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Wave breaking is a continuous process which can cause a dramatic

change in whatever waves influence. The process is a continuous and

complex phenomenon varying with time. Breaking waves and their effects

have been difficult to study because of the variability of the param-

eters used to define them.

This thesis is focused on the characteristics of breaking waves in

a deep water random sea state. The definition of a breaking wave is

first summarized. It is difficult to apply the wave steepness cri-

terion for breaking waves because wave steepness depends on the choice

of definitions for wave height and wave period. Therefore, a new

definition is developed from the level of action, ya, concept that was

first presented by Longuet-Higgins (1980). Discrete waves are iden-

tified from a time record by fitting each crest to a Stoke's third

order wave. Only the semi-wave period, T', and the crest elevation, y,

which are clearly definable, need to be defined. According to OSU

laboratory experiments, the criterion y 2: 0.71 ya can be used to

describe a breaking wave. The joint probability density p(ya,y) yields

a good way to estimate the percents of waves that are breaking.



According to OSU experiments, the use of the sea steepness param-

eter, n, presented by Nath and Ramsey (1976), was found to be a

conservative and simple way to estimate the probability of breaking

waves.

The characteristics of the wave spectrum that contain significant

wave breaking are studied. The higher order spectral moments are very

sensitive to the ordinates of the high-frequency region of the spectra.

It was emphasized that functions depending on the third and, par-

ticularly the fourth moments of measured wave spectra are of doubtful

use because of inherent inaccuracies.

The influences of wave asymmetry on breaking waves are studied.

The vertical and horizontal skewness coefficients SK1 and SK2 are

defined. The mean value of SK1 for a time series increases as the

probability of breaking waves increases. The mean value of SK2 for a

time series linearly increases as the probability of breaking waves

increases.
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BREAKING WAVE PROBLEMS AND PROBABILITIES

1. INTRODUCTION

Breaking waves are important because they can cause a dramatic

change in whatever waves influence, such as the stability of small

craft, the forces on moored and fixed platforms and breakwaters, and in

nearshore sediment transport. In addition, it has been hypothesized

that this mechanism accounts for the transfer of wave energy from high

to low frequencies with the subsequent growth of large low-frequency

waves. Breaking waves and their effects have been difficult to study

because of the wide variability of the parameters used to define them.

Much is still unknown including a reliable criterion for the onset of

breaking. This study attempts to find a better way to define a

breaking wave and to accurately determine the probability of wave

breaking in a sea state. The characteristics of wave spectra and the

time domain realizations therefrom are used to help assess the statis-

tics of breaking waves.

1.0 Background

This thesis is focused on the characteristics of breaking waves

in deep water. In this chapter, the definition of a breaking wave and

the ways of obtaining the probability of breaking waves (the percent of

waves that are breaking) are introduced. A new way to define a

breaking wave from a time record is proposed which uses the level of

action concept that was first defined by Longuet-Higgins (1980). A

new method to obtain the probability of breaking waves is also proposed
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which uses an empirically determined joint probability density of the

level of action and the crest elevation.

1.1 Causes of Wave Breaking

Why does a wave break? Wave breaking in deep water may occur

when the energy density of an individual wave crest is increased by

some mechanism. The increase of the local energy density is repre-

sented by increasing the kinematics and amplitude of the wave. The

increase in kinematics of fluid elements at the wave crest tends to

move the fluid elements forward relative to the propagating wave

profile. The increase of wave amplitude may result in an increase in

the slope of the water surface profile, particularly on the front face

of the wave. As the slope of the water surface profile reaches some

limiting value, the wave becomes unstable. A high value of the slope

of the wave crest may be associated with a large water particle

velocity. Therefore, the continuous increase of the energy density at

the wave crest will result in wave breaking. During wave breaking the

excess wave energy is dissipated.

In the deep water, several mechanisms can affect the wave energy

density. The wave energy increases because of the superposition of

different wave frequencies which temporarily increase wave amplitudes

beyond their stability limit.

As the wave encounters an adverse current, the wave energy of

wave motion increases because of the work done by the radiation stress.

This radiation stress was first defined by Longuet-Higgins and Stewart

(1964) as the excess momentum flux induced by the existence of wave

motion. The excess momentum flux here denotes the difference between
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the total momentum flux and the static pressure on a vertical cross

section. Phillips (1977) showed an example that an incident wave train

is moving in the x-direction on a current of velocity U. The total

wave action density, defined as E/a where E is the wave energy density

and a is the wave frequency, is conserved in the wave - current

interactions. Therefore, for gravity waves in deep water a-g/c where g

is the gravity constant and c is the phase velocity, and the group

velocity cg-c/2, Eq. (1.1-1) can be obtained as

E(U + c/2)c - constant - Eu c
u
2
/2 ,

derived originally by Longuet-Higgins and Stewart (1963). The terms Eu

and cu represent E and c at a location where U-0. Note that, the E

increases when (U+c/2) decreases as the wave encounters an adverse

current. When the adverse current velocity U is equal to -00/4, Co is

the linear phase speed, a critical point exists where wave energy can

no longer be propagated against the stream.

The local wind effect is also a mechanism that affects the local

wave energy density. Energy can be transferred from the wind to the

water either by pressure fluctuations or by tangential stresses.

1.2 Theoretical Criteria for Breaking Waves

In order to define a breaking wave various theoretical criteria

for the breaking of deep water waves have been proposed. The widely

recognized kinematic criterion, is defined as when the horizontal

particle velocity at the crest tends to exceed the phase speed of the

wave. The dynamic criterion for breaking waves is defined as when the

maximum downward particle acceleration at the free surface of crest
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exceeds a limiting value. Some researchers cite different limiting

values, as explained later in Section 1.2.2.

The wave breaking is a continuous process in reality that involves

energy exchange, air-water interaction, turbulence effects, etc. The

process is a complex phenomenon and varies from time to time. There-

fore, one should be cautious in applying the instantaneous theoretical

criterion to characterize breaking waves.

1.2.1 Kinematic Criterion

There has been only one limiting value of the onset of wave

breaking proposed for the water particle velocity at the wave crest:

the wave phase velocity. A summary on this kinematic breaking cri-

terion was given by Gaughan (1973).

The kinematic breaking criterion was first utilized by Rankine

(1864). It is a plausible criterion because if the particle velocity

exceeds the phase velocity, the particles at the crest will advance

forward faster than the wave. The wave will then deform from the

symmetrical shape and, providing the trend continues the water particle

will tend to become separated from the wave. Thus, the wave breaks.

Kjeldsen, et al. (1980) measured and computed the kinematics of

breaking waves in deep water for laboratory experiments. The breaking

waves were generated by superposing a subharmonic disturbance (i.e., a

longer wave than the basic wave) on a basic steep finite amplitude

Stokes wave. An explanation of the instability due to this subharmonic

disturbance will be given later in Section 1.4.2. In the wave crest

near the plunging jet, the measurements showed particle velocities up

to 2.8C0 (Co is the linear phase velocity) for a wave period of 0.85
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seconds. Note that the phase speed of a limiting deep water Stokes

wave (120 degree symmetrical crest angle) is 1.2C0.

Kjeldsen, et al. (1980) and Vinje and Brevig (1981) developed

numerical simulations of a breaking wave which were similar to the one

developed by Longuet-Higgins and Cokelet (1976). Longuet-Higgins and

Cokelet's method is based on potential theory and a conformal mapping

of the physical plane inside a closed contour in the mapped complex-

plane, and the equations of motion are solved in this mapped complex-

plane. The boundary of the closed contour in the mapped complex-plane

corresponds to the free surface in the physical plane. All points at

infinite depth in the physical plane are transformed into the origin in

the mapped complex-plane. However, Kjeldsen, et al. and Vinje and

Bervig solved the problem in the physical plane. Numerical calcula-

tions were carried out for an initial sinusoidal wave with steepness

0.133. The initial value of the velocity potential atthe free surface

have been given directly as the potential calculated from linear wave

theory. Kjeldsen's results showed that the geometry of a numerical

plunging breaker was nearly the same as that seen by visual observa-

tion. However, the calculated maximum velocities were 1.7CO3 which

were about 1.5 times smaller than the measured velocities. The reason

given for this relatively large difference was the different ways of

generating the plunging breakers. For numerical simulation, the

plunging breaker was generated because the exact free surface condi-

tions were not initially satisfied. This wave receives no energy

before the plunging breaker is created. The experimental breakers, on

the other hand, were generated as a wave-wave interaction of a basic

Stokes wave with high steepness and a disturbance progressing in two
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separate wave trains, each in dynamic equilibrium. Examples of the

numerical simulations of velocity field in a plunging breaker are shown

in Figures 1.2.1-1 and 1.2.1-2. The horizontal velocities at the wave

crest when the wave fronts have become vertical are slightly larger

than the phase velocity.

Kjeldsen (1984) again measured the kinematics of a plunging

breaker in deep water by using a current meter moving with the wave

crest. He found that the horizontal particle velocity attains the

phase velocity and maintains that velocity for a certain time before

wave breaking. At one instant the measured horizontal velocity at a

level of 96% maximum crest height above the mean water level increases

to about 1.36 times the phase velocity as the wave becomes unstable.

In the same paper, Kjeldsen measured the particle velocity vector

at the tip of the plunging jet in front of the wave by using a high-

speed film camera. Frame-by-frame analysis showed that the particle

velocity component which is normal to the boundary of the breaking wave

increased to a value of 2.65 times the linear phase velocity at the

very tip of the plunging jet. This result is in agreement with his

previous (Kjeldsen, et al., 1980) experimental results. The linear

phase velocity was calculated from the zero-downcrossing wave period

measured with a stationary instrument at the position of breaking.

Dean (1968) developed a numerical solution for the stream function

of a wave, herein called the stream function theory. He calculated the

horizontal particle velocity and the vertical particle acceleration at

the wave crest as a function of increasing wave height to determine

which would attain a limiting value first. The results were that the

horizontal particle velocity approached the wave phase speed, and the
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Figure 1.2.1-1 Velocity vector fields under plunging breakers when
the wave front becomes vertical. k is the wave number
and Co is the linear deep water phase velocity (from
Kjeldsen et al., 1980).
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Figure 1.2.1-2 Velocity vector field under the deep water wave.
0.15T after the wave front has become vertical. Co is
the linear deep water phase velocity (from Kjeldsen et
al., 1980).
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vertical particle acceleration at the crest approached zero as the

wave height increased. Dean concluded that the kinematic breaking

criterion, rather than the dynamic criterion, governs wave breaking.

From the above studies, a few aspects of the kinematic wave

breaking criterion can be seen:

1) It is clear that the maximum water particle velocity within a

breaking wave is higher than the linear phase velocity of the

wave.

2) The geometry of a plunging breaker can be simulated by

numerical methods.

3) The kinematic breaking wave criterion is a more reasonable

theoretical criterion of the onset of wave breaking.

There are a few applications of this kinematic breaking wave

criterion. Theoretical attempts to predict the properties of the

"highest" wave are based on the kinematic breaking criterion. These

resulting properties of the limiting wave are:

1) the 120 degrees enclosed crest angle (Fig. 1.2.1-3),

2) the limiting wave steepness, a wave height to wave length

ratio of 0.142, and

3) The water particle acceleration in all radial directions

near the crest is equal to 0.5g (Longuet-Higgins, 1963).
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Figure 1.2.1-3 Illustration of crest angle.
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1.2.2 Dynamic Criterion

Theoretical estimates of the water particle, or Lagrangian,

acceleration criterion range from zero to g, the gravitational ac-

celeration.

Phillips (1958) suggested a limiting downward acceleration of g at

the crest. Longuet-Higgins (1963) theoretically derived the vertical

acceleration near the crest of a limiting wave height to be 0.5g by

using the Stoke's limiting wave crest angle, 120°, and the velocity

potential expressions for the velocity and acceleration. He determined

the acceleration at the crest to be directed away from the crest

throughout the 120° angle (see Fig. 1.2.2-1). Snyder and Kennedy

(1983) used this acceleration criterion to estimate the fraction of the

sea surface covered by breaking waves. The result they found is a

function which depends on the fourth order spectral moment, m4.

Srokosz (1986) reinterpreted some experimental results of Ochi and

Tsai (1983) and proposed limiting the downward acceleration to 0.4g for

irregular waves. Longuet-Higgins (1985) accurately calculated the

Lagrangian vertical acceleration, aL, for two-dimensional uniform

gravity waves of arbitrary steepness at the free surface as shown in

Fig. 1.2.2-2. The upward acceleration in the trough was always less

than 0.3g, and the downward acceleration at the crest, excluding the

peak point of the crest, never exceeded 0.4g. However, at the peak

point of the wave crest,there is a nonuniformity as the wave steepness

ak approaches the maximum value, akmax The "a" here denotes one half

of the crest-to-trough height of the wave;

ak = H1 + H3 + H5 + , (1.2.2-1)
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Figure 1.2.2-1 The limiting acceleration near the crest in a Stokes
120 degree angle.

Figure 1.2.2-2 Lagrangian vertical accelerations at free surface for
waves with arbitrary wave steepness. ak is the wave
steepness (from Longuet-Higgins, 1985).



where Hn are the non-dimensional coefficients of the parametric

equation for the free surface
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+ Z Hn cos(n8)
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(1.2.2-2)
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kx = 8 + E Hn sin(n8)
n-1.
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in which 8 = kl./c, k 271./L, cl) and L are the velocity potential and

the given wave length, respectively. The c here is the nonlinear phase

speed which can be found from the coefficients Hn (see Longuet-Hig-

gins, 1978 a,b).

Longuet-Higgins (1986) further considered the acceleration beneath

the peak point of the crest of steep gravity waves with steepness, ak,

varying from 0.1 to 0.4432. When the wave steepness ak exceeds 0.4,

the downward acceleration at the peak point of wave crest increases

from less than 0.4g at the free surface to a limiting value of 0.5g at

points slightly below the free surface as shown in Fig. 1.2.2-3. This

runs counter to our intuition, derived from linear theory, that the

acceleration should diminish monotonically with the depth.

As mentioned in Section 1.2.1, Kjeldsen, et al. (1980) and Vinje

and Brevig (1981) numerically simulated a breaking wave. The numerical

results of the water particle acceleration vector within a plunging

breaker are shown in Figs. 1.2.2-4 and 1.2.2-5. The maximum value

could attain values somewhat above 3g. But, the direction of this

maximum acceleration is not vertical downward. Notice that the forward

part of the fluid jet has an acceleration of about g, directed verti-

cally downward. This means that the jet is falling freely under the
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Figure 1.2.2-3 Comparison of the vertical accelerations beneath the
crest for waves of different steepness ak. The broken
line corresponds to the limiting wave (ak=0.4432). 1

is the surface elevation, F7 is the mean surface
elevation (from Longuet-Higgins, 1986).
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Deep-water wave (t - 0.49T)

Figure 1.2.2-4 Lagrangian acceleration vector fields under plunging
breakers when the wave fronts have become vertical. k
is the wave number and g is the acceleration vector of
gravity (from Kjeldsen et al., 1980).
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t = 0.64T

2.4

Figure 1.2.2 3 Lagrangian acceleration vector field under the deep
water wave. 0.15T after the wave front has become
vertical (from Kjeldsen et al., 1980).
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influence of gravity, as should be expected for a thin layer of fluid

with the same constant pressure acting on both sides.

Dean's stream function theory gives an estimate of zero for the

particle acceleration near the crest of a symmetrical wave. This

implies that immediately under the crest the hydrostatic conditions

prevail. However, this zero value is contrary to the recent field

observed maximum downward Lagrangian acceleration 0.4g at wave crest in

random seas by Ewing et al. (1987). Dean explained the zero value by

examining the expression for the vertical particle acceleration given

by

Dw aw
Dt (u c) 3ww (1.2.2-3)

where u and w are the horizontal and vertical particle velocities,

respectively, c is the wave celerity, and x and z are the horizontal

and vertical coordinates, respectively. At the crest, w is zero, and

Eq. (1.2.2-3) becomes

?517t (u c) tic (1.2.2-4)

At breaking (u-c) is zero and Dw/Dt must be zero unless aw/ax is

infinite. Dean stated that if the peak were assumed sharp crested,

then Dw/Dt is not zero because the surface slope would be infinite at

the crest and the aw/ax would also be infinite.

From the above discussions, a few aspects of water particle

acceleration for breaking waves are seen:

1) it is difficult to apply the dynamic breaking criterion to

define a breaking wave since there is no universally agree-
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ment upon limiting value of water particle acceleration near

the crest, and

2) for the nearly breaking wave, the downward acceleration of

points slightly beneath the crest is greater than the

acceleration at the free surface.

Therefore, the kinematic criterion seems to be a better way to define

a breaking wave than the dynamic criterion.

1.3 Visual Identification of Breaking Waves

How can a breaking wave be visually identified in deep water?

Such an event is herein defined as when the wave geometry changes and a

patch of white water forms at the crest. However, the whitecap due to

the wind blown at the top of the crest of a small wave is not included

here.

Visual observations show that there are many shapes for breaking

waves. However, for two-dimensional laboratory breaking waves, they

are often grouped into three classifications: 1) plunging breakers; 2)

spilling breakers; and 3) deep water bores (Kjeldsen and Myrhaug,

1979).

The shape of the plunging breaker is shown in Fig. 1.3-1. The

whole front face of the wave steepens until it becomes vertical. The

crest curls over the front face and it forms a plunging jet which falls

onto the base of the wave. A large sheet-like splash arises from the

point where the crest touches down.

Figure 1.3-2 shows the shape of a spilling breaker. Foams,

bubbles and turbulent water appear at the wave crest and eventually

cover the front face of the wave. Spilling may start either as
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Figure 1.3-1 Deep water plunging breaker (from Kjeldsen and
Myrhaug, 1979).

Figure 1.3-2 Deep water spilling breaker (from Kjeldsen and
Myrhaug, 1979).
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instabilities on the forward face of the wave or as small-scale

plunging breakers near the wave crest, which then spread down the

forward face (Longuet-Higgins and Turner, 1974).

The third type of breaker is the deep water bore (Fig. 1.3-3).

It is characterized by a flow zone covering up to one third of the

total wave height over which air entrainment takes place, and it

proceeds over the underlying wave in a way similar to the travel of a

tidal bore in a river.

In the open sea, the shapes of breaking waves are more compli-

cated than the two-dimensional laboratory breaking waves. The distinc-

tion in breaker type is not always clear cut. As shown in Figs. 1.3-4

and 1.3-5, the shapes of breaking waves can be three-dimensional or

two-dimensional, depending on the sea state. The focusing of wave

energy from many directions results in a steep shortcrested breaking

wave (pyramidal breaker) as shown in Fig. 1.3-6. Therefore, the shapes

of breaking waves in the ocean can only be roughly grouped as plunging

breakers and spilling breakers. The front face of the wave becomes

vertical, the crest curls over the front face, and it forms a plunging

jet for the plunging breaker (see Fig. 1.3-6). For the spilling

breaker, bubbles and turbulent water appear at the wave crest and

cover the front and back faces of the wave.

This thesis uses visual observations in the laboratory to verify

theoretical predictions. Therefore, it is necessary to define a

breaking wave from the visual point of view. By adopting the above

classifications of breaking waves, the breaking wave is defined as the

visually observed breaker for the laboratory experiments. In so doing,

the probability of breaking waves for a laboratory experiment can be
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Figure 1.3-3 Deep water bore (from Kjeldsen and Myrhaug, 1979).
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Figure 1.3-4 Breaking wave in the ocean (3-dimensional) (from
Coles, 1981).

Figure 1.3-5 Breaking wave in the ocean (2-dimensional) (from
Coles, 1981).



Figure 1.3-6
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Pyramidal breaker. A dangerous wave captured at sea
by Fukumi Kuriyama, Nikkor Club, Nippon, Kogaku, K.K.
Japan (from Kjeldsen, 1982).
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calculated by dividing the total number of waves in a time series by

the number of visually identified breaking waves.

1.4 Identification of Breaking Waves From Time Records

Wave measurements are made at a point in the two-dimensional,

horizontal and vertical, space. They are recorded in time. Iden-

tification of breaking waves must be made from these time records. The

most common way to define breaking waves from the time records is by

using some form of the wave steepness. The details of this wave

steepness concept is discussed in the following two sections. Dif-

ferent forms of steepness parameters and asymmetry factors which

describe the vertical asymmetry of the steep wave are also reviewed in

Section 1.4.3.

1.4.1 Using, Wave Steepness to Characterize Wave Breaking

As the wave steepness of an individual wave reaches some limiting

value, the wave can be defined as a breaking wave. The wave steepness

is usually defined as the ratio of the wave height H to the wave Length

L, i.e. H/L, or alternatively defined as s = ak, where a(=0.5H) is the

wave amplitude, k =2ir /L is the wave number based on wave length L. The

wave steepness can not be measured directly from a time record of

measurements at one fixed location, but can only be determined theoret-

ically. The best we can hope for is a measurement of discrete wave

periods and wave heights, because wave periods are associated with wave

lengths. For a steep deep water wave, the Stokes wave theory and

Dean's stream function theory are sometimes used to calculate the wave

length from the measured wave period (Ochi and Tsai, 1983; Ramberg
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et al., 1985; and Dean, 1968). The accuracy of the wave steepness

depends on the accuracy of the theoretically calculated wave length.

There is a difficulty in obtaining the wave steepness that is

usually ignored by most authors. The accuracy may depend on defined

quantities. For example, the wave period can be defined in several

ways: peak-to-peak, zero crossings method, from zero uperossing to the

wave crest (times a factor greater than one), and possibly others (see

Fig. 1.4.1-1). The wave heights are not all too clear because some-

times it is difficult to identify a unique trough location and eleva-

tion (see Fig. 1.4.1-2). Thus, the wave periods and wave heights may

be different. Kjeldsen and Myrhaug (1978) found that in the same time

series measured at sea the maximum wave height calculated from dif-

ferent methods (i.e., zero-uperossing or zero-downcrossing analysis)

could vary by 25%, depending on the choice of analysis. Therefore, the

wave steepness calculated from different methods will have different

values for the same wave crest. This implies that the wave steepness

is not a unique quantity for a discrete random wave.

A possibly better way to define a breaking wave is by using the

level of action concept as developed in this thesis. The further

consideration of this idea is discussed later in Section 1.5.

1.4.2 Limiting Wave Steepness

The limiting wave steepness was first found to be equal to 0.142

by Michell (1893). He calculated the maximum deep water wave steepness

H/L for a Stokes' 120° crest angle wave when the particle velocity is

equal to the wave phase speed. This sharpest possible crest angle was

determined by Stokes (1880) from his series solution of the velocity
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potential, (1), which failed to converge if the crest angle became less

than 120° due to increasing wave steepness, H/L.

Longuet-Higgins (1978a,b) conducted a stability analysis of

irrotational water waves of finite amplitude. Two types of in-

stability, both those on a space-scale that is less than one wave

length (superharmonics) and those with scale greater than a wave length

(subharmonics), were investigated. He embarked on a calculation of all

the normal-mode perturbations of nonlinear, irrotational gravity waves

as a function of the wave steepness. Mei (1982) gave an explanation of

this side-band instability that is similar to the heuristic explana-

tion given by Lighthill (1978). A Stokes wavetrain with a slowly

modulated envelope was considered. Crudely speaking, the crests near a

peak of the envelope are faster than those on either side of the peak

and, therefore, tend to shorten the waves ahead and lengthen the waves

behind. Now the group velocity in deep water is larger for longer

waves. The rate of energy transport is lower in front and higher

behind, hence accumulation occurs near the envelope peak, whose height

must increase. Similarly, the trough of the envelope will tend to

decrease, resulting in instability.

For the superharmonic analysis, the results showed that the

frequencies, a, of all the normal modes diminish monotonically as ak

increase, at least until ak=0.42. At a steepness ak = 0.436 it appears

that two lowest models (n=1,2) coalesce and an instability arises. The

asymptotic analysis of steep gravity waves by Longuet-Higgins and Fox

(1977, 1978) showed the same results in that the critical steepness, ak

0.436, is a maximum, considered as a function of ak.
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For the subharmonic analysis, as ak increased the perturbations

coalesced in pairs to produce unstable modes. These were identified

with the instabilities analyzed by Benjamin and Feir (1967) when ak was

small. However, as ak increased beyond about 0.346, these modes became

stable again. At values of ak near 0.41 a new type of instability

appeared which had initially zero frequency but a much higher growth

rate. This instability might be expected to arise at wave amplitudes

for which the first Fourier coefficient in the basic wave is at its

maximum value, as a function of the wave height.

Van Dorn and Pazan (1975) conducted a breaking wave experiment in

a convergent wave channel. The temporal and spatial measurements of

water surface profiles and velocities were made. In a coordinate

system moving at the wave phase speed, streamlines were defined as

curves everywhere parallel to the local flow direction whose spacing

varies inversely with flow velocity. A picture of the internal flow

field changes associated with terminal wave growth is given by the

"streamline' representations in Fig. 1.4.2-1. The wave steepness for

each stage is shown in Table 1.4.2-1. In their analysis, the Stokes

fifth order wave theory was applied to calculate the wave length.

A summary of results from recent laboratory-scale measurements of

the onset of wave breaking in deep water was given by Ramberg and

Griffin (1987). All of these results in Table 1.4.2-2 apply to the

breaking of steep waves in the absence of wind.

1.4.3 Asymmetry of the Steep Wave

Observations of breaking waves show that the profiles of these

waves deviate from a symmetrical wave form both in the vertical and
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(a) YOUNG

(b) PRE - BREAKING

VORTEX (?)

Figure 1.4.2-1 Streamline representation of consecutive wave growth
stages (from Van Dorn and Pazan, 1975).
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Table 1.4.2-1. Deep Water Periodic Wave Breaking in a Convergent
Channel (from Van Dorn and Pazan, 1975).

Wave Steepness Wave Characteristics

H/L < 0.3 "Young* wave-symmetric about crest: Stokes'
fifth-order theory applies.

0.3 < H/L < 0.38 "Pre-breaking" waves-asymmetric waves with
steep forward faces.

0.38 < H/L < 0.44 "Breaking" waves-vertical forward face of the
wave; overturning and plunging of the waves.
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Table 1.4.2-2. Laboratory Experimental Measurements of Deep Water Wave
Breaking Criteria (from Ramberg and Griffin, 1987).

Investigator(s)

Means of
Breaker

Production

Wave Steepness
at the Onset
of Breaking

Type of
Breaker(s)

Melville (1982) Instabilities of 0.16<ak*<0.29
nonlinear, two-
dimensional waves
(periodic waves)

Two-dimensional
spilling

ak* > 0.30 Three-dimensional
spilling

Su, Bergin Instabilities of 0.25<ak*<0.34
Marler & Myrick nonlinear, two-
(1982) dimensional waves

(periodic waves)

Three-dimensional
spilling

Bonmarin (1985) Instabilities of (H/L)** = 0.12 Spilling and
regular, two- (average)
dimensional
(periodic waves)

plunging

Ochi and Tsai Instabilities of H/L* 0.11 Plunging and
(1983) nonlinear, two- (average) spilling

dimensional waves
(irregular waves)

Ramberg and Steep waves in H/L* = 0.11
Griffin (1985) convergent (average)

(periodic waves)

Spilling and
lightly
plunging

a is the initial wave amplitude, Hi/2; k is the initial linear
wave number; L* is the Stokes limiting wave length
L* 1.2 g(T2/2r).

** H is the peak-to-preceding trough wave height at breaking; L is
the measured wave length at breaking.
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horizontal directions. The wave steepness, H/L or ska, does not

define steep asymmetric waves appropriately. In order to characterize

this asymmetric wave profile, Kjeldsen and Myrhaug (1978) introduced

three additional parameters: crest front steepness, vertical asymmetry

factor and horizontal asymmetry factor, characterizing a single zero-

downcrossing wave in a time series.

The crest front steepness, el, vertical asymmetry factor, e2, and

horizontal asymmetry factor, e3, were defined as

a'
el (g/2n) T T"

T'"
e2 T"

a'

3 Hd

(1.4.3-1)

(1.4.3-2)

(1.4.3-3)

The definitions in the time domain are shown in Fig. 1.4.3-1. Here a'

is the crest elevation measured from the mean water level, while T"

and T"' are times defining the position of the wave crest relative to

the zero-crossing points in the time domain. The letter T is the zero-

downcross period and g is the acceleration of gravity. The letter Hd

is the zero-downcross wave height for the wave crest and the preceding

wave trough.

Typical values for the parameters characterizing the different

types of breaking waves are

0.32 < el < 0.78

0.90 < e2 < 2.18

0.84 < e3 < 0.95

(1.4.3-4)



32

T1= 0
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C.11,-

T

bottom

d

Figure 1.4.3-1 Basic definitions for asymmetric waves of finite
height (in time domain) (from Kjeldsen and Myrhaug,
1979).
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Relatively speaking, values of el and e2 for the plunging breakers are

higher than the values for the spilling breakers. This is understan-

dable from the fact that the vertical asymmetry of a plunging breaker

is more pronounced than for the spilling breaker. However, they tried,

but were not successful, in finding some "universal" values at breaking

point for these parameters in order to define a criterion for wave

breaking.

In this thesis, a new parameter SK2 is defined to try to charac-

terize the vertical asymmetry of the steep wave. The relationship

between this SK2 and breaking waves is also examined later.

1.5 Level of Action

It is possible to use the level of action concept to characterize

a breaking wave. The level of action, ya, for a periodic wave was

first defined by Longuet-Higgins (1980), as the ratio between the

average angular momentum taken about any point on the still water

surface of the wave and the average horizontal linear momentum. From

numerical analysis results, he found that the level of action is almost

equal to the maximum crest elevation at the limit of breaking. This

fact holds promise that perhaps a better criterion for wave breaking

exists. That is, wave breaking may occur when the crest elevation of

the wave is equal to or greater than the elevation of the level of

action. Details of this concept are explored later in Chapter 2.

1.6 The Probability of Wave Breaking

The statistics of breaking waves can be estimated from both

visual observations and analytical studies. The probability of waves

breaking, PB, is defined as the percent of breaking waves in a given
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state. A high percent of breaking waves means a rough sea state exists

which may have lots of unstable waves. This does not as yet address

the size of the breaking waves. The estimate of probability of

breaking waves may have important applications to the planning, design

and safety of offshore structures and to evaluations of the stability

of ships, buoys, etc., under severe sea conditions. A brief summary of

previous studies on the probability of breaking waves by using the

joint distribution of wave heights and wave periods is presented in the

following section. A new method by using an empirically determined

joint probability density of the level of action and the crest eleva-

tion is introduced in Chapter 2.

1.6.1 Analytic Method - Using the Joint Distribution of Wave

Heights and Wave Periods

In analytical studies, the joint distribution of wave periods and

wave heights has been used to characterize the statistics of breaking

waves. In obtaining the joint distribution, the wave heights and

periods observed are assumed to be statistically stationary over an

interval of time.

Several examples of obtaining the probability of breaking waves by

using the joint distribution of wave heights and wave periods are

Battjes (1971), Nath and Ramsey (1974), Houmb and Overvik (1976) and

Ochi and Tsai (1983). A wave steepness criterion is used to identify

regions in the joint probability density function of height and wave

period where the waves are assumed to be breaking. Performing the

proper integrations over the joint distribution function of wave height

and period yields the probability of breaking waves, or the marginal
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distribution of the height of breaking waves. As Fig. 1.6.1-1 shows,

one can obtain the probability of wave breaking simply by calculating

the volume of the breaking zone (shaded portion). However, it has been

shown that measurements and definitions make it difficult to identify

a useful height and period of a breaking wave, which, therefore, casts

a doubt on the accuracy of the results. Perhaps the biggest difficulty

is in defining the breaking condition in a sea state.

Nath and Ramsey (1976) calculated the probability of breaking

waves, PB, from the sea steepness parameter, x, as follows

P
B

K2

n2 1
(1.6.1-1)

where c can be approximated from the first and second moments of the

one-dimensional wave spectrum as

x 0.22 m2

F6
(1.6.1-6)

Here the n-th order spectral moment, mn, is in units of

(Meter)2(sec) -n(rad)n. The constant 0.22 here is with units of

(Meter) -1(sec)2(rad)-2. The detail derivations of this x can be found

from Nath and Ramsey (1976).

Ochi and Tsai (1983) separated the wave excursions of irregular

waves into types I and II (see Fig. 1.6.1-2) for a broad banded

process. The points B and D in Fig 1.6.1-2, represent the positive

minima and the negative maxima, respectively, for type II excursions.

The joint probability distribution of the excursion and its associated

time interval between two peaks, as well as the frequency of occurrence

of each type of excursion, were considered.
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Figure 1.6.1-1 Dimensionless joint distribution of wave heights and
wave periods.
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Figure 1.6.1-2 Explanatory sketch of a non-narrow band process (from
Ochi and Tsai, 1983).
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They first decided the criterion for breaking of irregular waves

from laboratory experiments. A capacitance-type wave height probe was

installed at a fixed point in the wave tank, and the height and period

of incident waves that were expected to break right at that location

were measured. Waves that were already broken before they reached the

probe were excluded in establishing the breaking criterion. Ochi and

Tsai determined the breaking criterion from their measurements of over

40 incident waves about to break as

Hpp ?: 0.22 g4i, , (1.6.1-9)

where Tpp is the peak-to-peak time interval; Hpp is the vertical

distance between the peak and the preceding minimum. This random wave

breaking criterion is used to compare to the new wave breaking criter-

ion obtained from the level of action concept.

Then Ochi and Tsai determined the joint probability density

functions of the dimensionless wave amplitudes and dimensionless time

interval between positive maxima for each type of wave excursion. By

using two lengthy equations, the conditional probabilities of breaking

waves given that type I or type II excursion have occurred, respective-

ly, were determined. The total probability of breaking waves is the

sum of two conditional probabilities. The probability of breaking waves

determined from this method is a function of the fourth order spectral

moment, m4. This m4 is very sensitive to the cut-off frequency for

the numerical integration and it does not exist for the BPM wave

spectrum at all (see Appendix B). Therefore, a new approach of

obtaining the probability of breaking waves is proposed in Section

1.6.2.
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In determining the probability of wave breaking, various limiting

values of wave steepness and various models of the joint distribution

of wave periods and wave heights are proposed by researchers. The

limiting wave steepness criterion has been determined theoretically,

and has been determined empirically in the laboratory for steep

periodic waves and irregular waves. The details of these have been

reviewed in Section 1.4.2.

The joint probability density function of T and H is established

either from theoretical considerations or from observations (e.g.,

Bretschneider, 1959; Longuet-Higgins, 1975b, 1983; Cavanie et al.,

1976; Goda, 1978). A joint distribution of wave heights and wave

periods recently proposed by Longuet-Higgins (1983) is reviewed here.

Longuet-Higgins (1983) derived the joint distribution, based on a

narrow-banded sea. It has the same merit as Cavanie's joint distribu-

tion in being asymmetric in r0, where 7-0 is the wave period (defined as

the time interval between successive up-crossings of the mean level),

but it depends only on the low-order moments mo, ml, m2. This joint

distribution was expressed as

p(R,Tr) 2 R2 I)
,2

) expll R2(1+(1-1/T02

477 v2 Tr
2

(1.6.1-16)

where L(v2) is a normalization factor, and

1 17 [1 + (1 +v2) -1/2] (1.6.1-17)

and R a//771, is the wave amplitude (defined as half the crest -to-

trough wave height), Tr ro/ro, 7-0 21-m0 /mi, and v2 is the spectral

width parameter defined by Longuet-Higgins (1983) as
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1/2

(1.6.1-18)
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Figure 1.6.1-5 shows the dimensionless joint density plots, where

the joint probability p(R,T) was normalized by Amax, the density of the

mode. This pmax is expressed as

pmax - 0.415 (v2 + L(v2) (1.6.1-19)

The spectral width parameters v2 has advantages in being related

theoretically to other statistical properties of the record and in

particular to the lengths of the wave groups. The relationship between

this v2 and the statistics of breaking waves is studied later in this

thesis.

1.6.2 Joint Probability Distribution of the Level of Action and

the Crest Elevation

In this study, we empirically determined the joint probability

density of the level of action, ya, and the crest elevation, y, for

irregular waves. From this joint distribution of ya and y, one can

obtain the probability of breaking waves. The details of these are

discussed in the next chapter.

1.7 Scope of Thesis

This thesis is concerned with the accurate determination of the

percent of waves that break in a sea state.

The most common ways of dealing with the probability of breaking

waves are through the use of the wave steepness criterion and the joint

probability distribution of wave period and wave height. It is noticed
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that the height and the period of a breaking wave is difficult to

identify. Therefore, the main purpose of this thesis is to charac-

terize the breaking waves with the crest elevations and a "new" method

to determine the wave period.

The level of action is approximated in this thesis for an ir-

regular wave by fitting it to a Stokes third order wave using the

crest elevation and a zero crossing semi-period. The deep water

breaking waves are defined as when the crest elevation is equal to, or

greater than, the level of action.

Instead of defining the individual wave breaking condition and

the breaking wave height and period, the characteristics of the wave

spectrum that contain significant wave breaking are also investigated.

Spectral moments and the nondimensional parameters are defined to try

to characterize wave breaking. The influence of cut-off frequency on

the precision of the numerical calculation of spectral moments for the

measured data is investigated.

The influence of wave asymmetry on breaking waves is also studied.

The vertical and horizontal skewness coefficients are introduced. The

statistics of these skewness coefficients are examined.

Laboratory data which were obtained from wave flume experiments

performed at Oregon State University are used in this study.
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2. THEORETICAL CONSIDERATIONS

This chapter is devoted to theoretical considerations in the

probability of wave breaking in a sea state. First an empirical method

for extending the level of action concept to irregular waves is

introduced, followed by a new method of finding the probability of wave

breaking in a sea state. The characteristics of one dimensional wave

spectra and time domain realizations and their influences on breaking

waves are also explored.

2.1 Level of Action in Periodic Waves

A breaking wave is defined as when the crest elevation, y, of a

wave is greater than or equal to the level of action, ya (i.e. y_>_-ya).

Longuet-Higgins (1980) first defined the level of action, ya, for

periodic progressing surface waves. The concept is extended in an

approximate way in this thesis to random waves. For a detailed

derivation of the following, which is taken from Longuet-Higgins

(1980), see Appendix A.

Consider a periodic, irrotational gravity wave of length L in

water of uniform mean depth h, progressing with speed c as in Fig.

2.1-1. Let (x,z) be rectangular coordinates with the origin in the

mean level, the x axis in the direction of wave propagation and the z

axis is vertically upward. The fluid domain contained in the space 0

between the free surface, the bottom and two lateral boundaries, say

two curves xf(z) and xf(z)+L, is considered.

The mean angular momentum about an arbitrary point in the mean

level is A(0), where
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Figure 2.1-1 Definition sketch, showing coordinates and boundaries
of the fluid (from Longuet-Higgins, 1980).



LA(0) r if (zu xw) dx dz ,

0
(2.1-1)
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in which u and w are the velocity components in the x and z directions,

respectively.

The mean angular momentum A(0) is a well-defined quantity,

independent of the horizontal position of the origin of moment. If

moments are taken about some point P not at the mean surface level, the

angular momentum will differ by an amount proportional to the elevation

of P, say zzo. It is clear that

A(zo) ?=- II [(z-zo)u - xw] dx dz

- ff [zu-xw] dx dz - zo II u dx dz
0 0

A(0) - zo I ,

where I is the horizontal momentum density and

I =L ff u dx dz .

(2.1-2)

(2.1-3)

There is just one elevation for which the Lagrangian-mean angular

momentum about some point P, not at the mean surface level, vanishes,

i.e.

A(0)
Ja I (2.1-4)

This elevation is called the level of action, which is defined as the

average angular momentum throughout the wave, taken about the mean

water surface, divided by the average horizontal linear momentum. The

A(0) and I are obtained from Eqs. (2.1-2) and (2.1-3). For a small

amplitude wave the level of action turns out to be



ya 1 tanh kh (2.1-5)
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where k is the wave number. For infinitesimal waves in deep water the

level of action is at a height above the mean surface equal to 1/2k,

that is 1/4r times the wave length.

The level of action for finite amplitude deep water waves was

calculated numerically by Longuet-Higgins. The results are shown in

Fig. 2.1-2. In the figure, the "a" is defined as one-half of the

crest-to-trough height. The level of action, ya, rises from 0.5k-I for

infinitesimal waves to about 0.6k-I for steep waves. Thus, ya is about

the same as y in limiting waves. However, in this thesis the level of

action is not directly calculated from the above numerical procedures.

To avoid tedious numerical computations for ya, which would of neces-

sity be nested within other numerical procedures, it was directly

estimated from Fig. 2.1-3. The curves in Fig. 2.1-3 are obtained by

fitting the data points given by Longuet-Higgins (1980) to the follow-

ing equations,

kya 0.5 - 0.0015*(ka) + 0.5381*(ka)2 - 0.3054*(ka)3

1.3571*(ka)4 - 0.8*(ka)5 , for 0 s ka < 0.41

kya = 27.43 194.39*(ka) + 468.26*(ka)2 - 375.01*(ka)3 ,

for 0.41 5 ka < 0.44

kya 9435.72 64806.22*(ka) + 148373.92*(ka)2 - 113232.15*(ka)3 ,

for 0.44 ka < 0.4431

kya 0.586 , for ka = 0.4431 . (2.1-6)
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The level of action ya and the crest elevation y shown
as functions of the wave steepness ka for waves in
deep water (from Longuet-Higgins, 1980).
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Figure 2.1-3 Fitted curves for ya and y.
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2.2 Level of Action in Random Waves

In this section the level of action concept is extended to random

waves by an approximate, empirical method. The water surface fluctua-

tions are fairly well modeled as an infinite sum of infinitesimally

small wave trains. If the spectrum is narrow, it is reasonable to

assume that only the Type I excursions, defined by Ochi and Tsai (1983)

(see Section 1.6.1), can be observed.

For a time series as shown in Fig. 2.2-1 the crest elevation, y,

of each discrete wave and the zero crossing semi-period, T', are easily

and accurately determined. Stokes third order wave theory will be

used. The wave profiles therefrom are symmetric. Since breaking waves

are asymmetric, the following results are approximate. However, the

experimental results of Ramberg, Barber, and Griffin (1985) found that,

within an accuracy of ±3%, the phase speeds and wave lengths of steep,

asymmetric waves were well-represented by Stokes third order theory

(see Fig. 2.2-2) so the following approach should suffice.

In the time domain the water surface elevation, n, is

r a2 n2 a3

n al cos wt + 17-1 cos 2wt + 1.5 1 cos 3wt
L2

(2.2-1)

where al is the first harmonic amplitude, L is the wave length, T is

the wave period, and w = 2w/T. When n y

r a2 n2 a3

y al + L1 + 1.5 1

L
(2.2-2)

which is related to the wave period through the third order dispersion

equation,

w2 = gk (1+(kal)2) . (2.2-3)
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Figure 2.2-1 Definition sketch for the zero-crossing semi-period T' and the crest elevation y.
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By a Newton-Raphson technique, the three unknowns al, L, and T can

be solved numerically from the three simultaneous Eqs. (2.2-1), (2.2-

2), and (2.2-3), wherein q is set to zero in conjunction with its use

with T'.

The one-half of the crest-to-trough height, a, can then be found

as

a 0.5 (qcrest qtrough) (2.2-4)

qThe /crest and trough can be calculated by setting w in Eq. (2.2-1) to

be equal to 0 and r, respectively. Thus,

a3

a al + 1.5
2

1

L
(2.2-5)

Then, the level of action for random waves can be easily estimated from

Eq. (2.1-6).

2.3 Probability of Breaking Waves

It was shown in Section 2.2 that the level of action of a random

wave can be estimated from the fitted Stokes third order wave. If the

crest elevation, y, is greater than or equal to the level of action,

ya, the wave can be defined as a breaking wave. For a wave record, a

joint probability density can be determined for the crest elevations

and the levels of action. Then the probability of breaking waves, PB,

is the proportion of occurrences where, rzya, as indicated by the

shaded portion shown in Fig. 2.3-1. That is

PB P(y
Ya)

or,

(2.3-1)
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Y

Ya

Joint Probability Density

Figure 2.3-1 The probability of breaking waves PB estimated from
the joint probability density plot of ya and y.
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2.4 Characteristic of Wave Spectra and Their Influence on Breaking

Waves

In this section it is attempted to find characteristics of the

wave spectrum that will enable one to quantify, at least to qualita-

tively analyze, some breaking wave conditions, such as the frequency

and the strength distribution of breaking waves. Progressing unidirec-

tional waves are considered.

The frequency spectrum and phase spectrum of a random signal can

be used to synthesize the temporal variation of the signal. Nath and

Yeh (1987) summarized some forms of a wave spectrum and the spectral

moments for ocean waves and information about time and frequency

domain relationships were introduced. The following discussions are

taken directly from Nath and Yeh (1987), Appendix B. For detailed

derivation of the following see Appendix B.

The water surface elevation n(t) is assumed to form a narrow-

band Gaussian process. Such an assumption, with the associated

symmetry about the still water level, is expected to be realistic for

small amplitude waves.

The breaking process imposes a limit on the height of waves and

therefore on n(t). In such a case the distribution of n(t) is skewed

and the Gaussian assumption is unrealistic. However, in order to

investigate connections between the wave spectrum and breaking waves,

the Gaussian process is still assumed to be valid.
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The n-th order spectral moment is defined as

mn wn S(w) dw ; n 0,1,2,3,... (2.4-1)
0

Here S(w) is the one-sided mean spectral density of water surface. The

units of the n-th order spectral moments, mn, are L2T-n.

Vanmarcke(1972) defined the characteristic frequencies as

l/n

0 J
; n = 1,2,3,... (2.4-2)

which have the dimensions of circular frequency. As shown in Fig. 2.4-

1, wi may be interpreted as the distance of the centroid of the

spectral density, S(w), from the frequency origin, and w2 as the radius

of gyration of S(w) about the frequency origin. The radius of gyration

about the centroid frequency of the spectrum, ws, is

w, (w2 - w2)1/2
a 2 1

(2.4-3)

For a Gaussian distributed water surface elevation q(t), physi-

cally the spectral moments

m0
2(t)

'

m2 n (t)

m4
2
(t)

(2.4-4)

represent the mean square values of the water elevation, velocity and

acceleration, respectively.

For a unidirectional sea-state,the Bretschneider-Pierson-Moskowitz

(BPM) spectrum can be expressed as
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Figure 2.4-1 Parameters of spectral density function: wo, w2 and
ws. G(w) S(w)/wo (from Vanmarcke, 1972).



4

0 < w <S
ti),) e x P [I Vd

'
B P M (2.4-5)

56

where /A,, is the frequency at the spectral peak (the modal frequency).

The spectral moments and the characteristic frequencies were calculated

and are shown in Table 2.4-1.

For a sea state represented by a spectrum based on the BPM

spectrum formulation, an inherent problem is that the moment m4 is

undefined in the frequency 0 5_ w co. If m4 does not exist, this

implies that the variance of the vertical acceleration is infinite and,

furthermore, that there are an infinite number of maxima passing a

fixed point in any finite time interval. Clearly, on physical grounds,

this is not possible.

Except for the theoretical BPM wave spectrum, the integrations for

calculating a spectral moment can only be determined numerically. The

infinite upper-bound of the integration has been truncated at certain

cut-off frequency, wcut. Nath and Yeh (1987) examined the accuracy of

the numerical integration for the computation of the higher order

spectral moment. They found that the numerical integration of m3 and

m4 are very sensitive to the cut-off frequency of the integration. The

values of m3 and m4 are unreliable for all measured data. The detail

discussions of the influence of wcut on spectral moments are presented

later in Section 4.3.

The analytical formulas, which were derived by Srokosz (1986) and

Ochi and Tsai (1983), for the probability of wave breaking at a given

location are functions of the fourth order spectral moment. These
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Table 2.4-1. Spectral Moments and Characteristic Frequencies of the
Theoretical Bretschneider Spectrum.

n mn/m0 wn/ld

1 1.2958 1.2958
2 1.9816 1.4077
3 4.2863 1.6244
4 co co
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functions are of doubtful value because: they are changing rapidly as

a function of integration cut-off frequency for frequency ranges that

include only the meaningful parts of the wave spectrum; and at the very

high frequencies where they may become asymptotic to a constant value,

they are unduly influenced by the high frequency characteristics which

may include considerable noise. Therefore, the spectral moments m3, m4

and other higher moments are not considered in this thesis.

Instead of defining the wave period and wave height of each

discrete wave from time domain records, it is proposed to try to

characterize the breaking waves of a given sea state through particular

parameters of the wave spectrum (such as spectral moments). The non-

dimensional parameters, which are expressed in terms of spectral

moments, are also defined in this thesis. The details of these

nondimensional parameters and the relationship between these parameters

and breaking waves can be found in Appendix C. The results show that

these non-dimensional parameters can not be used to characterize

breaking waves.

2.5 The Influence of Wave asymmetry on Breaking Waves

One can consider the individual waves from a time record and try

to identify which waves are breaking. However, the breaking phenomenon

is quite variable in character and intensity. It is well known that

the breaking wave profiles are not symmetrical either in the vertical

or the horizontal directions. The wave steepness, H/L, does not define

the steep asymmetric wave appropriately. Therefore, two skewness

coefficients SK1 and SK2 are defined here to try to describe the

skewness with respect to the horizontal and vertical axes, respective-
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ly. The relationships between wave breaking and horizontal and

vertical asymmetries of the deep water wave are examined here.

2.5.1 Skewness of the Water Surface About the Mean Level

It has been pointed out that the water surface elevation ,(t)

can be assumed to be a Gaussian process. This implies that the

elements of the infinite sum of periodic waves are statistically

independent and distributed normally. The Gaussian process assumption

has been remarkably successful when applied to problems for which the

high frequency clutter on the sea surface is negligible. It was

noticed (Kinsman, 1965) that the existence of nonlinear interactions

can destroy statistical independence. He pointed out that there are

two obvious reasons why the sea surface elevation can not be strictly

Gaussian. The first is that waves are limited in height by breaking

and the infinitely high waves of the strictly Gaussian process are

physically impossible. The second is that the wave motion must satisfy

the nonlinear Bernoulli equation and the free surface boundary condi-

tions. As Mackay (1959) pointed out, the modification of the Gaussian

structure must occur in the high frequency components because the high

frequency components are missing from his records since they were made

with bottom pressure recorders and the hydrostatic effect has filtered

them out. It is obvious that if the Gaussian process is not completely

satisfied then the surface waves are not symmetrical but have relative-

ly longer and flatter troughs and sharper and more peaked crests.

Hudspeth (1974) found from the results of the calculated statisti-

cal moments and probability density functions that the best measure of

the nonlinearities and the non-Gaussian process of a sea surface is the
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third order moment. This is true because if a process is strictly

Gaussian, then its third order moment with respect to the mean is equal

to zero. After nondimensionalizing the third order moment, a horizon-

tal skewness coefficient of the water surface SK1 can be obtained.

The skewness SK1 is a measure of the asymmetry of the random sea

surface about the mean level, and is defined as the third order moment

of the water surface profile about the mean level, normalized by the

cube of the standard deviation, i.e.,

SK
1

Ei°7 E(q))
3

)

a3/2
q

(2.5.1-1)

where E( ) represents the expected value, an
2

is the variance of t. For

a zero mean water surface elevation, the skewness can be simplified as

;7SK1K1
3/2

[-72,7 )

(2.5.1-2)

A larger skewness means sharper and more peaked wave crests and

relatively longer and flatter troughs. The water surface slope of the

wave crest is larger as the wave crest becomes sharper. The larger the

water surface slope, the more possible the wave will break. Therefore,

it is valuable to examine the relationship between the skewness of the

water surface about the mean level and the breaking wave characteris-

tics.

2.5.2 Vertical Asymmetry in Deep Water Waves

It is well known that the finite amplitude storm waves at sea will

not appear with a symmetric shape (as a higher ordered Stokes Wave),

but will have a pronounced asymmetry, both with respect to a vertical

and a horizontal axis.
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In order to describe the asymmetry about the vertical axis drawn

through the peak of the wave crest in transient near-breaking waves, a

new nondimensional parameter SK2 is defined here to describe the

vertical asymmetry of the water surface profile. It is defined as

[II.!t?N
I]

1
i =1

SK
2

! t

3/2

K
[11 ? I]

1
i -1

(2.5.2-1)

where N is the number of points and ti is the abscissa of the i-th

point. The vertical axis z passes through the highest point of the

wave crest. As shown in Fig. 2.5.2-1, the vertical distances between

sequential crest points i and i+1, for i=1,2,..., N, are equal, which

are equal to 2y/(N-1). The y here denotes the crest height.

For a measured time series of random waves the distribution of SK2

is examined with the observed probability of breaking waves and the

resulting relationship is examined.



I
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Figure 2.5.2-1 Definition sketch of the skewness coefficient SK2.
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3. EXPERIMENT DESCRIPTION

The purpose of this chapter is to describe the laboratory equip-

ment and its characteristics and to set forth the procedures used in

the experiments.

Random waves data were generated in the Oregon State University

(OSU) O.H. Hinsdale Wave Research Laboratory (WRL) for the Office of

Naval Research (ONR) breaking wave (BW) project. For each test run

the time domain water surface realizations were recorded with the

visual observations of breaking waves. This is the main source of data

for this study.

Besides these BW data, there are data that were collected in the

WRL at OSU for past experiments with random waves.

3.1 Equipment

The WRL is composed of a closed wave flume with a hydraulically

powered hinged-flap-type wave maker, an adjustable sloping beach, an

electrically powered tow-carriage, and a computer system, which is used

to drive the wave generator and collect data. Good, repeatable waves

can be produced ranging from a high frequency of 1.0 Hz to a low of

about 0.12 Hz.

The concrete wave flume is 12 feet wide, 15 feet deep, and 340

feet long. The test length that is relatively free of the evanescent

effects from boundary conditions is about 126 feet long. A lon-

gitudinal section of the facility is shown in Fig. 3.1-1.

The 12 feet x 18 feet, 5000 pounds aluminum weldment wave board,

which is attached to the bottom of the wave channel by a series of

hinges, is operated with water on one side only. The servo-controlled
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Figure 3.1-1 Sketch of experiment layout in O.H. Hinsdale Wave Research Laboratory.
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hydraulic actuator is attached to the dry backside of the board, at an

elevation of 10 feet above the hinge. It is powered by a 3000 psi, 70

gpm hydraulic 150 horsepower system and commanded by a voltage signal.

The control voltage signal is generated by a periodic function gener-

ator or by the facility's PDP 11 computer. The function generator is

generally used for periodic waves and the computer is used for random

waves.

The adjustable sloping beach, which is located at the north end

of the wave flume, is composed of several 12 feet square concrete

panels. These panels can be installed at various angles to produce the

desired beach profile, which eliminates the reflected wave energy. A

beach of a constant slope of one on twelve was used for this study.

The water surface elevation was recorded with the Sonic Systems

Modal 86 Sonic and Ultra sonic Wave Profilers. The wave profiler is

installed on an instrument carriage, which is able to move along the

top of the channel by the power of an SRC controlled variable speed

motor. The sonic or ultrasonic wave gage measures the travel time of

sound from the gage to the wave surface and return. These time samples

are converted into a steeped voltage output which will closely ap-

proximate the form of the surface profile. All data are recorded by

PDP 11 minicomputer and on strip chart records. The digitized data are

filtered and processed as described later in Chapter 4.

3.2 Experiment Layout

The water depth in the wave flume was 11.5 feet in order to avoid

the occurrence of overflow in the 15 feet deep wave flume. The test

position, which was relatively free of evanescent effects from the
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boundaries, was located at 136 feet north from the equilibrium position

of the wave board (see Fig. 3.1-1). The sonic wave profiler was

mounted on the center of a wood board, which was horizontally across

the top of the flume.

Two video cameras were used to record the waves in the flume.

One camera, which stand on the carriage, was located at 175 feet north

from the wave board. The longitudinal view of wave flume during

experiments were recorded. The other one was installed at the east

side of the wave flume, 140 feet north from the wave board. The time

history of wave profile at the test position was recorded.

The second wave profiler was used to examine the spatial variety

of waves. The breaking wave experiments were conducted at two dif-

ferent times, March 1986 and June 1986. First, the second profiler

(profiler #2) was installed at 24 feet from the test position (toward

the wave board). After reviewing the results, it was found that this

reference wave profiler (profiler #2) did not give us much information

as expected. Therefore, profiler #2 was moved to 8 feet north from the

test position as shown in Fig. 3.1-1 during June, 1986 experiments.

3.3 Wave Conditions

Two types of wave spectra were generated in the WRL for the

breaking waves experiment. The severity of wave breaking was purposely

varied by using different wave spectral parameters in order to have

data that were useful to this study.

The JONSWAP spectrum is considered as a five-parameter wave

spectrum and is given as



where

-1
Sjp(w)

2
exp [ (tl

-4
-yd

(27r) w5

exp[-(w-i1)2/(2a3p w2)]

aa for w <

a -JP
ab for w >

(3.3-1)
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Here w is the modal frequency at which Sjp(w) is a maximum; aa and ab

relate respectively to the widths of the left and right sides of the

spectral peak; a is equivalent to the Phillip's constant; and finally

7 is the ratio of the maximum spectral density to that of the cor-

responding Pierson-Moskowitz spectrum. The spectrum is shown in Fig.

3.3-1.

From past experience, the parameter a was chosen to be 0.008; aa

was 0.07; ab was 1.0; but -y and To(-27./i0 were varied according to

Table 3.3-1. A total of 28 different JONSWAP spectra were generated.

The Bretschneider-Pierson-Moskowitz (BPM) spectrum is given in Eq.

(2.4-5). The two parameters To, the modal period, and mo, the spectrum

area, are used to characterize the BPM spectrum. A dimensionless form

of the BPM spectrum is shown in Fig. 3.3-2.

The significant wave height, Hs, can be expressed as

Hs = 44155 . (3.3-2)

Therefore, the two corresponding wave spectral parameters Hs and

To(-27r/id) were varied to get the different BPM wave spectra. The

combinations of Hs and To for each generated wave spectrum are shown
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Figure 3.3-1 Comparison of the JONSWAP and Pierson-Moskowitz wave
spectra.
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Table 3.3-1. Input Parameters for JONSWAP Wave Spectra (ONR Breaking
Wave Project)
as 0.07, ab 1.0, a 0.008

Run No. 1.0(-27r/i0 (sec) /

BW11N 1.8 5

BW12N 1.8 10
BW13N 1.8 15
BW14N 2.1 5

BW15N 2.1 7

BW16N 2.1 10
BW17N 2.1 15
BW18N 2.1 17
BW19N 2.1 22
BW2ON 2.1 25
BW21N 2.5 5

BW22N 2.5 10
BW23N 2.5 15
BW24N 2.7 3

BW25N 2.7 5

BW26N 2.7 7

BW27N 2.7 10
BW28N 2.7 15
BW29N 2.7 17
BW3ON 2.7 22
BW31N 2.7 25
BW32N 2.9 10
BW33N 2.9 15
BW34N 3.13 3

BW35N 3.13 5

BW36N 3.13 7

BW37N 3.13 10
BW38N 3.5 5
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Figure 3.3-2 Dimensionless form of the Bretschneider and Pierson-
Moskowitz wave spectrum.
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in Table 3.3-2. A total of 20 different BPM wave spectra were gener-

ated.

3.4 Experimental Procedures

The static calibrations of the wave profiler were made in the

past and they were quite linear. More details of calibration can be

found in the Nath (1981) report. Thus, the measurements therefrom were

filtered as described in Chapter 4 and used directly in the data

analysis.

Twenty-eight JONSWAP wave spectra and twenty BPM spectra

described in Section 3.3 were generated. Each generated time series is

about eight minutes long. In order to identify the breaking waves from

the strip chart record, an electric signal was triggered each time as

an active breaking wave or a nearly breaking wave was seen to pass the

test position during the wave measurements and observations. By

identifying the breaking waves with the "on-off" signal, breaking waves

were noted in the time series. A representative measured time series

is shown in Fig. 3.4-1. As marked by the arrow, "on-off" signals

indicated the breaking waves.

During the wave measurements, two video cameras were used to

record waves in the wave flume. The cameras were installed in the

positions as described in Section 3.2. At the same time, two man-

observation note books were made at two different locations. The

observation at the test position was focused on the wave which started

breaking around the test position. The location of the other observa-

tion, which recorded the breaking waves in the entire channel, was

chosen to be on the carriage. In each of these man-observation note



Table 3.3-2. Input Parameters for Bretschneider Spectra
(ONR Breaking Wave Project).

Run No. H1/3 (ft) To (sec)

BW41S 1.5 2.5
BW42S 1.5 3.7
BW43S 2.5 2.0
BW44S 2.5 2.5
BW45S 2.5 3.0
BW46S 2.5 3.5
BW47S 2.5 3.7
BW48S 2.5 4.0
BW49S 3.0 2.5
BW5OS 3.0 3.7
BW51S 3.13 2.0
BW52S 3.13 2.5
BW53S 3.13 3.0
BW54S 3.13 3.5
BW55S 3.13 3.7
BW56S 3.13 4.0
BW57S 3.5 2.5
BW58S 3.5 3.7
BW59S 4.0 2.5
BW6OS 4.0 3.7

72
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Figure 3.4-1 Example of the measured time series.
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books, the information, such as the size (small, median, large), the

type (i.e. spilling or plunging), the traveling distance, the initial

breaking position and the time of each breaking wave were included.

3.5 Data Description

Besides these BW data, there are other experimental data used in

this study. The detailed review of the past experiments with random

waves at OSU WRL can be found in those references and only a very brief

summery will be given for these data here. From these sets of data,

wave spectra and spectral moments were also computed. Therefrom,

estimates of breaking wave percentages were also computed. Each set of

data is described in the following.

KINEMATICS (KIN). These data were generated in early February,

1985, during an NSF-sponsored project which intended to determine the

distribution of water particle kinematics as a function of spatial

coordinates and time in a wave flume. Bretschneider and JONSWAP

spectra were generated as well as periodic waves. Significant wave

heights were 3.15 feet for the Bretschneider spectrum and varied from

1.69 to 2.98 feet for the JONSWAP spectra.

A total of 12 random waves time series of the KIN experiments

were reproduced in this thesis. The input spectral parameters of the

eleven JONSWAP spectra and one BPM spectrum of the KIN experiments are

shown in Table 3.5-1.

API. In September of 1982 some tests for a project funded by the

American Petroleum Institute were performed in the OSU WRL on an 8.625

inch diameter vertical, smooth cylinder for wave forces (see Nath,

1982). Some runs were conducted with random waves with significant



Table 3.5-1. Input Parameters for JONSWAP and BPM Wave Spectra
(KIN experiment).

Run No. a °a ab 7 To

KIN 11 .008 .07 1.0 4 3.13

KIN 12 .008 .07 1.0 4.4 3.13

KIN 13 .01 .07 1.0 4 3.13

KIN 14 .01 .07 1.0 4.4 3.13

KIN 15 .01 .07 1.0 5 3.13

KIN 16 .012 .07 1.0 5 3.13

KIN 17 .008 .07 1.0 12 2.7

KIN 18 .008 .07 1.0 8 2.7

KIN 19 .008 .07 1.0 4 2.7

KIN 20 .008 .07 2.0 12 2.7

KIN 21 .008 .07 2.0 20 2.7

75

KIN 22
(BPM)

Hg - 3.2 (ft) To - 3.9 (sec)
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wave heights of 3.2 feet and a modal period of about 3.8 seconds,

utilizing the Bretschneider and Scott spectra. Only two of the results

have been processed for use in this study.
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4. DATA ANALYSIS

4.1 Data Smoothing

The sonic wave profiler is based on the principle of sound

reflecting from the water surface. When several items closely surround

the wave gage, sometimes stray echoes are produced by the items, which

are received by the wave gage. They produce spikes or wild points in

the record. There are also "bad-points" which occasionally occur

because of data "drop-outs" or "over-ranges". These spikes and bad-

points have been removed before other data processing. Fig. 4.1-1

shows an example of the data before and after smoothing. A computer

program FIXDTA was developed by the WRL for this purpose. There are

two ways used in this study to remove the bad points numerically: 1)

linearly interpolating, 2) third order polynomial fit. The linear

interpolation removes bad points by changing them to new interpolation

values between the good data values. The third order polynomial fit

can be used to achieve the reasonable points between the good data

values when the gap of missing data are large. The bad points are

removed by changing them to the interpolation values from the third

order polynomial.

For the random waves test, a total of 8192 data points were

recorded during each test. The time interval of the digitizing data

was chosen to be small enough to avoid aliasing in the frequency domain

with respect to the fundamental wave frequencies and higher harmonics,

for any frequencies under consideration. It was chosen to be 0.06

seconds.
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4.2 The Fitted Stokes Third Order Wave

It has been discussed in section 2.2 that a finite amplitude

periodic wave can be adequately approximated for each pair of (T',y) by

applying the Stokes' third order wave theory, where T' is the semi-

zero-crossing period shown in Fig. 2.2-1 and y is the crest height for

each wave crest of a time series.

There are two ways to check the accuracy of this approximation.

The first check is to compare the sum of the discrete wave periods

determined from the third order fits, ETi, to the total effective

length of the wave records, Teff. The effective length of the wave

record, Teff, is defined and shown in Fig. 4.2-1. The quotients

therefrom, ETi/Teff, ranged from 96.16% to 103.70% for 64 runs and are

shown in Table 4.2-1. The mean value of them is 99.63%.

The second check is to calculate the significant wave height from

the Stokes' third order fits, (Hs)s, and compare it with the sig-

nificant wave height estimated from the zero-th order spectral moment,

i.e., 4 ,J. The results are shown in Fig. 4.2-2. The quotients,

(Hs)s/4,55, have a mean value 102.63% for 62 runs. From these two

results, the fitted Stokes' third order waves appear to be a good way

to approximate the discrete waves of a time series.

4.3 Wave spectrum and Spectral Moments

The Fast Fourier transform (FFT) procedure was used to compute

estimates of power spectral density functions directly from the

original measurements. The ensemble averaging method was used to

smooth the raw spectrum. This method segments the overall time series

and computes an average spectrum. Because of the need to average
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Figure 4.2-1 Illustration of Teff.
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Table 4.2-1. The Accuracy Check for the Sum of the Stokes Fitted
Waves.

Run
No.

ETi

Stoke
(2)

Eti

Measure

(3)

Ratio
(2)/(3)

X

BW11N 474.01 490.68 96.60
BW12N 482.29 491.22 98.18
BW13N 479.33 489.96 97.83
BW14N 486.67 489.36 99.45
BW1SN 486.34 490.41 99.17
BW16N 470.26 488.94 96.18
BW17N 487.58 490.32 99.44
BW18N 508.27 490.17 103.70
BW19N 507.73 490.02 103.60
BW2ON 491.82 490.59 100.30
BW21N 481.63 489.96 98.30
BW22N 491.43 487.56 100.80
BW23N 491.14 491.46 99.93
BW24N 492.82 490.43 100.47
BW25N 485.83 490.02 99.14
BW26N 488.62 490.32 99.65
BW27N 491.23 489.66 100.32
BW28N 495.93 489.48 101.30
BW29N 499.44 490.11 101.90
BW3ON 494.10 490.26 100.80
BW31N 495.11 488.64 101.32
BW32N 485.27 490.41 98.95
BW33N 493.78 489.66 100.84
BW34N 483.66 487.89 99.13
BW35N 489.61 488.73 100.18
BW36N 490.30 489.69 100.12
BW37N 489.77 487.34 100.24
BW4OS 459.04 473.43 96.96
BW41S 493.24 489.45 100.77
BW42S 477.17 487.11 97.96
BW43S 496.09 490.11 101.22
BW44S 497.72 491.04 101.36

Run
No.

ETi
Stoke
(2)

Zti

Measure

(3)

Ratio
(2)/(3)

X

BW45S 490.74 488.97 100.36
BW46S 489.59 489.51 100.02
BW47S 489.14 491.46 99.53
BW48S 470.29 486.54 96.66
BW49S 498.81 489.15 101.98
BW5OS 484.19 489.96 98.82
BW51S 486.53 489.99 99.30
BW52S 499.40 490.05 101.91
BW53S 492.66 490.20 100.50
BW54S 488.06 490.50 99.50
BW55S 485.17 489.63 99.09
BW56S 474.51 488.64 97.11
BW57S 493.22 487.95 101.08
BW58S 482.16 487.38 98.93
BW59S 491.82 488.40 100.70
BW6OS 489.51 490.50 99.80
BW61S 484.86 489.93 98.97
BW62S 494.41 491.46 100.60
BW63S 491.73 491.04 100.14
KIN11 501.62 491.11 102.07
KIN12 483.99 490.36 98.70
KIN13 497.88 490.91 101.42
KIN14 489.33 489.10 100.05
KIN15 484.33 488.74 99.10
KIN16 483.12 488.17 98.97
KIN17 484.90 490.92 98.77
KIN18 486.72 491.05 99.11
KIN19 488.39 490.94 99.56
KIN20 485.58 487.72 99.56
KIN21 492.84 488.43 100.90
KIN22 488.79 490.71 99.61

*Mean - 99.63%
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Figure 4.2-2 Comparison of significant wave heights.



83

statistics of segments together, the stationary processes assumption

was made. The final smoothed spectral density will be a x2 variable

with roughly 2q degrees of freedom, where q is the total number of

segments.

In this study, a modified ensemble averaging method was used to

smooth the raw spectrum. The same as the ensemble averaging method,

the overall time series, with total length of N points, was segmented

into p equal length segments, X1(t), X2(t),...,Xp(t) as shown in Fig.

4.3-1. The length of each segment was M points, MN/p. In order to

have more suitable statistical variability properties, overlapping

groups X:(t), j-1,2,... were created. The length of X!(t) was still M.

A sketch of the overlapping groups is shown in Fig. 4.3-1. The data

points in each segment X:(t) were obtained from the corresponding

segments Xj(t) and Xj+1(t),

Xj(t+M/2)

i.e.

for t < M/2

X.(t)
Xj+1 (t-M/2) for t > M/2

(4.3-1)

Finally, 2p-1 equal length segments were obtained.

The random waves can be hypothetically described by a stationary

process. Based on this assumption, the divided segments Xj(t) and

X:(t) can be treated as the sample functions of a random process. The

final degree of freedom for this 2p-1 segments ensemble average is

roughly between 2p and 2(2p-1).

The time series generated at the OSU WRL had 8192 points and was

segmented into 8 segments, each with 1024 points. With 7 overlapping

segments X!(t), a total of 15 segments were obtained. The final degree

of freedom was 30 or less. Examples of laboratory measured wave
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Figure 4.3-1 Definition sketch of the overlapping groups for the modified ensemble averaging method.
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spectra with different probability of breaking waves were shown in Fig.

4.3-2.

The integration of Eq. (2.4-1) for the n-th order spectral moment

has to be carried out by a numerical method. The three-point Simpson's

method with a frequency increment of Ew 0.1 t'), where "W is the modal

frequency, was applied. Knowing the characteristics of the BPM

spectrum theoretically, it was found (Nath and Yeh, 1987) that this

method gave excellent results for the spectrum area out to a very high

frequency.

Three things influence the accuracy of the spectral moments as

determined numerically. One is the accuracy of the numerical integra-

tion scheme, another is the cut-off frequency and the other is the

accuracy of the spectral estimate. The accuracy of the three-point

Simpson's method was found to be excellent for the spectral moment

integration for BPM spectrum (Nath and Yeh, 1987) and assumed to also

be good for a spectrum determined from measurements. Thus, the only

variable in an accuracy analysis is the cut-off frequency, wCut Nath

and Yeh (1987) found that the calculated moments m0 and ml have reached

values within a 2% error of the asymptotic values by wcut/C) .?: 4. The

error here is defined as the difference between the numerical calcu-

lated value and the theoretical value. However, the calculated moment

m2 reached a value within 2% error of the theoretical value by wcutA

8. The error for m3 was still greater than 2% at wcut/C1, = 50. The

computations also indicated that the numerical computations dealing

with m4 would be very sensitive, wcut /i,) would be very large and

possibly unstable.
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According to these discussions, the cut-off frequency wCutl was

chosen to be 4 times the modal frequency (wCutl 4 t",i) for the m0 and

ml numerical integrations. For m2, wcut2 was chosen to be 8 times the

modal frequency (i.e. wcut2 8 iv). However, for m3 and m4 numerical

integrations, 52.36 rad/sec was chosen to be the cut-off frequency

because this represents the frequency limit from the FFT procedures of

the spectrum calculations. Thus, the range of the values of wcut3/i0

for the generated time series is between 15 and 34, since the generated

time series in this study have different modal frequencies. For

theoretical BPM spectrum, the error of m3 between the theoretical value

and the numerically computed value is about 33% for the cut-off

frequency wcut3 34 /'). The final results for the spectral moments are

shown in Table 4.3-1.

For the theoretical BPM spectrum, the higher cut-off frequency for

the numerical calculations of the spectral moment is, the more

precision of the value. From the previous discussions, the cut-off

frequency for m3 and m4 at least should be greater than 50 iv. However,

for the measured wave spectrum two things will limit this high cut-off

frequency. First, a limit value for the cut-off frequency will be

introduced when the FFT procedures are used to calculated the wave

spectrum. This limit value from FFT procedures is usually less than 50

iv. Secondly, the frequency higher than 2 Hz (Hz =l /sec) is usually

without any physical meaning except noise or the capillary wave for

laboratory generated waves. For the laboratory generated time series,

50 iv is usually greater than 2 Hz. Therefore, any numerically calcu-

lated value for m4 (even m3) is questionable.



Table 4.3-1. Spectral Moments of Laboratory-Generated Waves.

Run
No. ft

0
2

1
ft',m-sec-1

2
ft2-msec-2

M3

ft2-sec-3 t2c-4f11

BW11N .0276 .0168 .0120 .0516 .2956
BW12N .0568 .0330 .0216 .0729 .3979
BW13N .0803 .0450 .0280 .0831 .4455
BW14N .0656 .0344 .0205 .0871 .5047
BW15N .0916 .0473 .0278 .1425 .8471
BW16N .1155 .0579 .0323 .1088 .6076
BW17N .1558 .0761 .0420 .1220 .6594
BW18N .1706 .0823 .0439 .1140 .6108
BW19N .2057 .0978 .0514 .1190 .6122
BW2ON .2210 .1035 .0532 .1045 .5119
BW21N .1500 .0670 .0334 .0821 .4346
BW22N .2724 .1156 .0560 .1381 .7183
BW23N .3329 .1382 .0647 .1888 1.0359
BW24N .1354 .0573 .0272 .1087 .6309
BW25N .2176 .0902 .0426 .1095 .5776
BW26N .2741 .1094 .0489 .1080 .5664
BW27N .3698 .1473 .0656 .1685 .9144
BW28N .4717 .1805 .0783 .2062 1.1066
BW29N .5185 .1986 .0886 .2716 1.4307
BW3ON .5993 .2264 .0986 .2367 1.2315
BW31N .6069 .2259 .0984 .2846 1.5429
BW32N .5079 .1880 .0832 .4292 2.5257
BW33N .6421 .2306 .0946 .2393 1.2795
BW34N .2674 .0977 .0408 .1133 .6215
BW35N .4201 .1497 .0610 .2539 1.5234
BW36N .5446 .1918 .0767 .1644 .8496
BW37N .6531 .2221 .0871 .1899 .9846
BW41S .1033 .0480 .0252 .0900 .5089
BW42S .1281 .0417 .0156 .0777 .4730
BW43S .1532 .0759 .0415 .1045 .5491
BW44S .2379 .1021 .0501 .1299 .6853
BW45S .2948 .1126 .0494 .1393 .7662
BW46S .3481 .1192 .0469 .1195 .6553
BW47S .3577 .1159 .0437 .0931 .4828
BW48S .3873 .1183 .0433 .1430 .8100
BW49S .2965 .1246 .0600 .1767 .9556
BW5OS .1949 .0937 .0505 .1225 .6337
BW51S .1917 .0920 .0504 .1489 .7968
BW52S .3132 .1290 .0591 .1340 .7021
BW53S .4187 .1554 .0673 .1779 .9629
BW54S .5010 .1671 .0664 .2064 1.1467
BW55S .5334 .1699 .0638 .1799 .9975

BW56S .5708 .1725 .0615 .1652 .9133
BW57S .3575 .1472 .0687 .1735 .9135
BW58S .6076 .1913 .07226 .2312 1.2898
BW59S .4040 .1634 .0750 .1716 .8849
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Table 4.3-1. Spectral Moments of Laboratory-Generated Waves
(continued).

Run
No.

m0
2ft

,m1 ,

ft4-sec-L
m2

ft2-sec-2
m3

ft2-sec-3
m4

ft2-sec-4

BW6OS .2460 .1061 .0513 .1324 .7095
BW61S .2401 .1036 .0507 .1425 .7703
BW62S .2381 .1020 .0498 .1362 .7309
BW63S .2381 .1020 .0494 .1433 .7826
KIN11 .3344 .1215 .0502 .0974 .5071
KIN12 .3726 .1380 .0598 .1555 .8337
KIN13 .4094 .1486 .0615 .1145 .5792
KIN14 .4347 .1570 .0651 .1522 .8203
KIN15 .4868 .1760 .0727 .1302 .6525
KIN16 .5527 .1963 .0808 .2218 1.2198
KIN17 .4340 .1732 .0783 .1661 .8578
KIN18 .3185 .1297 .0587 .1194 .6216
KIN19 .1797 .0764 .0367 .0887 .4716
KIN20 .4379 .1736 .0788 .1749 .9113
KIN21 .5416 .2096 .0940 .2030 1.0302
KIN22 .6218 .1919 .0710 .2119 1.1999
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5. RESULTS AND DISCUSSIONS

5.1 Probability Density Distribution

First, the joint probability density of levels of action, ya, and

crest elevations, y, are presented. As shown in Section 2.2, the level

of action of a random wave can be estimated from the fitted Stokes

third order wave. For a time series. the pairs (ya,y) can be easily

determined from discrete wave crests of each time series. Dividing

max,each (ya,y) by the maximum crest elevation, Y in each wave record,

the nondimensionalized joint probability density can be obtained.

Example plots of unsmoothed p(ya /ymax, Y/Ymax) with different percents

of breaking waves are shown in Fig. 5.1-1. These joint probability

density plots are used to predict the probability of breaking waves.

These empirically determined joint probability density plots were

tried to fit with the theoretical joint normal probability density

function. Examining by eye on the shape of the joint probability

density plots, the hypothesis that the joint distribution is normal is

rejected.

Secondly, the probability density distribution of crest eleva-

tions for laboratory generated random waves is shown. The frequency

histogram of crest elevations for laboratory generated time series with

different percents of breaking waves were empirically determined and

shown in Fig. 5.1-2. To determine the frequency histogram, 25 equal

size class intervals were used for each time series. For each frequen-

cy histogram, the theoretical fitted Rayleigh probability density

distribution of crest elevations was calculated from
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p(y)
2y

exp ['rms rms
(5.1-1)
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where y is the crest elevation, yrms is the experimental value of the

root-mean-square of y for each generated time series. These fitted

Rayleigh-distributed curves are also shown in Fig. 5.1-2. These

figures show that the crest elevation may be Rayleigh distributed,

despite pf the different percents of breaking waves. The statistics of

the goodness-of-fit test are shown in Table 5.1-1. The range of the

spectrum width parameter, v2, is between 0.31 and 0.43 for the labora-

tory-generated wave spectra. All these wave spectra are narrow-banded

according to Longuet-Higgins' (1983) suggestion that, in practice, a

wave spectrum is narrow-banded if v2 is smaller than 0.6.

The Kolmogorov-Smirnov (K-S) test measures how much the empirical

cumulative distribution function differs from that of the fitted

theoretical distribution. This K-S test is sensitive to departures

from the shape of the distribution function. Generally speaking, the

hypothesized theoretical distribution is not rejected if the sig-

nificant level is larger than 0.01. As shown in Table 5.1-1, all

approximate significant level for the fitted Rayleigh distribution of

crest elevations are greater than 0.05. It suggests that the expected

theoretical Rayleigh distribution is acceptable. This agrees with the

well-known Rayleigh distribution for peak values of a narrow-band

Gaussian process. Note that the percents of breaking waves for the

generated time series are widely varied. All these probability

distributions of crest elevations are Rayleigh distribution. Thus, for

a narrow-band wave spectrum, it can be seen that the strength of
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Table 5.1-1. Statistics of Goodness-of-fit Test.

BK21N BK31N BK47S BK58S

Spectrum Type JONSWAP JONSWAP BPM BPM

(PB)Observed % 2.73 9.94 1.84 7.19

Mean value of y (ft) 0.52 1.16 0.82 1.17

Spectrum width
parameter v2 0.34 0.41 0.40 0.45

Significant level
for K-S test 0.055 0.999 0.345 0.999
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breaking waves (i.e. the probability of breaking waves) may not

significantly affect the Rayleigh distribution of wave crest eleva-

tions.

5.2 Probability of Breaking Waves

For each run of laboratory generated random waves, breaking waves

were observed by eye and identified by the "on-off" signals. By using

the method described in Section 2.3, the visually observed probability

of breaking waves were obtained and are shown in Table 5.2-1. The

variation of the probability was from 1.40% to 9.94%.

The percent of breaking waves can also be obtained from the

volume under the joint probability density function wherein the crests

are greater than or equal to the level of action (i.e. above 45 degree

line in Fig. 5.1-1). However, the results from the laboratory measure-

ments of random waves shows that although breaking waves occur at the

profiler, as ascertained by eye, no wave crest elevations were greater

than the calculated levels of action. Thus, there is very little

volume beyond the "45 degree line" in joint probability density plot.

Since the observed probability of breaking waves is known,

empirically, the angle, p, of the decision line in the joint probabil-

ity plot which is shown in Fig. 5.1-1 can be determined. For a total

of 57 different generated time series, the distribution of these p-

angles are shown in Fig. 5.2-1. Neglecting the three runs with very

small percent of breaking waves, the statistics of the P-angles, H1/3

and percent of breaking waves for 54 runs are shown in Table 5.2-2. At

least for the sea states in the WRL the 35.4 degree mean 0-angle can

be used to calculate the percent of breaking waves. The probabilities
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Table 5.2-1. Observed

Run
No.

Percent
of

Breaking
Waves H1/3

(ft) Type*

KIN11 1.91 2.32 J
KIN12 4.03 2.44 J
KIN13 5.36 2.55 J
KIN14 1.89 2.64 J

KIN15 4.28 2.81 J

KIN16 7.64 2.98 J
KIN17 7.43 2.63 J
KIN18 3.35 2.25 J

KIN19 3.30 1.69 J

KIN20 7.02 2.64 J

KIN21 9.41 2.91 J
KIN22 1.42 3.15 B
BW11N 0.50 0.67 J

BW12N 4.02 0.95 J

BW13N 4.78 1.14 J
BW14N 2.93 1.03 J

BW15N 3.74 1.21 J

BW16N 1.86 1.36 J

BW17N 3.64 1.58 J

BW18N 4.09 1.65 J

BW19N 5.45 1.82 J

BW2ON 5.58 1.88 J
BW21N 2.73 1.55 J
BW22N 6.25 2.09 J

BW23N 5.76 2.31 J
BW24N 1.53 1.47 J

BW25N 4.66 1.87 J
BW26N 6.42 2.10 J
BW27N 6.59 2.44 J

Probability of Breaking Waves.

Run
No.

Percent
of

Breaking
Waves

X

H1/3
(ft) Type*

BW28N 7.22 2.75 J
BW29N 8.43 2.89 J
BW3ON 9.66 3.10 J
BW31N 9.94 3.12 J
BW32N 8.94 2.86 J
BW33N 8.24 3.21 J
BW34N 3.43 2.07 J

BW35N 3.68 2.60 J

BW36N 7.14 2.96 J

BW37N 9.43 3.24 J

BW41S 1.40 1.29 B
BW42S 0.68 1.43 B
BW43S 4.76 1.57 B
BW44S 6.34 1.95 B
BW45S 2.19 2.17 B
BW46S 2.58 2.36 B
BW47S 1.84 2.40 B
BW48S 2.08 2.50 B
BW49S 4.46 2.18 B
BW5OS 4.64 1.78 B

BW52S 4.59 2.24 B
BW53S 7.14 2.59 B
BW54S 6.88 2.84 B

BW55S 4.61 2.93 B
BW56S 2.07 3.03 B
BW57S 5.97 2.40 B
BW58S 7.19 3.13 B
BW59S 5.91 2.55 B

* Spectrum Type:
J: JONSWAP spectrum
B: Bretschneider Pierson-Moskowitz spectrum
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Table 5.2-2. Statistics of Breaking Wave Experiments.

Mean
Standard
Deviation Range

)63 angle (degree)

percent of breaking waves

35.4 1.78 30.8 -38.8

(%) 5.12 2.34 1.40-9.94

H1/3 (ft) 2.31 0.61 0.95-3.24
(m) 0.70 0.19 0.29-0.99
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of breaking waves calculated from this 35.4 degree 0-angle vs. observed

percent of breaking waves are shown in Fig. 5.2-2. The agreement

between the predicted and observed probabilities of breaking waves are

good. This 35.4 degree a-angle can be used to predict the probability

of breaking waves as long as a time series of water surface profile is

available.

Similar results can be found from Yeh and Nath (1987) (Appendix

D). However, instead of using the one-half of the crest-to-trough

height, a, which is determined from Eq. (2.2-4), the measured crest

elevation was incorrectly used to calculate the level of action in

Appendix D. Therefore, results derived in this thesis are correct.

The results in Appendix D are in error by approximate 3 degrees in p-

angle.

There are a few possible explanations for the difference between

the 45 degree and the 35.4 degree angle for 0. First, about 30% of

the laboratory breaking waves started breaking before they arrived at

the testing position. It was noted that the crest elevation dropped

abruptly right after the start of wave breaking. So, a wave could be

breaking when the measured y is smaller than ya in our experimenta-

tions. Secondly, the generated random waves do not completely satisfy

the deep water wave condition in our experiments for the lower wave

frequencies. About half of the laboratory generated spectra have a

spectrum peak period, To, greater than 2.5 seconds. According to

linear wave theory, at least 70% of the discrete waves in each time

series do not satisfy the deep water wave criterion, h/L 1/2. These

intermediate water depth waves have a smaller limiting wave steepness,
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H/L, than the deep water waves, wherein H/L 1/7, because of the

shoaling effects.

The difference in the /3-angle could also be due to inaccuracies in

fitting a third order wave to an irregular wave, a problem within the

definition of ya itself, difficulties in visually identifying the

breaking waves, or other reasons. Furthermore, in a closed flume the

kinematics of waves are affected by the returning flow that may change

the angular momentum and the linear momentum of the wave. This could

also cause the wave to break before the crest elevation equals the

level of action.

From the viewpoint of the experiments, the breaking waves cri-

terion was obtained, on the average sense, as that the waves start

breaking when y 0.71 ya, which was calculated from the 35.4 degree 0-

angle on the joint probability density p (Ya/Ymax, Y/Ymax) plot (as

shown in Fig. 5.1.1). For linear deep water waves, the crest elevation

and the level of action can be approximately set as y H/2 and ya

L/4/r. Then from y 0.71 ya, the limiting wave steepness, H/L 0_12,

which is close to the result, H/L 0.11, obtained by Ochi and Tsai

(1983).

As shown in Section 1.6.1, the probability of breaking waves can

also be calculated from the sea steepness parameter ,c by Eq. (1.6.1-1).

The results were plotted against the visually observed probabilities of

breaking waves as Fig. 5.2-3 shows. No data were provided for PB

larger than 10%. But, a sea state is very unusual if PB exceeds 10%.

Figure 5.2-3 shows that the probability of breaking waves calcu-

lated from x is higher than the laboratory observed probability of

breaking waves, which is on conservative side, as predicted in Nath and
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Ramsey (1974). The agreement between the observation and the predic-

tion is better for the higher percents of breaking waves (the more

serve sea states). With 57 runs, the trend of the process is clear.

Possibly a longer time record would have a better accuracy of the

individual percent of breaking waves, since the observed percent of

breaking waves is equal to the number of observed breaking waves

divided by the total number of waves in a time series.

5.3 The Influence of Wave Asymmetry on Breaking Waves

The results of the influence of SK1, the skewness about the mean

level, and SK2, the vertical skewness of wave crest, on breaking waves

are presented in this section.

Factors which influence the SK1 are first examined. For finite

amplitude stream function waves, the SK1 is calculated and shown in

Fig. 5.3-1. The skewness, SK1, is strongly influenced by the relative

water depth and the wave steepness. The relation between the wave

steepness and skewness, SK1, for the deep water wave (stream function

wave case 10-D) was plotted in Fig. 5.3-2. The results show that the

larger the wave steepness the larger the skewness SKI. These results

indicate that the skewness may have some relationship with the breaking

wave characteristics. The limiting value of the skewness SK1 for this

stream function wave (case 10-D) is 0.701, where the corresponding

wave steepness is 0.1411.

For each laboratory generated time series, the mean skewness SK1

was calculated by Eq. (2.5.1-2). The relationships between the calcu-

lated mean skewness SKI. and the observed probability of breaking waves

for 57 runs time series are shown in Fig. 5.3-3. The trend is clear
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that SKI_ increases as the observed PB becomes larger. The line in the

figure is the exponential best-fitted line as

0SK
1

0 223 * P
B

194
(5.3-1)

The vertical skewness coefficient SK2 of each wave crest was

calculated from Eq. (2.5.2-1). A positive value of SK2 means that the

wave crest is skewed to right with respect to the vertical axis which

passes through the highest point of the wave crest. A negative value

of SK2 means the wave crest is skewed to left. A positive value of SK2

also indicates that the front-face of the wave crest is steeper than

the back-face.

For each time series the mean SK2 value can simply be calculated

from the arithmetical-mean of all SK2 values. The mean values, SK2,

are plotted with the observed percents of breaking waves in Fig. 5.3-4.

The range of the SK2 values are between 0.6 and 1.1 for about 98% of

the obtained data. Figure 5.3-4 shows that PB becomes larger as SK2

increases. This is acceptable because the vertical asymmetry becomes

pronounced when a wave is close to breaking. The best linear-fitted

line is also shown in Fig. 5.3-4 as

SK
2

0.017 * P
B
+ 0.782 (5.3-2)

The frequency distribution of SK2 for each generated time series was

also examined. Figure 5.3-5 shows examples of the frequency histogram

of SK2 for the time series with different percent of breaking waves.

No theoretical distribution can be fitted to these frequency distribu-

tions.
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6. CONCLUSIONS

1) It is difficult to apply the wave steepness criterion to define a

breaking wave since the wave steepness, which is calculated from

the wave height and wave length, is not a unique quantity for a

discrete random wave. The quantity depends on the choice of

definitions for wave height and wave period (for example, peak-to-

peak, zero crossings etc.).

2) The level of action concept is a possibility for defining a

breaking wave. It has been empirically extended from periodic

waves to random waves by fitting each wave crest to a discrete

Stoke's third order wave. The advantage of this new definition is

that the difficulties of defining both the heights and periods can

be avoided. Only the semi-wave period, T', and the crest eleva-

tion, y, which are clearly definable, are needed.

3) According to OSU experiments, y ?: 0.71 ya is a better criterion

than ya-ya to use to prescribe wave breaking. This y 0.71 ya

criterion is obtained from a 35.4 degree ,8 -angle on the dimen-

sionless joint probability plot of the levels of action and crest

elevations.

4) The joint probability of crest elevation, y, and the level of

action, ya, may yield a good way to estimate the percent of waves

that are breaking.

5) The use of ,c is a conservative, although simple, way to estimate

the probability of breaking waves. It is conservative because the

estimation is on the high side, according to OSU experiments.
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6) For the higher spectral moments computed numerically it is of very

great importance to use an accurate integration scheme coupled

with computations that extend to several times the modal frequency

of the spectrum. Functions containing the third and/or fourth

moments are of doubtful value because they are changing rapidly as

a function of the integration cut-off frequency for frequency

ranges that include only the meaningful parts of the wave spec-

trum; and at the very high frequencies where they become asymp-

totic to a constant value, they are unduly influenced by the high-

frequency characteristics, which may include considerable noise.

7) The breaking wave profile is not symmetrical either in the

vertical or horizontal directions. The breaking wave profile has

a relatively longer and flatter trough and a sharper and more

peaked crest. The skewness SKI. of the random sea surface about

the mean water level is defined and used to characterize breaking

waves. For deep water periodic waves, the wave steepness in-

creases as the SK1 increases. For random waves, according to OSU

experiments, the mean value of SKI. for a time series increases as

the probability of breaking waves increases.

8) The skewness SK2 of a wave about the vertical axis which passes

through the highest point of the wave is defined. According to

OSU experiments, the mean value of SK2 for a time series linearly

increases as the probability of breaking waves increases. But, no

value for the SK2 criterion is proposed to be an indicator to

characterize breaking waves.

9) The probability density distribution of the crest elevation is

Rayleigh distributed. The influence of the probability of
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breaking waves on the crest elevation distribution is not sig-

nificant.

10) In this study, the data are from laboratory generated random waves

only. Thus, it may not be proper to apply the present results to

random sea waves. Field measured random waves data are needed to

verify the present results.
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The angular momentum A per unit horizontal distance of a train of periodic, pro-
gressive surface waves is a well - defined quantity, independent of the horizontal
position of the origin of moment.

The Lagrangian-mean angular momentum IL consists of two parts, arising from
the orbital motion and from the Stokes drift respectively. Together these contribute a
positive sum, nearly proportional to the energy density (when the origin is taken in
the mean surface level). If moments are taken about some point P not at the mean
surface level, the angular momentum will differ by an amount proportional to the
elevation of P. There is just one elevation for which the Lagrangian-mean angular
momentum about P vanishes. This elevation is called the level of action. For in-
finitesimal waves in deep water the level of action is at a height above the mean surface
equal to 1/2k, that is 1/47r times the wavelength.

Just as for ordinary fluid velocities, the Lagrangian-mean angular momentum AL
differs from the Eulerian-mean AL, the latter being zero to second order. The difference
between AL and AE is associated with the displacement of the lateral boundaries of
any given mass of fluid.

For waves of finite amplitude, an initially rectangular mass of fluid becomes ulti-
mately quite distorted by the Stokes drift. Nevertheless it is possible to define a long-
time average l.t. A and to calculate its numerical value accurately in waves of finite
amplitude. In low waves, 1.t. A is equal to AL. Defining the level of action yo in the
general case as 1.t...4 //, where I is the linear momentum, we find that yo rises from
0.5k-1 for infinitesimal waves to about 0.6k-' for steep waves. Thus yo is about the
same as the height ymax of the wave crests above the mean level in limiting waves, a
fact which may account for why steep irrotational waves can support whitecaps in a
quasi-steady state. The same argument suggests that Gerstner waves (in which the
particle orbits are theoretically circular) could not support whitecaps.

1. Introduction
Certain integral properies of water waves, notably their momentum, energy, radia-

tion stress and energy flux, are known to play an important role in the interpretation of
surface wave phenomena, and have been studied recently as functions of the wave
amplitude (Longuet-Higgins 1974, 1975; Longuet-Higgins & Fenton 1974; Cokelet
1977). In this paper we draw attention to another property, less well known, which
nevertheless appears to be associated with equally interesting phenomena, namely
the angular momentum of a wave train about any given point.
0022-1120/80/4382-7970 302.00 © 1980 Cambridge University Press
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Because the particles in a deep-water wave describe roughly circular orbits one
would intuitively expect the wave train to possess, on average, a positive angular
momentum, when considered from a Lagrangian point of view. As shown in § 3, the
orbital angular momentum of a wave train of speed c and amplitude a is indeed positive
and equal to ,ipa2c, to second order. But the steady mean drift of the particles in an
irrotational wave gives a negative contribution 14-pa2c, so that altogether, for waves
of small amplitude, there is a net positive angular momentum ipa2c about any point
in the mean level.

The angular momentum about a point at any other level y will differ by an amount
proportional to y times the total horizontal momentum in the wave (the mean vertical
momentum being zero). In particular there is one level about which the Lagrangian
angular momentum vanishes. For waves of low amplitude this is at a height L 147r
above the mean surface level, where L is the wavelength. It is suggested that waves
must attain this height before they can support a whitecap in a quasi-steady state.
It turns out that in a steep, irrotational wave in deep water the wave crest does
-practically attain the necessary height (see figure 4 in j 9).

The evaluation of the angular momentum reveals certain paradoxes, similar to
those encountered in other water-wave phenomena. For instance the Eulerian-mean
angular momentum is not second order but fourth order and therefore much smaller
(§ 6). The difference is similar to that encountered with a simpler entity, the time-
averaged velocity. Thus the Lagrangian-mean velocity in an irrotational wave is
positive, whereas the Eulerian-mean velocity is precisely zero. The resolution of the
paradox in the case of the mean angular momentum is discussed in § 6.

We have quoted the value ipec for the Lagrangian-mean angular momentum in
waves of small amplitude. For waves of finite amplitude it is found possible to define
a long-time average of the Lagrangian angular momentum (see § 8) and to calculate it
precisely (§ 9). Numerical values are given in table 2.

It is worth comment that the dimensions of angular momentum are the same as those
of wave action (see § 10). Thus although the two entities are quite distinct, the known
conservation of wave action in weakly nonlinear wave interactions implies also the
conservation of (Lagrangian) angular momentum.

2. Angular momentum: general considerations
Consider a periodic, irrotational gravity wave of wavelength L in water of uniform

mean depth h, progressing with speed c as in figure 1. Let (x, y) be rectangular co-
ordinates with the origin in the mean level, the x axis in the direction of wave pro-
pagation and the y axis vertically upwards. Denoting by (u, v) the horizontal and
vertical components of the velocity, we may choose a frame of reference in which the
mean value of u is zero at some given point below the wave trough. Thus we have

is = 0, (2.1)

where a bar denotes the average over one wavelength. If y5 is the velocity potential
((u, v) = V) then it follows that

= 0 (2.2)

so that if (2.1) is true at one level y it is true at all other such levels.
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L

nor-RE 1. Definition sketch, showing co-ordinates and boundaries of the fluid.

Now consider the angular momentum of the fluid contained in the space C2 between
the free surface y = y6(x, t), the bottom y = h and two curves x = f (y) and

= f(y) L separated horizontally by a distance L. Let LA(xo) denote the angular
momentum about an arbitrary point (xo, 0) in the mean level:

Clearly

LA(x0) [yu (x xo) v] dx dy. (2.3)

LA(x0) = LA(0) + xof vdx dy. (2.4)

The last integral represents the total vertical momentum over one wavelength, which
must vanish identically. Hence A is independent of xo and we may write simply

LA = (yu xv) dx dy (2.5)
R

for the angular momentum about any point in the mean surface level. Clearly A isthe mean angular momentum per unit horizontal distance.
However, A may depend upon f. Thus if x = f1(y) and x = 12(y) are two distinct

bounding curves, then the difference between the corresponding angular momentaLA, and LA., is

L(A 2 Ai) = If (yu xv) dx dyfi (yu xv) dx dy, (2.6)

where Q12 is the region bounded by the curves x = fi(y) and x = 12(y), and S2;2 is the
region bounded by x = f1(y) +L and x = f2(y) +L. But by the space-periodicity the
motion in 1i:2 is exactly similar to the motion in 5212. So we can transform 0.12 into
Q12 on replacing x by (x L) and (2.6) becomes

L(A2 A1) Lv) dx dy (2.7)
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Or

= A. Al = ( v) dx dy. (2.3)
I.. L2

The two values of the average angular momentum thus differ by precisely the total
vertical momentum contained in the zone between y = ys, y = h and the two curves
x = fl(y) and x = A(y)

3. The Lagrangian-mean angular momentum
The co-ordinates (x, y) of a particle with fixed Lagrangian co-ordinates (a, Al are

given as functions of a, 1.3 and the time t by

x a cosh k(/3 + h)
sin (ka ? t ) a2lc

cosh 2k(
h

k ( gk +it)
o-t,

sinh kh, 2

= ,6) + a
sinh k(fi h)

cos (ka crt).
sinh kh

In (3.1) the terms of order a represent the horizontal and vertical displacements of the
particle from its mean position, while the term in a2lc represents the horizontal dis-
placement due to the Stokes drift. Terms of higher order are neglected, as for example
the Doppler-shift in frequency due to the mean drift, which is a function of /3. To the
same order, the bottom is given by 13 = h and the free surface by fi = 0 (more
accurately /3 = ia2k).

Corresponding to (3.1) we have the particle velocities

cosiik(fi+ h) cosh 2k( h)
u = acr

sinh kh
cos (Ica at) + a-lco-

2 sinh '

sinhk(fi
sin

h)v = ao n (ka
sinh kh

(3.1)

We may substitute now into (2.5) and carry out the integration, noting that

e(x, y)
1 -I- 0(ak)2

a (a, IY)

so that to second order dx dy may be replaced by da &lg. Hence

LA L = f
L

(yu xv)da d fi
o -11

iL1
l

0 f

a-
,

o-
s nh 2k( /3 + h)

+ a2 ko.fi
cosh 2k(fi+ h )=

Ifo -h sinh2 kh 2 sinh2 kh

sinh k(fi -1.- h)
siao-a sin (ka ot)} da d/3

sinh kh

= L (1a2c la`c 'lc cos crt

(3.2)

(3.3)

(3.4)

where c = o- /k, the phase speed. The first two terms in the bracket arise respectively



Spin and angular momentum in gravity waves 5

from the elliptical motion of the particles and from the mean drift velocity or mass
transport. Altogether then we have for the Lagrangian angular momentum

ac
AL = ia-c +k cos crt (3.5)

and on average
AL = ia`c (3.6)

correct to second order.
An alternative but interesting method avoids the specific evaluation of integrals in

(3.4). Taking mean values in (2.5) we have

AL =
L
1 if (yu xv) dx dy. (3.7)

Working to order a2 as before we can set x = x +fuldt, y = fi +ivldt, u = 1.11+ us,
where (u1, v1) denote the first-order particle velocities and us is the mean Stokes drift
velocity. It was shown in Longuet-Higgins (1953b) that

(3.8)
ay

where IF is the stream function for the mass-transport velocity, namely

= u1J v/ dt. (3.9)

So, dropping the suffixes, we have from (3.7)

o

AL
=J

v dt vfu dt + y 72,aWy) dy. (3.10)
h

Using the general property that if 1' and Q are any two periodic quantities then

PIQdt+Qf Pdt= 0, (3.11)

we have
ro

= f o 2u f vdt dy + LyWr_h dy.
-h -h

(3.12)

From (3.9) it is clear that IF = 0 when y = h. Hence

AL c) dy ro dy = IF dy. (3.13)
-h -h -h

Now we can write
a

at (3.14)
ay ax '

where Vi is the first-order stream function. The motion being progressive we have
a/ax = (1 /c) a /at, and therefore

From (3.13) we have then

=
ay, a

= .
c ay 2c cy

1

AL = [Y19°L,--h.

(3.15)

(3.16)

123
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and using the well-known expression

sinh k(y +Ix)
cos (kx ct)ac sink kh

we find immediately

zrz, = ia2c

129

(3.17)

(3.18)as before.
From (3.13) it is already obvious that the orbital motion contributes two times,

and the drift velocity contributes minus one times, the final answer.

4. Rates of change: the dynamical equations
We can also account for the first-order time-dependent term in (3.5). Starting from

the equations of motion in the form

Du aP
Dt ax '

Dv aP
Dt ay '

where D/Dt denotes differentiation following the motion
D

=
a a a

Dt at ax oy
and where

P = P±gY, (P = 1),
let us cross-multiply equations (4.1) by x and y. This yields

DtOP OP(yu vx) = -a7 x5) . (4.4)

Now let each side be integrated over the area 12(0 occupied by a moving mass of fluid
with boundary B(t). This gives

ap aPTi f f
a (Yu xv)dx dy = f

ox
x c) dx dy (4.5)

By writing
aP aP OF 30

Y axx ay ay ax

F Ex2 4. y2) aP
ax

G = ( x2 + y2)aP
ay'

we may transform the right-hand side of equation (4.5) by Green's theorem into

(4.1)

(4.2)

(4.3)

where
(4.6)

(4.7)

(F dx + G dy), (4.8)

the integral being taken clockwise round the contour B. Hence (4.5) becomes

Dt
fin(yu xv)dxdy = }(x2 + y2) dP ,

a
(4.9)
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p ds

Fict-az 2. Sketch for the physical interpretation of the pressure integral in (4.11).

where P is given by (4.3). Integration by parts now gives

(yu xv) dx dy = I BPr dr, (4.10)

where r denotes (x'
Consider the interpretation of equation (4.10). If 0 denotes the angle between the

radius vector OP and the tangent PT to the boundary of B, as in figure 2, then we have
dr = ds cos 0. Therefore, if V is the foot of the perpendicular from 0 to the normalPY
we have

fpr dr = f pr cos 0 ds =if ONp cis (4.11)

Hence the first part of the right-hand side of (4.10) represents the total moment
about the origin of the pressure forces applied at the boundary.

The second part of the integral on the right-hand side of (4.10) can be written

f gy(x dx y dy) J gxy dx = f J gx dx dy, (4.12)

that is mg2, where m is the total mass (or volume) contained in 1:2 and x is the hori-
zontal co-ordinate of its centre of mass. This then is the moment about 0 of the total
gravitational force when applied at the centre of mass of the fluid. Equation (4.10)
tells us that this is also equivalent to a normal pressure gy applied at the boundary.

Let us apply (4.10) to progressive, periodic waves in deep water. The integral on the
right-hand side may be writtenIB(P +gy) (x dx + dy). (4.13)

In the part of the integral involving dy let us apply Bernoulli's theorem for steady
irrotational flows:

p + gy = i(c2 g2), (4.14)
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where q denotes the local particle-speed in a reference frame moving with the phase-
speed c. Substituting in (4.13) we see that the contribution from the term ic2 vanishes.
The term

J
}qty dy (4.15)

has four parts. The contribution from the horizontal bottom section (dy = 0) vanishes.
The contributions from the two sides cancel each other, and at the free surface since
p = 0 we have ig2 = g(y 0- y), where yo is a constant. So this part of the integral gives

strL
g(YoY)Y dy = gtiYo Y2- Y20-1-L3]x.r, =

2 xi

by the periodicity. So (4.13) reduces to

fB(p +gy)xdx.

(4.16)

(4.17)

The bottom section of the contour yields zero.t The two side sections together yield

,-1 (p + gy) L dx = Lff a{0 + , + v--,1 dx. (4.18)

Finally, the free surface, where p = 0, yields
xt-L

gysx dx = gy, x dx - L fgysdx. (4.19)

Collecting together all the non-vanishing contributions to (4.13) we have from (4.10)

= j
jag+

Eu-+ v2)) dx + gy,x dx - dx (4.20)

The terms on the right-hand side must together account for the time-dependence of
the angular momentum (3.5).

To check this, note that in the first and third integrals in (4.20) the range of x is
0(a), hence the integrals are 0(a2). In the second integral, however, we may set

ys = a cos (kx - crt) (4.21)
to order a, giving

dA = --ag
sin crt

dt
(4.22)

in agreement with (3.5), since o-c = g. Thus it appears that the fluctuation in angular
momentum is due primarily to an integral along the free surface, representing the
varying moment about the origin of the total gravitational force acting on the dis-
placed fluid.

t This is because at infinite depth the pressure becomes hydrostatic, in a progressive wave
(see Longuet-Higgins 1953a).
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5. Application to breaking waves
We have so far considered the mean angular momentum density (a.m.d.) about an

arbitrary point in the mean surface leve' y = 0. If we wish to calculate the a.m.d.
about a point at some other level, say y = yo, we have clearly

LA (yo) =1111[(y yo) u xv]dx dy

= ff (yu xv)dx dy yo LI , (5.1)

where I is the horizontal momentum density:

I = zifin udxdy. (5.2)

From (5.1) and (5.2) we see that in general

A(Yo) = A(0)yo/- (5.3)

Now there will be one value of yo for which A (y0) vanishes, namely

ya = A (0)//. (5.4)

Let us call this the level of action of the wave train. It is in fact the level at which we
would have to add or subtract a small amount of linear momentum if we were to
maintain the wave form constant, save only for a small increase or decrease in the wave
amplitude.

A simple analogy may make this clearer. Consider a uniform circular disk of radius
a rolling along a horizontal plane surface with angular velocity cr, as in figure 3. Taking
the density per unit cross-sectional area as unity, the total mass of the disk is

= f f r dr de = 761,2 (5.5)

and the angular momentum of the disk about its centre is

A = f f r2 T. r dr da = i7ra4o-. (5.6)

The horizontal speed U of the centre of mass, however, is equal to ao-, so that its linear
momentum is

I = Mu = 7a3cr. (5.7)

Therefore the point P about which it has zero angular momentum is at a distance ya
above the centre, where

ya= A/I = Via. (5.8)

This also is the centre of impact, at which a horizontal impulsive force would have to
be applied to start the disk rolling from rest, or to stop it dead, without slipping or
bouncing.

If we imagine a thin slice of the disk, of uniform thickness, shaved off and concen-
trated to a point at P by purely internal forces, it could then he released and would fly
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(a)

(b)

(c)

C3111111

P Lave: ai action P

P

FIGURE 3. Comparison of (a) a steep progressive wave to (b) a rolling
disk or (c) a bowling hoop.
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off horizontally. The only effect would be to slow down the rolling motion of the disk
by a small amount.

In the case of a circular hoop, the corresponding point P would be on the circum-
ference, at the highest point.

Now in the case of a breaking wave, a mass of fluid is thrown forwards at a level near
the crest. This is often observed to form a whitecap and to settle down into a quasi-
steady state, with the wave progressing almost unchanged in form save presumably
for a steady decrease in wave energy. Our previous calculations suggest that this
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would be impossible if the whitecap were not close to the level of action of the wave.
This in turn implies that the height of the wave must be equal to, or slightly exceed,
the level of action.

Now for low waves we have .4(0) = fa2c while I = E lc = JAga21c, and so from (5.4)

ya = c2/2g.

Making use of the linear dispersion relation c2 = (gIk,) tanh kh, we find

1
ya Tic tanh

In deep water this reduces to

(5.9)

(5.10)

ya = 1/2k = LI47r. (5.11)

In other words the level of action is about one-twelfth of a wavelength above the mean
surface level. Obviously it is impossible for low waves to attain this level, which may
explain why such waves do not support whitecaps. The values of ym., and ya for
waves of finite amplitude will be calculated in § 8 and 9.

In shallow water (5.10) reduces to
Ya = ih (5.12)

suggesting that steady whitecaps will not exist when the wave height is less than about
one-half of the undisturbed depth h.

6. The Eulerian viewpoint: evaluation of `;E
In this section we shall be concerned with the Eulerian angular momentum

ee
LAE = j (yu xv) dx dy (6.1)

where now f.-2, is not a volume moving with the fluid but a fixed space or area independ-
ent of the time. In equations (2.3) to (2.5) we may conveniently choose f (y) = x0, a
constant, so that the lateral boundaries of the region are the vertical planes x = x, and
x = xo ± L. We may then consider the Eulerian -mean angular momentum

I0L
LAE =J (yu xv) dx dy , (6.2)

zo --h

where a horizontal bar denotes the time-average. In this expression we may take
xo = 0 without loss of generality.

Note first that for a progressive wave

xv dx dy =0o 4 (6.3)

precisely. Because v is a function of (x ct) and since the lateral boundaries are fixed,
we can reverse the order of averaging with respect to x and t, that is, we may integrate
first with respect to y and t keeping x fixed. But since the total vertical momentum
vanishes it appears that for fixed x

v dy = 0, (6.4)

from which (6.3) follows. In other words the contribution of the vertical velocity to
the Eulerian-mean angular momentum is zero.
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We have then to evaluate
L ^v,

LA:E = yu dx dy. (6.5)

Jo h
Denoting by 0 the velocity potential and transforming the integral by Green's theorem,
we have

L.-E =JJ a
(yq5)dx dy f y0 dy , (6.6)

ax

where the line-integral is taken anticlockwise round the boundary B. Now the integral
along the bottom y = h vanishes, since dy = 0. The integrals along the two sides
cancel by periodicity, and we are left with

LAE f
x o o

d(-1y2) f }yid0 (6.7)

after integrating by parts, since [iy, q5kf vanishes by (2.2). Equation (6.7) shows that
..4E must be at least third order in the wave steepness a.

To be more precise, it will be found convenient to introduce the velocity potential
(to and stream functionlY of the motion relative to axes moving with the phase-speed
c. Thus we write

(I) = b c(xct)1
and

where 0 and are the velocity and stream function in the original frame of reference.
The arbitrary constants have been adjusted so that tl; and both vanish on the
bottom y = h. Also we choose (10 to vanish at a wave crest. In the new frame of
reference the flow is independent of the time. Since

dq5 = dD + c dx (6.9)

and ID runs from 0 to cL as x runs from 0 to L we obtain

L.ZE = f L+. y c dx (10 . (6.10)
cL

0

The first integral is clearly related to the potential energy density

V =
L
1 f 4gyi dx

0

AE
CZ,

g 1.Y

Now since the motion is periodic and irrotational, x and y may be expressed as
Fourier series in (Din the usual way:

co cosh (nklIP /c)

so we can write

(6.11)

(6.12)

x ct = (D/c +
n

N" a, sin (nk.(D c)
sinh (nk,F,/c)'= 1

sinh (nIcir/c)y+ + a, cos (nk(1) I c)
sinh (net'. c)n

(6.13)

135
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where k = 2771 L and 'Fs is the (constant) value of at the free surface. We note that

at!,
= dy = (u- c)dy = I - ch,-J -`hay h (6.14)

where I is the horizontally averaged momentum or mass-flux, and h as before is the
mean undisturbed depth. Hence

Ilf/c + h = //c. (6.15)

The free surface is therefore given by

= - //c + an cos (nk(1)/c) (6.16)
n

and the crest-to-trough wave height is 2a, where

a = al IL- a3+ as + (6.17)

Substituting for y, in (6.12) we obtain finally

(6.18)
a7t.

r1E

Consider for example the case of waves in deep water. In this case we have, to
order a2,

al = a, a2 = a"k
and

c l= a2c I = ia2ck.4

Hence

AE =0
to order a2. Calculations carried to higher order show that in deep water

E ia4k`c.

(6.19)

(6.20)

(6.21)

(6.22)

To reconcile the differing values of the Eulerian angular momentum AE and the
Lagrangian angular momentum AL we note that, at the instants crt = 0, 7 when the
boundaries C20 and c2(t) of the two masses of fluid coincide, the angular momenta
contained in no and f2 must obviously be the same. But when at + 0, 7r the lateral
boundaries of n(t) which are given by Ica = 0, 27r in (3.1) do not concide with x = 0, L ;
in fact we have x = f (y), f (y) + L, where

cosh k(y + h)
f (Y) a sink kh

sin crt. (6.23)

The resulting difference in the angular momenta is given by equation (2.8), with
fl = 0 and f2 = f. To order a2 this is simply

f- v 8x dy (6.24)
-h

where v is the vertical velocity:
sinh k(y + h)v = -ao crt (6.25)sinh kh

.



137

14 } . S. Longuet-Higgins

and ax is the width of 121, that is to say f (y) approximately. All together we have

=
ago Binh 2k(y h)

sin=
_71 2 sinh2,,:h

o-t dy

= }a2c sing Gt.
On average, then,

(6.26'

= is -c, (6.27

which agrees with the calculated difference between AL and

7. Angular momentum flux
The dynamical equation (4.10) was seen to apply to a fluid mass 1.2 (t) moving with

the fluid. Consider now the fluid contained in the region no fixed in space and momen-
tarily coincident with c2(t). From geometrical considerations it is clear that

D a
yu xv) dx dy = (yu xv) dx dy (yu xv) u ds , (7 .1

Dt J Jam B

where un denotes the outward normal component of the fluid velocity at the boundary
B. The last term in (7.1) represents the flux of angular momentum across B. Since

unds = dy v dx
it can also be written

LFA = i (yu xv) (u dy v dx). (7.3'.

If we are considering a mass of fluid contained in a region 1-2*, part of whose boundary
is fixed and part moving with the fluid, as in the calculation of AE, then the contour
integral in (7.1) is to be taken only along the fixed portion B* of B.

The flux across a vertical plane x = constant is given by

F I (yu xv) u dy . (7.4)

To evaluate the mean value of F during one wave period we may write x = 0 and find.
to second order,

0 ___ k2h2F y U2 dy = L. lc 1+ jah, ich) (7.5)

where AL is given by (3.6). Both in deep water (kh, > 1) and in shallow water (kh, << 1),
the factor multiplying AL reduces to the linear group velocity

c = (14-
2kh

(7.6)
sinh 2kh

but not at intermediate depths.
The explanation lies in the fact that the injection of angular momentum into the

waves depends not only on the flux across vertical planes but also on the moment of the
gravitational forces in the interior and the moment of the pressure at the bottom. The
combined contribution from these forces does not vanish in general, and particularly
not near the front of an advancing wave train.
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8. The long-time average of AL(t)

In § 3 we found the time average of the Lag-rangian angular momentum on the
assumption that the fluid displacements were of order a, and before the drift velocity
bad carried the particles far from their original positions. We now investigate what
happens over a long period, when the profile of a line of particles, originally vertical,
has been radically distorted by the mass-transport velocity. In finding an answer we
shall incidentally arrive at a satisfactory definition of the Lagrangian-mean angular
niomentum for waves of finite amplitude.

In figure 1, let AL(t) denote the angular momentum of the fluid mass which at
0 was contained between the two vertical planes x = 0 and L. As in § 2 we have

where

AL(t) = ALA +AA, (8.1)

= f (- v)dx dy = f v dx dy
512 512

(8.2)

and fin is the complementary volume to S212; the integral of v over the whole volume
(2is+ 012) must be zero. In (8.2) we now write

v =
ay
ao ay

(8.3)

dx dy = q-2 d(1) ,

where q is the particle speed in the steady motion referred to axes moving with
horizontal velocity c. This yields

AA =
r

(I) dtlf = f Y o) diF
ay

a(I)

where yo and yi are the values of y on x = 0 and on the left-hand boundary of
We now propose to investigate the long-time average 1.t. AA. Since the particles

move along streamlines I" = constant in the present frame of reference, the order of
the time-averaging and of the integration with respect to I can be reversed, and so
from (8.4) we have

(8.4)

1.t. f (y yo) (8.5)

But if ds denotes any element of a streamline we have q = dsIdt = 1 Ids and hence

It follows that
dt = q-' ds = q-2 d(D. (8.6)

ifY Y o = (y- o)dt = Yo) d(I)
0 T

(8.7)

;vhere r is the orbital period, namely the time taken for a particle to travel one complete
wavelength along a streamline:

cL
r = dt = q-2 &a). (8.8)

Jo Jo
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Note that r is a function of 1F. In fact (c - L /7) is the local mass-transport veloci
(Rayleigh 1876). From (8.7) and (8.8) we have

y yo = f(y -yo)q-2c1(1)I q-2(10.

In the first integral it is convenient to write y -yo = (y - Y) - (yo - Y), where
some function of 11P at our disposal, and then (8.9) becomes

Y Yo = 17) q-2d(Dif 4-2d0 (Yo (8.1

This expression can now be substituted in (8.5). It must be emphasized, however, th
the time averaging process applied strictly in only two cases: first, over a small integr
number of cycles, in low waves such that all terms smaller than (ak)2 are negligibi
secondly, over times such that typical particles have been carried many wavelengt.
from their original position. We see that in this case convergence towards the fin
value will be more rapid for waves of higher amplitude.

For simplicity consider waves in deep water, when
33

I

x Ct = ICD/C an sin (n(I)/c) e-n're ,
n =1

CO

y-F H = -TIc+ v an cos (n(1) c)
n,=.1

(8.1

the wavelength L being taken as 27T, so k = 1, and the free surface being given by =
To make the mean level zero we must take

1 1
0 = 7)- ydx H + , Es

n=1

Straightforward claculation now yields

where

Hence

and

(G'Y (e' )Yq-2 - ,F
= v v bm b n cos (m n)413 lc e-(71"-4)'F'c2

C m=0 n=0

bo = 1 , 1 ) = nan, n = 1, 2, 3, ....

1 el. m c0

I. 0
(y + H Ic)q 2 d(1) = 7 ambit bm+n e-2(m+n),Fic

m=1 n=0

q-2 cl(1) = bi e-2nT
7, 0 n0

Denoting these two sums by f, and respectively, we have from (8.10)

Y -Y0 = (y+H+11r1c)

= Z/Z' - an e-nYlc
n=1

(8.1:

(8.13

(8.14

(8.15

(8.16

(8.17)

133
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a,c/n. (8 9)
40 n=1

Now from (8.1), on taking mean values, we have

= AL(0) + (8.19)

The initial value AL(0) is equal to AE(0) and can be shown (see appendix A) to be given

by
a

A(0) = 7 c -1,6 c '
n=1 n=1 4

precisely. Substituting into (8.19), we obtain

Vc Pl.t._L = Q ,
g n1

where

Q= I ZIE'd1F.
o

To lowest order in the wave steepness we have

and so

giving

Hence

bo = 1,

= a1 = a,
b2 = 2a2 = 2a2,

= a, bo bie-2'rc = a' 21,7c,)

E.' = b = 1,

Q J
a' e-27;c = A-a`c.

0

1.t. A = 1-a =c.

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

Remarkably, this is the same as (3.6) and (3.18), showing that, to order a2, the long-term
average of the Lagrangian angular momentum is equal to the short-term average over one
Wave period. This is because the period of the motion, though notexactly the same for
all the different particles, is very nearly so when the wave steepness is small.

9. Numerical results
For general values of the wave steepness ak the Fourier coefficients an can be most

cagily calculated by the method described in Longuet-Higgins (1978), and the corres-
ponding Lagrangian-mean angular momentum 1.t. .IL can be found from (8.21). From
this in turn we can determine the level of action ya.

Table 1 shows first some numerical values of c, ymax, I, T and V for representative
values of the dimensionless wave amplitude a (k being taken as unity). These were
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a c YOLAS I T V

00 1.0000 0000 00000 .00000 00000
05 1.0011 0512 00125 00062 00062
-10 1.0050 1051 00497 00250 00249
15 1.0113 1616 01111 -00562 00556

20 1.0202 2212 01955 -00997 00977
25 1.0317 2842 03006 01551 01502
30 1.0460 3517 04226 02210 02110
35 1.0630 4250 05539 02944 02760
40 1.0822 5079 06750 03652 03350
41 1.0860 5266 06933 -03765 03436
-42 1.0896 5461 07068 03850 03498
43 1.0923 5675 07116 -03887 03514
44 1.0926 590 07026 03838 03464
4431 1.0923 5966 0701 0383 0346

TABLE 1. Speed, crest-height, momentum and energy of deep-water waves.

calculated in the following sequence. First, c = 1/C,, where Co is the lowest Fourie
coefficient Cn, in the notation of Longuet-Higginl (1978). Then

..., (9.1

(9.2

and

b = CnI Co, n = 0, 1, 2, 3,

an = bn/TE, n = 1, 2, 3, ...,

1H=-
2

7 a
n

bn
n=1

(9.2

from (8.12).
Now it is easy to show, since

L y, L L ry
LI = f udy dx = f (u c)dy dx + c dy dx, (9.4

0 -h 0 -h 0 -

that for water of finite depth h
I = (`178 Tn) + ch. (9.5

In deep water, when T. = 0 and (by (8.11))

lim (y +1" Ic) = H, (9.6

we deduce that
/ = cH, (9.7

which gives us the fourth column in table 1. Then setting D = 0, IF = 0 in (8.11) we
obtain

CO

Y max = H + E an. (9.8
n

For the kinetic energy we have Levi-Civita's relation

T = icI (9.9
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a S ...TE Q -TL Ya

00 00000 000000 00000 00000 50000
05 00124 -000002 -00125 00063 50125
10 -00492 -000025 00495 00251 50504
15 01086 000128 01099 00568 51147
20 -01875 000408 01919 01018 52070
25 .02811 001003 02907 -01602 53300
30 03823 -002099 04020 -02319 54875
35 04799 003904 05157 -03148 56846
40 -05522 006541 06106 -03999 59248
41 05595 007132 06228 04144 -59765
42 -05595 007694 06487 04260 6027
43 05588 008127 06300 04319 -6069

44 05482 00810 '0619 -0427 608
4431 0527 -0078 0596 0411 586

TABLE 2. Angular momentum of deep-water 'waves.

(Levi-Civita, 1924; equation (B) of Longuet-Higgins 1975), and lastly in table 1

1 co n-1
= 7 7 am ain÷n bn 7 7 am an_m to

n=0 m=1 n=2 m=0
(9.10)

In table 2 we show the corresponding values of S, --TE, Q, 1.t.. .1, and ya, where

S =cyan,

= V +.H2)c

(9.11)

(9.12)

and 9 is given by (8.22), where and are the sums on the right-hand sides of (8.15)
and (8.16). Finally we have

1.t.AL = ( V .41/2)c + Q S (9.13)
and by definition

ya = 1.t. (9.14)

In figure 4 the values of ymax and ya are shown as functions of the dimensionless
wave amplitude a. At small wave amplitudes we have of course ymax a, but for
larger amplitudes the increasing sharpness of the wave crests as compared with the
wave troughs necessitates that ymax must increase more rapidly than a. For the steep-
est waves, when a = 0.443 (Longuet Higgins 1975), the value of ymax can be very
simply determined through the relation

(ymax = (9.15)

Taking c2 = 1.1931 we find ymax = 0-596.
On the other hand the calculated value of ya, which for infinitesimal wave amplitudes

equals 0.5, rises gradually until near the end of the interval of a, when (like the phase
speed c) it has a maximum followed by a slight downturn. Its final value appears to
be about 0.59, very close to the final value of ymax.
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0 0.1 0-2 0.3 0.4 0.443

Wave amplitude a

FlotTliz 4. The level of action y. and the crest height y shown as functions of the wave
amplitude a (when L = N', k = 1) for waves in deep water.
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10. Discussion
The first question raised by the preceding calculation is whether for the limiting

Wave in deep water ymax and ya should be precisely equal. For this conjecture there is
as yet no theoretical support. Admittedly, in a limiting wave, the contribution of the
fluid near the wave crest to the two integrals in (8.9) becomes relatively important,
since the fluid lingers in that area. More precisely, in the well-known Stokes corner-flow
we have (I) and IF proportional to r1, while q is proportional to r1. Hence in (8.9) the
contribution to the numerator is 0(r1) and to the denominator O(r1). The quotient
is therefore 0(r) and on integrating with respect to Ir in (8.17) we have a contribution
00) which is finite. Therefore the contribution to the angular momentum from the
neighbourhood of the crest, though possibly important, is not necessarily dominant.

The fact that in steep waves Ya Ymax has possible implications both for the
generation and the decay of wind-waves. As pointed out in § 5 it appears possible,
in such steep waves, to increase or decrease the linear momentum by the application
of a horizontal force at the surface without appreciably changing the level of action
of the wave train. Hence there would be less tendency (than in other situations
where a concentrated force is applied) for the energy to be scattered into different
wavelengths. In other words we suggest that the neighbourhood of a sharp wave
crest is precisely the place to apply a localized horizontal stress, if momentum or
energy are to be added smoothly; and, because of the pressure difference induced by
air-flow separation at a sharp crest, this is precisely the place where wave-generating
forces are indeed likely to be applied.

Similarly in the case of wave decay. In a whitecap, the flow is evidently strongly
sheared, and the density of the whitecap may be less than that of unaerated water,
as is found in hydraulic jumps. Hence the whitecap may be considered as a super-
posed mass ' surf-riding ' on the fluid below, and replaceable in some respects by a
normal pressure distribution. The fact that under some conditions a progressive wave
can support a ' spilling ' whitecap while progressing smoothly in a quasi-steady state
may be attributed to the fact that the whitecap is situated not far from the level
of action of the wave.

Of course this discussion implies that the resulting applied force acts horizontally. In
fact, if the whitecap remains in contact with the wave, the reaction between it and
the wave at subsequent times will have a vertical component. t However the downwards
vertical component of the applied force must be balanced by an increased pressure at
greater depths, say a wavelength or more below the surface, and this increased
pressure will be more or less uniformly distributed with regard to horizontal distance.
Then it can be seen that, provided that the vertical component of the surface force is
symmetrically distributed with regard to the wave crest, it will have zero moment
about a point below the crest. Hence the total couple exerted by the vertical component
of the additional forces will vanish.

Gerstner waves. When the previous arguments are applied to a Gerstner wave, in
which the flow is no longer irrotational but has a strong negative vorticity, the results
are somewhat different. In such a theoretical wave (see Lamb 1932, § 251) the particles

t In the analogy with the rolling disk, it is as though the mass thrown off remained in contact
with the disk, and were supported by it at a point immediately above the disk's centre. There
Is consequent loss of energy to the whole system, though momentum is conserved.
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move in closed circular orbits and their mean forwards drift vanishes precisely. The
contribution to the Lagrangian angular momentum from the particle orbits is therefore
positive (and equal to ita2c, approximately) while the total linear momentum I
vanishes. The level of ya is therefore infinite. Although the Gerstner wave has a
limiting form (with a cusp at the crest) nevertheless it is evidently impossible for the
wave surface ever to reach the level of action, which is infinitely high. We may infer,
first, that it must be extremely difficult to generate a steady Gerstner wave by pressure
forces applied at the surface. Secondly, a Gerstner wave, even when breaking, will
not support a whitecap.

These remarks serve to emphasize still further the unnatural character of a Gerstner
wave, in which the surface shear is strongly negative. The arguments may be general-
ized to waves on a shearing current of any form. Then it is easy to see at least quali-
tatively that waves on a shearing stream with a positive vorticity must have a lower
level of action than those on otherwise still water. Hence they will tend to break at a
lower wave amplitude. The same conclusion has been reached on other grounds by
Banner & Philips (1974).

Spin and action density. Naeser (1978) has pointed out that the orbital ' spin' or
angular momentum of particles in a wave train has the same dimensions as wave
action. This can most easily be seen from the definition of action as the line integral of
the momentum (Lamb 1929, § 104). The dimensions of wave action are therefore
mass x velocity x length, similar to angular momentum. We have also for low waves

AL = a2c = Ec /2g, (10.1)

where E is the energy density Ltga2. But in deep-water waves, for example, 04 = gk
or a-c = g; hence

2.21.L = E I (10.2)

the well-known expression for the action density (Hasselmann 1963). It follows that,
since in wavewave interactions and also in wavecurrent interactions the total wave
action is conserved, the same must be true of the Lagrangian angular momentum
density also.

However it is important that the two quantities (action and angular momentum)
should not be confused. In the case of irrotational waves, for example, the orbital
angular momentum involves multiplying the momentum by a distance normal to the
path of the particle, and not along it, while the contribution from the Stokes drift,
which is of the same order of magnitude, again involves a different length.

In this paper, detailed calculations have been given so far only for surface waves in
deep water. Similar arguments and methods of calculation will also apply, with
suitable modification, to solitary waves and to internal waves in an unbounded,
stratified fluid. However for periodic waves in water of finite depth the argument is less
attractive since the appropriate frame of reference appears not to be uniquely
determined.

Apprndix A. The precise evaluation of A(0)
The general expression (2.5) for the angular momentum may be written

LA =JJ (/-4xldxdy
ox ay

(A 1)
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and by a transformation similar to (4.6), but with 0 in place of P, this becomes

LA = -J a
f(x2 + y2) dq5

where B is the boundary of 11. That is to say

23

(A 2)

LA = -1
B

Ex2 + li2)c10 f
B

Ex2+ Y2) c dx, (A 3)

11) being the velocity potential of the steady flow as seen in a frame moving with the

phase-speed c. But, since x is single-valued,

= 0. (A 4)

the contribution from the term y2 along the bottom is

P.245 = ih2[45]i-o = 0 (A 5)

by equation (2.2). Since the motion is periodic in x, the two lateral boundaries x = f (Y)

and x = f (y) L contribute

- i[(x L)2-x2]d¢ = -LJ xd¢. (A 6)

So we are left with

Ld = f ii2gd¢ i(xi+yi)d(1)+11 Acdx- Li xdc5. (A 7)

Let us take the case when the lateral boundaries correspond to (1) = constant, say

(1) = (I), and t cL. Then in the first two integrals the limits of integration are the

same. Moreover
x dc3 = f xc dx = 1-c(x2,' - (AS)

All together then we have
lc 1 cL

2.L {(xs-x3)+Y;lc1(1)- f:c(x7; 4). (A 9)

Now, substituting for x and y the Fourier series (6.11) and recalling (6.13), we obtain

Vc /2
A = a,I+R +S, (A 10)

g 2c n=
where

CO

and

I cL co cosh (nktFlc) - 1
R = (o/c) n1

an sin (nlc< 1 )1c)
=

c c° a
= cos (n1c(1),/c) tanh (nelly2c)

n

S = (c2t - (Do) 7 an sin (nk(Dolc) tanh (nIcIP3/2c) f, sin2(nIc(1)0/c).
n =1 n=1

(A 11)

(A 12)
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The crest-to-crest angular momentum corresponds to 0 = 0, giving S = 0 identically.

So we have
°3 a

A(0) = Vc L2 Ac tanh (nkirslc)
g 71 1 k n

and in particular for deep water when /cif'3/2c = co we have

as was to be proved.

Vc 12 co

A(0) = - - - -lc F.,
c a+ E (A 14)

g 2c n=.1 n1

(A 13)

Appendix B. Historical note
The angular momentum of water waves seems to have been first adduced by

V. V. Shuleikin (1954, § 4) in connection with the generation of waves by wind.
However, it is clear that he did not include in his estimates the angular momentum

of the Stokes drift.
Wave-spin has been considered from a very general point of view as an antisymmetric

tensor by Jones (1973, equation 28b). What we have called the ' orbital angular
momentum' he has called the ' wave-spin density '. He assumes however that a
particle has no average linear momentum, so that the contribution from the mass-
transport (that is, the moment of the mean linear momentum) would be negligible.

We have seen that this is not justified.t
The author's brother (H. C. Longuet-Higgins, personal communication) drew his

attention to the fact that the contribution of wave crests and troughs to the Eulerian
angular momentum tended to cancel out. This led the author to the more accurate
evaluation of this quantity given in § 5. Later H. Naeser (1978) suggested the equiva-

lence of wave spin and wave action, an idea which is discussed in § 10.

The present paper was begun in Cambridge in early 1979 and completed during a
visit to the University of Florida at Gainesville, where the numerical computations
were done. The author is much indebted to Dr K. Millsaps and members of the Depart-
ment of Engineering Sciences for their hospitality and assistance.
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APPENDIX B
SOME TIME AND FREQUENCY RELATIONS IN RANDOM

WAVES

By John H. Nath,' Fellow, ASCE, and Rong-Chuen Yeh,2
Student Member, ASCE

ABSTRACT: Useful characteristics of time and frequency domain rela-
tions for ocean wave spectra are presented. It is shown that the vertical
speed and acceleration of the water surface can be obtained from the
moments of the spectral density function. The higher order moments are
sometimes important, but they are very sensitive to the ordinates of the
high-frequency region of the spectra. Some guidance to cutoff frequen-
cies for generating moments is given. It is shown that functions
depending on the third and, particularly, the fourth moments of mea-
sured wave spectra are of doubtful use because of inherent inaccuracies.

INTRODUCTION

The purpose of this paper is to generate a useful reference of some
knownalbeit scattered in the literaturecharacteristics of wave spectra
and time series fluctuations of the ocean surface. For simplicity, we
consider only progressing waves that are unidirectional and two-dimen-
sional in space. Water surface profiles are measured at one or more
locations in the ocean or the laboratory but herein we consider the record
in time from one profiler.

The time domain representation of the surface profile may look like Fig.
1. It is assumed to result from an infinite sum of the displacements created
by infinitesimally small amplitude wave trains. In the limit, we may write

rl(t) = cos [cot + e(co)][S(o)) dco]112 (1)

according to Kinsman (1965) who paraphrased several equations from
earlier works by Rice (1954). Equation 1 states that the water surface, 1(0,
is composed of a superposition of an infinite number of wave trains. The
frequency of each wave train is co (= 27r/T) in which T is the wave train
period, and the phase of each train is E(w), which occurs at random with a
uniform probability density, p(e), that is constant from 0 :5 E s 27r. The
frequencies range continuously from 0 to co. The infinitesimally small
amplitude of each wave train has a "magnitude" of [S(w)do.]' , in which
S(w) = mean square spectral density (one-sided frequency spectrum) of the
time domain realization of the water surface. Right away we can see there
are two definitions of wave period: (1) The individual wave, T, as shown in
Fig. 1; and (2) the period of each wave train, T, that comprises Eq. 1.

'Prof. Emeritus, Ocean Engrg. Program, Civ. Engrg. Dept., Oregon State Univ.,
Corvallis, OR 97331.

2Grad. Student, Ocean Engrg. Program, ,Civ. Engrg. Dept., Oregon State Univ.,
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for this paper was submitted for review and possible publication on November 24,
1986. This paper is part of the Journal of Waterway, Port, Coastal, and Ocean
Engineering, Vol. 113, No. 6, November, 1987. ©ASCE, ISSN 0733-950X187/0006-
0672/$01.00. Paper No. 21998.
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FIG. 1. Time Domain Water Surface Profile

t

In this paper, we review some relations between S(w), T, T; some
characteristic frequencies, wi ; and the vertical velocity and acceleration of
the water surface, 1 and q.

PROBABILITY AND SPECTRAL DENSITIES AND MOMENTS

The probability density function (pdf) of a continuous random variable,
x, is denoted as p(x). The pdf is normalized such that

p(x) dx 1

f_.
(2)

The integral fx_ p(x)dx represents the percentage of the total population
that is made up of x values that range from 00 to X. The pdf of1(t) is often
assumed to be normally distributed.

The spectral density function (sdf) of the zero mean water surface
elevation, q(t), is denoted by S.,,,,(w). The sdf is often not normalized. The
spectral area fs,,,,(w)dco represents the contribution to the variance of the
water surface elevation that is due to the wave trains with frequencies
ranging from () to R. The sdf is developed such that

so

OD

Sin (w) dco =

It is immediately apparent that p(1) and S.,,,i(w) are related through

(3)

(co) dco = J 12P(1) dr! (4)

Moments
We know that moments taken about the origin of the pdf are useful.

They are defined here as

M = J xlp(x) dx (5)

The mean value of x, x, is MI . Moments taken about the mean value of x
can also be useful. That is

M, = (x X")1p(x) dx (6)

The following definitions result: Mo = 1; MI = 0; M, = o-2 (the variance,
with dimensions of x2); Q., = standard deviation of x; M3/o-3 = moment
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coefficient of skewness; and M4/0.4 = kurtosis coefficient (the "amount"
the pdf varies from the normal distribution, wherein M4/0-4 = 3).

The spectral moments taken about the origin are also useful. They are
defined here as

m, = co'Sni (w) dw (7)

For wave spectra they have units of L2T-' . Vanmarcke (1972) phrased the
moments in a useful way, which we will herein define as the characteristic
frequencies. They are

1 /i

(8)
mo

The following definitions result: 0)0 = 1; wi = centroid position of the
spectrum area; co, = radius of gyration of the spectrum area taken about
the origin; w3 = no name; and w4 = no name.

So, the wf have the units of radian frequency, except wo , which is
unitless. Sometimes wl is referred to as the mean frequency. But this is not
reasonable because, as defined, 5(w) is not a pdf. In fact, the mean
frequency of all the wave train frequencies present in a sea state has no
useful meaning. We refer to wi as the centroid frequency.

Moments can also be taken about the centroid frequency, as they are in
a stress analysis for the bending moment resistance of a beam cross
section. Thus, we define

= f (o) co i)15,1,1 (w) dw (9)

Then we have H.0 = ; = 0; p.2 = moment of inertia of S, taken about
the area centroid; 4.3 is associated with the skewness of the spectrum
shape; and 1.1.4 is not named.

The radius of gyration about the centroid. w, , is

=
l-to

Pi 1/2

or co, = (c4 coD1/2 (11)

As noted by Vanmarke (1972), the spectral density function can be
normalized with p.0 such that

(10)

G(o)) = 1.4:715,1,,, (co) (12)

Then G(w) is more analogous to p(x) since f7, G(w)dw = wo = 1. In this
sense, the centroid frequency, w, , is analogous to x. Using Eq. 9, we
define characteristic frequencies with respect to the centroid frequency as

Pi
=

110

(13)

in which the double subscripting of w is applied only when moments are
taken about the centroid frequency. Thus, wo3 = 1, analogous to Mo ; wt,
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= 0, analogous to M1 ; and wv2 = w,. , analogous to cr.,, , the standard
deviation of -9.

Note that cri and w, are the radii of gyration of p(q) and S(w),
resnectively, about the centroidal axes. It so happens that MI is x, but co,

E[w], as previously stated. Again, the spectrum S.,(w) is an expression
of the contributions to the variance of -9, [12], from wave trains within
arbitrary ranges of w, such as dw, as shown by Vanmarcke (1972). Thus,
there are some similarities between p(i) and S(w), but there is no
functional relationship except according to Eq. 4.

The dimensionless moment coefficient of skewness of the spectrum is
herein defined similarly to that for the pdf, namely

3

SK '4'133

wS
(14)

which can be expanded to

+ 2w3,
SK (15)

cos3

Note that Eq. 14 or 15 is analogous to the moment coefficient of skewness
for a pdf.

Probably all wave frequency spectra are positively skewed. To look at a
couple of examples, we devised a Scott spectrum and a Bretschneider-
Pierson-Moskowitz (BPM) spectrum, respectively, from the formulations
(Hudspeth et al. 1981):

(w) = 3.424
(a) th).2 11/2

(16)IA, exp
L0.065(w ti) + 0.265)i

where 0.265 < w w < 1.65, and

SBret. = 5 -° (6)5 exp [1.25 el)41 (17)
Vo

in which W' = frequency at the spectral peak (the modal frequency), and the
modal period is defined as T = 27r/d). (Note that T so defined is not the
period at the peak of the period spectrum.) The spectra so devised
correspond to one of the Hurricane Carla spectra. For the two spectra the
W were equal and the spectral areas were nearly equal. They are plotted in
Fig. 2. They are nearly equal in shape and have skewness coefficients from
numerical analysis of SKscou = 1.88 and SKaret. = 2.14. The theoretical
value of SKBret is 5.62. These wide differences are disconcerting and lead
to a precision analysis, which will be reported later after the section on
spectral width parameters.

Spectral Width Parameters
For various reasons it is useful to consider the degree to which a sea

state represents a narrow-banded spectrum. The concept of a narrow-
banded spectrum usually means a time series like the one in Fig. 1, only
with no negative maxima. In fact, Cartwright and Longuet-Higgins (1956)
develop a spectral width parameter that is dependent on the number of

675



120

153

100

30-
8

so-
u,

: 40
3

20-

(.3 =0.4847 radisec
23.79 f t2

Bretschneider

Scott

0 04 08 12 1.6 2.0
Radian Frequency (rad/sec)

2.4

FIG. 2. Test Ocean Wave Theoretical Spectra with H113 = 19.5 ft, T ---- 13 s

negative maxima, positive maxima, and the number of zero crossings. The
parameter they used is:

rni
VI =(1

MO M4.

(18)

The parameter vi is valuable because as v1 0, the distribution of the
maxima of the time series approaches the Rayleigh distribution. As v1 1,
the distribution of the maxima approach the normal distribution with a zero
mean. Actually,the maxima are nearly Rayleigh distributed if vi s_ 0.4. The
problem with v1 is that it is dependent on m4 , which is somewhat
unreliable. That is, the integral in m4 is very sensitive to the cutoff
frequency and the ordinate values of the spectral estimate at higher
frequencies, which are likely to contain noise. With the aid of Eq. 8 and
subsequent simplifications, vi reduces to

v
cot)1/2

(19)

Longuet-Higgins presented another spectral width parameter (1983)
(which was appropriately named a "narrowness" parameter) as

MO m2V2
/112,

CO,
Or V2 =

wt

which is the ratio of the radius of gyration of the sdf, taken about the
centroid, to the centroid frequency. This might be preferable to Eq. 18 in
the respect that the highest ordered moment is the second.

Vanmarcke (1972) explained relationships between the frequency and
time domains for a vibrating structure. His paper stimulated the composing

(20)

(21)
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TABLE 1. Summary of Properties of Spectra in Fig. 2; 4;, = 2.1347 rad/s

Property
(1)

trio

My

M4

1)-4

Spectrum

Scott
(2)

24.09
16.27
13.47
13.95
17.59
0.43

Bretschneider
(3)

23.71
14.72
10.36
8.54
8.43
0.34

of this paper, where the vibrating medium is the ocean surface. The
spectral width parameter used therein is

(22)
rnf.

V3 = (1
m0 M2

CO,

or V3 =
(0,

(23)

which is the ratio of the radius of gyration of the sdf. taken about the
centroid, to the radius of gyration taken about the origin. Perhaps Eq. 23
has a more consistent normalization than Eq. 21. Each narrowness
parameter is useful in its own right, depending on the formulation of the
equations utilizing each one. The properties of Fig. 2, based on a cutoff
frequency of 2.1347 rad/s, are summarized in Table 1.

Two things influence the accuracy of the spectral moments as deter-
mined numerically. One is the accuracy of the numerical integration
scheme and the other is the cutoff frequency. Knowing the characteristics
of the BPM spectrum theoretically we found that the three-point Simp-
son's method with a frequency increment of Aw = 0.16) gave excellent
results for the spectrum area out to a very high frequency. Thus, the only
variable in an accuracy analysis became the cutoff frequency. We first
investigated the spectral moments out to m4 . Fig. 3 shows the results. The
moments mo and m, have reached fairly constant values by w/6 > 4.
However, the value is much higher for m, , and m3 is not really near its
asymptotic value at wco/W = 11. The values of m4 rise sharply, not
approaching any constancy. In fact, an integral analysis using Eq. 17
shows that m4 approaches infinity as wco gets very large.

For the characteristic frequencies shown in Fig. 4, WI is fairly constant
for w,/W 5. For w, the value is 7, and w3 is still increasing at wco/W = 15.
The values of w4 are not plotted because of the characteristics of m4 , as
seen in Fig. 3. Fig. 4 shows that the band-width parameter, v3 , is fairly
constant at coco/W = 11. In order to obtain mildly accurate values of SK,
which depends heavily on m3 , it was necessary to carry out computations
to wc./ 'W = 150, as seen in Fig. 5. The results, up through w3 , are also
summarized in Table 2.

Fig. 5 shows that the skewness computation may not be very useful. Fig.
2 shows that all the meaningful information in a wave spectrum is probably
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included in the range of 0 < < 5. Yet Fig. 5 shows that SK is rapidly
changing in magnitude in these values of co,/Co. If one chooses wc,/t1) as
large as 150, the skewness approaches a constant value, but the meaningful
information shown in Fig. 2 plays only an equal role in determining the
value of SK with the very low-amplitude, high-frequency tail of the
spectrum. For a measured wave spectrum, one never has such extensive
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FIG. 5. Skewness Coefficient versus Cutoff Frequency in Terms of w,0/6)

high-frequency information. In addition, the high frequency information
that does exist is usually heavily contaminated with noise from various
sources. Thus, functions that include the third moment, such as SK, may
be of doubtful value. Functions that include the fourth moment are even
more doubtful because of their extreme sensitivity to the high frequency
characteristics of the spectrum.

Mean Periods and Frequencies
Rice (1954) developed the expected frequency (presented here in radians

per second) of the zero crossings as

c =
mo

or, expressing the mean zero up- or down-crossings as w

= (02

(24)

(25)

Table 2. Comparison of Spectral Parameters for Sretschneider Spectrum with mo =
23.79 ft2; = 0.4847 rad/sec

Parameter Theoretical Calculated
(1) (2) (3)

Cutoff frequency (rad/s) 73.2866

w<aid) 150

wi/6.) 1.2958 1.2952

u)-2/e."6 1.4077 1.4072

(03/6) 1.6244 1.6198

0.3908 0.3910

SK 5.6166 5.4075
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which, again, is the radius of gyration of S(w), taken about the origin.
Cramer and Ledbetter (1967) then showed that as the length of the time
record approaches and the process is stationary and ergodic, that

/it
= (26)

-c

in which 7) is not intended to mean the mean frequency of the discrete zero
up-crossing waves, but T is the mean up-crossing (or down-crossing) wave
period. Again, some authors consider the centroid frequency to be the
mean frequency, which is clearly not the case for either the wave train
frequencies or the discrete wave frequencies. There may or may not be a
great deal of difference between the two for a narrow spectrum. In fact, for
a fairly narrow spectrum, such as the BPM spectrum shown in Fig. 2 and
expressed as Eq. 17, we obtain

wl = 1.2957 6) (27)

and w2 = 1.4077 6) (28)

which is a difference of 8%.
The mean discrete wave period can also be derived from the p(d)

developed by Longuet-Higgins (1983). This is not so easy since Longuet-
Higgins gives

3/2

P(430 L [1 + :1))
2v2 4)2 v-z

in which L = 2/[1 + (1 + vi)-1/2] and 4) = .c/t.

Often the mean discrete wave frequency is defined as

1

f =
T

(29)

(30)

The reason that Eq. 30 is not really correct is that the model derived by
Rice assumes equal time increments along the record. The number of zero
crossings would be, say, counted in each time increment and the resulting
population of numbers averaged. If we consider discrete waves, we have
two zero crossings for each wave period, but the periods are not all equal,
meaning that the average of such frequencies are taken from different time
increments without proper weighting. That is why! is not truly the same as
the mean of the discrete wave frequencies.

We examined 12 laboratory wave records of equal length (approximately
8 min each). For each, the significant wave height was about 2.9 ft.
However, the modal periods ranged from 2.6 to 3.9 s. The calculated mean
discrete wave period was

= T (31)
N n=1

and the mean discrete wave frequency was
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=
N

(32)f N t
An error was then defined as

E =ft 1 (33)

Note that if f = 1/-7, then E = 0. The results of this homely example are
shown in Fig. 6 plotted against the standard deviation of T, normalized by
T. The error, or difference, between and 1/.7 can be significant.

The inequality can be seen another way. Assume we know per) from
Longuet-f-fggins (1983). We define f = 1/T. We can find p(f) from

P(f) = P(T)

so that p(f)

Now t =

and 7= f
0

.
or f= f

o

So --E ' =

dt
df

= t2p(t)

Tp(t) dtf
o

.

fp( f) df

T'isi(t) ch

-1
[I. tp(t) tit] of

o

(34)

(35)

(36)

(37)

(38)

(39)

Direct Time and Frequency Domain Relations
From Vanmarcke (1972) [who also used the developments by Rice

(1954)], we can show that if the vertical speed and acceleration of the water
surface are denoted as Si and -q, the following summary can be made
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Mo = T12 (40)

m2 = fl" (41)

and m4 = ri (42)

rms
Thus CO2

fi
(43)ruts i

CONCLUSION

Useful characteristic frequencies can be calculated from wave spectra
that help to grasp the meaning of certain derivations for the mean zero
up-crossing frequency, the mean period, etc.

The ruts values of the water surface elevation, the vertical speed of the
water surface, and the acceleration can all be obtained from the moments
of the spectral density function.

The mean discrete wave period is not the reciprocal of the mean
frequency of the discrete waves. Rice (1954) solved for the mean frequency
of the zero crossings. Cramer and Ledbetter (1967) showed that this is
closely approximated by the total record period divided by the total
number of zero crossings, provided the record period is large.

For the higher spectral moments computed numerically it is of very great
importance to use an accurate integration scheme coupled with computa-
tions that extend to several times the modal frequency of the spectrum.
Functions containing the third and/or fourth moments are of doubtful value
because they are changing rapidly as a function of integration cutoff
frequency for frequency ranges that include only the meaningful parts of
the wave spectrum; and at the very high frequencies where they may
become asymptotic to a constant value, they are unduly influenced by the
high-frequency characteristics, which may include considerable noise.

ACKNOWLEDGMENT

This work was supported by the Office of Naval Research, Ocean
Technology Program, through Contract N 00014-84-00303 to Oregon State
University. The writers wish to thank Robert Hudspeth of OSU for his
helpful discussion after reviewing the manuscript.

APPENDIX I. REFERENCES

Cartwright, D. E., and Longuet-Higgins, M. S. (1956). "The statistical
distribution of the maxima of a random function." Proc. Royal Soc. of
London, Series A 237, 212-232.

Cramer, H., and Ledbetter, M. R. (1967). Stationary and related stochastic
processes. Wiley, New York, N.Y.

Hudspeth, R. T., Nath, J. H.. and Sollitt, C. K. (1981). "Digital to analog
wave-maker simulation." Physical modeling in ocean engineering. R. A.
Dalrymple, ed. (proceedings of an International Conference, held at Newark,
Del.).

Kinsman, B. (1965). Wind wavestheir generation and propagation on the
ocean surface. Prentice Hall, Inc., Englewood Cliffs, N.J.. 375.

Longuet-Higgins, M. S. (1983). "On the joint distribution of wave periods and

682



160

amplitudes in a random wave field." Proc. Royal Soc. of London, Series A
389, 241-258.

Rice, S. 0. (1954). "Mathematical analysis of random noise." Selected papers
on noise and stochastic processes. N. Wax, ed., Dover Publications, Inc.,
New York, N.Y.

Vanmarcke, E. H. (1972). "Properties of spectral moments with applications to
random vibration." J. Engrg. Mech. Div., ASCE, 98(2).

APPENDIX II. NOTATION

The following symbols are used in this paper:

E = error;
f = cyclic frequency;
G = normalized sdf;
M = moments of pdf taken about origin;
M = moments of pdf taken about the mean;
m = spectral moment, taken about zero frequency;
p = probability density function (pdf);
S = spectral density function (sdf);

SK = moment coefficient of skewness;
T = wave train period;

modal period, defined as T = 27r/6);
t = time;

x = dummy variable;
zc = zero crossing period;

E = phase angle of wave frequency component;
= water surface elevation;
= spectral moment, taken about mean;

v = spectral width parameter;
vX = standard deviation of random variable, x;

T = zero down-crossing period of individual wave;
= TIT

co = wave radian frequency;
co, = radius of gyration of spectral density, taken about centroid

frequency;
frequency of spectral maximum; and

SZ = cutoff frequency for spectral integration.
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APPENDIX C

NONDIMENSIONAL SPECTRAL MOMENT PARAMETERS

A proper relationship between variables in a physical process can

be found by using the dimensional analysis technique. Therefore, in

order to characterize breaking waves the particular parameters of a

wave spectrum are defined by using the dimensional analysis technique.

The linear momentum in a given sea state is important if wave

forces on a rigid structure are considered. The angular momentum in a

sea state could be important if the pitch or capsizing of a vessel is

considered. Therefore, these two physical quantities are considered in

the dimensional analysis technique.

The units of various forms of momentum in a wave field are shown

in Table C-1. The Buckingham Pi theorem is applied to the various

items influencing breaking waves and the spectral moments. Particular-

ly under consideration are the average angular momentum (total, flux,

and densities), the average linear momentum (total, flux, and den-

sities), and the realizable moments of the wave spectrum, m0, ml, m2,

and/or m3. The fourth order moment, m4, is undefined for saturated

spectra where S(w) = w-5 such as the BPM spectrum is defined in Eq.

(2.4-5). Therefore, one can let p and mo be the repeating variables

and by Buckingham Pi analysis one can show the dimensional relationship

between the various forms of momentum and the spectral moments.

Ma Function(pm8/2m1, pmt m1/2, p43/6 m1/3)

Mad Function(pmo/2mi, pm0 m21/2 , pm//6 m31/3)



162

Table C-1. Units of Various Forms of Momentum.

Items Units (F,L,T)*

Angular momentum, Ma LFT
Angular momentum density, Mad L-1FT
Angular momentum flux, Maf LF

Linear momentum, M1 FT
Linear momentum density, Mld L-2FT
Linear momentum flux, MY F

* units L - Length, F - Force, T - Time.



163

Maf Function (p4/2mi, pm8/2 p41/6 m3 /3)

3/ 1/ 5/M1 = Function(pmomi, pmo 2
, pm2 2

, pmo 3 m31/3)

1/ 1/ 1/.
Mid Function(pmi, pmo 2 m2 2

, pmt /3 m3
3

)

MY Function(pm2
l' 0 m2, P 0

4/3 m3/3)

(C-1)

From these functional relationships between the various forms of

momentum and spectrum moments, at least three nondimensional parameters

r4, r5, 1.6 can be defined as

2
ml

m0 m2

3
m2

Irs 2
m0 m3

ml m2
6 mo m3

The relationship between r4 and the probability of breaking waves

is shown in Fig. C-1. Figure C-1 shows that 1.4 is not a function of

Pg. It can not be used to characterize breaking waves.

This r4 parameter is related to the spectral width parameter, v2

(Eq. (1.6.1-18)), as

1/2

(C-5)

The effect of this v2 on the probability of breaking waves is shown in

Fig. C-2. Again, no functional relationship can be found between v2

and Pg.

The range of v2 values for the laboratory generated wave spectra

here was between 0.31 and 0.43. All these wave spectra are narrow-
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band. This limited range of band width may not enable one to conclude

the influence of spectral band width on the breaking wave for a sea

state.

The effects of the nondimensional parameters x5 and w6 on the

probability of breaking waves are shown in Figs. C-3 and C-4. No

functional relationship can be found from these figures. Therefore,

the parameters its and r6 can not be used to characterize breaking wave.



0.10

0.08

am/

0.06

mIl

0.04
owl

0.02 -I

0.00
mai

*

0 JO(JSWAP

* Bretschneider

41

.0 41

41 it- 41it 41it * ix P *41 *
iftz ..4 *** *
.* is ilx 42

.4* **
-ti* * **

0
,4111

2

(PB

it
itx

41.4 41

il
iiiiiinir-11111111

4 6 8 10

)observed %

12

167

Figure C-3 Comparisons between the nondimensional parameter w5 and
the observed percents of breaking waves.



1.00

0.00 i IIIIIIIIIIIIIIIIIIIIII
2 4 6 8 10 12

(PB )observed %

168

Figure C-4 Comparisons between the nondimensional parameter r6 and
the observed percents of breaking waves.



APPENDIX D

ON BREAKING WAVE DEFINITIONS AND PROBABILITIES
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Oregon lute limvorsay

Corvallis, Oregon

ABSTRACT

A new method of predicting the probability of
breaking waves based on the joint probability distribu-
tion of levels of action and crest elevations is
presented. Joint probaoility densities where the crest
elevation is equal to or greater than the level of
action are sought. For laboratory data, a 32.3 degree
3 -angle on the joint probability density plot has been
empirically determined for defining the breaking wave
condition. These probabilities are compared to the
probabilities calculated from the wave steepness param-
eter, c. Comparisons between predicted and observed
percents of breaking waves show good agreement and the
method appears to work well with Hurricane Carla data.

DaRODUCTION

Large breaking waves in deep water are a hazard to
the arability of small craft and oceanographic research
buoys. It is important to be able to predict the
probability of breaking waves for a given sea scare. A
handicap from the beginning of this endeavor is to be
able to identify, from a time domain record of an
irregular sea, which waves are truly breaking. There
are problems in defining both the breaking wave heights
and periods. Secondly, predictions that are based oa
such definitions are questionaole, particularly if they
are not compared to experimental data which include
measured, visually verified breaking waves.

A few studies of breaking wave statistics (Battjee
(1), Math and Ramsey (7), Soumb and Overvik (4), and
dal and Tsai (8)) which were based on the joint
probability density function of wave height and wave
period have been made. First, a definition of a break-
ing VIMe from a time domain record was established.
Then, the percent of 'cress that net that criterion was
the probability of a wave breaking. The wave steepness
criterion that characterizes breaking waves has been
determined theoretically (Languor-Higgins (5)) and
empirically in the Laboratory (Van Dorn and Pazan (11),
Ochi and Tsai (8), and Math and Ramsey (7)) for steep
periodic or random waves. The empirical methods show
it is difficult to identify the height and the period
of a breaking wave. Perhaps the biggest difficulty is
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in defining the breaking condition in a sea state.
Therefore, the steepness criterion which Is used to
characterize breaking waves will vary, depending on the
definition adopted.

Srokosz (10) derived a formula for the probability
of wave breaking at a given location by assuming that
the sea surface is Gaussian and the fourth order
spectral moment, m!,, exists. However, this fourth
order spectral moment is very sensitive to the cutoff
frequency for the integration and it does not exist for
the Bretschneider-Pierson-Moskowitz spectrum.

Hoithuijsen and Herber! (3) observed waves from
the motion of a buoy in open sea conditions. Simul-
taneous visual observations of whitecaps and wave meas-
urements were made to identify breaking wave events in
the buoy wave record. They concluded that a
statistical wave-by-wave analysis of these records
showed that such seemingly obvious parameters as wave
sceepeness or wave asymmetry are nor consistent for
identifying breaking waves.

In this paper a new definition for identifying a
breaking wave within a time domain record of irregular
waves has been developed, using the level of action
concept formulated by Longuet-Higgins (6) for periodic,
symmetrical waves. The probability of breaking waves
in deep water is then estimated from the joint
probability distribution of the level of action and the
crest elevation. Also, the nondimensional parameter c,
which was defined by Math and Ramsey (7), is verified
as a useful, conservative indicator of the probability
of breaking. Measured sea states with different
probability of breaking waves were generated in the OSU
Wave Research Laboratory (WRL) to test these ideas.
They included visual observations of breaking waves.

THE PROBABILITY OP WAVE BREAKING

Freouencv Domain
Several efforts of attempting to obtain a direct

linkage between the statistics of breaking waves and
the spectral moments of the one-dimensional wave
spectrum have been made. One possible breaking wave
indicator is the sea steepness parameter, r. Math and



Ramsey (7) showed that c can be approximated from the
first and second moments of the one-dimensional wave
spectrum if It is assumed chat wave heights are Inde-
pendent within themselves and independent of wave
period and that wave heights and the square of the wave
periods are Rayleigh distributed. It was shown (7)

that

0.22
221 mo

(1)

where the coefficient 0.22 is dimensional and was
derived from the simplifying assumptions explained in
Math and Ramsey (7). The moments are defined by

m f w'S(w)du ,

n
(2)

where w(-2y/T) is the radian wave frequency, with T the
component wave period, and S is the mean square
spectral density with units of meter` -sec. It also was

shown (7) that the percentage of breaking waves,
in a sea state can be estimated from

(3)

Level of Action
For a periodic, irrocacional gravity wave,

Longuec-Higgins (6) showed that the Level of action,
yv is defined as the average angular momentum,
throughout the wave, taken about the still water sur-
face, divided by the average horizontal linear
momentum. The average angular momentum and the average
horizontal linear momentum were obtained by integrating
the local momentum from the bottom to the free surface
over the entire wave length, and then dividing by the
wave length. The level of action is analogous to the
center of impact of a uniform circular disk which is
rolling along a horizontal plane surface. At the
center of impact, a horizontal impulsive force would
have to be applied to start the disk rolling from rest,
or to stop is dead, without slipping or bouncing. For

a small amplitude wave the level of action turns out to
be

ya - 1 canh kh (4)

where 4( .2s/L) is the wave number, with L the wave
length, and it is the waxer depth. Thus, for deep water
small amplitude waves, the level of action is approxi-
mately 1/12 of the wave length.

For a finite amplitude periodic wave, using a
numerical solution, Longuec-iiggins showed that the
level of action approached and became nearly equal to
the wave crest elevation, y. The numerical results (6)
for finite amplitude waves are reproduced here as Fig.
1. So, herein deep water breaking waves are first
defined as when the crest elevation is equal to, or
greater than, the level of action.

However, the level of action concept for irregular
waves Is not clear. Be approximate the level of action
for an irregular wave by fitting it to a Stokes third
order wave using the crest elevation and the zero
crossing period. It is assumed that the spectrum is
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Fig. 1 The level of action la and the crest elevation
y shown as functions of the wave first harmonic
amplitude a, nondimensionalized with 4, for
waves in deep water.

narrow enough so that only zeco crossing waves need to
be considered. This time domain identification of a
discrete breaking wave requires that only the semi-wave
period, T', and the crest elevation, y, be known, as
shown in Fig. 2. We recognize that the breaking wave
is asymmetrical with respect to a vertical line drawn
through toe wave crest. However, as a beginning on
this problem, we assume it is symmetrical.

Fig. 2 Definition sketch of semi-wave period T' and
the crest elevation y.

Ramberg, Barber, and Griffin (9) studied steep and
breaking deep water waves in a convergent channel.
From experimental results they found that, within the
accuracy of t3Z, the phase speeds and wave lengths of
steep, asymmetric waves continued to be well-repre-
seared by Stokes third order wave. By applying Stokes
third order theory, a finite amplitude periodic wave
can be adequately approximated for each pair of (T',
y). In the time domain the water surface elevation, n,
is

2 2
xa

n a cos at + cos lac + 1.3 cos 3wt
1.7

(3)

where a is the first harmonic amplitude, T is the wave
period, and w 2s/T. When n
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na 2
23
v a

y a a * . -- , (6)

which is related to the wave period through the third
order dispersion equation,

.2
(..)2) (7)

By a .awton-Raphson technique, the three unknowns a, L,

and T can be solved numerically from three simultaneous
equations that result from zqa. (5). (6). and (7), when
n is also sec - 0 in conjunction with its use with
'I'. Then, the level of action ya can be found from
Fig. 1, or numerically as was done by Longuem-
Iliggins. The joint probability distributions of the
levels of action and the crest elevations are then
determined from a time record. The regions in the
joint probability density where the waves are assumed
to be breaking can be easily identified.

EXPERIMENTS AND ANALYSIS

We observed breaking waves in the wave flume from
which statistics of observed breaking waves could be
calculated. A breaking wave was defined as a wave with
a visible aerated surface on its crest, that was seen
at the testing position. These included born spilling
and plunging breakers. The probability of breaking
waves was purposely varied by changing the appropriate
spectrum parameter that varied the average wave steep-
ness. The purpose was to have data that were useful to
this study. Different JONSWAF and 3recschneider
spectra were generated with different, observaole,
degrees of wave breaking.

The WRL consist, of a two-dimensional wave flume
3.66 m (12 ft) wide, 103.6 s (340 ft) long, as shown in
Fig. 3. The water depth was 3.51 m (11.5 ft). The

testing position, free of the evanescent effects from
the boundary conditions, was about 41.45 m (136 ft)
from the wave board. Another reference profiler was

located 2.44 m (8 ft) down-wave from the test posi-
tion. During the wave measurements and observations,
an electric signal was triggered each time an active
breaking wave was seen to pass the test position. By

identifying breaking waves with an -on-off- signal,
breaking waves were noted in the time series. The
trough preceding the crest is more suitable than the
trough behind the crest in determining wave height for
breaking waves. Put, a strength of this new method is
that only the wave crest elevations need be recorded.
We measured wave height only to obtain a time domain
realization of 81/3. The total number of waves for
each time series was one half of the number of zero-

crossings. Dividing the number of observed breaking
waves by the total number of waves, the observed proba-
bility of breaking waves were obtained.

Fifty-seven different time series were generated,
each one about 8 minutes long. Significant wave
heights varied from 0.2 m (0.67 ft) to 0.99 a (3.24
ft). Wave spectra, with at Least 16 degrees of free-
dom, were calculated for each time series. Represen-
tative spectra are shown in Figs. 4 and 5. A
representative time series is shown in Fig. 5. The sea

steepness parameter, c, and the breaking wave index,
ps., vs. the observed probability of breaking waves are
plotted in Fig. 7. The predicted probability of wave
breaking, using Eq. (3), is higher than the observed
probability of breaking waves, which is on the
conservative side, as predicted in (7). Possibly a
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Fig. 3 OSU flume (units in feet).

No. 8K86 #21
07 ,%= 1.0

008 r 5

2.5 sec

- measured

0.2 0.4 0.6 0.8 1.0

Frequency f (Hz)

Fig. 4 A representative Laboratory generated wave
spectrum with 2.731 of breaking waves.

2.5
Bretscnneider

Run No. 8K86 #47

T1/3 = 3.7 sec

H1/3 2.5 ft

measured

---- input

0
0 0.2 0.4 0.6 0.8- 1.0

Frequency f (Hz)

Fig. 5 A representative laboratory generated wave
spectrum with 1.845 of breaking waves.
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Fig. 5 Laboratory measured water surface profile.
"On-off" signals indicate the breaking waves.
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Fig. 7 Comparisons of percents of breaking waves
between calculations (from r) and observa-

tions.

longer time record would have a better accuracy of the
individual percents of breaking waves, but with 57
runs, the trend of the process is clear. The breaking

wave index, F5,,, may be a useful, though conservative,
estimation of percent of breaking waves for engineering

purposes.

1.3

/
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ye / ylT0111

Pig. 8 Dimensionless joint probability density of
levels of action and crest elevations. Total

volume a 1.3.

beyond the -45 degree line' in the joint probability

density. Empirically, we then determined the angle, 3,
as shown in Fig. 8, that would be accessary to provide
the correct volume. The distributions of these 3-

angles are shown in Pig. 9. neglecting the three runs
with very small percent of breaking waves, the statis-
tics of the 9-angles, 81/3 and percents of breaking
waves for 54 runs are shown in Table 1. At least for
the sea scares in the WRL the 32.3 degree 3-angle can
be used co calculate the percent of breaking waves.
The probabilities of wave breaking calculated from this
32.3 degree 9-angle vs. observed percent of breaking
waves is shown in Fig. 10.

0 5 10 15 20 25 30 35 40

5-angle (degree)

45

From each wave record a joint probability density

of (y, y) was determined, which was nondimensionalired Fig. 9 The distributions of 8 angles.

by dividing each crest by the maximum crest elevation

in each wave record. The percent of the that

were breaking, so defined, were than equal to the Table 1. Statistics of breaking wave experiments.

volume under the joint probability density function
wherein the crests were greater than or equal to the
level of action (i.e., above the 45 degree line in Fig. Mean Deviation Range

8). One check on the third order wave assumption was

Standard

that the sue of the discrete wave periods, ST., (where
T is determined from Eq.. (5), (6), and (7)) is equal 9 angle (degrees)

to the coral length of the wave record, 7 About
-total'

99% of the cases of our experiment, these errors were
less than 1.2%.

The results from the laboratory measurements of
random waves showed that although breaking waves
occurred at the profiler, as ascertained by eye, no
wave crest elevations were greater than the calculated

levels of action. Therefore, there was no volume
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percent of
breaking waves (3)

H 1 /3 (ft)

(o)

32.3 1.49 28.7 -35.5

5.12 2.34 1.40- 9.94

2.31

0.70
0.61
0.19

0.95- 3.24
0.29- 0.99
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There are a few possible explanations way there is
the difference between the 45 degree and the 32.3
degree angle for S. In our experiments, about 305 of
breaking waves started breaking before they arrived at
the casting position. It was noted that Me crest
elevation dropped abruptly right atter the start of
wave breaking. Due to this sudden change of crest

elevation effect. wave could break when the measured
y was smaller than ya in our experimentations. Also,

the differences in the d angle could be Samosa the
generated random do not completely satisfy the
deep water wave condition in our experiments. About

half of our laboratory generated spectra have a spec-
trum peak period, T, greeter than 2.3 sec. According

to the Linear wave theory, at least 705 of individual
in each ties series do not satisfy the deep water

wave criterion, h/L a 1/2. These intermediate water
depth waves have a smaller limiting wave 'teepee's,
R/L, than the deep water waves, wherein 811. 1/7,

because of the shoaling effects.

The differences in the 6 -angle may also be due to
fitting a third order wave to an irregular wave. a
problem within the definition itself, difficulties in
visually identifying the breaking or ocher

reasons. Resides these causes, in a closet flume the
kinematics of waves are affected by the returning flow
that any change the angular momentum and the linear
amiantus of waves. This any also cause the waves to
break before the crest elevation equals the level of
action. From our experiments, the breaking waves cri-
terion was obtained as that the waves start breaking
when y a 0.63 y., which was calculated from the 32.3
degree 6-angle GIs the joint probability dessity (Y. Y.)
plot (as shown in Pig. 8). For linear deep water
mires, we can epproximmeiy set y 8/2 and y.

lide. Then from y a 0.63 y, we can calculate the
limiting wave steepness, 11/L 0.1, which is close to

the result, Hit 0.11, obtained by Ochi ad Tsai (6).

We next applied this 32.3 degree decision line oe
the joint probability density plot to field amours-
moms from Hurricane Carla to see LI there is any
reason to believe the laboratory results are applicable
to field conditions. The hurricane nem recorded
during the period September 8-10. 1961 (et (2)).
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Probability(from IS. 32.3)

Fig. 11 The predicted probabilities of breaking waves
of Hurricane Carla.

CONCLUSIONS

The level of action concept is an intriguing
possibility for defining a breaking wave.
The advantage of this new definition is that
the difficulties of defining both the Joint
probability of heights and periods can be
avoided. Os need only define the seed -wave

period, 2', and the cram elevation, y.

In the OSU WILL, by vienel contireacion,
instead of y a ya being used to prescribe
wave breaking, we found, by experimocaricie,
that y a 0.63 ya is a better criterion. This
criterion corresponds to a 32.3 degree
6-angle on the joint probability plot. It is
uncertain as to why there is this difference
but a few hypotheses are proposed.

The joint probability of the cram elevation,
y, and the level of action, ya say yield a
good way to estimate the percent of waves
that are breaking.

The use of e is conservative, although
simple, way to estimate the percent of waves
breaking. It is conservative us the

estimation will be oe the high side, accord-
ing to the OSO experiments.
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