
AN ABSTRACT OF THE THESIS OF

Kenneth James Kopecky for the degree of Doctor of Philosophy

in Statistics presented on August 12, 1977

Title: THE EFFICIENCy1OF SMOOTH WODNESS-OF -FIT TESTS

Abstract approved:_Redacted for privacy
Donald A. Pierce

Neyman (1939) obtained a quadratic score statistic for testing

simple goodness-of-fit hypotheses in a family of "smooth" alternatives.

Javitz (1975) and Thomas and Pierce (1977) described the appropriate

quadratic score statistic for composite goodness-of-fit hypotheses

against "smooth" alternatives. These statistics, 2 2 A
and tiik(X.0),

are described and matrices needed for their application to some

examples are calculated. The possibility of applying the procedures

to testing multivariate normality is considered and difficulties are

seen to arise.

Noncentrality parameters for power calculations are derived,

and a measure of asymptotic relative efficiency of the smooth tests

with other tests based on quadratic score statistics is derived. This

permits comparison of the smooth tests with x2 goodness -of-fit

tests of the Pearson type as well as locally best tests for parametric

alternatives. For the examples considered the smooth tests for corn-

posite hypotheses are seen to perform better than the X
2 tests and,





THE EFFICIENCY OF SMOOTH
GOODNESS -OF -FIT TESTS

by

Kenneth James Kopecky

A THESIS

submitted to

Oregon State University

in partial fulfillment of
the requirements for the

degree of

Doctor of Philosophy

Completed August 1977

Commencement June 1978



APPROVED:

Redacted for privacy

Professor of Statistics

in charge of major

Redacted for privacy

Chairman of Department of Statistics

Redacted for privacy

Dean of Graduate hool

Date thesis is presented August 12, 1977

Typed by Clover Redfern forKemneth James Kopecks



ACKNOWLEDGMENT

I wish to record my appreciation of Professor Don Pierce, my

major professor, for his continual and enthusiastic support of my

academic career, and to the faculty of the Department of Statistics

for their ready willingness to be of assistance.

This thesis is dedicated by my parents in recognition of their

immeasurable loving impact on my life.



TABLE OF CONTENTS

Chapter

I. INTRODUCTION
I. 1. Goodness -of-Fit Tests
1.2. Preview

II. SMOOTH GOODNESS-OF-FIT TESTS
II. 1. Quadratic Score Statistics
II. 2. Smooth Goodness-of-Fit Test: Simple Hypothesis
11.3. Smooth Goodness-of-Fit Test: Composite Hypothesis
II. 4. Calculation of iee for Examples

A. Normal Distribution
B. Exponential Distribution
C. Weibull Distribution

II. 5. The Possibility of a Smooth Test for Multivariate
Normality

POWER AND EFFICIENCY
III. 1.
III. 2.
III. 3.

III. 4.

III. 5.

Introduction
The Power of Smooth Goodness-of-Fit Tests
Multiple Correlations for Tests of the Exponential
Distribution: Weibull Departures
Multiple Correlations for Tests of the Exponential
Distribution: Gamma Departures
Multiple Correlations for Tests of Normality:
Skewness and Kurtosis Departures
Asymptotic Relative Efficiency of the Smooth Tests
Comparison of Pearson's X2 with the Smooth Tests

IV. CONCLUSIONS
IV. 1. Discussion of the Smooth Tests
IV. 2, Discussion of the X2 Tests

BIBLIOGRAPHY

Page

1

1

4

6
6

13
28
32
32
33
36

41

51
51
52

65

71

74
80
91

105
105
107

109

APPENDIX 115



LIST OF FIGURES

Figure

1. Neyman alternatives to normality: 01 = -0. 6(0. 2)0. 6,

= 0.

2. Neyman alternatives to normality: 01 = 0,
02 = -0. 6(0.2)0.6.

3. Neyman alternatives to normality: 01 = 02 = -0. 6(0. 2)0. 6.

4. Neyman alternatives to normality: 01 = = -0. 6(0. 2)0. 6.

5. Neyman alternatives to exponentiality:
01 = -0. 6(0.2)0. 6, 02 = 0.

6. Neyman alternatives to exponentiality:
01 = 0,

2
= -0. 6(0. 2)0. 6.

7. Neyman alternatives to exponentiality:
01 = 02 = -0. 6(0. 2)0. 6.

8. Neyman alternatives to exponentiality:
01 = -02 = -0. 6(0. 2)0. 6.

9. Neyman and Weibull scores for tests of
exponentiality.

10. Neyman and Weibull scores for tests of
exponentiality.

simple

composite

page_

16

17

18

19

20

21

22

23

69

70



LIST OF TABLES

Table Page

1. Matrices i0 for testing normality. 34

2. i-1
00

for testing exponentiality.Matrices
I

36

3. Matrices 00I for testing the Weibull distribution. 40

4. Empirical powers of tests for normality (Javitz, 1975). 54

5. Empirical powers of tests for normality (Kang, 1977). 56

6. Multiple correlations for Weibull departures from the
exponential distribution. 67

7. Multiple correlations for gamma departures from the
exponential distribution. 72

8. Multiple correlations for skewness and kurtosis
departures from the normal distribution. 79

9. Values of 1 a Pr{x2
k+2

< x 2

k
(1-a)}. 82

10. Local asymptotic relative efficiencies. 85

11. Moderate-power efficiencies of smooth tests for
composite hypotheses . 88

12. Efficiencies of x2 tests for normality: simple hypothesis. 95

13. Efficiencies of x2 tests for the exponential distribution:
simple hypothesis. 97

14. Efficiencies of x2 tests for normality: composite
hypothesis. 102

15. Efficiencies of x2 tests for the exponential distribution:
composite hypothesis. 104



THE EFFICIENCY OF SMOOTH GOODNESS-OF-FIT TESTS

I. INTRODUCTION

I. 1. Goodness-of-Fit Tests

The application of any statistical procedure presupposes some

model describing the observed phenomena. A simple and widely

utilized type of model is the specification of a probability distribution

for some appropriate random variable. Such a model might com-

pletely specify a single distribution or might encompass a family of

probability laws which contains the correct but unknown distribution.

The value of a statistical procedure in a given problem (as measured

by its power, efficiency, etc. ) depends on how nearly the unknown

true probability law matches that the statistician assumed to be true in

applying the procedure. Clearly, it is a problem of some importance

to be able to evaluate how well a set of data agrees with the hypothe-

sized probability distribution or class of distributions, i. e. , to be

able to test the goodness of fit of a distribution (or family) to a data

set.

The development of goodness -of -fit tests has occurred through-

out this century, and the statistician now has available a wide variety

of different procedures. For example, Pearson's X2, as well as

the Kolmogorov-Smirnov, Cramer -von Mises, Anderson-Darling,
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Watson, and other criteria are all appropriate for an arbitrary simple

goodness -of-fit hypothesis. In most applications, however, the

hypothesis is composite. Typically, it places the distribution in a

class of probability laws indexed by unknown and unspecified param-

eter values. A common procedure is to replace the unknown

"nuisance" parameter values by estimates and calculate Pearson 's x2

statistic, which is taken to have a x2 distribution with degrees of

freedom reduced by one for each parameter estimated. However, with

commonly used estimators of the nuisance parameter, the statistic is

no longer asymptotically distributed as x2; see Chernoff and

Lehmann (1954) or Kendall and Stuart (1973; Sections 30. 11 -30. 19).

Lilliefors (1967, 1969), Durbin (1975), and Margolin and Maurer(1976)

have considered the use of Kolmogorov-Smirnov statistics for com-

posite hypotheses, especially in the cases of normality and exponen-

tiality. Pearson and Hartley (1972; Table 54) give percentage points

for several statistics in testing normality and exponentiality with

unknown parameters.

Because of the central role it plays in many statistical models,

the normal distribution has received special attention in the develop-

ment of goodness-of-fit tests. For example, tests based on the

sample skewness and kurtosis and the Shapiro-Wilk test are appropri-

ate for testing normality, as are, of course, all those tests applicable

to arbitrary continuous distributions. For discussion of testing for
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normality, the reader is referred to Bowman (1973), Bowman and

Shenton (1973 JASA, 1973 Biometrika, 1975), D'Agostino (1970, 1971,

1973), D'Agostino and Pearson (1973), D'Agostino and Rosman (1974),

D'Agostino and Tietjen (1971), Dyer (1974), Prescott (1976), Shapiro,

Wilk and Chen (1968), Shenton and Bowman (1975), and Stephens (1974).

Many goodness-of-fit tests, including several mentioned above,

share the characteristic of giving moderate protection against many

alternatives at the expense of not giving very good protection against

any particular alternative, which might be acceptable if one has no

idea of the type of alternative likely to be encountered. Very often,

however, some class of alternatives can be identified. In this case,

one might be able to embed the null distribution (or class) in a

parametric family in such a way that the goodness-of-fit hypothesis

corresponds to a hypothesis about certain parameter values. So, for

example, can one consider the hypothesis that a Weibull shape param-

eter is unity to be a hypothesis of goodness of fit of the exponential

distribution. In this manner, one can often construct a test which has
.very good power agamst the parametric alternatives, although one

must often sacrifice power against alternatives outside the given class.

It is a general rule that, as the class of alternatives increases,

the power of tests designed for the class tends to decrease for

individual alternatives, and this is exemplified in the discussion above:

parametric tests have good power in relatively small classes of
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parametric alternatives, while the tests which seek to protect against

all alternatives tend to have low power overall. The desire to find a

compromise, a procedure which has reasonably good power over a

relatively wide class of alternatives, leads to the smooth goodness -of-

fit tests of Neyman and Barton. These tests are obtained by embed-

ding the null density or class of densities in an exponential family

containing the null density or class, which then corresponds to a

hypothesis on the exponential family parameters, and also containing

alternatives which are only slight or "smooth" departures from the

null case. In this paper, the smooth goodness-of-fit tests are

described in detail, and they are compared, chiefly in terms of

efficiency, with procedures having wide-spread, moderate power, and

with parametric procedures having highly focused power.

I. 2. Preview

Smooth goodness-of-fit tests are neither well-known nor widely

used. For this reason the derivation of the tests for simple and com-

posite hypotheses is presented in Chapter II. The details of the

asymptotic distribution theory and optimality properties are postponed

to the Appendix. The application of smooth goodness-of-fit tests to the

multivariate normal case is also considered.

The comparisons of smooth tests with certain other parametric

tests, in terms of power and efficiency, reduce to comparisons of



noncentral x2 distributions with, in general, differing noncentrality

parameters and degrees of freedom. Such comparisons not only pro-

vide a means for evaluating the smooth tests, but also aid in the

selection of the order or degrees of freedom of the test. The deriva-

tions of the noncentrality parameters and measures of efficiency are

contained in Chapter III, along with calculations for several examples.

Chapter IV consists of discussion of the results of Chapter III

and some concluding remarks.
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II. SMOOTH GOODNESS -OF -FIT TESTS

II. 1. Quadratic Score Statistics

Neyman's smooth goodness-of-fit test is obtained by embedding

the distribution specified by the null hypothesis in a parametric class

indexed by a vector parameter 0 and then testing the hypothesis

H
0

0 = 0, which is equivalent to the original goodness-of-fit hypothe-

sis. The test of 0 is based on the quadratic score statistic, which

is particularly convenient for the smooth test. In this section, the

quadratic score statistics are discussed in general. Details of the

asymptotic theory and optimality properties are left to the Appendix.

In the subsequent sections of this chapter these results are applied to

smooth goodness-of-fit tests and several important examples are con-

sidered.

Let X l' denote a random sample from a distributionXn

with density function g(xj 0), where 0 E IRk. It is desired to test

Ho : 0 = 0. Suppressing the dependence on the observed xl, , xn,

let 1. (0) denote the log likelihood of 0 given

1. (0) = 0) .

i=1

X
1

2 xn,

The subscripted dot will always denote summation over the n

i. e. ,

observations. For j = 1, ,k we define the efficient scores for the
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ith observation

and

U
(i)=

U (i)(0) = 8 in g(xil e)/80.1 0=0

n
(U.

0
= U. (0) =

0i).

3 i =1

Finally, denote the vector of efficient scores by

U.
e = U. e(0) = [U. e

1

Under suitable regularity conditions on the density g(xl 0)

i0.0.

g(x I 0=0)dx = 0

= i0.0 (0) = Var
0

U
0

<

J J 33 3

for j = 1, , k, from which it follows that

ie
0

ie 0 (0) = coy (u u0 ) < 00.
ei.

Let the information matrix be denoted
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10
10 1

100
=

ie
1
0

i0 0
k k

then the covariance matrix of U.
0

is given by

i.
00

= ni
00

.

In most cases of practical interest,
00

will be nonsingular; indeed

this will be true for the goodness-of-fit statistics to be considered

below. If, however,
100

is found to be singular, one can often

reparameterize to a parameter, perhaps of lower dimension, for
( (which the information matrix is nonsingular. Since Uo
1)

, ,U0n)

are independently and identically distributed random vectors with

finite second moments, it follows by a multivariate central limit

theorem, for example, Anderson (1958; Theorem 4.2.3), that
-1/2n U.

0
is asymptotically distributed as normal with mean vector

0 and covariance matrix i00. Thus the quadratic score statistic

1
Wu = i. U.

0 00 0

is asymptotically distributed as 2
Xk.

Rao (1948) suggested the use of Wu for testing the simple

hypothesis H
0

0 = 0. In fact, Wu is asymptotically equivalent to
,A A

0 i 00 OM and to the likelihood ratio statistic,Wald's statistic,
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Z[/ . (8)4 . (0)], under standard regularity conditions; refer, for
A

example, to Cox and Hinkley (1974; 9. 3(ii)). Here 0 denotes the

maximum likelihood estimator of 0. Because of this equivalence,

the quadratic score statistic inherits the optimality properties verified

by Wald (1943) for the other two statistics; refer to the Appendix. In

addition Wu is often easier to calculate than either alternative

statistic since, unlike the other two, Wu does not require the
Aevaluation of 0. In the goodness-of-fit tests to be considered below,

the parameter 0 is of little direct interest, and the simplicity of

Wu far outweighs any desire to estimate 0.

The utility of Wu for testing H0:0 = 0 arises from the fact

that for 0* near 0 = 0,

so that for large n

E U.
0 0

0 *
00

Var U -70* 0 00

-1/2 . /2n U. - N (n1 i 0* )
0 k 00 ' 00 '

where Z £. means that Z is approximately distributed as

in which case,

-1 .
X

z
Wu = i. .0 00U 0 k, 6(0*)

of
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where the noncentrality parameter is given by

(1. 1) 5,(0*) (ni000*)' (ni )-1(ni000*)

= ne*Ii 0* .00

Of course, simple hypotheses rarely arise in practical situa-

tions, so a generalization of the results above to composite hypotheses

is imperative. Rao (1948), Bartlett (1953), and Neyman (1959) each

suggested the suitable modification of Wu

below. Suppose now that X ...
'

Xn

which will be described

constitute a random sample

from a distribution with density g(xl 0, X), where 0 E IRk is the

parameter of interest, as before, while X E IRS is a nuisance

parameter. It is desired to test H
0

:0 = 0, leaving X unspeci-

fied. The likelihood is now a function of both 0 and X for the

observed X
1
7...7X

n 7 and the efficient scores are also: we now

consider U.0(0, X) and U.x(0, X), where the X-scores are defined

in the same manner as the 0-scores. In addition, we deal with a

partitioned covariance matrix:

Covo,
u.e(o, 1000, )) Leo°, x)

OU( X )

We can define adjusted 0-scores by
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1

X
U.

I k OX X
(0, k) = U. e (0, X) - (0, X.)i. (0, X)U.

x.(0,
X.).

Notice that U.0100, X) represents the residuals from the regres-

sion of U. (0
'

X.) on U.
X.

(0 X) i. e. , that part of U.0(0, X.) which

is "free of" or orthogonal to U.x(0, X). Similarly the adjusted infor-

mation matrix is given by

, U. (0 , X)i'001 0°' X) = Gov
OIX

i (0, X) i.ex(0, X.)]..xx(0, x)i.xo(0, X.).

Following results in the Appendix, we consider a statistic

-
W (X ) = U

e I
( 0 , X )i.eo

I x(0,
X )U

I x(0,
X).

The dependence on the unknown X is removed, and a practical

statistic thereby obtained, by replacing X with an estimator A
X

which is guaranteed to be sufficiently close to X. in a probabilistic

sense. Under regularity conditions on g(x I 0, X), the maximum
Alikelihood estimator of X under H0: 0 = 0, say maymay be

used, in which case

U . ( 0 , ) = u. 0(0' xo)

and the test of 0 may be based on
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A 1
Wu = Wu(X0) =

(3(0'
A

o)i. I x(0'
X 0)U.

o
(0, A

X
o

) .

AMoran (1970) demonstrated the asymptotic equivalence of Wu(X0)
Ato Wald's statistic, Oli.oel x(0A ,

A
X.)0, and to the likelihood ratio

A A

0
statistic, 4/ .(0, X.) -4 .(0, X )], under regularity conditions. Here

AA
(0, X) is the unrestricted joint maximum likelihood estimator. Wald

(1943) demonstrated the asymptotic equivalence of the latter two

statistics, as well as several optimality properties which are
Ainherited by the quadratic score statistic W

u
(X

0
).

AAs for the test of a simple hypothesis, Wu(X0) is distributed

as Xk
under the null hypothesis. And for 0* near 0, if

U.0(0' X)

so that

where

and U.
X '(0 X) have finite variances, then for large n

n-1 2 A 1

'0 I X(°' X0 Nk(
2

i001X(0' X)0*, j001X °' X)),

A 2
Wu(X0) a Xk, 8(0*I X)

(1. 2) 5(e <I X.) = ne*ti
e°1

(0 X)0*

For a more detailed discussion, refer to the Appendix. See also

Neyman (1959) or Bhat and Nagnur (1965).
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II. 2. Smooth Goodness -of-Fit Test: Simple Hypothesis

Neyman (1937) proposed what he referred to as the smooth

goodness -of-fit test for a simple hypothesis. The procedure attempts

to draw a compromise between the overall low power of omnibus tests

and the highly focused power of parametric tests by establishing a

reasonably rich family of parametric alternatives. The alternative

densities are considered to be "smooth'? departures from the null

density in the sense that they remain close to the null density and

cross it no more than a few times.

The alternatives are defined as follows. Suppose that under the

null hypothesis, the distribution of a random variable X has

S
x

density function f(x). Let F(x) = f(u)du denote the cumulative
_co

distribution function of X. Then it is well known that if f is the

true density, then the random variable Y = F(X) is uniformly dis-

tributed on the interval [0, 1]. Neyman considered a class of alterna-

tives for which the densities of Y, indexed by a vector parameter

0 = (01' , k)' E IRk, are given by

h(y I 0) = exp

Here the normalizing constant is

e y -K(0)

i =1

0 < y < 1.



KO) = ln .1 lexp
0

i=1

0.y d] .

The corresponding densities for X are given by

(2. 1) g(xl 0) = f(x) exp

i=1

14

and the hypothesis that the true density is f corresponds to

H
0

:0 = 0. In fact, Neyrnan Is model was parameterized in terms of

modified Legendre polynomials in y = F(x) in order to capitalize on

the orthogonality of the efficient scores and obtain a statistic which is

simply a sum of squares. However, the simplification obtained is of

little value when calculations may be readily computerized, so the

current parameterization will be employed, since it leads to clearer

der ivations.

Since Y* = F(X) = 1 F(X) is uniformly distributed on (0, 1)

as well as Y when F is the correct cumulative distribution func-

tion, the alternatives (2. 1) could be written with F in place of F.

This corresponds to a nonsingular linear transformation on the param-

eter space and leaves the goodness-of-fit tests to be described below

unchanged. Some simplification of the test statistic may thereby be

obtained; for example, the negative exponential distribution has

17."(x) = e -x.
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Barton (1953) proposed a system of alternatives which are first

order approximations of (2. 1):

(2. 2) g*(x 10) = f(x) 0,Tr.[F(x)]
1 1

ywhereTr.( ) denotes the ith order modified Legendre polynomial

in y. While this system provides some simplifications over

Neyman's, it imposes constraints on the e's, and we shall retain

Neyman's parameterization.

From (2. 1) it is easy to see that the alternatives are indeed

smooth, in the sense described by Neyman, so long as 0 is reason-

ably near 0 and k is not too large. In addition, even by taking

k no greater than three or four one expects to obtain a rich family

of alternatives. Neyman (1937; Fig. 4) illustrates two particular

alternatives to normality. Figures 1 through 4 of this paper show how

the Neyman alternatives with k = 2 depart from normality in four

differ ent "dire ctions ": when 0
2

0,= 0 0
1

= 0, 0
1

= 02, and 0
1

= -A2.

Figures 5 through 8 show the same departures from the negative

exponential distribution. In each figure, the null density is repre-

sented by a dashed curve, while the alternatives, corresponding to

0-values of ±0. 2, ±0.. 4, and ±0. 6, are represented by solid curves.

As a step in deriving the quadratic score statistic to test the

goodness-of-fit hypothesis Ho: 0 = 0, note that from Lehmann
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g(x101,02)

x

Figure 1. Neyman alternatives to normality:
0

1
= -0.6(0.2) ). 6 , 02 = 0.
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g(xI 01, oz)

x

Figure 2. Neyman alternatives to normality:
01 = 0, 02 = -0. 6(0. 2)0. 6.
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g(xj Or 02)

Figure 3. Neyman alternatives to normality:
01 = 02 = -O. 6(0. 2)0. 6.
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g(xl 01, 02)

x

Figure 4. Neyman alternatives to normality:
01 = -02 = -0.6(0.2)0. 6.
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Oxlel,02)

Figure 5. Neyman alternatives to exponentiality:
01 = -0. 6(0. 2)0. 6, 02 = O.
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g(x I 01, 02)

x

Figure 6. Neyman alternatives to exponentiality:
01 = 0, 02 = -O. 6(0. 2)0. 6.
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g(xle 1,(32)

x

Figure 7. Neyman alternatives to exponentiality:
1

= 02 = -0. 6(0. 2)0. 6.
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g(xl or 02)

x

Figure 8. Neyman alternatives to exponentiality:
0

1
= -02 = -0. 6(0. 2)0. 6.
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(1959; Theorem 9, p. 52)

SO

a exp
j 0

a
K(0)1ae. e=0

0

i=1

Oiy

Since the log likelihood for 0 is

1(0) = In f(x) +

yJ exp

y e P{K(0)} = (j +1)-1

k

i=1

0.Fi(x) K(0),

it follows that the efficient score for 0. is
3

U
0

= U
0

(0) = Fj(x) - (j+1)-1.

The information matrix is easily calculated since

Covo(U U0 ) = E0[Fi(X)F1 (X)] (J +1)-
1(.Q

+1)
-1

= (j+1+1)-1 (j+1)-1(1+1)-1

= jf(j+1+1)-1(j+1)-1(1+1)-1.

For k up to four, the information matrix is just the k X k upper

left submatrix of
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(2. 3)
100

=-

1 1 3 1

12 12 40 15

4 1 8

45 12 105

9 3
112 40

16
225

Since the calculations essentially involve only the moments of

Y = F(X), the distribution of which is uniform on [0, 1] for any

F, the information matrix is the same regardless of the null distri-

bution, and may be denoted simply in. For k up to four, 00

is given below:

k = 1

k = 2

k =3

00

1

[iz]

-1
192 -180

L00
180

1200 -2700 1680

6480 -4200

2800



Also

k = 4

4800 -18900

79380

26880

-117600

179200

-12600

56700

-88200

44100

i
-1

=
00

U. =-
0

F(x.

i =1 i=1

1°

n

so the quadratic score statistic

1
.tp !

k
= W

u
= U

0 00U 0

k+1

26

2is easily calculated. The symbol Liik, originated by Neyman, serves

to emphasize k, the order or degrees of freedom of the test, and

will be used in this paper.

The selection of k immediately presents itself as a crucial

problem in the application of the smooth goodness-of-fit test. In

accordance with the general rule mentioned above, it is necessary to

seek a compromise between the rich class of alternatives provided by

a large value of k and the better power characteristics provided by

a small value of k. Neyman (1937) and Pearson (1938) pointed out

that for k* < k
1

< k2, the k 2-order test will be less sensitive than



the k 1-order test against alternatives which are modeled by the

polynomial of order k* in (2. 1). Moreover, the test based on

27

2

will have no power against departures of Ok, from 0 when

k' > k. Neyman based these comments on an examination of the

asymptotic power function, which he showed by a direct argument to

be of the non central x2 form with noncentrality parameter given by

(1. 1). Of course, to insure a test of the desired size, k must be

selected independently of the data, and in the absence of special

knowledge about a particular problem, Neyman recommended that k

generally need not be greater than four. However, the results of the

following chapter will suggest that one might do better to use a smaller

value of k.

Pearson (1938) noted the asymptotic equivalence of Neyman's

smooth goodness-of-fit test to the likelihood ratio test. Neyman (1937)

showed that the smooth test had, locally and asymptotically, the

property later defined by Wald (1943) to be "uniformly best constant

power" on the contours defined by setting the noncentrality parameter

equal to a constant; i. e. , asymptotically the test is locally uniformly

most powerful among all tests of H
0

0 = 0 which have power func-

tions depending on 0 only through 6(0) = nOfie00. Because of its

asymptotic x2 distribution, the test is consistent and therefore

asymptotically unbiased. In fact, for k = 1, the test is asymptoti-

cally uniformly most powerful among all unbiased tests for HO: 01 = 0;



see, for example, Lehmann (1959; Section 4. 2).

David (1939) calculated exact moments for

Barton (1953), using these, fitted Pearson curves
4'1

2 and 2

28

and

and an Edgeworth

expansion to approximate the distributions of
1

2
and ip

1
respec-

tively, in addition to calculating the exact distribution of
1

2
. Based

on these he tabulated exact and approximate critical points for

when n is small; refer to his Table II. Barton (1955) also

attempted to generalize the smooth goodness-of-fit test to grouped and

discrete data.

4'

2

11.3. Smooth Goodness-of-Fit Tests Composite Hypothesis

Barton (1956), Javitz (1975), and Thomas and Pierce (1977)

considered generalizations of Neyman's smooth test to the more use-

ful case of a composite null hypothesis. Suppose we wish to test

whether the distribution of X has density f(xIX), where X E IR.

is to be left unspecified. For example, we might wish to determine

if X is normally distributed, regardless of the values of the mean

and variance. As before, we consider the class of alternatives with

dens ities

g(xl 0, X.) = f(xl exp

i=1

0.F i(xl X.)-K(0)

where F(xl X) is the cumulative distribution function for X under
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X. The normalizing constant K(0) is free of X since, substituting

y = F(xI X) for any X.,

K(0) = In s
co

f(xl X)expi[
_co

= In exp
_co

i =1

i0.F (xl X.) dx

2Proceeding as in the previous section we find that LI)
k

is a function

of Barton's procedure was to substitute an estimate of X. in

the statistic, which then was, he showed, distributed as a linear corn-

bination of x2 random variables. As an alternative to this rather

complicated criterion, Javitz and, independently, Thomas and Pierce,

proposed using the quadratic s core statistic as described in the first

section of this chapter. Thus the test is based on

(3. 1)

where

and

2 A A A -1 A
Llik(X0) = Wu (X0) = U! 0,X 1 0, U 0, )0( 0) 0010 k0) .0( X0

U.
0
(OA

0
) =

n

F(x X )-A n

i=1

n

i =1

kF -
1

X )
0 k+1

i.
A

0

A -1 A A

ee I x
(0,

A

o) = n[i 00 (0,X )-i
OX

(0
'
X )i (0, X )i

X0
(0,X

0 XX 0
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A
Her e X

0
is the maximum likelihood estimator of X under the null

hypothesis H0: 0=0. Recall from Section 1 of this chapter that if

is a consistent estimator, not necessarily the maximum likelihood

estimator, then the adjusted efficient score vector

X
u.

el X
(o,I) = U.

0
(0,"C) - i

OX
(0,"C)iX-l(0,1 x)U.

X
(0,'*))

A
should be used in (3. 1) in place of U.

0
(0,k

0
).

It is an identity of linear algebra that, dropping the arguments
A

(0, k
o

),

-1 . . -1. -1ioeix (lee -ioxixxixo )

-1 -I. -1. -1. . -1
= + i (i

00 00 OX X xeloolox) ixoloo

see, for example, Rao (1973; p. 33, problem 2.7). Thus the quad-

ratic score statistic is just Barton's statistic plus a term to correct

for the estimation of X.

It will be seen in the examples below that i001x(0, X) is inde-

pendent of X in each case considered. This greatly simplifies com-

putation of the statistic, since then the matrix of the quadratic form

depends only on the null distribution, and not at all on the data. This

is easily shown to be true in general for location-scale families, with

lf(xl cr) = Cr f[(X-0/Cr I 0 , 1], and for shape-scale families, with
T -1 -T,r, xt,Tf(XI T = TX 0" ti.ko-) 11, 11. As mentioned in Section 2 of this



chapter, since the calculation of moments of the 0-scores involves

essentially only the uniformly distributed random variables,

Y = F(X I X) in this case, the information matrix 00
is the same

for any F and any k, and is given by (2. 3). In addition, since

In g(xl 0,k) = ln f(kIX) +
i=1

O.Fi(xik) K(0),

31

the vector of efficient scores for ), obtained by differentiating and

then evaluating at 0 = 0, and ikx, the covariance matrix, are the

same for the Neyman family of densities g(xI 0,k) as for the

parametric family of densities f(xl X). Finally, notice that

2 A
LPk (t0)

= - E0,,[821nZln Xi o,k) /wax.] = -E[aFi(x I Wax] .

j

From Section 1 of this chapter we know that, asymptotically,

is distributed as 2
xk, 5(01X)

where

Mel X) = neli
e1 1X

(0, X)0 ,

for local alternatives. The comments in Section 2 of this chapter

regarding the selection of k apply in this case as well. To com-

promise between the effects of selecting a high or low value of k,

one might be guided by considerations of efficiency, as in the following

chapter.



II. 4. Calculation of
i 00-1

1

for Examples

A. Normal Distribution

In this case the density is well-known:

f(x1p.,o-) = Cr l(27r) 112exp{-(x-p.)2/20-2} .

We take X. = (p., 6)'. Then

and

(4. 1)

U (0,X.) = (x-P.)0--2

U (0,X.) = (x-p.)2
-3

- cr-1
o-

x x
-2 1 0

2

32

Moreover, from Barton (1953; Table X), it follows that, for k up

to four ,

(4. 2) -1
'ox= cr-

1
0

2
1/2

1

2Tr
1/2 6Tr

3S
3

+18Tr

40Tr3
/2 4Tr

3S
3

+8Tr 14-3(S4+8Tr)

20Tr3
/2

28Tr
2



where

(4.3) S3 = 10 arcsin( 3) Tr = 0. 256776441

S4 = 14 arcsin( 1
) Tr = 0. 395930917.

So, for k up to four, recalling that lee is given by (2.3),

jeelx jee
-1.

lexixxixo

3. 755862 3. 755862 2. 404642 1. 053422

5. 089701 4. 405401 3. 225992
x 10

4. 63 2428 4. 116791

4. 211002

-3
.
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.

001 1

For any k,
1

is just the inverse of the upper left k X k sub -

matrix of
-00IX given above. These inverses are listed in Table 1.

Of course the noncentrality parameter 8(01X) = neli
"IX

0 is calcu-

lated from the submatrix from i
001

of the appropriate order.

B. Exponential Distribution

The density is f(xl X) = X -lexp{ -x/X}, where the nuisance

parameter is X, the scale parameter. We have

U
X

(0,X) = X
-2

(x-X)

SO



Table 1. Matrices i081 for testing normality.

k = 1

k = 2

k = 3

k = 4

[266. 2504789951]

1015.965828673 -749.7153496774

9072.727318174

23058. 98126537

-749.7153496774

-14806.

25273.

08191679

39540729

9370. 911044737

-16349. 1200384

10899.41335893

-66471. 72954001 84729. 69856163 -37679. 39415895

216127. 8696941 - 294726.7739746 139188. 8284477

416937. 1470859 -203018. 8690217

101509. 43559
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Recall from Section 2 that it is sometimes convenient to use F(x) in

place of F(x), so we take

Thus

U
O.

(0, X) = l X) - (1+1) = e- x/X
- (i+1)-

1.

oo

,U 10 X) -S -ix/X -x/Cov(U
X.

X

0. ' e (Ve dx -

Thus, for k up to four,

and

0 X

co
1 x(i+1 )e-(i+1)x/X 1

2 (i+1) 0
X

dx
X(i +1)

x. 1 1 i
2

X
i+1 X(i+1) X 2X (i+1) (i+1)

coo°, X) '7 X -1 [- 44 ' 9 16 25]

Jeep,

1 1 9 2

48 36 320 75

16 1 64
405 24 1575

81 9

1792 200

256
5625

The inverses of i
081X for k up to four are given in Table 2.



-1Table 2. Matrices i001x for testing exponentiality.

k = 1

[48]

k = 2

768 -540

405

k = 3

4800 -8100 4480

14580 -8400

4977.7

k = 4

-56700

178605

71680

-235200

193137:7

-31500

106312.5

147000

19200

68906.25

C. Weibull Distribution

-TFor the density f(xl T, C) = TX
T-1

a- exp{-(x/cF)7} we have for

X = (T, o-)

U (0, X
T

= T-1 + [1 -(x/cr)T] in(xicr)

0,X) = T6'-1[(x/cr)T-1].

From

36
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821(T, o-) /8T2 = -T 2- (x/cr)T 1n2(x/0-.) -T-211-F(x/011-1n2[(x/cr)T]}

it follows that, letting y = (x/cr)T ,

i = E(-8 /8T
21

T, Cr) = T
-2

+ T
-2

TT

= T-2[H-r"(2)] = 1. 82868IT-z.

Also, since

y(ln y)2e

a
z

(T, O-) /a62 = TT-2 - T(r+l)a- -2(x/6)T

we have

-2,_,r,,,. -2 , -2
T(T-FIJT fT) I T, 0-j -TO- = TkT-r-i/T

TT

2 -2
= T 0 .

And from

rs2, , -1 -1, , ,T -1,
0 J1 VT, 0-) /011TOT = -T T tx /0-) +TO- (X/

it follows that

-1
1 = 0-

TO"

1,1) TT
2

ln(x/0-)

c-lE[(xi0r)T1
j a- 1E{(X /a-)T ln[(X/cr)r }I T,

= -1
- 0- 1E(X01 1) 0-

-1E(X in XI 1, 1)

=_0_-is x(ln x)e -x
dx l (1 -y)(1-y)

0

where y = 0. 577216... is Euler Is constant.



and

i
XX

=

i = 422784cr
-1

TT

1. 828681T -z -0. 4227840

2 -2
T
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As for the negative exponential, it is convenient to write the Neym.an

alternatives in terms of f(x) = exp{-(x/0-)T}, so we have

U
0

(0, X) = exP{-i(x/cr)T} (i+1) -1
.

Therefore, letting y = (x/cr)T

ie., = COV[Ue(0, X), U
cr

(0, X) I 0, X]

= E[exp{-i(X /cr)T}Tcr 1(X /cr)T10, X] - TT- i+1) -1

00

= TO-
-1y e-(i+1)ydy To-- 1(i +1) -1 = -Tcr i(i+1) -2

0

Also, letting u = (1.+1)y

T,
= COVN

O
(0, X), U (0, X)! 0, X1

= El[exp{ -i(X /(01-}ln(X /cr) 10, X]

- E[exp{-i(X /011-}(X /o-)T ln(X /o-) I 0, X.] + T 1(i+1)-1



So

and

00

T e
0

T
-1(i+1)_

39

oo

n ydy T-1
s ye-(i+1)y ln ydy + T-1 (i+1)

-1

0

[ln u-ln(i+l)]eudu

00

u(i+1)[ln u + 1
0

-1 -1
= T (i+1) {-N-ln(i+1)-(i+1) -1 [1-y-ln(i+1)]+11

Joel
x

i[1-y-ln(i+1)]7-1(i+1)-2 .

iox =

2. 641897

067591/7 -7 /40-

-. 150184/7 -27/97

-. 180658/7 -37/16er

-. 189865/7 -47/250-

2. 145342 0. 833043 -0. 371844

3. 390813 3.213743 2. 539434
X 10-3

4. 259354 4.439160

5. 327499

1

1

For k up to four,
1

is given in Table 3.



Table 3. Matrices i

eel k
for testing the Weibull distribution.

k = 1

[378. 515892]

k = 2

778.479599 -492.538214-

606.539764

k = 3

10276.398086 -16135.879709 10164.895656

26371.567486 -16741.871835

10878.710303

k = 4

19600.422408 -54730.219668 67235.294397 -28568.02964i

186122.660513 -252969.738092 118249.825381

360194.660129 -174858.922126

87530.050266
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II. 5. The Possibility of a Smooth Test
for Multivariate Normality

One attractive feature of the Neyman smooth test is its potential

for applications to problems beyond the standard goodness-of-fit test.

Thomas (1977) considers smooth goodness-of-fit tests for censored

data. Javitz (1975) considered smooth tests for independence and

equality of distributions, as well as a smooth test for bivariate good-

ness of fit. Almost all widely used multivariate techniques are based

on the assumption of multivariate normality, which therefore has been

the focus of nearly all the attention given to multivariate goodness -of-

fit tests. Several goodness-of-fit procedures have been discussed by

Hensler, Mehrota, and Michalek (1977), Kowalski (1970), Malkovich

and Afifi (1973), and Mardia (1974); see also the reviews of Andrews,

Gnanadesikan, and Warner (1973) or Gnanadesikan (1977).

For simplicity of exposition, we will consider the case of bivari-

ate normality. Further generalization to the p-variate normal dis-

tribution will then be obvious. Moreover, we will consider first the

composite null hypothesis that (X
1,

X2) has a bivariate normal dis-

tribution with the nuisance parameter = (111'112 ,Cr PT 2,P) unknown,

where p denotes the correlation coefficient of X1 and X2. Let

(1)2(x1, x2I X) denote the joint density



(1)2(xr '21 )

-1 -1 -1 2-1/2
2 cr-1 cr-z (1-p )

x1 r 111 x -11 x -P'1
)
2 -2p( 11 )(22)X exp{- 1(

2(1-p 2)
(3-1 (3-1

o-2

x -p
+ (

2
)2

and let the marginal probability transform of Xi be denoted by

[(X. -11.)/6.] for i = 1, 2. We consider the family of smooth

alternative densities

(5. 1) exi, x21°, x) x2 1x) exPfPk(0, yl, Y2)-K(0)}

42

where Pk is a polynomial of degree k with coefficients given by

0, and K(0) is the usual normalizing constant. For example,

taking k = 2 and letting (e10' 020' e01' e02' ell) we have

(5. 2) 2 2
P (e'Y Y)=0 +0 +0 I302Y2 e11Y1Y2.k 2 10 1 20 1 01 2

Javitz (1975) parameterized the alternatives (5. 1) in terms of the

modified Legendre polynomials in
Y1 and in y2, but that corres

ponds simply to a linear transformation on the parameter space so

long as k is fixed.

Javitz mistakenly asserts that, under the null hypothesis, which

may now be written Ho : 0 = 0, the joint distribution of (Y1, Y2) is
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uniform on the unit interval. This implies that Y1 and Y2 are

independent, which is clearly true if and only if p = 0. In general,

however, the joint density of (Y1, Y2) is

21)-1 ia r_ P- [pz23.-2ziz2+Pz2-If(5. 3) h(yl, y2I X) = (1-13
2

) exPt 2(1-p )

where z. .). The alternative densities (5. 1) are given in

terms of the y's by

h*(yi, y2 I 0, X) 74 h(yi, y21 X)exp{Pk(0, yi, y2)-K(0)}.

So, although the null distribution of the Y's is no longer uniform,

as in the univariate case, it is still true that the alternatives are

smooth departures: the log-likelihood ratio

ln{h*(yi, y2 I 0, X) /11.*(yi, y210, X.)} is simply a polynomial in the y's.

The fact that the probability integral transformation in the

univariate case produces a random variable with a uniform distribu-

tion on (0, 1) provides a major simplification for the smooth test:

as noted before,
00

depends on neither the null hypothesis nor on

and is very easily calculated from the moments of the uniform

distribution. From (5. 3) we see that this simplification no longer

occurs in the multivariate case, at least when p O. In fact, if

E[T(Z) cr2] denotes the expectation of T(Z) when Z N(1,0-2),

then
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. X XEle( 1 1)1,3( 2 2

(3-1
cr

2
I

for i, j > 1, and therefore

z )Er§i(Z2)Ipzi, 1-p2 jlo,

0. 0 (p) = E{e+A(Z ) [I,j+m(Z
2

)1 pZ
1'

1-p2}10 1}
/m

Efil.1(Z1)E[1>i(Z2)1 pZ1,1-p2]l 0, 1}

,
IX E{V(Zi)E[en (Z )IpZi, 1 -p2] 0, 1} .

For p = 0, each conditional expectation is just a constant and

(5.4)
iei..0l(0)

= +1)
-1

(j+m+1) -1 (i+1)
-1 0+1) -1

(1+1)
-1

(m+1)
-1

m

We consider a test of the null hypothesis that (Xi X2) has a

bivariate normal distribution with (41'112' crl'cr2)

with p = 0. We do not consider departures in

unknown and

but rather smooth

departures (5. 1), with k = 2 for clarity. From (5. 2) it may be

seen that the smooth test statistic q2 (A *) will have five rather than

two degrees of freedom. Let

(5. 4) ( \ *) = [U0 (X*),I.J0 (X*),U0 (X*),Uo (X*),Ue (X*)] =

10 20 01 02 11
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Then from

Now because

hypothesis,

X X X
1 -µl 1, 1 1 1 2 2

X - 4
1 2 2 2, 1fl ,

1

)- 2
°-(3. 1

X -11 X2 -1121 1 1

)- ,3

0, X*)

1

)-
cr 2

X2

/-
cr 3

under the null

0- 1

(5. 4),

i
00

= Cov(Ue

of the

the null

)( ) 4
2

(X*)I e =

1 1
0 0

12 12 24

0 0
45 24

1 1 1

12

independence of

density factors:

12 24

4 1

45 24

7
144

Xi and

(I) 2 ( x x21 (1)(xl I 111
cr.

1
).to(x 2142 , 0-2)

So the efficient scores for the components of X* and their covari-

ances may be taken from Section 4A. Moreover, scores relating to

X
1

are uncorrelated with those relating to X2 when H
0

is true,

so from (4. 1)



Again, since

lows that

46

-2 -2 -2 -2
x*x* (X*) = diag(cr1 , 2c1 , o , 2o2 ) .

and X
2

are independent by assumption, it fol-

=
cr

=

1.1

= = 0
cr

0 01 Om 1 Om 20m0 2em0

for m = 1, 2. And since expressions involving only X1 or X2

depend only on the marginal distributions, the covariances

i may also be taken directly from
1
Om° o- 'ern°,

i
[1.200m,

i
cr 200m

Section 4A. Finally, again by independence,

X X
11

2
-2

1 1.1 1

el
1

(V') 'EN
P,

()*M )1X*1o-2
1 crl

X 1.1.-2
i X( *)Effl )1X*1P-1010 o-2

= i X( *)/2
p. 1010

with analogous expressions for the rest of i (V,). Thus we havex*0
11



and

ieX*(X*) =

lgglX:

Numerically,

1

1
27

/20-
1

0 0 0

Nr3-

2Tr
1 /20- 6TT CT

1
1

0

1

41T
1 /20

1

0

0 0

1

2TT
1 /20-2

N1-3
0

1

271 /20_ 670-2
2

70-2

1
0 0

4Tr
1 /20_

2

Tr -3 Tr -3 Tr -3

127 0
12Tr 24Tr

0

3 7T
2

- 9 01T 1 5 Tr -3
0 0

.7
3607 2 24

Tr -3 Tr -3

12Tr 12Tr

(Tr -3) /12Tr = 0.003756

(Tr -3) /247 = 0.001878

7T - 3

24Tr

327 2 -907 -15 Tr -3

360Tr
2 247

(32Tr 2 -907 -15) /360Tr
2 = 0. 005090

(7Tr -18)/1447 = 0.008822.

77 -18
1447

47



So

A -B 36 0 -72

B 0 0 0

(5. 5) =i
001 X.*

A -B -72

B 0

144

where

A = (45473-109872-7207+105) /(273-672-157+45)

= 1051.965825

B = 3607 /(272-15) = 749.715349.

From (5. 4) and (5. 5) we obtain the quadratic score statistic

A A - 1

Ik
A

(5. 6) u2(2 X) = n 1
13.! (X.*)i00

u.
0 0

(X*)
0

where

A
= (3E ,3"-i s , s )

0 1 2 1 2

48

is the maximum likelihood estimator of X*.

It is extremely important to note that (5. 6) is only appropriate

for testing that X1 and X2 are independently distributed with a

bivariate normal distribution relative to a fixed, known coordinate

system. To paraphrase Gnanadesikan (1977; Section 5.4.2), the test

presupposes a total commitment to the given coordinate system:
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interest must be completely confined to the observed coordinates.

For example, suppose a new pair of coordinate axes is obtained by a

rigid rotation through angle n. Let V = (v1, v2)' denote the new

coordinates of the point with original coordinates X = (xi, x2), i. e.

V = A X =
CO S 11 sin 11

-sin fl cos 11
X.

AThe use of 2
(X*) defined in (5.6) is based on the assumption that

2

X1 and X2 are independent:

2 2,Cov(X I X.*) = DX = diag(cri, cr2)

where o-1
2 and cr-2

2 are unknown. But

Cov(V I X.*) = A
11

D
X

A' =
11

2 2 2 2 , 2 2, -
Cr

1
cos

2
sin 11 (r2-a-

1
!cos rj ssin 11

2 2 2 2
cr

1
stn. n+o-

2
cos Ti

2 2
Thus V1 and V2 are uncorrelated if and only if o-i = cr2 or

2 A
11 = NTT /2 for some integer N, and in general Ll,

2
(X*) is not

0

appropriate for data V obtained from the original X. This lack of

invariance, which is related to the difficulty of assuming p is

unknown, is a major drawback to the use of the smooth test statistic

for multivariate normality, and arises from the use of the marginal

probability integral transformations. The problem of testing the
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composite hypothesis of normality remains invariant under location

and scale changes, rotations, and reflections. However, the smooth

test statistics based on the marginal Y's are only location and scale

invariant. Further work in this area may be possible. For example,

correlated data might be orthogonalized by regressing X2 on X1

and then testing X1 and the residuals, or by transforming the data

to its principal components.
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III. POWER AND EFFICIENCY

III. 1. Introduction

In most practical applications, Neyman's smooth test will be

utilized to test a composite hypothesis about a parameter vector of

dimension greater than unity. In such a situation one does not expect

to find a procedure with any strong optimality properties, such as the

property of being uniformly most powerful. Nevertheless, by virtue

of being asymptotically equivalent to the likelihood ratio, Neyman's

test does have the optimality properties described by Neyman (1959)

and Wald (1943); refer to Chapter II and the Appendix.

When the selection of a test procedure is not dictated by any

compelling optimality considerations, one is led to comparison of

power functions and to measures such as relative efficiency in evalu-

ating the available procedures. In the case of the smooth goodness -

of-fit test this will assist the statistician in answering two closely

related questions. How well do the smooth tests compare with the

other omnibus tests, on the one hand, and with the parametric tests,

on the other ? In addition, what value of k is best, and will one

choice for k serve in general?

The information about a test's performance is contained in its

power functions. In Section 2 the power of the smooth goodness -of-

fit tests against departures in various "directions" from the null
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hypothesis is discussed. Sections 3, 4, and 5 contain examples of

calculations described in Section 2. Of course, it is awkward to try

to compare procedures in terms of entire power functions, so we seek

summary measures which are algebraically simpler and conceptually

more concise. In Section 6 it is seen that asymptotic relative

efficiency provides such a measure which is suitable for comparing

smooth tests with other parametric tests based on quadratic score

statistics. Section 7 describes such a comparison of the smooth tests

with the omnibus Pearson's 2
X test and a generalization.

111.2. The Power of Smooth Goodness-of-Fit Tests

Neyman (1937) derived directly the asymptotic noncentral
2distribution of klik

X2

under local alternatives, when testing a simple

goodness-of-fit hypothesis. In Chapter II this result, as well as the

analogous result for a composite hypothesis, was seen to be a special

case of general results for quadratic score statistics. Simply stated,

the noncentrality parameter is a quadratic form in 0, the vector

parameter indexing the smooth departures from the null density, given

by (II. 1.1) and (II. 1.2) for simple and composite hypotheses, respec-

tively. Neyman (193 7) and Javitz (1975) examine the noncentrality

parameter of 2

kijk
when the smooth alternatives are of various orders

other than k. Barton (1953) derived a formula giving the exact

power of 2
44( for any n when the alternatives are of the form
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(II. 2.2), however the expression is dismayingly complicated: a

polynomial of order n in the A's.

It is of interest to consider the power of the smooth tests

against alternatives other than those for which the tests were

designed. Hamdan (1962) calculated the noncentrality parameter when

the smooth test of the simple hypothesis of standard normality is

applied and the true distribution is N(p., 1) for p. = 0. 05(0. 05)0. 20.

Javitz (1975) considered the power of the smooth test against com-

posite, "non-smooth" alternatives. He also obtained empirical

powers for tests of the normal, beta, gamma, and Poisson distribu-

tionstions by computer simulation. He considered k
(X) for k = 2,3, 4

as well as Pear son's 2
X and in each case the alternatives were

mixtures of densities of the null family with alterations in parameter

values. In addition he estimated the power of the tests of normality

when the distribution is in fact a standard Cauchy or a Gamma (4, 2).

These latter results are reproduced in Table 4. The six entries in

each column are based on one set of 100 samples of the indicated size

and are therefore correlated. Critical levels were taken from the
2 Atheoretical asymptotic xk distribution for Ilik (X ), and, as in its

common usage, the Pearson x2 statistics were also taken to have
2

X distributions. Kang (1977) obtained empirical powers of several
2 Atests of normality:
k

(X) for k = 1, , 4, as well as the omni-

bus x2 and Kolmogorov-Smirnov tests and the tests for normality



Table 4. Empirical powers of tests for normality
(Javitz, 1975).

Alternative:

Test Statistic

Gamma (4, 2) Cauchy
n: 50 100 150 25 50

2 A

`P2 (X0)
33 65 86 91 100

2 A

3(\ 0) 31 55 72 90 99

2 A

4(X0)
32 53 78 90 99

2
X (20%/cell) 21 28 44 86 98

2
X (10%/cell) 25 29 47 79 96

X2(5% /cell) 25 26 40 76 91

Note: entries are percentages rounded to the nearest
digit; tests are at a = 0. 10; all powers against
Cauchy are 100% for n > 75.
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based on b1 and b2, and the Shapiro-Wilk statistic. He consid-

ered several alternatives from among those used by Shapiro, Wilk and

Chen (1968), including the Weibull with scale parameter 2 (denoted

W2), standard Laplace (Lap. ), standard logistic (Log. ), extreme

value with parameters 0 and 0.5 (EV(. 5)), and double xz with

parameter -0.5 (D( -0. 5)). This last density is proportional to

expf-x41 and therefore has light tails relative to the normal density.

He first estimated the critical value of the statistics from 2000 trials

for each statistic at each sample size. The powers relative to these

empirical critical values were then estimated from 2000 trials for

W2 and Lap. and 1000 trials for the rest, at each sample size. The

results are shown in Table 5. The smooth tests with k = 1 and 2

are seen to perform very well, having maximum power in half of the

cases. Notice that the smooth tests dominate the Pearson's andand

2Kolmogorov-Smirnov tests. The power of 4, (X
0)

is never more

than 8% below the maximum power, and the smooth tests with one or

two degrees of freedom perform as well as or better than procedures

specifically designed for testing normality, at least for the alterna-

tives considered.

In the remainder of this section we consider the power of the

smooth tests against parametric departures from the null density.

Suppose we have a family of densities f(x113), indexed by a scalar

parameter which contains the null density f(x) = f(x' p = 0).



Table 5. Empirical powers of tests for normality (Kang, 1977).

Alternative: W2 Lap. Log. EV(. 5) D(-. 5)
n: 20 50 20 50 20 50 20 50 20 50

Test Statistic
2 A

Ti (X
0

)

2 A
2(X0)
2 A

3(X0)
2 A

4(X0)
2

X2

2
X7

D

bl

b
2

26*

22

18

55

52

42

29

39*

38

31

69*

66

18

21

20

20

32

32

45*

40

36

83*

76

69

6

14

13

6

38

27

20 40 39 66 21 32 38 69 13 20

12 -- 25 -- 13 -- 23 14 --

-- 23 -- 38 -- 14 35 -- 17

18 34 31 54 15 20 31 55 15 22

24 52 34 43 21* 27 43 81 2 2

15 21 35 61 18 33* 26 42 20* 46*

25 58* 35 50 19 22 41 78 15 40

Note: entries are percentages rounded to nearest digit; tests are at a = 0. 10;
D = Kolmogorov-Smirnov, W = Shapiro-Wilk; maximum power in each
column denoted by asterisk.
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Here p is not a nuisance parameter, and should one be required,

we consider densities f(xl (3, x) with the null densities given by

f(xl x) = f(xl p = 0, \). First, however, we consider the case of a

simple hypothesis. Let Up denote the efficient score for

u = u (o) = [a In f(xl p)/aP]
13=0

P

The locally best test for H
0

p = 0 is based on the asymptotic

normal distribution of n1/2U.
P

see, for example, Cox and Hinkley

(1974; Section 4. 8).

2We assume that ip
k

for some k is used to test the goodness-

of-fit of the density f(x) = f(x I 0) when in fact the departure is in the

"R direction". Consider the family of densities which includes both

smooth alternatives as well as n-departures from f(xl 0):

ig(xl0,P) = f(x1P)exp 0.F (x10)-K(0, p)

i=1

Here K(0, (3) is simply the normalizing constant, and clearly

K(0, p) = 0 identically in The use of the smooth test of

H0 0 is of course based on the assumption that p = 0. Pro-

ceeding as before we find that

U 0(0=0,13=0) =

F (xl 0 ) 1/ 2

Fk(xl 0)-(k+1) -1



Also

(0=0, 13=0) =
UP UP
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that is, the (3 -score for the larger family is just the same as the

(3-score for the parametric family of densities f(xl (3). So we may

denote the scores by U and Up without ambiguity. The covari-

ance matrix of the vector of scores [U' ,U ]' may be partitioned in

an obvious fashion as

(2. 1)

.
100 1.013

if313

Here i
00

is the same as before, given by (II. 2.3), and
ipp

just the information about p contained in x, relative to the

is

family f(xl (3). If this quantity is finite, since i is finite for
0.0.

i J J

all j, it follows that i = CovLF (x I 0), U 1 0=0, p=o] is alsoep R
J

finite for all j.

Under regularity conditions on the family of densities f(xl (3)-

see the Appendix -the approximate large-sample distribution of the

efficient score vector is given by

n- 1 /2
u.e
u.

(
n1

/2
Nk+1

.
10(3 1

OP

PP
R'

PR

for (0*, 13'9 near (0, 0). So the marginal distribution of the
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0 -scores, when there is a "pure" p departure, is approximately

given by

-1/2 . 1/2
n U.0 Nk(n

130 BO
)

2Therefore the noncentrality parameter for the test based on Liik,

under a local alternative of the f(x I p) type, is

(2. 2) 503*) -- n(1 P*)I1 (1 (3*) = n(P'k)
2.

i i a
op OP po oo OP

' n(P*)
2 jolt°,

-1where R20, p = i P000 0P /i
PP

is well known to be the squared multiple

correlation coefficient of the scores U0 , , U0 with Up ,
1

under the null hypothesis; see, for example, Anderson (1958, p. 32).

Equation (2. 2) is intuitively quite appealing. If we suppose that

n has a fixed, large value, since ipp is constant, the rate at

which the power increases with ((i*)
2 depends on how closely the

linear span of {U , U0 } comes to containing U . If the
0

,1k
0-scores are all orthogonal to (uncorrelated with) U , then

R2
, R

= 0 and the smooth test has, locally, no power against
0

departures in the R direction. At the other extreme, if U is in

the span of {U0 , , U0
k}

then R2
13

= 1. But n12 i
i3P

is the
1

noncentrality parameter for the locally best test of H
0

:13 = 0 for the



family of densities f(xl (3), under local departures. Of course if

k = 1, then Ro2 = 1 if and only if Upac U0, in which case

is exactly the quadratic score statistic for testing H0:13 = 0, so the

60

2

4'1

two tests must have identical power. But if k > 1, then the alterna-

tive distributions are

and

2 2
kPlc Xk, nP2i

1313

Wu = U. /i. x
2

p pp 12 , n i2.

RR

2which implies that Wu is locally more powerful than qi s ince

the noncentral x2 distributions are stochastically increasing in

their degrees of freedom for any fixed value of their noncentrality

parameter. Heuristically, 2 is indeed giving protection in the

right direction, but is losing power in other directions when k > 1.

Correction for unequal degrees of freedom will be discussed at more

length in Section 6.

Before calculating some example values of R2 , we consider
0, P

the more important case of composite hypotheses. The development

follows closely that given above and therefore will only be outlined.

We begin with a family of densities f(xl P, X) where X E IRS is a

nuisance parameter. The P-score is then



u (o, x) = [a In f(xl p, )1/4.)/aPip=0, .

Analogously, the X -score is given by

and

Ux(0, X) = [a In f(x11, k)/akj]p=0,
3

ux(o, = ru, (0, x),
-

(0, x)r.
1 5

Consider the density functions

g(xi 0,13, X) = f(xj p, X)exp

i=1

0.F1(x1 0, X )-K(0,
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Clearly K(0, (3, = 0 identically in (3 and X, and K(0,0, X) is

constant in X. As before

and

U0(0 =0, (3=0 X) =

F(x I 0, X)-1 /2

Fk(xl 0, X)-(k+1) -1
-J

13 (0 =0, 13 =0, X) = U (0, X.) .

That is, the 13-score for the larger family of densities is just the

13-score for the parametric family f(x I (3, X). Similarly,

U
X

(0=0 13=0" X) = U
X

(0 X).



The overall information matrix may be written in partitioned

form as

100

(2. 3)

iep

iRR

iox

ipx

i
XX
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where ipp and i
XX

are the information matrices for the smaller

parametric families of densities f(x1(3, X) and f(xl 0, X), respec-

tively. The possible dependence of some entries of (2.3) on X has

been suppressed in the notation. As usual i00 = iee(0=-0, (3=0, X) is

constant in R and X, and is given by (II. 2.3). The remaining

parts of (2.3) may depend on X. However, in the examples to be

considered below, the more important adjusted covariance matrices

are free of X. In the case that i and i
RP

are independent of

the upper left portion of (2.3) is just the same as (2. 1).

Now we consider the adjusted 0- and 13-scores

X,

and

Ue l x(X) = Uo I x(0, 0, X)

= u0 "co o X) i
OX XX1U

X
(X) ,

x(X) = Up(0, X) ip0xxUx(X.) ,

for which the covariance matrix may be written



where

as before, and

leo I x

iPP I x-

-1.
i001 X i00

i eX i
XX X0

eP Ix
= -op ex kx xp

-1
i
13X XX 1XR

Under regularity conditions discussed in the Appendix it follows that

for large

-1/2n (z Nk+
1

n1/2

'PP

OW

13*
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.

loolx toplx

when (e ,R *) is near (0, 0). Thus the marginal distribution of the

adjusted 0-scores under a 13 departure is approximately given by

-1/2 1/2n U.elx (X) z Nk(n ieplx.13ieelx)

2
and the noncentrality parameter for the test based on tik(X0) is, for

small 13*, large
A

and an appropriate X0'



(2. 4)

where

5(13*1),) nuop x(ioPi xv)

= n(P*) I \leo I xleP I x

= n(P*)
2

ipp
I

XR0, P I x

2 -1 /.R
0, R I X

ipo
I x

ioe
I x-ePlx 113(31x

is, by analogy with R2
0 13

, the natural way to define the squared

partial multiple correlation coefficient of the scores

U0 (X), , U0 (X) with U (X), adjusting for Ux(X), when X
1 k

has density f(xl 0, X). In other words, R2e, pj

relation of U, 1, (X), , U0 x(X) with Up1x(X ), the parts of
ul I ix. k

the 0- and P -s cores which are orthogonal to, or "free of," Ux(x).

Notice the similarity of (2.4) to (2. 2), and recall that

64

is the multiple cor-

2.
n(V) Ipp

A

is the local noncentrality parameter for W
u

(X
0),

the

generalization of the locally best test of H0:13 = 0 for the family of

densities f(xl (3) to the test of H0 : p = 0, X unknown, for the

2family of densities f(xl (3, X). As before, if Re, p x = 1 and k = 1,

then this test is equivalent to the smooth test based on 4)
1

2
(X

0).
How-

ever, Aever, for k > 1, LIJ

2
(X ) will be less powerful than W (X ). This

k 0 u 0

2suggests also that if Re,
p I x

power of the smooth test will decrease as k increases.

increases slowly with k, then the
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Before proceeding to the calculation of some exemplary

multiple correlation coefficients, we comment on the restriction to

scalar p . The densities g(x I 0, 13) and ex I 0, (3, k) were intro-

duced in order to permit the calculation of powers and efficiencies of

tests against certain departures from the null density. They are not

intended to be models for the behavior of observable phenomena, so

the additional richness of the class of densities provided by a vector

R is of no value in that regard. And in thinking of power properties

of a test, it is perhaps most useful to think in terms of one "direction"

at a time. For the local departures being considered here, a

departure along a straight line from the origin in the parameter space

suffices for this, and this can be modeled as an alternative in a scalar

parameter, after a reparameterization, if necessary.

111. 3. Multiple Correlations for Tests of the Exponential
Distribution: Weibull Departures

We consider applying a smooth test for exponential goodness

of fit when the alternative is in fact a Weibull distribution. The

approach of Section 2 applies directly in this case. The Weibull

densities may be written

X) = x 1(x /x-) 13- lexp{-(x/x)P}

for x, p, k > 0. Suppose first that the scale parameter is known:
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we take it to be X = 1 without loss of generality. Thus we are

testing the null hypothesis that the density is f(x) = exp(-x). Now the

necessary matrices are obtained by easy modifications of the results

of Section II. 4. C with X. = p = T. Thus

i
PP

= 1.828681

ie.p = j[1-y-in(j+1)]/(j+1)2

where -y = 0. 577216... is Euler Is constant. Numerically then, for

k up to 4,

op

0. 067591

O. 150184

-0. 180658

- 0. 189865

.1Taking lee from Section II. 2, the squared multiple correlation
-1coefficients R2

01. .. 0k, 13 = i po oo op /i
pp

are calculated and listed

in Table 6a.

For testing the composite hypothesis that X has an exponen-

tial distribution with unspecified scale parameter X, we have

XX (X) = X
-2

ipx(X) = - (1 -y) /X = - 0.422784).

1"(X) = [-1 /4X, -2/9X, -3/16X, -4/25X].



So

iPPIX
= 1. 644934

iep x

0. 173287

0. 244136

0. 259930

-0. 257510

Table 6. Multiple correlations for Weibull
departures from the exponential
distribution.

k
2R01...

0
k R

a. Simple hypothesis
1

2
3

4

b. Composite hypothesis

O. 030
0.703
O. 729
0. 860

R201. . . 0 k' p X

scale par ameter )
1 0. 876
2 0. 918
3 0. 965
4 0. 972

.

001 I

For k up to 4,
1

may be found in Table 2, so the
X

squared partial multiple correlation coefficients
2 -1R01...

0
k

R x ipe xiee I xteR x
/i

PP I x
can be calculated, and are

listed in Table 6b. Notice that in each case, R <R2
' 02 , P e,plx For

67
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k = 1 the difference is quite extreme, the squared correlations being

0. 030 and 0. 876, respectively. In Section 6 it will be seen that this

implies that
1

is much less efficient for testing the simple

hypothesis of exponential goodness of fit than
2 A

1(X 0)
is for testing

the composite hypothesis. The difference in correlations is vividly

illustrated in Figures 9 and 10. The first shows the standardized

score functions

1
U

i010/2 = (y- )/0. 28867501 0101 2

U i -1/2 = [1+(l+ ln Oln(-1n O P '. 352293
P PP

and the second shows

- 1 3

-U0 I Xi0
1

0

/2
Ix [-y+ -4. in y + 4]/O. 144338

1 1 1'

1/2
U i = [2-y+(l+ln ygn(-1n y)+(1--y)ln y]/1.282550.

PIX 13131x

Notice that the score functions are given in terms of

y = T(xf = exp(-x/X). The standardization and the use of -Ue lx
1

have no effect on the correlations, but make the curves more readily

comparable.
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Ui -1 /2

2

1

-1

-3

-5

WEIBULL SCORE

NEYMAN SCORE

y = F(x)

Figure 9. Neym.an and Weibull scores for tests of simple
exponentiality.



70

U i
- 1 /2

14£19ULL SCOR£

y = F(xl X)

N.E'r MAN SCORE

Figure 10. Neyman and Weibull scores for tests of corn-
posite exponentiality.



111.4. Multiple Correlations for Tests of the Exponential
Distribution: Gamma Departures

We proceed as in the previous section. The Gamma densities

are given by

f(xl p, x) = Cl[r(P)]-1(x/x.)13-1-exp(_,,/x.)

71

for x, p, X > 0. Assume first we are testing a simple hypothesis of

exponential goodness of fit: without loss of generality we take X = 1.

Now

u (p=i) = -01) + In x = y + ln x

where O(3) = a In r(p)/ap and Lp(1) = -y = -0.577216... is the

negative of Euler 's constant. Since

it follows that

Also since

1P1

a
21n f(xIP, 1)MP 2 ,

(3)

rr 2 2 ,= E{[21n 1)/013 I
p=11

= 01) = 1. 644934.

U 0. = exp(-jx) - (j+1) -1

3

co

=S (In x)exp{-(j+1) }dx + y/(j+1)
0

= 41n(j+1)]/(j+1)
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or, numerically, for k up to 4,

-0. 346574

-0. 366204

-0. 346574

- 0.321888

.1With 10 from Section II. 2, the squared multiple correlation coef-
2

01...ek'13
ficients R are calculated and listed in Table 7a.

Table 7. Multiple correlations for Gamma
departures from the exponential
distribution.

k

a. Simple hypothesis
1 0. 876
2 0. 918
3 0. 965
4 0. 972

2
R

0
1
... 0k' px

b. Composite hypothesis
= scale parameter)

1 0. 694
2 0. 840
3 0. 910
4 0. 938



For the test of the composite hypothesis that X has an

exponential. distribution with unknown scale parameter, it is easily

seen that ipp and are the same as above. Moreover, since

U (X.) = (x-X) /X2

is distributed under H
0

the same as for Weibull departures in

Section 3, it is easy to see that ixx and i
OX

are the same as in

Section 3. Also i
OX

= X-1. So we may calculate the adjusted

covariance matrices

and
iPPix

= 0.644934

ieplx

-0.096574

-0.143982

-0.159070

-0.161888
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-1Finally, ieeix is given in Table 2 for k up to 4, so the squared

partial multiple correlation coefficients may be calculated. These are

listed in Table 7b. Two features of this table are notable. First, the

multiple correlations for a Gamma departure from the simple hypothe-

sis are the same as the partial multiple correlations for the Weibull

departure from the composite hypothesis. Second, unlike the previous
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<
R

for each k.example, R
0

1.
.. k' el... p

III. 5. Multiple Correlations for Tests of Normality:
Skewness and Kurtosis Departures

In this example we depart somewhat from the situations of the

previous sections, however the essential results are not altered. We

seek to obtain the noncentrality parameters of the smooth tests for

normality when the alternatives differ in skewness or kurtosis. Let

= (2Tr)
-1/2exp(-x2/2) be the standard normal density, and con-

sider the functions

(5. 1)

where

h(xl pl, P2) = 4(x){1+p1H3(x)/6+(32-3)H4(x)/241

H 3(x) = x3 - 3x

H 4(x) = x4 - 6x2 + 3

are the third and fourth order Hermite polynomials, respectively.

The function h is very nearly a probability density: it integrates to

unity for all values of 131 and Pz, however if (Pl, P2) (0, 3),

then h(x1131,132) < 0 for some values of x. But for (13
1,

P2) near

(0, 3), the region in which h is negative has very low probability

under the null density Ox), so we will deal with h as if it were

a probability density since we are concerned with local departures.
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The alternatives (5. 1) are in the spirit of (II. 2. 2) proposed by Barton

(1953) and are simply truncated Gram- Char.lier expansions of Type A;

see, for example, Kendall and Stuart (1969; Sections 6. 14-6. 16).

Taking h as a density, the moments of X are

E(Xi pi, p2) = 0

E(X 21131,132) = Var (X I pi, p2) = 1

E(X31
P ) = Skew(XIPi, Pz) = Pi

E (X
41

pi, p2) = Kur t(X I pi, P2) = (32

There are, of course, alterations in the higher moments as well but

these serve to index the departures of interest. The score functions

for pl and P are easily seen to be

Up = H
3

(x)/6 = (x3 -3x)/6

U = H
4

(x) /24 = (x4 -6x2 +3)/24.
P2

From well-known properties of Hermite polynomials it follows that

(5. 2) i
plpl

= 1/6

ip
2 2

= 1/24.

To compute and iepl 0132
we employ Table X in Barton (1953)



and after some calculation find that for k up to 4

-1 /24Tr1
/2

-1 /24Tr1
/2

(5. 3)
°PI {-3(S3+181T)+10r2}/480Tr3 /2

{-3(S3+8Tr)+10,\/2} /240.73 /2

and

(5. 4)

where

iep2

0

-5r\13 /432Tr

-5 NI31288Tr

{- 133 NI 5} /100801T
2

S3 = 10 arcsin(1/3) - it = O. 256776441

S4 = 14 arcsin(1 /4) Tr = O. 395930917.

Numerically,

(5. 5) epl

and

-. 023507899

-. 023507899

-. 016154184

-. 008800469
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(5. 6)
Lop 2

0.0

-. 006381121

-. 009571682

-.010639393

With these and with i
00

1 from Section II. 2 we can calculate

R2 = i i i /i for j = 1,2. These multiple correlation-1
p. p.o oo 013. 13.(3.

J J J J J
coefficients are displayed in Table 8a. Since R2 = 0, we see

01' p
2

that L)
1

2 has no power against departures from normality which affect

77

the kurtosis but not the symmetry of the distribution. This is not

1surprising, since U
0 2

= (x) is an odd function of x, while the
1

kurtosis score UR = H4
(x)/24 = (x4-6x2+3)/24 is an even function.

2

Notice also that the multiple correlation does not increase if
1

U 'T'=

3

4
(x) - is added to U0 and Ue. Unfortunately this does

03
1 2

not bear a simple interpretation: if U
e

and U are regressed
3 P2

on Ue and Ue , the two residual functions are
1 2

and

3 17.3
(x)

.1.2(x) + '(x) +
2 5 60

1 1

24 H4(x) + 236 3 (3

2

(x)-3(x)+1

which can easily be shown to be uncorrelated, but these functions have
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no apparent significant interpretation. Similar behavior is seen in

values of R
2

0, P1

The results given above for the standard normal distribution

apply to any simple hypothesis of normality, for if la and 62 are

known, the observations can be standardized. Now suppose we must

test a composite hypothesis of normality with X = (11,0' unknown.

Analogous to (5. 1) we consider densities

(5.7) h(xl (3i,Pz, X) = o- 14)(z){1+P1H3(z)/6+((3z-3)H4(z)/241

where z = (x-14)/o-. Now

are all independent of X,

(5. 6). Also,
1XX(k)

iP1P1 (X), iR2132 (X), iop (X), and i (X)
0132

and are just the same as given in (5. 2)-

and iex (X) are given by (II. 4. 1) and (II. 4. 2),

respectively. Finally, since Hermite polynomials of different orders

are uncorrelated, we find that iPlx(X) = iRzx(X) = [0, 0]. From this

last fact, for j = 1, 2

= op. - i
ex.

ixx(X)ikp. iop
3 3

iP .13 x 13 P
i
XX

(k)iXP. = iR.R. .
J J

-1Taking i
001

from Table 1 we can compute

2 -1
Re e ,f3.1 ip.eieelxLep.'ip.p.

1 3 3
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for k = 1, , 4 and j = 1,2. These values are shown in Table 8b.

Notice that Rz
0

1 P 21
= 0 and that while the correlation coefficients

are much higher than for the simple hypothesis, they still exhibit the

behavior of increasing only with even or odd k.

Table 8. Multiple correlations for skewness and kurtosis
departures from the normal distribution.

k
2 2

R01...0
k,131

R01...0k, p
2

a. Simple hypothesis
1 0. 040 0.000
2 0.040 0.176
3 0.460 0.176
4 0. 460 O. 296

R2 R2
el ek' PIP` el' ek'1321x

b. Composite hypothesis
(X = (4, 0-)1)

1 0. 883 0. 000
2 0. 883 0. 733
3 0. 996 0. 733
4 0. 996 0. 863

When the noncentrality parameter is the same, the test with

more degrees of freedom will have less power than the test with fewer

degrees of freedom. So, for example, in testing for normality,

has better power than
2

2 against local departures in pl. If the

2

noncentrality parameter increases with k, it becomes a question of

whether that increase is sufficient to overcome the loss in power

incurred by the increase of k. The problem of adjusting for unequal
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degrees of freedom will be explored more carefully in the following

section.

111.5. Asymptotic Relative Efficiency of the Smooth Tests

Pitman's measure of asymptotic relative efficiency is a very

useful tool for comparing statistical tests of hypotheses. Briefly, the

efficiency is the ratio of the sample sizes required by the two proce-

dures in question in order to insure that they have equal power at each

point in a sequence of alternatives converging to the hypothesized law.

This is typically done by showing that the power functions of the two

tests are asymptotically of the same form, say G( ° ), but with

different arguments, say G (u ) and G(u2)' where the u's

depend on sample sizes, alternative parameter values, etc. The

limiting ratio of the sample sizes which insures the equality of the u's

in the limit is then taken to be the asymptotic relative efficiency. This

is the outline of an argument available in detail in Noether (1955) or

Kendall and Stuart (1973; Sections 25. 5-6). Very often the test

statistics are asymptotically normal, so that G( ) has the same

form for both tests, however the same argument applies if the test

statistics asymptotically have x2 distributions with the same

degrees of freedom. In this case, the asymptotic relative efficiency

can be shown to be the ratio of the two noncentrality parameters.

This was shown by Hannan (1956). Hgjek and gidg.k (1967) use this as
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the definition of the asymptotic relative efficiency of two tests based on

asymptotically x2 statistics with equal degrees of freedom. How-

ever the argument does not apply to X
2 statistics with unequal

degrees of freedom, since the power functions have different forms,

say G1 and G2, and equating the arguments of the two functions

no longer insures equal power. This point was apparently overlooked

by Kendall and Stuart (1973; Section 25. 15). Hamdan (1964) computed

the Pitman efficiency of a smooth test based on Walsh functions rela-

tive to Neyman's smooth test with the same degrees of freedom for a

simple hypothesis of normality when the alternative is a shift in the

mean.

Blomqvist (1950) defined the relative efficiency of two tests to be

the limiting ratio of sample sizes required to insure that the asymp-

totic power functions have equal slopes at the value specified by the

null hypothesis. Noether (1955) showed that under weak conditions this

is equivalent to Pitman's measure of efficiency; see also Kendall and

Stuart (1973; Section 25. 8). Shirahata (1976) redefined the local

asymptotic efficiency of Hgjek and -§idg.k (1967) as the slope of the

power function at the origin. In his Theorem 5. 1 he then showed the

following. Suppose two test statistics of H0: 6 = 0, T1 and T2,

are asymptotically distributed as 2
Xk

1
, c

1
82

and 2
Xk2, c 282

respectively. Then for tests of size a , the local asymptotic rela-

tive efficiency of the first test to the second is
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21-a-Pr{xk +2 < X k (1-0}
(6. 1) e(T 1,

T 2; a) =
cl

2
1

2
1

X

cZ 1-a-Pr{Xk
+2 < X k (1-0}

2

This is just the ratio of slopes of the power functions where, for

convenience, we may think of differentiating with respect to 62. The

local asymptotic relative efficiency is the product of the ratio of non-

centrality parameters with a term which adjusts for the unequal

degrees of freedom. Note that this measure of efficiency depends on

a the size of the test. For reference, values of
2 2

1 - a - Pr{xk+2 < X
k(1-a)} are tabulated in Table 9 for various k

and a.

Table 9. Values of 1 - a Pr{Xz
< x2(1

k+2 k )}.

k

1

2

3
4
5

6
7

8

9

10
11

12
13

14

a
.10 .05 .01

.339 .229 .075

.230 .150 .046
.183 . 117 .035
.155 .098 .029
.136 .086 .025
.123 . 077 .022
.112 .070 .020
.104 .065 .019
.098 .060 .017
.092 .057 .016
.087 . 054 .015
.083 . 051 .014
.079 .049 .014
.076 .047 .013
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The evaluation of (6. 1) is convenient and illuminating for the

comparison of smooth tests with the quadratic score statistic test for

some parametric departure as described in Section 2. Testing, for

example, a simple hypothesis, we have

2 2

`Plc k, n

2
w X 2.u 1, nP 1PP

so that

1 -a-Pr{x2 < xz ( 1 -a)}
(6. 2) W = R

2 k+2 k
u OP 1-a-Pr{x

3 < X1(1 -a)}

Similarly, for a composite hypothesis,

2 2
1 -a-Pr{Xk+2 < X2(1 -a)}

2 2(6. 3) e(LP ),VIT (9- ); a) = Rep 2 21-a-Pr{X
3 < X1(1-0}

Formulas (6. 2) and (6.3) make explicit the trade-off that takes place

as one increases k, the order of the smooth test. As k

increases, so does R2
ep or

R2 P 1 x'
and hence so does the non-

centrality parameter. At the same time, however, increasing the

degrees of freedom tends to reduce power, and this is reflected in
, ,the term 1 - - PrtX < X

2 lla)}. One can expect the efficiency to
k+2 k
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first increase with k, and then decrease. By selecting the k

which maximizes (6. 2) or (6. 3), one selects the best smooth test, in

terms of efficiency, for the alternative under consideration. Notice

that (6.2) and (6. 3) represent a generalization of the result of

van Eeden (1963) who related Pitman efficiency to the correlation of

test statistics. The efficiencies (6.2) and (6.3) for the examples pre-

viously considered are listed in Table 10.

To obtain a measure of efficiency which does not depend on the

size of the test, a, Shirahata (1976) considers

e(T
1,

T2) = lim e(T
1

, T2; a)
a-~. 0

and shows that, following the notation of (6. 1),

(6.4)
c

1 2e(T1, T ) X-
1'

2)
k

1

an expression reminiscent of Kendall and Stuart's (1973) equation

(25. 64). However, e(T1, T2; a) seems to be a more suitable meas-

ure of efficiency for two reasons. First, the ratio of the terms

1 a Pr{xk+2 < x
k
(I-a)} when the two degrees of freedom, k

1

and k2, are fixed is fairly stable as a varies between 0.01 and

0.10, the range of typical test sizes. Second, the values of the ratio

on that range are closer to each other than to the limiting value
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Table 10. Local asymptotic relative efficiencies (a = 0.10).

k e(tlik,W: . 10) e(42k (3.
0

), Wu (t
0

. 10)

a. Normal distribution: skewness departure

1 0. 040
2 0. 027
3 0. 248
4 O. 210

b. Normal distribution: kurtosis departure

O. 883
O. 599
0. 538
O. 455

1 O. 000 0. 000
2 0. 119 O. 497
3 0. 095 0. 396
4 O. 135 0. 395

c. Exponential distribution: Weibull departure

1 0. 030 0. 876
2 0.477 0. 623
3 0. 394 O. 521
4 0. 393 O. 444

d. Exponential distribution: gamma departure

1 0.876 0.694
2 0. 623 0. 570
3 O. 521 0. 491
4 O. 444 O. 429
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k
2
ikl. For example, with k

1

= 1, k
2

= 5, the value of the ratio

is 2.49, 2. 66, and 3. 00 for a = 0. 1, 0.05, and 0. 01, respectively,

while the limiting value is kz iki = 5. 00.

It is often of interest to compare the behavior of tests in regions

of moderate power, and this leads to a third measure of efficiency.

Let 6(k, a, Tr) denote the value of the noncentrality parameter

necessary for a size-a test based on a X2 statistic with k

degrees of freedom to have power Tr. For the smooth tests and the

parametric tests, we have seen that these may be written

6(k, a, Tr) = nippR2
0. 0 , p

(32(a,(a, Tr)
1 k

5(1, a, Tr) = ni
PP

p
2

(a, Tr)

2for klik and Wu, respectively. Notice that a and Tr enter

the expressions only through p . For moderate values of Tr, say,

for example, 7 = 0.5, the consistency of x
2 tests insures that

power 7 may be attained locally if n is sufficiently large. Now

for a and 7 fixed, in order to insure that power Tr is achieved

by both tests at the same value of (32(a, ) we must have

8(k, a, Tr) iniiRrIR2 = 8(1, a, 7) in2ipp
1. k'

or
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2 6(1, a, Tr)
n

2
= Rel.

Ok' p (5(k, a, Tr)

2where n1, n2 are the sample sizes for kik and Wu, respec-

tively. So it is natural to define a moderate-power relative efficiency

of lb
2

'k to Wu, for a and Tr given, by the asymptotic ratio of

sample sizes:

e(Lp
2 W ; a, = R2(6. 5) k' u 0 . ek' p s(k, a, Tr )

Values of the noncentrality parameters 8(k, a, Tr) are tabulated in,

for example, Pearson and Hartley (1972; Table 25). More extensive

tables, based on work by G. E. Hayman, Z. Govindarajulu, and F. C.

Leone, are reproduced in Harter and Owen (1970). From these

tables it may be seen that 8(k, a, Tr) increases with the degrees of

freedom, k, when a and Tr are fixed. The generalization of

(6. 5) to tests of composite hypotheses is obvious. Investigation of

these efficiencies will not be pursued at length since the measure

depends on both a and Tr, however Table 11 lists values of
2A A

e(tp
k

(X. ) W
u

(X )° . 10, . 5) for tests of the normal and exponential
0

distributions. Notice that the entries in Table 11 are roughly com-

parable to, and never less than, the corresponding entries in Table 10.

It is of interest to note that each of the three measures of

efficiency (6. 2), (6.4), and (6. 5), or its obvious generalization to
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composite hypotheses, is of the form

e = R
2

(k)g(k)

where g(k) is a decreasing function in k which depends on the

measure of efficiency being used and represents the "cost" of

increasing the degrees of freedom, which must be balanced against the

gain in R
2(k).

Table 11. Moderate-power efficiencies of smooth tests
for composite hypotheses (a = 0. 1, u = O. 5).

pl Departure 132 Departure

a. Normal distribution
1 0. 883 0. 000
2 0.671 0. 557
3 0.644 O. 474
4 0. 574 0. 497

Weibull Departure Gamma Departure
b. Exponential distribution

1 O. 876 0. 694
2 0. 697 0. 638
3 0. 624 0. 588
4 O. 560 0. 540

Clearly, one is not restricted to comparing only smooth tests

with parametric tests by the means described above. Suppose one

considers testing the hypothesis by means of another quadratic score

statistic cp2 with m degrees of freedom based on the

m-dimensional score vector Uco. The parameter might, for
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example, arise by embedding the null density in a family indexed by

w in a manner analogous to the formation of the Neyrnan-type

smooth alternatives. Following the derivation above we could calcu-

late the efficiency (6. 2) for the parametric p departure: with

obvious notation,

21-a-Pr{ X2 < Xm (1-ag
(

+2
6. 6) e((i) , W ; a) = R2

m
m u (j)1 `)m) P 1 -a-Pr{x32 < X1(1 -a)}

Then the relative efficiency of the size-a test based on

test based on

(6. 7)

2 with respect to p-departures, is

e(4)2 , Lli2k; a) = e(.4) , W ; a )/e(ki
2

W ; cr)m u k u

2
(13.111 to the

2 2Rwl
wm'13

2 [ 1 -a - Pr{Xm+2 < Xm (1-0}]

2
Re

1
8k,

,p[1-a-Pr{X2

+2 Xk(1-a)}]

With the usual modification, (6. 7) can be applied to tests of com-

posite hypotheses.

The relative efficiency in (6. 7) permits us to make an interesting

comparison. A test for normality with the mean and variance unknown

can be based on the statistic

2 A 2
P (R -3 )

T = n[ +
224
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A Awhere 131' 132 are the usual estimators of the skewness and kurtosis.

In fact this is just the quadratic score statistic for testing

H
0

13
1

= 13
2

= 0 with X = o-)' unknown for the family of densities

h(xl R1, R2, X) given by (5. 7). Clearly, the partial multiple correla-

tion of UR and UP2
I

with U

P
1

J

from (6. 7) we find that for a p. departure

is unity for j = 1,2, so

2 A 2 1 -a-Pr{X2 < X
2X2(1 -a)}

e(4, ), T; a) = Re
. ek 0

1° k'
k+2 k

j 2 2
I-a-P/{)(4 < X2(1-0}

For example, with a = 0.10,

2
2 21-a-Pr{X
k+2 < X k(1-a)}

A

e(1.1Jk (X 0), R
10) =

2

01° . k . l x 0.230
J

2 A A 0.339
= e(q.i

k
), W ()°,.10)( )

0 uj 0 0.230

A
= 1.47e(kii (X ), W (X . 10)

k uj

Awhere W .(X ) denotes the quadratic score statistic for testinguj 0

R., j = 1,2. The efficiencies
J

2 A

eNik (AX0)Wuj (X0); .10) are given in

Tables 10a and 10b. This result once again demonstrates the effect

of increasing the degrees of freedom of a test. For a R. departure,
3

A 2n
T is poorer than W (X ): LIJ

k o)
is nearly 50% more efficientuj 0

Arelative to T than to W (X O).uj 0
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III. 7. Comparison of Pearson's X2 with the Smooth Tests

The remarks at the end of the previous section lead us to a

method of determining the relative efficiency of Pearson's x2 test

with respect to the smooth goodness-of-fit tests. Pearson's X2 test

for a simple hypothesis is in fact the quadratic score statistic for a

family of alternatives quite similar to the Neyman alternatives

(II. 2. 1). We suppose the test to be based on m intervals which

partition the range of X into cells of probability Let

I (y) denote the indicator function of the interval ((j-1)/m, jim.)
jm,

for j = 1 , . . . , m-1, that is

I (y) =m, j

if (j-1)/m < y < jim

otherwise

We consider the alternatives, indexed by the (m-1)-dimensional

parameter w = (col,. ,com-1 )', for the null density f(x),

m-1

g(x1w) = f(x)exp L w I [F(x)] -K(co)
j m., j

=1

where F(x) is the cumulative distribution function under the null

hypothesis and K(0)) is the normalizing constant. For a sample of

size n, let n. denote the number of observations for which

(j- 1) im < F(x) < j for j = 1, ,m, i. e. , the number in the
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jth cell. Then it is easy to show that, for testing H0 :0) = 0,

and

U!co

i

[n
1
-n/m,

-2
-= M

m-1

-1

, nm-1 -n/m]

-1 -1

-1

COW

-1 -1 m-1

Thus

2 1 1

1 2 1

(7. 1) . -1
1 = M
(OW

and

1 1 2

nU.° i
-1U.

CO COCO CO

j=1

n n.- /m)2

n/m

which is, of course, Pearson's x statistic.

Now we consider, as in Section 2, parametric alternatives to

f(x) indexed by a parameter p . To calculate powers and efficien-

cies of the Pearson test with respect to p alternatives, we must

find i
cop

. But since Uw(w=0, 13=0) = I.[F(xl (3=0)]-m-1, it follows

that



(7. 2)

-1 (j/rnlo)
u f(x I p=o)dx

F 1[(j-1)/m.1 0]

-1(j
/m10)

F 1[(j -1) 0]

[af(x( p)/ap]p_odx

93

-1for j = 1 , . , m-1. Note that typically F (01 0) is either 0 or

-00. For the calculation of multiple correlations, we find from (7. 1)

and (7. 2) that

(7.3)

and

LRWLWWLW

m-1
= m 2

1
.

+

j=1

m-1

W .13

j=1 3

2/

1[(m-1)/mi 0]
[af(xl 13) /a13] dx.

F
-1

(ol
p=o

In some cases a closed expression can be found for the integral

in (7. 2), but numerical integration may be required. For example,

for skewness or kurtosis departures from normality, it follows from

(3. 1) that

[ah(xl R1, 3)1aPi]pco = .1(T, H3(x)(13(x),

[ah(x I o, p2)/ap2]13
2

3 24 H4(x)(13(x)
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J
a

6
1 1 a2

(7.4) H (I)(x)dx (I)(a)
3

(x)

24

2

H
4 (x)(I)(x)dx - 3a-a24 cg

_co
a),

the covar iances i for / = 1,2 given by (7. 2) may be easily
w J3

/
calculated. With these one can then calculate R2

w ,
1 m-1 13/

us ing (7.3), and then e(X2
m- 1 Wu; a) and

e(x2
a) usingm-1' k'

(6.2) and (6. 7). These results, for m = 3,6,11, and 15 cells,

for k = 1,...,4, and for a = 0.10 are summarized in Table 12.

The relative efficiencies of the xm-12 and qi
2 tests may be

interpreted as the ratio of the 4)2 test sample size to the xm-1

test sample size necessary to insure that the asymptotic power

functions of the tests at a = 0.10 have equal slope as functions of
2

p
1

or (p 2-3)2. Notice that for k = 1 and kurtosis departures,

the relative efficiency is undefined since 2 has asymptotically no

local power against
R2.

For Weibull and Gamma departures from the exponential dis-

tribution we have

[af(x I (3) /ap]
13=0

= e x[1+(1-x)ln

[af(x1P)/813]v0 = e-x[y + In x],
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Table 12. Efficiencies of X2 tests for normality: simple
hypo thesis .

m - 1
2 2

Rc>1...wm -1'p1
0.) . ,13m-1 2

a. Multiple correlations
2 0. 088 0. 146
5 0. 179 O. 223

10 0. 337 O. 233
14 0. 424 0. 249

m -1 Skewness (1 = 1) Kurtosis (I = 2)

2b. e(xm_i, Wu; . 10) for Wu based on U1

c.

and PI departure

2 0. 060 0. 099
5 0. 072 0.089

10 O. 091 0. 063
14 0. 095 O. 056

m - 1
k

1 2 3 4

2 2
e(Xm-1' k' . 10) for skewness departure

2 1.500 2.222 0.242 0.286
5 1. 800 2. 667 0.290 0. 343

10 2. 275 3. 370 0. 367 0.433
14 2.375 3.519 0.383 0.452

d. e(x2
2

. 10) for kurtosis departure

2 - 0. 832 1. 042 0. 733
5 0. 748 0. 937 0. 659

10 0. 529 0. 663 0. 467
14 - 0.471 0.589 0.415
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is Euler's constant. The covariances (7.2)

must be evaluated by numerical integration, but after that the effi-

ciencies are calculated as before; see Table 13.

The relative efficiencies e(X2rn_i, Lek; 10) listed in Tables 12

and 13 vary over a wide range, and this suggests that consideration

of the efficiencies relative to W based on the parametric score
u

Up may be more informative. So for example, while
2 2

e(x 2' qi 1; . 10) = 5.133 for a Weibull departure from the exponential dis-

tribution implies that 2 requires more than five times as many

observations as 2
X2 to insure comparable local asymptotic power,

it is perhaps more instructive to note that neither test is highly effi-

cient relative to the quadratic score statistic test based on the

Weibull score. From Tables 13b and 10c the efficiencies of
2

2
X2 and

relative to W are seen to be 0. 154 and 0.030, respectively.
u

Unfortunately the straightforward analysis described above does

not carry over to the more practical case of composite goodness-of-

fit hypotheses. The most widely used procedure consists of calculat-

ing Pearson's x2 statistic with the nuisance parameter, say

X E 1R
s, replaced by an estimate, often the maximum likelihood

A A

estimator X0. The resulting " Chernoff- Lehmann" xcL(X0), if

based on m cells, is taken to have a x2 distribution,m-s -1
2 A

although Chernoff and Lehmann (1954) showed that XcL(X0)

tributed as

is dis-
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Table 13. Efficiencies of x2 tests for the exponential dis-
tribution: simple hypothesis.

m-1 Weibull Gamma

a. Multiple correlations R2
wrn-1'13

2 O. 227 O. 729
5 0. 514 0. 873

10 0. 691 0. 934
14 0. 758 0. 952

b. e(x2
1 u u
, W; . 10) for W based on U

P

2 0. 154 O. 495
5 O. 206 O. 350

10 O. 188 O. 253
14 O. 170 O. 213

m-1
k

3 4

c. e(x 2
_1, qi2k; . 10) for Weibull departure

2 5. 133 0. 323 0. 391 0. 392
5 6. 867 0.432 0.523 0. 524

10 6. 267 0. 394 0.477 0.478
14 5. 667 0. 356 0.431 0. 433

2 2d. e(xm-1' tpk; . 10) for gamma departure

2 0.565 0.795 0.950 1. 115
5 0.400 0. 562 0. 672 0.788

10 0.289 0.406 0.486 0.570
14 0.243 0. 342 0. 409 0.480
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m-s -1 m-1
Z2 + a Z

j=1 j=m-s

where Z1' , Zm-1 are independently distributed as N(0, 1), and

0 < a. < 1 for j = m-s,...,m-1. See also Watson (1959). In
3

terms of the notation of this thesis,

2 A A -1 A
XCL(X0) = (X )i.

ux-0
U.

u)
(X

0
) .

(.0 0

Thus the "wrong" covariance matrix has been used, and the statistic

is not asymptotically distributed as X2. The correct quadratic score

statistic

2 A A 1 A A

K (X0) = Ul
w

(X
0

)i.c.owl
X.

(X
0 w

(X
0)

is attributed by Moore and Spruill (1975) to the unpublished 1971 thesis

of C. Khambhampati (K. C. Rao); see also Rao and Robson (1974).

From the results of Section II. 1, this statistic will have the asymptotic
2

Xm-1 distribution, however it is no longer a simple sum of squares.
2The comparisons of Pearson's xm-1 and 2 for simple

hypotheses can easily be generalized, by using partial multiple corre-

lation A 2 A
coefficients, to handle X

K
(X

0)
and Lp

k
(X ). Although it

2 Awould be of interest to compare
k

(X
0)

with the widely used
2 A

X CL (X 0 ), this is not possible by the means presented in this paper.
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2 ANevertheless it is of value to compare
k

(X ) with the statistic that
2 Ashould be used, in order to see how well 4,
k
(X) performs. It

should be noted that simulation results of Rao and Robson (1974) and
2 AKang (1977) show that for testing normality, x
K

(X0) has consistently
2 Agreater power than XCL (X

0
) against a wide range of alternatives,

and Spruill (1976) showed that the approximate Bahadur efficiency of
2 A

XK(X0)
2 Ais not less than that of x CL (X

0
).

The calculations proceed as usual. For example, for testing

normality, for the density (5. 7) the nuisance parameter scores,

where X' = cr), are

U
II

(0,X) =-

U 0 , X) = (x- p. ) 2 -o-

0/0-]

[ /0]

where H1(z) = z and H 2(z) = z 2
1 are the first two Hermite

polynomials. Also

U (0,X) = H
3
[(x-µ)

(31

U (0,X) = H4[(x-11)/cd/24
P2

and, since Hermite polynomials are uncorrelated, it follows that

riPP
iRX

iXX
= diag(1 /6, 1 /24, 1 /cr2, 2/0 -2).



Thus

ippix =
`pp

= diag(1 /6,1 /24)

i(-013 =
P

Also, (7.2) generalizes readily to

and

-1 (j/m.I0,X)
i
co.f3

(X) = U (0, X)f(xl 0, X)dx

F 1[(j-1)/m10,

F -1
(j /m I 0, X)

iw
X

(X) = U
X

(0, X)f(xl 0, X)dx

F 1[(j-1)/m10, X]
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For the normal example, it follows easily that iwp is the same as

for the simple hypothesis (i. e. is free of ) and the matrix iwX

may be calculated directly since

y a
Cr

-1 -1
H

1
(x)0x)dx = -o- (1)(a)

-co

S6-1H
2

(x)c)(x)dx = -ao-
-1

(I)(a).
_oo

As usual,
iww

does not depend on So
ww

lated, and then

can be calcu-
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2 -1R
,13

1
IX

= 6i
p

1
0.)

i
(owl),

i
(01131

R2
-1

wl wm-1, 2 X
= zzlip

Zwicood
Xicop

1

.

These squared partial multiple correlation coefficients, along with

several efficiencies, are presented in Table 14. The efficiencies of
2 A 2 A

XK (X0) relative to LIJ

k
(X

0)
are uniformly rather low for k < 4

and are quite stable in comparison to the entries of Table 12. Notice
2nthat for a kurtosis alternative. the efficiency with respect to Lti1(X0)

is not defined, that statistic having, asymptotically, no local power.

Since the entries increase in k, the low order smooth tests are

recommended.

For Weibull and gamma departures from the exponential dis-

tribution, the calculations are somewhat simplified by the fact that

iwp is obtained by multiplying the matrix obtained for the simple

hypothesis by X-1, where X as usual denotes the nuisance scale

parameter. Moreover, since U
X

(X) = X
-1 [(xiX)-1] is the same for

both the Weibull and gamma cases, and since covariances are calcu-

lated under the null exponential distribution, it follows that

F -1 (j/mI0,X)
iwX(X.) X

-1
[(xiX)-1]X-1 exp(-x/X)dx

F -1 [(j-1)/m10,X]

= t( )ln( )m m
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Table 14. Efficiencies of X 2 tests for normality: com-
posite hypothesis.

m-1 R2
2

(41* **(jj-ni"-l'P Ix
R

"""1(`)m.-1'1321x

a. Multiple correlations (X' = (11,0-))
2 0. 424 O. 187
5 0. 643 O. 471

10 O. 786 0. 654
14 0. 840 0.726

2 A A
b. e(X

K(X
0

Wu
10) for W

u.
(t.

0
based on UR (9.

0
) and Rf

departure
2 O. 288
5 0. 258

10 O. 213
14 0. 188

O. 127
O. 189
O. 177
O. 163

m-1 '1

2 A 2 A
C. e(XK (X

0
), k (X

0
); . 10) for skewness departure

2 0.326 0.481 0.535
5 0.292 0.431 0. 480

10 0.241 0.356 0.396
14 0.213 0. 314 0. 349

2 A 2 A
d. e(XK 0 ), LTJk(X0); . 10) for kurtosis departure

2 0. 256 0. 321
5 0. 380 0. 477

10 0. 356 0. 447
14 0. 328 O. 412

0. 633
0.567
0.468
0.413

0. 322
0.478
0. 448
O. 413
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applies in both cases. The other matrices needed have been calcu-

lated in Sections 3 and 4. The partial multiple correlations and

efficiencies calculated from these are presented in Table 15. As for
2 A 2 Athe normal case, qic(X

0
) uniformly dominates x

K
(X0) in terms of

relative efficiency, and low values of k are preferred.
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Table 15. Efficiencies of x2 tests for the exponential
distribution: composite hypothesis.

m- 1 Weibull Gamma

a. Multiple correlations R2
parameter) wl° °W rn-l'PIX

scale

2 0.580 0.454
5 0.811 0.718

10 0.906 0.846
14 0.937 0.887

2 A A Ab. e(x
K

(X
0

) Wu(XO); . 10) for Wu (X0) based on U
13

(1;\. )
0

2 0.394 0.308
5 0.325 0.288

10 0.246 0.230
14 0.210 0.199

m- 1
k

1 2 3 4

2 A 2
c e(XK(X0), k (X0); . 10) for Weibull departures

2 0.450 0.632 0.756 0.887
5 0.371 0.522 0.624 0.732

10 0.281 0.395 0.472 0.554
14 0.240 0.337 0.403 0.473

2 A 2 A
d. e(XK (X0),I,Uk (X0); 10) for gamma departures

2 0.444 0.540 0.627 0.718
5 0.415 0.505 0.587 0.671

10 0.331 0.404 0.468 0.536
14 0.287 0.349 0.405 0.464
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IV. CONCLUSIONS

IV. 1. Discussion of the Smooth Tests

In Section III. 1 two questions were posed regarding the smooth

goodness -of -fit tests: how do they perform relative to other tests,

and what choice of k is best? The results of the previous chapter

provide us with partial answers to both questions. In the comments

that follow, attention will be restricted to the more useful case of

composite goodness-of-fit hypotheses, rather than simple hypotheses.

Moreover, the conclusions strictly apply to tests for the normal and

exponential distributions, since these are the only cases investigated

in depth in this paper.

How does
2 A

tlik(X.0) compare with other goodness-of-fit statistics?

Tables 4 and 5 show that, for a wide range of alternatives to normality,

a smooth test of some order has at least as much power as the

Che rnoff -Lehmann 2
X and Kolmogorov-Smirnov tests, and most

often the smooth test has substantially greater power. Moreover,

Tables 14c, 14d, 15c, and 15d show that the smooth tests of orders

one through four are uniformly more efficient locally against the
2 Adepartures considered than x
K

(X0) for a wide range of degrees of

freedom. Thus it appears that the smooth tests are perhaps to be

preferred to the other omnibus tests.
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The situation for comparing the smooth tests to parametric

tests with highly focused power is not quite so clear. For simple

hypotheses, Wu represents the locally best test. For composite
Ahypotheses, however, W

u
(X0) is in general not locally best or even

locally best among similar tests; see Cox and Hinkley (1974, p. 146).

A

W 0)
does have the optimality properties described by Wald (1943)

and Roussas (1972), as discussed in the Appendix, and is optimal in

the class C(a) of tests described by Neyman (1959). Nevertheless,
2 A

Tables 10 and 11 show that
k (X0) is always at least moderately

Aefficient locally relative to the statistic W
u

(X0) appropriate to the

alternative distributions in question. Since the power of a particular

W
u

A

0
) may be very poor for some other alternative --for example,

the skewness test for normality has, locally, no power against kurto-

sis departures and vice versa, since i 0 --the smooth test is
v1v2

preferred on the basis of giving better protection against a wider

range of alternatives.

How should k be chosen? Neyman (1937) felt that k need

not be taken greater than four in most practical problems, but

clearly warned that this was not a mathematical result. The evidence

in the present work suggests that a value of two or perhaps even one

may serve very adequately. Table 5 strongly supports the use of

k = 2 for testing normality, and this is born out by the efficiencies
2in Table 10 and 11. Although 4J2(X.

A
) is somewhat less efficient



2 A(both locally and at moderate power) than
`P1(X0)

A 2departures,
2

2
(X

0)
is preferred since 4i(kA o)
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for skewness

provides no protec-

tion against heavy- or light-tailed alternatives. Tables 10 and 11 also
Asupport the use of (k

0)
for the exponential distribution. This

conclusion would be much stronger, however, if a larger class of

alternatives was cons idered.

IV. 2. Discuss ion of the x2 Tests

The results of Section 111.7 permit us to extend the discussion

above to the x2 tests of goodness of fit. The tables in that section

provide further evidence of a fact already widely known: Pearson's
2 2 ,A

X (and its proper generalization XKlko)) have relatively tittle

power against any particular alternative. In addition, however,

Tables 14b and 15b may aid in the selection of m, the number of

cells on which the test is based. This problem, which is analogous

to the problem of selecting k in the smooth test, has received

wide attention. Mann and Wald (1942) based the choice of m on the

sample size and size of the test, but Williams (1950) suggested that

their solution could be safely halved. For further discussion see

Dahiya and Gurland (1973) and Hamdan (1963). The efficiencies in

Tables 14 and 15 suggest that the degrees of freedom should be

rather smaller: perhaps less than ten as a general rule. Since these

efficiencies change rather slowly as the degrees of freedom vary, an
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exact determination of the number of cells does not seem necessary.

If the ranges of best efficiencies with respect to different alternatives

roughly coincide, which Tables 14b and 15b show to be the case for

the normal and exponential cases, then the choice of a suitable range

of degrees of freedom on the basis of efficiency is straightforward.

That the selection of the number of cells can possibly depend on the

alternative distribution may, however, make efficiency-based choice

either more or less worthwhile than a choice which ignores the

alternative, depending on the statistician's level of knowledge of

possible alternatives.
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APPENDIX

This appendix contains a discussion of the asymptotic distribu-

tional and optimality theory of tests of simple and composite

hypotheses based on quadratic score statistics, with special reference

to smooth goodness-of-fit tests. First the asymptotic equivalence of

the quadratic score statistics with likelihood ratio and Wald's statistics

is considered. Little mathematical detail is provided at this point.

Sets of regularity conditions for simple and composite hypotheses are

then listed, expressed in a general terminology, followed by a dis

cussion of the distributional and optimality results they guarantee.

Finally, simplifications and restatements of the regularity conditions

suitable for smooth goodness-of-fit tests are presented.

Rao (1948) suggested the use of quadratic score statistics for

testing simple and composite hypotheses. We consider H = 00
0

in either case, with X. denoting the nuisance parameter for corn-

posite H
0

Bartlett (1953) employed the statistic to obtain confidence

regions for 0 in the presence of an unknown X. Neyman (1959)

gave a detailed derivation of the statistic for composite HO, as well

as an optimality property, to be mentioned below, for the case of

real-valued 0, and Bhat and Nagnur (1965) generalized that work to

deal with vector-valued 8.
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0

:0 =
o
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can also be based on the likelihood ratio

statistic or on Wald's statistic, the latter, due to Wald (1943), being
A Aa quadratic form in (0 -00) with a x2 distribution, where

denotes the maximum likelihood estimator of 0. Let W and We,

respectively, denote the two test statistics in the case of a simple

0
hypothesis, and W(X ) and W

e
(X0) the same for a composite

hypothesis; this notation is due to Cox and Hinkley (1974; Section 9.3).

Wald (1943; Section 13) demonstrated the asymptotic equivalence of
A Atests based on W(X

0
) and W

e
(X

0
) under regularity conditions.

In fact, under regularity conditions the quadratic score statistic, Wu
A Aor W

u
(X 0), is asymptotically equivalent to W and We or W(X )

0

and W
e 0), as the case may be; see, for example Cox and Hinkley

(1974; Section 9. 3), Moran (1970), or Javitz (1975; Section 13).

Peers (1971) considered approximations of the power functions of W,

W, and W and found that none of the statistics dominated either
e u

of the others, even when the approximate distributions of the statistics

are improved by the inclusion of terms of higher order. The following

outline of a proof of the asymptotic equivalence of W( ) and

A
W

u
(X

0
) will ignore questions of regularity conditions. Consider a

family of densities g(xiO, and the composite hypothesis

H0:0 = e0, where X is unknown. Let
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1.(0, X.) =

i= 1

In g(X. e, X).

The unrestricted joint maximum likelihood estimator is denoted
A A A

(0, X.), while X
0

is the maximum likelihood estimator of X under

the assumption H0 :0 = 0
0

. Then

(A. 1)
2

1 A A A AW(X ) = /. 0,X) ./.(0
0'

X )

A A A
= X)-1.(0 X)] - .(0 , X. , X)]

0 0 0

where X denotes the true, unknown value of the nuisance parameter.

We suppose 0 e Rk and X e andand let

u.o (0* x*) = [81.(0,x)/ae e* x*

u.x (e*, X *) = (6, x.)/ax]e* x*

for i = 1,. . ,k and j = 1, , s. The score vectors are then

U.0(0, X) = [U.0 (0,X),...,U.0 (e, \)]'
1

U. ( , X) = [U.x (0,X),... ,U.x (e, X)]'
1

The information matrix, with obvious partitioning, may be written



Cove
u

o
(o , X)

U. x(0, X)

i. (0, X) i.
OX

(0,X)

i.xx(° X)
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Approximating each term in brackets in (A. 1) to first order we obtain,

suppressing the dependence on (0,X)

(A. 2)
A

W(X0) = [We U!

1i.ee i.
OX U.0 -1

The first quadratic form in (A. 2) may be written in terms of

T[U.'o, WO' rather than ,U!
X
]', and an efficacious choice of

T can lead to a simpler expression for the right-hand side. We take

T =

-1
I
k eX XX

0 Is

where I
k denotes the k X k identity matrix. Let

(A. 3) = T
U.0

U.x

1so that U.01
X

= U.0
OX

i.
X

U.
X

and

Covoo,
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where

(A. 4)
L00IX

=
001X(e0' X)

=
00

(0
0

, X)
OX

(0
0

,X)i.
XX

(0 , X)i.
X0

(0
0

, X).
0

Substituting into (A. 2) we then find that

(A. 5) W(X
0)

A .
=

1
, X)U. 0° , X)U!

01X
(0

0
, X)i.001X(°0 010

which is just the desired approximate equivalence, when X. on the

Aright-hand side is replaced by X
0

.

By considering the residuals, U.olx, from the regression of

U.
0

on U.X, we use only that part of the 8- scores which are

orthogonal to the X.-scores. Another way of viewing the test is as an

approximately similar test. This follows from the asymptotic

normality of the efficient score vectors, from which [U! ,U! P is
0 X

approximately sufficient for (0,X), and U.X is approximately a

complete sufficient statistic for X under H0; see, for example,

Cox and Hinkley (1974; Section 9. 2v). Thus the test for H0:0 = 00

should be based on the conditional distribution of U.0 given U.x,

which is approximately Nk(i.oxi. 1xxU.x, i.00-i.8xi. 1xxi.x0).

The removal of the unknown true value of X from the right-

hand side of (A. 5) is a crucial step in obtaining a usable statistic. To

eliminate the dependence of the quadratic score statistic on X, the
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A
unknown parameter value is replaced by an estimate

0
which is

guaranteed to be 1U close" to the true value. Then, under regularity
Aconditions, the statistic evaluated at (0

0
X0) is asymptotically

equivalent to the same evaluated at (0 , X) as in (A. 2), thus provid-

ing a usable test statistic. Neyman (1959) showed that weak root-n

consistency of the estimator provides such a result. Consider a

(On)}sequence of estimators for the jth component of X.

A n)(
{X. } is said to be root-n consistent if, for all 8 and X,

1/2 A (n)
n IX remains bounded in probability as n °0, and is

said k

such that, for all 0 and X, ni /21AX(.n)-X.-A!(0-0 ) 1 remains
3 3 3 0

bounded in probability as n .--'' 00. Finally if {S.(n)} is a sequence of

componentwise (locally) root-n consistent estimators, and if for every

a E
Rs such that a'a > 0, the assumption that 0 ---- 0

0
implies

1 /2 (n) risk (n)that n a°(X -X) does not tend in probability to zero, then -tk }

is said to be weakly root-n consistent. Notice that a sufficient condi-

tion for weak root-n consistency is that the joint limiting distribution

of n112(Vn) -X) be nondegenerate, which is true of maximum likeli-

hood estimators under standard regularity conditions.

Neyman (1959; Theorem 1) and Bhat and Nagnur (1965; Equation

(2. 9)) show that

(A. 6) -1/2 A (n) n(n) -1/2, .

Lee! x(eo' xo )u'e % ' "0eel x'o'x) 0



121

j-
)(n), is a weakly root-n consistent estimator, under the assump-

tion that i.1 /
8(311

2

°9°')°U.01\((40' X.)
is a normed Cramer function.

This argument is essentially reproduced by Javitz (1975), and the fol-

lowing discussion of conditions under which quadratic score statistics

have asymptotic 2 distributions and provide optimal tests is

derived from the work of Roussas (1972) and of Javitz.

We now consider sets of regularity conditions under which

distributional and optimality results may be obtained, chiefly by

means of arguments based on contiguous probability measures. The

conditions will be expressed in a general notation, and later will be

applied to smooth tests of both simple and composite hypotheses. We

begin with the sample space (R, (3 (IR)), where 63 (cf4) in general

denotes the cr-field of Lebesgue measurable subsets of (A , for

a subset of some finite dimensional Euclidean space. On (R, (IR))

is a family {P()°, E of probability measures indexed by a vec-

for parameter ranging over a bounded parameter set u C k
.

Further, we assume that each P(0 is absolutely continuous with

respect to Lebesgue measure

all E

and let g(x I [dP() /dia] for

For each we then can define the infinite product

probability space (I°, s- IDG°( corresponding to the infinite

sequence {Xi, X2, ...} of independent, identically distributed X ts

and let P (n) (0 denote the restriction of
00P (t) to the sub-cr-field

of CB (JR) generated by {X1, , Xn} for n = 1,2, ...
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We first consider regularity conditions for a simple hypothesis.

For notational consistency we let 0 =

conditions are listed below.

[S1] The probability measures P(0)

continuous for 0 E e.

e = 72 . The regularity

are mutually absolutely

[S2] For all 0 E e

continuous in

and for

0.

j = 1, ,k, U0 (0) exists and is

[S3] For all 0 E e and for j = 1, ,k, E{U20 (0)10} < Q.

[S4] For all 0 E e

hood ")? .(0)

and for

containing

j = 1, ,k there exist a neighbor-

0 and a function H.( 10) such

that for all 0* E J (0)

1U0. (0*)-U
0

(0)1 < H.(x10) a. e. P(0)
. 3

1and such that E{H.2 (X 0)10} < co.

[S5] U
0

(0) is B (IR) x (e)-measurable.

[S6] jee(e) is positive definite for all 0 E e.

[S7] For each fixed
0

E e, [g(x10*) ig(x10)], considered as a

function of x and 0*, is 63 (R) X63 (6)-measurable.

Conditions [S5]-[S7] are simply restatements of (A2°)(ii)-(A2°)(iv)

in Roussas (1972, page 46). Also, [S1] implies Roussas° (AV).

Finally, from Lind and Roussas (1972; Theorem 2.2), it follows that

[S2]-[S4] imply Roussas° (A2 °)(i). Thus [S1]-[S7] give us Roussas'



(Al') and (A2°) and therefore by his Theorems 4. 2 and 4. 6 (page 54)

we can conclude that

of [n-112U.
0

(0)1P(n)(0)] N k(0, i 00 (0))

for all 0 E e, and for 0(n) = 0 + n-1 /2h where h E Rk,

-1 /2u0(0)1p(n)(0(n))] joe(0))

and therefore

[W11113(11)(0)] Xi2c

[Wu
p(n)(0(11))] Xk2,6(0)
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where 6(0) = 11°i
00

(0)h. In addition, under (Al') and (A2°) of

Roussas, three optimality properties of the test based on Wu are

obtained. These will be discussed in detail following the presentation

of regularity conditions for composite hypotheses. At the end of this

appendix it will be seen that [S1]-[S7] are satisfied by the smooth

goodness -of-fit test for any simple hypothesis specifying a continuous

distribution.

We now turn our attention to composite hypotheses. Let 0 E e

be as before and take X. E A to be the nuisance parameter, where

A C Rs. Now = (0°, ).)' and 72 = e X A. The regularity condi

tions are now listed.
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[C1] The probability measures P(0, X.) are mutually absolutely

continuous for (0°, X')' E e x A.

[C2] The density g(x10,X) is Q3 (R) x 2(e x A)-measurable.

[C3] For all (0°,x.TEexA, the first and second partial

derivatives of g(xl 0, X) with respect to all combinations of

, O , Xi, , Xs, evaluated at any (0°, X.')° exist and

are finite, and all the first partial derivatives are

T3(R)x 78(e X A)-measurable and continuous in (0°, X°)°.

[C4] The covariance matrix

Cov l0,X
100(0, X) 10x(0, X)

i
XX

(0,
X.)

is finite, positive definite, and continuous in (0', X') ° for

all (0°, X.°)° E ex A.

[C5] For all (0°, X°)° E ex A,

and

{[ag(x 0*, x*)/aeA }/g(xl 0, )

{[8g(xl 0*, vo/axl
014

j/g(xl 0,X)

are continuous in (0 < °, *°)°, for j = 1,... ,k and

= 1, , s.

[C6] For every (0°, V)' EexA there exist a neighborhood

7/1(0, X) containing (0', X°)° and functions j(xl 0, X.)



and H2,1

and

I 0, X) such that

f[aex I 0*, x*Nia0:1e*,xdig(x10,X)1 < H
1,

.(xl 0,X)

a. e. P(0, X)

1{[ag(xle*,vo/w] }/g(x10,x)1 < (xledo0*, x* 2, j

a. e. P(0, X)

for j = 1, ,k and 1 = 1 . . . s, and for

(0*',X*')' E )2
1

(0, X) and such that for m = 1,2 and

a = j or ,

E {H2 (XI 0, X)I 0, Xm, a
< 00.

[C7] For every (0', XT E e X A there exist a neighborhood

172(0, X) containing (012x.1)1

and G (xl 0, X) such that

and

Ja

and such that

G
1
(xl 0, X)d11(x) <

and functions

G
2

(xl 0, X)g(x 0, MdP,(x) <

G
1

(xl 0, X)
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and

[ag(xl 0,x)/aej]0*7

Eag(xl 8, x)/ax.t10*, x *I

1 [a OKI 0, x) /ae.ae.]0*7x*

I [a g(xl e, x) /ae.ax ]
1/41e*,x;

I [320x1 e, x>/axaxmL*,

I [a in g(xl e,,x)/ae.]0*, x4

1 [a in g(xI 0, x)/ax110),:,, x*1

I [azln g(xl e, x)/ao.ae.] 0*, x*

1[821n g(xl e,x)/ae.ax 0*, x*

I [a
21n g(xj e, Wax axm e*, x*

for all (0*',X*1)

,m = 1, , s.

[C8] The sequence {/)1(on)} is a system of weakly root-n consistent

estimators of X under P (n) (0,X) for all X E A. Here

< G
1

(x I 8, X)

(0, )) and for

G 2(xle, X)

j = 1, , k and
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we are tacitly assuming that the null hypothesis of interest

specifies 0 = 0.

It is easy to show that under these assumptions the conditions

[A4. 1]-[A4. 8], [A5. 1]-[A5. 5], and [AII.1]- [AII-2] of Javitz (1975) are

satisfied. Notice that [C8] makes no reference to alternative distribu-

tions P(O, X) with 0 0. Now under [C1]-[C6] we may apply
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Javitzl Theorem 4. 1 (page 21) to conclude that

[n-1/2U
e1X

(0 X)1P(n) (n), X) N (ieel x(0, X)0, ieel x(0, X))

under alternatives 0(n) = n-1/20 for some 0 E e and any X E A,

where . .1Uelx Ue lexix.Ux Moreover, under [Cl] -[C8], via

Javitz' Lemmas 5.1 and 5.2 (page 28) and Theorem 5. 1 (page 29), we

can conclude that

A (0 n)
U. 01 0 X

0, ) - U.
01 X(0,

X) 0

under the alternatives P(n) (0(n) , X). This is the necessary analogue

of (A. 6). In view of [C4] it follows from the Central Limit Theorem

that

01Xu
A[n-1/2,

u
xxip(n)(0, N (0,

so we find that

where

[IAT
u 0

)IP(n)(0, X)] x2

rw op(n)(e(n),x)i
0'1 Ak, 5(01X)

8(01X) = (Vie° x(0, X)8.
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In his proof of Theorem 4. 1, Javitz (page 91) notes that his

[A4. 1]-[A4. 8] and [AII. 1]-[AII. 2] (and therefore our [C1]-[C6]) imply

that (Al') and (A2') of Roussas (1972; page 46) are satisfied. So, as

mentioned above for [S1]-[S7], the optimality properties of Roussas'

Theorems 2.1 (page 170), 2. 2 (page 171), and 6. 1 (page 191) will also

be obtained. For simple hypotheses, these theorems parallel

Theorems I-III in Wald (1943) and for composite hypotheses, they

parallel Wald's Theorems IV-VI. Of course Wald's theorems apply to
A A

We and We(X0), and carry over to Wu and Wu(X0) because of

the asymptotic equivalence. The results of Roussas' three theorems

will be listed here.

To describe the optimality results we require some additional

notation, which will be very similar to that of Roussas. In the follow-

ing, i 0) will represent i 00 (0
0

) for simple hypotheses and

1-001X.(e0'X) for composite hypotheses. We define the ellipsoidal

surfaces

E(c) E Rk I 0) )(0) = c}

for c E (0,00), and the function

a.(0 [I i c0)(0)11 /211 i (0)(0)11

for E IR
k

0
} Further we define a weight function
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g) = a(g)/A(c)

where A is defined by the surface integral

A(c) = J a(g)dA
E(c)

Notice that y ,(c,g)dA = 1 for all c E (0,00). We will deal with
E(c)

alternatives (n)
=

0
+ hn-1 /2 for h E 111k, so let

and

E(n,c) = E(cn-1)
= {g E 1(g-t 0 (g 0

)(g-g
0

) = cn -1}
tt

g) = (cri
-1

g)

In the results that follow we will take c E K, a compact subset of

(0,00), so for sufficiently large n, E(n, c) C for all C E K.

We restrict our attention to tests of H
0

: -0 which depend

on the data only through n
-1/2U.00), where U (t

0
) U

0 (0 0 ) or

U
OIX

(0 X) as needed, and let g n-1/2U
0

)] denote such a test:

(I) gives the probability of rejecting H
0

as a function of the data

through n-1 /2U. (t
0

). Let IA( ) denote the indicator function of

the set A E k(IR), and define

- {4 = I for closed, convex C E k(1R-) }Cc



For the test based on Wu (which denotes Wu or Wu(X) as

needed)

C = {z E Rkl zti -1
)z < X

2(1-a)}
k

so, clearly, for alTw defined accordingly, cl:w E . We also
u

will restrict our attention to sequences of tests in which are

asymptotically of size a, i. e. , {(13'n} C o' for which

E{ct'n1 C)} E{ic I tO} a
C n

as n 00. Because of the asymptotic x
2 distribution of Wu,

cW clearly satisfies this condition.

Finally, let Tr n(,(1))

sample size n, under E

denote the power of the test

n(,013.) = 04n-1 /2U.
0

with
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and for clarity let Tr ( , Wu) = Trn(, (1).w. ). Then (Al') and (A2') of

Roussas (1972; page 46) imply the following results (pages 170, 171):

[R1] For any sequence of tests i asymptotically of size

a , for an arbitrary compact set K C (0,00), and for

testing H0: = against H1 :
0

, we have
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lim inf
n

inf
c E K

TrnM Wugn(c, )dA
E(n, c)

(c,,)dA
E(n, c)

[R2] Under the same assumptions as [R1], we have

(a) lim sup sup it W )- inf Tr W)1)= 0

cEK EE(r],c) n u EE(n, c) n u

and for any {4)
n}

as in [R1] for which Tr (I)
n)

satisfies
n

(a),

[(b) lim inf inf inf {Trn(, Wu)-Trn(, (On)} >0.
n cEK EE(n,c)

These results may be roughly interpreted as follows. [R1] simply

states that, approximately, Wu or W
u

(X) has asymptotically the

best average power on the surfaces E(n, c) of tests in

where the average is taken with respect to the weight function

The first part of [R2] implies that, approximately, the power of the

test based on Wu or W (X) is asymptotically constant on the

surfaces E(n, c), and the second part of [R2] implies that, approxi-

mately, Wu or W
u

(X) gives the test which is asymptotically most

powerful among tests in 7 with power constant on the surfaces

E(n, c).
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The third optimality result requires some additional notation.

We define the class of tests vf- C by

= 414) = I for closed, convex C E Q k(R) such that
Cc

PrEcl = 1 al.

This permits us to work with the envelope power function

defined by

1T (t, a) = supn
E

Tr a)n

Using the comments above and Theorem 6. 1 of Roussas (1972; page

191), it follows that (Al') and (A2') insure the following result.

[R3] For any sequence of tests {4)n} E f forfor an arbitrary

compact set K C (0, (*), and for testing H0: t = to

against H1: 4 we have

lim sup sup
n cEK

sup {Tr a)-Tr (t, W )}
n uEE(n, c) n

sup {Tr (t,a )-Tr n(t,(1)n)r)
EE(n, c)

Thus the test based on Wu or W
u

(X) is asymptotically most

stringent in the class j- 0' e. , if we call the difference between

a given test's power at some and Trn (t, a) the shortcoming of
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the test at then Wu minimizes the maximum shortcoming.

To conclude the discussion of optimality properties we note that

Neyman (1959) and Bhat and Nagnur (1965) showed that the test based
Aon W

u
(X.0) is locally asymptotically most powerful or stringent in

the class C(a) of tests; their regularity conditions are of the

traditional Cramer type.

To conclude this appendix, we consider the evaluation of [S1]-

[S7] and [C1]-[C8] for smooth goodness-of-fit tests. First we con-

sider simple hypotheses. Since the multiplying factor

exp

i=1

0.F1(x)-K(0)

is strictly positive, [S1] is true. Since

K(0) = In

we may apply the Dominated Convergence Theorem to show that

ag(xl o)/aej = F3(x) ax(e)/aej

exists and is continuous in 0; hence [S2] is true. Also, [S3] is

satisfied because of the boundedness of F, and for [S4], simply

note that 1U
0.

(0*)-U
O.

(0)1 is constant in x. [S6] follows from
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simple calculations, and [S5] and [S7] may easily be seen to be true.

Thus the regularity conditions, and therefore the asymptotic distribu-

tional and optimality theory, are always obtained for the smooth test

of a simple goodness-of-fit hypothesis under smooth alternatives.

Of course the situation is more complicated for composite

hypotheses. However substantial simplifications occur under the

following conditions on the null family with densities

[dP(0, X) /dµ] f(xl X).

[CP] The probability measures P(0, X) are mutually absolutely

[cz

continuous for X E A.

af(xIX)/aXi' 8F(x1x)/ax and a z F(x1x)/ax. ax exist and,m

evaluated at any \ E A, are finite, for /,m = 1, , s.

[CV] f(xl X), F(xl X), 8f (xl X)/8X12, 8F(x1X)/aX are

[c41

63 (R) X CB (A)-measurable and continuous in X, for I

For all X E A there exist a neighborhood 97 (X) contain-

ing X and functions H1,e(xl X) and H24(xl X) such

that

and

e H1 1(xl X.) a. e. P(0, X)

I
/8X1 ]X:;:l < H2,/ (KIX) a. e. P(0, X)

for all X* E 6)? andand such that
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E
, 2

< 00

for m = 1,2 and = 1, . . . , s.

By reasoning analogous to the verification of [S1] for simple

goodness-of-fit hypotheses, we find that [C11 implies [C1]. Also

[C2] follows from [CZ °]. The first and second partial derivatives of

[C3] can all be written in terms of F(xi X), g(x10, X), the first and

second partial X-derivatives of f and F and the first and second

partial 0-derivatives of K(0). So [C3] can be shown to be true under

[C2 1 and [C3 1. For [C5], we have

{[ag(xl 0*, x*)/ae*]0* /g(x 0, x)

[f(xl /f(xl X)] exp i[0:qd(x1X*)-0.F (xl X)]

Cul
- [K(0*)-K(0)]

x {Fi(x X*)-FaK(0)/a0.1

and continuity can be obtained using [C3 1 and the fact that

1

K(0) = J exp
0

Similarly

i=1

Oiy



Lag( 0*, X*) /axpe*, /g(x

= [f(xl X*)/f(x1X)] exp

[X Ux
I

(X.*)+[81(x I X) /8 Xi ]x ie ::'F
i 1(x

I X*)t

x.*)-o.F (xl x)]-[K(e*)-K(o)]

k

= 1
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From this, [C3 1, and the nature of K(8) we see that [C5] is satis-

fied. Moreover, with [C41 parts of [C6] and [C7] may be satisfied.

Further conditions on the null densities f(x X) might be found to

bring about additional simplifications.
(It should be noted that [C8] does not require 0.0n)

1 to be a

sequence of maximum likelihood estimators. However, as mentioned

/On)
0

above, if is the maximum likelihood estimator of X under

Athe null hypothesis, and if n 1 / 2
(X.

(o n)
-X) is asymptotically normal,

which happens under well-known regularity conditions, for example

those of the Cramer type, then 60(11)1 is a system of weakly root-n

consistent estimators.
2 A

The null x,2 distribution of LIJ (AO) can also be obtained

under relatively weak assumptions. We assume that U
X

(X) is a

vector-valued Cramer function as defined by Neyman (1959). If, in

addition, there exist functions H (xi X.), Hf ,m(xl X), and

H , m, t(x X) for all X e A and for / ,m,t = 1, ... s such that
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laF( x)/axl < }-1)2(xlx)

18
2 F(xIX)/aX ax. < Hm i,m IX)

, a3F(xl x)/ax. axm8Xt < H/,m,t (x I X)

a. e. la and such that

41-4 (X I X.)1 X.] < 00

2E[H/
, m(X I X) I < 00

E[HI,m,t(xIx.)Ix] < 00,

then U (X) is also a vector-valued Cramer function, and as

Neyman notes (1959; Section 8(i)), Uoix.(X) is therefore also a

Cramer function. Finally, if {VII)} is the sequence of maximum

likelihood estimators and the null distributions are sufficiently regu-
1 /2 A (n)lar so that n (X -X) is asymptotically normalsee, for

example, Cox and Hinkley (1974; Chapter 9)--then by Neyman (1959;

Theorem 1) and the multivariate central limit theorem, the asymptotic

null x2 distribution is obtained.


