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THE GENERIC KNAPSACK FACTORY: DECISION RULES
FOR SEQUENTIAL KNAPSACK PROBLEMS WITH

AN ADDITIONAL CONSTRAINT

I. INTRODUCTION

1. An Illustrative Scenario

The familiar knapsack problem of operations research literature

is representative of a large variety of practical problems but is not

considered a serious problem in its literal formulation of packing a

knapsack for maximum value. In the same way, we will illustrate a

recurring industrial problem in the literal context of a sequence of

knapsacks packed in a "factory. "

The Western Knapsack Company has been in business for several

years, providing prepacked knapsacks for outdoorsmen. Their prin-

cipal product consists of a backpack which has no inherent value but

whose price is determined by the value of the individual items with

which it is filled. Based on current prices, the firm is able to deter-

mine the optimal set of items with which to completely fill their pack.

This solution set includes four honey and cereal bars and has a total

value of $100. 00. At the knapsack factory, the knapsack stuffer duly

packs each backpack with four such bars, which heretofore have

always been available as needed. In a given shift, the knapsack

stuffer fills 30 packs using 120 bars. Unfortunately, current scarcity
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has reduced the availability of this popular but expensive item so that

the company's management has been forced to allocate only 36 bars to

each shift. As a consequence, the stuffer has a dilemma; should he

fill the first 9 packs with four bars and the rest with none, filling the

space with a spare first aid kit, thereby reducing the value of the last

21 knapsacks to $93. 00 apiece or should he fill the first 18 packs with

two bars and one can of soup reducing the knapsack's value to $97. 00

and fill the remaining 12 knapsacks with the first aid kit in lieu of any

cereal bars. Of course, there are many more alternatives than these

and while our stuffer is pondering the problem he receives the dis

couraging news that the number of cereal bars that he can expect on

subsequent shifts may vary. He realizes the answer for a 36 bar con-

straint may not hold for future shifts. What is needed is a decision

rule or set of decision rules which can address the problem

parametrically based on information available at the beginning of each

shift. This scenario illustrates sufficiently the nature of the prob-

lem addressed in this paper and we will proceed to formalize the

problem.

2. Generic Knapsack Factory Problems

We shall use the term Generic Knapsack Factory Problem to

include situations similar to the one just discussed where the problem

faced in an industrial application consists of a sequence of individual
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"knapsack type" problems for which there are additional constraints on

the entire sequence linking the individual problems together. We shall

generalize and formulate the individual generic Knapsack Problem in

Chapter II. This problem permits an extensive set of variations and

permutations. We point out at the outset that the results obtained in

this research are for the specific case where there is a single addi-

tional constraint tying the sequence together. Nonetheless, we con-

sider it useful to discuss the Knapsack Factory Problem in general at

this time in order to provide insight into potential applications and the

meaning of certain mathematical expressions and assumptions made in

the body of this paper. To do so, let us consider the following situa-

tion:

A knapsack factory is under contract to provide a purchaser

with knapsacks of several varieties stuffed with fillers of various

types. The purchaser accepts all the knapsacks it is offered and pays

the knapsack factory an amount equal to the market value of the fillers

in each knapsack. The knapsacks themselves have no value or what is

the same thing, a constant value which is independent of their eventual

contents. The profit generated by the knapsack is this revenue minus

the cost of stuffing. We can assume the stuffing cost is either a con-

stant for a given knapsack or is directly proportional to the numbers

of each individual filler type, that is, it costs a certain amount to

stuff one unit of any particular filler type. We can define the value of
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a filler type to be the price paid by the purchaser minus this stuffing

cost, so that we can consider the profit for a knapsack as a linear

function of the value of the fillers. These assumptions are not really

necessary in our formulation but serve to make the ideas more con-

crete.

The knapsacks are obtained from a knapsack supplier and stored

in a large warehouse. During each shift in the factory, a set of M

knapsacks is delivered to the knapsack stuffer who packs them one

by one. It may be that the stuffer can or cannot control the order in

which he receives the knapsacks. There are K different types of

knapsacks. For example, in the usual linear integer programming

knapsack problem, it may be that the "volume" of each knapsack type

is different. Within each shift of M knapsacks there is a mix of the

K types of knapsacks, (M1, M2, , MK) and the sum of the Mi

is M. The stuffer has available to him N types of fillers, where

N is finite, some of which are limited in availability as in our little

scenario and others which are essentially unlimited.

The stuffer knows the value of each type of filler and is able to

solve a generic knapsack problem for any given knapsack type as it

arrives at his station. That is, he can find the optimal combination of

fillers which fits and which maximizes the profit for that specific

knapsack. This assumption is the one which makes assumptions about

the underlying cost structure unnecessary. The difficulty is that he
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may not be able to fill each knapsack in this optimal manner when it

arrives at his station because of various constraints which involve the

entire set of M knapsacks. These constraints can include limited

availability of fillers as well as constraints on total filler output over

a shift or constraints generated by production limitations. Thus, the

problem facing the stuffer is to maximize the profit over the entire

set of knapsacks subject to meeting certain constraints. In addition,

the problem may be viewed as deterministic or stochastic. For

example, the number of knapsacks in a shift, M, or the mix of

knapsack types may be random variables.

There are any number of variations possible within this frame-

work. Rather than consider specific cases, the remainder of this

section will discuss elements of the problem which can enter into

specific variations. The case we consider in this paper will be

formulated in Chapter II.

We should note for completeness that certain real industrial

applications of knapsack type problems are in some sense the reverse

of the case where the problem is to put things into a knapsack. That

is, the plant receives raw material as discrete entities and the prob-

lem is to take things out, in the sense that the factory allocates or

divides the total raw material entity into discrete products or subpro-

ducts in some optimal way. Examples of this sort would include

forest products where the basic entity is a tree stem of given length
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which can only be cut into specific lengths from a finite set of possible

lengths for further processing. That is, simply speaking, one can

only cut a 50 foot log into smaller logs with lengths of 8 feet or 10

feet or 12 feet, etc. up to some finite limit, corresponding to the

acceptable lumber lengths that will eventually result.

Elements of the Problem

We shall occasionally discuss these elements in the context of

the second interpretation of the knapsack type problem, that where an

entity is to be decomposed into smaller pieces. The discussion

should make it clear which we are talking about. In any event, with

the appropriate interpretation, the two approaches should be inter-

changeable.

A. Knapsacks (Raw Mater ial).

1. A knapsack is a discrete entity with finite dimension.

2. Each entity can be filled (allocated) in a finite number of

different ways, each of which realizes a positive return to

the factory.

3. Each filling (allocation), i. e. , a feasible solution to the

underlying knapsack type problem, has a value which can be

calculated.

4. An optimal allocation for an individual knapsack exists for a

given set of prices and this solution is available to the
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operator. That is, the stuffer knows or can compute the

solution to the underlying generic knapsack problem. This

optimal solution does not take into account constraints linking

all the knapsacks in a sequence.

5. There are K different types of knapsacks, where K is

not necessarily finite and there are M knapsacks to be

processed in a given period of time, called a shift.

6. There exists a slack filler with a volume unit sufficiently

small to ensure that the knapsack is completely full when

packed (the raw material is completely used up). For exam-

ple, scrap.

B. Value.

1. The values of the fillers are known and are non-negative

including the slack filler type.

2. The cost of the knapsack (raw material) does not depend on

the way it is filled (allocated) and thus is not involved in the

decision to maximize the return realized.

3. If desired, the fixed costs of the factory can be assigned to

each knapsack in a shift as part of the constant cost and so

do not affect the decisions.

4. The variable production costs are either assignable to knap-

sacks independent of the manner in which they are filled or

can be assigned directly to a knapsack in such a way that the
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return or profitability of an individual filled knapsack can be

calculated as a function of the fillers used. For example, as

the sum of the values of each filler minus the cost of insert-

ing that filler in the knapsack.

C. Constraints. There are two general classes of constraints

that we consider. The first class comprises those constraints which

pertain solely to each individual problem and do not link one knapsack

to another. In addition to constraints similar to the overall volume

constraint of the standard knapsack problem, one could imagine addi-

tional constraints such as not permitting filler type four in knapsack

type five even though it will "fit" or requiring at least seven units of

filler type 14 in a given knapsack. The point is that these constraints

do not require information to be carried over from one knapsack to the

next and thus only need be considered for each knapsack as it arrives,

independent of the rest. We shall not concern ourselves with this type

of constraint but assume that the solution to the underlying knapsack

problem has taken all such constraints into account.

The second type of constraint includes those that link all M

knapsacks together, which we shall refer to hereafter as factory con-

straints. This type of constraint can include:

I. Filler availability constraints. For example, there may only

be 50 units of filler type four available per shift. In the con-

text of allocating raw materials, such a constraint could
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occur if a high level planning model assigns production

quotas to a plant, thus directly setting a quota on the raw

material allocation required by that plant. For example, the

constraint may be to deliver no more than 400 units of filler

type seven to plant A in a shift.

2. Demand requirements. For example, pack at least 500 units

of filler type two per shift in order to satisfy demand.

Alternatively, allocate 500 or more such units to satisfy the

production goals of a plant which uses filler type two as raw

material in its output.

3. Production constraints. Such constraints can take many

forms and we assume that this type of constraint can be

stated in terms of numbers of fillers of a certain type per

shift. For example, consider constraints such as:

a. Time limitations. It may take such a long time to fill one

knapsack with filler type three that even though there are

sufficient numbers of filler type three available, you can-

not fill all M knapsacks optimally in the available time.

b. A requirement to keep selected production facilities

efficiently utilized. To illustrate, it may be that, as a

result of higher level planning, a requirement exists for

certain production facilities to be working full shifts,

despite the relative lack of profit in their output. Such a
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constraint would require raw material to be allocated to

these facilities in lieu of being allocated to more profitable

production possibilities and could be expressed in terms

of requirements for a raw material allocation different

than that which would optimize each individual raw mate-

rial entity.

Again, we consider only factory constraints which can be stated

in terms of the number of certain filler types to be used during a

given shift. This is not an unrealistic limitation since production

limitations can be expressed in terms of limits on the amount of raw

materials to be processed in a shift and demand or output require-

ments can generally be expressed as raw material input requirements.

D. Information. One of the elements that can characterize the

problem faced by the knapsack stuffer is the amount of information

available to him at each stage of the process. For example, we

assume that the knapsack stuffer can solve the underlying knapsack

problem for each knapsack as it arrives at his station so that he knows

the optimal thing to do if he did not have to consider factory con-

straints. Clearly, he also knows the number of knapsacks he has

already processed and thus, if M is known, he knows how many

knapsacks remain to be processed. Furthermore, the operator could

constantly be aware of the status of the factory constraints. For

example, if there were only 100 units of filler type nine available and
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after 20 knapsacks the stuffer has used 38, then, of course, he is

aware that only 62 more are available. In addition, as a consequence

of the assumption that the stuffer can calculate the value of any

feasible packing of a given knapsack (which may only be a simple addi-

tion process), the stuffer can be aware of the total value realized by

his decisions up to that point. Therefore, it appears reasonable that,

at any given point, the knapsack stuffer could know how many knap-

sacks he has processed, how much value he has realized, the optimal

solution to the current knapsack problem disregarding the factory con-

straints and the status of those constraints; in particular, whether or

not he has violated any of them.

E. Decision. The final element of the problem is the decision

facing the knapsack factory, which is how to allocate fillers to the set

of knapsacks being processed in a fixed period of time so as to maxi-

mize the return to the factory while satisfying factory constraints.

3. Scope of the Research

The research reported in this dissertation focussed on one of the

many possible alternatives of the Generic Knapsack Factory Problem.

Specifically, we consider here the deterministic case where the

parameters of the problem are known. That is, the number of knap-

sacks, M, is specified as is K, the number of different types and

Mk' the number of knapsacks of type k included in the shift of M
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knapsacks. Associated costs and values are also assumed known. A

few results applicable when the number of knapsacks is a random

variable are presented. Furthermore, we only consider the case

where there is one factory constraint expressed in terms of limitations

on the numbers of a specified class of fillers. Finally, we consider

two situations. The first, which involves only one type of knapsack is

studied under the heading of the Basic Knapsack Factory Problem.

This is perhaps the simplest of all knapsack factory problems and is

useful in providing insights to more complicated situations. Chapter

IV addresses the second case, allowing more than one type of knap-

sack, under the heading of the Complex Knapsack Factory Problem.

As will become clear in Chapter II and following sections we can

formulate these problems as integer programming problems. As such

they are amenable to solution, given specific values of the param-

eters, by existing techniques of integer programming which are dis-

cussed throughout the literature and in texts such as Garfinkel and

Nemhauser [1]. Of course, there exists an extensive body of results

and solution algorithms for the classical knapsack problem. For a

current survey, see Salkin and deKluyver [7]. Garfinkel and

Nemhauser devote a chapter in the reference cited above to the Knap-

sack Problem and Gilmore and Gomory [2] discuss the problem at

length in their paper on the theory of Knapsack Functions. However, we

point out at the outset that this paper does not concern itself with the
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theory, techniques or algorithms of integer programming. The focus

of this paper is to investigate decision rules which can exploit the

sequential nature of the problem, which can be stated in terms of the

parameters and which can be practically applied in the sense that they

are simple and easily computed. The paper will point out when these

decision rules are optimal, when they might not be and the extent of

the deviation from an optimal solution when appropriate.

While integer programming algorithms can be applied to our

problem when specific values of the parameters are given, such

algorithms do not necessarily give insight into the behavior of optimal

or even good integer solutions as the parameters change. In this work

we are interested in the case alluded to in the opening scenario, where

our knapsack stuffer may need to know what to do under changing con-

ditions and may not have the time to compute optimal or nearly

optimal solutions using notoriously lengthy integer programming

algorithms. Consequently, we wish to be able to state results in

terms of the parameters of the problem and investigate the effects

changes in the parameters have on the decision rules. The results

obtained point out such effects and, of course, provide specific solu-

tions given specific values. Furthermore, the interaction among the

various parameters is an essential part of the analysis. In addition,

we are not interested in integer programming approaches to the prob-

lem because in the applied environment it may be more desirable to
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implement a nearly optimal or "good" decision quickly arrived at

rather than a perhaps costly optimal one which requires extensive

computation only to realize a slight increase in return. The original

thrust of the research was to determine if such decision rules were

possible in the cases studied. Of course, we need a working defini-

tion of "simple" and "good". We consider, for the purposes of this

paper, a "good" solution to be one where the return realized over the

set of M knapsacks is within a specified margin of the optimal

solution to the problem. Since we will formulate the problems as

linear integer programs, we can say little in general about the value

of the optimal solution. Therefore, we use as our standard of com-

parison the optimal solution to a linear programming (LP) relaxation

of the integer program (IP) which is, of course, an upper bound on the

optimal IP solution. We show that one can easily find an integer

solution which realizes a return which has a difference from the opti-

mal LP solution strictly less than the optimal value of one knapsack.

This potential loss is independent of M so that the percentage poten-

tial loss goes to zero as the number of knapsacks increases.

As for "simple" we consider any solution which can be quickly

computed by hand as simple, since such a solution clearly lends itself

to extremely rapid computationon an electronic machine. We show

that there are "good" decision rules which can be obtained by hand

calculations even in the Complex Factory Case.
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Thus, the flavor of this paper is that of heuristic decision rules

which can be applied in practice with little difficulty.

4. Organization and Notation

Organization

We begin Chapter II by formulating the generic knapsack prob-

lem and function. It is this problem, which occurs sequentially in the

factory problem, that we shall refer to as the underlying knapsack

problem in future discussion. We remind the reader that we have

assumed that the factory can solve this problem as it occurs. Then,

the Basic Generic Knapsack Factory Problem, which in the interest

of brevity we refer to as the Basic Problem, and the Complex Generic

Knapsack Factory Problem, which we shall call the Complex Prob-

lem, are formulated in Sections 2 and 3 of Chapter II, respectively.

Section 4 of Chapter II presents some useful preliminary results con-

cerning the parameterized generic knapsack function defined in Sec-

tion 1.

The Basic Problem is studied in Chapter III and the Complex

Problem is studied in Chapter IV. The results obtained provide good

and simple solutions to those problems in the spirit of Section 2 of

Chapter I.
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Referencing of results stated in different chapters will be

accomplished by giving the chapter number followed by the section

number followed by the designation of the result. For example

Lemma II. 4. 1 refers to Lemma 1 of Section 4 of Chapter II. Of

course, results will be numbered by type sequentially within a section.

For results in the same chapter, the chapter reference will be

omitted. Problem statements will be given a three digit number, the

first digit of which specifies the chapter and the next two are ordered

in sequence. Thus, problem (301) refers to the first problem

formulated in Chapter III.

Notation

In those sections which involve the techniques of linear pro-

gramming, we adopt notation similar to that used in Hadley [3].

Throughout this paper, for a, b integer we shall mean by a mod b

the unique integer defined by the following relations:

0 < a mod b < b

a = b[a/b] + a mod b,

where [a/b] denotes the greatest integer less than or equal to a/b.

Thus, for any integers a and b, a > 0, b > 0,

a = [a/b]b + a mod b



and so

[a/b] = a/b a mod b/b.

17

When the divisor is clear from the discussion, the notation ra will

sometimes be used for a mod b.
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II. PROBLEM FORMULATION AND PRELIMINARY RESULTS

1. A Generic Knapsack Problem

We shall formulate a rather general mathematical programming

problem which we call the underlying knapsack problem. That is to

say, it is this problem which occurs repeatedly during a given period

of time (a "shift"). When viewed in its entirety, the sequence consti-

tutes the knapsack factory problem when additional constraints are

imposed on the sequence of individual problems. The following

formulation was motivated originally by the classical knapsack prob-

lem:

(201) maximize I c.x.

i=1

N

subject to: a.x. < V
1

a.
1

> x. > 0, x. integer, i = 1, ,N
1 1

where V is the "volume" of a knapsack, a. is the "volume" of

item i, c. is the value of item i and the problem can be consid-
i

ered to represent that of maximizing the total value of a set of

discrete items which "fit" into the knapsack. However, the results of
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this paper pertain to a much more general class of mixed integer pro-

gramming problems which can underly the factory problem. Hence,

we employ the phrase, generic knapsack problem. It will be noted

that the classical knapsack problem is a special case of the following:

Let RN+ be the set of N dimensional, nonnegative vectors

and let y = (y1,
, YN) E

RN +.

We can consider yn to be the number of fillers of type n,

n = 1, , N. Let f(y) be the value of a knapsack with Yn of

Enter type n in it, n = 1, ,N (f :RN+ R). It makes sense to

require f(0) = 0. Let the bounded set Y C RN+ represent, in the

abstract, the "volume" of a knapsack in the sense that y E Y implies

that y fits. Of course, in more usual terminology, Y is some

feasible region. Furthermore, y E Y implies that y is finite,

i = 1, , N. Then we can write a generic knapsack problem as:

(202) Find Z(Y) = max f(y)
yEY

Since we are concerned with industrial anologies to the traditional

knapsack problem, we shall assume that the maximum exists in order

to preclude discussions about pathological cases. Certainly, in the

case where y E Y implies that y. is an integer for all i, this

assumption need not be made since the maximum does exist (Y is

bounded). The set function specified by (202) will be called the

generic knapsack function.
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We have an interest in a subset of the filler types. Accordingly,

let I be a special index set, I C {1, , N}. We require that

i e I implies yi is integer valued. We do not require yi to be

an integer if i I, since we have assumed the maximum exists in

(202). We shall make use of the fact that the max yi exists for all
yE Y

i E I, since Y is bounded.

We define a parameterized set (knapsack "volume") as follows:

Y(j) = {y : y E Y and 1 Y. = j}, j = 0,1, ,

i E I

As an immediate consequence of the finiteness of the yi, i E I there

such that for all greater than jmax,

{Y(j)} is

exists a finite

iE I

max

implies that y Y. In other words, the class

finite, also. Let us define the parameterized generic knapsack func-

t ion

(203)

or alternately,

subject to

and

Z(j,Y) = max f(y)
yE Y(j)

Z(j, Y) = max f(y)

y E Y
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which we assume to exist for each feasible j, 0 < j < jmax By the

existence of jmax and the integer nature of y. for i E I, there

exists a j, call it j*, such that Z(j*, Y) = Z(Y). That is, the

solution to (202) must occur at some between 0 and jmax

Hereafter, we shall use Z(j*) to indicate this global optimum.

Since we have assumed that the solution to (203) can be obtained for a

specific knapsack, i. e. one whose Y is known, we shall suppress

the dependence of the solution on the particular volume, Y, and

write Z(j, Y) as Z(j). We see that j max represents the maxi-

mum aggregate number of fillers in our special class, I, which

can "fit" in our knapsack of finite dimension. The interpretation

placed on any Z(j) is this: given that we require the sum of the

units of the filler types in the special class be equal to j, we have

otherwise "filled" the knapsack in an optimal manner. We shall here-

after use the phrase: "fill the knapsack with j" to mean fill the

knapsack with some set of fillers which corresponds to the solution to

(203). Any such solution therefore contains exactly j units of the

filler types which are in the special set.

The reader can anticipate that our real interest is in the special

class of fillers, stemming from the fact that these will represent the
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types which are involved in the factory constraint imposed on the

sequence of underlying knapsack problems. We further note that we

can consider a knapsack type to correspond to a "Volume," Y. That

is, our generic knapsacks are characterized by their feasible set, Y,

and so, if we have K different types of knapsacks, we mean that

there are K distinct sets Yk, k = 1, K, with which any

given knapsack can be associated. In the case where we are inter-

ested in more than one type of knapsack, we shall only refer to this

dependence on the associated "Volume'? by a subscript, Zk(j). That

is Zk(j) = Z(j, Yk). Furthermore, there is nothing which prevents

the use of different value functions, say fk( ), for different knap-

sack types but we shall not indicate this distinction in our notation.

EXAMPLE: The following example may serve to illustrate the

formulation and to demonstrate that the usual knapsack function is a

special case. Let K = 1 and let

Y =

N

i= 1

a.y. = b, y. > 0, y. integer i = 1, ,
t t

where a. > 0, i = 1, , N. Furthermore, let

N

f(y) = c.y.

i=1
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where c. > 0, i = 1, , N. Then

S. t.

N

Z = max c.y
t

i= 1

a.y. = b
1 1

i=1

y. > 0, y. integer, i = 1, ,N
t t

is our generic knapsack function. Gilmore and Gomory [2] make

explicit the dependence on b by denoting Z(b) as the knapsack

function in their paper. Then, let I = {1}. The implication is we

are interested in filler type 1 and so we parameterize according to

the value of y1 as follows:

s. t.

N

Z(j) = max ciyi + jci
i=2

N

aiyi = b jai
i=2

y. > 0, y, integer, i = 2, ,N
t

we have that i max [b/a
1

]. Specifically, look at'
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25y1 + 30Y2
+ y3

s. t. 2y1 + 3y2 + y3 = 10

y. > 0, y. integer, i = 1,2,3.

Now Z(j*) = 125 and the optimal solution corresponding to this

value is y* = (5,0,0). We set I = {1} so we have, for the

parameterized generic knapsack function, Z(j):

Z(j) Y.*

0 91 (0,3,1)
1 87 (1,2,2)
2 110 (2,2,0)
3 106 (3,1,1)
4 102 (4,0,2)
5 125 (5,0,0)

In this example, imax = 5 and j = 5. Certainly, this may'
not always be the case. In fact, if we let I = {2} we see that

= 3 but j* = 0. The example serves to illustrate that in gen-jmax

era/ very little can be specified about the form of the parameterized

knapsack function even in the case of the usual linear knapsack prob-

lem. Note that here, even though j* = 5 > 0, that Z(0) > Z(1)

(and Z(2) > Z(3) > Z(4) ). We shall study further the form of the

parameterized generic knapsack function in Section 4.
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2. The Basic Knapsack Factory Problem

Now that we have defined the underlying knapsack problem, we

are in a position to formulate the simplest case of a factory problem

which we will consider. The mathematical model describes a situa-

tion where the knapsack stuffer receives M identical knapsacks in a

shift. For each knapsack, he is able to calculate the parameterized

generic knapsack function, Z(j), j = 0, , jmax. A constraint has

been imposed on the aggregate number of units of fillers of a certain

type which are to be used over the sequence of M knapsacks.

Given a constraint on the allowable numbers of filler types in a

restricted class over a shift, the stuffer wishes to maximize the

value of the M knapsacks while satisfying the constraint. We will

distinguish two types of factory constraint, a lower bound and an

upper bound on the total number of restricted filler types. We denote

the value of this bound on fillers in the class I by b. We will dis-

cuss the formulation in the context of an upper bound and merely

state the alternate formulation at the conclusion of this section. We

will show that under realistic assumptions, an equality constraint, as

in a production goal, falls into one or the other of these two categories

depending on the nature of the parameterized generic knapsack func-

tion and the value of M.
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Consider a direct formulation. Let ym
, ym

E RN+, be the

solution used in knapsack m, m = 1, , M. Then we wish to maxi-

mize

(204) f(ym)

m=1

subject to y
m

E I , m = 1 , . . . M

and ymi <b .

m=1 iEI

Recall that ym E Y implies ym > 0 and i E I implies y.

integer, m = 1, , M. Fix m and note that if we wish to maxi-

mize f(ym,
) we will certainly choose a solution from among the set

m
of y s corresponding to Z(j), j = 0, . , ,i since the class-max

{Y, = {y y E Y and

i E I

for °' maxj forms a parti-

tion of Y. To see this, assume we have an optimal solution to the

factory problem, (204), say 1* 2* M*
(y , y , . . . , y ). Certainly, for

)rri:(each m = 1, ,M there exists some integer, j

0 < j IT1

< j such thatmax

integer requirement on

of Y.

m
Yi

Assume that ym*

m* ,m*
=

E

This follows from the

for all i E I and the finite dimension

does not correspond to any solution



resulting in Z(jm.
). Certainly, f(ym*)

< Z(jm*) by definition.

So without affecting the feasibility of the solution set,
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.171we can substitute the solution which does correspond to Z(j ) for
111 and realize an improvement in the objective function. There-

fore, rrl could not have been a component of the optimal solution

to (204), contrary to our assumption.

Now, let tm = 1 if the mth knapsack is filled with
3

f(ynl) = Z(j), yin E Y and

LEI

Then (204) can be written as:

m j. Let tm = 0, otherwise.
3

M i max
(204a) maximize m

(t.Z j)

m=1 j=0

max

subject to m't. = 1, m = 1,... ,M

M
jmax

(which implies tm. = M) and
3

m=1 j=0
M

jtm.
3

m=1 j=0

max

t. = 0,1.
3

< b

i. e.

Considering the optimal solution to this problem, we observe that if
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1tk = 1 and t = 1, we can realize another optimal solution by
1 2setting t/ = 1, tk 0 and tk = 1, t/2 = 0. The point is that the

order of the solution is unimportant in the sense that we can arbi-

trarily interchange the superscript indices. In fact, there are always

numerous alternative optima. Since M and jmax are both finite,

we can interchange the order of summation and, for fixed j, we

M

can set Y t.m = X. where X can be interpreted as the number of
.3 J j

m=1 imax

knapsacks "filled with j." Since the constraint t.m = 1 assures
J

j=0

that there is only one solution for each knapsack, we can achieve the
imax

same end by setting X. = M and arbitrarily assigning knap-
J

j=0

sacks filled with j to any X. of the M knapsacks.

The point of the preceding discussion is to motivate the following

equivalent formulation of the Basic Problem, which is the form we

will use because of its direct interpretation and tractability. Let X.

be the number of knapsacks "filled with j." The precise meaning of

"filled with j" is given in Section 1. Then the Basic Problem is



max

(205) maximize X.Z(j)

j=0

subject to

max

j=0

max

X. = M

jX. < b
J

j=1

> 0, X. integer
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which we see is a pure integer programming problem with two con-

straints.

Further, as a consequence of the fact that the stuffer knows the

value of M and of Z(j) for all j, this formulation shows us

that the order in which the stuffer implements his solution is not

relevant. We shall assume here that he will implement the solution in

decreasing order of Z(j). That is, he will fill the first knapsack with

the largest value of Z(j) in the solution and proceed towards the

smallest. This procedure would make sense if M in fact were

random.

Now we observe that the number of knapsacks filled with 0,

X0, does not affect the feasibility with respect to the factory con-

straint of any particular solution, so that if we set
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X
0

=M
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X. >0 and write (205) as
3

(205a) maximize

subject to

Jmax

J=

jmax

j=1

X.(Z(j)-Z(0)) + MZ(0)

X.
3

< M

max

and jX. < b
j=1

X. > 0, X. integer, j = 1, , j .

This is an equivalent formulation which reflects the fact that X
0

= M,

X. = 0 j > 1, is a feasible solution to (205). We can look for better

solutions by searching over X., j > 1 for feasible improvements

according to the incremental increase Z(j) - Z(0), and replacing a

knapsack filled with 0 by one filled with j as long as

Z(j) Z(0) > 0 and the second constraint is not violated. Finally, we

j max

note that if M >b, certainly X. < jX. < b < M so
3

max

j=1

that, in this case, the first constraint is implied by the second and we
j=1

can write (205a) as a classical knapsack problem:



31

max

maximize ) ZX.( (j)-Z(0))

j=1

subject to

max

jX. < b
3

j=1

X. > 0, X. integer, j =
J

In the lower bound case, we write (205) as

jmax

(206) maximize X.Z(j)

j=0

max

subject to / X. = M

j=0

and

max

jX. >b
j=1

jmax

X. > 0, X. integer for all j.
J

3. The Complex Knapsack Factory Problem

In this case, we have K distinct types of knapsacks and the

factory processes M knapsacks in a shift as before, but here, Mk
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is the number of knapsacks of type k processed in a shift,

k = 1, . . , K and of course / Mk M.
We must distinguish

k=1

between types of knapsacks when we consider the parameterized knap-

sack function and so we should write Zk(jk) where 0 < jk

That is, we allow the possibility for jmax(k) to be different for

each k. However, since the subscript on j is redundant, we shall

merely write Zk(j). Thus, the expression Zk(j*) shall be under-

stood to mean Zk k(j*), etc. We will still write jk when the con-

text does not make the meaning clear. Let be the number of
Xkj

knapsacks of type k filled with j. Then we can write the Complex

Problem as:

(207) maximize

K
jmax(k)

k =1 j =0

X
kj

.Z
k

(j)

jmax(k)

subject to X
kj

= Mk' k = 1, ,K

j=0

K
jmax(k)

and jXkj < b (> b)

k=1 j=1

X > 0, X
kj

integer for all k and j, b > 0.
kj
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4. Preliminary Results

We shall see in later sections that the shape of the parameter-

ized knapsack function has a major role in the search for good or

optimal solutions. This function maps a finite set of integers into the

real numbers. Figure II. 4. 1 provides a representation in a graph

displaying the ordered pairs (j, Z(j)) for j = 0, 1, . . j We

shall shortly show that in the upper bound case we need only consider

solutions corresponding to j < j*. Since we have assumed that

f(y) > 0 for all y in RN+ then certainly, if Y(0) 4, the null

set, Z(0) > 0. We can define Z(0) = 0 in the case where

Y(0) = ql. In fact, we shall arbitrarily define Z(j) = 0 whenever

Y(j) = i without affecting the analysis. Also, it is clear that

Z(j*) > Z(0).

We need to establish the following results with respect to an

optimal solution to the Basic Problem in order to motivate further

study of the parameterized knapsack function. In the first case, the

upper bound case, the result simply establishes the intuitive idea that

we would never fill a knapsack with more of the restricted units than

the number which appear in the optimal solution to the underlying

problem. Similarly, in the lower bound case, we would never fill a

knapsack with less than the number of restricted units called for in

the optimal solution to the underlying knapsack problem.



Z(j)

Z(0)

I f I

0 1 3*

0

(j*, Z(0))

0

Figure II. 4. 1. Parameterized knapsack function.

0

imax
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We establish that an optimal solution exists to (205) in the upper

bound case. Clearly, X0 = M, Xi = 0, j > 0 is a feasible solution.

Since the number of possible combinations which satisfy the con-

straints is finite, in theory we can find the optimal solution by

exhaustive (and perhaps exhausting) search. We are forced to add an

additional assumption to our formulation of the lower bound case,

Basic Problem (207), namely, that the product Mjmax exceeds b.

Otherwise, no feasible solution exists and the problem has no content

in the sense that nothing the stuffer can do will satisfy the lower

bound requirement. Given the assumption, then a feasible solution to

(206) exists, X M, X = 0,
jmax

J < jmax and thus an optimal

solution exists.

First, we must choose a precise value of j* in the event that

there are multiple values of j which correspond to the optimal

solution, Z. In the upper bound case, we will always choose the

smallest such j. That is, we choose j* such that j < j* implies

Z(j) < Z(j*). Alternately, in the lower bound case, we choose the

largest such j so that for j > j*, Z(j) < Z(j*). Consider the

upper bound case first.

PROPOSITION 4. 1. There exists an optimal solution to (205) in

which X. = 0 for all j > j*.

PROOF. Obvious from the definition of j*.
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COROLLARY 1. If j is unique, then there exists no optimal

solution in which X. > 0 for j > j*.

PROOF. Obvious.

Consequently, our search for an optimal solution to (205) need

only involve filling knapsacks with j < j* and we can ignore solu-

tions which involve filling knapsacks with j > j*. By extension, we

will restrict our search for good solutions to the same candidates.

Because of the symmetry, we can establish the following

results for the lower bound case. Recall that here j* is the largest

such that Z(j) = Z.

PROPOSITION 4.2. There exists an optimal solution to (206)

in which X. = 0 for all j < j (if we assume that Mjmax

Otherwise there exists no solution to (206) ).

COROLLARY 1. If j* is unique, then there exists no optimal

solution to (206) in which X. > 0 for j < j*.

Analogously, we have established that we can restrict our

search for optimal or good solutions to (206) to those involving filling

knapsacks with j > j *.

Our study in future sections will show that a quantity of particu-

lar importance in the analysis is the incremental return per unit of
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restricted fillers realized by increasing from jl to j2, which is

simply the quantity (Z(j2)-Z(j )) /(j2 -j 1). For the upper bound prob-

lem, we are particularly interested in the case where j1 = 0, that

is we are interested in (Z(j)-Z(0))/j for j > 0. To avoid future

incongruities, we will arbitrarily define (Z(j)-Z(0))/j to be 0 for

j = 0. In the upper bound cas 2, we will show that we are really only

interested in certain values of j which we will define recursively

as follows:

DEFINITION 4. 1. Let

1) 0 <I") < j* and

/N(1)

A(1)
2)

Z(1 )-Z(0)
>

Z(j)-Z(0)
!(1) 3

be the largest

for all > 0.

such that

From here on we shall drop the particular superscript n = 1. We

find by searching for the Z(j)-Z(0)max
0 < j < j*

NOTE: If j*= 0, then fj\ = j = 0. Then, given /j\, we

define ^(2) to be the largest j such that

1)1</142) <3* and

2)
Z(V

>
))-Z(?) Z(j)-Z(Aj)

2) A j-j
J

J

.0) N4) /N(n),Similarly, we define j , , etc. The sequence of j s is

finite, because at some point it must be that j* = ,147.1) for some
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finite n > 1 and we stop.

PROPOSITION 4.3. For any parameterized function Z(. ), we

are guaranteed the existence of at least j (i. e. n > 1).

PROOF. Consider two cases, j*= 0 or j* > 0.

Z(j)-Z(0)If j* = 0 then, of course Z(j) < Z(0) so that
Z(0)for all j. Since we have defined Z(0)0 to be 0 then we can

set j
A

= 0 without violating the definition. Note that our convention

is to choose as j the largest j < j* such that
Z(j)-Z(0) Z(i)-Z(0) for all i < j,* which is consistent here.

i

If j* > 0 then, of course, we have at least one candidate for
Z(j*)-Z(0)

, namely j*, since

See Figure 4.1 for a graphic description of the 1n)Is in that

example. The figure shows that we are selecting those extreme

points of the convex hull generated by a finite set of bounded points in

R
2, {(0, Z(0)), (1, Z(1)), , (j*, Z(j*)), (j*, Z(0))} which lie above the

line j = Z(0). Since this particular statement is not relevant to

future discussions, we will not establish it formally.

We shall provide the analogous definitions for the lower bound

case in Section 3 of Chapter III.

PROPOSITION 4.4. Define j
(0)

= 0. For j* > 0,



z(1(n ) (n 1 )

>0 for all n < riNn) 4n-1)
3 -J

Z() -Z(0) Z(j*)-Z(0)PROOF. Let n = 1. Then

since Z(j*) > Z(0) by definition the result holds. Suppose

.then we are done. So assume 3 < 3*. Then for n = 2,

zi(2))-z(i)
> z(i*)-z(?)

N2) A

3 -3

and

n...,..= 3',

and again, by the definition of * A
3 and the fact that 3 < r,

A
Z(j*)--Z(i) 0. This argument holds for all 1411) < j*. Finally, wejfp
will reach n where il)

.3"
Aai- 1) but

ACE) A( Ari-1)Z(j )-Z(j-ri-1)
) Z(j*)-Z(' )

Ari) A( -1)
J -3 J'-3

and the result holds.

One of the implications of Proposition 4.4 is that whenever

j* > 0, we can always find a better solution than X0 = M, X, = 0,
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j > 0. Another is that we will approach the constraint as close as the

integer nature of the variables will permit. That is, loosely speak-

ing, the optimal solution will try to realize equality in the factory

constraint on the total number of special fillers. We also note here

that j > 0 is no limitation on the problem because the case where



j* = 0 in problem (205) means the factory constraint is not binding.

Thus, we can ignore it by filling each knapsack optimally, i. e. with

j* = 0. We shall discuss these points in detail in Chapter III.

We are now ready to establish the most useful tool in our sub-

sequent analysis.

Then

LEMMA 4.1. By definition

Z(.1)-Z(0) > Z(j)-Z(0)
3

Vj, 0 < j < j*

ZO)-Z(0) Z(j) -Z(0)
1)

3

Vj jmax

2) If 0 < j <1, then Z(1) Z(j) > 0 and

A A

Z(j) -Z(0) Z(0)
H

A

3) If j > j, then ZOI-Z(j) Z(j)-Z(0) Z(j)-Z(0)
/.%

3-3

40

PROOF.
A

Z(j) -Z(0) Z(j*)-Z(0)
1) 'N > by definition but Z(j*) > Z(j) for

3 3*

all j < j implies that Z(j*) Z(0) > Z(j) Z(0) for all such--max
Z(j *) 1Z(0) Z(j)-Z(0) Z(j)-Z(0)

j*. jj. Therefore, for any j >1:-, >
::::

>
3

establishing the result. The result is meaningless for j > jmax.

2) Since 0 < j < ,i., then Z(j)-Z(0)
>

Z(j)-Z(0)
f> . Now

3 J

Z(j) Z(0) Z(j)-Z(0)
>

Z()-Z(0) Z(j)-Z(0)implies that 5 A giving us
3 3 J 3



A

that Z(j) - Z(0) > Z(j) Z(0), \j < j or Z(j)-Z(j) > 0 which

establishes the first part of 2).
Z(j) -Z(0) Z(j)-Z(0)Of course, we have by definition that

Multiplying both sides by the positive quantity j/(J N-j) gives us that

A
Z(j)\-Z(0) ()

IK >
Z(i) -Z(0)

3 J

A Aor, letting j = j + (j -j)

subtracting

or

A A
Z(.9%.-Z(0) (H) ) -Z(0)

(1- A ) >
Z(jA

J i-j

Z(i)-Z(0)

the desired result.

from both sides, we get

A A
ZW-Z(0) Z(j), Z(j)) >

3-3

A A.

Z(j) -Z(0)
<

Zq-Z(j)

A3) For j > j, we have
A

Z(j) -Z(0) Z(j) -Z(0)
3

that

or

/.1/4 .

J 3 < 0, and by part 1, if

Multiplying both sides by

Z(1)- Z(0) 71/4j._

< Z(j) -Z(0)
J -J 3 -3

T<
3 -3

>j*,

0, we get

41
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Z(1)(0)-Z Z(j) -Z(0)
H

A
If we multiply through by j /j > 0, we get

A / .Z() -Z(0) i( Z(.,9jZ(0) (J-3)) ZdA-Z(0)

-Z(0))and subtracting Z(jA from both sides, we have that
3-3

Z6>k
<

Z(j) Z(j)-Z(0) Z(j)-Z(0) Z(j) -Z(0)Observing that by our
3-3 j J 3

choice of
A
3, we have the desired result.

We will use the following corollaries in later analysis.

COROLLARY 1. For j <1, Z(jA-Z(j) > 0.

PROOF. This follows immediately from Proposition 4.4 (i. e.
Z(1)-Z(0)

> 0) and 2) above.
J

/.4j)-Z(0)COROLLARY 2. If > A, then for all
Z(j-Z(j) > A.H

above.

A< j,

PROOF. The result is an immediate consequence of part 2)

This particular corollary will prove useful when we consider

the Complex Problem.
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COROLLARY 3. Z(j) > Z(j) implies that j > j.

PROOF. By the contrapositive to the first part of 2) in the

lemma.

A

-Z Z ° A then there does not exist aCOROLLARY 4 If

> j such that -LI7jjZSIL > A.

PROOF. Follows from part 3) of the lemma.

Finally, we establish the result for a more general case as

follows:

LEMMA 4.2. By definition, for n <

ZPILIL.L.t-21)
i(n) /N(n 1)
3 '3 3 -3

< 4. As a consequence ,for all j such that j < 3

(n_ )

A(n-1) j-/j`( 1)
3 -3

n(n-1) < ;
'max

1)

/>(n)Nn-1) .

3 32) If 3 then

for all

/(a) Z(jAn)) > Z(j)

A(n) J'{ri- 1)4(n-1)
< f.(n) A(n-1)(b) Nn-1)

3 -3j-J

such that

d`L.

J
/(n)

and
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i3) If j (n) < j , then

(n)
1.(n-1) /.(n) Nn- 1)

Z(3 )-Z(i) Z(j)-Z(j ) Z(j )-Z(j )
< <

/.k(n) . /Mn- 1) i)(n) /(n-1)
3 -3 3-3 3 -3

/ A
PROOF. By substituting j

>(n- 1)
j (n)for 0, for j in the

argument for Lemma 4. 1, the proof, which is merely algebraic

manipulation, will go through in precisely the same way.

COROLLARY 1.

for all j > 6(n-1)

have

'XZ(j)-Z(i n- 1 )
)

>
. 1)
3-3

PROOF. By part 2) letting /(n-1)

Nn)
Z(1 )-Z(j )

,>(n) i(n- 1)
3 -3

(n- 1) Nn- 1 ) Nn-2)Z(1)-Z(i ) Z(j )-Z(i )

'(n -1) 1) '(n -2)
3-3 J -J

.Nn) /Nn- 1)
J , we see that

play the role of

and by part 3), since

1:`(n) INn- 1) ^(n- 1) Nn-2)
Z(3 )-Z(3 ) Z(j )-Z(j )<

1.k(n) Nn-1) /(n -1) 1(n-2)
J -3 J -3

which implies the desired result.

we

These two lemmas will provide the elementary results we need

to analyze the Basic and Complex Problems in later chapters. In

general, without more restrictive assumptions, we can say little

more about the shape of parameterized generic knapsack functions.

Nonetheless, we shall find it more efficient in future discussion to
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define particular characteristics of such discrete functions in the

same spirit as the usual definition of convexity. Consider the follow-

ing definitions of discrete convexity.

DEFINITION 4. 2. The discrete valued function Z(j) defined

on integers is locally discretely convex (LDC) at the point j, if

1) j-1, j and j+1 are in the domain of Z( ), and

Z(j- 1) +Z(j +1)
2) > Z(j).

2

The definition applies to an end point of an interval, e. g. j*,

if it is true at j*-1 or j*+l, depending on which is in the domain.

PROPOSITION 4.5. Z( ) is LDC at

Z( f+1)- Z(T-1) > Z(3)-Z(I-1).
2

PROOF. Obvious.

if and only if

DEFINITION 4.3. Z( ) is discretely convex over the set

{j,... , j+N} if it is locally discretely convex at every point within the

set.

A more useful working statement is:

DEFINITION 4. 4. Z( ) is discretely convex at j with

respect to the set J = ,T+N} if, for any k E J, k >T,
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()Z(k) + ( )Zrk-j k-j .3) > Z(I)

for all i such that j < i < k.

PROPOSITION 4. 6. Z(.) is discretely convex at j with

respect to the set J = ,I+N} if and only if, for any k E J,

k > j , and all i , j < < k

Z(k)-Z(j)
>

Z(i) -Z(j)
k-j 1-3

PROOF. (=>) We have, from the definition, that

(i2T)Z(k)+(k-i)Z(T) > Z(i) for all i,j < i < kk-j

By multiplying through by (k > 0 and subtracting (k- j)Z(j)

from both sides, we obtain (i-T)(Z(k)-Z(T)) > (k-7)(Z(i)-Z(3)) which is

equivalent to the desired result since (i -j) > 0.

(<=) The algebraic manipulation proceeds through in reverse.

That is, given, for any k E J, k > j and any i,j < i < k

Z(k)-Z(j) Z(i) -Z(j)
k (i-D

we cross multiply and add (k-DZ(3) to both sides to obtain

. ki
( k-j k-j)Z(k) + ( )Z(j) > Z(i)
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Since the hypothesis holds for any k and all i we are done.

COROLLARY 1. In particular, if Z(.) is convex at 0 with

respect to the set {0, , j*} then j* = j.

PROOF. By the proposition,

Z(j*)-Z(0) Z(i)-Z(0)
j*

i

but this is precisely the definition of j.

However,
n

vi, 0 < i < j*

does not imply that Z(.) is convex at 0

w. r. t. {0, ... and so we shall establish another less restrictive

definition, much in the spirit of quasiconvexity. For a definition of

quasiconvexity in the case of numerical functions, see Mangasarian

[6]. Before we do so we remark that, as in the more usual case,

strict discrete convexity can be defined by substituting the strict

inequality symbol in the definitions. Further, discrete concavity can

be defined by applying the above definitions to -Z(.). These defini-

tions will satisfy the usual convexity requirements for the continuous

function formed by connecting the graph of the values Z(j) with

straight line segments to form a continuous piecewise linear function.

We shall see in later chapters that we are not interested so

much in convexity at a point with respect to a set as we are in whether

or not there is no point in the interval {j, , j +N} such that



Z(i)-Z(j) Z(j+N)-Z(j)
i-j

DISCRETE QUASICONVEXITY. Our definition is somewhat different

from and more restrictive than the one we would obtain from that

usually formulated for numerical functions.

Such a condition we shall define below as
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DEFINITION 4.5. Z() is said to be DISCRETE QUASICONVEX

over the set J = {j, j+1, . , j+N} if

Z(j+N)-Z(j) Z(i)-Z(j)
i-j for all i E J, i j.

The requirement is that, for a function to be quasiconvex over an

interval, the graph of the value of the function never lies above the

straight line joining the values at the end points. This is a weaker

condition than discrete convexity at an end point over the interval as

in Definition 4.4 since Definition 4.4 implies Def. 4.5 directly, but

one can easily generate a counterexample to show that Definition 4.5

does not imply Definition 4.4. For example, the parameterized

knapsack function described by:

Z(0) = 91

Z(1) = 82

Z(2) = 109

Z(3) = 100

Z(4) = 145
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is discretely quasiconvex over {0, 1, 2, 3, 4} but not discretely

convex.

If we were to simply consider a discrete version of the definition

found in Mangasarian [6], we would only require for a point i in the

set J that Z(i) < Z(j+N) which does not give us the desired char-

acteristic. Discrete quasiconcavity is defined by reversing the

inequality in the definition.

One immediate consequence of the definition is the following:

LEMMA 4.3. Z() is discretely quasiconvex over the set

ri(n 1), ,i(n)}.

PROOF. By Definition 4. 1

A(n) A(n- 1) i(n- 1 ))-Z(J ) Z(i)-Z(1 ) vi
''(n) /(n-1) /(n-1)
3 -3 -j

such that (n-1)
A(n)< i < j , the definition of discrete quasi-

convexity over the set {j(n -1)
j
A(n),

LEMMA 4.4. j = ?(n) if and only if Z() is discretely

quasiconvex over the set 13

1)

PROOF. (=>) The forward implication follows from the pre-

ceding lemma.

(<,) Certainly, j* is a candidate for j(n) since Definition
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4.5 implies that

) Z(j)-Z8(n-1))Ci(n- 1 )
(A)

j*4N(n- 1) 4(n-1)

for all j in the set. The only requirement is for j to be the

largest j <max such that the above relation holds. But, for any

jt > j* such that Z(j') > Z(j*), the only possibility is that

Z(j') = Z(j*) and therefore

1(n 1) <(n-1) iNn-1)Z(j*)-Z(3 ) Z(j*)-Zei ) Z(lI)-Z(3 )

!1/4(n--1) 4(n-1) , 1)
J -J 3 -J

This inequality certainly holds for any

Z(j) < Z(j*) and so

therefore j* iNn)
.

i*

> j* such that

is the largest j such that (A) holds and

We are now ready to study the Basic Problem.
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III. THE BASIC KNAPSACK FACTORY PROBLEM

1. Introduction and Review

Recall that we formulated the Basic Problem as a mixed integer

program in problem (204), a form that was not at all instructive.

Then, under the assumption that the solution to the underlying knap-

sack problem is known, an equivalent integer program was formulated

as problems (205) and (206). This assumption is not considered

unwarranted, because if the factory cannot solve the underlying knap-

sack problem, then they have little basis for searching for the solution

to a sequence of such problems. Then, as a consequence of Proposi-

tion 11.4.1. (II. 4. 2) we realize we need only consider solutions involv-

ing filling knapsacks with j < j* (j > j*) in the upper bound case

(lower bound case). The balance of this chapter will address good

solutions to these problems stated in terms of the parameters of the

problem. We specifically ignore the fact that for any given set of

parameters one may be able to use the techniques of integer program-

ming to generate a good or perhaps optimal numerical solution. Such

a course may not be practical in an industrial environment and is not

helpful in our search for general, parametric decision rules. We

are particularly interested in solutions which lend themselves to

dynamic application, that is, which can be applied knapsack by knap-

sack, taking advantage of the sequential nature of the problem. Also,
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we hope to find solutions which can be quickly calculated based on the

parameters. That is, we would like to establish solutions which can

be computed in a small fraction of the time it takes to fill one knap-

sack, so that the decision rules have some hope of being useful in a

real time sense in applications where knapsacks may be processed at

a high rate, perhaps hundreds per hour. Furthermore, we are inter-

ested in the effect on the solution of M, the number of knapsacks to

be processed, and b, the bound on the number of constrained filler

types. Investigating these effects by solving a large integer program

for each possible pair of values can at best provide a parametric

study of specific cases, which does not provide a convincing argument

for generality.

The approach taken here is to study the relaxation of an integer

program into a linear program to see if the special structure of the

problem will lend itself to our search for simple, good decision rules

and will provide us with answers to the questions of "How good?" and

"How simple?" We shall see that it does.

We will discuss the upper bound case first, problem (205), in

Section 2. This analysis will be in greater detail than that of Section

3, where we study the lower bound problem, problem (206), since the

results there are analogous and where appropriate, can merely be

sketched. We shall see that in the deterministic case we are indiffer-

ent to the order of applying the decisions. Nonetheless, the solutions
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can still be stated in terms of a sequence of instructions to our

knapsack stuffer. This set of instructions offers some insight into the

problem when the number of knapsacks is random, and Section 4 of

this chapter addresses that issue.

2. The Lower Bound Case

A Related Linear Program

The problem has been stated as

max

(205) maximize X.Z(j)
3

imax

subject to / X. = M

j=0

max

jX. < b, b > 0
3

j =1

X > 0, X. integer, j = 0, ,jmax

where X. represents the number of knapsacks filled with j. As a

consequence of Proposition 11.4. 1, we can rewrite (205) as:



(205) maximize X.Z(j)

subject to

j=0

j*

= M

jX. < b, b > 0
J

j =1

X. >0, X. integer, j = 0,...,j*
J
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where 0 < j*

We can disregard the case where j* = 0 because in this case

the second constraint, the factory constraint, is not binding and the

optimal solution is clear. That is, the optimal solution is to set

X
0

= M, X. = 0

is certainly the maximum value of the objective function. Thus, we

assume hereafter that j* >0. Consider the relaxation of (205):

j >0, and the value is MZ(0) = MZ(j*) which

J'
;301) maximize X.Z(j)

j=0

subject to

*

j=0

X. M
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jX. < b, b > 0

j=0

X. >0, j = 0,1,...,j*
J

which is a linear program with two constraints. We shall study this

problem in three cases as follows:

1) M <

2) M > b
(j as Definition II. 4. 1)

J

3) -7 < M <
J'

Of course, in the event that = j, the three cases become two.

CASE 1 (M < 77). In this situation, the factory constraint isJ'
again without content, since it is not binding and does not prevent the

factory from filling each knapsack with an optimal solution. That is,

the solution to (301) is X.,. = M, X. = 0, j J j and the objectiveJ'
function takes on the value MZ(j*). This solution is non-negative,

J'

j=0

J'
= X.,,, = M and jX.= *M < b by assumption, and thus is

j=1

feasible. Certainly, since Z(j) < Z(j*) for all j < j* as a con-

sequence of our choice of j*, one can only decrease the value of
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the objective function by making some other X. positive. Thus, we

have

PROPOSITION 2. 1. If Mj* < b, the optimal solution to (301)

is X = M, X. = 0, otherwise.

Note that this solution is integer valued and therefore is the

optimal solution to (205).

CASE 2 (M> ) Let us proceed to solve (301) using the

simplex procedure. Consider the problem stated in matrix notation,

where transposes are not indicated as they should be apparent.

where

and

max

s. t.

ZX

AX = d

X >0

Z = (Z(0), Z(1),... , Z(j*), 0)

X = (X0, X1, , Xj*, Xs/ )

d = (M,b)

A =
0

1

1

1

2

1 1

3.. ...
1

j*

0

1

Xs/ is a slack variable. Certainly, any basic feasible solution will



consist of two variables. We first establish that under our assump-

tion that Z(j*) > Z(0) > 0, there will be zero slack in any optimal

solution.

PROPOSITION 2.1. Xs/ = 0 in an optimal solution to (301),

when M >77.

PROOF. Assume it is not. Then our optimal basis B will

0be B
1

[ where 0 < j' < j*. Then B-1

CB = (Z(j'), 0) and

Tr. C B
J B

-la Z(j)

= (z(j1), o)[ 1

= Z(j') - Z(j)

At optimality, we require Tr, > 0
J

,

1 0

1

or Z(j') > Z(j) for all

Therefor e j' = j*. Now the optimal basic feasible solution is

X
B

B
-1d

1,,, ][ (M, b -Mj*).-3,- b
M

However, we have assumed M > 77. so that Xs/ b Mj* < O.
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Thus, the only feasible possibility is that Xsi = 0, a contradiction.

As a consequence, we shall find optimal solutions to (301) which
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.i*

result in jX. = b. We see then that in the LP relaxation of the
LLL 3

j =1

Basic Problem, our assumption that j* > 0 and M > (which
i*

implies Z(j*) > 0) causes the optimal solution to use up all of the

restricted filler types. It is in this sense that we observe that the

integer solution to the Basic Problem will also try to reach equality

in the factory constraint, allowing for the integer nature of the

arithmetic. That is, if we round off solutions to (301) to the nearest

integer, we may not use exactly b units of the restricted fillers.

Another consequence is that we shall iterate in the simplex method

using bases of the form B = 1 1
] where, w.l. o. g. , j1 < j2.

31 32

In the interest of efficiency, we shall proceed directly to the optimal

solution as follows. First, we note that the solution is bounded as a

consequence of the fact that the feasible region is bounded and there-

fore, since a feasible solution exists, namely X
0

= M, X. = 0, j >0,

an optimal solution exists.

If we were to start with a feasible solution, for example

X0 = M, X1 = 0, X. = 0 for j > 1 and proceed through simplex

iterations we would quickly discover the following:

THEOREM 2.1. The optimal solution to (301), when M > 7bC ,

is X/..=.N, X =M-K, X. = 0 otherwise.
3 3 0
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PROOF. We have that the candidate for the optimal basic
b bfeasible solution is X

B
= (X ,X4s) = (M- , ) and X. = 0 other-

0 ) J J

wise. Under the assumption that M > , X
B

> 0 and_

X.

j=0

M

j*

3X. = 3
b = b so that our candidate solution is feasible.

J 3

j=1

Now the associated basis is B = [ 41] so that B = L J-1
7S

r -1
3 0 0

The cost vector associated with X
B

is CB = (Z(0), Z(3)) and so

TT

k
= C

B
B

-1 ak Z(k)

A

Z (0 ) Z(k)
3

A
ZW-Z(0)

= k( A ) - (Z(k)-Z(0)).
3

In order for our candidate to be optimal, we require that Tr
k

>0 for

Z(j) -Z(0) Z(k)-Z(0)all k, which implies that /N > 9'4k > 0 but this
3 k

A A
is precisely the definition of j, i. e. we find j by searching for

the largest j which maximizes Z(j)-Z(0) We know j > 0 as a
J

consequence of our assumption that j > 0.

A
We note that in the event there is more than one such j, there

are alternative optima for (301). We have chosen the largest such j

A
as j in Definition II.4.1. in order to reduce the size of the interval

< M < 7s as much as possible, for as we shall see, that case has

a somewhat more complicated solution. Of course, this result
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establishes our interest in the quantity Z(j)-Z(0) and is the

motivation for Definition 11.4. 1. Finally, the optimal value of the
A

Z(j)-Z(0)objective function in this case is b( n ) MZ(0).

A
COROLLARY 1. If j* = j, then the optimal solution to (301)

is, for any M,

X. = min(M, 7)

X
o

= M - X ,

X. = 0 otherwise

Zandthe optimal value is (j *)-Z(0)) + MZ(0).J'

PROOF. Since case 3, 7-77 < M < does not apply here, theJ'
result holds from Proposition 2. 1 and Theorem 2. 1.

Case 3 ( 7.7 < M < 7S ) . The first point we shall note is that inJ'
this case, we have that j < r, and so > 2 as in Definition

2 )11.4.1. That is, we have the existence of at least j . The precise

value of n for the underlying knapsack problem of the basic prob-

lem has an impact on the complexity of any solution algorithm, but

not on the basic idea, as we shall see. Let us proceed to solve this

case by starting with a feasible solution. Consider X0 = M, Xsi = b,

0
B-1, (M,b).X. = 0 0.w. We have ) So

0 1 B
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A
Tr

k
= Z(0) - Z(k), and we know that Z(0) - Z(j) < 0. We shall bring

X' into the basis. In the usual way we search for the
X Bi

} to determine which variable leaves the basis. Since
>

31
0 YJi

-1 1 , M b
yiN = B a/ = r /SI >0, we want the min( , ). We have in this

3 3 3

case M < z , so XA will replace X0. The new basis is
3 0

1 0 -1 1 0/.
1

B = [
-3 1

j.B = [ so Also, the new basic feasible solution
A A

is XB = (X/, X ) = B-1 d = (M, b-Mj) with CB = (Z(j), 0). Now,
3 si

Tr
k

= Z(?) Z(k). We know there is at least one k such that
A

(Z k) > Z(j), namely k = j*, so Tr . < 0, and we will bring X.,,
J"'

into the basic feasible solution. In this event we are searching for the
b-M. 1min(M, ) since y.. = r Ai > 0. Now < M implies

A
A

b < Mj*, so certainly b-Mj < Mj* Mj or M so we
-3

see that we should replace Xs in the solution with X... new
.3""

1 j -1basis is B = [ ) .1], B-1 = =4 [ ], CB
= (Z(j), Z(j *)) and

J

X = (X/.,X.,) = B -1
d, so that

B 3

i*Mb b-Mj
( A , 77-7S- )B 3."-J

We can wonder at this point whether we have found the optimal solu-

tion to (301) under case 3. As we shall see, the answer depends on

N2)the value of j . Now, Tr
k

= CBB -1ak Z(k) so that
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A A
(i*-k)Z(j)+(k-J)Z0 Z(k). (EQ. 1)Tr

k

We want to know if there is a k such that Irk < 0. If not, then the

current solution is optimal.

A
PROPOSITION 2. 2. There is no k < j such that Irk < 0.

PROOF. Suppose there is. Then we have, if we let
A A

j* k = j* j (k-j),

A AA) A
(i*--OZ(j)+(k(ZWI-Z(j)) Z(k) < 0j*-7

A
rearranging terms and multiplying through by (j -j), the result is

Or

A A A A
(j*-j)(Z(j)-Z(k)) + (k-j)(Z(j*)-Z(j)) < 0

(j*-,/j)( Z (1) -Z (k)) < -k)(Z(j*) -Z(1))

A A
and since (j -j) > 0, (j-k) > 0 we end up with

A A
Z() -Z(k) Z(j*)-Z(j)

j-k j*

but Lemma 11.4.1 says that

A A A
Z(j*)-Z(j)

<
Z(j) -Z(0) Z(j) -Z(k)

, j-k

a contradiction.



The result is that we can restrict our search for an optimal
A

solution to those j's such that j < j < j*. We note immediately
A

therefore, that we never consider j, 0 < j < j no matter what

value M has. The upshot is that we are reducing the list of pos-

sible candidates for an optimal solution.

THEOREM 2.2. The basic feasible solution containing X/.`

A J

j*M -b X.,, = 1-iiiciiandX., ( .e. XiN .,, , X. = 0 otherwise) is
J'' 3 3'3 3:v....)

3

b
"LVL

IA
* _ -optimal in (301) if and only if

N2)

and n = 2, that is
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PROOF. (=>) From Theorem 2. 1, and Proposition 2.1.

> 0 in an optimal solution only if M < . If M = , then

based on the results in Theorem 2.1, we can find an alternate optimal

solution where X., = 0 and is in the basis. By the same results,

we see that XA > 0 only if M > b,, similarly, an alternate
J

j*
b

optimal solution with X/:= 0 can be found if M = -.7: . The inter
3 J'

section of these two intervals is the desired region. Now, optimality

implies that Trk > 0 for all k. We have seen in Proposition 2.2
A A

that Tr
k --.0

for all k < j. So we only need consider k > j.
A

0 k)Z 0 )+Sk -j )Z (j*)
Tr k 0 implies that - Z(k) > 0. So, since

(j -J)
A A A A

(j* -j) >0, (j*-k)Z(j) + (k-PZ(j*) > (j*-j)Z(k). If we let
^ A n A

j* k = (j*-j) (k-j), we have, by subtracting (j*-j)Z(j) from both
A A A

sides, (k-)(Z(P9-Z(j)) > (j*-j)(Z(k)-4)). Dividing through by



A A
(k-j)(j*-j) > 0, results in Z(j*);(i)

j -j
but this is exactly the requirement for
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Z(k)-Z(T) A.
> for any k > j

k -j

J'
A(2)

to be j .

(<=) If < M < 7S , the proposed solution is non-negative,

j=0

j*

j=0

= X,N+ X.,,
J J J'

j*M -b +b
j*_1 M ,

6., A . ,33''IVI-3b +3,13 -jr,'M
jX. = j X6 + j = b

A

and so it is feasible. Now, since ,

= this means that
A

Z(j *)-Z(1) Z(k) -Z(j) A
/! > A for all k > j. Since the algebraic argument

i'''.1 k -3

in the first part of the proof works in reverse, we have that Tr > 0
k

A A
k > j. Proposition 2.2 tells us that Tr

k
> 0 for all k < jfor all

and so the proposed solution is optimal.

COROLLARY 1. If Z() is discretely quasiconvex over the

set {73,- ,j*}, and 7-7 < M < 75 , then the solution specified in
j.

3

the theorem is optimal in (301).

PROOF. By Lemma II. 4. 4, 2)= 3 .

Since nothing we have said or assumed guarantees that

/>(2)
= 3 , it is possible that there exists a k such that irk < 0

and that therefore we will bring X
k

in to the basic solution. One
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can anticipate that the simplex procedure will lead us to j(2) in the

event j* if3(2). The variable that leaves the basis depends on the

value of M as we shall see. First, we provide a necessary con-

dition for Tr
k

< 0 where Tr
k

is as defined in Equation 1 of this

section.

then

THEOREM 2. 3. In case 3 where b, < M < z , if Trk <

1) k > j and

2)
Z(k)-Z(0) Z(j*)-Z(0)

k j*

PROOF. 1) is a restatement of Proposition 2.2.

2) From the proof of the previous theorem, we see that
A

Z(k)-Z(j) Z(j*)-Z(-)
Tr < 0 implies that and since k > j, we

k k = j*-7
A A A

have j*Z(k) j*Z(/3 %)-/:jZ(k) + /..)Z(3) > kZ(j*) kZ(j) jZ(j*) + jZ(j)

collecting terms and subtracting j*Z(0) from both sides results in

j*(Z(k)-Z(0)) > k(Z(j*)-Z(0)) + ((j*-k)(Z(1)-Z(0))-3(Z(j*)-Z(k))). If we

can show that the term in brackets is positive, then we are done.
Z(k)-Z(Aj) Z(j*)-Z(I)

Now f. > n and if we let k play the role of
k-j j*-j

/X2)
J in part 3 of Lemma 11.4. 2, we see that, since j* >k,

A
ZW1-Z(k)

<
ZW:1-Z(j)

j-k J'J
and so



Z(j*)-Zik) Z(k)-Z(j)
j*-k k-j

but, by part 2 of Lemma II. 4. 1,

so that

A A
Z(k)-Z(j)

<
Z(j)-Z(0)

k -j

A
Z(j*)-Z(k)

< Z(j)-Z(0)
-j*-k

so certainly (j*-k)(Z(1)-Z(0)) ,i(Z(j*)-Z(k)) > 0 as was necessary

to be shown.

Let us suppose such a k exists. If it does, then of course,

S2) NZ)there exists a j , j < Trand < 0. We shall bring j
(2)

into the basis. Which variable will leave is determined in the usual
XBiway by the min ( ), where in this case,

i
> 0 Yji

so we want the

> 0 ,

/-(2)
1 -1J*4.

A*M-b b-jMMin(
N )

2) /S(2) A
J

66



Let us assume that M ?''(2) and, of course, b b
/>(2) j*
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Then

2) ^ NZ). A N2)/.so that 3*M + jb > j*b + 3M, and sub-1\4(3"-3) >

N2)tracting the quantity 3j4M + j b from both sides we have
A(2) A A(2) A(2) A
(j -j)(j*M-b) > (j -j*)(jM-b) and since (j -j) > 0 but

(2)
(j -j) < 0, this results in

or

A
(*M-b) M-b
iN2) N2)
3 -3' 3 -3

A
.*M-b b-'M

/(2) 6(2)
3 -3

which means that we can replace X. with X/(2). The new basis
3

is

and

1

B =
(2)

, X
B

= (XA,X
A(2)

), C
B (Z(j), Z(1j(2)))

. .

3

-1 -1 1

A(2)
3 -3

r-/(2)
1

X
B

= B
-1d

A(2)
-3

M

1 b

(2), Mj -b b -Mj
t

/.1/4(2) N2) /)
) > O.

3 -j j -j
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We calculate Tr
k

= CBB -1
a

k
Z(k) to check for optimality.

N2) -k A k-i A(2)
Tr = ( )Z(j) + ( )Z(j ) Z(k)

k /.\(2) 4 X2) /N
3 -J 3 -3

which we can rewrite as

or

/N2)
1

A
((Z(j)(j -j-(k-3))+(k-j)Z(j

(2)
) Z(k)

J

A N2) A
A (k-j)(Z(1 /).-Z(j))Z(j) Z(k) +

A
3 -j

Suppose Trk < 0, then, for k >1

Z(j(2)) -Z(j) ) < Z(k)-Z(j)

/(2) A
J -j

but this contradicts the definition of (2) and we know from Propo-

sition 2.2 that Trk > 0 for k < j. Thus, Tr
k

> 0 for all k and

our solution is optimal. We have just proved the following theorem.

THEOREM 2.4. If
2)/N

< M < 7bC , then the optimal solution

to (301) is

/N2) A

=
MX^ -b 12LVIL

3 /X2) '
x/\(2) ,,(2) , , Xj = 0 otherwise.

3 -3 3 j -j



The value of the objective function for this solution is

A(2) A
Z(j"-Z(.1) A

(b-Mj)( )
) MZ(j).

PROOF. After the preceding discussion, the only thing to

establish is the value of the objective function. The value is
A(2)

Xf(1) + X (2)Z(j ) and when we observe that
1\

1 A
1\43

(2) -b b-M.
X/%

NZ) n M
<\

J -3 J -J

(more simply, X/r = M XA(2)) the result is clear.

k(2)On the other hand, if we assume that M >13/j , then we

replace Xn by XA(2) in the basis and we are back in the same

position as before, in that now we are concerned with whether or not

(3)j = j*. We know that this process is finite, and we have provided

sufficient motivation to proceed directly to the following theorem

which generalizes the solution to (301) for any M and b.

NO)Let us first define j = 0 and

X = X
O.

write

Nii+1) +oo, and

Of course, 00 = 0 for b finite. Then, we can

THEOREM 2.5. When < M <
Nn)

3

for

69
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n = 1, ... ,n,;.+1, the optimal solution to (301) is given by:

b-M] (n- 1)
X

6(n) Nn-1)
J -3

x = M - X//(n)

X. = 0 otherwise.
3

The value of the objective function is

^(n-1)b-Mj ^(n) 1:Xn- 1) Nn- 1)
Nn) Nn-1) (Z(j )-Z(j )+MZ(j ).

3 -J

PROOF. For n = 1, so that 7bC < M and X/>= n ,

J J

X
0

= M bA Theorem 2.1 establishes the result.

For n = Ti+1, so that M
i*

MandXo = 0, X. = ,

Proposition 2.1 proves the required result.

So for n such that 2 < n < n, we have that X/Xn) and
J

X are in the basis. Now, under the conditions we know the/(n- 1 )
J

optimal solution is non-negative and clearly sums to M. Further

j*
/Xn- 1)X (n)jX = + j X

Nn -1 ) /Mn)
j=1

(n- 1 )
M

4(n-1)b-Mi n-1)( b-M3
J `/(/`(n)

, Ni-n) Mn-1)' 4s,(n)-4(n-1)) b '
J -3
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so that the proposed solution is feasible. Now the basis associated

with this solution is

so that

and

B =

B-1 1

[1 1

Nn-1) Nn]

4(n) /N(n- 1 ) /.(n- 1)
J -3 1

1 ,("!(n) Nn- 1 ) A(n -1 ) A(n)
Irk A(n) Nn-1) -1c)Z(3 )+(k-j )Z0 )) Z(k)

-3

Suppose Tr
k

< 0, then in the way we have manipulated this equation

Nn- 1)before, we can see that for k >3

iNn- 1) Nn) Nn- 1)
Z(k)-Z(3 ) Z(J )-ZO )

k-3 3
/.%(n-1) > "S(n)

-3
Nn-1) '

n) /(n-1)which violates the definition of j . For k < and Tr
k

< 0,

^(n) j(n) /)(n- 1) Nn- 1)if we let j -k - 3 (k-3 ), we have

i() Nn-1)A(n-1) (Z(3 )-Z(J )) A(n1)(k-j ) < Z(k) - Z(3 )A(n) /'(n-1)
-J

ASince k-j (n- 1) < 0, we see that TT

k
< 0 implies
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A(n) Nn- 1) Nn-1)Z(j )-Z(j ) Z(k)-Z(j )
>

/.`(n)
-.)
Nn-1) k-jl:(n -1)

3

If we apply Corollary 1 to Lemma II. 4. 2 to this case we generate a

contradiction. Therefore, Irk > 0 for all k and we have the

desired result.

The preceding discussion also establishes

COROLLARY 1. The only candidates for positive values in the

optimal solution to (301) are X. for j = 0, I, /,( 2 ) , /61) = i*
J

which is a subset of the indices 0,1, .. . , j*.

N2)We note without proof that the set {j: j=0,j/.`,j , ,j is a

proper subset of the set of all indices unless Z() is strictly dis-

cretely concave on the set of all indices.

We have provided a solution to (301) in general terms which can

be calculated very quickly by hand. If we can establish that we can

quickly generate a solution to (205) from this answer which is good in

the sense that it is within the value of one knapsack filled optimally of

the possible optimal solution to (205) for any M (thus the percentage

of potential loss decreases in M) we will have achieved our goal.
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Heuristic Solution to the Basic Problem

We now have solutions to the linear program (301) and we shall

use these solutions to obtain heuristic solutions to the Basic Problem.

We shall do so in the traditional way of obtaining heuristic solutions

to an integer program by rounding the answers off to integer values in

such a way that feasibility is preserved. We will then establish that

these solutions are "close" in a precise sense to the optimal value of

(205), when they are not in fact optimal.

Let us write our procedure in terms of a solution algorithm, in

which we can summarize the results of the preceding subsection: we

propose the following solution procedure for the Basic Problem:

ALGORITHM 2.1. The parameters of the problem are M, b

and Z(j) for j = 0, 1, . , jmax.

STEP 1. Calculate />(2) 4(n)j,3 J =J in accordance with

Definition II. 4. 1 and disregard all j > j*. Continue

STEP 2. If j > 0, go to Step 3. Otherwise, if j* = 0 set

X
0

= M, X. = 0 for all j > 0. The value of the objective function is

MZ(0). Stop.

STEP 3. If M > go to Step 4. Otherwise, if M <
J

set M, X. = 0 for all

function is MZ(j*). Stop.

j j*. The value of the objective



b bSTEP 4. Calculate n such that
/N(n)

< M <
/i(n- 1)

3

Then, set X [ 13- ] , (where []
mAj(n-1)

/(n) A(n) Nn-1)
3 3 -3

1 <n < n. is the

greatest integer notation), XNn-1) = M - X^(n) and let X. = 0
3

otherwise. The value of the objective function is

b_mINn -1)
r J (n)i(n-1)

A(n) -1".1
,

kJ )+MZ(j ) .

3 -3

Stop.
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This procedure covers all possibilities and we have rounded off

in such a way to guarantee feasibility. That is, the number of

restricted fillers used is Mj* < b in the case covered by step 2./XIn step 3, the number of fillers used is j + j (n- 1)j.(n-
1)

or
3

Since

A(n) /(n- 1) ,(n- 1)mA (n-1) b,[Acnr

/(n-1 /(n-1)b-M1 ) b-M.1
/'(n) A(n-1) /.1(n) 4(n-1)
J J -3

the number of fillers used is < b. According to the convention of
A(n-1) A(n) A(n-1)Section 3 of Chapter I, we will denote (b-Mj )mod(j -j ) as

rn. Note that



75

Nn-1)

n
1/.%(n) 1)(n-I)1[ b-Mir = (b-MjNn-1)

) -3 ^(n) /(n-1)-/
J

Nn) /.(n-1)or 0 < r < 3 -3 . We see that the number of fillers used byn

our solution is b rn and so the number left over is rn.

We see that the cases covered by steps two and three provide

integer solutions which are in fact optimal. The case where j*= 0

is uninteresting and we shall no longer consider it. The case where

j* > 0 and M < b/j* is also uninteresting, but is germane to the

discussion in Section 4 when we consider M random and so we

shall refer to it again.

We point out here that our solution procedure can be translated

in terms of instructions to our knapsack stuffer as follows: for steps

2 and three, "fill all M knapsacks with j*." In step four,

Nn-1)b -Mj /(n)"fill the first knapsacks with j and the remainingNn) /S(n-1)
3 -3

knapsacks with ./?(n-1). Also, we can argue that the value realized

by this procedure can be increased in the event that some restricted

fillers are left over. That is, if the number of restricted fillers left

over, which we have seen is equal to rn, is positive, and there
/(n- 1) 4(n- l ) A(n_ 3.)

exists a j such that j < j < j +rn and Z(j) > Z(j ),

then a rational stuffer would add j-3iN n-1) units of the remainder to

Nn-1)one or more of the knapsacks filled with 3 until he could no
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longer find such a j. We shall refer to this process as the remainder

problem and point out that other than mentioning it, little can be said

in general without assuming more than we desire.

Before we address the question of how good this solution is, we

shall point out a sufficient condition for its optimality. To do so, we

argue that since the linear program is a relaxation of our integer pro-

gram, the optimal value of the Basic Problem has, as an upper

bound, the optimal value of the linear program under the same

parameters. Since we can say nothing about the value of the optimal

solution to the integer program we shall use the optimal value of the

linear program as our standard of comparison. Since the difference

between our solution and the optimal solution to (205) is less than the

difference between our solution and the LP solution, this latter differ-

ence provides us with an upper bound on our potential loss. Thus, it

is a liberal estimate of such a potential loss in the sense that the real

loss is at worst equal to our estimate. As a consequence, if our loss

estimate is zero, then our solution is optimal. This is equivalent to

saying either that the solution to the LP results in integer values of

the variables or what is the same thing, the value of our solution to

the Basic Problem realizes its upper bound, the value of the LP solu-

tion. We formalize this argument in the following:
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THEOREM 2.6. If rn = 0, where

rn = (b-MA j
(n-1) )mod(^ j(n)- 3(n-1)) then the solution to the Basic Prob-

lem specified in our procedure, i. e.

b-On-1)
X = [

n) />(n) A(n-1)1M
J

x/(n -1) = M X
/%(n)

X. =

is optimal in the Basic Problem.

otherwise,

b_ml(n-1)
PROOF. rn = 0 implies that N ] equalsn) Nn-1)

b-MJ (n-1)
J '3

so that the value of this solution to the Basic Problem is
/N(n) i)(n-1)
J

,7,1S(n-1)1 A(n- 1)(n-1)1 Z(J
z ) mzo )

13-Mj i(n) /(n-1)
J

but this is the value of optimal solution to the linear program (301).

Thus, by standard arguments (for example, see Garfinkel and

Nemhauser [1]), this solution realizes an upper bound on the value of

any solution and so it must be that the solution presented is an optimal

solution to the Basic Problem.

Note: Recall that the value of n in this theorem is uniquely

specified by the requirement that Nn) < M <A.(n-1)
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/.(n) Nn-1)COROLLARY 1. If 3 -3 = 1, then the solution is

optimal.

(n) /PROOF. Since rn is an integer less than t
3 -3

(n-1)
, it

must be that rn = 0.

COROLLARY 2. If j = 1, then for M > b, the solution is

optimal.

Nn) ^(PROOF. We have 3 -3
n-1)

1 in this case.

Loss Functions

In this subsection we are interested in determining the value of

our decision rules in terms of their closeness to the optimal solution

to the Basic Problem.

We will use the optimal solution to the associated linear program

as our standard. Accordingly, let LP(M,b) represent the value of

the optimal solution to the linear program for a given M and b.

Let IP(M,b) be the value of the optimal solution to the Basic Prob-

lem and let IP(M, b) represent the value of our heuristic solution.

Since M and b are understood, we shall not continue to indicate

the arguments of these functions. We are interested in IP - IP,

but must settle for LP - IP, in the knowledge that since IP < LP

we know 0 < IP-IP < LP-IP. We now show that LP-IP < 6 where
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S will be specified and is independent of M and b.

THEOREM 2.7. The loss function, LP - IP, is strictly less

than Z(j*) Z(0), for any M and b.

PROOF. We will consider three cases:

1) M < 77. In this case, LP IP = 0 which is certainly less

than Z(j*) Z(0).

2) M > In this case

LP A= b( ) + MZ(0) [4]Z(1%) Z(0) - MZ(0)

= (14 [ ])(Z ()-Z(0))
J J

and we know
r

1b
[b

b mod j
7K 4

J J J 3

r 1 A
so that LP IP = -A (Z(j)-Z(0))

LP-IP < 4/j)-Z(0) < Z(j*)-Z(0).

3) We have

In this case,

LP IP

but 0 < r
1

<

< m
11) 1)

A
implies that

for some n, 2 < n < 13.

Nn-1) Nn-1)[b-Mj
1)(n) Nn-1) A(n) Nn- 1)
J -J J

A(n) 1.(n-1)))

rn A(n) A(n-1)
3 -3

A(n) A(n-1)
(Z(j )-Z(j ))
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So LP-IP < Z6(n))-Z(?(n-1)). For 2 < n <

Z(j*) = Z(j(ii)) > Z(j
(n)

) and Z(0) < Z(A
j
(n-1)) by Lemma 11.4. 2 and

so LP-IP < Z(j*)-Z(0). Since we have covered all possible combi-

nations of M and b, the result holds.

COROLLARY 1. For a given M and b, which determine

n, the potential loss, LP IP, is between 0 and

1.(n) i:`(n 1)
1 -1 -1 Itzi.1(n))_4(n-1))
Nn) Nn-1)
J -J

PROOF. From the proof of the theorem, we see that

Nn-1)
LP - T1; = r (

(n)
)-Z(3 ))n A(n) 1:1/4(n-1)

3

Nfor n > 1 and 0 < rn < j(n) -j n-1). Since rn is an integer, we

have the desired range.

LP-IPWe define the percentage potential loss to be LP

we now show goes to zero as M increases, for fixed b.

PROPOSITION 2.3. Given b, limit LP- IP
= 0.LP

M-1-00

which

PROOF. We have that LP-IP < Z(j*)-Z(0) for any M. Now
b Afor M > 7s , the value of the LP is 7s (Z(j)-Z(0)) MZ(0).

Therefore,
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so the limit
M`

LP-IPlim LP
M

Z(j*)-Z,(0)
< 0

M'00 4(Z(11)-Z(0))+MZ(0)

LP -IP < 0 butLP
LP-IP

LP >0 for all M, since

LP-IP > 0 and the value of the optimal solution to the LP is

greater than the value of the feasible solution, MZ(0) > 0 as a

consequence of the fact that Z(0) > 0. This, it must be that
LP-iT)lim LP 0.

M'00

In order to illustrate these ideas, consider some examples.

EXAMPLE 2.1. Suppose we have a knapsack characterized by

the following parametric generic knapsack function:

Z(j) Z (j ) -Z (0) Z (j ) -Z (j )

Z(0)
Z(1)

=

=

915
950

0

35
Z(2) = 1025 55 0

Z(3) = 1029 38 4
Z(4) = 1095 45 35
Z(5) = 1115 40 30
Z(6) = 1041 21 4

A A
We see that j = 2, j

(2) A(3)
= 4, j = j*= 5 and = 6. Supposejmax

we fix an arbitrary value of b and consider the solution as M

varies. Let b = 120 and consider the following:
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M Solution IP Value LP Value 5 =

10 X5 = 10 11150 11150 0

18 X5 = 18 20070 20070 0

23 X5 = 23 25645 25645 0

24 X5 = 24 26760 26760 0

25 X5 = 20 X4 = 5 27775 27775 0

26 X5 = 17 X4 = 10 28790 28790 0

27 X5 = 12 X4 = 15 29805 29805 0

28 X5 = 8 X4 = 20 30820 20820 0

30 X4 = 30 32850 32850 0

31 X4 = 29 X2 = 2 33805 33805 0

32 X4 = 28 X2 = 4 34760 34760 0

33 X4 = 27 X2 = 6 35715 35715 0

34 X4 = 26 X2 = 8 36670 36670 0

60 X2 = 60 61500 61500 0

61 X2 = 60 X
0

= 1 62415 62415 0

62 X2 = 60 X
0

= 2 63330 63330 0

63 X2 = 60 X
o

= 3 64245 64245 0

64 X2 = 60 X
0

= 4 65160 65160 0

where we have 7K = 60,
N2)

30,3) 24 and all variables not
1

listed equal zero.

This example, of course had parameters which guaranteed that

r = 0 for all n, thus ensuring that the heuristic solution was
n

optimal. This serves to illustrate the value of flexibility in establish-

ing the constraint on the number of fillers. That is, for fixed M,
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if the factory has some small leeway in establishing b, they can
b-M- 1)

3choose b such that is an integer. This involves a
A(n) l'S(n- 1)

A Achange of, at most, the minimum of r or ((j (n) (n-1)-j )-r) unitsn n
^(n) Nn-1). Of course, ifeither of which are strictly less than j -J

rn = 0, then no change is necessary.

EXAMPLE 2.2. In order to demonstrate the effect of a

remainder, let us consider the same situation, but require b = 119.

We note that 41)-Z(0) = 110 and Z(jr)-Z(0) = 200. We now have

the following (as shown on page 84): where

and

=[7.]= 59, [-2) ] 29,
1N

r

L4(3)
= 23.

We note that the loss is always strictly less than Z(j*)-Z(0).

The fact that the loss is constant over any interval

in this case is a direct consequence of the fact that

< <
/(n) Nn-1)

Nn-1)
3 -3 = 2

and so rn is either 0 or 1. Since b is odd and j(n) is

even, the remainder is always 1. This does not hold, of course, in

general, and the loss in any interval can fluctuate between 0 and

./(n) iNn-1)
-3 -1 A(n) A(n- 1)(Z(j )-Z(j )).Nn) Nn-1)

3 -3
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M Solution IP Value LP Value 5 = LP-IP

10 X5 = 10 11150 11150 0

18 X5 = 18 20070 20070 0

23 X5 = 23 25645 25645 0

24 X5 = 23 X4 = 1 26740 26740 0

25 X5 = 19 X4 = 6 27755 27755 0

26 X5 = 15 X4 = 11 28770 28770 0

27 X5 = 11 X4 = 16 29785 29785 0

28 X5 7 X4 = 21 30800 30800 0

29 X5 3 X4 = 26 31815 31815 0

30 X4 = 29 X2 = 1 32780 32815 35

31 X4 = 28 X2 = 3 33735 33770 35

32 X4 = 27 X2 = 5 34690 34725 35

33 X4 = 26 X2 = 7 35645 35680 35

34 X4 = 25 X2 = 9 36600 36635 35

59 X4 = 0 X2 = 59 60475 60510 35

60 X2 = 59 X
0

= 1 61390 61445 55

61 X2 = 59 X
0

= 2 62305 62360 55

62 X2 = 59 X
0

= 3 63220 63275 55

63 X2 = 59 X
0

= 4 64135 64190 55

64 X2 = 59 X
o

= 5 65050 65105 55
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It should be clear that while, if A = LP-IP, A = 0 implies

that our solution is optimal, A > 0 does not necessarily imply that

IP IP. We simply do not know.

On the Greedy Solution

Up to this point we have formulated a simple solution and shown

that the potential difference between our solution and the optimal solu-

tion to the Basic Problem is relatively small and is bounded by a

quantity which does not depend on the number of knapsacks in a shift.

We are interested in determining when our heuristic solution is opti-

mal and have determined that it is whenever that solution corresponds

to an integer solution to the associated linear program. In general,

we can say little else about the optimality of any solution to the Basic

Problem in the absence of specific values for the parameters. There

is one case in which we can make additional statements about the

optimality of the solution, and where we can improve upon our solu-

tion with little extra computation. That is the case when b < M. So

for the balance of this section, we assume that M > b. In this

instance, recall from Section 2 of Chapter II that an alternate formu-

lation was possible which transformed the two constraint Basic

Problem into a one constraint standard knapsack problem which we

repeat here:



j*
(205b) maximize X.(Z(j)-Z(0)) + MZ(0)

subject to

j =1

J'
jX. < b

J

j=1

X. >0, X. integer, j = 1, , j*.
J

(We know that we need only consider j < j*. ) Since M >b > ,

we also know that the optimal solution to the linear program (301) in

this case is X" = , X = M - A
i, X. = 0 otherwise, where j is

3 0 J J

chosen as usual. Clearly, this solution less the X0 component is

the optimal solution to the following relaxation of problem (205b):

J'
(302) maximize X.(Z(j)-Z(0)) + MZ(0)

3

subject to

j*

jX. < b
J

j=1

X. > 0, j = 1, ... j*.
J

In reverse, we can obtain the solution to the equivalent LP

i*
(301) by solving (302) and setting X0 = M

86

So, for the pur-

j=1

poses of this section, we can concentrate on finding optimal solutions
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to the Basic Problem by searching for optimal solutions to (205b) and
j*

then setting X0 = M

that X
0

is also integer.

since X. integer, j > 1, implies

A wealth of algorithms are available for solving (205b) given

specific parameters. For a well known set of these, see Gilmore and

Gomory [2]. We note in passing that Section 5 of their paper also con-

tains an algorithm for solving the Basic Problem since, in the termi-

nology of Gilmore and Gomory, the Basic Problem can be considered

as a specialized knapsack function with a "cutting knife" limitation.

Also, as justification for our approach, we quote from the authors

with regard to their algorithm, "It has the disadvantage, however, of

sometimes requiring long calculations. "

We wish to be able to make more general statements about

optimal solutions to the Basic Problem. To do so, we shall review

some recent theoretical work about a heuristic solution to (205b),

called the "Greedy Solution" in the literature.

The results stated in following paragraphs are taken from a

paper by Magazine, Nemhauser and Trotter [5], subsequently ampli-

fied by Hu and Lenard [4]. They consider the following problem:

(actually, they discuss a minimization problem but we have made the

necessary changes).
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(303)

subject to

fk(y) = max

X. = y
J J

j=1

C.X:
J J

j=1

X. > 0, integer, 1 < j < kJ
where y ranges over positive integers and k = 1,... ,n. They

also assume:

1) a. and C. are integers, 1 < j < n.

2) C1 <
C2

al a
2

3) a. > 0, 1 < j < n.

C

an

4) for some 1 < j < n, a.
3

= 1.

Assumptions 1) and 2) are made without loss of generality.

4) guarantees a feasible solution for all positive integers and 3)

assures that fk(y) is bounded. Also, assumptions 3) and 4) imply

5) 1 = al < a., 2 < j < n.

If Cl is set equal to zero, one obtains an inequality constrained

knapsack problem such as (205b). The Magazine paper defines the

"greedy solutionurecursively by
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X. = [ -Y- ] ,a
k

X

k

i=j+1

j = k

a.X1 j = k-1,k-2,...,1

where [] is the greatest integer notation. They denote the value

of the greedy solution by g
k

(y) and point out that this solution is

"good" in our sense of "simple" in comparison to the algorithms in

Gilmore and Gomory [2].

They say the greedy solution is optimal when
fk(Y) gk(Y)

for all positive integers y (or fk = gk) and the paper then pro-

vides results to establish conditions when fk = gk. The necessary

and sufficient conditions obtained permit one to check if fn = gn. As

we shall note, our heuristic solution is analogous to their greedy

solution. Thus, this result will tell us when the greedy solution to

(205b) is optimal for any b. The result most useful to us is the

following theorem, proved in Magazine et al. [5] and the proof sim-

plified in Hu and Lenard [6]. Obviously f1 = gl, since al = 1.

THEOREM 2.8. Fix k > 1, let fk = gk and assume

a
k+1

> ak. Define mk and rk uniquely by the relations

0 < r
k

< a
k

and a
k+1

= mkak rk mk(i. e. is the least

integer greater than or equal to a k+liak ). Then, the following are

equivalent:
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a. fk+1 = gk+1

b. fk +l(mkak) = gk+1
(m

ka k)

Ck+1 gk(rk) > mkCk

Let us establish the correspondence between problems (205b)

and (303). We are interested in whether fn = gn. We have that

Ck = Z(j) -Z(0) for some j, 1 < j < j* and a
k

equals the same

j. When we rearrange the problem as in assumption 2) of problem
Cn 1)-Z(0)

(303), it must be that Z(
A Our solution says to setan 3

which is equivalent to the first step of the greedyX = XA =
r

7A 1n 3 3

A
solution procedure. Also, for k = n-1, n-2, if a

k
= j > an = j

A
b-jX/N

A
then [ = 0 since we know b 3XA < j. In this event, the

3 3

treedy solution says to set X. = 0 just as in our solution to (205b).

The difference lies in the fact that our solution says to set X,'" = [
J J

X
0

= M Xt., and X. = 0 otherwise, whereas the greedy solution

says that if b - jX.A > 0, as you recursively proceed down the a kls,

k = n-1,n-2,... the first time you find an a
k

= j' which "fits," i.e.

j' < b-jXA < j, you use up as much as possible of the remainder by
b -jXA

]settingX., = [ > 1. One then continues the search for the
A

largest j < b - jXA jX., etc. This greedy procedure is exactly

that alluded to when we discussed the remainder problem; that is, a

rational knapsack stuffer, after having stuffed [bill knapsacks with

3 and having some restricted fillers left over, would fill as many of
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the remaining knapsacks as he could with the next most valuable

j > 0 which uses no more than the amount left over, b 1.

He would continue this until he either used up all the remainder

or could no longer find a feasible j such that Z(j) > Z(0). Only

then would he fill the remaining knapsacks with 0. If we were to

modify our algorithm to allow for this procedure when 7s < M (or

whenever the integer arithmetic forced us to have a remainder of

restricted fillers after we had implemented the solution) then the

optimality of the greedy solution is of interest to us, because it shows

how to realize an optimal solution to (205b), based on a simple pro-

cedure. Unfortunately, the useful result applies to our case only

under certain conditions. First of all, the theorem's requirement

that a
k

< ak +l
is equivalent to requiring that

Z(1)-1 Z(0) Z(2)-2 Z(0) Z(j*)-Z(0) in our problem. As we
i*

shall see, it is still not enough to assume Z(j)-Z(0) Z (j-1)-Z(0)
j j-1

for all j, 1 < j < j*. Note that this assumption implies that = J.

We must assume a stronger condition, that Z() is discretely con-

vex on the set {0, 1, , j*} as defined in Section 4 of Chapter II.

Given this assumption, we show first that shifting the origin does not

affect the definition. Then we show that the second assumption implies

the first and give a counter example to disprove the converse.



LEMMA 2.1. If Z() is discretely convex on the set

{0, 1, ... ,j*}, then Z() Z(0) is discretely convex on the set

{o, 1, , j*}.

PROOF. We have, for 1 < j

Z(j-1)+Z(j+1) > Z(j). If we subtract Z(0) from both sides, we get

< j*-1, that
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2

(Z(j-1)-Z(0))+(Z(j+1)-Z(0)) > Z(j) - Z(0). To check the end points,
2

0 and j*, we investigate the behavior at j = 1 and j = j*-1,

respectively. For j
Z(2)2 Z(0)

1, we must have > Z(1) Z(0).

But we know

j = j*-1,

Z(2)
2

> Z(1) so the requirement is met. For
)the hypothesis tells us that Z(j*-22 +Z(j*) > Z(j*-1) SO

subtracting Z(0) from both sides establishes the necessary condi-

tion.

LEMMA 2.2. If Z() is discretely convex on the set
Z(j+1)-Z(0) Z(j)-Z(0)

j+1 j
{o, 1, ... ,p(}, then for j 1, ,j*.

PROOF. We shall proceed by induction. Now, Lemma 2. 1

above showed that Z(j) - Z(0) is locally discretely convex at any

point j in the interval. Therefore,
Z(j+1)-Z(0)+Z(j-1)-Z(0) > Z(j) - Z(0) for any j > 1. Let j = 1,

2

then the definition says that Z(2)-Z(0)
2

> Z(1) - Z(0) which estab-

Z(j)-Z(0) Z(j- 1) -Z(0)lishes the result for j = 1. So, assume j-1
j > 2. Then, Z(j) Z(0) locally discretely convex at j implies



Z(j+1)-Z(0) Z(j-1)-Z(0) (Z(j)-Z(0))
j+1 j+1 j+1

but Z(j-1) - Z(0) < (j-1)(Z(j)-Z(0)) so

Z(j-1)-Z(0) (j-1)(Z(j)-Z(0))
j+1 j(j+1)

which in turn implies that

or

Z(j+1)-Z(0) (j -1) Z(j)-Z(0)(Z(j)-Z(0)) > 2
j+1 j(j+1) j+1

Z(j+1)-Z(0) 2 (j-1) )(Z(j) Z(0)).j+1 j+1 j(j+1)
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The term in parens is equal to and we have thej(j+1) j(j +l) j

desired result for 2 < j < j*.

We provide the following counter example to show that
Z(j)-Z(0) Z(j+1)-Z(0)

j j+1

Z(j) Z(0) is discretely convex over the set {0, 1, , j';'}. Let

for 1 < j < j*-1 does not imply that

Z(5) Z(0) = 50, Z(4) Z(0) = 36, Z(3) Z(0) = 21. Then

but

Z(5)-Z(0) Z(4)4 -Z(0) Z(3)3 -Z(0)- 10 > 9 > - 7
5

Z(5)-Z(0)+Z(3)-Z(0) 71
2 2

L Z(4) Z(0) = 36.
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We are now in a position to apply Theorem 2. 8 to our problem.

THEOREM 2. 9. If Z() is discretely convex on the set

{0, 1, , j*}, then the greedy solution to (205b) is optimal for any

(hence, optimal in (205) where M > b when we set

XO = M X. ).

j=1

PROOF. If we can show that Ck+1 + gk(rk) > mkCk for all

k, 1 < k < j*-1, and ak+l > a
k as in Theorem 2.8 we can apply

that result to problem (302) to obtain our result. First, we see that

Lemma 2.2 shows that under the hypothesis,
Z(j)-Z(0) Z(0)

, 1 < j < j*-1 so that we have

Ck = Z(k) Z(0) and ak = k. Clearly ak+1 > a k.
Also,

k+1 = 2k (k-1), so that mk = 2 and rk = (k-1) as defined in

Theorem 2. 8. Consequently, gk(rk) = gk(k-1).

The solution corresponding to gk(k-1) is Xk = 0, = 1,

X. = 0 otherwise, giving us that gk(rk) -1.) = Therefore, in

order for the greedy solution to be optimal for fixed k+1, i.e.

gk+1 fk +1' we require ck+i + gk(rk) mkCk or

Z(k +l) - Z(0) + Z(k-1) Z(0) > 2(Z(k)-Z(0)) but this is precisely the

definition of local discrete convexity, which is valid for all k,

1 < k < j*-l. Therefore, the greedy solution to (205b) is optimal

for any b.
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The paper by Magazine et al. [5] also provides a generalized

version of Theorem 2. 8 which does not require a
k

< ak This

theorem can be applied to our case when specific parameters are

cited, but does not provide us with insights in the generality we

desire in this paper and so will not be restated here.

Improving the Solution

Let us restrict ourselves to the situation where M > A. In

this case we chose to set X. = [ Px], X - [173s], = 0 other
J J

b Awise, which results in a value of [ A ](Z(j)-Z(0)) + MZ(0). We did

so because we know n (Z(?)-Z(0)) > (Z(j)-Z(0)) for all other

by definition, and so, if our problem were a linear program, we

would realize the optimal value by setting XA = 7,, X = M A,
3 J 0

X. = 0 otherwise. Unfortunately, the fact that

7bjC

A(ZW-Z(0)) > 7 (Z(j)- Z(0)), 0 < j < j* (A)
3

does not guarantee that

b A
[ ](Z(j)-Z(0)) > [ ](Z(j)-Z(0)), 0 < j < j*, (B)

an anomaly of modular arithmetic. In this section we will provide a

necessary condition to determine when the above situation does not

hold. We will establish the fact that for b large enough A does
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imply B. Then, we provide a slight modification to our algorithm to

take advantage of this situation which can only improve our solution

with very little additional complexity.

First we wish to find conditions for the existence of a j such

that although lAZ()-Z(0) > 14, (Z(j)-Z(0)) we have a situation where

b 4[ 7s.](Z(j)-Z(0)) < [ ](Z(j)-Z(0)). In order to make subsequent

analysis easier we shall make some notational definitions.

DEFINITION 2. 1. Let

Note that if

Z(i)-Z(0)

Pi Za)-Z(0)

Z(i)-Z(0) 0, which would be the only i we might
i

be interested in, then 0 < p. < 1 by the definition of
A
J.

b , A
DEFINITION 2. 2. Let A.

I
= ](Z(j) -Z(0)) [ ](Z(i)-Z(0)).

is the difference between the value of our solution and the value

of one where we set X. = [12. ] , X0 = M - [ 12:] and X. = 0 other -
1

wise.

DEFINITION 2.3. Let r. = b mod i.

r.

PROPOSITION 2.4. If A. < 0 then r. <
1 1
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PROOF.

{ =

J

We know 2bc(Z(j) Z(0) > 7(Z(i)-Z(0)). Substituting

Z(i)-Z(0)we have A. > r.1 1
Z(i)-Z(0) Z(j)-Z(0)A. < 0, then r. . r^ A < 0. Furthermore

A
Z(j)-Z(0)

J J
Thus, if

1 1 1 J J

Di < 0 implies that [ JZ(i) Z(0) > 0 since [7..-](Z(j)-Z(0)) > 0

Z(i)-Z(0)which in turn implies > 0 so that p > 0 and we have

r. < r.( 1 ) as was to be shown.

COROLLARY 1. If p = 1 and Ai < 0 then r. < r..
1 j

PROOF. Trivial.

COROLLARY 2. If rt.= 0, then A. > 0.1
rA

PROOF. r. > 0 implies r. > and so the corollary is the
L p

contrapositive of the theorem.

This is, of course, a restatement of the fact that ix. = 0 implies our

solution is optimal in the Basic Problem.

COROLLARY 3. If A. < 0, then Z(i) Z(0) > 0.

PROOF. From the proof of the theorem.

We can show that in the case where p. = 1, i.e. , that
1

Z(i)-Z(0) Z(ii-Z(0) that the respective remainders determine

which is a better solution.



THEOREM 2.10. When

r. < r'.
1

P.
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= 1, then Ai < 0 if and only if

PROOF. (=>) follows from Corollary 1 above. (<=) Since
A

p. = 1, 14 (Z(i)-Z(0)) = lis (Z(j)-Z(0)) and we saw in the previous
1. 1

3 A
Z(j)-Z(0)result that this implies A. = (r.-r6)( /N ). Since

1 1 j JA
Z(j)-Z(0)" > 0, r. < r/N establishes that A. < 0.

J 1 3 1

AThis result says that if we have an i, necessarily less than j

because of the definition of j, such that p. = 1, then we choose

the solution to use according to the minimum of b mod i and

b mod j.

This is easily made a part of the solution algorithm since it

involves a trivial calculation.

In the case when p. < 1 for all i, we can show that for b

sufficiently large, our original choice of j is correct, i. e. that

A > 0 for any i.
1

THEOREM 2.11. When p. < 1 for all
Z(i)-Z(0) > 0, let p = max p.. Certainly

i

then A. > 0 for all i < j*.
1

i < j* such that
/.\

p > 0. If b > 1=-=1-p

j A
PROOF. b > 1-1

p
implies that b(1-p.) > j-1 for all i such

that Z(i)-Z(0) > 0. Now
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so we have

A A
b(1-p) = b( Z(i)-Z(0) Z(i)-Z(0) j

- Zrn-Z(0)

A
Z(j)-Z(0) Z(i)-Z(0) ) > (j-I)A Z(1

b(
)-Z(0)

i

for any i such that Z(i)-Z(0) > 0. But,

A
(1- A-4")) (Z(j)-Z(0)) > Z(1kZ(0)

3 J 3

since ris < 3-1. Also, for such that Z(i)-Z(0) > 0,
3

Z(
A
j)-Z(0) r (Z(i)-Z(0))A

A
-1)

Z(j) Z(0)--0
J

Therefore, combining the two inequalities, we have

b A b Za.)-Z(0) Z(i)-Z(0)7s(Z(j)-Z(0)) - (Z(i)-Z(0)) > 1"/> A - r.
i

which is equivalent to Ai > 0 for i such that Z(i)-Z(0) > 0.

We can show by the contrapositive to Corollary 3 to Proposition 2.4

that Z(i)-Z(0) < 0 implies o, > 0 for any b, thus completing

the proof.

A

COROLLARY 1. If A < 0 then b < 1-p

PROOF. By the contrapositive to the theorem.
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We can generate tighter bounds than those presented in the
A

Z(j)-Z(0) Z(i)-Z(0)preceding theorem if we note that r,.( ) r. ( . ) is
JA I

equal to (r/...-p.r.)
Z(j)^Z(0) and that

I I

Therefore,

b(
Z(D -Z(0) (Z(i)-Z(0))) = b(1-p.) Z(j)-Z(0)

b > 1-p.

for all i such that Z(i)-Z(0) > 0 implies that Ai > 0. The

proof of this statement follows the same line as the above theorem

and so we state the result as a corollary without proof.

COROLLARY 2. Under the conditions of Theorem 2.11, A. > 0
1

r"-p. r.
for all i < j* when b > 3 I I for all i.1-p.

PROOF. As above with the additional note that if r,' -p.r. < 0
J I 1

we know > 0. Since b > 0 the result holds trivially.

The net result of the discussion in this subsection is that we

can add the following modification to step 3 of our solution procedure

for the Basic Problem:

3a. If M > 7s find max {(min(M, [ b ]))(Z(j)-Z(0))} and, for
3

the i which corresponds to the maximum value, set
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X. = min { M,[ b D , X = M Xi, X. = otherwise. The value of this
1 0

solution will be greater than or equal to [ RZ(1)-Z(0)) + MZ(0).

STOP.

3. The Lower Bound Case

The Linear Program Relaxation

The Basic Problem in the case where the constraint requires at

least a certain number, b, of the restricted filler types to be used,

was formulated in Section 2 of Chapter II as Problem (206):

max

aximize X.Z(j)
3

subject to

j=0

max

= M

j=0

max

X. > b

j=1

X. > 0, X. integer for all j = 0,1, , jmax .
J

As we noted in Theorem II. 4.2, one can show that you should not

consider any X. such that j < j* as a candidate for the optimal

solution to (206). Recall that in this "lower bound" case we choose
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the largest alternative optimal value of j to designate as j* in

contrast to choosing the smallest such value in the upper bound case.

We do have the additional restriction that an optimal solution to (206)

exists if and only if Mjmax > b, since otherwise no feasible solu-

tion exists. We note here that if Mj* > b, the factory constraint is

vacuous, since the optimal solution to (206) is clear in this situation;

X. = 0 otherwise. That is, the factory constraint poses no

restraint on the knapsack stuffer at all in the sense that he can fill

each knapsack with the optimal solution to the underlying knapsack

problem and disregard the factory constraint. Therefore, we restrict

our attention to the interesting case where Mj* < b. Furthermore,

the case where j* Jmax is also uninteresting because there are

only two possibilities, either there is no feasible solution or

X. = M, X = 0 otherwise, is optimal. So, we assume
Jmax

j* < jmax . As in the upper bound case, we shall write (206) as

maximize

subject to

max

X.Z(j)

j=j*

max

M

j=j*
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max

jX. > b, b > 0

j=j*

X> 0, X. integer, j= j*,' 'imax

We could go to the trouble of converting the indices to some

j' = j_ j* for j = j*, jmax but will not, in order to keep the

underlying knapsack function's role clear.

As before, we shall work with a linear programming relaxation

of (206);

(304) maximize

subject to

max

X.Z(j)
3

j=j*

max

X. = 1\4
J

j=j*

max

jX. > b
3

j=j*

x. > 0, j = j*, ' imax
3

Since we have already elaborated the simplex procedure for this

particular problem in Section 2, we shall dispose of the surplus vari-

able rather than the slack variable, which provides the only difference
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in the A matrix and then proceed to the principal result, a counter-

part to Theorem 111.2.5. Let X stand for the surplus variablesu

required to put (304) in standard form.

PROPOSITION 3.1. X = 0 in an optimal solution to (304)su

when Mj* < b (and, of course Mj
ax

> b).

PROOF. Assume X > 0. Then the optimal Basis will besu

[
1 0 ,

[
1 0 ,

B = L j where j* 1
L< j' < jmax. So B = 11,

CB = (Z(j'), 0) and Tr. = Z(j') - Z(j), which implies that j' = j*
J

since optimality requires Tr. > 0 for all j. However the corres-
J

ponding optimal basic feasible solution, XB
= (X.,, X ) is, ofsu

-1course, B d = (M,Mj*-b ). We have assumed that Mj* < b , so

therefore X < 0, a contradiction. It must be that X = 0.
su su

This result tells us that, just as in the upper bound case, the optimal

solution to the linear program relaxation of our problem results in

equality in the second constraint. So, in a loose sense, we will try

to get as close as we can to equality in the second constraint when we

find the optimal solution to (206).

We shall proceed directly to the solution to (304). First, we

require the following definition and lemma, which have their counter-

parts for the upper bound case in Section 4 of Chapter II.



DEFINITION 3. 1. Let (1)

1) 0 < j* < j (1)
< and

2)
-:(1)Zej )-Z(j*) Z(j)-Z(j*)
7(1) j-j*
J -j*

be the largest

for all j, j* <

such that

J jmax
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Then, given j
(1)

, we define sequentially, for n > 2, (n) to

be the largest j such that

-(n- 1) -.-(n)
1) 3 < 3 < j

max

7(n-1)

and

2)
Z(j(n))-Z(-j (n-1)) Z(j)-Z(-j(n-1))

-1-(n) -r(n- 1 )
'3 J-J

for all

< j jmax . The sequence of (n),
s is finite as a conse-

quence of the fact that i if finite and consequently there exists

-T.1an n > 1 such that 3
(7) = jmax . We shall define (0)

.

= to

simplify future discussion.

(1)In order to find j , which we shall denote hereafter as j,

we search for the largest j which results in the maximum of

Z(j)-Z(1*)
j-j*

negative quantities. Upon finding

over j > j*. Note that we are searching over a set of

J, we will have found the small-

est incremental loss per unit of restricted filler given we have to

increase the number of fillers beyond j*. Further, we are assured
.of the existence of at least j, as long as we define 3 = j* in the

case where j* = jmax a case in which we have little real interest.



We defined (0) 3)",
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and so we can say that for 1 <n <27,

(n) 1)
Z(1 )-Z(i ) Z(1)-Z(i )

-(n) -(n -1)
>

J i-3

thatsuch . We can establish that:for all j s
<

j
3max

LEMMA 3. 1. For 1 < n < n,
.1) If 3< <

(n), then

Z(j)-Z(1-.-(n-1) -.-(n) .(n-1)
<

(n)
)

<
Z(1 )-Z(1 ) Z(3 )-Z(j)

7( n 1 ) 7 (n ) 7(n-1) -(n)
J-3 3 -J 3 -i

-r2) If 3
(n) .

< < Jmax then

(n) . (n-1) 7.(n- 1)Z(j )-Z(j) Z(j)-Z(3 ) (j )-Z(1 )

-.(n) . < . --(n -1) 7-(n) -r(n- 1)
J -3 3-3 J -J

PROOF. This is exactly the same statement as parts 2b and 3

of Lemma II. 4. 2, except that we have replaced the symbol j(n)

with (n) to distinguish the lower bound case.

The reason we cannot just apply Lemma 11.4.2 directly is that

part 2a no longer holds (and part 1 is redundant). Instead, we can

write this result.



LEMMA 3.2. If j > j.7(n)

Z(j) < Z(j (n)
).

for 1 < n < n-1, then
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PROOF. We have that Z(j)-Z(j*) < 0 and j-j* > I-j*.
Z(j)-Z(r) Z(j)-Z(r)Thus, and it follows from the definition ofH* H*
Z(I).-Z(r) Z(j)-Z(j*)

Z(j) -Z(j*) > Z(j)-Z(j*) which establishes the result for n = 1. So

(n-1)assume it for n-1. Then Z(j (n) ) < Z(j ) and

T that Then it must be that

.

>
4 -n)

-3
-7(n-1) together imply that

-:(n-1) .1)Z(j)-Z(3 ) Z(j)-Z(14-
)

>
-.-(n-1) -.(n) -(n -1)

i-3 3 -3

.7(n)The definition of j leads to the fact that

(n) ( n-1)) > Z(j)-ZZ(j )-Z(j Z(j)-1)). This is equivalent to the desired

result, which therefore holds for any n.

With these basic elements, we can now show:

THEOREM 3.1. When < M <
-.-(n) -:(n- 1) '
3

1 < n <7, the optimal solution to (303) is given by:

b-Mj-(n -1)
X

-.4n) -(n) 7(n- 1)
3 3 -J

for
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X7(n-1) = M - X

X. = 0 otherwise.
J

The optimal value of the objective function is

(n) .-(n-1) Z(j )-Z(1 (n-1)
) -(n-1)(b-Mj )( ) + MZ(j )

-(n) 7.(n-1)
J -J

which is equal to

-(n-1) -(n)
7(n) Z(j )-Z(j )

Mj b( ) + MZ(j
J

.r(n)
-J

PROOF. Consider the basis for (304) containing X.7(n) and

X-An-1)'

so that

1 1

B =
[....(n-1) 7(n)

B-1 1

[7(n)
-J
7(n-1)

-J
-:(n- 1 )

3

-7(n)

and the basis cost vector is (Z(j (n-1) ), Z(.)7(n) )). Then

X = B
-1d M1

(n) -b b-Mj-(n-1)
= (X X

7(n)
.

-.-(n) 7th-1) ( n
J -J J -J
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X
B

> 0 since
-7

< <
7(n- and

(n) )

and further

max

L1 j
X = x

.7(n-1)
+ X = M

( n )

max
'7(n-1)jx. = J X + 3 X

(n)
= b.

So our proposed optimal solution is feasible. In order for our pro-

posed solution to be optimal it must be that Trk = CBB
-lak Z(k) > 0

for all k. Now,

(n)
-i) 7(n-1) -7'(11-1)

Tr - (i Z(i ) +
7(

'jn))

7(n-1)
Z(3 (n)

) - Z(k)
k .T(n)

3 -3 3 -3

(n-1)Suppose, for k > j that irk < 0. Then by suitable rearrange-

ment (see Theorem 111.2.4) of the expression for irk, we have that

Z(k)-Z(j (n-1))
>

k-j7-(n-1)

(n) (n-1)Z(j )-Z(i )

.(n) 7(n-l)
J

which contradicts the way we have chosen j
(n)

> T(n-1). Suppose

k < 37(n-1) -7(n) -4n) -7(n-1) -7(n-1)),and irk < 0. If we let 3 k = 3 3 (k-3
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we can show that Tr
k

< 0 implies

-(n-1) (Z(j (n) 1 ))-Z(i ) -(n-1)(k-j ) 7.(n) 7(n-1)
< Z(k) - Z(j )

3 -J

and since k < 7( n-1)
, we have that

-.-(n) -7(n-1) -(n1)
Z(i )-Z(1 ) Z(k)-Z(i )>

-7-(n)
-3

--.- k-j(n-1) -;(n- 1 )
3

We can apply Corollary 1 to Lemma II. 4.2 to this case if we let
(n) /(n)

J = 3 and see that this is a contradiction. Therefore, irk > 0

for all k and we have established that our candidate solution is

indeed an optimal solution.

Heuristic Solution to the Basic Problem

As before, we propose a heuristic solution to (206) based on

Theorem 3.1 and the discussion leading up to that result. We will

state the solution in terms of an algorithm.

ALGORITHM 3.1.

STEP 1. If Mjmax > b, go to Step 2. Otherwise, stop.

There is no feasible solution.

and
J

X. = 0 otherwise. This is the optimal solution to (206) and the value



of the objective function is MZ(j*). STOP.

7STEP 3. Determine j, j (2)
j

(17)
=

that
(n)

< M <
7(n 1 )

. Set
3

X
M1

(n) -b
-:-{n-1) -7(n) -r(n-1)

J -3

= M X-r(n
-1)

3

max

X. = 0 otherwise.

The value of the objective function is

STOP.
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Find n such

u Rzi.-(n-1)) v(n) mz(i(n))
-4n) l)
J

We point out that this rounding off is the opposite of that in the

upper bound case in that we have rounded off the direction which will

increase the number of restricted fillers used, in order to guarantee

imax

that jX. > b.
3

j=j*

Of course, if there is no remainder when we

take the greatest integer less than or equal to
7.(n)

MI -b
7(n) -7(n-1)
3 -J

then

there is no rounding off. In fact, in this event our solution is an

optimal solution to (206).
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Just as in the upper bound case, there is an opportunity to

improve our solution if there is a remainder, which we will again

denote by rn. In the event that rn > 0 and there is a 5 such

-.4n) .7(n-1) -4n)that j j - rn or j - rn where Z(j) > Z(j ) or

Z(j) > Z(j ), we can instruct our knapsack stuffer to fill one

knapsack with j rather than (n) 7(n-1)or 3 and improve the

solution somewhat. Since this possibility is entirely dependent on

the specific parameters of a particular situation, we will pursue it

no further.

Finally, we will show that this solution procedure has a value

which is within a specified amount of the optimal value of the solution

to the LP (304) no matter what value M has. We define the loss

function to be the difference between the value of the linear program

for a given set of parameters (LP) and the value of our solution

(IP) and denote it by LP - IP. We note that n is determined by

the algorithm.

THEOREM 3.2. LP-IP < Z(j *) -Z(jmax ) for any M and b

such that Mj > b.max

PROOF. We must consider two cases:

1) Mj* > b. In this event LP - IP = 0 so the result holds.

2) Mj* < b. In this case, we have, by simple subtraction, that



where

1) (n)Z(1 )-Z(3 )

n
LP - IP = r(

J -J

(n) (n) -7(n-1),r = (Mj -b) mod (j -j )n

113

-(n) -(n-1) -(n-1) -(n)
Now rn < j -j so that LP-IP < Z(j -Z(j ). As a con-

sequence of Lemma 3.2, Z(j7(n) ) < Z(j7( n-1)
) and so

--(71) 7(n)Z(j ) < Z(j ) for all n < 371. Of course Z(j*) > Z(j (7-1)) and

so LP-IP < Z(j*)-Z(3 (17) ). Since

have the desired result.

7(71) .

imax by definition, we

It is clear that the necessary parallels between the upper bound

case and the lower bound case are easily drawn and so we will just

content ourselves with the basic results of this section.

Equality in the Second Constraint

The discussion in this section pertains to the case where the

second constraint, (the factory constraint) requires the knapsack

stuffer to use exactly b units of the restricted filler, no more and

no less. We have seen that this poses no problem in the linear pro-

gram relaxations of the Basic Problem, since the optimal solution to

either the upper bound or lower bound case results in exactly b

units of the filler being used. As a result, the stuffer would only need

to determine if Mj* > b. If so, and equality is required, then he



114

would proceed as if he were in the upper bound case. Conversely, if

Mj* < b, he would use the solution to the lower bound case. Of

course, if Mj* = b he has no problem at all. We note that the

existence of alternative optima to the underlying knapsack problem

create a choice so that if any value of j such that Z(j) > Z(i) for

all feasible i results in Mj = b, the answer is clear. Further-

more, if there are two alternative optimal solutions to the underlying

knapsack problem, say jt and j2, such that Mjt < b < MjZ ,

then a linear, integer combination of X
4(

and X. may exist
Jz

where jf c
+ = b. The resulting solution is certainly optimal.

Of sfcourse, some linear combination of the X. exists such that

j
2jrX., + j*X., = b but it may not be integer. If it is not, we can

choose to look at both the upper and lower bound solutions in the man-

ner described below and choose the best.

Of course, we need an integer solution to the problem and we

are more concerned with the case where Mjt < b for all or

where Mj* > b for all j*. In these cases, the stuffer will choose

the appropriate upper or lower bound case and investigate integer

solutions to the problem using the algorithms we have derived. If

there is no remainder, he is done, since he knows that exactly b

units of filler will be used. This follows from the fact that the solu-

tion to the linear program is an all integer solution. If a remainder

exists, he must fill a knapsack with that remainder to meet the
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equality constraint. (In the event a remainder exists in the lower

bound case, he must "take out" the remainder from some knapsack in

reality, but we will ignore the distinction. ) This is a problem similar

to the remainder problem we have already discussed except that here

the requirement to use all b of the fillers may result in a total

value less than that indicated by our algorithm. Since the remainder

must be less than j* in the upper bound case, this loss will be less

thatn Z(j*) - Z(rn) where rn is the remainder. In the absence

of any specific information for a particular problem we see that the

total potential loss from our algorithm if we insist on filling the last

knapsack in such a way that we use up exactly b fillers is strictly

less than 2Z(j*) - Z(0) - Z(rn) where rn > 0, in the upper bound

case. Similarly, the total potential loss in the lower bound case is

strictly less than 2 Z(j*)-Z(rn)-Z(jmax). There is no point to

further discussion in the absence of specific values of the parameters.

4. Simple Decision Rules for M Random

The purpose of this section will be to investigate the effect on

the factory when the number of knapsacks processed in a shift, M,

is a random variable. Since an extension to the lower bound case is

straightforward, we shall do so solely in the context of the upper

bound problem. Further, to avoid the algebraic complications of the

discussion in Section 2 , we shall assume that the known upper
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bound, b, is large in the sense of Theorem 111,2.11. We have seen

that the heuristic solution to the Basic Problem (205) provides the

factory with a good, simple solution procedure when M is known.

However, the solution (or decision rule) used depends on the value of

M falling into a certain interval. Furthermore, in certain instances,

the solution requires a knowledge of the exact value of M to calcu-

late the number of knapsacks to be filled with the appropriate j.

Nevertheless, one can certainly envision applications where the num-

ber of knapsacks to be processed in a shift depends on any number of

factors and is, for all intents and purposes, a random variable. We

shall study a certain class of decision rules in such an operating

environment.

Let M be a random variable with distribution F. We

assume that the mean and variance are finite. The integer nature of

M means, of course, that F is a discrete distribution over a

countable probability space. As a consequence, we need not be con-

cerned with difficulties involving the measure theoretic aspects of

probability. Denote the mean and variance by 1-L and v2 respec-

tively.

If we imagine that the factory can observe a realization of M

prior to the beginning of a shift then, of course, the decision rule for

the shift is that specified in Section 2. From this viewpoint, the

expected return to a shift is easily calculated. However, this



117

situation is essentially the same as the deterministic case in the

sense that M is known before the decision rule is chosen. Of more

interest to us here is the situation where M is not known until the

end of the shift, but the factory must adopt decision rules which pro-

vide solutions for the first and succeeding knapsacks.

For the purpose of study, we shall assume that 3*
/(2)

= 3 in

the underlying knapsack problem. This assumption is made solely in

the interests of exposition as it covers the interesting cases while at

the same time avoids much of the extra algebra and notation required

to discuss the problem in full generality. In short, we lose nothing

by the assumption in terms of insight. Furthermore, extensions to

more complex cases are easily made. With this assumption, the

results in Section 2 establish that we only need to consider three

ranges of M:

1 ) 0 < M < [ ]
34

2) L
, b] < M < [b]

i J

3) [7b 0 < M
3

Recall that the solutions associated with these intervals are

(M is an integer):

1) X. = M, X. = 0 otherwise. The associated value is
J* 3

MZ(j*).
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A

b-M.2) X., = [ , = M X. , X. = 0 otherwise. The

b -Mj A A
associated value is [ ](Z(j*)-Z(j)) + MZ(j)

[
b

3) X/) = J X
0

= M - X", X
3

= 0 otherwise. The associated
J J

bvalue is [ 7.](Z(jA)-Z(0)) + MZ(0).

We note immediately that the factory cannot choose the decision

rule associated with the second interval in advance of knowing M.

That is, they cannot provide instructions to the stuffer on how many

knapsacks to fill with j* because that number depends on M in

such a way that the value of M must be known in advance. This is

not the case with the decision rules associated with the first and third

intervals since the factory can choose either of those decision rules

without knowing M. That this is the case is clear when we realize

that these rules can be translated into instructions to the stuffer as

follows:

"Start filling knapsacks with j (or until you either run
Aout of knapsacks (i. e. reach M) or there are less than j(j*) of

the restricted filler types available. That is, when you have filled
b br
7. , ([ ]) knapsacks. Fill any remaining knapsacks with 0. "
J

We shall not discuss the remainder problem, which occurs when

> [ 7.0b(
b b

> [ ]),
3

except to note that a positive remainder can only serve to improve

in the absence of any further assumptions,

your solution.
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We shall call decision rules that state "fill knapsacks with j

until you either run out of knapsacks or units of the restricted filler

types" simple rules and refer to them as Rule j, denoted by R(j).

Such rules are characterized by the fact that they are made in

advance of the shift and are carried out for the shift without change.

Certainly rules which permit changes during the sequence of

knapsacks, either as a mixture of simple rules which the factory is

committed to in advance of the shift or which permit changes based on

increasing information on the value of M gained as knapsacks

arrive (i. e. based on conditional probability ideas), may be better in

an expected value sense than a simple rule. Nonetheless the simple

rules have the advantage of including optimal rules for certain ranges

of M, by which we mean rules which achieve the same result as

our decision rule for the deterministic case. For example, R(j *)

is truly optimal when the realization of M is less than or equal to

b/j* and thus is optimal with probability equal to the probability that
A

M is less than or equal to b/j*. Similarly, R(j) is good and

perhaps optimal with probability equal to the probability that M is

greater than or equal to the greatest integer in b/.t

In the interests of providing a start in the analysis of a

stochastic version of the Basic Problem , we include a study of the

behavior of simple rules in this section. We adopt as our criteria the

expected value realized on a shift under decision rule j, which we
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shall denote as E(R(j)). We shall use the following notation: Let

A = {x : 0 < x < [

B = {x:[ < x < [ ;3k]}

C = {x : [ .;:c ] < x}.

Then,

P(A) = Probability that M E A, etc.

A
Now, if P(A) + P(B) = 0 then certainly we would adopt R(j)

all the time. Similarly, if P(B) + P(C) = 0, we would adopt R(j*).

Thus, we assume that P(B) > 0.

or

A
Consider the expected value of R(j), E(R(j)). Now

00

E(R(j)) = J R(j)dF(t)
0

z-1 0
A A

E(R(j)) = J tZ(j)dF(t) + J z(Z(j)-Z(0))dF(t)
0

oo

+ J tZ(0)dF(t)

where z = [ j. We can write

z-1 A
E(R(j)) = (zw_z(0),g tdF(t) [ ](Z(j)- Z(0))P(C) + 1-LZ(0).

0



b ASince the first term is not larger than [ .1(Z(j)-Z(0))(P(A)+P(B)),

A A
we see that E(R(j)) < [ b RZW-Z(0)) + pZ(0). Therefore, if

J

µ >[J
J
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A
and we were to adopt rule j based on the mean value of

M, then our expected return is bounded above by the value we would

obtain by setting M = p. in Section 2 of this chapter.

Similarly, we can show that

oo

E(R(j*)) = tz(J*)dF(t)+.5- .(zo*)_z(0))dF(t)
0 .+1

co

+.51 tZ(0)dF(t),
x+1

where x=[1.4,-].

= (Z(j*)-Z(0)).5 tdr(t) + [ .b, ](Z(10-Z(0))(1-P(A))+11Z(0)
0

and that E(R(j*)) < [ H(Z(j*)-Z(0)) +p.Z(0).

In general, we see, for any j,

E(R(j)) = (ZW-Z(0)) S1 tdF(t) + [ b ](Z(j)-Z(0))P(M > x)
0

where x=[14] .

In theory, given F, one can find the j which maximizes

E(R(j)), since the number of candidates is finite. Further, if we

denote the expected value of M given that M is less than or

equal to x as la , we can simplify the notation by writing, when
x



x= [

or
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E(R(j)) = (Z(j)-Z(0))(4xP(M < x)+xP(M > x)) + µZ(0)

E(R(j)) = (Z(j)-Z(0))(x+(lix-x)P(M < x)) + p.Z(0)

Alternately, setting x
b

], we can write

E(R(j)) = (Z(j)-Z(0))([b ] +P(M < /2)(1.1. -[b ]) + p.Z(0)
[12]

A
Let us compare the two obvious candidates, R(j) and R(j*).

AThe value of rule j, denoted R(j), and the value R(j*) for the

three intervals are:

R(j*) R(j)
A

A MZ(j*) MZ(j)

B [ 7](Z(j*)-Z(0)) + MZ(0) MZ(j)
)"

C
/s[ ,](Z(P)-Z(0)) + MZ(0) [ ](Z() -Z(0)) + MZ(0)

A
We wish to know whether E(R(j*)-R(j)) > 0 in order to choose

A A
between R(j*) or R(j). Let 5 = R(j*) R(j). Then, over the

ranges indicated, we have:



A:

B:

C:

5

M(Z(j*)-Z(1))

[ ](Z(j *)-Z(0)) m(zw-Z(0))

1(z(j*)-z(0)) - [ ;3s ](z(P)-z(o))

123

We note that for M E A, 5 > 0 and for M E C, 5 < 0 since we

have assumed that b is large enough in the sense of Theorem 2.11.

In any event, if M E C and 5 = 0, then it is clear that the prob-

lem has no content in the sense that R(j *-) is certainly optimal.

3,In effect, which we assumed not to be the case. So, we

have that 5 < 0 when M E C. Therefore, it must be true that

5 = 0 for some x E B. If we set 5 = 0 for some x, say M,

A
in B we have [ --7](Z(j*)-Z(0))-M(Z(j)-Z(0)) = 0 or

i'-
z(i!)-z(o)
z6)-z(o)J."

following:

If we recall Definition 2.1, we have the

PROPOSITION 4.1. 5 = 0 when M = [ 14] p., .

Of course, there is no guarantee that M is an integer but it
A

provides us with a convenient break point between R(j) and R(j*)

as shown in Figure 4.1. Also on the figure is the value of the optimal

solution to the linear program (301). Of course, the figure is a con-

tinuous representation of what is in reality a discrete valued function.



Value

Optimal value of LP

R(j)

R(j4c)

rbi
i*j i* [4] 13.%

J J

Figure III. 4. 1. Values of R(j) and R(j*) versus M.
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COROLLARY 1. If P(M < = 0, then E(6) < 0.

PROOF. An immediate consequence of the fact that 5 < 0

for M > M.

In general, if we set x = [ ], z = [ ],

A z-1
E(6) = (Z(j*)-Z(j))tdF(t) [ (Z - Z(0))c1F (t)

0 x +1 j-

Z - 1 co

(Z(jA)-Z(0))tdF(t) [

x+1

z

co

b
] (Z(j *)- Z(0))dF(t)

If we add and subtract the quantity .51 (Z(j)-Z(0))tdF(t) in this
0

expression, we get

A z-1
E(8) = (Z(j*)-Z(0))Y tdF(t) (Z(j)-Z(0)) tdF(t)

0 0

, b A[ ,bZ3(Z(j *)-Z(0))(P(B)+P(C)) 7%1 (Z(j)-Z(0))P(C)

One can manipulate this equation in a number of ways to derive

conditions for E(b) to be negative, none of which are any more

instructive than this form.
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Another question of interest is this, "How much does the simple

rule cost us in the sense that because of the random nature of M

we cannot realize the full potential of the decision rules of Section

2? " To study the question, we will compare the expected value of the

rule j to the expected value of the heuristic solution, IP(M),

which we could have realized had we known M in advance. We

shall conduct the analysis specifically for rule j to illustrate the

process. For the same intervals as before we have the solutions:

IP
A

A. MZ(j*) MZ(j)

A
b-Mi A A

B. [ ](Z(i*)--Z(j)) MZ(j) MZ(j)

A
R(j)

4
C. 00(ZW-Z(0)) + MZ(0) [ ](Z(j)-Z(0)) + MZ(0)

A A

Let the loss function, o (j) = IP - R(j). Then, for the usual intervals,

we have:
A

o (j)

A
A. M(Z(j*)-Z(j))

A

B. [1347:k(ZO*)-Z(j))J"J
C. 0

A
Figure 4. 2 provides a graphic example of the loss functions, 0 (j)

as well as A . This graph portrays typical loss functions as



B

A

0

A
A = (Zj*)-Z(j))

bB = (Z(j) -Z(0)) [ ,..](Z(j),1/4)-Z(0))
r's

A (j*)

0
b
j* M

b

J

AFigure 4. 2. o (j*) and (i) vs. M.
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continuous functions when they are not, but serves to illustrate their

general behavior. We can write the expected value of the loss as

A A
z-1 A

E(6, = (Z(j *) -Z(j)) tdF(t) b.ti ] F(t)
0 x+1

r bwhere x = [ ] and z = L 7:c _I. It is difficult to work with the
J* 3

greatest integer notation and so we shall place an upper bound on
A A

E(A) by noting that A . Then,

A A X z- 1 Ab-tiE(A(j)) < (Z(j*)-Z()) tdF(t) (77-liodF(t)
0 x+1

and the right hand term in brackets becomes

Or

A z-1
tdF(t) 77,L7N) J tdF(t) + 473NP(B)

0 3 x+1

77:1

z-1
/s (j*--jA ).S tdF(t) - j tdF(t) + bP(B) .

3 0 x+1

Rearranging terms and substituting for p.
x

as defined earlier, the

term in brackets becomes

( 7.7-7s (j*p. P(Z)-jp.z-1(P(A)+P(B))+bP(B)).
.1"--.1

Therefore,



i*,

A
Z(N-Z(j) A A

j*-3 x z-1

When we apply the same analysis to the loss created by rule

A (j*), the following results:

INTERVAL A (**)

A. 0

B. b.-111i- RZO*)-Z(ij))+M(Z(?)-Z(0)) - [-:14 ](Z(j*)-Z(0))

C. [ lA](Z(j
*

)-Z(0)) - [ ](Z(*) Z(0)).
3 i

Therefore,

where
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z-1 A -1
E(A (j*)) = (Z049-4) s [.:4).ddF(t)+(zo)_z(0)).cz tdF(t)

,c+1 3-3 x+1

7-
z -1b ,

L JCZO*)-Z(0))S dF(t)
* x+1

co
b A

[70(ZW-Z(0)) [77 ](Z(j *)-Z(0)))51 dF(t)
z

b br

j*x =
r

and z = 7s J. If we eliminate the greatest integer

quantity under the first integral and consolidate, we get the following

bound on the expected loss:
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A
(Z049-Z(0) iNZ(j)-Z(0)-i(ZO*)-Z(0)).11z-ltdF(t)

E(.6, (N) < b.,A P(B) + 6
3^'-3 3-3 x+1

[1:2](Z( -Z(0))P(C) [ P](Z(j*)-Z(0))(P(B)+P(C)).
3*

We note finally that this upper bound is in fact a good estimate

of the loss. If we denote this bound by K, and we note that
A

L-11 - one can easily show that
A A

K > E(L,(5*)) > K (Z(j*)-Z(j))P(B) > K - (Z(j*)-Z(j)). As a conse-

quence, we shall use the value of K as our conservative estimate

of the expected loss. This expected loss can be interpreted as the

price the factory pays for being content to take the knapsacks as they

come rather than collecting all the knapsacks in the shift before the

shift begins, thereby knowing the value of M.

EXAMPLE 4.1. To illustrate the above discussion we shall

consider a specific example. It is not unreasonable to consider a

situation where the factory knows bounds on the number of knapsacks

to expect but the actual number realized is equally likely for any

value within those bounds. That is, the distribution, F, is the

discrete analog of the uniform distribution as follows:

P = P(M=x) = 1

x b-a+1

= 0 otherwise

x = a,a+1,...,b

a >0



We note that

so that

and therefore

or

i=a

b
V. b(b+1)

2

i=1

i=1 i=1

b (b+1)+a(a-1)
=

2

b
oo

p. = tdF(t) = xP
0 x=a

b

x b
2 +b-a 2+a b+a

= b-a+1 2(b-a+1) 2

x=a

Also, if a < c < d < b, c, d integer,

and

P(c < x< d) = J dF(t) =

d

X=C

d-c+1P
x b-a+1

dtdF(t) = xP = d(d+1)-+1)c(c-1)
x 2(b-a

X=C

131
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Let us modify slightly example 111.2.2 in order to meet the assump-

tions of this section, that is so that j* = j . Consider the following

underlying knapsack function:

Z(j) Z(j)-Z(0) Z(j)-Z(0)

0 915 0 0

1 950 35 35
2 1025 110 55
3 1029 114 38
4 1055 140 35
5 1155 200 40

Thus j
A A(2)

= 2, j* = 5 = j . As before, b = 119, which is certainly

larger than .-12- 1 55
40) and so b is "large enough."1-p 1-p 15 13 55

[
b , Z(F
j-

)-Z(0)
41W e have that M = L , i -2- . In order to have an

, Z j)-Z(0) 11

interesting example, we shall require positive probability for values

of M less than 42, in accordance with Corollary 1 of Proposition

4.1. Therefore, we shall assume the following density function:

Px = P(M=x) = 1 23 < x < 59
37 _

= 0 otherwise

[
b

[
bwhere we note that L ] = 23 and 7s = 59. Further p. = 41

J''` 3

1 1 A
and P(A) = , P(B) = 5 and P(C) = 37 We calculate E(R(j))

37 37

as



which equals

58

Z(1) - Z(0) xP
x

b µZ(0)+ [ n](Z(j)-Z(0))P(C) + z(0)

x=0

58
113 0 593(17 10) + 41(915)

7

x=23

or 42025. If we proceed to do the same for all j, we have the

following result:

j E(R(j)) (to the nearest integer)

1 38,950
2 42,025
3 41,541
4 41,495
5 42,115

Consequently we would choose R(j*) despite the fact that it is
1

37optimal in the sense of this section only with probability
A

is the same probability that R(j) is "optimal."

EXAMPLE 4.2. Let us take the same problem except to

133

This

A
modify the distribution a little to see if the answer shifts to R(j):

Let the distribution F be characterized by this density function:

1Px = P(M=x) = 29 < x < 58
30

= 0 otherwise
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In this case, p. = 43.5. Proceeding as above, we have

i E(R(j)) (to the nearest integer)

1 41,325
2 44,588
3 44,040
4 43,863
5 44,403

A
Now we would choose rule j as the best simple rule, even

though it is "optimal" with probability 0.

EXAMPLE 4.3. What is the expected value of the loss function

for R(j *) in Example 4.1. We have define it as

E(lTD-R(j*)) = E(A (j*)) and we calculate a bound

58

E (A j*) < 119P(B) +(1115-1025) 5(110)-2(200) 1 xP
3 3 x

x=24

Or

and we know that

Therefor e,

+ 59(110)P(C) - 23(200)(P(B)+P(C))

E ( A ( j * ) ) < 1016

A
E(O, (j*)) > 1016 - (Z(j*)-Z(j))P(B) = 931.

931 < E(.6,V)) < 1016.



Using the upper bound as a conservative estimate, we see that the
1016expected loss is 42115 x 100 percent = 2.41 percent

135

of the expected

value realized over the shift by rule j*. Another way of looking at

it is that if one observed the realization of M before filling any

knapsacks, he could realize an expected value at least 931 greater

than that using the best simple rule, i. e. realize an expected return

greater than or equal to 43,046. Alternately, it costs the factory at

least 931 per shift on the average to use rule j* rather than go

to the expense of determining the number of knapsacks in advance.
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IV. THE COMPLEX KNAPSACK FACTORY PROBLEM

1. Introduction

The preceding chapter provided a good and simple solution to a

problem consisting of a sequence of identical generic knapsack prob-

lems linked together by a single constraint on the permissible number

of certain types of fillers used during the sequence. The next level of

complexity in the knapsack factory problem is to remove the restric-

tion that all the knapsack type problems in the sequence be identical.

We call this next level the Complex Problem despite the fact that

there are certainly more complicated variations.

The problem was formulated in Section II. 3 as follows:

Let K be the number of different knapsack types found in a

shift. Let Mk be the number of knapsacks of type k processed

during a shift, k = 1, Also,, K. Let M = Mk. Zk(j) is the
k=1

value of one knapsack of type k filled with j, which has the mean-

ing described in Section II. 1. Let X
kj

be the number of knapsacks

of type k filled with j. Note that for a given k, j is an integer

between 0 and jmax( a maximum value which can differ for

each knapsack type. The Complex Problem is:
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(207) maximize

and

subject to

K
jmax(k)

X
ki

.Z
k

(j)

k=1 j=0

jrna.(k)
X

k
= M

k
, k = 1 , ,K

j

j (k)max

jX < b
k

(> b)
j

k=1 j=1

,X> 0 X integer for all k and j and b > 0.
kj ki

For each knapsack type k, k = , K, we shall define, in

exactly the
N1) N2)
3k

same way as Definition II. 4. 1, the quantities
/S(n)

, k
which characterize the underlying generic knap-

/N1) ik. Thus, is chosen so thatsack function of type

for all j , 0 < j <

superscript n = 1

AZk(j (1) )-Z
k

(0) Z. (j)-Zk(0)

(
1 )

k

i
3

jmax(k), etc. As before, we shall drop the

and merely write k.
Note that we have dropped

the redundant subscript k in the interest of clarity, so that

Zk(j) = Zk( jk). Furthermore, we shall restrict our analysis of the

Complex Problem to the upper bound case (< b) in the same
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interest. The translation of the results achieved to the lower bound

case (> b) is straightforward given the discussion in Section 111.3

and will not be pursued here. In the upper bound case, a simple

extension of the argument used in the Basic Problem will show that

we can restrict our search for good or optimal solutions to those

knapsacks of any type that are filled with j where 0 < j <

k = 1, , K. Recall that Jk is the parametric solution which cor-

responds to the optimal solution of the underlying knapsack problem of

type k. Consequently, we will replace the index imax(k) with

jk wherever the former appears in the formulation (207).

Without loss of generality, we shall order the knapsack types so

that

n A
Z

k
(j)-Z

k
(0) Zk+1(j)-Z (0)

k+1
/A

Jk Jk+1

for k = 1, , K. In the event of a tie, we shall require that

4 4 A /.\
> 3 If Jk+1k k+1

break the tie arbitrarily.

Further, to reduce our notational requirements, we shall adopt

the following convention:

A (k, Nn) /Xn-1)

Nn) Nn- 1)
Z k (3 )-Zk(j )

J
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We note that the index n can range from 0 to n where, for k

_
fixed, n is defined by Definition II. 4.1. Of course, n may differ

6(71)
3k 3kfor different k, but it is always the case that

We assume hereafter that
K

k=1

jtMk > b. Otherwise, the

problem is uninteresting in that the factory constraint is not binding

and the solution is apparent:

Set

Xkj* = Mk k = 1, ... ,K

X . = 0
kj

otherwise.

Finally, we note that the case where each knapsack in the shift

is different but its type is known is handled in this formulation by

setting Mk = 1 for all k. By the type being known we mean that

the underlying knapsack function for each knapsack is known prior to

the shift (i. e. prior to solving (207)).

2. The Linear Programming Analogy

As usual, we shall exploit the special form of the linear

programming relaxation of (207) to arrive at a simple procedure to

obtain an optimal solution to the LP. Then, we shall easily obtain

an algorithm which provides us with a good and sometimes optimal

solution to (207). We note that the solution procedure does not



require access to a computer linear programming package and can,

in fact, be done "on the back of an envelope."

Consider this problem:

(401) maximize

and

k=1

Jk

X
k J

.Z
k

(j)

j=0

i*
Jk

subject to Xk = Mk, k = 1, K
j

j=0

i*K k

jXkj < b, b > 0

k=1 j=1

X
> 0 1 < k < K, 0 < j <i)

This is a linear program with K+1 constraints where the

right hand side is integer.
K
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Since we have assumed that j*k M
k

> b, it should be clear

k=1

by the same argument we pursued in the Basic Problem that a slack

variable in the last (factory) constraint will be zero in an optimal

solution. Thus, we can easily put (401) in standard form by making

the factory constraint an equality. By standard form, we mean that

one can write (401) in matrix notation as:
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maximize CX

subject to AX = d, d > 0

and X >0.

In this instance,

X =

X10

X11

XKj*

C

ZK(j*)

d

M1

MK

and A has the following form,

rl 1 1 0 0 0 ... 0 0 ... 0

0 0 0 1 1 1 ... 0 0 ... 0

0 0 0 0 0 0 ... 0 0 ... 0

A =

0 0 ... 0 0 0 0 ... 1 1 ... 1

0 1 ... j 0 1 2 ... 0 1 ... jpc.

and has dimension K+1 by j*+1). Certainly K+1 <

k=1 k=1

and so any basis matrix, B, has dimension K+1 by K+1. Further-

more, as a direct consequence of the block diagonal structure of the

first K rows of A and the fact that all entries are either 0 or
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1 in the first K rows, it is also clear that the first K rows of

B each have to have at least one positive element (equal to one).

In fact, K-1 of the first K rows must have exactly one positive

element and one row must have exactly two ones, all the other entries

must be zero. Furthermore, each column of B must have exactly

one element equal to one and all the rest are zero, if we ignore the

last element in each column (i. e. the K+1st row). The last row of

B is made up of components drawn from the set of feasible j's.

That is, the last element in the kth

between 0 and i*

Therefore, B must look like

column can be an integer

nth column
t^'N

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1 1 0 0
(throw

0 0 0 0 0 1 0

0 0 0 0 0 0 1

i2 i3 j1+1 iK

where 0 < ji < , 0 < jK < j'k and, without loss of generality,

we can assume 0 < j1 < j:t < j .



143

It is this very tractable structure for B that enables us to

pursue the analysis and derive a solution algorithm.

We require the inverse of B, denoted B1. To obtain the

inverse we shall perform elementary row and column operations on
A

B to obtain a matrix, B, whose inverse is easily derived. Then

recalling that row transformations on B translate into column
n_ 1

transformations on B-1, we can return from B to B-1. First,

we note that as long as we recall which variable a column is associ-

ated with, the order of the columns in a basis matrix for an LP is

not relevant. Accordingly, we shall move the 1th and / +1st

columns to the end of the matrix and otherwise preserve the order,

that is, if bk is the kth column of B, we now have

B = (bi, b2, . , bi . , bK, , 131 +1). Next, we shall

insert the lth row (the row with two l's) between the last and
A

second to last row of B, otherwise preserving the order. Then we
A

can partition B as

A
B =

0

C D

where I is a K-1 by K-1 identity matrix, 0 is a K-1 by 2

matrix all of whose elements are zero. We see that

1-o 0 0

C =



and has dimension 2 by K-1 and

D =
it

`j1
J
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A_1
where D is 2 by 2. Consequently, if we partition B in the

same way and write it as:

we have that

Therefore,

E F

G H

EI + FC =I

DF = 0

GI + HC = 0

DH = I

H = D-1

G = -D1C

F = 0

E = I.

Now D -1 is easily written,

D-1 - 1

)
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and so

1 1j1 +j2 +jic-s
G

31-i/
-ji -iz -4(

Thus

d 0 0 0 0 0

0 d 0 0 0 0

0 0 d 0 0 0

A - 1
B =

1

d
0 0 0 .. d 0 0

i
1

i2 i3 jK it./ -1

-j
1 -j2 -j3 -jK -j1 1

where d = j:12-j1 > 0.

As long as we recall the transformations that have been made,

it is as easy to use B-1as in the analysis. Nonetheless,

we see that we can also write, using the appropriate transformations:

B-1 =
1

/th column

d 0 0 0 0

0 d 0 0 0

0 0 d 0 0

i2 j3 j1 +1 jK -1

-j2 -j3 -it -j/4-1 jK

0 0 0 0

0 0 0 0

0 0 0 0

0 0 d 0_,

)/th row
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Again, d
1

31 -31

A non-trivial consequence of the form of the inverse of any

basis described above, in concert with the fact that the right hand

side, d, is integer, is that at least K-1 of the variables in any

solution to (401), and thus in the optimal solution, are integer valued.

Therefore, the optimal solution to (401) is a good start on the solution

to (207).

The preceding discussion provides us with the necessary tools

for working through the simplex procedure to solve (401). The reader

can easily perceive that doing so would be excessively tedious, if for

no other reason than the notational morass. We shall not do so.

Instead, subsequent sections of this chapter will be devoted to a dis-

cussion of an extension to the greedy solution to the Basic Problem,

which we can consider as an initial basic feasible solution. This will

be followed by a discussion of a solution algorithm and then a demon-

stration of the optimality of the solution generated by that algorithm.

3. The Complex Greedy Solution

AWe showed in the Basic Problem that when Mj > b, the

optimal solution to its linear program relaxation, (301), was given by

= 7.c , X = M 7.% , X. = 0, otherwise. We shall define an
J 3 0 3 3

analogous solution in the Complex Case and show that this extension
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is not necessarily optimal. Necessary and sufficient conditions for

such a solution to be optimal will then be derived. The analysis of

this case will provide valuable insight and motivation for the solution

to (401).
A

The analogy to the condition Mj > b in the Basic Problem is
K

that jkMk > b. Accordingly, we assume this to be the case.
k=1

DEFINITION 3. 1. Let k be an integer such that
(-1

A
0 < k < K, jkMk < b and j

k
Mk > b. By our assumption

k=1 k=1

above, such a k exists.

DEFINITION 3. 2. The Complex Greedy Solution (CGS) is:

X A = Mk ,
kj

A
X

kj
= b jkMk,

k=1

3k

X
k0

= Mk - X
kj

,A

Xk0 = Mk ,

k < rc-1

k =k

k =

k >

We have defined this solution in such a way that it is feasible in

the standard form of (401) under the current assumption. The value

of this solution can be written:



or

-1

Z = / MkZk (I)

k=1 k=k

A
MkZk (0) + X....

k
A(Z-(j)-Z-(0))

kj k

k -1 K

Z = M
k

(Z
k
(j)-Z

k
(0)) + X-A(Z ('A)-Z

R
(0)) + MkZk (0) .

kj R i
k=1 k=1
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We are interested in whether or not this solution is optimal.

In order to answer the question, we shall consider the normal simplex

procedure commencing with the CGS as the basic feasible solution.

The associated basis is

1 0 0 ... 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 . 0 0 0 ... 0 0

B= 0 0 0 1 1 0 0 0
) (kth

0 0 0 0 0 1 0 0
(k+ist

0 0 0 ... 0 0 0 0 1

/N

il
....

6
J2

/N

.33
/ 0 0 0 0

...

By the process discussed in the preceding section, we can

easily find
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*r. d 0 0 0 0

0 d 0 0 0

0 0 d ... 0 0

0 0

0 0

0 0

- 1 1 A A A
B =

d 31 32
j/4 4 4

-31 -32 -J3
... -3-k 0 0 1

... ... .

0 0 0 0 0 0 0

0 0 0 0 0 d 0

where d = -3
k
--. We have

A A A
CB (Z

1
(j),Z

2
,... , Zk(j) Z-(j), Z-(0), -

+1
( O ),...,Z K(0)).k k

Furthermore, if we designate the column of the A matrix corres-

ponding to X . as ak
., we note that akj = ek + jeK+1,

J k3

k = 1, ,K and j = 0, ... where e. is the .th
3

column of

the K+1st order identity matrix. To check the optimality of this

solution, we compute the optimality criterion,

if 'Tic; °

where

for all k and j. We can write

k j ' and determine

Irkj k
(j)

J

Tr = C B -1
a kj= C BB

- 1 (ek+jeK+1)kj B

We will proceed to do so by cases.
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Case 1: k > k+1

A
Z-k (j)-Z-k (0)

Trkj = j( A ) - (Z
k
(j)-Z

k
(0)).

3IT

A
We know by the way we have ordered k and by the definition of j,

that

Zk(j) -Z
k

(0)
A (7, 1) > A (k, 1) >

for all k > 17+1 and for all j, 0 < j < jk. This is equivalent to

stating that Tr > 0 for all k > R+1 and for all j, 0 < j <
kj

Case 2: k =

A
Zk k

(i)-Z-(0)
Tr-. = j( /.. ) (Z-k (j)-Z-k (0))

kj
k

By the definition of

jA (R, 1) - (Z- 0 )-Z-(0)).

/Is we have that A (k, 1) >
Zk(j) -ZR(0)

, 0 < j < 1, which implies TrRj > 0 for all j, 0 < j <

Case 3: k < k.

A A
Trkj = Zk(j) - Zk(j) - (jk-j)A (1-c, 1)

for all

jk

within this case, we must consider the following subcases (recall that
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A
jk jk implies = 0 for k <

a. j = 0.

We can easily see that Trk0
> 0 since we know that

A (k, 1) > A (1-Z, 1), by the way we ordered k.

Ab. 0 < j <

From Corollary 2 to Lemma II. 4.1, where we set A = A (Tc, 1),
A

we can see that
Zk(j)-Zk(j)

31<-3

> A (R, 1) or equivalently Tr > 0 for
kj

all j, 0 < j < /j>. By now, we may have lulled the reader into think-

ing we have found the optimal solution to (401). Unfortunately, we

have not necessarily done so.
A

C. j < j < j*.

If it were true that Tr > 0 in this instance, then we would
ki A

Zk(j)-Zk(j)
have the equivalent condition that n . < A (k, 1). We know

3-3
_

from Lemma II. 4. 1 that

A
Zk(j)-Zk(j)

A (k, 1) > .

k-J

and also that A (k, 1) > A (1K, 1) for k < k, but these two conditions

do not guarantee that Tr . > 0. That is, it is possible to have the
k

situation where

A
Zk(j)-Zk(j)

A (k, 1) > > 1)
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which would imply that Tr < 0.kj

First, we note that if there exists a k' < k such that

Irk 0, then we must have A (k', 2) > A (k, 1) since
kj

A
Zk(j)-Zk(j)

A (kl, 2) > .

for all j > j by definition. Therefore, we can restrict our search

for non-basic variables as candidates to enter the basis to those X kj's

such that k < k and />(2)
Jk

Second, we have proved the following:

K

THEOREM 3.1. If 1
k
Mk > b, then the Complex Greedy

k =1

Solution is optimal in (401) if and only if there does not exist a

k < k such that A (k, 2) > A (R, 1).

COROLLARY 1. If = j* and k < then Tr > 0 for
k k kjJ

all j, 0 < j < j*.

PROOF.PROOF. jk j* necessarily means there does not exist a

>

Of course, if for each k < k we have that Zk() is dis-

cretely quasiconvex over the set {0, , then by Lemma II. 4. 4

and Corollary 1 above we know that the CGS is optimal.
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COROLLARY 2. If k < k and A (k, 1) = A (1T, 1) then

Tr >0 for all j, 0< j<
kj

PROOF. Obvious.

The conditions specified in Theorem 3. 1 are easy to check and

provide us with a means of determining quickly whether or not the

CGS is optimal in the LP. If it is, we can derive a good integer

solution from the CGS since we immediately have at least K-1

integer basic variables. If X-4s is integer, then so is X- and
kj k0

the CGS is optimal in (207) directly. If X_/;\ is non integer, we can
kj

write a feasible integer solution as follows:

X /N = Mk
kj

k -1

b- j
k
Mk

k1
X - ki. =j Jk

X =M -XA
Ro ki

X
k0

= Mk

X = 0
kj

k <

k >

otherwise.

If we compare the value of this solution to the value of the CGS,

which in this case is an upper bound on the value of the solution to
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(207), we are assured that the difference between our good solution

and the solution to (207) is strictly bounded above by
tc-

(b' mod .1\17)6. (1Z, 1), where b' = b - jk Mk, which in turn is

k=1

strictly bounded above by Z
k
-(1) Z-(0), a quantity which does not

depend on b or Mk for any k.

4. A Solution Algorithm

The preceding section addressed a special case of (207), that

K

where we have .1 1>

k
M

k
> b. Nonetheless, the discussion was

k=1

illustrative of the nature of the problem in general and provides some

motivation behind our solution algorithm for problem (401).

The essence of the solution procedure is to choose those

feasible solutions which realize the most return to an incremental

increase in the number of fillers in the special class. In this light,

A (k, 1) represents the maximum return per unit of j over and

above j = 0 in knapsack type k. Similarly, A (k, 2) is the maxi-

mum return per unit of j given that you are going to increase the
A

number of constrained fillers beyond jk and so on. This would be

a simple matter of rank ordering the various A (k,n)ls except that

on the one hand we only have Mk knapsacks of a given type and on

the other hand we can only choose one jk to fill every knapsack of
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a given type for K-1 of the knapsack types. Of course, the particu-

lar j chosen can change from one type to another. Furthermore,

we must have exactly two different solutions spread among the knap-

sacks of the one remaining type.

The algorithm described below is designed to cascade down the

incremental returns (the A (k,n)ls) in decreasing order while pre-

serving feasibility until exactly b units of the restricted filler

types are used up.

CASCADING ALGORITHM 4. 1. STEP 1. Calculate A (k,n)

for all k and for all n, 1 < n < Fi(k). Continue.

STEP 2. If there is a k' such that jk, = 0, by definition

we set A (kl, 1) = 0. Continue.

STEP 3. Reorder the variables so that o (k, 1) > A (k+1, 1)

1:\ A
for all k, 1 < k < K. In case of a tie, choose so that Jk > ik+

1

=
A N

If A (k, 1) = A (k+1, 1) and jk jk+i then make an arbitrary choice.

Continue.

STEP 4. Set XkO = Mk for all k, set X
k

= 0 otherwise.
j

Continue.

STEP 5. If jM > b
k k

go to Step 6. Otherwise, set
k=1

Xkj* = Mk for all k, X
k j

= 0 otherwise. Go to Step 11.

K

STEP 6. If j
k
Mk < b go to Step 7. Otherwise,

k =1
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determine k by Definition 3.1 and see if there is any k < k such

that A (k, 2) > A (i c, 1 ) . If so, go to Step 7. Otherwise, the CGS is

optimal, so set

X /. = Mk
kj

b lkMk

k=1
.%

kJ Jk

X- = M- - XA
k0 k kj

Xk
=

j
0

for k < k,

otherwise.

Go to Step 11.

STEP 7. Arrange all A (k, n) in descending order without

regard to k or n. In the event of a tie, choose the one with

largest k first. Thus, we can associate with any A (k, n) a

K

unique integer i, where i ranges from 1 to Fik and we

k=1

kknowthat A.( ,n) > A i+1 nI) for any k, n, k' or n'.

NOTE: In the event of a tie where A (k, n) = A (k', n'), there

exists the possibility of alternative optimal solutions, depending on the

value of b. Nonetheless, we are actually indifferent to the method

of breaking a tie.
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PROPOSITION 4.1. 0
1
(k, n) = A (1, 1). That is, the

max max A (k, n) = A (1, 1).
k n

PROOF. By Lemma II. 4.2, for fixed k, A (k, 1) > A (k,n) for

all n, 1 < n < n. By the way we have ordered k, A (1,1) > A (k, 1)

for all k > 1.

STEP 8. Set i = 1. There is a unique . associated with
Xkj

every A (k, n), namely X
kj

X
We shall call the associated

kj

with A.(k,n), X(i). There is a specific value of Mk as sociated

with every A (k, n) by the value of k. We shall denote the Mk

connected to A.(k,n) by M(i). Set X(1) = M(1). We know that

this is equivalent to setting X1,?= Mi by Proposition 4.1. Set

A

X10
0. Set T = j1M1. Continue.

STEP 9. Set i = i+1. With every i there is associated only
Nn)

one k and one J which we call k(i) and j(i). Does

k(i) = k(j) for any j < i? If not, set X(i) = M(i) and set

Xk(i), 0 = 0.

If so, set X(i) = M(i) and set X(j) = 0. Note that

k(i) = k(j) means that the A (k, n) uniquely associated with i has

the same value for k as the A (It', n') associated with j and

n = n'+1. Also, if k(i) = k(j) for some j < i, we must already

have set Xk(i), 0 = 0. At this stage of the algorithm, we are ensur-

ing that only one variable associated with knapsack type k has the
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value Mk. Set T(i) =

m=1

j(i)X(i). Note that T(i) = iXkj

at each stage of the algorithm. Continue.

k=1 j=1

STEP 10. Is T < b ? If so, return to Step 9. If not, set

X(i)

b -
i-1

j(m)X(m)

b-T(i-1)i. e. X(i) = j() (n)We know that X(i) = X for some
1 k(i), j

n > 1 since these are the only candidates we are considering. Set

X = M(i) - X(i). Continue.
k(i), j

STEP 11. You have generated the optimal solution to (401).

K

Calculate the value directly as Zk(j). STOP.

k=1 j=0

Before we proceed to discuss the optimality of the solution

generated by this procedure, an example will help to illustrate what

is going on.

EXAMPLE 4.1. Let K = 7 and let each knapsack type have

the following parameterized generic knapsack functions:
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k= 1 2 3 4 5 6 7

Zk(0) 802 915 747 102 114 116 2411*

Z
k

(1) 863 950 790 103 117 118 1842

Z
k

(2) 847 1025 784 122* 121* 122 1372

Z
k

(3) 873 1027 791 115 111 123 681

Z
k

(4) 881 1091* 762 - 85 115

Z
k

(5) 895* 802 - - 124* -

Z
k

(6) - - 804* - - - -

Z
k

(7) - - - - - - -

where we have indicated the optimal value with * and indicated an

infeasible solution, i . e .
j

, by - . Calculating A (k, n)max

for all k and n leads to the following data:

k= 1 2 3 4 5 6 7

A (k, 1) 61 55 43 10 3 03.5

A (k, 2) 8 33 3 1 -

A (k,3) 2 0.5

We have indicated A (k, n) by a bar over the appropriate value. We

initially ordered the variables in the correct order for our algorithm

to avoid confusion. We have the following data,
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k= 1 2 3 4 5 6 7

Mk = 8 6 5 12 4 10 3

j* = 5 4 6 2 2 5 0

Jk 1 2 1 2 2 2 0

from which we can calculate the following data needed for the

algorithm:

i A . (k, n) M(i) X(i) k(i) j(i)

1 61 = A (1, 1) 8 X11 1 1

2 55 = A ( 2 , 1) 6 X22 2 2

3 43 = A(3,1) 5 X31 3 1

4 33 =A(2,2) 6 X24 2 4

5 10 = A ( 4 , 1) 12 X42 4 2

6 8= A (1, 2) 8 X15 1 5

7 3.5 = A(5,1) 4 X52 5 2

8 3= A ( 6 , 1 ) 10 X62 6 2

9 3= A ( 3 , 2) 5 X35 3 5

10 2= A(3,3) 5 X36 3 6

11 1 = A(6,2) 10 X63 6 3

12 0.5 = A ( 6 , 3) 10 X65 6 5

13 0= o ( 7 , 0 3 X70 7 0
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Now, suppose b = 101. Let us proceed through the algorithm.

Steps 1, 2 and 3 have been accomplished. Note that 4 = 0 so we

defined A (7, 1) = 0.

STEP 4. We set X10 = 8, X20 = 6, X30 = 5, X40 = 12,

X50 = 4, X60 = 10, X70 = 3, Xki = 0 otherwise.
7

STEP 5. ji.1\4k = 176 > 101 = b.

k=1

7

STEP 6. / jkMk = 77 < 101 = b.

k=1

STEP 7. This was accomplished in the previous data table.

Note that we broke the tie between A(6,1) and A (3, 2) according

to our rule, which is purely arbitrary.

STEP 8. i = 1. Set X11 = 8, X10 = 0, otherwise no change.

T = 8.

STEP 9. i = 2, k(2) 4 k(1) so set X(2) = X22 = 6, X20 = 0

no change otherwise. T = 20.

STEP 10. T = 20 < 101. Let i = 3. k(3) 4 k(2), k(1), so

set X(3) = X31 = 5, X30 = 0, no change otherwise. T = 25 < b.

Set i = 4. Now, k(4) = k(2), so set X(4) = X24 = 6 and set

X(2) = X22 = 0, no change otherwise. T = 37 < b. Set i = 5.

k(5) ' k(4),k(3),k(2),k(1) so we set X(5) = X42 = 12, X40 = 0, no

change otherwise. T = 61 < b. Set i = 6. k(6) = k(1). Therefore
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we set X(6) = X15 = 8 and X(1) = X11 = 0, no change otherwise.

T = 94 < b. Set i = 7. k(7) k(6),k(5),k(4),k(3),k(2),k(1), so we

set X(7) = X52 = 4, X50 = 0 no change otherwise. However

1T = 102 > b. So we set X(7) = X52 = 10
2

-94 =3.5 and set

X50 = 4 - 3.5 = 0.5. We are done. The optimal solution is X15 = 8,

X24 = 6, X31 = 5, X42 = 12, X52 = 3.50, X50 = 0.50, X60 = 10,

X70 = 3, Xkj = 0 otherwise. The value of this solution is 27993.50.

To illustrate a case where the Complex Greedy solution is

optimal, consider the following example:

EXAMPLE 4.2. Everything remains the same, except b = 24.

7

Then in Step 6, we have /
k
Mk = 77 > 24. -k = 3 in this case and

k=1

it is true that there is no k < 3 such that A (k, 2) > A (K, 1) = A (3, 1).

Therefore, the Complex Greedy Solution, to wit: X11 = 8, X22 = 6,

X31 = 4, X30 = 1, X40 = 12, X50 = 4, x60 10, X70 = 3, X
kj

= 0

otherwise, is optimal with value 27034.0.

We shall now show that the solution generated by the cascading

algorithm is in fact optimal in (401). We require some definitions

and preliminary results. It is clear that the solution given when we

terminate in step 5 is optimal in (401) and in fact, in (207). If we

terminate with the solution we found in step 6, the Complex Greedy
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Solution, Theorem 3. 1 establishes its optimality in (401). Conse-

quently we only need to concern ourselves with the solution we arrive

at by following steps 7 through 10 until we terminate. Let i be the

value of the counting index i in the algorithm when we terminate.

There is a unique A (k, n) associated with that i, as well as a

specified k which we have called k(i). Let the n in the unique

A (k, n) be denoted as n(i). It is clear from the algorithm itself

that there are K+1 variables identified in the solution, of which at

least K and at most K+1 are positive. Furthermore, feasibility
i*

is preserved since we ensure that Xki = Mk for all k and we

K Jk j=0

end up with T = jX = b. Therefore, we can consider the
ki

k=1 j=1

algorithm's solution a basic feasible solution in the LP.

It is also true that the knapsack type which contributed two

variables to the basic feasible solution generated by the algorithm is

type k(i). All other knapsack types contribute one positive variable

to the solution. The two variables from knapsack type k(i) are

either both positive or one is zero. Furthermore, any variable in the

solution must be of the form X for given k, where n > 0.
kj(0)Recall that j

A is defined to be 0. This is the case simply

because we do not consider any other variables in the solution. We
A(n)shall mean, in A (k, n) or jk , the particular n chosen by the
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algorithm for each k upon termination. This notational convenience

may get confusing unless the reader keeps in mind that the n for

one k may not equal the n associated with another.

Let / = k(i). We note, for any k < 1,
/.(n)1) jk 0 i. e. n > 0 and

2) A (k, n) > A (k(i),n(i)) = A (1 n).

The first claim is clear since k < / means that

A (k, 1) > A , 1) > A (1 n) and therefore we have at least worked our
A

way past jk by the time we arrive at A , n). Part 2 follows when

we note that all that is meant by A (k, n) is that this is the particular

A (k, n) associated with the variable the algorithm has brought into

the basic feasible solution at a positive level. If it were true that

A (k, n) < A (1 n) we simply would not have come to it as we worked

down the list of A (k,n)Is. Note also that X for k < 1.
(n)

Mk
kj

./.

We can express this argument as the proof of

PROPOSITION 4. 2. For k < 1 , it must be true that

A (k, n+1) < A , n).

PROOF. This is really a definition, since if A (k,n+1) > A (1 ,n),

it must be true that the variable X
4(n

is in the solution at a

positive level and n' = n+1. But we defined n' = n.
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We also note that the two variables in the solution from

knapsack type I are necessarily X
N

and X That is,
n) 1 )/3 /3

.\(n) . 1Xn- 1 )whenever 3 = 3(i), the other variables has j = 3

/A
Now, when k > I, we either have 3

n)
= 0, i. e. X

k0
= Mk

Nin the final solution, or we have 3k
n) > O.

(PROPOSITION 4.3. If, for k > /.\k n)
=, 3 0, then

A (i n) > A (k, 1).

PROOF. Suppose A (k, 1) > A , n). Then A (k, 1) would

appear on the ordered list before A , n) even in the case of

equality by our tie breaking rule. Therefore, we would have brought
/Xn)

in X = Mk, which contradicts the fact that 3k = 0 implies
k3 k

X
k0

= Mk.

/.\(n)PROPOSITION 4.4. If, for k > I, 3k > 0 then

A (k,n) > A (I n) > A (k,n+1).

PROOF. Again, this is simply what we have defined the n in

O (k, n) to mean: that value of n such that X Nn) = Mk in the
k3

final solution.

The preceding rather convoluted discussion has prepared us to

prove the optimality of the solution derived by the algorithm of this

section.



THEOREM 4.1. The solution generated by the cascading

algorithm, that is

X = k 4 /
A(n) k

kj

An)
X Nn) = b jk Mk

kQ

X A(n-1) = M/ - X
A(n)

j

Xkj = 0 otherwise,

is optimal in the linear program (401).

PROOF. Consider the basis generated by this solution:

th columnI),--

166

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

B = 0 0 0 1 1 0 0 fth row

0 0 0 0 0 0 0

0 0 0 ... 0 0 ... 0 1

4(n) n(n) Nn) 4(n-1) Mn) Mn)
31 32 33

. . .
3K-1 3K

which has inverse



B-1 =
1

1th column
r---.1

d 0 0 ... 0 0

0 d 0 0 0

0 0 d 0 0

0 0

0 0

0 0

A(n) '4n) "S(n) in) An) Nn)
1 2 33 31 J.P+1 JK

A(n) A(n) Nn) Nn- 1) n(n) n(n)
-31 -32 -33 -31+1 -3K

-1

1

0 0 0 0 0

0 0 0 0 0 d 0

/ Nwhere d = (n)
-31n-l) > 0. We have that
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A ith
Jrow

(n) /.(1) n) Nn) A(n)CB = (Z1(j ), , Z (j ), Z (j ), Z.P +1(j
),... , Z (j ))

and as usual the kj th column of the A matrix, a . = e + jekj k K+1

Therefor e, for k 2,

Nn) A(n)
-J-1 3k 5-3 k

B a = e + (- )e + (
kj k d

)e.P
+1

Consequently Tr = C B -1 a . - Z (j) orkj B kj k

Nn) N
Tr = Zk(j (n)) - Zk(j) + (j- jkn)

(.12 , n).

1) Suppose jk 0 and Tr kj
< 0. That implies that



Z
k

(j)-Z
k

(0)
A , n) < which in turn implies A , n) < A (k, 1).
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Proposition 4.2 and Proposition 4.3 show that this is a contradiction

for any k. Therefore Tr
k/2

> 0.

n /.k(n)2) Suppose 3k
) > 0. a) Then, for < 3k nkj <

that

A(n)
Zk(3 )-Zk(j)

Nn)
Jk 3k

< A (2,n).

Now, we know from Lemma II. 4. 2 and its corollary that

Z
k

(3
(n) )-Zk(j)

implies

> A (k, n) but we have by the definition of our notation
4k(n)

3k -Jk

that A (k, n) > A , n) if k < and Proposition 4. 4 says that

A (k, n) > A ti n) if, for k > N
, 3k

n) > 0 as we have assumed.
n)Therefore TT

k3

4s(> 0. b) Suppose that j 3k , we know that Trkj = 0

in this case. c) Assume j >
k

Nn)
. Irk < 0 implies that

A(n)Zk(j)-Zk(j )

> , n).Nn)
3k 3k

n).(Suppose there were a j > 3k such that Tr
k

< 0. Then certainly

A(n) A(n)
))-Zk(j ) Z (j)-Z (j )

zk(Aj(n+1
k kA (k, n+1) -

iN
>

n+1) /Xn) Nn)
Jk -3k 3-3k

> A , n)



but this contradicts Proposition 4.2. Therefore, Tr > 0.kj

3) The only case we have left is for k = /. In this case,

and so

Nn) . 1 )

-la
. (

3-3.e
B )e + ( )e

+1

^(n) A(n- 1 )Z (j ) Z (j )

(j.12

^(n)
-3

.

) d
-1)

) d
- Zi (j)

Nn) .

3Nn)
Nn-1) (i_14(in-1)

3If we let ji .2

multiply through by d, we have
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and rearrange terms and

dir
/1/4(n) -Nri- 1 )t (!l(n-1))_zi -1(1n I )) (/(n))_zi

Suppose J 3

Nn-l) Tr < 0 implies dirt 0
.12 j

so we have

since d > 0 and

A(n) A(n_.1)i(n- 1 ))_z (i) zi2 (j )- (j )

= A(I, n)zi(j
Ten- I(n)_Nj n-1)

but this contradicts Corollary 1 to Lemma 11.4.2. So Trii > 0 for

/(n-1)j < . Suppose then Tr
,ej

< 0 implies that



A , n) < z.e
(j

(n- 1 )) - Z (j)

.(n 1 ) .

which contradicts the definition of A , n). Therefore, it > 0
Qj

Nn-1)
> Jifor
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Since 17. = 0, we are done. That is, we have shown
A(n - 1 )

that ir > 0 for all k, 1 < k < K and all j, 0 < j < andkJ _ _

therefore the feasible solution due to the algorithm is optimal.

The algorithm, which we have shown leads to an optimal

solution, has an interesting interpretation. It says, for a given b,

that there exists a number which we can consider a cutoff value, call

it C, such that if A (k,n) is greater than or equal to C, then

we can consider X
(n)kJ

optimal solution. Alternately, if A (k, n) is less than C, then

as a candidate to have a positive value in the

we will set X = 0 in the optimal solution. Furthermore, for a
4(kn)3

given k, the variable which will appear in the optimal solution at a

positive level corresponds to the largest n such that A (k, n) > C.

Of course, for that knapsack type k which has two solutions in the

basis for the optimal solution, it is the variables associated with the

largest two nis such that A (k,n) > C. In this case, we know that

the largest n of the pair is such that A (k,n) = C.
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We note, as the reader familiar with the theory of linear

programming may have surmised, the value of C is precisely the

value of the variable associated with the factory constraint in the

optimal solution to the dual problem to (401).

One can state this as follows. There exists a value, C, such

that if, for any knapsack type, you choose the largest number of

fillers of restricted type whose marginal return to an incremental
1.(increase from n- 1 ) to n)

3 per unit of restricted filler,

A (k,n) is greater than C, then that is the optimal thing to do.

One can see that the cut off value, C, is the optimal value of

the dual variable associated with the factory constraint by noting that

it is the last element in the vector of dual variables. Its value is

calculated by computing CBB -1 where B-1 is the inverse of the

basis of the primal problem and that, at optimality,

1.k
A fAn) An)CB = (Z1(3 , . . . , Z/ (3

(n - 1 ) ), Z (j
(n)

), Z 1+1(3 ), , Z K(3 ))

in the notation of Theorem 4.1.

Solving (401) is equivalent to determining the value of C

before the shift, giving us a dynamic decision rule: "Fill the knap-

sack with the largest value of j whose incremental marginal

return is greater than C. If none, fill the knapsack with 0." Of

course, C is a decreasing function of b and can be calculated
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directly only by knowing M and Mk for all k.

Finally, we point out that the order of receipt of the knapsacks

in the Complex Problem is no more important here than in the Basic

Problem once we have generated the solution. All we need to know

of a specific knapsack is its type to determine the proper solution.

Of course, for the Q

th type, we need to keep track of how many we

have already filled with each of the two allowable solutions.

5. The Heuristic Solution

The algorithm described in Section 4 provides an optimal

solution to the linear program (401). We can proceed in the same

way as the Basic Problem to transform that solution into a solution to

the Complex Factory Problem (207). The task is made easy by the

fact that at least K-1 of the non-zero valued variables in the

optimal solution to (401) are positive integers and so we need do

nothing to them. All but 2 of the others are equal to zero and also

need not be changed. The remaining two are either both integer

valued, in which case the solution to (401) is also optimal in (207) or

they are both non-integers. In this event, both variables are associ-

ated with the same knapsack type, call it type X, and we proceed

to modify them in exactly the same way as the Basic case.
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Specifically, we have

-1

b -/ j(m)X(m)

m=1
/s(n)

/.(n) .where ji , j(m) and X(m) are defined in algorithm 4. 1. In

addition, X Nn-1)
= Mk - X By definition, />(j/ n) >1 (I n-l) so/s(n)ij ij

that if we round X
A(n) /s(n-1)

down (and thereby round X up) to
i j 1 j

the nearest integer we shall generate an integer solution which main-

tains feasibility. That is, if we set

X
/N(n).ej

b

m=1

j(m)X(m)

Nn)

then, the difference between the value of the solution to (401) and the

value of our solution to (207) can be written as
A(n) it(n_

ri (Z.12 (j )-Z1(j ) where

r

-1

b - j(m)X(m)

m=1
iS(n)
Jf

j(m)X(m)

m=1
Nn)
jf
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If we abbreviate the numerator in the remainder expression above as

b', we can write the remainder

rf

A
13' mod ji

n)

4(n)
J1

a number strictly less than 1. Therefore, the different between our

solution and the optimal solution to (401) is strictly less than
A(n) N

Z1 (j -Z (3 n-1)
) which in turn is less than or equal to

Z1 (j*) Z1(0). The determination of this value depends upon knowing

the value of / , which can only be specified after all the parameters

of the problem are established. Nonetheless, we can establish a

strict upper bound on the potential loss for any problem. Define this

loss as LP - IP, where LP is the value of the solution to (401)

and IP is our solution to (207).

PROPOSITION 5.1. The potential loss

LP - IP < max VA (1, 1).

PROOF. On the previous page, we wrote the loss as

r (n ) (n- 1 ) /
3
(n)

(Z1 (j )-Z (j )) which is equivalent to b' mod A (./,n).

Now A (.e ,n) < A (1, 1) and b' mod Vin) is an integer strictly less

fin).than 31 . < 3p and, of course, max j* > j*
k k
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This is a very conservative upper bound which is, nonetheless,

independent of M, Mk and b. Consequently, as the number of

knapsacks in a shift increases the percentage of potential loss goes to

zero. Another limit which we can establish with a little more work is

given for any problem by

PROPOSITION 5.2. LP - IP < max max{jk(n)A (k, n)}.
k n

PROOF. This bound is obtained by observing that the actual

potential loss in any particular problem is strictly bounded by
/!(n)

A (1 n) for some f and some n.

We will demonstrate the simplicity of the procedure in our

previous example.

EXAMPLE 5.1. Find a good and simple integer solution to the

problem specified in Example 4.1. The optimal solution to (401) in

that case was X15 = 8, X24 = 6, X31 = 5, X42 = 12, X52 = 3.5,

X50 = 0.5, X60 = 0, X70 = 0, Xkj = 0 otherwise with a value of

27993.5. Our solution to (207) is therefore the same except X52 = 3,

X50 = 1. This solution has a value of 27990. The difference is

Nn)r (Zi (3 )-Z.Q(/j
(n-1))) = r

5
(Z

5
(2)-Z 5(0)). In this case,

b' mod /S

'5 (l01-94)nxod 2r5
2J5
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and Z5(2) - Z5(0) = 121 - 114 = 7, giving us a total difference of

3.5. This difference is 0.012 percent of the possible optimal value.

The upper bound given by Proposition 5.1 is 305 which is very con-

servative. The bound specified by Proposition 5.2 is 132 and cor-

responds to k = 3, n = 1. This bound is valid for any M, Mk

k = 1, ,K and any b, for the set of knapsack types in the

example.
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