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This study develops new scale-up and design criteria for batch and

through-flow stirrer-agitated mixing tanks, relates the behavior of

batch and through-flow mixing vessels, and as a result of the experimen-

tal study devises a new and improved probe and circuit for measuring

electrical conductivity of electrolyte tracer solutions.

Residence time distribution (RTD) theory and probability conditions

(central limit theorem) show that amplitudes of the impulse response of

any batch recirculating system depends on two quantities, a decay rate

constant K and a batch mixing time. By dimensional analysis and experi-

ments (342 runs) performed in turbine and propeller agitated fully-

baffled batch mixing tanks, the mixing number groups ( (n/K)(d/D)2'3

for turbine mixing, (n/K)(d/D)
2 for propeller mixing) are related to the

stirrer Reynolds number, nd
2
e/4. These new mixing rate correlations

allow any level to be chosen as criterion for quality of mixing. This

is not possible by conventional correlations.

A simple extension of the analysis for batch mixers to flow mixers

shows that the decay rate constant or the batch mixing time can be used



to estimate the minimum mean residence time, To, which guarantees an

approximation to a perfect mixed tank. To is given by

T
73.8

o K

= 20 t
.05

= 9.71 t
.001

where K, t
A'

t
.05

and t
.001

are the decay rate constant and the batch

mixing times defined by the time required to reach within 100A %, 5 %

and 0.1 % deviation from the final level of concentration.

The new conductivity probe developed for the experimental phase of

this study is unaffected by stray currents in solution and the circuit

is designed to give a linear response with salt concentration, features

not found in conventional designs. This allows accurate measurements

of rapidly changing salt concentration, no interference of multiple

probes or immersed metal objects in solution and direct interpretation

of successive experiments with changing tracer levels.
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NEW SCALE-UP AND DESIGN CRITERIA

OF STIRRER AGITATED BATCH AND

FLOW MIXING VESSELS

I. INTRODUCTION

Mixing is one of the most important industrial operations. It

reduces nonuniformity of physical properties of a system such as con-

centration and temperature. The system to be mixed is in the form of

particulate solids, fluids or both solids and fluids. Fluids are

divided into Newtonian and non-Newtonian fluids. Non-Newtonian fluids

in motion behave differently from Newtonian fluids, thus their muting

operation should be studied separately. We will consider only species

mixing in Newtonian liquids of one phase.

For fluids, mixing takes place by a combination of three different

mechanisms: bulk flow, turbulent eddy diffusion and molecular dif-

fusion. Bulk flow is a transportation of materials from one place to

another, and it shortens physical distances between species to be mixed.

Contacting area of two species is increased by the bulk flow, but the

major contribution to contacting between two species comes from turbu-

lent eddies. Molecular diffusion is a final stage of mixing. Without

molecular diffusion between species, there is no mixing on a molecular

scale. However, molecular diffusion by itself is not practical for

ordinary liquid mixing, since the magnitude of liquid molecular dif-

fusivity is very small( 10
-9

m
2
/s ). To show the slowness of molecular

diffusion, let us assume that we place a tracer liquid A at some point
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in a stagnant liquid. By solving diffusion equations, the ratio of the

concentration at radius r to the concentration at the origin is

CA(r,t)/CA(0,t) = Exp(-r
2
/(4 DAt))

where D
A
is molecular diffusivity between tracer A and liquid, and t is

the time elapsed. Thus, it takes about 16.5 hours for a spherical

volume of radius 0.5 cm to have a maximum concentration variation of less

than 10%. Since t is inversely proportional to r
2

for a fixed concen-

tration ratio, we should make r small so as to have short mixing times.

Also, these small high concentration regions of size r should be

relocated in low concentration regions. This is achieved by the first

two mechanisms, bulk flow and turbulence. The stirred tank is a common

way of mixing liquids, since the rotation of the stirrer in the liquid

generates much bulk flow and turbulence.

There are two aspects to the design of stirred tanks: impeller

power requirement and quality of mixing. The first aspect has been

studied extensively since the late 19th century. Later, dimensional

analysis was introduced in this field and the dimensionless power number

was devised. Practical and accurate power measurements and correlations

were only made relatively recently. Rushton et al.(1950a) reported a

summary of power correlations for marine type propellers. Olney and

Carlson(1947), O'Connell and Mack(1950), Rushton et al.(1950b) and

Bates et al.(1963) reported power correlations for different types of

turbines. Impeller and tank geometries such as propeller pitch, types

of turbine, baffles were included in the power correlations. Bates et

al.(1966), Holland and Chapman(1966a) and Sterbacek and Tausk(1965)
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summarized the previously reported power correlations.

The second aspect to design, the quality of mixing, is important

for scale-up of stirred tanks. For this purpose the power per unit

volume has been used as the scale-up criterion. Although the power

estimation is simple and fairly accurate, it gives only a crude approx-

imation to the quality of mixing. Bates et al.(1966) and Holland and

Chapman(1966b) gave summaries of this scale-up criterion. More direct

methods for determining mixing quality have been developed by measuring

concentrations within mixing tanks. Fossett(1951) first reported con-

centration measurements in jet mixing tanks after each tracer injection.

Kramers et al.(1953) placed two electrolyte conductivity probes in

turbine and propeller mixing tanks; one probe near the surface, the

other near the bottom of the tanks. A small amount of KCl solution was

injected and concentration differences between the two probes were

recorded. They defined "mixing time" as the time required to reach

within 0.1 % deviation from the final concentration, and reported that

the mixing time was inversely proportional to impeller revolution rate.

Van De Vusse(1955) used an optical Schlieren method to detect the

terminal mixing time for propeller and turbine stirred tanks. The first

mixing time correlations were made by Fox and Gex(1956) for propeller

and jet mixing, and by Norwood and Metzner(1960) for turbine mixing.

Both groups studied the mixing of acid and base solutions. A small

amount of acid or base solution was added with an indicator in the mixing

tank. Then, an equivalent amount of base or acid was injected to the

vessel near the rotating impeller. The time for the last indicator

color change was measured, and defined as the mixing time. These two
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groups of investigators used similar dimensionless groups in their

mixing time correlations. In addition to the mixing time, Norwood and

Metzner(1960) showed that the concentration fluctuation at any point

decreases exponentially with time, but did not link this finding to the

concept of mixing rate. Biggs(1963) used an electrolyte tracer instead

of acid and base in turbine and propeller mixing tanks, and he selected

the 5 % deviation time as the definition of terminal mixing time. A

small amount of flow was maintained through the tanks. Tracer injection

was made at the flow inlet located near the top of the tank and the

measurement was made at the flow outlet near the center of the tank.

Prochazka and Landau(1961) determined the mixing rate by measuring

concentration fluctuations as a function of time. They added NaC1

solution at the surface and measured electrolyte conductance in the

middle of turbine and propeller mixing tanks. They also confirmed the

exponential decay in the rate of fluctuations. But unfortunately, they

oversimplified the mixing behavior by homogenizing the system; thus by

assuming a uniform turbulent diffusivity and applying simple diffusion

equations. Reith(1965) measured intensity of turbulence in a turbine

mixing tank with continuous flow through the tank and concluded that the

mixing was not controlled by the turbulence but rather by the recircu-

lating flow pattern.

The mixing behavior has been also studied in terms of recycle mixing

models. Van De Vusse(1962, 1966) used models with recycle of parallel

streams. Holmes et al. (1964-) and Voncken et al. (1964-) recognized

recycling behavior in turbine mixing tanks and applied a model of

recycling with dispersed plug flow. Other recycle models have been
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reported in the literature: different size tanks in series with recycle

by Clegg and Coates(1967), uniform size tanks in series with recycle by

Buffham and Gibilaro(1968), Gibilaro(1971) and Levenspiel(1972), recycle

systems with cross mixing by Hochman and McCord(1970). Fu et al.(1971)

developed a useful mathematical formulation of general recycle systems.

As we described earlier, the impeller power requirement has been

well established. However, the quality of mixing in terms of terminal

mixing time is confusing since the terminology has been defined differ-

ently by different authors. The mixing time or the terminal mixing

time is not useful if we want to have a quality of mixing different

from the defined one( 0.1 % or 5 % deviation from uniformity). Mixing

rates or decreasing fluctuations as a function of time would be useful,

but these have not been well studied. The mixing rates are related to

the recycling mixing models, since the mixing models by themselves

explain the mixing behavior. This relationship has been only vaguely

touched upon in the literature.

Most of the studies have been made on batch mixing systems.

Probably, flow mixing systems have more industrial applications than

batch mixing Systems do. However, no proper design criterion based

on batch mixing data is available for stirrer agitated flow mixing

vessels. Nauman(1974) related the mean and variance of a one-passage

RTD to those of a flow system RTD. Even though the relations were

interesting, no relation of the means and variances to the quality of

mixing was available. In any case, experimentally it would be very

difficult to measure the mean and variance of a one-Passage RTD sepa-

rately. Burghardt and Lipowska(1972) determined experimentally how much
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jet mixing and turbine agitation were needed in flow mixing tanks to

approximate a perfect mixed tank.

The purpose of this study is as follows: (a) to establish the

relations between recycle mixing model and rates of mixing, (b) to de-

velop a new and general measure for the time of mixing, and to compare

its usefulness to the Presently accepted concept of terminal mixing

time, (c) to improve experimental techniques for measuring concentration

of ele6trolyte tracers by a new probe and circuit which give a linear

response with salt concentration and allow accurate measurements of

rapidly changing salt concentration without interference of nultiple

probes or immersed metal objects in solution and also allow direct

interpretation of successive experiments with changing tracer levels,

(d) to present correlations for finding the mixing time in turbine and

propeller agitated vessels, based on reanalysis of previous data and

experiments performed here( 342 runs ) in two different sized tanks(

dia.=0.56 m, 1.22 m ), and (e) to develop basic properties of steady-

flow mixing systems and to extend the results of batch mixing systems

to a design criterion for turbine and propeller agitated flow tanks.
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II. IMPULSE TRACER EXPERIMENTS IN BATCH MIXERS, DECAY RATE

OF THE FLUCTUATING RESPONSE AS A MEASURE OF MIXING RATE

1. General Development of Recycling Models

As we discussed in the previous chapter, mixing takes place by a

complicated combination of three mechanisms; bulk flow, turbulence and

molecular diffusion. Most of all practical mixing processes are due to

the bulk flow and turbulence generated by impeller movements. A com-

plete description of this process is not yet possible. In any case it

would be too complicated to be practical. However, a close observation

of stirrer agitated mixing shows the general behavior of Figure 0, and

makes it possible to simplify this complex action.

The rotation of the stirrer gives bulk flow and generates turbulence.

Turbulence near the stirrer tips is so intense that most of the mixing

takes place within a small region near the stirrer tips. This was

confirmed experimentally by Reith(1965). Thus, the concentration in the

small region is practically uniform. Most of the flow passes through

this region and then lazily flows through the rest of the vessel. This

constitutes the recycle model with a one-passage residence time distri-

bution, f(t), as shown in Figure 1, ( Mann(1973) named f(t) "cycle time

distribution", however we will use the terminology "one-passage resi-

dence time distribution" thoughout this thesis. ) The small well mixed

volume guarantees random redistribution of fluid elements into f(t),

hence we can apply convolutions for subsequent flow passages.

Let us assume that we make an impulse injection of a tracer near

the stirrer tips and measure the response near the injection location.
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lazy movement with
little mixing

(a) Turbine agitated mixing tank

lazy movement with
little mixing

well mixed

(b) Propeller agitated mixing tank

Figure 0. General flow pattern of fluid in mixing tanks.
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impulse
injection

probe

small volume
(well mixed)

f(u) (one-passage RTD) measurement,
y(t)

impulse
injection

(a)

one dimensional
model

measurement, y(t)

(b)

Figure 1. Recycle model for a batch stirred tank.
(a) showing random redistribution of fluid elements

into f(u).
(b) simplified version.
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Thus, injection and measurement are made in the small well mixed volume.

From a material balance, the transfer function representation of an

impulse response y(t) is

Y(s)/T = F(s)/(1 F(s)) = > (F(s))k (1)

k=1

where
co

F(s) If(t) Exp( -st) dt

0

Y(s) Exp(-st) dt

Note that this representation is valid only when the fluid elements are

randotly redistributed into f(t). By taking the inverse Laplace

transform, Eq 1 becomes

y(t)/T = f(t) + f(t)*f(t) + f(t)*f(t)*f(t) +

where

xn(t)
n=1

n

xn(t) = f(t)*f(t)* ......... *f(t)

and the symbol * stands for convolution such that

_t

g(t)*h(t) = g(u)h(t-u) du

(2)

-o

Eq 2 shows that the impulse response is the sum of the contributions of

subsequent flow passages.
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2. Tanks in Series With Recycle

Let us consider equal size tanks in series for one-passage RTD,

f(t). The transfer function for this model is

F(s) = 1/( s + 1)N (3)

where N is a number of tanks. Substituting Eq 3 into Eq 1 and inverting

each term, the impulse response for a recycle system becomes

kN-1

y(t) Exp(-Nt/T) (4)

Although the above equation has been frequently cited in the literature,

this equation is difficult to use when t is large. We must recognize

that the denominator of the transfer function is only Nth order even

though Eq 4 appears to be an infinite series. We will derive a differ-

ent form of Eq 4.

Substituting Eq 3 into Eq 1, Y(s) becomes

Y(s) =
\N

( --1\7 s + 1) - 1

NN/ TN-1

(s + N/T)N (N/T)N
(5)

Recognizing that this is a feed forward system, we can easily find the

closed loop poles by the standard root locus method(Coughanowr and

Koppel, 1965). Roots of the denominator of Eq 5 is shown in Figure 2.

The roots are

sk = -(1 Exp( jarrk/N))N/T

k - 0,1,2,

Zk ( - Exp(-j27k/N))N/T

(6)
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Figure 2, Root positions of the denominator of Eq 5 on
complex plane,



Thus, Y(s) becomes

Y(s) =
NN/ TN-1

s(s 2N/T)B 1((s sk)(s ))

NN/ TN-1

M11,

- ak)2 + b2c )s(s + 2N/T)- 11-((s
k=1

where

B=

M=

0 N - odd

1 N- even

(N - 1)/2 ;

N/2 - 1 ;

N = odd

N - even

ak = -(1 - cos(2 7k/N))N/T

bk = ± sin(27k/N)N/T

Coefficients of partial fractions are determined as follows. (See

Appendix C for a finite product of sine functions derived from the

coefficient of 1/s.)

Coefficient of 1/s

= lim sY(s) = lim
Ts

s+0 s +0 ( K s + 1)
N

1

= lim 1/(4- + 1)N-1 = 1
s+0

Coefficient of 1/(s - sk)

lim
T(s - s

k
)

= lim 1/( s + 1)
N-1

=
NN

s4s
k

( s + 1) - 1 s+s
k

Exp(-j277k(N-1)/N)

Coefficient of 1/(s - -6-k)

13

(7)
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Exp(+jark(N -1)/N)

Coefficient of 1/(s + 2N/T)

T(s + 2N/T)
lim

N

s+ -2N/T ( ITT s + 1)
N

1

(.4)N-1

Simplifying the complex pairs, Eq 7 becomes

N - even

T 2
M cos(27k/N)(s - ak) - 7 b,

Y(s)

1 (s ak)

+ 2 >
2

A

s + 2N/T

k. bk

Inverting the above equation,

y(t) . 1 + 2 > Exp(-N(1 -cos 2111) t/T)

k.1 N

cos(t,1\11,
sin(2riirk) 2;k)

- B Exp(-2Nt/T)

(8)

Eq 4 and Eq 8 are identical since both equation represent the same

impulse response. Equating the two equation, we find an interesting

series(See Appendix B).

Eq 8 is useful for large t. When t is large, all other terms

will be negligible compared to the constant term and the term with k-1,

thus

y(t) = 1 + 2 Exp(-N(1-cos .27) t/T) cos( sin(2r/N) + 2r/N)

Furthermore, When 2r/N<<1,

N(1-cos
N

(
1 1

20
27)2

) 0(N)4

2rr
2
/N



N sin(q) ( LT-r. a7113 ....... )

N 3!' Ni

15

27

For N larger than 15, these simplifications give less than 1.5 % error

for the decay rate and 2.9% error for the period of oscillation. Thus,

for large t and N, y(t) becomes

2

y(t) .7 1 + 2 Exp(-
t/NT
t) cos(27t/T + 27/N)

and the decaying amplitude A becomes

27
A .1 2 Exp(-

NT t)

(9a)

(9b)

Eq 9a gives the decaying sinusoidal response to an impulse input when it

approaches its final value.

Figure 3 shows an example of the impulse response generated by the

tanks in series with recycle model. As we expected, the approximate

solution and its decaying amplitudes (broken lines) given by Eq 9a and

9b fairly well represent the exact solution (solid line) given by Eq 4

or Eq 8.

3. A..roximation of the General Rec cle Equations for an

Arbitrary One-passage RTD Using the Central Limit Theorem

The central limit theorem is useful for complex system analyses

since the theorem enables us to assume normal distributions in many

cases. Feller(1968) gave a complete description and proof of the central

limit theorem. For present purposes, we want to show that xn(t) in Eq 2

approaches a normal distribution as n goes to infinity. Proof of this

special form of central limit theorem has been presented by Feller(1966)



N = 25
N.

decaying amplitude
a8 = 0 04

to approximate solution, Eq 9b 0 °

\

approximate solution, Eq 9a

exact solution, Eq 4 or 8

4 3 4 5 6
tiT

Figure 3, An example of the impulse response generated by the tanks in series with recycle
model.
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and Paynter(1956). Recently Mann et al.(1974) recognized this in

recycle systems.

Let us take the Fourier transform of a one-passage RTD as follows.

co

F(s) =f(t) Exp(-st) dt

co 2 s3

Jo

f(t) (1 - st + fit - 5T t3 +

1 - Ts + + ........
2

2 9

Exp( -Ts + s
2

)

where s = jw. By changing the time scale such that

) dt

n t u and

renormalizing the distribution, the above equation becomes

F(s/fli ) = Exp( -Ts/ + a2s2/(2n) + 0(1/n))

Where 0(1/n) means that the error term goes to zero faster than does

1/n as n goes to infinity, hence this term can be neglected as n becomes

large. Thus, the Fourier transform of the n-fold convolution becomes

F(s/ TE ) = Exp( Ts + u2s2/2 )

By the inverse transform the n-fold convolution of a time scaled density

function becomes a normal distribution with mean TE T and variance a
2

xn(fri t) = Exp( -(t -fZ T)
2/202) (JarraZ)

In this expression we scaled down the time axis to compare with the

standard normal distribution. Now, changing the time axis to its

original scale, we have

x(t) = Exp( -(t - nT) 2/(2n02)) / (\[;11,1A

; for large n

(to)
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This completes the proof that xn(t), the n-passage response, approaches

a normal distribution as n becomes large.

As shown by Eq 10, we need only two parameters, mean and variance

of f(t), to describe y(t) as it approaches its final value, provided

that non - normal shapes of the first few convolutions do not have much

effects on y(t) since f(t) could be quite different from a normal

distribution. For most cases, large t and small variance will take care

of the first few non-normal response curves.

Therefore, we can assume any reasonable one-passage RTD with small

variance to calculate y(t) for an arbitrary f(t) as y(t) approaches its

final value. Tanks of uniform size in series is a reasonable choice

since a simple analytical solution is available for large t and N. For

the tanks in series model, the variance of f(t) is

a
2
= T

2
/N

or

a
2
- 62 /T

2
= 1/N

where a
e

2
is a dimensionless variance of the one-passage response.

Substituting the variance into Eq 9, we have

y(t) 1 + 2 Exp(-2724t/T) cos(2rrt/T + 27a:) (11)

And the decaying amplitude becomes

A = 2 Exp(-27.
2

e

2
t/T) = 2 Exp(-Kt) (12)

where K = 27
2
a /T. Eq 11 and 12 are good for any f(t) with small a

2

Error estimation of Eq 9 is also valid for Eq 11 and 12. For ao
2

smaller

than 0.1, the decay rate K has less than 3.3 % error when compared with

the exact expression.
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The decaying amplitude A given by Eq 12 is particularly important

for stirred tanks since the amplitude is a measure of maximum concen-

tration deviation in a main flow channel. In Chapter III, experimental

measurements of amplitudes and decay rates will be presented.

Example. To demonstrate the validity of Eq 11 and 12, the recycle

model shown in Figure 4 is assumed. Its one-passage RTD is

(t ". T1)
)N-1

\ N 2
f(t) Exp(- ,-T- (t - T1)) U(t - T1)

2 ( N 1 )1 2

where T
1
and T

2
are mean residence times for the plug flow and tanks in

series sections, and U(t) is a unit step function. The mean and

variance of f(t) are

T = T
1
+ T

2

where

2 2, 2 1

e
a . a /T =

N(1 + a)
2

a = T
1
/T

2

From Eq 2, the exact impulse response becomes

(N(t/T2 - ka)) ®1
y(t) = (1 + a)N Exp(-N(t/T2 - ka))

k=1 (kN 1):

11(t/T2 - ka) (13)

Figure 5 shows one case of Eq 13. As y(t) approaches 1, Eq 11 and 12

are good approximation for y(t) and its amplitudes. Notice that the

dimensionless variance of this example is the same as that of the

example shown in Figure 3, hence the approximate solutions(broken lines)
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Plug flow

mean . T1

N equal-size tanks

mean = T2

a T
1T /-2

T = T
1

T
2

Figure 4. An example of recycle models to demonstrate
the validity of Eq 11 and 12.
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to approximate solution, Eq 12

Approximate solution, Eq 11

N = 2

a = 2.5355
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2
= 0.04

0

I i I 1

1 2 3 4

t/T

5

Figure 5. An example of impulse response generated by the recycle model shown in Figure 4.
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are identical for both examples.

For different values of N and a, amplitudes are calculated numeri-

cally by finding maximum and minimum values from Eq 13. a ranges from

0.011 to 0.222. The amplitudes are plotted on semi-log scale for a

comparison with the prediction of Eq 12. As shown in Figure 6, Eq 12

well represents the amplitudes for distributions with small variances.
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Intercept = 2

line from Eq 12

0.01
0

Points from the model
of Figure 4.

N a
2

a
e

-I- 2 0.5 0.222

T 2 2,0 0.056

X 5 0.5 0.086

X 5 1.0 0.05

AL 10 0 0.1

A 10 0.5 0.044

ZS 10 2.0 0.011

25 0 0.04

50 0 0.02

T.,
ope = 217

2

'6LS,

11

X7
A

gs

7A
I

0.1
/

a
e

2
t/T

0.2 0.3

Figure 6. Semi-log plot of amplitudes for the recycle model
shown in Figure 4.
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III. EXPERIMENTAL MEASUREMENTS OF AMPLITUDES OF IMPULSE

RESPONSES IN TURBINE AND PROPELLER AGITATED FULLY-

BAFFLED TANKS

The previous chapter showed that fluctuating amplitudes from an

impulse input decay exponentially. The decaying amplitudes are the

proper measure of mixing quality since they represent maximum concen-

tration deviations in a main flow channel. In this chapter, we present

experimental measurements of decaying peak and valley values. Analysis

of these measurements are given in Chapter V.

1. Experimental Setup

Figure 7 shows the tank geometry and impeller position. The cylin-

drical flat bottomed tanks were fully baffled with four vertical plates

mounted perpendicularly on the tank wall, symmetrically positioned with

a width one-tenth the tank diameter. Two different sizes of tank (D =-

1.219 m, 0.559 m) and two types of agitator (propeller and turbine) were

used. Propellers were three-blade marine type with a 1.5 pitch, and

turbines were standard six-blade disk type with a diameter:blade length

:blade height ratio of 20:5:4. For each size of tank, two sizes of

propeller and turbine were employed.

The most common and convenient type of tracer used in this type of

study is a solution of strong electrolyte material since its conductance

is nearly linearly related to its concentration for low and narrow con-

centration ranges. So the tracer used here was a saturated NaCl solu-

tion at room temperature. 15 cm3 and 5 cm3 of tracer solution was used

for the large tank(D = 1.219 m) and for the small tank(D = 0.559 m)
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baffles
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Figure 7, Tank geometry and impeller position.
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respectively.

Four injection diffusers and conductance probes were positioned in

the main flow channel as shown in Figure 8. The diffusers were made of

porous glass material. Their purpose was to reduce disturbances due to

tracer injection and to introduce tracer uniformly throughout the cross

section of a main flow channel. The diffusers were joined at the center

of the tank with 0.159 cm O.D. stainless steel pipes and connected to a

square wave injection unit with a 0.635 cm O.D. pipe. Figure 9 shows an

injection sequence of the injection unit.

During an injection, turbulent flow was maintained in the connecting

pipes to the diffusers in order to insure a sharp square wave input.

Duration of a tracer injection was less than 0.5 second for the large

tank and 0.25 second for the small tank, and was much smaller than the

mean of a one-passage RTD. Hence, assuming an impulse injection was

considered to be a reasonable approximation for all practical purposes.

The tank was filled with city water for low viscosity runs, and

with 70 % aqueous glycerin for high viscosity runs. The motor speed was

set for a desired value and the stirring motion was maintained at least

20 minutes before the first experiment in order to establish a steady

flow pattern in the tank. The RPM was measured continuously during a

run by a strobe tachometer. Water temperature was measured before and

after each run. Viscosity and density of city water was assumed the

same as those of pure water. Viscosity of glycerin solution was measured

using a capillary viscometer(Cannon-Fenske type, Cannon and Fenske,

1938).

Four conductance probes were connected in parallel to a conductance
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0

inject detection
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0-
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(b) Propeller

Figure 8. Position of injection diffusers and conductance probes.
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To diffusers and back to
the tank

(b)

trapped tracer

(c)

Figure 9. Short square wave tracer injection sequence using four
way valves.
(a Fill tracer solution into a known amount of volume.

(b ) End of filling.
(c) Injection.
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measuring circuit. Thus, in effect, an average concentration of the

four probes was measured. The output signal of the measuring circuit

was passed through a fourth order Butterworth low-pass filter in order

to eliminate unwanted high frequency components. The Butterworth filter

was employed because it has the sharpest frequency cutoff compared to

other kinds of filters. The cutoff frequency was fixed to 7.96 Hz.

Hansen(1966) gave more information about this low-pass filter. Conduc-

tance measuring circuits were wired using Teledyne Philbrick high gain

operational amplifiers(Type 1008). The low-pass filter was patched up

using an EAI TR 20 Analog Computer.

In addition to four conductance probes, an inject detection probe

was attached to one of the injection diffuser(Figure 8). This probe

detects an abrupt change of concentration to higher values to close an

electronic switch which then turns on the sweep generator of a recorder

X axis. This thus provides a precise synchronization of injection and

the start of the recorder X axis.

Figure 10 shows the circuit design. A special feature of the probe

and circuit was

i) linearity

ii) insensitivity to stray currents

iii) high resolution

iv) Y axis zero level could be adjusted to cancel out background

concentration level.

Thus a whole series of tracer runs could be made without recalibration

even though the average concentration level in the tank rose after each

run.
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Full details of the construction of the probes and the electronic

circuits are given in Chapter IV.

2. Results

Figures 11, 12 and 13 illustrate typical impulse response for

turbine and propeller. In general, turbines give a smoother flow pattern

with less noise than propellers do. Impulse responses for high viscosity

liquids (Figure 13) are more noisy than those in city water (Figure 11

and 12), probably because of insufficient mixing near stirrer tips.

For a fixed RPM and a set of stirrer and tank diameter, nine or ten

impulse responses were recorded. The impulse responses were normalized

by dividing by their final values. Then, peak and valley values were

recorded except for the first few ones. The first few peak and valley

values were avoided in order to minimize effects from abnormal shapes of

one-passage RTD. The mean values of one-passage RTD, T, were measured

at the second and/or third peaks(divided by 2.0 and 3.0 accordingly).

The mean values were measured only as a reference and were not required

for the present analyses. Tables 1 and 2 summarize peak and valley

values for turbine and propeller mixing.
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Turbine D = 1.219 m

d = 0.366 m

n = 80 min
-1

Water 10°C

Time(second)

D= 1.219 m

d= 0.254 m

n = 90 min
-1

Water 10°C

0 40

Time(second)

Figure 11. Typical impulse responses for the large tank.

80



Turbine D 0.559m

d 0.127 m

n -_,., 160 min
®1

Water 17.5°C

20

Time(second)

40

Propeller D= 0.559 m

d 0.114 m
-1

n = min

Water 19°C

Run No. 9

40 80

Time(second)

Figure 12. Typical impulse responses for the small tank.
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Turbine 0.559m

d = 0.224 m

n . 90 min
-1

4, = 1.07x10-5 m2/s

Run No. 6

10

Time(second)

20

Propeller D = 0.559 m

d = 0.127 m

n = 190 min
-1

4, = 1.07x10-5 m2/s

Run No. 10

20 40

Time(second)

Figure 13. Typical impulse responses for high viscosity liquid.
(Small tank)
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Table 1. Peak and valley values for turbine mixing..(continued)

D, d, u

n

min
-1

Run
No.

T
(s)

2nd peak 2nd valley 3rd peak 3rd valley

t (s)

-

y t (s) y t (s) y t (s) y

D=0.5588 m 25 1 56.6 113.2 1.1721 152. 0.8689 - 190. 0.9377

d=0.1270 m 2 57.6 115.2 1.1867 - - 162. 0.9667

4' = 3 53.6 107.2 1.2023 172. 0.9406 260. 1.0231 -_g
1.055x10 -1 4 50. loo. 1.1707 145.6 0.8943 161.2 1.0407 -

m2/s 5
6

55.4
50.9

110.8

95.6

1.0806
1.3158

140.

110.4
0.9597
0.9046

160.
152.8

1.0435
1.0888

-

198.4 0.9424

70 % 7 58.7 86. 1.1200 122.8 0.8880 176. 1.0368 190.8 0.9600

Glycerin 8 49.6 - - 110. 0.8661 232. 1.0306 -

9 50. 149.6 1.1360 162. 0.9392 180. 1.0800

10 49. 98. 1.2683 - - 129.6 1.1789 188. 0.9740

D= 0.5588 in 40 1 28.5 57. 1.2161 78.5 0.9439 83.2 1.0280 -

d =0.1270 m 2 33.25 66.5 1.2742 101. 0.9561 110.8 1.0242 -

4' = 3 25.25 50.5 1.1762 80. 0.9250 92.5 1.1126 110.5 0.9250

1.055x10-5 4 31. 62. 1.2101 75. 0.9414 92.2 1.0749 100.5 0.9870

m2/s 5
6

31.

29.9
62.

59.8
1.1066
1.4180

73.

71.8

0.9213
0.9000

86.

76.4
1.0984
1.0820

98.5
92.

0.9689
0.9475

70 % 7 31.5 63. 1.1295 71.3 0.8738 80. 1.0574 90. 0.9557
Glycerin 8 27. 54. 1.1564 82.5 0.9528 97. 1.0668 113.2 0.9642

9 25. 50. 1.2459 71.5 0.9475 92. 1.0328 100. 0.9705

10 33.6 67.2 1.2787 85. 0.9344 103. 1.0246 - -

D0.5588 m 20 1 13.87 -- -- 34. 0.9248 41.6 1.0175 49.3 0.9850

d=0.2438 m 2 13.67 -- -- 34.2 0.9242 39.7 1.0372 46.3 0.9835

4= 3 14.33 -- 35. 0.9175 43. 1.0300 48.4 0.9825

0.0012028 4 13.75 -- -- 34.3 0.9277 41.7 1.0254 50.7 0.9860
Pa.s 5 13.8 -- -- 31.8 0.9266 41.5 1.0253 45.2 0.9722

Water 13 °C
6

7

14.37
13.15

--
-- --

33.5

31.4
0.8976
0.9135

42.3

39.1

1.0480
1.0288

48.2
44.5

0.9760
0.9737

8 13.5 -- 33.6 0.9394 41.9 1.0247 46.2 0.9839

9 13.4 -- -- 33.4 0.9046 40.7 1.0409 45.5 0.9814

10 13.3 -- -- 32.6 0.9157 39.7 1.0203 45.4 0.9730

D0.5588 m 40 1 6.4 -- -- 16. 0.9075 18.6 1.0492 22.85 0.9823

d=0.2438 m 2 6.25 -- -- 15.9 0.9185 17.85 1.0589 21.45 0.9762

4= 6.41 -- -- 16.1 0.8967 19.7 1.0579 22.3 0.9673
0.0012028 4 6.55 -- -- 16.4 0.8945 18.35 1.0404 22. 0.9761

Pa.s 5 6.4 -- __ 15.75 0.9027 18.8 1.0419 21.75 0.9748

Water 12°C
6

7

6.575
6.625

-- __

--

16.5
17.

0.8999
0.8984

18.7
19.4

1.0438
1.0464

22.8
22.7

0.9762
0.9887

8 6.925 -- -- 16.3 0.8922 20.2 1.0462 23. 0.9737
9 6.45 -- 16.6 0.9023 19.35 1.0526 22.25 0.9774

10 6.65 -- -- 17.1 0.9171 19.6 1.0440 23.85 0.9899

D60.5588 m 80 1 3.225 12.375* 1.0226* -- 9.375 1.0618 11.1 0.9660
d=0.2438 m 2 3.2 12.8* 1.0138* -- -- 9.6 1.0638 11.4 0.9688

4= 3 3.3 12.55* 1.0176* -- -- 9.6 1.0579 10.75 0.9698
0.0012028 4 3.075 12.25* 1.0202* -- -- 9.1 1.0568 10.7 0.9698

Pass 5 3.075 12.125* 1.0075* -- 9.225 1.0526 10.85 0.9674

Water 12°C
6 3.175 12.25* 1.0212* -- -- 9.4 1.0634 11.35 0.9689
7 3.2 12.625* 1.0164* -- -- 9.9 1.0428 11. 0.9723
8 3.25 12.85* 1.0202* -- 9.85 1.0690 11.3 0.9674
9 3.24 12.925* 1.0214* -- -- 9.625 1.0618 11.45 0.9773

10 3.12 12.5* 1.0113* -- -- 9.4 1.0529 11.125 0.9736

4th peaks
difficult to measure and evaluate because of noise
not observed
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Table 1. Peak and valley values for turbine mixing.(continued)

D, d, 4

n
-1

min
Run
No.

T
(s)

2nd peak 2nd valley 3rd peak 3rd valley

t (s) y t (s) y t (s) y t (s)

D-1,219 m 40 1 12.5 25.8 1.2710 32. 0.8825 37.6 1.0635 43. 0.9665

d=0,3658 m 2 12.6 25.2 1.2915 32.2 0.8980 35.8 1.1050 43.6 0.9550

4= 3 12.2 24.4 1.3225 30.2 0.8900 35.2 1.0795 42.8 0.9480

0.0013077 4 12.3 24.6 1.3090 30.6 0.8575 36.2 1.0630 43.4 0.9580

Pas 5 12.1 25.6 1.2945 30.6 0.9155 36.4 1.0830 43. 0.9725

Water 10°C
6 12.4 24.8 1.2660 31.8 0.8580 37.6 1.0670 44.2 0.9570

7 12.3 24.6 1.32 30.4 0.8485 37. 1.0675 44.6 0.966

8 12.3 25.4 1.27 30.8 0.9005 36.8 1.0665 43.2 0.968

9 12. 24. 1.348 29.2 0.8325 35,8 1.086 42.2 0.958

10 11.8 23.6 1.2265 30. 0.881 35.8 1.0675 41.8 0.9595

D=1.219 m 80 1 6.2 12.4 1.2295 15.1 0.858 18.1 1.06 20.7 0.951

d=0.3658 m 2 6.3 12.9 1.2435 16. 0.8935 18.8 1.075 21.9 0.962

4= 3 6.17 13.4 1.2515 15.9 0,897 18.5 1.094 22.4 0,9715

0.0013077 4 6.35 12.6 1.28 15.5 0.8645 18.1 1.0685 21.3 0.9535
Pas 5 6.25 12.5 1.2005 16. 0.894 18.7 1.0705 22.1 0.95

Water 10°C
6 6.4 12.8 1.2365 15.9 0.8955 19.2 1.0635 21.9 0.963

7 6.3 12.9 1.2505 15.8 0.871 18.9 1.0775 22.1 0.961

8 6.4 12.8 1.2585 15.9 0.879 19.1 1.052 21.9 0,9605

9 6.15 12.3 1.2775 15.3 0.8835 18.3 1.068 21.7 0.9735
10 6.27 12.9 1.255 15.9 0.9535 18.8 1.0725 21.3 0.9555

D-1.219 m 10 1 30.4 60.8 1.218 78.8 0.9705 92.4 1.0405 -- --

d- 0,4877 m 2 29.2 58.4 1.205 80.8 0.9415 90. 1.0245 -- --

4= 3 28.2 56.4 1.27 67.6 0.9255 84.8 1.07 -- --

0.0013077 4 28.2 56.4 1.2905 74.4 0.944 82. 1.069
Pa's 5 30. 60. 1.277 74.4 0.9195 85.2 1.0585 -- --

Water 10°C
6 28. 56. 1.175 66.8 0.914 81.2 1.0535

7 29.8 59.6 1.237 74.8 0.9355 86.4 1.0375
8 29. 58. 1.252 70. 0.938 86.8 1.0395
9 29.6 59.2 1.2315 74.8 0.927 86.4 1.045 --

10 27.4 54.8 1.254 68.4 0.941 85.6 1.0395

D61.219 m 20 1 14.4 28.8 1.3215 36.2 0.9165 42.6 1.054 -- --

d =0.4877 m 2 13.9 27.8 1.188 36.2 0.8885 - - --

4= 3 14.2 28.4 1.268 34.4 0.9225 43.2 1.0405 -- --

0.0013077 4 15.1 30.2 1.111 35.6 0.9165 - -- __

Pa's 5 13.4 26.8 1.1725 36.2 0.896 40.4 1.061 -- --

Water 10°C
6

7

14.3
14.3

28.6
28.6

1.2055
1.234

34.8
36.6

0.915

0.9335

42.

41.2

1.0545
1.0605

--

--

--

--

8 15.4 30.8 1.206 37, 0.897 44.4 1.028 -- --

9 14.9 29.8 1.238 37.6 0.887 43.2 1.0405 -- --

10 15.3 30.6 1.2145 37. 0.912 43.8 1.0265 -- __

D1.219 m 40 1 7.45 14.9 1.224 20.5 0.9575 22.2 1.051 -- --

d= 0.4877 m 2 7.4 14.8 1.1815 18.5 0.921 22.3 1.052 -- --

4= 3 7.57 16. 1.2195 19.6 0.957 22.7 1.051 -- --

0.0013077 4 7.5 15. 1.1795 18.9 0.931 22.5 1.041 -- --
Pa's 5 7.55 15.1 1.218 18.6 0.8925 22. 1.0445 -- --

Water 10°C
6 7.55 15.1 1.2435 18.3 0.938 21.7 1.06 -- --

7 7.55 15.1 1.181 18.3 0.9095 22.2 1.0275 -- --

8 7.4 14.8 1.204 - - 22.5 1.046 -- --

9 7.97 16.2 1.1615 19.2 0.9295 23.9 1.0295
10 7.35 14.7 1.211 19.7 0.9315 22.8 1.0545 -- --

difficult to measure and evaluate because of noise

not observed
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Table 2. Peak and valley values for propeller mixing.

D, d, 4

n

min
i Run

No.

T
/

`si

)

2nd peak 2nd valley 3rd peak 3rd valley

t (s) y t (s) y t (s) y t (s) y

D-0.5588 m 40 1 40.75 81.5 1.1370 108.3 0.8468 - - 132. 0.8730

1-0.1143 m 2 33.9 67.8 1.5102 152.6 0.8909 130. 1.1117 200. 0.9518

4- 3 44.8 89.6 1.1821 - - 147. 1.0897 195. 0.9295

0.0011709 4 41.6 - - 127. 0.8846 119.9 1.0610 184. 0.9708

Pas 5 40.1 80.2 1.2434 101. 0.7846 - - 169. 0.9455

Water 14°C
6

7

44.2

45.5

88.4
91.

1.2105
1.197

105.4
153.

0.8784
0.9123

123.6
173.6

1.0789
1.0419

138,

208.5
0.9023
0.9746

8 41.5 83. 1.3671 - - 162.2 1.0392 - -

9 47.9 95.8 1.1753 - 152. 1.0618 - -

10 36.5 - - - - 132.5 1.1165 187. 0.9177

D-0.5588 m 94 1 19.75 39.5 1.1009 44.7 0.8301 56.3 1.0192 67.5 0.9821

d-0.1143 m 2 18.25 36.5 1.1264 46. 0.9693 54.7 1.0575

4= 3 21. 42. 1.1258 52.5 0.9149 74. 1.0292 68. 0.9657

0.0010299 4 21. 42. 1.0699 54.2 0.8808 - - 70. 0.9819

Pas 5 20. 40. - 46. 0.8861 53.5 1.0633 61.8 0.9367

Water 19°C
6

7

21.5

22.3

43.

44.6
1.0850
1.1392

51.

59.5

0.8883
0.9747

- 74.
_

0.9670

8 17. 34. 1.3071 40. 0.8820 56.5 1.0647 63. 0.9695

9 22.6 45.2 1.0939 55.5 0.9530 - -

10 20. 40. 1.0884 46.4 0.8864 62. 1.0126 - -

50.5588 m 190 1 9.875

-

19.75 1.1538 24. 0.9167

-
29. 1.0128 31. 0.9615

d=0.1143 m 2 11.7 23.4 1.1283 32.3 0.9873 33.1 1.0267 - -

4= 3 10.6 21.2 1.1282 28.7 0.9179 32.8 1.0154 36. 0.9833

0.0011404 4 10. 20. - 23.25 0.8951 29.75 1.0137 33. 0.9488

Pas 5 11.75 23.5 1.1250 30. 0.9725 31.3 1.0375 -

Water 15°C
6 12.35 24.7 1.1671 28. 0.8418 - - 30.9 0.9367

7 9.5 19.0 1.1330 24.25 0.9147 - - -

8 9.75 19.5 1.1298 23.8 0.8971 26.9 1.0577 34. 0.9686

9 10.375 20.75 1.1538 26.0 0.9067 - 38.5 0.9798

10 10. 20. 1.2307 31. 0.9632 -

M.5588 m 40 1 72. 256.8 1.2770 338. 0.9191 456. 1.0683 546. 0.9676

d=0,1143 m 2 84. - 204. 0.9345 297.2 1.1345 542. 0.9381

4'
3 94. 188. 1.20 230. 0.8300 276. 1.1367 - -

1.062x10-5 4 68. 136. 1.3496 268 0.9431 340.8 1.1220 500. 0.9626

m2/s 5 78. 156. 1.3605 - - 306.4 1.1224 376. 0.9626

6 65.2 130.4 1.4127 - - 326.4 1.1111 456. 0.9524

70 % 7 83.2 166.4 1.3344 248.8 0.8080 - - - -

Glycerin 8 60. 120. 1.4331 - - 352.0 1.1291 428. 0.8976

9 73. - 216. 0.8750 282. 1.0818 480. 0.9297

10 60. 118. 1.3282 140. 0.7176 260. 1.0718 322.4 0.9191

M.5588 m 94 1 24.7 35.2 1.5765 61.5 0.8571 74.1 1.1933 108. 0.9529

d-0.1143 m 2 21.3 42.6 1.3950 53. 0.8926 63. 1.1736 81. 0.9421

4' = 3 21.7 39. 1.4400 51.8 0.8720 71.4 1.1600 100. 0.9329

1.062x10-5 4 22.7 45.4 1.4607 - 68. 1.1846 - _

m2/s 5 21.1 42.2 1.2763 72. 0.8950 90.5 1.0501 99. 0.9774

6 22.85 45.7 1.3920 - - 72. 1.1520 -

70 % 7 23.25 46.5 1.3088 - - 100. 1.0400 112. 0.9680

Glycerin 8 22.25 44.5 1.3548 81. 0.9516 104.5 1.0565 - -

9 23.58 44. 1.3548 71. 0.8355 75.5 1.1371 92.6 0.9113

10 21. 38.5 1,4484 - - 79.8 1.0887 99.5 0.9597

- difficult to measure and evaluate because of noise
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Table 2. Peak and valley values for propeller mixing.(continued)

D, d, p.

n

min
Run
No.

2n d pe ak 2nd valley 3rd peak 3rd valley

(s)

t (s) y t (s) y t (s) y t (s) y

D61.219 m 360 1 27.2 54.4 1.07 58.56 0.947 -- --

1-0.1143 m 2 23.52 47.04 1.2175 - - 71.36 1.0775

4= 3 27.52 - 69.76 1.0245 -- --

0.0013077 4 24.11 - - - 72.32 1.0185 --

Pacs 5 26.88 - - - 66.56 1.0535 --

Water 10°C
6

7

24.8
25.44

49.6
50.88

1.1715
1.1610

-

73.28
-

0.914

73.92
-

1.0365
-

__

8 29.76 59.52 1.157 - - - __ --

9 27.84 55.68 1.0775 -
__

D61.219 m 22.5 1 77.2 154.4 1.073 __ __

d=0.2540 m 2 66. 132. 1.164 181.6 0.8695 __

11-
3 74.8 149.6 1.181 - - - __ --

0.0013077 4 76. - 211.2 0.9715 - -- __

Pacs 5 80.4 160.8 1.137 199.2 0.969

Water 10 °C
6

7

80.4

73.6

160.8
147.2

1.043
1.092

213.6
193.6

0.960
0.941 --

__

8 75.5 - - - 203.2 1.050 -- --

9 79.4 173.6 1.082 - - _ __

D61.219 m 45 1 41.2 82.4 1.062 90. 0.9625 - __ --

d= 0.2540 m 2 38.4 104.8 1.0365 138. 0.977

f4= 3 37.4 74.8 1.0645 - - -

0.0013077 4 36.8 73.6 1.08 97.2 0.869 110. 1.0575 -- -_

Pacs 5 41.6 83.2 1.1045 - -

Water 10°C
6

7

39.9
31.

-

62.

_

1.089

_

89.6

_

0.834
119.6
-

1.0825 --

--

--

8 41.2 82.4 1.1175 97.2 0.917 - --

9 47.8 95.6 1.0755
__ __

D61.219 m 90 1 19.3 38.6 1.114 47.8 0.9105 - - -- --

4-0.2540 m 2 20.3 40.6 1.074 51.4 0.891 - -- --

4=
0.0013077

3

4
19.9
21.

39.8
42.

1.144
1.1375

47.4
53.

0.906
0.936

58.8 1.0435 -- --
__

Pacs 5 22.5 45. 1.1045 59. 0.9525 -

Water 10 °C
6

7

21.3
21.3

42.6
42.6

1.1035
1.0965

51.

55.6

0.945
0.9415

-

- --

__

--

8 20.3 40.6 1.094 46.8 0.9145 - -- --

9 18.5 37. 1.062 45.4 0.8575 58. 1.027 -- __

D61.219 m 180 1 10.25 20.5 1.073 26.75 0.959
__

d,0.2540 m 2 11.38 22.75 1.065 27.13 0.965 - -- --

4= 3 10.46 - - 39.8 1.023 -- --

0.0013077 4 9.12 18.25 1.221 23.38 0.887 -- __

Pa.s 5 10.33 - - - - 31. 1.0385 -- --

Water 10°C
6

7

11.56
11.04

23.125
-

1.0585

-

27.25 0.954 -

33.13 1.0465 __

__

--

8 10.25 20.5 1.106 26.87 0.9415 - - -- --

9 10.81 21.62 1.0645 28.13 0.9295
10 12.56 25.13 1.047 - - - __ __

T1.219 m 360 1 5.96 11.92 1.07 17.44 0.9685 -- --

d= 0.2540 m 2 5.84 11.68 1.038 14. 0.958 -- -- --

4= 3 5.48 10.96 1.1075

0.0013077 4 5.2 10.4 1.1035 13.04 0.9395 __

Pa.s 5 5.4 10.8 1.053 11.92 0.959 -- --

Water 10°C
6
7

6.16
6.12

12.32
12.24

1.0335
1.044

-

14.48
-

0.933

__ __ __

8 6.8 13.6 1.0835 - - -- --

9 6.04 12.08 1.053 __

- difficult to measure and evaluate because of noise
- - not observed



IV. A NEW PROBE AND CIRCUIT FOR MEASURING ELECTROLYTE CONDUCTIVITY

1. Previous Work

As we showed in the previous chapters, the response to a tracer

impulse injection can give useful information about a system. For

example, in a flow system the tracer impulse response is the residence

time distribution of molecules in the exit stream and is useful in

formulating a dynamic model of the system. A good tracer must not

interfere with the behavior of the system, should be easily measured at

any point in the system or in the output stream, and should be easy and

safe to handle. Electrolyte solutions fulfill all the above requirements

in many liquid flow systems.

Methods of measuring concentrations of electrolyte solutions by

means of conductivity cells and alternating current were developed in

late 19th century. Parker(1923) first noted that the cell constant of

a conductivity cell changes during measurement, Later, Jones et al.(

1928) carefully studied this effect and refined the techniques of meas-

urement of the conductivity of uniform solutions. Their major contri-

bution was the platinization technique to reduce polarization on the

surface of electrodes.

More recently, methods for measuring time-varying local concentra-

tions have interested investigators in various fields. Kramers et al.

(1953) reported the first probes, shown in Figure 14a, which were

employed to detect local concentration variations in a mixing tank.

Prausnitz and Wilhelm(1956) and Clements and Schnelle(1963) made probes

with two exposed platinum wires (Figure 14b). The probe configurations
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Figure 14. Variety of probe configurations.
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were further changed to measure concentrations in a much smaller volume

element. Lamb et al.(1960) designed a probe which consisted of a point

electrode and a wire ring electrode (Figure 14c). Since the surface

area of a point electrode is much smaller than that of a wire ring

electrode, the current flow, and thus the conductance through the probe

is mainly proportional to the concentration near the point electrode.

Reith(1965) used a similar probe (Figure 14e), and Gibson and Schwartz

(1963) employed a single point electrode (Figure 14d) using the grounded

metal walls of the vessel as a second electrode. It is well established

that the electrode material should be platinum to avoid polarization.

The majority of authors employed platinized platinum wires for electrodes.

Holmes et al.(1964) and Vocken et al.(1965) used copper rings and it is

not clear how they avoided errors due to polarization effects.

Figure 15 shows the conventional circuits used by the previous

authors.IneachcaseRistheresistanceoftheprobe,R.is the
A i

source impedance for the a.c. signal and Rs is a shunt resistance. As

we will see in the following section, none of the circuits reported in

the literature give voltage outputs which are proportional to the con-

ductance of the probe. The circuits in Figure 15a and 15b are commonly

used for large conductance variations and the Wheatstone bridge circuit

shown in Figure 150 is primarily used for very small conductance vari-

ations such as concentration fluctuations in a turbulent fields.

Clements and Schnelle(1963) adopted the balanced Wheatstone bridge

circuit for large variation of concentrations and calibrated the output

voltage to measure concentration.

Table 3 summarizes probe and circuit designs by the previous

investigators.
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(b)

(c)

Figure 15. Conventional circuits for measuring conductivity
showing stray current paths.



Table 3. Summary of probe and circuit designs by the previous investigators.

Authors Probe Materials of Probe
Basic
Circuit

Carrier
frequency

Kramers, Baars and Knoll

(1953)

Fig. 14a platinum wires Fig. 15c 1 kHz

Prausnitz and Wilhelm
(1956)

Fig. 14b platinum wires (platinized)
Epoxy seal

Fig. 15a Not
given

Lamb, Manning and Wilhelm
(1960)

Fig. 14c, d platinum wires (platinized)
Epoxy seal

Fig. 15a 15 kHz

Gibson and Schwarz
(1963)

Fig. 14d platinum wire (platinized)
Epoxy seal

Fig. 15b, c 25 kHz

Clements and Schnelle
(1963)

Fig. I4b platinum wires (platinized)
sealed in a nylon or glass tube

Fig. 15c 60 Hz

Holmes, Voncken and Dekker
(1964)

Voncken, Rotte and Houten
(1965)

Three large
concentric
rings

copper Not
given

Not
given

Keith (1965) Fig. 14e platinum wire (platinized)
glass seal

Fig. 15c 13.3kHz

Clements (1968) Not given Not given Fig. 15a 1 kHz
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2. The Circuit Problems With Conventional Methods

The non-linearity of the conductance measuring circuits that are

described in the literature has been mentioned; a more serious problem

for many applications is the susceptibility of the conductance probes to

stray currents which may be present.

In order to understand this effect, we must consider not only the

resistance between electrodes but also the resistance from each elec-

trode to the bulk fluid. Figure 15 shows the conventional circuits with

this modification. The resistance from the larger electrode to the bulk

solution is labeled as RL
and the resistance from the smaller electrode

to the bulk solution is labeled as RH. The stray current source in each

case is shown as a battery connected from RL and RH to ground.

Internal battery effects. In most cases, the vessel in which probes

are inserted contains metals other than platinum. Different metals and

an electrolyte solution form internal batteries. This battery effect

creates a potential between the probe electrodes and other metal parts

can result in biased output voltage e1 (Figure 15). Since the effective

resistance and the emf of internal batteries depend on local concentra-

tions, the biased potential fluctuates, and produces noise which cannot

be separated from the true response. To minimize this effect, the fol-

lowing conditions are required.

R >>R.L for circuit a

for circuits a, b and c

The first condition can be met by using a low impedance a.c. source, but

the second condition depends on probe geometry and cannot be met by any
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of the probes reported in the literature. For the probes shown in

Figure 14, the resistance from the smaller electrode to the larger elec-

trode is of the same order of magnitude as the resistance from the

smaller electrode to the bulk fluid. Probe I4a used by Kramers et al.

comes closest to a good design since the coiled outer electrode shields

much of the smaller electrode from the bulk fluid; the tip of the probe

however is not well shielded from stray currents.

Cross-talk effects. In many cases we need simultaneous conductance

measurements in a vessel, requiring that multiple probes be positioned

at different places in an electrolyte solution. Independent measurements

are required, but the presence of one probe may interfere with the meas-

urement of another one. This behavior is called "cross-talk".

All conventional circuits give this effect. Figure 16 shows one

example. Probe 1 and 2 are connected to the same a.c. power source and

interfere with each other through the conductance of bulk solution. To

minimize the interference, the following conditions are needed.

R ;> R.
P1 1

R R.
P2 1

R RHifi pi

R
H2

R
P2

The first two inequalities can be satisfied by using a low imped-

ance a.c. source; but the two latter inequalities cannot be satisfied

using the conventional probes shown in Figure 14.



Figure 16. Cross-talk effect of double measuring circuit.



Non-linearity. Let us consider the conventional circuits shown in

Figure 15 neglecting the complications which would be caused by internal

battery or cross-talk effects. For 15a and 15b the output voltage e1

across the resistance R
s
is

R
e - e
1 R + Rs 0

thus e1 is not proportional to the conductance 1/11 unless R is very

much bigger than R. Now eo is limited to a relatively low value to

prevent a large current flow which might cause the formation of bubbles

at the probe. The requirement that Rs be small and that eo not be large

means that the magnitude of e1 will be very small and will require ampli-

fication before it can be measured.

Now consider the other conventional circuit, (a Wheatstone bridge),

shown in Figure 15c. The voltage output e1 is

RIRp - R2R
3

el (R
3
+ R

p
) (R

1
+ R

2
) eo

To have approximate linearity between e1 and 1/R , we must balance the

bridge circuit. Assuming R
1
= R

2
and R

P
= R

3
, the equation above

becomes

ei 1 (1 -
)

e-
R o

The linearity holds only for small variations of R from the resistance

R
3.

Therefore, the bridge circuit has limited applications for small

concentration variations around a fixed mean value.
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3. Eliminating Non-linearity

Two relatively simple circuits involving high gain d.c. amplifiers

(op. amp's) can be used to obtain an output voltage which is linearly

related to the conductance of the conductivity cell. They are shown in

Figure 17. The behavior of these circuits is readily calculated using

the (reasonable) assumptions that:

1) no current flows into either input terminal of the amplifier,

2) the amplifier gain is so high that the potential difference

across the amplifier input is essentially zero.

With these assumptions we find that

R

el R eo

Ri

e1 = (1 +

for circuit 17a,

for circuit 17b.

17a has the advantage that the output voltage is strictly proportional

to the measured cell conductivity; 17b has the somewhat more important

advantages that one of the electrodes can be grounded, and a low imped-

ance a.c. source is not needed.

4. Eliminating Stray Current Effects

We have noted that in order to eliminate internal battery effects

and cross-talk in conventional circuits, we should have a probe so

designed that the resistance from the bulk fluid to the smaller elec-

trode (R H) is orders of magnitude greater than the resistance between

the large probe and the smaller probe (R ). This same condition is

required for the linear conductivity circuits as can be seen from
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eo

(a)

(b)

Figure 17. Operational amplifier circuits for linear
conductivity measurements.
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Figure 18 which shows the effect of an internal battery and the effect

of cross-talk on the linear conductance circuit of Figure 17b.

It is apparent that if RH>,>Rp then the internal battery is effec-

tively shunted to ground through RL, and has no effect on the output

voltage e1. Similarly, if RHii,>Rp2, and RH?>Rpi, then the outputs

e
I
and

e2
will not interact, and hence there will be no cross-talk.

5. Design of the Probe

The resistance from the smaller electrode to the bulk fluid can be

made very large (compared to the intraprobe resistance) by making the

larger probe in the form of a cage which encloses the smaller one. The

effect of the cage is demonstrated below for a similar (but simpler)

geometry.

Consider a single conducting rod (the smaller electrode) surrounded

by a bundle of n rods (the larger electrode) each of radius r1 at a

distance u
1
from the center, with the entire bundle surrounded by a

cylinder at distance u2 from the center as shown in Figure 19. The

resistance from the center to the parallel bundle at u1 is analogous to

the probe resistance R and the resistance from the center to the out-

side cylinder is analogous to RH , while the resistance from the bundle

at u1 to the cylinder at u2 is analogous to RL .

Suppose the center is at a potential ec, , the bundle at a poten-

tial e1 , and the outer shell is at a potential e2 ; then the current

flow from the center, 10 , can be proportioned thus:

di - -
o ?(e

o
- e

1
)
d(e e

o 1
) +

?(e
o

e
2

)
d(e

o
- e

2
)
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R.
1

(a)

(b)

Figure 18. Effect of an internal battery and the effect of cross-
talk on the linear conductivity circuit of Figure 17b.
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y

Figure 19. Two dimensional probe configuration with outer
electrode in the form of a cage.
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Now i
o
is a homogeneous function of degree one in (e

o
- e

1
) and

(e
o

- e2);). it follows from Euler's theorem on homogeneous functions that

-°"
i0

a(e
o

- e1)
(e

o
- e1) + f

ake
o

- e2)
(e

o
e2)

Considered as a parallel resistance problem we have

thus

and

i
e
0

e
1

e
o
- e

2
o
=

RH

1 Dio
P

a(e
o
- e

1
)

and
1

R
H Ca (eo e2)

Rp '3(eo - e1) dio
)

}I -10 ( a (e - e ) )
o 2

a(e
o

- e
1
)

a(eo e2)
io

If the current flow from the center electrode i
o
approaches zero, the

ratio R
P
/R
H approaches a constant. Thus, we have

el - eo

R lim e -
H

o
0 e2

Thus, to find the resistance ratio it is sufficient to find the poten-

tial at the center column e0 , given the potential at each rod el and

the potential at the outside cylinder e2 .

The potential field for the two dimensional geometry shown in

Figure 19 is the real part of the following complex function (Bewley,

1948):
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i
w _ 27-07 ln z + ln(zn -U)

27 1

where
i

is the current flow to each rod at u1 . Aligning the x axis

as shown in Figure 19 and assuming r1 and ro are sufficiently small

so that the potential fields around the origin and the rods remain essen-

tially circular, potentials at x = ro , x = ul and x u2 are

o
(

1 , in
e = lnr

o
) Iru

27
q1 r

n

o

el 271:.)T ln(ui r1) + ln(uni (u1 - ri)n= )

io
it

e2 = - ln(u2) + 7-72 ln(u3 - u1)

ul

Thus, for r
o

, r
1
<(1.1

1
and ( ) < 1, theresistance ratio RP

/R
Hu

2

becomes

et eo

lim
RH

i0
eo - e

2

As an example of the effect of shielding, consider a shielded probe with

n = 12, r1 = 0.1 mm, u1 - 2 mm, u2 = 100 ram

the ratio of probe resistance to leakage resistance is:

R ln(
0.1 0.511 = 0.0109

R
H

100 (12)(0.391)
12 ln(

)

2 '

while for an unshielded probe of the same dimensions:
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n = 1, rl = 0.1 mm, ul = 2 mm, u2 = 100 mm

the resistance ratio is:

2
Rp ln( T7T )

R
H ln( ) 3.9

For the unshielded probe RH and Rp are of the same order of magnitude,

while for the shielded probe the leakage resistance RH is nearly 100

times greater than the resistance Rp which is to be measured.

The actual probe is not two dimensionalof course, as is the analytic

solution given above; nonetheless, the analytical solution shows the

very strong effect of building a "cage" around one of the electrodes

with the other electrodes. It can be seen that the conventional probes

(Figure 14) are not well shielded and hence are subject to stray current

effects. Probe 14a is probably the least sensitive to stray currents of

all those shown, but unfortunately the cage does not close over the top

of the probe.

Probe construction. A simple probe design which allows conductivity

to be measured at a point, and which is not sensitive to internal battery

or cross-talk effects is shown in Figure 20. All exposed. platinum wires

are platinized in a standard platinizing solution until the surface of

platinum wires becomes visibly black.

This probe is somewhat similar to the previous i11,7 The

different feature is a coiled platinum wire forming a cage around the

point electrode. As discussed by the previous authors, the conductance

of the fluid close to the point electrode affects the current flow

through the probe. The fluid conductivity near the coiled wire has very
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Teflon insulated
coaxial cable

0.635 cm glass tube

0.508 mm platinum wire

Glass bead.

Epoxy seal

Shielding electrode
(platinized)

Point electrode
(platinized)

Figure 20. Conductivity probe with a point electrode and
a shielding coiled wire electrode.
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little effect on the current flow. However, this wire shields the point

electrode so that voltage disturbances such as internal batteries are

minimized as shown in the previous section. This, in conjunction with

the use of the operational amplifiers shown in Figure 21, gives more

accurate and less noisy measurements of conductivity.

6. Signal Processing

Since the amplifier has a low output impedance and sufficient power

to drive measuring instruments, we could simply connect a rectifier to

the output junction of the amplifier and measure the d.c. voltage.

However, the following auxiliary circuits provide more accurate and

convenient ways to find the change in amplitude of the a.c. voltage

(which is proportional to the conductance),

Band pass filter for a.c. carrier. The output signal from the amplifier

shown in Figure 17 is amplitude modulated with the carrier frequency

given by the sine wave signal generator. The carrier frequency is usu-

ally much higher than the frequencies in the signal which we want to

measure. Nevertheless, in many practical cases, the output signal picks

up noises whose frequencies are higher than the carrier's. There can

also be distortion caused by the remaining battery effects even though

most of these effects are shielded by the cage around the center elec-

trode. To eliminate both of these effects, we need a band pass filter

which blocks frequencies which are much higher or much lower than the

carrier frequency.

Figure 21a shows a combination of the band pass filter and the

linear conductivity circuit. The output voltage in complex form is
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12k
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R4
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100k
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100k

Zero adjust

(b)
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R
7
100k

Shielding electrode

R5

1 k

5k

>- e
2

Figure 21. Auxiliary circuits.
(a) Circuit for linear conductivity measurement with

band pass filter.
(1 Full wave ultra linear rectifier.
(c Second order low pass filter with amplification

(cutoff frequency = 6.37 Hz).
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R
I

o R

el

1+
e I

P(CR wj
+ 1) (C

1
R
1
wj + 1)

P

and the high and low cutoff frequencies are

1

wH- C1R1

wL . CR
P

For the carrier frequency 1 kHz, the high and low cutoff frequencies

were 15.9 kHz and 1.59 x 10-3 Hz.

Ultra linear rectifier. An ordinary diode could be used to demodulate

the signal from the above circuit, but it has a non-linear characteristic

when the input voltage is small. This non-linearity can be practically

eliminated if we use an operational amplifier with two diodes of the

same characteristics. A full wave ultra linear rectifier is shown in

Figure 21b.

Low pass filter. The signal from the ultra linear rectifier still con-

tains high frequency components associated with the carrier frequency.

These must be removed by smoothing if the signal is to be displayed on

an oscilloscope, or digitized for further processing. The second order

low pass filter, shown in Figure 21c, is a practical means of removing

these high frequency components without adding a significant time con-

stant to the system.

7. Comparison With the Conventional Method

A simple experiment was conducted to compare the performance of the

new conductivity circuit with a conventional circuit. The same probe
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was used for both circuits. Figure 22 shows the experiment setup. A

flat bottom cylindrical glass vessel was employed as a continuous flow

mixing tank. Four baffles of standard size were attached on the wall

and a three-blade teflon propeller was positioned along the center axis

of the vessel. The probe shown in Figure 20 was inserted in the vessel

near the exit stream.

The tank was filled initially with 0.1 % KCl solution and at t 0,

the input stream was shifted from the tank containing KCl soltion to the

water tank.

For conventional circuitry, the circuit given in Figure 15a was

used. Output signals from the circuit were amplified using a differen-

tial amplifier and transferred to the circuits of Figures 21b and 21c in

series. For the new circuitry proposed, the circuits in Figures 21a,

21b and 21c were connected in series. To test the battery effects, a

grounded copper plate of size 3 cm x 3 cm was inserted in the vessel.

Figure 23 shows the typical outputs of the two circuits.

Curve (a) shows the response of the operational amplifier circuit

with the copper plate in place. (The same curve is obtained with the

plate removed. ) The curve agrees exactly with theory. Curve (b) shows

the response of the conventional circuit without the copper plate. The

distortion is caused by the fact that at higher concentrations Rp is

not very much greater than Rs . Hence there is a loss of sensitivity

(a lowering of the overall gain) at high concentration; and when this

effect is compensated at the beginning of the run, the result is that

the response is greater than it ought to be for intermediate concentra-

tions. Curve (c) is the response of the conventional circuit with the
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Figure 23. Washout curve for stirred tank.
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copper plate immersed in the tank. There is an increased systematic

error because of the loading of the power supply, along with noise caused

by fluctuating stray currents from the probe to the copper plate, presum-

ably the result of concentration fluctuations near the copper plate.
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V. ANALYSIS OF THE EXPERIMENTAL DATA. MIXING RATE CORRELATION

1. Dimensional Analysis

As shown in Chapter II, the fluctuating amplitudes from an impulse

input follow the exponential decay given by Eq 12 and are the proper

measure of mixing quality since they show maximum concentration devia-

tions in a main flow channel. If, for a certain kind of stirrer and

geometry of a mixing tank, the decay rate constant K is once determined,

then any level of mixing quality can be predicted easily using Eq 12.

The decay rate constant K is a function of stirrer and tank geometry,

stirrer rotational speed and properties of liquid to be mixed. It is

desired to make a dimensional analysis to determine a dimensionless

group which includes the decay constant K. Thus,

fi(K, n, p, 4, d, D) = 0

where n, 0, x, d and D are the rotational speed, density, viscosity,

diameter of stirrer and diameter of tank. For this analysis, we assume

the same kind of stirrer geometry, fixed stirrer position, and a stand-

ard baffled tank, thus negligible vortex formation, i.e. negligible

gravitational effects. Evaluating the basic dimensions of each quantity,

the above functional form becomes

f2( ( n/K D /d, nd2P/4 ) = 0

or,

n/K = f3( D/d, nd2(%/4 ).

In many cases, the geometry factor D/d can be factored out in a power

form; thus, the above equation becomes



(n/K)(d/D)1) = f
4
( nd2p/4 )

68

(14a)

where nd
2
p/4 is the stirrer Reynolds number. The dimensionless group,

n/K, includes the decay rate constant K which represents the quality

of mixing. Thus, we name this dimensionless group the "mixing number,

N
mix

". Eq 14a is thus rewritten as follows.

Nb
Nmixtd/D) = f4(NRe) (14,b)

For a complete description of the above equation, the constant b and

the functional form of f4 should be found from the tracer mixing exper-

iments presented in Chapter III.

2. Amplitude Decay Rate Constant and Its Correlation With

Stirrer Reynolds Number

The peak and valley values of impulse responses in turbine and

propeller agitated fully-baffled tanks were experimentally measured and

presented in Chapter III. The peak and valley values were changed into

amplitudes, A, by subtracting the final value 1.0 from the peak and

valley values and neglecting the signs of the results. Thus, we have

the amplitudes, A, as a function of time for a fixed RPM and a set of

stirrer and tank diameter. From these A vs. t measurements, we can find

the decay rate constant K by taking logarithms on the both sides of

Eq 12,

ln A = ln 2 - Kt

where K = 27
2
a /T .
0

Thus, the slope of the in A vs. t plot gives K . Figures 24 and

25 show typical in A vs. t plots for turbine and propeller. As expected
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Figure 24. A typical In A vs. t plot for turbine.
This graph represents all the runs at 80 RPM;
see Table 1, Page 38.
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Figure 25. A typical In A vs. t plot for propeller.
This graph represents all the runs at 90 RPM;
see Table 2, Page 41.
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from Figures 11, 12 and 13, the turbine mixing (Figure 24) gives less

scatter than propeller mixing (Figure 25). Least square linear regres-

sion was used to evaluate the slopes.

Table 4 and 5 summarize experimental results. The exponent b on

the geometric factor in Eq 14 was estimated to give the best fits. The

values were 2.3 for turbine and 2.0 for propeller. Figures 26 and 27

show the mixing number group as a function of stirrer Reynolds number.

For high Reynolds number, the functional form in Eq 14 is a constant.

Thus, for turbine mixers

(n/K)(d/D)2.3*-; 0.5 ; Re) 2 x 103 (15)

while for propeller mixers

(n/K)(d/D)2 0.9 ; Re) 10
4 (16)

Figures 26, 27 and Eq 12 are final results for turbine and propel-

ler agitated batch mixing tanks. Examples of their possible use are

presented in the next section.

3. Applications

Example 1. Estimate the quality of mixing after a given mixing time.

A small slug of fluid A is introduced into a batch of second fluid

present in a mixing tank. The fluids are mixed for 4 minutes. Estimate

the maximum concentration variation of fluid A in the vessel.

Data

Stirrer : six-blade disk type turbine

Stirrer position : at the middle of the tank

D= 4m



Table 4. Summary of experimental results for turbine.

D

(m)

d

(m)

n

(min-1) Re
T

(s)

K
-1

(s )

2.3
d

(ind(E) Viscosity
Pas *
m2/s

0.558 8 0.127 0 20 4.714 E3 44.02 0.021 452 0.514 6 1.140 4 E-3 * Water 15°C
45 1.117 E4 23.265 0.051 236 0.484 8 1.082 8 E-3 * Water 17°C

80 1.986 E4 11.552 0.091 923 0.480 4 1.082 8 E-3 * Water 17°C
160 4.022 E4 5.496 0.179 27 0.492 6 1.069 4 E-3 * Water 17.5°C
25 6.370 E2 53.14 0.020 899 0.660 3 1.055 E-5 ** Aq. glycerin
40 1.019 E3 29.60 0.040 280 0.548 1 1.055 E-5 ** Aq. glycerin

0.243 8 20 1.648 E4 13.714 0.099 807 0.495 9 1.202 8 E-3 * Water 13°C
40 3.206 E4 6.524 0.197 07 0.500 2 1.236 3 E-3 * Water 12°C

80 6.591 E4 3.186 0.379 22 0.522 0 1.202 8 E-3 * Water 13°C

120 1.043 E5 2,268 0.654 77 0.453 5 1.140 4 E-3 * Water 15°C
20 1.939 E3 12.047 0.099 910 0.495 4 1.022 E-5 ** Aq. glycerin

45 4.363 E3 5.633 0.238 63 0.466 7 1.022 E-5 ** Aq. glycerin
90 8.343 E3 3.813 0.454 87 0.489 6 1.069 E-5 ** Aq. glycerin

1.219 2 0.365 8 20 3.410 E4 24.06 0.043 691 0.478 6

40 6.820 E4 12.25 0.089 373 0.467 8

80 1,364 E5 6.279 0.178 10 0,469 5
1,307 7 E-3 * Water 10°C

0.487 7 10 3.031 E4 28.98 0.043 586 0.464 8

20 6.062 E4 14.52 0.085 461 0.474 1

40 1.212 E5 7.529 0.168 10 0.482 0



Table 5. Summary of experimental results for propeller.

D

(la)

d

(m)

n

(min-1
Re

T
(s)

K 2

(11)(1)K D Viscosity
Pa. s

m2/s

0.558 8 0.114 3 40 7.438 E3 41.675 0.021 756 1.282 1 1.170 9 E-3 * Water 14°C

94 1.987 E4 20.34 0.065 712 0.997 5 1.029 9 E-3 * Water 19°C

190 3.628 E4 10.59 0.128 26 1.033 0 1.140 4 E-3 * Water 15°C

40 8.201 E2 73.74 0.008 774 3.178 9 1.062 E-5 ** Aq. glycerin

94 1.927 E3 22.443 0.038 450 1.708 9 1.062 E-5 ** Aq. glycerin

190 3.896 E3 9.613 0.095 624 1.385 5 1.062 E-5 ** Aq. glycerin

0.254 0 25
40

2.357 E4
3.772 E4

16.80
9.647

0.077
0.126

676
24

1.108
1.091

3

1
1.140 4 E-3 * Water 15°C

1.219 2 0.114 3 90 1.499 E4 122.2 0.009 576 1.376 8

180 2.997 E4 57.18 0.024 199 1.089 6

360 5.994 E4 26.34 0.053 740 0.891 3
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180 1.480 E5 10.78 0.135 29 0.962 4
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0.75

0.2

Turbine

(six flat blades, disk type)

'17 o o

0.486

I I I li
id

D(m) d(m)

o 1.219 0.366
o 1.219 0.488

0.559 0.127
0.559 0.244

110
4

05

Re (= nd2e/4 )

Figure 26. Mixing number group vs. Reynolds number for turbine-agitated batch mixers.
Each point represents the data in a graph such as Figure 24.
Valid ranges: 0.2<d/D<0.5, 600< Re -- Below cavitation
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(Solution)

d = 0.8 m

Liquid depth - 4 m

0= 1000 kg/m3

= 0.01 Pa's

Stirrer rotational speed = 0.5 s-1, (30 RPM)

Re nd
204 = (0.5)(0.8)

2
(1000)/(0.01) = 3.2 x 10

4

From Figure 26 or Eq 15,

(n/K)(d/D)2°3 = 0.486

K = (0.5)(0.8/4)2°3/(0.486) = 0.02539 s
-1

From El. 12,
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A = 2 Exp(-Kt) = 2 Exp( -(0.02539) (240) )

. 0.00451

Therefore, the maximum concentration deviation from the final value is

0.45 % and the maximum concentration fluctuation of fluid A in the tank

is 0.9 %.

Example 2. Predict the mixing time for a given quality of mixing.

For the conditions of Example 1, calculate the batch mixing time

required for a 0.1 % concentration deviation from the mean.

(Solution)

From Eq 12 and the values found in Example 1,

t = ln(A/2)/(-K)

ln(0.001/2)/(-0.02539)

=. 299.4 s ( 5 min )
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Example 3. Predict the quality of mixing and the mixing time for a

propeller.

The turbine in the previous examples is replaced by a three-blade

marine type propeller (1.5 pitch, d = 0.4 m). The motor is set for

2 s
-1

(120 RPM). All other conditions are unchanged. Do the same

calculations.

(Solution)

this

First find the quality of mixing for a 4 minute mixing time. For

Re = nd
2
e/4 = (2)(0.4)

2(1000)/(0.01) = 3.2 x 10
4

From Figure 27,

(n/K)(d/D)2 = 1.0

K= 0.02

From Eq 12,

A = Exp(-Kt) = 0.0165

Therefore, maximum concentration deviation from the final value is

1.65 % and the maximum expected concentration fluctuation is 3.3 %.

Next, the mixing time for a 0.1 % concentration deviation from the

mean is obtained directly from Eq 12, or

t = ln(A/2)/(-K) = 380 s

Example 4. Estimate the stirrer rotational seed for a riven mixi

time and a given quality of mixi

For the conditions of Example 1, it is desired to cut down the

batch mixing time to a half (from 4 to 2 min). What should be the
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stirrer rotational speed if all other conditions are unchanged ?

(Solution)

From Eq 12, the decay rate constant becomes for a constant quality

of mixing

Kt = ln(A/2)

= constant.

Thus, to cut down the mixing time half, the decay rate constant should

be doubled. Assuming that Reynolds number is larger than 2x1039 from

Figure 26 or Eq 15, n/K becomes

n/K = 0.486(D/d)2°3

= constant.

The stirrer rotational speed should be doubled to double the decay rate

constant.

n = I s-1 (60 Rpm)

The Reynolds number is larger than 2x1039 thus the expression for n/K

is justified.

4. Comparison With the Previous Investigators' Correlations

Table 6 summarizes previous investigators' experimental conditions,

correlations and mixing times. All other conditions are the same as

those of Examples 1, 2 and 3. The last column gives the mixing time

calculated by Eq 12 and Figures 26 and 27 for comparison even though

some experimental conditions are different from those of Figures 26 and

27.

Norwood and Metzner(1960) used the method of acid-base indicator



Table 6. Comparison with the previous investigators' correlations.

Authors Tracer
Injection
position

Measurement
position

Mixing time
correlation

Definition
of

Mixing time

Mixing
time

Mixing
time

from Eq 12

2

Ei

Norwood
and

Metzner
(1960)

Acid-base
indicator

Near the
impeller

Visual
observation

(nt)(5d)2
_,..

5

Last

color
indicator

change

130.7 s ----

Kramers

(1953).
adapted by
Gray(1966)

Electrolyte
solution Not given

Two probes:
Near the
surface,
near the
bottom

1(41/6(%)

g D

for Re > 10

9 A.0.001 235.2 s 299.4 s

Biggs
(1963)

Electrolyte
solution

Near the
surface,
Through-flow

Near the
impeller 4 A=0.05 104.6 s 145.3 s

Prochazka
and
Landau
(1961)

Electrolyte
solution

At the
surface

In the
middle of
the tank

D\2.57
nt=0.905(a)

log(2/A)*
for Re>10

Depends on
A

373.8 s
for
A.0.001

299.4 s

ti

HH
°Pi

°H
P4

Fox and
Gex(1956),
unbaffled

Acid-base
indicator

Not given
Visual
observation

d 1.5
(nt) (5)

=130

13.4

indicator
color
change

350.7 s ----

Biggs

(1963)

Electrolyte
solution

Near the
surface,
Through-flow

Near the
impeller

(n2d)1/6(a)i

g D

for Re=3.2E4
A."0.05 156.6 s 184.4 s

Prochazka
and
Landau
(1961)

Electrolyte
solution

At the
surface

In the
middle of
the tank

nt=3.48(2
)2.05

d/

log(2/A)*
for Re>10

Depends on
A

644.5 s
for
A=0.001

380, s

* common logarithms
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and determined the mixing time by a visual observation of the last indi-

cator color change. Their mixing time, 130.7 s, for a turbine is con-

siderably shorter than a 0.1 % deviation time, 299,4 s, calculated by

Eq 12, probably because the visual observation of indicator color change

was not as sensitive to concentration variations as a conductivity probe.

In fact by backcalculation, we estimate that the limit of detection of

color change in their experiment is at about A - 0.07.

The mixing time correlation for a propeller by Fox and Gex(1950)

was also based on the method of acid-base indicator. Their mixing time,

350.7 s, would have been much shorter had they used fully baffled tanks.

The correlation by Kramers et al.(1953) gives the mixing time of

the same order as that predicted by Eq 12. They placed two electrolyte

conductivity probes in a mixing tank; one probe near the surface, the

other near the bottom of the tank. They measured concentration differ-

ences between these two probes instead of measuring concentration at

each probe separately. However, flow pattern and hence the concentration

distribution of the upper region of a turbine mixing tank tends to be

geometrically symmetric to those of the lower region of the tank. This

effect is enhanced when a turbine is positioned near the middle of a

tank. The concentrations of the two probes tend to follow each other,

thus concentration differences between the two probes would be smaller

than concentration fluctuations of each probe. Thus, their mixing time

is shorter than that of Eq 12,

Biggs(1963) used one electrolyte conductivity probe to measure

concentration fluctuations. His mixing times for turbine and propeller

are a little shorter than those of Eq 12 probably because a small amount
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of through-flow was maintained and tracer injections were made at the

inlet pipe of the through-flow.

Prochazka and Landau(1961) injected tracer solutions at the liquid

surface in mixing tanks and experience shows that molecules at the liquid

surface tend to stay at the surface. Therefore, their correlations give

considerably longer mixing time than Eq 12 does. However, the exponents

on the geometric factor in their correlations (2.57 for turbine and 2005

for propeller) are close to those in Eq 14 (203 for turbine and 200 for

propeller).

As shown above, the present mixing rate correlation given by Eq 12,

Figures 26 and 27 confirms the previous investigators' correlations

within the limits of experimental conditions.
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VI. THROUGH-FLOW MIXER

The previous chapters considered the mixing rates in batch systems.

This chapter develops basic properties of flow mixing systems and ex-

tends the results obtained from batch mixing experiments to a design

criterion for turbine and propeller agitated vessels with through-flow.

1. Development Flow Model

For an efficient flow mixing system, it is desired to locate inlet

and outlet positions such that a direct bypass between inlet and outlet

positions is avoided. This is accomplished by locating the inlet down-

stream and the outlet upstream in a main flow channel. Figure 28 shows

a flow model of this idealized configuration. This model is a simple

extension of that shown in Figure 1. Here, we assume that a one-

passage RTD, f(t), of a flow model is the same as that of a batch model.

This assumption is reasonable for large recycle ratio or slow through-

flow compared with circulation time.

From a material balance, the transfer function of the flow model

shown in Figure 28 becomes

Y(s) = C(s)/Ci(s)
Q F(s)

Q W W F(s) (17)

where C(s), Ci (s) and F(s) are Laplace transforms of output concentra-

tion c(t), input concentration ci(t) and one-passage RTD f(t).

Defining the recycle ratio

R = W/Q

and substituting R into Eq 17, the transfer function becomes
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Inlet

Q m3/s

ci(t)

kg/m3

f(u)

Outlet

Q m3/s

ck()

g/m'

Figure 28. Recycle model for a simple flow system.



1 F(s)
Y(s) = C(s)/Ci(s) = 13+1

1 -
R+1

F(s)

Next, define the means of through-flow and f(t) such that

T
o

= , for the overall vessel

84

(18a)

T = VAQ W) , for, the one-passage RTD

where V is a volume of the flow system. Substituting To and T into

Eq 17, the transfer function is also represented by

(T/T ) F(s)

Y(s) = C(s)/Ci(s) = (1 F(s)

b F(s)

1 - (1 - b) F(s)

where b = T /To.

2. Limiti Behavior for an Infinite Rec cle Ratio

(18b)

From a physical interpretation, it is obvious that a recycling

flow system becomes a perfect mixed tank as a recycle ratio approaches

infinity. Fu et al.(1971) showed this limiting behavior for a few

examples of one-passage RTD. Nauman(1974) showed that the variance of

a flow system becomes that of a perfect mixed tank as a recycle ratio

approaches infinity. However, this is not a rigorous proof that the

limiting behavior is a perfect mixed tank, since there are many flow

models which have the same variance as a perfect mixed tank. Direct

proof of this limiting behavior for an arbitrary one-passage RTD has

not been established. This section presents the proof of this limiting

behavior.

Let us consider an impulse response of a recycling flow system as
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T/T
o
approaches zero (or R approaches infinity). First it is desired

to change the time scale such that one-passage RTD, f(t), shrinks down

as T becomes smaller, so that one can observe an overall response. By

making a substitution u = t/T, Eq 18b becomes

(T/T

°)

F(sT)

Y(sT)
1 - (1 00) F(sT)

b F(sbTo)

1 (1 - b) F(sbT0)

The above equation is indeterminate as b approaches zero, thus using

L'Hospital's rule, we have

lim Y(sT) =
F(sbTo) - b F(sbTo)

lim
b+0 b-*0 -(1 b) F(sbTo) + F(sbTo)

where

lim F(sbTo) lim f(u) Exp(-sbTou) du
10+0 104

= 1

lim ciT3 F(sbTo) = lim ( -sT
o
u) f(u) Exp(-sbT

o
u) du

b-)0 b+0

-sT
o

u f(u) du

-sT T
0

Thus, Y(sT) becomes as b approaches zero,

lim Y(sT)
1

10+0
T
o
Ts +

Change the time axis to its original scale by substituting sT by s,
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lim Y(s)
1040 los 1

Inverting the above equation, we have the impulse response of a perfect

mixed tank with mean T
o

.

lim y(t) =
1 Exp(-00)

b->0

(19)

This completes the proof that every recycling flow system becomes a

perfect mixed tank as a recycle ratio approaches infinity.

Example. Let us consider an unusual one-passage RTD for ordinary

recycle operations; plug flow. It is interesting to see the limiting

behavior for an infinite recycle ratio. Here, we have two conflicting

factors: a zero variance of the plug flow and an infinite recycle ratio.

We will see which factor dominates the flow mixing system.

The transfer function of a plug flow with mean T is

F(s) = Exp(-Ts) = Exp(-bTos)

Substituting the above equation into Eq 18b and taking the limit as b

approaches zero (i.e. recycle ratio approaches infinity), the transfer

function of the flow system becomes

b Exp(-bTos)
lim Y(s) lim

1- (1- b) Exp(-bT s)
b40 '040

Exp(-bT
o
s) - bT

o
s Exp(-bT

o
s)

= lim

or,

b40
Exp -bT

o
s +

1

1+Ts
0

lim. y(t) =
1 Exp(-00)

b40 o

1 - b T
o
s Exp -bTos
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Thus, even in this unusual case, the recycling flow system becomes

a perfect mixed tank for an infinite recycle ratio.

3. Impulse Responses

Tanks in series for a one-passage RTD. As for batch systems shown in

Chapter II (Eq 4 and 8), two different forms of impulse responses are

possible for recycling flow systems.

From Eq 18b,

b Lii(1

The transfer function of N-tanks in series is given by

F(s) s + 1)N

N ) ( 2 )

(21)

Substituting the above equation into Eq 20 and inverting term by term,

the impulse response is found.

c.)

N
y(t) = \\i

k=1

kN-1
Nt/T

Exp(-Nt/T)

Eq 22 has been derived previously (Fu at al., 1971). however, Eq 22 is

in infinite series, thus inconvenient for large t and difficult to see

the limiting behavior as t becomes huge. We will der ye. a different

form of Eq 22.

From Eq 20 and 21,

Y(s)
IT N

s + 1) -

Roots of the denominator of the above equation are



sk
sk

T
(1 - (1 - b)1/N Exp( j27k/N))

(1
\1/N _

With partial fractions, Y(s) becomes

where

Y(s) =

ij(

k= 0, 1, 2,

f-

M=
N/2 N = even

(1 - b)-11-1/N

(N - 1)/2 N= odd

A
T

s
0

(1 - b)-14-1/N
E p(-j27k(N-1) /N )

11__1)1112/11.W Expi j27k0-1)/N)
T
o

AN/2

0

-11.111111/21

N odd

N = even
T
o

0

Taking the inverse transform term by term and simplifying th complex

pairs, the impulse response becomes

(1-1+1/N1.

Y(t)
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_

Exp(-N(1-dl/N)t/l) -- B Exp(-N (1-vd
1/N)0)

T
o

'/
Exp(-N(1-e-

N
cos(27R/N))E/T)

I-1

.cos(dNL/T sir(Zi./N) (23)



where

0 ; N = odd
B=

1 ; N = even
d= 1 - b
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Eq 23 is another form of Eq 22 and is convenient for a large t, since

for large t all terms with k larger than 1 will be negligible compared

to the term with k = 1. Thus, Eq 23 becomes, for tVI'

y(t) =
T

flExp(-N(1-dl/N)t/T) + 2 Exp(-N(1-di/Ncos(217/N)t/T)
-1+1/N

cos(dNt/T sin(2n /N) + 27/N) j.

For b:1 (high recycle rate) and ID,>1 (small dimensionless variance),

the above equation is further simplified.

Exp(-t/T ) 2
o'

1 + 2 Exp(- ---t) cos (17) -t/T
o
+ 27/N) (24)

o

1
y(t) =

NT

Upper and lower bounds of the decaying fluctuation are given by

Exp(-00)
27

2

y(t) = 1 ± 2 Exp(- ---t
NT

Figure 29 shows the exact impulse response of a recycling flow

system calculated by Eq 22 or 23 and its approximate upper and lower

bounds calculated by Eq 24a.

(24a)

Arbitrary one-passage RTD. For large t and small b, the contributions

of the first few convolutions to y(t) in Eq 20 are negligible. Also, as

shown in Chapter II, a n-fold convolution approaches a normal distribu-

tion as n becomes large. This means that any arbitrary f(t) with mean

T and variance a
2
gives approximately the same y(t) as does a normal

distribution with mean T and variance a
2

, when t becomes large. This

justifies using Eq 24 for arbitrary f(t). Thus, for t/To,i>b, small b
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Figure 29. An impulse response of a recycling N-tanks in series model.



and small
a O2

'

the impulse response becomes

y(t) = Exp(-t/T
o

) 1 + 2 Exp(-Kt)
0

cos

where K = 27
2
a /T.

t/T
o

27a2)
0

(25)
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K is the amplitude decay rate constant which can be found from Figures

26 and 27 in the previous chapter. Using Eq 25, the decay rate constant

K can be obtained from steady flow experiments instead of batch experi-

ments.

4. Step Responses

For a step input, Eq 18b becomes

(s) b F(s)/s
1 / 1 - (1 - b) F(s)

We can follow the same procedure shown in the previous section to cal-

culate the step response directly from the above equation. Or we can

integrate the impulse responses given by Eq 22 and 23. Integration of

Eq 22 and 23 involves many terms, thus difficult to see the limiting

case for a large t. An easier way is to follow the procedure of the

previous section. After calculating the coefficients of the partial

fractions, inverting each term, we have

y1(t) = 1 -
b/N

(1-dl/N) d1-1/N
Exp(- 17,(1-d1/N)t)

(N-1)/2 N/ 1/N
2b Exp(- T(1-d cos B)t)

k=1
Nd(tfd 2/N-2 cos B)

.(d-1/Ncos(PfB) - cos P) (26a)



where

d= 1 - b

N 11P -Ttd1/
sin(B)
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B = 2rrk /N

For -0 To, 1DC1 and 11>1, the above equation becomes the step re-

sponse of a perfect mixed tank.

yi(t) = 1 - Exp(-00) (26b)

Figure 30 shows a step response of a recycling flow system and its

limit for a large t, b4(1 and N>>1. Because of its integrating effect,

the step response will look very smooth even though the impulse response

can vary and fluctuate a lot. (Compare Figure 30 with Figure 29.)

A Design Criterion of RecyclingLFlow Systems Using

Results of Batch Mixing Systems

The main purpose of a mixing tank in a flow stream is to blend out

fluctuations in the incoming stream and to achieve a uniform composition

of outlet stream. A perfect mixing tank is best suited for this purpose.

A stirrer agitated, hence recycling flow system is not a perfect mixed

tank. However, as shown in section 2 of this chapter, every recycling

flow system approaches a perfect mixed tank as the recycle ratio goes to

infinity. In other words, to achieve a better mixing for a given mixing

vessel, we have to decrease through-flow rate (takes longer time to mix)

or increase stirrer speed (needs more power). Thus, it is desired to

make the recycle ratio large (or b small).

Let Error(t) be a relative error in amplitude of an impulse re-
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Figure 30. A step response of a recycling N-tanks in series model.
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sponse of a recycling flow vessel compared to that of a perfect mixed

tank of the same volume. Thus, Error(t) is

Ya(t) Yo(t)
Error(t) -

Yo(t)
(27)
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where yo(t) is an impulse response of a perfect mixed tank,

Yo(t) = T ExP(-t/T0) (28)

and ya(t) is an upper limit of a fluctuating impulse response of a flow

vessel. From Eq 27, 28 and 25, Error(t) becomes for small b,

Error(t) = 2 Exp(-Kt).

The above equation is the same as Eq 12 of batch systems. In this case,

we are interested in the whole shape of impulse response. Thus, chang-

ing the time scale such that

u = t/T
o

the error amplitude becomes

Error(u) = 2 Exp(-KTou) (29)

Eq 29 is the basic equation to determine how far a flow mixing

vessel is from a perfect mixed tank of the same volume. Two assumptions

were made for Eq 29; the dimensionless variance, ae2 , of a one-passage

RTD is small, and the recycle ratio is large, in other words, b = T/To

is small enough such that the one-passage RTD and flow rate through a

main flow channel of a flow mixing vessel remain practically the same

as those of corresponding batch mixing vessel.

The choice of Error(u) and u in Eq 29 is arbitrary and mainly

depends on designer's preference. In a common engineering sense, a flow

mixing vessel can be assumed a perfect mixed tank if Error(u) is less
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than 5 % for u larger than 0.05. According to this criterion, Eq 29

becomes for T
o

,

T
o

ln(0.005/2)
0.005K

= 73.8/K (30)

where K can be found from the results of batch mixing experiments in the

previous chapter.

By comparing Eq 30 and Eq 12, we can express To in terms of a

batch mixing time.

.8
T
o
=

In 2 A to
(31a)

where to is a batch mixing time defined by 100A to deviation from the

mean. In particular, for A = 0.05 and 0.001,

T
o
= 20 t.05

= 9.71 t
.001

(31b)

where t
.05

and t
.001

are batch mixing times defined by the time

required to reach within 5 % and 0.1 % deviation from the final value.

Eq 31 is the same as Eq 30, and is useful when only a batch mixing time

is known.

6. Applications

The following examples are presented to illustrate the use of the

design criterion derived in the previous section. The examples are a

continuation of those given in the previous chapter.

Example 5. The turbine agitated batch tank of Example 1 is to be used

as a continuous flow mixing tank by maintaining a steady through-flow.
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Inlet and outlet positions are located such that direct channeling is

avoided. A perfect mixed tank is desired. Using the criterion present-

ed in the previous section, find the minimum mean reslde e time of the

flow vessel for less than 5 % deviation from a perfect mixed tank when

dimensionless time, t/To, is larger than 0.05.

(Solution)

From the solution of Example 1, the decay rate constant K is

-1
0.02539 s . Thus, from Eq 30, we obtain for 5 % deviation from a

perfect mixed tank,

T
o

= 73.8/0.02539

= 2907 s ( 48.5 min ).

Or, using Eq 31 and the result of Example 2 (batch 0.1 % deviation time,

= 299.4 s), the same minimum mean residence time, T
o

, is obtained.T
.001

T
o
= 9.71 T

.001

= (9.71)(299.4) = 2907 s

Example 6. Do the same calculations for the propeller mixing tank of

Example 3.

(Solution)

From the solution of Example 3,

K = 0.02 s
-1

From Eq 30,

T
o
= 73.8/0.02

= 3690 s (61.5 min)

Or, from Eq 31 and T.001 = 380 s,
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T
o
= 9.71 T

.001

= (9.71)(380) = 3690 s

Example 7, From Example 5, it is desired to cut down the mean residence

time of the flow vessel half. What would be the impeller rotational

speed if all other conditions are unchanged ?

(Solution)

From Eq 30 to make To half, we have to double K. Assuming

Re> 2x103, from figure 26 or Eq 15,

n/K = 0.486(0)2'3

= constant.

Therefore, the impeller rotational speed should be doubled.

1
:.n = 1 s (60 RPM)
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VII. CONCLUSIONS

As a result of present study on stirrer agitated fully-baffled

mixing tanks, the following conclusions are drawn.

A. Batch mixing systems.

(1) From RTD theory and probability conditions (central limit

theorem), the impulse response and its amplitudes for any

batch recirculating system with a well mixed region in the

main flow channel can be approximated by Eq 11 and 12 as it

approaches its final steady state value. The decay rate

constant K in Eq 12 is shown to be 2ff
2

/T, where T and d
e

2

are the mean and the dimensionless variance of the one-passage

RTD.

(2) Dimensional analysis and experimental results (342 runs) show

that the mixing number groups ( (n/K) (d/D)2°3 for turbine

mixing, (n/K)(d/D)2 for propeller mixing) are functions of

stirrer Reynolds number, nd
2
9/4. These relationships are

shown in Figures 26 and 27. For high Reynolds number (

Re).2x103 for turbine, Re>104 for propeller), Eq 15 and 16

represent turbine and propeller mixing groups.

(3) To determine mixing time (or quality of mixing) from a given

quality of mixing (or mixing time), the following steps are

needed.

a) Calculate stirrer Reynolds number.

b) From Figures 26 or 27, calculate the decay rate constant

K.
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c) Calculate A or t using Eq 12, where A is the quality of

mixing and t is the mixing time.

(4) Figures 26, 27 and Eq 12 are proper design criteria for

turbine and propeller batch mixing tanks.

B. Steady-flow mixing systems.

(1) Every recycling flow system approaches a perfect mixed tank as

the recycle ratio approaches infinity.

(2) The decay rate constant K from the batch mixing experiments

can be substituted into Eq 30 to estimate the minimum mean

residence time which guarantees an approximation of a perfect

mixed tank for any fluctuation level. If a batch mixing time

is known, the minimum mean residence time To is given by

73.8
To ln(A/2) to

or

T
o
= 20 - 9.71

t.05
9t.001

where t
A'

t
.05

and t
001

are the batch mixing times defined
.

by the time required to reach within 100A %, 5 % and 0.1 %

deviation from the final concentration.

(3) Figures 26, 27 and Eq 30 and 31 are proper design criteria

for turbine and propeller agitated flow mixing tanks.

C. The new conductivity probe and the circuit was designed for

conductance measurements. It has the following advantages over the

devices presently in use.

(1) Output voltage is proportional to the conductance of the probe,

hence a series of measurements can be made, one after the other.
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(2) The new design is insensitive to stray current effects so

that

a) metal tanks can be used without the requi ,ment of

insulating all metal surfaces,

b) simultaneous, independent measurements can be made in the

same tank,

(3) Auxiliary circuits with operational amplifiers are used for

precise rectification and smoothing.
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VIII. RECOMMENDATIONS FOR FUTURE WORK

(1) Different stirrer types, stirrer positions and tank geometries

should be studied to make corresponding mixing correlations similar

to Figures 26 and 27.

(2) In general, there are two types of concentration fluctuations in

mixing operations: low frequency fluctuation due to recycling

patterns and high frequency disturbances due to unknown causes.

The low frequency disturbances were analyzed in this study.

However, the high frequency disturbances, the noises, are yet to

be studied. In the author's opinion, there are two possible causes

for the noises: (a) unsteady flow pattern in mixing tanks and

(b) insufficient mixing near the stirrer tips. The latter cause

is more evident for a low stirrer rotational speed.

More elaborate experiments such as changing number and

positions of probes are needed to study the noise.

(3) Experiments for flow systems are needed to support the results

developed in Chapter VI.
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APPENDIX A

NOMENCLATURE

Letter Meaning

a = (mean residence time of plug flow)/(mean residence time
of tanks in series)

A amplitude of a normalized impulse response or, species A

b = (mean residence time of one-passage RTD)/(mean residence
time of through-flow)

C capacitance or concentration

d diameter of stirrer

D diameter of tank

molecular diffusivity

eo,el,e2,e3 a.c. voltage

Error(t) relative error amplitude

f(t) one-passage residence time density function

F(s)

,co

e-st f(t) dt

i current

K

n

N

Q

r

R

Re, NRe

4-1
/

= 2TT
2a/T , amplitude decay rate constant

stirrer rotational speed

number of equal size tanks in series

through-flow rate of a steady flow system

radius, radius of an electrode

= W/Q = 1/b - 1 , recycle ratio

= nd2e/4 , stirrer Reynolds number
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Letter Meaning.

R
H

resistance of a smaller electrode to bulk solution

R. output resistance of an a.c. source

R
L

resistance of a larger electrode to bulk solution

Rp resistance of a smaller electrode to a larger electrode

R
s

resistance connected to a probe in series; see Figure 15

s dummy variable or second in SI unit

t time (seconds)

,co

t f(t) dt, mean of f(t)
,.0

T
o

= V/Q, mean residence time of a through-flow

V volume of a steady flow system

w = 27f, frequency in rad/s

w
H high cutoff frequency of a filter circuit

wL
low cutoff frequency of a filter circuit

W recycle flow rate

y(t) impulse response of a recycle system

ya(t) upper limit of a step response of a flow system

yo(t) impulse response of a perfect mixed tank

y1(t) step response of a steady flow system

co

Y(s)
est

y(t) dt
0

z = x + jy

Z
L

liquid depth in a mixing tank

distance from the center electrode
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Letter Meaning

Greek letters

co

62 (t - T)2 f(t) dt, variance of f(t)

0

2
a

a2/_T 2
dimensionless variance of f(t)

density

dynamic viscosity, Pa.s

kinematic viscosity, m
2
/s
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APPENDIX B

A NEW SERIES FROM GEOMETRIC GAMMA TRANSFER FUNCTIONS

Equating Eq 4 and 8, we find the following new series.

W
xkN

-1

ic.N -1 )

k-1

M

(ex B e-x)

M r

+
N Nos(> JExp(- Ecos(arrk)).cos(x. sin (y)+2-fi

(N - 1)/2 ; N - odd

N/2 - 1 ; N - even

0 ; N - odd
B=

1 ; N - even

Example a. N = 1

k
x

ex/ k!

k0

Example b. N = 2

x3 x5
x + + +

Example c. N = 3

2 5 8
x x x
2! 5! 8!

- sinh(x)

1 x 2
-5

,jix + 11)= -5 e + e
x/6

cosk



Example d. N = 4

X3 X7 x
11

3! -I- 7! + 111

1 x -x. 2
= -4- - e ) cos(x

= (,sinh x - sin x)
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where

From Eq 7,

Y(s)

APPENDIX C

A FINITE PRODUCT OF SINE FUNCTIONS

N
N N-1

M
s(s + 2N /T)B 1 1 ((s - ak)2 + bk)

icy.1

; N - odd
B

1 ; N - even

M=
(N - 1)/2 ; N . odd

N/2 - 1 ; N . even
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The above equation can be divided into partial fractions. The coeffi-

cient of 1/s is

lim sY(s)
s40

N
N
/T
N-1

01)B / 2 2%

Ti I I tak bki

N
N
/T

N-1

(2T)B(T)2M
` Ti `Ti

B(1\11) 2M

cos
27k)2
N

NN/T11-1

ku
1 1 (4 sing( 4)

sing (?))

Also, Chapter II shows that the coefficient of 1/s is 1. Thus,

sin2(152)

k.1

N
4(N-1)/2 , N = odd

2N

4N
2

; N = even

where N Z 3.


