spectrum and S
pf (w

n
)

is the predicted force spectrum as shown in Eq. 4.2-5.

Taking the derivative of Eq. 5.2.2-1 with respect to Cd

and Cm
2
and setting the results to zero,

and

3E
2

= 0
3C

d

aE
2

2
acm

5.2.2-2

0 5.2.2-3

One will obtain two simultaneous normal equations for two

2unknown coefficients Cd and C. If Eq. 4.2-5 is used for

Spf(wn), Cd and Cm can be calculated by

and

S3S4 - S2S5
7

Cd =
2
Try j8a2 2

u
s1S4 S2

Cm
S1S4 - S

2

2

4 1 51x5 - S2S3

N
2where S

1
= Su(wn)

n=1

5.2.2-4

5.2.2-5



and

N
S2 = Sa(wn)Su(wil)

n=1

N
S
3

= S
u
(w
n mf (wn )

n=1

S
4

= S
a
2
(w
nn=1

N
S
5

= Sa(wn)Smf(wn)
n=1
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Hudspeth, et al. (43) extended the theory to include the

three-fold convolution S
u(wn )

*3
term, Eq. 4.2-1, to calcu-

late Cd and Cm. They found that the effect of the convolu-

tion terms on C
d and Cm was small.

It is noted that if the wave spectrum is very narrow,

the spectral method may not be very suitable for determin-

ing drag and inertia coefficients (23). Moreover, even

though the sea surface spectrum may be broad, the result-

ing velocity and acceleration spectra at depth may be

quite narrow from hydrodynamic filtering. Therefore,

using this method to determine the force coefficients

should be cautioned. The coefficients obtained by this

method are only for application to statistical-type force

estimation.

5.3 Error Analysis

Attention here will emphasize the characteristics of

the data (22). When one measures a set of wave force data

on a cylinder from experiments, the force coefficients of

the predictor equation, like the Morison equation, can be
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calculated by using the techniques discussed in sec. 5.1.

Then, one has to know the suitability of the measured data

to determine the force coefficients well. Dean (23) first

proposed the concept of the error surface. Considering

the contour surface of the mean square error function, one

will find that lines of constant error values are ellipses

which provide a qualitative interpretation for the drag

and inertia dominant data, shown in Fig. 33. If the drag

forces tend to dominant, i.e. the steeper in the slope of

the error surface with the drag coefficient such as Fig.

33a, then the data are better conditioned for determining

the drag coefficient and the inertia coefficient would tend

to be contaminated by the errors from various sources. Con-

versely, for the inertia dominant data, the inertia coeffi-

cient can be obtained confidently with contamination of the

calculated drag coefficient. If both components are of the

same order of magnitude, i.e. the ellipse of constant

error function approaching the shape of a circle, then

reasonable resolution in both of these coefficients can be

expected if the general quality of the data is good. Dean

(23) also derived a ratio R
a that is provided by the ratio

of the axes of the error ellipse,

2

Raa D 5.3-1



Table 5-3 Suitability of Data for Determining
Drag and Inertia Coefficients(23)

(C
m

)
min

Range of R Data Relatively Well-
Condition for Determining

0 1/4

1/4 4

> 4

C
m

C
d

and C
m

C
d

Cm

Lines of
Equal Error

(C ) .

m mmn.

(Cd)min

Cd

Lines of
Equal Error

(Cd)min

117

(a) Data Well-Conditioned for (b) Data Well-Conditioned
DeteLming Drag Coefficients for Determing Inertia

Coefficients

Fig. 33 Interpretation of Error Surfaces
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where U4 is the time averaged value of the fourth power of

velocities of water particles. u
2

is the mean square

value of accelerations. If the flow is harmonic, u = -Um

cosat, R
a

can be rewritten as

Or

2
um

Ra
-

a 7D 4 a

R
a

=
Cm

(f
D

)

max
C
d

(f ) max

5.3-2

5.3-3

where (f
D

) max and (f
I

) max are the maximum drag and

inertia forces. Then, Ra is a measure of the relative

suitability of the data for determining drag and inertia

coefficients. Dean (23) provided an intuitive range of

R
a

, as shown in Table 5-3.

Dean's analysis is limited by using the Morison equa-

tion and the mean square method. The general test of the

suitability of the data can be done, if one follows the

below procedures as presented in ref. (69).

1. The force coefficients are obtained from the

methods shown in sec. 5.1.

2. By substituting these force coefficients into the

predictor equation, the predicted force f is

obtained.

3. Compare the predicted force f with the measured

force fm in the time domain. Defining a ratio
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f
P
/f
m

at a instant time, one can numerically cal-

culate the mean square value of f
P
/f
m

in the

whole wave cycle.

4. Changing one of force coefficients and repeating

the steps 2 and 3, one will have a mean square

value of for this changed coefficient.

5. Repeat steps 2 to 4 for each force coefficient

which is changed within a suitable range. Then,

plot the mean square value of f /f
M versus each

changed coefficient.

In this procedure, one can find the suitability of the

selected analytical technique with respect to data when

the measured force compares with the predicted force in

time domain. The other advantage is able to determine

which coefficient dominates the data. If the slope of

the mean square value of with h respect to the change

of the force coefficient is steeper, that means such a

coefficient has a strong domination on the data.
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6.0 FORCES ON A CYLINDER WITH MARINE GROWTHS

Accumulated marine growths roughen the surfaces of

ocean structures and increase the effective sizes. The

problem considered is how to evaluate the force coeffi-

cients with the natural roughness characteristics as well

as the other parameters that have been discussed in sec.

2.2.2. The effective diameter of the cylinder with

accumulated marine growths will be considered as an hydro-

dynamic coefficient.

Since marine growths are non-uniform, irregular,

rigid, flexible and sometimes slimey, it is unclear as to

how to characterize them. However, it is easy for sand

roughened cylinders. The relative roughness, k/D, is com-

monly used where k is the uniform size of sand grains.

Although using artificial roughness may not always effec-

tively represent the characteristics of marine growths, it

at least offers a basic insight to the effect of similar

roughnesses on fluid forces on a cylinder. Hence, this

chapter presents two major parts, one on uniform artifi-

cial roughnesses, the other on heavy marine growths.

6.1 Uniform Artificial Roughness

Experiments on cylinders with real marine growths are

time consuming and expensive. However, a series of labo-

ratory experiments with artificial roughnesses may be
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quite helpful and will certainly be less costly. Past

studies with artificial roughness elements usually have

them uniformly distributed on the test cylinder. The size

of the roughness elements is usually uniform too, such as

sandpaper, polystyrene beads, mono-sized sand grains, wire

screens, etc. Some experimental studies of the effect of

these artificial roughnesses on fluid forces on cylinders

in steady and unsteady ambient flows will be examined.

6.1.1 Steady State Ambient Flow

The effect of uniform artificial roughnesses on the

drag force of a circular cylinder in steady ambient flow

is shown in Fig. 34 (1, 60). Some important features are:

as the relative roughness, k/D, increases, the critical

Reynolds number is reduced and the minimum value of Cds

is increased; for Reynolds numbers in the postcritical

region, Cds may become approximately independent of

Reynolds number. Although there seems to be a slight

variation of C
ds

in this region, this variation is general-

ly disregarded for practical purposes (32). By assuming

Reynolds number independence in this region it is then

easy for engineers and designers to extrapolate beyond the

laboratory measurements. Shih and Hove (82) showed that

the criterion for Reynolds number independence may be a

function of surface roughnesses, Rk 1000, in which Rk is

defined as V
c
k/D, the roughness Reynolds number.
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A plot of Cds versus relative roughness, k/D, in the

region of Reynolds number independence is shown in Fig. 35

(36). Generally C
ds increases as k/D increases except

that a nearly constant value of Cds, Cds = 1.0, may exist

in the range of 3*10-3 < k/D < 2*10-2. For heavily

roughened cylinders, i.e. k/D > 2*10
-2

, Cds seems to in-

crease rapidly and is markedly increasing at the upper

limit of the data available for k/D.

Regarding the transverse vortex force on a roughened

cylinder, Szechenyi (86) represents it in two ways: root-

mean-square lift coefficient, C
Lrms'

defined as in sec.

2.1.2 and the lift force spectrum. A plot of CLrms versus

roughness Reynolds number, Rk, is shown in Fig. 36 (86).

The roughness Reynolds number for the smooth cylinder in

Fig. 36 is calculated by letting k/D = 3.5*10-5. The mean

value of CLrms is about 0.1 within the range of Rk 100.

Then, CLrms increases as Rk increases for 100 < Rk 1000.

Up to the range of Rk > 1000, the mean value of CLrms

remains nearly constant at 0.25.

Through studies of lift spectra for surface roughness,

Szechenyi (86) found that the transverse vortex force

(lift force) was approximately periodic for a relative

roughness, k/D 2.2*10-3, whereas the force spectra broke

up into two-peaked or broader spectra for k/D > 2.8*10-3,

as shown in Fig. 37. It seems that the roughness elements

of k/D > 2.8*10-3 are large enough to penetrate the
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boundary layer flow and destroy the regular shedding of

vortexes. A plot of Strouhal number, S, versus Rk is

shown in Fig. 38 for the relative roughness, k/D

1.75*10-3 . The frequency of vortex shedding is assumed to

be equal to the mode frequency of the lift spectrum. In

the range 100 < Rk S 1000, the Strouhal number rises from

0.22 to 0.3, then drops slowly to 0.26 at Rk = 1000. For

R
k > 1000, S remains nearly constant at 0.26. This is the

same trend as the variation of C
Lrms with Rk.

6.1.2 Unsteady Ambient Flow

In unsteady flow, the Morison equation can be used to

predict the in-line fluid forces on a roughened cylinder.

Two force coefficients C
d and Cm in the Morison equation

depend not only on Keuleagan-Carpenter number and Reynolds

number, but also relative roughness, k/D.

Sarpkaya (77, 79) showed the results of a series of

experiments about the effect of relative roughness, k/D,

from 1/50 to 1/800 on the fluid force acting on a horizon-

tal cylinder in oscillatory flow. Typical plots of the

drag and inertia coefficient versus Reynolds number for

various relative roughness are shown in Fig. 39 for K = 60

(77).

Above the large Reynolds numbers, R > 4*105, Cd and

Cm remain nearly constant with respect to Reynolds number

and only depend on K and k/D. Designers are usually
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interested in this range of high Reynolds number. Thus,

values of C
d and Cm in this high Reynolds number range are

taken from the results on Sarpkava's work (74). Two plots

of C
d and Cm versus k/D for various K are shown in Figs.

40 and 41 (32). In addition, a curve of the steady flow

drag coefficient, Cds, is shown in Fig. 40. The drag

coefficient of roughened cylinders in unsteady flow is

considerably higher than that of the similar roughened

cylinders in steady flow. This is due to the different

formulations for calculating fluid forces on cylinders in

steady and unsteady flows. In other words, the drag

coefficient of roughened cylinders in the Morison equation

for unsteady flows is not the same as the drag coefficient

for steady flows.

The transverse vortex forces on a roughened cylinder

were also investigated by Sarpkaya (77). The maximum

transverse vortex force coefficient, CLm, as a function of

K for various values of k/D and 3 is shown in Fig. 42. It

seems that CLm varies indistinctly with either k/D or 3

within the range shown in Fig. 42.

The Strouhal number in the unsteady flow can be

defined as

f D
S v or S =u

m

fr

K 6.1.2-1



5
10 -)

_17 2 5
10

___ii 2 5
10

___3 2 5 10-2
Re1 at i ye Roughness , k/D

Hg. 40 Drag Coefficient as a Function of k/D for Various Values ofK in the Postcritical Region

5 10-1 2 5
100



2 . 5

2.0

1 . 5

1,0

0 . 5
2 5 _r 2 _4 _ 5 _32 5 )

10 10 ) 10 10 10

Relative Roughness, k/D

2
5

10-1
2

Fi g . 41 Inertia Coeffi ci ent as a Function of k /I) for Various Values
of K in the Posted t i cal Region

100



131

where fr = fv/a as in sec. 3.1.3. Plots of S versus K for

a specified 8 or R are shown in Figs. 43 and 44 (77). Fig.

43 is for smooth cylinders and Fig. 44 is for roughened

cylinders with k/D = 0.02. The Strouhal number for un-

steady flow is a function of K and k/D, as well as R. Un-

fortunately, there seems to be not much published litera-

ture to show this correction clearly. Generally S de-

creases as K increases in the range of K 12. A sharp

change occurs at the range of 12 < K 20. For K > 20,

the Strouhal number seems to remain nearly uniform.

Matten (58) conducted a laboratory experiment for the

effect of the surface roughness on the fluid force experi-

enced by a vertical cylinder in waves. Generally the wave

forces on a roughened cylinder with k/D = 10-2 are about

1.4 to 1.7 times that on a smooth cylinder. Matten also

concluded that the maximum values of forces and the shed-

ding frequency of transverse vortex forces were dependent

on the Keuleagan-Carpenter number, which is similar to

Sarpkaya's works.

6.2 Marine Growths

General characteristics and distributions of marine

growths on the surface of ocean structures are summarized

in sec. 6.2.1 (2, 24, 28, 41). Fluid forces on the cylin-

der with marine growths are then discussed although only a

little information can be obtained at the present time.
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The technique of analyzing fluid forces on a cylinder with

marine growths has been discussed in sec. 5.1.4. Profes-

sor Nath will have a series of experimental studies on

this subject in the coming year.

6.2.1 General Characteristics of Marine Growths

Most sedentary organisms in the sea need to find a

suitable, reasonably rigid substrate upon which to settle

and complete their life-history. Usually the first

foulers are either bacteria and/or diatoms. These microbes

serve as a food source for the larvae of marine growths.

After the first marine growth settles on the structure,

the number of marine growths on a particular area in-

creases rapidly.

The type and extent of marine growths on a structure

depends on a number of variables including: seasons,

water temperature, light level and depth, the nutrients

present, oxygen concentration, fluid forces, currents and

tidal conditions. Generally, the seasonal temperature

affects the reproductive cycle and the subsequent release

of larvae and development of more organisms. For example,

marine animal growths are restricted to a definite season

for spawning and attachment in temperate areas. However,

in tropical areas continuous year-around attachment of

marine growths can occur since the slight seasonal change

of temperature cannot affect the reproductive cycle.
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Light intensity affects the rate of photosynthesis thereby

directly influencing marine plants. Plants, primarily

diatoms, form the base of marine food webs and are the

basic nutrient. Some marine growths such as barnacles will

not release their developing embryos as a free living lar-

vae stage unless the environment is thoroughly nourished

(2) .

The distribution of fouling communities in a warm-

water site are quite different from those in a cold-water

site. In warm water, the community of marine growths tends

to establish and maintain a consistently low-profile,

rigid growth form extending from the surface to the bot-

tom. However, in cold water, the distribution of marine

growths are layered. Near the water surface, it can be

dominated by substantial amounts of bulky forms, like mus-

sels and kelps. Sometimes toward the bottom and sometimes

at a great range of depths starting near the surface, low-

profile, cementing, calcareous organisms are grown. Often

the amount of mass near the surface can be 100 times as

much those near the bottom (70).

The distribution of marine growths also depends on

the geographic locations. In general, the intensity of

marine growths is decreased as the depth and the distance

from shore increases. This general rule is modified by

some factors, such as water temperature, lack of organic

matter, currents, slope of the coastal bottom or available
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attachment surface (24).

6.2.2 Rigid Natural Roughness

The effect of rigid marine arowths is to increase the

surface roughness and the effective diameter of a cylinder.

Some common rigid marine growths in sea water are mussels

and barnacles. Barnacles survive for long periods even if

they are dead. Due to the existence of their hard shells,

the hydrodynamic forces are thus significantly affected.

The surface is often very lumpy and irregular and often

covered with flexible, fuzzy hydroids. Thus, it is dif-

ficult to predict the fluid forces on a cylinder with

rigid marine growths. Besides the force coefficients, Cd

and Cm, the effective diameters are needed to be deter-

mined experimentally. The technique to obtain these three

unknown coefficients from analyzing the measured force

data is discussed in sec. 5.1.4. The correlation of C
d'

Cm and 6 with some non-dimensional parameters is really

important. There seems to be little such experimental

work on examining the effect of rigid marine growths on

fluid forces in waves, or in oscillatory flow. Only a few

experiments using artificial roughness elements were con-

ducted, which have been discussed in sec. 6.1.2. The

major problem is how to characterize, or correlate, rigid

marine growths with artificial roughnesses. Miller (60)

found that the influence of rigid marine growths upon Cds
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in steady flow can be substantially equivalent to that of

sand roughness with the same physical size. But, it is

unclear whether this can be applied to unsteady flows. In

addition, the accretion of hard excrescences in Miller's

test cylinder was uniform and not severe. It is not

unusual that the roughness can reach a height of about 25

cm or more for the severe marine growths. If that is so,

the sand grain roughnesses may not characterize effective-

ly this kind of heavy marine growth.

6.2.3 Flexible Natural Roughness

The effect of flexible marine growths, such as sea-

weeds and kelps on fluid forces is probably very signifi-

cant. The long tails of seaweeds or kelps grown on the

surface of ocean structures move to follow the ambient

fluid flow. This motion response should affect the forma-

tion of the wake zone. Under some conditions it is pos-

sible for vortexes to be spoiled. The hydrodynamic forces

on this kind of marine grown structures becomes very com-

plicated. How to characterize these flexible marine

growths is not known, but is needed. The definition of

effective diameter coefficient, 6, could be very helpful

for this problem. But, 6 has to be determined experimen-

tally. The correlation of 6 with some basic characteris-

tics of marine growths such as (length of marine growth)/
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(diameter of smooth cylinder), the density of distribution

of marine growth, etc., are still needed. In addition, (5

should have some correlation with the nondimensional para-

meters like R and K, in a manner similar to Cd and Cm.

All these should necessarily be determined by experimental

studies.
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7.0 LABORATORY STUDIES AT OSU

Experimental work on determining the effective diame-

ter coefficients, (5, defined in Eq. 7.1.2-2, were conducted

in the flow visualization flume and the wind tunnel at

Oregon State University. Horizontal test cylinders were

covered with different roughness elements. In-line drag

forces and transverse vortex forces were measured in the

wind tunnel. Thus, this work is restricted to steady flow.

7.1 Flow Visualization Flume

Six 2-inch diameter cylinders were covered with dif-

ferent roughness elements. The effective diameter coeffi-

cient, (5, for each test cylinder was determined by assum-

ing the Strouhal number at 0.2, as discussed later.

7.1.1 Experimental Technique and Equipment

The flow visualization flume uses the hydrogen

bubble technique to view flow configurations around sub-

merged objects for relatively low Reynolds number flow. A

plan view of the flume is sketched in Fig. 45. The chan-

nel is 2.44 meters long, 10.16 centimeters wide and 61.0

centimeters high. Two honeycomb flow straighteners with

1.5 millimeters opening were used to obtained a uniform

flow. In order to have a clear visualization of hydrogen

bubbles, a 0.36 millimeter steel wire was crimped by
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passing it through two inter-meshing gears and modifying

it by hand to have sharp corners. A 5.0 volt direct cur-

rent, 1 ampere source was used to generate the hydrogen

bubbles. About half a pound of salt was used in lieu of

acid to mix with water. The detailed description of this

flume is in ref. (34).

The six test cylinders with the various kinds of

roughness are shown in Fig. 46. The basic diameter of

each cylinder is 2 inches. One cylinder is smooth. One

cylinder was uniformly roughened with sand grains. One

cylinder was covered with simulated barnacles. Two

cylinders were covered with simulated kelp made from plas-

tic sheet. The other was covered with simulated marine

growth.

The smooth test cylinder was a 2-inch diameter, fl-

inch long plexiglas tube. The surface of the smooth

cylinder was not specifically polished. It remained the

original surface condition from the manufacturer. The

second cylinder was covered with sharp sand grains which

were sieved to have the ratio of k/D equal to 0.05. The

third test cylinder was uniformly roughened with simulated

barnacles which were carved from balsa wood. The height

of the barnacles was approximately equal to 0.1 times the

cylinder diameter. The third and fourth cylinders were

respectively covered with long and short kelp. The

simulated kelp were made by cutting plastic sheet into
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Fig. 46 Six Test Cylinders for Flow Visualization
Flume: Smooth, Sand, Barnacle, Long-Kelp,
Short-Kelp and Marine Growth
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strips which the ratio of the length with respect to the

width was about 10. A stress-strain diagram for the simu-

lated kelp is plotted in Fig. 47 (70) in which the stress-

strain curves of various genera of seaweeds are also shown.

The length of simulated kelp on one cylinder is approxi-

mately equal to one diameter of the smooth cylinder, where-

as the length of simulated kelp on the other cylinder is

nearly equal to three diameters of the smooth cylinder.

The sixth test cylinder was covered with simulated

marine growth. Some large lumps were fabricated and dis-

tributed irregularly on the surface of the cylinder. The

ratio of lumps with respect to the cylinder diameter was

in the range of 0.2 to 0.005. Then, the outside surface

was covered with dried lichen. Generally, this test

cylinder was an attempt to model the condition seen in

Santa Barbara Channel from dives and photos in July, 1980.

In order to specify this marine roughened cylinder, the

equivalent physical diameter ratio was obtained by measur-

ing the circumference at different locations along the

marine roughened cylinder and dividing the measured cir-

cumference by the circumference of the smooth cylinder.

The mean value of equilvalent diameter ratio was 1.19 with

a standard deviation of 0.07, from five measurements on

the 2" cylinder and ten measurements on the 3" cylinder

for wind study.

A laser doppler anemometer was used to measure the
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flow velocity. At the same time, the vortex shedding

period of the smooth cylinder was determined as a function

of flow speed. A plot of flow speed versus vortex shed-

ding period of the smooth cylinder is shown in Fig. 48.

Within a 2% error, the slope of the line is -1.0 and the

resulting Strouhal number is 0.20. Based on this calibra-

tion, one can measure the flow velocity by measuring the

vortex shedding period of the smooth cylinder, within the

speed range of the calibration.

7.1.2 Analysis of Results

The period of vortex shedding behind each of the six

test cylinders was observed. The range of Reynolds number

for this experiment was from 4x103 to 1.8x104, in which

the diameter of the smooth cylinder is used as the charac-

teristic length. Distinct, periodic vortexes were

observed to be shed alternately for all roughened cylinders

in this test range of Reynolds number, as shown in Figs.

49 to 54.

The periods of vortex shedding behind the test cylin-

der were determined by timing the required lapse time for

ten complete oscillations of the vortex and dividing by

ten. All results for 6 test cylinders in various flow

speed are summarized in Table 7-1. Given the vortex

period, T, of a specimen, the Strouhal number is

6
S

6D
V
c
T 7.1.2-1
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Fig. 49 Hydrogen Bubble Visualization of the Flow,
V
c

= 13.14 cm/sec, around a Smooth Cylinder

ww11111111111

111111MI
Fig. 30 Hydrogen Bubble Visualization of the Flow,

Vc = 10.67 cm/sec, around a Sand Roughened
Cylinder
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Fig. 51 Hydrogen Bubble Visualization of the Flow,
Vc = 13.14 cm/sec, around a Barnacle Roughened
Cylinder

Fig. 52 Hydrogen Bubble Visualization of the Flow,
Vc = 10.67 cm/sec, around a Cylinder with
Kelp (2/D = 3.0)
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Fi.g. 53 Hydrogen Bubble Visualization of the Flow,
Vc = 13.14 cm/sec, around a Cylinder with
Kelp (2/D = 1.0)

g. 54 Hydrogen Bubble Visualization of the Flow,
Vc = 10.67 cm/sec, around a Cylinder with
Simulated Marine Growths
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Table 7-1 Vortex Shedding Periods (second) of Six Test Cylinders
in Flow Visualization Flume Test

DATE T
Smooth

T
Barnacle

T
Kelp
(short)

Kelp
(long)

Marine Sand
V (cm/sec)

3/11 1.61 2.06 2.56 15.79

3/13 2.30 3.03 3.97 11.04

3/13 1.32 1.70 1.99 19.24

3/13 1.18 1.60 1.66 21.53

3/20 1.93 2.79 3.52 13.14

3/20 1.50 1.83 2.14 16.90

9/11 3.15 3.96 5.43 4.29 8.06

9/11 2.72 3.39 4.30 5.31 3.90 9.34

9/11 2.47 3.16 3.81 4.43 3.54 10.28

9/11 1.80 2.43 2.67 2.96 2.64 14.11

9/11 1.64 1.95 2.21 2.31 2.20 15.49

9/11 1.37 1.88 1.75 18.54

9/11 1.34 1.86 18.96

9/11 1.10 1.50 1.71 1.60 1.47 23.09

9/11 1.01 1.24 1.29 1.37 1.36 25.15

9/11 0.86 1.09 1.10 1.12 1.21 29.53

9/11 0.72 0.88 0.90 0.87 0.95 35.28

9/16 2.38 2.68 10.67

9/16 2.0 2.30 12.70

9/16 1.6 1.74 15.88

9/16 1.32 1.48 19.24

9/16 0.98 1.14 25.92
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where 6 is the effective diameter coefficient. By setting

the Strouhal number at 0.20 for different test cylinders, one

can determine the equivalent smooth cylinder diameter from

6 = T 7.1.2-2

in which T
s

is the vortex period of the smooth cylinder at

a particular flow speed. A summary of 6 thus determined

for different flow speeds is listed in Table 7.2. The re-

sults of 6 for cylinders with simulated kelp and barnacles

are shown in Fig. 55 with respect to the smooth cylinder

Reynolds number. These results for test cylinders with

simulated marine growths and sand grains are repeated in

Fig. 56 in order to compare with the results from the wind

tunnel test. The effective diameter coefficient, 6, is

nearly constant with respect to flow speed for cylinders

with simulated barnacles, marine growths and sand grains.

However, 6 for cylinders with kelp decreases with increas-

ing Reynolds number. The coefficient 6 for marine growth

from vortex measurement is greater than 8 from circum-

ferential measurements.

7.2 Wind Tunnel

Force measurements on a circular cylinder with

various kinds of roughness were conducted in the recircu-

lating wind tunnel at Oregon State University. Technique

and equipment of the wind tunnel test are discussed in sec.

7.2.1. Spectral analysis was used to analyze the recorded
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Table 7-2 Summary of Effective Diameter Coefficient of Roughened
Test Cylinder for Flow Visualization Flume Test

/ (cm/sec)
RSmooth Barnacle Kelp

(short)(short)
3Kelp
(long)

5Marine Sand

8.06

9.34

10.28

10.67

11.04

12.70

13.14

14.11

15.49

15.79

15.88

16.90

18.54

18.96

19.24

21.53

23.09

25.15

25.92

29.53

35.28

4.16x103

4.82x10
3

5.30x103

3.31x10
3

3.70x10 3

6.33x10 3

6.78x10 3

7.28x10 3

7.99x10
3

3.15x10
3

8.19x10 3

8.72x10 3

9.36x10 3

9.73x10 3

9.92x10
3

1.11x10
4

1.19x10
4

4
1.30x10

1.34x10
4

1.52x10
4

1.82x10
4

1.26

1.25

1.28

1.32

1.45

1.35

1.19

1.28

1.22

1.29

1.36

1.36

1.23

1.27

1.22

1 - 7, -

1.38

1.54

1.73

1.82

1.48

1.35

1.39

1.43

1.51

1.41

1.53

1.28

1.28

1.25

1.95

1.79

1.64

1.41

1.37

1.39

1.43

1.36

1.30

1.21

1.36

1.43

1.43

1.47

1.34

1.23

1.34

1.35

1.41

1.32

1.13

1.15

1.09

1.12

1.16
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force data. The effective diameter coefficient is also

determined, based on the results from the spectral analy-

sis. Discussion of the calculated results is presented in

sec. 7.2.2.

7.2.1 Experimental Technique and Equipment

The wind tunnel at Oregon State University, shown

schematically in Fig. 57, was used to measure forces on a

circular cylinder with different kinds of roughness. The

test section of the tunnel is 1.52 meters wide, 1.23

meters high, and 9.19 meters long. Velocities in the wind

tunnel can be adjusted through a control panel. By using

a Prandtl type pitot tube and a micromanometer, Type 170M-

26A, the wind velocity was measured on the horizontal

center line of the tunnel and at about 17.8 centimeters

below the roof, at the location of the beginning of the

test section, shown in Fig. 57.

The support structure for the test cylinder is

sketched in Fig. 58 and shown in Figs. 59 and 60. The

test cylinder was rigidly attached to a 1.91 centimeters

aluminum bar by using 6 connecting discs. The aluminum

bar was machined as a force beam. Strain gauges were

glued at the indicated location on the bar, which is shown

in Figs. 58 and 60. Two 4x4x3/8 steel angles were mounted

to the concrete floor as the main supporting frame. One

3x3x1/4 steel angle was connected between the top of the
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39 Equipments for Wind Tunnel Test

Fig. 60 Test Cylinder in the Wind Tunnel
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main supporting frames in order to afford a base to mount

four top wires. For reducing the blockage effect, a 3

inch diameter cylinder was used and supported by frames

mounted outside the wind tunnel. In order to avoid the

natural frequency of test cylinders close to the frequency

of vortex shedding, an additional wire system was used to

stiffen the support of the test cylinder. Eight bottom

wires and four top wires, shown in Fig. 61, were tightly

connected between each connecting disc on the dummy sec-

tions of the test cylinder and the concrete floor or the

top steel frame. Each end of the force beam (aluminum bar)

was rigidly clamped into a 5x3 aluminum block which was

mounted into the main supporting beam, outside the wind

tunnel. Thus, no part of the test structure touched the

wind tunnel walls.

Four cylinders with different kinds of roughness were

tested. They were 7.62 centimeter diameter plexiglas tub-

ing with a 60.96 centimeter long test section and two

45.72 centimeters long dummy sections at either end. Three

test cylinders were covered with different roughness ele-

ments; balsa sticks, simulated marine growth and sand

grains, as shown in Fig. 62. The balsa sticks had a sec-

tion of 0.48 centimeters wide and 0.24 centimeters thick

which were cut in the length of 1.27 centimeters. They

were glued around the surface of the cylinder with the

0.48 centimeter dimension in the same direction as the
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Fig. 61 Supporting Wire System on Test Cylinder
in the Wind Tunnel
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Fig. 62 Test Cylinders for the Wind Tunnel Test
Balsa Stickers, Sand Grains and Marine Growth
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approaching wind and distributed in a somewhat random way.

About five percent of the test cylinder surface was

covered with balsa sticks. As for simulated marine growth

and sand grains, the shape and construction was similar to

and to scale with the models that were used in the flow

visualization flume.

In-line and transverse forces were recorded and

analyzed as indicated schematically in Fig. 63. Two

records were obtained, both a 2-channel Hewlett-Packard

recorder and all signals were recorded on an analog tape

recorder. The recording through the analog tape

recorder was digitized in order to analyze the data by

spectral analysis. The time interval of digitization was

chosen as 0.002 seconds. The Nyquist frequency was thus

determined to be 250 Hertz. The length of the digitized

time series was chosen to be 40.96 seconds. Therefore,

20480 points of digitized data were used for spectral

analysis. The equivalent degrees of freedom were approxi-

mately sixty. Bartlett's smoothing procedure was used

(47). The smoothing procedure was to split the whole time

series into 20 subseries, then the average of the indivi-

dual spectral estimates was made. Each spectrum for each

subseries was calculated directly by the FFT method. A

flow chart for calculation of spectra from the time series

is sketched in Fig. 64.
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The test cylinder was calibrated horizontally and

vertically with a system of weights and pulleys. The re-

sults were also recorded on the analog tape recorder.

After digitizing the recorded data, the calibration values

were obtained for each loading condition. Prior to test-

ing each cylinder, a calibration test was conducted.

After the whole test, a calibration test was also done.

All the calibration results were considerably steady. A

plot of the calibration curve is shown in Fig. 65.

7.2.2 Analysis of Results

Two major results were obtained from the wind tunnel

test. One was spectra for the transverse vortex force and

the in-line force. The other was the calculation of the

in-line drag force coefficient and the root-mean-square

vortex force coefficient which was defined in sec. 2.1.2.

The wind velocity was varied from 4.22 m/sec to 14.90 m/

sec. The lower speed was limited by the sensitivity of

the force dynamometer and the upper speed was limited by

the maximum range of the available micro-manometer.

Samples of spectra of the transverse vortex forces at

particular wind velocities such as V
c
= 9.42 m/sec are

shown in Figs. 66 to 69 for 4 test cylinders. The number

on the horizontal axis represent the normalized values of

frequency, defined as
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f
n
D

S
n

= V
c

in which f
n

is the frequency. For example, 0.2 in.the

horizontal axis is equal to 24.72 Hertz for Vc = 9.42 m/

sec. The peak frequency of the transverse vortex force

spectrum was considered to be the frequency of vortex

shedding for the Strouhal number considerations. The

natural frequency of the mechanical system is also indi-

cated in Figs. 66 to 69. It was confirmed with a pluck

test of the cylinder.

After frequencies of vortex shedding were obtained

for different wind velocities, the effective diameter co-

efficient was calculated, based on the assumption of a

Strouhal number of 0.20. The reason for choosing S = 0.20

was that the period of vortex shedding behind the smooth

cylinder was found to be consistent with S = 0.20 from the

results of vortex force spectra. The plot of effective

diameter coefficient versus smooth cylinder Reynolds number

is shown in Fig. 56. Both the smooth cylinder and the

cylinder covered with balsa sticks have the effective

diameter coefficient of about 1.0, given the Strouhal num-

ber equal to 0.20. This is probably because the distribu-

tion of balsa sticks around the surface of the cylinder

was sparse. The pattern of vortex shedding behind the

cylinder with balsa sticks may not have a significant
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difference from that behind the smooth cylinder. The

effective diameter coefficients for cylinders with marine

growth and sand grains are quite consistent with the re-

sults from the test in the flow visualization flume. The

effective diameter coefficients for the sand grain

roughened cylinder are nearly constant, 6 = 1.15, in the

range of 5x10 3
R S 7x10 4

. The effective diameter co-

efficients for the cylinder with simulated marine growth

are slightly decreased from about 1.40 to 1.25 within this

range of Reynolds number. (The value measured from circum-

ferential measurements was about 1.19.)

Drag forces which are in-line with the approaching

wind were also analyzed by spectral analysis. Samples of

spectra of the in-line forces at particular wind speeds

such as V
c = 9.42 m/sec are shown in Figs. 70 to 73 for 4

test cylinders. These sample spectra of in-line forces

correspond to the spectra of transverse vortex forces, as

shown in Figs. 66 to 69.

The mean in-line drag forces were obtained by averag-

ing the whole force recordings. The drag coefficients

were thus calculated for various wind speeds. Two defini-

tions of drag coefficients were used, one using the smooth

cylinder diameter and the other using the effective diame-

ter. A summary of drag coefficients for 4 test cylinders

is shown in Table 7-3. Drag coefficients, Cds, are nearly
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constant, i.e. equal to 1.2, for the 4 test cylinders in

the range of 2.2x104 R 7.8x104.

As for the transverse vortex force, a root-mean-

squared value can be obtained from the force time series

or from the force spectra. The difference between both

calculations is small. It should be noted that a long

force record, instead of only one cycle of force data, was

used to calculate the root-mean-squared vortex force. A

summary of vortex force coefficients from the force spectra

for 4 test cylinders are also listed in Table 7-3. The

vortex force coefficients for all test cylinders have a

common trend that CLrms decreases as R increases in the

range of 2.2x10 4 R < 3.5x10 4
and increases as R

increases in the range of 3.5x10 4
R 7.8x10 4

. The cal-

culated CLrms for the smooth cylinder is plotted in Fig.

74 and compared with the measurements of other work which

is also shown in Fig. 3. The present values of CLrms are

a little lower than those of previous work.
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8.0 CONCLUSION

The major motivation for this dissertation is to

organize much of the valuable information about fluid

forces on a circular cylinder and to examine some techni-

ques for analyzing fluid forces on a cylinder with heavy

marine growths. Secondly, the purpose is to report on

experiments in steady state flow with emphasis on vortex

shedding.

In the field of ocean engineering, the subject of

fluid forces such as wave and current forces on a circular

cylinder has attracted many researchers. Although the

theoretical approach is still not completed, a lot of

experimental work has been conducted to search for the

correlation between the unknown coefficients in the semi-

empirical formulation and some non-dimensional parameters.

The endeavor of this thesis is to strive for a more

accurate prediction for designers about the fluid forces

on cylinders.

A summary of fluid forces on a circular cylinder in

steady and unsteady flow is first described. From many

sources, a lot of experimental data are collected and

organized. A couple of figures are shown for giving a

clear correlation between the coefficients and suitable

nondimensional parameters. Also, a basic description on

the Morison equation which has been the most popular
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formula for predicting fluid forces in the drag/inertia

region is given. The Morison equation is used as the

basic formula through the entire thesis, although some

necessary modifications are performed in some sections.

The subject of fluid forces on an arbitrarily

oriented cylinder is reviewed. The basic hydrodynamic

characteristics of the wake flow around a cylinder is dis-

cussed. A summary of force coefficients Cd and Cm for dif-

ferent oriented cylinders is organized. The modified

Morison equation for horizontal cylinders and the matrix

forms of the Morison equation for sloping cylinders are

given.

The ocean surface is a random process. The statisti-

cal approach for estimating extreme conditions of ocean

waves and their induced forces on a cylinder is needed.

Wave statistics and wave force statistics are presented.

The probability of exceeding a particular condition can

thus be obtained, thereby giving designers an idea toward

analyzing the risk probability for their designed struc-

tures. Usually only a design wave, i.e. extreme wave in a

period of time, is determined. Then, the extreme wave

force is obtained by following the Morison equation with a

suitable wave theory and the design wave condition. An

alternate approach for extreme wave force through force

spectra corresponding to sea states are discussed in sec.

4.4.
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Techniques to determine the empirical coefficients in

the predicting formula from experimental measured data are

presented. Each method has its characteristics. Parti-

cularly, the least-square method for higher order coeffi-

cient is proposed to analyze fluid forces on a heavily

roughened cylinder. Three unknown coefficients, Cd, Cm

and (5 are needed to be determined from measured force data.

However, if the force data are measured from a horizontal

roughened cylinder under the action of waves, Eq. 3.2.1-2

becomes the basic predicting formula. Therefore, four

coefficients Cd, C
m'

C
L

and d have to be determined. A

computer routine for calculating four coefficients has

also been completed. Since only little such wave force

data can be obtained at the present time, it is not pre-

sented in this thesis.

Experimental work on determining the effective

diameter coefficient based on S = 0.20 were conducted in

the flow visualization flume and the wind tunnel at OSU.

The effective diameter coefficient is nearly constant for

some roughened cylinders, such as sand grain roughness and

balsa stick roughness, whereas cS decreases as Reynolds

number increases for the other roughened test cylinders

within the test range of Reynolds number. In-line drag

forces and transverse vortex forces were measured and

analyzed by spectral analysis. Spectra of vortex forces

for 4 test cylinders shows a narrow-banded peak at the
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frequency of vortex shedding. Because of the small range

of Reynolds numbers in this wind tunnel test, the concept

of effective diameter for roughened cylinders seems to

show no significant advantage on analyzing the force data.
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Appendix A

Computer Routine of Least-Square Method
for Higher Ordered Coefficient



PROGRAM FORCE (I1.PuT,CUTPUT.TA2=3=:NPuT,T.PE5=OUTPUT)
REAL :.ANTA.mEU
COMMON twAJE/U(10331,4:(10031
COMMON /m47R/F1(10J0).Pm:(1000).04(3),3(3)
OINENSICN P(1030.3)1AI(4.6),FC(10C0),C(3),Ax(4.41
DIMENSION 0KARE4(20).34(3)

DATA INPUT

READ (3.'1 N,C.KHC
READ (3,') (8(I).1=1.3)
RI:AO (3,') EI.E2.E3
RE4D(3.') NEU
REA° (3.4) IG,..S
REAO (3,') OS
PI=3.14159

PATER KINEMATICS

um=S.
OC 20 I=1,N
SIT.22RI/(N-1)
U(1)=um4CCS(SITA4(I-1)1
c(:)=-um4SIN(..iIT44(I-1)1

20 CONTINUE

:ALLJLACE ASSUMED FCRC: 34T4 ics:

Cm=1.5
i0 S I=11N
F1=0S4RmC":340U(I)449S(u(I))/2.
F2=0S442.070404PI40442"C,44A,;(:)1..
F4(1)=F14.F2

5 CONTINUE
wkITE(5.85) N
CA4.L LINE4R(N,J.PI.Rm0)
WRITE(5.e52) El.E2,E3
wi;;17E(5,47)
wkITE(5,51) (E(:),I=1,3)

87 FORNAT(//.5A.= ***** FIRST GUESS VALUE
CALL GR4(RHO.0.PI.N,IGIAS)

FORmuL.TION JF MATRIX
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:T=I
Sum=0.

85 FORvAT(Im1.5A,4 4444 NC. OF 3474 N ==.:5)
wRITE (n.51)
wkITE (5.51) (5(:),I=1,3)

61 FC20AT(//,5A.2". T4s FIRST GUESS IALUi FO TaYLOR mET400 "4'2)
*2 FORMAT (//s5x,2" EPSILON(C3) ==,F1C../.:A.:444 EPSILON(CM) rat,

1 F10.4,/.5A.144 EPSILON(JE_TA) =4,F13.4)
7C 0: 30 1=1.N

C1=RH0404U(/)4=.t1Z(U(I))/2.
C2mionU4PI4044244C(:)/...
P(I,I)=c1+1(3)
R(I,2)=C243(3)442
P(I.31=6(114C143(2)4C243(3)42
F0=6(1)45(3).C14-E(2)4C2*3(3)**2
F:(:)=Fm(I)-FD
IF(IT .NE. I) GO T3 30
SUN=SUN+FC(I)+.2

30 CONTINUE
IF(IT .NE. 1) 30 TO 95
DH/(IT)=SUM
wRITE(5,58) PHI(IT)

95 00 31 1=1.3
00 32 J=1.3
SUM =O.
DO 33 K=10
SUN=SUN+P(K,J)40(K.I)

33 CONTINUE
AI(I.J)=SUM

32 CONTINUE
31 CONTINUE

00 3. J=1,3
SUM1=0.
00 35 I=1,N
SUN1=SU11+°(I,J)*FC(I)

35 CONTINUE
5(J)=SUm1

34 CONTINUE
wRITE(5,102)
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102 FORmAT(//.5A.24. s./)
wRITE(5,100) J=1.3) .3:=1.,
wRITE(5.1031

1.03 FORmAT(//.54. MATRIA 0 till
wRITE(5.1011(6(1)11=1,3)

100 FOR"AT(5A.3F2Q.4)
101 FO2mAT(5x.F20.4)

E SOLVE SImULTANi;OS EQUATI3N

IFIIT .E0. 11 LAMTA=0.01
ALT=LAMTAPIEU
IN=1
IT=/T+1

56 DO 41 1=1.3
OA(I)=SORTtAI(I,I)1

41 CONTINUE
00 40 1=1.3
ANI.4)=G(/)

40 CONTINU.1
DO 42 1=1.3
03 43 J=1,3
4I(I.J)=AI(I.J1/10.1(I)*0A(J1)
IF(' .NE. J) CC TO 43
AI(I.J)=AICI.J14.ALT

43 CONTINUE
AI(I.4)=AIII14//0A(I)

42 CONTINUE
wR/TE(5.105)
wRITE(5,134) (tAI(I.J1,1=1,419/=1.31

104 FORrAT(5),*F20.,)
105 FO2NAT(//.5A.z PiQuIF-00 mATRIx A + 4,TR.A

CALL GAL8(A1.A.3.41
DO 44 1=1,3
mA(1,1)=4X(I,1)/0411)

44 CONT:NU7.
wRITE(5,1061

106 FORMAT(//.5A.: Tko: SOLUTION s,/)
wkITEC5.10I3 (mA(1,1),I=1,S)
AL2Hm=1..0

112 00 50 1=1,2
GH(I)=3(I),.4s(I,1)A0-r4A

50 CONTINUE
CH(3)=8(3)+4*(3.1)ALPHA/AS
SU42=0.
00 53 I=1.N
01=RH0404"J(I)4.,dS(U(I))/2.
02=qmo+010**2*-C(I)/».
FO=C14(1)Cm(3)O1 +LN(2)C2''CH(3)'2
SUM2=SUm2+(F04(1)-FC) *2

53 CONTINU:
P4I(IT)=SUM2
wRITE 15,58) PHI(IT)
IF(PHI(1T) 0.0031) GO TG 52
IF(PHI(IT) .LE. F4I(IT-111 00 TO 54
IFC/M .C.C. 21 CO TO 110
ALT=LAMT,
I 4= 2
:k=1
GO TO 56

110 1F(Iw .c0. *) GO TO 111
Iw=1.0.1
ALT=LAmT444Eus4,/w
GO TO 56

111 ALPHA=ALPHA-0.05
IF(;,LPHA ,i.a) Go TO 55
GO TO 112

54 "'RITE (5021 IT
wRITE (6.51) (CH(I),I=1,3)
wRITE (5,55) ALPHA
*RITE (5156) PHI(IT)
LAmTA=ALT
wRITE(5.1131 IM

113 FORmAT(//.5A.= 1M 2=913)
51 FORniT(/.5x,sCO zs.F6.3,/.5X.=C4 ==.F6.3,/.5A.A3ETA =$,F6.3)
52 FORMAT(//95A,* Ncm VALUES OF THE. iTz-±AT/ON NO.s .13)
50 F0R4AT(/,5x,zT4E SQUARE ERROR ==.P10.3)
55 FORMATI/95AixALPHA =$,F5.21

CRITERION OF CONVERGENCE

EO06(CM(1)-8(1))/Ort(1)
tON6(O4(2)-3(2))/CH(2)



C

OELTA=CCH(3)-2(3))/CH(3)
IF(A3S(EC0) .GT. El) GO TO 61
IF(A9S(ECM) .GT. E2) GO TO 61
IFIA4:-.(cC6LTA) E3) GO TO 61
GO TO b2

61 00 63 1=1,3
8(1)=OH(I)

63 CQNT/NUE
IF(IT .60. 2G) GO TO 66
GO TO 70

6b HkITE (5,65)
05 FORPAT(//15A,ITHE ITERATION IL NOT CONVERGE0s)

GO TO o7
62 *RITE (5,71)
71 FORmAT(//.5A,4TNE ITERATION IS OCNVERGE0s)

.0RITE (5,51) (OH(I),I=1.3)
GO TO 67

55 *KITE (5,72)
72 FORPAT(//.5x,xALPHA IS LESS THAN 0.t)
87 STOP

NO
SU3ROuTINE LINEAR(N,O,PI.RHO)
COMMON /peAVE/U(IC00).0(1000)
COmON imAN/F1(10u0)1PHI(1300).2H(3).8(3)
DIMENSION ERR(10L0)
*KITE (5,9)

9 FORM AT(//,5A.= LEAST SQUAKE m6THo.j s)

PL C.
P2=0.
P320.

P53C.
00 10 I=2.N
PI=P1,.(Fm(L)u(I)q.ABS(U(I))+cm(I-1)'U(I-1)ABS(U(I-1)))/2.
p2=p2..(40(:)2+;.0(I-1)"2)/2.
P3=03(F4(I)A0(I)*F4(I-1)4O(I-1))/2.
0.-4o4+(u(1)A8S(U(I))4.4C(1)+u(I-1)48S(J(I-1))40(:-1))/2.
1357.85p(u(I)"4.+U(I-1)",)/2.

10 OONTINJE
C1=P102-03P4
02=P2oo5-24**2
:3:P34'05-01°04
0O=C1/(0.5*2H0*3 4O2)
0N=C3/(0.25RHO'PI'0 24*:2)
OC 11 1=1.N
0...:00qH04.0u(:)+155 (u(I))/2.
:5=0..,ARHGPI*0"2AC(I)/...
ERR(1)=Fm(1) -04-05

11 CONTINUE
SUM =O.
JO 12 I=2.N
SJN=SUmf(EiR(I) 42+ERR(I-1)2)/2.

12 CONTINUE
wRITE(5,13) CD,Om

13 FORmAT(/,5,4.=GO =z,F6.3./.5x,:Cm =t0=8.3)
4AITE(5.1.) SUH

1. rORmAT(//,5A,$TmE ERROR zs,1=1J.3)
FiETURN
ENO

SU3ROUTINE GRA(Rh010,PI,N,I5.;.3)
001MON /wA1E/U(1003),6;0(10001
COMMON MAT2 /F4(1070).PmI(IUG01.0m(3).9(3)
DIMENSION CP(3.2)

;RAOIENT PIETr400

IT=1
SU4=0.
SUM 1 =0.
SUM2=0.
SU43=0.
00 9 1=1,2
DO 8 J=1.3
OP(I,J)=0.0

d CONTINUE
9 CONTINUE
20 00 10 I=1.N

Cl=oRMC*0*U(I)-049S(U(I)) /2.
C2=RHOP/042AC(I)/,..
F0=8(1)16(3)C14.6(2)C2(3)2
SUm1=SUm14.24(7.4(I)-P0)9(3)*C1
SUM2=LUm24.2(F1(1)-FOI*C249(3)4s2
SU43=SUm34.2"(F1(I)-F01(3(1)O1+9(2)*23(3)02)

193
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IF(IT .NZ. 1) GO TO 10
SUm=SUM*(F4(i)-F0)2

10 CONTINUE
IF(IT .NE. 1) 50 TO 12
PHICIT)=SUM
WRITE(5.271

27 FORPAT(//,5A,s GRACI:NT m:THOO
oRITE(5.1.0 PHI( IT)

12 P12(1.8(121SUl1
P2=(1+8(2)42)SUM2
P32(11.9(3)*2)SUM3
wRITE(5.25) SUM11SUM2.3UM3

25 FORPAT(//95X.3F26.5)
PT=p1o4.2+*2"24P3"2
CP(1.2)=P1/SCkT(PT)
CP(2.2) =P2/SORT(PT)
CP(3.2):P3/3GiCT(FT)
NRITE(5.25) (CP(:.21.I=1.3)
IF(IT .Ni. 1) 50 TO SC
ALPH41=1.0
50 TC 51

50 SUM5=u.
DO 52 1=1,3
SUM5=SUM5+CP(I.2)400(I.1)

52 CONTINUE
A..P.4 =A6PHA*(0.5*SUM5..)

51 IT=/71
16 00 11 1=1.2

CH(I)=8(I)4.3P(I,2);.LpHm
11 CONTINUE

CM(3)=6(3)CP(3,214LPH4/AS
Srt3c.
21=RHC0U(I13S(U(I)1 /2.
32=PH0PI*02AC(:)/6.
For.cm(1)cH(3)*C1+3H(2)*C2*Cm(3)"2
SUmu:Sum44.(Fm(:)-F0)..2

13 CONTINUE
PHI(ITI=SUI*
wR/TE(5.14) PHI(IT)

1* F02k4T(//.54,:Tmc 3GUAR:. ERRC.7. =x,F10.31
TP4I=PHI(IT)PHI(I11)
IF(PHI(IT) 0.071) 50 TO 21
IF(TPHI .LT. 0.0011 GO T3 15
AL2H4=4LPH4 /2.
5.; TO 16

15 CO 13 1 =1.3
CP(I,1)=CP(Z.2)
3(1)=C4(I)

18 co4rinui
PRITE(5.301
wRITE(5,311 (9(7.141=1.3)

37 FORmAT(//.5A,I TH: iAL.Jcz
31 FORwAT(/,5X.sCO ==,,F6.3./.5A,z0m =:,F6.3)

IF(IT .CG. /G) 50 TO 21
50 TO 20

21 RETURN
ENO
SUlnuT:NE i;AL3(k,S.IR0441:3L)
orlEvsioN
=PsI.o.aclooacJaausloucl
ur=1.

scAL,NG
00 200 ISR=1.I0W
AmAxsA(ISR.1)
07 201 ISC=2,Ii0).
IF(A3S(AM4A) .GE. A8S(4(ISR,T.SC))) GO TO 201
AmAx=A(/SR.ISO)

201 CONTINUE
00 202 IS=1,I0OL
Al/SR./S)=AlISrt,IS)/APAA

202 CONTINUE
OcT=OCT+AMAX

200 COVT/NUE
FORWARD ELIMINATION

00 100 K=1.IRCi.
KP=K1

01.02TIAL PIVOTING
AKK=A(K.K)
/T420
IF(KP .GT. IRC)+) GO TO 11
00 110 IH=K0.1P0).
IF(AoS(AKK) .5i. 443S(A(IH.4)11 50 TO 113
AKK=A(IH.K)
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IT4=IH
110 CONTINUE
11 IF(ITm .c.O. 01 GC TO 11200 111 IS=1.:00L

TtNP=A(K,ISW)
A(K,ISW/sil(ITH,IS41
AlITH.I5o1xTEMP

111 CONTINUz
0:J=OET31-1./

112 CO 101 J*01.ICOL
IP(A8SIA1K.10, EFSI/ GO TO 30101 ACK,J/sAlK.J1/..(0(.K/
OtT=OETA(K,K1
AIK,K1210
IF001 .GT. IC.v1 GO TO 100
00 103 I:KA,IROW
30 102 J=102,ICOL
w(I,J)wACI1.11...A(K9.11Aii.K)

102 CONTINUE
A(10K)s0.

103 CONTINUE
100 CONTINUE

C 3400( SOLUTION
IIT=IZOLIROw
OC 31 I=1,1R01.
0: 31 J=11IIT

31 SCI.J17.4(I,ImOm+.1)
IR3w1=140.$.1
00 20 IR=1,IIT
92 22 IC21.iR0w1

JO 22 ir=1,:c
S(100.10)=SCI0L,IP1-.517.004.IT.:°144CI00,I004.:T)22 CONTINUE

20 0:NI:NUE
ww:TE (51501 OET

50 FORMAT(///,5X.: CETERP'INE VALUE I,E20.41WRITE (5,511
51 FOR"'AT(//.5X.s THE SOLUTION OF Tmi EQUATION s.//130 52 r=1,zic,
52 WRITE (5,1 (Sti..1/..1=1.1IT)GO TO 5r
30 wRITE(5,53)
53 FuRNAI(///,SX.A THE MATRIX IS SINGULAR t)>4 RETURN

ENO


