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[1] We investigate the momentum balance in the surf zone, in a setting which is weakly
varying in the alongshore direction. Our focus is on the role of nonlinear advective terms.
Using numerical experiments, we find that advection tends to counteract alongshore
variations in momentum flux, resulting in more uniform kinematics. Additionally, advection
causes a shifting of the kinematic response in the direction of flow. These effects are
strongest at short alongshore length scales, and/or strong alongshore-mean velocity. The
length-scale dependence is investigated using spectral analysis, where the effect of
advective terms is treated as a transfer function applied to the solution to the linear
(advection-free) equations of motion. The transfer function is then shown to be governed by
a nondimensional parameter which quantifies the relative scales of advection and bottom
stress, analogous to a Reynolds Number. Hence, this parameter can be used to quantify the
length scales at which advective terms, and the resulting effects described above, are
important. We also introduce an approximate functional form for the transfer function,
which is valid asymptotically within a restricted range of length scales.
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1. Introduction

[2] Depth- and time-averaged surf zone currents, initi-
ated by the transfer of momentum due to wave breaking,
are often classified in the literature as alongshore-uniform
(1DH) or nonuniform (2DH). 1DH flow corresponds to an
alongshore-uniform shore-parallel jet [Bowen 1969a; Lon-
guet-Higgins, 1970a; Thornton and Guza, 1986; many
others], and occurs on long straight beaches with oblique
wave angles. 2DH flows contain across-shore-directed cur-
rents, with an extreme case being a rip current system
[MacMahan et al., 2006 and references therein] ; these typi-
cally occur on alongshore-nonuniform beaches with small
(nearly shore-normal) wave angles.

[3] Between these two extremes, there is a continuum of
flows typified by meandering or separation of the along-
shore current. In these cases, an alongshore current is prop-
agating over spatially varying bathymetry or through a
spatially varying wave field, and hence exhibits somewhat-
2DH behavior, although perhaps less pronounced than a rip
current. These, too, have been well documented [Sonu,
1972; Slinn et al., 2000], but have received less theoretical
treatment than the extreme cases described above. One
exception is the numerical study by Wu and Liu [1984],

who simulated steady 2DH flows on undulating bathymetry
with oblique wave angles, and found that the results did not
correspond to a linear superposition of simple 1DH and
2DH end-members. Instead, nonlinear advection was
shown to play a leading-order role in determining the mag-
nitude and alongshore position of flow undulations. When
the strength of the background alongshore current was
increased, flow undulations became increasingly weaker,
and were pushed downstream, illustrating the fact that
advection acts to bypass minor variations in forcing. This
effect can be important for the prediction of surf zone cir-
culation in the field. For example, Long and €Ozkan-Haller
[2005] present a realistic case where a linearized model pre-
dicted the presence of a rip current extending past the surf
zone, whereas a nonlinear model did not. They explain that
the inertia of the background flow was acting to ‘‘sweep
away’’ smaller rips in the nonlinear model. Hence, an under-
standing of what constitutes a ‘‘strong’’ background flow, or
a ‘‘minor/short’’ variation in forcing, is important for bridg-
ing the gap between 1DH and 2DH regimes.

[4] Our approach is to study the role of nonlinear advec-
tive terms in a weakly nonlinear setting, using a combina-
tion of numerical experiments and linearized analysis. In
section 2, we investigate advection by selectively including/
excluding it in a numerical model (equations (1)–(3), in
which the advective terms are in square brackets). The dif-
ference between the alongshore current with and without
advection is interpreted in terms of an effective transfer
function, analyzed using spectral methods, which provides a
quantified description of the length-dependent shifting/
dampening of flow perturbations described above. In other
words, we hypothesize that advection can be viewed as a
spatial filter, which we seek to characterize using a transfer
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function. Then, in section 3, we analyze simplified equations
of motion to better understand the numerical results. We
find that the numerical results can be largely explained using
a single nondimensional parameter, which quantifies the
strength of the advective terms. We also derive an asymp-
totic approximation for the transfer function. This approxi-
mation is only valid under specific simplifying conditions,
which we describe, but may represent useful progress to-
ward a more general understanding.

2. Advection Transfer Function: Numerical
Experiments

2.1. Basic Approach

[5] Our approach to studying advection in surf zone
flows will be to analyze numerical model results in terms
of a transfer function representing the effect of the advec-
tive terms on the alongshore current. In this section, we
define the model used for surf zone dynamics, the hypothe-
sized transfer function, and the method of extracting the
transfer function from numerical results.

[6] We will limit our analysis to cases with weak along-
shore variability, such that leading order properties of the
flow can be obtained from an alongshore average (i.e., the
ratio between alongshore perturbations and alongshore
averages is assumed small). We also focus on the region
just shoreward of the maximum velocity of alongshore cur-
rent, where the alongshore current is relatively strong, and
hence where we expect the strongest influence from advec-
tive terms. These assumptions will be reflected in the anal-
ysis of section 3. The main reason for the restriction of
weak variability is to avoid nonlinear interactions between
different length scales; hence the advection transfer func-
tion can be computed for a range of length scales from a
single model simulation (or one ensemble, see section 2.4).
Treatment of large-amplitude variability, though poten-
tially important for real-world flows, would require more
detailed numerical experiments and would lead to a more
difficult theoretical analysis. This should be the subject of
subsequent study.

2.2. Numerical Model

[7] The numerical model used here assumes steady-state
depth-averaged and wave-averaged equations of motion
[Mei, 1989],
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where u; v are the across-shore and alongshore currents, h
is the still water depth, � is the mean water surface eleva-
tion, Fj ¼

P
i@Sij=@xi are constant forces due to radiation

stress gradients [Longuet-Higgins and Stewart, 1964], M
represents momentum mixing, and �b is the bottom shear
stress. Subscripts denote x and y components. The basic

physics captured by this model include the transfer of mo-
mentum from waves (represented by radiation stress gra-
dients) and the response of the free surface and 2DH
currents to generate pressure gradients and bottom stresses.
These physics are represented in most contemporary mod-
els for 2DH surf zone dynamics [following, e.g., Bowen,
1969b]. The differences among such models largely lie in
the choice of physical parameterizations, used to obtain
quantitative accuracy for field and laboratory prediction
[e.g., Thornton and Guza, 1986; Reniers and Battjes,
1997; Ruessink et al., 2001; Haas et al., 2003, many
others]. In order to study surf zone advection in as simple a
setting as possible, we choose to employ relatively simple
parameterizations, described next.

[8] Momentum mixing is parameterized by

Mj ¼
X

i

@

@xi
hþ �ð Þ�t

@ui

@xj
þ @uj

@xi

� �� �
; (4)

where the eddy viscosity �t is computed as in Haas et al.
[2003].

[9] Bottom stress is modeled using a linear
parameterization,

�b
j ¼ �uj; (5)

where � is a constant drag coefficient. Although this
parameterization can be inaccurate for quantitative predic-
tion in natural settings [Feddersen et al., 2000], it is often
used to facilitate analytical interpretations of numerical
results (e.g., in studies of nonlinear shear instabilities;
Dodd et al. [1992]; Allen et al. [1996]; Slinn et al. [1998];
Feddersen [1998]; Slinn et al. [2000]; or in the present
case, section 3]). As a reality check, we will also include
one test case where the bottom stress is modeled using a
more-realistic nonlinear parameterization [Svendsen and
Putrevu, 1990].

[10] To compute radiation stress gradients, and other
wave properties required for computing �t, we use the nu-
merical code SWAN, which solves the spectral action-bal-
ance equation [Mei, 1989; Booij et al., 1999]. This equation
governs the energy flux of waves propagating from the deep
ocean into the surf zone, where they are modified by the
presence of the shallow bottom, and ultimately break (wave
breaking is parameterized in SWAN using the model of
Battjes and Janssen [1978]). These processes in turn deter-
mine the transfer of momentum represented by the radiation
stress gradient terms F, which are an output of SWAN. The
effect of the mean flow on the waves (i.e., wave-current
interaction) is neglected, hence F is considered a fixed forc-
ing represented as a body force in equations (1)–(3).

[11] Numerical solutions of equations (1)–(3) are calcu-
lated using a modified version of the numerical code Shore-
circ (version 2.0; Svendsen et al. [2000]). This code solves
equations (1)–(3) in time-dependent form. To obtain the
desired steady-state solution, radiation stress gradients are
smoothly ramped up from zero over a period of 2500 s,
then are kept fixed for 10 h. No-flow boundary conditions
are applied at the 10 cm depth contour, and a 2-D radiation
boundary condition is applied at the offshore boundary
[van Dongeren and Svendsen, 1997].
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2.3. Hypothesized Transfer Function

[12] To reiterate, based on previous studies [Sonu, 1972;
Wu and Liu, 1984; Long and €Ozkan-Haller, 2005] we
assume that the presence of advective terms causes changes
in the alongshore current v, which are dependent on the
alongshore length scale. Specifically we expect that, at
short length scales, the inertia of the flow will cause
changes in the position and magnitude of alongshore-vari-
ability in v. To quantify this, we hypothesize that advection
can be approximated in terms of a transfer function,

v̂ � Iei�v̂l; (6)

where vl is the current which would result if advective
terms were not present. The hat operator in equation (6)
represents a Fourier Transform in y.

[13] The hypothesized advection transfer function (equa-
tion (6)) includes a real-valued gain factor, I, which repre-
sents the reduction of flow variability (i.e., smoothing)
when advection is included; it also includes a real-valued
phase shift, �, which represents the shifting of flow features
downstream. Note we allow I and � to be dependent on x
(across-shore); this will be investigated, although we will
initially focus our attention on the region immediately
shoreward of the maximum of alongshore current, where
the mean alongshore current is strong, i.e., where the
effects of advection are likely to be most pronounced.

2.4. Method for Estimating Transfer Function

[14] The equations governing v and vl are defined and
solved as in section 2.2, with the exception that, when solving
for vl, the terms in square brackets in equations (2) and (3) are
dropped. Once these solutions are obtained, we estimate the
advection transfer function Iei� from equation (6) as follows.

[15] We adopt the usual notation for the cross spectrum
of two functions fa yð Þ and fb yð Þ,

hfa; fbi ¼
Z Z

fa y1ð Þfb y2ð Þ�eik y2�y1ð Þdy1dy2; (7)

where the asterisk denotes complex conjugation. The
hypothesized cross spectrum between v and vl is, using (6),

hv; vli ¼ Iei�hvl; vli; (8)

so that the gain and phase shift due to nonlinear advection
can be calculated from

���� hv; vli
hvl; vli

���� ¼ jIei�j ¼ I ; (9)

arg hv; vlif g ¼ �: (10)

[16] In practice, these estimates are computed from dis-
cretized numerical model outputs, using the discrete cross-
spectral density,

hfa; fbij ¼
�y

N

XN�1

p¼0

XN�1

q¼0

fa p½ �fb q½ ��e2�ij p�qð Þ=N ; (11)

where the summation is over the N model gridpoints (with
grid spacing �y). Another practical consideration is the
fact that equations (9) and (10) can be unreliable at spectral
bands for which hvl; vlij is small : assuming equation (6) is
not exact, calculations at such low-energy bands would be
sensitive to small errors. In practice we found that, for a
given realization of h (see later), this problem almost
always occurred for one or more bands. Hence, we opt to
compute our estimates using a weighted ensemble average
in equations (9) and (10), using 20 realizations of bathyme-
try/flow (section 2.5), where the weights are chosen equal
to hvl; vlij. We also discard bands below a noise floor,
hvl; vlij < 10�5 m3/s2, which occurred only at high wave
numbers. In addition to having low signal, such high wave
number bands are likely to be dominated by momentum
mixing, which is not of primary interest for the present
work. Also, we note that the wave model used here is
unlikely to produce meaningful outputs for length scales
less than a typical wavelength, which puts an upper bound
of k � 0:2 m�1 for the cases we are studying.

2.5. Definition of Test Cases

[17] In the present tests, the numerical model grid has
dimensions of 512 gridpoints in the alongshore direction,
and 180 gridpoints across-shore, having grid spacings of 10
and 5 m, respectively. The domain is taken to be along-
shore-periodic.

[18] We will test two bathymetries, which we refer to as
the ‘‘barred’’ beach and the ‘‘troughed’’ beach. These bath-
ymetries are chosen to represent possible field conditions,
although they are not meant to describe any one beach (nor
do they describe all beaches in general). Both bathymetries
are defined using the formula

h x; yð Þ ¼ mx� A 1þ Dn x; yð Þð Þexp
� x� x0ð Þ2

2W 2

 !
; (12)

where n x; yð Þ is a 2-D random field having unit standard
deviation. To compute n, we apply a Gaussian low-pass fil-
ter to white noise; the filter has standard deviation of 15 m
in the across-shore and 30 m in the alongshore direction,
and the filter footprint is 30� 30 gridpoints (see sample
results in Figures 1 and 2). As stated above, 20 realizations
of n are computed for each test case.

[19] The first model bathymetry, which we call the
troughed beach, is defined by the parameters m ¼ 0:01
(beach slope), W¼ 75 m (across-shore width of trough),
x0 ¼ 350 m (offshore location of trough), A ¼ �2 m (depth
of trough), D ¼ 0:1 (amplitude of perturbations within
trough). With these parameters, the bathymetry is planar
(alongshore-uniform) in the surf zone, but contains a
depression, or trough, which in our case will be outside the
surf zone. Alongshore variability within the trough causes
modification of the incoming wave field, hence the surf
zone wave-induced forcing is alongshore-nonuniform. This
is reminiscent of the beach studied by Long and €Ozkan-
Haller [2005], where bathymetric undulations in an off-
shore canyon (well outside the surf zone) were shown to
produce surf zone rip currents.

[20] The second model bathymetry, which we call the
barred beach, consists of a plane beach profile superimposed
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with a bar which in our case will be located in the surf zone:
m ¼ 0:01, W¼ 75 m, x0 ¼ 250 m, A ¼ 1:25 m, and
D ¼ 0:025. The slight alongshore-variability in the bar
shape causes alongshore-nonuniform wave-induced forcing,
as in the troughed beach, however in this case the surf zone
bathymetry is also alongshore-varying. The smaller value of
D for the barred beach was chosen such that the magnitude
of variability in alongshore current was similar to that of the
troughed beach.

[21] For both beaches, the wave model was initialized at
the offshore boundary using a JONSWAP wave spectral
shape. Wave conditions were chosen on a trial-and-error basis
in order to satisfy three constraints. First, we required that
waves were breaking onshore of the trough in the case of the

troughed beach, and over the bar in the case of the barred
beach. Second, we required that the two beaches have similar
alongshore currents, in terms of the width and maximum ve-
locity of the alongshore current jet. And third, we required that
the background alongshore current be linearly stable, such that
shear instability did not occur (this being outside the scope of
our intended work). To that end, the troughed beach uses sig-
nificant wave height H ¼ 0:85 m, peak period T¼ 10 s, and
mean wave incidence � ¼ 35� (measured from shore normal).
The barred beach uses H ¼ 1:5 m, T ¼ 7:5 s, and � ¼ 14�.

[22] Finally, to judge the effect of changing the along-
shore-averaged v, while keeping wave forcing constant, we
perform tests for each beach using two different drag coef-
ficients : � ¼ 0:002 m/s and 0.004 m/s. In total, then, we

Figure 1. Nonlinear model outputs for troughed beach, � ¼ 0:002 m/s, plotting 1 km in y for a single
realization (complete domain is 5 km wide, not shown). From left to right: (a) bathymetry perturbation
h� h0½ �, in meters, where h0 is the alongshore-averaged bathymetry; (b) velocity deviations from the

alongshore-average (red scale arrow in upper right indicates 10 cm/s); (c) momentum balance at transect
x¼ 100 m (indicated by black dashed lines in (a) and (b); solid black line indicates location of maximum
v0, for reference), in cm2/s2. The momentum balance terms in Figure 1c are: blue, hþ �ð Þu@v=½
@xþ hþ �ð Þv@v=@y� ; red, g hþ �ð Þ@�=@y½ � ; magenta, Fy ; green, �v½ � ; black, @ hþ �ð Þv=@t½ �. Dashed
lines in Figure 1c are the result when advection is not included in the model.

Figure 2. As in Figure 1, but for barred beach, � ¼ 0:002 m/s, x¼ 275 m.
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are testing four different model setups (two bathymetries,
and two values of �).

2.6. Results

[23] The leading order (alongshore-averaged) steady
fields for the troughed and barred beaches are shown in

Figure 3. Figures 1 and 2 depict the bathymetry perturba-
tions, the nonlinear model perturbation velocity fields, and
a transect of the alongshore momentum balance, for � ¼
0:002 m/s, taking a single realization on a representative 1
km alongshore stretch. For both beaches, the full 2-D circu-
lation takes the form of a meandering alongshore current.

[24] In all cases, the bottom stress contribution to the
nonlinear model momentum balance (solid green lines in
Figures 1 and 2) was more alongshore-uniform than the
other terms. This appears to be due to a tendency for the ad-
vective terms to balance with the combined alongshore-
varying part of radiation stress and pressure gradients. In
other words, advection acted to balance much of the along-
shore-variable part of the dynamics ; when advection was
not included (dashed lines in Figures 1 and 2), this variabil-
ity was instead largely balanced by bottom stress.

[25] The kinematic implications of the above dynamics
are that, when advection is included, the flow is more
alongshore-uniform. This is shown in Figure 4, which com-
pares v from the linear and nonlinear models, for an along-
shore transect in the surf zone. Closer inspection also
shows that advection causes major flow features to be
shifted in the downstream direction (toward smaller y). It
should be mentioned that these changes in the flow also
resulted in adjustment in �. This effect was subtle, how-
ever: alongshore variations in � were typically of order 2–3
mm, and changes in � due to advection were typically less
than 0.5 mm.

[26] Next, we consider the length scale dependence of
the above advective effects. Figure 5 shows the advection

Figure 3. Ensemble of alongshore-mean model outputs
for troughed beach (red) and barred beach (blue): Topogra-
phy (�h0), significant wave height (H0), and alongshore
current (v0). Solid lines, � ¼ 0:002 m/s; thin dashed lines,
� ¼ 0:004 m/s. Thick vertical dashed lines correspond to
validation transect locations.

Figure 4. Comparison between numerical model velocity with advection (red), and without advection
(blue) ; and predicted velocity ~v from equation (57) (black; see section 3). Two tests are shown, for a sin-
gle realization of the (top) troughed beach and (bottom) barred beach, at x¼ 100 m and x¼ 275 m,
respectively, using � ¼ 0:002 m/s.

WILSON ET AL.: SURF ZONE ADVECTION

2397



Figure 5. Numerical model estimates of transfer function factors I (top four plots) and � (bottom four
plots), using weighted ensemble-averaged calculations from equations (9) and (10). Four tests are
shown: beach type and drag coefficient are listed above each plot. Data represent transect x¼ 100 m for
troughed beach, x¼ 275 m for barred beach.
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transfer function, calculated using the methods of section
2.4. Results were similar for other transects, although fur-
ther discussion of the across-shore dependence of the trans-
fer function is deferred to later sections. Overall, the
various model runs reveal a consistent picture of the effects
of advection. At the largest length scales, advection has a
minimal effect (I � 1, � � 0�) ; for smaller length scales,
advection acts to reduce alongshore-variability in v (I < 1),
and the variability which does survive is phase-shifted in
the downstream direction (�! 90�).

[27] As an aside, recall that spectral estimates with very
low energy in vl have not been included; this leads to high
wave number bands being suppressed in Figure 5. If this
energy constraint was relaxed, the result tended toward
I¼ 1 and � ¼ 0 (i.e., v ¼ vl) at the largest wave numbers.
The shift toward this regime is visible in some high wave
number bands of Figure 5. One caveat is there is nearly no
energy in those bands. Further, a logical explanation is that
mixing dominates the dynamics at these scales, hence the
effect of advection becomes negligible.

3. Analytical Approximation

[28] The above results show numerical experiments
designed to illustrate the effects of nonlinear advection in a
surf zone model. We have interpreted the advective terms
as a transfer function, which causes scale-dependent shift-
ing and dampening of variability in the alongshore current.
Estimates of this transfer function indicate generally con-
sistent behavior among four experimental setups. In this
section, we attempt to reconcile this behavior with the
equations of motion. We introduce an asymptotic approxi-
mation to explain the present results, and discuss when this
approximation is valid.

3.1. Perturbation Equations

[29] We begin by restating the equations of motion (1)–
(3), but making the simplifying approximations of rigid-lid
dynamics, i.e., hþ � � h, and negligible momentum mix-
ing, M � 0. Under these assumptions, the equations read

@
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huþ @

@y
hv ¼ 0; (13)

hu
@u
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@u

@y
þ �uþ gh

@�

@x
þ Fx ¼ 0; (14)
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@v

@x
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@v

@y
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@�

@y
þ Fy ¼ 0; (15)

[30] Some justification for neglecting momentum mixing
is provided by Thornton and Guza [1986] who found
alongshore current predictions were insensitive to inclusion
of mixing, as long as the effects of a random wave field
were included. However, the assumption of negligible mo-
mentum mixing might still be invalid for some cases, and/
or at small enough length scales; this will be discussed fur-
ther in section 3.5. The assumption of rigid-lid dynamics,
on the other hand, is more generally valid. This can be for-
malized by defining a scaling � � V 2=g, where v � V
defines the velocity scale. The rigid-lid approximation �	 h
is then seen to be equivalent to assuming small Froude

Number, V=
ffiffiffiffiffiffiffi
gH
p

	 1, which is very often valid based on
field data [although some laboratory data may conflict ;
e.g., see Liu and Dalrymple 1978]. For instance, using the
4 month data set collected during the SandyDuck ’97
experiment (Duck, NC, 1997; Elgar et al. [2001]), looking
at the most-shoreward alongshore transect of sensors (hav-
ing nominal depths of 1–2 m), and excluding calm periods
(measured jvj < 25 cm/s) for which Froude Number is triv-
ially small, we found the Froude Number was below 0.25
for 90% of the data set, its mean value was 0.15, and its
maximum value was 0.58.

[31] Next, we decompose the problem into a background
part, which is independent of the alongshore coordinate y,
and small (i.e., second-order) perturbations:

u x; yð Þ ¼ u0 xð Þ þ u1 x; yð Þ; (16)

v x; yð Þ ¼ v0 xð Þ þ v1 x; yð Þ; (17)

� x; yð Þ ¼ � xð Þ þ �1 x; yð Þ; (18)

h x; yð Þ ¼ h0 xð Þ þ h1 x; yð Þ; (19)

Fj x; yð Þ ¼ Fj;0 xð Þ þ Fj;1 x; yð Þ: (20)

[32] In other words, we assume the amplitude of u1=u0 is
much less than one, and similar for the other variables
listed. Note we make no assumption regarding length scales
at this stage, except to say that the background fields have
@=@y ¼ 0.

[33] Inserting this decomposition into the governing
equations and neglecting second-order terms yields

@

@x
h0u0 ¼ 0; (21)

gh0
@�0

@x
þ Fx;0 ¼ 0; (22)

�v0 þ Fy;0 ¼ 0: (23)

[34] Hence, to leading order, the background solution
satisfies the well-known equations for alongshore-uniform
flow [e.g., Longuet-Higgins, 1970b; Bowen, 1969a]. The
across-shore velocity u0 is zero, the across-shore-directed
force Fx;0 is balanced by a free surface gradient (wave-
induced setup), and the alongshore-directed force Fy;0 is
balanced by bottom stress.

[35] Next, we have the leading-order equations govern-
ing the perturbations:
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@�1

@y
þ Fy;1 ¼ 0: (26)
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[36] These equations include the effect of advection on
the alongshore-varying part of the flow, i.e., the effect we
have analyzed numerically above. To isolate this effect,
consider the solution to the corresponding equations if the
advective terms were suppressed:

@

@x
h0u1;l þ

@

@y
h0v1;l þ h1v0

� 	
¼ 0; (27)

�u1;l þ gh0
@�1;l

@x
þ gh1

@�0

@x
þ Fx;1 ¼ 0; (28)

�v1;l þ gh0
@�1;l

@y
þ Fy;1 ¼ 0: (29)

[37] Here the subscript l denotes ‘‘linear model’’. Note
we have used the fact that the background equations (equa-
tions (21)–(23)) do not include advective terms, hence
u0;l ¼ u0, v0;l ¼ v0, and �0;l ¼ �0. Now, subtracting from
the original equations (24)–(26), we get

@

@x
h0u1

0 þ @

@y
h0v1

0 ¼ 0; (30)

h0v0
@u1

0

@y
þ �u1

0 þ gh0
@�1

0

@x
þ h0v0

@u1;l

@y
¼ 0; (31)

h0u1
0 @v0

@x
þ h0v0

@v1
0

@y
þ �v1

0 þ gh0
@�1

0

@y
þ h0u1;l

@v0

@x

þ h0v0
@v1;l

@y
¼ 0:

(32)

where we have defined

u1
0 ¼ u1 � u1;l; (33)

v1
0 ¼ v1 � v1;l; (34)

�1
0 ¼ �1 � �1;l: (35)

[38] These primed variables represent the changes in the
flow field caused by the presence of advective terms, i.e., the
changes analyzed numerically in the preceding sections.

[39] Next, we manipulate equations (30)–(32) to obtain
the following form,

S þ Bð Þ u1
0

v0
þ �

@

@x

u1
0

v0
þ �

@

@y

v1
0

v0
¼ 0; (36)

1þ �
@

@y

� �
u1
0

v0
þ 2S þ �

@

@x

� �
g�1

0

v2
0

þ �
@

@y

u1;l

v0
¼ 0; (37)

S
u1
0

v0
þ 1þ �

@

@y

� �
v1
0

v0
þ �

@

@y

g�1
0

v2
0

þ S
u1;l

v0
þ �

@

@y

v1;l

v0
¼ 0;

(38)

where

� ¼ h0v0

�
; (39)

S ¼ �
@v0=@x

v0
; (40)

B ¼ �
@h0=@x

h0
: (41)

[40] This form of the equations highlights the natural non-
dimensional variables and parameters in the problem. Three
equations are to be solved for the three unknown nondimen-
sional variables u1

0=v0, v1
0=v0, and g�1

0=v2
0, given two ‘‘forc-

ing’’ terms u1;l=v0 and v1;l=v0. The length scale � represents
the length at which advective and frictional terms are of sim-
ilar order in equations (25) and (26), which we will refer as
the ‘‘advective length scale’’. The parameters S and B repre-
sent the magnitude of background shear and beach slope,
respectively. All three of these parameters are functions of
the background fields, hence are functions of x.

[41] The fact that derivatives in equations (36)–(38)
always appear premultiplied by � suggests the definition of
another nondimensional parameter,

R ¼ k� ¼ h0v0k

�
; (42)

where k ¼ 2�=L is a wave number corresponding to a par-
ticular flow length scale under consideration. We choose to
refer to this parameter as the ‘‘shallow water Reynolds
Number’’, because it represents (like the Reynolds Num-
ber) a ratio of advective and viscous (drag) scales, but for
shallow water equations [also cf., Tomczak 1988]. When R
is large, advective terms are important to the flow (and vice
versa). It will be shown, below, that this is a key factor for
addressing the questions posed in the Introduction regard-
ing quantification of ‘‘short’’ alongshore length scales and
‘‘strong’’ alongshore currents. Also note in general R is a
function of both x (via h0 and v0) and k, and can only be
treated as a constant when analyzing a specific across-shore
location (x) and flow-perturbation length scale (2�=k). In
the present work, however, we mainly focus on individual
alongshore transects, so that R only varies with length
scale. Much of our discussion will focus on such an inter-
pretation, equating small R with large length scales and
vice versa.

3.2. Advection Transfer Function

[42] We now outline a range of parameters for which
(36)–(38) yields an approximation for the advection trans-
fer function. In so doing, we will introduce several scaling
assumptions, which effectively restrict the length scales for
which the resulting approximation is valid. The results will
therefore be valid only within a finite range (hopefully non-
zero) of length scales; this will be summarized and dis-
cussed in section 3.3.

[43] We begin by defining local scales for shear and
beach slope, considering a specific across-shore location,

S � R
ks

k
; (43)

B � R
kb

k
: (44)
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[44] Here ks ¼ v0;x=v0 and kb ¼ h0;x=h0 are constants
representing the local background shear and beach slope. In
this section, we will assume weak shear and mild slope,
ks; kb 	 k, which will simplify the analysis (later, in sec-
tion 3.3, we explore the accuracy of the result in cases
where this assumption is violated). This assumption effec-
tively sets a maximum length scale for which the subse-
quent analysis will be valid. For example, the specific case
of a linear background velocity profile implies we are re-
stricted to length scales much smaller than the surf zone
width; in cases where the background shear is not constant
in x, as in Figure 3, some across-shore locations will have
smaller ks and the range of allowable length scales will be
increased at those locations (e.g., this is usually the case
just onshore of the maximum of v0). Similar reasoning
applies for kb. Finally, note the assumption ks; kb 	 k
becomes increasingly restrictive near the shoreline where v
and h become small.

[45] Next, we assume length scales are similar in the x
and y directions, such that

�
@

@x
� �

@

@y
� �k ¼ R: (45)

[46] Equivalently, using the continuity equation and
recalling we have already assumed R
 S;B above, this
implies we are considering a range of wave numbers for
which u1 and v1 have similar scales, i.e., an isotropic re-
gime. Note this assumption is being applied only to the
derivatives of perturbation fields u1; v1, not the background
fields u0; v0 (for which @=@y ¼ 0, hence Ly 
 Lx and
v0 
 u0). In the present numerical experiments, perturba-
tion flow features do tend to have u1 � v1 (equivalently,
Lx � Ly), as shown in Figures 1 and 2.

[47] Given the above orderings, we now rewrite equa-
tions (36)–(38), neglecting higher-order terms,

�
@

@x

u1
0

v0
þ �

@

@y

v1
0

v0
¼ 0; (46)

1þ �
@

@y

� �
u1
0

v0
þ �

@

@x

g�1
0

v2
0

þ �
@

@y

u1;l

v0
¼ 0; (47)

1þ �
@

@y

� �
v1
0

v0
þ �

@

@y

g�1
0

v2
0

þ �
@

@y

v1;l

v0
¼ 0: (48)

[48] Or, taking the Fourier Transform in y,

�
@

@x

û1
0

v0
þ iR

v̂1
0

v0
¼ 0; (49)

1þ iRð Þ û1
0

v0
þ �

@

@x

g�̂1
0

v2
0

þ iR
û1;l

v0
¼ 0; (50)

1þ iRð Þ v̂1
0

v0
þ iR

g�̂1
0

v2
0

þ iR
v̂1;l

v0
¼ 0: (51)

[49] Next, moving toward a simple transfer-function-like
solution for v̂1, we introduce a final assumption which fur-
ther simplifies equations (50) and (51). First, we recognize

that solutions should scale as functions of R, this being the
only relevant parameter in the system (given previous scaling
assumptions). We will assume R is large, and subsequently
restrict attention to cases where Rg�̂1

0=v2
0 	 Rv̂1;l=v0. Some

justification for this can be found by considering the linear
model y-momentum equation (29); following the same steps
as above, it gives at leading order

v̂1;l

v0
þ iR

g�̂1;l

v2
0

þ F̂ y;1

�v0
¼ 0: (52)

[50] Note the bottom stress term (v̂1;l=v0) and the forcing
term (F̂ 1;y=�v0 ¼ F̂ 1;y=F0;y) are expected to be of the same
order of magnitude (this can be seen after eliminating pres-
sure via cross differentiation with equation (28)). This, in
turn, suggests the pressure term (Rg�̂1;l=v2

0) must be also of
the same order or smaller, i.e., it is at most of order v̂1;l=v0.
Based on this, we similarly assume Rg�̂1

0=v2
0 is at most of

order v̂1;l=v0, reasoning that pressure would not differ by an
order of magnitude as a result of advection. Hence, we
expect Rg�̂1

0=v2
0 	 Rv̂1;l=v0s for large R, as stated above.

Using this in equations (50) and (51) then gives asymptotic
equations

1þ iRð Þû1 ¼ û1;l; (53)

1þ iRð Þv̂1 ¼ v̂1;l; (54)

which implies the following form for the transfer function,

I ¼ 1þ R2

 ��1=2

; (55)

� ¼ � �
2
þ sin�1I : (56)

[51] As expected, this transfer function predicts that flow
perturbations are reduced in amplitude and shifted down-
stream (relative to the linear model solution), as R is
increased.

3.3. Range of Validity

[52] The range of wave numbers for which the approxi-
mate transfer function of equations (55) and (56) is valid
depends on the various assumptions made above. Specifi-
cally, we have introduced the following four constraints :

[53] (a) The flow length scales are of the same order, i.e.,
u1 � v1;

[54] (b) The length scales associated with shear, v0=v0;x,
and beach slope, h0=h0;x, are large compared to 2�=k;

[55] (c) the advective length scale � is large compared to
2�=k (i.e., R is large) ; and

[56] (d) the length scale associated with mixing is small
compared to 2�=k.

[57] If all of these constraints are met simultaneously,
then we may apply (55)–(56).

[58] To illustrate this, the first plot in Figure 6 shows
cross spectra quantifying the relative scale of variables in
equations (36)–(38), as a function of wave number k, for the
troughed beach test case with � ¼ 0:002 m/s. We note that
a range of wave numbers exists for which u1 � v1, approxi-
mately 0:02 < k < 0:06 m�1, satisfying (a) (similarly
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u1;l � v1;l and u1
0 � v1

0 in this same range). The back-
ground shear wave number (estimated locally at this tran-
sect) was ks ¼ v0;x=v0 � 1=130 m�1, and the beach slope
wave number was h0;x=h0 ¼ 1=100 m�1, so that we must
take k > 0:05 m�1 to satisfy (b) (assuming ‘‘large’’ in this
context corresponds roughly to a factor of five). The back-
ground v0 ¼ 0:33 m/s and h0 ¼ 1:1 m at this transect result
in � ¼ 180 m, hence large R corresponds roughly to
k > 0:03, to satisfy (c). Finally, we can confirm that within
this range the scale of the pressure term Rg�̂1

0=v2
0 is

bounded from above by v1;l =v0, and hence Rg�̂1
0=v2

0 	
Rv1;l=v0 for large R, consistent with the assumed ordering.

[59] Next, the lower two plots of Figure 6 show the mag-
nitude of terms in the momentum balance equations (37)
and (38), relative to u1

0=v0 and v1
0=v0, for the same transect

as above. In these plots, the approximate balance predicted

by equations (53) and (54) is valid when the blue line is
equal to one. Indeed, there is a range of wave numbers
where this occurs, roughly 0:03 < k < 0:06 m�1. The con-
tribution from the neglected mixing term is also shown
(green lines in lower plots of Figure 6); breakdown of
equations (53) and (54) at larger wave numbers may be
partly due to an increasing role of momentum mixing, i.e.,
constraint (d) above. The breakdown at smaller wave num-
bers apparently corresponds to a regime where all terms in
equations (37) and (38) become of similar order, and hence
no simplified balance exists.

[60] In the preceding example, comparing the actual
range of validity to the expected range of validity for con-
straints (a)–(c), outlined above, we find that (a) and (c) are
the most important factors for accuracy. Constraint (b), on
the other hand, produces a too-conservative requirement of
k > 0:05 m�1. This suggests the restriction of weak shear
and mild slope may not be as important as previously sug-
gested. The reason this assumption was introduced in the
analysis was twofold: to ensure solutions were cast in
terms of R only, and to ensure the term Su1=v0 did not enter
into the asymptotic balances of equations (53) and (54). In
other words, this assumption was primarily intended to
simplify the formal analysis, not necessarily to ensure an
accurate solution. It appears it may not be a strong factor in
the final accuracy of the result.

[61] The effect of nonnegligible momentum mixing is
also apparent in Figure 6, and may help to guide intuition
as to the role of momentum mixing in our results. The fig-
ure shows that at sufficiently small length scales, differen-
ces in mixing (represented by �1

0) between the full model
and its counterpart with no advection eventually become of
similar order to �u1

0 and �v1
0. The reason that mixing dif-

fers between the two models (i.e., �1
0 6¼ 0) is because it is

acting on two different velocity fields, one of which is
modified due to advection. The resulting momentum differ-
ence must be absorbed by the other terms in equations (37)
and (38), eventually interfering with the assumptions lead-
ing to (53) and (54).

[62] Similar results are found when repeating the above
analysis using the barred beach transect, Figure 7. In that
case, constraint (a) is satisfied for roughly 0:005 < k <
0:03 m�1, constraint (b) is satisfied for k > 0:05 m�1 (in
this case, v0;x=v0 � 0:009 m�1, and h0;x=h0 � 0:01 m�1),
and constraint (c) is satisfied for k > 0:02 m�1 (in this
case, v0 ¼ 0:29 m/s, and h0 ¼ 1:6 m, hence � ¼ 230 m).
Hence, if we include the constraint of weak shear and mild
slope we would expect no range of validity for equations
(53) and (54). However, Figure 7 shows the approximation
does appear to have accuracy in a narrow range, perhaps
0:02 < k < 0:03 m�1, with the upper limit of validity being
associated with increasing momentum mixing. Hence,
again it appears the most important factors for accuracy are
constraint (a) of isotropic perturbation velocities, constraint
(c) of large R, and constraint (d) of weak mixing.

3.4. Application to Numerical Experiments

[63] Finally, we apply the above results to the numerical
experiments from section 2.6. Figure 8 shows the estimated
transfer functions for all four numerical experiments, plot-
ted versus. R. This demonstrates that R is the appropriate
nondimensional parameter to collapse the present numerical

Figure 6. Numerical model cross spectra (estimated
using methods of section 2.4, with uniform-weighted aver-
aging of 20 realizations) quantifying relative scale of terms
in equations (36)–(38), for transect x¼ 100 m of troughed
beach test case with � ¼ 0:002 m. Subscripts x and y in
legends denote partial derivatives, and the notation f =g ¼
jhf ; gi=hg; gij has been adopted for brevity. Top plot shows
relative scale of kinematic terms; orderings introduced in
text are verified here within a range of k, by comparing to
unity and to 1/R (black solid curve). Middle plot shows
terms in x-momentum balance, and bottom plot shows
terms in y-momentum balance; note the balance predicted
by equations (53) and (54) corresponds to the blue curve
being equal to one.
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results. Note the collapse of data is quite general across a
broad range of wave numbers; regardless of the exact func-
tional form of the transfer function, it clearly is a function
of R. We also overlay the transfer function predicted by

equation (55) and (56). It appears these equations are a close
approximation to the numerically estimated transfer func-
tion in the present experiments. Given the verification of the
ordering of terms in section 3.3, this is not particularly sur-
prising. One unexpected result is that equations (55) and
(56) continue to predict the transfer function for small R all
the way down to R¼ 0. This may be fortuitous, a result of
interpolating through a fairly smooth regime to join with the
expected I¼ 1 and � ¼ 0 at the largest length scales.

[64] Figure 4 presents the results in a different way, apply-
ing equations (55) and (56) as a ‘‘filter’’. That is, we compare
the nonlinear model v to the following approximation:

~v ¼ v0;l þ F�1 Iei�v̂l


 �
; (57)

where F�1 denotes the inverse Fourier Transform. Exam-
ple results are shown for single realizations from the
troughed and barred beaches, with � ¼ 0:002 m/s.

3.5. Accuracy at Different Across-Shore Locations

[65] The above results indicate equations (55) and (56)
may be fairly accurate for predicting the spectral properties
of advection, based on an analysis of a particular across-
shore position in our numerical experiments. Next we seek
to quantify that accuracy over a range of across-shore posi-
tions, using the root-mean-square error (RMSE),

RMSE 2 ¼ 1

Ly

Z Ly

0
v1 � ~v1ð Þ2dy; (58)

where ~v is given by equation (57), and recall v1 is defined
by equation (17).

[66] Figure 9 shows RMSE as a function of x, for each of
the four experiments from section 2.6. To judge whether a
given value of RMSE represents positive skill, we consider
a comparison to two baseline models: the first baseline
model assumes advection completely attenuates all flow

Figure 7. As in Figure 6, but for barred beach, x¼ 275 m,
� ¼ 0:002 m/s.

Figure 8. Collapse of data in Figure 5 when plotted versus the parameter R, and comparison to equa-
tions (55) and (56) (black lines), for various model experiments. Four tests are shown: troughed beach at
x¼ 100 m, with � ¼ 0:002 m/s (red) and � ¼ 0:004 m/s (green); and barred beach at x¼ 275 m, with
� ¼ 0:002 m/s (blue) and � ¼ 0:004 m/s (magenta).

WILSON ET AL.: SURF ZONE ADVECTION

2403



variability, so that RMSE is equal to hv2
1i

1=2 (blue line in
Figure 9); the second baseline model assumes advection
has no effect on the flow, so that RMSE is equal to
h v1 � v1;l

� 	2i1=2 (green line). If the RMSE from equation
(58) is less than the RMSE for both these baseline models,
we say equation (57) has positive skill. Comparing Figure
9 with Figure 3, we find positive skill occurs mainly at
locations somewhat shoreward of the maximum in v0. Ac-
curacy degrades at locations close to the shoreline, likely
due to the fact h0 and v0 become small there (e.g., the
assumption kb ¼ h0;x=h0 	 k will be violated near the
shoreline; similar for the assumption ks 	 k).

3.6. More-Complex Flow and Physics

[67] The above results were obtained using relatively
simple physical parameterizations, and for relatively simple
flows. We now explore how the results apply under less-
ideal conditions. Figure 10 shows the estimated filter trans-
fer function obtained when certain simplifying assumptions
are relaxed, discussed next. For these tests we use the
barred beach, which already is the more complex of the

existing two test cases. Similar results were obtained for
the troughed beach, not shown.

[68] First we consider the effect of momentum mixing,
which was assumed negligible in equations (55) and (56). A
notable result in Figure 9 is equation (57) becomes relatively
less accurate at locations near to and offshore of the peak of
the alongshore current v0, where mixing is more important.
To investigate this, the red lines in Figure 10 show the result
of the analysis of Figure 8, but using a transect at the peak of
v0 (located at x¼ 315 m). At this location, �y was at its max-
imum, on average 6.8 times larger than at the transect
x¼ 275 m (analyzed previously). The resulting advection
transfer function is biased toward slightly larger I, and
smaller �, compared to equations (55) and (56), which leads
to decreased quantitative skill for equation (57). Hence, a
correction would be required for cases with large mixing,
which would be a useful extension to the present work.

[69] Similarly, the present results have so far been re-
stricted to cases where the background current is linearly
stable, i.e., shear instability of the alongshore current
[Bowen and Holman, 1989] did not occur. This allowed us
to investigate the perturbation flow without having to

Figure 9. Root-mean-square error of equation (57) as a function of across-shore position, for all en-
semble members, compared to error for two baseline models. Red: RMSE, equation (58); blue: hv2

1i
1=2

(a baseline model) ; green: hv1 � v1;li1=2 (another baseline model). Four tests are shown, with 20 realiza-
tions for each test (dashed lines; mean of realizations plotted as solid line). Equation (57) is judged to
have positive skill at locations where the red line is smaller than both the green and blue lines. Black
dashed lines indicate the alongshore transects presented in previous figures (e.g., Figure 4), and black
solid lines indicate the location of maximum v0. Also see Figure 3 for additional context in terms of
alongshore-averaged variables.
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consider random fluctuations due to shear waves. Another
approach to this problem would be to use time averaging to
attempt to remove those random fluctuations, which results
in the blue lines in Figure 10. This result was obtained by
using � ¼ 0:001 m/s for the barred beach, and allowing
time variability in the governing equations (adding the
appropriate terms to equations (1)–(3)), which resulted in
an unstable current. The instabilities were allowed to de-
velop for 10 h, and the flow was then averaged over 10 h to
remove the random component.

[70] As an aside, it is worth noting that v0 6¼ v0;l for the
linearly unstable case. The reason is that shear waves in the
nonlinear model cause significant across-shore mixing
which is not accounted for in the linear model. This had
only a small effect on the results in Figure 10, however it
did affect the predictions of equation (57); in fact, equation
(57) lacked skill at nearly all across-shore locations, using
the RMSE-based skill criteria defined in section 3.5. If the
error due to v0 6¼ v0;l was taken out prior to computing
RMSE, equation (57) was skillful in the range 175 < x <
300 m (again, by the criteria defined in section 3.5).

[71] Finally, we note that while the present tests and
analysis have assumed a simple Rayleigh bottom stress for-
mulation, similar results are found when using a more real-
istic nonlinear spatially varying bottom stress. To test this,
we repeated the barred beach test case using the bottom
stress formulation of Svendsen and Putrevu [1990], with
drag coefficient 0.007. The result is shown by the green
lines in Figure 10. When computing R for this case, we
noted that the alongshore-averaged value of �b

y=v was equal
to 0.0024 m/s on the analyzed transect (x¼ 275 m), and
this value was used to represent �. Repeating the analysis
at different across-shore transects (not shown), we found
the across-shore dependence of accuracy was similar to the
result using Rayleigh bottom stress shown in Figure 9.

[72] In summary, each of the above tests violate assump-
tions leading to the simplified theory of equations (55) and

(56), hence the quantitative accuracy of that theory is
reduced. The results are encouraging, however, in that the
qualitative behavior of advection is not affected. We
believe this point to the possibility of extending the present
work to include more complex cases.

4. Discussion

[73] The above numerical experiments investigate the
previously documented phenomenon where background
alongshore currents can overcome small undulations in
forcing, owing to advection [Wu and Liu, 1984]. The
strength of this effect depends on the relative scale of the
advective terms compared to the bottom stress, a ratio
which is quantified by the shallow water Reynolds Number,
R. As a first approximation for a restricted class of flows
and flow length scales, we have introduced equations (55)
and (56); they predict that values of R > 3:9 correspond to
a reduction of over 75% in the amplitude of variability of
v1, due to advection. For nominal values v0 ¼ 0:5 m/s,
h0 ¼ 1 m, � ¼ 0:002 m/s, this corresponds to alongshore
length scales of less than 400 m, scales that are relevant for
some applications.

[74] The present work is naturally limited in scope,
owing to the reliance on a linearized regime (small pertur-
bations), scaling assumptions (rigid-lid dynamics, weak
mixing), assumptions about flow dynamics (linearly stable,
steady state), and simplified parameterizations (depth-uni-
formity, Rayleigh bottom stress). These assumptions were
made in an attempt to study advection in the simplest con-
text possible. Hence, extensions are likely necessary for the
more complex flows and physics that can occur in the natu-
ral surf zone. For example, we have seen that the quantita-
tive accuracy of equations (55) and (56) is degraded as
momentum mixing is increased, if shear instability occurs,
or if bottom stress is parameterized differently; this would

Figure 10. As in Figure 8, but for cases which violate the assumptions leading to equations (55) and
(56) (black lines). Three tests are shown, each using the barred beach: red, x¼ 315 m, where momentum
mixing is relatively strong; green, x¼ 275 m, using nonlinear spatially varying bottom stress; blue,
x¼ 275 m, using � ¼ 0:001 m/s, and allowing for time dependence in governing equations, which leads
to shear instabilities (subsequently removed by time-averaging before analysis).
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need to be quantified and accounted for in a more general
theory.

[75] That said, we believe the basic qualitative results
shown here are likely to hold even in more complex cases.
The result that advection causes dampening and shifting of
flow perturbations is a natural outcome of a balance among
wave forcing (assumed constant), bottom stress (related to
velocity) and advection (related to derivatives of velocity).
Such an effect should depend mainly on the relative impor-
tance of advection compared to bottom stress, i.e., should
be scaled by the shallow water Reynolds Number. Below,
we discuss how this conceptual framework can be used to
help understand the role of advection in field studies of surf
zone flows. We will attempt to highlight how characteriz-
ing the length scale dependent effects of advection using R
can distinguish cases where advection should be more im-
portant, and hence guide our intuition on how it affects the
flow.

4.1. The Case of Large R

[76] At large R (small alongshore length scales), we have
seen advection causes smoothing of the alongshore-varying
part of the velocity field. In the extreme case, the kinematic
response will appear nearly alongshore-uniform (along-
shore-variability may still exist, but only at wavelengths
which are longer than the scale of interest). Dynamically,
this occurs because the advective terms counteract the com-
bined alongshore-nonuniform part of the radiation stress
and pressure gradients (as in the momentum balances
shown in Figures 1 and 2). The remaining balance, then, is
largely between the bottom stress and the alongshore-aver-
aged forcing. Note this is the same balance which results
from an a priori assumption of @=@y ¼ 0 (i.e., the 1DH
assumption). Hence, large R corresponds to near closure of
the 1DH balance, but only because of self-cancellation of
2DH terms.

[77] This fact has implications for field applications.
1DH models are often used in field settings, usually for rea-
sons of efficiency. Hence, there is a need to determine
when their outputs can be trusted. Ruessink et al. [2001]
have suggested a metric 	2 for this purpose, which quanti-
fies alongshore variability in bathymetry: in practice, if 	2

is below a threshold value, the beach can be considered
approximately 1DH. The present work suggests this thresh-
old could be increased when R is large, assuming the only
goal is an efficient prediction of v. Likewise, if the thresh-
old value of 	2 is to be determined empirically (by meas-
uring 1DH model accuracy as a function of 	2), a
consideration of R may help to guide this process.

[78] Similarly, consideration of R may be important for
studies which attempt to experimentally verify the 1DH
momentum balance. A prominent example is Feddersen
and Guza [2003], who present a comparison of surf zone-
averaged terms in the 1DH momentum balance, calculated
from observations over a four month experiment. They
found a strong correlation between the alongshore-directed
wave forcing (calculated using offshore wave measure-
ments, and assumed constant in the alongshore direction)
and bottom stress, and concluded that the flow was consist-
ent with 1DH dynamics. We note that such a correlation
would be dominated by times when the wave forcing was
strong (leading to large v0, large R), and hence when 2DH

terms would likely be self-cancelling based on the above
interpretation. In light of the present results, then, correla-
tion of terms in the 1DH momentum balance does not nec-
essarily imply that other terms are negligible. In fact,
Feddersen and Guza [2003] did attempt to estimate the ad-
vective contribution to the momentum budget, and found it
to be of the same order as the total forcing. However, those
calculations also had a characteristic which could be repro-
duced by instrument noise alone, and were therefore
rejected.

[79] Finally, we reiterate that even when the overall
alongshore length scale of the surf zone is large, R can still
be large if one is considering localized features, for exam-
ple a narrow rip channel. This is illustrated by the work of
Sancho [1998], who studied a simplified set of equations
assuming Ly 
 Lx. Their model predicts a dominant bal-
ance between wave-induced forces, pressure gradient
forces, and bottom stress, while across-shore advection was
assumed to play a role similar to mixing (their approach
follows Putrevu et al., [1995], with a correction to ensure
consistent ordering of terms). They found this simplified
model became inaccurate near rip channels, when com-
pared to a full model including all terms. The reason was
traced to the neglected advection terms, which became of
similar order to pressure gradient terms. The result was that
the flow predicted by the simplified model was overly non-
uniform in those locations. In other words, the scale-de-
pendent smoothing effects of advection became important
at smaller length scales, consistent with the present work.

4.2. The Case of Small R

[80] Small R corresponds to flows at long length scales,
e.g., over a long stretch of coastline. At these scales, we
expect the alongshore current to respond linearly to the
forcing, with advection having a negligible effect, similar
to the model studied by Sancho [1998]. This can be seen by
assuming Ly 
 Lx, and h0v0@=@y	 � (i.e., R small) in
equations (24)–(26), in which case the advective terms are
found to be negligible (note this result is separate from that
of equations (55) and (56), which is for the case of large
R).

[81] As an example, consider the observational and mod-
eling study conducted by Apotsos et al. [2008] (hereafter
A08). Their focus was on flows onshore of a submarine
canyon, where alongshore variability was strong due to off-
shore focusing of waves [Long and €Ozkan-Haller, 2005],
hereafter L05). In their analysis, A08 neglected advection a
priori, and found inclusion of the pressure gradient term
was necessary to balance the observed bottom stress. This
suggests advection played a relatively minor role in the
overall dynamics. L05, meanwhile, using the same bathym-
etry and offshore wave conditions, had an apparently con-
tradictory conclusion: advection was found to play a
significant role in their model simulations of rip currents.
This contradiction can be resolved by considering the dif-
ferent scales of the two analyses. The alongshore scales an-
alyzed by A08 were large: alongshore gradients in A08
were computed by centered differencing of observational
transects, which were spaced (nominally) 250 m apart.
That is, the differencing used to calculate alongshore gra-
dients spanned 500 m, and hence the resolved wavelengths
of variability were of order 1 km and above. Also, the
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observations were in shallow water, h0 ¼ 1 m. This points
to a large value of R, hence it is perhaps not surprising that
advection was relatively small at the scale considered by
A08, compared to other terms in the momentum budget.
The model results of L05, on the other hand, focused on
much smaller alongshore length scales (order 100–200 m),
suggesting R differed between the two studies by a factor
of 5–10, which may explain their differing conclusions
regarding the role of advection.

5. Conclusions

[82] We have presented numerical model experiments
exploring the role of advection in alongshore-nonuniform
surf zone circulation. We focus on the case where along-
shore variability is weak compared to the alongshore-aver-
aged current. These flows are typically described as
meandering alongshore currents [Sonu, 1972], and are
known to be strongly affected by advection [Wu and Liu,
1984; Long and €Ozkan-Haller, 2005].

[83] In our experiments, we find advection acts to
dampen and shift short-scale alongshore variability in the
dynamics. The remaining momentum flux at these scales,
balanced by bottom stress, is more alongshore-uniform
than it would be if advective terms were not present. In
other words, at these short scales, terms which would be
neglected when assuming a 1DH balance (@=@y ¼ 0) are
naturally self-cancelling. For that reason, an understanding
of the scale-dependence of advection is important for the
correct interpretation of surf zone dynamics in terms of
1DH versus 2DH flows.

[84] For the present numerical tests, the effects of advec-
tion could be approximated in wave number space as a
function of the parameter R, a ratio between advective and
frictional scales which we refer to as the shallow water
Reynolds Number. The estimated transfer functions from
the numerical model were shown to collapse when plotted
as a function of R. We also showed how the transfer func-
tion can be approximated analytically as a function of R,
under certain simplifying conditions. This approximation
was found to be a good match to our numerical experi-
ments, and its derivation was shown to be consistent with
the dynamics of those experiments. The extension of this
theoretical analysis to include more complex flows and
physics is an important subject for future work.
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