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The principles of continuum mechanics provide a consistent

framework for the derivation of mathematical statements describing

transport of water and solute, and growth in plant tissue. These

derivations are based upon the explicit consideration of the tissue as

a mathematical continuum composed of a cell wall matrix, water, and

solute phases. The differential equations for water and solute

transport in growing plant tissue are derived from the continuity

equations for each phase, and the constitutive relations for water and

solute flow with respect to the cell wall matrix. The differential

equations of axial plant growth are derived from a statement of the

conservation of thermodynamic potential energy and kinetic energy of

deformation. The axial growth model is given by a system of coupled,

first-order, partial differential equations for the local tissue

displacement velocities and the longitudinal tissue strain. The

coefficient of the growth model describes the change of tissue

thermodynamic potential energy with respect to the longitudinal strain



and is termed the specific energy capacity for tissue growth. The

results of this analysis indicate that axial growth rates are

controlled by the derivatives with respect to the tissue strain of the

turgor, osmotic potential, extent of the tissue biosynthetic reaction,

and the tissue stress from an external force.

The axial plant growth equations are solved by the method of

characteristics. The solution is applied to measurements of steady

root growth given in Erickson and Sax (1956, Proc. Am. Phili. Soc.

100:499) and Goodwin and Avers (1956, Am. J. Bot. 43:479). The

theoretical, spatial displacement velocities accurately regenerate the

steady state velocity measurements and a comparison of the theoretical

cell lengths with the experimental cell length measurements yields a

justification of the model. The concept that the thermodynamic

potential energy performs the work of deformation is more general and

applicable to biological systems than the force balance approach. The

overall mathematical expression of transport and deformation in plant

tissue is given by four differential equations coupled through the

gradient of the tissue displacement velocities. This coupling provides

the explicit connection between the local tissue deformation and the

instantaneous water potential and solute concentration of the tissue.
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CONTINUUM MECHANICS METHODS APPLIED TO ROOT GROWTH

AND THE PENETRATION OF SOIL BY ROOTS

INTRODUCTION

Terrestrial plants inhabit two diverse domains, the atmosphere and

the soil. Aerial growth provides light interception and gaseous

exchange, while growth in the soil provides an absorptive surface for

the uptake of water and mineral nutrients. Carbon, water, and mineral

nutrients are required by every living cell within the plant. Thus,

the transport of water and solute throughout the plant is necessary for

plant survival. The transport of water occurs in response to potential

gradients resulting in either transpirational loss or uptake by growing

tissues (Kozlowski, 1972). Although water usage for growth is a

relatively small fraction of the total uptake, this fraction is

critical to plant development. The translocation of photosynthetic

assimilate is a complex phenomena dictated by interactions of the

consumptive and storage processes in various regions of the plant. In

vegetative plants, however, a close interrelationship exists between

assimilate consumption in the growth regions and assimilate transport

patterns (Geiger, 1979; Gifford and Evans, 1981; Ho and Baker, 1982).

Consequently, the metabolic and environmental factors which determine

the relative activities of the growth regions also determine water

transport for growth and photosynthetic solute distribution in the

plant.

The precise means of understanding and quantifying growth activity
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are lacking due to the complexity of the process and the minute size of

the tissue regions participating in growth. Mathematical models of

growth could potentially serve as research tools to theoretically

examine growth and transport processes in the plant. We will examine

the progress in formulation of these models and their applicability for

understanding and predicting growth and transport phenomena in plants.

The Role of Water and Solute in Growth

Some controversy exists concerning the role of water in plant

growth. The state of water in plant cells is largely determined by the

turgor and osmotic components of the total water potential. One theory

suggests that the cell turgor is the single driving force of plant

growth (for a review, see Taiz, 1984), and the growth rate is a

function of the turgor value in elongating tissues. On the other hand,

recent studies have observed that mild water stress reduces growth

rates, yet an accumulation of osmotic solute in the growing tissues

maintains high turgor values (Meyer and Boyer, 1981; Cavalier! and

Boyer, 1982; Michelena and Boyer, 1982). The implications of this

research are that under mild water stress the water transport

properties of the plant controls growth rates. The concept of turgor

driven growth has also been attacked on philosophical grounds

(Burstrom, 1979; Cutler et al., 1980). These arguments contend that

plant growth is a function of water uptake alone, and that turgor is

simply a response to the elasticity of the cell wall.

To attain the maximum rate of dry matter accumulation, the maximum
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possible proportion of assimilate must be reinvested into growth to

further increase the productive capacity of the plant. Plant growth is

composed of both cell elongation and cell division processes (Green,

1976). The final fate of photosynthetic solute for cell elongation is,

however, distinctly different from that for cell division (Burstrom,

1979). Thus, in the meristematic region carbohydrate is partitioned

into cytoplasmic and nucleic material, while in the elongation region

carbohydrate is partitioned primarily into cell wall material and

vacuolar constituents (Burstrom, 1974). This complex pattern of

assimilate partitioning indicates the need to consider the various

fates and uptake regions when examining growth as a sink.

Mathematical Models as Research Instruments

Mathematical models serve as useful tools to understand and

predict experimental phenomena. Yet, the current models of growth are

rarely mechanistic to provide understanding, and not of sufficient

detail to specifically examine the growth regions of the plant.

Empirical models of plant processes redescribe data and are guided

by experience rather than a theory and knowledge about the system. The

coefficients of an empirical model do not have any physical or

physiological basis, and their values do not describe the physical or

biochemical properities of the plant under study.

Empirical models are widely employed in the analysis of total

plant growth and productivity (Curry, 1971; Hesketh et al., 1972; Fick
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et al., 1973; Curry et al., 1975; Vanderlip and Arken, 1977; Sheey et

al., 1979; Reynolds and Thornley, 1981; and others). These models are

generally categorized as process based dynamic simulators, wherein a

set of state variables for the amount of carbon in various organs is

updated with time by rate coefficients controlling the flow of carbon.

The values of the rate variables are empirical functions of the

physiological and environmental properties of the system. The

empirical method for describing growth of individual tissues is also

widely employed (Hunt, 1979) and generally relies upon solutions to

arbitrary differential equations or polynomials that are fitted to

growth data (Erickson, 1976; Venus and Causton, 1979).

An empirical model of translocation was recently presented by

Minchin (1978, 1979), who constructed time series analysis equations

from phloem transport data. The Model is, however, not based upon a

hypotheses of phloem function and is independent of assimilate loading

and unloading processes.

Phenomenological models are mathematical equations that describe

physical systems wherein the response mechanisms are not clearly known

and cannot be quantified a priori. In formulating phenomenological

models the structure and mathematical expressions of the model are not

physically dependent, but the values of the coefficients are expected

to correspond to physical realities. Phenomenological models of plant

growth and assimilate partitioning are either purely compartmental

(Bell and Inca'', 1982; Minchin and Thorpe, 1982) or lumped

compartmental, where appropriate combinations of the coefficients
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appear as single coefficients (Thornley, 1972; Thornley, 1976).

Mechanistic models provide a mathematical description of the

forces of nature on matter or material systems. The coefficients of

the model correspond to precisely defined and measurable, physical and

chemical properties of the system. A mechanistic model of water,

solute and growth fluxes in plants would be a set of equations based on

the complete current knowledge and understanding of all physical,

chemical and physiological processes that are involved.

Mechanistic mathematical models of the flow of water and solute

within plant tissue are currently derived from expressions of the

behavior of individual cells. This approach was employed in the

formulation of the partial differential equations of water flow

(Philips, 1958; Molz and Hornberger, 1973; Molz and Ikenberry, 1974;

Molz, 1976) and solute transport (Molz and Hornberger, 1973) in plant

tissue. These derivations were based the on exchange of material

between individual cells, with a spatial derivative found by

considering the dimensions of a cell much smaller than the length of

the flow domain. The technique of forming differential expressions

from relationships for single cells is, however, limited to homogenous

tissues composed of cells of equal volume. These models were

successfully employed to assess the relative importance of the apoplast

and symplast as transport pathways for water and solute transport in

plant tissue. In addition, these models were employed to estimate

tissue water diffusivity values.

Mechanistic models of plant growth have been formed for both
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single cells (Lockhart, 1965) and multicellular tissues (Grenetz and

List, 1973; Cosgrove, 1981; Plant, 1982). In each of these

formulations, the cell or tissue growth rate is a function of the cell

turgor and the wall extensibility. Thus, the turgor pressure is the

single driving force for cell expansion.

Mechanistic models of long distance solute transport in plants

have been formed according to the Munch theory of translocation

(Christy and Ferrier, 1973; Young et al., 1973; Ferrier and Christy,

1975; Goeschl et al., 1976; Weir, 1981). These mathematical models

consider transport from a single source region to a single sink region

and the equations are limited to processes occuring in the sieve tube

alone. The mathematical structure of these models arise from the

theory of irreversible thermodynamics and the coupled flow of water and

solute across membranes.

The Continuum Hypothesis

Plant tissue is compOsed of an assemblage of variously connected

individual cells each bound by a plasma membrane and supported in a

semi-rigid cellulosic matrix. Although the tissue is composed of

discrete entities, the consideration of plant tissue as a mathematical

continuum is useful and well based. The implicit application of the

continuum hypothesis was utilized in early studies of root growth

(Goodwin and Stepka, 1945; Erickson and Sax, 1956a, b; Goodwin and

Avers, 1956). These studies noted that the relative elemental

elongation rates must be applied to infinitesimal portions of the
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growing tissue and do not consider the behavior of the cells

themselves. That is, they considered the plant tissue as an organic

entity and its cellular organization as only incidental.

More recently, Erickson (1976) and Silk and Erickson (1979)

explicitly examined the assumptions leading to the view of growth as a

continuum process. They concluded that for processes involving

individual cells such as cellular differentiation of specific organs

within a tissue, the continuum hypothesis may not apply, but that for

processes involving gross morphological changes such as cell elongation

and division, the continuum hypothesis is appropriate and powerful.

Lastly, Hejnowicz (1982) considered the postulate of the

inpenetrability of matter for plant tissue and noted that for plant

tissue, growth occurs in a manner such that cells do not glide past one

another and the anticlinal and periclinal orientation of newly formed

cell walls is maintained during growth. This observation satisfies the

final requirement for consideration of plant tissue as a mathematical

continuum and clears the way for the mathematical formulation of

growth, water, and solute flow based upon the principles of classical

continuum mechanics in a deformable medium.
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1. THE PRINCIPLES OF CONTINUUM MECHANICS APPLIED

TO TRANSPORT PROCESSES AND DEFORMATION IN PLANT TISSUE

E. L. McCoy and L. Boersma

Department of Soil Science, Oregon State University

Corvallis, OR 97331, U.S.A.

ABSTRACT

The principles of continuum mechanics provide a consistent

framework for the derivation of mathematical statements describing

transport and deformation in a continuous medium. In this manuscript

we formulate mathematical expressions for the transport of water and

solute along the direction of deformation in plant tissue. Mathemat-

ical expressions for the local tissue deformation are also obtained

and are expressed in terms of the displacement velocities and axial

strain. These derivations are based upon the explicit consideration

of the tissue as a mathematical continuum composed of a cell wall

matrix, water, and solute phases. The principles of mass conserva-

tion for each component phase are employed to construct individual

continuity equations for the matrix, water, and solute phases respec-

tively. The differential equation for the flow of water in tissue is

found by combining the continuity equations for both the water and

cell wall phases with the axial derivative of the constitutive rela-

tionship relating the motion of the water with respect to the cell

wall matrix. The partial differential equation for solute flow in
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deforming tissue is found by combining the continuity statements for

the solute and the cell wall phase with the axial derivative of the

constitutive relationship for solute motion with respect to cell wall

matrix.

The mathematical description of tissue deformation is found from

the balance of linear momentum. Momentum balance for plant tissue

states that the time rate of change of momentum of the cell wall

phase equals the forces acting on the matrix expressed as the axial

gradients of mechanical stress and osmotic potential, respectively.

This expression is then combined with the axial derivative of consti-

tutive relations found from a generalized form of Hooke's law and the

Boyle-Van't Hoff relationship. The resulting description of deforma-

tion is formed as a system of coupled, quasi-linear, first-order,

partial differential equations for the local tissue displacement

velocities and the longitudinal tissue strain. The deformation

equations describe either elastic or plastic one dimensional tissue

expansion or contraction.

The overall mathematical statements of transport processes and

deformation in plant tissue is given by four differential equations

coupled through the gradient of the tissue displacement velocities

which describe the local shrinking or swelling of the tissue. This

coupling provides the explicit connection between the local tissue

deformation and the instantaneous water potential and solute concen-

tration of the tissue.
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INTRODUCTION

Water and solute transport in plants is intimately associated

with tissue deformation (Kozlowski, 1972). Correspondingly, tissue

deformation occurs throughout the plant and in response to many

different physiological and environmental situations. The magnitude

of plant tissue deformation ranges over several orders from the

minute changes in xylem tissue diameter in plants subject to water

stress (Molz and Klepper, 1973) to the large deformation observed in

cell elongation. The nature of the deformation also varies from the

completely reversible, elastic diameter change in roots (Huck,

Klepper and Taylor, 1970; Cole and Alston, 1974) and stems (Parlange,

Turner, and Waggoner, 1975; Huck and Klepper, 1977) to irreversible,

plastic tissue growth. These dynamic and highly variable properties

of tissue deformation represent fundamental processes occurring in

the plant. However, there does not at present exist a general

expression for local tissue deformation as a function of precisely

defined and measurable tissue properties.

Mathematical analyses of the flow of water and solute within

plant tissue are currently derived from expressions of the behavior

of individual cells. This approach was employed in the formulation

of the partial differential equations of water flow (Philip, 1958;

Molz and Hornberger, 1973; Molz and Ikenberry, 1974; Molz, 1976) and

solute transport (Molz and Hornberger, 1973) in plant tissue. These

derivations were based on exchange between individual cells, with a

spatial derivative found by considering the dimensions of a cell much

smaller than the length of the flow domain. The technique of forming

differential expressions from relationships for single cells is,
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however, limited to homogenous tissue composed of cells of equal

volume and does not allow for the explicit expression of the connec-

tion between flow and local deformation. These limitations suggest

that a more direct application of the continuum hypothesis in the

derivation of water and solute transport equations may be profitable.

Plant tissue is composed of an assemblage of variously connected

individual cells each bounded by a plasma membrane and supported in a

cellulosic matrix. Although the tissue is composed of discrete

entities, the composite may be viewed as a mathematical continuum

wherein cellular properties such as densities and velocities are

assigned to points in space not necessarily corresponding to indi-

vidual cells. Continuum mechanics then deals with the forces applied

to the continuum as well as the motion observed in the continuum, all

expressed through the field equations of classical physics.

The potential for the application of the continuum hypothesis to

plant tissue was discussed in the early studies of root growth

(Goodwin and Stepka, 1945; Erickson and Goddard, 1951; Erickson and

Sax, 1956a, b; Goodwin and Avers, 1956). These studies noted that

the relative elemental elongation rates were assigned to infinitesi-

mal portions of the growing tissues and did not consider the behavior

of the cells themselves. That is, they considered the plant tissue

as an organic entity and its cellular organization as only inci-

dental. More recently, Erickson (1976) and Silk and Erickson (1979)

have examined the assumptions leading to the view of plant tissue as

a mathematical continuum. They concluded that for processes involv-

ing individual cells such as cellular differentiation of specific

organs within a tissue, the continuum hypothesis may not apply; but
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that for processes occurring continuously on a scale which is large

relative to the distances between component cells, such as tissue

expansion or local biosynthesis in growing organs the continuum

hypothesis is appropriate and powerful.

Current applications of the continuum hypothesis for plant

tissue center upon the continuity equation of an individual tissue

component as a statement of mass conservation or balance (Silk and

Erickson, 1979). The distinction between mass conservation and mass

balance lies in the nature of the local change with time of the

density or concentration of a tissue component. The mass conserva-

tion statement for a tissue component provides an equality for the

time rate of change of density and the spatial density change due

only to tissue deformation and material movement relative to density

gradients. This constitutes the continuity equation for a conserva-

tive tissue component. The mass balance statement for a tissue

component is formed by adding a source/sink term representing local

biosynthesis or degradation to the conservative continuity equation.

This is termed the non-conservative continuity equation which was

usefully applied to data of the spatial protein concentration distri-

bution along an elongating root axis to arrive at the local protein

biosynthesis rate in a growing root tip (Silk and Erickson, 1980).

The non-conservative continuity equation was also employed to

describe the rate of meristematic activity along similarly elongating

roots (Gandar, 1980). These applications of the hypothesis of mass

balance in a continuous medium do not, however, employ the full power

of the continuum theory to describe the corresponding deformation and

flow processes. Indeed, the current mathematical analyses of water



flow (Molz, Truelove and Peterson, 1975; Molz and Boyer, 1978; Silk

and Wagner, 1980), protein biosynthesis (Silk and Erickson, 1980),

and meristematic activity (Gandar, 1980) in deforming tissue all

require experimental measurement of local deformation and do not

possess the mathematical statements to predict a priori the tissue

displacement velocities.

The purpose of this manuscript is to provide a consistent frame-

work to describe of the processes of flow and deformation in plant

tissue. The framework arises from the principles of continuum mech-

anics and includes statements of mass and momentum conservation along

with constitutive relations between forces and flows. This procedure

allows for an explicit examination of assumptions included in the

derivation of the equations of motion for water, conservative solute,

and tissue element deformation. The transport equations are pre-

cisely coupled to the deformation equations by means of the displace-

ment velocity gradient. This results in the unique derivation of the

solute flow equation in deforming plant tissue. Furthermore, the

continuum hypothesis allows us to arrive at mechanistic equations for

local tissue deformation resulting from reversible or irreversible

processes and provides a means of predicting transient tissue dis-

placement velocities independent of experimental measurements.
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LIST OF SYMBOLS AND UNITS

x spatial coordinate (n)

X material coordinate (m)

t time (sec)

u spatial displacement (n)

U material displacement (ra)

n spatial porosity (n
3 m

3
)

N material porosity
3
m
-3

)

p spatial density (kg m
-3

)

P material density (kg m
3
)

elementary volume of plant tissue (m
-3

)

x spatial molar volume of solute (m
3 1
mol )

c spatial solute concentration (cool m
-3

)

C material solute concentration (mol m
3

)

w spatial volume fraction (m
3
m
-3

)

2 material volume fraction (m
3
m
-3

)

spatial velocity of motion Om sec
-1

)

material velocity of motion (m sec
-1

)

q spatial discharge per unit area (m sec
-1

)

(m sec
-1

)Q material discharge per unit area

n
d

spatial Darcian flux of water (m sec
-1

)

(m secmaterial Darcian flux of water

q
s

spatial solute flux (mol m
-2

sec
-1

)

(m m
-1

)J Jacobian of one-dimensional deformation

k spatial hydraulic conductivity (m
2

sec
-1

Pa
-1

)

K material hydraulic conductivity (m
2

sec
-1

Pa 1)



* spatial total water potential (Pa)

' material total water potential (Pa)

tp spatial pressure potential (Pa)

' material pressure potential

Ds spatial solute dispersivity

Ds' material solute dispersivity

(Pa)

(n
2

sec
-1

)

(m
2

sec
-1

)
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A spatial longitudinal stress (Pa)

A material longitudinal stress (Pa)

e spatial longitudinal strain n m 1 )

(m m
-1

)E material longitudinal strain

R gas constant (Pa mol
-1

K
-1

)

Kelvin temperature (K)

a solute reflection coefficient (dimensionless)

number of moles of solute species (dimensionless)

4 osmotic coefficient of Boyle-Van't Hoff equation (dimensionless)

Subscripts

a solid phase representing the cell wall matrix

t water phase

s solute phase

o initial undeformed medium
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THEORY

Many plant organs including the stem, root, simple leaves and

storage tissue are symmetric with transport and deformation processes

occurring along or perpendicular to the axis of symmetry. This

allows us to describe many transport and deformation processes as

essentially one dimensional (Gandar, 1983). The choice of the coor-

dinate system may be either cartesian or curvilinear. Cartesian

coordinates may be employed to describe longitudinal transport and

deformation processes in axially elongating stems, roots, and leaf

blades. We shall use cartesian coordinates in this manuscript.

Curvilinear coordinates may be employed to account for processes such

as root uptake of water and mineral nutrients, stem shrinkage upon

dehydration, and the transport of soluble carbohydrate for deposition

in enlarging storage organs.

The Longitudinal Motion of a Continuum

An essential component of the mathematical description of tissue

deformation is a discussion of the motion of the continuum component

particles. This discussion results in the description of the spatial

and material coordinate systems which are employed in the subsequent

analysis. Recently, Gandar (1983) presented an analysis of the kine-

matics of growth induced plant tissue deformation. He examined the

theoretical basis of the spatial (Eulerian) and material (Lagrangian,

referential) coordinate specifications as applied to the deformation

process. In light of this thorough treatment only a brief discussion

of the correspondence between particle motion, coordinate axes, and

deformation will be presented here.
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In the one dimensional longitudinal motion of a continuum all

material particles move along parallel lines, and the motion is

uniform in planes normal to the direction of motion. This consti-

tutes the hypothesis of shear free deformation as discussed by

Hejnowicz (1982). The hypothesis is justified by the observation

that the mutual orthogonality of anticlinal and periclinal cell walls

are maintained during either elastic or plastic deformation. If X is

the position of a material particle at time zero, then we may

describe the particle path by the equations

x = x(X,t), x(X,O) = X, (1)

so that x is the position at time t of the particle that was ini-

tially located at X. Let X(x,t) be the function of x and t obtained

by solving (1) for X. The result

X = X(x,t), (2)

states that X is the initial position of the particle now (at time t)

located at x. For a continuous medium we shall postulate the impene-

trability of matter, that is X(x,t) and x(X,t) are single valued and

invertible functions. Also, we assume that X(x,t) and x(X,t) have as

many continuous partial derivatives as required for the analysis to

follow. The mapping of x = x(X,t) is called the material description

of the motion where X and t are the independent variables, thus

specifying X as not only the initial position but also a coordinate

axis. Alternatively, we may express the motion in the spatial
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description where X = X(x,t) and the independent variables are t and

the position x, also corresponding to a coordinate axis (see Gandar,

1983).

The displacement in the material description is denoted by

U(X,t) and in the spatial description by u(x,t) where

and

x(X,t) = X U(X,t)

X(x,t) = x - u(x,t).

(3)

(4)

If adjacent particles are differentially displaced such that the dis-

tances between the particles changes during the course of their

motion, then the continuum will have deformed. A measure of the

deformation is the instantaneous change of displacement with respect

to the sequential arrangement of particles, Au(x,t)/Ax or, in the

material coordinate, AU(X,t)/AX. Then in the limit as Ax+0 or AX+0

and we transfer from particle specification to coordinate specifica-

tion the deformation is given by au(x,t)/ax or, in the material

coordinate, at(x,t)/ax.

The Mass Conservation Equations

The preceding treatment considers the motion of individual

particles or elements of which the continuum is composed. The next

step is to consider relationships between the component particles or

between physical properties of the component particles. One such
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fundamental relationship is formed from the hypothesis of the conser-

vation of mass.

Proceeding from first principles, consider a multicomponent

system consisting of a solid phase representing the cell wall matrix,

water saturating the tissue, and solute dissolved in the water. Let

subscripts a refer to the cell wall phase, k refer to the liquid

phase, and s refer to the solute phase. In spatial coordinates the

porosity is given by n (m
3
m-3), the solute concentration by c

(mol m
3
), and the molal volume of solute by x (m

3
mol

-1
). In an

elementary volume v
3)

, where w represents the volume fraction of

each component phase, the volumes of solid, liquid, and solute are

respectively:

solid liquid solute

(1-n)v = w
a
v nv = w v nxcv = w

s
v. (5)

The total mass per unit volume is then: for the solids, wapa; for

the liquid, we L; and for the solute, w
s
p
s
; where p is the density

(kg m
-3

) of each component in the spatial description.

The term w also gives the a area fraction of each component

phase with respect to the unit tissue cross-sectional area. This

results from the tissue porosity being numerically equal to the area

fraction of the pores with respect to the unit tissue area. There-

fore, the discharge per unit spatial area, q (m sec
-1
), of each

component along the coordinate system is
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(la = wawa, et,ql = w q
s
= w

s
v
s

, (6)

where v (m sec-1) is the spatial velocity of motion of each component

phase. Figure 1.1 illustrates the conceptual definitions of the

spatial description of each component phase volume expressed as

functions of the representative elementary volume of plant tissue,

v(t), at some arbitrary time t. The velocity of motion of each

component phase is also illustrated to stress the one dimensional

nature and independence of the motions.

For a completely one dimensional analysis the assumption of mass

conservation of a conservative component states that the mass per

unit volume contained in an arbitrary, deformable, subinterval N(t),

8(t)] does not vary with time, to give

8(t)

(-7 f wi(x,t) oi(x,t)dx = 0 i = a,9,s (7)

a(t)

where the subscript i indicates that the conservation principle

applies to all component phases identically. Our goal is to cast

this expression in a totally differential form. To avoid differenti-

ating the limits of integration we change from spatial to material

coordinates where a(t) = x(A,t) and 8(t) = x(B,t). Further, from

point-particle interchangeability provided by the hypothesis of the

impenetrability of matter, p[x(X,t),tJ = P(X,t) and to[x(X,t),t] =

0(X,t) where P and n are the density and volume fraction in material

coordinate specifications respectively, so that we have



8(t) B
d ax

dt
Twioidx = fl (x,op.a,t) dX - o.

j i 3X

a(t) A
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(8)

Now ax/aX is the Jacobian of the one-dimensional transformation

between the x and X coordinates. The one dimensional Jacobian repre-

sents the ratio of the interval occupied by the infinitesimal materi-

al region at time t with respect to its initial interval. With this

in mind we can write ax /aX = J(X,t). Then taking the derivative

under the integral expressed in material coordinates we obtain

fB [J
.P.) + P.P --1 dX = 0,

a aJ

1 i at
A

and from the Euler expansion formula (Lin and Segel,

ay.[x(X,t),tl
8J

at
= J(X,t)

the integral becomes

Jr

ay.

[(2.P.) + P.P. 11 J dX = 0.
at 3x

A

(9)

1974; p. 432)

( 1 0)

( 11)

Then returning equation (11) to spatial coordinates and using the

total derivative D/Dt we find

8(0

[114(w.PDt 1
a(t)

ay.

+ w.p dx = 0.
1 i

it

dx
(12)

The total derivative is given in spatial coordinates by D/Dt = a/at +

v.a/ax. The total derivative represents the rate of change of a

physical property of the tissue following a material location.

Therefore, the integral becomes



$(0

ji [2(w.p ) --(toip v )] dx = 0,dt ax

a(t)
which is the integral equation of mass conservation.
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(13)

To obtain the differential equation of mass conservation of each

component phase we note that since the subinterval [a(t),e(t)] was

chosen arbitrarily, then by the Dubois-Reymond lemma we have

at
k

,
w.p.) +

ax

2
(w p

i
v
i
) = 0. (14)

Inserting the expressions for w for each component phase we obtain

the system of equations:

solid -

liquid -

solute -

a
-5,1-[(1-0pa] + 3.)7[(1n)paval = 0, (15)

,
Tiinp1,1

a
.53i[npivt] = 0,

a

3i[nxcPs] Ti7c'[nxcPsys] 0.

(16)

(17)

These are the differential equations of mass conservation for the

solid phase representing the cell wall matrix, the saturating liquid

phase, and the solute phase respectively. As a condition of the

Dubois-Reymond lemma for arriving at the differential continuity

equations from the integral statement, it was assumed that the gradi-

ents in space and time were continuous. Thus if a discontinuity of

the spatial gradients for any of the properties of the component

phases occurs across a tissue interface, or if processes occur dis-

continuously with respect to the time derivative then the integral

equation (13) is the true statement of mass conservation and alter-

nate formulation procedures must be followed.
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Iguation for the Transport of Water in Plant Tissue

The equation for the transport of water in a deformable medium

is found by combining the expressions of mass conservation for the

liquid phases with the constitutive relationship for the flow of

water with respect to the cell wall matrix. Solid phase continuity

is accounted for by the addition of the mass conservation equation

for the cell wall matrix. The derivation is initiated by noting that

for potentials relevant to those occurring in plant tissue, the

densities of the solid and liquid may be considered constants and

these phases are considered incompressible. This yields upon expan-

sion of equation (15) the continuity equation for the solid phase in

spatial coordinates

av
an an

+
°a ax -

(1-n)
ax

a
0,

at

which we shall use later. Furthermore, expanding (16) gives the

continuity equation for the liquid in spatial coordinates

av
an an

at ' vt 72-c. 7;--c 0.

The constitutive equation for the motion of the liquid with

respect to the solids is

qd n(vt-va) -k 4! ,

(18)

(19)

(20)

where qd is the Darcian flux, IP is the total water potential (Pa) and

k is the hydraulic conductivity of the combined apoplastic and sym-

plastic pathways (Molz and Ikenberry, 1974; Molz, 1976)

2 -1 -1
(m sec Pa ). This equation states that the discharge of water
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with respect to the similarly moving solid phase is proportional to

the spatial gradient of the total water potential which allows for

the motion of the solid phase. Differentiating (20) with respect to

x yields

a a*
[11(vtva)I = 77 [k 7.71 (21)

or after expansion and multiplication by -1 we have

an anv v n

av

+ n
av

a a
j.

ax a ax ax ax ax x
(22)

Combining the continuity equation for the liquid and the preceding

spatial derivative of the constitutive equation yields

av
an an a a 911)

TT va T)7 n TT" 7c. [it
(23)

and after adding (18) to (23) in order to include the continuity

equation for the solid phase we obtain the equation for the flow of

an incompressible fluid in a saturated deforming porous medium

av
a 3 a*

-aq
d, ,

ax
r-

ax L ax' ax
(24)

Equation (24) is given in spatial coordinates. To convert this

statement into material coordinates we must divide all partials with

respect to x by the Jacobian, J = ax/aX to give

1 Va i a k[x(X,t),t) aT
ax -5 7 [ DX '

-1
34d

J DX '
(25)

where V
a

is the velocity of motion of the solids, T is the total

water potential, and Qd is the Darcian flux of water all in material

coordinates. The expression k[x(X,t),t] is the hydraulic
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conductivity at the position now located at x which was initially

located at X. As the medium deforms we would expect this value to

change in relation to the conductivity of the initially undeformed

medium in the same manner as the medium itself changes. That is, as

the distance between adjacent tissue locations increases, the

material hydraulic conductivity must be multiplied by a term express-

ing the distance increase to arrive at the value of the hydraulic

conductivity in spatial coordinates. A description of the medium

deformation is provided by the Jacobian, ax/aX. With this in mind we

may introduce the hydraulic conductivity of the undeformed medium

K(X,O) as

K(X,O) = Ko = k[x(X,t),t] /J(X,t ), (26)

and therefore the equation for fluid flow in material coordinates

becomes

aV
a a aT

-aQ
d

--]
ax ax ax ax

(27)

Equations (24) and (27) indicate that the gradient of the dis-

placement velocity equals the negative of the water flux gradient and

that deformation is a function of the total potential gradient. That

is, the slope of the water potential gradient creates an axially

nonuniform Darcian flux and a corresponding displacement velocity

distribution which represents a deformation of the medium. These

expressions are equivalent to equation (10) of Silk and Wagner (1980)

in their analysis of the water potential gradients required for

growth. The displacement gradient term, aVa/aX, or ava/ax, presented
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in this study is, hawever, more generally applied to include both

reversible and irreversible deformations occurring in plant tissue.

Equation for the Transport of Solute in Plant Tissue

The equation of solute transport in a deformable medium is found

by combining the expressions of mass conservation for the solute with

the constitutive equation for the motion of the solute with respect

to the solid phase. In addition, we employ the mass conservation

equation of the solid phase to account for solid phase continuity.

Expanding (17) by the product rule and for pc and x constants with

respect to the independent variables we have

9v

at (nc) v
s ax
7- (nc) + nc s 0.

The motion of the solute with respect to the solids is termed the

solute flux, q
s

(mol m
-2

sec
-1

), and is given by the constitutive

relationship

9c
q
s
= nc(v

s
- v

a
) = -Ds + aq

d
c

'9x

(28)

(29)

where Ds is the solute dispersivity (m
2

sec
-1

) and a is the reflec-

tion coefficient (dimensionless). This constitutive relationship

allows for solute movement induced by diffusive and convective pro-

cesses. In this case, the solute dispersivity combines the effects

of molecular diffusion and hydrodynamic dispersion. The reflection

coefficient attenuates the effect of solvent drag on solute transport

when solute is either adsorbed or repelled by the transport medium.

Taking the derivative of (29) with respect to x gives



r .1 -D r_ ac
Inckvs-va).1= aqd ci*ax Dx ax

Expanding (30) followed by the addition of the expression of

continuity for the solute, equation (28) yields

av
aa

7R
a a

IR
ac

71- (nc) + (nc) + va (nc) = [Ds oq
d
c],

ex ex

and after further expansion and division by c we have

an n ac
av

a
nv

an a ;c ac
at

+
c at

+ n + v
a ax

+ c = 1c D
5-x- [Ds aqdc]

ax
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(30)

(31)

(32)

Furthermore, to account for continuity of the solid phase we add (18)

and (32). Then, multiplying by c gives the equation for the flow of

solute suspended in an incompressible fluid saturating a deforming

plant tissue,

av
a a ac;c Dc

n + nv + c = [Ds - aq
d
c].

at a ax ax ax ax
(33)

As with equation (24) for the transport of water, the solute

flow equation may be converted into material coordinates. First we

note that since v
a
is the tissue displacement velocity, the following

expressions are equivalent from the definition of the total deriva-

tive:

at
Dc BC

n + nv
ax

= n
Dc

= n[x(X,t),t] atat a Dt
(34)

where C is the solute concentration in material coordinates. Fur-

thermore,thermore, since we may think of J as v(t)/v(0) (Lin and Segel,
v(0)+0

1974; p. 430), then when n is analogous to vur
ater

/v(t) we may define

N(X,0), the initial, undeformed, porosity in material coordinates by
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N(X,0) = No = [x(x,t),t1.J (X,t). (35)

Lastly, the solute dispersivity of the position now located at x

which was initially located at X, i.e., Ds[x(X,t),t], may be related

to the initial solute dispersivity in material coordinates using

J(X,t) to give

Ds' (X,0) = Ds'o = Ds [x(X,t),t1/J(X,t). (36)

This step is identical to the definition of the hydraulic conducti-

vity of the undeformed medium, K
0'

The solute flow equation in

material coordinates may be written

3C C
3'

i a Ds[x(X,t),t] ac
n[x(X,t),t) aQdC]. (37)+ _ [

at J J ax J ax

Usty
aine f

(35) and (36), the expressions for the porosity and dispersiv-

the initially undeformed medium, we have upon canceling the Jacobian

3V
ac 9C

N
o at

+ C
3X

a
=

ax ax
[Ds' - aQ

d
C] (38)

This equation represents the flow of a conservative solute in

material coordinates. It does not account for loss or gain of solute

by biosynthesis or degradation, a consequence we shall examine in a

subsequent paper. The equation for solute flow in a deforming medium

was formulated in a manner analogous to the equation for the flow of

water, that is, by combining the equations of mass conservation for

the solute and the solid phase along with the constitutive relation-

ship for solute flow as a function of diffusive and convective pro-

cesses.
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To our knowledge this represents the first derivation of an

equation for solute flow in deformable plant tissue. The deformation

is accounted for by the terms CaVa/aX or cava/ax which when added to

the differential equation of solute attenuation by diffusion and

displacement accounts for the change of concentration of a solute due

to the swelling or shrinking of the plant tissue.

Equations of Plant Tissue Deformation.

The equations of water and solute transport derived in the

previous sections both contain an expression for deformation given as

the gradient of the displacement velocities of the solid phase. In

previous analyses (Molz, Truelove and Peterson, 1975; Molz and Boyer,

1978; Silk and Erickson, 1980; Silk and Wagner, 1980; Gander, 1980),

a value for this expression was obtained from experimental measure-

ments of the steady displacement velocity field and could not be pre-

dicted a priori. This represents a severe limitation since experi-

mental data of the displacement velocity field is generally excluded

from analyses of transport and biosynthetic processes. Also, the

requirement for steady state deformation precludes any analysis of

changing environmental and tissue demands. To overcome these limita-

tions we shall examine the processes of deformation and the forces

involved in deformation of plant tissue.

When the continuum is composed of an interconnected polyhedral

matrix the spaces of which contain water with dissolved solute and we

are concerned only with the deformation of the medium, then we need

only consider the motion of the solid phase. To gain insight into



30

the motion of the solids we consider the balance of linear momentum.

For an arbitrary subinternal [a(t),13(t)] the balance of momentum

states that the time rate of change of momentum of the solid portion

of the continuum is equal to the sum of the forces acting on it.

Hence, ignoring gravitational forces and surface tension effects we

have for the cell wall matrix

8(0 ato

dt
waPavadx = Jr D

ax
d

(waA we)
a(t) a(t)

(39)

where A is the longitudinal stress (Pa) and it is the osmotic poten-

tial (Pa), both in spatial coordinates. Equation (39) states that

the axial gradients of stress on the cell wall and osmotic potential

of the liquid phase represent forces which produce the rate of change

of momentum of the solid phase.

The calculation of the left hand side of (39) to bring the time

derivative under the integral follows in exactly the same manner as

that used to find the integral equation of mass conservation to give

13(t) 8(t)

Ik (wapava) dx = (waX + we) dx. (40)

a(t) a(t)

Then from an alternate expression for the equation of mass conserva-

tion, i.e. D(w p
a
)/Dt + w p Dv .,/ax = 0, we find (Lin and Segel,

a a a

.1974; p. 360) for (40) the integral

6(t)

jr

Dv
a a

NI) P
Pit

(w X w
k
x)] dx = 0;

a a t ax a

a(t)

(41)



and since the subinterval kx(t),p(01 was chosen arbitrarily we

obtain from the Dubois-Reymond lemma the differential equation of

momentum balance for the solid phase

Dv,
p (w + w 70.a a Dt ax a t
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(42)

It is more natural to derive an equation of tissue deformation in

material coordinates since in this form we separate the processes

driving deformation from the complexity of a description of the

deformation itself. To transform (42) into material coordinates we

make use of a property from the conservation of mass which implies

E(t)
ji wap

a
dx jr Qa(X,O) Pa(X,O) dX

a(t) A

(43)

and which gives the relation Qa0P
ao

wapa ax/aX where Qao = Qa(X,O)

and P
ao

= P
a
(X,0). Equation (42) then may be written in material

coordinates as

av
a a

Sao Pao at ax
0.2
a
A + n) (44)

where A is the longitudinal stress and II is the osmotic potential,

both in material coordinates.

For cells suspended in a polyhedral network under stress a

balancing force is necessary to maintain cell integrity. This force

is given by the pressure potential of the cell to yield

(1 -N)A = N T (45)

where T is the pressure potential in material coordinates (Pa), and



S1
a

= (1-N). Therefore (44) becomes upon substitution of the appro-

priate expression for St
ao

and 0
I.

a
(1-No) Pao Dt

av
a

= -a- (NTp Nil).
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(46)

As with the derivation of the equations of water and solute trans-

port, we require axial derivatives of constitutive relationships for

tissue properties in terms of a deformation variable. That variable

is the tissue strain given in material coordinates as the axial

derivative of the displacement, 3U/DX. A generalized pressure-strain

relationship may be formed for plant tissue analogous to Hooke's law

for point processes of either elastic or plastic deformation to give

NT = f(E), (47)

where E is the mechanical strain (m m1) and f is a general func-

tional relationship. Then differentiating (47) with respect to X

yields

D fw df 3E
3X "p' dE

(48)

Furthermore, the Boyle-Van't Hoff relationship is given in material

coordinates by

n = ERT E nicy/Nv(t), (49)

i

where R is the gas content (Pa mol
-1

K
1
), T is the Kelvin tempera-

ture(10,n.isthenumberofmolesand.01 is the osmotic coefficient

of species i. By differentiation we obtain

3X
(Nnv(0) = 0, (50)
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a(Nn) Nil av(t)

ax v(t) ax
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(51)

lim
For J =

v(0)4.0
v(t)/v(0) ='Dx/3X, this provides a rule for converting

volumes into one dimensional point processes. With this in mind

equation (51) may be converted into a point process by defining

lim 1 3v(t) 32x 1 aE

v(o)+o v(t) ax axax (1+E) DX '

so that (51) becomes

Nn aE
(1+E) BX

We may then rewrite (46) by employing (48) and (53) to obtain

or

3V

(1-No) Pao
Dt

a df 3E Nn DE

dE 3X (1+E) ax

3V
a 2 aE

at Y 3X '

(52)

(53)

(54)

(55)

where y2 = jdf/dE - NH/(1+E)1/( 1-No)Pao

For V
a
in material coordinates defined by V

a
= au/at and E

defined by E = 30/3X, the equivalence of mixed partial derivatives

allows us to write

3V
a 3E

ax at
(56)

The system of equations (55) and (56) are coupled, first-order,

partial differential equations which describe the longitudinal defor-

mation of plant tissue when taken as a continuum. The equations
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illustrate the parametric contribution to the deformation process of

the elastic and/or plastic tissue properties along with the tissue

osmotic potential. Thus, y2 represents the most general term for the

reciprocal of the specific capacity of plant tissue and its value

indicates the willingness of the tissue to deform. The system is

quasi-linear due to dependence of Y2 on the strain in both the

elastic/plastic and osmotic component terms. The equations provide

the transient distribution of the displacement velocities of the cell

wall matrix along with the associated tissue strain when supplied

with the appropriate initial and boundary conditions. Therefore,

these equations provide the means to predict the local deformation of

plant tissue a priori and render the rate of displacement term

required in both the water and solute flow equations.

For the large deformations observed in plant tissue, as in the

case of elongation growth, the material and spatial descriptions of

deformation do not coincide. This is equivalent to the observation

that in general J is very different from one. In these instances the

material description represents the more natural foundation for the

formulation of the basic physical laws since through this procedure

we may ascertain the fate of the component cells and observe directly

the physiological changes brought about by the deformation process.

It is for this reason that the equations of water and solute trans-

port, and tissue deformation, are offered in material coordinates.

Furthermore, employment of the material description for the one

dimensional longitudinal deformation of plant tissue given by equa-

tions (55) and (56) provides a simpler expression than the corre-

sponding spatial description. This may be illustrated by noting that
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E(X(x,t),t) = e(x,t)/1-e(x,t) where e(x,t) is the spatial description

of the longitudinal strain component. A conversion from material to

spatial coordinates is required when comparing the solutions of the

material partial differential equations to experimental measurements

taken on a deforming body with a spatial coordinate measure. This

conversion, as discussed by Gandar (1983), can only be accomplished

by employing the functional relationship X = X(x,t). The mathemat-

ical expression X = X(x,t) is found from knowledge of the material

velocity distribution V(X,t) since by definition V(X,t) = ax(X,t)/Dt.

Then integration with respect to time yields x = (X,t) and by inver-

sion we recover X = X(x,t). Therefore, conversion of all material

variables to their spatial description counterpart requires a knowl-

edge of the expression for the material velocity distribution.
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DISCUSSION

The principles of continuum mechanics provide a consistent

framework for the derivation of mathematical statements describing

the processes of transport and local deformation in plant tissue. In

this analysis the field equations of mass conservation for each

component phase (Equations (15), (16), and 17)) and momentum balance

of the solid phase, (42), were combined with the appropriate consti-

tutive equations (Equations (20), (29), (47), and (49)) relating flow

and the driving force. Employing this technique then yielded the

system of equations for the axial transport of water and solute, and

the longitudinal deformation of the tissue, i.e., Equations (27),

(38), (55), and (56). The identical techniques may be applied to

extend the analysis to multiple dimensions, tissues with appreciable

intracellular spaces, and nonconservative solute, either mobile or

immobile within the tissues. The system of equations provided in

this analysis is unique in that the flow equations are explicitly

coupled to the deformation equation through the term aVa/aX, the

axially changing velocity of motion of the solid phase. Furthermore,

the deformation equation is mechanistic in that it allows prediction

of the local tissue motion in relation to meaningful and measurable

properties of the tissue and the basic driving forces of deformation.

The deformations observed in plant tissue are either elastic and

reversible or plastic and irreversible. Elastic deformations are

generally attributed to the imposition or alleviation of water defi-

cits in tissues resulting from differences in the rates of surface

water loss and uptake. Plastic deformations correspond to tissue
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elongation growth and constitute an internal water sink. The varying

responses of plant tissue in terms of these two deformations will be

mathematically expressed in the value of the functional relationship

df(E)/dE, the osmotic potential distribution, and the magnitude of

the potential gradient driving water flux.

A number of mathematical investigations have examined the corre-

spondence between water flow and deformation in plant tissue. These

investigations include studies of water deficit induced reversible

stem deformation (Molz and Klepper, 1972; Parlange, Turner and

Waggoner, 1975; Huck and Klepper, 1977; So, 1979) and the potential

gradients corresponding to the flow of water into growing plant

tissue (Molz, Truelove and Peterson, 1975; Molz and Boyer, 1978; Silk

and Wagner, 1980; Cosgrove, 1981). These research efforts along with

the work examining protein biosynthesis (Silk and Erickson, 1980) and

meristematic activity (Gandar, 1980) mentioned previously are all

incapable of predicting the local tissue displacement velocities

resulting from deformation. Thus these analyses rely either upon

experimental measurements of the displacement (Huck and Klepper,

1977; Molz and Boyer, 1978; Gandar, 1980; Silk and Erickson, 1980;

Silk and Wagner, 1980) or upon predictions of volume averaged defor-

mation resulting from empirical relationships (Molz et al., 1975) or

single cell expansion models which are generalized to include tissues

(Molz and Klepper, 1972; Parlange et al., 1975; So, 1979; Cosgrove,

1981) to quantify the physiological activity of deformation. The

limitation of these analyses results from the absence of a determin-

istic basis to describe local tissue deformation employing tissue

parameters and the appropriate driving forces. This mechanistic
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basis results from the statement of momentum balance employed in this

analysis.



39

ACKNOWLEDGEMENTS

This work was supported by the Oregon Agricultural Experiment

Station.



ELEMENTARY TISSUE VOLUME, v(t)

40

Cell Wall Velocity

v.t Water Velocity

Solute Velocity

Cell Wall Volume = (l -n) u(t)

Water Volume = n v(t)

Solute Volume = n X c v(t)

Figure 1.1. A representative elementary volume of plant tissue,v(t),
indicating the volume fraction of the three component phases and
the independent component velocities along the coordinate axis.
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ABSTRACT

The axial growth of plant tissue obeys the physical laws of

energetics during deformation of a continuous medium. In this manu-

script the concept of biological energy conservation is employed to

formulate a mathematical model of axial plant growth. The model is

derived from a statement of the exchange of the thermodynamic

potential energy with the kinetic energy of deformation. This

derivation does not invoke a force balance analogy with simple

mechanical systems and has no turgor dependence. The mathematical

expression for growth which results from energy conservation

considerations is given by a system of coupled, nonlinear, first-

order, partial differential equations in the material coordinate

system for the local tissue displacement velocity, V(X,t), and the

longitudinal tissue strain, E(X,t). The coefficient of the

equations, y2, is equal to the change of the tissue thermodynamic

potential energy with respect to the longitudinal strain, dR/dE,

divided by a tissue density term. This term is referred to as the

"specific energy capacity" of tissue growth. The coefficient is

mathematically equal to the square of the propagation velocity of the
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velocity and strain variables along the material axis. The chemical

components of the thermodynamic potential energy as applied to plant

growth are the total water potential and the mole number of the

carbon based components participating in biomass synthesis. The

derivatives with respect to tissue strain of the turgor, osmotic

potential and extent of the-biosynthetic reactions, therefore, all

participate in the performance of the work of growth. The result of

this analysis indicates that an increased rate of biosynthetic

reactions in the production of biomass and the biochemical loosening

of the cell wall contribute to increased axial growth rates. An

increased tissue osmotic potential and strain hardening of the cell

wall, on the other hand, serve to decrease axial growth rates. The

model formulation is unique to plant growth studies and does not

depend upon any limiting assumptions concerning the internal forces

involved in axial plant growth. The concept that the change of the

thermodynamic potential energy performs the work of deformation is

more general and applicable to biological systems than the currently

employed force balance approach.
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INTRODUCTION

Elongation growth of both individual plant cells and multi-

cellular tissues is intimately associated with water uptake and the

biosynthesis of cellular material. Water uptake, to a large degree,

fills the increasing volume of the plant tissue. Biosynthetic pro-

cesses, on the other hand, synthesize additional cell wall, vacuolar,

and cytoplasmic constituents that are progressively diluted by the

elongation process. The biophysical processes of water and solute

uptake and the biochemical processes of synthesis, therefore,

participate in cell expansion and plant growth.

The mechanisms of plant growth are under constant scientific

scrutiny. Much of this research is based on a mathematical model by

Lockhart (1965) wherein the growth rate of an individual plant cell

is a function of the cell turgor and wall extensibility. In this

formulation, the turgor is the single force driving cell expansion

and the cell wall extensibility is the property of the cell wall that

limits expansion. Plant cell growth is viewed in this model as the

viscous flow of the cell wall in response to the pressure of the

symplast. In addition, Lockhart (1965) indicated that the turgor of

a cell is controlled by the rate of osmotic water influx into the

cell and correspondingly, the hydraulic conductivity of the cell

membrane. The overall expression of growth rate of an individual

cell at steady state is (Lockhart, 1965)

r = Lp m (a ATr - Y)
Lp + m
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where r is the growth rate (s
-1

), Lp is the membrane hydraulic con-

ductivity (cm Joules
-1

s
-1

), m is the wall extensibility (cm Joules
-1

s
-1

), a is the reflection coefficient (dimensionless), Mr is the

difference in the osmotic potential between the cell sap and sur-

rounding medium (Joules cm 3), and Y is the yield stress of the wall

(Joules cm 3). The yield stress term is incorporated in the model

because often the turgor must exceed a minimum value before the cell

undergoes an irreversible expansion. In this case, the rate of cell

elongation is the product of the extensibility and the value of the

turgor that exceeds a yield stress. The elongation rate of an indi-

vidual cell in an aqueous medium is, from Larkhart's analysis, a

function of the wall extensibility, the hydraulic conductivity of the

cell membrane, and the value of the yield stress. This concept has

been extended to individual cells of multicellular tissues by recog-

nizing that the hydraulic conductivity of the surrounding tissue is

an additional factor controlling growth as individual cells are

increasingly removed from a free water source.

The form of the Lockhart model implies that the growth rate will

be relatively insensitive to the larger value of either Lp or m,

provided the difference between these values is substantial. Thus if

m is large, the growth rate will be controlled by the conductivity of

the membrane, and the water potential gradient between the internal

and external environment will be large. This would result in a low

turgor of the cell. However, if Lp is large relative to m, the growth

rate will be controlled by the extensibility and only a small water

potential gradient would be required. Therefore, the turgor would be

large and approximately equal to A7. Various interpretations as to
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which term is relative greater have arisen. Large values of Lp have

been observed in Nitella (Green, Erickson and Buggy, 1971), grass

coleoptiles (Green and Cummins, 1974), and pea internodes (Cosgrove

and Cleland, 1983), suggesting that the extensibility value controls

growth rate. On the other hand, while the relatively large water

potential gradients observed in growing tissues (Meyer and Boyer,

1972; Cosgrove and Steudle, 1981; Michelena and Boyer, 1982; Westgate

and Boyer, 1984 and others) suggest that Lp is relatively small and

may control cell growth rates. Cell and tissue permeabilities could

not, however, conceptually control growth since there is essentially

no lower bound of total water potential that a cell may achieve to

drive water flow. Other properties must, therefore, control growth.

Extensive experimentation has been conducted to investigate the

influence of metabolic and physical factors on the coefficients of

the Lockhart model. In Nitella, an osmotic shift in the bathing

medium is reflected almost immediately by a change of the cell turgor

pressure (Green, 1968). The growth rate also responds and immedi-

ately increases or decreases. The growth rate, however, recovers

after a period of time to nearly its initial rate so that the overall

cell elongation is little influenced by turgor shifts. This response

is attributed to the adjustment of the yield stress value, Y, which

maintains a stable driving force for growth in the presence of vary-

ing turgor values (Green et al., 1971). More recent research on the

response of the yield stress to external osmotic shifts have delin-

eated the limits and nature of these changes in Nitella (for review

see Taiz, Metraux and Richmond, 1981) and in grass coleoptile tissue

(Green and Cummins, 1974; for review see Taiz, 1984). Also, changes
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in the yield stress have been observed in sunflower leaves in

response to water stress (Matthews, Van Volkenburgh and Boyer, 1984).

Conversely, in auxin sensitive tissues it is well documented that the

presence of auxin stimulates growth by increasing the value of the

tissue extensibility, m (Cleland, 1971; Green and Cummins, 1974;

Boyer and Wu, 1978). The slowing of growth from tissue aging is also

presumably a response to the loss of auxin and a decreased tissue

extensibility (Green, Bauer and Cummins, 1977). In addition, tissue

extensibility changes have also been observed in response to water

stress (Matthews et al., 1984) and light (Van Volkenburgh and

Cleland, 1981). Thus, either the yield stress, the tissue extensi-

bility, or both may respond to environmental and physiological

influences to ultimately stabilize growth.

Cellular metabolic processes strongly influence growth rates

presumably through adjustments of the value of the extensibility and

the yield stress. Thus, the extensibility, m, is not simply a

reciprocal viscosity and the yield stress, Y, is not simply a

physical yield point. The first indication of the metabolic

dependence of growth was elucidated by Ray and Ruesick (1962) who

demonstrated that in the presence of metabolic inhibitors plant

growth rate decreased almost immediately while the turgor pressure

remained almost constant. More specifically, the lowering of the

yield stress in Nitella in response to decreased turgor was sensitive

to azide and, therefore, of metabolic origin; while raising the yield

stress in response to turgor increases was insensitive to azide and,

therefore, strictly physical in origin (Green et al., 1971) The

discussion in this and the preceding paragraph indicate that a
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diverse set of biophysical and biochemical processes influence the

extensibility and yield stress coefficients. As such, these coeffi-

cients are essentially phenomenological and bear no fundamental

relationship with actual tissue properties. The wide ranging and ill

defined influences of physical and physiological processes on the

coefficients of the Lockhart model suggest a weakness in this mechan-

ical analogy.

The concept of turgor driven growth has been extended theoret-

ically in mathematical models to specifically consider the elongation

of multicellular tissues (Grenetz and List, 1973; Cosgrove, 1981;

Plant, 1982). The tissue developmental gradients throughout the

growth zone are, however, ignored in all but the most recent of these

investigations, and various levels of spatial averaging are employed.

The analysis by Plant (1982) employs an axially changing growth

description given as the derivative of the displacement velocity of

the cell wall with respect to the position along the axis. This term

is equivalent to the local growth rate and is analogous to the growth

rate term, r, of Lockhart (1965). The model formulation is completed

by considering the axially changing uptake of water for growth and

the resulting description is given as a second order differential

equation for the water potential as a function of position along the

axis. The overall result of this analysis is that root growth is

modeled as a mechanical system where the yield stress behaves non-

linerally and initially decreases and then increases as a function of

distance from the root tip. During axial plant growth cells recede

from the apical tip and pass through the growth zone. As the cells

continue to mature, their growth rates decline. However, the
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decreased growth rate of aging cells is attributed to changes in the

value of the extensibility, m, (Green et al., 1977) and not, as sug-

gested by Plant (1982), by changes in the value of the yield stress,

Y. Thus, while the model by Plant (1982) accurately describes the

motions of growth, it may not adhere to the physical reality of

growth.

The concept of turgor driven growth has been attacked on philo-

sophical grounds by Burstrom (1979) and Cutler, Steponkus, Wach, and

Shahan (1980), who argue that increases in cell volume are a function

of water uptake alone, and turgor is simply a response to the elas-

ticity of the cell wall. The conceptual notion of turgor as the

driving force of growth as presented by Lockhart (1965) is based upon

a static force balance formulation to calculate the work of deforma-

tion. The application of force balance processes to describe growth

is limited and inadequate since this technique is based upon an

analogy between plant tissue and simple mechanical systems, and

biochemical and biophysical influences on the coefficients of the

model are ignored or ill-defined. In this study we present a math-

ematical model of growth based upon the more general concept from

analytical mechanics of energy conservation during deformation of a

continuum. The model employs the exchange of thermodynamic potential

energy as the process performing the work of growth. The solutions of

the resulting equations provide the displacement velocity and the

deformation strain of elemental tissue locations in the material

coordinate and,as a function of time. The purpose of this analysis

is to develop a more fundamental model of axial plant growth and

establish the framework for a paradigm of growth.
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LIST OF SYMBOLS AND UNITS

X material coordinate (cm)

t time (s)

U material displacement (cm)

E longitudinal strain (cm cm
1)

tissue displacement velocity (cm s
-1

)

V velocity of water (cm s
-1

)
w

Q Darcian flux of water (cm s
-1

)

N symplastic volume fraction (cm cm 1)

P density of cell wall (g cm-3)

P
w

density of water (g cm 3)

2 thermodynamic potential energy of tissue (Joule cm
-3

)

(12/dE energy capacity for tissue growth (Joule cm
-3

)

y2 specific energy capacity for tissue growth (Joule g
-1

)

y mathematical propagation velocity from method (cm s )

of characteristics

s local tissue entropy (Joule cm 3)

local volume fraction of tissue (cm
3

cm
-3

)

n number of moles of chemical species per volume (mole cm
-3

)

T temperature (c)

p pressure (Joule cm 3)

chemical potential (Joule mole
-1

)

P* reference chemical potential (Joule mole-1)

(1)

P
turgor (Joule cm 3)

7 osmotic potential (Joule cm-3)

7* mean tissue osmotic potential (Joule cm-3)
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vw partial molar volume of water

stoichiometric coefficient

(cm
3
mole)

(dimensionless)

extent of biosynthetic reaction (mole cm-3)

a change of reaction extent with strain, dUdE (mole cm-3)

Subscripts

w water

h hexose

x oxygen

c carbon dioxide
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THEORY

Plant tissue is composed of an assemblage of individual cells

supported in a semi-rigid cellulosic matrix. Although the tissue is

composed of discrete entities we may usefully consider plant tissue

as a continuum and regard its discrete properties as only incidental.

That is, since the individual cells are much smaller then the tissue

as a whole we may disregard the behavior of the individual cells and

consider growth as a deformation of the tissue (Silk and Erickson,

1979). This allows the formulation of a mathematical description of

growth based on the principles of thermodynamic energy conservation

in a continuum.

Tissue Displacement, Velocity, and Strain

The processes of plant growth including cell elongation and

division are not restricted to any particular tissue or region. Yet,

in the axes of actively growing herbaceous species the process is

limited to the root tip, the stem apex and elongating internode, and

the base of elongating leaves. In this case, the increase in tissue

volume is roughly proportional to an increase in length. This pro-

portionality allows us to consider growth in axes as a one dimen-

sional process composed of longitudinal motions. There are two types

of motions that occur in solid bodies: rigid motions, or deformative

motions. In rigid body motions all material elements are displaced

uniformly and the body maintains its original length. In deformative

motions, however, the displacements are nonuniform within the body

such that adjacent material elements are displaced along dissimilar
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paths. In rigid body motions a single variable, the velocity, is

adequate to completely describe the motion. In deformative motions,

however, an additional variable is required to completely describe

the consequences of deformation. This additional variable is found

from a consideration of the change in the dimensions of the deformed

body. The difference between the length of a deformed body and its

original length is termed the extension. Thus, a measure of the

deformation is the extension divided by the original length of an

element. Or, in the limit as the original length vanishes we define

the strain E(X,t) = au(x,t) /dx, where U(X t) is the one dimensional

displacement. Correspondingly, we may form the partial derivative of

the displacement with respect to time, giving the usual definition of

the velocity, V(X,t) = au(x,t) /at. These two variables, the dis-

placement velocity and longitudinal strain are basic variables in the

description of deformation processes and, as will be discussed in

part II of this series (McCoy and Boersma, 198Xb), these two vari-

ables constitute the fundamental descriptors of axial plant growth.

An example of the strain and velocity curves along an elongating root

axis is given in Fig. 2.1.

The study of kinematics is the analysis of deformation in a body

without reference to the processes driving the motion. It is through

this analysis that the displacement velocity and longitudinal strain

are defined. A kinematic study, however, cannot serve a predictive

or explanatory role since there is no mechanism to extend velocity

and strain data beyond the domain in which they were measured

(Gandar, 1983). In order to formulate a predictive and explanatory

mathematical model of plant growth we must consider the biophysical
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and biochemical processes that drive the tissue deformation of plant

growth.

The Velocity of Cell Wall and Water for Growth

To initiate the formulation of the axial plant growth equations

we shall consider the relationship between the longitudinal tissue

growth and the flow of water for growth. The relationship is given

by the equivalence between the gradients of the displacement velo-

city, V(X,t), and the Darcian flux of water in plant tissue, Q(X,t).

The equation is written in material coordinates as (McCoy and

Boersma, 198Xa),

3V aQ_
3X. ax'

(1)

where V(X,t) is the velocity of motion of the cell wall (cm s- ) and

Q is the Darcian flux of water (cm s
-1

). The interpretation of this

equation is that the flux of an incompressible fluid that saturates a

deforming matrix changes with distance along an axis in the same

manner as the matrix itself deforms. This equation does not contain

information on the water potential gradients within the growing

tissue and, therefore, the equation does not specify the source of

the water or direction of water flow in the tissue. As such, equa-

tion (1) is applicable to the growth of either root or shoot tissue

and does not depend upon the location of the water source. The

Darcian flux relates the velocity of motion of water with respect to

the motion of the tissue cell wall matrix, or
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(2)

where N is the porosity or symplastic volume fraction of the tissue

(cm
3

cm 3) and V
w

is the velocity of water flow (cm s
-1

). The thick-

ness of the wall surrounding each cell in the growth zone is approxi-

mately constant since cell wall material is continuously added as the

cells elongate (Albersheim, McNeil and Labavitch, 1977; Burstrom,

1979). Thus, the value of N, the symplastic volume fraction, and its

counterpart term, (1-N), the apoplastic volume fraction, are approxi-

mately constant throughout the growth zone. By substituting (2) into

(1) and rearranging we have,

DV
3V
w

(1-N) = N
DX

.

DX
(3)

Then by integrating (3) across the interval [0,X] where X = 0 is

arbitrarily assigned to the apical tip of the elongating tissue for

an arbitrary time t, the result is given by

(1-N) V

X

0

= -NVw + C(t)

0

(4)

where C(t) is a constant of integration with respect to X. For axial

growth of plant tissue, the velocities of both the cell wall and

water vanish at the apical tip such that V(0,t) = 0 and Vw(0,t) = 0.

In addition, for steady growth the motions of the cell wall and water

occur in concert and C(t) = 0 so that we recover
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(5)

This equation states that the product of the cell wall velocity and

the relatively small apoplastic volume fraction equals the product of

the water velocity in the opposite direction and the larger symplas-

tic volume fraction. Thus, the velocity of the cell wall is greater

than the velocity of the water by the ratio of the symplastic and

apoplastic volume fraction. We may view this by considering the cell

wall and water as flowing in opposite directions and colliding. The

cell wall must follow a more tortuous path as the volume fraction of

the matrix is limited while the water may follow a more direct path

as a larger volume fraction is available for water flow. Therefore,

the wall velocity will be greater than the water velocity.

The Formulation of the Axial Plant Growth Model

The principle of conservation of energy states that in the

absence of work done by external forces, the change in the total

kinetic energy of the system equals the change in the potential

energy of the system. The loss of thermodynamic potential energy by

the elongation of a plant tissue element is equal to the gain in the

kinetic energy of all motions within the tissue. The thermodynamic

potential energy of the system performs the work of deformation which

is described by the kinetic energy of the motions within the tissue.

The components of the thermodynamic potential energy that perform the

work of deformation are, from classical chemical thermodynamics, the

entropy, the volume and the mole number of the various chemical

constituents of the tissue. The kinetic energy on the other hand is
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an expression of the displacement velocity of the tissue constituents

as the tissue expands. In this analysis we consider the motion of

the cell wall and water'alone. The conservation of energy in

material coordinates for the arbitrary interval [A,B) is then written

as (Lin and Segel, 1974)

d 1 r
B B

Ti 2 J
A

[(1-N) P V2 +NP
w

V
w at
2) dX = I n dX

A
(6)

where P and P
w

are the densities of the wall and water respectively

(g cm
-3

) and 0 is the internal potential energy of the tissue (Joule

cm 3) in the material coordinate system. The left hand side of equa-

tion (6) is the expression for the change of kinetic energy for the

cell wall and the water saturating the tissue, and the right hand

side is the expression for the change in the thermodynamic potential

energy. As discussed by Hettiaratchi and O'Callaghan (1978) the

potential energy is quadratic in the extension ratio for deformation

of a Neo-Hookian material. In an analogy with their analysis we

shall assign the thermodynamic potential energy of tissue growth as

quadratic in the strain, E(X,t), resulting in a strain-thermodynamic

potential energy function, 0 = 1(1/2 E2). This is in agreement with

the observations that plant tissue behaves as a linearly strain

hardening material (Cleland, 1971). We may substitute the strain-

potential energy function into (6) and after differentiating under

the intergal equation (6) becomes



DV

ir [(1-N) PV -1 dX =w w at at d
3V

+ N P V
dO

E
aE

A

Now since V
w

= - (1-N)/N V we may make the substitution in (7) to

obtain,

B
DV d2 BE

[(1-N) P + (1-N)2 /N P ] V dX _ f E dX.

A
w 3t

A
dE at
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(7)

(8)

By definition V(X,t) = au(x,t) /at and E(x,t) = 8U(X,t)/9X where

U(X,t) is the displacement, then by the equivalence of mixed partial

derivatives we may write 3V/DX = DE/at and we may substitute this

equivalence into the right hand side of equation (8) to give

J at
[(1-N) P + (1-N)

2
/N Pw] V 57 dX = - rB

d2 DV

I dE E dX
dX.

A A
(9)

Then since the right hand side of equation (9) is the integral of the

product of two terms, E(X,t) and 3V(X,t) /aX; we may use integration

by parts to write

(10 aE d0
I [(1-N) P + (1-N)

2
/N P

w at
] V

av f
B

dX = V -57 dX + --
dE dE E VI (10)

A A A

We assume that all terms under the integral are continuous with

respect to the material coordinate, that is, the velocity and strain

are continuous with continuous partial derivatives. Therefore, in

the limit as the interval [A,B] goes to zero, equation (10) becomes



[(1-N) P + (1-N)2/N Pw1
av dO aE

at dE " ax '

or, dividing through by V this becomes

av aE

at

where

y2 _ dQ/dE
(1-N)2

(1-N) P + Pw
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(12)

Equation (12) is a first-order partial differential equation for the

motion and deformation of axial plant tissue growth. The equation is

applicable for an unbounded region and was derived from the conserva-

tion of energy during the longitudinal elongation of an arbitrary

material interval, [A,B]. The derivative, dO/dE, is the change of

the thermodynamic potential energy with respect to the deformation

magnitude of plant tissue growth and we propose to refer to this as

the "energy capacity" for plant growth (Joule cm 3). The term y2 is

the energy capacity for plant growth divided by a tissue density term

(Joule g
-1

). We propose to refer to this as the "specific energy

capacity" of tissue growth. The nature and numerical form of the

specific energy capacity will be discussed in subsequent sections of

this manuscript.

By itself equation (12) is an incomplete description of elonga-

tion growth since it contains two dependent variables, the displace-

ment velocity, V(X,t), and the longitudinal strain, E(X,t). Thus, we

must find another relation between these two variables. In passing

from equation (8) to equation (9) we employed an equivalence between

the material derivative of the velocity and the time derivative of
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tional equation, and is given by

aV DE

at'

61

(13)

which states that the change in the displacement velocity with

respect to distance along an axis equals the change in strain (or

deformation magnitude) with respect to time. The system of equations

(12) and (13) are coupled, first-order, partial differential equa-

tions which describe the growth of plant tissue when considered as a

continuum. These two equations contain the first-order partial

derivatives of both dependent variables with respect to both indepen-

dent variables making full use of the kinematic description of motion

and deformation. In addition, the model is more than a kinematic

description since specific assumptions of the exchange of the thermo-

dynamic potential energy with kinetic energy are made with regards to

the processes driving growth. The model given by equations (12) and

(13) contains both explanatory and predictive qualities. The explan-

atory qualities result from the relationship between kinematic vari-

ables of velocity and strain and the energetic processes in the

plant. The predictive qualities result from the completeness and

solvability of the model when provided with the appropriate initial

and boundary conditions, and the ability of the differential equa-

tions to extend a solution beyond an experimental data set.
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The Components of the Thermodynamic Potential Energy

The fundamental potential energy from classical chemical thermo-

dynamics is a function of the system components of entropy, volume

and mole numbers of the chemical constituents. These components are

the extensive parameters of a homogenous chemical system in thermo-

dynamic equilibrium. In the analysis we present here, the system is

inhomogeneous, with the potential energy and the extensive parameters

changing along the coordinate axes. We, therefore, define local

forms of the extensive parameters that are expressed on a per unit

volume basis. In addition, we postulate that the functional depen-

dence of the potential energy, 2, on the local extensive parameters

is identical to the dependence in equilibrium (Morowitz, 1978). The

thermodynamic potential energy applied to plant growth is given by

= 2(s, v, nw, n., i = 1, 2, ..., r) (14)

where s is the entropy per unit volume (Joules cm
3

c
-1

), v is the

volume fraction of the system (cm
3

cm
-3

), n
w

is the number of moles

ofwaterperunitvolume(mlem-3),n.is the number of moles of

the carbon based constituents per unit volume (mole cm 3), and r is

the total number of carbon based molecular species. In this model we

shall disregard the energy contribution of the non-carbon based

chemical constituents since these components represent a relatively

small fraction of the total composition of the system. The thermo-

dynamic potential energy as defined in equation (14) is a local

property assigned to a subvolume of the inhomogeneous system. This

subvolume is equal to the representative elemental volume of plant
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tissue defined from the continuum properties of plant elongation

growth. Thus, both the deformation and thermodynamic variables are

defined on an identical scale on the order of a single immature cell

length.

The intensive variables of the fundamental thermodynamic system

are the partial derivatives of the extensive components with respect

to the thermodynamic potential energy. Thus, the potential energy

change with respect to the entropy is the temperature, T (C), and

likewise, the potential energy change with respect to the volume is

the pressure, p (Joules cm 3), the potential energy change with

respect to the mole number of water is the chemical potential of

water, p
w

(Joules cm
-3

), and the potential energy change with respect

to the mole number of the carbon compounds is the chemical potential

ofthecarboncompounds,p,(Joules cm-3). Since both the extensive

parameters and the potential energy are defined as local variables,

the intensive variables are locally based as well. We assume that

each small subvolume of plant tissue is close enough to equilibrium

that the local form of the intensive variables can be computed and

have their usual meaning for equilibrium systems. Thus we assume

that although the intensive properties vary with location along the

axis and with time, the variation is sufficiently slow that at any

point an approximate equilibrium condition exists.

In the fundamental energy relationship SZ = f2(s, v, nw, ni, i =

1, 2, ..., r), the extensive parameters (s, v, nw, ni) play the role

of mathematically independent variables, whereas the intensive param-

eters (T, P, pw, pi) arise as derived concepts. The intensive vari-

ables of temperature, pressure, and chemical potential are generally
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the most easily measured and controlled properties of an experimental

system. It would, therefore, be useful to recast the functional

dependence of the fundamental relationship in terms of at least some

of the intensive variables. That is, we often wish to interchange

the functional dependence and express the intensive variables as

independent and the extensive variables as dependent. The process

employed to enable this reformulation of the energy relation is the

Legendre transformation (Callen, 1960). We employ therefore a par-

tial Legendre transformation for the entropy, volume fraction, and

mole number of water by defining the equivalences,

and

T = 32/as,

-p = M/av,

p
w

= aQ/9n
w.

Thus by the partial Legendre transform we may write,

n(T, P, uw, ni, i = 1, 2, ..., r). (15)

In this case, the independent parameters are the local temperature,

T, pressure, p, water potential, pw, and mole number of carbon based

tissue components, ni. The dependent variables are the local

entropy, s, volume, v, mole number of water, nw, and the chemical

potential of the carbon compounds, pi.

Equation (15) implicitly defines the functional dependence of

potential energy on the component physical and chemical properties of
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the tissue. The explicit relation of this functional dependence is

given by the differential of equation (15), written as (Callen,

1960),

da - s dT + v dp - n
w

(Iv
w

+ E uidn.. (16)
1

In the Legendre transformed form of the fundamental relation, equa-

tion (15), the independent variables are the temperature, the pres-

sure, the chemical potential of water, and the mole number of the

carbon based compounds. The change of these plant tissue properties

represent the differentials that perform the work of tissue deforma-

tion and elongation growth. The elongation zone is confined to a

small region of plant tissue at the apex of a root or shoot axis. We

may, therefore, make the assumption that the temperature and pressure

of all subvolumes in the elongation zone are in equilibrium with

ambient conditions. Since the temperature and pressure are assumed

equal to the ambient conditions in all subvolumes, the differentials

of the temperature and pressure are zero. Thus, the first two terms

on the right hand side of equation (16) vanish since the temperature

and pressure are assumed constant during elongation growth. The

change in the thermodynamic potential, therefore, becomes

= - n
w

+I p.
1

dn,.
w . 1

1

(17)
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In this case, the differentials which perform the work of deformation

are the differentials of the chemical potential of water and the mole

number of carbon compounds.

The first term on the right hand side of equation (17) gives the

change of the chemical potential of water times the number of moles

of water per unit volume. The chemical potential of water is defined

as the thermodynamic energy of water for the performance of work.

Thus, the contribution of water to the performance of the work of

deformation in plant growth is through the total water potential and

not the turgor value alone. To express the relation for the contri-

bution of water to the potential energy in terms of the component

potentials, i.e. the turgor and osmotic potential, we use the

relation (Nobel, 1974)

*
= p + v (4) - 7)

w w w p

where p
w

is the reference chemical potential (Joules cm
-3

),
w

is

the partial molar volume of water (cm
3
mole

-1
), (I) is the turgor

(Joules cm 3) and it is the osmotic potential (Joules cm 3). If we

employ this relationship in the first term on the right hand side of

(17) we obtain the equivalence,

* -
n
w

dp
w

= n
w

d(p + v
w

4
p

-Nr

w
7), (18)

or, since nw T.Tw = N, the symplastic volume fraction, we have after

differentiating the right hand side
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n
w

du
w

= N (id() - d7). (19)

This relationship defines the contribution of the differentials of

turgor and osmotic potential to the change of the thermodynamic

potential energy of plant growth.

The second term on the right hand side of equation (17) is the

contribution to the thermodynamic potential energy by the carbon

based components of the tissue. Specifically, as defined in equation

(17), a change in the number of moles of organic components in a

subvolume of the tissue produces a change in the thermodynamic poten-

tial energy. If we assume that these organic compounds are all

participating in the production of biomass from simple hexose sugars,

then we may symbolically represent this reaction by

.vh(C6H1206) + vx(02) = Biomass + vc(C09)

where v
h'

v
x

and v
c
are the stoichometric coefficients of the hexose,

oxygen and carbon dioxide respectively. In this representation the

multitude of intermediate reactions are ignored and only the initial

reactants and the overall product are considered. This

simplification is justified since we are concerned with the overall

change in the thermodynamic potential associated with the synthesis

of biomass during plant growth. Thus the second term on the right

hand side of (17) may be written

E u. dn., 1 = h, x, c, b,
1 1
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where the subscripts h, x, c and b represent the hexose, oxygen,

carbon dioxide, and biomass respectively. Associated with each

change in mole number, dni, we may define a proportionality factor,

dE, where E is termed the reaction extent (Callen, 1960). The reac-

tion extent is a measure of how far toward equilibrium the reaction

has proceeded. This implies that the change in the mole number of

each component of a chemical reaction is a linear, proportional

function of the extent of the reaction itself. The functional rela-

tionship between the change in mole number and the change in reaction

extent is given by dni = vi dE for the reactants and by dn. = vi dE

for the products of the equation of biomass synthesis. Employing

this proportionality the second term on the right hand side of equa-

tion (17) becomes,

dni = (E vi vi) dE. (20)

We have assumed that all carbon based components of the elongating

plant tissue participate in the production of new biomass. We are

specifically concerned with the change in the thermodynamic potential

energy of biosynthesis, thus we may describe the change in the mole

number of all reaction intermediates in terms of the change in the

extent of the reaction for biomass production.

The specific energy capacity term, y2, expresses the change in

the thermodynamic potential energy with respect to the longitudinal

strain, (12/dE. The form of this expression in terms of the component

potentials is found by employing equations (17), (19) and (20) given

by:
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dQ/dE = - N /dE dr/dE) (Z pi vi) dE/dE. (21)

Equation (21) states that the change in the thermodynamic potential

energy with respect to the strain of tissue growth is equal to the

change in the turgor, osmotic potential and extent of the biosyn-

thetic reactions with respect to the strain. The change of these

component potentials, therefore, perform the work of axial growth.

The interpretation of this equation with respect to the contribution

of water is that changes in both the turgor and osmotic potential of

the symplast represent the biophysical processes that participate in

elongation growth. The change in the turgor with respect to the

strain is the slope of the Hooke's law relation for plastic deforma-

tion in plant tissue. The term (14) idE is, therefore, the "plasti-
P

city" of growing plant tissue. The change in the osmotic potential

with respect to the strain is the slope of the Boyle-Van't Hoff

relation when a change in cell volume is expressed in terms of the

change in the corresponding tissue strain (McCoy and Boersma, 198Xa).

This relation is written as (McCoy and Boersma, 198Xa)

N dr/dE = - N r(E)/[1+E(X,t)]. (22)

In equation (22) the osmotic potential is functionally dependent on

the tissue strain. The osmotic potential is experimentally shown to

decrease as a function of distance from the tip of an elongating axis

(Cavalieri and Boyer, 1982; Westgate and Boyer, 1984). An increasing

distance from the apical tip of an elongating axis corresponds to an

increasing longitudinal strain (Fig. 2.1). Thus, the osmotic
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potential decreases as the tissue strain increases due to the uptake

of water resulting in the dilution of the cytoplasm and vacuole

formation.

The change in the extent of the biosynthetic reaction is equal

to the change in the mole number of the biomass. This occurs because

the stoichiometric coefficient of the biomass term is assigned the

value of one. The number of molecules of all other products and

reactants are, therefore, expressed in terms of the number partici-

pating in the biosynthesis of one "molecule" of biomass (Morowitz,

1978). Thus, the change with respect to the strain of the extent of

the biosynthetic reaction, d /dE, equals the change in the mole

number of biomass with respect to the strain. We do not wish to make

a substitution of this information into the equations of the energy

capacity term. Rather, we wish to use this fact to simplify the term

for the change of the extent of reaction with respect to strain. The

primary component of biomass produced during cell elongation is cell

wall material (Burstrom, 1974). As the tissue strain increases and

the initial cell wall is stretched, biosynthetic reactions continu-

ously add new wall material to the existing cell wall (Albersheim, et

al., 1977). As a result, the overall thickness of the plant cell

wall does not change with the increasing strain of plant elongation

growth. This suggests that there is a linear relationship between

the amount of cell elongation or tissue strain and the amount of cell

wall material synthesized. A method to express this linear relation-

ship is to set the change in the mole number of biomass with respect

to the strain equal to a constant. Equivalently, we may set the
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change of the reaction extent with respect to the strain equal to a

constant to give

dE/dE = a

where a is a positive constant relating the change of the reaction

extent with respect to the strain. The extent of the reaction,

therefore, increases as a linear function of the strain.

The Form of the Specific Energy Capacity

The strain-energy function, a 2(1/2 E2), is an implicit state-

ment of the relationship between the strain and the thermodynamic

potential energy. Since the thermodynamic potential energy, 2, is

defined as a function of the component potentials by equation (15),

this quadratic representation would in general apply to some or all

the component terms. We cannot, however, write an explicit expres-

sion for the component potential dependence on the strain in each

case, since we do not have adequate information on the behavior of

the turgor and osmotic potentials with increasing strain values. In

turn, we cannot explicitly describe the dependence of the thermo-

dynamic potential energy on the strain. We may, however, investigate

the strain dependence of the energy capacity, d2 /dE, and specific

energy capacity, y2, terms as applied to steady axial growth.

In order to investigate the nature of the dependence of the

specific energy capacity on the strain we require some insight into

the solution of the growth model, equations (12) and (13). The

equations of the growth model are nonlinear due to the implicit

dependence of the specific energy capacity, y2, on the strain, a

dependent variable of the partial differential equations. This
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nonlinearity, however, does not present a substantial difficulty in

our analysis of the nature of the term y2. The method of

characteristic (Whitham, 1974) provides a solution procedure for

nonlinear first order partial differential equations. This solution

procedure allows us to interpret the general form of the dependence

of y2 on the strain as applied to steady axial plant growth. The

essential feature of the method of characteristics is to form

characteristic curves given by the equation

dX/dt = y(E)

along which the total derivatives of the velocity and strain may be

integrated. This solution procedure mathematically has the effect of

propagating the velocity and strain values along the material coordi-

nate axis at a rate equal to y(E) cm s
-1

. We may clarify this point

by noting that the "energy" units of y(E) are Joules
1/2

g
-1/2

which

may be translated to "propagation" units of cm s
-1

. Consider the

case that E(X,t) increases monotonically with time for each location,

X > 0. This case is valid for plant growth as the tissue strain

increases as the individual cells along an axis elongate. If y(E) is

an increasing function of E(X,t), i.e. if y'(E) < 0, then as E(X,t)

of each point, X, on an axis increases with time, the slope of the

absolute value of the characteristic curves increase, from the above

equation, and eventually the characteristic curves intersect. This

produces a solution form for E(X,t) where the larger values of E(X,t)

propagate faster than the smaller values and the curve proceeds to

break over itself. The temporal progression of curves for E(X,t)
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resulting from y'(E) > 0 are given in Fig. 2.2a for times t1 < t

t
3.

Correspondingly, if y(E) is a decreasing function of E(X,t), i.e.

if y'(E) < 0, then as E(X,t) of each point, X, on an axis increases

with time, the slope of the absolute value of the characteristic

curves decrease and the characteristic curves progressively diverge.

This result produces a solution for E(X,t) where the smaller values

of E(X,t) propagate faster than the larger values and the curve lays

back.

The temporal progression of curves for E(X,t) resulting from

y°(E) < 0 are given in Fig. 2.2b for times t1 < t2 < t3. The

identical behavior is observed in the curves for V(X,t) when y(E) is

either increasing or decreasing. Experimental observation indicate

that neither of the situations depicted in Fig. 2.2a and 2.2b occur

in steady, axial plant growth. Instead, the strain curves are

propagated uniformly and maintain their similarity as depicted in

Fig. 2.2c. This situation represents the solution of the growth

equations by the method of characteristics where y°(E) = 0 and y is a

constant.

The solution of equations (12) and (13) provides two motions

which contribute to growth in an elongating axis. The first is the

displacement velocity of cellular elements given by V(X,t). The

velocity gives the rate at which elemental locations recede from the

apex projecting the tip forward in space. The second motion is given

by y which also has velocity units of cm s
-1

. The coefficient, y, is

the square root of the specific energy capacity of plant tissue

growth. The units of the specific energy capacity is Joules g
-1

, or

2 -/
cm s . Thus by the equation for the characteristic curves, the
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coefficient, y, equals the rate at which the velocity and strain

distributions propagate along the material coordinate axis.
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DISCUSSION

Several mathematical models have been constructed to explain

plant growth in terms of the internal physical properties of the

tissue and the basic postulates of mechanics (Lockhart, 1965; Grenetz

and List, 1973; Cosgrove, 1981; Plant, 1982). These models are

formulated on the basis of a force balance analogy with simple

mechanical systems. Force balance procedures result from the clas-

sical theory of Newtonian mechanics. The identification of all

forces creating motion in mechanical systems is generally accom-

plished by a direct system analysis. These forces perform work on

the mechanical system as determined by the resultant motion of the

system. By repeating this process for plant tissue, the apparent

force driving plant growth was identified as the turgor and the

motion was identified as cellular elongation. As we have discussed

in the INTRODUCTION section of this manuscript, the force balance

analogy is not entirely suited to plant growth analysis.

There is, however, another method for determining the work

performed on a system which also results in a motion of the system.

This method consists of examining the change of the energy status of

the system, and specifically, the change in the kinetic and potential

energies. Energy balance considerations in describing motion and

deformation in physical systems results from the theories of

analytical mechanics. The analytical mechanics methods are

cumbersome and not suitable to simple mechanical systems wherein the

forces are easily identified, However, these more complex methods

are preferred for the identification of the processes controlling
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motion in complex systems. It is for this reason we have adopted the

analytical mechanics approach to the analysis of plant growth.

The specific energy capacity term, y2 relates the change of the

thermodynamic potential energy of elongation growth with respect to

the strain. As we have shown previously, this term is also a math-

ematical measure of the propagation velocity of the dependent growth

variables along the material coordinate axis. We shall show in part

II of this series that the value of y2 influences the overall axial

growth rate given as the velocity at which mature cells recede from

the apical tip. Thus, increasing values of y2 relate to increasing

axial growth rates. We assume that the density term in the specific

energy capacity expression is approximately equal between plants and

tissues. Therefore, differences in the value of the specific energy

capacity between tissues relate to differences in the energy capa-

city, d2/dE, itself. The final expression in this manuscript for the

energy capacity of plant tissue growth is

d2 /dE = - N (112 /dE - N r(E) /[1 +E] + a (E p. v.). (23)

The magnitude of the energy capacity is the sum of three terms: the

change of turgor with respect to the strain, an osmotic potential

term, and the extent of the biosynthetic reaction. The extent of the

biosynthetic reaction is a positive term and is additive with respect

to the value of the energy capacity. Increasing values of the extent

of the biosynthetic reaction relate to higher biosynthetic rates with

increased rates of the consumption of reactant and the formation of

product. The apparent conclusion is that higher rates of
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biosynthesis correspond to larger values of the energy capacity and

higher axial growth rates. This conclusion is, however, not surpris-

ing and is indeed an axiom of growth processes.

In this analysis the osmotic potential, 7, is assigned a posi-

tive value. The osmotic potential term in equation (23), therefore,

subtracts from the value of the energy capacity. Increasing the

osmotic potential term results in a decrease in the energy capacity

and a decrease in the corresponding axial growth rate. In order to

relate this to the osmotic potential values in growing tissue we need

to consider a mean osmotic potential taken over all possible strain

values, termed, 7 . This mean value would correspond to a measured

value of osmotic potential when considering the elongation region as

a whole. Thus, an increasing value of r would result in a decreas-

ing value of the energy capacity and a reduced growth rate. Many

experimental studies have observed an increasing absolute value of

osmotic potential in tissues with decreasing growth rates (Matsuda

and Riazi, 1981; Meyer and Boyer, 1981; Michelena and Boyer, 1982).

It is, however, generally presumed that the osmotic solute accumu-

lation is a response to the decreasing growth rates of the tissue.

Equation (23) suggests that this causual relationship is reversed and

that osmotic solute accumulation serves to decrease the energy capac-

ity and hence the growth rate.

The turgor has been observed to either decrease (Prat, Vian,

Reis and Roland, 1977), increase (Westgate and Boyer, 1984) or remain

essietially constant (Cavalieri and Boyer, 1982) as a function of

distance along an elongation axis. An increasing distance along an

elongating axis corresponds to an increase in the longitudinal strain
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(Fig. 2.1). Thus, in terms of the experimental observations, the

change of turgor with respect to the strain in equation (23) may be

either positive, negative, or zero. Conceptual investigations of

plant growth argue that the cell wall initially loosens at small

strain values and then "hardens" approaching the maximum strain value

(Cleland, 1971; Taiz, 1984). This mechanical behavior suggests that

the cell wall stress, and the corresponding turgor value, initially

decreases and then increases with increasing strain. According to

these conceptual arguments, therefore, the change of the turgor with

respect to the strain would initially have a negative value then zero

and a positive value as the strain itself increases. By examining

equation (23) we note that at the tip of the elongation zone the

change of turgor term would contribute additively to the energy

capacity of the tissue and the growth rate. However, near the base

of the elongation zone, the change of turgor term would have a posi-

tive value and subsequently subtract from the energy capacity and the

growth rate.

The overall result of this analysis is that the biophysical and

biochemical events that regulate the water status of the tissue and

the biosynthetic reaction rate subsequently regulate growth. In

addition, the properties that control growth as identified in this

manuscript are not static variables but processes that are described

as derivatives with respect to a growth variable, the strain.

The energy balance methods of analytical mechanics are perfectly

suited to employ the recently developed continuum principles and

kinematic description of deformation as applied to plant growth (Silk

and Erickson, 1979; Gandar, 1983a,b). In addition, the energy
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balance considerations interface well with classical chemical

thermodynamic principles to relate energetic processes to biophysical

and biochemical properties of the plant tissue.

This process is, however, not exhaustive. That is, we have not

completely identified all biological processes that control growth.

Plant hormones strongly influence growth, yet the precise mechanism

of this action on the derivatives of the component potential values

has not been identified. In the case of the early response of tissue

to auxin, a connection between the biochemical processes involved in

this action and the change of the component potentials is apparent.

The extrusion of protons into the cell wall in response to auxin

creates a biochemical loosening of the cell wall (Taiz, 1984). A

less rigid cell wall exhibits a more rapid decrease in the turgor

with respect to the strain. This, therefore, would serve to increase

the sepcific energy capacity of the tissue and correspondingly, the

growth rate. Environmental stress such as temperature extremes and

water stress would most certainly influence the reaction extent and

water potential components either individually or in combination.

Environmental temperatures either greater than, or lower than

the biological optimum would adversely influence the rate of biochem-

ical reactions. This, therefore, would decrease the reaction extent

term and correspondingly the specific energy capacity for tissue

growth. Water stress decreases the supply of water to growing tis-

sues. The decreased amount of water in the tissue would serve to

concentrate the osmotic solute, increase the osmotic potential, and

again, decrease the specific energy capacity for tissue growth.

These qualitative speculations, however, require further experimental
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evidence to quantify the effects of biochemical and environmental

influences on plant growth.
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Figure 2.1. Curves of the displacement velocity and longitudinal strain

along the axis of an elongating plant tissue. The individual

curves coincide in this figure.
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Figure 2.2. The longitudinal strain curves along a coordinate axis by
the method of characteristics. (a) The result for y'(E) > 0. (b)
The result for 1,1(E) < 0. (c) The result for Y'(E) = 0.
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ABSTRACT

This manuscript describes the solution of a mathematical model

of axial plant growth based upon the conservation of biological

energy during deformation and the application of the model to root

growth. The mathematical expression for growth is given by a system

of coupled, first-order, partial differential equations in the

material coordinate system for the local tissue displacement

velocities, V(X,t), and the longitudinal tissue strain, E(X,t). The

coefficient of the equations is the specific energy capacity of

tissue growth. The coefficient value is found from the propagation

velocity of the dependent variables along the material axis, which is

equal to the rate of production of new cellular material at the

apical tip. The growth equations are solved in the material half-

space, X > 0, t > 0, by the method of characteristics. For the

applications presented here, the boundary conditions and the specific

energy capacity values are found from the steady state displacement

velocity and cell formation data of Erickson and Sax (1956b, Proc.
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Am. Phili. Soc. 100:499) and Goodwin and Avers (1956, Am. J. Bot.

43:479).

The model solution generates a dynamic description of axial

growth from steady state data and thus yields a more general descrip-

tion of growth. The theoretical spatial displacement velocities

accurately regenerates the steady state velocity measurements given

in Erickson and Sax (1956b) and Goodwin and Avers (1956). A compari-

son of the velocity curves in the material and spatial coordinate

illustrates the dynamic contribution to the elongation of an axis

from both cell division and cell elongation processes. The spatial

strain is employed to derive an equation for the distribution of cell

lengths along an axis. The equation for cell lengths precisely

states the contribution of cell division and cell elongation

processes to the pattern of cell lengths on an axis. A comparison of

the theoretical cell length curves to the experimental measurements

yields a justification and partial validation of the model by

accurately describing root growth data collected independently from

the input data to the model.



89

INTRODUCTION

Plant growth is characterized by the companion processes of cell

production and enlargement. In axial growth these fundamental

processes occur in essentially one dimension in the growth zone

located at the terminus of a longitudinal cell file. Cells produced

in the meristematic region of the apex divide and elongate until

their progeny pass through the growth zone and become mature cells.

In this manner growth produces a lengthening of the axis and a

pattern of increasing cell lengths along the axis away from the tip

(Green, 1976).

Early root growth studies (Goodwin and Stepka, 1945; Erickson

and Goddard, 1951; Erickson and Sax, 1956a, b; Goodwin and Avers,

1956) identify the displacement velocities of elemental locations

away from the apex and the pattern of cell lengths along the axis as

measures of axial plant growth. The displacement velocities are a

function of the cell elongation process alone, while the distribution

of cell lengths reflects the effects of both cell elongation and cell

division (Green, 1976). Characteristically, curves of these vari-

ables increase smoothly and sigmoidally from the apex to the base of

the growth zone. The continuity of these growth distributions sug-

gest that for the processes of plant growth the tissue behaves as a

continuum and growth is a deformation process (Erickson, 1976; Silk

and Erickson, 1979). Although the tissue is composed of discrete

entities, the composite is viewed as a mathematical continuum wherein

cellular properties are assigned to infinitesimal portions of the

growing tissue and the behavior of the individual cells is not
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considered. Thus, the plant tissue is treated as an organic entity

and its discrete cellular properties are only incidental.

The continuum hypothesis applied to plant tissue has renewed an

interest in the mathematical description of the motions of plant

growth (Salamon, List and Greuetz, 1973; Silk and Erickson, 1978;

Silk and Erickson, 1979; Gandar, 1983a,b). This is the study of

kinematics and describes the growth-induced deformation of the tissue

without reference to the participating forces. The study of growth

kinematics does not offer the means to mathematically simulate growth

since no reference is made to the energetics driving growth

processes. The utility of a growth kinematic study is that alternate

descriptions of the growth process may be performed depending upon

whether a spatial or material coordinate system is employed. In the

case of the spatial description, properties of the growing tissue are

specified according to a coordinate system fixed in space such that

the mature tissue appears motionless. This corresponds to the

classical view of growth where the apical tip is carried forward in

space. In the case of the material description, properties of the

growing tissue are specified according to their initial position such

that the newly formed and undeformed tissue appear motionless. Thus

in the spatial description tissue properties are given a positional

dependency while in the material description tissue properties are

given a particle or cellular dependency. The formulation of math-

ematical models of growth processes, as discussed in our previous

study (McCoy and Boersma, 198Xa), are most naturally given in the

material coordinate description.
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Burstrom (1979) argues that a mathematical description of growth

is incapable of providing a paradigm of the growth process. The term

paradigm in this case refers to knowledge or experience which guides

further experimentation. While this argument is true for the cur-

rently employed empirical descriptions of growth (Erickson, 1976;

Hunt, 1979) and the growth kinematic studies, it does not apply to a

physically based plant growth model where the fundamental processes

of growth are evaluated in terms of the input and use of biological

energy. The stimulus for the formulation of a bioenergetic plant

growth model is that biological processes exploit and may be

described by the physical laws of energetics. As such, the thermo-

dynamic coefficients arising from any such model would necessarily

possess biological significance and provide a deeper understanding of

the metabolic processes underlying growth.

We have formulated a mathematical model of axial plant growth in

a companion manuscript (McCoy and Boersma, 198Xb). The model formu-

lation is based upon the conservation of energy during the one dimen-

sional deformation of a continuum. The formulation procedure states

that the kinetic energy of growth by a tissue element results from

the work done by the thermodynamic potential energy of the tissue

element. The resulting equations of axial growth are

2 DE
aT

av DE

ax at

(1)
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where X and t are the material coordinate(cm) and time (s) respec-

tively, V = V(X,t) is the displacement velocity of an elemental

tissue location (cm s
-1

), E = E(X,t) is the longitudinal tissue

-1
strain (cm cm ), and y2 is the specific energy capacity of plant

tissue growth (Joules g
-1

). The energy capacity coefficient of the

equations is a property of the individual plant tissue and quantifies

the ability of the tissue to convert thermodynamic potential energy

into the kinetic energy of both growth and the flow of water for

growth (McCoy and Boersma, 198Xb). The purpose of this manuscript is

to illustrate the applicability of this model through a solution

corresponding to axial root growth and the validation of the model

with experimental data. The solution procedure consists of estimat-

ing the value of the energy capacity coefficient from cell formation

data, developing an expression for the boundary conditions that

correspond to available growth data, and employing the method of

characteristics to write the solution equations. The comparison of

the theoretical results of the model to experimental data is accom-

plished by converting, through kinematic principles, the material

coordinate solution of the model to a spatial coordinate solution,

and formulating an expression for the distribution of cell lengths on

a root axis from the spatial strain. A comparison of the experi-

mental velocities and cell lengths from two independent research

efforts with the theoretical velocities and cell lengths then pro-

vides the basis for a partial validation of the model.
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THEORY

An essential component of the mathematical description of tissue

deformation is the description of the spatial and material coordinate

systems which are employed in the subsequent analysis. Recently,

Gandar (1983a) presented an analysis of the kinematics of growth-

induced plant tissue deformation. He examined the theoretical basis

of the spatial (Eulerian) and material (Lagrangian, referential)

coordinate specification as applied to the growth process. In light

of this thorough treatment only a brief discussion of the correspon-

dence between particle motion, coordinate axes, and deformation will

be presented here.

In the one dimensional longitudinal deformation of a continuum

all particles move along parallel lines, and the motion is uniform in

planes normal to the direction of motion. If X is the location of a

material particle at time zero, then we may describe the particle

path by the equations

x = x(X,t), x(X,O) = X (2)

so that x is the position at time t of a particle that was initially

located at X. Let X(x,t) be the function of x and t obtained by

solving equation (2) for X. The result

X = X(x,t), (3)
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states that X is the initial location of the particle now (at time t)

positioned at x. For a continuous medium we postulate that x(X,t)

and X(x,t) are single valued and invertible functions that have as

many continuous partial derivatives as required for the analysis to

follow. The mapping of x = x(X,t) is called the material description

of particle motion where X and t are independent variables, thus

specifying X as not only the initial location but also a coordinate

axis. Alternatively, we may express particle motion in the spatial

description where X = X(x,t) and the independent variables are t and

the position x. The position x, therefore, represents a coordinate

axis as well (Gandar, I983a).

The displacement in the material description is denoted by

U(X,t) and in the spatial description by u(x,t) where

and

x(X,t) = X 11(X,t), (4)

X(x,t) = x - u(x,t). (5)

With this concept of particle paths and displacements we may define

the two variables that are basic to the description of growth. These

variables in the material description are the displacement velocity,

V(X,t), (cm s
-1

) and the longitudinal strain, E(X,t) (cm cm I). The

tissue displacement velocity, V(X,t), is given as the change of

displacement with respect to time, au(x,wat, or equivalently, from

equation (4), the velocity may be written x(X,t)/Dt where x(X,t) is
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the position of an elemental tissue location at time t. Addition-

ally, if adjacent tissue locations are differentially displaced such

that the distance between them changes during the course of their

motion, then the plant tissue will have deformed. The longitudinal

strain, E(X,t), is a measure of the deformation that occurs in a body

and is given by the instantaneous change of displacement with respect

to the sequential arrangement of tissue locations, au(x,t) /ax.

The growth model, equation (1), provides two motions that con-

tribute to growth in an elongating axis. The first is the displace-

ment velocity of cellular elements given by V(X,t). The velocity

gives the rate at which elemental locations recede from the apex,

projecting the tip forward in space. The second motion is given by

y, the square root of the energy capacity, which has units of

(Joule g
-1

)
1/2

or velocity units of cm s
-1

. This term mathematically

equals the rate at which the velocity and strain distributions

propagate along the material coordinate axis (Whitham, 1974; McCoy

and Boersma, 198Xb). Since the coefficient, y, is the square root of

the energy capacity, it is therefore related to the change of the

internal potential energy with respect to the deformation of the

plant tissue (McCoy and Boersma, 198Xb). We have not, at present,

made any assumptions of the nature of this relationship and do not

have estimates of the value of y from direct local measurements of

bioenergetics in plant tissue. We may, however, estimate the value

of y as applied to steady axial growth from the mathematical meaning

of the coefficient. The time invariant pattern of cell lengths along

an axis undergoing steady growth implies that the formation of new

cellular material at the apex occurs at the same rate as the rate of
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propagation of the velocity and strain distributions through the

tissue. If this were not true, the mature cell lengths would

progressively increase or decrease behind the elongation zone (McCoy

and Boersma, 198Xb). We may, therefore, estimate y by the product of

the rate of cell division and the length of newly formed meristematic

cells due to the equivalance of the formation of new cellular

material at the apex and the propagation of the velocity and strain

distributions. This does not imply that we, at present, understand

the mechanism whereby the energy capacity of the tissue influences

cell division processes. Instead, we have employed the mathematical

meaning of the equation coefficient to estimate the energy capacity.

Model Solution and Application

The solution of the axial plant growth model, equation (1),

requires estimates of the value of y and initial and boundary data

for the specific application. The data we employ in the application

presented here are taken from the root growth studies of Erickson and

Sax (1956b) and Goodwin and Avers (1956). These studies represent

the most detailed and complete record of axial plant growth in terms

of the displacement velocity, the cell lengths and cell division.

The data of Erickson and Sax (1956b) comes from their Table 4 and

represents the mean of five growth records for Zea mays (L.) roots.

The data of Goodwin and Avers (1956) comes from their Tables 1 and 2

and represents the growth record of a single Phleum pratense (L.)

root designated as 418. At this point we employ velocity units of mm

h
-1

, strain units of mm mm 1, and cell length units of pm for

consistency with the experimental results.
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The first step in this analysis is the estimation of the value

of the equation coefficient, y, from the rate of cell formation per

cell file multiplied by the length of the newly formed meristematic

cells. The rate of cell formation per file for the Zea roots was

found by first calculating the rate of total cell formation. This

value was obtained by numerically integrating the increase in the

total cell number given in column 7, Erickson and Sax (1956b), as a

function of distance along the root. The rate of increase in the

number of cell files was similarly calculated by numerically inte-

grating the increase in the number of cell files given in column 9,

Erickson and Sax (1956b), as a function of distance along the root.

The rate of cell formation per file was then obtained by dividing the

total rate of cell formation by the rate of increase in the number of

cell files. This yields the rate of cell formation of 7.16 h
-1

per

file for Zea roots. The value of y was calculated by multiplying

this value by the minimum cell length of 0.18 mm given in column 11,

to yield y = .129 mm h1 for the Zea roots. The rate of cell forma-

tion of Phleum root #18 of 1.96 h
-1

was taken from Table 2 of Goodwin

and Avers (1956). Multiplying this value by the minimum cell length

of .0085 mm given in Table 1 column f, yields a value of y =

.0167 mm h
-1

for Phleum root #18.

The model given by equation (1) describes the growth of a root

axis in the half-space X > 0, t > 0. The initial condition required

for the solution is given by F(X,O) = 0 which states that the medium

is initially undeformed. The root tip is, however, physically posi-

tioned at X = 0 for t = 0 and, as such, there is no plant material

initially present in the X > 0 domain. The initial condition we
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employed here corresponds to constructing a hypothetical, infinite

file of unexpanded cells preceding the tip into which growth may

occur. This hypothetical cell file preceding the root tip allows for

the continual formation of cells at the apex by the propagation of

the velocity and strain curves through this region. The boundary

condition required for the solution is an equation specifying the

displacement velocity with time for the tissue initially located at X

= 0. This velocity equation is found by fitting a form of the

generalized logistic equation (Richards, 1959) to data of the rate of

displacement of a particle from the tip for the Zea and Phleum roots.

The procedure for obtaining data of the rate of the displacement

velocity of a tissue location from the tip as a function of time is

given in Erickson and Sax (1956a) in the construction of their

Fig. 9. The form of the generalized logistic equation resulting from

this analysis is given by

V(t) = V
m

{1 + bexp[-k(t-20)]
}`1/6

where V
m

is the maximum tissue velocity equal to 1.75 and

.315 mm h
-1

b is equal to .0159 and .009, and k is equal to 2.396

(6)

and 3.30 for the Zea and Phleum roots respectively. The curves of

V(t) at X = 0 for the Zea and Phleum roots are given in our Fig. 3.1,

where the data points are the values calculated from Erickson and Sax

(1956b) for Zea mays and from Goodwin and Avers (1956) for Phleum

pratense. The solid line in Fig. 1 is the fit of the generalized

logistic equation to the data. The information required to solve the

system of equations (1) is complete and the solution procedure is



provided by the method of characteristics (Whitham, 1974) which

yields the solution equations for the material velocity and strain

given as

and

V(X,t) = Vm 11 + bexp[-k(t-20-X/y)]1-1/6

99

(7)

E(X,t) = V(X,t)/y. (8)
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RESULTS AND DISCUSSION

Root Growth in the Material Coordinate

Axial plant growth is characterized by a sigmoidal increase in

the displacement velocities of elemental cell locations away from the

apex. The velocity curve represents the process of cell elongation.

The theoretical velocity curves for the Zea and Phleum roots are

obtained by solving equation (1) with the appropriate initial and

boundary conditions. The solutions given by equation (7) are pre-

sented (Fig. 3.2) in material coordinates and the individual curves

correspond to times of 15, 20, and 25 h. The curves showing the

velocity as a function of time at X = 0 are also given. These repre-

sent the segment of the boundary condition curves between 15 and 25

hours. The material locations of the root tips indicated by vertical

arrows are found from the product, rt. The material locations of

the Zea root tip are 1.935, 2.58 and 3.225 mm for 15, 20 and 25 h

respectively; while the material locations of the Phleum root tip are

0.2505, 0.334 and 0.4175 mm for 15, 20, and 25 h respectively. These

locations correspond to the material position where the theoretical

velocity values equal V(0) from the boundary conditions. The

material locations of the interface between the elongation and

maturation regions are given by the position where the displacement

velocities attain their maximum values. This interface is located at

X = 0 for t = 20 for both the Zea and Phleum roots.

The material coordinate specification assigns velocity values to

the initial location of the cells produced at the apex and, there-

fore, the deformation of the tissue resulting from growth is not
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depicted visually. This coordinate specification enables us to

evaluate the elongation process on a cellular basis since the tissue

locations do not move from their initial location. We may, there-

fore, examine the displacement velocity as a function of time for the

individual cellular locations by comparing the velocity values for

15, 20 and 25 h at a single point on the material coordinate axis.

The theoretical velocity curves presented in material coordinates are

highly skewed (Fig. 3.2). Correspondingly, the temporal displacement

velocity of an individual cell or location on the material axis is

similarly skewed. The physiological significance of these skewed

distributions is that elongation of an individual cell occurs expo-

nentially with time to a maximum value and then elongation rapidly

ceases (Burstrbm, 1974). The propagation of this process along the

material coordinate axis by the formation of new cell material at the

apex produces the skewed velocity curves as a function of distance

along the axis.

The propagation of the displacement velocity curves along the

material coordinate axis (Fig. 3.2) proceeds at rates equal to

y mm h
-1

given as .129 and .0167 mm h
-1

for the Zea and Phleum roots

respectively. As the values of y for these roots were determined

from the rates of cell division multiplied by the length of newly

formed meristematic cells, the velocity curves propagate at rates

equal to the rates of formation of new cellular material at the root

apex. This view compresses the meristematic region to a point and

assigns the activity of cell formation to the extreme tip of the

root. Experimental measurements of meristematic processes in these

same root apices (Erickson and Sax, 1965b; Goodwin and Avers, 1956)
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indicate that the meristematic zone occurs from the tip to 3.0 and

0.4 mm behind the tip for the Zea and Phleum roots respectively.

Furthermore, meristematic activity is normally distributed within

this zone and, therefore, maximum rates of cell division occur a

small distance behind the root tip. By asssigning all meristematic

activity to the root tip, the distribution of the meristematic pro-

cesses is simplified in the model. This, however, compromises the

theoretical validity of the model only in the region from the mid-

point of the meristematic zone to the tip, and the description of the

primary elongation processes is unaffected.

The longitudinal strain is a measure of the axial deformation of

the root and is the second variable resulting from the solution of

the growth model, equation (1). The strain represents the "stretch-

ing" of the tissue resulting from the elongation process. The

activity of longitudinal cell enlargement is accompanied in the cell

walls by the cleavage of the carbohydrate framework and insertion of

new carbohydrate molecules in the wall (Albersheim et al., 1977;

Maclachlan, 1977). The thickness of the cell wall along the axis

remains approximately constant (Burstr5m, 1979). Therefore, the

longitudinal strain does not represent a stretching of the cell wall

itself but instead represents the separation of the cellular end

walls at an individual location on the material axis. The longi-

tudinal strain for the Zea and Phleum roots at 20 h (Fig. 3.3) are

found from equations (7) and (8). A set of curves for a single time

is presented since the tissue strain propagates along the material

axis in a similar fashion as the velocity. The location of the root

tip at 20 h is indicated by the vertical arrow. The longitudinal
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strain is defined from equation (8) as the velocity divided by the

rate of formation of cellular material at the apex and exhibits the

effects of both the cell elongation and cell division processes. The

values of the maximum velocity, Vm, at which the tissues of the

maturation region recede from the tip are given as 1.75 and

.315 mm h
-1

in the Zea and Phleum roots, respectively. Thus, the

maximum velocity in the Zea root is 5.56 times that in the Phleum

root. Correspondingly, the values of y are calculated as .129 and

.0167 mm h
-1

for the Zea and Phleum roots, respectively, with y of

the Zea root 7.72 times that of the Phleum root. The maximum strain

of the mature tissues is given by V
m
/y or 13.57 and 18.86 mm mm

1
in

the Zea and Phleum roots, respectively. The values of the maximum

strains of the two plant species are therefore much closer relative

to the values of V
m

and y, with the maximum strain in the Zea root

0.719 times that in the Phleum root. For most plants, mature cell

lengths are approximately 15-fold greater than the meristematic

cells. This constancy of the increase in cell lengths irrespective

of the various cell elongation and cell division rates is analogous

to the similarity of the maximum tissue strain values for the Zea and

Phleum roots. This similarity of the mature tissue strain as

compared to dissimilar velocities and values of y suggests that the

maximum tissue strain may represent a "set point" which is approxi-

mately the ame in all plants and the process of cell elongation

(represented by V(X,t)) and cell division (represented by y) respond

to this set point. We will return to this topic in the CONCLUSIONS.
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Root Growth in the Spatial Coordinate

The displacement velocity data of Erickson and Sax (1956b) and

Goodwin and Avers (1956) are given in spatial coordinates. To

compare the model results with the experimental data we must find the

spatial displacement velocity given by v(x,t). This is accomplished

in three steps. First we must integrate the material velocity with

respect to time to recover an expression for the current position of

the location of each tissue element as a function of its initial

position and time, to yield

t

x(X,t) = X - f V(X,t) dt.

0

(9)

Equation (9) may also be employed to obtain the spatial position of

the root tip as a function of time. This is accomplished by setting

X in this expression equal to yt since this product specifies the

material location of the root tip on the X coordinate for all times

t>0. The second step to obtain the spatial velocity, v(x,t), is to

invert x(X,t) numerically, in this case by the secant method, to

yield the value of the initial location as a function of the current

position, X(x,t). Finally, these values are used in equation (7),

the expression for the material velocity, to recover the values of

the spatial velocity according to the equivalence, v(x,t) =

V[X(x,t),t] (Gandar, 1983a).

The theoretical spatial displacement velocities and the experi-

mental measurements are given in Fig. 3.4 for the Zea and Phleum
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roots. The positions of the root tips are indicated by the vertical

arrows. The spatial coordinate system allows the visualization of

the deformation of the tissue, and the comparison of the theoretical

displacement velocities of the growth model to experimental measure-

ments along a growing axis. The experimental data are taken from

Erickson and Sax (1956b) Table 4 and Goodwin and Avers (1956) Table 1

and are presented as the data points.

In the spatial coordinate specification, the position of the

individual cellular elements are displaced through the growth zone

such that a spatial coordinate position, x, in the growth zone does

not correspond to an individual cellular element for all times. This

is the essential difference between the material and the spatial

coordinate specification. As discussed by Erickson and Sax (1956a),

the placement of experimental data of processes occurring along a

root axis is arbitrary. In this work the experimental data are

positioned by locating the root tip at the point given by x(y.20,20)

corresponding to the theoretical total elongation of the axis at

20 h. These data points, therefore, are directly comparable to the

theoretical velocity curve at 20 h. The positioning of the experi-

mental data at an arbitrary position on the spatial coordinate axis

represents an improvement over fixing the coordinate origin at the

root tip for all times (Salamon et al., 1973). This allows for both

the comparison of the data with the results of the growth model and

an illustration of the dynamics of root growth resulting from the

solution.

The spatial velocity curves are in close agreement with the data

for both the Zea and Phleum roots at 20 h. The theoretical curve for
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the Zea root slightly underestimates the measured velocity while the

theoretical curve for the Phleum root slightly overestimates the

measured velocity. The underestimation of the Zea curve results from

the slight underestimation of the fit of the generalized logistic

equation to the boundary data approaching 20 h (Fig. 3.1). The

overestimation of the Phleum curve results from the slight overesti-

mation of the fit of the generalized logistic equation to the

boundary data approaching 20 h (Fig. 3.1). An alternative equation

for the boundary condition that employs more parameters would have

provided a better fit to the experimental boundary data than the

generalized logistic equation. We chose to employ this relationship

because of its wide acceptance in plant growth studies. Furthermore,

for the Zea root the divergence of the velocity curve from the data

occurs primarily from the midpoint of the elongation zone to the

base, while the divergence for the Phleum root occurs primarily from

the midpoint of the elongation zone to the tip, a phenomenon that is

not exhibited in the fit of the boundary data. Overall, the growth

model accurately regenerates the experimental spatial velocity data.

The conversion from material to spatial coordinates represents a

substantial alteration of the displacement velocity curves. In

material coordinates (Fig. 3.2) the velocity curves are compressed to

a region of 2.5 and 0.33 mm for the Zea and Phleum roots, respec-

tively, and are highly skewed. In the spatial description (Fig. 3.4)

the growth zones range over 9.6 and 1.3 mm for the Zea and Phleum

roots, respectively, and are nearly symmetric. The conversion from

material to spatial coordinates in the model results from equation

(9) and knowledge of the material displacement velocity, V(X,t) of
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the deformation process. The ability of the model to perform this

conversion and the subsequent fit of the model to the experimental

data provides confirmation of the validity of the material descrip-

tion of growth given in Figs. 3.2 and 3.3.

The Dynamic Contribution to Growth of Cell Elongation and Division

The dynamics of the spatial description of growth as compared

to the material description is illustrated by comparing the progres-

sion of the velocity curves between 15 and 25 h in Fig. 3.2 and

Fig. 3.4. This comparison is employed to examine the contributions

to growth by cell division and cell elongation processes from the

time of initiation to the establishment of steady state root elonga-

tion. At 15 h the primary mechanism of increasing root length is

cell division. This observation is made using two methods. First,

the displacement velocity of root tissue initially located at the tip

at 15 h (Fig. 3.1) is much less than the maximum velocity in both

roots, indicating that elongation processes have developed only

slightly. Second, the position of the root tip given in the material

and spatial coordinate specification is compared. The propagation of

the velocity curves along the material axis occurs through cell

division processes alone while the propagation of the velocity curves

along the spatial axis occurs from the combination of cell division

and elongation. Therefore, the relative contribution of cell

division and enlargement to the overall growth process at a given

time may be ascertained by comparing the position of the tip in these

two coordinate systems we may ascertain. At 15 h the root tips in

the material coordinate are at 1.94 and 0.25 mm from the origin and
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in the spatial coordinate are at 3.10 and 0.33 mm from the origin in

the Zea and Phleum roots, respectively. Thus, at 15 h 62.4 and 77.1

percent of the growth is due to cell division for the Zea and Phleum

roots, respectively.

After 20 h the displacement velocity of tissue initially located

at the tip has reached its maximum value (Fig. 3.1). A comparison of

the positions of the tips in both the material and spatial coordinate

indicates that at this time the contribution of cell division to root

length growth has fallen to 26.3 and 25.1 percent for the Zea and

Phleum roots respectively. Correspondingly, after 25 h the process

of cell elongation has continued at its maximum rate for five hours

and the percentage of the overall root length due to cell division

has further fallen to 16.8 and 13.8 percent in the Zea and Phleum

roots. These values asymptotically approach the ratio y/Vm, given as

7.4 and 5.3 percent for the Zea and Phleum roots. This ratio gives

the contribution at steady state growth of cell division vs. cell

elongation to the overall root growth. These techniques, therefore,

provide a precise numerical evaluation of the relative contribution

of cell elongation and cell division during root growth.

Green (1976) argues that axial growth analyses should not employ

the concept that cell division and cell enlargement are alternate

modes of generating length in axes. The basis for this argument is

that cell division is associated with an increase in cell length

between mitoses and, therefore, the processes of elongation and

division overlap. The overlapping of these processes thus removes

the length units from cell division and assigns all length units to

cell elongation rendering these two processes as quantatively
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noncomparable. The analysis we present here retains the length units

in the cell division processes (given by y mm h
1
) and describes

precisely how cell division contributes to increasing the length of

an axis. Although we have simplified meristematic activity by

assigning all activity to the root tip, the concept that cell divi-

sion acts to increase length in an axis through the propagation of

the growth variables V(X,t) and E(X,t) along the material coordinate

axis is valid and would remain in a more complete description.

Furthermore, since the process of cell elongation does not distort

the material axis, cell division and cell elongation do not overlap.

Therefore, the use of the material and spatial coordinate system in

the description of axial growth precisely defines the relative con-

tribution of cell division and cell elongation to the generation of

length on an axis in a manner that does not overlap the processes and

retains the means for quantitative comparison.

The Pattern of Cell Lengths on an Axis

The experimental velocity data were employed to generate the

boundary conditions of the model. Therefore, it may not appear

remarkable that the theoretical displacement velocity curves fit the

experimental data, since the boundary conditions that drive the

equations came directly from the same experimental velocity

distributions. To provide at least a partial verification of the

model, the spatial description of the tissue strain, e(x,t) =

E[X(x,t),t], is employed to obtain an expression for cell lengths. A

comparison of the theoretical cell lengths from the model with the

experimental cell length data of the Zea and Phleum roots then



110

provides this verification of the model since cell length

measurements are independent of the velocity distribution. As dis-

cussed previously the strain is a measure of the deformation that

occurs in plant tissue during growth. The longitudinal strain is

defined as the change of displacement, U(X,t), between two adjacent

tissue locations with respect to their initial separation. This

concept is used to derive a relationship between the individual cell

lengths and the tissue strain along an elongating axis. This is

accomplished by differentiating equation (4) with respect to the

material coordinate, X, and noting that ax(X,t)/9X = L/ko and

au(x,t)/ax = E(X,t). Then converting to spatial coordinates using

e(x,t) = E[X(x,t),t] we obtain the relation

gx,t) = ko (1 + e(x,t)) (10)

where k(x,t) is the distribution of cell lengths (pm) and to is the

length of an undeformed newly formed cell (pm). The values of to are

the same as employed in the procedure to estimate the value of y.

The spatial strain distribution, e(x,t), is found from the materia-

strain distribution, E(X,t), in an identical manner as the conversion

of the material velocity distribution, V(X,t), to the spatial velo-

city distribution, v(x,t). Therefore, we may also write the equation

for cell lengths as

gx,t) = to (1 + v(x,t)/y) (11)
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Equation (11) defines precisely the contribution of cell elongation

and cell division processes to the pattern of cell sizes along an

axis as discussed by Green (1976). The term for the velocity is due

to elongation processes alone and the value of y is given from infor-

mation of cell division alone. It is also interesting to note that

this relationship depends upon the processes of cell elongation and

cell division having equivalent units of mm h 1.

The theoretical cell lengths at 20 h (Fig. 3.5) given as £(x,20)

are calculated from equation (11) and plotted as the solid line. The

position of the root tip is indicated by the vertical arrow. The

data points are the experimental measurements of cell lengths for the

Zea and Phleum roots positioned on the spatial coordinate axis

(Fig. 3.5) in a manner identical to the experimental velocity data.

The cell length was determined'independently from the velocity data

in the experiments of root growth of Erickson and Sax (1956b) and

Goodwin and Avers (1956). Therefore, the comparison of the cell

length curves from equation (11) and the experimental data provides

an independent verification of the ability of the model to describe

longitudinal growth in terms of the velocity and cell length distri-

butions.

The cell length data for the Zea root represents the mean of

five individual roots and was determined from direct measurements of

median, longitudinal sections of 1 mm root segments with 50 cells

measured for each 0.1 mm length increment (Erickson and Sax, 1956b).

This large sample population shows a close fit to the simulation

throughout most of the region of elongation. The theoretical curve,

however, diverges from the data in the region of maximum cell
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elongation, giving an overestimation of the cell lengths relative to

the data. Mature roots display a wide range of cell lengths

depending upon the individual tissue considered (Burstrbm, 1979).

The experimental value of mature cell lengths for the Zea root

represents the mean value for the total root population whereas the

theoretical curve represents the length of cells required to provide

contiguous support. The experimental cell length values represent

the most numerous cell type, the cortical cell. Yet, root cortical

tissue contains intercellular spaces which result from the cortical

cells ending their elongation phase while other root tissues continue

to grow (Burstrbm, 1979). As such, the experimental cell length data

would be expected to underestimate the cell length required to pro-

vide root support. Thus, the curve predicts a more reasonable

maximum cell length for the supporting tissues.

The theoretical cell length curve for the Phleum root does not

provide as satisfactory a fit to the data as that for the Zea root.

The curve overestimates the data from the midpoint of the elongation

zone to the tip in a similar fashion as the the spatial velocity

distribution (Fig. 3.4). The theoretical curve also underestimates

the experimental data as the root tissues mature and the cells

approach maximum elongation. The experimental cell length data for

the Phleum root was determined from direct microscopic observation of

epidermal cells on an individual root. The sample size, although not

specified in the original research, was apparently rather small.

Although the epidermis represents a contiguous tissue, there is a

high variability of mature cell sizes within this tissue since the

tissue differentiates into long atrichoblasts and short root hair-
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forming trichoblasts (Goodwin and Avers, 1956). This large varia-

bility and small sample size offers a possible explanation for the

inability of the theoretical results to more closely estimate the

mature cell lengths.

In both cases, the minimum cell lengths determined experi-

mentally occur slightly behind the root tip. The maximum rate of

cell division occurs at this same position on the root and the rate

of cell division decrease uniformly in either direction from this

point (Erickson and Sax, 1956b; Goodwin and Avers, 1956). The model

employed in this analysis assigns all cell division activity to the

tip. This results in the theoretical cell length curve reaching its

minimum value at the tip. As such, the model may only adequately

describe cell length information from the region of maximum cell

division, through the elongation zone, to the mature tissues.
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CONCLUSIONS

This manuscript describes the solution and application of a

mathematical model of longitudinal plant growth using the root growth

data from Erickson and Sax (1956b) and Goodwin and Avers (1956). The

model provides the transient description of steady growth in terms of

the tissue displacement velocities, the tissue strain and the dis-

tribution of cell lengths. The model also gives the precise physical

connection between irreversible tissue deformation (growth) and the

processes of cell elongation and cell division. Finally, the model

provides a physically based mechanism for examining the relationships

between the tissue kinetic and potential energies as related to

growth.

The term y2 is designated the specific energy capacity for plant

tissue (McCoy and Boersma, 198Xb). This term may be thought of as

the capacity for internal potential energy release by plant tissue

for irreversible deformation. In this analysis we have demonstrated

that the energy capacity is constant for steady growth with values of

1.28 x 10
-18

and 2.15 x 10
-20

Joule g
-1

tissue for the Zea and Phleum

roots respectively. When the energy capacity values are constant

during steady growth, there is a linear relationship between the

internal thermodynamic energy of the plant tissue and the irrevers-

ible deformation strain of growth for these root tissues. In addi-

tion, the slope of this linear relationship is apparently different

for individual plant species since the tissue density is approx-

imately constant between species. It is, therefore, interesting to

examine the relationship between the rate of internal energy change
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as reflected by the value of y given in the velocity units, and the

maximum tissue displacement velocity, Vm, since this value is the

major component of the overall elongation rate of an axis. The

values of y and V are equal to .129 and 1.75 mm h
-1

and 0167 and

.315 mm h
-1

for the Zea and Phleum roots respectively. In both cases

the larger value of y is associated with the larger value of Vm.

This implies that the energy capacity for plant tissue may play a

role in the rate of elongation of an axis and in plant growth.

Another way to examine this concept is by rearranging equation (8) to

give an expression for the maximum tissue velocity, Vm = yEm, where

E
m

is the maximum tissue strain. As we have discussed earlier, the

maximum tissue strain is roughly constant for many plants and there-

fore, the large differences in the maximum velocity values observed

between the two plant roots in this study are a consequence of the

differences in the values of y. That is, the overall rate of elonga-

tion of an axis is controlled by maximum deformation allowed by the

physical processes of cell elongation and the rate of internal energy

change with deformation. Since the values of Em are approximately

the same among the two plants in this study, then the differences in

V
m

are a response to the differences in the rate of internal energy

change with deformation. The result is that plants that are able to

release internal energy more readily consequently grow faster.
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Figure 3.1. The boundary condition data for Zea mays and Phleum
pratense roots employed in the solution of the axial root growth

model. The data points were calculated from the measurements of
Erickson and Sax (1956b) and Goodwin and Avers (1956) for the Zea
and Phleum roots respectively. The solid lines are calculated
from equation (6) and represent the generalized logistic equation
fit of the data.
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Figure 3.2. The material displacement velocities of elemental cellular
locations for the Zea and Phleum roots at 15, 20, and 25 h. The

curves represent the solution of the axial root growth model and

are calculated from equation (7). The boundary condition, V(t),

from 15 to 25 h is calculated from equation (6) and plotted at X =

0. The vertical arrows indicate the locations of the root tips for

15, 20, and 25 h.
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Figure 3.3. The material strain of elemental cellular locations for the
Zea and Phleum roots at 20 h. The curves represent the solution
of the root growth model and are calculated from equations (7) and
(8). The vertical arrows indicate the location of the root tips at
20 h.
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Figure 3.4. The spatial displacement velocities for the Zea and Phleum
roots. The solid lines are the theoretical results of the root
growth model at 15, 20, and 25 h. The data points are the
experimental measurements of Erickson and Sax (1956b) and Goodwin
and Avers (1956) for the Zea and Phleum roots respectively, and
correspond to the solid line at 20 h. The vertical arrows
indicate the position of the root tips at 15, 20, and 25 h.
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Figure 3.5. The cell lengths of Zea and Phleum roots as a function of
distance along the root axis at 20 h. The solid lines are the
theoretical results from equation (11). The data points are the
experimental measurements of Erickson and Sax (1956b) and Goodwin
and Avers (1956) for the Zea and Phleum roots respectively. The
vertical arrows indicate the position of the root tips at 20 h.
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4. THE BIOENERGETICS OF AXIAL PLANT GROWTH

III. THE PENETRATION OF SOIL BY ROOTS

E. L. McCoy and L. Boersma

Department of Soil Science, Oregon State University

Corvallis, OR 97331, U. S. A.

Recently (McCoy and Boersma, 198Xa), we derived a mathematical

model of axial plant growth based upon the continuum mechanics

principles of energy conservation in a deformable body. The formula-

tion commences with a statement of the work-energy principle (Lin and

Segel, 1974) that describes the time rate of change of kinetic and

thermodynamic potential energies in a material interval of plant

tissue. The model assumes that there are no external forces acting

on the tissue. The derivation result is a first order, partial

differential equation for the displacement velocity and longitudinal

strain as a function of distance along the axis and time. The model

formulation also demonstrates that the derivatives with respect to

the strain of the turgor, osmotic potential, and extent of the bio-

synthetic reaction for biomass production each contribute to either

increase or decrease the elongation rate. Thus, these properties of

the tissue control axial growth in the absence of external mechanical

impedance.

There is much interest in the effect of mechanical impedance on

the penetration of soil by roots (Feldman, 1984). Mathematical

studies of root-soil interactions have examined, 1) the forces

required to penetrate the soil and the subsequent soil displacement
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patterns using both a deterministic (Farrell and Greacen, 1966;

Greacen, Farrell and Cockroft, 1968; Whiteley and Dexter, 1982;

Whiteley and Dexter, 1984), and stochastic (Dexter, 1978; Hewitt and

Dexter, 1979) approach; and 2) the internal properties of the root in

response to soil mechanical impedance (Greacen and Oh, 1972). Our

concern is the response to mechanical impedance of root growth. The

analysis of Greacen and Oh (1972) assumed that the root elongation

rate was proportional to the root cell turgor pressure. The ability

of the root to overcome the mechanical resistance and Penetrate the

soil was, therefore, attributed to osmotic adjustment that raises the

internal cellular pressures.

The analysis of our recent model of axial growth (McCoy and

Boersma, 198Xa) and the experimental study of Quisenberry, Cartwright

and McMichael (1984) concluded that osmotic solute accumulation is

associated with decreased growth rates. In addition, an increased

rate of change of turgor with respect to the strain and not the

turgor value itself was associated with increased growth rates. This

suggests that an alternate analysis of root penetration of soil is

warranted. Our purpose is to employ the continuum approach and the

theories of analytical mechanics to derive a statement of the axial

growth of roots in soil and to specifically examine the effect of

soil mechanical resistance on the internal properties of the root.

We will employ a completely one dimensional analysis and assume that

the increase in root radius in response to mechanical impedance is

secondary relative to the decreased axial elongation rate.

For a completely one dimensional analysis, consider an arbitrary

material interval of root tissue [A,B]. Suppose there is an external
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force per unit root cross sectional area acting on the interval given

by T(X,t) Joule cm 3. This external force results from the soil

resistance to penetration. The time rate of change of internal work

from the external force, T, is given by (Lin and Segel, 1974)

dW/dt = f T(X,t) V(X,t) dX
A

where X is the material coordinate (cm), t is time (s), W is the

internal work from the external force (Joules cm 2), and V(X,t) is

the displacement velocity of tissue growth. The external force

produces an internal stress on the cell wall matrix of the tissue.

The expression for the internal stress from the external force is

given by

(1)

T = a[(1N) T(X,t)liqX (2)

where N is the symplastic volume fraction (cm
3

cm 3), and T(X,t) is

the internal stress from the external force (Joules cm
-2

). We assume

N is a constant throughout the growth zone at the root apex (McCoy

and Boersma, 198Xa). Thus, substituting (2) into (1) yields

dW/dt = (1-N) f aT/ax V dX.
A

(3)

From a generalized form of Rooke's law we may write a proportionality

between the stress from the external force and the longitudinal

tissue strain, E(X,t). This relationship is given implicitly by T =
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T(E). By applying this proportionality to (3) using the chain rule

we recover

dW/dt = (1-N) J dT/dE aE/ax V dX.
A

(4)

Equation (4) states that the total change in the work of the external

force is given by the product of the change of stress with respect to

the strain, the gradient of the strain, and the displacement

velocity.

The work-energy principle for one dimensional deformation (Lin

and Segel, 1974) states that the change of the kinetic and potential

energies of the system is equal to the work done on the system by the

external force. We have previously (McCoy and Boersma, 198Xa)

employed this relation for the description of axial growth in the

absence of work from an external force. To include the soil resis-

tance into this formulation we subtract the expression for the work

of the external force (equation (4) above) from equation (10) of

McCoy and Boersma (198X) to yield

Pt I V aV/at dX - dn/dE f V aE/ax dX - dn/dE E V
A A

- (1-N) dT/dE
J
V aE/ax dX

A

24'

A

(5)

where P
t
= [(1-N) P + (1-N)'/N Pw] is a tissue density term (g cm 3)

with P the density of the cell wall (g cm 3) and P
w

is the density of

water (g cm
-3

), and n is the thermodynamic potential energy of the
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tissue (Joules cm 2). The first term on the left hand side is the

expression for the change of kinetic energy and the remaining terms on

the left hand side are the expressions for the change of potential

energy in the absence of external forces. The term on the right hand

side is the expression for the rate or working of the external force.

We assume that all terms under the integral are continuous with respect

to the material coordinate. Therefore, in the limit as the interval

[A,B] vanishes, and after dividing through by PtV and rearranging

equation (5) becomes

av/at = [d2/dE - (1-N) dT/dE] /Pt aE/ax. (6)

The model is completed by including a statement for the equivalence

of the material derivative of the velocity and the time derivative of

the strain (McCoy and Boersma, 198Xa), written as

av/ax = ;vat. (7)

Equations (6) and (7) describe the axial growth of a root subjected

to the mechanical impedance of the soil.

The effect of mechanical impedance on root elongation may be

examined by considering an equation for the maximum tissue displacement

velocity, Vm, as a function of the maximum tissue strain, Em, and the

coefficient term of equation (6). This expression results from a the

solution of equations (5) and (6) and is given by (McCoy and Boersma,

198M)



V
m

= [dP/dE (1-N) dT/dE] /P E .
t m

129

(8)

Equation (8) indicates that the maximum velocity of tissue growth is

controlled by the change in the thermodynamic potential energy and

the change in the tissue stress from the external force, both with

respect to the tissue strain. The maximum tissue strain, Em, is

proportional to the mature cell length divided by the immature, newly

formed, cell length of a contiguous cell file in an elongating axis

(McCoy and Boersma, 198Xb). While the soil mechanical impedance may

influence this ratio, to a first approximation we shall assume that

E
m remains constant irrespective of the external force acting on the

root. In this case, the term d2 /dE contributes to the velocity and

the term (1-N) dT/dE subtracts from the velocity.

The magnitude of the term dT/dE is a function of the ability of

the tissue to counteract the external force. If the work of the

external force is absorbed by the elongating tissue, then the stress

will change to a greater degree with respect to the strain and the

term dT/dE will be large. If the work of the external force is

transmitted through the elongating tissue, then the stress will

change to a lesser degree with respect to the strain and the term

dT/dE will be small. This may be viewed in an alternative fashion by

considering the stress on the mature tissue resulting from the

external force. If the stress on the mature tissue from the external

force is small, then a greater proportion is absorbed by the elongat-

ing tissue. This results in a larger value of dT/dE and the growth

rate will be lowered. Correspondingly, if the stress on the mature

from the external force is large, then a lesser proportion is
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absorbed by the elongating tissue. This results in a smaller value

of dT/dE and the growth will be less influenced by the soil resis-

tance. In general, the ability of the tissue to transmit the stress

from the external force is,finite. Thus, as the values of the force,

T, increases, the term dT/dE also increases. This produces the

observed effect of decreasing elongation rates in response to

increasing soil resistance. The precise quantification of this

response, however, requires experimental investigations of the stress

in tissue as influenced by soil resistance.
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