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The load modelling problem in electrical distribution networks

leads to consideration of a second order stochastic differential
(equation, Ti

d2X2t)
+ T1 (t)d

X(t)---
3
( t)C( t) = V( t) , where ri(t)dtdt

is a right-continuous, piecewise-constant random point process for

i = 1, 2, 3 . To find a solution to such an equation requires

consideration of a stochastic integral of the form ) where

11(t) = Jo ri(s)ds . Since TM is almost certainly not a martingale,

one must abandon the theory which makes use of this fact in favor

of an alternate theory. The theory chosen makes use of the belated

calculus introduced by E. J. McShane in his book, Stochastic

Calculus and Stochastic Models. Assuming all integrals are

McShane' s belated stochastic integrals, it is proved that nth order

integrals of the form j'tg(s)EdY(s)ln exist and are unique in the

probabilistic sense for the integrator process, !(t) , defined

above with appropriate choices for g(t) . Next, it is shown that

0 for n 3 . By showing that y(t) satisfies a



random Lipschitz condition, one can also prove that .t
g(s)[d\F(s)]

2
= Q .

Having shown that all integrals of order greater than one vanish

using this type of integrator, an It s formula is introduced which

gives a method of calculating a function, F(t, Y(t)) , where Y(t)

satisfies the stochastic differential equation, dY(t) = f(t, Y(t))dt +

g(t, Y(t))dy(t) . It is proved that the hip's formula which is

appropriate in this case is no more than the standard composite

function formula of deterministic calculus.

As a first step in finding a solution to the original differential

equation a simple bilinear equation, dY(t) = a(t)Y(t)dt + b(t)Y(t)dY(t) ,

is considered. Solutions to this equation are found for a few choices

of a(t), b(t) , and T(t) .

A possible method of finding a solution to the original second

order stochastic differential equation is introduced. This method

requires finding the solution of a stochastic version of Ricatti' s

equation.
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STOCHASTIC INTEGRATION USING RANDOM

POINT PROCESSES

1. INTRODUCTION

1.1. History

The notion of a stochastic calculus was first introduced by

K. It in 1944 (14). The stochastic integral of interest to RS was an
T

integral of the form j-f(t)dw(t) where w(t) is a Wiener process and

f(t) is a real-valued process which is measurable with respect to the

a-algebra generated by the Wiener process up to time t .

He defined just such an integral as a limit in quadratic mean of a

partial sum as follows:

12
.

21 kT r
'w

,(k + 1)T kTf(t)dw(t) = E f(-17)1. n )
,,

/1-0* kip 2 2 2

In terms of its definition, Its's stochastic integral bears a strong

resemblance to the standard Riemann-Stieltjes integral, the only

differences being that the limit is taken in quadratic mean and f(t) is

evaluated at the left endpoint of each subinterval in the partition instead

of at the midpoint of the subinterval. In other words, the partial sums

are evaluated using a Cauchy partition instead of a Riemann partition,

where a partition refers to both the collection of nonoverlapping, cover-

ing subintervals and their respective evaluation points.
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Taking the limit in quadratic mean is essential because of the

stochastic nature of the sums imparted by the Wiener process. The

measurability considerations are the reason a Cauchy partition is used,

instead of a Fiemann partition, in evaluating the partial sums. If a

Riemann partition were used it would become necessary to consider

f(s)[w(s m) - w(s - m)] , m > 0.

This would be extremely difficult because f(s) is not necessarily

measurable with respect to the a-algebra generated by the Wiener

process up to time s - m .

The introduction of It s stochastic calculus prompted an out-

pouring of work in the field.

Ito' s 1944 paper on stochastic integration contains theorems on

existence and uniqueness of solutions to integrals with Wiener process

integrators. In 1951 he proved what is probably his most famous

theorem in the field of stochastic integration, the one which bears his

name, the so-called It-O's differential formula (15). This formula shows

how to calculate functions of solutions to stochastic differential equa-

tions which employ his type of stochastic calculus.

A few years after It published his pioneering paper in 1944,

I. I. Gihman from the Mathematical Institute of the Ukranian Academy

of Science in Kiev published a great many results concerning the nature
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A
of solutions to stochastic differential equations of the Ito type (10, 11,

12).

E. Wong, in a number of papers with M. Zakai (31, 32, 33, 34),

and in one paper with coauthors R. Boel and P. Variaya (3) gave a

measure-theoretic approach to stochastic integration.

During the first fifteen years after It introduced stochastic

calculus, every major paper published in the field used Ito's calculus,

which considers only integrals with Wiener process integrators.

The next major advance occurred in 1967 when H. Kunita and

S. Watanabe generalized ItrO's calculus to include all square-integrable,

continuous martingales as possible integrators (20). Kunita and

Watanabe used P.A. Meyer's submartingale decomposition theorem to

achieve their results (25, 26). In their work the quadratic variation of
T

a process was used to calculate j'f(t)dx(t) where x(t) is a square-

integrable, continuous martingale. The quadratic variation of x(t) ,

<x(t)> , is defined as follows:

2121 2
1<x(t)> = lim E [x( (k +

) x(77.
kT

)]
n'"d3 2

n
)T

k=0 2
(1. 2)

If x(t) is a square integrable, continuous martingale then

Ex(t)12 is a continuous submartingale and, according to Meyer, can be

decomposed as follows:
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[x(t)]2 = m(t) + a(t) (1. 3)

where m(t) is a martingale and a(t) is a continuous, increasing

process. In fact, a(t) = <x(t)> and this decomposition is unique if, for

all k>0 , the class of random variables tx(sAk) is is a stopping time

with respect to the a-field generated by x(t) , t < T) is uniformly

integrable.

As an example of when the quadratic variation of a continuous

martingale can be easily calculated consider the following. Let
T

y(T) =:f(t)dw(t) where w(t) is a Wiener process, and f(t) is measur-
0

able with respect to the a-algebra generated by w(s) , s < t . Apply-

ing It s formula we get that

2
T

[y(T)] = 2! f(t)y(t)dw(t) + nf(t)]2dt
.

0 o
(1.4)

Since w(t) is a martingale, so is 21f(t)y(t)dw(t) and an application of

Meyer's decomposition formula shows us that

T
<y(T)> = Ilf(t)] dt . (1.5)

If both u(t) and v(t) are square integrable, continuous martin-

gales, then Kunita and Watanabe define the following process:



1<u(t), v(t)>
4
--1<u(t) + v(t)> - <u(t) - v(t)>J

If x(t) is a square integrable, continuous martingale and y(T) =
T
If(t)clx(t) then, for all u(t) as above,
0

<y(T), u(T)> = :f(t)d<x(t), u(t)>

5

(1.6)

(1.7)

and y(T) is the only martingale which satisfies this equation. Formula

(1.7) uniquely characterizes y(T) so Kunita and Watanabe have given
T

us a possible way to find a solution to rf(t)dx(t) .

0

For the next few years much work was done using the theory

introduced by Kunita and Watanabe.

For a more detailed look at the theory the following two books are

recommended, H.P. McKean, Jr. (23), and I.I. Gihman and A. Skorohod (13).

1.2 Belated Calculus and the Aim of This Paper

In 1974, E. J. McShane introduced in his book a new type of

stochastic calculus (24). This version of calculus, referred to as

belated calculus, allows the noise process integrator in the stochastic

integral to be discontinuous. Nonetheless, McShane's belated calculus

yields the same results as Ito' s calculus when it is applied to integrals

with Wiener process and other square integrable, continuous martingale
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integrators.

Belated calculus found an immediate application with point process
T

integrators. Integrals of the type rf(t)dp(t) where p(t) is a point
0

process (like the Poisson process) were the first to be considered. For

these types of integrals dp(t) is almost everywhere zero and belated

calculus yields relatively simple results.

In the following paper, a consideration of the randomness inherent

in the load modelling problem leads us to an application of McShane's

belated calculus to stochastic integrals with integrated random point

process integrators. The integrals of interest to us and those with
T

which this paper is concerned are of the type Sf(t)dz(t) , where
0

dz(t) = p(t)dt and p(t) is a random point process.

Since the only theory which seems to be able to handle a noise

process of this type, at present, is McShane's, I have restricted

myself to proving results using only belated calculus. However, since

belated calculus generalizes the calculus of both It and Kunita and

Watanabe, my use of only McShane does not appear to be an extreme

restriction.

A detailed look at the theory introduced by McShane, which is

needed to prove the results in this paper, is left for chapter three.

First of all, it is necessary to consider exactly what is meant by a

random point process. This is the aim of the next chapter.
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2. RANDOM POINT PROCESSES

2.1. Definitions and Notation

In this section we will give some definitions and notation that

will be used throughout the remainder of this paper.

A random point process is a stochastic process which has

right-continuous, piecewise-constant sample functions. The inter-

arrival times may or may not be random, and the magnitude of the

jump at any particular arrival time may or may not be random. In

general, we will be more interested in the case where both the

interarrival times and the jump sizes are random.

We will use the following notation.

T(t) is a random point process.
t

lit(t) = r(u)du is an integrated random point process.
0

T k'k = 1, 2, ... is the kth jump time.

S k = T k - Tk- k = 1, 2, ... is the kth interarrival time

(To is defined to be 0).

Nt is the number of jumps in (0, t].

Ck '
=k 0, 1, ... is the kth jump size. (These random

variables are assumed to be continuous. )
k

Zk = E C.; k = 0, 1, 2, ...
.
1=0

size.

is the kth accumulated jump

The sample function for a typical realization of a random point
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process is shown in Figure 2.1 along with its integrated version.

Notice that i(t) = ZN , so

OD

Prtn(t) < x = Z PrIZ ,x1Nt = njPrtNt = .

n=0 n

This application of the law of total probability is the most common

way of determining the distribution function of a random point

process.

As with all stochastic processes, we will assume that all 71(0

evolve on the same fixed probability space (c2, F, P). We will define

Ft as the smallest a -subalgebra of F generated by CI-1(s) .

2. 2. Simple Random Point Processes

In this section we will discuss some of the theory associated

with simple random point processes and give an example. As will

be shown later, some more restrictions need to be added and/or

removed to get processes which are useful in the load modelling

problem.

Since we need to know the properties of both the product and

the quotient of random point processes in order to arrive at

solutions to the stochastic differential equation, we will discuss

these properties in the course of our investigation.
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Q Random point process

Integrated random point process

2 s34 s4)

2 3

s

5

Figure 2. 1. Random and integrated random point process sample

path.



Nit
Let rii(t) = kE0 Cik = Zi

(t)
q (t) - (t)

2

; i = 1, 2

it

10

p(t) = r11(t) r2(t)

where T. Sik Cik Zik and Nit are respectively, from the
ik

.th process, the kth arrival time, kth interarrival time, kth jump

size, kth accumulated jump size, and the number of arrivals by

time t .

We will assume that PrfT = 0 for all m and n.lm T

Suppose we order the combined arrival times from (t) and

1.12(t)
as follows, 0 <

1
< 12 < t1V < t where Nt = Nlt + N2t

and

= t.. for some i and j . Then both q(t) and p(t) are right-
)

ik
=continuousand piecewise-constant, with arrival times at k

1, 2, , Nt . In other words, q(t) and p(t) are also random

point processes.

q(t) = Z -
qiNt Z 2N2t

Z
1N lt

p(t) = Z = Z
PNt

1N It 2N2t

Let Sk = Tk - Tk-
1

be the kth interarrival time for both
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q(t) and p(t) . Suppose tk = tij for some j . Then the last q(t)

or p(t) arrival originating from 1-12(t) was tz, . That is,

Now, Sk+1 if and only if Sl,
j+1

t2, k-j < tlj < t2,k-j+1

and S > t - t .2, k-j+1 lj 2, k-j

In general, the probability of an arrival in any infinitesimal time

interval for either q(t) or p(t) is the sum of the probabilities of an

rii(t) arrival and an riz(t) arrival during that interval.

Since we are interested in the distributional aspects of q(t) and

p(t) strictly for calculation purposes, we can assume that when a

jump occurs in q(t) and p(t) we are also aware of whether the

source of that arrival is rii(t) or r2(t) . In other words, the

a-algebra associated with the jump times of q(t) and p(t) is the

cross-product a-algebra Fit X Flt where Fit is the (7-algebra

generated by try s) Is .

The next step in determining the probability distributions of

q(t) and p(t) is to calculate the distributions of both and
Z2j

Z Z . From these we can getli 2j

Fq(t) (x) = Prt q(t) x and Fp(t)(x) = Pr( p(t) < xl

using the law of total probability as follows:
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o3

F q(t) 1
(x) = .2

0
.2 Pi-CZ 5x It = N

2t
= j1Pr{N It = N

2t
= j} .

= 3=0
23

If we assume that the jump sizes from both r1(t) and r2(t) are

independent of their respective interarrival times, and ril(t) is

independent of ,n2(t) , then

cc co

F (x) = .2 Pr{ ...x }Pr[Nit = QPrtN2t = j (2. 1).2q(t) 1.=0 3=0 Z
2j

Similarly,

co co

F
p(t) (x) =

1.E 0
.Z

0
Pr( Z li Z

2j
Pr{Nit = i}Pr(N2t = j) .

=
(2. 2)

Example 2. 2. 1; Zik Normal (113.
k

C7 .
3k

2)
; j= 1, 2 ; k = 1, 2, ...

Assume T1(t) and i2(t) are independent. Let V3k= Z13 Z .

r6 u) = Etexp(iuyid ; -h < u< h; i= \r:T
k.

= EZ
ljf

56Z

2k(Z 13

1= Ez
2k 13 2

Z u -
2k

Z
13

u) n
lj

cLik
exP((ajk jk)2 (0.13)2 1

2c7
13 13

where

(2.3)



2
.

2
-ajk

1 + (a1.
u)

2

2k

=jk 2k
u +

lj

Since multiplication is commutative, the above characteristic

function can also be written as

where

11

(u) ex p((. 2 2k 2
VI 2

c7 2k
kJ kJ a2k

2a2k
akj

2 -
1 + (0.1j an u) 2

4-1.0kj= u
2

a2klj
I-12k

13

(2.4)

Using a simple change of variables technique, we can get that
Z.

the probability density function for the random variable Wj -
k

2k
is

1

2fw (w) = [2r(a + au2 w
2)1 iexp(-1[y.

jk(w)8 jk jk(w)] - e lE
U I

;

2jk

co < w < co (2. 5)



where

(cr )
2

j 2k
yjk

2,(w)
2 2c

2k
+ (c lj w)

µ2k w
jk(w 2 2an

1 1 i 2 Ei2k 2
ej

2
=

cr .
(c7)k lj 2k

U. -- jk jk
2

YjkNormal(8 (w)y (w) (w))jk

In general, if X Normal(p, , az ) then

Extlx =

1 Eexpt 2
}JD - 2(1)(-E)]

14

(2.6)

where (1)(x) is the standard normal distribution function. So (2. 6)

can be substituted back into (2.5) to yield the probability density

function of Wjk .

If E{Z. = 0 ; i = 1, 2 ; j = 0, 1, 2, , then $jk (w) = 0

for all w e.
, andjk

CT .
13

C 2k(w) - < w < CO
,'Wjk Tit c7 2k + lj w

2)
(2. 7)
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This is nothing more than the probability density function of a Cauchy

random variable with zero mode, the result which we would have

anticipated. Notice that this example is also applicable when we are

given that the jump sizes, Cjk , are normal since Z = i0 Cik

and sums of normally distributed random variables are also normal.

In the next example we will combine the results of the previous

example with independent and identically distributed exponential

interarrival times to arrive at the distribution of q(t) and p(t) .

Example 2. 2. 2: Let S.ik ,ind.Exponential (X.) Zjk ind.

.Normal (p.jk, 2
) ; 3 = 1, 2 ; k = 1, 2, ... Since the interarrival

times are exponential, N. Poisson (X-J).it

cbp(t) (u) = Et exp u p (On

co co

= 30 k0 V (u) PrCN lt = j1Pr(N2t = lc)

oo a.co lk
Z Z exPi.(a 5k

P.

1jlj

)

2 () 2,
j=0 k=0 lj jk j

(X t)jexp(-X
1

t) (X 2t)kexp(-X t)
[ 1

1

2
k. I (2. 8)

3!

where c. and 5 jk are as defined in example 2. 2.1.

The quotient case is made slightly more difficult by both the
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lack of a closed form for the density and an unknown characteristic

function. When the means of the accumulated jump sizes are zero

(i. e. the Cauchy case), and the interarrivals are still exponential,

foq(t) (u) = EC exp[i u q (t)]1

cc

j

(X t)jexp(-X
1

t) (X2t)kexp(-X2t)
1= E0 k=E exp 2k

fu 111 1(2.9)
j.=0 lj

The random point process described above is of general

interest, but it is not applicable in the load modelling case for rea-

sons which will be explained in the next section.
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2.3. The Load Modelling Case

The load modelling problem consists of depicting the behavior of

the electrical power load at any point in a power distribution network.

Power is provided by generating facilities normally at one end of the

network and consumed by the populace at large at the other end. The

random nature inherent in the problem is due to consumer behavior

(i. e. the switching on and off of equipment at random times).

In our approach, the consumer behavior is depicted as parametric

changes in the zeroth and first order coefficients of a power series

expansion of the underlying electromagnetic field. This is valid only

under a traditional quasi-static assumption, and our choice for these

parametric processes, random point processes with piecewise-constant

sample functions, fulfills this requirement. Treatment of the problem

in a circuit theoretic framework is therefore valid in this sense.

We will assume that our parameter process random point processes

have sample functions which are almost surely positive. So we are

interested in random point processes whose domain of support at any

time is [0, co) . This restriction eliminates the normal case discussed

in the previous section.
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In the last section we only considered the case where the jump

sizes of a particular process were independent of the jump times

(i. e. C. and Tk were independent for j = 0, 1, 2, ... and

k= 1, 2, ... ) .

In the general load modelling problem the kth jump size, Ck ,

could depend on the previous k-1 jump sizes, C
k- 1

and the

previous k jump times, Tk . Similarly, Tk could depend on both

Ck- 1
and T

k- 1
. This generalization makes it more difficult to get

a grasp of the probability distribution of TIM .

The above mentioned restriction, combined with a desire for

simplicity in working with products and quotients, led us to consider

the case where Zk conditioned on Z and T
k- 1 k

with the following density function.

is lognormal

(z) = (V2.5
1

z)
-1. exp(--2[1n(z) - pk121; 0<z<eo . (2.fzkik_i,

Zak

We will write this as Zkl(Zk- Tk) L(F.Lk, ak
2) where both ilk

and ak could be functions of Z
k- 1

and T
k

k
Since Z = .E C. , we can write the conditional probability

k 1=0 I.

density function for Ck as

gCki C T (c) r\I-27T-Tk- 1 'k
k.-1 1

1
k-1 2

+ .E c. ) j expt-[1n(c + E c.) - p, 1 ;
1=0 1 Z 1=0 1 K

k-1
2ak

c < c < Ce
i =0= 0 1

(2. 11)
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This is referred to as the three parameter lognormal distribution
k- 1

and we will write it as Ckl(Ck_i, Tk) L(p.k, crk
2

, Ci) .

As was mentioned above, both p,k and crk in equations (2. 10)

and (2. 11) could be functions of (Zk-1' T ) . If µk and a are

strictly functions of k- 1' k- 1) for all k (i. e. they do not

involve (Zk
-1.k) )'

then Zi and Z. are independent for
3

i j .

In this paragraph we will assume that Zk

ind. L(p.k, ak2) .

Etr(t)1 = nE0 expC µn +
1 21. Pr{ Nt = n)

2 e°ECTI (t)) =
nE0

ex pt 2µn
n

+ 2c7n21. Pr( Nt = n)

(2. 12)

(2.13)

2
EC ri( s) r(t) = i exp + p. +

1(c7 + az)). Pr( N = m, N = n) +
n=0m=0 rn n m n s t

min

n= 0
expt 2µn + 2o. n21. Prt Ns = n, Nt = n) (2. 14)

The class of lognormal distributions not only appears to be

rich enough to handle the load modelling problem, but the class is

closed under products and quotients. In other words, if Zk

ind. L(-Lk, ak2
) , then Z.Z

k
-- L(4. + H.k , 0%j

z + ak2) and

Z.
2 2,

Z L
k

H Ilk' cYj 4. ak )

determine the probability distributions of both q(t) and p(t) .

This property makes it quite easy to
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As was mentioned earlier, there appears to be a certain

amount of dependence among the jump sizes and jump times of the

random point processes associated with the load modelling problem.

So we will assume now that Z
n

1(Z n-1' T n) L(tin, ant) If f( )

represents the probability density function of the argument, then

where

f(z
n
) =If(z

n
, tn)d(z .t_n)

A
(2. 15)

f
(z n' t

n
) = f(zo) k 1 Iz

[f(= k- -t-k- 1 ) f( zkl
(2. 16)

A = {zn, to 10 < t <... < tn < t, zk 0; k = 0, 1, 2, -3(2.17)

From this we can calculate the probability density function of ri(t) .

f(n(t)) = niof(zn) Prtl\Tt = n) (2. 18)

This density can now be used, at least theoretically, to calculate the

moments and other properties of r(t) .

Formula (2. 16) can be calculated using jump sizes instead

of accumulated jump sizes and/or interarrival times instead of jump
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times depending on the conditional density to which one has access.

Here are a few examples which incorporate some of the

dependence mentioned above.

Example 2. 3. 1: Let L(4k, ak2) where
I-Lk

= ak +

bk
k

is a linear function of the time since the last arrival. Let

SkExponential ()k) . We will remove the subscripts from the

following discussion to simplify the notation.

f(z, s) = f(z Is) f(s)

X x 2

VTR az exPti;(y +
1

2
b

2b

where y = a - ln(z) .

Integrating out s we get

f(z) = a,

where a, =
b

+
b b

+ X(g-)2123 ; < z < co<;

0 < s < co (2. 19)

-1 exp[aa, + (aa) 2
,D(

h(a) rLln( z ) - +
2

)1) ;
1

0 < z < . (2.20)
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ial 1,a > 0
h(a) =

-1,a < 0

and (1)(u) is the standard normal distribution function. The graph

of this density function is shown in Figure 2. 2 for various values of

a, a, and a .

E(Zn) = E[E(Zn IS)]

= Et exprn( a + bS) + 2(na)21)

n -1 1 X,
= - ) exp( na. + (na ; b < .

a. 2
(2. 21)

As an example of some of the difficulties which can arise,

consider the following seemingly innocuous case.

Example 2. 3. 2: Let ZkI (Zk... Tk) ak2)
, Sk

Exponential (Xk) Suppose we would like the mean of Z (Z Tk k-1' k
to be linear in Sk and the variance of Zk to remain constant. With

the subscripts removed to simplify the notation, we have

1E(Z IS) = exp(t.i + 2 ) = a + bS ; a > 0 ; b > 0

Var(Z) = exp(24 + qexp(a2) - 11 = d 2

(2. 22)

(2. 23)
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Figure 2. 2. Probability density functions for the random variable

in example 2.3. 1.



(2. 22) and (2. 23) yield

(a + bS) 2
p. = lnt ? )

[(a -F. bS)- + d-]Z

d
2

= Intl+
+ bS) 21

23

(2. 24)

(2. 25)

The moments of Z can be found using conditioning arguments.

E(Zn) = E[E(Zni S)]

= Et expinti 1(ria) 2-1-1

1 1n(n-1) n(n-1) .
2

..Z (2 i )d3. 2 Et(a + bS)n-21)
1=0

E(Z) = a + = a +

E(Z 2) = (a + 1 2 + d 2

E(Zn) =

where

I 1

in`n- d 2i n-21 n-21 -jn
0

( a)() ( )31(aC1)j=0

2

1 1n(n-1) n(n-1)
17

(2 i )d
2iA2i-n ; n = 3, 4, ... (2. 26)

i= [2n] +l
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-j i
A. =

-i -1 (-aa) a (-a) extaa)
1 j=1 i- 1)j: (i-1): y 111(aa) -acrj]

3=1 (i)i

y = Euler' s constant (y = . 577 approx.)

As a final example, suppose we have a random point process

whose lognormally distributed jump sizes are independent of its

arrival times.

Example 2.3.3: Suppose (Zkl is a martingale. That is,

E(Zk.fil_Zk) = Zk . If Zo L(11,
o

, 02) and Z
k

I Zk-1 L(p.k, ak2)
2 2

then Zk L(p. - .Z , .Z a. ) . In order to remove the
o 2 1=1 I 1=0 1

additional parameter, ak2
, which is being added for each k we

will place one of two restrictions on the second moment of Zk

(RI) E(Z
k

) = (k + 1)E(Z 2) =:.> kz = In(k + 1) , k = 1, 2, ...

(R2) E(Zk2) = [E(Z 2
)]

k+1
k

2 -_ 241
o

+ 20.02

Let Sk d. Exponential (X) .

For (R1)

= 1, 2, ...

1

Et[n(t)]n) = (Xt)F1`11-1)exp[np.0 + 2(ncro)2] ; n = 1, 2, ... (2. 27)
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1
2 1 2 2

2)1Eap(t).11) = (X
1
X t )2n(n-1) exp[n(p.

10
+

20
) +-2 n (010 ;+0

20
n= 1, 2, ...

(2. 28)

1 1

Et[q(t)] 111= 0,16Zn(n-I)(x2t)-2-n(n+1)
exP[r1(410

For (R2) ,

1 2+n (0. +0
2 10 20

n=1, 2,...

(2.29)

1
EC[1.1(t)T1 = exp(np.

o 2
+ (na.

o
2

) - Xt + Xt exp[n(n - 1)(p.
o

+
o

2)11
;

Et [P(t)]11- = exPtn(1110

n = 1, 2, ... (2.30)

1

+

2 2 2

(a10 + '20 )
X2t

X1 t exp[n(n - 1)(p.
10

+ cr 102)] + X2t exp[n(n - 1)(p.
20

+ a
20

2
)]) ;

n= 1, 2, ...

Et [q(t)]n"1
exPf n(410 µ20) 0) 4. 2n

2

(c710

2
+ a202)

t - y

(2.31)

X it' exp[n(n - 1)(1110 + 0.102)] + X
2

t exp[n(n + 1)(1120 +
20

2 )i/ ;

n = 1, 2, ... (2.32)-

In chapter two we took a quick look at random point processes,

their products, and their quotients.
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The case of normally distributed jump sizes and exponential

interarrival times is probably the most commonly used random

point process because of the abundance of theory available on these

two distributions.

In the load modelling problem, the physical requirements of

the system demand that we abandon the notion of normally distributed

jump sizes. Since we require that our random point processes have

non-negative sample functions, we chose to use the lognormal

distribution because of its nice product and quotient properties. We

were also led, by the very nature of the load modelling problem, to

consider the case where all the prior information is needed to

determine the parameters associated with the present jump size and

jump time. The basic properties of this case were discussed, but

a few seemingly simple cases reveal that it is extremely difficult,

in practice, to get a firm grasp on the specifics of any particular

problem.

With this discussion of random point processes under our belt

we can now turn to the problem of stochastic integration using these

processes.
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3. STOCHASTIC INTEGRATION USING RANDOM

POINT PROCESSES

3. 1 Belated Stochastic Calculus

Having considered random point processes, including suitable

choices for the processes found in the load modelling problem, we now

turn to our second order stochastic differential equation.

d( t) (t)dx(t)
dt + (t)x(t)= r3(t)V(t)

2dt
(3. 1)

where ni(t) is a random point process, i = 1, 2, 3 ; and X(t) and

V(t) are functions representing aspects of the system of interest. In

the load modelling case V(t) and X(t) could represent voltage and the

integral of the current, respectively.

A second order differential equation of this form can be converted

into two simultaneous first order equations as follows. Let

Y
1
(t) = X(t)

(Y (t) - dX
2 dt

t)

Now,



dY
1
(t)
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dt - Y
2

(t)

dY
2
(t)

dt -r11(t)Y2(t) -

or, in matrix form

where

dY(t) r o 1

dt t-riz(t) -
1(t)

Y(t) =

(t)Y
1
(t) + ,3(t)V(t)

I(t) + 0 V(t) (3. 2)

L 3

Considering our original stochastic differential equation in this

fashion leads to the problem of finding a solution to the associated

differential equation

dY(t) = f(t, Y(t))dt + g(t, Y(t))dy(t) (3. 3)

where dY(t) = r(t)dt and r(t) is a random point process.

In order to find a solution to equations of this form it becomes

necessary to consider stochastic integrals. In particular, we must
,t

examine the integral Jo g(s, Y(s))dy(s) from equation (3. 3).
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The stochastic integrals that we are going to use in the course of

our investigation are the belated and the Ito-belated stochastic integrals

introduced by McShane (24).

McShane defines the belated integral, j .th(s)du
1
(s)du

2
(s)... du (s)

as the quadratic mean limit, as the mesh of the partition becomes finer,

of sums of the form

kE 1
h(o-k )[u (

k+1 ) - u,(s
k

)][u
= sk+l) u2(sk)]* [um( sk+1) um(sk)]

where a
k < sk ; k = 1, 2, , n He refers to partitions of this

sort, where gk < s
k k=

U
1

for all k , and [sk' s
k+1

) = [0, t) , as

belated partitions of [0, t) .

Next he introduces (8, e) belated partitions. A (8, e) belated

partition in [0, t) is a collection TT = (Ak, ak)1, k = 1, 2, n ;

where A
k

= [sk' sk+1) such that

1) A. n A. = 0 ; i j
3

2) AkC [ak, crk + 8(6k)] ; k = 1, 2, , . , n

3) t - Ji(sk+1 sk) < e

where 0(s) is a positive, monotonically increasing function with

8(0) = 0 and e > 0 .

Finally, McShane defines the Its-belated integral
th(s)dul (s)du

2(
)...d m(s) as the quadratic mean limit, as the mesh

of the (5, c) belated partition becomes finer, of sums of this form
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k 1 (No,k i) 1
[u i k

(0. + 8 (ak)) - u.(a )11
=

If the Ito-belated integral exists, then so does the belated integral, and

their solutions are the same. Also, if an integral can be defined as a

Lebesgue-Stieltjes integral, then it has both a. belated and an Its-belated

form and all three solutions coincide.

For a more detailed look at stochastic integrals of this type the

reader is referred to McShane's book.

McShane also introduces the notion of a canonical extension of a

solution to a stochastic differential equation. Suppose dY(t) satisfies

the following stochastic differential equation for some random process,

u(t) .

dY(t) = f(t, Y(t))dt g(t, Y(t))du(t) (3.4)

If a solution to (3.4) exists, then it can be written as

Y(t) = Y(o) + jo'tf(s, Y(s))ds rtg(s, Y(s))du(s) (3.5)

where the integrals in (3. 5) are to be interpreted as the anti-differen-

tials associated with (3.4).

If we define

A 1 ag(t,h(t, Y(t))= Y(t))
g(t, Y(t))

2 aY(t)

Then McShane has shown that a solution to (3.4)

(3. 6)
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can also be written in the following form if we interpret the integrals

as belated.

Y(t)=Y(o)+:f(s, Y(s))ds+r
'Jo

g(s, Y(s))du(s)+rth(s, Y(s))du(s)du(s) (3.7)
uo

Equation (3. 7) is referred to as the canonical extension of the

solution to (3.4). If the integrals in (3.5) were to be interpreted as

belated, then (3.5) would not, in general, provide a solution to (3.4).

When almost every sample path of u(t) is Lipschitzian, then

McShane has shown that r
th(s, Y(s))du(s)du(s) = 0. So, in this case,

the integrals in (3.5) can be interpreted as belated integrals.

When the sample paths of u(t) do not satisfy a Lipschitz

condition, then it is better to use (3.7) than (3.5) to calculate a

solution to (3.4) for the following reasons:

1) Computational simplicity.

2) Solutions to (3. 7) are independent of the coordinate system

used in expressing them.

3) When the noise process u(t) approximates white noise, then

solutions to (3. 7) retain good agreement with experimental

results.

In the following sections we will examine stochastic differential

equations like (3.4) using the belated stochastic calculus of McShane--

where the noise process integrator is T(t) , the integrated random

point process. In particular, we are going to apply this type of

calculus in an attempt to find a solution to equation (3. 2) .



32

3.2 Existence and Uniqueness

In this section we will show under which conditions we will get a

unique solution to belated integrals of the form jo'tg(s)[dy(s)]m for

m = 1, 2 , where g(s) is understood to be a function of both s and

Y(s) .

In the following discussion we will use the notation and definitions

introduced in section 2.1 along with the standard expectation norm,
1

If [E( f In)ln

(3. 1) Theorem: Let Z(s) = max IZ . If Z(s)IF
s

is L2- bounded
1<5 Ns k

a. s. for s t , then y(t) satisfies McShane's standing hypothesis

(2- 1- iii) .

Proof: Let 0 5 u < v 5_ t . IE[Y(v) It(u) IFu]

EHY(v) - y(u)IFul a. s.

E[Z(v) u](v - u) a. s.

Et [1./(v) - 1/(u)12 I Fu} 5 (E(12.(v)12 I Ful( v - u))( v - u) a. s.

Since Z(v)IF is L2-bounded, there exists a constant K such that
v

I EN( v) `y(u) I Ful K(v - u) a. s. (3. 8)



Ef [vv.) - y(u)12 I Fu} < K(v - u) a. s.

The theorem is proved. fl
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(3. 9)

We will assume throughout the remainder of this chapter that Z(s)IFs is

indeed L2-bounded a. s. for s < t .

The following corollary is a direct application of theorem

III (2-3) of McShane.

(3. 2) Corollary; Let g(t) be real-valued, F t-measureable ,

L2-bounded a. s. , and L2 -continuous a. e. in [0, t] . Then

.tjog(s)dY(s) exists and its solution is unique up to sets of P-measure

zero.

The following corollary is a direct application of theorem III (3-2)

of McShane.

(3.3) Corollary: Let g(t) be real-valued, Ft-measurable , LI-

bounded a. s. , and L 1-continuous a. e. in [0, t] . Then

rotg(s)rdy(s)12 exists and its solution is unique up to sets of P-measure

zero.

It appears justified in assuming that Z
k

1Z
k- I is L -bounded in the

load modelling problem for all k which implies that Z(s)1Fs is

L 2-bounded
for all s < t . So for reasonable choices of g(t) , both

the first and second order integrals of g(t) with integrated random

point process integrators exist and are unique in the load modelling

problem.
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3.3 Disappearance of Higher Order Integrals

In the previous section we only considered first order and second

order belated stochastic integrals. In this section we will show that

we do not have to consider integrals of order higher than two since

those integrals vanish in our case. We will also prove that second

order integrals disappear when we are working with random point

processes.

(3.4) Corollary: Let g(t) be such that Ig(t) I < B. f(t) where B is an

a. s. finite random variable, and f(t) is real- valued, t
F -measurable ,

and L 1-bounded . Then rtg(s)klY( = 0 for m = 3, 4, ...

This corollary is the direct application of theorem III (5-1) of

McShane because Ti(t) has right-continuous and piecewise constant

sample functions which implies that ky(t) = rot71(s)ds exists and has

continuous sample functions.

The integrated random point process does not satisfy a true

Lipschitz condition a. s. unless Z. is bounded for all j , probably an

unreasonable restriction. For if there exists a j such that Z, is
3

unbounded, then for any M > 0

Pr(' y(t)1> Nit) z Prti vt) i> mt iNt = j)Pr{Nt = j}

= Prn vi(Ti t+Z.( - T.)I > MtliNt = j)Pr{Nt =
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Mt - .) -Mt - T.)
= [Pr[Z. > t - T.3 t = j3 + Pr[Z. < t - T. INt = j)]PrtNt=j1

Since Z. is unbounded, so is Z. IN
t

= j , which implies that at least

one of the two conditional probabilities above is strictly greater than zero.

Therefore, IT(t) I > mt with positive probability and w(t) is not

Lipschitzian a. s. .

As was stated earlier, if an integrator is a. s. Lipschitzian, then

its second order integral is zero and we do not have to consider its

canonical extension when we attempt to find solutions to stochastic

differential equations which contain that particular type of integrator.

Since our integrators are not a. s. Lipschitzian, we may have to

consider second order integrals. However, though our integrators are

not necessarily Lipschitzian in the true sense of the word, they

nonetheless satisfy a sort of "random Lipschitz" condition. In this case,

second order integrals with this type of integrator also vanish as we

now show.

(3.5) Corollary: Let g(t) be such that Ig(t)I 5 B f(t) where B is

an a. s. finite random variable, and f(t) is real-valued, F t-

jc)
t.measurable , and Ll-bounded on [0, t] . Then g( s )[d+y(s )1.

2 = 0

This corollary is a direct application of theorem III (5-4) of
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McShane because if Z(v)
' v
F is L2-bounded a. s. for 0 <u<v<t , then

there exists an a. s. finite valued random variable, A , such that

!(v) - !(u) 5_ A(v - u) . Corollary (3.5) tells us that in our attempt

to find solutions to equation (3. 3) , it is only necessary to consider

solutions like those of equation (3.5) .

In other words, stochastic differential equations with integrated

random point process integrators can be solved like ordinary determin-

istic differential equations. The only differences are that belated

integrals are used instead of Lebesgue or Riemann integrals, and the

solution to the equation is random.

3. 4 Ito' s Differential Formula

In order to work with stochastic differential equations like (3.3) ,

we need a differential formula of some sort. This formula would give

us a way of finding the derivative of a composite function of the solution

to an equation like (3.3) . Ito^ has determined just such a formula when

the integrator being used is the Wiener Process. This formula is

referred to as Ito's differential formula.

McShane has discovered an Its's formula for general integrators

using belated calculus. The following theorem will show that this

formula can be applied to our type of stochastic differential equation.

(3. 6) Theorem: Let f(t) = a(t)F(t) and g(t) = b(t)G(t) where a(t) and

b(t) are real-valued F
t
-measurable , continuous in probability a.e. on
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[0, t] , and have a. s. bounded sample functions; F(t) is real-valued ,

Ft- measurable , L 1-bounded and L 1-continuous a. e. on [0, ;

and G(t) is real-valued , Ft-measurable , L2- bounded and

L
2
-continuous a. e. on [0, t] . If dY(t) satisfies equation (3.3) ,

then

H(t, Y(t)) t + Y(t)) Y(t))dH(t, Y(t))

Y(t))
Y(t)

g(t, Y(t))dy(t) (3. 10)

Y(t))
where H(t, Y(t)) is a function on [0, t] x R ; and H(t, Y(t)) at

and oH(t, Y(t))
,Y(t)

are continuous for all (t, Y(t)) in [0, t] x R .

Proof: Let dY(t) = f(t)dt + g(t)d!(t) , where it is understood that both

f(t) and g(t) are functions of t and Y(t) . Since G(t) is real-valued,

Ft- measurable , L2- bounded , and L -continuous a. e. on [0, t]

then so is g(t) . By corollaries (3.2) and (3.3) , jo'tg(s)dy(s) and

.t 2
joh(s)rdT(s)1 exist, where h(s) is the canonical extension function

defined in equation (3.7) . Since b(t) is real-valued , Ft-measurable

continuous in probability a. e. on [0, t] , and has a. s. bounded

sample functions, then b(t) is an a. s. finite random variable. Since

Z( s) (Fs is LL- bounded a. s. for s < t , then by corollary (3.5) ,

jo.th(s)[dT(s)]2 = 0 . Therefore, dY(t) = f(t)dt + g(t)dT(t) + h(t)[dT(s)]2

and a solution, Y(t) , of this equation exists, and is a solution of
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dY(t) = f(t)dt + g(t)dif(t) . Applying theorem IV (2-4) of McShane, we

get

3H(t) aH(t) 3H(t)dH(t) - dt + f(t)dt + g(t)dy(t) +at 3Y(t) 3Y(t)

C:HY((tt))
2 i

+:y2H
(t

(

)

t

1)2

[g(t)]211dly(t)1 2

where H(t) = H(t, Y(t)) .

Now, h(t) satisfies the requirements of corollary (3. 5) and

3H(t) 3H(t)is continuous in [0, t] x R , so bY(t)h(t) satisfies the require-

mentsments of corollary (3.5) . Similarly, g(t) satisfies the requirements
31/4(0of corollary (3. 5) and is continuous in [0, t] x R , so

[3Y(t)121 3211(0
[g(t)] satisfiessatisfies the requirements of corollary (3. 5) . There-

2
[3,Y(t)]z t 3H( s) 1 azH(s)fore, rc, .y(s)h(s) + ,[g(s)]2)[dY(s)] 2

= 0 . So H(t) satisfies
"13Y(s)r

equation (3. 10) and the theorem is proved .

This theorem shows that when we are working with integrated

random point process integrators and using the belated calculus, an

Ito's formula is identical with the composite formula found in deter-

ministic calculus. That is, dH(t) 1--/(t) dt +
at bY(t)

calculus used is understood to be belated.

where the



3.5 Bilinear Stochastic Differential Equations

A bilinear stochastic differential equation is an equation of the

form

39

dY(t) = a(t)Y(t)dt + kEi (t)Y(t)du (t) (3. 11)

where n is finite and uk(t) is a random noise process; k = 1, 2, ,

Equation (3.3) is a bilinear stochastic differential equation if

f(t, Y(t)) = a(t)Y(t) and g(t, Y(t)) = b(t)Y(t) . In this case, equation

(3.3) would look like

n.

dY(t) = a(t)Y(t)dt + b(t)Y(t)clIt(t) . (3. 12)

Equation (3. 11) is homogeneous. Its inhomogeneous form is

dY(t) = [a(t)Y(t) + c(t)]dt + kEi[bk(t)Y(t) + dk(t)]duk(t) (3. 13)

Equations (3. 2) can be written in this form. A discussion of equations

(3. 2) will be found in section 3.6 .

Suppose dY(t) satisfies (3. 12) . Let V(t) = lnY(t) . Assuming

the requirements are met, we can now apply theorem (3.6) to arrive
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at

dV(t) = a(t)dt + b(t)dT(t) . (3. 14)

By integrating both sides of (3. 14) we get

V(t) = V( o) + .ta(s)ds +1 tb(s)dT(s)
. (3. 15)

The solution to equation (3. 12) is

Y(t) = Y(o)exp{rota(s)ds + f tb( )dy(s)} (3. 16)

where all integrals are to be interpreted as belated.

This solution is basically the same as in the nonrandom case,

the only difference being the type of calculus used.

We are interested in determining the probability distribution

of Y(t) for various a(t) , b(t) , and y(t) . The first step we will

take is an attempt to find the probability distribution of .rtb(s)dy(s) .
o

Let dB(t) =A b(t)dt . Assume b(t) has a. e. continuous sample

functions, and f tdB(s) exists as a belated integral. Then B(t) has

continuous sample functions and is a solution to an equation similar

to (3.4) . In like fashion, ri(t) has a. e. continuous sample

functions and can be written trivially as a solution to an equation
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like (3.4) . This being the case, we can apply McShane' s version

of Its' s formula as follows.

d[15(t)71(t)] = B(t)dr(t) + r(t)dB(t) + dB(t)dr(t)

B(t)dr(t) + b(t)d!(t) + b(t)dr(t)dt (3. 17)

Since 2(s) is L2- bounded a. s. for s < t then (3. 17)

can be integrated to get

B(t)71(t) - B(o)71(o) =
Jo

B(s)dr(s) + l'tb( s)dy( s) +:tb(s)d7i(s)ds .

In other words,

.rtb(s)dy(s) = B(t)71(t) - [B(0)71(0) + tB( s)dri( s)] -
.o

tb(s)dr(s)ds (3. 18)

Since r(t) does not possess continuous sample functions, it is

not Lipschitzian, and we cannot use McShane' s Theorem III (5-4)

.t
to prove job( )dr(s)ds = 0 , so we will prove it directly.

(3.7) Lemma: Let b(t) be real-valued , t-measurable , L1-

bounded , and L 1-continuous a. e. on [0, t] .

If Nt is a. s. finite, then Jo b(s)dr(s)is = 0 a. s.

Proof: The assumptions in the lemma prove that jo.tb(s)dr(s)ds



exists. Since it exists it can be written as the following limit,

where the convergence is understood to be in quadratic mean.

Nttb(s)dr(s)ds = lirn Z b(a
k

)171(T
k

+ 5) - ri(Tk )15
k= 1
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(3. 19)

where ak Tk . (3. 19) holds because dri(t) is zero except at the

jump times, and no two jumps can occur at the same time. For
Nt

5kik,nt Sk , (3. 19) is lim Z b(ak)Ck . Since E[[2(t)]21 is
k =1

A

bounded and Nt is a. s. finite, then there exists a C(t) = max IC,I
N kSNt

and a 1S(t) maxi b(ak)I . Therefore, krb(I. a k
)C

k
61s S(t)C(t)Nt6

k<Nt =1
,,t

and b(t)C(t)NtS 0 in probability as 6 0 , so job(s)dr(s)ds = 0

a. s.

So now we have

- o

.tb(s)dT(s) = B(t)r(t) - [B(o)r(o) + rtB( s)a,n( )1 (3. 20)

To get the probability distribution of equation (3.20) we will

use the following:

Nt
B(o)r(o) + StB(s)dr(s) = kE0B(T )Ck (3. 2,r)

Even if b(t) is deterministic, B(Tk) is probably a random

variable because we are evaluating the nonrandom function, B(t) ,
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at a random point.
Nt

k
To get the distribution of 13(T

k
)C

k
in the general load

0

modelling case is theoretically possible, but is probably much too

tedious an endeavor to attempt in practice as can be seen from the

following discussion.

.;?,-Nt1R17 <Pr`r k"rO
r.

x n`OPrt B( Tk)Ck
<x

t = nlPr(Nt = n)(3. 22)

Now,

Pr{kE0B(Tk)Ck x1Nt = n} =

tk_ Nt = n)ldc dt (3. 23)
JA kT-190Ef(ck I-C-k-1' Nt n) f(t' c

where

C
2 k-I

k k-1' Nt --L(11 Z C 1k ' ±=0 k = 0, 1, . N
t '

and

k-1
A = ((ck, B(tk))1-jEoci ..ck<co, 0 = to <t1<...< tn<t, kZ0B(tk)ckx)

We could use a change of variables to get the distribution of
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B(Tk) , but unless b(t) is either nonnegative or nonpositive, B(t)

will not be monotonic and the transformation will not necessarily be

one-to-one. If b(t) is, for example, nonnegative, then the domain

of support of B(Tn)1Nt = n will be B(o) < B(Ti) < < B(Tn)<B(t).

In this case, we can write the integral on the right side of (3. 23) as

n
JA kTTO[f(ck1-2k- 1'

B(tk), Nt=n)f(B(tk) ck-1, B(tk_ )Nt= n)jdc.ndB(tn) (3. 24)

where

k-1
A = ack, B(tk)) HiEoci ck<eo, B(o)<...< B(t < B(t), kiii0B(tk)ck..<..x3(3. 25)

As can be seen, this method leads to integrals which are

extremely intractable, but there does not appear to be any simpler

method unless we make additional assumptions.

The next logical assumption to make, in addition to the

monotonicity of B(t) , is that the jump sizes are independent of the

arrival times. In this case, the following change of variables

technique can be used to arrive at the distribution of E B(T )Ck
=k1 k t

n . Let

k
U

k i
= E

0
B (T.)C. ; k = 0, 1, , n

=

V
k

= Ck ; k= 0, 1,..., n



Therefore,

U - U U - U
k

Vk
k- 1 - B( Tk) Tk - B- 1( k k- 1)

V
k
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because of the monotonicity of B(t) . The Jacobian of this trans-

formation is

Cn

Tn

U Vn
0

(0),
1 ,Bti t.`,,,(B(ti)

vi)
,- 1\

.6v.i
J

,.t. B(t.)'`.
)

1

)t. auk
1 3

=
k=0

'tk 1

vk

We can use this to get the density of U,Vn 1Nt
=n and then,

theoretically, Un .

We can approach our problem of finding the probability
Nt

k
distribution of E

0
B(T

k
)C

k
from a different direction.

=

(3. 26)

What we

have is a random sum of dependent random variables where the

random upper limit of the summation is dependent on the random

variables being summed. We will use characteristic functions in
Nt

an attempt to get the characteristic function of I = kE0B(Tk)Ck .
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f6I(s) = Et eisi) = EN (¢114s)} (3.27)
t I t

The next step would be to determine the characteristic function of

Wk = B(Tk)Ck
given Wk- . This amounts to calculating the

characteristic function of a product of random variables.

OW (
Ws)

= EB(T
) I

B(tosil
Wk k-1 k

Wk-1 C lk-1

Using this we arrive at

Nt
(s) = TT 9S (s)Nt k=0 w I wk k-1

(3. 28)

(3. 29)

If one has access to the necessary characteristic functions, this

method may be relatively straightforward.

In the load modelling problem we chose to use lognormal jump

sizes. The characteristic function of the lognormal distribution

does not possess a closed form solution, so this method cannot be

used. However, there are many cases where this method can be

used as we will see in the following examples.

Example 3. 5. 1: Let b( s) = b , 0 5 s t ; Ck i, i. d. Exponential

; d. Exponential (X) . Since the interarrival times are

independent and identically distributed, the conditional arrival times,
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T
n t

= n , are distributed as an ordered random sample from a

Uniform [0, tj distribution. Since the jump sizes, C , aren
11also i.i.d. , then

0
Ck Tk k 1 Ck T k k=

ik 1
Ck Uk ' where.

Uk i d. Uniform [0, tj . Therefore,

where

N
(s) = E N([0. (bs)]

t

C Exponential (X)

Uniform [0, tj .

Substituting back into (3.30) we get

v
Nt

°I( s) ENt Citbs 111(v - itbs)

iXv
itbs

)
bs -Xt

]e

(3.30)

(3.31)

Example 3.5.2: Let Ck d. Normal (la, c 2)
, b(t) and Sk

as in the previous example.



N
1gi (s) = ENf[pitbs exp(--2 b 2

s
2 )(exp(p.itbs) - 1)1t

t

Xi 1
= expf -Xt - p.tbs exp(-2 b

2
s

2
)[exp(p.itbs) -

Adding some dependence we get the following example.

Example 3.5.3: Let Ck Tk Normal (a + dTk, Q2)

Sk as in the first example.

where

N
95

I
(s) = ENt[ETJ(cbC

I

.....(bUs))]
t

C I U -- Normal (a + dU, Q2)

U Uniform [0, t]
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(3.32)

, b(t) and

To remove the complex argument from the standard normal cumu-

lative distribution function which will appear later, we will work

with the moment generating function,

M
I
(s) =

,t - r2abs,
exp.( -Xt + X I rl V2-171.(1)t )

MI( s)
s )

(1)(- I r! abs)lexp[2(rabs)211

(3.33)



where

r 2 = [(abs) 2 + 2bds]

x 1 1 2
cD(x) ex p( --u )du

TaTi 2
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We have determined the probability distribution of

B( )11(o) + jo'tB(s)dn(s) for some simple examples. To get the

distribution of rtb(s)dy(s) we must now return to equation (3. 20) .

From (3.20) we notice that we must calculate the distribution of

L = B(t)r(t) .

Example 3.5.1 continued:

OL(s) = EN ty5z N(bts))
t Nt t

Ck d. Exponential (v) Z
N

N
t

Exp[(Nt + 1)v]
t

L(s) = E
t

(Nt + 1)v

N, + 1)v - ibts)

to ibts -1
1 n -Xt

= [1 - (Xt) e
n=0 v(n + 1) n:

= E t )
ibts k

1 n
e

-Xt
n=0 kii0 v(n + 1) n1



because s can be chosen close enough to zero so that

Therefore,

Now,

So

ea k
(s) = E

0
(ibts

k
) E[(N

t
+

-k]
=

50

ibts < 1
v(n+1)

Xt)
k

Et[(Nt + l)(Nt + 2.) (Nt + k)] -k) = e
-Xt

E
0

(

(j ):J'

E[(Nt + 1)-11= 1--xt(1 -

E[(Nt + 1

and so on.

t

= (Xt)
-3 [(I Xt)(1 - e-Xt)2 - (xt)2e-Xt1

Example 3.5.2 continued: Ck d. Normal (p., a 2)
=>

Z IN Normal [(Nt + 1)p., (Nt + 1)(72]Nt t

1ML(s) = E texp[(Nt + 1)(p.bts + (abts) 21)
2Nt

= exptv[exp(pbts + !(abts)2) - 11+ p.bts + 2(abts)2)

(3. 34)

(3.35)
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Even if we have some sort of generating function for B(t)r(t)

and B(o)r(o) + jo.tB(s)dri( ) , it is no simple matter to get the

distribution of rtb( ody( ) because B(t)r(t) is not independent ofo

B(o)Ti(o) +10.tB(s)dr(s) .

If R = .t
b( s)dY( s) , then

oR(s) oth(s) sY-s) (3. 36)

In general, this conditional characteristic function is quite

difficult to calculate. However, in the previous examples we can

use the following logic to get the characteristic function of R .

Nt Nt
R = btE C -bECTk=0 k k0 k k

= b[c t + E c v ]k1 k k

where Vk= t - T
k

; k= 1, 2, .. . , Nt . If Sk i. i. d. then

V
k

INt (Nt + 1 - k)th order statistic from a size Nt Uniform

[0, t] random sample. Since Ck k
d. then lEI1 Ck Vk INt =n

=
n
E

1
Cn+l-k Uk

k=Rk= 1
Ck U

k
where Uk Uniform [0, t] . So

N

R
(s) = (bts) E N(k6 CU

(bs)) t)
t

(3. 37)



Example 3.5. 1 revisited:

R(s) (i )E tbin( )INt 3- tbs Nt is v - itbs

X.itbs)iV e-

If a(t) is deterministic and Lebesgue integrable, then
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(3.38)

Y(t) = Y(o)expLrota(s)ds +Stb(s)dT(s)}

= Y(o)exptrota(s)ds} exp{R} (3.39)

where
R(s) is given in equation (3.38) . So the probability

distribution of Y(t) has been completely determined.

Example 3.5.2 revisited:

N
1 1

R(s) = exp[iFibts -
2
(abts) z

]E fr exp(--2 b
2

s
2 )(exp(ip.bts) - 1)] t}

N it labts

1 2 Xi= exptillbts - (abts) - Xt - exp(-1b 2
s

2)[exp(ip.bts) - 111
2 p, b s

(3.40)

So the probability distribution of Y(t) has been found for example

3.5.2 also.
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In arriving at the distribution of Y(t) for the previous examples

I chose to use an integration by parts method of decomposing
tb(s)dY(s)

. This method left me with three types of random
o

variables to consider, the number of jumps by time t , the jump

times, and the jump sizes. I decided to use this method rather than

solve ,Iltb(s)dlY(s) directly because of the relatively easy calculations

which follow from the fact that the jump times, given the number of

jumps by time t , have the same distribution as the order statistics

from a Uniform (0, ti distribution whenever the interarrival times

are i. i. d.

However, I could solve r tb(
)dlit(s) directly.

Nt-1 Tk+itb(s)cili(s)
= r b(ody(s) +t b(s)dT(s)k0k

t

Nt -1
=

k=
Z

0
[B(Tk+1

) - B(T
k

)IZ
k

+ 113(t) - B(TNt)jZNt (3.41)

If b(s) = b for s < t , like the previous examples, then

(3.41) can be rewritten as

N-1
rtb(s)dy(s) bS Z + b(t - TN )ZN
4o kt=0 k k t t

(3.42)

In cases where the distributions of the interarrival times and

the accumulated jump sizes are known, and the distribution of the
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jump size itself is not easily calculated, it might be easier to use

(3.41) rather than (3.20) . However, the convolution problems

encountered in working with the distributions of random variables

containing interarrival times when one conditions on the number of

arrivals by time t are numerous. So it is my opinion that (3. 20) ,

rather than (3.41) , should be used if it is at all possible.

3.6 Solutions Using Ricatti' s Equation

Suppose we have a collection of simultaneous differential

equations which can be stated in the following matrix form.

dY(t)
dt - A(t)Y(t) ; Y(t) is n x 1 , A(t) is n x n (3.43)

The homogeneous version of (3. 2) can be written in this fashion

where A(t) is random.

A(t) can be expanded into the following sum.

m
A(t) =

1= 1
u.(t)A ; m 5_ n2

In the case of equation 3. 2) ,

(3.44)
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A(t) = 0 1

2(t) -11(t)

_Lo

11

ol
0

112't) r11(t )Lo
O

11

= Al - riz(t)Az - n1(t)A3 (3.45)

Because the Lie algebra generated by CAT Az, A3) is not

solvable, it is not possible to find a possibly complex-valued matrix,

P , which will triangularize A(t) . For a detailed look at Lie algebras,

and their relationship to solutions of systems of differential equations the

reader is referred to Brockett (5).

It may be possible, however, to find a time dependent matrix

which will triangularize PM. Let P(t) = . We would like
c(t) d(t)

cl[P(t)Y(t)] to be triangular. Assuming that P(t) is nonsingular for

all t , define W(t) = P(t)Y(t) . Then 1V(t) = [P(t)A(t)P
-1 (t) +

[a(t)
d(t)P(t)P- 1(t)1W(t) where P(t) We want

C(t) d(t)

P(t)A(t)P -1 (t) + P(t)P-1 (t) to be triangular. If we make it upper-

right triangular, then we must solve the following differential

equation.

C(t)d(t) - [d(t)]271.t) - c(t)d(t) - [c(t)12 + c(t)d(t) 1(t) = 0 (3.46)



(t)
If h(t) =A

, then (3.46) becomes
c

h(t) - rii(t)h(t) + Ti2(t)[h(t)]2 + 1 = 0 .
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(3.47)

This is called a Ricatti equation. A solution will exist in any open

interval about the origin provided Til(t) and r2(t) have power-series

expansions in that interval.

This method of finding a solution to a stochastic differential

equation appears to be relatively simple when the associated Lie

algebra is solvable. When the algebra is not solvable, as in the

load modelling case, the solution at present remains a mystery.

Using a time dependent matrix to triangularize the system of

equations leads to the problem of trying to solve a stochastic version

of Ricatti' s equation. The existence of a solution to such an equation

is the subject of work currently in progress.



4. SUMMARY AND CONCLUSIONS

In this paper we considered the second order stochastic

differential equation

dZY(t) it)SLILti.
Ti

(try(t) = v(t),- 1(t) 2 T12` 3dt
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(4. 1)

where r(t) is a random point process with right-continuous and

piecewise-constant sample functions.

The original motivation for considering this equation was the

load modelling problem in electrical distribution networks. If we

suppose that resistance, R , -inductance, L , and capacitance,

C , are constants, then the following equation describes their relationship

to the current, I , and the voltage, V , in a simple series circuit:

1
LdI(tdt

) + RI(t) +
C

r
tI(s)ds = V(t) (4. 2)

If we let Y(t) =.r6otI(s)ds , and if we replace L , R , and C by random

point processes, then we have an equation like (4. 1) above.

Since a second order differential equation can be written as two

simultaneous first order equations, we were led to a consideration of the

following stochastic integral:
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-0
r'
tf(s)dy(s)

where Jo.t1.1( s)ds = ty(t) .

Due to the fact that T(t) is probably not a martingale,

we were forced to abandon the theory which makes use of this fact

and try another type of calculus in our attempt to determine the

probabilistic properties of both our stochastic integral and our

original stochastic differential equation. With this in mind we

turned our attention to McShane's belated calculus.

Considering our stochastic integral as a belated integral we

first showed that, for suitable integrands, integrals with '(t)

integrators exist and are unique in the probabilistic sense. This

result was proved for integrals of any order.

Next it was shown that our integrals of order greater than

two vanish. This result is not surprising since these higher order

integrals vanish for almost every other case, including the case of

the Ito integral with its Wiener process integrator. However,

unlike the Ifb integral, our second order integrals also vanish. This

means that in our attempt to find a solution to

dY(t) = a(t)dt b(t)d'(t) (4. 3)
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we do not have to consider the canonical extension which was

introduced by McShane. Solutions to (4.3) are essentially the

same as one would expect if none of the functions in (4. 3) were

random. The only major difference is that our integrals are belated.

Finally, we extended It& s differential formula to our type of

stochastic integral and we proved that the Ito" formula, which is

applicable to our integrals, is no more than just the composite

function formula commonly used in deterministic calculus.

With this knowledge we attempted to find solutions to stochastic

differential equations which are similar in nature to equation (3. 1) .

Solutions to these equations would be a first step toward solving

(4. 1) . A few simple solutions were found in the homogeneous case.

A possible method for finding a solution to the inhomogeneous

equation was introduced in section 3.6 . This method, though still

incomplete, employs Lie algebra theory in an attempt to solve

systems of linear differential equations.

Using the belated calculus of McShane we have developed a

theory which can be used when one is considering integrals with

integrated random point process integrators. This theory is useful

when one is faced with the problem of solving stochastic differential

equations like those found in certain areas of economics and in the

load modelling problem.
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