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A simple approach to developing approximate analyti-

cal performance models for complex systems (such as dis-

tributed processing systems or computer networks) is pre-

sented. The approach is applicable in cases where measure-

ment or simulation data describing system performance are

available but the system is too complex for exact analyti-

cal models to be quickly developed.

Known results from queueing theory are first used to

indicate the appropriate functional form of analytical

formulas for system performance, then modified regression

techniques are used to estimate unknown parameters in these

formulas. In all cases examined in this thesis, this

simple approach has closely predicted the performance of



ti

the system studied. It appears to be applicable to a wide

variety of systems, and is especially valuable when it is

combined with further analysis of the system to analyti-

cally explain the parameters obtained by regression.
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Identification and Analysis of Simple Models

for the

Response Time of Complex Computer Systems

I. INTRODUCTION

Computer systems have played an increasingly impor-

tant role in such fields as business, education, communi-

cation and government for the past quarter century. Be-

cause of the importance of their role, the performance of

computer systems should be understood better than it cur-

rently is. This understanding is basically achievable

through effective analytical modeling of computer systems.

The computer performance measures should be selected

after careful consideration of the objectives of the

system, especially with regard to human expectations.

Common computer performance measures are: Response time,

waiting time, turnaround time, throughput, etc.

Although developing the analytical equations to be

used to describe system performance directly from analysis

is desirable, the development of such analytical models

for the performance of complex systems (distributed pro-

cessing system or computer networks, etc.) presents form-

idable problems. A major source of these problems is

also a major motivation for attempting to develop perform-

ance models. That is (1), such systems are often so
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complex that nobody really understands them well enough

to understand what is going on when the system operates,

and it is very hard to find out why results are sometimes

unsatisfactory. Analytical models for the performance

of such systems can aid tremendously in the understanding

of them, and can also be extremely useful in the neces-

sary communication processes required among the different

groups of people involved in developing, maintaining and

using the system (1). The understanding of such systems

is so poor that in many cases there is not even a reason-

able understanding about what factors interact to determine

performance.

Although a wide variety of approaches to modeling the

performance of complex systems have been used, two pri-

mary approaches have been adopted generally:

The first approach is the development of elaborate

and detailed simulation models which "represent every-

thing without understanding anything" (1). The second

approach involves the use of queueing theory. Since the

traffic flow within the computer and the computer communi-

cation network can be described by queueing networks,

highly idealized (but still very analytically complex)

queueing theory models have been developed. In many cases

these models are then rigorously studied to obtain an un-

derstanding of the models (but not necessarily an
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understanding of the systems being modeled). The outcome

of the second approach has been that queueing theory has

grown to be closely associated with a few stochastic pro-

cesses such as the Poisson and renewal processes, which

are amenable to exact analysis.

Neither of the two aforementioned approaches have

yielded really satisfactory results. The simulation ap-

proach has been greatly limited by its failure to provide

true system understanding and also by being very expen-

sive. The analytical approach has been limited by doubts

concerning whether the appropriate models have been ade-

quately validated.

A number of recent theoretical developments have pro-

vided considerable hope that more useful techniques can

be developed for modeling the performance of complex sys-

tem (2,3). In particular, there are good reasons for feel-

ing that reasonably simple analytical performance models

may be as accurate as, and more useful than, more elaborate

and complex models (2). One simple approach to developing

such models will be discussed here.

1.1 Scope of Thesis

The goal of this thesis is finding a middle ground

beteen rigorous modeling techniques (queueing models) and

empirical (simulation) models, to develop a simple
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systematic approach to modeling of mean response time,

mean waiting time, or some other performance measures in

computer systems.

The situations studied are cases where reasonable

amounts of simulation or measurement data. describing sys-

tem performance are available, but analytical models to

better understand the data are still desired. In such

cases, instead of expending a large amount of effort in

attempting to develop an analytical model directly from

knowledge of how the system operates, it is possible to

employ a simplified approach to rapidly develop an approxi-

mate model which provides considerable insight into the

factors affecting the performance of the system and is

sufficiently accurate for many situations where models

are needed.

1.2 Approach Used

The simple approach which we propose to use for com-

puter system performance modeling is an approach which

has been utilized regularly in many fields of science

where experimental data are collected in order to under-

stand the system under observation. These data are used

to derive a model for the system which is then used for

prediction and study of that system.

The basic steps in such study have been succinctly
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stated by Belady and Lehman (4):

All of the natural sciences have been built and contin-
ue to develop on the basis of a common methodology.
The universal system of interest is observed. Gross
entities, patterns of behavior, are recognized and
global measurements made, until regularities, patterns,
trends, invariances are observed. Only then are
models and supporting hypotheses created. These in
turn form the starting point for a developing theory
that relies on further observation and experimentation
for the gradual evolution of the theory. In parallel
there will emerge an experimental and applied science
which, in response to societal needs and efforts,
leads to an engineering technology. . . . A formal
framework and axiomatic theory follows when basics are
clear, when it is known what is fundamental or criti-
cal, and what is fortuitous.

The basic steps we use are:

1. Obtain suitable measurement of simulation data,

2. determine suitable forms to assume for the func-

tional relationship between input and output data,

and

3. use modified regression techniquesto obtain the

best fit of the function selected to data.

In view of the fact that this approach has been used

regularly in other fields of science, it seems amazing

that it has never been applied in the study of queueing

models of complex systems. Diligent searches of the rele-

vant literature have not turned up any use of this ap-

proach by others.

Although the first step, that of obtaining suitable

measurement or simulation data, is often the most
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difficult one in the modeling effort (2,3), little can be

said about it except to bemoan the fact that suitable data

sources are hard to find. Rather, this thesis focuses on

steps 2 and 3, which are the determination of suitable

forms for the assumed function relationships and using

modified regression techniques to fit the data.

1.3 Outline of Thesis

In Chapter II, we review some of the basic concepts

of queueing theory, and summarize some of the exact re-

sults available from well-known queueing models. Also,

we review some bounds, inequalities and approximations

for performance measures such as mean response time or

mean waiting time, etc. These results are used in later

sections of the thesis to indicate appropriate function-

al forms of analytical formulas for system performance.

In Chapter III, we first give some background

material on known curve fitting (parameter estimation)

techniques and review techniques proposed in the liter-

ature for both linear and nonlinear curve fitting. Then

in sections 3.3 and 3.4 we give the precise nonlinear

curve fitting techniques which are used to estimate the

parameters of performance models based on the functional

forms discussed in Chapter II.
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In Chapter IV we give a broad variety of examples of

application of the proposed techniques. In each case we

first assign a mathematical representation to the system

under consideration based on results in Chapter II. Next,

we use the estimation procedure from Chapter III to esti-

mate parameters of the assigned models. When possible,

we also find relations between the estimated parameters

and parameters of the actual system.

The final chapter, Chapter V, contains a summary of

the conclusions developed from this work and suggestions

for further research.
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II. INTRODUCTION TO QUEUEING THEORY

Introduction

The approach which we will use to model a computer or

computer communication system requires three steps which

were given in Chapter I. In this section, we will concen-

trate on step 2, the determination of suitable forms to

assume for the functional relationship between the input

and output variables.

Since the traffic within a computer and computer com-

munication system can be described by queueing theory, a

reasonable starting point is to use the results of queue-

ing theory to determine suitable functional relationships

between measurable inputs and outputs. Therefore, an in-

troduction to queueing theory will be given here.

All queueing theory results given here are readily

available in the literature. They are included here to

motivate the choices made, in later sections of the thesis,

for functional forms to be assumed for queueing theory

models.

2.1 Queueing Theory

The behavior of most queueing systems can be de-

scribed in terms of (1) customers (jobs) arriving for

service (the unit of the operational flow through a
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a queueing system is called a customer or job), (2) wait-

ing for service if it is not immediately available

(customers join a queue when the server (service center)

is busy), (3) leaving the system after being served. This

behavior can be schematically shown as in Figure 2.1.

Arriving
Customers

Q

Queue Server

Figure 2.1

Departing
Customers

Although any single queueing system can be represent-

ed in this manner, a reasonably accurate representation of

such a system requires a detailed characterization of the

queueing process descriptors which include:

1. Arrival processes

2. Service processes

3. System capacity

4. Queue discipline

5. Number of service channels.

2.1.1 Arrival Processes

The customer arrival or input to a queueing system is

described in terms of the arrival pattern of customers over
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time and the population size (the total number of poten-

tial customers) of the input source. Since the mathemati-

cal models are much simpler for an infinite population,

this assumption is often made even though the actual size

is some relatively large finite number. Therefore,

throughout this dissertation we assume that the population

is infinite except when stated differently.

The arrival pattern of customers over time can be de-

scribed in terms of the probability distribution of the

interarrival times of customers. This distribution is de-

noted by A(t)

A(t) = P(time between successive arrivals < t)

In queueing theory the assumption that the interarri-

val times are independent, identically distributed random

variables is usually made (so the arrival process is a

stationary renewal process). Thus, the distribution A(t),

which describes the time between successive arrivals is

sufficient to completely describe the process (it would

not be sufficient if interarrival times were correlated).

2.1.2 Service Process

The service process can be described in terms of the

probability distribution of service times required by the
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customers (the length of time that a customer spends in

the service facility), and is denoted by B(x)

13(x) = P(service time < x)

2.1.3 System Capacity

The system capacity refers to the amount of waiting

room available in front of the server. In many queueing

processes there are physical limitations to the amount of

waiting room available; when the waiting room reaches the

maximum capacity, no further customers are allowed to enter

until space becomes available after a service completion.

This is referred to as a finite waiting room queue.

2.1.4 Queue Discipline

Queue discipline refers to the algorithm by which cus-

tomers are selected for service, when there is a nonempty

queue. The most familiar queueing discipline is the

First-in, First-out discipline, in which a customer is

selected for service based on the time at which it joins

the queue, the earliest arrival selected first. Other

queue disciplines are:

Last-in, First-out
Random order of service
Priority
Shortest-job-first
Etc.
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2.1.5 Number of Service Channels

The number of service channels refers to the number

of parallel service facilities which can service customers

simultaneously.

Notation

A shorthand notation for describing a queueing pro-

cess, which is now standard throughout the queueing liter-

ature, was introduced by Kendall (5). A queueing process

is described by a series of symbols which are separated by

slashes such as A/B/X/Y/Z, where

A describes the interarrival time distribution

B describes the service time distribution

X describes the number of parallel service facilities

Y describes capacity of the queue (a blank means in-

finite capacity)

Z describes discipline (a blank means First-in,

First-out)

The notation for A, B and Z which will be used in this

chapter are summarized in Table 2.1.
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TABLE 2.1

Characteristics Symbol Explanations

Interarrival time
distribution (A)
and service-time
distribution (B)

Queue discipline

M
D

H
k

GI

G

FIFO
LIFO
SIRO
PRI

Exponential
Deterministic
Kth order Erlang
Kth order Hyperexponential

General independent (used
for interarrival time only)
General (used for service
times)

First-in, First-out
Last-in, First-out
Service in random order
Priority (type normally
needs to be specified)

2.2 Single Queue

In this section we concentrate on various single queue

systems. We will give the exact solution for those queues

which are analytically solvable and some bounds and approxi-

mate solutions for those queues which are not analytically

solvable. The results of this section will be used to veri-

fy that forms assumed for the approximations in Chapter IV

are valid for a wide range of queue types.



2.2.1 The M/M/1//FIFO Queue System

Arriving
Customers

Q

Departing
Queue Server Customers

14

This single-channel Poisson arrival (the arrival as-

sumption is equivalent to the assumption the interarrival

time distribution is exponential) and exponential service

time model is one in which there is no limit on system

capacity and customers are served on a First-in, First-out

basis. The following quantities are defined:

A(t) = P(interarrival time < t) = 1-e -Xt

B(x) = P(service time < x) =

A(t), B(x) are, respectively, the interarrival time distri-

bution and service time distribution, while X, u are re-

spectively, the average arrival rate and the average service

rate and E = I
' V

= I are the mean interarrival time and

the mean service time. The server utilization factor is

= X/V

The steady-state solutions for the M/M/1 queue are

given in (6,7,8,9,etc.), and are repeated here.
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Let P
n denote the probability that exactly n custo-

mers are in the system including customers in the queue or

in service.

P
n

is given by:

P
n

= (1-p) pn p < 1

= 0 p > 1

2.2.1

This is a common distribution known as the geometric

distribution. The mean queue size and its variance are

given by:

N = (mean number of customers in the system)

= !
ko

KP -
k 1-p

=
2.2.2

an
2
= variance of number of customers in the system

(1-P)z

Nq = (mean number customers in the queue, not
including customers in service)

= ! (K -1)P -Pk
pk=1

2.2.4
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a
2

= variance of number of customers in thenq
queue (not including customers in ser-
vice)

p2(14_p_02)

(1 -p) 2
2.2.5

Little's Theorem states that the average number of custo-

mers in a queueing system is equal to average arrival rate

of customers to that system, times the average time spent in

the system. The proof of Little's Theorem can be found in

(10). Little's Theorem holds for any system regardless of

service time and interarrival time distributions and for

any service discipline which is independent of required ser-

vice time.

Little's theorem states the following relations:

1) R = XT

2) Nq = X-1,77

where T, -R. are, respectively, the mean time spent in the

system (mean total system time) and the mean time spent in

the queue before getting service (mean waiting time). Now,

by applying Little's Theorem to equations 2.2.2, 2.2.4, we

can write expressions for 1A7, T in M/M/1 queue systems.

N

W q JILL
X 1-p

2.2.6
px
1-p



and

T = - p/X
X 1-p

= X +

The variances of W and T for the M/M/1//queue are as

follows:

and

X X 4
2X2X)3a 2

2

w 2 (1-p) 2 + (1-p)

G2 6X2+ Gw2

2.2.2 The M/G/1//FIFO System

Arriving
Customers

Q

Queue Server
Departing
Customers
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2.2.7

2.2.8

2.2.9

The M/G/1 queue is a single-server system with Poisson

arrivals and arbitrary service time distribution denoted

by B(x). Service times for customers are drawn from a

general service time distribution B(x) with mean service

time equal to R.

We can find the steady state solution for mean numbers

of customers in the system and in the queue in (6,7,8,9,11).

These results are:



and

X2X2
P + 2(1-p)

x2x2
R = N-P 2(1-p)
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2.2.10

2.2.11

where p = XR, and R, x2 are the first and second moments of

the service time distribution.

The mean total time (response time) and mean time

waiting in queue can be calculated by applying Little's

theorem.

then

and

T
X

Nq
=

XX 2

T =
x

+
2(1-p)

-
Xx2

2(1-p)

2.2.12

2.2.13

where T, fit are respectively, average total time spent in

the system and mean waiting time spent in queue before

getting service.

The variances for W and T are given in (12), as

and

a
2

_ X (X2
2

) XX 3

w 4(1-p) 2 3(1-p)

2 2
a
T
2 = Q + w

2.2.14

2.2.15
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Equations 2.2.12 and 2.2.13 can be rewritten in terms
a
x

- ,of C
x
2

= (X)2, squared coefficient of variation of theR

service time distribution. (X and ax are the mean, and

standard deviation,of service time.)

and

W pii(l+Cx)
" 2(1-0

= X + W = R PR(l+ci)
2(1-p)

2.2.16

2.2.17

The above results are well known formulas for the M/G/1

queue and are commonly referred to as the Pollaczek-Khinchin

mean-value formulas.

Equations 2.2.16 and 2.2.17 indicate that the mean

queue time for the M/G/1 system is equal to mean queue time

for the M/M/1 system times 11(1+C!). Therefore,

and

174.

M/G/1 Wm/m/1 1/2(1+C)

%(l+C
2TM = +

m/m/1 x)

2.2.18

2.2.19

Now we will consider two special distributions:

a) Erlangian

b) hyperexponential

These distributions can be used to approximate the general

service distribution in such a manner that at least
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approximately the same squared coefficient of variation is

obtained.

a) Erlangian distribution (6)

S1 S2

Service facility

The Erlangian service distribution can be represented

by r stages of service. At each stage of service, the ser-

vice distribution is exponential with average service rate

The density function for service time b(x) is

b(x) - r/l(r")r-1
(r-1)! e

x > o, r an integer 2.2.20

When a customer starts service he has to pass through

all r stages of service before leaving the system. Also,

during this period the service facility is busy and a new

customer cannot start service until the customer in service

leaves the last stage of service (stage r).

It can be shown (6) that the mean service time and

squared coefficient of variation of Erlangian distribution

are:

and

1X=

C
2 1

x
=

r

2.2.21

2.2.22
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Note: The Erlangian service time distribution has a

squared coefficient of variation less than one and hence

can be used to approximate a general service time distri-

bution with squared coefficient of variation less than one.

b) Hyperexponential distribution (6)

Service facility

The hyperexponential service time distribution can be

represented by R parallel exponential serfice centers. A

customer will take server i randomly with the probability

ai, where

R
E a. = 1

1=1 1

2.2.23

When one of the servers is busy the system is busy, so no

other servers are available. The density function of

service time b(x) is:



R
b(x)=Eape-P ix

i=1 i i

22

x > o 2.2.24

where ii is average service rate for server i.

It has been shown (6) that the mean and squared co-

efficient of variation of hyperexponential distribution

are:

and

R -
1

R a.
1

I

i=1 Pi

R ai

T
C
2

-
i =1

2 .E 7-=1
-i

x R a.
1

I

i=1 Pi

2 - 1 2.2.26

Note: It is shown (6) that C
x
2

is greater than or equal to

one for all values of a.1 , u.1

C2 > 1
x

2.2.27

Now let us consider the following 2nd-order hyperexponen-

tial distribution (13)

Service facility
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Service times in server S
1

and S
2
are exponentially dis-

tributed with average service rates 112 = 2all and 112 =

2(1-a)u.

The mean and squared coefficient of variation for this

distribution (13) are:

and

a 1-a
)C

x
2

%= (

12 -a a

2.2.28

2.2.29

.

As stated before C
x
2

is greater than or equal to one. Also,

we can obtain any desired value greater than or equal to

one for C
x
2
by selecting a as:

1

2
-

2.2.3 The GI/M/1//FIFO Queue System

Arriving
Customers Queue Server

Departing
Customers

The GI/M/1 system is a single server queue with an arbi-

trary interarrival time distribution denoted by A(t) and

an exponential service time distribution with average

service rate u.
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The waiting time distribution, mean waiting time and

mean response time for the GI/M/1 queue are given (6) as:

W(y) = 1 - ae-11(1-c)Y y > o

where a is the unique root of 2.2.31

with

a = A*(11-11a) in the interval 0< a < 1

CO

A*(s) = A(t)e-stdt

the Laplace transform of A(t)

and

a

WGI /M /1 11 (1 -a)

a
T
GI/M/1

= g +
11(1-G)

2.2.32

2.2.33

Using equation 2.2.31, we can find the variance and second

moment of waiting times as:

and

a2 _
2c 62

w 112 (1-0) 2

2W - 2 a

112(1 -c)2

2.2.4 The GI/G/1//FIFO Queue System

2.2.34

2.2.35

This system has a single queue with the interarrival
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times between customers described by an arbitrary distri-

bution A(t). The service times are also described by an

arbitrary distribution B(x) and customers are served on

a First-in, First-out basis, with X,u the average arrival

and average service rates, and a 2
and (5

2 the variances of

interarrival and service times respectively.

A closed form computable steady state solution for

mean waiting time is not available in the literature, but

a solution with some parameters not readily computable is

given in (11) as:

2 2-

t
(t) (1-p) 2

/7gGI/G/1 2(1-p) 21
2.2.36

Where p is the utilization factor and I, 12 respective-

ly are the first and second moment of idle time. The idle

period statistics depend in a complex manner on the parti-

cular way in which the previous busy period terminated.

No solutions for I, 12 applicable in the general case have

been published.

12We can, however, place bounds on the (7) term and

find upper and lower bounds for the mean waiting time in

the GI/G/1 queue system.

1) First, we give an upper bound for mean waiting time

in queue for GI/G/1 (14)

a2
<

+ a2

W - U - 2-E(1-p)

where p = X/11 is service utilization.

2.2.37
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Since the upper bound cqu exceeds the known exact mean

waiting time for the M/G/1 queue by (R+E/2), Marchal (15)

proposes that the upper bound be scaled down to be exact

for M/G/1, therefore

2 2 21 + C
x

CY + CI

11
t xW 2.2.38(1/p)2+C2 2E(1-p)_

x

2) Lower bound on the mean waiting time for GI/G/1.

Before we give a lower bound, we have to define the follow-

ing random variables:

= X
n

- t
n+1

where Xn, tr1+1 are random variables corresponding to ser-

vice time of n
th

customer and interarrival time between the

(n+l)th and (n)th customers.

It can be shown (14) that the mean waiting time is

bounded below by

+
7,7 Cu
k 2E(1-p) /-67k

where is is defined as:

2.2.39

(&4-) = max (o,U)

(The subscript k on 171- indicates the bound was first given

by Kingman.) Since Wk is not a very tight bound Marshall

(16,17) has given a lower bound which is better, but more

complex. It will not be given here.
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Both the Kingman lower bound equation 2.2.39 and

Marshall (16,17) lower bound require nontrivial computa-

tions, and both are not very tight bounds over all ranges

of load. The Kingman lower bound is a better bound at

heavy load and the Marshall lower bound is a better bound

for light load.

In order to get a simple lower bound, we have to put

some restrictions on the arrival process.

Let us define the following terms (18).

1) y - MRLA (and y - MRLB) A nondiscrete distribution

function F has a mean residual life bounded above (below)

by y and is then said to be Y - MRLA (I - MRLB) if and

only if

1 I
(L) Y

2.2.40

2) IFR (and DFR) a nondiscrete distribution function

F has increasing (decreasing) failure rate IFR (DFR) if

and only if for any c>o

F(t+c) - F(t) increases (decreases)
1 - F(t) with t

for all t > 0 and for 1 - F(t) > 0

a) If A(t) is t-MRLA in the system GI/G/1 then

2.2.41

it is easy to show (20) that
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2.2.42

TT
by substituting t for in equation 2.2.36, we can

find the simple lower bound for W (11)

161u + 1/2E(1-p) -

=
U
-W

U
- %E(1+p)

b) If A(t) is IFR then

2
2< 17E(i+ct)

21 2t 2

2.2.43

1

1

2

2
By substituting the upper bound for in equation

2.2.36, we get the following lower bounds for mean

waiting time in the GI/G/1 queue system (11).

2
17,7- f41

u
+ 1/2t(1-p)-1/2E(1+C

t
)

=
U 2 t

- VE(C
2
+p)

2.2.44

2Note 1: If A(t) is IFR then (11) C
t
is less than or equal

to one.

Note 2: Differences between lower bounds (2.2.43, 2.2.44)

and upper bound (2.2.36) are less than one mean service

time.

Additional comments about these bounds are as follows.
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The upper bound equation 2.2.36 is an asymptotically exact

estimate of mean waiting time as p approaches one. Also,

the distribution of waiting time under heavy traffic condi-

tions approaches an exponential distribution with mean 14u

(19). Furthermore, equations (2.2.43) and (2.2.44) show

that under reasonable assumptions on the interarrival time

distribution 14 is within one service time of the exact

value of the mean waiting time.

Note that this upper bound in Equation (2.2.36) only

depends on the first two moments of the service and inter-

val time distributions. This simplicity makes it desirable,

since in most cases only the first two moments of inter-

arrival and service times are available.

Since the upper bound is simpler to compute, it is a

tight bound over the entire range of load (under reasonable

arrival time distribution assumptions) and is slightly

pessimistic, it is a good conservative estimate for 171 for

design purposes.

3) Approximation for mean waiting time in GI/G/1

system. Kraemer and Langenbach-Belz (20) give an approxi-

mation formula for mean waiting time in GI/G/1 system.

This formula is

pii(c2t.
+.

2 (1 -p)

g(p,Ct,C2 ) 2.2.45
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2
g(p,C

t
,C

x
2

)

exp

exp
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Approximation 2.2.45 is exact for M/M/1 and M/G/1

queue systems with C
2

= 1. Also, this approximation is

the general heavy traffic result, since g(P,Ct,Cx2 ) is one

at heavy load.

2.2.5 Summary

In this section, we reviewed basic formulas for the

single server queue. Based on these results, we can ap-

proximate mean waiting in each of the queues discussed by

the following general formula:

177- A(1)X + A(3) + A(4) X
1-A(2)X 2.2.46

Where, 13 is mean waiting time, X is average system arrival

rate and A(1), A(2), A(3) and A(4) are constants.

For each of the single server queues studied, some

variant of equation 2.2.46 gives a good approximation to

system waiting time. Some of the reasons for assuming this

form are discussed below.
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One reason for using approximation 2.2.46 is that

special cases of this formula correspond precisely to known

queueing theory formulas. For example, the formulas for

mean waiting time in M/M/1 Systems (equation 2.2.6) and

for mean waiting time in M/G/1 Systems (equation 2.2.17),

are of precisely the form of the first term of approxima-

tion 2.2.46.

Other reasons for the use of approximation (2.2.46)

are based on bounds on.mean waiting times in GI/G/1 queues.

The upper bound on mean waiting time in equation 2.2.36 is

precisely the same as first term in equation 2.2.46, with

2
A(1) equal to 1/2(P

t
+

x
2

) and A(2) equal to mean service

time. Also, the lower bound on waiting time equation is

of the same form as the first term in equation 2.2.46, with

A(1) equal to (U)+2 and A(2) equal to mean service time.

In addition, the Kraemer and Langenback-Belz approxi-

mation equation 2.2.45 (with g(p,C 2
,C

2
) = 1) is of exactly

the same form as the first term in equation 2.2.46, with

A(1) equal to 115v(c2
t

)

c2.
x and A(2) equal to mean service

time.

The second and third terms in equation 2.2.46 are

representative of any constant, or approximately constant,

added delays, plus other delays from additional lightly

loaded queues in the complete system.



2.3 Multiple-server Queues

2.3.1 The M/M/m//FIFO Queue System

Q S2

Arriving Queue j
Customers

Departing
Customers

32

The M/M/m queue is a multiple server system with

Poisson arrivals and exponentially distributed service

times at each one of m servers. The average arrival rate

is X and average service rate for each is u.

The steady state solutions for mean waiting time and

mean response time are given in (6,7,8,9,11)

P
171 - m

mu (1 -p)

and
P

T = X + m
m11(1-p)

2.3.1

2.3.2

X
where m is the number of servers,p =

mu
is the utilization

factor and Pm is the probability the system contains m or

more customers. This probability is referred to in the
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literature as Erlang's C formula and is often denoted by

C(m,X/p). This probability is equal to

() m
P w 1 p -1

m! 1-p 2.3.2

where P
o

is the probability the system is empty, and is

equal to

1
Po

(mp)m 1
m-1
E

m! 1-p
+

k=0

2.3.2 The M/G/m//FIFO Queue System

2.3.3

The M/G/m queue is a multiple identical server queue

with Poisson arrivals and with each server having arbitrary

service time distribution denoted by B(x).

Since the system is not Markovian, there is no closed

form solution for it, but there are some bounds and ap-

proximations on mean waiting time in queue for M/G/m.

a) Approximation of mean waiting time in a M/G/m sys-

tem. Kingman (21) gives the following approximation

2 1 2 2

171 = at ax
2-E(1-p)

2.3.4

which is an asymptotically exact estimate of mean waiting

time in M/G/m systems under heavy traffic conditions (as
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p approaches one). Also, he hypothesized that equation

2.3.4 is an upper bound for mean waiting time in M/G/m

system. Since then, it has been proved (22,23) that the

hypothesis holds for p < 1 or if the service distribution
m

is exponential.

b) Bounds for mean waiting time in a GI/G/m system.

Kingman (24) gives the following upper and lower bounds

for mean waiting time in queue:

*_ 2 2 m-1 - 2 1 2 m-12w t-(ax +mat) - (
M

)X2< W < a
t M
+()c

X
+(M ,)X2

2X 2(1-0
2.3.5

where W* is the mean waiting time in a GI/G/1 system with

service time {X
n} and interarrival time {mt n

}.

Brumelle (25) derived the same upper bounds but dif-

ferent lower bounds for mean waiting time

> w** [(m-1)/m] 32

2X

where W** is the mean waiting time for a GI/G/1 system with

service time fX
n
/m) and interarrival time {tn} .

c) Approximation of mean waiting time in a GI/G/m

system. Allen and Cunnen (25) give the following approxi-

mation for mean waiting time in a GI/G/m queue system.
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2
+ Cx

2

m11(1 -p) 2
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2.3.7

where Pm is given in equation 2.3.2, C
t

and C 2
are, re-

spectively, squared coefficients of variation for inter-

arrival time and service time. p =
mp

is service utiliza-

tion, A and p are respectively, arrival rate and service

rate.

Since M/G/m is a special case of the GI/G/m queue

system, the above bounds and approximation on mean waiting

time also apply for M/G/m with C.f. = 1. Now we will con-

sider a special case of M/G/m, in which the general service

time is approximated by a series of exponential service

centers with the same squared coefficient of variation.

The M/Ek/m//FIFO Queue System

Q

Arriving Queue
Customers

Departing
Customers

The M/E
k/m queue is a multiple identical server queue

in which each server has kth order Erlangian service time
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distribution (k-stage service with exponential service

time distribution and service rate of ku at each stage of

service).

Since the M/E
k
/m queue system is Markovian, the de-

tailed balance equations for it are a set of linear equa-

tions which are given in (13).

For large m or k or both, these detailed balance

equations are very tedious to solve algebraically, but it

is possible to solve them numerically (26).

Morse

for the

and

where p

(13) has solved

M/E
2
/2 queue

1

these detailed balance

system and the results

29

equations

are:

2.3.8

= 1/u is mean

p + 25p2 + 2 p2 + 3p4
W 211(1-p)

1 = X +

= X/211 is service

32 + 56p + 24p2 + 8p3

utilization and X

service time for each channel.

Summary

The Kingman approximation in equation (2.3.4), and

the Kingman and Brumelle upper bounds in equation (2.3.5)

suggest that the mean waiting time for GI/G/m queues can

be modelled with:



A(1) Xw -
1-A(2) X

37

2.3.9

which is exactly the same as the first term in equation

2.2.46. This is one other reason for the use of approxima-

tion 2.2.46. The Allen and Cunneen approximation is also

of the same form with the exception that A(1) is replaced

with A(1)P
m .

2.4 Queue Discipline

2.4.1 Introduction

A queueing discipline is a means for choosing which

customer in the queue is to be served next. This decision

can be based on any of the following considerations or some

others:

1. Time of arrival,

2. the amount of service required,

3. group membership.

Some queueing disciplines that depend on time of arri-

val are First-in, First-out (FIFO), Last-in- First-out

(LIFO) and random order of service.

It can be shown (13) that the distributions for the

number in the queue system and the mean waiting time are

independent of queue discipline, as long as the queue

discipline selects customers in a way that is independent

of the service times. This implies that for the above
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three disciplines the mean number of customers in the sys-

tem (N), mean number of customers in the queue (i\1- ), mean

response time (T) and mean waiting time in queue are inde-

pendent of service disciplines. Hence, the FIFO results

(N, N , T, W) are true for both LIFO and random order of

service. (The variances of the waiting times tend to differ

significantly, however.)

Queue disciplines based on the service time require-

ments may take the form of shortest-job-first (SJF) or

longest-job-first (LJF). Queue disciplines can also be

based on an externally imposed priority class structure

which we will consider next.

Priority Queueing

Major classes of priority queueing systems include:

1. Nonpreemptive systems
and

2. Preemptive systems

The distinction is based on whether a higher priority

customer may (for preemptive systems) or may not (for non-

preemptive systems) interrupt service of a lower priority

customer already in service at his arrival time.

Preemptive systems are subdivided as follows:

a. Preemptive resume

b. Preemptive repeat same

c. Preemptive repeat different
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In preemptive resume the customer being ejected

doesn't lose the benefit of service already received and

will restart at the point where he left off when he re-

turns to service.

In preemptive repeat the customer loses his accumu-

lated service and has to start all over again. There are

two important classes of preemptive repeat which are based

on whether his service time when he starts over is the same

(identically) to what it would have been if service had

proceeded to completion earlier, or whether his service

time is obtained by taking a different random sample from

the service time probability distribution.

Notation

In priority queueing systems an arriving customer

joins one of N priority classes indexed by the subscript

p(p=1,...,N) with the larger indices indicating higher

priority. (The reverse ordering for priorities is also

common in the literature.) A waiting customer with a

higher index will get service before a customer with a

lower priority. For the cases studied here, within each

priority group service is given to customers on the basis

of First-in, First-out. This is called Head-of-the-line

(HOL) (11).

We assume that customers from priority P are arriving
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with a Poisson distribution with average arrival rate X .

Also, each customer from this group has a service time

distribution Bp (x) with mean service time )7 .

The following terms can be defined

N
X

1=1 i

X = .E
1=1

pp =
P P

p

±

A
X.

= XX = .E
1
p.1=1

2.4.1

where p is the fraction of time the server is busy with

customers from priority group p and p is utilization fac-

tor of the whole system (we will assume p < 1). Also,

the ratio X /X is the probability a new customer has

priority p.

Note: Only nonpreemptive and preemptive resume disciplines

are considered here since it is felt that these are the

only significant ones in computer systems. The results of

other preemptive queues can be found in the following

references (27,28,29).
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2.4.2 Nonpreemptive priority queues

The nonpreemptive M/G/1//HOL queue system has Poisson

arriva]s and a general service time distribution denoted by

B(x). The customer is admitted to the service facilities

according to a nonpreemptive HOL priority structure. The

steady state solutions for mean waiting time and mean re-

sponse time for priority class p in this queueing system

are given in (11) as:

and

Wc)
P (1-a

p
)(1-a

p+1)

Tp Wo
p (1-a p)(1 -6p +1)

where a is defined as:

N

6p
. z

pip 1-p

2.4.2

2.4.3

2.4.4

and W
o

is the average delay component due to completing

service for the customer found in service at the time of

a new arrival. For Poisson arrivals, the mean residual

service time as observed by a new arrival (11), is equal

to the second moment of service time divided by twice the

first moment. Averaging such terms over all priority

classes weighted by the probability a customer from the

priority class considered is being served gives:



N X2
W = E p.

2o . 1 .

1=p
X1

N X.
1

X2.

= E 1

2
i=p

2.4.3 The M/G/1//Preemptive Resume Queue System

42

2.4.5

The M/G/1//preemptive resume system has Poisson arri-

vals and a general service time distribution. The queue

discipline is preemptive resume, which means a customer

ejected from service eventually resumes service at the

point where he was interrupted.

Note: Actually preemptive resume systems should normally be

modeled with some slight overhead incorporated on resumes,

e.g., times to store and retrieve registers, etc., but this

would make formulas overly complex. We will assume such

overheads are small enough in comparison with regular ser-

vice time that they can be neglected without significant

error.

The steady state solutions for mean waiting time and

mean response time for each priority group are given in

(11) as:

N A2.X.R a ,

177 P P-1-1 + i=p 2
P 1 -6p+1 (1-a )(1-a )

2.4.6



and

X a-a ) + .

P p 1=D 2Tp -
(1-a ) (1-a )p+1

N X.X.

E
A.X.

X
i=p 2

1-ap+1 (1 -a p) (1-ap+1
)
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2.4.7

where T and W are, respectively, mean response time and

mean waiting time for priority group P.

2.5 Finite Population Models

So far we have considered only queue systems based on

the assumption that arrivals are from an infinite popula-

tion. In this section we look at finite population models

which can be diagrammed as in Figure 2.5.1.

Terminal

Processor with queue

Figure 2.5.1
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The finite population model diagrammed (machine re-

pair model) has been studied in (30,31,32) and operates

as follows. There are M customers (machines or terminals)

trapped inside the network. When a customer generates a

request for service he joins the queue in front of the de-

sired server and will get service according to the schedul-

ing used. Until his service has been completed, he cannot

generate a new request. As soon as his service finishes,

the customer returns to his original status so that a new

request can be generated. The time spent by a customer in

this state before generating a new request is referred to

as think time. The scheduling algorithm is most commonly

assumed to be RR processor sharing.

The Round-Robin scheduling algorithm (RR) is widely

used for time-sharing processes. In this algorithm, newly

arriving customers join the single queue, work their way

up to the head of the queue in a first-come, first-serve

fashion then, finally, receive a quantum of service (all

quanta are the same and are assumed to shrink to zero for

the processor sharing case). After the quantum expires,

and if the customers need more service, they will return

to the tail of the queue and repeat the cycle.

Scherr (32) studied the above model for the special

case with exponential service times and exponential think

times. He solved for the mean response time in the system
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(defined as time spent within the service facility and the

queue before a single request for service is completed).

His result is:

T MAI 1

1-p 2.5.1

where T is mean response time, 1 is the mean service time

1
required per request, 7 is the mean think time, and Po is

the probability that there are no customers in the service

facility or the queue. This probability is given as:

Po M
1

2.5.2
M! X

1E (M-1):
(-

1-7

0

Note that the minimum possible mean response time occurs

when M = 1 and is equal to:

2.5.3

The mean response time can be plotted as a function of the

number of customers M, as shown in Figure 2.5.2. As the

figure indicates, mean response time has two asymptotes

1 M 1T = and T = - 7.
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true mean response
time

M:Number of terminals

Figure 2.5.2

The intersection of these asymptotes is defined as

the saturation number (M*), which can be computed as the

cycle time (the sum of the mean think time plus the mean

service time) divided by the mean service time.

M* = 1 +
A

2.5.4

Alternatively, M* can be interpreted as the maximum number

of customers that the processor can handle with no queue-

ing if all think times and service times were constant at

their mean values.
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2.6 Multiple-Resource Models

Up to now we have considered only single-resource

models. In this section we look at multiple resource

models which can be modeled as queueing networks.

2.6.1 Queues in Tandem

Most of the analytical work on queues in series or

tandem has been restricted to Poisson arrivals and expo-

nential service time distribution with infinite waiting

room at each queue. Since the output of one queue will be

the input for the next queue, an important task is finding

the distribution for interdeparture times of the queues.

Burke (33) showed that at steady state the interdeparture

times of unsaturated M/M/m queue systems are Poisson dis-

tributed with the same X as the input. R.R.P. Jackson

(34) studied the two-stage tandem aueue shown in Figure

2.6.1.

Arriving
Customers Queue 1 Server 1 Queue 2 Server

Q1 Q2

Node 1 Node 2

Figure 2.6.1

Departing
2 Customers

The first node is an M/M/1 queue with parameters X,

A, = < 1 and the second node has exponential service
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time distributed with average service rate 112, p2 =
P2

< 1.

He showed that at steady state the probability of find-

ing Ki customers at node one and K2 customers at node two

is:

K1
,-

P(K
1
,K

2
) = (1-P

1
) p

1
(-P2)P2

K
2

2.6.1

This simply means that the joint probability is the

product of the probabilities of finding Kl customers in

node one and K
2

customers, respectively, in two indepen-

dent M/M/1 queues. This could be written as:

P(K
1
,K

2
) = P(K

1
) P(K

2
) 2.6.2

Saaty (8) showed that the expected number in the

above two tandem queues is:

Pa. P2
1-p1 1-p

2

By applying Little's formula, we can write:

and

T
PIP p2 /X

1-p1 1-p2

T (R.1 )72) 4. 177

R = R + W
2

P1/111 P9/112
1-p1 1-p

2

2.6.3

2.6.4

2.6.5
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where X
1

, X
2
are the mean service times of the first and

second server. T and W are total mean response time and

total mean waiting time for two tandem queues, and W
1

and

W
2
are mean waiting times in first queue and second queue.

N Tandem Queues

The N tandem queues system is a generalization of the

two tandem queues case. Also, it is a special case of the

open Markovian network. (discussed in the next section) with

the exception that there is external input only to the

first queue and external output only at queue N. In addi-

tion, there is no feedback loop.

Let P(K1,K2,...Kn) denote the steady state probability

ththatthereareK.customers in the i queue (1=1,...,n).

Then

P(Ki,K2,...,Kn) = P1 (K1)P2(K2)...Pn(Kn) 2.6.6

X.

for 1 1 for all iM.U.1 1

where Pi(K1) is the steady state probability of finding K.

customersinaM/M/m.queuesystem,X.is the average
tharrival rate to the i node and 1 u.

/'i
is the mean service

thtime for each server at the i node. We can write equa-

tions for mean waiting time and mean response time for N

tandem queues by generalizing equations (2.6.4, 2.6.5) for



two tandem queue cases as:

Tr = E + -1A71. )

i=1 1

and if M. = 1 for all

1- pj.

where p
i

= Xi /mini < 1 for all i.
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2.6.7

2.6.8

W. is the mean waiting time for the ith queue with p. =

X./m.11. < 1 the utilization factor for the ith node, and

thmi is the number of parallel servers at the i node.

2.6.2 Open Networks

J. R. Jackson in 1957 (35) considered arbitrary open

Markovian queueing networks with N nodes, and proved the

following theorem.

Jackson's Theorem

In an arbitrary open Markovian queueing network, the

number in the queue at each node (with mi parallel servers)

behaves as if its input were Poisson. This implies the

probability of finding Ki customers in ith node (i=1,...,n)

is the product of the probabilities of finding Ki customers

in the i
th of N independent M/M/m

i
queues (i=1,...,n) or

P(K
1,

K
2' . ''' kn

) = P
1
(K

1
)P

2
(K

2
) ...P

n
(K
n

) 2.6.9
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with X./m41. < 1 for all i

th.where A-
1

is average arrival rate to 1 node. It is the

external arrival rate yi plus the internal arrival rate.

N
y. + E X.r

1 1
j=1 3 31

2.6.10

uttere
13

are the elements of the transition probability

matrix, R.

Note: Little's Theorem and equation 2.6.9 give mean waiting

time but finding the distribution for waiting time is much

more complex.

Closed Markovian Networks

Gordon and Newell (36) considered closed Markovian

networks, which are special cases of open Markovian net-

works with external arrival and departure rates equal to

zero.

th.Therefore, the arrival rate to the 1 node in a

closed network is only the internal arrival rate.

N
X1 . = E X.r..

j=1 3 31 2.6.11

Here X.
1

gives the relative number of times a customer

visits the ith node. Note that it is not easy to obtain

precise arrival rates since solution of (2.6.11) is defined
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only to within a multiplicative constant. This actually

makes solution of a closed network harder than solution of

an open network.

Gordon and Newell give the following results for

P(K1,...,Kn), with the assumption Mi = 1 (which means that

there is only one server at ith node (i=1,2,...,n)).

1
n K.

P(K1,...,K
n

) = .E XG(k) 11 i
2.6.12

where G(K) is a constant that guarantees that the probabi-

lities sum to unity, and is given by:

n K.
G(K) = E II X

1

KeA i=1 1

where K = (K1,K2,...,Kn) and A is that set of vectors

for which K
1

+ K
2

+ + K
n

= K and K. > 0 for i=1,...,n.

In their analysis, Gordon and Newell used a new variable

XwhichisrelatedtoA.andl.i.1 as follows:
1

a1 11. X.
1 1 1

Buzen showed (37) that the probability of finding Ki

customers at the ith node and the mean number of customers

in the ith node are given by the following equations:

1
2.6.13
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K K G(K-Ki)
E(Ki) = E Xi

K=1

Solving the above equation requires calculating G(K) which

can be calculated numerically (37,38).

For m.
1

> 1 (7b1 =number of parallel servers at ith node)

equation 2.6.12 becomes as follows (11):

where

with

K.
n X.

1

1 1
) G(K) .(K )

P K ,

1I 1 i

G(K) = KcA i=1
i

(K )

n Xk

B.1 (K.)
1

2.6.14

The above results require calculation of G(K), which is

not simple to evaluate. The Buzen algorithm is most com-

monly used here (37). Also, the restriction on service

time distributions limits the applicability of the results.



54

2.7 Asymptotic Properties of Closed

Queueing Network Models

In the last section, we reviewed an exact expression

for the steady state probability of finding Ki customers

at the ith node i=1,2,..., for networks with Poisson arri-

vals and exponential service times. J. Wong (39) used

this probability to find an expression for the mean re-

sponse time for a special class of closed queueing net-

works. The expression he found is a complicated function

of model parameters.

Since exact solutions are not simple to evaluate, and

the exact solutions are restricted to Poisson arrivals and

exponential service time, some approximate expressions for

mean response time have been developed (without any restric-

tion on arrival or service pattern) by considering the

limiting resource in the network.

2.7.1 Asymptotic Properties of Mean Response Time

A time-sharing system is drawn in Figure (2.7.1).

This time-sharing system has been studied by Muntz and

Wong (40), and is identical to the Gordon and Newell model

with the exception that there are no restrictions on the

service time or think time distributions.
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Terminal node

Figure 2.7.1

Service stations

Let subscripts S, N, respectively, denote the satur-

ated node and the terminal node. The saturated node can

be found as the node with the largest ratio of Xi/mi,

where X_
1

is the unique solution to the following equation

1-1 1 1
N
E

J =1 1 1 31 2.7.1

and IA.
1

is the number of parallel servers at node ith (11).

Muntz and Wong showed that the mean response time in

the above time-sharing (closed) network has two asymptotes

which are:



and

MX
T (M) - - 1/Am

s
TIN X

N

56

M >> M* 2.7.2

M*X
sT(1) = - 1/A M << M* 2.7.3

ms/ION

where M is the number of terminals, 1/A is mean think time

(A =TIN), and M* is equal to the maximum number of perfectly

scheduled jobs for which there is no mutual interference

between jobs as given by Kleinrock (11)

m
M*

s
X
iX

s i=1
2.7.4

The mean response time and its asymptotes are plotted in

Figure 2.7.2.

True mean response
time

M*
M:Number of terminals

Figure 2.7.2
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Summary

In the last section, we reviewed some of the exact

and approximation results for open (closed) networks. The

exact solution is for a type of network with exponential

service and interarrival times, but these restrictions

make the result less applicable than would be desirable.

Also, the exact solution is not simple to evaluate. The

Muntz and Wong results (asymptotic behavior of time-

sharing) eliminate the restriction on processing time

(think and service time) and their results are much simp-

ler to evaluate. The response time asymptote is useful

for determining the maximum number of terminals a system

can support such that the response time does not exceed a

value Tmax . Also, the asymptotic behaviors show that if

we want to improve the mean response time, we have to de-

crease the processing time of the saturated node.

Since the curve fitting techniques require a continu-

ous mathematical representation of mean response time (or

any other variables), we could not use asymptotic results

directly or the exact solution given in the last section,

as the exact solutions are too complex. Therefore, we

used an approximation, described in Chapter IV, for mean

response time in the time-sharing system.
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III. PARAMETER ESTIMATION (CURVE-FITTING)

Introduction

At the heart of natural sciences and engineering are

the general notions of observation and measurement. Based

on observation, man creates models of the phenomena around

him in order to understand and explain them better. Model-

ing involves four problems.

1. Representation

2. Measurement

3. Estimation

4. Validation

Representation deals with how to represent the pheno-

mena with mathematical models. It must be known whether

the model should be static or dynamic, linear or nonlinear,

etc.

Measurement deals with which physical quantities

should be measured and which ones are measurable. Measure-

ment is also required to verify the models.

Estimation deals with the determination of those

physical quantities that cannot be measured from those

that can be measured.

When the model is completely specified, demonstration

of the accuracy of the model is required. That is,
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validation of the model is necessary.

In this section it is assumed that the proper mathe-

matical representation of the model has been developed and

that the proper measurements have been made. General tech-

niques for parameter estimation are discussed first; then

those techniques used in this research are treated in more

detail. All techniques discussed are standard techniques

discussed in the literature.

3.1 Estimation Representation

Without some a priori mathematical representation, the

parameter estimation problem is meaningless. In the most

common estimation schemes, it is assumed that the input and

the output of the system are related linearly. A simple

representation of the problem can be shown in a block

diagram

Process Y

where U, Y are, respectively, input matrix and output col-

umn vectors (assuming all inputs and outputs are observ-

able). The assumption of linearity implies

Y = 8 U 3.1.1

The estimation problem can be conceptually stated in the

following way. The process and the model are assumed to
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be subjected to the same input. Therefore, the output

process and output of the model are compared, and the

model parameters adjusted so that the model is optimal in

some pre-defined sense.

The model parameters are not necessarily measurable.

Consequently, the optimization criterion is defined as the

minimization of a scalar loss function defined as a func-

tion of the output of the process and the output of the

model. This function is normally expressed as a function

of an error e (defined below),

E(Y Y ) = e
T
Ae 3.1.2

where Y is the process output vector and ym is the model

output vector, A is a positive definite matrix and e is

the defined error. Some of the more common estimators

will be briefly discussed here, more details can be found

in (41,42).

1. The least-square estimator

Let us define error as the difference between the

process output and the model output

e = Y - Xm

and define the A matrix as the identity matrix

E = eTe 3.1.3



= (i im)
T
(i Yom)

Since we assume a linear model

im = /

E = (Y e U)
T
(Y U)

Minimizing E with respect to swill give

8 = (UT -1
U) U

T
Y

where e is the optimum estimate.

2. The general least-square estimator

61

3.1.4

The general least-square estimator is the same as the

least-square estimator except the matrix A is a weighting

factor matrix Wg, not an identity matrix. Therefore,

E = eT Wg e

E = (Y - e U) T Wg (Y - e U)

minimizing E with respect to e will give

e = (UT Wg U)
-1

U
T Wg Y

3. The Markov estimator

3.1.5

3.1.6

Here it is assumed that the output of the process has

an additive noise n and that the covariance of this noise

(N) is known.



N = E(nnT ) =

11 MI

E(n(l)n(1))--------E(n(l)n(k) )

I I

E(n(k)n(1)) E(n(k)n(k))
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It has been proved (41) that if NXI (identity matrix) then

an estimator found by minimizing

E = eTN -1 e 3.1.7

is better than the least-square estimator. Minimizing

equation 3.1.7 with respect to 8 gives the optimal value

of 8 as

e (UT N-1 U) -1 UT N-1 Y

3.2 Nonlinear Models

3.1.8

In the preceding section, the assumption that the

process was linear was made. Therefore, the models under

consideration were linear models. Although this approach

is attractive from the point of view of simplifying the

analysis, it often leads to solutions which are highly

wasteful because of neglect of some of the available know-

ledge about the process. In the case of computer
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performance modeling, the assumption of a linear model

would neglect the fact that computer system modeling can

usually be looked at as a queueing problem. Unfortunately,

few of the phenomena involved in queueing theory come any-

where close to being linear. Parameter estimation (curve-

fitting) techniques for such problems require use of non-

linear models. Parameter estimation for nonlinear models

is not common, but some techniques are available in the

literature.

One of these methods is to linearize the model. It is

well known that certain exponential equations can be trans-

formed into linear equations through use of logarithms.

Consider the function

Y = A(Bx) 3.2.1

Taking the logarithms of both sides of equation 3.2.1

gives

Log(Y) = Log(A) + xLog(B) 3.2.2

which is a linear equation. The values of A and B can now

be found using the least-square estimator techniques. The

parameters found will, however, give the minimum value of

error for the logarithm form of the equation and not for

the exponential equation (original equation). Also, F.D.

Lawlor (43) showed that the estimator is biased towards



the smaller magnitude of Y.

R.V. Frei and W.F. Mikhail (43) consider a search

technique for the following type of function.

Y = A + BeCx

64

3.2.3

which has three parameters (A,B,C) which must be evaluated.

The normal equation which would result from applying least-

squares is non-linear and not solvable algebraically. The

search technique of Frei and Mikhail eliminates the normal

nonlinear equations in the following way.

If it is assumed that C has some realistic domain of

values, a search technique can be used to select C. Know-

ing the value of "C" would reduce the equation (3.2.3) to

a linear equation.

where

Y = A + BZ 3.2.4

Z = eCx 3.2.5

Now the least-square estimator techniques can be applied

to find the values of A and B.

For each value of C the least-square estimator gives

some minimum error (E). If there is an absolute minimum

value of error (E) over the range C, the above search

technique will converge and give the best estimate of

parameters (those values which give the absolute minimum



value of error (E)) .

This is illustrated in Figure 3.2.1

0

sa
ro

ro

C2 C3 c* C4 C5

Figure 3.2.1
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Frei and Mikhail then used an interactive computer

program (implementing the above search technique) to

select the one of 29 functions (Table 3.2.1) which gives

the minimum value of error (the best fit to data).
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TABLE 3.2.1

1 A

2 A+B*7
A+P*X+C*7**2
A+9*e (C*X)

5 A+13*e (C*SORT (X) )
5 A+13se (Clt)* (1-e (C*X) )
7 A+P*X* (1-e (C*Xl 1
8 A +P*SO'RT (X) * (1-e (C*X1)
9 A+ B*e (C /X) * (1-e (C*X) )

1 ^ A+ P*e (C*SOPT (71)* (1-e (C*X) )
11 A +51*e (C/SOP (X) ) * (1-e (C*X) )
12 A +B*e (C/7)
13 A +!!*e (C/SOP "" (X) )

A+Pt.*e (C/X1 * (1-e (C/X) )
15 A +!x*X* (1-e (C/X) )
15 A+P* (1- (1/X) **CI
17 A+3* (1-e (C*X) * (1-e (C*X) ) )

A+Pse (C/SQP7 (X) ) * (1-e (C/I) )
19 A+P* (1-e (C/1:1* (1-e (C/X) ) )

+ (1-e (C/X) * (1-e (C*X) 1 )
21 A*9*e (C* (X -1 /X) )
22 A +P*SQ="7 (X) * (1/X) **C
21 A+P* (1/X) **C

A+5 * (1/X) ** (C/SQPT (X) )
25 AO?* (1 /X) ** (7*SOPT (X) )
26 A+P*X* (1-e (C /SORT (X) ))
27 A+P*I* (1-e (C*SQPT (X)))
214 1+11*S01,": (X) * (1-e (C*SORT (X1) )
29 A+5* (1- (1-e (C*X)) ) **X

One of the examples they used to test the above

techniques was the closed network illustrated in Figure

3.2.2.
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4

4

4

I/O
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4 .......H I/O

For this network

mean device time
mean CPU time

Figure 3.2.2

= 2

for each of the I/O devices.

The quantities observed are the number of tasks (jobs)

being done as input and utilization factor of the CPU as

output. The values they obtained are given in Table 3.2.2.

TABLE 3.2.2

M=Number of jobs p = Utilization

1 .3333
3 .6875
5 .8534
7 .9339
8 .9565

The results of using the search technique for the

above example are as follows:



p = 1.0054-.97593 e-0.37306M

E = 0.00000158
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3.2.6

The least-square error is very small, which implies the fit

is very good. However, there is a problem in relating the

values of A, B and C to the parameters of the system.

Still, this technique is extremely valuable if it is pro-

perly used.

M.P. Racite (44) used pure and modified regression

techniques for computer system performance evaluation. His

technique is the same as that of R.V. Frei and W.F. Mikhail

(search techniques) with the extension of considering the

first and second derivatives of functions. He used this

additional information to find the best fitting functions

which do not give undesirable and unexpected shapes outside

of the input data.

3.3. Parameter Estimation for Queueing Models

In this section we concentrate on estimating the para-

meters describing mean waiting time in queue. Although

standard estimation techniques are used, we have not been

able to find examples of their being used previously for

this problem. Hence, this particular application of the

techniques is one of the new results of this research.

The mathematical representations which can be used to model
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the mean waiting time in queue were presented in Chapter

II. For essentially all the cases which we are consider-

ing, some variant of the following general formula

AW
M 1-(A= + A(3) + A(4) A

A(1)

2
)A 3.3.1

would model the mean waiting time in queue. (The reasons

why this is the case are given in Chapters II and IV.)

Since equation (3.3.1) is the mathematical represen-

tation of mean waiting time in queue (assuming the data

are available) then the problem to be solved is how best

toestimatevaluesoftheA.parameters. The procedure

can be diagrammed as in Figure 3.3.1,

A
Process

Nonlinear

Model

w
m

Figure 3.3.1

where X,W are the input vector and output vectors (ob-

served values) of the process. Wm is the output vector

from the nonlinear model which is given by equation 3.3.1



and e is error.

Then the least-square estimator would give

E(X,A) = eTe

= (W-141,4) T (31-w)
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3.3.2

E is a nonlinear function of the input vector X, and

the A(i) parameters. Solving for the minimum least-square

error yields a set of nonlinear equations which are not

solvable algebraically. Therefore, an iterative solution

should be used to minimize E with respect to the A(i) para-

meters. The method which we use to minimize E(X,A) is de-

scribed in Appendix A.

Let us write equation 3.3.1 in summation form.

N A(1) AiE(X,A)= E (W.-1 1-A(2)Xi
i=1

- A(3)-A(4)Xi)2 3.3.3

Note: N is the number of observed values.

Equation 3.3.1 holds if 1-A(2)X > 0, which implies

A(2)X < 1 for all i=1,2,...,n. In addition, A(3) and A(4)

must satisfy

A(3) > 0
3.3.4

A(4) > 0

E(X,A) given by equation (3.3.3), is thus a constrained

function and the method which is described in Appendix A
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was developed for minimization of unconstrained functions.

Therefore, the E(A,A) function must be changed to an un-

constrained function. This can be done through change of

variables. First, we must calculate the maximum value of

average arrival rate which we denote by Amax.

The value of Amax. can be calculated approximately (45)

1by plotting W versus X
i

(Figure 3.3.2).
.

X : Average arrival rate

Figure 3.3.2

Amax

Then the point where .j.L crosses the horizontal axis is foundW
i

with the help of the known slope as shown in Figure 3.3.2.

Substituting Amax. for Ai in equation 3.3.4 gives the

maximum possible value for A(2) as

1
A
2max Amax



Now A(2), A(3) and A(4) can be replaced by

aA(2) = A
2max.

Sin 2

2
A(3) = A

3

A(4) = A2
4
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3.3.5

which satisfies the constraints. Substituting in equation

3.3.3

N

E E (w._ AMA; ,2 ,211
1=1' 1 1-X.A Sin2 '3 -"4T21 2max a

3.3.6

Since equation (3.3.6) is not constrained any longer, the

technique described in Appendix A can be used to minimize

E with respect to the parameters (A(1),a, A3, A4).

We used this least-square approach to estimate para-

meters of several queueing systems, but the estimators were

biased toward fitting points corresponding to large values

of the data. Also, the observation or simulation data for

queueing systems are not that accurate at heavy traffic

(large values of A A(2)) because the relaxation time for W

(mean waiting time) is approximately which im-

plies

'

plies that, at high values of A A(2), the system does not

reach steady state within the time period covered by the

data used. Because of this, it was decided to use a general

least-square estimator (weighted least-square estimator) as

follows:



E = eT W e

which changes equation (3.3.6) to the following form

NE = w,(w._ A(1)Xi
= 1-AA

2 2

1E 1 ''
i 2maxSin2a A3-A4Xi)
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3.3.7

3.3.8

We used three different types of weights, these are:

1. Simple Approach

Since the least-square error puts more emphasis on the

larger observation values and less emphasis on lower obser-

vation values, a logical weight would be a function opposite

in nature.

We tried W = (inverse of observation data) which
g0 W

i

improved the result, but the estimator was still biased to

fit large values of the observation data.

Next, 1 was used as weight for the general least -
WiWi

square estimator (W - ).
gl

W.
1

E = E
1

i
i2

2
i=1 W.

1

where is
WM1

A(1) X1 2 2

WMi 1-A
i
A
2max

Sin2a A3 A4Ai

3.3.9

This improved the result. The 1
-- weight function puts more
2

Wi
emphasis on lower observation values which are more accurate.
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2. Using the Derivative

AssurnethattheX.1 (input data) are random processes

with some sloWly changing density function which we denote

by fx. Since the output Wm is a function of the input, it

has the density function (46)

f

M M
W W'(X

i
)

fx(Xi)
3.3.10

where WM(Xi)is the Jacobian of Wm at Xi.

We can write the expected value of the squared error

Expected (E) = (W-Wm)2f W )dW
M M

Since f does not change rapidly, we can write

N
Expected (E)

iE 1

(W.-W_.)2fW (W
Mi

)AW1.=1 m1

which implies

N
Expected (E) Constant E ---(W.-W

)2i=1% 1 M1

3.3.11

3.3.12

3.3.13

which is a form of general least-square error with the

weight W =
g2 W1'M

3. Minimizing Normal Distance to Curve

In most cases it has been assumed that there is error

only in the output data. Therefore, the least-square esti-

mator (minimizing the vertical distance to the curve) has
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E = E
1

+ E
2

N N

= E (wP1 (i) -WM1 (i) + E (wP2 (i) -WM2 (i) )2 3.4.2
i1 i=1

where W
P1

and W
P2

are observed (simulation) data for mean

waiting times for group one and group two, respectively.

Now, the goal of the parameter estimation (curve fitting) is

to minimize E (sum of E
1
and E

2
) with respect to parameters

A(1) , A(2), A(3) . Since the error function (E) is con-

strained by,

A(2)X < 1

A(3) A < 1

We apply the same type of techniques used in section 3.3,

to change E to the following unconstrained function:

N
(1)

E = E (W
P1

(i)-
(1-kA SiAn2a

Ai
Sin2a ))2

i=1 max 3 max 2

+ (W
2
(i)-

(1-XAmax
Sin2a

2
))2

1

3.4.3

where Amax = 1/Xmax , A(2) = Amax Sin2a
2

and A(3) = Amax

Sin2a
3.

Since E is an unconstrained function, the techniques

in Appendix A are applicable for minimization of E with re-

spect to parameters (A(1),a
2
,a

3
).

Since the results are not accurate at heavy load, we

use weights essentially the same as those used before. For
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the priority queue studies which we used two weights (Wgi,

W
g3

) which are:

and

W
gl

=

W
g3

=

K2-
WP

=

W
gll

K
---2-W
P2

W
g12

-j

IMINE 'NMI

K
1+(W

1
)M

K
1+(W

2
)

M

=

W
g31

W
g32

3.4.4

3.4.5

Note: WeightsW
gl

and W
g3

for priority queues are defined

the same as before.
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IV. SIMULATION AND CURVE FITTING RESULTS

Introduction

In the previous chapters attention has been focused on

the background of queueing theory which we use in this chap-

ter to find appropriate representations of computer and net-

work performance models. Also, we discussed methods of

estimating parameters of assumed models.

In this chapter attention will be focused first on

assigning a correct mathematical representation of the sys-

tem under consideration. Next, we will use the estimation

techniques to estimate parameters of the assigned model.

Then, we will try to relate the estimated parameters to

parameters of the actual system.

We will consider a wide variety of systems in order to

demonstrate the applicability of the approach. Also, we

will show that the approach can be used to model perform-

ance measures such as mean waiting time, mean response time

and second moment of mean waiting time. Secondly, the ap-

proach gives a quick result which can be used jointly with

some further analysis to understand how the system works.

This analysis gives some indication of the major factors

affecting system performance. Most of all, the approach

can be used to model system performance for those systems



81

which do not lend themselves to exact or approximate analy-

tical solutions.

All results in this chapter represent new applications

of queueing theory and parameter estimation techniques.

These applications constitute a major part of the new re-

search results given here.

4.1 Single-Server Queue

In Chapter I the basic steps required for modeling a

phenomenon were given. The second step given involves find-

ing an appropriate representation of the system. Also, it

was mentioned that since the flows in a computer network

can be looked at in terms of queueing, the most logical

representations of many computer and computer network pheno-

mena can be found in queueing theory results. Examination

of the queueing theory literature (some of it reviewed in

Chapter II) indicates that the functional forms of the solu-

tions to a wide variety of queueing theory problems are

quite similar. Further, even in some important cases where

precise analytical formulas are not available, some reason-

ably tight performance bounds which have been derived indi-

cate that functional forms very similar to those available

froM precise analysis give good approximations to the per-

formance of these more complex systems. For single-server
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queues we concentrate on obtaining estimates for waiting

times in complex queueing systems where the customer popu-

lation may be assumed to be infinite. For each of the

cases which we are considering in this section, some vari-

ant of the following general formula

4.1.1
A(1)X A(3) + A(4)X

"m 1-A(2)X

(with W
M

mean waiting time in queue, X system average arri-

val rate, A(1) , A(2), A(3), A(4) constants) gives a good

approximation to mean waiting time in queue (excluding

actual service time).

This type of formula seems to have very wide applicabi-

lity. Some of the reasons for using the above form are

given in section 2.2.5.

Although the theoretical results quoted in section

2.2.5 give good reasons for feeling that approximation 4.1.1

is useful for approximating the mean waiting times in an ex-

tremely wide variety of systems, one final justification for

using this form should be mentioned. This the fact that,

in every case where we have tried using the approximation,

it has worked. In every case where we have felt this type

of formula to be reasonable, using it, plus modified re-

gression techniques, to estimate the appropriate A(I)s

has given very good approximations to simulation or
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measurement data. Further, the form used (equation 4.1.1)

makes it easy to interpret the parameters, so that attempts

to analytically explain the parameter values obtained

through estimation have quickly yielded useful insight into

some of the major factors affecting system performance when-

ever we have attempted such further analysis.

Case a)

As an initial test of the techniques, we considered the

following queues:

1) M/E
2
/1

2) M/0 /1 ,A: indicates a triangular service time i

distribution
3) M/G/1

The arrivals are Poisson distributed with average arri-

val rate equal to X, and we have assumed the following

service time distributions:

1) Second-order Erlangian distribution with mean

service time, X = 20, a
X

= 50 and squared coefficient of

2 1
variation C

X
=

2

2) Triangular distribution* with mean service time

X = 20, a
X

40
24)1/2

, and squared coefficient of variation,
(

C2 2 1

X 6

3) A particular case of a general service distribution

B(X) which is defined as:



B(x) =

{

0.5(x/R)1/2 0 L x L R

1-0.5(----) R < X < 2R

84

with mean service time g = 10, a
X

= 7.1 and squared coeffi-

2cient of variation C
X

=
(7 1)2

0(1)- - 0.5041.

We simulated the above queue systems using the GPSS

language. The simulation results are given in Tables 4.1.1

through 4.1.3. In order to obtain reasonable accuracy of

the simulation data, we increased the simulation time (run

time) until the statistics used, mean and variance of wait-

ing time in queue, became approximately constant.

Triangular (Simpson) distribution

r

4(X-a) a < X < a+b

f (X) = <
(b-a) 2

-4(X-b) a+b
(b-a) 2 ' 2

with mean and variance.

b+a
2

and

0.2 = (b-a)2
x 24

2

< X < b

f (X)
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Note: This is a standard technique recommended in simula-

tion texts and manuals (46,47). Also, it should be men-

tioned that extreme accuracy of simulation results is not

crucial to demonstrating usefulness of the techniques

discussed.

TABLE 4.1.1 TABLE 4.1.2

al) M/E2/1

1/X X W

a2) M/A/1

1/A X TT7

200 19.024 1.677 200 19.708 1.557
100 19.144 3.607 150 19.276 1.668
85 18.905 4.359 120 19.562 2.065
50 19.450 10.867 100 19.952 3.060
40 19.101 15.191 60 19.238 6.101
36 18.990 17.285 40 19.522 11.137
30 19.118 27.770 30 19.517 24.607
27 18.755 36.683 26 19.281 39.894
25 19.001 51.433 24 19.484 55.235
23 19.368 92.691 22 19.439 108.216

TABLE 4.1.3

a3) M/G/1

1/X X TAT

100 9.355 0.729
80 9.544 1.115
45 9.370 2.633
30 9.595 4.068
25 9.585 5.279
20 9.357 7.360
18 9.483 9.227
14 9.501 19.238
12 9.500 37.391
11 9.549 80.030
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It has been hypothesized that mean waiting time in the

above queue systems could be modeled by equation 4.1.1.

The modified least-square estimator with three different

types of weighting factors Wg1, Wg2, Wg3 (described in

Chapter III) was used to estimate the A(I)s in equation

4.1.1 from the simulation data. The results of this esti-

mation procedure (with A(4) set equal to zero in each case)

are given in Tables 4.1.4 through 4.1.6, respectively, for

the M/E2/1, M/A/1 and M/G/1 queue systems described.

TABLE 4.1.4

al) M/E2/1

Weight A(1) A(2) A(3)

W
gl

289.249 19.653 0.069

W
g2

273.066 19.937 0.436

W
g3

300.876 19.441 0.000

exact value 300.000 20.000 0.000
of parameter

a2) M/A/1

Weight

TABLE 4.1.5

A(1) A(2) A(3)

W
gl

231.460 19.891 0.036

W
g2

241.750 19.760 0.000

W
g3

237.537 19.878 0.000

exact value 233.300 20.000 0.000
of parameter
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TABLE 4.1.6

a3) M/G/1

Weight

W
gl

W
g2

W
g3

exact value

A(1)

75.683

77.036

76.992

75.000

A(2)

10.0

10.0

10.0

10.0

A(3)

0.0

0.0

0.0

0.0
of parameter

Since equation 4.1.1 is exact for M/G/1 queue systems,

we can calculate exact A(I) values as follows:

A(1) =
2

00 2 ( 1 C)2()

A(2) =

A(3) = 0.0

The last rows in Tables 4.1.4 through 4.1.6 give the

exact values of the A(1). As Tables 4.1.4 through 4.1.6

indicate, the estimation parameters are very close to the

exact values and the W
g3

weights give slightly better esti-

mates of parameters for these three cases. The results of

simulation and of curve fitting are plotted in Figures

4.1.1 through 4.1.3 for the M/E2/1 queue, Figures 4.1.4

through 4.1.6 for the M/A/1 queue and Figures 4.1.7 through

4.1.9 for the M/G/1 queue system. Also, Wgi, (1=1,2,3) on

these plots indicate which weights were used. As these
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plots indicate, the simulation and curve-fitting data are

in excellent agreement. This implies the modified least-

square estimators work well for these cases.
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Case b)

Next we consider a special case of GI/G/1 queue sys-

tems,where A(t) and B(t) are both of the form in equation

4.1.2, X, the average arrival rate, is equal to 1/E, where

E is mean interarrival time. We simulated this GI/G/1

queue system, obtaining the simulation results given in

Table 4.1.7.

TABLE 4.1.7

i/x
100.0 9.368 1.462
50.0 9.599 2.304
35.0 9.508 3.330
25.0 9.555 4.603
17.5 9.436 7.205
13.5 9.546 15.287
12.0 9.392 29.237
11.5 9.508 34.512
11.0 9.484 52.518
10.5 9.547 103.798

Again, it was assumed that mean waiting time in a

GI/G/1 queue can be approximated by equation 4.1.1 (set-

ting A(4) = 0.0). Now, the modified least-square proce-

dure with three weights (Wgi, Wg2, Wg3) was used to esti-

mate the parameters in equation 4.1.1. The results are

given in Table 4.1.8.
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Weight

Wgl

W
g2

W
g3

Approximated
value of A(I)

TABLE

A(1)

52.018

52.043

53.269

50.000

4.1.8

A(2)

9.994

9.995

9.965

10.000

A(3)

0.953

0.982

0.954

0.000

It is easy to calculate approximate values of the A(I)

using the Kramer and Langenbach-Belz approximation, equation

2.4.45 (with g=1) or the Allen approximation, equation 2.3.7

(with Pm=p). These parameters are:

A(1) =
2

(R)2 (C2 + C2) = 50
t x

A(2) = X = 10

A(3) = 0.0

given in the last row of Table 4.1.8. As the values in

Table 4.1.7 indicate, the estimated values of parameters

are very close to the approximation values, which implies

the modified least-square gives good estimates of para-

meters. An even better verification of this is obtained

from plots of simulation results and curve-fitting re-

sults, Figures 4.1.10 through 4.1.12. As these plots in-

dicate, the simulation data and curve-fitting data are in

almost perfect agreement.
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Case c)

The approach was used to study simulation results for

the performance of four different types of loop communica-

tion systems, the Newhall Loop (49), the Pierce Loop (50),

the DLCN Loop (51) and the Jafari Loop (52). Actual tables

of numerical results from the simulation runs, which are

contained in (51) and (52) (and listed in Table 4.1.9) were

used. Then these data points were fitted by equation

(4.1.1) with A(4) preset to zero.

TABLE 4.1.9

DLCN Loop with

X

6 nodes

171

Pierce Loop with

X

6 nodes

TAT

0.0017 12.10 0.0022 10.9
0.0040 24.30 0.0050 27.9
0.0067 41.50 0.0067 47.1
0.0100 73.70 0.0100 74.9
0.0125 112.60 0.0111 119.1
0.0143 147.80 0.0125 148.0
0.0175 235.30 0.0167 257.0
0.0200 341.60 0.0182 360.9

Newhall Loop with

X

6 nodes

17

0.0011 12.0
0.0029 15.3
0.0040 21.1
0.0067 38.6
0.0100 75.5
0.0125 135.2
0.0143 283.6
0.0167 611.6
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TABLE 4.1.9 (cont.)

Jafari Loop with 6 nodes

x TT

Jafari Loop with 9 nodes

x W

0.0040 30.4 0.0025 23.2
0.0067 38.9 0.0050 34.2
0.0100 57.6 0.0064 37.6
0.0125 90.7 0.0100 54.7
0.0143 97.8 0.0150 90.0
0.0176 160.0 0.0180 130.2
0.0200 271.1 0.0200 203.0
0.0222 394.6 0.0214 217.9
0.0250 643.9 0.0225 305.3

Jafari Loop with 11 nodes

x Tr

Jafari Loop with 15 nodes

x Tr

0.0050 31.5 0.0020 24.6
0.0092 48.2 0.0050 35.2
0.0122 71.5 0.0100 57.7
0.0157 110.4 0.0125 75.8
0.0183 156.9 0.0167 118.6
0.0200 182.7 0.0200 157.3
0.0208 196.6 0.0214 173.3
0.0220 255.4 0.0231 252.5
0.0244 281.6 0.0250 359.5

We used the modified least-square technique with

weight W
gl for estimation of parameters (curve fitting).

These results are given in Table 4.1.10.

TABLE 4.1.10

Loop A(1) A(2) A(3)

DLCN 4468.822 37.201 3.90

Pierce 4744.148 42.210 0.00

Newhall 3152.173 55.000 6.62
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TABLE 4.1.10 (cont.)

Jafari Loop A(1) A(2) A(3)

6 nodes 3281.992 35.130 12.50

9 nodes 2288.181 36.121 18.15

11 nodes 3483.235 29.280 9.14

5 nodes 2541.317 32.121 19.70

The values of A(3) in Table 4.1.10 indicate constant

delays due to the control loop are incurred in the Jafari

Loop. (Less significant constant delays appear to be im-

posed by the control mechanisms of the DLCN and Newhall

Loops.) Plots of the simulation data and of the fitted

performance curves are given in Figures 4.1.13 through

4.1.19. As these curves indicate, excellent agreement was

obtained in all cases. Since the Jafari Loop (52) is a

loop developed at Oregon State University, special atten-

tion was devoted to more fully understanding the parameters

obtained for this loop. The most interesting parameter to

be examined turned out to be A(2) which can be interpreted,

according to multiserver queueing theory as A(2) = X/m

with m the number of parallel servers and X the mean ser-

vice time. The mean service time was readily calculated,

so A(2) gave an estimate of the equivalent number of

servers. These estimates turned out to be distinctly non-

integer values. After due deliberation, this was felt to
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be reasonable since the number of simultaneous intercon-

nections possible with the Jafari Loop depends on the pre-

cise set of devices wishing to talk to one another and

will hence vary with time in such a manner that the aver-

age number is very likely to be a noninteger number. Addi-

tional details and information are given in (52,53,54,55).
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4.2 Multiserver Queue System

As we mentioned previously, curve fitting techniques

require a closed form solution (appropriate mathematical

representation of system). Unfortunately, in the case of

the multiserver queue (except for M /E2 / ?, M/G/00 and M/Ek/2)

reasonably closed form solutions exist only for the M/M/m

queue. The equations for this solution are given in equa-

tions 2.3.1 through 2.3.3 in Chapter II. A numerical

solution to the M/E
k
/m queue system (but not a closed form

solution) was also mentioned in section 2.3.2, Chapter II.

Nevertheless, there are reasonably accurate bounds on mean

waiting time in the GI/G/m queue which are given in equa-

tions 2.3.4 through 2.3.6.

Based on the upper bound in equation 2.3.5, we can

model W/X in GI/G/m queue systems as:

where

W/X - A(1) + A(2) + A(3) P
1-p

p = XR/m

4.2.1

This approximation is of exactly the same form as that used

for single server queue. The first term in this approxima-

tion is the same as the upper bound for GI/G/m queue system

given in equation 2.3.5 with the other terms added for the

same reasons these terms were used earlier. We use exact
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values of W/X in M/M/m queue for several values of m to

estimate the parameters (A(I)) of equation 4.2.1 and in-

vestigate the accuracy of this approximation. The results

of the estimation are given in Table 4.2.1.

Note: The weight used in the above estimation is one be-

cause exact values of W/X in M/M/m were used.

M A(1)

TABLE 4.2.1

A(2) A(3)

2 0.500588 -0.037098 -0.241421

4 0.250218 -0.010654 -0.305383

7 0.142937 0.049075 -0.341575

10 0.100004 0.088648 -0.355006

16 0.062467 0.140680 -0.370134

As the values in Table 4.2.1 indicate, the estimated

value of A(1) is always equal to l/m. Plots of exact

values and curve fitting result are given in Figures 4.2.1

through 4.2.5. These plots reveal that the fits are per-

fect at heavy load. Therefore, the approximation 4.2.1 is

good at heavy load, normally the most important loads to

consider for design purposes.

The approximation 4.2.1 gives negative values of W/X

for small valuesof p. In these cases, max(0,W /X) is the

preferred estimate of W /X. We also assumed that the value

of W/X was zero for low values of p outside the range of data.
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As a second approach we used the Martin-Allen approxi-

mation (25,56) to waiting times in the M/G/m queue (equa-

tion 2.3.7). This approximation is based on assuming the

waiting times in an M/G/m queue are related to those in an

M/M/m queue in the same way that the waiting times in an

M/G/1 queue are related to those in an M/M/1 queue. Ac-

cording to this approximation, the mean waiting time in the

M/G/m queue system is equal to the mean waiting time in

2M/M/m queue multiplied by 1
-(1 + Cx). This is identical to

the Allen approximation, equation 2.3.7, with C 2
= 1.

According to the above approximation, the mean waiting

time in the GI/G/m queue can be modeled by:

A(1) PmW - + A(2)
M (1 -p)

4.2.2

where P
m is the probability the M/M/m queue system contains

m or more customers, and is given by equation 2.3.3.

To investigate the accuracy of approximation 4.2.2,

we consider the following queue systems.

M/E2/2

m/E2/3

M/H2/2

M/H2/3

The above four queues were simulated using GPSS.



These simulation results are given in Table 4.2.2.

1) M/E2/2

p TT

TABLE 4.2.2

2) M/E2/3

p ITT

122

0.074 0.123 0.096 0.028
0.148 0.694 0.197 0.279
0.293 2.397 0.244 0.515
0.352 3.596 0.333 1.304
0.498 8.016 0.396 1.790
0.598 12.715 0.540 4.870
0.737 26.745 0.678 11.301
0.822 45.617 0.749 17.877
0.877 70.954 0.822 29.515
0.934 155.707 0.935 89.253

3) M/H2/2 4) M/H2/3

p p

0.160 0.975 0.105 0.056
0.261 3.070 0.201 0.343
0.389 8.144 0.255 0.615
0.488 10.670 0.333 1.585
0.583 21.591 0.387 2.638
0.699 38.804 0.517 6.827
0.816 74.143 0.557 9.434
0.826 103.550 0.684 17.971
0.885 134.809 0.827 57.582
0.943 268.938 0.904 106.805

It was assumed that mean waiting time in the above

queues could be approximated by equation 4.2.2. The above

simulation results and modified least-square estimation

with weight W
gl

were used to estimate the parameters of

equation 4.2.2. The estimated values of the A(I) are given
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in Table 4.2.3.

TABLE

Type of
Queue

Estimate
M/E2/2 Analytical

Estimate
M/E2/3 Analytical

Estimate
M/H2/2 Analytical

Estimate
m/H2/3

Analytical

Analytical values of A(I)

4.2.3

A(1)

11.752

11.250

8.001

7.500

19.389

20.000

11.978

13.330

in Table 4.2.3

A(2)

0.001

0.000

0.000

0.000

0.000

0.000

0.000

0.000

are obtained

using the Martin and Allen approximation as follows:

1
A(1) = -2-X(1+Cx2 )

A(2) = 0.0

The estimated values of A(2) given in Table 4.2.3 are

almost zero, as was expected based on Martin and Allen ap-

proximation, and the estimated values of A(1) are very

1
close to

-2-

X(1+C 2
) which is predicted by the Martin and

Allen approximation. Plots of the simulation data and of

the fitted performance curves are given in Figures 4.2.6
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through 4.2.9. As these curves indicate, excellent agree-

ment was obtained in all cases. Hence, the results indi-

cate that mean waiting time in M/G/m can be approximated by

equation 4.2.2 (Martin and Allen approximation).

Again we found that the curve fitting approach gives

good estimates of system performance as long as we have a

reasonable mathematical representation of mean waiting

time in queue.

Plots of the Allen and Martin approximation and simu-

lation results are given in Figures 4.2.10 through 4.2.13.

These plots show that the Allen and Martin approximation

results are extremely close to simulation results

over a wide range of average interarrival time. These

plots are also almost the same as the curve fitting re-

sults in Figures 4.2.6 through 4.2.9, which implies that

the Allen and Martin approximation is an accurate represen-

tation of mean waiting time in these multi-server queues.
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4.3 Priority Queues

In this section, we approximate the mean waiting time

in a nonpreemptive priority queue system (only nonpreemp-

tive priority queue systems are considered here, but the

same approach should apply for preemptive priority systems

as well as other queueing disciplines). For all cases

which are considered here, we use the following equations

to approximate the mean waiting time in the nonpreemptive

queue.

W -
P (1-XA (1)

A(1) X

A(1) X

W -P-1 (1-AA
P-1 (2))(1-XAp-1 (3))

f

1

w
1 (1 -XA1 (2)) (1 -XA1 (3))

A(1) X

4.3.1

where the index P indicates the highest priority class and

index one indicates the lowest priority.

The reason for choosing approximation 4.3.1 as a for-

mula to be fitted to observation data is that all terms in

this approximation correspond exactly to corresponding

terms applicable for waiting times in M/M/1 and M/G/1 non-

preemptive queue systems given in Chapter II (equation

2.4.2). It should be noted that approximation 4.3.1 is

of exactly the same form as the second term in the formulas
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for mean response time of preemptive priority queue systems

given in equations 2.4.6 and 2.4.7. Hence minor modifica-

tions of these formulas should work for preemptive priority

queue systems.

All cases we considered here are nonpreemptive with

only two priority classes, group two has the first priority

and group one has the second priority. Then, based on ap-

proximation 4.3.1, the mean waiting times for these two

groups can be approximated as follows:

A(1) X
WM2 (1-A(2) X)

4.3.2

A(1)X W
M2w

M1 (1-A(2)X) (1-A(3)X) (1-A(3)X)

where A(1) corresponds to Wo in the M/M/1 and M/G/1 nonpre-

emptive queue systems (given by equation 2.4.2), A(2) is

the mean service time for group two customers and A(3) is

the overall mean service time.

As equation 4.3.2 indicates, the mean waiting time for

customers from group one depends on the mean waiting time

for customers from group two. Therefore, we cannot use the

estimation technique (curve fitting technique) to obtain

separate estimates Wp1, Wp2, and expect consistent results.

Therefore, we minimized combined errors due to W
P1

and W
P2

defined as follows:



1.35

E = E
1

+ E
2

N
where E

1
= E (,67

P1
(i) - WM1 (i) 2

i=1

N
E
2 2

= E (4 (i)
- WM2 (i)) 2

i=1

with W
P1

and W
P2

observed (simulation) data for mean wait-

ing times for group one and group two, respectively, N is

the number of observations, and W
M1

and WM2 are the assumed

model (given by equation 4.3.2). The goal of the parameter

estimation (curve fitting) is to minimize E (sum of E1 and

E
2

) with respect to parameters A(1) , A(2) and A(3). The

techniques used are described in Chapter III, section 3.4.

We have applied our parameter estimation techniques

(curve fitting) to the following nonpreemptive queueing

systems:

1) M/M1

2) M/G/1

3) GI/G/1

Note: The general interarrival time and service time dis-

tribution used will be described in each case.

In all cases, we assumed that there were only two

classes of customers and that a new arriving customer would

be assigned randomly to one of the priority classes, with
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the choice going to class one with probability a = .7 and

to class two with probability B = 1-a = .3.

Case 1

We considered two variants of M/M/1 nonpreemptive

priority queues with two classes of customers. The arri-

vals are Poisson distributed, and service times are expo-

nential in both cases with R = R
2

in case a) and R = 10,

X
2
= 25 in case b). The simulation results for mean wait-

ing time for both classes are given in Table 4.3.1.

TABLE 4.3.1

Case la) Case lb)

1/X W
P1

W
P2

1/X W
P1

W
P2

100 1.1390 .0.815 100 6.645 4.738
50 2.8860 1.728 50 15.499 8.759
40 3.4960 2.564 45 20.473 11.652
35 4.6970 2.955 40 26.865 13.700
30 5.6960 3.553 35 33.793 14.017
25 7.9850 4.679 30 55.019 18.212
20 11.5610 5.843 28 62.561 18.864
18 15.7870 6.379 25 95.216 21.401
16 22.0080 7.651 23 194.832 23.278
14 30.5710 8.571
12 65.3800 10.815

The parameter estimation (curve fitting) technique

was applied to the above simulation results, and the results

are given in Table 4.3.2. The last row in Table 4.3.2 gives

exact values of these parameters which are calculated using
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equations 2.4.1 and 2.4.2.

Case la) Case lb)

A(1) = 100.0 A(1) = 467.5

A(2) = 3.0 A(2) = 3.0

A(3) = 10.0 A(3) = 20.0

TABLE 4.3.2

Case la)

Weight A(1) A(2) A(3)

W
gl

97.438 3.067 10.071

W
g3

99.122 2.788 10.230

Exact 100.000 3.000 10.000

Case lb)

Weight A(1) A(2) A(3)

W
gl

469.605 2.801 20.018

W
g3

467.703 3.254 20.001

Exact 467.500 3.000 20.000

Plots of simulation data and the results of approxi-

mation (4.3.2) are given in Figures 4.3.1 through 4.3.8.

As values in Table 4.3.2 indicate, estimated values

of the A(I) for both sets of weights are very close to

exact values of these parameters, considering the accuracy
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of the input and output data. Secondly, as Figures 4.3.1

through 4.3.8 show, there is almost perfect agreement be-

tween approximation (4.3.2) and the simulation data, indi-

cating that the estimation technique works well for these

cases.
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Case 2) M/G/1 nonpreemptive priority queueing

For this case, customers arrive according to a Poisson

distribution. This queue system also has two classes of

customers. Service times for class one are selected accord-

ing to a 2nd-order Erlangian distribution with mean service

time X
1
= 30; service times for class two are also 2nd-order

Erlangian with mean service time X2 = 20.

Simulation results for the above queue system are given

in Table 4.3.3.

1/X

TABLE 4.3.3

P1
W
P2

80 11.385 7.592
60 18.880 8.999
50 25.896 13.160
43 40.157 15.014
40 51.577 16.101
37 67.285 17.667
35 80.750 17.099
32 146.140 20.657
30 204.650 24.070

The curve fitting technique was applied to the above

simulation results and estimated values of the A(I) are

given in Table 4.3.4. The last row in this table, again,

gives exact values of the A(I), which are calculated using

equations 4.4.1 and 4.4.2.
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TABLE 4.3.4

Weight A(1) A(2) A(3)

W
gl

545.005 6.108 26.882

W
g2

515.397 7.778 27.155

Exact 555.500 6.000 27.000

Plots of simulation and approximation data are given in

Figures 4.3.9 through 4.3.12.

The values in Table 4.3.3 indicate, once again, that

the estimated values of the A(I) are almost the same as the

exact values of the A(I), as should be expected since equa-

tion 4.3.2 is the form of the exact solution of both M/M/1

and M/G/1 nonpreemptive priority queueing systems.

The plots in Figures 4.3.9 through 4.3.12 also show

that essentially perfect agreement between approximation

and simulation data is obtained. These, again, imply the

curve fitting approach works well.
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Case 3 The GI/G/1 Nonpreemptive Priority Queue

We consider two cases of GI/G/1 nonpreemptive priority

queues, each with two classes of customers. Both of these

queue systems have general interarrival time distributions

given by equation 4.1.2 which will be repeated here.

{

0.5(t/E) 2 0 < t < E

A(t) =

E t 1/21-0.5( 2
E ) < t <

where X average interarrival time is equal to 1/E. The ser-

vice distributions for the above queues are:

Case 3a) Customers from class one have a 2nd-order Erlan-

gian service time distribution with mean service time

X
1

= 20 and coefficient of variation C 2

X1
= .5 and customers

from class two have a 2nd-order hyperexponential service

time distribution (described in Chapter II, section 2.2.2),

with mean service time X
2
= 10 and C 2

X2
= 1.666.

Case 3b) Service times for both classes are drawn from the

general service distribution which is given in equation

4.1.2 and repeated above, with mean service times X
1

= 20

and coefficient of variation C
2

X1
= 14.3 for class one and

2
mean service times X

2
= 10 and coefficient of- variation C

X2

= 7.1 for class two customers.

The simulation results for the above systems are given

in Table 4.3.5.
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TABLE 4.3.5

Case 3a) Case 3b)

1/X W
pl

W
P2

1/X W
P1

W
P2

40.0 9.340 5.584 50 7.516 4.640
30.0 14.962 8.072 40 8.638 5.600
24.0 22.100 9.345 35 11.902 6.161
23.0 24.332 11.068 30 15.650 7.703
22.0 35.505 11.747 25 25.523 9.380
21.5 36.816 11.372 24 25.581 9.448
20.0 68.049 12.109 23 38.521 10.882
19.0 86.657 13.101 20 70.054 12.811
18.0 116.276 14.262 19 116.467 13.458
17.0 237.766 14.893 18 232.068 14.104

The estimation technique was applied to the above

simulation data under the assumption that approximation

4.3.2 can be used to model the mean waiting time in the

above aueue systems (since there is no exact solution for

GI/G/1 nonpreemptive priority queue). The results of the

estimation are given in Table 4.3.6.

TABLE 4.3.6

Case a)

Weight A(1) A(2) A(3)

W
gl

180.743 4.855 15.857

W
g3

199.282 3.918 15.761

Exact - 2.700 16.700
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Case b)

Weight A(1) A(2) A(3)

W
gl

196.134 3.468 16.855

W
g3

195.691 4.343 16.647

Exact - 3.000 17.000

The last row of Table 4.3.6 gives exact values of

those parameters which can be calculated. Plots of simu-

lation data and curve fitting results are given in Figures

4.3.13 through 4.3.20. As the values in Table 4.3.6 indi-

cate, the estimated parameters are close to the exact values

for those parameters which can be calculated. Also, the

plots in Figures 4.3.13 through 4.3.20 indicate that the

simulation data and curve fitting data are in excellent

agreement. The values in Table 4.3.6 and the plots indi-

cate that mean waiting times in the GI/G/1 priority queues

studied can be approximated by equation 4.3.2.

Note: In cases (a) and (b) we did not give exact value of

A(1) in Table 4.3.6 since there is no known technique to

evaluate the value of A(1) for GI/G/1 priority queues.
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4.4 Series-Queues

In this section, we consider series queues with the

assumption there is infinite waiting room in front of each

queue. As we indicated in Chapter II, series queues com-

prise a special case of open networks. Therefore, the

Jackson result (35) holds for series queues (if they have

Poisson arrivals and exponential service times). Based on

Jackson's result (equations 2.6.4 through 2.6.7) the mean

response time in a series queue is:

T = E (R.+c7.)
1 1

or

N
T = K + E W.

i=1 1

4.4.1

where K is the summation of all mean service times and W
i

th
is the mean waiting time at i node.

Rubin (57) also considers a special case of the above

series queue (a communication path) with constant service

times. He showed that mean response time for this type of

series queue is

1 m
T= -2- . + R.

1-pm 1=1

where X. is service time at node i(i=1,...,n) and

4.4.2
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p.=-X.R.<1,prn>vfor i = 1,2,...,N
1 1

This means that the mean response time is the summation of

all mean service times plus the mean waiting time for the

limiting node (bottleneck component).

Since most real world systems are not well balanced,

usually one component (the bottleneck component) saturates

considerably earlier than any of the others (58). For

loads below those saturating the bottleneck component all

other delays in the system are often reasonably constant,

so that equation 4.4.1 can be approximated by:

T = Ko + WS 4.4.3

with the subscript 'S' representing the index of the bottle-

neck component, and Ko the summation of all the reasonably

constant delays.

It has been shown in section 4.1 that the mean waiting

time in a single queue can be approximated by equation

4.1.1, then, based on equations 4.4.1 and 4.4.3, the mean

response time in series queue can be approximated as

A
s
(1)X

T = KoM o 1-As(2)X
+ A

S
(3)

A (1)X

1-A
S
(2) X

+ A(3)

where A(3) = K
o A (3)

4.4.4
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Alternatively, it has been hypothesized that mean response

times for series queues are the result of a sequence of de-

lays with some delays essentially constant (mean service

times), others slowly varying over the range of system load

and reasonably approximated by X Ki + K2, and finally the

delays due to the bottleneck component which saturates at

lighter loads than any other component (58). Then we can

approximate equation 4.4.1 by:

A
S
(1)X

TM - + A(3) + A(4) X1-A
s
(2)X

4.4.6

We will show in the remainder of this section that ap-

proximations 4.4.5 and 4.4.6 both give good estimates of

the mean response time for series queues.

We considered systems with two queues in series and

three queues in series.

a) Two queues in series

Q1

Arriving Queue 1 Server 1 Queue 2 Server 2 Departing
Customers Customers

Node 1 Node 2

A customer is arriving with Poisson distribution and

has to pass through two service centers before leaving the

system. There is assumed to be infinite waiting room in

front of each server. For this example both service time
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distributions are assumed to be exponential with mean ser-

vice times g
1
= 5 and R

2
= 10. Simulation results for

this system are given in Table 4.4.1.

The parameter estimation (curve fitting) technique was

applied to the simulation data in Table 4.4.1 using approxi-

mations 4.4.5 and 4.4.6. The results of parameter estima-

tion are given in Table 4.4.2.

TABLE 4.4.1

Case a)

1/X

100 15.340
50 16.831
30 20.100
20 26.320
18 28.230
16 31.680
15 38.110
14 42.600
13 45.440
11 105.500

TABLE 4.4.2

Case a)
A(1) X

TM
+ A(3)M 1-A(2)X

Weight A(1) A(2) A(3)

W
gl

115.178 9.716 14.22

W
g2

117.327 9.701 14.13

w
g3

121.933 9.622 13.96

Bottleneck 100.000 10.000 15.00parameters
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M?,
T -

A(1)
+ A(3) + A(4) XM 1-A(2)X

Weight

W
gl

W
g3

Bottleneck
parameters

A(1)

85.270

112.113

100.000

A(2)

9.987

9.734

10.000

A(3)

13.31

13.81

15.00

A(4)

83.25

20.71

-

Values in the last row of Table 4.4.2 are parameters

for the bottleneck component and total constant delay,

which are calculated as follows:

A(1) = (5(2)2 = 100

A(2) = i2= 10

A(3) = R
1
+ R

2
= 15

As the values in Table 4.4.2 indicate, the estimated

values of A(2) and A(3) are very close to parameters of the

bottleneck component, but the estimated value A(1) is

greater than A
s
(1). This is not surprising, since the

other nodes (besides the saturated node) introduce some

delay. Plots of the simulation data and curve fitting

results are given in Figures 4.4.1 and 4.4.5. As these

plots show, the simulation data and the approximation are

in almost perfect agreement.
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b) Three queues in series

For the system studied here, arriving customers have

to pass through three service stations before leaving the

system. Infinite waiting room is available in front of

each server. The following series queues will be consid-

ered here:

1) Arrivals are Poisson distributed and service time

distribution will be described later.

2) Interarrival and service time distributions are the

general distribution described below:

A(t), B(x) = F(z)

0 .5 (z/E) 2 0 < z < E

%
- 0.5(

2E-z
) 2 E < z < 2E

Case li) customers arrive with Poisson distribution and

service times at server 1, server 2, and server 3 are ex-

ponentially distributed with mean service times RI = 5,

X
2
= 20 and X

3
= 10, respectively. Simulation results for

this system are given in Table 4.4.3.

The parameter estimation (curve fitting) technique was

used to estimate parameters A(I) in equations 4.4.5 and

4.46 using the simulation data in Table 4.4.3. The results

of the estimation are given in Table 4.4.4.

Plots of simulation data and curve fitting results

are given in Figures 4.4.6 through 4.4.10. These plots

indicate that there is an almost perfect agreement between
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Case li)

i/X

TABLE 4.4.3

100 40.180
50 47.160
40 52.200
35 62.990
30 84.470
27 98.800
25 137.670
23 159.830
22 281.724
21 551.480

Case li)

TABLE 4.4.4

A(1)X
TM

+ A(3)M 1-A(2)X

Weight A(1) A(2) A(3)

W
gl

468.117 20.0 33.06

Wg2 482.288 20.0 32.68

g3
461.642 20.0 33.73

Bottleneck 400.000 20.0 35.00

T -M
A(1)X

+ A(3) + A(4) X
1-A(2)X

Weight A(1) A(2) A(3) A(4)

W
gl

468.117 20.0 33.06 0.0

W
g3

461.642 20.0 33.73 0.0

Bottleneck 400.000 20.0 35.00 -
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simulation and curve fitting data which implies approxima-

tions 4.4.5 and 4.4.6 can be used to accurately represent

total time in these series queues.

The last row of Table 4.4.4 gives the parameters of

the saturated node (bottleneck component). As the values

in Table 4.4.4 indicate, the estimated value of A(2) is

equal to the mean service time of the bottleneck component,

the estimated value of A(3) is very close to Ri + R2 + R3

and the estimated values of A(1) from both equations 4.4.5

and 4.4.6 are higher than the value of A(1) for the bottle-

neck component.

Case lii) The arrival process is Poisson as before

but service time at each server is drawn from a 2nd order

Erlangian distribution with mean service times RI = 5, R2

= 20 and X
3

= 10. Therefore, server two is the bottleneck

component which has the following parameters.

A(1) = 1/2(1 +1/2) (19.5)2 = 285.188

A(2) = R2 = 19.5

Also, A(3) should be approximately

A(3) =
1
+ X3 + X3 = 34.5

Simulation results for this series queue are given in Table

4.4.5. We applied our parameter estimation to this simu-

lation data using approximations 4.4.5 and 4.4.6. Estima-

tion results are given in Table 4.4.6. As the values in
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Table 4.4.6 indicate, estimation parameters are very nearly

equal to the parameters of the bottleneck component, which

are given in the last row.

TABLE 4.4.5

Case lii)

i/x
100 38.380
50 43.085
40 49.357
35 51.747
30 61.919
27 64.642
25 80.588
23 123.235
22 126.034

Plots of simulation data and curve fitting data are given

in Figures 4.4.11 through 4.4.15. Again, the plots indicate

that the simulation data and the curve fitting data are in

excellent agreement. This implies that approximations

4.4.5 and 4.4.6 give very good representation of mean re-

sponse time in these series queues.

Case liii) is the same as the last series queue with the

exception that service times are drawn from hyperexponential

distributions with squared coefficient of variation C
X1

2 2
C
X2

= C
X3

= 1.666 and mean service times are X
1

= 4.5,

R
2
= 9 and 3C

3
= 18.

Then, based on the bottleneck component (third server)
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estimated parameters of equations 4.4.5 and 4.4.6 are:

A(1) =.1(1 + 1.666) (73)2 = 431.892

A(2) = X3 = 18

A(3) = X1 + T(2 + R3 = 31.5

Simulation results for this queue system are given in

Table 4.4.7 (along with data for the next case considered),

with parameter estimation results given in Table 4.4.8.
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Case lii)

Weight

TABLE 4.4.6

A(1)X
+ A(3)

A(2) A(3)

TMM 1-A(2)X

A(1)

W
gi

271.998 19.220 34.83

W
g2

260.763 19.500 35.14

W
g3

262.036 19.630 35.07

Bottleneck 285.188 19.500 34.50

(1)X
TM - 1-AA(2) X

+ A(3) + A(4) X

Weight A(1) A(2) A(3) A(4)

W
gl

271.999 19.200 34.83 0.0

W
g3

219.684 20.000 34.50 102.75

Bottleneck 285.188 19.500 34.50
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As values in Table 4.4.8 indicate, the estimated para-

meters are again very close to the estimates above. Plots

of simulation data and curve fitting data are given in

Figures 4.4.16 through 4.4.20. Once again, the simulation

data and curve fitted data are in almost perfect agreement,

which implies approximations 4.4.5 and 4.4.6 are good for

representation of mean response time in this series queue.

Case liv) This is the same as the last series queue

with the exception that server three and server one are ex-

changed in order to investigate the effect of the position

of the bottleneck component in series queues. Simulation

results are given in Table 4.4.7 and curve fitted data in

Table 4.4.9.

Case liii)

1/X T

TABLE 4.4.7

Case liv)

1/X

100 37.112 100 37.380
80 39.298 60 43.380
70 40.893 50 49.114
60 43.896 40 52.718
50 46.245 35 58.449
33 69.238 33 61.000
25 107.320 30 70.056
23 120.278 27 93.257
22 150.511 25 101.804
21 204.043 23 124.922

22 144.114
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Case liii)

Weight

W
gl

W
g2

W
g3

Bottleneck

TABLE

A(1)X

4.4.8

+ A(3)

A(2)

17.838

17.851

17.502

18.000

A(3)

31.23

31.03

30.14

31.50

TMM 1-A(2)X

A(1)

512.720

518.058

567.430

431.892

AMA
+ A(4) XT - + A(3)M 1-A(2) A

Weight A(1) A(2) A(3) A(4)

W
gl

287.822 18.987 25.94 672.31

W
g3

466.943 17.983 28.87 229.31

Bottleneck 431.892 18.000 31.50

Plots of simulation and curve fitting are given in

Figures 4.4.21 through 4.4.25, which again indicate that

approximations 4.4.5 and 4.4.6 are very good representa-

tions of mean response time. Since the bottleneck compon-

ent in this series queue has the same parameters in case

liii, the estimated parameters of equations 4.4.5 and

4.4.6, based on the bottleneck component, are the same.
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Case liv)

TABLE 4.4.9

A(1)A
TM

+ A(3)
M 1-A(2)A

Weight A(1) A(2) A(3)

W
gl

501.531 17.657 31.31

W
g2

513.623 17.582 31.04

W
g3

487.557 17.962 31.66

Bottleneck 431.892 18.000 31.50

Case liv)

(1)X
+ A(4) XTM 1-AA(2)

+A(3)
X

Weight A(1) A(2) A(3) A(4)

W
gl

501.531 17.657 31.31 0.00

W
g3

468.544 18.105 31.52 35.98

Bottleneck 431.842 18.000 31.50

As values in Table 4.4.8 and Table 4.4.9 indicate,

there are only minor differences in fitted parameters,

which implies that the position of the bottleneck compon-

ent does not appear to greatly affect response time of

the series queues studied.
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2) Three queues in series with general interarrival

and general service time distributions. We considered the

following cases:

Case 2i) Customers arrive at node one with the fol-

lowing general interarrival time distribution:

A(t)

1-0.5(t/E) 2

1-0.5(
2E-

-
t

)

1/2

o < t < E

t < t < 2t

Service time distribution at node one is hyperexponen-

tial with mean equal to 9 and squared coefficient of vari-

ation equal to 1.666. Service time distribution at node

two is the same type of general distribution as that for

interarrival time with the mean equal to 5 and the squared

coefficient of variation equal to 1/2. The third node has

a 2nd order Erlangian service time distribution with mean

X
3
= 20 and squared coefficient of variation C

X
= 1/2

3

Case 2ii) This case is exactly the same as case 2i

with the exception that node two has a triangular service

time distribution (which is described in section 4.2) with

mean service time X
2
= 5 and coefficient of variation

2
C
X
2

= 1/6.

Approximation values of parameters of equations 4.4.5

and 4.4.6 for the above queues, based on the bottleneck



component, can be calculated using equation 2.3.7 as

follows:

2 2
A(1) = 1/2(C

t
C
X ) (X

3
)

2

A(2) =

A(3) = X1 + X2 + )73

204

Calculation of A(1) requires the squared coefficients of

2variation of input (C
t

) and service time (C 2
) of the

X

bottleneck component. Since server 3 is the bottleneck

component, C 2
is the squared coefficient of variation of

the interdeparture times for the output process of server

two, (CO2)

There are some known results for the output process

(33,59,60,61). Paul J. Kuehn (21) gives an approximation

of squared coefficient of variation for the output process

as follows:

2 2 2
Co = Ct p(C

X - C
t

)

2
iwhere C

0
is output squared coefficient of variation and

C
2 and C 2

X
are, respectively, the input and service squared

coefficient of variations.

Paul J. Kuehn's approximation was used to calculate

approximation values of the parameters for equations 4.4.5

and 4.4.6 for the above queues as follows.
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Case 2i) Since C 2

X
and C 2

of server two are equal,

the Paul J. Keuhn approximation does not depend on p.

Therefore,

2
C
2
= C

t
= %2

A(1) = 1/2(1/2 + %) (400) = 200

A(2) = 20

A(3) = 34

Case 2ii)

A(1) = 1/2(1+X X(1/6 - 1/2)) (20)2

A(2) = 20

A(3) = 34

The approximation value of A(1) depends on p = XX,

with maximum (A(1) max = 200) at p= 0, minimum (A(1) =min

133.3) at p = 1. The average value of A(1) is then

A(1) average
= 166.6.

Simulation results are given in Table 4.4.10, para-

meter estimates in Tables 4.4.11 and 4.4.12, and plots of

simulation data and curve fitting data in Figures 4.4.26

through 4.4.35. The plots indicate that the approximation

and simulation data are in their usual almost perfect agree-

ment, implying that equations 4.4.5 and 4.4.6 give very

good mathematical representations for mean response times

of these series queues. As values in Table 4.4.11 indicate
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in case (2i), the estimated parameters are very close to

the parameters of the bottleneck component (which are given

in the last row of Table 4.4.11), with the exception that

the estimated value of A(1) is higher. This is due to the

delay by other nodes besides the bottleneck component.

TABLE 4.4.10

Case 2i)

1/X T

Case

1/X

2ii)

T

100 38.431 70.0 33.625
80 39.367 50.0 35.419
60 40.644 40.0 38.164
40 46.342 35.0 40.651
33 53.914 30.0 46.942
28 59.049 25.0 61.312
25 78.311 22.5 77.189
23 101.333 22.0 86.792
22 118.369 21.5 95.594
21 150.923 21.0 124.777

In case (21i), the estimated A(2) is very close to

the mean service time of the bottleneck component and, as

expected, the estimated value of A(3) is approximately

equal to the summation of all mean service times

(5C
1
+ R

2
+ R

3
). The estimated value A(1) is close to the

average value of the Kuehn approximation.
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Case 2i)

TMM

Weight

W
gl

W
g2

W
g3

Bottleneck
parameter

TM

Weight

W
gl

W
g3

Bottleneck
parameter

Case 2ii)

TABLE

A(1)X

4.4.11

+ A(3)

A(2)

18.805

18.888

19.474

20.000

+ A(3) + A(4) X

A(2) A(3)

18.805 34.14

19.474 35.32

20.000 34.00

4.4.12

A(3)

34.14

34.52

35.32

34.00

A(4)

0.00

0.00

1-A(2)X

A(1)

263.744

256.706

225.026

200.000

A(1)-
1-A(2)X

A(1)

263.744

225.027

200.000

TABLE

Weight

W
gl

W
g2

W
g3

Bottleneck
parameter

A(1)X + A(3)

A(2)

19.155

19.075

19.048

20.000

A(3)

30.58

30.18

30.02

34.00

TMM 1-A(2)X

A(1)

162.891

170.854

174.936

-
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TABLE 4.4.12 (cont.)

A(1)X
+ A(3) + A(4) XT

M 1-A,(2)X

Weight A(1) A(2) A(3) A(4)

W
gl

115.740 19.604 27.09 244.7000

W
g3

175.192 19.043 30.00 0.0045

Bottleneck - 20.000 34.00
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4.5 Closed Networks with Finite

Customer Population
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Figure 4.5.1
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We will consider the closed network shown in Figure

4.5.1, which has been studied by Wong and Muntz among

others (40), with no restriction on service time or think

times at terminals. (The time spent by user at terminal

in generating a new request is referred to as his "think

time.") Wong and Muntz's results for the above network

are given in the form of equations for the asymptotic be-

havior of mean response time in the service facilities and

are based primarily on the behavior of the bottleneck com-

ponent in service facilities. Their results are given in

Chapter II.
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Since there is no exact solution for the above closed

network with general probability distributions, we have

investigated the following approximation.

The approximation is an aggregation replacing the sub-

network by a "composite" queue with a feasible solution.

This can be done exactly for product networks (62,63,64,65,

67,68) and a limited number of cases of other networks

(65,66). In most cases, aggregation is described in terms

of flow-equivalence which means that the flow of jobs

through the composite queue is (approximately) the same as

that in the subnetwork.

In our approximation, we replace the (N-1) service

facilities in the time-sharing network shown in Figure

4.5.1 with a single server, so that there is an exact solu-

tion given by equation 2.5.1.

- 1/XT -
1-P0 2.5.1

Where M is the number of terminals, 1/kis mean think time

and Po is the probability that there is not a customer in

the service facility and the queue, given by equation 2.5.2.

We define the aggregation in terms of saturation num-

ber which means that the saturation number of the replaced

network is the same as that of the original network.

Therefore, the new network with a single server should
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have the same saturation number M*. M* is defined as the

maximum number of jobs for which there is no mutual inter-

ference between jobs (section 2.7, Chapter II).

We will use M* for the saturation number of the ori-

ginal network, and M5 for the saturation number of the

corresponding single server model. Ms for a single server

model is given by equation 2.5.4 which is:

l+pM*
S p

since M5 and M* are assumed to be equal,

M* - l+p

p

p
1

M* -1

4.5.2

4.5.3

Using the value for p for the network, we can then use the

single server model given in equation 2.5.9, which can be

approximated as:

T
A(1)M
1-Po

- A(2) 4.5.4

where Po, given in equation 2.5.2, is the probability

that service facilities are empty.

We now apply the above approximation to analyzing the

following networks.

Case 1) We consider the network in Figure 4.5.2 which
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has been studied by P. J. Denning and J. P. Buzen (69).

Service time distributions at CPU, disk and drum are

assumed to be exponential with mean service time Xcpu =

0.05,
XDisk 0.08 and X

Drum = 0.04. The think time is

exponential with mean think time equal to 20. Asymptotic

behavior for the above network is given in Figure 4.5.3.

T = 2.20

T = M-20

M* = 22.0

Figure 4.5.2

M << M*

M » M*
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We simulated the above network with the results given

in Table 4.5.1 (along with results for the next case con-

sidered).
TABLE 4.5.1

Case 1) Case 2)

M T M T

1 2.14 1 2.0406
3 2.32 3 2.0846
5 2.35 5 2.4382
7 2.50 7 2.6726
9 2.99 9 2.9905

11 3.64 11 3.6032
17 4.73 17 4.9841
19 5.13 19 5.2229
21 6.00 21 5.6932
23 6.15 23 7.0353
26 7.86 26 8.7310
29 10.46 29 10.6203
33 13.08 33 14.1780
37 16.24 37 17.3106
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Since mean think, 1 /k, time is measureable, we used

the following approximation to model the mean response time

for the above network.

T - A(1)M
201-P

where P
o is given by equation 2.5.2 with

-
1 1

M*-1 21.2

Then the curve fitting technique was applied to the simula-

tion data to find parameters for equation 4.5.4. The esti-

mated value of A(1) was obtained as:

A(1) = .998

Plots of the simulation data and the curve fitting

data are given in Figure 4.5.4. This plot, again, indi-

cates good agreement between simulation data and curve

fitting data. The estimated value of A(1) is also very

close to the slope of asymptote at M >> M*. This indicates

that approximation 4.5.4 can be used to accurately model

the mean response time in this closed network.

Case 2) We again used the network in Figure 4.5.2,

but with different service time distributions for the com-

ponents. We assumed that think time is exponentially dis-

tributed with mean 20, service time for the CPU is
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hyperexponential with mean service time equal to .05 and

squared coefficient of variation equal to 1.666. Service

times for the disk and drum are drawn from 2nd-order

Erlangian distributions with mean service times of 0.08

and 0.04, respectively, and squared coefficients of

variation %.

The simulation results for this network are given in

Table 4.5.1. The curve fitting technique gives an estimate

of A(1) equal to .992.

A(1) = .992

Plots of the simulation data and curve fitting results

are given in Fiaure 4.5.5. As.usual, the plots and esti-

mated values indicate that the approximation used accurately

models the meal response time in the network studied.
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4.6 Modeling the Second Moment of Waiting

Time in a Single Queue

All approximations we have considered up to now were

for the first moment of waiting time in queueing systems.

In this section, we will concentrate on finding an approxi-

mation model for the second moment of waiting time in

single queue systems. Since we have already modeled the

mean waiting times in queue, we can approximate the second

moment of waiting time in a single queue by modeling the

variance (62 ) and using the following equation:

2 //07 2W = ) +
6141

4.6.1

We have used the following approximation for the vari-

ance, aw , of waiting time in single queues.

2 A(1) A(3) x
6W W (1-A(2)X) 2 (1 -A(2) X)

+ A(4) 4.6.2

One reason for choosing equation 4.6.2 as an approxi-

mation to the variance of waiting time is that various

terms in the formula correspond to known queueing theory

results. For example, the formula for variance of waiting

time in a M/M/1 queue, given by equation 2.2.8, is

a
2

X23. 2 TO
Wm/m/1 2(1-p)2 (1-p)
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and the formula for variance of waiting time in a M/G/1

queue, equation 2.2.14, is:

a
2

X2(72.)2 257wM/G/1 4(1-p)2 + 3(1-p)

and the formula, equation 2.3.3, for variance of waiting

time in a GI/M/1 queue is (equation 2.2.34):

62 2a-a2wGI/M/1 z (1-a)2

Thus, variances of waiting times in M/M/1 and M/G/1 queue

are exactly of the form of the first two terms of approxi-

mation 4.6.2. The variance of waiting time in a GI/M/1

queue is approximately of the form of the first term of

this approximation.

One other reason for using approximation 4.6.2 is that

it gives a good result in every case studied. The para-

meters of this approximation can be related to parameters

of an actual system.

We now consider M/G/1 and GI/G/1 queues and see how

well approximation 4.6.2 can represent the variance of

waiting time in these queues.

Case 1) The M/E2/1 queue

The arrival process is Poisson and the service time

distribution is 2nd-order Erlangian with mean X = 20 and
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squared coefficient of variation C2
= %.

Simulation results are given in Table 4.6.1. We ap-

plied our parameter estimation technique to these simula-

tion results using approximation 4.6.2, with results given

in Table 4.6.2. Since in the case of a M/E2/1 queue system

approximation 4.6.1 is exact, we can calculate exact values

of parameters as follows:

A(1) = (1/2(1 + %)(400))2 = (300) 2

A(2) = 20.0

A(3) = 8000.0

A(4) = 0.0

The above results are given in the last row of Table

4.6.2. The plots of the curve fitting results and the

simulation data are given in Figure 4.6.1.

Note: We used W
g3

as weights in our estimation technique.

As expected, the estimated values of A(1), A(3),and A(4)

in Table 4.6.2 are close to the actual values of the A)I),

as they should be since approximation 4.6.2 is exact for

M/E
2
/1 (see the comments on A(1) values given below). The

plot in Figure 4.6.1 indicates that the simulation results

and curve fitting results are in virtually perfect

agreement.
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TABLE 4.6.2

Case 1)

Weight A(1) A(2) A(2) A(4)

W
g3

67275.40 19.701 8594.22 0.630

Exact 90000.00 20.000 8000.00 0.000

Case 2) The M /G /1 Queue

This case is the same as case 1), with the exception

that service time is general, with distribution given by

equation 4.1.2, with mean X = 10 and standard deviation

a
X

= 7.1.

Simulation results for this queue system are given in

Table 4.6.3, and the results of parameter estimation in

Table 4.6.4. Since approximation 4.6.2 is exact for the

M/G/1 queue system, we can easily relate the A(I) values to

parameters of the above system. Thus, A(1) -
TO) 2

4

A(3) -
3 '

where KT, Tr, respectively, are second and

third moments of service time, and A(2) is mean service

time. Results of simulation data and curve fitting are

plotted in Figure 4.6.2, again indicating that simulation

data and curve fitting results are in excellent agreement.

Also, the estimated value of A(2) is very close to the

value of mean service time, with the small difference due

to simulation error.
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Note: In both Case (1) and Case (2) there are large differ-

ences between estimates and approximated values of A(1).

Also in Case (2) there is a similar discrepancy for A(3).

Such differences are not unexpected, however, since esti-

mates for second moments are normally less stable than

those for first moments (70).

Case 2)

1/A a
w

TABLE 4.6.3

Case 3)

1/A

100 2.962 100.0 4.375
85 3.349 50.0 5.559
50 5.111 45.0 5.863
45 5.276 35.0 7.139
40 6.124 25.0 9.025
33 6.720 22.5 9.927
27 8.294 17.5 11.829
25 9.646 13.5 20.546
23 9.904 12.5 24.769
20 11.573 12.0 36.248
18 13.868 11.5 38.142
16 16.894 11.0 50.632
12 40.849 10.5 101.312

TABLE 4.6.4

Case 2)

Weight A(1) A(2) A(3) A(4)

W
g3

13530.34 9.074 222.40 8.89

Exact 5625.0 10.000 846.00 0.00
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Case 3) The GI/G/1 Queue System

We considered a single queue system with general in-

terarrival times and general service times, both with dis-

tributions given by equation 4.1.2. The service time

distribution has mean X = 10 and standard deviation

a
X

= 7.1.

Simulation results for this system are given in Table

4.6.3, and estimation results in Table 4.6.5. Plots are

given in Figure 4.6.3. The usual excellent agreement is

obtained.

Note: The esimated value of A(2) is again very close to the

exact value of mean service time with small difference due

to simulation error. Also, in this case we did not give

analytical values of parameters, since there is no known

technique to evaluate these values (aside from A(2)) for

GI/G/1 queue systems.

TABLE 4.6.5

Case 3)

Weight A(1) A(2) A(3) A(4)

W
g3

2100.57 10.0 872.20 8.50
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V. SUMMARY AND CONCLUSIONS

The simple approach to system performance modeling

discussed here is a handy technique for quickly generating

analytical models which describe system performance from

measurement or simulation data. It is especially useful

when additional analysis is continued after the formulas

are initially obtained in order to better understand the

parameter values found by regression. This approach has

usually given adequate results for all cases studied far

faster than they could normally be obtained by more con-

ventional modeling techniques, and it is logical to assume

the approach would work equally well for a much broader

variety of cases than time and budget restrictions allowed

us to study.

This research has also shown that the formula

A(1) X
W - + A(3) + A(4) X

1-A(2)X
5.1.1

can be used in a wide variety of system performance models

such as:

1) It can be used (setting A(4) = 0) to model the mean

waiting time in a single queue with no restriction on in-

terarrival time or service time distributions. In this

case, A(2) would represent the mean service time, and the
9

value of A(1) would be approximately equal to 1/2(C2t+Cx--)X.
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Also, formula 5.1.1 can be used to model the mean re-

sponse time in a single queue. Then A(3) would give the

mean service time for the system.

2) A simple modification of formula 5.1.1, such as:

A(1)Pm
W - + A(2)

1-p
5.1.2

can be used to model mean waiting time in a multiserver

queue with no restriction on interarrival or service time

distributions. Hence, the value of A(1) would be approxi-

matelymately equal to 1/m(C
t

+ C
X

) X, and A(2) would be a constant

delay if there is any. If equation 5.1.2 is used to model

mean response time, then the value of A(2) would be ap-

proximately equal to mean service time.

3) Formula 5.1.1 (with A(4) set to zero) can also be

used to model multiserver system in cases where the number

of servers is unknown. An example is our model of the mean

waiting time in Jafari Loop (section 4.1). In such cases

A(2) = mean service time/mean number of servers.

4) Formula 5.1.1 can be used to model mean response

time in at least some cases of series queues, with no re-

striction on interarrival time and service time distribu-

tions. Here, A(1) and A(2) would be related to parameters

of the bottleneck component, A(3) would give the total con-

stant delay, and A(4) would reflect slowly varying delays
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from queueing at nonbottleneck components.

This research has also shown that the response time

of a time-sharing system can be approximately modeled as

A(1)M
T - + A(2)1-Po

with no restriction on think time or service time dis-

tributions, and

1 where io

MM!

1
2 (M-i) P=0

In these cases, the value of A(2) would correspond to mean

think time and A(1) would give the slope of the asymptote

for M >> M*. M* is equal to the maximum number of perfect-

ly scheduled jobs for which there is no mutual interference

between jobs, as given by equation 2.7.4.

In the above cases, curve fitting techniques give

accurate estimates of unknown parameters and provide real

insight into the factors that affect system performance.

Since these models are very simple, such insight is gained

much more readily from these simple approximation perform-

ance models than from more precise models which tend to be

far more complex. Furthermore, the fact that the approxi-

mation forms used were determined from queueing theory re-

sults makes it especially easy to interpret the parameter

values found. General nonlinear curve fitting techniques,
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which use arbitrary functional forms to be fitted, nor-

mally yield results which are much more difficult to inter-

pret. For all cases studied, the simplified models were

as accurate as more elaborate models.

This approach is also applicable for modeling those

systems which do not have exact analytical solutions.

Further, the approach can be used to model other perform-

ance measures, such as second moments (section 4.6).

The approach discussed here is not applicable to all

situations since it requires measurement or simulation

data to be available before it can be used. In those

cases where it can be used, however, it provides a beau-

tifully simple and straightforward approach to coming up

with useful performance models without long and tedious

modeling efforts.

5.2 Further Research

Further research in the following areas will enhance

the present study:

1) Investigation on applicability of the parameter

estimation procedures for other types of nonlinear func-

tions. Also, investigations on using other types of

algorithms for minimizing E(X,A) and minimizing (1)(t) along

the line t (see Appendix A).
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2) Investigation of applicability of the approach

to more complex queueing systems, such as those involving

complex software systems operating in a multiprogramming,

multiprocessing, virtual memory or distributed processing

environment.

3) More thorough study of some of the cases analyzed

here (e.g., examining a wider variety of interarrival time

and service time distributions for the cases studied).

This research has focused on studying a wide variety of

situations at the expense of not going deeply into the

study of any single situation.

4) After considering J. Paul Kuehn approximations, we

feel that the total mean response time in series might be

more accurately modeled as:

T -
A(1) (1+XA(4))X

1 - A(2)X
+ A(3)

which is slightly different from the model we used. In-

vestigation of the applicability of this model would be

worthwhile.



243

REFERENCES

1. Ernst, H. A. "Control Program Modelling Techniques."
IBM Research Report RC 3061, September 23, 1970.

2. Spragins, J. "Approximate Technique for Modeling the
Performance of Complex Systems." Computer Languages,
Volume 4, No. 2, 1979.

3. Spragins, J. "Computer Performance Modeling and Dur-
able Nonsense." Proceedings of the Twelfth Hawaii In-
ternational Conference on System Sciences, 1979.

4. Belady, L. A. and Lehmann, M. M. "The Characteristics
of Large Systems." IBM Research Report RC 6785, Septem-
ber 13, 1977.

5. Kendall, D. G. "Stochastic Processes Occurring in the
Theory of Queues and their Analysis by the Method of
Imbedded Markov Chains." Ann. Math Statist., 24, 1953.

6. Kleinrock, L. Queueing Systems, Volume I, Theory.
New York: John Wiley & Sons, 1975.

7. Kobayashi, H. Modeling and Analysis. California:
Addison-Wesley Publishing Company, 1978.

8. Saaty, T. L. Elements of Queueing Theory. New York:
McGraw-Hill, 1961.

9. Gross, D. and Harris, C. M. Fundamentals of Queueing
Theory. New York: John Wiley & Sons, 1974.

10. Little, J. D. C. "A proof of L = XW." Operations Re-
search, 9, 383-387, 1961.

11. Kleinrock, L. Queueing Systems, Volume II: Theory.
New York: John Wiley & Sons, 1976.

12. IBM, Systems Reference Library Manual, GF20-0007-1,
Second Edition. "Analysis of some Queueing Models in
Real-Time Systems." November, 1969.

13. Morse, P. M. Queues, Inventories and Maintenance. New
York: John Wiley and Sons, 1958.



244

14. Kingman, J. F. C. "Some Inequalities for the Queue
GI/G/1." Biometrika, Vol. 49, pp. 315-324, 1962.

15. Marchal, W.G. "Some Simple Bounds and Approximations
in Queueing." Technical Memorandum, Serial T-294. In-
stitute for Management Science and Engineering, The
George Washington University, January, 1974.

16. Marshall, K. T. "Some Inequalities in Queueing."
Operations Research, Volume 16, 651-665, 1968.

17. Marshall, K. T. "Bounds for some Generalizations for
GI/G/1 Queue." Operations Research, Volume 16, 841-
848, 1968.

18. Kaufmann, A., D. Grouchkoand and R. Cruon. Mathemati-
cal Models for the Study of the Reliability of Systems.
New York: Academic Press, 1977.

19. Kingman, J. F. C. "On Queues in Heavy Traffic." Jour-
nal of the Royal Statistical Society, Series B, Volume
24, 383-392, 1962.

20. Kuehn, Paul J. "Approximate Analysis of General Queue-
ing Networks by Decomposition." IEEE Transactions on
Communications, Volume COM-27, No. 1, January, 1969.

21. Kingman, J. F. C. "The Heavy Traffic Approximation in
the Theory of Queues." in W. L. Smith and R. I. Wilkin-
son, eds. Proceedings of the Symposium on Congestion
Theory. Chapel Hill: University of North Carolina,
1964, 137-169.

22. Suzuki, T., and Y. Yoshida. "Inequalities for Many
Server Queue and Other Queues." Journal of the Opera-
tions Research Societ of Ja an, Volume 13, 59-77, 1970.

23. Kingman, J. F. C. "Inequalities in the Theory of Queue."
Journal of the Royal Statistical Society, Series B,
Volume 32, 102-110, 1970.

24. Brumelle, S. L. "Some Inequalities for Parallel Server
Queues." Operations Research, Volume 19, 402-413, 1971.

25. Allen, A. 0. "Analytical Queueing Models for Computer
System Performance Modeling." Computer Magazine,
April, 1980.

26. Mayhugh, J. O. and R. E. McCormick. "Steady-state



245

Solution of the Queue M/Ek/r." Management Sci., Vol-
ume 14, 692-712.

27. Jaiswal, N. K. Priority Queues. New York: Academic
Press, 1968.

28. Conway, R. W., W. L. Maxwell and L. W. Miller. Theory
of Scheduling. Palo Alto; London: Addison-Wesley, 1967.

29. Chang, W. "Preemptive Priority Queues." Operations
Research, September, 1965.

30. Takacs, L. Introduction to the Theory of Queues. New
York: Oxford University Press, 1962.

31. Feller, W. An Introduction to Probability Theory and
its Applications, 2nd edition. New York: John Wiley
and Sons, 1957.

32. Scherr, A. A. An Analysis of Time-Shared Computer Sys-
tems. Cambridge, Mass.: MIT Press, 1967.

33. Burke, P. J. "The Output of a Queueing System." Oper-
ations Research, Volume 4, 699-704, 1956.

34. Jackson, R. R. P. "Queueing Systems with Phase Type
Service." Operational Research Quarterly, Volume 5,
109-120, 1954.

35. Jackson, J. R. "Networks of Waiting Lines." Opera-
tions Research, Volume 5, 518-521, 1957.

36. Gordon, W. J. and G. F. Newell. "Closed Queueing Sys-
tems with Exponential Servers." Operations Research,
Volume 15, 254-265, 1967.

37. Buzen, J. P. "Computational Algorithms for Closed
Queueing Networks with Exponential Servers." Communi-
cations of the ACM, Volume 16, 527-531, 1973.

38. Moore, F. R. "Computational Model of a Closed Queue-
ing Network with Exponential Servers." IBM Journal of
Research and Development, 567-572, 1972.

39. Wong, J. W. N. "Queueing Network Models for Computer
Systems." Ph.D. Dissertation. Los Angeles: University
of California, 1975.

40. Muntz, R. R. and J. Wong. "Asymptotic Properties of



246

Closed Queueing Network Models." Proceedings of the
Eighth Annual Princeton Conference on Information Sci-
ence and Systems. Princeton: Princton University, 1974.

41. Eykhoff, P. System Identification. New York: John
Wiley and Sons, 1979.

42. Mendel, J. M. Discrete Techniques of Parameter Estima-
tion. New York: Marcel Dekker, Inc., 1973.

43. Lawlor, F. D. "A Multiple Nonlinear Curve Fitting
Technique." IBM Poughkeepsie Laboratory Technical
Report TROO.2482, October 19, 1973.

44. Racite, M. D. "The Use of Pure and Modified Regression
Techniques for Developing System Performance Algorithms"
in Statistical Computer Performance Evaluation. W.
Freiberger, ed. New York: Academic Press, 1972.

45. Borteck, C. F. and G. N. Nomicos. "System Performance
Map." IBM, System Development Division, Technical Re-
port SDD-48-002, January 15, 1974.

46. Schriber, T. J. Simulation Using GPSS. New York: John
Wiley and Sons, 1974.

47. Bobillier, P. A., B. C. Kallan and A. R. Probst. Simula-
tion with GPSS and GPSSV. Englewood Cliffs, New Jersey:
Prentice-Hall, 1976.

48. Papoulis, A. Probability Random Variables and Stoch-
astic Processes. New York: McGraw-Hill, 1965.

49. Farmer, W. W. and E. E. Newhall. "An Experimental Dis-
tributed Switching System to Handle Computer Traffic."
Proc. ACM/IEEE Symposium on Problems in the Optimiza-
tion of the Data Communication System. Pine Mountain,
Georgia, October, 1969.

50. Pierce, J. R. "Network for Block Switching of Data."
Bell System Technical Journal, Volume 52, No. 6, 1133-
1145, 1972.

51. Reames,. C. C. "System Design for the Distributed Loop
Computer Network." Ph.D. Dissertation. Columbus, Ohio,
Ohio State University, March, 1976.

52. Jafari, H. "A New Loop Structure for Distributed Micro-
computing Systems." Ph.D. Dissertation. Corvallis,



247

Oregon, Oregon State University, December, 1977.

53. Jafari, H., T. Lewis and J. Spragins. "Simulation of
A Class of Ring-Structured Networks." To be pub-
lished in IEEE Transactions on Computers, May, 1980.

54. Jafari, H., T. Lewis and J. Spragins. "A New Ring-
Structured Microcomputer Network." Proceedings Inter-
national Conference on Computer Communications, Kyoto,
Japan, 1978.

55. Spragins, J., H. Jafari and T. Lewis. "Some Simplified
Performance Modeling Techniques with Applications to a
New Ring-Structured Microcomputer Network." Proceed-
ings of the 6th Annual Symposium on Computer Architec-
ture, 111-116, 1979.

56. Martin, J. Systems Analysis for Data Transmission.
Englewood Cliffs, New Jersey: Prentice-Hall, 1972.

57. Rubin, I. "Path Delays in Communication Networks."
Naval Research Report, N00014-69-A-0200-4041, UCLA-
EN6-7393, November, 1973.

58. Spragins, J. D. "Simulation of a Communication Pro-
cessor under Extreme Loading Conditions." IEEE Trans.
on Communications, Volume COM-20, No. 3, 609-619,
June, 1972.

59. Pack, C. D. "The Output of an M/D/1 Queue." Operations
Research, Volume 23, 750-760, 1975.

60. Heffes, H. "On the Output of a GI/M/n Queueing System
with Interrupted Poisson Input." Operations Research,
Volume 24, 530-542, 1976.

61. Makino, T. "On a Study of Output Distributions."
Journal of Operations Research Society of Japan, Vol-
ume 8, 109-133, 1966.

62. Chandy, K. M., U. Herzog and L. S. Woo. "Parametric
Analysis of Queueing Networks." IBM Journal of Re-
search and Development, Volume 19, 43-49, January, 1975.

63. Vantilborgh, H. H. "Exact Aggregation in Exponential
Queueing Networks." Journal of the ACM, Volume 25, No.
4, October, 1978.

64. Courtois, P. J. "Exact Aggregation in Queueing Net-
works." Proceedings of the First Meeting AFCET-SMF



248

Paris, September, 1978.

65. Sauer, C. H. "Some Results on Queue Lengths in Queue-
ing Networks Solved by Aggregations." IBM Research,
Report RC-7607. New York: Yorktown Heights, May 1979.

66. Courtois, P. J. "Decomposability, Instabilities and
Saturation in Multiprogramming System." Communica-
tions of the ACM, Volume 18, No. 7, 371-368, July 1975.

67. Courtois, P. J. Decomposability, Queueing and Computer
System Applications. New York: Academic Press, Inc.,
1977.

68. Sauer, C. H. and K. M. Chandy. "Approximate Solution
of Queueing Models of Computer Systems." Computer
Magazine, April, 1980.

69. Denning, P. J. and J. P. Buzen. "The Operational Ana-
lysis of Queueing Network Models." Computing Surveys,
Volume 10, No. 3, September, 1978.

70. Allen, A. 0. Probability, Statistics and Queueing
Theory. New York: Academic Press, 1978.

71. Aoki, M. Introduction to Optimization Techniques.
New York: The Macmillan Company, 1971.

72. Murray, W. A. Numerical Methods for Unconstrained Op-
timization. London; New York: Academic Press, 1972.

73. Davidon, W. C. "Variable Metric Methods for Minimiza-
tion." Argonne National Laboratory Report, ANL-5990,
Revised, November, 1959.



APPENDIX



249

APPENDIX A

Minimization of Unconstrained Functions (71,72)

In this section, several algorithms for finding ex-

trema of the function E(A) will be considered. Most of

the algorithms are iterative, and they calculate a

sequence of vectors A0, Al, A2 ... which should converge

to a vector A* that minimizes E(A). The above sequences

are such that

E(Ao ) > E(A1) > > E(A
K

)

where A is

A = (A1, A2, ..., AN)T

A-1

Al, A2,...An are parameters of the system. If the gradi-

ent vector of E(A) exists, then the next point is gener-

ated as follows:

A
K+1

= AK - tKBK A E (AK) A-2

where the matrix aK may be a constant matrix or may depend

on the previously generated points and tK is determined by

solving the one-dimensional minimization problem:

min E(AK - t 11KAE(AK ))

t > 0
Some of the algorithms which may be mentioned are:

A-3
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a) Gradient methods

The gradient methods use a constant matrix (iden-

tity matrix) for the matrix BK in equation A-2. The next

point is generated by:

1
A
K

= AK - t
K

E (AK) A-4

The rate of convergence for gradient methods is very slow

compared to that of the following methods.

b) Newton-Raphson Method

The Newton-Raphson method uses the inverse Hessian

matrix for the El
K

matrix in equation A-2 and t
K

is unity.

The next point is generated by:

where

AK +l
= AK - H-1 (AK) E (AK)

[H(A
K

)

32E( )

3 Ai3Aj Aki
1 I i,j I n

A-5

As was mentioned above, the rate of convergence of the

Newton-Raphson method is faster than that of gradient

methods, but the difficulty lies in inverting the Hessian

matrix.

c) Davidon's method

Davidon's method is the same as the Newton-Raphson

method except that instead of using the inverse Hessian
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matrix for generation of the next point, it uses an esti-

mate of the inverse Hessian matrix.

Since Davidon's method is used in our minimization,

this method will be looked at in more detail.

Davidon's Method (Variable Metric Method)

The gradient methods have a slow rate of convergence

and Newton-Raphson methods require the inverse of the

Hessian matrix. Davidon (73) developed a method to avoid

the difficulties of inversion, and the method has a better

rate of convergence than the gradient methods.

Davidon's method determines an estimate of the inverse

of the Hessian matrix by:

(A ) (A Y )

T
P
T

K
P

^ KK KK K
= - +Li H

K+1 K (yT fi yTp
--K, KK

where and y
K

are:

and

P
K

= AK+1 - AK = -tK K
E (AK)

YK = E(AK+1) -7 E(AK)

A-7

It can be shown (69) that if H
o

is picked to be a positive

definite matrix then 8.R (K=1,2,111) is positive definite,

which implies the sequence A
K

converges to an optimal

value of parameters which minimize E(A*).
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Section A-2 Minimization on the line

All the methods discussed in the last section have

one feature 'in common: they all require a search for local

minima along a line. There are many methods which do this

task. For example,

1) Differential method

2) Direct method (using function)

a) Polynomial approximation

h) Fibonacci

3) Relaxation method

Direct Method: Fibonacci Search (71.72)

Since the Fibonacci method was used, it will be dis-

cussed here. We wish to minimize 0(t) = E(AK-tHK E(AK))

along line t. The Fibonacci search method is applicable

to a function which has a minimum in a finite interval

ao < t < bo and is unimodal.

The Fibonacci search method can be used for 0(t),

since 0(t) satisfies the above conditions. First, we must

find the interval ao < t < bo, which contains the minimum.

This interval can be found by a crude search method. We

assign a0 = 0 and t = Kh (h is a fixed value depending on

the problem and K=1,...,M), then 0(Kh) is evaluated for

different values of K until an increase in the function

0(kh) is detected. The interval which contains the minimum

is:
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0 < t < b = Kh
o

The total number N of test points to be evaluated must be

specified in advance, and this number depends on an accu-

racy requirement on the size of the last interval which

is given by:

1
b
N

- aN
(b
o

- ao) + For small >o
2F

N

F
N

is a Fibonacci number which can be calculated as

follows:

F
o

= F
1

= 1

F
k

= F
k-1

+ F
k-2

k = 2,3,4...

Assume that after some steps, the interval which con-

tains the minimum reduces to (ak, bk). Then two t
k'

t' can

be calculated as follows:

k

Fn-l-k
t -

F
(b
k

- ak ) + ak
n+l-k

k= 0,1 ..... n-1

t' =
Fn-k (b

k
- ak) + ak

k Fn+l-k

where the F's are Fibonacci numbers.

If 0(tk) < 0(tk) then the next interval which contains

the minimum is (ak,ti(c) and if 0(tk) > O(tk), then the mini-

mum is contained in (t
k'

b
,

) In the case 0(t') = 0(t
k

)

then either (ak,ti) or (tk,bk) can be used for the next

interval.
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The last point is given by:

t' = (1/2 + E) (bN-1
- aN-1

) + aN-1N-1

for small E

t
N-1

= 1/2(bN-1
- aN-1

) + aN-1

If 0(tN...1) < 0(t14_1) then the minimum lies in (aN_1,

otherwise, the minimum lies in (tN...1, bN..1). Then

t*-
a
N-1

+ tN-1
or

' t
N-1

+
N-1

2 2

depending on the test just above, and t* is the optimal

value of t which gives a minimum value of E(A
k-tH(A

k
)7E(A

k
))

along the line t.

Algorithm used for minimizing E(A)

The algorithm used for minimizing E(A) can be summar-

ized as follows:

1) Pick an initial A° and 14 = I

2) Calculate E(Ak) II

If II E(Ak) II 6 ,
for a preselected small

positive number cS , stop, otherwise continue

3) Calculate the t* which minimizes

E(Ak - tHk
E (Ak) ) .(see algorithm following)
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4) Calculate

Ak+1 = A
k

- t*Ak V E (Ak)

P = A
k+1

- A
k

-k

Yk = E (Ak+1) - 0 E (Ak)

) (H ) PT T
A A - KY

P--K K-YK -k -k
-k+1 -k

(yT
)

k-F' K-KI Pk

5) k = k+1

Go to step two

Algorithm used for minimizing 0(t) along line t

Step 3 involves the following algorithms (for search

along a line)

Step 1 Find an initial interval (a
k'

b
k

k = 0,

which contains the minimum.

Step 2 Now reduce (ak,bk) by using the following

procedure at the k
th

step

Fn-l-k (b
k

- a
k

)

t
k

- + a
kFn+l-k

t -
Fn-k

(b
k

- ak) + ak
k Fn+1=k

Step 3 Pick the next interval which contains the

minimum for k = k+1
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If k < n-1 go to step 2

otherwise continue

Step 4

t
N-1

= (1/2+E) (bN_i - aN_1) + aN_i for small c>o

t' = 1/2(bN_1 aN_1) + aN_i

If 0(tN-1 ) < 0(tN
-1)

t* e (aN-1 N, t'-1)

0(tN-1 ) > 0N(tf-1
) t* e (t

N-1'
bN-1

)

then

t* = aN-1 tN-1
t
N-1 bN-1

or
2 2

depending on the test just above.


