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has a linear structure.

When the minimal sufficient statistic is complete, we derive

test statistics having optimal properties for testing statistical hypothe-

ses about 0. The important special case where the matrices in the

covariance structure commute is emphasized. In this case X2 -tests

and F-tests are obtained. Several examples are worked out to indi-

cate the wide range of applications covered by our investigations.

In the process of constructing similar tests some results

concerning the completeness of families of product measures are

established. When one family is boundedly complete and the other is

strongly complete the resulting product family is boundedly complete.

Bounded completeness is strengthened to completeness provided that

the strongly complete family is an exponential family.



Hypothesis testing when the minimal sufficient statistic is not

complete is also discussed. The case where there are two param-

eters describing the covariance structure is considered first. Several

tests are suggested of which the easiest to carry out is Wald's test.

The power function of Wald's test is then studied in an attempt to

determine the circumstances under which Wald's test would be a

reasonable one. The unbalanced random one-way classification model

is worked out as an example of our considerations. Finally, the case

of p parameters is briefly considered.
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HYPOTHESIS TESTING FOR THE PARAMETERS OF A
COVARIANCE MATRIX HAVING LINEAR STRUCTURE

I. INTRODUCTION

This dissertation is concerned with tests of hypotheses about the

parameters of the covariance matrix of a multivariate normal dis-

tribution. The starting point of the research is a paper by Seely (1976)

where the minimal sufficient statistic for a general family of multi-

variate normal distributions was derived and where necessary and

sufficient conditions were given for the minimal sufficient statistic to

be complete. Given these general results, it is then natural to con-

sider hypothesis testing problems that arise in such multivariate

normal families--both when the minimal sufficient statistic is com-

plete and when it is not complete.

There are two general types of hypothesis testing problems that

can arise: problems involving the mean vector and problems involving

the covariance matrix. We have concentrated solely on hypothesis

testing problems involving the covariance matrix. We have assumed

that the covariance matrix has a linear structure. This is essentially

no loss in generality since any family of multivariate normal distribu-

tions can be reparametrized to have a linear covariance structure.

However, we have also assumed that the class of covariance matrices

is rich enough so that some "no.nempty interior" requirements are met.

This should be satisfied by almost any problem of practical interest.
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Because of the generality we allow for our model, the work of

Scheffg (1956), Herbach (1959), Imhof (1960), Anderson (1971) and

Graybill (1976) can be viewed as special cases of our treatment of

the case when the sufficient statistic is complete.

In the process of constructing similar tests some results on the

completeness of families of product measures are established. They

can be regarded as generalizations and refinements of the work of

Lehmann and Scheffg (1955), Fraser (1957), Gautschi (1959), Imhof

(1960) and Seely (1976).

When the minimal sufficient statistic is not complete, a test

procedure due to Wald (1947) appears to be very tractable. Several

authors, e.g. , Thompson (1955b), Spjotvoll (1967, 1968). Portnoy

(1973), Hultquist and Thomas (1975) and Thomsen (1975), have applied

it to unbalanced variance-component models. Here again we treat

the problem in a more general setting. We consider first the case

where there are two parameters describing the covariance structure.

The case of more than two parameters is then briefly discussed. In

this latter case, Wald's procedure has its limitations in the sense that

we may have to assume that certain effects play no role in order to be

able to apply it in some hypothesis testing situations.

The tests considered in this thesis are those having optimum

properties, e.g. , similar tests, unbiased tests and invariant tests.

We also give some references to approximate test procedures, e. g. ,
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Cochran (1951) and Naik (1974a, b). Likelihood ratio tests, however,

are not considered since they are fully discussed by Srivastava (1966),

Hartley and Rao (1967) and Jensen (1975). We mention here that even

in the balanced random (or mixed) experimental design models the

likelihood ratio test is not equivalent to the usual F-test, see Herbach

(1959).

Different kinds of examples are given throughout the thesis to

illustrate the wide range of applications covered by our methods,

e. g. , variance-component models, correlation models, the two sam-

ple problem, the balanced incomplete block design and models where

some of the parameters describing the covariance structure are

known to satisfy certain relationships.

The results on the (bounded) completeness of families of product

measures, which are needed for the construction of similar tests, are

given in Chapter II.

In Chapter III we give the model and develop a minimal sufficient

statistic that takes the form (T, R) where T is a vector of linear

forms and R is a vector of quadratic forms.

The problem of hypothesis testing is considered in three

cases: (a) The family induced by (T, R) is complete. (b) The

family induced by R is complete but the one induced by T is not

complete. (c) Neither family is complete. Cases (a) and (b) are dis-

cussed in Chapter IV where UMPU tests are derived. In case (b) these
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tests are UMPU among (location) invariant tests. Case (c) is discussed

in Chapter VI where we focus on the power function of Wald's test.

In Chapter V we discuss the case where the matrices in the

covariance structure commute. In this case the null distributions of

the test statistics are greatly simplified, e.g. , for testing about

ratios of variance components the F-test is obtained. It appears that

while completeness buys similarity, it is commutativity which pro-

duces simple test procedures.

Regarding notation, we use Rn to denote an n-dimensional

Euclidean space. We use 1 n, Jn and In to denote the n X 1

vector of ones, the n X n matrix of ones and the n X n identity

matrix. For vectors a,b E Rn, a'13 and a b are used inter-

changeably to denote the usual inner product. For a linear trans

formation or matrix A, R(A), N(A), r(A), IAI and tr(A) denote

the range, null space, rank, determinant and trace of A respec-

tively. R(A) is used to denote the orthogonal complement, wrt

(with respect to) the usual inner product, of R(A). For a function

a -, a set 17 , g[B] denotes the image of B and g
-1

[B)

denotes the inverse image. We denote random variables by capital

letters, e.g. , Y, T, R; and denote their realizations by small

letters, e.g., y, t, r. The family of probability measures induced

by a random variable Y is denoted by i)y-Y. Further, a. e.

HS)] written after a statement means that the statement holds
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except on a set N with P(N) = 0, V P E y . For a random vari-

able Y, f
Y

(y1 0) denotes the density function of Y indexed by a

parameter 0. Some important density functions are denoted by

different symbols. In particular , Nn(ia,Z) denotes an n-dimensional

normal distribution with mean vector la and covariance matrix Z

and x2 denotes a chi-square distribution with n degrees of

freedom. We use cp to denote the critical function of a given test.
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II. COMPLETENESS OF FAMILIES OF PRODUCT MEASURES

In this chapter we investigate completeness for families of

product measures. The results are needed for the construction of

similar tests in subsequent chapters. We begin by giving a lemma

about the joint measurability of a bivariate function. Then we develop

the main theorems of the chapter. We conclude by discussing the

connection between our results and those already in the literature.

The following notation is used throughout. For X C Rrn, P(X)

denotes the Borel sets in X. For a bivariate function g(x, y),

gx denotes the x-section of g Likewise, for a set E of pairs

(x, y), Ex denotes the x-section of E. Also denotes the

family of probability measures induced by the random variable X.

Lemma 2.1. Consider two measurable spaces

where

following properties:

(a) gx

( OL) and

C Rm Suppose g: X X 6 R has the

R is continuous (wrt the usual metrics on

and R) b x E

(b) gy

Then g is

X R is a-measurable

) measurable.

V y E

Pf. For each integer n choose {Ak,n}k,1 C R( J) s. t.

is the disjoint union k...)k.1 Ak, and diameter (Ak,n) < 1 /n.

m



Choose yk,
n

E A
k, n. Define gn : ~R by

gn(x' y) g(x, yk, n)' if y E Ak, For B E 13(R) we have

1

gn [B] 1(g[B] Ak,n).yk,
n

By (b) we have g
-1

[B] E so that gn
1

[B] E x ). Hence
Yk,n

g is X p ( ) measurable. Now fix y E d . Note that for
n

each n there is a k s. t. y E A k, n. Hence,
Yk, n

as

7

n -1" 00 because diameter (A k, n) -4" 0. Thus by (a) we see that

gri(x, y) - g(x, y) as n --". 00. Therefore g is O X p(y ) measur-

able. Ii

We now turn to the main results of the chapter. In the sequel

three families of probability measures will play a central role. These

families are = {p
X, w

(X,: (X E A X S2}, where A and

are two sets of parameters, with an associated measurable space

D,(?), ), = w E Cll with an, associated measurable space

(>2, and (T,S) {PX.,c4 X Qco (4) E A X 0}. We shall

investigate the completeness of the family Let C2 C Rm(T, S).

and let L denote Lebesgue measure on 13(0). If the condition

$2f(s)dQ (s) = 0, a. e. [L], implies that f(s) -= 0, a. e. [ Fs],

then the family FS is said to be strongly complete wrt L. We

assume also that 6)s is dominated by a o--finite measure Ia. Let
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(dQ /dp.)(s) = q(s, co), so q(s, w) is a particular Radon-Nikodym

derivative. We have the following

Theorem 2.2. Suppose the following conditions are satisfied:

(a) the family {PX.w :X E A} is boundedly complete V (A) E

(b) the members of the family {P
X, w

: w E 0} are all equiva-

lent (i. e. , they share the same null sets) V ). E A,

(c) the family Os is strongly complete wrt L,

(d) q(s , co) is xP (Q) measurable.

Then the family

Pf. Consider

(T, S) is boundedly complete.

I(X.,co) = h(t, s)d(P X, w
x Q )(t, s),

x2

where h is any real bounded statistic. We want to show that I(X.,w) = 0

V (X, w) E A XQ => h(t, s) a. e.

(t, co) E J>< Q, define

II (T, S)].
For each

F(t,w) = h(t,$)dQw(s) =5 h(t, s)q(s,w)dp.(s) .

Since h is bounded, the integral always exists, so F is well

defined. Further, h(t, s)q(s, w) is '6 X g X p(S2) measurable.

So Tonelli's theorem, see Bartle (1966), page 118, applied to the
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positive and the negative parts of h implies that F is

'63x i3(E2)-measurable. Moreover, by Fubini's theorem

(2. 3) I(X, w) = F(t , 0.0dPx, w(t) .

Suppose I(X, w) = 0, V (X., w) E A X O. Then for w E

F(t,w)dP
X, w(t) = 0, V E A.

Hence by (a) Nw E s .t. PX, w(No.)) = 0, V X E A, and

F(t, = 0, V t j Nw. Let G = {(t, F(t, 0},

Gt (t, w) E G} and Gw = : (t, E G} . Since F is p(0)

measurable, then G E X P(C2) => Gt E p(12) and Gw E ffi . But

t i No.) => t j Go.) => Go.) C Nw => Px ) 0 ,= 0 , V (X, 0.) E A x S2. Now

for (X, E A X 0, P
X

(G
y

) = P
X, y

(G
y

) = 0, V E so
,

(P
X,

X L)(G ) = 0 => m
w

s. t. PX, w(Mx, = 0, and

L(Gt) = 0, V t / MX, Fix an arbitrary (k
0

,w
0

) E A XS2 and

consider M, . Then t / Mx => Ft (w) = 0, a. e. [L],
Thw0 0 0

i.e. , \c/ w Gt. So (c) => ht(s) = 0, a. e. [ -)SL that is,

t / Mx implies that a Bt E C S. t. Qw(Bt) = 0, V w E S-2,

0' 0
and ht(s) = 0, V s / Bt. Let H = {(t, s):h(t, s) / 0} and

Ht = {s : (t, s) E H}. Since h is ;< measurable, thenIi3)

HE 1$x c => HtE C . But s I/ Bt => s /Ht => Ht C Bt => Qw(Ht) = 0,
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V W E 0, V t j Mk
,w

. Now P (M ) = 0, and for
0 0

k
L)0
,0 X

0
w

0

t / M, , Q (H ) = 0, so that (PX
,w

X Qw )(H) = 0, V
&O 'w0 w0 t 0 0 0

()0 ,w
0
)E Axe. 0

Remark 2.4. Several remarks are in order regarding the

conditions given in the above theorem:

(a) Condition (b) is going to be satisfied if the respective

family of measures constitutes an exponential family.

(b) Strong completeness can be replaced by the weaker require-

ment of strong bounded completeness since h is bounded.

(c) In most applications q s(w) will be continuous and Lemma

2. 1 will then provide an easy way to verify condition (d). U

The special case where the members of the family

indexed only by the parameter X E A, is treated in
6)T

are

Corollary 2. 5. Suppose the following conditions are satisfied:

(a) the family {Px : X. E A} is boundedly complete,

(b) the family {Q0): w E 0} is strongly complete wrt L,

(c) q(s,w) is g X p(e) measurable.

Then the family {Pk X Qw : (X, CO) E A X S-2} is boundedly complete.

So far we have investigated bounded completeness which is

sufficient for our purposes, that is, for constructing similar tests.

However we can obtain a result on completeness when ?
S

is an



exponential family. Thus let us now suppose

as 1 (8 ). We are now ready for

C Rk and take

11

Theorem 2. 6. Suppose the following conditions are satisfied..

(a) the family
X

: X E A} is complete V co e

(b) the members of the family {Px.,
w

: w E S2} are all equiva-

lent V X E A,

(c) q(s ,w) = i(w) exp{a(co), s} where i(w) is a normalizing

constant and a: S2 Rk,

(d) a[0] has a nonempty interior in Rk.

Then the family (T, S) is complete.

Pf. Let F C a[C2] be a convex polyhedron with a nonempty

interior in Rk. For each -y E r, let w be an arbitrary but
rfixed element in a 1
Lyi. We use NI to parametrize the density

function q, that is,

q(s i) (I)(Y) exp{y. s}

where (1)(y) Lii(coN) is a normalizing constant. Let

ul {Pk, y X Qy (X, N) E A X r }. Here we have PX,
y

= and
w

Q
Y

= Q . Since the set {co : y E F} C 0, then

Let N E X p(2 ) s. t. (P x Q )(N) = 0, V -y) e A x F.

We want to show that (P
X, co

X Q
co

)(N) = 0, V (X., w) E A X 0. Choose

any (X1, w1) E Ax S2. Take X Q )(N) 0E F. Then (P
10

X1' Yo NJ()

Y
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so that N s. t. P (N ) = 0, and for
1

,
0 X1' YO X1' NO

t / N
X l' 0

y
Q

y
(N t

i\

) = 0. (b) => P
l'w1

(N
X1

YO) = 0, and for
'0

t / N Q (N t) = 0, because (c) => Ys is an equivalent
/\1' NO wl t

family. Hence (P X Q )(N) = 0. Therefore it is sufficient to
Xrwl wl

show that is a complete family. To this end let

I(X, y) =
S h(t, s)d(P X Q )(t, s),

Jx>8 Y

where h is any real statistic. We want to show that I(X., y) = 0,

V(X., E Ax F => h(t, s) = 0, a. e. [ 6)1]. For each

(X, E A x F, apply Fubini's theorem to obtain a 8-measurable

function G(t, X ,y) and an N
X, y

E s. t. P
X, -y

y) ) = 0,

and

G(t, X, -y) = h(t, s)dQ (s), t N
>8 / X, y

= G(t, y)dPx., N(t)

For a set B we denote the complement set by Bc. Let

N = {t :S h(t, s)dQ (s) exists and is finitelc .

Notice that
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NY = {t:,1).8 th+(s)dQ (s) < 00} r {t:5 ht(s)dQy(s) < 001 .

By Tonelli's theorem Nc E Further N N =>N N
c c
X, y X,y

P
X Y

(N
Y '

) = 0. Let v
1' '

v2' ,
.

v
./

be the extreme points of F.

/Set N = . N . Then N E 63 and (b) => P (N) = 0, V
I

1=1 y. X, y

(X, y) E A x F. Further, the integral tr?.8 h(t, s)dQ (s) exists and is
Y.

1

finite for i = 1,2, ... ,/ , whenever t / N. Since Y 1, Y2, , Y1

are the extreme points of r and since exp{-y.s} thought of as a

function on I- is convex, it follows that the integral Sie3h(t,$)dQN(s)

exists and is finite for all .y E r whenever t / N. Thus for

y E r define F by

(2. 7) F(t, = h(t, s)q(s, -y)dp.(s), t N,

= 0, t E N.

We now show that F is IS x p(r) measurable. Since exp{-y.s}

thought of as a function on r is continuous, and since

exp{y.s} < Eli=1 exp{Ni s}, V -y E r, then the Lebesgue dominated

convergence theorem implies that S
A

o exp{y.s}dp.(s) = 14(y)

(thought of as a function on r) is continuous. So qs(y) is con-

tinuous. Hence Lemma 2.1 implies that q(s, y) is (3(Z) x P(r)

measurable. Then h(t, s)q(s, y) is x P0.6 x P(r) measurable

and Tonelli's theorem applied to the positive and negative parts of h
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implies that F restricted to rj\ N X r is X (3(r)-measurable

which in turn implies that F is '8 x p(r) measurable. Now since

F(t , = G(t, X, y), tiNv N , we have
X., y

F(t, y)dP (t), V (X, y) E A x r.

The rest of the proof can be made along the same lines given in the

proof of Theorem 2.2, keeping in mind that (d) implies the strong

completeness of the family {Q : Y E wrt Lebesgue measure on

13(r). This last statement follows from our choice of F at the

beginning of the proof along with Theorem 7. 3 in Lehmann and Scheffe

(1955).

The essential part in the above proof is the construction of the

measurable function F as given in (2. 7). This is where we use the

additional condition (c). We recall that the boundedness of the real

statistic h enabled us to avoid this difficulty in the proof of Theorem

2. 2.

Remark 2.8. Theorem 2. 6 would still hold if conditions (c) and

(d) are replaced by the requirement that there are two subfamilies

'60 c 61 c (5s s.
z5),

which is strongly complete and

-integrability implies

is an equivalent (to

fo

Fs) subfamily

is a countable subfamily s. t.

15)1 -integrability. El
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Corollary 2. 9. Suppose the family {Px. : X. E A} is complete,

and that conditions (c) and (d) of Theorem 2. 6 hold. Then the family

{P X Q
w

: (X. CJ E A X 0} is complete.

We devote the rest of the chapter to a discussion of these results

and their relation to other results in the literature. Lehmann and

Scheffe1 (1955) replaced condition 2. 5(a) by two conditions about the

family {Px : X E similar to conditions 2. 5(b) and 2. 5(c). They

concluded that the family of product measures is strongly complete.

However, we have not been able to follow their proof. Fraser (1957)

assumed 2. 5(b) and that the family {P
X

: X E is complete. He

concluded, Theorem 6.3, page 26, that the family of product measures

is complete. Fraser 's conditions are weaker yet than those of

Lehmann and Scheffe and as a result we can not follow his proof either.

A generalization of Lehmann and Scheffe's result to the family 62(T,
S)

is given by Gautschi (1959). He considered the case where A = R

and assumed 2. 6(c), 2. 6(d), and that
63T

is a strongly complete

exponential family. He then concluded that the family 6)(T, S)

strongly complete. There is one measurability step (concerning the

is

set S given in his proof) that we do not think is justifiable. Imhof

(1960) generalized Gautschi's work to the case where A = R . He

referred to the proof given by Gautschi for the univariate case. In

1976 Seely considered a special case of Theorem 2. 6 while studying
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the completeness of minimal sufficient statistics for multivariate

normal families. Our proof of Theorem 2. 6 is adapted from his

proof. The results of Theorem 2. 6 are thus seen to be fairly general.

They are more general than those given by Lehmann, Scheffe and

Fraser in that they allow for the members of 6)T to be indexed,

in addition to X, by the parameters W E S-2 which also index the

members of Fs. They are more general than the results of Gautschi

and Imhof in that we do not assume that is a dominated family.
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III. PRELIMINARIES

In this chapter we introduce the model that will be considered

throughout the thesis. Then we develop a minimal sufficient statistic

and discuss completeness. The results regarding sufficiency and

completeness are adapted from Seely (1976). We shall be dealing with

the vector space Rrl and the vector space of real symmetric

matrices.

3. 1. The Model

We consider a random vector Y distributed according to

some distribution in the general family of multivariate normal distri-

butions,

= {Nn(4, ze) : µ E 77/ , 0 E

where

(Al) 971 is a subspace of Rn.

(A2) O is a set in RP having a nonempty interior.

(A3) For each 0 E 0 the covariance matrix Ee is positive

definite and can be expressed as E
0

= V
0 1

+ EP 0
i
v

i
where

V0,... , V are known n x n real symmetric matrices

and V1 , , V are linearly independent.

`if(A4) = {E :0 E 10} is such that I E .
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It should be noticed above that the only relevant assumptions are

that 71'1 is a subspace, that 0 has a nonempty interior and that

the parameter space is X O. The other assumptions are for con-

venience, as justified by the following remarks:

Remark 3.1.1. Any covariance matrix can be expressed in the

form given in assumption (A3). If V1, ,V are not linearly

independent then a reparametrization would produce the required lin-

ear independence. II

Remark 3. 1. 2. If I /V , then the transformation from Y
.- -1/2

to Y = E
0

Y where E
0

E clf will result in a family having

covariance matrices ci./1- such that I E CV- .

3. 2. A Minimal Sufficient Statistic

First we develop some notation. Let cV1, ctro and v denote

the affine hull of clr, the unique subspace that is parallel to

and the dimension of ctio respectively. Then
1

= I + 0'

VO sP{V 1
,V }, and v = p. Let a = {E 0.- 1 : 0 E e}. Define

cU-1'

9A. to be the smallest subspace of Ril such that AVic ,

A E . Let u = dim 1/t. (we assume here that u > 0 since the

case u = 0 is trivial). Let U
1

,U be a basis for ?A. and

define U = (U1,. , Uu). Let



(3. 2. 1) T = (T1 , ,T )t where Ti = U.tY, i = 1, 2, .. , u.

Let Z = Q'Y where Q is an n x q (q = n dim vi ),
matrix whose columns form an orthonormal basis for 7// 1 . Then

Z Nq(0, AO) where A
0

= Q'E
0

Q. Thus the class of distributions

induced by Z is

5:)z = {Nci ( 0 , A0): 0 E 8}.

Let X = {A0 0 E O} . Let
.)-(1' )."( 0' and h denote the affine

hull of )-( , the unique subspace that is parallel to )-(
11

and the

dimension of ) ( respectively. Let W
i.

Q.= Q'V.Q, i = 0, 1, .. , p.
1.

- ,W }.
P

Then = W0 + )-(0 and )-( = sp {W1,

19

We mention that

W1, ,W is not necessarily a basis for )-(
o.

So, let Hl, ...,Hh

be such a basis. Since W.
1.

E }{0 then

(3. 2. 2) W = Eh k H , i = 1,2,...,p,
i j=1 ij j

for some real numbers X.... Further, I E CV- implies
13 n

I EX C X1 so that
WO

-I E Thus, we can write
q.

(3. 2. 3) W -I = E. a.H ,
0 j=.1.

for some real numbers a,.
3



We have seen above that I E X so that )-(1 = I + ).

0 E 6 the covariance matrix A
0

has the representa-Hence for

tion

where

(3.2.4)

A = I + E. v.(0)H.
0 .1.3= 3

v.(0) = a. + ZP
1

X..0., j = 1,2, , h.
3 i=

20

To see this we note that A E ,>(\. implies that A W + EP 0 W
0 0 0 i=1 i i

Equation (3. 2. 4) now follows upon making use of (3. 2.2), (3. 2. 3) and

the fact that H , Hh is a basis for )-{

Let = {A01: 0 E e}. As usual we define co, and

to be the affine hull of a , the subspace parallel to and the

dimension of 00. Since I E )-( we have I E g C so that

1
= I+ d0. Let C

1
, Cc be a basis for

has the representation

(3. 2. 5)

where the

Ae
1 = I + E

i=1
6.(0)C. ,

c, Then 1
EA

0

8. are functions from e to RI and are defined

implicitly by this representation. Now let us define

(3. 2. 6) R = (R1, ,Rc)' where R. = i = 1,2,...,c.



Theorem 2.7 in Seely (1976) states that T and R jointly

constitute a minimal sufficient statistic for Uy Seely also gave

21

necessary and sufficient conditions for the sufficient statistic (T,R)

to be complete. His results are applicable when cif has a nonempty

interior relative to its affine hull VI which can be shown to be

equivalent to ® having a nonempty interior in R. For reference

purposes we give below some of his results. We include only the con-

ditions which are directly applicable for our purposes.

Theorem 3.2.7.

is complete and

is complete if and only if67(T,R)

is complete.

UT

Theorem 3.2.8. Let ?) be any fixed set of matrices such

that the affine hull of 66 is VI. Then the following conditions

are all equivalent:

(a) The family is complete.

(b) V ?V C for all V E .

(c) T and Z are independent wrt every distribution

P E

(d) dim V- = dim .

Before we state the next theorem we define a quadratic sub-

space. A subspace \E of the vector space of real symmetric

matrices with the property that B E -8 implies B2 E is said
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to be a quadratic subspace. The term quadratic subspace is used by

Seely (1971) who investigated several properties of such subspaces.

We mention also that the notion of a quadratic subspace is equivalent

to that of a Jordan algebra.

Theorem 3.2.9. The following conditions are all equivalent:

(a) The family R is complete.

(b) )-(0 is a quadratic subspace.

(c)
1

= x
1

(d) has a nonempty interior relative to

Finally we mention that Theorems 3.2.8 and 3.2.9 are a little

simpler than Seely's results because of our assumption (A4).
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IV. HYPOTHESIS TESTING WHEN THE SUFFICIENT
STATISTIC IS COMPLETE

In this and the following chapters we deal with the problem of

testing different hypotheses about the parameter 0. It seems

logical to expect to be able to construct optimal tests for the functions

6.(0), i = 1,2, c, given by (3. 2. 5), because of the way they

appear in the density function of the minimal sufficient statistic

(T,R) as given below. We are going to develop a theory for testing

hypotheses about the 6,
e
(0)'s and hope that we may be able to con-

vert some interesting hypotheses about 0 to hypotheses about these

functions.

We begin by treating the case where the family is
( ,R)

complete. Then we consider the case where the family R is com-

plete but 6)T is not. The case where neither 75)R
nor

15)T
is

complete is dealt with in a subsequent chapter.

4. 1. The Case Where (T,R) is Complete

Throughout this section the family (T,R)

complete. Then Theorem 3.2. 7 implies that vR

is assumed to be

is complete.

Hence by Theorem 3. 2. 9(c) we have c = h and we can choose

C. = H., i = 1, 2, ... , h. We shall assume that h > 1. (For the case

h = 1, see the paragraph after Theorem 4. 1. 9.) Now Equations

(3. 2. 5) and (3. 2. 6) can be written as



(4. 1. 1) A
e

1 = I + Eh
1

6.(0)H. ,
i=

t(4.

1.2) R = (R1, ,R h)' where R. = VQH.Q Y, i = 1,2, ... , h.

Let fT(t I 0) denote the density function of

T Nu(U
0

U) wrt Lebesgue measure on Ru. It is easily

established that

where

(4. 1. 3)

fT(t1 1.1, 0) = ki)(4, 0) exp{t'A(0)t +01-(p., e)} ,

1AO) = -2 (UIZeU)
-1

n(µ, o) = (LVE
0

U)-1Up, ,

and 01, 0) is a normalizing constant.

It is also easily established that the density function of R wrt
some measure on R

h is given by

where

(4, 1.4)

fR(r 0) = .t.(0) exp{r 'NM} ,

.y(e) N1(0), ,Nh(e))'

1

= 2 11+5i(0)], i = 1,2, ...

24

and 'I.(0) is a normalizing constant. We mention that in most practi-

cal situations [1 +5.(o)] are the natural parameters of interest. The

-1 /2 factor in (4. 1.4) is for notation convenience.
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Theorem 3. 2. 7 implies
tS)T

is complete. Hence Theorem 3. 2. 8(c)

implies that T and R are independent wrt every distribution

P e 15) . Then

f(T,R)(t,rip,,O) = f
T

(t111,0)fR(r O) ,

= 4,(µ, 0)f expltIA(0)t+tY(p.,0)+rty(0)}.

Let S-2 = 971 X e and consider testing

HI : y1(0) < yo vs K1 :N1(0) > yo .

The choice of y1(0) is for notational convenience only and the theory

to be developed is applicable to any yk(0), k = 1,2, ,h. We sup-

pose that No is selected such that the class of distributions under

H1 and that under K1 are nonvoid. From now on such assump-

tions as this one will be made without explicit mention.

Let = {0 E e:Nl(e)_< yo} and = {0 E 8:N1(0) > y }.°H1 y0 }.

For a set B let B denote the closure of B. Hence the set of

common accumulation points of
H1

and C)
K1

is given by

OB1 = 6H1 n 6
K1

. Since the function Y1(0) is continuous, then

8
B1 C {0 E O: Y1(0) = Y0 }. Now the parameter space under H1 is

given by 2H1 ril X °H1' and that under K1 is given by

K1
= 74 X 0

K1
. Let S2B1 denote the set of common accumulation

points of
H1

and
C2K1'

Then



n 9')1 X ()HI ) ('11 X eK1 )
B1 H1 K1

= (11x 5 ) r (11X
K1

)

x eB1 ,971
9371x (6H1r5"K1)=

where the third equality follows by Dugundji (1966), page 99.

Let

(4. 1.5) S = (R2, ... ,Rh)' .

Then (T,S) is a sufficient statistic for

we use the terminology "

of (T,R)

(T,R) on 0 II

B1

(T,R)
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on S2B1 , where

to denote the subfamily

indexed by C2B1. We want to show that, on OB1, the

sufficient statistic (T,S) is (boundedly) complete. We do this using

the results of Chapter II. But first some preparations. Let

r = {y(e) : 0 E 0} and r
B1

= {00) : 0 E e Bib where

(1)(0) (y2(0), ,-yh(0))'. Theorem 3.2.9(d) implies that r has a

nonempty interior in Rh. Unfortunately, this does not in general

imply:

(4. 1. 6) rB1 has a nonempty interior in Rh-1

However, we notice the following

Remark 4.1.7.

(a) In most practical applications (4.1.6) is true.

(b) If there is E rB1 such that (No, is an interior



point of F, then (4. 1. 6) holds true.

(c) If 0 is open in RP, then I' is open in Rh and

(4. 1. 6) holds true. El

In the light of Remark 4. 1. 7, the assumption that (4. 1. 6) holds true

seems to be justifiable.

Lemma 4. 1. 8. If (4. 1. 6) holds true, then the family

is complete on Bl.
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T,S)

Pf. Since T and S are independent, the family (T, 5)

can be viewed as a family of product measures. So we prove the

lemma by verifying conditions (a)-(d) of Theorem 2. 6

(a) Since
6)T

implies that

is complete on C2, then Theorem 3. 2. 8(d)

dim /( = dim n9 . But c Gt because

I E `if . Hence V. = , so that Z8 //1 =M, V OE O.

Fix 00 E 8B1 C ®, and recall (4. 1. 3). Then

{Tr(P-, 00) :11 E = {(UIEn U)-1Utp.: [1. E IYI },
0

= {(IPEoU) -1
p. E qA },

0
0

o

= {(U'E
0

1131Z0 Ua: a E Ru} = Ru .
0 0

Thus, for every 0 E 8B1, the family {fT(ti 0) : µ E

is complete.
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(b) This condition is satisfied because, for every [1. E 9n ,

the family {fT(tip., 0) : 0 E 0B1} is an exponential family.

(c) It is easily established that the density function of S wrt

some measure on Rh-1 is given by

f (s I 0) = Lp(0) expfs tc1)(0)},

where 4,(0) is a normalizing constant.

(d) eP[eBl]
r

B1

(4. 1. 6). El

-1has a nonempty interior in Rh

The above lemma implies that all tests similar on E2B1 have

Neyman structure; see Lehmann (1959), Theorem 2, page 134. This

leads to the following

Theorem 4. 1.9. If (4.1.6) holds true, then a UMPU a-test for

H1 vs K1 is given by

(4. 1.10)

1
>c(s),

cp.
1
(r

1,
s) = j d(s), r

1
= c(s),

0, elsewhere,

where c(s) and d(s) are determined by

Ey [yol (R1 , S) s] = a.
0
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Pf. Using an argument like the one given in the proof of

Theorem 3, page 136, in Lehmann (1959), we conclude that a UMPU

a-test for H1 vs K1 is given by

(P(ri, t, s) =

r
1

> c(t, s),

d(t, s), r
1

= c(t, s),

elsewhere,

where c(t, s) and d(t, s) are determined by

E [9(R T,S)1t,s] = a.
NO

The fact that T and R are independent obtains the test (4. 1. 10).

When h = 1, (4. 1. 6) does not hold. However, Theorem 4. 1.9

is still true.

We treated above the hypothesis H1 vs Kl. Other hypotheses

can also be considered, e. g.,

H2: yi(0) < y1 or yi(0) > y2 vs K2: yi < -y1(0) < y2 ,

H3: y1 < Ye) < 1/2 vs K3: y1(0) < yl or yl (0) > y2
'

H4: yi(0) = yo vs K4: yi(0) yo .

Using similar techniques we get the following results:
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(4.1.11) A UMPU a-test for H2 vs K2 is given by

ci(s) < r1 < c2(s),

coz(ri, s) = di(s), r1 = ci(s), i = 1,2,

0, elsewhere,

where the c's and d's are determined by

S )

1 2

(4. 1. 12) A UMPU a-test for H3 vs K3 is given by

1, r
1

< c1(s) or r1 > c2(s),

49 3 (r 1,
s) = d.(s), r

1
= ci(s), i = 1,2,

elsewhere,

where the c I s and d's are determined by

Ey [(,9
3

(R
1
,S)I s] = EyZ [40 3 (R

1
,S)1 3] = a.

(4. 1. 13) A UMPU a-test for H4 vs K4 is given by

1, ri < ci(s) or r1 > c2(s),

scp4(r1,s) di( s), r
1

= ci(s), i = 1,2,

0, elsewhere,

where the c's and d's are determined by

Ey [cp4 (R 1,S)Is] = a, and
0

E
\I 0

[R 1 4 (R
1
,S)I s] = aEy ER.11s] .

0



31

We mention here the work of Anderson (1971). His investigation

of time series satisfying a stochastic difference equation led him to

consider multivariate normal models where the inverse of the covari-

ance matrix has a linear structure. In these models the parameters

in the linear structure have relatively simple expressions in terms of

the parameters of the time series. Besides defining the model

through the inverse of the covariance matrix, Anderson assumed the

natural parameter space as his underlying parameter space. He

treated first the case of zero mean and then the case where

9r= R(X) with the columns of the matrix X being the eigenvectors

of the covariance matrix. This latter condition is equivalent to the

assumption that the family 5)T is complete. For more details the

reader is referred to Chapter 6 in Anderson.

UMPU tests are also available about linear combinations of the

-yi(8)Is. Let b(8) = E. a. .(8), where the a.'s are real num-

bers. Assume that al V 0. Then

Vi(e) = [b(0) Eh aiNi(0)1/ai

Consider the transformation

g1 = r1 /al and g. = r. a.r
1
/al, i = 2, , h.

It is easily established that the density function of
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G = (G1, Gh wrt some measure on Rh is given by

fG(g el) h(e) exPfglb(e) Zi=2 giVeg

Thus, for example, when testing

H5: b(0) < b0 vs K5: b(0) > b0

Theorem 4. 1. 9 is applicable.

Let us now suppose y
h (0) < 0, V 0 E e, where the choice of

yh is for notational convenience only. This assumption is going to

be satisfied in most practical applications and thus seems to be

justifiable. When this is the case we can get UMPU tests for the

ratios yi(0)/yh(0). We reparametrize to obtain

f R(r( 0) = .T.(0) exp{y
h

(0)E
1

rini(0)} ,

where

(4. 1. 14) n.(0) = y.(0)/y
h

(0) = [1+6.(0)]/[1+6h(0)], i = 1,2, ...,h.

Consider the following hypothesis

H6: p1(0) > no vs K6: n1(0) < 110 .

Let eH6' eK6' e B6' OH6' OK6' and C2B6 be defined as usual,

i. e. , S2B6 = 271x 0
B6 and °B6 is the set of common



accumulation points of OH6 and K6. Observe that

0
B6 C {e E 8: p1(0) =

0
1 . Let

(4. 1. 15) G = (R
Rh R +Ti R )t2' -1' h 0 1

Then (T, G) is a sufficient statistic for
(T,R) 2B6. Let

r
B6

= WO): cl) E
B61. Corresponding to assumption (4. 1. 6) we

assume the following

(4. 1. 16) rB6 has a nonempty interior in Rh-1

33

Using Theorem 2.6, as we did in Lemma 4.1. 8, it is straightforward

to prove the following

Lemma 4.1. 17. If (4.1.16) holds true, then the family
(T,G)

is complete on °B6.

We now give another important result.

Theorem 4. 1.18. Assuming that -yh(0) < 0, d e E 8, and

that (4. 1. 16) is true, a UMPU a-test for H6 vs K6 is given by

(4. 1. 19)
(P6(1.1' g)

1, r
1

> c(g),

d(g), r
1

c(g),

0, elsewhere,

where c(g) and d(g) are determined by

E [co (R ,G)Ig] = a, for a given 00 E 8 .00 6 1 B6
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Pf. Using an argument like the one given on page 137 in

Lehmann (1959), we are to show that the test

(4. 1.20) yo(r 1"t g) =

r
1

> c(t, g),

d(t, g), r
1

= c(t, g),

0, elsewhere,

where c(t, g) and d(t, g) are determined by

(4. 1.21) E(i
,0 )

[(p(R
1, T, Glt, g] = a,

0 0

(µO, 00) an arbitrary but fixed element of S2B6, has the property

of maximizing the conditional power against any (p.i, 01) E OK6. It

is easily established that the density function of R
1

given

(T,G) = (t, g), wrt some measure on R1 is given by

fR
1

(t,g) (r
1

10) = fit, g(0) expf-yh (6)(T1 (0)-T1
0 )r 11.

Let (µO, 00) E OB6 and
(II 1 '

01) E 2K6. Applying the Neyman-

Pearson lemma, the MP a-test of H: (II, 0) = ([10,00) vs K:(4,0)= (p.1,01)

rejects when

f (r (r I ) >R kt,g) 1
le )/E

(1R (t, g) 1 00
1 1

where C is determined so that we have a level a test. But this

test is equivalent to (4. 1.20) and (4. 1.21) because the quantity
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h (0)(11
1

(0)-110 ) is positive on E2K6 and is zero on S2B6. We now

show

(4. 1.22) E (4,0) [yo(R 1,T,G)It,g] < a, \91 (4, e) E °F16

To this end let (P,2,02) E 2H6 and apply the Neyman-Pearson

lemma to get a MP test of H: (4,0) =(p.2,02) vs K: 0) = (110,00)

with power a at ([1.0,00). This test rejects when

for some constant Cl. ButfR
1

1(t,g) (r
1 0)/fR

1
I (t, g)(r 1102) > Cl,

this is also equivalent to (4. 1. 20) because the quantity

h(0)(111(0)-110) is nonpositive on C2H6. Hence by Corollary 1,

page 67, in Lehmann (1959), we have

E(p, ,0 )[(p(Rl'T,G)It,g] <E(p, ,0 )
[cp(R l'T,G)1t,g] = a, ,

2 2 0 0

and (4.1.22) is established. (When the above quantity is zero, we

have the test yo a a . ) Now the class of tests satisfying (4. 1.22) is

contained in the class of tests satisfying E
0 )[(p(R1' T, G)1t,g] < a,

0 0

Since the test (4. 1.20) and (4. 1.21) maximizesbecause E2B6 C
H6

the condition power at (41,01) within this wider class, it also maxi-

mizes the conditional power at (41,01) subject to (4. 1.22); since it

is independent of the particular alternative (P-1,01) chosen in E2
K6'K6

it is UMP against K6. Hence the test (4. 1.20) and (4. 1.21) is

UMPU a-test for H6 vs K6. Upon making use of the independence of



T and R, the test (4.1.19) is obtained. El

Remark 4.1.23.

(a) The assumption that yh(0) < 0, \71 0 E 6, is used to

establish that the MP test is UMP. So, if
h (0)
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changes

sign on O, we have to specify an alternative in order to

be able to perform the test. As we mentioned before, the

assumption is going to be satisfied in most practical appli-

cations. However if Yh(0) 0 V 0 E 6, the theorem

still holds with the inequality in (4. 1. 19) reversed.

(b) Other hypotheses about 111(0), similar to H2, H3, or

H4, can also be considered. El

We conclude this section by noting that some of the UMPU tests

given above, e. g. , (4.1.10), (4. 1. 11), (4. 1. 12), and (4. 1. 19), are

also UMP among all tests in the wider class of similar tests.

4.2. The Case Where is Complete but 'FT is Not

Suppose now that the family r is complete but the family

is not complete. We begin by noting that the family is

invariant under the group of transformations -= {gi E 2/1

where g (y) = y + p.. Seely (1972) showed that Z is a maximal

invariant wrt this group. Further, R is a minimal sufficient

statistic for 6z. Thus, using a location invariant argument, we
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are led to consider FR. Applying the same techniques used in

Section 4.1, we arrive at the same tests as above. They are to be

interpreted now as UMPU among (location) invariant tests.

Remark 4.2.1. One may be tempted to go with invariance all

the way. That is, instead of appealing to unbiasedness, one might

reduce by scale invariance and hope to get UMP invariant tests based

on the maximal invariant statistic. However, this procedure does not

work in general as shown by Herbach (1959). The trouble is that both

the maximal invariant and the maximal invariant induced in the param-

eter space may be vector-valued. So, while testing about one of the

components, the others play the role of nuisance parameters.



V. HYPOTHESIS TESTING WHEN }{ o IS A
COMMUTATIVE QUADRATIC SUBSPACE

Recall that = sp{Wi,... , Wp} where Wi =

i = 1, 2, . ,13. Since W
1,

,W is not necessarily a basis for

)-{0' H1' h is used to denote such a basis. When

commutative quadratic subspace

XO is a

38

(CQS), the previous results can be

greatly simplified. As a result, we devote this chapter to the problem

of hypothesis testing when
0

is a CQS. We begin by obtaining

simple versions of the results in Chapter IV. Then we give some

examples to illustrate the wide range of applications covered by these

models. We note that the assumption that
()

is a quadratic sub-

space is equivalent to the assumption that the family is com-

plete (see Theorem 3.2.9).

A necessary and sufficient condition for
)-(0 to be a commu-

tative subspace is that the matrices W1, ,W commute. It

appears then that we need to compute the matrix Q in order to be

able to verify commutativity. The following proposition shows that

this need not be the case.

Proposition 5. 1. Suppose that 6T is complete. Then

(a) QQ'V. = i = 1, 2, . . . , p.

(b) W1, ,W commute whenever V , V commute.p 1
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Pf. Theorem 3.2.8(b) implies E C 77 for all E E .

Since + we have V. C crn i = 1,2, p. Since

QQ' is the orthogonal projection operator on 7/1 Theorem 2 of

Zyskind (1967) implies that QQ' commutes with each V. ; and

(a) is proved. To see (b), observe that for any i, j = 1, p

W.W. = Q'V.QQ'V.Q Q'V.V.Q = Q'V.V.Q = W.W.. II
1 1 1 3 3 1 3 1

The importance of commutative quadratic subspaces in our work

arises from the following lemma due to Seely (1971).

Lemma 5.2. A necessary and sufficient condition for a sub-

space 13 to be a CQS is the existence of a basis B1, B2, , Bk

for such that each B. is idempotent and such that B.B. = 0
J

for i j. Moreover, apart from indexing, such a basis for a CQS

is unique.

We now take the basis H1, ,Hh for )-(
0

to satisfy

(5. 3) H.H. = H.,
1 3 1

We also define

i ji

=0, i j.

(5.4) k . = tr(H.) = r(H.), i = 1, 2, .. . , h.
1 1
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The first consequence of (5. 3) is the following

Proposition 5. 5. Suppose H1, , Hh satisfy (5. 3). Then, for

every 0 E 8 and j = 1, 2,... ,h, we can conclude

,
(a) [1+6.(o)] = [1+v.(0)] -1

(b) [1+6.(0)] > 0.

Pf. Using (5. 3) and I - A0A01 = 0, we can write

E. [v (0)+6,(0)+v.(0)5.(0)]H. = 0.1=1 i I 1

Since H1, ,Hh is a basis, it follows that

v.(0) + 6 (0) + v.(e)5(0) = 0, i = 1,2, ... ,h;
1 1

and (a) is established. To prove (b), let x E R(H.) s. t. x 0 and

x'x = 1. Because A0 is positive definite, we get

0 < x'A
e

1 x = xix + Eh
1

6.(0)x11-1.x
i=

= + 6.(0)x'x

= 1 + 6,(0).

Recalling Equation (3.2. 4), Proposition 5.5 gives a simple

relationship between the 6.(0) functions and the parameters
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01, , 0 . Further, because part (b) of the proposition implies that

Yi 0.( = 1[1+8.(0)] < 0, e e o, we can construct UMPU tests2

about ratios, i. e. , recall Remark 4. 1. 23(a). Moreover, part (a) of

the proposition implies that the .yi(0)Is are rational functions.

Using this fact and the following lemma, we can strengthen some of the

results back in Chapter IV.

Lemma 5.6. Let X be a set having a nonempty interior in

Rk. Let 1g : X` R1 be a nonconstant rational function. For c E R ,

r ilet G1 = g -1
(-00,c], G2 = g

1
(c , c° ) , and G3 = g -1 Lcj. Then we

can conclude

(a) G3 has no interior in Vo
(b) G3 = di rm E2 .

Pf. Write g(x) = P(x) /Q(x), where P(x) and Q(x) are

two polynomials in x. Let A be an open subset of X and sup-

pose g(x) = c, x E A. Then P(x) cQ(x) = 0, x E A. It then

follows from Theorem 7.4, page 19 in Walker (1950), that

P(x) cQ(x) = 0, for all x e X . Thus, g = c and (a) is proved.

To establish (b), we notice that the interior of G1

-1
g ( c). Hence

is given by

a
2

= n {B : B is a closed set s. t. B D G2}

= (Li-CA :A is an open set s. t. A C Gd)c
-lr= g Lc,00),
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and (b) follows. 0

Recall the hypothesis

HI: y1(0) < yo vs Kl: ye) > yo .

We have shown in Chapter IV that eBi C {e E 0: -y1(0) -= vo}. Now

that the vi(0)'s are rational functions we use Lemma 5. 6 to con-

clude that

°Bl = {e E
1
(e) = 0 }

Likewise, for testing the hypothesis

we have

H6: Ti (0) > 11 vs K6: ri (0) <
1 0 1

10

0
B6

= {0 E :11 (0) = 11
0

}

Another consequence of (5. 3) has to do with the distributional

,properties

of the random variables R. = ZIH.Z i , h.

Lemma 5.7. Suppose H1,... , Hh satisfy (5. 3). Then

(a) R1, R2° .. ,Rh are independent.

(b) [11-5.(0)1R. x2 i = 1, 2, .. . , h.

Pf. For j = 1, 2, ... , h we can write R. = (H,Z)I(H.Z)
J J 3

which says that R. is a function of H.Z. So it is sufficient to show
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that H1Z, HhZ are independent. For i, j = 1, 2, ..., h, it is

easy to show, using (5. 3), that cov(H.Z, HZ) = H.A H. reduces to
J 0 j

cov(H.Z,H.Z) = [1+v.(0)]1-1.,
3

= 0,

i = j,

i j.

Since H1Z, ...,HhZ are jointly normal, this proves (a). Part (b)

follows immediately from Proposition 5. 5(a) and the fact that

.H.ZN (0, [1+vi(0)]H.)

Lemma 5.7 is the key to the simple tests we give below. The

distributional properties given by the lemma result in test procedures

which are much easier to carry out than the ones we obtained pre-

viously. So, combining Lemma 5.7 and Theorem 4. 1. 9, we

immediately obtain

,Theorem 5.8. Let c
1

be s. t. PrtX
1

2
> cl} = a where

X1

has a chi-square distribution with k
1

degrees of freedom. Set

c = c1 /( -2y0) and suppose the following conditions are satisfied:

(a) the family \61, is complete,

(b) the matrices H1, ,Hh satisfy (5. 3),

(c) assumption (4. 1. 6) holds true.

Then the test

(5. 9) c9(r1) =
1, r1 > c,

0, elsewhere,
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is a UMPU a-test of H1 vs Kl.

We also have the following:

Theorem 5. 10. Let cl be s. t. Pr{f" > c
1
} z a , where F

has an F-distribution with k
1

and kh degrees of freedom. Set

c = c lig
0 and suppose the following conditions are satisfied:

(a) the family 'FT is complete,

(b) the matrices H1, , Hh satisfy (5. 3),

(c) assumption (4. 1. 16) holds true.

Then the test

(5. 11) cp(r
1,

rh) =

is a UMPU a-test of H6 vs K6.

r1 /kJ.

r
h

> c ,

0, elsewhere,

H. Under our assumptions Theorem 4. 1. 18 is applicable. So,

we consider the test (4. 1. 19). Recall Equation (4. 1. 15). Given

G = g, we have

ri > c(g) <=> [11-u r
1
/(10 r

1
+rh )] > c

1
(g)

for some ci(g) . Let X = rloRi /(TioRi+Rh). Then the test
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(5. 12)

1,

(P(x,g) = di(g),

elsewhere,

where cl(g) and d
1

(g) are determined by

[yo (X, G)10 = a , for a given e0 E 0B6 ,

°O

is a UMPU a-test of H6 vs K6. We want to show

(5. 13) X and G are independent on 2B6

Let

X
1

= ZI([1+6
h (0)N

0H 1)Z

X2 = V([1+6
h

(0)h
0
H1 + [1+6 h(0)]1-1h)Z.

Then X = X1 /X2. The joint distribution of X
1

and X2 is given

and

by the characteristic function

(1)(a, b) I I-2iA
o
[(a+b)[1+8

h
(0)]ri

0
H

1
+b[1+8h(0)]Hh] -1/2

Using (5. 3), this reduces to

4(a, b) = 1I-2tha+b)ri-H /T1 (0)+bH
h

-1 /2
u 1 1
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Hence the distribution of X depends only on Tii(0). Now Theorem

2, page 162 in Lehmann (1959), implies that X and (T, G) are

independent on 2B6' and (5. 13) follows. Therefore, the test

(5. 12) reduces to

co(x) =

x > c2,

, x = c2,

elsewhere,

where c
2

and d
2 are determined by

But

E [co(X)] = a .

710

[llorinnori+rh)] > c2 < > TiOr 1 Irh c3

for some c3; and the F -test (5. 11) is obtained by appealing to

Lemma 5.7. []

Remark 5.14.

(a) It should be noticed that these simplifications carry over to

the tests given by (4. 1. 11) -(4. 1. 13) as well as any tests

about the ratios corresponding to H2, H3, and H4. For

instance, the two sided F-test is UMPU for testing

H:
1
(0) = TO vs K.. /1

1(0) 110 .



(b) If the family :),r is not complete, the invariance argu-

ment developed in Section 4.2 can be used to interpret the

tests as UMPU among (location) invariant tests. o
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We devote the rest of the chapter to examples. The examples

are chosen to cover a wide range of applications. Moreover we hope

to show, by way of these examples, how to use the above results to

test some interesting hypotheses concerning the parameters

0 ... 0 .

1 p

Example 5.15. Suppose Z - N (0,I+OW) where 0 > 0 and
q

_

W = W' = W2. Then )-(
1

= I + )-(o where ){0 = sp{W}. Since

W = W2, it follows that }-to is a CQS. Since h = 1, we take

H
1

= W so that R
1

= VW-Z. Now A
0

= I + OW. So, v1(0) = 0.

Thus, [1+8
1
(0)] -7-. (1+0) -1 which implies

1y (0) = 2 [1+6
1

-1(0)] = -[2(1+0)] .

Consider testing the hypothesis

H:0 = 0 vs K:0 >0.

This hypothesis can equivalently be written as

H: y1(0) = -1/2 vs K: y1(0) > -1/2.
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Hence we can use Theorem 5. 8 to construct a UMPU a-test. The test

is a chi-square test that rejects iff r
1

> c where c is the

appropriate cutoff value. It should be noticed that the chi-square

test would also be obtained if W = W' = aW 2 where a is some

known constant.

Example 5.16. Consider the model Y N
n

(X[3, I +OV) where

is an unknown vector of parameters, 0 > 0, V = V' = V2, and

R(VX) C R(X). We can reduce this model to the one in the previous

example. To see this set Z = Q'Y where Q is such that

R(Q) = N(X1) and ()IQ = I. Then Z N (0, I+0W) whereq

q = r(Q) and W = Q'VQ. Now the condition R(VX) C R(X) implies

that QQ'V = VQQ', by Proposition 5. 1(a). Thus, W2 = W. So in

fact we get the model in the previous example. We mention that the

present model would arise from a balanced completely random one-

way classification model with known error variance equal to one. 11

Example 5. 17. Let Z N (0, o-2
(I+pW)) where o-

2
> 0,

-1 < p < 1, and W = W' = W2. It is easy to see that

= = sp{I, W} is a CQS. Assuming 0 < r(W) < q, we get

that h = 2 and we can take H
1

= I W and H2 W to form a

basis satisfying (5. 3). Then R
1

= Z'Z Z'WZ and R2 = Z'WZ.

Let 0 = (o-
2,

p)1. Then A
0

= cr.
2I

+ per
2W can be written as
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A
0

= I + 2
-1)H

1
+ (0-

2
(1 +p)-1)H

2
.

vo 0) o-2 1
and v2(0) = 0-2(1+p) 1 so that

,1 + 5
1

(0) = 1 /a-2 and 1 + 62(0) = 1 /[0.2(1 +p)]. Thus p1(0) = 1 + p.

Let us consider testing the hypothesis

H:p = 0 vs K:p 0.

This hypothesis can equivalently be stated as

H:ri
1
(0) = 1 vs K: n1(0) 1.

To see if the two sided version of the F-test (5. 11) can be used we

must check if the assumption corresponding to (4. 1. 16) is satisfied.

Now observe that

B
=

2
(0:0 E

B}

= {-1/20r2(1+p):o-2 >0, -1 < p < 1, 1 + p = 1},

= {-1 /2o-2 : 0-2 > ,

which clearly shows that the two sided F-test is UMPU. Let

F = R
1 k 2/R.2 k

1
where k

1
= r(I-W) = q r(W) and k

2
r(W).

Hence the test is given by

, f < c1 or f > c2,

elsewhere,



where cl and c2 are determined by

and

En
1

(0)=1{0F)] = a

Er11(0)=1
[Fy9(F)] = aEn

1
(0)=1(F).
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Transforming the F-distribution into a beta distribution, tables of the

incomplete beta function can be used to determine cl and c 2. II

Example 5.18. Suppose Y.. N(13., 0.) where pi E R1 and

0. > 0 for i = 1,2, j = 1, ..., ni. Also, suppose that the Yi. are
J

independent. This model can be written in matrix form as

Y N(X13, 0 iV i+02V2) where

X =

1 0
n1
0 1 '

n2

P \
R 2 /

V
1

=
'

\ 0

(0 0

V =
2 \0 I

n2/

Let Q be such that R(Q) = N(X1) and QIQ = I. Set W. = Q'V.Q,

i = 1,2. It is easily verified that R(ViX) C R(X) so that

complete so that Proposition 5.1 is applicable. Hence

YT is

.X1 = Xo = sp{W 1,
W2} is a CQS. We note that W1 and W2

satisfy (5. 3) so we can take H. = W., i = 1,2. Then, partitioning

Y into Y1 and Y2' we have
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R == Z 'W.Z Y'QQ'V.QQ'Y
1 1 1

= YI(I-P
X

)V
i
(I-P

X
)Y

= YIV.Y (P
X

Y)'V
i
(P

X
Y)

I

2
= Y.IY. n Y. ,

1 i i 1.

where P
X is the orthogonal projection operator on R(X) and

Y. is the average of the observations which comprise Yi, i = 1,2.
1.

Further k.
I

= tr(H.) = tr(V.) tr(P
X

V.) = n. - 1, i = 1,2. Leti I 1 1

Zo = 01V1 + 02V2. Then A0 = Q'E0Q = eiHi + 02H2 can be written

as Ae = I + (01-1)H
1

+ (02-1)H 2, Thus, v.(0) = (0. -1) so that
1 1

1 + 6.(0) = 1 /0.1 , i = 1, 2. So rli (0) = 02 /01. Consider testing the

hypothesis:

H:01 = 02 vs K: 01 i 02'

This hypothesis can equivalently be stated as

H:ri
1
(0) = 1 vs K:n

1
(0) 1.

As we have done in Example 5. 17 we need to check if FB has a

nonempty interior in R1. Observe that

FB = {y2(0) : 0 E eB},

= {-1/202: 01 > 0, 02 > 0, 01 = 02 },

= {-1 /202:02 > 0}.
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So, the usual two sided F-test is UMPU.

Example 5.19. Consider a balanced incomplete block design

with treatments fixed and blocks random. Let v, b, k, r, and )

denote the parameters associated with the design and express the

n = ry = bk observations Y..
13

=
1

+ y. + T. e.. in matrix form
j 13

as Y = 111 + By + XT e. Assume that 1\lb°' gbi)'
e N n(0,o-2I) and that -y and e are independent. Then

2
Y Nn(1P.+XT,Ci

2
I+o-bB131). The case k = v corresponds to the

balanced complete block design which is a special case of the models

to be treated in the next example. So we consider here the case

k < v. In this latter case Seely (1971) showed that it is no longer true

that R(BB'X) C R(X). As a result
6'T is not complete. Hence

we reduce by (location) invariance. Consider Z = Q'Y where Q

is such that R(Q) = N(X') and Q'Q = I. Then

2
Z N (0, o- 2

I+o-b(:)'1313'Q) where q = r(Q) = n v. So,

xl = )(o sp {I, Q'BB'Q }. Now suppose that b = v. The reader is

referred to Seely (1971) for a proof of the results we give below.

When b v,
0

is a CQS and H
1

= (r A.v)Q11313'Q along with

H2 = I H1 form a basis satisfying (5. 3). Further, R1 = Z'H1Z

is the sum of squares for blocks eliminating treatments, and

R2 = Z'H2Z is the sum of squares for intrablock error. Moreover,

k
1

= tr (H 1) = v 1 and k = tr(H 2) = n 2v + 1. Let
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2 2 2 20 = (cr ,o- b)1. Then A0 = o- I + o-b(2113131(:) can be written as

A0 = I + (o- 2
+Xvo-

2
/r -1)H + (cr

2
-1)H

0 1 2

2Thus vi(0) = cr 2
+ X.vcrb/r -1 and v2(0) = T 2

- 1 so that

1 + 81(0) = 1 /(cr 2
+Xvcr b/r) and 1 + 82(0) = 1/o-2. Hence

ri 1(0) = 1/(1+Xvp/r) where p = 62
b

/o-2. Now that ri 1(0) is a func-

tion 2tion of p, we can test about the ratio cr b /cr. . One interesting

hypothesis is

H: crb = 0 vs K:o-
b >0'

which can equivalently be stated as

H:ri 1(0) = 1 vs K:ri 1(0) < 1.

It is easy to check that the F-test (5. 11) is a UMPU test among

(location) invariant tests.

Let us now consider the model for the complete m-way classi-

fication with p random effects. This model can be expressed as

(5. 20) Y N(X(3, EPi 10iVi) .

Several special cases are treated in the literature:
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(a) The balanced completely random one (and two) way classi-

fication models are dealt with by Herbach (1959).

(b) The balanced completely random q-way classification model

is treated by Graybill (1976).

(c) Scheffe (1956) treated the mixed model for the complete

two-way classification with one random-effects factor.

However, under his assumptions
0

is not a CQS. For

a discussion on this point see Hocking (1973).

(d) The generalization of Scheffe Is work to the mixed model for

the complete three-way classification with two random-

effects factors is done by Imhof (1960).

In the following example we use a model of the form (5. 20) to illus-

trate our methods.

Example 5.21. Consider the following model

Yijk + ai Pj (aP)ij Vk (aV)ik (PV)jk (aPV)ijk

i = 1, , a, j = 1, , b, k = 1, ,c. We assume that p. and a.

are fixed while
13

. . , (aRY)ijk are assumed to be independent and
2normally distributed with zero means and variances
b abc

respectively. In matrix form we have

Y = lnp. + Aa + BP + U
AB (a(3) + C.y + VAC(aV) + W

BC
((3y) + I(a(3N).
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Hence E(Y) = 1 µ + Aa , and

cov(Y) = accr bPB + ccr abP AB + abcr P
C

+ bo- P
c ac AC

+ ao-
2 P + o-

2
I ,be BC abc

where we have written DAB, for example, to denote the orthogonal

projection on R(UAB) for notational convenience. In the above

expression for cov(Y) we have used facts like BB' = acPB. It is

clear that this model satisfies (5.20) where X, p, 0i's and V.'s
2are defined in an obvious fashion, e.g. , 01 = accrb , V

1
= P

B. In

this balanced situation the above orthogonal projections satisfy some

interesting relationships that prove to be useful. For instance,

(5. 22) PAP1 = PAPB = PA PBC = P1 and
PA- hiPAC PA

and roles of A, B or A, C can be interchanged. Let Q be

such
Qch

that R(Q) N(A') and Q'Q = I. Set W. =

i = 1,2, , 6. Using (5.22) it is easy to verify that 6is com-
pleteplete and that Xo = sp{W 1,... , W6} is a CQS. We want to find a basis

HI, , H6 for )-(
0

satisfying (5. 3). To this end consider
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G1 = -P1 ,

G2 PAB PA PB + PI
G3 = PC P1 ,

G4 PAC -PA PC + P1

G5 PBC PB PC + P1

G6=I- PAB -PAC -P
BC

+ PA +P
B

+ PC -P1

We note that G. = G. and G.G. = 0, i j. Moreover, for
1 1

i = , 6 we have QQ'G. = (I-PA)Gi = Gi. Hence H. = Q'G.Q,

i = 1, 2, , 6, form the required basis. Thus

R. Z.= = Y'QC:21G.QQ'Y = YIG.Y, i = 1, 2,... , 6. We mention that
1 1 1 1

R.'sR.' are the sums of squares appearing in the usual analysis

of variance tables. For example, R2 = "PAB-PA-PB+PlrY is

the sum of squares for the interaction (a(3). To get

ev

I
(0), , v

6
( ) as given by (3.2.4), we observe that W1 = H1,

W2 = H1 + H2, W3 = H3, W4 = H3 + H4, W5 = H1 + H3 + H5 and

W
6

E 6
1
H

i
. From these observations we can conclude

i=



1 + v1(0)

1 + v2(0) =

1 + v3(0) =

1 + v4(0) =

1 + v5(0) =

1 + v6(0) =

2 2
acerb + crab

2
ccrab

2+a
be + 0-2abc

+
2

o-abc

2
oho-2 + bo-

2

c
+ ao-bc + 0-2

a abc

2bac +
2

o- abc

2
ao + Cr

2

abc

2
0

abc
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We see that the usual F-tests are UMPU for testing about the inter-

action effects. They are also UMPU for testing about the main effects

provided we are willing to assume that certain interactions do not
2play any role, e.g. , to test about o-b we must assume that either

2
T

2

a b
= 0 or Cr

bc
= 0. El

As we have seen in the above example, there may not be

available exact F-tests for some of the hypotheses of interest. How-

ever, we maybe able to use an approximation due to Satterthwaite

(1946) to get an approximate F-test as suggested by Cochran (1951).

Cochran showed that this approximate F-test is asymptotically equiva-

lent to the likelihood ratio test. To study the adequacy of the

approximation, he considered the case of three parameters. He

investigated the distribution of the test statistic as well as the power

function and concluded that the proposed F-test is quite satisfactory
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when three parameters are involved. An improvement of this

approximation has been given by Howe and Myers (1970) but their

method is too complicated to be useful in practice. This led Davenport

and Webster (1972) to establish criteria for the use of Cochran's test.

They gave a chart for acceptable combinations of the degrees of

freedom. The cases where the approximation is poor were found to

be those when the descrepancy in the degrees of freedom is large.

Naik (1974a, b) gave test procedures which control the size of the tests

very effectively. He showed that his tests have monotone power

functions and are most powerful in a certain class of tests.
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VI. HYPOTHESIS TESTING WHEN THE SUFFICIENT
STATISTIC IS NOT COMPLETE

In this chapter we consider the case where neither the family

nor the family is complete. We begin by giving a brief

59

review of the literature. Then we consider the case where we have

two parameters, p = 2. Different tests are discussed and some

examples are given. Of these tests, the most practical appears to

be Wald's test. As a result we next investigate the power function of

Wald's test. The unbalanced random one-way classification model is

worked out as an important example of our considerations. We con-

clude with a brief discussion of the case where we have more than two

parameters describing the covariance structure.

6.1. Review of the Literature

In 1947 Wald suggested a procedure that can be used to test

hypotheses about ratios in many mixed linear models. In essence,

one simply acts as if one has a fixed-effects model and computes the

sums of squares in the usual way, i. e. , using the reduction sum of

squares principle. Many statisticians have used this procedure ever

since. Thompson (1955b) applied it to incomplete block designs,

while Spjotvoll (1968) and Thomsen (1975) treated unbalanced variance

components models for two-way layouts. Both Spjotvoll and Thomsen

assumed that the variance component of the interaction effect is zero
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when testing about main effects. Thomsen's tests differ from those of

Spjotvoll in that he pooled the interaction sum of squares and the

error sum of squares when testing about main effects. Portnoy

(1973) considered experimental designs with randomized blocks. He

suggested an improved test based on the recovery of intrablock

information . Hultquist and Thomas (1975) re-examined the considera-

tion of Portnoy in a more general formulation of the problem. It

turns out that Portnoy's test and many of the tests of Hultquist and

Thomas are just the ones we would obtain by applying Wald's pro-

cedure.

Although Wald's test procedure is a general one, other tests

have been suggested for dealing with specific models. Thompson

(1955a) derived a test for the ratio of variances in a mixed incomplete

block model which maximizes the minimum power among all invariant

tests.

Spjotvoll (1967) derived a most powerful invariant and similar

test for the ratio of variances in an unbalanced random one-way

classification model. He also discussed the optimum properties of

his test. A jackknifed version of Spjotvoll's test which is not sensitive

to departures from normality has been proposed by Arvesen and

Layard (1975). An exact procedure for testing that the ratio is zero

is given by Green (1975). However, his test is not symmetric in the

observations.
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Tietjen (1974) dealt with the completely random three stage

nested model. He considered testing about the variance component of

the top stage factor. He compared a conventional F-test (ignoring the

imbalance) with another approximate test based on a Satterthwaite -

like procedure. A Monte Carlo study revealed that the conventional

F-test behaves far better than the other test. Tietjen also found that

the statistic of the conventional F-test follows approximately an

F-distribution when .88 < r
1

< 1. 13, where the quantity r
1

is

available from the design and is equal to one in the balanced case.

6.2. The Case of Two Parameters

In the present section we suppose that

6 ) = {Nn(Xf3, 0,I+02V) : (3E Rill, 0 = (01 02) E 0)",

where V is a nonnegative definite matrix and 8 is a set having a

nonempty interior in R2 such that the covariance matrix,

E =
1I

+ 02V , is positive definite for each 0 E O. We also assume

that r(X,V) < n. With regard to our previous notation we have

7)/ = R(X), p = 2, V0 -= 0, V1 = I and V2 = V.

We shall treat here the case where neither the family 6R
the family ''6):1, is complete. However, the unlikely case where

)&R.
is not complete but

6)T

nor

is complete is still covered by our

discussion although we need a different interpretation. The tests to be
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derived in this section are going to be most powerful similar and

(location) invariant tests. The reason for reducing by invariance is to

avoid conditioning on T. The independence of T and R, when

62T
is complete, takes care of this problem. As a result, the

restriction to invariant tests is not needed when
6)T

is complete.

Let Q be such that R(Q) = N(X') and Q'Q = I. We have

seen before that Z = Q'Y is a maximal invariant wrt the group

of translations defined in Section 4.2. The covariance matrix

of Z is given by

A
e

= Q'Z eQ = 0
1
I + 02 W,

where W = QVQ. Then h = 2 and X
1

=
0

= sp{I, W}. Let

W = Z.
=u
,X.E

i
denote the spectral decomposition of the matrix W.

i

Also suppose that X.0 < X1 < < X . The assumption that

r(X,V) < n implies that X0 = 0 (see Olsen, Seely and Birkes

(1976)). It can be shown that
1 0

= sp {E0, . ,Es} and

c = s + 1. Thus a minimal sufficient statistic for e is given by

Y(6.2. 1) R = (Re, ,Rs)' where R. = i = 0,1, ... , s.

When C.i)R is complete we have c = h, i. e. , s = 1. Since this

case has been considered, we assume that s > 1. Observe that

E0 , ,E satisfy (5.3) so that is a CQS. Thus for
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i = 0,1, ... , s we have the following results:

(6.2.2) 1 + 5.(0) = 1/(0
1

+Xi 02) ,
1

(6.2.3) 01 + Xi 02 > 0,

(6. Z. 4) R.
1
/(0 +X..0 ) - x2

k 1.

where k. = tr(E.) ,
1 i 2 .

1

(6. 2. 5) R0, R1, ... , Rs are independent.

Since Xo = 0, then 01 > 0 and we can define p = 02/01. It is

easily established that the density function of R wrt some meas-

ure on Rs+1 is given by

fR(r10) = a(0) exp{-1 /2 Ei=0 ri/(01+Xi02)} ,

= a(0) exp{(-1/201)[r0 +Es=iriAl+Xip)]} ,

where a(0) is a normalizing constant.

Consider testing the hypothesis

H7: p < p0 vs 1(7: p >p0

where p
0

is selected such that the class of distributions under H7

and that under K7 are nonvoid. The set of common accumulation

points of 0
H7 and 0

K7
is given by



°B7 = 5H7 (m e = {0 E ®: p = p0} ,

as can easily be verified using Lemma 5.6. Let

Assuming that

(6. 2. 6)

G = R
0 1

+ E.
=1

R. /(1+X.P
0

)

{0
1 1

n 0 f 0B7} has a nonempty interior in R1,

one can easily establish that

(6. 2. 7) G is a complete sufficient statistic for on e
B7

.
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From now on we change the notation a little and use T to denote the

test statistic

(6. 2. 8)
E.5

=1
[1 /0+),..p

0
)-1

1

T
R

0
+E1.

=1 1
R./(1+X..p

0
)

where pl > p0. Going along the lines given in the proof of Theorems

4.1.18 and 5.10, we arrive at

Theorem 6.2.9. Suppose that the assumption (6.2. 6) holds

true. Then the test
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(6.2.10) (Mt)

11,

d,

t > c,

t = c,

t < c,

where c and d are determined by

E [cp(T)] = a ,

PO

is a MP (against a given p
1

> p0) similar and (location) invariant

a-test for H7 vs K7.

Remark 6.2.11.

(a) Let P(P1131) denote the power function of the test (6.2. 10).

Then (3(PI p1) is an increasing function of p. This can be

shown using an argument similar to that given by Spjotvoll

(1967) who treated the special case of the unbalanced ran-

dom one-way classification model. In particular it is seen

that the test (6. 2. 10) is unbiased.

(b) The test (6.2.10) can also be considered as a MP (location

and scale) invariant a-test. To show this we reduce by

scale invariance instead of appealing to similarity. This

leads to (R1 /R0 , . . , Rs /R0) as a maximal invariant.

The distribution of the maximal invariant depends only on

p. Hence any test which depends on the maximal invariant
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must be similar on 8B7. Thus the class of (location and

scale) invariant tests is contained in the class of similar

and (location) invariant tests. But the test (6.2.10), which

is optimum in the larger class, depends only on the maxi-

mal invariant and the claim is established.

It is seen that T depends on p
1

and hence no UMP test

exists. To avoid specifying an alternative

possible:

P1 several ways are

Locally MP Test. Let p = p0 + 6 and 5 0. This leads

(see Equation (36), page 107, in Cox and Hinkley (1974)) to the locally

most powerful test statistic

Es'=1XiRi/(1-RiP0)
2

TL =
R

0 1
+Z.

=1
R. /(1 +X. p0 )

Wald's Test. Let p
1

00. This leads to Wald's test statistic

T = re
1=1

R. /(1+X
i
p

0
)1/11

0
.

p -Optimal Test. Let i5 be s. t. P(FI 15) = P where

0 < a < 13 < 1. This leads (see Davies (1969)) to the 13-optimal test

statistic

T = T evaluated at F-3 .
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It should be noticed that the above three tests are nearly

equivalent ff.'swhen the X.' are nearly equal. In fact, all three of

them coincide in the balanced case where s = 1. In the unbalanced

case, however, they are different. The one to use depends on what

type of alternatives one wishes to guard against. That is, to guard

against close alternatives TL is better than the others whereas

TW is better against large alternatives.

However, a decisive factor for this issue seems to be the

simplicity of the test procedure. Of these three tests, the simplest

null distribution is that of Tw. Making use of (6. 2. 4) and (6. 2. 5) we

have

(6.2.12) when p = p 0' k
0

T
W

Fk,
k

, where k = Ei=lki.
0

For TL and T , the null distribution is that of the ratio of two

dependent weighted sums of xz random variables. So, even the

determination of the cutoff value turns out to be a formidable task.

In the special, but still important, case where pc) = 0, the

test statistics simplify a little bit. They become

= Zs X /Zs R. ,TL,
0 i= 1

.R.
i=0 1

= Zs R /RTW,
0 i=1 i 0

and
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Ti3,0 = [Zi=1XiRi/(1+X.03)]/Esi=0Ri

The simplest to compute is again Wald's test.

Remark 6.2.13. Let B be such that V = BB'. Then our

model is equivalent to the model

(6.2.14) Y = X13 + Bb + e

where b N(0, 02I) independently of e N(0, 011). Now think of the

model (6. 2. 14) as a fixed-effects model, i. e. , as if b is an

unknown parameter. Since QEoQI is the orthogonal projection
_Loperator on R(X, B) (see Olsen Seely and Birkes (1976)) then

R0 = YIQEoQIY can be interpreted as the residual sum of squares for

the full model (6.2.14). Further, QQ' is the orthogonal projection

operator on R(X)
_L

so Y'QQ'Y is the residual sum of squares for

the reduced model Y = Xf3 + e. Hence Es
1
R. = Y'QQ'Y Ro cani=

be interpreted as the reduction sum of squares. Thus we can compute

TWA
0

without having to compute the individual R.'s. Moreover,

the degrees of freedom are given by k
0

= tr(E
0

) = n r(X, V) and

k = ES_ k. = r(X, V) - r(X).i1

Although the above discussion is restricted to H7 vs K7 it

should be noticed that other hypotheses can also be tested, e. g. ,

H: p = 0 vs K: p 0. The treatment is essentially the same and the
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modifications are almost obvious.

We conclude the section by commenting on the applicability of

the above model. As a first example we mention the unbalanced two

variance components model. A variation of the correlation model,

Example 5.17, provides a second example. In this latter example

we assume now that W is nonnegative definite instead of being

idempotent. We also assume, without loss of generality, that the

eigenvalues of W are less than or equal to one in order to ensure

that the covariance matrix Cr
2

(I+pW) is going to be positive definite

for -1 < p < 1. If the largest eigenvalue of W is equal to M > 1,

one can always scale it back to one. A third example is a slightly

different version of the homogeneity of variance problem discussed

in Example 5.18. We consider this example in more detail.

2 ,IExample 6.2.15. Suppose Y.. - N(µ, cr. ) where p. E IA. )li 1

cr. > 0, i = 1,2, j = 1, ... ,n. and that the Y..'s are independent.
1 1 13

This model can be written in matrix form as

Y - N(Xp.,o-i2 Vi + o-22V2) ,

where X = ln, n = n1 + n2 and V1 and V2 are defined in

Example 5 . 1 8 . We also assume that n. > 1 , i = 1 , 2 . The covari-
1

ance matrix cr
I

2
V

I
+ Cr

2

2
V2 does not fall into our framework because

2 2 2VI I. So we reparametrize. Let 01 = cr
I

and 02 = o-2 o- .



Thus 0 = {Or 02) : 01 > 0, 02 E R1 and 01 + 02 > 0}. Further, the

covariance matrix
0

= CT V
1 2

+ cr
2V

2
= 0

1
I +

2
V2 satisfies our

requirements. It is easily verified that R(V2X) is not a subspace

of R(X) so that is not complete. The family 'R
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is also

not complete. To show this we consider the eigenvalues of the

(n-1) x (n-1) matrix Q'V2Q. Since n2 < n-1, then X
o

= 0. The

nonzero eigenvalues of Q'V2Q are the same as those of
1

V
2

QQ'V2 = V2 ;37 V2jnV2. So we consider the eigenvalues of
1

I J . They satisfy Jn2 x = -n(k-1)x, where x is then2 n n2

eigenvector associated with X. Hence, either -n(X-1) = 0 or

-n(X-1) = n2 so that Xi = ni in and X2 = 1. Thus s = 2. It is
2straightforward to verify that Ro = 113.Y1 niYi:

2R1 = (nin2/n01.-7212, and R2 = - n2Y2: The degrees of

freedom are given by k0 = n1 1, ki = 1, and k2 = n2 - 1.

Suppose we want to test the hypothesis

2 2
H : o- = cr-2 vs K : cr2 0-.2 .

Then a two sided version of any of the above tests can be used. D

6. 3. The Power Function of Wald's Test

The discussion in the previous section points out that in compari-

son with the other tests, Wald's test is by far the simplest to use.
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For this reason attention will be focused in this section on the power

properties of Wald's test in an attempt to determine the circumstances

under which Wald's test will be a reasonable one.

Let c be such that Pr{f > c} = a , where has an

F -distribution with k = E!
=1

k
i

and k
0

degrees of freedom. Let
1

Q. be a random variable having a chi-square distribution with k.

degrees of freedom. The power function of Wald's test depends only

on p = 02/01 and is given by

(6. 3. 1)

where

(6. 3. 2)

13(p) = Pr{(Zs.
=1 i

(p)Q
i
)/Q

0
> (kc/ko)} ,

PY.( = (1+X.p)/(1+X.p
0

), i = 1,2,...,s.

The exact power function given in (6. 3. 1) involves the distribu-

tion of the ratio of a weighted sum of chi-square variables to an inde-

pendent chi-square variable. Unfortunately it is too complicated to

allow a useful analytic investigation. As a result we use an approxi-

mation due to Satterthwaite (1946). The Satterthwaite approximation

to the distribution of Es
=1

(p)Q is the distribution g(p)Q=1 i

where Q
m(P)

is a chi-square random variable with m(p) degrees

of freedom and the quantities g(p) and m(p) are chosen such that

the first two moments of the approximate distribution are equal to

those of the exact one. This condition leads to the following
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relationships

(6.

and

(6.

3.

3.

3)

4)

g(p) = z
s
=i

2
(p)k. 1=1 .v.(P)k.i

m(P) = =1 tY.(P)k.)
2 /E i=1

2
t(P)k.i

Therefore, we get

(6. 3. 5) P(P) = Pr{Qrn(P) /Q
0

> kc /kog(p)}

= Lb(p)(ko /2, m(p) /2) ,

where Ix(p, q) denotes the incomplete beta ratio, and

(6. 3.6) b(p) = kog(p)/(kc+kog(p))

By examining (6.3. 5) it is seen that we get good power properties with

high values of k0, m(p) and b(p). It should be noted that high

values of b(p) will result from high values of g(p)

We now concentrate on the most common hypothesis

H: p < 0 vs K: p > 0,

and examine the power in a design framework, i. e. , as though one has

control over the experiment. This will lead to some design considera-

tions which one can employ if one is fortunate enough to be able to
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design the experiment. It will also tell us when we can expect Wald's

test to be good.

Putting p0 = 0 in (6. 3. 2) we obtain

(6. 3.7) i = 1, 2, ... , s.

Let a
1

= Es
i=1 i i

Xk and a
2

= Es
i=1

X.
2i k.. Then substituting (6. 3. 7)

i

into (6. 3. 3) and (6. 3. 4) we get

alp+a 2p2
(6. 3. 8) g

o
( p ) = 1 + a p+k '

1

and
2

ai2 p +k(2aip+k)
(6. 3. 9) m0(P)

2
.

a2p +(2a
1
p+k)

Remark 6. 3.10. It should be noticed that g0(p) and m0(P)

depend on the Xi's only through the two quantities a
1

and a
2

which are easy to compute. In fact we have

and

a
1 i

= Zs
=1

X
i
k

i
= tr(Q'VQ) = tr(V(I -PX ))

'

,-,a
2

= Es
=1

X
2k

i
= tr(Q'VQ) 2 = tr(Va-Px))2

LIi i

Consider small values of p. Then m
0 (p) is approximately

equal to k. So, we would like k to be large. On the other hand,

consideration of g0(p) calls for small k as compared to al.
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Further, since k
0

+ k = n r(X) it follows that small values of k

imply large values of k0, which are desirable. So, we need some

sort of compromise. The decisive factor appears to be the degree of

skewness of the beta distribution with parameters k0/2 and k /2.

The measure of skewness (see Pearson (1968)) is given by

(6. 3. 11)
NI

131 = 2(k-k
0 NI

) 2k+2k0 +4/(k+k
0

+4) kk
0

.

NI

If k << k
0

then the beta distribution would be so severely skewed to

the left that the values of the integral Ib(k0/2, k/2) would not be high,

at least for reasonable values of k
0

because then b cannot be

close enough to 1. On the other hand, k >> k
0

would cause skew-

ness to the right. However, b would be drastically reduced. In

fact, even the symmetric case k = k
0

would make b < 1/2 so that

the power would also be less than 1/2.

Now consider large values of p. We know that Wald's test is

"optimal" against such alternatives for a given design. In choosing a

design with high power at these alternatives we want k to be small

and a2 to be maximum in order to get large values of g
0

(p). As

2 2for mo(p) we need to maximize al /a2. But a /az < k. So, the

two considerations, for go (p) and mo(p), work against each other

again.

2It should be noticed here that al /a
2

k when the X. Is are

nearly equal. Thus, the discussion in the previous paragraph suggests
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that Wald's test will be at its best when the model is "nearly balanced"

and k is reasonable. That is, if we believe that p is small,

i.e. , 02 << 01' and we want to have good power near p
0

= 0, we

should make k
0

large as compared to k. On the other hand, if we

think that p is large, so that 02 is at least as important as 01'

then we should arrange for enough degrees of freedom to estimate both

parameters. So, k should not be small. However, the above

analysis suggests that k should still be smaller than k0.

6. 4. The Unbalanced Random One-Way Classification Model

Consider the model

(6. 4. 1) Y. = + a . + e.., j 1, ,n., i -= 1, , a,
LJ 1 13 1

where µ is an unknown parameter and ai N(0, 02) independently

of e.. N(0, 01). Let us write the model in matrix form as

(6. 4. 2)

where

(6. 4. 3)

Y= ln + Aa + e,

n = Ea n.. By our assumptions above we have
1 =1

Y Nn(1
np.,

0
1

1+0
2
AA') .

We consider here the hypothesis

H: 02 = 0 vs K: 02 > 0'
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to illustrate the ideas of Section 6. 3 With respect to this hypothesis

we find

and

k =
n

r(l ,AA') - r(1 ) = a - 1,
n

ko = n r(ln,AA') = n a.

With these values (6. 3. 11) reduces to

N/131 = -2q2 (n-2a+1)Nln+1/(n+3)Nl(a-1)(n-a) .

Let

(6. 4. 4) N. = Ea. (n.)i , j = 2,3.
1j =1 1

Using Remark 6. 3. 10 we find

and

al = n - N2 /n ,

a
2

= N2 2N3 /n + N22 /n 2

Let us recall from Section 6. 3 that to get large values of
2

m
0 (P) we want k to be large and al /a

2
to be maximum. To get

large values of g
0

(p) we want k to be small and at small values

of p we want al to be maximum, while at large values of p

we want a2 to be maximum.
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Because of the optimality of Wald's test against large values of

p we now concentrate on the best ways to improve its performance at

small values of p.

First let us consider maximizing al. This is equivalent to

minimizing N2. Given a groups and n units how do we allocate

the n units to the a groups such that N2 is a minimum?

Anderson and Crump (1967) proved that the "as balanced as possible"

allocation

(6. 4. 5) M + 1 units to each of Q groups and M units to each

of a - / groups where n = aM + , 0 < a,

minimizes N2. Moreover, they also showed that the allocation

(6.4.5) maximizes al /a
2

which is needed for m
0

(p) to be large.

Fortunately, this allocation leads to at most three different, but

adjacent, nonzero eigenvalues, i. e. , s < 3. When / > 1 the

eigenvalues and their multiplicities are given by

(6.4.6) X
1

= M, X
2

= aM(M +l) /n, X3 = M+ 1, k
1

= a Q 1,

k
2

= 1, k
3

= Q - 1.

If Q = 1 we have only X1 and X.2. If Q = 0 we have only Xi,

e.g. , see LaMotte (1976). It should be noticed here that, with these

Satterthwaite's approximation is fairly accurate.
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When the allocation (6. 4. 5) is used and M > 2 one can easily

verify that a21 /a2 -= a 1. Using this in the expressions (6.3.8) and

(6. 3. 9) we get

(6.4.7)

and

(6. 4. 8)

g
0

( p ) = 1 + a
1
p/(a-1),

m0(P) -= a - 1.

Now N2 = (a-/ )M2 + i(M+1) 2 = nM + (M+1). Thus we get

al = n M - 1(M+1)/n = (a-1)M + (1-(M+1)/n).

Hence, using this expression for al, we see that

M < a1 /(a -1) < M+1 .

So, we can rewrite (6.4.7) as

(6.4.9) go(p) = 1 + M
Op'

M < M
0

< M+1.

Now let us consider the power function. Its form is

(6.4.10) MP) = I b(p)(
n-a

2 '

a21
)

where b(p) = 1 /(1+d(p)) and d(p) is given by
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(6. 4.11) d(p) = (a-l)c/(n-a)go(P)

(a-l)c/(n-a)(1+M
0

p) .

Besides p, the power function is seen to depend on the sample size

n and the number of groups a. If n is fixed we assume that one

has control over a, and vice versa.

By examining 13(p) it is clear that high power will result from

small values of d and positive values of pi. As we have seen

before these two requirements cannot be achieved simultaneously.

Indeed d would be smallest when a = 2 (the case where a = 1 is

excluded of course). However taking a = 2 leads to severe negative

skewness. On the other hand, taking a > (n+1)/2, while producing

positive skewness, will result in values of d > c/(1+p) which may

not be as small as we wish. In fact b(p) may be less than 1/2

even at moderate values of p.

A numerical study has been carried out to learn about a good

compromising value for a. Several sample sizes are considered.

For each sample size a wide range of values for a is tried. For

n = 15 and n = 30 the power curves corresponding to different

values of a are given in Figures 1 and 2 below. These figures are

typical of those obtained for other sample sizes. The plotted curves

are seen to support the suggestion that a value for a around n/4,

i. e., M = 4, may be a good compromise. That is, the best power
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properties are obtained when the units are allocated to the groups as

evenly as possible with around four units per group.

6.5. The Case of p Parameters

Consider the model

(6. 5. 1) Y N(XP, V
0 1

+EP 0
i
V )

where the parameters and the matrices are defined as above.

Suppose we are interested in testing about 0 where the choice

of 0 is for notational convenience only. The main idea is to expand

the concept of invariance to get rid of as many of the nuisance param-

eters as possible, thus, hopefully reducing the problem to the case of

two parameters discussed above.

We proceed along the lines given by Goodnight (1976). Let

D = (X, V0, ... ,Vp_i) and consider Z = Q'Y where Q is such

that R(Q) = N(D'). When Q J 0 we have that Z N(0, 0 Q)
P p

and we can test about 0 . The problem arises though that there

might be an I , 1 < f < p 1 , such that R(Vp) C EV/ ) so that

R(Q) C N (V ). In order to avoid a zero covariance matrix Q'V Q,
P

we have to drop V/ out of D. Hence 0/ must be kept as a

nuisance parameter. Let X.= {1,...,p-1} and set

UJ = E.
EJ

R(V.). Define
J



and

EG JcX s. t. f E J, R(V ) C Uj

and R(V ) U V J r J},
p

1
1

A= {.1 ES :1 dc,f. }.

Drop the matrices VI, f E from D and denote the

resulting matrix by D1. Let Qi be such that

(6. 5. 2) R(Q
1
) = N(D') .

1

82

We follow Goodnight and say that Z1 = (:)11Y is maximally invariant

wrt 0 , f Ef2. When Q
1

4 0, we have that

(6. 5. 3)

where

(6. 5. 4)

Z1 - N(0, E1 OIWI)
1

W = Q1 V/ Q
1

, Q E X1

It might be that the family 6z admits a complete sufficient
1

statistic in which case the results in Chapter IV are applicable.

Otherwise we hope that
1

has only two elements so that we can

use the results in this chapter. If this is not the case we may have to

assume that certain effects play no role in order to be able to use

Wald's test. We illustrate by way of an example.
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Example 6. 5. 5. Consider the model

Y..ijk 13 13
= + a. + P. + Y.. + e..k '

assume that
LJ

is an unknown parameter and that a., P.3 , ijkand e are inde-

pendent normal random variables with means zero and variances

°a'
2

a
,

°b' b

22, 0-b and cr respectively.2

The above model can be rewritten in matrix form as follows

Y= 1 + A a + BP + C + e

where n = E a Eb n.. For this model it is well known thati=i 3=1 13

(6. 5. 6)

Furthermore

R(A) C R(C) C R(I) = Rn ,

R(B) C R(C) C R(I) = Rn .

Y N
n

(1nµ, cr
z

AAa
aI-Fo-

2
BBI+o-

2

b
CCI+cr

2
I).

Let us consider testing about 022b. From (6. 5. 6) we see that

X1 = {3, 4 }. Thus D1 = (1n, AA', BB'). Let Q
1

be such that

R(Q1) = LT(Dri) and Q1Q1 = I. Then

-Z
1 '

N(0 a-2b
2

Q1 CC IC)
1

+o-
2

I).
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Therefore, the results in Sections 6. 2 and 6. 3 can immediately be
2 2applied for testing about gab /a . In particular we can test the

important hypothesis of no interaction, i. e. , o-a2
b

= 0. The invari-

ance argument in the above sense provides a justification for using

any of the tests in Section 6.2.
2Now consider testing about Cr a2 . (The treatment of

crb
is

quite similar. ) From (6.5.6) we get ,,,f = {1, 3, 4}. Thus

D1 = (1n, BB'). Let Q1 be such that R(Q1) = N(D') and

Q1 Q
1

= I. Then

Z1 N(0, cr
z()

1
AA 'Q

1 a
+o-

2

b
Q1CCIQ1 i-cr

2
I).a 1

If we can assume that Crab = 0 then we can use the tests in Sectiona

6. 2.

As mentioned in Section 6. 1, this example has been discussed

by Spjotvoll (1968) and Thomsen (1975). They approached the problem

differently though. Neither of them claims any optimal properties for

the proposed tests. The reader is referred to these papers for more

details.
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