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An experimental study was conducted concerning the heat

transfer and flow characteristics of natural convection with mercury

in a uniformly heated vertical channel, The test apparatus consisted

of two 5" x 5" electrically heated stainless steel plates oriented

parallel to each other to form a vertical channel. Plastic plates

enclosed the two sides of the channel to preclude side flow. Data

were taken for three channel spacings at channel width-to-height

ratios of 0.25, 0.50 and 0. 67. As a separate case the second plate

and sideplates were removed, and convection from a single vertical

heated plate was studied.

Local and average heat transfer correlations are presented

for the three channel spacings and the single plate in terms of

Nusselt number and modified Grashof number. The Nusselt number



calculation was based on the heat flux measured in terms of the power

dissipated by the plates, The modified Grashof number range for the

single plate was 105 < Grx* < 1011and for the channel was.

108 < Grx*.<1011. For each case this extends heat transfer data for

mercury two orders of magnitude beyond that previously reported.

Although indications from the flow studies were that transition oc-

curred between a modified Grashof number of 2 x 101° and 6. 5 x 1010,

the correlations are in good agreement with previous analytical and

experimental results presented for lower Grashof number ranges.

The characteristics of the temperature and velocity boundary

layers are also presented in terms of mean velocity and temperature

profiles, relative magnitudes of the fluctuating velocity components,

and characteristic frequencies of the velocity disturbances. Trends

in the mean profiles are in good agreement with analytical predictions

and frequency measurements agree very well with linear stability

theory predictions. Conclusions concerning instability and the onset

of transition are in very good agreement with the most recent studies

in this field conducted in water.

The ground work was also laid for the use of a two-sensor "X"

configuration probe for turbulence measurements in mercury. While

no data from this probe are presented, the theory of operation and

problems and recommendations associated with its use are discussed.
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AN EXPERIMENTAL INVESTIGATION OF HEAT TRANSFER
IN THE TRANSITION AND TURBULENT REGIMES FOR

NATURAL CONVECTION IN MERCURY IN A
UNIFORMLY HEATED VERTICAL CHANNEL

I. INTRODUCTION

The work conducted for this thesis is part of an ongoing project

under the auspices of the U, S. Atomic Energy Commission. The

A. E. C. is interested in experimental results for natural convection

in liquid metals for safety calculations in the design of the liquid metal

fast breeder reactor; in the event of a pump failure, the residual heat

in the reactor core would have to be removed by natural convection

of the coolant fluid.

The A. E. C. research at Oregon State University began with

White (47) who studied natural convection on a single vertical plate.

Hurt (20) made some major improvements in the use of a hot film

anemometer for measuring the low velocities encountered for natural

convection in mercury, This aided the work of Colwell (6), who

studied natural convection between two vertical plates, which formed

a vertical channel where the channel spacing could be varied. Most

recently, Wiles (48) studied natural convection from a single cylinder

for three different size cylinders.

All the studies to date have been conducted for laminar flow,

where streamlines are well ordered and basically run parallel to the
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heat generating surface. At some downstream location, any flow over

a surface will become chaotic, or turbulent, where the streamlines

are no longer really discernable. The period during which the regime

of flow changes from laminar to turbulent is called transition. This

phenomena is a common observation to anyone who has ever noticed

how the smoke from a cigarette first rises in a well-ordered stream-

like fashion, then suddenly seems to break up into little swirls and

disappear.

The objective of the present work was to extend the study of the

uniformly heated channel, started by Colwell (6), into the turbulent

regime. The study of turbulent natural convection where the velocity

and temperature readings were fluctuating rapidly required the develop-

ment of new data taking procedures and the procurement of additional

equipment, in particular, the two-sensor "X" configuration probe.

The basic results to be presented are as follows.

1. Heat transfer results are presented in terms of the Nusselt num-

ber, based on the wall heat flux, and the modified Grashof number.

For a single vertical plate, results cover the range of

105 < Grx* < 1011. For the uniformly heated channel, three

channel spacings were studied, For channel width to height ratios,

w/L, of 0. 67, 0. 50, and 0.25 results are presented for a range

of 108 < Grx* < 1011. These results are compared to analytical

and experimental results, where applicable.
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The basic characteristics of the boundary layer are studied in

terms of the mean temperature and velocity profiles, the relative

magnitudes of the velocity disturbances, and the characteristic

frequencies of the disturbances. Profiles are compared to both

analytical and other experimental work. Characteristic frequen-

cies are compared with linear stability theory. The level of

development of the turbulent flow is indicated, and a model is

postulated to describe the flow mechanisms within the channel.

3. Use of the two-sensor "X" configuration probe is considered.

No data from the probe are presented, but the theory of operation,

problems, and recommendations associated with its use are

discussed.



II. REVIEW OF LITERATURE

Introduction

The study of natural convection began in 1881 with the analytical

work of Lorenz (28) followed by the experimental studies of Griffiths

and Davis (17) in 1922, and of Schmidt and Beckman (34) in 1930.

From there it has branched into the many subjects of various test

fluids and test conditions available in the literature today, The

reader who is interested in a more complete historical development

of the study of natural convection from its beginning in 1881 to the

present work in liquid metals is referred to references (4) and (5).

Since the present work in many ways continues the work started by

White (47) and most recently by Colwell (5), a recapitulation of their

literature reviews will not be attempted. Rather, those papers most

directly related to this work will be discussed briefly, followed by a

more detailed discussion of new material relating to natural convection

instability, transition, and turbulence.

General Heat Transfer Results

In 1950, Eckert and Jackson (10) reported heat transfer correla-

tions for natural convection from isothermal vertical surfaces in air.

While their study pertained to a different test fluid and boundary

condition, their results are of interest because they found a significant
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increase in the slope of the heat transfer correlation curve when

transition occurred at a Rayleigh number of about 109. They recom-

mended the following correlation

Nu
L

= O. 555(GrLPr). 25
Gr

L
Pr < 109

Nu
L

= O. 021(Gr Pr) .40 Gr Pr > 109 (H. 2)

For mercury (Pr = 0.023), in terms of the local modified Grashof

number this correlation becomes

Gr* < 2. 34 x 1011
x

Nu = 0.235(Gr )

Nu = 0. 0247( Gr) . 286 Gr > 2. 34 x 1011
x x

In 1956, Sparrow and Gregg (36) presented a similarity solution

for the uniform flux surface, for Prandtl numbers of 0.1, 1, 10, and

100. In 1959, they presented results for lower Prandtl numbers for

the isothermal surface (38) but not the uniform flux condition. Their

heat transfer results for the uniform flux condition, extrapolated to a

Prandtl number of 0.023 are

Nu = 0. 16(Gr
*

)

.2

In 1964, Chang, Akins, Burris and Bankoff (4) used a first order

perturbation analysis to extend the results of Sparrow and Gregg for

the uniformly heated vertical plate at low Prandtl numbers. Their

heat transfer results were
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Nux = 0, 632(Pr) 37(Gr*) 2 (II. 6)

When expressed for Pr = 0, 023, this becomes

Nu = 0. 154(Gr' ) 2

Cygan and Richardson (8) in 1968 approximated the velocity

profile as two exponentials, one represented a viscous region near

the wall and one represented an inviscid region. This method allowed

incorporation of Pr in the velocity profile for determination of the

wall shear stress. They recommended the heat transfer correlation

Nux = 0, 52976(GrxPr2). 25 (II. 8)

for Pr = 0, 03, which in terms of the local modified Grashof number is

Nux = 0, 148(Gr3t) 2 (II. 9)

Kuiken (24), in 1969, resolved the coupled boundary layer equa-

tions for an isothermal plate using the method of matched asymptotic

expansions. His results for Pr = 0. 03 were

Nux = 0. 5443(GrxPr). 25 (II. 10)

In terms of the local modified Grashof number this becomes

= 0. 152(Grx*) 2 (II. 11)
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Also in 1969, Julian and Akins (22) experimentally studied

natural convection from an electrically heated vertical plate in

mercury. Their velocity and temperature profiles were in good agree-

ment with similarity and perturbation solutions. Their heat transfer

correlation was

Nux = 0. 196(G 188 104 < Gr* < 109

Finally, in 1973, Colwell and Welty (5, 6) studied natural convec-

tion from both a single vertical plate and a uniformly heated channel.

They also found good agreement between their results and the

similarity and perturbation solutions. Their heat transfer correlation

for a single vertical plate was

Nux = 0. 23(Gr*) 18 104 < Gr: < 109 (II. 13)

In regard to channel flow, Colwell made a remarkable discovery,

unique to low Prandtl number fluids. He found that the average plate

temperature decreased, causing the Nusselt number to increase as

the channel spacing decreased until the ratio of the channel width, w,

to the channel height, L, was less than 0.10. Thus he found an opti-

mum plate spacing where the channel was most efficient in transfer-

ring heat to the fluid. That is, for a given heat flux a minimum plate

temperature will occur, or for a given average plate temperature a

maximum average heat flux will occur.
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For heat transfer in a vertical channel, Colwell included the

channel spacing, w/L, in the correlation and recommended

Nux(w/L) = 0. 194[Grx(w/L)5] 18

103 < Grx*(w/L)5 < 109

The majority of Colwell's work was conducted in a channel with no

side plates. When he checked for the possible effect of side flow by

adding side plates, he found that the Nusselt number increased, with

this effect being most noticeable for the narrower channel spacings

and higher Grashof numbers. His heat transfer correlation, based

on the data using side plates, was

Nux(w/L) = 0. 268[Gr*(w/L)5] '165

103 < Gr:(w/L)5 < 109

Instability, Transition, and Turbulence

In 1962 Szewczyk (40) studied the stability of a free convection

layer along a vertical plate in water. While his stability calculations

are rather crude in comparison to more recent literature, his experi-

mental observations are of particular interest. By introducing a

layer of die at the leading edge, he observed the formation of a double

row vortex system. A row of vortices inside the velocity peak rolled

toward the plate while a row of vortices outside of the velocity peak
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rolled in the opposite direction away from the plate. He further noted

that the outside vortices appeared sooner and appeared to be much

less stable than the inner vortices, impressing their effect on the

more stable inner layer.

In 1968 Coutanceau (7) conducted an analytical and experimental

study of turbulent natural convection from an isothermal flat plate.

His only test fluid was water. He suggested that the quantity

[ (Ts- Ta) /Ta] n should be included in the heat transfer correlation

Nux = K[ (T - T ) n(Grx)m (II. 16)

He found, however, that n and m were of nearly the same magnitude,

so that his heat transfer correlation for air was

Nux = 0.00811(gx3/ v2). 41

He suggested that gx3/v2 was a better heat transfer parameter than

the conventional Grashof number for turbulent flow. This result was

for an isothermal plate, but implies that the convective heat transfer

coefficient, h = Nux1c/x, for turbulent flow is dependent only on x and

not on the relative magnitude of temperature difference or heat flux.

Coutanceau also reported the onset of transition at a relative Grashof

number of Grx = 1.462 x 109(Ts/Ta)-8.352.

The beginning of the present understanding of natural convection

instability began several years earlier, however, with Plapp (32) in
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1957. He applied linear stability theory to the governing equations

of natural convection, which lead to the formation and eventual solu-

tion of the Orr-Sommerfeld equations. While a brief description of

linear stability theory applied to natural convection will be presented

in the following paragraph, references (12) and (13) are recommended

for a more complete introduction to the subject.

For linear stability theory, a temperature and velocity similar-

ity function are selected which can represent a steady value with a

superimposed fluctuating component that can vary in both frequency

and amplitude with downstream position, x, and time, t. When these

functions are introduced into the governing equations for natural

convection the Orr-Sommerfeld equations result. The solution of

these equations, an eigenvalue problem, indicates that a disturbance

will be amplified (extract energy from the mean flow and grow) or be

damped (lose its energy to the mean flow) depending on its frequency,

f, and its value of local vigor, G* = 5(Grx/5) 2. These results are

best expressed in terms of a stability plane where the dimensionless

frequency, 13*, is presented against G*, with lines of constant

physical frequency and amplification rate as shown in Figure. II, 1. The

indication from linear stability theory is that only a narrow range of

frequencies around f1 will be amplified, and that f1 will appear as the

characteristic frequency of the disturbance.
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asing
es of

ification

Figure II. 1. Schematic representation of a stability plane.

In 1968 Knowles and Gebhart (23) studied the effect of the heat

generating surface on the linear stability theory predictions. Defin-

ing the relative thermal capacity of the surface as

(Pr) ( plc)surface
5 (plc)fluid

they found for Pr = .733 and Pr = 6. 9 that a low value of thermal

capacity, where the surface could follow the fluid temperature fluc-

tuations, significantly changed the stability predictions, but that this

effect decreased as the Prandtl number decreased. They also studied

the effect of thermal capacity on the location of maximum temperature

and velocity disturbance amplitudes. For a low value of Q*, as



12

occurred with the present work, they found that the maximum velocity

disturbance amplitude occurred approximately at the inflection point

of the mean velocity curve. The maximum temperature fluctuation

occurred slightly closer to the velocity peak and temperature fluctua-

tions at the wall only decreased to 80% of their maximum values.

Dring and Gebhart (9) used an improved numerical technique to

solve the coupled Orr-Sommerfeld equations for Pr = 6.7 for a heat

generating surface with no relative thermal capacity (Q* = 0). It was

noted that the lower frequency disturbances which appear first are

not the ones that are amplified the most and are soon dominated by

higher frequency disturbances which are amplified more. Dring also

introduced the technique of studying the growth of a disturbance as it

is convected downstream from G with amplitude Al to G2 with

amplitude A2, by integrating

A2 /A1 = exp
G4

t' a dG
1

This allows expressing amplitude ratios on the stability plane, which

have more physical significance than the amplification rates, a*.

In 1971, Hieber and Gebhart (18) continued the analysis of

instability with another improved numerical method that allowed the

solution of the Orr-Sommerfeld equations for a wide range of Prandtl

numbers. Dring's results for Pr = 0. 025 were determined for the

case of a plate with high thermal capacity. The stability plane from
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his work is presented in Figure V. 9. He found that the uncoupled

Orr-Sommerfeld equations were in close agreement with his results

using the coupled equations for a plate with high thermal capacity, but

that for a plate with low thermal capacity the coupling between the fluid

and plate temperature fluctuations had a destabilizing effect on the

solution. Since the present work used a plate with low thermal capa-

city, this indicates that Hieber's results should be used with caution.

In 1973 Godaux and Gebhart (15) conducted an experimental study

in water of transition mechanisms from a vertical heated surface.

Godaux defined the onset of transition as occurring when the mean

temperature profile first deviated from the x1/5 dependence of laminar

flow, and attempted to correlate his results with a dependence on

G*/x 6, which is proportional to (qx) 2. Jaluria and Gebhart (21)

continued the same study, but chose to define the onset of transition

from the instantaneous readings from a hot wire anemometer, They

defined the onset of transition as occurring when the first turbulent

bursts appeared. A burst is a higher frequency disturbance which

superimposes itself on the laminar characteristic frequency for a

period of time, causing a distortion of the sinusoidal behavior charac-

teristic of laminar flow. They defined the intermittency as the average

proportion of time that these bursts were seen. Finally, they defined

as the end of transition when the intermittency reached a value of 1, so

that only the higher frequency disturbances were apparent.
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Jaluria had more success than Godaux in predicting transition by

using G*/ , a more general case of e/x° 6, where he found a value

of n = 0. 40 predicted the onset of transition and n = 0. 54 the end of

transition, The dependence of the onset of transition on x. 4 he

incorporated into an E factor, defined as

E G*(v2/gx3)2/15

He reports that his values of E = 13. 6 for velocity transition and

E = 15.2 for thermal transition are in good agreement with similar

calculations based on other data available in the literature. Finally,

Jaluria noted that there was basically one characteristic frequency

for laminar flow and another considerably higher frequency for turbu-

lent flow, and that the characteristic frequency as transition continued

increased rapidly, Also, he observed that as disturbances proceeded

downstream their amplitude decreased, which he attributed to the

breaking down of eddy size and filling out of the frequency spectrum.

Colwell (5) also studied the onset of transition for his channel

configuration in mercury. His data were taken at relatively low G*

values and, when plotted on the stability plane from Hieber (18), lie

within the amplified region but below the most amplified frequency.

He observed frequencies in the range from 0. 065 Hz to 0.106 Hz.

From the figures he has included showing the instantaneous anemo-

meter plots, the disturbances which he refers to as early transition
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waves are quite regular and sinusoidal in appearance, with no higher

frequency bursts appearing. With the transition criteria proposed by

Jaluria (21), these waves appear to be more characteristic of unstable

laminar flow than of the onset of transition. Colwell did observe,

however, the appearance of a higher characteristic frequency further

downstream. He also found that the maximum velocity disturbance

amplitude increased as the channel spacing was decreased until a

channel width to height ratio of about w/L = .4, and then the disturb-

ance amplitude decreased as the channel spacing decreased further.

Apparently the effect of the two walls increases the turbulence level

until the dissipating effect of the plates is felt.
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III. EXPERIMENTAL APPARATUS AND PROCEDURE

Introduction

Data for this thesis were taken in a symmetrically heated vertical

channel. This configuration is shown schematically in Figure III. 1.

The channel had a vertical length, L, of 5 inches and the width, w,

was varied from 1.25 inches to 3, 33 inches. The channel was open

at the top and bottom but was enclosed on each side by 1/8 inch thick

plastic side plates. As a separate situation, plate number 2 and the

side plates were removed and data taken for a single vertical plate.

The coordinate system indicated in Figure III. 1 will be used consis-

tently throughout this thesis. The construction of the channel will be

discussed in more detail in "Channel Construction and Location".

This chapter will treat in succession the temperature measuring

system, the velocity measuring system, the calibration apparatus,

and the two-sensor "X" configuration probe, Figure s 111.2, 111.3,

111.9, and III. 10 show photographs of the layout of different aspects

of these systems. As different components of these systems are dis-

cussed, the reader will be referred to a figure and a number in

brackets which will identify that component, To avoid confusion,

these numbers are consecutive throughout the chapter.



1" thick asbestos block

1" thick urethane block
enclosed in epoxy

1" x 1/2"
steel supports

plate 1 assy
(stationary
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electrical leads

1/8" plastic side
plates are cemented
to plate 1 assy, and
held against plate 2
assy by rubber band

etched nichrome foil

O. 018"

rubber
band

plate 2 assy, moveable
by rack and pinion
mechanism.
silicone rubber and
fiber protective
matting

silicone rubber
adhesive

O. 011"

0, 019"

0. 075"H

Figure III. 1. Schematic of channel configuration.

stainless steel
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Figure III. 2. Photograph of experimental equipment.

Figure III. 3. Photograph of mercury tank and constant temperature
bath.
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Channel Construction and Location

The basic channel configuration was already introduced. The

channel was placed in a 12-inch square by 16-inch deep stainless

steel tank of mercury [8], shown in Figure 111.3. The mercury tank

was surrounded by a 35 gallon constant temperature water bath [9]

and 6 inches of vermiculite insulation housed in a plywood cabinet

[10]. The constant temperature bath appears white due to rust

inhibitor which was added to the water. The bath was maintained

constant by balancing the heat from the heaters and cooling from tap

water running through copper coils with a Haake model E 51 one kilo-

watt heater [11]. With the aid of two stirrers [ 12) the ambient

temperature was maintained within + 0. 5°F over a several hour run,

which was quite acceptable. The channel was held in the mercury by

a steel frame [13] which was bolted securely to the stainless steel

tank. Plate 1 was mounted stationary while plate 2 was mounted

moveable on a rack and pinion assembly. The velocity and temperature

probes were located in the x and y directions by a x-y positioner [14)

Positions could be located in the x direction to within 0. 001 inch,

and in the y direction to within 0. 0001 inch by use of the dial indicator

shown.

Referring again to Figure III. 1, the heated plates were a sand-

wich construction of an electrical resistance heater manufactured by
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Electrofilm, Inc. , inserted between two 0. 018 inch stainless steel

plates. The heating element itself consisted of a chemically etched

0. 001 inch sheet of nichrome foil, shown schematically in Figure 111-4,

protected by a matting of fiber and silicone rubber. The stainless

steel plates were 6 inches wide while the heater was 5 inches high so

that the 1/2 inch on each side of the plate that was attached to the steel

supports was not heated. Rubber shims the same thickness as the

heating element were placed along these 1/2 inch side strips. A plate,

the heater and shims, then the other plate were placed in a holding

fixture to assure proper alignment, with silicone rubber cement be-

tween each layer, then the entire assembly placed under a hydraulic

press to maintain uniform thickness during curing. The resulting

heated plate was 0. 075 + 0. 002 inches thick.

In order to eliminate asymmetrical effects from the back sides

of the plates and to keep the power input as low as possible, the back

side of each plate was insulated. The insulation consisted of a 1 inch

thick block of asbestos for good heat resistance next to the hot plate,

with a 1 inch thick block of urethane encased in epoxy (which has a

much higher thermal resistance) cemented to it. It is of vital concern

for the heat transfer data that the heat loss through the back side of

the plates be very small so that the entire power input can be con-

sidered as contributing to the heat flux in the channel. The maximum

temperature that the heater foil can withstand is 400°F, the
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teflon insulated
electrical leads

fiber and silicone
rubber matting

etched nichrome foil

Figure III. 4, Schematic of heater element (actual size
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temperature it reaches being controlled by the thermal resistance

between the foil and the fluid in the channel. Using this maximum

condition and a typical plate surface temperature of 100°F and ambient

of 80°F, it will now be shown that the maximum loss through the back

side of each plate is less than 0, 2% of the total power input.

Ta = 80

"" in

urethane

k = . 012

asbestos
k = .1

= 400

Figure III. 5. Heat loss through back of plate.

Let q1 and q2, R1 and R2 be the heat fluxes and thermal resistances

from the front and back sides of the plates, respectively. Then

= (Tf-To/Ri

q2 = (Tf-TO/R2

= (. 020/12)/(. 14) = . 012

R2 = (1/12)/(. 012) + (1/1Z)/(. 1) = 6.95 + .83 = 7. 78

q1 = (400-100)/(. 012) = 25, 000 BTU/hr ft2

q
2

= (400-80)/(7. 78) = 41 BTU/hr ft2

q2/(qi + q2) = (41)/(25041) = O. 00164 = O. 164%
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It appears that the heat loss from the back side of the plates was

always less than 0. 2% and therefore could be ignored.

The plates were powered by two unregulated power supplies from

Manson Laboratories [1] shown in Figure III. 2. These accounted for

the largest source of error in the data as they were monitored and

sometimes found to vary as much as 2. 5% from their original settings.

The power was measured using a Honeywell Digitest voltmeter [3] and

a Weston model 931 analog ammeter [2]. The most accurate readings

were taken here by setting the current to read on an, exact line on the

ammeter.

Temperature Measuring System

Temperatures were measured with iron-constantan sub-minia-

ture grounded thermocouples manufactured by Omega Engineering,

Inc. The active junction was referenced against a distilled water ice

junction contained in a small thermos bottle. Voltage differences

from the two junctions were measured under steady conditions with a

Leeds and Northrup model K4 potentiometer [7] shown in Figure 111.2

and under fluctuating conditions with the millivolt option on a Fluke

model 8200A digital voltmeter [4]. Each probe was individually

calibrated for a range of 25°C to 50°C using a Hewlett-Packard model

2800A quartz thermometer and the K4 potentiometer.
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The subminiature thermocouple consists of the two dissimilar

wires, each 0. 001 inch in diameter, housed and insulated within a

0. 010 inch OD stainless steel sheath, and brought together into a flat

weld bead as shown in Figure III. 6. The bead was sufficiently small

and the true junction location easy enough to determine that the probe

could be considered to be taking point temperature measurements.

Wall temperature readings were taken by slowly moving the probe

toward the wall until the temperature ceased to increase, indicating

the probe was butted up against the wall. The question should be

asked if this was really a representative wall temperature since the

thermocouple junction would actually be several thousands of an inch

away from the plate. Previous work done by Colwell (5) indicated that

attempting to correct for this effect by estimating the temperature

gradient and extrapolating to the wall increases the uncertainty of the

results considerably while not changing the overall correlation signifi-

cantly. Therefore, the thermocouple reading was considered as a

representative reading of the wall temperature.

For temperature measurements in a fluctuating temperature or

velocity field, the time response of the thermocouple is also important.

The time constant of the sub-miniature probe was experimentally

determined to be 20 milliseconds in water and less than 1 millisecond

in mercury. This was determined by subjecting the probe to a step

change in temperature and monitoring the thermocouple output on a
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0. 002"-O. 004" ceramic insulation

O. 001" iron wire

. -1-
. ... . . . . 0. 010" OD

-

weld bead with
grounded junction

0. 001" constanta.ri wire

0. 002" stainless steel sheath

Figure III. 6. Schematic of thermocouple junction.

sensor cross section

8 x 10-5"
quartz insulation

4 x 10-6"
platinum film

0. 002" dia. quartz core

z

0. 065"
0. 040" active length

Figure 111.7. Schematic of hot film sensor.
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storage oscilloscope. Since the characteristic frequencies encoun-

tered in natural convection are on the order of 1 Hz or less, it appears

that the thermocouple was able to follow all temperature fluctuations.

Stable temperature readings were taken with the Leeds and

Northrup K4 potentiometer used with a model 9828 null detector,

model 9879 guarded voltage supply, and an Eppley unsaturated standard

cell. The K4 system can read accurately to 0. 0001 mV, which cor-

responds to about 0. 003°F. The temperature for most of the data was

sufficiently unsteady, however, that it was impossible to zero the null

meter to take a reading. The K4 was only used, therefore, for

calibrating the thermocouples and for taking ambient readings, where

it was used as a standard to zero the millivolt scale of the Fluke

digital voltmeter. Mean temperature readings were determined by

taking readings from the digital voltmeter at intervals of five seconds

for a period of two or three minutes, depending on the intensity of the

fluctuations. The readings were recorded on an HP-35 hand calcu-

lator and then averaged. This method did not provide a means of

recording the intensities or frequencies of the temperature fluctua-

tions, but the scope of this project did not require that information.

It was originally desired to use an analog time-averaging circuit

to determine the mean temperatures. The state of the art in analog

equipment is not such, however, that it can average a signal on the

order of I millivolt for several minutes, because of the very slow
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frequencies, without completely losing the signal in its own noise

level. It appears that the most elegant way to handle this type of data

is to use a digital recorder and then use a digital computer to statis-

tically analyze the data, If the interval between readings is small

enough, in addition to mean quantities, this will provide intensity mea-

surements and a spectral analysis. A similar procedure is to make

strip charts and have them digitized. In either case, the digital

method is expensive both in terms of equipment acquisition and com-

puter analysis; therefore, consideration should be given to see if the

additional information gained justifies the expense. For this project,

the digital recording equipment was not available and satisfactory

results were obtained without it.

Velocity Measuring System

Velocities were measured with a hot-film constant temperature

anemometer system manufactured by Thermo-Systems, Inc. Figure

III. 7 shows a schematic diagram of the hot film sensor itself, It

consists of a 0. 002 inch diameter quartz rod, a 0. 000004 inch layer of

platinum, and two layers of quartz insulation of total thickness 0. 00008

inch. A small current is passed through the platinum causing a

voltage drop proportional to the velocity. The operation of a constant

temperature anemometer system will be discussed in more detail at

the end of this section. The outer double quartz layer is unique to
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measurements in mercury and other conducting fluids and acts as an

insulator between the platinum and the fluid.

The velocity probe assembly consisted of a hot-film anemometer

with two thermocouples epoxied to the sensor supports as can be seen

in the close-up photograph in Figure III. 8. Both thermocouples were

located in the horizontal plane of the hot film sensor. The one

thermocouple was mounted so that the center of its junction was also

the same distance from the plate as the hot-film sensor. Since this

thermocouple was at the same x and y positions as the sensor, it

measured the temperature for use in setting the proper overheat ratio

and provided information for temperature profiles. The second ther-

mocouple was used to locate the plate without damaging the hot film

sensor, and to measure the wall temperature.

The hot film sensor was connected through the probe support by

way of a 15 foot guarded triaxial cable to a TSI model 1050 constant

temperature anemometer with a monitor and power supply, tempera-

ture and switching circuit, and signal conditioner. Figure III. 2 shows

the entire anemometer system which is housed in one cabinet [5]. The

equipment named above is contained on the upper of two rows of equip-

ment. The lower row contains the model 1060 true RMS voltmeter

which will be discussed later in this section, and the model 1054

anemometer used with the model 1056 variable decade, and the model

1015C correlator, which were used with the two-sensor "X"
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Figure III. 8. Photographs of single sensor probe with thermocouples
attached.
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configuration probe,

The output signal from the anemometer was channeled into an

EAI (Electronic Associates, Inc. ) model 1130 Variplotter [6], also

shown in Figure 111,2. This x-y plotter with moving stylus has a

range in vertical sensitivities from 0,25 mV/cm to 10 volts/cm,

and a horizontal time sweep range of 0.25 sec/cm to 10 sec/cm.

While the plotter does not have as good a frequency response as the

anemometer (250 KHz), it responds to frequencies much higher than

those encountered in this experiment. The anemometer output-versus-

time plots were used to determine the mean velocity, and provided a

permanent record for analyzing characteristic frequencies and rela-

tive intensities, and for demonstrating general trends in the velocity

as the x and y positions and channel spacing were varied.

The anemometer output was also simultaneously channeled into

the true RMS voltmeter. The RMS voltmeter presented one basic

difficulty which was never really overcome, hence it did not provide

much useful information. The largest peak to peak fluctuations

observed were on the order of one volt; however, most of the fluctua-

tions were much smaller. As was mentioned previously, the charac-

teristic frequency of the flow was in the range from 0.1 to 1 Hz. For

these slow frequencies, an averaging time period for the RMS volt-

meter of either 30 or 100 seconds was required. While TSI suggests

about five time periods to be required for the meter to provide a stable
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reading, it was found that a much longer time was required so that

often even after 15 minutes the RMS reading was still very slowly

decreasing as if it were a very slow exponential decay. This problem

will be discussed again in Chapter VI in relation to the "X" configura-

tion probe. Since for the single sensor results, similar information

to the intensities from the RMS meter can be obtained from the

anemometer versus time plots using average peak to peak values,

this problem was more bypassed than solved.

The constant temperature anemometer operates using a feedback

circuit to vary the current passing through the sensor such that the

sensor remains at a constant temperature difference above the fluid

temperature. This temperature difference is controlled by effectively

increasing the probe resistance a given ratio above its value at the

fluid temperature. For this project an overheat ratio of 1.1 was used.

Because the resistance changes with temperature, three matters must

be considered: (1) the effect of temperature on over-heat ratio,

(2) the effect of temperature level on probe calibration, and (3) the

effect of temperature fluctuations on the apparent velocity fluctuations.

The operation of the anemometer and these effects will now be dis-

cussed,

For most materials, the electrical resistance for the tempera-

ture range of interest can be expressed as
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R = Re + a (T-Te) (III. 1)

where Re is the resistance at some reference temperature, Te.

Letting R be the sensor resistance and T be the sensor temperature

during operation, and letting Re be the normal sensor resistance at

the fluid temperature Te, then dividing by Re, the overheat ratio is

OHR = R/Re = 1 + b (T-Te), b1 = al /Re (III. 2)

The constant temperature difference is therefore

T-Te = (OHR-1)/b1, (III. 3)

The heat generated within the sensor (volt2/R) must be carried away

by convection due to the flow velocity. The voltage drop across the

sensor is thus equal to some function of the velocity times the tern-

perature difference,

volt2/R = F(velocity)(T-Te).

or using the information above,

volt2 = F(velocity)(R)(OHR-1)/b1

F(velocity)(OHR)(Re)(OHR-1)/bi.

The anemometer signal is therefore proportional to the function F

which is the desired probe calibration, and is also proportional to
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the probe resistance and actual over-heat ratio.

For a steady temperature field, the over-heat ratio can always

be set at the desired value by setting the correct probe resistance on

the variable decade resistance. This effectively changes the probe

resistance by changing the resistance in the leg opposite the probe in

the anemometer bridge circuit. This proper resistance is determined

by making a probe resistance versus temperature curve and then

multiplying this resistance by the desired overheat ratio. The decade

resistance provides the capability to set the desired resistance to the

nearest 0. 01 ohm. Since the desired resistance was never "right on"

the nearest 0, 01 ohm, a correction factor was incorporated in the

data reduction program using the resistance versus temperature rela-

tion and a measurement of the effect of probe resistance on anemo-

meter output (9. 5 volts/ohm) to calculate what the anemometer output

would have been if the overheat ratio had been set exactly.

The effect of temperature level on the velocity measurement can

be seen by examining equation III. 5. Since the overheat ratio can be

properly set once the temperature is measured, and since b1 is

effectively a constant, the only effect on the voltage other than the

velocity will be the temperature variation of R. For the sensor used,

b1 = 0. 0026/°C and Re = 6 ohms. For the total range of operation of

about 30°F, from equations III. 1 and III. 2 this corresponds to a varia-

tion in resistance of about 0. 025 ohm, This corresponds to about a



34

0. 4% variation in the velocity calibration due to temperature, which is

not significant enough to worry about.

Finally, the effect of temperature fluctuations on the apparent

velocity fluctuations can never be eliminated with the use of a single

sensor. It can be shown, however, that the maximum effect of the

observed temperature fluctuations on the anemometer output were

much less than the observed velocity fluctuations. From equation

III. 3, the actual temperature difference between the hot sensor and

the local fluid was calculated to be 69°F. The maximum temperature

fluctuations observed were on the order of 3°F to 4°F, with a more

representative fluctuation about 1. 5°F. Observing equation III. 4

and recalling from the previous paragraph that a 30°F difference only

changed R by 4%, it can be seen that the only noticeable effect that

temperature fluctuations will have on the anemometer output is in

changing the actual operating temperature difference. A 4°F fluctua-

tion will cause a deviation from the mean temperature difference of

2°F, which will cause a variation of about 2. 9% in the square of the

voltage, or a variation in the anemometer output of about 1. 7 %. This

is the maximum estimated effect, but should be kept in mind when

interpreting the anemometer output.
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Velocity Calibration Apparatus

In "Velocity Measuring System" the functional relationship

between the fluid velocity and the square of the anemometer voltage

was demonstrated. The only accurate way to determine this functional

relationship is to find it empirically using a calibration apparatus

where the voltage and actual fluid velocity can be measured simul-

taneously. The apparatus and techniques used for this thesis to

calibrate the hot film anemometer were developed and used by White

(47), Hurt (20), and Colwell (5). Figures III. 9 and 111.10 show photo-

graphs of the calibration set up. This apparatus allows calibrating

the anemometer as it descends vertically in a quiet tank of mercury,

producing the exact same flow over the sensor as occurs when the

probe is stationary and the mercury is flowing upward due to natural

convection. Hurt demonstrated that these calibrations were repeat-

able with reinsertion of the probe as long as the probe was inserted

through a clean water or mercury interface. For this work the probe

was calibrated before taking data, removed from the mercury and set

up in the channel configuration and reinserted, but then it was re-

calibrated after data taking, without removing the probe from the

mercury to set up the calibration apparatus. The calibration curves

were repeatable.
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Figure III. 9. Photograph of calibration system.

18

Figure III. 10. Photograph showing alignment of laser beam and
photocell.
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The velocity probe was attached at the bottom end of the 1 inch

square steel bar with ground surfaces [22]. The bar was constrained

to move in a vertical direction by eight precision roller bearings

attached to the rigid frame. As the steel bar descended, by means of

a steel wire and two pulleys it drew a piston through a 3 inch inner

diameter pipe [16] with lapped inner surface. The rate at which the

steel bar dropped was controlled by the selection of three different

size pistons which allowed more or less leakage, and by opening or

closing the 13 turn needle valve [17] through which the water had to

circulate as the piston moved. The viscous drag of the piston was

such that a terminal constant velocity was reached before the voltage

and velocity were measured.

The velocity of the steel bar was determined by measuring the

time interval between when the leading edges of two razor blades

[20] crossed the beam from a laser manufactured by Metro logic [18],

which was focused to a pinpoint with a single lens [191. The two razor

blades were parallel with the distance between leading edges measured

to be 0.2235 inch, using a Nikon model 6C shadowgraph, The break

in the light beam was detected by a photocell located at the end of the

columnator [21] which, in conjunction with a shunting circuit, produced

two square wave pulses that were sent to a Hewlett-Packard model

5300A counter [24].
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The counter gate opened on the positive slope of the first square

wave (corresponding to the leading edge of the first razor blade) and

shut on the positive slope of the second square wave (corresponding

to the leading edge of the second razor blade). The anemometer

output was monitored as the steel bar descended using the Fluke digital

voltmeter [25] and a voltage reading was taken as the timer gate

opened. This procedure was repeated over the range of anticipated

velocities (about 5 in/min to ZOO in/min). The timer measurements

were then converted to velocities using the known distance between

the two razor blades, and a functional relation obtained for velocity

as a function of voltage using SIPS, a statistical linear regression

program available on the CDC3300 computer at Oregon State Univer-

sity,

The Two-Sensor "X" Configuration Probe

The final phase of the work for this thesis utilized a two-sensor

"X" configuration probe. The entire probe is shown schematically

in Figure III. 11 and close-up photographs of the sensing portion of

the probe are shown in Figure III. 12. The theory and problems

associated with the use of this probe will be considered in more detail

in Chapter VI, but the probe itself will be discussed briefly here,

This probe has two hot film sensors which are identical in construc-

tion to that of the single sensor probe described in "Velocity
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x

0, 020 dia. protecting pin
extends 0. 010" beyond
sensor supports

Figure III. 11. Schematic of two-sensor "X" configuration probe.
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Figure 111.12. Photographs of the two-sensor "X" configuration
probe.
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Measurement System". The sensors are now located in the x-y plane,

each at an angle of 45° to the vertical plate and at a nominal angle of

90° to each other.

Just as with the single sensor probe, two thermocouples were

epoxied to the "X" configuration probe. One thermocouple was

located at the same horizontal and vertical positions as the intersec-

tion of the two hot film sensors (note that the two sensors do not

really intersect as they are both separated from each other and the

thermocouple in the z direction). This thermocouple was used to

determine the average temperature for setting the proper probe

resistances. Since the temperature varied across the two sensors

in the x and y directions and was varying with respect to time, this

reading was an average temperature over x, y and time. The second

thermocouple was located on a protecting pin, 0. 020 inch in diameter,

such that the bead of the thermocouple was 0. 010 inch to 0, 015 inch

closer to the plate than the sensor supports, This thermocouple was

used to locate the plate without damaging the sensors by allowing

them to make contact with the plate.

The resistance of each probe was set individually in the same

way as for the single sensor except, as will be noted in Chapter VI,

each probe resistance should be measured while the other probe is

operating at the desired overheat ratio. The output from each sensor

was connected by way of a 15-foot guarded triaxial cable to a series



42

1050 anemometer. The one anemometer used was the TSI model 1050

general purpose anemometer already discussed for use with the single

sensor probe. The second anemometer was a model 1054A which,

when used on the unlinearized bridge output with a model 1056 variable

decade resistance, functioned identically to the model 1050. The

outputs from the two anemometers were then channeled into the model

1015C correlator. The correlator provides the option of reading

either signal individually, taking the sum, difference, or finding the

correlation coefficient between the two signals. The output from the

correlator was then sent to the x-y plotter, the true RMS voltmeter,

or the digital voltmeter.
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IV. HEAT TRANSFER CORRELATIONS

Introduction

In the study of natural convection, the information that has

probably the most direct application to the engineer is that information

pertaining to heat transfer. The engineer wants to know how the sur-

face and bulk fluid temperatures relate to the amount of heat being

transferred. When heat transfer data is collected, analyzed, and an

empirical functional relationship for it expressed, the results can be

used in two ways. On the one hand, the empirical relations obtained

can be used to demonstrate trends in heat transfer as different para-

meters are varied. For this thesis, information was desired concern-

ing how vertical position on the plate and spacing of the channel

affected the heat transfer. From this point of view, statistical analy-

sis is of great value. Trends might be very slight, but if the data

indicate these trends to be statistically significant, conclusions can

be made.

The second use of the heat transfer results is in predicting a

maximum surface temperature or heat transfer rate in a design

situation. In this situation, the significance of results should be

regarded from a practical, not statistical, point of view. If the

engineer knows that the uncertainty of a parameter in his calculations

is plus or minus ten percent, he is not really interested in using a

more elegant equation which includes additional parameters which

change the results by plus or minus two percent, even though these
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other parameters might be very significant statistically. For this

situation, the engineer wants as simple a relationship as possible that

still allows him to make use of all the significant information he has,

In the following discussion of heat transfer results, both the statis-

tical and practical significance will be discussed.

Dimensionless Heat Transfer Parameters

In the dimensional analysis and empirical correlation of natural

convection heat transfer data, three dimensionless parameters are

significant -- the Nusselt number (Nu), the Prandtl number (Pr), and

the Grashof number (Gr). The Nusselt number, defined as

NuL = 1--

hL or NuL = k/L ' (IV. 1)

is equal to the convective heat transfer coefficient, h, times a signi-

ficant length, L, divided by the thermal conductivity of the fluid, k.

The Nusselt number can also be thought of as the ratio of the con-

ductive resistance L/k to the convective resistance 1/h, as is

indicated by the second expression. Also, for a fluid in a temperature

range where k does not vary greatly, the Nusselt number is directly

indicative of the value of h. This in turn is indicative of the amount

of heat that can be transferred to the fluid at ambient temperature

Ta from the heated wall at temperature Ts, since the definition of

h is
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q = Q/A = h (Ts - Ta) (IV. 2)

In design situations, the expression for the Nusselt number is

used to calculate the convective coefficient, h, since k is a property

of the fluid and Ts and T a are either known or are the desired

unknowns, In measuring the Nusselt number, however, h cannot be

measured, so it must be expressed in terms of the heat flux, q, and

the temperature difference, Ts - Ta. At the wall, due to shear forces

and the "no-slip" condition, the fluid velocity is zero and hence all the

heat transfer is due to conduction. The heat flux, therefore, can also

be expressed as

q = -k dT/dx wall

The convective coefficient can be expressed as

-k dT/dx1wallh = q/(T s - T a ) = Ts -Ta

(IV. 3)

(IV. 4)

The temperatures and property values to be used in calculating the

Nusselt number vary as a function of the vertical and horizontal

positions in the channel. For this study, the length of the plate

(distance in the vertical direction) is used as the significant length,

L. For natural convection from a vertical plate, Sparrow and Gregg

(37) showed that the variation of properties in the horizontal direction

can be accounted for by calculating fluid properties at a reference
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temperature Tr = O. 7 Ts(x) + 0, 3 T. A local Nusselt number, Nux,

can therefore be defined which is only a function of the vertical

position, x:

q x x dT/dx1wallNu -x k(T s - T a Ts T a
(IV. 5)

For some purposes this local Nusselt number is more useful than the

average Nusselt number; however, the average Nusselt number (more

useful in actual engineering application) is often defined as

NuL 1 fL Nuxdx
0

(IV. 6)

The second significant parameter in convection is the Prandtl

number, defined as

Pr = =
a k

(IV. 7)

The Prandtl number is a ratio of the molecular diffusivity of momen-

tum, v, which is the viscosity, 11, divided by the density, p, and the

molecular diffusivity of heat, a, which is the thermal conductivity, k

divided by the density times the specific heat, C.

a k (IV. 8)
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This thesis is concerned with a, low Prandtl number fluid, mercury,

whose thermal diffusivity is much greater than its momentum diffusiv-

ity. Only one fluid was studied in this work, and since the Prandtl

number only varied about 3% from 0. 022 to 0. 0235, the Prandtl number

was not included in the correlation.

The third dimensionless parameter of interest in natural convec-

tion flows is the Grashof number

GrL - Rg p2L3(Ts -

142

(IV. 9)

The only property included in the Grashof number not included before

is p, the coefficient of thermal expansion. The Grashof number is

basically a ratio between the thermal driving force which accelerates

the vertical flow, p T, and the viscous effects which decelerate the

flow. The larger the Grashof number, the more intense one would

expect the flow to be, hence the Grashof number serves the role in

natural convection that the Reynolds number serves for forced convec-

tion.

For a constant heat flux plate, one generally knows q but does

not know AT, though the two are related through the Nusselt number.

Since it seems logical to use a parameter that makes use of the infor-

mation available, a modified Grashof number is defined, which is

simply the Grashof number multiplied by the Nusselt number based

on the heat flux, q. As with the Nusselt number, only local conditions
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can be measured, therefore the Sparrow and Gregg reference tempera-

ture is used and the local modified Grashof number is defined as

Grx = GrxNux = Pg P2x34T qx g ih4c12 kQT k 2

and the average modified Grashof number is

Gr L L Grp dx.

(IV. 10)

(IV. 11)

One final parameter is the dimensionless ratio, w/L. L is the

height of the channel which was a constant 5 inches, and w is the width

of the channel which was varied from 1.25 to 3, 33 inches.

Data Taking Procedures

In "Dimensionless Heat Transfer Parameters", two different

expressions were presented for calculating the Nusselt number, one

using the measured heat flux, q, the other using the temperature

gradient at the wall. As was previously mentioned, because the power

supplies were not regulated there is a potential 5% error introduced

in the data because of the uncertainty in Q, the total heat input. Col-

well (5) demonstrated the potential error in evaluating the temperature

gradient to be much greater than this, however, possibly as large as

30%. This is because the gradient must be evaluated by measuring

the temperature at several distances from the plate. Colwell tried
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both graphical techniques and polynomial regressions, but found that

small errors in absolute temperature readings created large errors

in the estimate of the gradient. This was because the overall tempera-

ture difference for the region where the temperature measurements

were taken was small. Since small temperature differences would be

even more difficult to measure in this present work due to the insta-

bility of the flow than for Colwell's case of laminar flow, the Nusselt

number was calculated using q rather than the temperature gradient.

From "Dimensionless Heat Transfer Parameters", the quantities

needed to calculate local Nusselt and modified Grashof numbers,

Prandtl number, and channel spacing parameter are c, p, g, p, x,

k, Q, L, As Ts, and Tao. Of these, p and g are, for all

practical purposes, constants with values

13 = 0. 000101 (deg FYI

g = 32.174 ft /sect.

c, p, k, and p. are all fluid properties which can be expressed as

functions of the reference temperature Tr = 0. 7Ts + 0. 3Ta. Property

values for the temperature range of concern were taken from the

Liquid Metals Handbook (29), and were checked against the polynomial

representations used by Sparrow and Gregg (37). These were found

to be in very good agreement; thus for consistency in comparing

results, these same expressions were used and are presented below:
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k = 4. 47924 + 8. 30958 x 10-3T r - 3. 80163 x 10 -6Tr2

= 4.34620 - 9.91162 x 10-3Tr + 1.79060 x 10-5Tr2

- 1. 27524 x 10-8Tr3
(IV. 12)

c = 3. 34620 x 10-2 - 3. 93353 x 10 -5 Tr + 3. 44649 x

10-9Tr2

p = 851. 514 - 8. 64880 x 10-2Tr + 9.86194 x 10-6Tr2

- 5. 92566 x 10-9Tr3

The units of each are:

k = Btu/hr ft deg F

= lbm/ft-hr

c = Btu/lbm-deg F

p = lbm/ft3

As was described in "Channel Construction and Location", tempera-

tures were measured with a single iron-constantan thermocouple

calibrated against a quartz thermometer. Since time-averaged read-

ings were taken, reading errors should have been random. The major

source of error for Ts - Ta was a possible systematic error due to a

poor calibration. This error would, at most, be 3%.

The quantities remaining to be measured are x, Q, A, L, and w,

The vertical position along the plate, x, was determined using the x-y

vernier positioner already described, accurate to 0. 001 inch, Wall

temperature readings were taken at one-eighth inch intervals from one
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inch to four and one half inches above the leading edge. There were

three sources of error in the determination of x: a degree of ambigu-

ity in finding the leading edge, misplacement of the vernier when

setting a plate position, and buoyancy effects on the probe. The

temperature probe construction was such that buoyancy effects should

have been negligible, and an occasional misplacement of the probe

would be unlikely but random; therefore, the dominant uncertainty

exists due to the curvature of the leading edge of the steel plate. This

uncertainty in defining the leading edge was less than 0. 005 inch,

which means the maximum percentage error in x occurring at the

smallest x, 1 inch, was 0, 5%. A more representative value for this

uncertainty would be 0, 25% to 0, 125%.

The heat output from the plate was measured from the current

and voltage drop across the plate. The uncertainty of these measure-

ments were, respectively, + 0, 05 ampere and + 0. 8 volt. These

uncertainties and the fact that about 0, 1% of the heat was lost to the

back side of the plates, however, were overshadowed by drift in the

power output of the power supplies, already mentioned, which was at

worst 5%,

The heat flux area, As, was measured in two different ways.

There was potential error in measuring the heater element area and

in the variation from one element to the next. Referring back to

Figure III. 4, the area was defined as the foil area where one half the
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distance between etched rows was added to each edge, minus the tab

area where the leads were connected, Colwell took these dimensions

from an x-ray photograph and estimated the potential error to be 2%.

This value was checked using a light table and direct measurement

with caliper gauges on a different heating element and found to agree

within about 0. 6%, so an estimated uncertainty of 2% seems very safe.

The values of L and w were only used in the average correlations,

but were measured using caliper and expanding gauges, Here, L was

not used as the heating element height but as the actual physical

channel height which was 5. 00". The width of the channel, w, varied

by as much as 0, 010 inch, but for the smallest value of w, 1,25

inches, this was still less than 0. 5% deviation.

Single Vertical Plate Results

Before heat transfer data were taken for the vertical channel

with side plates, data were taken using a single heated vertical plate

without side plates at four heat fluxes ranging from 7, 900 to 12, 300
2

BTu/hr- ft . This range was selected because preliminary work indicated

that it would produce turbulent convection without exceeding the limits

of the present equipment. The single plate represents a limiting case

as the ratio, goes to infinity. This case lends itself more easily

to analysis and has been studied more experimentally, hence offers

the opportunity for comparing the validity of results and techniques.
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The local Nusselt and modified Grashof numbers have been

calculated for the single vertical plate data using the computer pro-

gram TURBHTX2 listed in the Appendix, and have been plotted in

Figure IV. 1. The linear form of these data on log-log coordinates,

log Nux = a + b log GRx*, indicates that the data can be expressed well

as a power function by exponentiating each side:

Nux = K(Grx)n (IV. 13)

Using the 0S3 computer system Statistical Interactive Programming

System (SIPS), the data were regressed and the local correlation

found to be

= 0, 196(Grx)' 188 (IV. 14)

Though the trend is very slight and difficult to see without using a

straight edge, the slope of the line formed by the data increases as

the Grashof number increases. This is demonstrated in Figure IV. 1.

Since a marked increase in the slope was expected as fully turbulent

flow occurred, a statistical computer program, LIKLEHUD, was

developed which allowed the fitting of two regression lines of different

slopes which were constrained to intersect at their breakpoint. The

breakpoint was selected so as to minimize the residual sum of squares

between the regression lines and the data. The statistical develop-

ment and use of this program is included in the Appendix.
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Figure IV. 1 shows the results when the data were fitted with

two lines as described above. The optimum breakpoint was found to

be Grx* = 5. 7 x 108 and the two regression lines were:

Nux = 227 (Grx*) 179 for 106 < Grx* < 5. 7 x 108 (IV, 15a)

Nux = . 156 (Grx*) 197 for 5. 7 x 108 < Gr* < 2 x 1011 (IV,15b)

These results are first compared to the results of Colwell (5), who

used basically the same test configuration at lower Grashof numbers,

in order to stay in stable laminar flow. His regression equation for

the single vertical plate was:

Nux =. 230 (Grx*). 180 for 104 < GrX < 109 (IV. 16)

This result is in very good agreement with the present results, using

equation (IV. 15a) which covers approximately the same region as

Colwell's work. These results are also compared to the experimental

results of Julian and Akins (22) and the analytical results of Chang,

Akins, Burris, and Bankoff (4). Their results are, respectively:

*
Julian: Nux = . 196(Grx* r 188 for 10 5 < Grx < 109 (IV. 17)

Chang: Nu = . 154(Grx*) 2. (IV. 18)

Equations (IV. 14) through (IV. 18) have been graphed in Figure IV. 2

for comparison. All equations are shown for the entire range of the

present work for purposes of comparison even though most of these
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lines do not apply for this entire range.

Note that Julian's regression line, equation (IV. 17) is identical

to the single regression line from the present work, equation (IV. 14).

Also note that the perturbation solution result, equation (IV. 18) is

nearly identical to equation (IV. 15b). This is somewhat surprising

since these results are for laminar flow at lower Grashof numbers.

With the exception of the lower boundary, percentage differences

between results are very small and it appears that results of the

different studies are in good agreement. This verifies Colwell's

conjecture that his regression line would be valid into transition up

= 1011.to Grx' . This agreement also indicates the data taking and

regression techniques to be valid.

Finally, Figure IV. 2 shows the results of Eckert and Jackson

(10) for natural convection from isothermal vertical surfaces in air.

They found that transition occurred in the region from 108 < GrPr <

1010 and suggest the following heat transfer correlations

NuL = 0. 555(GrLPr) 25 for GrLPr < 109 (IV. 19a)

NuL = 0. 021(GrLPr) 4 for GrLPr > 109 (IV. 19b)

Using a Prandtl number of 0. 023, equation (IV. 19), when expressed

in terms of the modified local Grashof number, becomes:

Nux = .235 (G4c) 2 for Grx;1/4 < 3 x 1011 (IV, 20a)

0246(G ;:;). 286 for Gr; > 3 x 1011 (IV. 20b)
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These results are presented to indicate a trend which was not observed

in the present work. Eckert and Jackson found that when the flow

became fully turbulent there was a very significant increase in slope

of the regression line, as indicated by the exponent of .286 in equation

(IV. 20b). They did not work in liquid metals and their boundary con-

dition was different, so it is not surprising that their results do not

agree even in the lower regime. This comparison simply brings up a

point which will be discussed in further detail both in this chapter and

in Chapter V. The effect of turbulent flow was not observed in the

heat transfer data because the large temperature and velocity fluctua-

tions only occurred at the upper end of the data and it appears that

these fluctuations are characteristic of transition and not fully turbu-

lent convection,

In the previous comparisons, correlations were converted from

average to local and from normal Grashof number to modified Grashof

number. The relationship between local and average parameters

was already defined in equation (IV. 11). For the case of local Nusselt

number as a function of the local modified Grashof number,

Nux = K(Gr*)n (IV. 13)

by performing the necessary integration with respect to x, the average

Nusselt number becomes
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NuL = K/4n (Gr )1.1 (IV. 21)

Converting from average to local correlations is simply the inverse

of equation (IV. 21). To conclude this section, equations (IV. 14) and

(IV, 15) in terms of average Nusselt and Grashof numbers are as

follows:

NuL = . 252(Grt) 188

NuL = 317(Grt) 179

105 < uGr*L < 1 j,11 (IV. 22a)

10
5 < GrL< 5. 7 x 108 (IV. 22b)

Nu = . 198(Gr*.L L1197 5.7 x 108 < Gr < 1011

Uniformly Heated. Vertical Channel Results

(IV. 22c)

Heat transfer data were taken for three relatively wide channel

spacings, w/L = 0, 25, 0, 50, and 0. 67. With a channel height, L, of

5 inches, this corresponded to channel widths of 1. 25, 2. 50 and 3. 33

inches, No narrower channel spacings were studied because it was

desired to take data that would relate to the results from the two-

sensor "X" configuration probe, which was restricted to relatively

wide channel spacings. Data were taken at three heat flux levels

ranging from 9, 300 to 12, 300 BTU/hr-ft2. This range was expected

to produce turbulent convection.

The local Nusselt and modified Grashof numbers have been

calculated for the three individual channel spacings using the computer

program TURBHTX 1, listed in the Appendix, and are plotted in
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Figure IV. 3. As with the single plate data, these data are very

linear on the log-log scale and can be regressed using the SIPS linear

regression program. The resulting heat transfer correlations are

Nux = .248(Gr:)' 178 for w/L = . 67

Nux = , 244(Gr:) 179 for w/L = . 50

Nux = .264(Grx*)' 176 for w/L 25.

(IV. 23a)

(IV. 23b)

(IV. 23c)

These three expressions appear nearly equal for all practical pur-

poses. They have been graphed for comparison on Figure IV. 4. Also

on Figure IV. 4 is Colwellls (5) correlation for his vertical channel

with side plates for a channel spacing of w/L = . 50,

Nux 238(Gr) 179 for w/L = , 50, (IV. 24)

Colwell's data were taken for Grashof numbers less than 109 whereas

the present work covered the range from 108 to 1011. In view of this

difference and the fact that Colwell's side plates did not completely

enclose the channel for w/L = . 50, the agreement is very good,

As already mentioned, from a practical standpoint, the three

correlations given in equation (IV. 23) are almost equal, It is here

that both statistical and practical significance of the data can be

considered as discussed in "Introduction". From a practical stand-

point, the most that the results ever differ is about 5%. Due to the

uncertainty inherent in the results and the uncertainty in the values of
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Grashof number that an engineer would be using, three correlations

that are that nearly equal are of no practical value. For this reason,

all the channel data were regressed together, yielding the correlation

Nux = . 252(Orx*) 178 , 25 < w/L < . 67,

108 < Gr*< 1011x (IV. 25)

The average correlation, which is more likely to be used in a design

situation, is

NuL = 354(Gr*) 178, .25 < w/L < . 67,

108 <Grt< 1011 (IV. 26)

Considering the three individual regression lines given by

equations (IV. 23) from a statistical point of view, the three lines are

significantly different. The statistical analysis of the significance of

these lines is included in the Appendix, but the method used will be

described briefly here. An assumption, called the null hypothesis,

was made that the single regression line, equation (IV. 25), would fit

the data just as well as the three separate lines, equations (IV. 23).

If this null hypothesis were true, then an F-statistic, which indicates

how much the residual sum of squares (what the regression lines can't

account for) is reduced by using three lines instead of one, would be

small. The F-statistic calculated for this situation was so large,

however, that if the null hypothesis were still true, the chances of
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getting an F-statistic that large would be much less than 0. 1%. This

is very strong evidence for rejection of the null hypothesis, which

indicates the three separate lines to be statistically significant.

Since the three individual lines are statistically significant,

observations can be made about trends between the lines. Note that

the Nusselt number consistently increases as the channel spacing is

decreased, This is consistent with the results reported by Colwell

(5). Contrary to results found for other fluids, Colwell found that

for mercury the wall temperature of the constant heat flux plate

decreased as the channel width decreased, This effect became more

pronounced as the channel spacing parameter decreased from 0,1 to

0, 05, Somewhere in the vicinity of w/L = 05, the viscous effects

of the two plates began to limit the fluid flow so that plate temperature

then increased as the channel width was further decreased. It is

significant that even at these wide channel spacings but at a higher

Grashof number range than Colwell, this same effect was observed.

Colwell was also concerned that the correlation lines would intersect

around a modified Grashof number of 1011, indicating a reversal in

this trend. There is no evidence for the range of data taken here that

this will occur.

So that these results might be compared with results of other

studies, several other forms of the regression will be given. The

average Nusselt number correlations for the three individual channel



spacings are, for 108 < GrL < 1011

= . 348(Grt) 178 for w/L . 67

NuL = . 341(Grb 179 for w/L = . 50

=14NuL =7. 375(CirL )' 176 for w/L = .25.
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(IV. 27a)

(IV. 27b)

(IV. 27c)

Colwell found a convenient way to include channel spacing in the heat

transfer correlation, to be

Nux(w/L) = K(Gr:;(w/L)5)n (IV. 28)

For the limited effect of the channel spacing in this work, a correla-

tion of this form gives poorer results than equation (IV, 25) which

simply ignores the effect. For purposes of comparison, however,

the data were regressed in this form, and are plotted in Figure IV. 5.

The resulting correlation for 105 < Grx*(w/L)5 < 1011 is

Nux(w/L) = . 190(Gr(w/L)5) 188 (IV. 29)

This is compared to Colwell's resulting correlation for 103 < G4

(w/L)5 < 109

Nux(w/L) = .268(Gr(w/L) 165

Equations (IV. 29) and (IV. 30) are also graphed on Figure IV. 5,

(IV. 30)



18

16

14

12

10,-
9

8

3

2 7
1.6

105 106 107 108 109

Grx* (w/L) 5

Figure IV. 5. Channel heat transfer correlations with w/L in correlation.

1010 1011
rn
cr,



67

In conclusion, as with the single vertical plate, no drastic change

in the slope of the regression line was observed for the uniformly

heated channel within the range of Grashof numbers considered here

that would indicate a change from laminar to turbulent natural convec-

tion. It is the purpose of Chapter V to investigate the characteristics

of the flow within this range.
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V. CHARACTERISTICS OF THE VELOCITY AND
TEMPERATURE BOUNDARY LAYERS

Introduction

In Chapter IV, the heat transfer correlations were presented

which give a rather precise, quantitative summary of the heat transfer

characteristics, but say very little about what is actually happening

in the channel and inside the boundary layer. It is the purpose of this

chapter to describe the convection in a more qualitative manner, and

to describe what the data indicate about the characteristics of the flow.

The information to be considered in this chapter consists first of

mean temperature and velocity profiles. Consideration is then given

to the fluctuating velocity using instantaneous anemometer outputs and

measuring the characteristic amplitudes and frequencies. The mean

profiles are common to nearly all flow situations and will be treated

first. Consideration of the amplitudes of the instantaneous velocity

readings seems to give the most intuitive description of the type of

flow. Finally, to conclude the chapter, measurements of the frequen-

cies will be presented which give quantitative information about the

type of convection.

Velocity and temperature profiles were taken for the single

heated plate and the three spacings of the uniformly-heated channel for

vertical positions of 1, 2, 3, and 4 inches from the leading edge.
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With a constant heat flux of 11, 500 BTU/hr-ft2 and very little property

variation between configurations at the same vertical position, the

four vertical positions corresponded to local modified Grashof num-

bers of 2. 5 x 108, 4, 0 x 109, 2. 0 x 1010, and 6. 5 x 1010, respectively.

For each profile a horizontal traverse was made; readings were

taken of mean temperatures and recordings made of instantaneous

anemometer output. Data were taken at intervals of 0. 005 inch until

well past the velocity peak,. then at increasing intervals as the velocity

and temperature gradients became less steep. While it was possible

to read the wall temperature with the thermocouple protruding past

the hot film sensor, the closest velocity readings were made at 0. 013

inch from the plate.

The stainless steel plate was a better conductor than the

mercury, thus as the operating hot film anemometer was brought into

the proximity of the unheated plate in a quiet pool of mercury, the

anemometer reading increased from its rest voltage reading due to the

additional heat conducted up the plate since more voltage was required

to maintain the constant overheat. With the plate heated in a natural

convection field, the data seemed to indicate that this effect was

giving an erroneously high velocity measurement near the plate. To

correct for this effect, an empirical equation was fit to the measure-

ments taken for the unheated plate. This equation was then used to

calculate a voltage correction factor in the reduction program for the
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data points closest to the plate, Since this effect was only felt within

0. 034 inch of the plate, the value of the velocity peak was not affected,

This correction produced profiles with a reasonable velocity gradient

at the wall.

Two final general considerations are uniformity of the channel

and repeatability of the data. Temperature profiles were taken and

compared for several configurations and at several vertical locations

from both walls. There was no appreciable difference in the profiles

from opposite plates. This indicated that the two plates were heating

uniformly. Velocity and temperature profiles for several cases were

retaken three and four weeks after the original profiles had been taken.

The difference in the results was between 0 and 5% with no noticeable

trend to the deviations. This indicated the velocity data to be very

repeatable.

Mean Velocity and Temperature Profiles

Mean velocity and temperature profiles provide quantitative

indications of the magnitude of flow and amount of temperature differ-

ence, and a qualitative indication of the change in shape and relative

sizes of the boundary layers. Figure V. 1 presents mean dimensional

velocity profiles for the single plate and three channel configurations.

Note first that the highest velocity peaks occur for the single plate,

with little difference in the peaks for the wider channels w/L = . 67 and
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w/L = .50, but that the peaks are somewhat lower for the narrowest

channel spacing, w/L = , 25. Just the reverse of this trend, however,

may be observed in that the velocities drop off toward zero one-half

inch from the single plate but that, as the channel spacing decreases,

the velocity level outside the peak seems to increase. This would be

expected -- a channel flow situation should develop as the spacing

decreases.

Also, in Figure V. 1, there are some small changes in the

position of the velocity peak. Two trends can be noticed, First, as

is to be expected, in every case the peaks are located further away

from the plate as the vertical position increases, which is indicative

of the increasing thickness of the boundary layer. Also, for a given

vertical location, particularly at 4 inches, the velocity peak moves

further away from the plate as the channel spacing decreases. This

seems to indicate a thicker boundary layer for narrower channel

spacings and might explain why the Nusselt number tended to increase

as the spacing decreased.

Another matter of interest is the relation between the thermal

and momentum boundary layers. This is shown in Figure V. 2 for

the intermediate channel spacing, w/L = .50, for vertical positions

of 1 and 4 inches. Here the horizontal position, y, is non-dimension-

alized with the channel width, w, and the curve carried out to the

middle of the channel, y/w = . 50. Velocities are scaled with the peak
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velocity at 4 inches and the temperatures are scaled with the wall

temperature at 4 inches. Note at the 1 inch position the velocity has

reached zero near y/w = .3 and the temperature shows very little

stratification (above the ambient temperature). On the other hand,

at 4 inches, there appears to be a finite velocity all the way to mid-

channel, and there is considerable indication of temperature stratifi-

cation The change between 1 and 4 inches is once again an indication

of the growth of the boundary layer. It is difficult to draw any conclu-

sions about the relative thickness of the thermal and momentum

boundary layers, because they are so difficult to define. The large

degree of stratification in the middle of the channel is an indication,

however, of the tendency for a low Prandtl number fluid to form a

thermal boundary layer that is much thicker than the momentum

boundary layer.

For purposes of comparison with analytical results, the mean

velocity and temperature profiles have been expressed in terms of the

dimensionless similarity parameters defined by Sparrow and Gregg

(36):

rl = y/x(Gr4)2 (dimensionless position) (V. 1)

f' = Ux /[ 51.(Grx475) 41 dimensionless velocity) (V. 2)

9 = (Grx*I5) Zk(T Ta)/(xq) (dimensionless
temperature) (V. 3)
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Figure V.3 shows the dimensionless velocity for the single plate and

three channel spacings. Considering first Figure V, 3a for the single

heated plate we observe the trends to be the same as predicted by

Chang, Akins, Burris, and Bankoff (4). Note that the velocity peaks

increase as x is increased, but outside the velocity peak the profile

lines cross each other so that the lowest value of F' occurs for the

highest x location. Chang et al. only made these predictions for a

single vertical plate, but observation of Figures V. 3b through V. 3d

shows this same trend to be present and much more exaggerated for

the channel configurations.

Figure V.4 presents the dimensionless temperature profiles

for the four situations. Once again the results for the single plate in

Figure V. 4a follow the predictions of Chang et al. In this case, the

temperature increases slightly with vertical location, but the tempera-

ture profiles do not intersect, Figures V, 4b through V. 4d demonstrate

a similar but much more exaggerated trend due to stratification of the

temperature in the channel. The results for the single plate appear

to agree very well with the similarity perturbation analysis, and serve

as a good standard of comparison for the uniformly heated channel

results.
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Amplitude of the Instantaneous Velocity Disturbance

One disadvantage in studying convection in mercury as opposed

to studying convection in a transparent fluid is that no flow visualization

techniques can be implemented. Any mental visualization of the flow

situation must be deduced from instantaneous electronic signals mea-

suring the velocity or temperature. For this experiment two- to

three-minute plots of the instantaneous anemometer output were kept

for every velocity data point taken, from which mean values and

amplitude and frequency of the fluctuations were taken. In this section

several samples of this multitude of plots are presented to demonstrate

trends observed consistently from all plots.

Figure V. 5 demonstrates the typical instantaneous velocity as

the probe was moved away from the plate at a constant vertical posi-

tion. This set of plots corresponds to the narrowest channel spacing,

w/L = .25, at 4 inches up the plate, a local modified Grashof number

of 6. 5 x 1010. The scales of each plot are indicated, Each plot

represents a time period of one minute. Plots are shown for six

horizontal distances away from the plate, 0. 025, 0. 050, 0. 075, 0. 100,

0.150, and 0.200 inch. This plot corresponds to the same situation

as Figure V. ld, from which it is again observed that the velocity peak

occurred at approximately 0. 050 inch from the plate with a peak

velocity of 160 inches per minute; outside the peak the velocity
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V.5, Instantaneous velocity variation with y at constant x.
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decreased from about 100 inches per minute at 0,100 inch to 50 inches

per minute at 0. 200 inch,

Note that the velocity has a small amplitude fluctuation at the

0. 025-inch position. As the probe moves out to 0, 050 inch,

corresponding to the velocity peak, these small amplitude fluctuations

actually get smaller, but occasionally a large magnitude fluctuation

is seen. These large amplitude fluctuations are always downward

peaks, corresponding to a packet of fluid moving much slower than

the mean flow. At 0, 075 inch the small amplitude fluctuations begin

increasing in amplitude and the large negative fluctuations become

more frequent. Finally at 0. 100 inch the large amplitude fluctuations

are occurring continually, and do not change appreciably in charac-

teristic as the probe is moved to 0. 150 inch and 0.200 inch.

This same trend was observed at corresponding positions for the

other two channel configurations. This effect was never observed for

the single plate, however. Whereas on the single plate, fluctuations

were observed of nearly the same amplitude as the small amplitudes

observed near the velocity peak, no large negative fluctuations

developing into a large amplitude fluctuating flow were seen. Figure

V. 6 shows a comparison of the fluctuations at a constant horizontal

position away from the plate, for the four vertical positions and the

three channel configurations. These plots were taken in the region of

large fluctuation, y = 0.150 inch, where there is little change in
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characteristics over a considerable horizontal distance. As would be

expected, the amplitude of fluctuations increases as the distance from

the leading edge increases.

Comparison of the plots at the 4 inch vertical position shows

that the amplitudes of fluctuation are larger for the intermediate

spacing, but that the frequencies appear to increase as the channel

width decreases. Frequencies are the subject of "Characteristic

Frequencies of Velocity Disturbances". A more complete, quantitative

comparison of Figures V. 5 and V. 6 is presented in Figure V. 7 . This

shows the amplitudes of the velocity fluctuations at the 4 inch position

for the three channel spacings, as a function of q, the dimensionless

distance from the plate. The amplitudes of the fluctuations were the

peak to peak values which appeared to be the most representative of

that situation. There is some potential error in judgement here as to

the "most representative" and this must be considered with the results,

but this method proved to be much more practical than the use of an

RMS meter for the low frequencies encountered. The velocity fluctua-

tions are scaled against the maximum fluctuation, which in each case

was approximately 25 inches per minute. The large disturbances were

observed first at the intermediate spacing, which might indicate that

this spacing is more favorable for the development of large eddies.

While the data are not conclusive here, this agrees with trends

reported by Colwell (5).
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To conclude this section, a description of the phenomena

described above is proposed. While more data, particularly informa-

tion from an "X" configuration probe and instantaneous temperature

data, will be needed to complete the description, this will offer a

plausible explanation of the observations made thus far. For the

region between the wall and the velocity peak, the positive velocity

gradient would tend to cause counter-clockwise vortices superposed

on the mean flow as shown in Figure V. 8. The largest of these eddies

is constrained by the distance between the peak and the wall, about

0. 045 to 0. 050 inch. These eddies therefore remain small and are

dissipated by wall shear as they approach it. For the region between

the velocity peak and the middle of the channel, the negative velocity

gradient would tend to cause clockwise vortices, also shown in Figure

V. 8. Since a symmetrical effect would be expected from the opposite

wall, the size of these eddies would be limited by the distance between

the velocity peak and the middle of the channel, which varies from

0.75 to 1. 50 inches. These eddies would be much larger, therefore,

than the eddies on the inside of the velocity peak and would tend to

have a much larger peak-to-peak fluctuation, as mixing of fluid over

a much greater distance occurs.

One would expect that occasionally these eddies would pass to

the opposite side of the velocity peak. While a small eddy passing

from the inside of the velocity peak to the outside would be barely
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Between the wall and the mean velocity peak, the
positive velocity gradient causes eddies that roll
towards the plate. Since their size is governed bythe distance between the wall and the peak, they
remain small. The negative velocity gradient
outside the peak causes eddies that roll away from
the plate, Their size is governed by the half-width
of the channel and thus are much larger.

Figure V. 8. Hypothesized formation of eddies.
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noticeable, a large eddy passing to the inside of the velocity peak

would likely be carrying some rather cool fluid from the middle of the

channel with a relatively low mean velocity. Such a packet of fluid

would cause a noticeable velocity deficit inside the peak and would

account for the large negative bursts observed in the anemometer

output. Finally, the formation of large eddies in the channel must

accompany the low level of velocity all the way across the channel and

the considerable temperature stratification up the channel, otherwise

similar large eddies would have been observed for the single plate

profiles, which was not the case.

Characteristic Frequencies of Velocity Disturbances

Laminar instability theory has demonstrated that natural con-

vection acts as a frequency filter, selectively amplifying only a

narrow bandwidth of disturbance frequencies. Instability theory pre-

dicts when, in terms of the parameters of natural convection, a dis-

turbance at any given frequency will tend to become unstable. A

disturbance is unstable when it extracts energy from the mean flow

so that it can amplify and grow as it proceeds downstream. Large

scale amplification of these disturbances occurs only over a narrow

bandwidth of frequencies. Disturbances within this bandwidth will be

amplified considerably whereas those outside this bandwidth will tend

to go unnoticed in contrast to the highly amplified ones. Observed
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fluctuations in velocity and temperature will tend, therefore, to have

frequencies distributed about this characteristic, most highly ampli-

fied, frequency. It is important to remember that the flow as de-

scribed thus far is still laminar, even though the velocity and tempera-

ture fields are fluctuating.

The behavior described above is best expressed quantitatively

in terms of a stability plane as shown in Figure V. 9. This figure is

taken from the analytical work of Hieber and Gebhart (18) for natural

convection from a constant-heat-flux vertical plate for a Prandtl num-

ber of 0, 025. The frequency, f, is included in the non-dimensional

frequency parameter, p*, where p* is defined as

13* 25x2 2Trf
vG*3

(V.4)

eis plotted as a function of G*, which is related to the fifth root of

the local modified Grashof number as

Grx ZG = (V. 5)

The solid contour lines are lines of constant amplification rates, the

outside line represents zero amplification or neutral stability, and the

inner contours represent increasing degrees of amplification. The

dashed lines represent lines of constant frequency.

Since the conditions of Figure V. 9 correspond to those of the

single vertical plate data in the present work (the Prandtl number is
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actually 0. 023), frequencies obtained at four vertical positions adjacent

to the single vertical plate are plotted on Figure V. 9. These frequen-

cies were taken from plots of instantaneous anemometer output by

counting the number of peaks in the sinusoidal fluctuations within a

30-second period. Such counts were made for several different hori-

zontal locations and averaged to provide a single value for each

vertical position or corresponding value of G*. While there was some

deviation in these counts for different y-positions, these deviations

were no greater than those found by counting over a different 30-

second interval at the same y-position. Note how closely the first

three data points fall to the frequency line of maximum amplification.

This is very reassuring since these are the first data to verify this

instability solution for a low Prandtl number fluid. This result fur-

ther indicates that the flow at these three points is still laminar even

though it is unstable. The fourth point does not lie near the line of

maximum amplification, and its significance will be discussed shortly.

Jaluria and Gebhart (21) have done extensive work on transition

mechanisms in vertical natural convection flow using water as a test

fluid, They found very good agreement between the laminar principal

frequency and the linear stability theory predictions. They have

observed, however, that "the predominant frequency, in periods of

turbulence, is seen to be progressively greater than the corresponding

laminar value." It appears that the characteristic frequency for
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turbulent flow is considerably higher than for laminar flow under the

same conditions, During transition, where the flow is intermittent

with a combination of periods of this faster frequency and periods of

the characteristic laminar frequency, the frequency determined by

counting the number of peaks within a given time period should yield

values lying between the laminar and turbulent frequencies, but will be

markedly higher than that predicted by laminar stability. The uncer-

tainty in this estimated frequency increases, also, as the instantane-

ous output becomes more irregular and peaks become more difficult

to define,

It appears that the reason that the fourth point plotted at a G*

value of 527 in Figure V. 9 is considerably higher than the other three

points which lie on the frequency line of maximum amplification is

because of the phenomena described above, That is to say, it appears

that, at the 4-inch vertical position where G* is 527, the flow has

undergone transition and therefore has a characteristic frequency

noticeably higher than that predicted by laminar stability theory.

This trend is seen even more graphically in Figure V. 10. Here the

y;dimensional frequency is plotted against G' x -1/2
. Note that the first

three points for the single plate data lie very nearly on a straight line

which would correspond to the line predicted by stability theory, but

that the frequency at a G'.'"x-1/Z value of 912 is about 60% higher than

this. Jaluria and Gebhart (21) have reported similar results for their



Figure V, 10, Characteristic frequencies of the velocity disturbance.
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studies in water, noting that the increase in the frequency was very

dependent on heat flux level.

Figure V. 10 also presents similar frequency data taken from

the anemometer outputs for the three channel spacings. There is

more scatter in the data for the channel than that for the single plate,

probably due to the much larger disturbance occurring at mid-channel.

Nevertheless, for each case, the frequency appears to be constant

for the first three points up to G.* -1/2::--830 and then increases con-

siderably for G*x-1/2=912. There are no laminar stability planes that

have been analyzed for this channel flow situation, however, by

analogy with similar results obtained for the single vertical plate

which are in good agreement with the stability predictions, it seems

reasonable to conclude that in all four situations the velocity regime

has changed from unstable laminar to transition. This change in

regime appears to have occurred for values of G*x-1/2 somewhere

between 825 and 925, corresponding to modified Grashof numbers

between 2 x 1010 and 6, 5 x 1010.

Jaluria and Gebhart (21) have also stated that the modified

Grashof number is not a very satisfactory parameter for predicting

the onset of transition. From their work, they propose the following

parameter as being the proper criterion for transition.

E =
2 2/15

gx3
(V. 6)
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For their work in water they found the onset of velocity transition to

occur at an E value of 13. 6. When this E parameter was calculated

for the fourth set of data points corresponding to G*x-112--912, E was

found to be 13.42. This result is very pleasing as it lends more sup-

port both for the predictions of Jaluria and Gebhart and for the con-

clusion that the flow is undergoing transition. It should be noted that

this experiment was not conducted for the purpose of determining the

best value of E for the onset of transition. The data only indicate that

transition begins somewhere between G*x-1/2 values of 830 and 912,

corresponding to E values between 11, 9 and 13. 4. More work should

be done to define this E value precisely,

In closing, several final observations will be made concerning

Figure V. 10, though there are insufficient data to make any definite

conclusions. Note first that the predominant frequencies are much

lower for the channel data than the single plate, and that the lowest

frequency corresponds to the widest channel spacing. Thus the fre-

quency does not simply decrease as a second plate is brought in from

infinity, the single plate case, to some finite distance, the channel

case, as one might expect. Rather, it appears that there is a differ-

ent phenomenon occurring in the channel than with the single plate.

The characteristic frequency, which seems to be nearly constant both

inside and outside the velocity peak, is apparently controlled by

disturbances in mid-channel. Since the frequency is proportional to
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u' /w, and u' at mid-channel seems to decrease as the channel width w

increases (see Figure V. 7), it is reasonable to find a decrease in the

frequency as the channel width increases, as long as a channel flow

effect is still present. Once again, this is a proposed explanation for

the phenomena observed; more data are needed before any definite

conclusions can be drawn in this regard.



95

VI. THE TWO-SENSOR "X" CONFIGURATION PROBE

Introduction

The results using a single sensor anemometer were presented

in Chapter V. The single sensor is ideal for one-dimensional flow

as it provides information at a very well defined location in the x-y

plane, and can measure mean velocities as well as the magnitudes

and frequencies of fluctuations, as already presented. The

disadvantage of the single sensor is that it cannot discern a difference

in the direction of two velocity vectors as long as both vectors are

perpendicular to the axis of the sensor. With respect to Figure VI. 1,

there will be no difference in the anemometer output for a velocity

component along the x or y axes, and there is no way to know if flow

vy

vx

Figure VI. 1. Velocity components relative to a single sensor.
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is in the positive or negative y direction. For the study of turbulence,

the magnitudes and correlation between the fluctuating velocity com-

ponents and the development of secondary flow become important. By

placing two or more mutually perpendicular sensors on the same

velocity probe, the ambiguities of the single sensor are eliminated.

Work on this thesis included the use of a two-sensor "X" con-

figuration probe, already described in Chapter III. While this probe

can help answer some questions the single sensor could not, some

ambiguities still remain. Also, whereas the single sensor took

essentially a "point" reading in the x-y plane and could approach

within 0. 013" of the wall, the "X" configuration sensor takes an average

reading over a region approximately 0. 030" on each side, and can

only come within about 0. 050" of the wall without considerable danger

of damaging the probe. Since the velocity peaks discussed in Chapter

V occurred between 0. 040" and 0. 050" from the wall, there are some

serious limitations to the applicability of the "X" configuration probe

for boundary layer studies. As might be expected with more

sophisticated equipment, there were new problems to be overcome

not encountered with the single sensor probe,

The work that has been accomplished to date with the "X" con-

figuration probe on this project has been mostly in the area of technique

development. While some data were taken for the widest channel

spacing, an electrical short which developed between the mercury and
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the plate destroyed both the plate and the probe, precluding the com-

pletion of a meaningful set of data. Three "X"-configuration probes

were purchased for this initial study. The first, which is pictured in

Chapter III, developed a short with the mercury after being submerged

for approximately 24 hours. It was a practice not to operate any

sensor until it had been submerged for two days, so this probe was

never operated in the mercury as this would have caused immediate

failure, The sensors on the two remaining probes failed to be perpen-

dicular by as much as 20 degrees, which led to the considerations

which will be discussed next, Of these two probes, one was destroyed

in the plate failure and one has not been used. The remainder of this

chapter will be devoted to the theoretical considerations and operation

of the "X" configuration probe.

Theoretical Considerations

The main advantage of the "X" configuration sensor is its ability

to break a two dimensional velocity vector down into its components.

How this is accomplished will now be explained. In this development

the angles are defined in a manner that can be physically measured,

Also to be discussed is the cost of inaccurate angles due to assembly.

In this analysis two assumptions are made which are standard for this

type of treatment, neither of which is completely true. The first

assumption is that the sensor output is linearized. This is essential



98

so that a given voltage fluctuation will always be associated with the

same magnitude of velocity fluctuation, regardless of its location on

the calibration curve. Though the non-linearized output was used for

this work, the calibration for the velocity range of interest was nearly

linear and did not cause a major problem. The linearized output also

equates zero velocity with zero voltage. This is not the case for a

normal bridge output which has a non-zero rest voltage as shown in

Figure VI. 2. The rest voltage term, a0, will be retained in the analy-

sis

nearly linear
-*--- bridge output

linearized output

velocity normal to sensor

Figure VI. 2. Linearized anemo- Figure VI. 3. Parallel and per-
pendicular velocity
components.

meter output.

The second assumption is that there is no cooling effect on the

sensor due to flow parallel to the sensor axis, as shown in Figure VI. 3.

Champagne, Sleicher and Wehrman (3) have shown that this is not



completely true, that the effective cooling velocity is actually

U2(A) = U2(cos2Q + P2 2sin 0)
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(VI. 1)

They found the value of P for a platinum hot wire to vary from 0.2

with an active length to diameter ratio, lid = 200, to 0 at lid = 600.

They present no results for hot film sensors, but since 1/d is about

20, P is probably not negligible. The inclusion of Pin the analysis

at this point makes consideration of angular deviations impossible;

therefore, P will be taken to be 0, and equation (VI. 1) reduces to the

cosine cooling law,

U(A) = U cos Q. (VI. 2)

Figure VI, 4 shows the "X" configuration sensor as it was used

against the vertical heated wall, in terms of the coordinate system

used in this thesis. The angles a. and p are the angles sensors "A"

and "B" make with the normal to the heated wall. In terms of the

geometry of Figure VI. 4 and using equation (VI. 2), the anemometer

outputs for sensors "A" and "B" are

A-a
0

= s a(u cos a + v sin a) = us acos a + vsa sin a (VI. 3)

B-b0 sb(u cos 13 - v sin (3) = usbcos p vsbsin 3 (VI. 4)
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Figure VI. 4. Coordinate system relative to "X" configuration sensors.

Here, sa and sb are the slopes of the calibration curves of the ane-

mometer voltage versus the velocity normal to the sensors "A" and

sensor "B"

sensor "A"
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nBtf. It is the presence of the plus sign in equation (VI. 3) and the

minus sign in equation (VI. 4) that makes the "X" configuration probe

work. Whereas on the one sensor the components perpendicular to it

are additive, on the other sensor these components subtract from

each other. Multiplying equation (VI. 4) by sasin a and adding this

result to equation (VI. 3) gives

sasin a
[(A-a0)+

sbsin p

u[ sacos a +

-bon

sbcos p
sbsin p

sbsin P

sasin a)]

(VI. 5)



Solving for u,

u

s sin a
[ (A-ao) +

(sa sin p
)(B-bo)]

s [ cos a + cot p sin a]
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(VI. 6)

S, COS O.
In a similar manner, by multiplying equation (VI. 4) by ,sb cos p

subtracting this from equation (VI. 3), and solving for v,

v

sa cos a
[ (A-ao) ( ) (B-b0)]

sb cos p
sal sin a + tan p cos a]

(VI. 7)

For a properly constructed probe, a = (3 = 45°, and with a

linearized output, a0 = bo = 0. Furthermore, the correlator has an

amplifier on each input channel so that the effective sensitivities, sa

and sb, can be made equal. This can best be accomplished by calcu-

lating the ratio sa/sb from the calibration curves as shown in Figure

VI. 5, then setting the variable gain on channel B to this value by using

a constant dc source and a digital voltmeter. Under these

velocity

Figure VI. 5. Linear calibration curves.



circumstances, equations (VI. 6) and (VI. 7) reduce to

u = (4272sa)(A+B)

v = ({272sb)(A-B).
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(VI. 8)

(VI. 9)

Both the velocity components and the anemometer outputs can be

broken down into mean values (shown with a bar) and fluctuating com-

ponents (shown with a prime):

u = u u'

v = v + v'
(VI. 10)

A = +

B = T + B'.

Using the conventional averaging process, the mean velocity compo-

nents are found to be

.17 = (42 7 2 s(A+B ) = 42/ 2 s (VI. 11)

= (,17/2sjA-B) = (4772sa(A-E) (VI. 12)

The mean velocities therefore can be determined by adding or sub-

tracting the average values taken from the individual anemometer

versus time plots from sensors "A" and "B".

If there is secondary flow, u and v both nonzero, then the direc-

tion of u and v are of interest. Referring back to equations (VI. 3)

and (VI. 4), as long as a and p are approximately 450 and it is known
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that u in the positive x direction (mean flow is up), then A will be

greater than B if v is in the positive y direction, and B will be greater

than A if v is in the negative y direction. Note that there is no such

thing as "negative cooling" on the sensors, so A and B will always be

positive, but A-B can be positive or negative. Therefore, if the direc-

tion of u is known, the direction of v can be determined. If u and v

both point in their respective negative directions, this will be indis-

tinguishable from the case where u and v are both positive. The

direction of one of the two mean components must be known.

To determine the RMS values of the fluctuating velocity com-

ponents, the true RMS voltmeter is used. In analog circuitry, the

mean component is determined and subtracted from the signal before

it is squared, so that by inputting A+B or A-B, the resulting outputs

are

(4(272sa)),k(ii + A' + B + 131)-(A + 7312 =

= 41/2sa) 4(A' + B')2
(VI. 13)

4772 =(42/2sa)A A'-13')2 (VI. 14)

In a similar manner, the correlation u'v' can be determined from the

A and B signals which are again corrected for their mean
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u'v' --:(1/2sa2)(A' + B')(A' B') =(1/2sa2)(A' (VI. 15)

The correlator also has the capability to normalize the inputs so that

the normalized correlation coefficient is obtained

u'v'
C 7:717:17

Operation of the "X" Configuration Probe

(VI. 16)

In closing, several of the practical aspects and problems asso-

ciated with the use of the "X" configuration probe are presented in this

section, Values for sa and sb can be determined using the same

calibration apparatus described in "Velocity Measuring System", which

was developed for the single sensor, if the angles a and f3 are known.

Since during calibration the y component of velocity, v is zero,

equation (VI. 3) indicates that the slope of the velocity calibration curve

is sacos a. Determination of sa is then quite simple. Likewise,

determination of sb follows from the slope of the calibration curve for

sensor "B", sbcos (3.

To operate a constant temperature sensor, the proper overheat

ratio must be set, based on a probe resistance versus temperature

curve, For the "X" configuration probe a separate curve must be

obtained for each sensor and then each channel resistance set sepa-

rately, Since each sensor will increase the effective fluid temperature
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near the sensor slightly, the temperature should be measured with both

sensors off but each probe resistance should be measured while the

other sensor is operating at the intended overheat ratio.

Two basic problems were encountered with the use of the "X"

configuration sensor, (1) use of the RMS voltmeter, and (2) consider-

able deviation from perpendicularity of the two sensors in the probes

that were purchased. Difficulty with the RMS voltmeter has already

been mentioned. The magnitudes and frequencies of the fluctuations

were such that the most sensitive scales and longest time constants

were required. Often after a period of 15 to 20 minutes, using a time

constant of 100 seconds, a stable reading could not be obtained. It

appears that the experimental conditions are pushing the limit of the

analog equipment. The basic solution seems to be the selection of a

minimum number of data points so that 30 minutes or more can be

devoted to taking each reading, and so that these readings can be

checked for repeatability. An alternate solution would be to use a

digital recorder and computer to determine the RMS values numeri-

cally.

For the probe that was used to take data, a and p were not 45°

but were each about 55°. The sine and cosine functions vary about

10 to 20% for this deviation, and could tend to introduce significant

error if the angles were each assumed to be 45°. While this compli-

cates the situation, the problem can be handled if P (the sensitivity to
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cooling velocity along the sensor axis) is still assumed to be zero.

Looking again at equations (VI. 6) and (VI. 7), a and p are geometric

properties of the probe, and acy. b0, sa and sb are known from the

anemometer calibrations. The parameters n1, n2, m1 and m2

defined as

ni = sa[ cos a + cot 3 sin a]

nz = sa[ sin a + tan 13 cos a]

m1 = sasin a /sbsin p

m2 = s cos a /sbcos p

(VI. 17)

are therefore just constants for a given probe. In terms of these

parameters, u and v are

u = l /n1[ (A -a0) + mi(B-bo)] (VI. 18)

v = 1/n2[ (A - ) - z(B -b0)] (VI. 19)

The mean velocity components are determined as before from the

voltage versus time plots for each sensor, according to equations

(VI. 18) and (VI, 19). To measure the fluctuating components u' and v',

recall that it was necessary for the amplifier on channel B to be set

such that the constant preceding the B-b0 term was unity. This is

accomplished by amplifying channel B by m1 to measure u', and by

amplifying channel B by mz to measure v'. Note that, since m1 does

not equal m2, the amplifier must be changed each time to read u' and



107

v', and also that there is no way to input A and B properly so as to

get u'v,' For the probe used to take data, however, although a and p

were not 45°, they were still nearly equal in which case both m
1

and

m2, and n1 and n2 were equal; thus, u', v', and u'v' could be deter-

mined with a single amplifier setting. Therefore, even if a and p do

deviate from 45°, the problem is not greatly complicated if a =
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VII. CONCLUSIONS AND RECOMMENDATIONS

The purpose of this thesis was the study of natural convection

in the turbulent regime, While turbulent flow was only partially

realized, experimental heat transfer results were extended by two

orders of magnitude beyond previous experiments, and some new

light has been shed on the onset of transition and the flow mechanism

involved for channel flow. The basic conclusions reached in this

thesis were

1, Heat transfer results were presented for the single plate for

105 < Grx* < 1011, and for channel spacings, w/L, of .25, .50, and

67 for 108 < Grx* < 1011. These results are for higher Grashof

numbers than for other results to which they are compared, but

still are in good agreement with earlier analytical and experi-

mental results.

2. Although, for the range of channel spacings studied, there was

no practical difference in heat transfer between the three spacings,

statistically there was a definite increase in heat transfer as the

channel spacing was decreased, consistent with the trend

reported by Colwell (6),

3. The maximum peak velocities were observed adjacent to the single

plate with minimum peak velocities occurring for the narrowest

channel spacing. Mid-channel, the velocity was the largest,
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however, for the narrowest spacing and decreased as the channel

width increased.

4. Trends in the dimensionless velocity and temperature profiles were

in agreement with analytical predictions.

5. Instability occurs first and the disturbances are amplified most for

the intermediate channel spacing, w/L 0. 50. This is consistent

with the observations of Colwell (6).

6. It appears that disturbances have a single characteristic frequency

for any x position and channel spacing, but the amplitude of the

fluctuations outside the velocity peak is much larger than the

amplitude of those inside the velocity peak. It is suggested that

this is because the size of the outer eddies is governed by the width

of the channel while the inner eddies are governed by the distance

between the velocity peak and the wall. In the same way, the wide

channel spacings appear to impose a. lower characteristic fre-

quency on the boundary layer.

7. Characteristic frequencies from the single plate data are in good

agreement with the linear stability predictions of Hieber and Geb-

hart (18) for Pr = 0. 025.

8. Transition appears to occur between 3 and 4 inches from the bottom

for a heat flux of 11, 500 BTU/hr-ft2 for both the single plate and

channel, This corresponds to an E factor, proposed by Jaluria

and Gebhart (21) for predicting transition, of between 11. 9 and
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13. 4. This is in good agreement with their results.

This thesis has by no means completely covered the subject of

turbulent natural convection in a uniformly heated vertical channel.

More documentation of the characteristic frequencies and the onset

of transition should certainly be conducted. The following are some

recommendations for further work which would help complete the

picture.

1. Heat transfer data and mean profiles should be taken for the

narrower spacings even though the two-sensor "X" configuration

probe cannot be used there, This information is very important

for a continued study of the optimum plate spacing problem.

2. Instantaneous plots of the temperature disturbances should be

recorded for comparison with the velocity fluctuations and for

predicting thermal transition.

3. Strip charts of the velocity and temperature should be taken for a

considerable period of time to determine the intermittency, the

amount of time the flow is turbulent, for use in determining the

end of transition.

4, Determine a more precise value for the transition predictor, E,

by selecting an x position and slowly increasing the heat flux until

the first turbulent bursts appear.

5. Use the "X" configuration probe to check for secondary mean flow

and to find the magnitudes of the instantaneous velocity components,
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and the value of the uv correlation coefficient.

6. This brings up the problem of obtaining analog equipment capable

of handling these small low frequency signals. It appears that the

state of the art lies in digital recording equipment and statistical

analysis, Acquisition of this type of equipment seems to be the

best solution to the problem,

7. Finally, to obtain higher Grashof numbers and more turbulent flow,

longer plates would be desirable. The heater elements are

already being used well above their maximum power level, Also,

both the Grashof number and E are more dependent on x than they

are on the heat flux, q,



NOMENCLATURE

a, b, al, b1 arbitrary constants

relative amplitudes of a disturbance

A, a , B, 130 run and rest voltages from sensors "A" and "B"

As total heat flux area

c specific heat

C

d diameter of hot film sensor

E

A1, A2
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non-dimensional correlation coefficient of u'v'

parameter for prediction of turbulence,
Jaluria (21)

f physical frequency

g acceleration due to gravity

h coefficient of convection

k thermal conductivity

K arbitrary constant

1 sensor length or significant dimension in Q*

L channel height

m, n arbitrary exponents

ml, m2, n1, n2 parameters defined for use of "X" configuration
sensor

P sensor sensitivity, Champagne (3)

q heat flux

total heat
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Q* relative thermal capacity, Knowles (23)

R electrical resistance

R1, R2 thermal resistance

sas sb slopes of anemometer calibration curve

T general temperature

a ambient temperature

Te reference temperature

Tf heater foil temperature

Tr reference temperature, Sparrow and Gregg (37)

Ts plate surface temperature

u, v instantaneous velocity components

u', v' fluctuating components of velocity

u, v average (with time) velocity components

U velocity of mean flow

vx, vy, vz, velocity components in x, y, z, parallel and
v11 ' vi perpendicular directions

w width of channel

x, y, z cartesian coordinates

a thermal diffusivity

a angle (context obvious)

a* rate of amplification

coefficient of thermal expansion

angle (context obvious)



dimensionless frequency

viscosity

kinematic viscosity

density

an

Significant Parameters

Gr Grx' L
PgL3(TjTa)

vz

Gr *, Gr* PgL4q
x' L k v 2

G.* = 5(GrV5)1/5

hLNux, NuL = k

Pr =
a

local, average Grashof number

local, average modified Grashof
number

local vigor

local, average Nusselt number

Prandtl number
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APPENDIX A

Computer Program for Reduction of Velocity Data

rroorAy TURGVEL
C

Y=TTYIN(CHX.)
Y.X/12.
VOLT.TTYIN(4HVOLTA1H.)
AYP.TTYIN(41-itVP=)
C=AFF*VOLT*3.4129/0.1535
T=TTYIN(4HTINFJ1E7)
TINF=30.CE2 +35.33*T
TC=TTYIN(411TVALJ2HL.)
TEFF=30.822+35.33*TC
TF=0.7*TErP+0.3*T
TCOND=.006436*(TP+686.00)
VISC=.001167-,.00000192*TP
DENS=850.3-.0805*TP
EFTA =. : ^0101

GPX=CETA*32.1744TENS**2*X**4*C/(TCOND*VISC**2)
GX=(GFY.*.2)**.2
TEIT=TEVP-TINF
THETA=C?7*TCOND*TEIF/(Y*0)
VFITE(61,60)THETA

60 FOPFATC1XJ911THETA(0)=.F6.3)
IMITE(61,64)GRY

61 FOTTAT(IX.4EGFY=AE12.3)
. VF.TTYIN(41MFESA2ET=)
FF,,TTYIN(41IPPES,211T=)
PPEST=0.0061+.32933*T
rrcer.,.prELT-nr
VrEST=VF+9.65*FPCOP

21 PEAD(10.10)YJTC,P,VPUN
10 FOFFAT(F5.3,F6.3.F5.2oF6.0)

IF (E0F(10)) STOP
C COPFECTION For EFFECT OF FETAL PLATE

YACT=Y+0.013
IF(YACT.CE..032) GO TO 20
LELV=.069207-.0057827/YACT+.000141551/YACT**2
1-.00C0079467/YACT**3
VFIT=VEUN-LELV

20 PPU11=13.0061+.329334=TC
rcor=rror-r,
liFUV=VIITN4.9.65*GCOF
V.I/FTN-VREST
VEL=.96564453.217*V-12.018*V**2+6.0935*V**3
TEIT=30.0 2+35.33*TC
TCCrS=.0064:58*(TEV.P+686.03)
VISC7.001167-.00.000192*TEFP
DENS=050.3...0605*TEMF
VFLUEV=VEL/720.
YrT=YPCT/12.
ETA:,NFT*CY/N
TDIF =TEFF -TINF
TEETA=GY*TCMD*TDIF/(X*0)
FFFIFE=.2*VELNEV*X*LENS/(VISC*GX**2)

C

UPITE(11,11)YACT,TENP,VEL.ETA.THETA.FPPIEE
11 FOrrAT(F6.3*2F1.243F7.3)

CO TO 21
LNG

120



Computer Programs for Reduction of Heat Transfer Data for
(a) Channel Configuration and (b) Single Plate

0 G ITAlv T ClITE '111

(a)

(b)

C

C

C1=4.47924
C2=8.30958E-03
C3=-3.80163E-06
C4=4.34620
C5=-9.91162E-03
C6=1.79060E-05
C7=-1.27524E-08
C8=851.514
C9=-8.64810E-02
C1C=9.86194E-06
C11=-5.92566E-09
AFP1=TTYIN(411AVP1.1H=)
A1,1,2=TTYIN(4HAI,T2.1H=)
VOLTI=TTYIN(4HVOLT.2H1=)
VOLT2=TTYINC4HVOLT,21120
0=(ArPI*VOLTI+P1'P2*VOLT2)*3.4129/0,15502/2.
AF=TTYIN(311AP=1
ATS=AT**5
EETA=.000101

1 PFPU(10.10)X,TVALL.TINT
10 FCMAT(F5.3.276.3)

TI F=30.84+35.30*TINF
IF (E0F(1E)) STOP
X=Y/12.
TVALL=30.84+35.30*TUALL
T=0.7*TI,PLL+0.3*TINF
TCONC=C1+C2*T+C3*T**2
VISC=CC4+C5=T+C6*T**2+C7*T**3)/3600.
DENS=C8+C9*T+C10*T**2+C11*T**3
TEl
GPX=EETA*32..174*(DENS**2)*X**4*0/(TCONI4VISC**2)
YNUY=O*X/(TCOND*TDIF)
A=ALOGIO(GPX)
E=ALOGIO(XNUY)
c=taxclo(cpx/Ars)
D=ALOGIO(XNUX/AR)
VRITE(11.11)A,E,C.D

11 FOPNAT(IX,4F7.4)
GO TO 1

E1a,

PPOOFti, TliPNiTX2

d1=4.47924
C2=8.30958E-(13
C2=-3.80163E-86
C4=4.34620
C5=-9.91162E-03
C6=1.79060E-05
C7=-1.27524E-08
C8=851.514
C9=-8.64880E-02
C10=9.861948-06
C11=-5.92566E-09
A1F=TTYINC4FM,P=)
VOLT=TTYIN(4HVOLT,IF=)
0=PVP*VOLT*3.4129/0.15502
TI8F=TTYINC4HTI88,111=)
TINF=30.84+35.30*TINF
EFTA=.000101

1 PEAD(10.10)X,T!,'ALL
10 FGPFAT(F5.3,F6.3)

IF (E0F(10)) STOP
X=X/12.
T1iUL=30.844-35.30*TVALL
T=0.7tTLL+P.3*TINF
TCCIW =C1 +C2 *T +C3 *T * *2
VISC=(C4+C5*T+C6*T**2+C7=7**3)/3600.
CEN::=CC.C9*T4C10*T**24.C11*T**3
TDIF=TVALL-T1N8
GPX=EETA*32.174*(DENS**2)*X**4=0/(TCOND*VISC**2)
XI: T=0*X/(TCONC*TDIF)
A=ALOG10(GPX)
L=ALOG10(XEUX)
WFITE(11,11)A.E

11 FORFAT(17.2F9.4)
GO TO 1

LND
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APPENDIX B

Determining the Optimum Location for a Breakpoint in
a Regression of Two Linear Functions Constrained

to Meet at the Breakpoint

A simple linear regression of a set of data, (x, y) has the form

f =ax+b (B. 1)

In this expression, f is an estimate of y based on a and b, which are

estimators of the values of the intercept and slope of the true linear

relation between x and y, For this model there will be an error be-

tween the predicted y value and the observed y value because (1) the

true relation between x and y is probably not exactly linear, (2) a

and b are only estimates of the true intercept and slope, and (3) any

set of observations x and y will have some random variation from the

true relation due to measurement errors and factors not accounted

for in the model.

For the present situation we assume that the data is linear in

two segments but has a definite change in slope, so that it is well

represented by two lines

fl = al + b1 (x x1)

f a- + b (x - x )2 2 2

x < a (B. 2)

x> a (B. 3)

It is also desirable that f
1

and f
2

be equal at x = a. Adding this

constraint means that only one intercept, a, needs to be specified,



The resulting expressions are

f
1

= a + b
1

(x xi) x < a

fz = a +b1 (a - x1) +b2 (x x > a,

123

(B, 4)

(B. 5)

The objective now is to determine the best estimates of a, b1,

b2, and a, The data is assumed to be distributed normally about

f(x; a, b1, b2, a), where f is defined by equations (B, ) and (B, 5),

with a variance, due to the sources of error mentioned, of a- 2. Then

the likelihood function of the parameters a, b1, b2, a and a- 2, given

the data with n observations, is defined as
2

1
(-112 )E [yi-f(xi;a,bi,b2,an

L(a,bi,b2,a, sr 2; x, e i=1
n

(B. 6)

The likelihood function, evaluated for a particular set of parameters,

expresses the probability that the observed data, (x, y), would have

been observed if that particular set of parameters were indeed the

true set of parameters, The likelihood function, therefore, provides

a means of evaluating any set of estimated parameters relative to any

other set of estimated parameters.

By maximizing the likelihood function defined above for the

parameters a, b1, b2, and a.2, a pseudo-likelihood function of only a

the data can be defined which isolates the effect of the selection
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of a. The likelihood function is maximized, and the appropriate esti-

mators for a, b1 and b2 obtained, by differentiating equation (B. 6)

by each of the parameters and simultaneously equating the three deriva-

tives to zero. The result, which is the solution of the normal equations

for the restricted model is

where

[ba:
b

2

= [A] -1 [13] (B. 7)

n (n-k)(a -x1) (n-k)(372-a)

A = (n-k)(a-7(.1) E (xi-x1)2 + (n-k)(a-x-1)2 (n-k)(a-xi)(x2-a)
i=1

(n-k)(X2 - a ) ( -k)(x2- a )(a -xi) E (xi - a )2
i=k+1

(B. 8)

k n
E yi + E yi
i=1 i=k+1

A
B = E yi(xi-xi) + (a -x1) E yi

i=1 i=k+1

n
E yi(xi-a)

=k+1

(B. 9)
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there:are k values of x < a and n-k values of x > a. The 3 x 3 matrix

is easily inverted in a computer program using Cramer's rule.

Maximization of equation (B. 6) with respect to a- 2 yields the

residual sum of squares divided by the number of observations as the

proper estimator for 0-2.

n
est (cr 2) = [ b1, 2 19

n 1=1

The resulting pseudo-likelihood function is

a)] 2 RSS
n

(B. 10)

L*(a;x,Y)'(n/RSS)1112e-n/2 (RSS/n)-11/2 (B. 11)

The optimum location of the breakpoint, a, can now be obtained by a

trial and error scheme to find the value of a that produces a minimum

value of RSS, hence a maximum value for L*. Since values of any

likelihood function are usually small, in practice an estimate of the

maximum value is made and a likelihood ratio is expressed relative

to this.

For this project a computer program, LIKLEHUD, was developed

to calculate the likelihood ratio for L* and the corresponding regres-

sion equations for any selected value of a. It was written to make

use of operator-computer interaction on a teletype, To use LIKLEHUD,

which is listed on the following page, the operator selects an esti-

mated value for L*max and selects a starting value for a. He then
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continues to search for the optimum a, by typing "1" in reply to the

"GO?" command and selecting another value of a until he has found the

location of the maximum L* to his own degree of satisfaction. To

terminate execution, a "0" is typed in reply to "GO?". The results

using the single heated plate data and LIKLEHUD, which led to the

breakpoint regression presented in Chapter IV, are shown graphically

below.

1. 0

0. 8

0.2

8. 5 8, 6 8. 7 8. 8 8. 9

opt= 8. 756 a

9. 0



Fy00y.pr LIKLEHUD
DIFFYSION X(SEC),Y(500),XL(500).YL(500),XH(500),YH(500)

STAUll'AX.TTYIN(4NLIFA02HY=)

I( =1

9 FE(0)(10,10)X(K),Y(10
10 FOCRPT(1X02F9.4)

IF(EOF(10))C0 TO 20
E=Y+1
CO TO 9

26 H.H.-1

21 AL11 P=TTYIN(4EALFR,21

sum=sUrx2=sury1 =sury2=e.
sur3 501=surysc2=SuryS01=surysc2=0.
}:I-K2=47

LO 30 I=101(
11.CX(1).CE.ALPEAMIO TO 31
NI=1(14.1

SurX1=surx1+X<I)
fUrY1=E.,..!ryl+Y(1)
YL(K1)=YII)
YL(R1)=YCI)
CC TO 30

31 RF-=1:2+1
711.:"2 =SUFX2+X(I)
FUFY2=SUFY2+Y(I)
:1;(1:2)=7II)
yl,(K2)=Y(I)

30 CUTILUE

IA=y1
y2=y2
311:111-.=EUr1,1/X1

n...EAr=nuM2/X2
ArXI=ALMIA-X1BAr
AFV2 .N2ERF.ALPHA

LO 40 1=1,10
SCrYSOI=SUTXSC14.(XL(I)4:15AP)**2
URYTI.SUNYS01.1.YL(I)*(XL(I)X1LAD)

40 COLTILUE

DO 50 1=1,1(2
FUryS02=SU11X.S02+0(licI)-AISHA)**2
SNRYSC2=2U1'YSC2.1.YR(I)*(XII(I)..ALFRA)

50 CONTINUE
C
C DEFINITION OF VATFICES AND USE OF CRAEE'S RULE
C

-C

C

C

Al2.X2*AFX1
A21=f,12
Al3m,:2*ArX2
A21.A13
A23=r2 *Ar71**2+svPIXS01
A23.X2*AFX1*AFX2
A-32.A23
A33=EUVXS02

C1=Suryi+SUry2
C2=SuryS01+Ar5:14SUEY2
C3= SUNYSC2

DEVON.=A11*(A22*A33..-A32*A23)+Al2*(A31*A23.-A21*A33)
1+A13*(A21=A32-A22*A31)
ANUR=C1*(A22*A33.-A32*A23)+Al2*(C3*A23C2*A33) 4-A13*(C2*A32
1C3*A22)
ElNUN.A11*(C2*A33...C3*A23).*C1*(A31*A23A21*A33)+A13*
I(A21*C3C2*A31)
B2NUF=A11*(A22*C3...A32*C2)+Al2*(A31*C2A21#C3).1.C1*
ICA21*A321431*A22)

ArALUV7DENOE
El=t1NUN/DEHOY
02.O2NF/DENOR
A1=4..-L1 *XIDAP
A2=A+BI*AFX182*ALPNA

1155 =0.

DO 60 i=1,1i1
nSS4ESS+CYL(1)-A1-1314XL(I)) **2

60 CONTINUE
DO 70 1.1,K2
FSS.PSS+CYH(I)A2...L2*X11(I))**2

70 CONTINUE

EX=XH/2.
STAFLI=(1./IISS)**EX/STARIFAX
URITE(61,61)A1AA2.D10B2aPSS,STAPLI

61 FORIAT(IX,31-1A1...E12.4/1X03RA2.,E12.4/11C,3hEl=.E12.4/
11XJ3NE2=*E12.4/1X,4EPSS=AE12.4/1X,31EL1=0E12.4////)

CO.TTYIN(3RG0?)
IF(GO.E0.1.)G0 TO 21
STOP
END

Listing of computer program LIKLEHUD (continued in column 2).
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APPENDIX C

Determining the Statistical Significance of a Parameter
in a Regression Model

The F test is probably the most useful tool in analyzing the

significance of parameters in a model. A null hypothesis is formu-

lated based on the premise that the parameters of concern are not

significant, The difference in the residual sums of squares for the

regression of the full model and for the regression of the model under

the null hypothesis indicates the importance of the parameters. The

F statistic provides a means by which to make this comparison.

The question of interest in Chapter IV was whether the three

lines for the three channel spacings,

fi = al + bi x

f2 = az + b 2 x (C, 1)

f3 = a3 + b
3

actually represented different lines. To test this, the null hypothesis

was assumed,

al = a2 = a3 = ao

b1 = b2 = b 3 = bo
(C. 2)

fo = ao + bo x.

For any linear model like those above, the residual sum of squares

is defined as the sum over all n observations of the square of the
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difference between the observed value, yi, and the value of y predicted

from the model,

n
RSS = E (yi (C. 3)

The residual sum of squares is a measure of how well a model repre-

sents a set of data, a smaller value indicating a better fit.

For the full model represented by equation (C. 1), the residual

sum of squares is just the sum of the RSS from each regression line,

RSSfull = RSS1 + RSS2 + RSS3. (C. 4)

The F statistic provides a means to compare the difference between

RSSfun and the residual sum of squares under the null hypothesis,

RSSo , with a tabulated probability distribution, the F distribution.

If the F statistic is greater than the relevant tabulated F value for a

confidence level, 1-a, then the null hypothesis can be rejected

realizing that the probability of making an error in this rejection is

less than a. If there is sufficient cause to reject the null hypothesis,

then the parameters of concern are significant.

The F statistic test is defined as follows: if the null hypothesis

is true, then

(RSSo-RSSfun)/q
(RSSfuii)/m

1-a
< Fq, m. (C. 5)
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In this expression, m is the number of degrees of freedom in the full

model and q is the difference in the number of degrees of freedom

between the full model and the reduced model under the null hypothesis.

For each linear regression, one degree of freedom is lost from the

total number of observations for the mean value of y and one degree

of freedom is lost for the slope of the line, Thus for the full model

the number of degrees of freedom for each line was n1-2, -2, and

n3-2, The total degrees of freedom was then n1 + n2 + n3 - 6. Under

the null hypothesis there was only one line, the degree of freedom was

ni + n2 + n3 - 2, and q was 4.

From the actual regressions for the data

RSS
1

= 2. 21236394 x 10-3

RSS
2

= 1. 47174491 x 10-3

RSS 3
= 4 48207892 x 10-3

RSSo = 1.34081551 x 10-2

RSSfun = 8.16618777 x 10-3

m = 91 +93 +93 - 6 = 271

The F statistic becomes

n1 74 91

n2 = 93

n3 = 93

no = 277

by equation (C. 4)

(13. 4081551 x 10-3 - 8.16618777 x 10-3)/4
(8. 16618777 x 10-3)/271

= 43. 489

(C. 6)

(C. 7)
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The value for F4,271 with a = 0, 001 is somewhere between 4, 62

and 4, 95. Since the F statistic was so very much larger than this,

the null hypothesis was rejected and it was concluded that all the para-

meters of the full model were significant, hence the lines were

indeed different lines.

One final remark must be made about analyzing the significance

of these lines. The probability of correctly rejecting the null hypo-

thesis is called the power of the test, For the data just considered,

the power of the test was found to be negligibly different from 1, This

means that if there is any variation between runs of data, and there

must be at least some random variation, the probability of detecting

this variation and calling it significant is very high, almost inevitable.

It is therefore not surprising that these lines were found to be signi-

ficant, but one should be dubious about what conclusions can be drawn

from the F test under this situation, Unfortunately, a complete set

of data of the same size was never repeated on a different occasion

to check the relative significance of this random variation,

The conclusion in Chapter IV was that there was no practical

significance of the three different lines, but since there was a con-

sistent trend in the data in agreement with a previously reported

trend, this gives more reason to believe that the differences in the

lines were a significant result of the change in channel spacing, and

not merely random variation. A similar test was performed for a set
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of data for a single channel spacing but for the different heat flux

levels within that spacing. The separate regressions were found to be

significant, but at the 0, 01 to 0. 05 level, which is much less signifi-

cant than the channel spacing effect where the a was much less than

0. 001.


