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The horizontal stability of a bottom-laid pipeline

under finite-amplitude surface gravity waves which are

shoaling on a mildly sloping beach is considered. In-

cipient sliding motion conditions are assumed in which the

wave-induced hydrodynamic pressure force is statically

balanced by the Coulomb bottom frictional force. The

Morison equation, which includes both drag and inertia

force components, is employed to determine the wave-induced

hydrodynamic pressure force exerted on the pipeline. Water

particle kinematics computed both analytically from linear

wave theory and numerically from the finite-amplitude Dean

(1965) stream function wave theory are used to evaluate

the wave-induced hydrodynamic pressure force exerted on

the pipeline. Both the analytical and experimental methods

of determining the drag and inertia force coefficients are

reviewed. Experimental values for the Coulomb bottom fric-

tional force coefficients are summarized and values are



recommended for design applications on various benthic

materials.

The static balance between the wave-induced hydro-

dynamic pressure force and the Coulomb bottom frictional

force results in a stability criterion that may be ex-

pressed in terms of a dimensionless wave force acting on

the pipeline, P;, a dimensionless stability parameter, PL;

and a dimensionless force ratio, W', which includes all of

the explicit variables in the pipline horizontal stability

problem. Both the experimental data from Wright (1976) and

Yamamoto, et al. (1973) are analyzed to construct a set of

design curves for the dimensionless force ratio, W'.

Using water particle kinematics from linear wave

theory, the relative magnitude between the inertia and the

drag force components is evaluated. Limiting values for

this relative ratio are used to delineate three regions of

relative importance on a dimensionless relative displace-

ment, H/D, relative water depth, d/Lo, dissection plane

which may be used for design. The horizontal stability

criterion of a bottom-laid pipeline is further simplified

in each of these three regions of relative importance for

design.

Using water particle kinematics computed numerically

from the finite-amplitude Dean (1965) stream function wave

theory, a set of dimensionless curves for the dimensionless

wave force acting on the pipeline, q, under various design



conditions specified by the dimensionless force ratio, W',

the depth parameter, d/T 2
, and the wave height parameter,

H/T2, is constructed for design application.

A design procedure for the application of the dimen-

sionless design curves (W' and Pii) is enumerated for

determining the limiting depth for the horizontal stabili-

zation of a bottom-laid pipeline.
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STABILITY OF PIPELINES UNDER SHOALING
FINITE AMPLITUDE WAVES

I. INTRODUCTION

1.1 Review of Previous Studies

The design of submarine pipelines is of concern due

to increasing military and commercial applications. Pipe-

lines may be used to transport fluids from the sea to land,

such as the transfer of fuel oil for power generation, of

seawater for desalination, or of sewage for disposal at

sea; and to stabilize oceanographic sensing cables by en-

casing them in pipe-like protectors.

These pipelines may be subdivided into long distance

offshore pipelines (usually more than 10 Km long) and

nearshore coastal pipelines (usually less than 10 Km long)

as shown in Anand and Agarwal (1980). These pipelines

must be designed to resist the hydrodynamic forces imposed

on them, especially in and near the surf zone where the

refraction and shoaling of deep sea swells culminate in

breakers. Usually these pipelines are buried in the sand

or sediments under the breakers as protection against

hydrodynamic forces; however, this procedure is not always

feasible on hard, impermeable, rock bottoms. Such bottom

materials necessitate laying the pipelines or cable pro-

tectors on the bottom and anchoring them in contact with

the bottom.



2

Beckmann and Thibodeaux (1962) examined the wave

forces exerted on pipelines with circular and trapezoidal

cross sections in contact with a smooth, hard-surfaced

ocean floor. The size of the pipeline structure that is

required to prevent sliding along the bottom has been

related to the controlling parameters determined by the

contour of the pipelines, the material used, and the flow

conditions in the field.

Eager (1971) discussed the applications of split

pipe protectors used for cable stabilization. Hudspeth

(1971) proposed an analytical expression for a split-pipe

stability parameter using linear wave theory and determined

the maximum water depth required for the application of

such split-pipe protectors to achieve stabilization. Only

the drag and lift forces were considered by Hudspeth (1971)

as contributing to the hydrodynamic forces exerted on the

small split-pipe and cable system. Wave kinematics, and

shoaling and refraction coefficients were evaluated using

linear wave theory. Hudspeth also recommended the use of

the finite-amplitude Dean stream function (1965) wave

theory for determining the wave kinematics and the limit-

ing water depth for such split-pipe protectors in the real

ocean environments.

For pipelines laid in contact with the bottom, various

laboratory experiments have been made to determine the

magnitudes of the hydrodynamic forces and the force
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coefficients experienced by the pipelines. More recent

research has been reported by Yamamoto, Nath and Slotta

(1973), and by Wright (1976). Field measurements of such

force data are much fewer. Grace (1978) suggested methods

for the computation of maximum wave forces exerted on pipe-

lines and discussed some design problems of trenched,

buried, and ballasted pipelines. The result of a four-

year field measurement program of the wave forces exerted

on a small-diameter pipe laid on the bottom in the ocean

off Honolulu have been made by Grace et al. (1979). The

wave force coefficients calculated from their data provide

some useful information for the submarine pipelines in

real ocean environments. All of these laboratory and field

measurements were obtained in intermediate or deep water

wave conditions.

1.2 Scope of the Present Study

The horizontal stability of a submarine pipeline, or

the cable and split-pipe protector system, laid on the

beach depends on the following factors:

1. waves and current at the design path of pipeline,

including their magnitudes and angles of incidence

to pipeline.

2. size, type of material, and cross sectional shape

of the pipe or protector.
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3. structural tensile strength of the pipeline or

protector.

4. type of benthic material, slope of the beach, and

other benthic and bathymetric properties.

Analytical theories which relate breaking wave heights

to wave heights under refraction are not well known and the

analytical theories which relate deep water swell heights

to wave heights under refraction are only valid seaward of

the surf zone and then only for mildly sloping beaches.

The purpose of this thesis is to analyze the horizon-

tal stability of pipelines under shoaling, finite-amplitude

waves on mildly sloping beaches. A dimensionless wave

force on the pipeline is derived which includes both drag

and inertia forces. The relative importance of each of

these force components to the total horizontal force under

various parametric conditions is examined. Water particle

kinematics computed both analytically from linear wave

theory and numerically from the finite-amplitude Dean

(1965) stream function wave theory are used to evaluate

the hydrodynamic forces exerted on the pipelines. Steady,

uniform currents are also included in the analysis. The

effects of various benthic materials and their correspond-

ing frictional coefficients against sliding are discussed.

Engineering applications of the dimensionless wave force

on the pipeline to engineering design conclude the thesis.
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II. PROBLEM FORMULATION

The first section defines the boundary value problem

and the assumptions governing the pipeline stability prob-

lem for a pipeline laid on a sloping beach. A stability

equation is derived which relates the hydrodynamic, the

Coulomb frictional, and the inertial body forces. Sections

2.2 and 2.3 summarize the various laboratory and field

measurements of the hydrodynamic force coefficients and the

Coulomb frictional coefficient between the pipeline and the

beach.

2.1 Governing Equation for Horizontal
Pipeline Stability

In unsteady oscillatory flow, such as that induced by

waves and a steady-uniform current, Uo, the hydrodynamic

forces exerted on a pipeline laid on the bottom may be

expressed in terms of the horizontal and vertical force

components. The total horizontal hydrodynamic force is a

linear sum of an inertia force, PI, and a drag force, PD,

derived from the Froude-Krylov hypothesis. The flow over

the pipeline also induces a vertical upward lift force,

P
L'

which acts perpendicular to both the horizontal force

and the ocean bottom. By applying order of magnitude

estimates, the inertia force is usually neglected in

analyses of small diameter pipe under large waves. Figure
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2.1.1 is a definition sketch of a pipeline laid on a slop-

ing beach with incident waves and a steady-uniform current,

Uo, perpendicular to the pipe.

The horizontal hydrodynamic force per unit length of

pipe may be expressed by the vector form of Morison equa-

tion as

in which the inertia force is defined by

TrD
2

P = c 0w 4 q

and the drag force is defined by

PD =
cDP

w D1414

(2.1.1)

(2.1.2)

(2.1.3)

The vertical lift force per unit length may be ex-

pressed as

CL

L 2
p
w

D(44)1C.

in which the velocity vector is given by

4 = (u cose + U
o
)r. + u sine k

with the magnitude given by

141 = (u2 + U2 + 2uU
o
cose)

(2.1.4)

(2.1.5)

(2.1.6)

The formulation of the pipe stability problem follows

closely that given by Hudspeth (1971). The equations of
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Figure 2.1.1 Definition sketch for pipeline stability
design.
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force equilibrium between the hydrodynamic forces, Pp and

PL, the structural tensile strength component of the pipe,

PT, the torsional resisting moment of the pipe, To, the

gravity force, Pg, the Coulomb frictional force, PF, and

the normal buoyant reaction force, FN, require the follow-

ing:

1. The sum of moments about the contact point between

the pipe and the beach must be zero; i.e.,

EM = T + (P
T 2

1)2 (PP 2
T.)2 = 0 (2.1.7)

2. The sum of forces in the vertical z-direction must

be zero; i.e.,

EF
z

= (4.
g

+
L

cosh) rc = 0

in which a is the slope of beach.

(2.1.8)

3. The sum of forces in the horizontal x-direction

must be zero; i.e.,

EF
x

= (P - PT - PF) i = 0 (2.1.9)

in which the frictional force per unit length of pipe, PF,

may be determined by the product of a frictional coeffi-

cient p times the normal force, FN, reduced by the lift

force, PL; i.e.,

PF F FL)cosa

in which

(2.1.10)



2
= (p ) irD

Ts gk

and FN = PN it .

9

(2.1.11)

The horizontal stability of the pipeline requires that

the horizontal hydrodynamic force, fp, be less than the sum

of the two resisting forces, T and PF. This stable equi-

librium condition may be expressed as

PF (i +
Iff

T
I

)-1
IPFI

< 1 (2.1.12)

Neglecting the ratio ITI/IfF! results in a conserva-

tive stability criterion. Substituting for the force vec-

tors in Eq. (2.1.12) yields

FPx F
Dx

+ F
Ix

F
F

m(F
N-FL)cos

S
< 1 (2.1.13)

in which the x-component of the horizontal drag and

inertia forces on the pipe per unit length are

FDx

C
D 2 2

pwD(u + U
o
+2uU

o
cose) (ucose + U

o
)

2
TrD

u

(2.1.14.a)

FIx Clew 4
ucose (2.1.14.b)

Eq. (2.1.13) represents a horizontal stability equation for

the pipeline. In order to evaluate Eq. (2.1.13), it is

necessary to express the hydrodynamic forces in terms of
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the water particle kinematics. Chapters 3 and 4 will dis-

cuss linear wave theory and finite-amplitude Dean (1965)

stream function wave theory, respectively.

2.2 Determination of the Force Coefficients

In order to gain some appreciation for the mechanics

of wave forces on horizontal pipes, we will first briefly

discuss the analytical methods available for determining

the inertia and lift force coefficients using results from

potential flow theory.

2.2.1 Analytical Methods

2.2.1.a Inertia force coefficient CM

The inertia force coefficient, C
M'

may be calculated

analytically from the potential flow theory for the follow-

ing flow conditions surrounding a horizontal pipe:

A. Nonoscillatory flow

1. Fixed cylinder

a. infinite accelerating flow

b. infinite accelerating flow with a rigid
boundary

2. Accelerating cylinder

a. infinite fluid

b. infinite fluid with a rigid boundary
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B. Oscillatory flow

1. Infinitely deep water waves

2. Finite depth water waves

2.2.1.b Lift force coefficient C
L

There are a few analytical solutions presently availa-

ble for the lift force coefficient which may be determined

from potential flow theory. The few that are available

may be summarized by the following flow conditions:

A. Fixed cylinder submerged in a steady, unidirectional
flow

1. Infinite boundaries

2. Close rigid boundaries

B. Cylinder submerged under finite-depth water waves

2.2.1.c Analytical results

From potential flow theory, an added mass coefficient

value of Cm = 1.0 may be computed analytically for a

cylinder fixed in an accelerating stream of inviscid fluid

away from any boundary (Lamb, 1932, p. 93). The inertia

coefficient, CM, is defined as CM = 1.0+ Cm and accordingly

has the value of 2.0 for this case.

For a cylinder near to or in contact with a rigid

impermeable boundary in an otherwise infinite mass of

accelerating fluid, the added mass force is increased due

to the presence of this rigid boundary. Taylor (1930)
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calculated the added mass coefficients, Cm, for a family of

lenses consisting of two circular arcs. The family passes

from a flat plate through a single circle to a pair of

tangent circles. This last limiting case may be regarded

as a circle tangent to a ground plane and an added mass

coefficient value of Cm = 2.29, therefore, an inertia

coefficient value of CM = 3.29 was calculated (Goodman,

1972). Garrison (1972) also calculated an inertia coeffi-

cient value of CM = 3.29 for a circular cylinder in contact

with a plane boundary using the Milne-Thomson circle

theorem (Milne-Thomson, 1968, pp. 157-163).

For a cylinder accelerated in an infinite mass of

inviscid fluid, an inertia coefficient value of CM = 2.0

was obtained by Milne-Thomson (1968, p. 246). This value

was obtained by considering the increase in total kinetic

energy of the mass and the fluid due to an unbalanced force

on the cylinder.

Yamamoto, Nath and Slotta (1973) have derived an

analytical expression for the added mass coefficient, Cm,

for a cylinder accelerated toward a rigid boundary from an

infinite distance. A horizontal cylinder was represented in

the potential flow by a doublet with the axis parallel to

the direction of motion. Applying the method of images,

the cylinder motion toward the boundary may be approxi-

mated by two doublets moving against each other with their

axes in the direction of motion. The value of the inertia
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coefficient, CM, was shown to increase from 2.0 to 3.29 as

the cylinder approached the boundary from an infinite

distance.

Both Dean (1948) and Ursell (1950) have considered

the interaction of small sinusoidal surface waves with a

submerged cylinder in an infinitely deep water domain using

potential flow theory. The velocity potential was obtained

in terms of pulsating sources and vortices placed at the

center of the cylinder. Ogilvie (1963) has obtained the

solution for the first-order oscillatory forces due to the

acceleration of water particle using the velocity poten-

tial derived by Dean (1948) and Ursell (1950). The numeri-

cal results were calculated for the following three cases:

1) fixed cylinder, 2) oscillating cylinder, and 3) neutral-

ly-buoyant cylinder allowed to respond to the first-order

oscillatory forces. These numerical results were presented

in terms of the amplitudes of the oscillatory forces as a

function of the depth of submergence of the cylinder below

the free surface. Inertia coefficient values may thus be

calculated from these results. These results were not

obtained for cylinders located near a fixed boundary and

should not be used for bottom-laid pipelines.

The interaction of finite-depth, small-amplitude sur-

face waves with a submerged object near the bottom boundary

introduces more difficulties to the potential flow problem.

Wehausen and Laitone (1960) derived a linearized potential
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flow solution in which the velocity-squared terms in the

Bernoulli equation were neglected. The velocity potential

was expressed by pulsating sources distributed continuously

over the surface of the object. Garrison and Rao (1971)

used this method to calculate the wave forces exerted on a

submerged hemisphere resting on the bottom by numerically

determining the strength of these pulsating sources. The

results of the calculated inertia coefficient, CM, were

presented as a function of the ratio of the hemisphere

radius to wavelength, with the ratio of the water depth to

hemisphere radius as a varying parameter. No numerical

results were calculated for a submerged cylinder resting

on the bottom.

For a horizontal cylinder immersed in an infinite

mass of steady fluid flow, there exists no vertical lift

force from potential flow theory (Lamb, 1932, p. 93). The

effect of a rigid boundary in an otherwise infinite steady

flow is to induce a lift force on the cylinder which acts

perpendicularly to the direction of steady flow. Yamamoto,

Nath and Slotta (1973) have also used potential flow theory

and obtained an analytical expression for the lift coeffi-

cient, CL, for a horizontal cylinder near a boundary. They

demonstrated that the value of the lift coefficient, CL,

was a function of the gap between the cylinder and a rigid

boundary. For a cylinder in contact with a rigid boundary,

the lift coefficient, CL, was computed analytically to be
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equal to 4.49. When the gap between the cylinder and the

boundary was less than two cylinder diameters, the lift

coefficient, CL, was of considerable magnitude and always

negative (i.e., the lift force acted downward toward the

boundary). Analytical expressions for the cylinder-

boundary gap problem may also be found in Milne-Thomson

(1968, Chapter 8).

Ogilvie (1963) has also obtained a solution for the

second-order steady force (i.e., lift force) exerted on a

cylinder submerged in an infinitely deep water with small

sinusoidal surface waves at the free surface. The numeri-

cal results were also calculated for the following three

cases: 1) fixed cylinder, 2) oscillating cylinder and

3) neutrally-buoyant cylinder. These results were pre-

sented in terms of the amplitudes of the steady forces as

a function of the depth of submergence of the cylinder.

Lift coefficient values may also be calculated from these

results. These results were not obtained for cylinders

located near a fixed boundary and should not be used for

bottom-laid pipelines.

In unsteady oscillatory flow, such as that induced by

waves, considerable complexity is added to the flow

phenomena around a horizontal cylinder near a plane boun-

dary. The force coefficients may be determined by the fol-

lowing experimental methods.



16

2.2.2 Experimental Methods

2.2.2.a Experimental methods for Morison equation force
coefficients

The horizontal wave-induced drag and inertia force

coefficients, CD and Cm, respectively, in the Morison

equation may be determined by any of the following methods:

A. Methods of analyses

1. Deterministic wave fitting methods

a. Fourier analysis

b. Least-squares fitting using a

i. numerical wave theory

ii. linear filter

iii. measured kinematics

c. Maximum force fitting

2. Nondeterministic wave fitting methods

a. Drag/inertia dominate frequency fitting

b. Method of moments

c. Spectral least-squares fitting

Basically, there are two types of experiments which

may be conducted to obtain wave forces and their corres-

ponding force coefficients. These two types of experiments

are summarized by the following:

B. Types of experiments

1. Lab tests

a. Standing waves

b. Progressive waves



c. U-tube test

d. Oscillating cylinder

2. Oscillatory ocean waves

Next, a brief description will be given of the three

deterministic wave fitting methods that are usually

employed to determine the force coefficients CD and CM.

C. Description of the deterministic wave fitting methods

Fourier analysis

The force coefficients CD and CM may be determined

according to the following Fourier methods (Keulegan and

Carpenter, 1958; Sarpkaya, 1975):

CD vi7t, 27t,
Fm (t) = pD Um coscos T 1---U cos - -1T

7D
2

27- Cm pw
4

Um sin 27t

37 r
T Fm (t)

C =
27tcos T dt

JOD 2T
p D U2w m

4U T Fm(t)
7

C
m r 2t

sinM = -
T

dt
2D Jo p D U2w m

17

(2.2.1)

(2.2.2)

(2.2.3)

in which Fm (t) = the measured time dependent horizontal

force per unit length on the cylinder, Um = the amplitude

of the horizontal water particle velocity, T = the oscilla-

tion or wave period.
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Least-squares fitting

The method of least-squares fitting consists of the

minimizing the error between the measured and calculated

forces. The force coefficients C
D and CM may be determined

by the following equations (Sarpkaya, 1977):

T F (t)
i y

16 r

Fm(t)
27rt

'cos -
2rrt

dt
ID' 3T 20 pD U

m

(2.2.4)

in which Fm (t) = the measured horizontal force given by Eq.

(2.2.1). The inertia coefficient, CM, is also given by Eq.

(2.2.3); i.e., the inertia coefficient, C
M'

calculated from

least-squares fitting gives the same value as that cal-

culated from Fourier analysis.

Maximum force fitting

For a measured horizontal force, Fm(t), given by Eq.

(2.2.1), the force coefficients CD and CM are given by the

following equations (Grace, 1979):

FM (0)

CD
pw mD U2/2

Fm 4
(- -)

Cm
IrD

2
27r

Pw 4
(T Um)

(2.2.5)

(2.2.6)

in which Fm (0) and Fm (-T/4) are the measured horizontal

force values per unit length of cylinder at the instant

when t = 0 and when -T/4, respectively.
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2.2.2.b Experimental method for the lift
force coefficient

For a small bottom-laid pipe, the hydrodynamic verti-

cal force exerted on the pipe is due to the lift force

only. This lift force may be obtained by using the same

experiments summarized in Section 2.2.2.a. The vertical

lift force coefficient, CL, may be determined by any of the

following methods (Sarpkaya, 1977): 1) maximum lift force

method, 2) semi peak-to-peak value, and 3) normalized root-

mean-square value.

The most often used is the maximum lift method in

which the lift force, Pm(t), and the lift coefficient,

CL, are given by:

t7, 27tPm(t) = pwplumcos 2yIum cos

Pm(0)
C
L

=
pwD Um /2

(2.2.7)

(2.2.8)

in which Pm (t) and Pm (0) are the measured vertical force

values per unit length of cylinder as a function of time

and at the instant when t = 0, respectively.

Next, the published results obtained from various

experiments will be discussed.
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2.2.2.c Experimental results

Standing waves

By using the Fourier analysis method, Keulegan and

Carpenter (1958) found that for oscillatory flow under

simple harmonic waves, the drag coefficient, CD, had no

clear dependency on the Reynolds number. It was shown that

both force coefficients, CD and Cm, were dependent upon a

dimensionless period parameter (or Keulegan-Carpenter num-

ber), Nkc = UmT/D, in which Um = the amplitude of the water

particle horizontal velocity, and T = the wave period. The

force coefficients C
D and CM achieved maximum and minimum

values, respectively, for a period parameter of around 15.

It was also shown that the force coefficients C
D and Cm

varied within one cycle of the oscillatory flow in which CM,

the inertia coefficient, varied with a cyclical period

twice that of wave period, T.

Progressive waves

By using the maximum force method, Wright (1976) con-

ducted a series of wave tank experiments at the Oregon

State University - Wave Research Facility for a horizontal

cylinder placed on the bottom. For these test conditions,

the dimensionless relative water depth, d/Lo, varied from

0.027 to 0.5 and the dimensionless relative displacement,

H/D, varied from 0.202 to 2.776. The resulting force

coefficients indicated that the average inertia coefficient,

CM, varied between the two maximum values of 3.47 and 2.96
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during a wave period, the average value of the drag coeffi-

cient was found to be a constant of C
D
= 0.93. The average

value of the lift coefficient was found to be a constant of

CL = 1.90.

U-tube test

Using the Fourier analysis method, Sarpkaya (1975)

conducted experiments by oscillating flow past fixed

cylinders in a U-shaped vertical water tunnel. The result-

ing curves of the drag coefficient, CD, versus the period

parameter, Nkc, from his tests demonstrated that the maxi-

mum value of the drag coefficient, CD = 2.3 for a period

parameter of Nkc = 12 compared very well with the values

obtained by Keulegan and Carpenter (1958). Sarpkaya

obtained values of the inertia coefficient, CM, which

decreased from a maximum value of CM = 2.2 for a period

parameter of Nkc = 2 to a minimum value of CM = 0.7 for a

period parameter of Nkc = 12. The agreement of the inertia

coefficient, CM, values between Sarpkaya (1975), Keulegan

and Carpenter (1958) for period parameter, Nkc, greater

than 10 is not as good as the drag coefficient, CD, values.

By using the maximum lift force method, the values of the

lift coefficient, CL, were found to reach as high as 3.0

and exhibited several maxima.

Sarpkaya (1975) also concluded that there was no cor-

relation between the force coefficients and the Reynolds

number. However, Miller(1975) replotted Sarpkaya's values
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(1975) for the force coefficients CD and CM on the dimen-

sionless Reynolds number -- period parameter dissection

plane and demonstrated a clear Reynolds number dependency.

Based on these results from Miller (1975), Sarpkaya (1977)

later used both the Fourier analysis and the least-square

fitting methods and replotted the data from Keulegan and

Carpenter (1958) and from Sarpkaya (1975). These replotted

results demonstrated that the force coefficients do indeed

depend on both the Reynolds number and the period parameter

(or the ratio of these two parameters).

Oscillatory ocean waves

Grace, Castiel, Shak and Zee (1979) conducted a field

test in the ocean offshore from Honolulu using a pipe

faired into bottom. During these tests, wave periods

varied between 12 to 17 seconds and wave heights up to 17

feet (5.12 m) were measured. The test site depth was 37

feet (11.28 m) and the steel pipe used was 16 inches

(40.64 cm) in diameter. Although this work focused pri-

marily on the peak forces, instantaneous force coefficients

for the Morison equation for only the zero angle-of-

incidence waves were calculated by using the maximum force

method and are shown in Table 2.2.1.

Davis and Ciani (1976) summarized various studies for

the hydrodynamic forces on submarine pipelines laid on the

bottom. The force coefficients suggested for design pur-

poses were separated into the following three regions:
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Table 2.2.1. Average force coefficients for zero angle-of-
incidence waves from Grace et al. (1979).

Test Roughness Surface Clearance Average values
sequence Er/D finish e/D CM CD CL

(1) (2) (3) (4) (5) (6) (7)

lA 0.0001 natural 0.188 2.12

1B 0.0025 corroded 0.031 2.42 0.86

1C 0.016 rib 0.031 2.70 0.77 0.58

1) CM = 0, CD = 1.0-2.0, and CL = 4.5 for the region in

which the drag force dominated over the inertia force;

2) CM = 3.3-4.5, CD = 0, and CL = 4.5 for the region in

which the inertia force dominated over the drag force; and

3) between these two regions, the values of force coeffi-

cients were CM = 3.3-4.5
'
C
D

= 1.0-2.0 and C
L

= 4.5.

2.3 Determination of the Frictional Coefficient

For a horizontal pipeline laid on the bottom, the

frictional resistance between the pipeline and the beach

depends on the following factors (Anand and Agarwal,

1980): 1) surface coating of the pipe; 2) beach material

and its properties, such as angle of internal friction,

cohesion, and degree of saturation; 3) contact area between

the pipeline and the beach; and 4) direction of pipe move-

ment, i.e., longitudinal or horizontal movements.

Potyondy (1961) estimated values for the frictional

coefficients, p, between various soils and pipe materials
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by conducting direct shear tests; i.e., the contact surface

between the pipe materials and soils was flat. Potyondy's

results indicated that the values for frictional coeffi-

cient, p, for rough concrete specimens on sand or dense

cohesionless silt were approximately 10% greater than the

corresponding values for smooth specimens. The values for

rough steel specimens on sand or dense cohesionless silt

were approximately 10-25% greater than those values for the

smooth specimens. These test results from Potyondy (1961)

are summarized in Table 2.3.1.

Table 2.3.1. Summary of frictional coefficients from
Potyondy (1961).

Pipeline material Soil material
(1) (2) (3)

Sand 0.64

Smooth steel Dense cohesionless silt 0.68

Clay 0.50

Sand 0.80

Rough steel Dense cohesionless silt 0.75

Clay 0.80

Sand 0.80
Smooth concrete Dense cohesionless silt 0.87(made in iron forms)

Clay 1.00

Grained concrete
Sand 0.88

(made in wooden Dense cohesionless silt 0.96
forms) Clay 1.00

Rough concrete Sand 0.90

(made on Dense cohesionless silt 1.00
adjusted ground) Clay 1.00



25

Lyons (1973) conducted both small and large scale

tests for soil resistance to the lateral sliding of sub-

marine pipelines. The tests included 1 inch (2.54 cm), 9

inch (22.86 cm) and 16 inch (40.64 cm) diameter concrete-

coated pipes resting on sand with loading in the horizontal

direction only. The coefficients of friction, p, for large

scale tests on a sandy beach ranged from 0.65 to 0.71. For

the model scale tests, the frictional coefficient, p, was

greater than unity due to the formation of a sand wedge

that formed in front of the pipe following application of

the lateral force. The horizontal force would, therefore,

have to overcome not only the friction but also the soil

resistance of the sand wedge piled up before the cylinder.

Karal (1977) proposed an.analytical model for predict-

ing the frictional coefficient, u, based on an upper bound

approximation from the theory of perfect plasticity. The

calculated values of the frictional coefficient, p, varied

between 0.6 to 1.2 for pipes on sand. The values for the

frictional coefficient, p, varied between 0.18 to 0.4 for

pipes on clay.

Valent (1979) also experimentally determined the fric-

tional coefficients, 4, between three sea floor sand

materials and two building materials for pipes (both steel

and concrete) by conducting direct shear tests. Samples of

the calcareous sand used for these tests included coralline

sand obtained from an atoll beach, foraminiferal sand-silt
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from a deep ocean site, and oolitic sand from a shallow

ocean site. For both steel and concrete specimens, rough

and smooth surface conditions were used in the tests. In

general, the frictional coefficient reached its peak

value, 'peak' shortly after the test started and subsided

to a constant residual value, 11

residual'
for the rest of

the direct shear test. The effect of different sand

materials on the frictional coefficient was not signifi-

cant. The effect of surface roughness was shown to be very

little for the concrete specimen while the frictional

coefficient for smooth steel was approximately one-third

of that found for rough steel specimen. These test

results from Valent (1979) are summarized in Table 2.3.2.

Table 2.3.2. Summary of frictional
Valent (1979) .

coefficients from

Pipeline Material
(1)

Soil Material
(2)

PPeak
13)

Presidual
(4)

Coralline sand 0.20-0.21 0.17-0.18

Smooth steel Oolitic sand 0.32 0.31

Foram sand-silt 0.40 0.37

Coralline sand 0.63 0.55

Rough steel Oolitic sand 0.54-0.58 0.50-0.51

Foram sand-silt 0.66

Coralline sand 0.63 0.56

Smooth concrete Oolitic sand 0.58-0.59 0.52-0.54

Foram sand-silt 0.67

Coralline sand 0.66 0.59
Rough concrete

Oolitic sand 0.74 0.57
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Anand and Agarwal (1980) conducted frictional resis-

tance tests using different diameter concrete-coated pipes

for model and prototype studies. In these tests, pipes

were pulled in the horizontal direction on both sandy and

silty soils. For horizontal pulls in which rolling

occurred, the range of the frictional coefficient, 11, from

model tests was found to vary between 0.145-0.185 for fine

sands, between 0.08-0.14 for coarse sands, and between 0.10-

0.25 for silty soils. It was considered that for a long

pipe under field conditions, the horizontal force acting

on the pipe would slide the pipe rather than roll it along

its longitudinal axis. Accordingly, an anti-roll device

was provided in the prototype study. The range of fric-

tional coefficients, u, from their prototype study was

found to vary between 0.12-0.24 for fine sands, between

0.07-0.17 for coarse sands, and between 0.33-0.67 for

silty soils. Anand and Agarwal (1980) concluded that for

a concrete-coated pipe on sandy or silty soils, the fric-

tional coefficient, p, may vary between 0.5-0.6.

There exist no laboratory or field measurements of

the frictional coefficients, p, between pipeline materials

and a rock beach. For design purposes (if no accurate

site survey data are available), a value of 0.3 for the

frictional coefficient, p, between stone masonary and wet

undisturbed ground (Eshbach, 1974, p. 480) is recommended.
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For design purposes, the frictional coefficients, p,

between various beach and pipeline materials are suggested

in Table 2.3.3.

Table 2.3.3. Summary of frictional coefficients recom-
mended for design.

Beach material Pipeline material 1-1

(1) (2) (3)

Rock
Smooth steel

Rough steel, smooth
and rough concrete

0.10

0.30

Sand
Smooth steel

Rough steel, smooth
and rough concrete

0.18

0.55

Silty-soil,
clay

Smooth steel

Rough steel, smooth
and rough concrete

0.33

1.0
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III. LINEAR WAVE THEORY AND APPLICATIONS

The boundary value problem and solution for linear

wave theory is defined in Section 3.1. Section 3.2 dis-

cusses the relative importance between the contributions

of the drag and inertia components to the horizontal hydro-

dynamic force and defines three design regions for the

pipeline stability problem on a dimensionless relative dis-

placement (H/D) - relative water depth (d/L
o

) dissection

plane. The general forms of the stability equations for

each of these three regions are derived. Section 3.3 dis-

cusses applications of linear wave theory kinematics to

the pipeline stability problem in the various design re-

gions identified on the dimensionless dissection plane.

3.1 Formulation and Solution of the
Boundary Value Problem

The water-wave phenomenon may be idealized as a two-

dimensional boundary value problem for ideal flow shown in

Figure 3.1.1 Ideal flow assumes that the motion is irro-

tational and that the fluid is inviscid and incompressible

without capillarity. For monochromatic waves with frequen-

cy w = 2n/T, the boundary value problem may be expressed

in terms of a scalar velocity potential (Mei, 1978) given

by:

421 = Re[W,z)exp i(wt)] (3.1.1)



z ,w

H=2a

d

L

direction of
am* wave travel

a

a

OE, t) = -f- cos (KC-wt)

Horizontal, impermeable botton, z = -d

Figure 3.1.1. Definition sketch for linear wave.
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from which the velocity components may be determined accord-

ing to the following directional derivatives:

au(E,z,t) = Re[I exp - i(wt)]
3

xw(E,z,t) = Re[rie p - i(wt)]

(3.1.2)

(3.1.3)

in which Re[] denotes the real part of a complex-valued

function.

The governing field equation is the Laplace equation.

42(1) = 0; 1E1 < 00 -d z 0

with boundary conditions given by

= o ; W < -; z = -d
3z

(3.1.4)

(3.1.5)

2
3(0 w_

(I) = o
; 1E1 < m ; z = 0 (3.1.6)

The free surface profile, n(E,t), may be determined

from either the kinematic free surface boundary condition,

KFSBC an
at 3z '

z = 0 (3.1.7)

or the dynamic free surface boundary condition,

DFSBC =1 aci)
g at '

z = 0 (3.1.8)

Eq. (3.1.6) combines both the KFSBC and DFSBC by

eliminating the unknown free surface profile, n(E,t). The

velocity potential for a plane incident wave travelling in



the positive c- direction is given by

(1)(E,z,t) = f(z)sin(KE-wt)

in which H = the wave height and

f(z) = cosh K(d+z)/sinh Kd
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(3.1.9)

(3.1.10)

in which K = 27/L and L = the wavelength, d = the water

depth, provided that

w
2

= tanh kd (3.1.11)

The free surface profile n(E,t) may now be obtained

from the solution for (1)(,z,t), according to either Eqs.

(3.1.7) or (3.1.8), as

n(E,t) = T cos(KE-wt) (3.1.12)

The horizontal water particle velocity, u(E,z,t), and

acceleration, u(E,z,t), may be determined from

u(E,z,t) = umax f(z)-cos(KE-wt) (3.1.13)

u(E,z,t) = u xf(z).sin(KE-wt) (3.1.14)

in which the over-dot denotes temporal derivatives and

= H7
max

2H7
2

,27,umax =
u

T
2 T max

(3.1.15)

(3.1.16)
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Other forms of solution to the linear wave theory

boundary value problem may be found in Ippen (1966, Chapter

1), Horikawa (1978, Chapter 1) , Wehausen and Lai tone (1960)

inter alios.

3.2 Relative Importance Between Fpx and FIx

The inertia force component in Eq. (2.1.2) is propor-

tional to the acceleration of a water particle and, there-

fore, is of out phase with the drag and lift forces which

are in phase with the water particle velocity. Various

analyses have been made to determine the relative impor-

tance between the drag and inertia force components, FDx

and F
Ix ,by using linear wave theory kinematics. Some of

these analyses will be reviewed separately below.

Beckmann and Thibodeau (1962) established a stability

criterion for the case when the inertia force component

dominates the total force on a bottom-laid horizontal pipe.

Using linear wave theory kinematics, the maximum value of

the inertia force was equated to the maximum force result-

ing from the sum of the drag and the Coulomb frictional

force, i.e.,

Tr

2
1CMpw

4
umax f(-d) =

2
(C

D
+

L
)p Du

2
f
2
(-d)w max
(3.2.1)

which may be reduced using Eq. (3.1.16) to



umax f(-d).T (CM/C D)

N' = = Tr2[
D 1 + u(C

L/CD )
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(3.2.2)

in which N' is a form of the Keulegan-Carpenter number

which is obtained when an oscillatory linear wave theory

velocity is used for umax. A wave steepness coefficient

may be defined by

B
t
= umaxf(-d) T/4s (3.2.3)

in which s = the path length travelled by a wave particle

in one-half cycle. For the case in which the inertia force

component dominates, the ratio of the pipe diameter, D, to

path length, s, was determined to be given by

Tr

1 + u(C
L/CD )

2 =
t

[

(CM/CD )

(3.2.4)

Beckmann and Thibodeaux determined experimentally that the

value of B
t
was in the interval between 7T/4 < B

t
< 1.

Yamamoto, Nath and Slotta (1973) and Davis and Ciani

(1976) determined that the maximum dimensionless horizontal

hydrodynamic force exerted on a bottom-laid pipe could be

divided into three distinct regions on a dimensionless

relative displacement, H/D -- relative water depth, d/Lo,

dissection plane. These three regions were determined

from the relative magnitudes of the ratio of the drag force

to inertia force components in the Morison equation. The

ratio of these two force components may be expressed using

linear wave theory by



I C u
2

(max)

M umax

35

(3.2.5)

in which f(z) is defined by Eq. (3.1.10). Substituting

Eqs. (3.1.15) and (3.1.16) for u
max and 1:1max yields

1
C
D H

a = (C ---)(D )f(z)

M
(3.2.6)

Assuming that the pipe diameter is small compared to

both the water depth, d, and the wavelength, L; the small

argument approximation for the hyperbolic cosine may be

invoked [i.e., f(-d + D/2) = cosh K (D/2)/sinh Kd ti

-sinh 1
Kd]. Yamamoto, Nath and Slotta (1973) used values

of the drag coefficient, CD = 1.0 and the inertia coeffi-

cient CM = 3.29 to determine these three regions. Davis

and Ciani (1976) used values of the drag coefficient CD =

1.5 and the inertia coefficient CM = 3.9 to also determine

these three regions.

For design purposes, two constant-value a contours

may be drawn on a dimensionless dissection plane which com-

bines the principal parameters usually specified in design

(i.e., relative displacement, H/D versus relative water

depth, d/Lo). These two constant-value a contours divide

the dimensionless dissection plane into three separate

regions for design. The values chosen were a = 20 (drag

force component dominates) and a = 0.05 (inertia force com-

ponent dominates).
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Region A in the upper-left corner of Figure 3.2.1

applies to design conditions in which the drag force

dominates over the inertia force. In this region the

inertia force amounts to less than 5% of the drag force

(i.e., a > 20). In general, high waves in shallow water

create the conditions encountered in this region.

In the lower-right corner, Region C, the situation is

reversed; the drag force amounts to less than 5% of the

inertia force (i.e., a < 0.05). In general, lower relative

waves and waves in deep water create the conditions en-

countered in this region.

In Region B which lies between Regions A and C, both

the drag force and inertia force components should be con-

sidered in the design problem. Figure 3.2.1 provides some

guidance for design purposes; however, it should be used

with caution since the use of linear wave theory in the

surf zone does not represent near-breaking waves very well.

The stability equation, Eq. (2.1.13), when applied to

design conditions in which both the drag and inertia forces

are included (such as the wave conditions in Region B, Fig.

3.2.1), may be reduced to

CD [1 + u () cosy] (u2 + U2 + 2uUocos6) (ucos6+Uo)
CD

nD nD+ CM 7r ucosa < p(ys - 1) g cosy (3.2.7)

in which the specific gravity of pipe, ys = ps/pw.
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Cm/CD = 3.29,

a = 20

Region A

a > 20
= 2.6, a = 20

0.05 < a < 20

10-3 10-2

CM/C D = 3.29

a = 0.05

d/L0

Region C

a < 0.05

Figure 3.2.1. Relative importance regions between the drag
force, F

Dx'
and the inertia force, FIX .

100
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As a measure of the relative contributions between the

drag and lift forces, a dimensionless force coefficient

ratio, W, may be defined as

W = 1 + p(CL/CD)cosi3 (3.2.8)

By using a dimensionless form of the horizontal water

particle velocity and acceleration, u' and 11', and a

dimensionless steady-uniform horizontal current, U('), which

are defined by

= u
1711 U1 H°

(-T)
1

H
/

O
(-T)T2

(3.2.9)

Eq. (3.2.7) may be further reduced to the following dimen-

sionless form:

1. Region B

EIY-1011IL C W(u')2[1
2
+ 2(ut)cose(y)]Lo Lo D

Ul 7 D[ -T COSO(1) ] CM 75-(F ) u cose(y)}
"o

- 1) 72(171,L)cos8 (3.2.10)
0

Eq. (3.2.10) may be further simplified for Regions A

and C to,



2. Region A

1.), U---7-)cos8(y)]*[ U-2
( y ) 2

'

2
' 1 + (t) + 2(

u'
0 2 ) (Lo

+ cose(y)] < 11(ys 1)7T2(fl!-)(CDW)-icos(i.

3. Region C

il'cose(y) < 211(y
s

- 1)71.4icosa
L
o
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(3.2.11)

(3.2.12)

Eqs. (3.2.10-3.2.12) may be evaluated using any wave

theory. To satisfy this stability requirement in which

the right-hand-side of Eqs. (3.2.10-3.2.12) is computed in

terms of the specified design parameters, maximum values of

the terms in the left-hand-side of these equations should

be employed. Next, Eqs. (3.2.10-3.2.12) will be evaluated

explicitly using linear wave theory.

3.3 Applications to the Stability Problem

The wave height, H(y), in Eqs. (3.2.10-3.2.12) may be

expressed in terms of the deep water swell height, Ho, a

refraction coefficient, Kr(y), and a shoaling coefficient,

K
s
(y), by the following (Ippen, 1966, p. 166):

H(y)

Kr (y)

Ks(y)

= Kr(y)Ks(y)H0

= [bo/b(y)]

= (2n(y)L(y)/1,0]-1.

(3.3.1)

(3.3.2)

(3.3.3)
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n(y) = *[1+2Kd(y)/sinh2Kd(Y)] (3.3.4)

and L
o

= gT2/27 = the wavelength in deep water, b
o

and

b(y) are the horizontal distances between wave orthogonals

in deep water and at a specific pipeline location, y, res-

pectively, shown in Figure 3.3.1.

Substituting Eqs. (3.1.13), (3.1.14) and (3.3.1) for

u, u and H(y) from linear wave theory and invoking the

small argument approximation as before, the general equa-

tion given by Eq. (3.2.10) may now be expressed by:

K
r
(y)K

s
(y)(L--Ho){K

r
(y)K

s
(y)(E;

H
o
)C

D
sinh

-2
Kd cos 2

wt-
0

(1+(lPn-isinh Kd cos- zu
o
Trsinh-lKd coswt cose(y)]*

D
.[U'ffsinh

-1 coswt+cose(y)]-CM Tr(--L ) sinh
-1 Kd sinwtKd

o

cos6(y)} < p(ys-1)(e-)cos6 (3.3.5)

Eq. (3.3.5) may be further simplified for the follow-

ing cases:

1. Region B without current

Substituting U.; = 0 into Eq. (3.3.5) yields

E < u (Ys-1) cosh (3.3.6)

in which
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deep
water

Beach

Bottom
contours

Bottom-
laid pipe-
ine

Wave
orthogonals

Wave
crests

Figure 3.3.1. Definition sketch for wave refraction.



E = K
r
(y)K (y)(L--H o)sinh cos6(y)Ks

o

.[F cos2wt + G sinwt]

F = K
r
(y)K

s
(y)

2
D (CDW sinh

-1
Kd

G = -CM7
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(3.3.7)

(3.3.8)

(3.3.9)

The maximum value of E may be obtained using an

approach similar to that given by Horikawa (1978, p. 106);

i.e., the maximum occurs when

or

DE
0TraT wt (wt)max

[G - 2F sin(wt)max]cos(wt) max = 0

(3.3.10)

(3.3.11)

There are two possible solutions to Eq. (3.3.11). The

solution for cos(wt) max = 0 applies to cases in which the

inertia force dominates and the Morison equation may not be

valid. The second solution is given by

CMTrD sinh Kd
sin (wt)

2K
r
(y)K

s
(y)HoCDW

C 1TD sinh Kd

(3.3.12)

cos (wt) = (1-(-2T)
2

- [1 2Kr(y)Ks(y)H0CpW
)2]i(3.3.13)G

Substituting Eqs. (3.3.12) and (3.3.13) into Eq.

(3.3.7) gives the maximum value of E as
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G 2Emax = K
r

(y) K
s
(y) L2 sinh-1 Kd cose(y)-F.[1+(IT) ]

0
(3.3.14)

The stability equation may thus be reduced to

2 2 -2
Cm7rD sinh KdKr(y)Ks(y)sinh1(d[1+(

2K
r
(y)K

s (y)H oCDw)
]cose(y)

L
o

< (y
s
-1) (H

H
) (--D ) (C

D
-1

i3W) cos
0 0

(3.3.15)

2. Region A

Substituting an inertia coefficient of CM = 0 into

Eq. (3.3.5) yields

H
2

K
2
(y)K

s

2
(y) (

o
C
D
W sinh-2 Kd cos 2 wt

[1+(U'7-1sinh Kd cos-1 wt) 2
+2U'Irsinh

-1
Kd coswt cose(y)]

-[Uorsinh-lKd coswt + cose(y)] < 11(ys-1)(171!--)cosi3 (3.3.16)

The maximum value of the left-hand-side of Eq. (3.3.16)

occurs when wt = 0. The stability equation may thus be

reduced to

K
2
(y)K

2
(y)sinh

-2 Kd[1+(U'7 1
sinh Kd)

2+21P7sinh-1 Kd cose(y)]
s

-1 D LNirsinh Kd+cose(y)] < 11(ys-1)(f-)(ff-o
2

) (CDW) lcos13
o o

(3. 3.17)
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3. Region C

Substituting a drag coefficient of C
D
= 0 into Eq.

(3.3.5) yields

-1 LKr(y)Ks(y)sinh-1 Kd cose(y) < 1-1(Ys-1)(7Cm) (e)cosy

°(3.3.18)
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IV. STREAM FUNCTION WAVE THEORY
AND APPLICATIONS

Section 4.1 describes the general features of the

stream function wave theory and various published solution

techniques. Section 4.2 formulates the equations for solv-

ing the stream function boundary value problem for non-

linear waves on a steady-uniform current. Section 4.3

describes the applications of the stream function wave

kinematics to the horizontal pipe stability problem.

4.1 The Stream Function Boundary
Value Problem

Waves in the ocean environment never have the symmetric

water surface profile assumed in the linear wave theory

solution. A finite amplitude wave theory is required to

provide a better description of the free surface profile

for real ocean waves. Among the nonlinear wave theories

presently available are the Cnoidal, Solitary, Stoke's

higher-order wave theories, and Stream Function wave theory

(Dean, 1965) .

All of the finite amplitude water wave theories

represent solutions to boundary value problems. The formu-

lation of the finite amplitude wave boundary value problem

is basically the same as that of the small amplitude linear
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wave boundary value problem except now the higher order

nonlinear terms are retained in the analysis.

It is assumed that the wave profile propagates with

constant speed and without change of form in an ideal

inviscid fluid. It is then possible to choose a coordi-

nate system moving with the speed of and in the same direc-

tion as the wave profile. In this moving reference frame,

the wave profile does not change shape and the motion is

steady relative to this moving coordinate system. The

water particle velocity components, u and w, may be

defined in terms of a scalar stream function, tP, by

u - C =- 2/-
3z

w =

in which C is the constant wave celerity.

The boundary value problem for the irrotational motion

may now be formulated by the following (Dean, 1965):

DE: 72tp = 0; I I < =; -d s z s 71() (4.1.3)

BBC: = 0; 11 < =; z = -d (4.1.4)
aE

KFSBC:
aE 3E az

= -01)/01); 1E1 < = ; z = fl(E) (4.1.5)

DFSBC: 1 2.2. 2 it)2l
-2-4-E(az) (aE) 2g Q;

10 < ;
z = n(E) (4.1.6)
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Periodicity: 4(1-L,z) = 4)(,z) (4.1.7)

in which Q is the Bernoulli constant and L is the wave-

length.

Dean (1965) assumed the following stream function

solution:

NN
W, z) = + X(n) sinh[aLr

(d+z)]
N=1

cos (27n (4.1.8)

in which T is the wave period and d is the water depth.

Eq. (4.1.8) satisfies the governing differential equation,

Eq. (4.1.3), the bottom boundary condition, Eq. (4.1.4),

the kinematic free surface boundary condition, Eq. (4.1.5),

and the periodicity requirement, Eq. (4.1.7), exactly for

arbitrary finite values of the wavelength, L, of the

stream function value at the free surface, tp(,n), and of

the NN stream function coefficients, X(n). The numerical

procedures for determining these unknown values for X(n),

L, and IP(E,n) are based on the concepts of minimizing the

errors associated with the dynamic free surface boundary

condition, Eq. (4.1.6).

Dean (1968) compared the analytical validity of eight

different wave theories and concluded that the stream func-

tion wave theory of fifth order (i.e., NN = 5) provided the

best fit over a wide range of wave conditions. For very
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shallow water waves, the linear wave theory and the first

order Cnoidal wave theory compared best with the stream

function solution. Dean (1968) concluded that by increas-

ing the order of stream function solution, it would pro-

vide the best fit even for most shallow water waves. Dean

and Le Mehaute (1970) also compared experimentally these

same wave theories and found that, on an overall basis, the

stream function theory provided a significantly better fit

to the measured water particle velocities than did the

other theories.

Next we will review other forms of boundary value

problem formulations and solution techniques.

Von Schwind and Reid (1972)

Von Schwind and Reid (1972) developed a stream func-

tion wave theory with basic similarities to the theory

developed by Dean (1965). The principal difference between

the two theories is that Von Schwind and Reid used a con-

formal transformation of the coordinates for the boundary

value problem from the complex + iz) plane to the com-

plex (q) + ill)) plane. The schematic contours for such a

transformation are shown in Figure 4.1.1. After the equa-

tions which result from the transformation are given in a

dimensionless form, the Fourier coefficients of the solu-

tions to the boundary value problem are determined through

a numerical iterative process similar to that used by

Dean (1965).
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Benzi, Salusti and Sutera (1979)

Benzi, Salusti and Sutera (1979) have formulated the

stream function wave theory by means of a variational

principle. For a periodic, finite amplitude wave in a

coordinate frame moving with wave celerity, C, the boundary

value problem was formulated as:

DE: 0211) = F(OP); 1E1 < 00 -d z n(E) (4.1.9)

BBC: Ip(E,-d) = = constant; 1E1 < co, z = -d

(4.1.10)

KFSBC: 11)(,n) = 4)11 = constant; 1E1 < co, z = n(E)

(4.1.11)

DFSBC: i(Dip)2 + gn + Q = constant; 11 < co,

z = n(E) (4.1.12)

The variational principle states that if a functional

of the free surface, n, and the stream function,

is defined by:

L n

i(n = f f [ilv02 + gz + G(10] dE dz
0 -d

(4.1.13)

in which F(4)) = dG(11))/dlp is related to the pressure; then

the boundary value problem, Eqs. (4.1.9-4.1.12) may be

proved to be equivalent to the equations:

61 A. 61
61p

=
V, do

(4.1.14)
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with the boundary conditions specified by Eqs. (4.1.10-11)

and the periodicity requirements specified by:

= n() (4.1.15)

11)(+1,,z) = (4.1.16)

Chaplin (1980)

Chaplin (1980) reformulated the problem solution tech-

nique by choosing as unknowns the wavelength, L, and the

surface elevations of the wave profile at a discrete number

of points, ni, which were equally distributed between the

crest and the trough. For a wave condition specified by

the wave height, H, the wave period, T, and the water

depth, d; the unknowns are defined in the dimensionless

forms by the following equations:

d+n.
Si = ---1 j = 1, J

R =

(4.1.17)

(4.1.18)

Two of these unknowns are eliminated immediately by

the constraints that the numerical iterative process should

converge both to the specified wave height, H, and to the

still water level, d. These two constraints may be ex-

pressed dimensionlessly as

(4.1.19)



J-2
R - w.S. - w (s H 1

S _ j=1 3 3 J 1 d R)

J-1 w
J-1
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(4.1.20)

inwhichw.J are the weights used in the numerical integra-

tion; e.g., Simpson's rule.

The dimensionless stream function is of the form of

Eq. (4.1.8), given by:

J-1
= An sinh ( 2 TrnS) cos( 2 Trn + AJS
n=1

(4.1.21)

in which the dimensionless variables are defined according

to

- A x(n)
1P( n) ' L ' n 1)(E,n)

d
S -

+z
L

(4.1.22)

and the dimensionless coefficient Al, A2, ..., A. must

satisfy the free surface requirements specified by

J-1
1=1Ansinh2TrnS,cos27n5i.+A S

J
n=1

j = 1, J (4.1.23)

For a particular free surface profiles, S, and wave-

length, L, Eq. (4.1.23) is considered to be given by a sum

oflinearlyindependentfunctionsof5t..A set of ortho-

normal functions may be constructed from this set by the

Gram-Schmidt process. These may then be treated by

generalized Fourier analysis to compute the stream function

coefficients, A. A detailed and reasoned development is
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given by Hamming (1962).

The dynamic free surface boundary condition, Eq.

(4.1.6), may be expressed in dimensionless form by dividing

by the water depth, d, i.e.,

2 - S.d/(2gT) 2i 2 2172QJ 2 2 [( aR ) + ( as ) ] + RR Aj

j = 1, J (4.1.24)

in which the derivatives are to be evaluated at each dis-

crete point, (Ri,Si). The numerical iterative process is

then carried out through minimizing the errors associated

with Eq. (4.1.24)

Dalrymple (1974)

Dalrymple (1974) presented a stream function model for

the nonlinear water waves on shear current in which the

shear current velocity was modeled either by a linear or a

bilinear profile. Figure 4.1.2 is a definition sketch for

the linear, bilinear and steady-uniform current profiles.

For a linear shear current, the velocity profile may

be expressed by

(Us-Ub) (d+z)
U(z) = Ub + (4.1.25)

in which Ub and U
s

are the magnitudes of the bottom and

surface current. The governing differential equation may

be expressed in the form of the Poisson equation,



Z,W

n()

t---11. u +Uo -c

H U0

d

L/2

54

Figure 4.2.1. Definition sketch for a nonlinear wave on a
steady-uniform current.
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(4.1.26)

in which -0
o

represents the uniform vorticity of the fluid.

For the case of a steady-uniform current, a special

case of the linear shear current model; i.e.,

U(z) = Ub = Us = Uo (4.1.27)

the governing differential equation becomes that of the

Laplace equation, Eq. (4.1.3).

Next, the solution techniques for this model will be

discussed in detail in Section 4.2.

4.2. Mathematical Model and Solution for
Non-linear Waves on a Steady-Uniform
Current

Figure 4.2.1 is a definition sketch of the boundary

value problem for the nonlinear waves on a steady-uniform

current. The water particle velocity components, u and w,

may be defined in terms of a scalar stream function, i, by

alp
u + Uo - C -

az

w -_

(4.2.1)

(4.2.2)

The boundary value problem may then be specified by

Eqs. (4.1.3-4.1.7). A stream function perturbation series

is assumed to be given by:



N+2
(E, z) = [XV) U

o
] z X(n) sinh

n=4
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27(n-3)(z+d)
]cos[

27(n-3)
(4.2.3)X(3) X(3)

in which X(3) is the undetermined wavelength, L. Eq.

(4.2.3) satisfies all the equations of the boundary value

problem except for the DFSBC, Eq. (4.1.6).

Evaluating the stream function, IP, on the free sur-

face, z = n(c), yields the following transcendental equa-

tion for the free surface, n(E), as:

X(N+3) N+2
X(n)n() +

(X(3) U
o

) n=4 (X(3) U
o )

sinh( 21.(n-3) (n+d) ]cos[
21T(n-3)E

] (4.2.4)
X(3) X(3)

in which the stream function at the free surface, W,n),

is identified by X(N+3). Once the N-1 stream function

coefficients, X(n), wavelength, X(3), and the stream func-

tion at the free surface have been computed, the free sur-

face elevation may be determined by solving Eq. (4.2.4)

iteratively, or by a Newton-Raphson iterative method given

by Hudspeth and Slotta (1978).

By specifying the wave height, H, wave period, T, water

depth, d, and the steady-uniform current, Uo; the N+1 un-

knowns, (X(n), n=3,...,N+3), may be solved iteratively. At

each step of the iterative process, small corrections to the

previous estimates of the unknown cofficients are made to

improve the solution.
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The N+1 unknowns may be determined so that the dynamic

free surface boundary condition (DFSBC) is satisfied in a

best least-squares sense. The error in the DFSBC may be

expressed as:

in which

7
1

E
1

1
f= - [R

1
(0)]

2
de = 7(Q(0) ,Tfl

2
d07

0

(7) = = I 4(0)de , 0 =
7

0

27E
X(3)

(4.2.5)

(4.2.6)

Dalrymple (1974) introduced two Lagrangian multi-

pliers, X(1) and X(2), into the iterative process so that

the wave profile may converge to the mean water level and

wave height. The total error associated with the itera-

tion is thus defined by:

in which

E
T

=
1

X(1) E
2

+ X(2) E
3

n

0
[Ft

1
(0)] 2de + X

7
f no)de

71 0

+ X(2) [-H÷n(0) - n(70 l (4.2.7)

IT

E2 = f0 n(0)d0

E3= (-H + n(0) - n(n)

(4.2.8)

(4.2.9)

where the two Lagrangian constraints have been introduced.
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The numerical technique used to minimize the total

error is based on an algorithm given by Marquardt (1963),

in which the total error, CT, is expanded in a Taylor

series for the N+3 unknowns, (X(n),n=3,...,N+3), according

to:

7 N+3 3R (o)
eT = 1

7 aX(n)
f [R (0) + 6X(n)] 2

de
0 n=3

[X(1) + Sx(1)]
I [n(e) +

N+3
I"T')cfi;IJ

l

6X(n)]d8
0 n=3

N+3r
3

3x(n)
ari(0)+ [X(2) +6X(2)][-H+ n (0) +

n
6X(n) n (Tr)

=

N+3
_ 7 M(71.) 6X(n)]

n=3 3X (n)
(4.2.10)

The corrections to these unknowns may be computed by

solving the following equations:

3E1

3,5x(1)
0

3c1
= 0MX(2)

(4.2.11)

(4.2.12)

ac'

36X(m)
0 , m = 3, ..., N+3 (4.2.13)

These N+3 equations may be expressed as:

Tr N+3
an (0)1 f [n(o) + 2,

0

TRTET 6X(n)]d0 = 0 (4.2.14)



+3 an"r an(o) 6X(n) T1(11)H - n(0)
N

/, nTn=3 aThc

N+3
an (Tr)

n 3 3x (n)
6X (n) = 0

=

Tr N+3 aR (e)
1 3R1(0)1 f 2Ert (e) + aX(n) 6X(n)] ax (m) dGit 0 1 n= 3
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(4.2.15)

[x(1)+6x(1) ] fIr 311(e) de+ EX(2)+6X(2) [-F-aai;c( in0)axt )ro

aDX1m7)) m
3,

N+3
(4.2.16)

or, in matrix form as:

[A] {(SX(n) } = {B} , n = 1, N+3 (4.2.17)

in which [A] =

0 0

0 0

1
7 an(e) an(0) al-1M
Q 3x(3) ax(3) ax(3)

(4.2.18)

II

Tr Tr
ance) 1 ,ar"), de

0 0
aax(3) f

TT X(N+3/

an(0) _ MOO
ax(3) ax(3)

1 It (0) dO an(0) an(Tr)
'Fr

o
ax(N+3) Dx(N +3) Dx(N +3)

an(o) an(Tr)

ax (N +3) ax (N +3)

2
IT aRi(e) DR1(°)

10 DX(c) ax(r) de ;

c, r = 3, ..., N+3



{(SX(n)} =

X(1)+SX(1)

X(2)+6X(2)

(SX(r) {B} =

60

--- ( e ) de
Tr

0

H - n(0) + n(7)

Tr a R1 (0)

- f (0) de
0

aX(r)

(4.2.19)

Explicit expressions for the derivatives with respect

to the unknowns are described in detail in Appendix A.

Small corrections to the unknown coefficients, (5X(n),

n=3, N+3), found from the matrix inversion of Eq.

(4.2.17) are then added to the previous iterative estimates

for the unknowns and the iterations are terminated when the

total error is acceptably small. For near-breaking wave

conditions and for the extreme shallow water wave condi-

tions, the iterative corrections oscillate rapidly and only

a small fraction of the differential corrections obtained

are added to the estimates from the previous iterations to

achieve a stable solution.

The starting values are found from the linear wave

theory approximation. The wavelength, X(3), is found by

solving the following equation using a Newton-Raphson

iterative method,



2Trd- tanh trim1
0
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(4.2.20)

in which L
o

is the deep water wavelength from linear wave

theory (=gT2 /27T . The starting coefficients are all

initialized to zero except X(4), which is estimated from

linear wave theory to be

X(4) - sinh-
H X(3) 1 2Trd

2 X(3)
(4.2.21)

Dean (1974) has tabulated the principal wave field

variables from forty wave cases that extend over three

decades of dimensionless relative depth from shallow water

wave conditions (d/X(3)<1/25) to deep wave conditions (d/X(3)>

i). The dimensionless relative depth, d/Lo, ranged from

0.002 to 2.0. The wave cases are also characterized by the

dimensionless relative wave steepness, H/Lo, which cor-

responds to the following ratios of wave height to the

breaking wave height, H/HB: 0.25, 0.5, 0.75, 1.0. Table

4.2.1 summarizes the magnitudes of the dimensionless rela-

tive wave steepness, H/Lo; dimensionless relative water

depth, d/Lo; wave height parameter, H/T2; and depth para-

meter, d/T2 for the 40 wave cases tabulated by Dean.

Table 4.2.2 summarizes the wave characteristics cal-

culated in this study for the forty wave cases when no cur-

rent is present. Column 2 tabulates the ratio of wave-

length to deep water wavelength, X(3)/Lo; column 3 tabu-

lates the ratio of the wave crest elevation to wave height,
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Table 4.2.1. Summary of fifty stream function wave cases
[tabulated by Dean (1974) and by Chaplin
(1980)].

Case H/L0 H/T2
d/Lo d/T2

(1) (2) (3) (4) (5)

lA 0.000390 0.0019968 0.002 0.01024
1B 0.000779 0.0039884
1C 0.001169 0.0059862
1D' 0.001408 0.0072069
1D 0.001564 0.0080077

2A 0.000974 0.0049868 0.005 0.0256
2B 0.001946 0.0099635
2C 0.002925 0.0149760
2D' 0.003469 0.0178970
2D 0.003884 0.0198860

3A 0.001948 0.0099737 0.01 0.0512
3B 0.003886 0.0198960
3C 0.005821 0.0298030
3D' 0.006978 0.0357260
3D 0.007753 0.0396950

4A 0.003902 0.0199780 0.02 0.1024
4B 0.007772 0.0397920
4C 0.011678 0.0597910
4D' 0.013998 0.0716680
4D 0.015553 0.0796310

5A 0.009752 0.0499300 0.05 0.256
5B 0.019505 0.0998650
5C 0.029163 0.1493100
5D' 0.035097 0.1796900
5D 0.038997 0.1996600

6A 0.018312 0.0937570 0.1 0.512
6B 0.036631 0.1875500
6C 0.054927 0.2812200
6D' 0.065737 0.3365700
6D 0.073041 0.3739700

7S 0.031267 0.1600800 0.2 1.024
7B 0.062490 0.3199400
7C 0.093785 0.4801800
7D' 0.112043 0.5736600
7D 0.124492 0.6374000

8A 0.041995 0.2150150 0.5 2.56
8B 0.083974 0.4299400
8C 0.125988 0.6450600
8D' 0.151278 0.7745400
8D 0.168087 0.8606000



Table 4.2.1 (continued)

Case H/L0 H/T 2 d/L d/T2

(1) (2) (3) (4)° (5)

9A 0.042615 0.2182800 1.0 5.12
9B 0.085197 0.4362000
9C 0.128025 0.6554800
9D' 0.152685 0.7817500
9D 0.169650 0.8686100

10A 0.042602 0.2181200 2.0 10.24
10B 0.085218 0.4363100
10C 0.127534 0.6529700
10D' 0.153361 0.7852000
10D 0.170401 0.8724500

63
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Table 4.2.2. Summary of wave characteristics

Case X(3)/L0 nc/H Uc/C RMSQ
RMSQ
(Dean) ET

No. of
iterations

(1) (2) (3) (4) (5) (6) (7) (8)

1A 0.113829 0.730425 0.147327 1.8E-4 3.2E-4 8.8E-3 30

1B 0.120625 0.817830 0.322126 3.5E-5 1.7E-3 6.4E-3 14

1C 0.129011 0.853944 0.485159 1.4E-4 4.7E-3 4.9E-2 60*

1D' 0.133040 0.869562 0.607359 1.9E-4 -- 6.7E-2 60*

1D 0.136230 0.877522 0.691720 2.2E-4 9.5E-3 8.0E-2 60*

2A 0.172260 0.631836 0.138258 7.7E-5 1.6E-4 3.1E-3 18

2B 0.180341 0.720898 0.316038 1.2E-4 4.3E-4 8.7E-3 30

2C 0.190819 0.793105 0.532878 8.2E-5 2.3E-4 8.3E-3 21

2D' 0.197977 0.822939 0.688399 2.0E-5 -- 4.1E-3 14

2D 0.202370 0.842652 0.882455 2.6E-5 4.6E-3 5.3E-3 14

3A 0.259401 0.798902 0.156089 1.1E-4 2.2E-4 4.2E-3 12

3B 0.275890 0.864571 0.329312 2.8E-5 7.6E-4 3.1E-3 13

3C 0.291859 0.898851 0.517115 1.6E-4 6.6E-4 5.0E-3 14

3D' 0.299811 0.915320 0.667168 2.4E-4 -- 8.0E-3 14

3D 0.304016 0.931095 0.852376 1.0E-4 4.6E-3 9.4E-3 14

4A 0.358605 0.722634 0.147651 3.0E-5 1.1E-4 3.0E-3 9

4B 0.379303 0.810266 0.324312 3.7E-5 8.5E-4 3.6E-3 6

4C 0.400996 0.858589 0.523920 1.2E-5 9.2E-4 2.5E-3 7

4D' 0.411986 0.882756 0.692843 2.2E-5 -- 2.6E-3 14

4D 0.435199 0.898239 0.693067 2.5E-5 4.8E-3 4.6E-3 14

5A 0.541053 0.622720 0.138005 2.8E-5 5.9E-5 5.8E-3 5

5B 0.566057 0.715902 0.319262 1.3E-5 5.1E-5 3.8E-3 6

5C 0.597944 0.785619 0.543895 5.5E-6 5.7E-4 2.1E-3 7

5D' 0.613730 0.825459 0.779436 2.6E-5 -- 9.2E-3 14

5D 0.654628 0.846283 0.742112 2.2E-5 5.3E-3 8.5E-3 14

6A 0.718162 0.571216 0.134904 2.2E-5 3.9E-5 3.9E-3 5

6B 0.743838 0.641504 0.309757 9.8E-6 1.0E-4 2.6E-3 6

6C 0.783309 0.714220 0.538282 2.8E-5 9.7E-5 6.0E-3 6

6D' 0.806390 0.765570 0.796165 2.5E-5 -- 5.5E-3 14

6D 0.855324 0.800781 0.852443 1.8E-5 6.1E-3 6.0E-3 14

7A 0.899303 0.544404 0.141329 1.2E-5 7.0E-5 4.9E-3 5

7B 0.931063 0.593043 0.315605 6.0E-6 1.7E-5 3.2E-3 6

7C 0.981135 0.653042 0.540100 2.0E-5 6.6E-5 5.2E-3 6

7D' 1.01243 0.705706 0.803765 1.8E-5 -- 5.0E-3 14

7D 1.07789 0.753784 0.939295 1.9E-5 6.1E-3 7.8E-3 14

8A 1.01313 0.533932 0.148164 1.5E-6 3.9E-5 6.8E-3 5

8B 1.05915 0.569626 0.318541 2.5E-6 1.4E-5 4.7E-3 6

8C 1.12524 0.611550 0.513918 6.7E-6 3.3E-5 9.6E-3 6

8D' 1.16906 0.645579 0.677746 3.9E-5 -- 7.0E-3 14

8D 1.21456 0.681437 0.810716 7.2E-6 1.9E-3 9.0E-3 14
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Table 4.2.2 (continued)

Case
(1)

X(3)/1,0

(2)
nc/H
(3)

Uc/C
(4)

RMSO

(5)

RMSQ
(Dean)

(6)

ET
(7)

No. of
iterations

(8)

9A 1.01747 0.533760 0.149212 1.3E-6 2.9E-5 7.2E-3 5

9B 1.06526 0.568995 0.319677 2.9E-6 2.2E-5 5.4E-3 6

9C 1.13349 0.609476 0.512297 2.1E-6 6.8E-4 2.3E-3 7

9D' 1.17869 0.641510 0.668709 3.8E-6 -- 7.7E-3 14

9D 1.22302 0.674839 0.793114 3.6E-6 2.7E-3 3.1E-3 15

10A 1.01748 0.533739 0.149207 1.2E-6 9.7E-5 7.8E-3 5

10B 1.06527 0.568951 0.319655 3.4E-6 4.1E-5 7.0E-3 6

10C 1.13351 0.609424 0.512231 3.9E-6 7.2E-4 4.5E-3 7

10D' 1.17872 0.641454 0.668548 4.7E-6 -- 8.5E-3 14

10D 1.22303 0.674751 0.792835 4.9E-6 5.4E-3 4.1E-3 15

*(Note: Convergence to 0.01 ft (0.003 m) not satisfied.)
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n
c
/H; column 4 tabulates the ratio of the horizontal water

particle velocity at the wave crest to wave celerity, uc/C;

columns 5 and 6 tabulate the root mean square errors of the

DFSBC for the forty wave cases from this study and those

tabulated by Dean (1974). The root mean square error of

DFSBC is defined by the following equation as:

RMSQ = (el) (4.2.22)

in which the DFSBC error, is is defined in Eq. (4.2.5).

Columns 7 and 8 tabulate the total error, E
T'

defined in

Eq. (4.2.7) and the number of iterations to achieve stable

solutions with respect to a minimum specified error.

Table 4.2.3 summarizes the dimensionless horizontal

water particle bottom velocity and acceleration from this

study and those tabulated by Dean (1974). The dimension-

less horizontal water particle bottom velocity and

acceleration, ull; and aL, are defined according to Eq.

(3.2.9) by

ub ub

ul; H
(H

2)
(T)

T

4.3 Applications to Pipe Stability
Problem

(4.2.23)

For a small pipeline laid on the bottom, the horizon-

tal water particle bottom velocity and acceleration, ul;

and uL, are used to represent the water kinematics for the
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Table 4.2.3. Dimensionless maximum horizontal water
particle bottom velocity and acceleration.

ui; ub

Case
(1)

This
study
(2)

Dean
(1974)

(3)

This
study
(4)

Dean
(1974)

(5)

lA 34.752 44.197 715.854 651.301
1B 33.710 40.078 797.490 768.243
1C 31.666 36.286 761.434 779.499
1D' 30.612 -- 774.679 --
1D 30.356 33.271 778.012 760.443

2A 18.164 26.223 323.568 278.365
2B 17.976 24.067 323.411 293.928
2C 16.599 21.208 292.220 272.252
2D' 15.753 -- 287.849 --
2D 15.370 18.465 294.159 274.199

3A 17.159 17.183 141.196 141.493
3B 16.115 16.150 153.071 153.952
3C 14.306 14.350 153.328 154.005
3D' 12.861 -- 144.013 --
3D 11.258 12.320 128.125 141.131

4A 10.835 10.828 72.722 69.934
4B 10.506 10.528 79.382 79.793
4C 9.431 9.428 77.951 77.886
4D' 8.442 -- 71.430 --
4D 8.741 8.300 84.931 71.641

5A 5.596 5.596 32.971 32.057
5B 5.579 5.579 33.984 33.983
5C 5.110 5.108 32.247 32.046
5D' 4.492 -- 29.365 --
5D 4.797 4.246 35.218 26.344

6A 3.243 3.244 19.432 19.317
6B 3.228 3.228 18.824 18.812
6C 3.027 3.029 17.466 16.959
6D' 2.678 -- 15.480 --
6D 2.673 2.567 16.156 14.671

7A 1.638 1.638 10.173 10.028
7B 1.638 1.638 10.010 9.824
7C 1.580 1.580 9.389 9.276
7D' 1.430 -- 8.373 --
7D 1.377 1.386 7.873 8.051
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Table 4.2.3 (continued)

Case
(1)

8A
8B
8C
8D'
8D

9A
9B
9C
9D'
9D

10A
10B
10C
10D'
10D

This Dean This Dean
study (1974) study (1974)
(2) (3) (4) (5)

0.278 0.278 1.749 1.726
0.302 0.302 1.898 1.876
0.328 0.328 2.053 2.030
0.332 -- 2.071 --
0.332 0.319 2.066 1.959

0.013 0.013 0.081 0.080
0.016 0.016 0.101 0.099
0.021 0.021 0.131 0.129
0.024 -- 0.148 --
0.026 0.025 0.163 0.158

0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000
0.000 0.000 0.001 0.001
0.000 -- 0.001 --
0.000 0.000 0.001 0.001



69

whole depth of pipe by invoking the small argument approxi-

mations.

The general stability equation, Eq. (3.2.10) may now

be expressed in terms of the dimensionless horizontal

water particle bottom velocity and acceleration, ul!) and

I:IL, by:

Pb P' (4.3.1)

in which the dimensionless pipeline stability parameter,

PL, and a dimensionless force acting on the pipeline, Pb,

are defined as:

= ELYLIN(Y) 2
U' U'
o 2 0

b Lo 1 Lo CDn(uL) [1 + (ub r) +(-7)cose(y)l
u b

U'

+ cos6(y)] + CM 71(-1) cos6(y)}(4.3.2)
ub M 2 L

o

p' = 11(y
s
-1) 7

2
(IL) cosa
L
o

(4.3.3)

For the special case in which no current is present,

the above equation may be further reduced to:

in which

Pb < P'

Pb = [LIILL]2 CD W P' cos6(y)
B

(4.3.4)

(4.3.5)

is the dimensionless wave force acting on the pipeline due

to the finite amplitude shoaling wave, and



p' = u22 + I CM D
B 2 C

D
W H(y) ub
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(4.3.6)

is the dimensionless hydrodynamic bottom force.

Eq. (4.3.4) represents the horizontal stability

requirement for a pipeline under shoaling finite-ampli-

tude wave. As stated in Sec. 3.2, the maximum value of the

dimensionless wave force acting on the pipeline, Pb, in

Eq. (4.3.5) should be employed to satisfy this stability

requirement.

The values of the wave height, H(y), and wave direc-

tion, 0(y), at any specific location may be estimated

iteratively following the procedures proposed by Dean

(1974) or measured explicitly from a detail site survey.

Defining a dimensionless force ratio, W', by the fol-

lowing:

W
CCM

D
CM

D
C
DW H(y) C

D [1+11(CL
/C

D)cosI3] H(y)
(4.3.7)

the maximum values of the dimensionless force,
'

P'
B

may then

be calculated for the forty wave cases tabulated by Dean

(1974) for a set of the dimensionless force ratio, W',

values which varies between 0 to 10. The results are pre-

sented as contours of P' on a wave height parameter, H/T2 ,

versus depth parameter, d/T2 , dissection plane. Figures

4.3.1 to 4.3.6 demonstrate the dimensionless force, P'B,

for the dimensionless force ratio values, W', equal to 0,

0.5, 1.0, 2.0, 5.0 and 10.0, respectively.
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Figure 4.3.2. Contours of dimensionless wave force acting
on the pipeline, PB, for design condition:
W'=0.5.
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Figure 4.3.3. Contours of dimensionless wave force acting
on the pipeline, q, for design condition:
W=1.0.
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1d I 1 1 1 1 1 I 1 1 I 1 1 1 1 I 1 1 1 1 1 1 1 1

10-2 10-1 100 101

d/T2

Figure 4.3.4. Contours of dimensionless wave force acting
on the pipeline, Pia, for design condition:
W'=2.0.
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Figure 4.3.5. Contours of dimensionless wave force acting
on the pipeline,

'
P'
B for design condition:

W'=5.0.
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Figure 4.3.6. Contours of dimensionless wave force acting
on the pipeline, Pi, for design condition:
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The dimensionless force ratio, W' = 0, represents the

design condition in which the inertia forces may be neg-

lected. The stability equation, Eq. (4.3.4), may be

further reduced for this case to the following:

11(ys-1)7r
2 (D/Lo)cos8

<
(4.3.8)

[H(y)/Lo]
2

CDW cosh (y)

The maximum dimensionless horizontal bottom velocity,

'

u'
b

in Eq. (4.3.8) is calculated for the forty wave cases.

These maximum values are used to construct the contours of

uL on a wave height parameter, H/T2
, versus depth parameter

d/T2
, dissection plane. Figure 4.3.7 demonstrates these

contours for u'.
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Figure 4.3.7. Contours of dimensionless maximum horizontal
water particle bottom velocity.
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V. RESULTS AND DISCUSSIONS

In the first section, numerical results from the

stream function solutions calculated from this study for

the forty wave cases defined by Dean (1974) and for the ten

wave cases defined by Chaplin (1980) are compared with the

numerical results computed by Dean (1974) and by Chaplin

(1980). Section 5.2 discusses the determination of the

dimensionless force ratio, W', and the sensitivity of W'

to the various design parameters. Section 5.3 summarizes

the results of the dimensionless design curves and the pro-

cedure for engineering applications to the horizontal pipe-

line stability problem.

5.1 Comparison of the Stream
Function Solutions

The stream function solutions obtained for the forty

wave cases tabulated by Dean (1974) from this study are

expressed in terms of the dimensionless characteristics

summarized in Tables 4.2.2 and 4.2.3. Chaplin (1980) did

not obtain numerical values for the near-breaking waves;

i.e., Case-D waves, in his study. Instead, he defined a

set of wave cases with wave heights equal to ninety percent

of a near-breaking wave (Case-D) height. Also tabulated in

Table 4.2.1 are the dimensionless relative water depth,

d/Lo, the dimensionless relative wave steepness, H/Lo, the
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depth parameter, d/T2, and the wave height parameter,

H/T2 , for these ten wave cases (specified as Case-D'waves).

The stream function solutions for these ten cases are also

calculated in this study and summarized in Tables 4.2.2

and 4.2.3.

The stream function solutions for these fifty wave

cases are obtained iteratively from the Marquardt method

(1963). Iterations were terminated when the combined

Bernoulli (i.e., the dynamic free surface boundary condi-

tion), wave height, and still water level errors were less

than some arbitrary small value; 0.01 ft (0.003 m) in this

study except for the wave cases 1C, 1D' and 1D. For wave

cases 1C, 1D1 and 1D, the Marquardt method was terminated

after sixty iterations even though the 0.01 ft (0.003 m)

convergence error was not satisfied. It is clear that for

these three extremely shallow and near-breaking wave cases

more iterations are needed if the reduction of the total

error to less than 0.01 ft (0.03 m) is to be realized.

For all of the shallow water waves (i.e., Cases 1-,

2- and 3-) and for all of the wave cases near-breaking

(i.e., Cases-D' and -D), the damping coefficient required

by the Marquardt iterative process was equal to 0.3 and was

increased to 0.8 after ten iterations. The only exceptions

were the three extremely shallow water wave cases, 1C, 1D'

and 1D, where stable solutions were obtained only by using

a very small damping coefficient equal to 0.1 for all



iterations. A damping coefficient equal to 0.8 was used

for all of the other wave cases.

It is not clear why Chaplin (1980) could not achieve

the stream function solutions for the Dean Case-D waves.

The convergence criteria used for Chaplin's iterative pro-

cess were 1) the wavelength, 2) the surface water particle

velocity at the wave crest, and 3) the wave height at the

crest. These three convergence criterion were also cal-

culated in this study and are summarized in columns 2, 3

and 4 in Table 4.2.2. Chaplin's numerical results were

obtained when these three criterion first remained un-

changed to three or five significant figures, respectively.

For each case, the higher order nonlinear solutions had to

be started from the previous lower order solution. If the

convergence criteria could not be satisfied for a given

solution order, the order was increased and the solution

was restarted using the previous lower order solution as

the starting estimates. This stacking procedure was some-

what difficult to determine from his study.

In general, the order of the solutions by Chaplin

(1980) were higher than those used by either Dean (1974) or

this study. Table 5.1.1 summarizes the order of the solu-

tions used in each of these three studies. The order of

the solutions used in this study were the same as those

used by Chaplin (1980) with the exception of the extremely

shallow water wave cases in which lower order solutions

were used in this study. For all of the fifty wave cases

81
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Table 5.1.1. Order for stream function solutions. (Note:
N3 and N5 are the orders in which X(3)/L0, nc/
H, and uc/C first remained unchanged to 3 and
5 significant figures, respectively.)

Case
(1)

This
study
(2)

Chaplin (1980) Dean
(1974)

(5)

N3
(3)

N5
(4)

LA 21 21 33 19
1B 21 27 45 19
1C 21 33 51 19
1D' 21 45 51 --
1D 21 19

2A 21 17 27 17
2B 21 17 33 19
2C 21 21 45 19
2D' 21 27 51 --
2D 21 -- 19

3A 9 9 17 12
3B 17 17 33 12
3C 21 21 45 17
3D' 21 27 45 --
3D 21 19

4A 9 9 17 8

4B 13 13 21 10
4C 17 17 33 12
4D' 21 21 33 --
4D 7 11

5A 7 7 9 5

5B 9 9 17 7

5C 13 13 27 9

5D' 21 21 45 M. MO

5D 5 =NW A= 10

6A 5 5 9 3

6B 9 9 13 5

6C 9 9 21 7

6D' 13 13 45 WOO .00

6D 5 MIR 4100 , mlw 8

7A 5 5 9 3

7B 9 9 13 5

7C 9 9 21 7

7D' 13 13 39 --
7D 5 -- 9



Table 5.1.1 (continued)
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Case
This
study

Chaplin (1980) Dean
(1974)N3 N5

(1) (2) (3) (4) (5)

8A 5 5 9 2
8B 9 9 13 5
8C 9 9 17 7
8D' 13 13 29 --
8D 5 -- -- 8

9A 5 5 9 4

9B 7 7 9 4

9C 9 9 17 3

9D' 13 13 25 --
9D 5 5

10A 5 5 9 3

10B 7 7 9 3

10C 9 9 17 3
10D' 13 13 25
10D 5 3
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analyzed in this study, the three convergence criteria

defined by Chaplin (1980) were always satisfied even though

much lower order solutions were employed.

For all the forty wave cases tabulated by Dean (1974),

columns 5 and 6 in Table 4.2.2 indicated that the root mean

square errors in the DFSBC from this study are somewhat

smaller.

For the forty wave cases tabulated by Dean (1974), the

three dimensionless parameters summarized in columns 2, 3

and 4 in Table 4.2.2 (i.e., X(3)/L0,71c/H and uc/C) from this

study agree very well with those calculated from the Dean

(1974) stream function tables except for the extremely

shallow water waves (i.e., Cases 1- and 2-). For these

two extremely shallow water wave cases, the Dean tables

overestimate the wavelength, X(3), by about 5% to 10% and

overestimate the wave crest height, nc, by about 10% to 26%

compared to the results obtained by this study. The dif-

ferences between the surface particle velocity ratio at the

wave crest, uc/C, between this study and the Dean tables

varied between -24% to 15%.

The values of the dimensionless maximum horizontal

water particle bottom velocity, uL, and acceleration,

for the fifty wave cases analyzed are summarized in Table

4.2.3. These values agree with those from the Dean tables

very well with the exception of the extremely shallow water

wave cases (i.e., Cases 1- and 2-) and the near-breaking
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wave cases (i.e., Cases-D). For Cases 1- and 2-, the Dean

tables for the dimensionless maximum horizontal water

particle bottom velocities, u.L, were larger than those cal-

culated by this study. The values of the dimensionless

maximum horizontal water particle bottom accelerations,

obtained from the Dean tables were, in general, smaller

than those calculated from this study. For the near-break-

ing waves (i.e., Cases-D), the values of the dimensionless

maximum horizontal water particle bottom velocity and

acceleration, ul'a and uL, were, in general, smaller than

those calculated from this study.

,

ub,

5.2 Determination of the Dimensionless
Force Ratio W'

From the definition of the dimensionless force ratio,

W', given by Eq. (4.3.7), it may be shown that the value

of this ratio depends on the following dimensionless para-

meters: 1) the force coefficient ratios, CM/CD and C
L
/C

D
;

2) the slope of the beach, a, the frictional coefficient,

and 3) the relative displacement, H/D.

For a beach with mild slope (i.e., a < 1/5), the

effect of slope, a, on the dimensionless force ratio, W',

is very small. For example, for a slope of a = 1/5,

cosh = 0.98 ti 1.0; therefore, the slope a may be assumed as

constant for most design cases. The value of the fric-

tional coefficient, p, may be estimated from a site survey

p,
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or by using one of the suggested values listed in Table

2.3.3.

To determine the dependency of the dimensionless force

ratio, W', on the force coefficient ratios, CM /CD and CL/

C
D'

and on the dimensionless relative displacement

H/D, the experimental data from Yamamoto, Nath and Slotta

(1973) and from Wright (1976) have been analyzed in order

to estimate the values of the dimensionless force ratio,

W'. The force coefficients were calculated by using the

maximum force method (Section 2.2.2).

From the experiments of Yamamoto, Nath and Slotta

(1973), the values of the dimensionless relative water

depth, d/Lo, varied between 1.16 to 1.95 and the values of

the dimensionless relative displacement, H/D, varied be-

tween 0.217 to 0.517. The drag forces were negligible in

these experiments; therefore, a constant value for the drag

coefficient CD = 0 was used. The values of the inertia

coefficient, Cm, varied between 2.20 to 3.17. For all of

the experiments, the pipe was placed at an elevation of e

above the bottom of the wave tank given a gap ratio of e/D=

0.021. A constant value of the lift coefficient C
L = 1.9

was used for all the calculations of the dimensionless

force ratio, W'.

From the experiments of Wright (1976), the values of

the dimensionless relative water depth, d/Lo, varied be-

tween 0.027 to 0.5 and the values of the dimensionless
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relative displacement, H/D, varied between 0.202 to 2.776.

For the wave conditions in which the dimensionless relative

water depth, d/Lo > 0.082, the measured horizontal force

data were very small and none of the previously discussed

methods for determining force coefficient values of CD

(Section 2.2.2) would be reliable for engineering design.

Therefore, a value of the drag coefficient CD = 0.446 was

computed by using Eq. (2.2.5) from the data for wave con-

dition in which the dimensionless relative water depth

d/L
o = 0.082 and was assumed to be constant for wave condi-

tions in which d/Lo > 0.082. For the wave conditions in

which d/Lo 0.056, the values of the drag coefficient, CD,

varied between 0.686 to 1.27 while the values of the

inertia coefficient, CM, varied between 2.32 to 3.75. For

all of the experiments, an average value of the lift

coefficient C
L
= 1.9 was calculated by Wright (1976). This

constant value of the lift coefficient, C
L'

was used for

all of the calculations of the dimensionless force ratio,

W', in this study.

For the experiments conducted both by Yamamoto, Nath

and Slotta (1973) and by Wright (1976), the value of the

inertia coefficient, CM, was found to have no clear depen-

dency on either the dimensionless relative water depth, d/

Lo, or the dimensionless relative displacement,H/D. In con-

trast, the value of the drag coefficient, CD, was found to

increase as the value of the dimensionless relative water
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depth, d/Lo, is decreased. The effect of the lift coeffi-

cient, CL, on the value of the dimensionless force ratio,

W', was included in the calculations by specifying a con-

stant value of the lift coefficient, CL.

The values of the dimensionless force ratio, W', were

calculated for the following three design cases: 1) p =

0.33 (i.e., a hard-rock beach), 2) p = 0.55 (i.e., a sandy

beach), and 3) u = 1.0 (i.e., a silty-soil beach), with

zero-slope (i.e., cos = 1.0). These results are tabulated

in Table 5.2.1 and are also presented as contours of the

dimensionless force ratio, W', on a dimensionless relative

displacement, H/D -- dimensionless relative water depth,

d/Lo, dissection plane; which are shown in Figures 5.2.1-

5.2.3.

These results provide an approximate range for values

of the dimensionless force ratio, W', which may be used in

the horizontal pipeline stability design problem as design

aids. From Figures 5.2.1-5.2.3, it may be seen that the

values of the dimensionless force ratio, W', increases from

the upper-left corner (drag force component dominates) to

the lower-right corner (inertia force component dominates).

5.3 Design Curves and Application Procedure

Although a steady-uniform current, Uo, is included in

the general stability equation, Eq. (4.3.2), and the stream
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Table 5.2.1. Dimensionless force ratio, W', calculated
from Yamamoto, et al. (1973) and Wright
(1976). (Note: pl = 0.33, 1.12 = 0.55, 113 =
1.0.)

H/D
(1)

d/L0
(2)

CM
(3)

CD
(4)

CL
(5)

W'
Reference

(9)

111

(6)

P2
(7)

113

(8)

0.233 1.63 2.20 0. 1.9 14.92 9.04 4.97
0.250 1.63 2.93 0. 1.9 18.47 11.22 6.17
0.333 1.63 3.13 0. 1.9 14.85 9.00 4.95
0.517 1.95 2.47 0. 1.9 7.53 4.57 2.51
0.417 1.95 2.42 0. 1.9 9.24 5.55 3.05 Yamamoto,
0.283 1.95 3.17 0. 1.9 17.69 10.72 5.90 et al.,
0.217 1.95 2.63 0. 1.9 19.11 11.60 6.38 (1973)

0.300 1.95 2.53 0. 1.9 13.29 8.07 4.44
0.383 1.95 2.47 0. 1.9 10.16 5.06 2.78
0.467 1.95 2.36 0. 1.9 7.96 4.84 2.66

0.333 1.16 2.33 0. 1.9 11.01 6.70 3.68
0.317 1.16 2.64 0. 1.9 13.14 7.80 4.38
0.433 1.16 2.21 0. 1.9 8.03 4.88 2.69

0.217 1.16 3.27 0. 1.9 17.26 10.45 5.75

0.202 0.50 3.52 0.446 1.9 16.14 11.69 7.43

0.340 0.50 3.29 0.446 1.9 8.96 6.49 4.12

0.476 0.50 3.25 0.446 1.9 6.32 4.58 2.91

0.639 0.50 3.44 0.446 1.9 4.99 3.61 2.29

1.010 0.50 3.65 0.446 1.9 3.35 2.42 1.54
0.327 0.23 3.14 0.446 1.9 8.90 6.44 4.09

0.481 0.23 3.20 0.446 1.9 6.16 4.46 2.84

0.626 0.23 2.96 0.446 1.9 4.38 3.17 2.02

0.935 0.23 3.28 0.446 1.9 3.25 2.35 1.50

1.578 0.23 2.99 0.446 1.9 1.76 1.27 0.81

0.313 0.13 3.12 0.446 1.9 9.24 6.68 4.25 Wright
0.639 0.13 3.42 0.446 1.9 4.96 3.59 2.28 (1976)

1.020 0.13 3.50 0.446 1.9 3.18 2.30 1.46

1.469 0.13 3.06 0.446 1.9 1.93 1.40 0.89

1.959 0.13 2.88 0.446 1.9 1.36 0.99 0.63
0.544 0.082 3.04 0.446 1.9 5.18 3.75 2.38

0.993 0.082 3.60 0.446 1.9 3.36 2.43 1.54
1.497 0.082 3.31 0.446 1.9 2.05 1.48 1.08

2.144 0.082 3.03 0.446 1.9 1.31 0.95 0.60

2.776 0.082 2.90 0.446 1.9 0.97 0.70 0.44

0.449 0.056 3.75 0.686 1.9 6.33 4.82 3.23

0.871 0.056 3.55 0.686 1.9 3.08 2.35 1.58

1.333 0.056 3.46 0.686 1.9 1.97 1.50 1.00

1.741 0.056 3.23 0.744 1.9 1.35 1.04 0.70

2.101 0.056 3.43 0.944 1.9 1.04 0.82 0.57

0.426 0.027 2.83 0.915 1.9 4.29 3.39 2.36
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Table 5.2.1 (continued)

H/D d /L0 CM CD CL
W'

ReferenceP1 P2 113

(1) (2) (3) (4) (5) (6) (7) (8) (9)

0.762 0.027 2.56 0.915 1.9 2.17 1.71 1.19
1.131 0.027 2.54 0.988 1.9 1.38 1.10 0.78 Wright

1.724 0.027 2.32 1.150 1.9 0.75 0.61 0.44 (1976)

2.177 0.027 2.59 1.270 1.9 0.62 0.51 0.38
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Figure 5.2.1. Contours of dimensionless force ratio, W',
for design condition: 1; = 0.33.
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function solution for a finite-amplitude wave on current

may be solved by using the techniques discussed in Sec. 4.2.

The tabulation of the dimensionless force acting on a bot-

tom-laid pipeline, Pb, for the infinite combinations which

are possible is beyond the scope of this study. Therefore,

Eq. (4.3.4) may be used to represent the horizontal stabi-

lity requirement for a bottom-laid pipeline under a shoal-

ing, finite-amplitude wave without a current. The dimen-

sionless wave force acting on the pipeline, Pb, in Eq.

(4.3.4) is proportional to a dimensionless force Pip

therefore, the maximum values of the dimensionless force

P' are calculated for the fifty wave cases and have been

used to construct a set of design curves on a wave height

parameter, H/T2--depth parameter, d/T2
, dissection plane.

From the definition of the dimensionless force,

given by Eq. (4.3.6), it may be seen that the values of

P' depends on the horizontal drag and inertia forces and

on the vertical lift forces. There is no contribution

from the vertical inertia force since the vertical water

particle acceleration is zero at the bottom.

The general features of the dimensionless force P;

curves, shown in Figures 4.3.1-4.3.6, and the general

stability equation for pipelines under a shoaling finite-

amplitude wave, Eq. (4.3.4), may be summarized as follows:

1. The value of the dimensionless force,
B

P'
'
de-

creases slightly as the wave height parameter, H/T2,
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increases. The contours of
'

P'
B

therefore, are curved

slightly toward the shallow water wave region in the wave

height parameter, H/T --depth parameter, d/T 2
, dissection

plane. The value of the dimensionless wave force acting on

the pipeline, Pb, increases in proportion to the value of

the wave height parameter, H/T2 , according to Eq. (4.3.5).

The value of the dimensionless pipeline stability para-

meter, PL, remains unchanged as the value of the wave

height parameter, H/T2, increases according to Eq. (4.3.3).

Therefore, from Eq. (4.3.4), the pipeline becomes less

stable under higher waves.

2. The value of the dimensionless force,
'

P'B de-

creases as the depth parameter, d/T 2 increases.ncreases. The value

of the dimensionless pipeline stability parameter, PL,

remains unchanged as the depth parameter, d/T2, is

increased. Therefore, the pipeline becomes more stable if

moved seaward.

3. From Figs. 4.3.1-4.3.6, it may be seen that the

value of the dimensionless force, P; (for any wave condi-

tion specified by the dimensionless design parameters,

d/T2 and H/T2) increases as the dimensionless force ratio,

W', increases.

In an ocean environment where pipelines are placed on

the beach and are then subjected to shoaling finite-ampli-

tude waves, the limiting depth of the pipeline without

horizontal protection should be determined for design.
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Between the shoreline and this limiting depth, it is neces-

sary to either bury the pipelines in trenches or to use

other means of stabilization in the case of a hard, imper-

meable beach. This limiting depth may be determined from

the dimensionless design curves of P; in the following pro-

cedure similar to that proposed by Hudspeth (1971):

1. Predict the maximum deep water design wave height,

Ho, wave period, T, and the direction of wave propagation

along the proposed pipeline path.

2. Construct refraction and shoaling diagrams for the

predicted wave climate. The procedure is described in

detail in Ippen (1966, p. 257-263) or Dean (1974).

3. From the refraction and shoaling diagrams, deter-

mine the wave height and wave direction as a function of

depth along the proposed path. Steps 2 and 3 may be

omitted if a site survey of wave height and wave direction

is available.

4. Beginning at the shoreward contour of the breaker

zone determined by Steps 2 and 3, compute the wave height

parameter, H/T2, depth parameter, d/T2, and the dimension-

less force ratio, W', either by using Eq. (4.3.7) or by

estimating from Figs. 5.2.1 to 5.2.3.

5. Estimate the value of the dimensionless force,

P'
B'

from Figs. 4.3.1 to 4.3.6, by entering a vertical line

through the depth parameter, d/T
2

, and a horizontal line

through the wave height parameter, H/T
2

. The value of the
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dimensionless force, P
B'

may then be estimated from the

point of intersection of the two lines and the values of

the adjacent contours of constant P. If the value of the

dimensionless force ratio, W', is not the same as those

specified by Figs. 4.3.1 to 4.3.6, the value of the

dimensionless force,
'

P'
B

may be estimated by numerical

interpolation.

6. Compute the dimensionless wave force acting on the

pipeline, Pb, from Eq. (4.3.5). Compute the dimensionless

pipeline stability parameter, PI, from Eq. (4.3.3).

7. If the value of the dimensionless force acting on

the pipeline, Pb, is greater than the value of the dimen-

sionless pipeline stability parameter, PI, the pipeline is

unstable, move seward along the proposed pipeline path to

the next adjacent wave height shown on the refraction and

shoaling didgram.

8. Repeat steps 4 to 7 by moving seaward of the

breaker zone along the proposed path until the dimension-

less wave force acting on the pipeline, Pb, is

less than the dimensionless pipeline stability parameter,

P. The limiting depth for pipeline stabilization is

determined under such conditions.

5.4 Summary and Recommendations

From the numerical stream function solutions cal-

culated in this study, the following conclusions may be
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drawn:

1. The stability of bottom laid pipelines under

shoaling, finite-amplitude waves may be expressed in terms

of the dimensionless wave force acting on the pipeline,

'

Pi
b

and the dimensionless stability parameter, P', as shown

in Eq. (4.3.4). The pipeline is stable if the dimension-

less wave force acting on the pipeline, P,, is less than

the dimensionless stability parameter, P.

2. The value of the dimensionless wave force acting

on the pipeline, Pb, depends on the following parameters:

1) wave height, H, wave period, T, wave direction, 0, water

depth, d, pipe diameter, D; 2) the force coefficients, CD,

CM and CL; 3) the slope of beach, (3, and the frictional

coefficient, 11.

3. The values of 0.33, 0.55 and 1.0 are suggested for

the frictional coefficients, u, for the rock, sand and

silty-soil seafloors, respectively.

4. The value of the drag coefficient, CD, varies be-

tween 0.686 to 1.27 with increasing CD value as the value

of the dimensionless relative displacement ratio, H/D is

increased at the range of 0.027 < d/Lo < 0.082. The drag

coefficient, C
D'

may be assumed to be a constant value of

0.446 for the range of 0.082 < d/Lo < 0.5. The effect of

the drag force may be neglected for the range of d/Lo > 0.5

and, therefore, CD = 0.
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5. The value of the inertia coefficient, CM, varies

between 2.20 to 3.75 for the range of the dimensionless

relative water depth, d/Lo > 0.027 and the dimensionless

relative displacement, H/D < 2.776 and may be assumed to

increase as d/L
o is increased and H/D is decreased.

6. The value of the lift coefficient, CL, may be

assumed to be a constant value of 1.9 for the range of

d/L > 0.027 and H/D < 2.776.

7. The value of the dimensionless force ratio, W',

may be determined by using Eq. (4.3.7) or estimated

graphically from the H/D versus d/L
o

dissection plane in

Figs. 5.2.1 to 5.2.3.

8. The value of the dimensionless force P' may be

graphically determined on the wave height parameter, H/T2,

versus depth parameter, d/T2 , dissection plane in Figs.

4.3.1 to 4.3.6.

Recommendations for Further Study

1. More study is required in order to determine and

to quantify the effects of the dimensionless relative dis-

placement, H/D, and the dimensionless relative water depth,

d/Lo , on the value of the dimensionless force, W';

especially for the wave conditions in which d/Lo < 0.027.

2. For a more accurate analysis of the pipeline

stability problem, the vertical inertia force should be

included in determining the frictional force between pipe-

line and seafloor.
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3. The effect of current on the pipeline stability

problem should be included in the numerical Stream Function

solution in further studies.
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APPENDIX A. Explicit Expression for Matrix Elements
(Chapter 4).

The purpose of this appendix is to give explicit

expressions for the matrix elements in Eq. (4.2.17) which

are used in the numerical stream function solutions.

Using the identity 8 = 27x/X(3), the water particle

velocity components at the free surface n(8) are derived

from Eqs. (4.2.1-4.2.2) and expressed by:

N+2
27(n-3)

( X(3)
27(n-3)(d+n(8))cosh

X(3)u(0) = X(n) ]cos(n-3)8
n=4

(A.1)

N+2
w(0) = X(n) .27(n-3) sink [

27(n-3)(d+n(8)) ]sin(n-3)8
X(3) X(3)

n= 4

(A.2)

in which the free surface n(0) may be expressed by:

X(N+3) X(n)
si

nh[27(n-3) (d+n(0)),
fl(0)

N+2

U
o

n=74
X(3)

Uo
X(3)

cos(n-3)8 (A.3)

The derivatives of n(0) with respect to the unknowns

may be expressed by:

an(0) Cn(8) + u(0)(d+11(e))
-717.33 (u(0) + U0-C) .X(3)

-sinhi2 7(m-3)(d+n(0))
an (0) _ X(3) .cos(m-3)8,MET u(0) + usc

(A. 4)

m=4, N+2 (A.5)
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an(o) 1
DX(N+3) u(0)+Uo-C
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(A.6)

C = X(3)/T (A.7)

The derivatives of the dynamic free surface boundary

condition (DFSBC) error with respect to the unknowns may

be expressed by:

in which

aQ(e) _ aQ(e) M(0) aQ(8) [311(e) au(o) an
TRTET an(e) aX(m) 3u(0) X(m) 3n(e) aX(m)

3Q(e) w(0) a

"j+
TWT7T [aX(m)

10

-W)
an(o)

)
an aX(m)'

DQ(0) =777

u(0)+U c
aQ(e) _ 0
Du(0)

aQ(e) \ni(e)

TWTOT g

(A.8)

(A.9)

(A.10)

(A.11)

au (0) _
N+2

27(n-3) cosh(27(n-3)(d+n(0))-X(n) X(3) J

n=4 (X(3))
2

N+2
27(n-3)

cos(n-3)0 + X(n)
X(3)

n= 4

-27(n-3)(d+r1(0)) sinh[21-(n-3)(d+n(0))i

2
(X(3))

X(3)

cos(n-3)0 (A.12)



Du (0) 27 (m-3)

TYTET
27 (m-3) (d+n (0) )

X(3)
cosh [

X (3)

au (0)

aX N+3)

cos (m-3) 0 ,

0

m=4, ..., N+2
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aw (0) 27(n-3)
sinh [

27 (n-3) (d+n (0) )
N+2

-X (n)
x(3)

n=4 (X(3) )
2

N+2
sin (n-3) 0 + X (n)

27(n-3)
X (3)

n=4

[

-27(n-3) (d+n (0) )
] cosh [27(n-3)

(d+n (0) )

(X(3) )
2 X(3)

sin (n-3) 0 (A.15)

aw (0) 27(m -3)

-37711 X(3)
sinh [27(m-3) (d+n (0) )

X (3)
] sin (m-3) 0,

aw (0)

DX (N+3)

m=4, ... , N+2

0

(A.16)

(A.17)

au(0) - 1

N+2

4

X(n) [27(n-3)
2 27(n-3) (d+n (0) )

]an (0) n
X(3)

sinh [
X (3)

=

cos (n-3) 0 (A.18)

aw (8)
N+2

1 X (n) [27
(n-3)

]
2

cosh [
27 (n-3) (d+n (0) )

1

,

n=4
X (3) X(3)

sin (n-3) 0 (A.19)
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The derivatives of R
1
(0) with respect to the unknowns

may be expressed by:

aR 1(0) aQ(0)
ad(0)

ax(c) UTET ax(c) c=3, N+3 (A.20)

By using Eqs. (A.4-A.6, A.20), the matrix equation,

Eq. (4.2.17) may be formulated and solved by the matrix

inversion for every iteration step.
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APPENDIX B. List of Notations

[A] = Matrix used in Eq. (4.2.17)

A
n

= Dimensionless stream function coefficient

{B} = Vector used in Eq. (4.2.17)

B
t
= Wave steepness coefficient

b, b(y) = Distance between wave orthogonals

b
o

= Distance between wave orthogonals in deep
water

C = Wave celerity

C
D

= Drag force coefficient

C
L
= Lift force coefficient

CM = Inertia force coefficient

Cm = Added-mass force coefficient

D = Pipe diameter

d, d(y) = Water depth, still water level

E, F, G = Dimensionless forces used in Section 3.3.

e = Gap between the pipe and the bottom

F(4), G('') = Pressure functions in the Bernoulli equation

F
D
= Horizontal drag force on pipe per unit length

FDx
= x-component of horizontal drag force on pipe

per unit length FD

F
F
= Coulomb frictional force on pipe per unit

length

Fg = Gravity force per unit length

F
I
= Horizontal inertia force on pipe per unit

length

F
L

= Vertical lift force on pipe per unit length
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Fm (t) = Measured horizontal force on the pipe per unit
length

FN = Normal buoyant reaction force per unit length

F = Horizontal hydrodynamic force on pipe per unit
length

FPx = x-component of horizontal hydrodynamic force on
pipe per unit length, F

F
T
= Structural tensile strength component of pipe

per unit length

Fx
= x-component of total force on pipe per unit

length

F
z
= z-component of total force on pipe per unit

length

f(z) = cosh k(d+z)/sinh kd

g = Gravitational constant

H, H(y) = Wave height

H
o

= Deep water wave height

I(n,tp) = Functional of the free surface and the stream
function

K
r
(y) = Refraction coefficient

K
s
(y) = Shoaling coefficient

L, L(y) = Wavelength

Lo = gir
2
/2T = deep water wavelength

M = Moment about the contact point between the
pipe and the beach

N
KC

= UmT/D = Keulegan-Carpenter number

Nk = A form of the Keulegan-Carpenter number

n(y) = i(1+21<d(y) /sinh2Kd(y)] = ratio of wave group
velocity to wave celerity based on linear wave
theory
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P' = Dimensionless force

Pb = Dimensionless force acting on the pipe

Pb = Dimensionless wave force acting on the pipe

Pm (t) = Measured vertical force on the pipe per unit
length

P' = Dimensionless pipeline stability parameter

Q, Q.7 , Q(0) = Bernoulli constant

Q = Mean value of Bernoulli constant

q = Horizontal water particle
wave and current

Horizontal water particle
both wave and current

R = Dimensionless water depth

RMSQ = Root-mean-square error of the dynamic free
surface boundary condition

R
1
(0) = Dynamic free surface boundary condition error

velocity due to both

acceleration due to

S, S. = Dimensionless free surface elevation from
7 bottom

s = Path length traveled by a wave particle in
one-half cycle

T = Wave period

T
o
= Torsional resisting moment of pipe

t = time variable

Ub = Shear current at the bottom

Um = Amplitude of horizontal water particle
velocity

U
o
= Steady-uniform current

U' = Dimensionless steady-uniform current

U
s
= Shear current at the free surface
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U(z) = Horizontal shear current at vertical eleva-
tion, z

u, ug,z,t) = Instantaneous horizontal water particle velo-
city due only to wave

u = Instantaneous horizontal water particle
acceleration due only to wave

u', = Dimensionless instantaneous horizontal
particle velocity, u, and acceleration, u,
respectively.

ub
= Instantaneous horizontal water particle bot-

tom velocity due only to wave

ub = Instantaneous horizontal water particle bot-
bom acceleration due only to wave

ub, ub = Dimensionless instantaneous horizontal water
particle bottom velocity, ub, and accelera-
tion, ub, respectively

u
c

= Maximum horizontal wave water particle velo-
city measured at the wave crest

umax
= Hir /T = maximum horizontal wave water particle

velocity measured at the free surface from
linear wave theory

u
max

= 2117
2/T 2 = maximum horizontal wave water

particle acceleration measured at the free
surface from linear wave theory

W = Dimensionless force coefficient ratio

W' = Dimensionless force ratio

w, w(,z,t) = Instantaneous vertical water particle velocity
due only to wave

wj = Weighting function for numerical integration

X1 = Lagrangian multiplier for mean water level

X2 = Lagrangian multiplier for wave height

X(n) = Stream function coefficient

X, Dimensionless x-coordinate of the free surface
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15X(n) = Small correction to stream function coeffi-
cient

x = Horizontal coordinate direction perpendicular
to the longitudinal axis of pipe

y = Horizontal coordinate direction parallel to
the longitudinal axis of pipe

z = Vertical coordinate direction measured posi-
tive upwards from still water level

K = 27/L = wave number

= Horizontal coordinate direction parallel to
wave direction

p
s
= Density of pipe material

pw = Density of water

y
s

= p
s
/pw =specific gravity of the pipe

w = 2n/T = wave angular frequency

Cr = Roughness of the pipe

o
= Uniform vorticity of the fluid

el = Dynamic free surface boundary condition error

e
2
= Wave height error

e
3
= Mean water depth error

ET = Total error

e' = Taylor series expansion of total error

= 2nx/X(3) = dimensionless phase angle

p, OC,z,t) = Scalar stream function

= Stream function value at the bottom and free
surface, respectively

= Dimensionless stream function

(P(E,z), = Scalar velocity potential
(1)(E,z,t)

n'n(e" = Free surface elevation
nj, 1.1,t)
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n
c
= Free surface elevation at the wave crest

a = Ratio of maximum drag force component to
inertia force component

(3. = Beach slope

0, 0(y) = Angle between wave crest and the longitudinal
axis of pipe

p = Frictional coefficient

upeak = Peak value of frictional coefficient

liresidual = Residual value of frictional coefficient

= Vector notation

= Unit vector in x-direction

= Unit vector in z-direction

= Summation notation

02 = Laplace operator

Re[.] = Real part of [-]

' = Dimensionless quantities

Parameters and Dimensionless Ratios:

e
r
/D = Dimensionless roughess ratio of the pipe

e/D = Clearance (gap) ratio of the pipe

H/D = Dimensionless relative displacement

d/L
o

= Dimensionless relative water depth

d/T2 = Depth parameter

H/L
o

= Dimensionless wave steepness

H/T2 = Wave height parameter

Subscripts

max = Maximum value


