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This investigation was designed to determine whether a remedi-

ation program concurrent to enrollment in the Calculus could be used

to reveal and remedy student deficiencies involving pre-calculus topics,

promoting a greater degree of success in the Calculus. The instruc-

tional model for the program that was investigated consisted of pretest-

ing the Calculus student to reveal deficiencies in pre-calculus topics

and, on the basis of these results, prescribing learning modules to

remedy any inadequacies found. A student would be advised to complete

modules covering those topics for which he showed a weakness while

fulfilling the regular course requirements.

One pre-calculus topic, algebraic fractions, was selected to

test this model. A pretest was constructed to test for weaknesses in

algebraic fractions, and a self-study learning module was constructed

to remedy these weaknesses. Evaluation was accomplished through a

posttest covering the selected topic and a comprehensive final examin-

ation sampling all the topics in the Calculus.



Students were exposed to one of three treatments, according

to the section of Mth 111 (Calculus) at Oregon State University in

which they were enrolled. Students who received treatment T
1
received

no remediation, regardless of their scores on the pretest. Students

who received treatment T
2
were given a non-specific recommendation

to do remedial work if their scores were below a certain criterion

level. Students who received treatment T
3
were given access to the

learning module if their scores on the pretest were below the level

set for treatment T2. The null hypotheses that were tested stated

that there would be no differences among the treatment groups with

respect to pretest-posttest gains and final examination scores.

Treatments were assigned to whole sections rather than to

individual students. The experimental design employed to test the

hypotheses was a nonequivalent control group design. And since each

treatment was assigned to two sections, the statistical analysis,

which consisted of analysis of variance and Student t tests, had to

accommodate subsampling.

Findings

It was concluded that the concurrent remediation program was

able to remedy deficiencies in pre-calculus, and that diagnosing inade-

quacies and providing remediation materials will significantly improve

a student's performance on a posttest. Moreover, revealing to the



student his pre-calculus deficiencies and providing him with the mat-

erials to remove them promotes better results than revealing the defi-

ciencies and merely advising self-remediation.

The null hypotheses relating to the final examination scores

all failed to be rejected. Statistical analysis of the data indicated

that there was insufficient evidence to conclude that the remediation

program was of value in promoting greater success in the Calculus as

measured by the final examination. However, this may have been due

to the restriction of the experiment to remediation in only one pre-

calculus topic.

Because the model proposed in this study was based on volun-

tary rather than mandatory remediation the number of students taking

part in the remediation component of the program out of all those

determined to need it was considered to be an important determinant of

the viability of the instructional model. A confidence interval

for the proportion of students who would participate of their own

volition in a similar program under similar conditions was computed

to be (0.23, 0.59).
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CONCURRENT REMEDIATION FOR INADEQUATE
PREPARATION FOR THE CALCULUS

I. INTRODUCTION

Although Newton and Liebniz are given credit for the invention

of the Calculus, the origins can be traced back to the early Greek math-

ematicians. Archimedes (third century B.C.) was able to calculate the

areas of many geometric objects using a mechanical infinitesimal method

(50). The greatest contributions to the development of the Calculus,

however, were not made until the seventeenth century. The French math-

ematician, Fermat (1601-1665), had all but completed the task by the

time Newton and then Liebniz, working independently, made their contri-

butions which finalized the idea of the Calculus (73).

Since its inception, the Calculus has been, according to some

mathematicians, the most useful and important subject in mathematics.

Practically every development in science and
mathematics, from 1600 to 1900 A.D., was connected with
Calculus . . . In the present century, a few branches of
mathematics have developed that do not use Calculus. Yet
even these are mixed up with subjects related to Calcu-
lus. Someone studying these branches without a back-
ground of Calculus would be at a terrible disadvantage;
he would meet allusions to Calculus; there would be re-
sults suggested by the theorems in Calculus (53).

The Calculus has grown in importance as a mathematics course to the point

where it is considered by some to be the single most important college

level mathematics course. Richard Courant in his forward to Boyer's The

History of The Calculus And Its Conceptual Development puts it this way:

Differential and Integral Calculus and Mathema-
tical Analysis in general is one of the great achievements
of human mind. Its place between the natural and human-
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istic sciences should make it a singularly fruitful medium
of higher education (13).

The Calculus is the terminal mathematics course for many baccalaureate

degree programs; it is the course to which most other lower level math-

ematics courses lead (35). Because of this prominence in the under-

graduate curriculum, the importance of good pedagogical procedures and

instructional strategies for teaching the Calculus is recognized by many

(8). Attention to motivation, relevance, inspiration, humanism, setting

goals, etc. have been recommended in the teaching of the Calculus; these

could also apply to the teaching of other mathematics subjects and, of

course, to other disciplines. However, there are considerations that

are peculiar to mathematics and hence to the Calculus that make teaching

mathematics unlike the teaching of other subjects such as music, art,

history, and biology. For example, the extremely hierarchical nature

of mathematics requires that certain mathematical topics be learned

before others are attempted (23, p. 246). In particular, there are pre-

requisite knowledges and skills that must be possessed by the student

before he attempts the Calculus. Some authors of calculus texts state

explicitly the prerequisites that are assumed (56;64;70). The following

quotation by Ausubel, although meant for more general application,

expresses the crucial nature of adequate preparation for the Calculus.

If I had to reduce all of educational psychology
to just one principle, I would say this: The most import-
ant single factor influencing learning is what the learner
already knows. Ascertain this and teach him accordingly (3).

Ausubel further states that:

Since logically meaningful material is always, and
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can only be, learned in relation to a previously learned
background of relevant concepts, principles, and infor-
mation which make possible the emergence of new meanings
and enhance their retention, it is evident that the sub-
stantive and organizational properties of the background
crucially affect both the accuracy and the clarity of
these emerging new meanings and their immediate and long
term retrievability (3, p. 128).

Gagne's position is similar:

. . . The theoretically predicted consequence of
a subordinate skill that has been previously mastered is
that it will facilitate the learning of the higher-level
skill to which it is related. In contrast, if the subord-
inate skill has not been previously mastered, there will
be no facilitation of the learning of the higher-level
skill. This latter condition does not mean that the
higher-level skill cannot be learned--only that, on the
average, in the group of students for whom a topic sequence
has been designed, learning will not be accomplished read-
ily (23, p. 239).

An extension of Ausubel's theories indicates that the existing cognitive

structure, comprised of the knowledge structure of pre-calculus and its

organizational properties, is the main force in effecting meaningful

learning and retention in the Calculus.

It follows from the very nature of accretion to
the psychological structure of knowledge, through the
assimilation process, that existing cognitive structure
itself--both the substantive content of an individual's
structure of knowledge and its major organizational
properties in a particular subject-matter field at any
given time--is the principal factor influencing meaningful
learning and retention in this same field (3, p. 127).

It follows, then, that the cognitive framework can accommodate and assimi-

late efficiently only those concepts and principles of the Calculus for

which the related subordinate concepts and principles have been learned.

For maximally effective learning to take place in a calculus course, all

students upon entrance into the course, must have complete pre-calculus
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preparation with no deficiencies. If this is not the case, then suitable

programs should be incorporated into the educational system to allow for

the discrepancies.

One such program is the topic of this study. A plan for diag-

nosing pre-calculus deficiencies and treating them concurrently with the

student's enrollment in the Calculus course is proposed. Students who

show deficiencies on a diagnostic pretest would be advised to complete

learning modules designed to remove these deficiencies. They would be

encouraged to complete the modules as soon as possible so that they

would have the prerequisite skills and knowledge when they needed them

in the Calculus. Participation in such a program would be voluntary.

The Problem

The purpose of this study is to determine whether or not diag-

nosis and prescription can be used to reveal and remedy student defi-

ciencies involving pre-calculus topics while the students are enrolled

in the Calculus (Mth 111 at Oregon State University). The instructional

model for the program consists of pretesting the Calculus student to

determine his degree of readiness for the Calculus, and, on the basis

of these results, prescribing learning modules to remedy any revealed

deficiencies. A student would be advised to complete modules covering

those topics for which he showed a weakness. A certain amount of judge-

ment would have to be exercised regarding what would constitute evidence

of a weakness; but this would, of course, depend upon the standards of

the Calculus course and the course objectives, which may vary from
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school to school. The flow chart below depicts the proposed instruc-

tional model.

Table 1. Flow Chart of Proposed Model.

Adequate

No Remediation
RecOmmended

Matriculation Pretest Completion of

into the calculus Score The Calculus

Inadequate \
1

Remediation
Recommended

To test this instructional model, one pre-calculus topic, alge-

braic fractions, was selected. Four members of the Oregon State Uni-

versity mathematics faculty judged algebraic fractions to be an import-

ant pre-calculus topic, one that students often appear to be weak in

when entering the Calculus. A pretest was constructed to test for weak-

nesses in this topic, and a module was constructed to remedy these weak-

nesses. Evaluation was accomplished through a posttest covering the

selected topic and a final examination sampling all the topics in the

Calculus.

The experimental plan consisted of randomly assigning treatments

to sections of Mth 111 at Oregon State University. Students within a

section received remediation instructions if their test results indi-

cated less than adequate preparation. Some sections received no reme-

diation; some received a recommendation to do remedial work in the area

of algebraic fractions; while other sections received access to the

learning module. The sections receiving no remediation acted as a con-
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trol group. The purpose of the second type of treatment was to deter-

mine whether cognizance of pre-calculus deficiencies and a non-specific

recommendation to do remedial work are enough to influence the removal

of the deficiencies and allow success in the course. The third type of

treatment represented a more direct and specific attempt to remove the

diagnosed deficiencies. The three treatments, then, represent various

stages on.a remediation continuum. This may allow the experiment to not

only determine if the diagnosis and concurrent remediation model is of

value, but also, to a certain extent, the degree of remediation needed.

The experimental model is delineated below:

Table 2. Flow Chart of Experimental Model.

Control
group

Pretest
Performance

inadequate

Recommendation
group

adequate

No

remediation

inadequate t

adequate

Recommended
to do remedial
work

Posttest and Final Examination

adequate

Given access
to remedial
material

Whereas it is hoped that all students sent to the module will

complete the module, it is anticipated that not all will do so, because

participation is voluntary. The responsibility will be on the student

to carry through. The number of students participating out of those

eligible will be noted as an important determinant of the viability of

the program.
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Hypotheses

The major hypothesis to be tested concerns the viability of the

concurrent remediation model.

H
o

Pre-calculus deficiencies can be diagnosed and removed while

the student is enrolled in the Calculus by providing appropriate reme-

diation materials.

Relevant to this are the following hypotheses.

H
ol

: Students in the sections receiving the remediation recommend-

ation will not have higher pretest-posttest gains and final examination

scores than the control group students.

Hot: Students in the sections receiving access to the remediation

module will not have higher pretest-posttest gains and final examina-

tion scores than the students in either of the other two treatment

groups.

1)

2)

3)

Assumptions

Proficiency in algebraic fractions can be measured by the

diagnostic pretest.

The Oregon State University Mth 111 final examination score is

a valid and reliable measure of success in Mth 111.

TheSpring term, 1975, Mth 111 classes represent random samples

of the population of all Mth 111 students at Oregon State Uni-

versity.
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4) The Module on Algebraic Fractions is effective in treating

student deficiencies in algebraic fractions.

Limitations

The study is subject to the following limitations: (a) Mth

111 students at Oregon State University during Spring term, 1975; (b)

analysis of improvements in the cognitive domain; (c) one pre-calculus

topic, algebraic fractions; and (d) fifteen minute maximum duration

each of the pretest and posttest.

Definitions

MSLC refers to the Mathematical Sciences Learning Center at Oregon

State University.

Pre-calculus concepts are those mathematical concepts that are assumed

to be learned by all students before enrolling in Mth 111.

Mth 111 refers to the first quarter of the four quarter introductory

calculus course offered at Oregon State University.

Importance Of The Study

The importance of prerequisite knowledge and skills to the

learning of a cognitive structure was pointed out briefly in the intro-

duction and will be expanded upon in this section. In addition, the
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general consensus that there are widespread discrepancies in the

educational backgrounds of mathematics students will be discussed.

The paucity of research directly relating to the proposed concurrent

remediation plan for the Calculus will be exposed in the next chapter.

This paucity of research and the heterogenity of mathematical back-

grounds support the need for this study.

There is agreement among many educators that, for various

reasons, mathematics classes are not as homogeneous as they once

were. That is, there appear to be wide discrepancies among students

regarding both content knowledge and ability. Bloom recognizes this

wide variation within any grade (11, p. 93).

The assumption of homogeneity of education
backgrounds might have been safer in the past, at least at
the elementary and secondary levels, before society
became so highly mobile. However, most classes today
are made up of students with a wide variety of education-
al backgrounds, lacking complete uniformity in their
patterns of achievement and differing with respect to
the nature, amount, and depth of independent study and
reading (11, p. 92).

According to Bernstein, some of the variation in high school mathema-

tics classes can be attributed to inadequate preparation in the lower

grades:

Large numbers of students are admitted annu-
ally to the public high schools who are deficient
in some (often many) of the skills and understandings
of basic arithmetic (10).

Furthermore, the variation is not diminished in the higher grades:

Even in the last two years of high school,
where the range of ability is narrowed by select-
ivity, the range of achievement remains wide (42).
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Although the magnitude and dispersion of the phenomenon may

have increased recently, wide variation within mathematics classes is

not new. A 1939 Oregon State Department of Education appointed commit-

tee reported that "The amount of college preparatory mathematics shows

too such variation (49)." In 1941, Thompson complained that students

who are promoted regardless of their achievement contribute to the vari-

ance in higher grades.

In general, schools do not hold up standards
of attainment and fail to promote pupils on the basis
of their failure to master certain predetermined units
of instruction. . . . Children are not retained be-
cause of lack of subject content mastery (68, p. 125).

Stein further emphasizes the broad spectrum of students enrolled in col-

lege level mathematics:

The two year college is plagued by rapid
growth, by an incredible variety of students' ages,
abilities and backgrounds, and by the relatively
brief time that the student is present (63, p. 1024).

According to Stein, the problem is not confined to two-year

colleges; rather it extends to four year colleges and universities as

well, particularly those with "open-door" policies (63, p. 1023).

A consequence of the discrepancies among students is their inade-

quate preparation in isolated, prerequisite topics for certain college

level mathematics courses. If the deficiencies or inadequacies of a

student are widespread, enrolling in a lower level preparatory course

might be more advantageous to him than having him struggle through the

course, ending up with less than success. In addition to failure, Bloom

mentions discouragement and frustration as consequences of a student

enrolled in a course for which he lacks the necessary preparation (11,
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p. 93). Ausubel says this about inadequate preparation:

. . (it) has no doubt contributed to extensive
failure and feelings of frustration in that subject,
and the widespread fear of mathematics which is all too
apparent in the adult population (7, p. 96).

On the other hand, if the deficiencies are few and in isolated topics,

enrolling in a preparatory course might be inefficient and even harmful.

In a recent study, most students who were assigned to a remediation or

preparatory course on the basis of a test felt that an entire semester

of the skills course was not needed (58, p. 526). The students resented

having to review mathematics they already knew. Furthermore, Bohigian

states that "Most students associate labels of inferiority, boredom and

failure with courses in mathematical remediation (12, p. 404)." However,

diagnosis and remediation can be a valuable tool for teaching mathema-

tics.

Probably one of the most significant steps
toward improved instruction that has been taken in
recent years is that of incorporating into the
instructional program plans for remedial teaching (14).

Writing in the NCTM Thirty-Fifth Yearbook, Glennon and Wilson say that

"Diagnosis and carefully prescribed teaching" is presently needed by

many (27).

To some, it is the hierarchical nature of mathematics that makes

it so important that prerequisite topics be mastered before new mater-

ial is attempted. Lamon states that "The architecture of mathematics

is founded on a hierarchy of abstractions (33)." Skemp refers to con-

ceptual hierarchies for which two principles should be observed: (1)

"Concepts of a higher order than those which a person already has can-
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not be communicated to him by definition, but only arranging for him to

encounter a suitable collection of examples," and (2) "Since in mathe-

matics these examples are almost invariably other concepts, it must

first be insured that they are already formed in the mind of the learner

(59, p. 32)."

In this study it is Skemp's second principle which is of concern.

This principle implies that teachers must see to it that prerequisite

concepts are learned and, further, that such concepts become the base

upon which the new ones are built. While some would say that mathema-

tical ability, motivation and appreciation of mathematical processes

are sufficient, Ausubel and Skemp agree that the content knowledge a

student possesses before he enters instruction is of primary importance

(3). Dienes puts it this way:

. . . mathematics is extremely hierarchical;
it is a network of all sorts of interwoven relation-
ships, all built on top of and underneath each other.
The learning of such an intricate set of patterns must
naturally take into account the way in which the patterns
fit together. This is one of the problems of getting
all mathematical learning started. We must carefully
take into account the subordinate and superordinates of
the subject (17, p. 62).

Giving empirical weight to Ausubel's thesis, Gagne performed an experi-

ment involving mathematical tasks to determine precisely how important

prerequisite knowledge is (22). Gagne's hypothesis was that "An individ-

ual will not be able to learn a particular topic if he has failed to

achieve any of the subordinate topics that support it." The results of

the experiment showed that for no topic was there more than three per-

cent of instances contrary to this. Thus it follows that, for effect-
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ive learning to take place, it must be ensured that deficiencies are

revealed and corrected as soon as possible. In particular, for

effective learning to take place in the Calculus, it must be ensured

that any precalculus deficiencies are revealed and corrected as soon

as possible.
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Chapter II

Related Literature

Research related to the problem posed in this study will be

categorized according to whether it is directly related to concurrent

remediation in the Calculus or to the learning theory underlying the

need for concurrent remediation. In the first case there is a paucity

of studies, whereas in the second case there is an abundance of studies.

First, studies relating to concurrent remediation in the Calculus

will be presented, then studies relating to the learning theory will

be reviewed, and finally a summary and discussion will be given.

Concurrent Remediation

A method for revealing and removing deficiencies in the Calcu-

lus that is similar to the one proposed in this study, although it

has not been thoroughly tested, has been developed by Lazorack (34).

Lazorack proposed using a diagnostic pretest to reveal deficiencies

and then prescribing remedial materials to remove them. To test the

viability of the plan, Lazorack gave his diagnostic test to ten calculus

students enrolled at a community college and then, based on the results,

prescribed appropriate remedial help. Because seven of the ten students

subsequently successfully completed two terms of the Calculus, he

concluded that this method of removing deficiencies is sound. It should
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be noted, however, that Lazorack's emphasis was on constructing the

diagnostic pretest and not on testing the worthiness of the instruc-

tional model in general. No special remedial materials were developed

and no posttest was given.

Another study using the same diagnosis-prescription model,

but involving prospective elementary school teachers, was done by

Swartz, et al (66). One hundred-twenty students in a pre-methods

course on number systems were given a diagnostic pretest and given

remediation followed by a post test which was the same as the pretest.

Although there were gains in post test scores, no significant differ-

ence was found between the experimental group receiving the remediation

and the control group receiving neutral training. Because an insuffi-

cient number of students took advantage of the remedial opportunities

offered, no conclusive results could be drawn.

A related study by Stannard involved providing supplementary

materials for calculus students. No diagnostic pretest was given and

no attempt was made to prescribe the supplementary materials for cal-

culus students (62). He found no significant difference in success

in the Calculus between those who were allowed access to the supplement-

ary materials and those who were not. Again, a poor student response

was cited. It would appear from this study that diagnosis and specific

prescription may be necessary.

A four-year study conducted at the Training School of the

University of Utah used diagnosis and individualized instruction to

remove weaknesses in students' mathematical preparation (68, pp. 125-
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128). Each seventh grade student was administered a diagnostic test

to indicate strengths and weaknesses in a particular topic. If a

student showed adequate preparation he was allowed to proceed to the

next topic. If he showed inadequate preparation, he was given individ-

ualized instruction until he mastered the topic. A control group was

given regular textbook instruction. A comparison of the control group

with the experimental group showed that the diagnosis and remediation

methods were more effective:

During the ten-week period between October 1, 1936
and December 10, 1936, the experimental group of twenty-
eight seventh grade pupils advanced, on an average,
1.41 years in arithmetic while the control group advanced
.40 of one year. During the next ten-week period, the
two groups were interchanged and the experimental group
gained .99 of one year while the control group lost .27
of one year (68, p. 126).

A study involving ninth grade arithmetic students compared the

effectiveness of a classroom remedial treatment, a clinical remedial

treatment, and a control group treatment (10). On the basis of results

from a diagnostic test, students in the classroom remediation group who

showed deficiencies were given special instruction and corrective exer-

cises designed to remove the deficiencies. The control group was given

only the diagnostic test. The mean gain of the experimental group was

highly significant, whereas the mean gain of the control group was not

statistically significant. The clinical approach consisted of having

six students who showed deficiencies on the diagnostic test work in a

clinic on an individualized instruction basis. The clinic was pre-

pared to handle emotional problems as well as cognitive deficiencies

in arithmetic. The amount of time spent in the clinic varied from stu-
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dent to student. As soon as a student completed the clinical treat-

ment he was sent back to his regular classroom and another student

replaced him in the clinic. A comparison of the two approaches to reme-

diation--classroom versus clinical--revealed that the clinical approach

was much more effective than the classroom approach. It was also noted

that both experimental approaches resulted in gains in self-confidence

and appreciation of mathematics but that the clinical approach was again

more influential.

To cope with the open admission policy at the City University

of New York, a remedial assistance program was implemented in the math-

ematics department (58). Students were separated, on the basis of an

open admission test, into two categories: those who would need spe-

cial assistance prior to enrolling in college-level mathematics courses

and those who would not. The special assistance consisted of a series

of four modules to be studied on an individualized basis until the sub-

ject matter was mastered. The first three modules had to be mastered

prior to admission into college-level mathematics, whereas the fourth

module could be studied concurrently with college level mathematics.

The following student feedback the experimenters received may be of

significance to the present study:

1. Some students felt that they would have preferred to
attempt the college mathematics course for their
particular program and take their chances of survival.

2. Most students felt that an entire semester of the
skills course was not needed. They resented having to
review mathematics they already knew. This claim was
substantiated by the small number of module I repeat-
ers.
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3. Students felt that the Open Admission Test they took
did not accurately test their mathematics deficiencies.

Apparently, a voluntary remedial program would be preferred by students.

Although the experiment was not thoroughly statistically tested, it was

deemed a success. Discounting the twenty to forty percent drop-out

rate, those who completed the remedial program improved in morale and

confidence, and, more important, did better in subsequent college math-

ematics than did those who were not required to study the modules.

Learning Theory

Now studies related to the learning theory underlying the need

for concurrent remediation in the Calculus will be reviewed. These

studies investigate the relationship of antecedent knowledge to the

learning of new or related material, to the transfer of learning and to

problem solving, all of which are pertinent to the learning of calcu-

lus.

Learning New Or Related Material

Empirical studies by Ausubel and others have shown that the

presence of relevant subsuming concepts (advance organizers) facilitate

the assimilation of meaningful learning material into the cognitive

structure (2; 4; 5; 6). The theory holds that advance organizers act

as agents for categorizing and incorporating new meaningful material

into a hierarchically structured conceptual domain. According to the
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theory, new material is incorporated into the cognitive structure only

as it is subsumable under existing conceptual structure. The advance

organizers act as anchors for the new, relevant material. Moreover, it

has been shown that the advance organizers also aid in the discrimination

of related concepts.

According to Gagne, mathematics is preponderantly composed of

intellectual skills, beginning with lower order concepts like the natur-

al numbers, "and ranging in complexity to highly elaborate rules used

in solving novel problems or in inventing new mathematical systems (23,

p. 247)." This type of structure, says Gagne, makes mathematics "a

subject that lends itself well to the illustration of learning hier-

archies of intellectual skills (23, p. 246)." The theory suggests that

a learning task can be analysed into a hierarchical arrangement of

subordinate tasks. The attainment of the final goal is accomplished by

successively completing each step in the hierarchy. As mentioned in

chapter one, in an experiment involving learning mathematical tasks,

Gagne found that the acquisition of superordinate knowledge is highly

dependent on the prior mastery of subordinate knowledge (25; 26).

Somewhat less direct studies have yielded similar results con-

cerning the relationship between antecedent knowledge and learning new

or related material. It has been shown that students with good high

school records perform better than students with poorer high school records

when academic aptitude as measured by the American College Entrance exam-

ination is held constant (26; 67). Although the conclusions of the stu-

dies are vulnerable to competing hypotheses, they still provide evi-
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dence that those students with adequate prerequisite knowledge (the stu-

dents with the higher grades in high school) will perform better in

college than those students with less than adequate preparation (stu-

dents with the lower grades).

The dependence of learning on antecedent knowledge can also be

viewed in terms of memory. There are two ways of considering the pro-

cess of learning: as a change in behavior as the result of experience

and as the amount of retention of performance capability per unit of

time without practice (16). The two ways are not necessarily distinct;

in fact, there can be no change in behavior without retention and vice

versa. Memory (retention), then, is an important and inseparable part

of learning. In mathematics, even though the amount of verbal know-

ledge to be memorized may be comparatively small, memorization is still

a necessary and important cognate of learning that subject (23, p. 247).

Various studies have dealt with the relationship of retention

and antecedent knowledge. One study by Poulton showed that previous

knowledge can assist both genuine memory and also guess-work (48). The

degree of certainty about the veracity of meaningful statements was

found to be related to the amount of prior knowledge in the field of

the statement and the amount of prior knowledge was found to be related

to success in tests of knowledge. Apparently, the amount and stability

of background knowlege has an effect on the success of learning related

material. A study by Postman revealed that preliminary training can

influence the amount and quality of retention (47). Both the number of

items retained in memory and the quality of errors can be influenced by
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manipulating the preliminary training. It was found that the more expli-

cit the subject's training in the principles governing a stimulus, the

more his responses conformed to these principles. In another study, it

was shown that if the preliminary training consisted of prior familiar-

ization of key terms, then the learning of a subsequent informational

communication was facilitated (72). The study also showed that prior

familiarization and exposure to an informational communication was as

advantageous as a double exposure to the communication: subjects who

viewed a filmstrip once, but prior to that underwent a familiarization

procedure, performed as well on a posttest as subjects who viewed the

film twice. Furthermore, the degree of prior learning is an important

determinant in the acquisition of new knowledge. By varying the amount

of prior learning, it has been shown that the facilitation in learning

a given task increases as the degree of prior learning increases (1;

69).

Transfer

Studies involving transfer of training have shown that transfer

is related to antecedent knowledge and experience. The classic study

by Scholckow and Judd revealed that transfer depended upon the posses-

sion of specific prior knowledge (31). In this study subjects were

required to throw darts at a submerged target. Knowledge of the theory

of refraction was found to be a determinant in the success of hitting

the target when the target was placed at different depths. An improved
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replication of the experiment performed by Hendrickson and Schroeder

yielded somewhat stronger results (29). The study was further repli-

cated and extended by Overing and Travers (45). Other studies have

shown that transfer is generally facilitated by prior learning and that

the amount of facilitation is effected by the degree of prior learning

(1; 19; 36; 69).

Problem Solving

The ability to solve problems has been shown to depend upon

prior experience. Using Maier's pendulum problem as a basis for his

experiment, Saugstad showed that the difficulty of the problem is deter-

mined by the availability of necessary functions rather than the abil-

ity to combine these functions (52). The pendulum problem involved man-

ipulating physical objects, each of which served a specific function in

the attainment of the solution, until a goal was achieved. Students

who showed evidence of prior knowledge of the functions of the objects

used in construction of the pendulum had much more success in solving

the problem than those students who did not indicate the availability

of the functions. In another study, Hovland showed that subjects who

were allowed to achieve a high degree of learning within a single pro-

blem and also given experience with a multiple of other problems per-

form better than subjects who were given only one of those types of

training (40). It was also shown that subjects who were given a high

degree of training on a single problem out-performed subjects who were
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given minimal training on a multiple of problems. Thus, the type of

antecedent experience affects problem solving as well as the degree of

prior learning. Prior learning also has an effect upon the relative

difficulty of complex rational learning problems of various lengths,

there being a shift when detailed instructions of underlying principles

are given (21). Studies by Scandura have shown that for solving mathe-

matical problems prerequisite practice facilitated the solving of cri-

terion level problems when the amount of time spent was held constant

(54; 55). Furthermore, prerequisite practice was found to be more bene-

ficial before criterion level practice than after.

Thus, it would appear that for optimal learning to take place,

subordinate or prerequisite topics should be thoroughly learned before

superordinate topics are attempted.

Summary And Discussion

The review of the studies relating to concurrent remediation in

the Calculus shows the lack of research done in this area and the need

for this study. The work that has been done, however, appears to indi-

cate that under certain circumstances diagnosis and concurrent remedi-

ation may be a valuable method for eliminating the problem of wide dis-

crepancies in mathematical preparation within a given calculus class

and for insuring that all students in a given calculus class are ade-

quately prepared.

Two of the studies reviewed, Swartz's and Stannard's, noted a

less than desirable number of students taking advantage of the remedial
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program. This could be an important factor in the viability of the con-

current remediation plan; and, as noted in Chapter One, the proportion

of students participating in such a plan for the Calculus is an import-

ant determinant in this study. There are mitigating reasons, however,

for the inadequate student participation in Swartz's and Stannard's

experiments that may not apply to the concurrent remediation plan pro-

posed in this study. In the Swartz experiment, it was noted that the

students were prospective elementary school teachers and, as a result,

may not have been motivated enough to seek extra help on a voluntary

basis. This lack of motivation may be peculiar to prospective elemen-

tary teachers and may not be a residing factor in the paradigm for cal-

culus instruction proposed in this study. The fact that Stannard did

not administer a diagnostic test and did not specifically prescribe the

supplementary materials may have jeopardized the demand for his mat-

erials. It could have been that most students were unaware of their

deficiencies. As Skemp states, "One obstacle to the further increase

of understanding is the belief that one already understands fully (59,

p. 47). One solution to the problem of lack of student participation

might be to make participation mandatory. However, this in turn might

cause other problems. The City University of New York study indicated

that students might resent a mandatory plan if they felt the diagnostic

test did not accurately measure their knowledge of pre-calculus topics

or if they preferred to take their chances in the Calculus even though

they might be inadequately prepared. Moreover, the study indicated

that the resentment could be further aggravated by not giving univer-
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sity credit for the remedial work (58, p. 526). Thus, a voluntary model

that puts the onus on the student to be adequately prepared for the Cal-

culus is the preferred model, providing the margin of students partici-

pating of their own volition is high enough to meet the objectives of

the concurrent remediation program.

Besides improvement in the cognitive domain, two studies noted

gains in the affective domain. Students recorded improvement in morale

and confidence as well as interest and appreciation of mathematics.

These factors are not considered in the present study; they will be

listed as limitations.

The studies relating to learning theory support the general de-

sign of the model proposed in this study. Antecedent knowledge appears

to be a major factor in the degree of success in learning new or related

material, in the transfer of learning, and in problem solving. Further-

more, the degree of prior learning or overlearning determines to a cer-

tain extent the degree of success. In general, students with more prior

learning do better in subsequent, related projects than those who have

less prior learning. This supports the hypothesis that those students

who are given specific remedial instruction and materials will do bet-

ter in the Calculus than those students who are not given the instruc-

tion and materials.
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Chapter III

Design of the Study

Overview

To summarize from chapter one, the overall purpose of this

study is to experimentally test a remediation paradigm for teaching

the Calculus to groups of students having disparate backgrounds. The

impetus for such a model derives from the apparent lack of uniform

preparation of students and from the phenomenon that deficiencies in

students' pre-calculus preparation may lessen their chances for suc-

cess in the Calculus.

The model proposed in this study involves diagnosing student

deficiencies in pre-calculus topics and removing them while the stu-

dent is enrolled in the Calculus. Deficiencies or weaknesses would be

removed by prescribing self-study learning modules to be completed con-

currently with the Calculus. To test the model, one pre-calculus topic,

algebraic fractions, was selected and used on an experimental basis with

spring term, 1975, Mth 111 students at Oregon State University.

A pretest was constructed and administered to all students

involved in the experiment to expose weaknesses in algebraic fractions.

Students whose test results indicated less than adequate preparation

were treated according to one of the following treatments.

T
1

- Students were given no recommendation to do remedial work, nor
access to the learning module.
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T
2

- Students with less than adequate pretest scores were given a
recommendation to do remedial work but not access to the
learning module.

T
3

- Students with less than adequate pretest scores were given a
recommendation to do remedial work and access to the learning
module.

Treatment T
1
is the control group for the experiment. The purpose of

treatment T
2
was to enable the experimenter to determine whether aware-

ness of pre-calculus deficiencies and a non-specific recommendation

to do remedial work were enough to influence the removal of the defi-

ciencies. Stanley and Campbell recognize the possibility that "the

invitation itself, rather than the therapy, causes the effect (15, p.

16)." Treatment T2, then, was an attempt to control for the effects

of cognizance of deficiencies and the invitation or recommendation to

do remedial work. Treatment T
3
represented a more direct and specific

attempt to remove the diagnosed deficiencies. Near the end of the term,

a posttest on algebraic fractions was administered to those students

in attendance who were involved in the experiment, and at the end of

the term, a final examination covering all aspects of the course was

administered.

More specifically the purposes of this study were to determine

the following:

1) Will students given treatment T
2
have higher pretest-posttest

gains and final examination scores than those given treatment

T
1
?

2) Will students given treatment T3 have higher pretest-posttest

gains and final examination scores than those given treatment

T
2
?
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3) Will students given treatment T
3
have higher pretest-posttest

gains and final examination scores than those given treatment

T
1
?

In addition, the study was to determine a 95 percent confidence inter-

val for the proportion of students who would take advantage of a simi-

lar concurrent remediation program for the Calculus.

The purposes of the statistical analysis used in the study were

to test the following null hypotheses.

HO1A: There were no significant differences between the treatment T2

and T
1

group mean gains.

HO2A: There were no significant differences between the treatment T
3

and T
2

group mean gains.

HO3A: There were no significant differences between the treatment T
3

and T
1

group mean gains.

HO1B: There were no significant differences between the treatment T
2

and T
1
group means on the final examination.

HO2B: There were no significant differences between the treatment T
3

and T
2
group means on the final examination.

HO3B: There were no significant differences between the treatment T3

and T
1
group means on the final examination.

The statistical analysis utilized in testing the null hypotheses employed

analysis of variance with subsampling and the student t test.
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The Experimental Design

The experimental design employed in this study to statistically

test the null hypotheses resembles the Nonequivalent Control Group

Design described by Stanley and Campbell (15). This design which is

called a quasi-experimental design differs from a true experimental

design in that the control group and the experimental groups do not

have pre-experimental sampling equivalence. Treatments were randomly

assigned to the various sections of Mth 111 rather than to individual

students in these sections. According to Stanley and Campbell, the

alternative of using intact classrooms over taking random samples from

these classrooms has the advantage of being less reactive, creating

less awareness in the student of experimental conditions (15, p. 50).

Thus it has more control over the Hawthorne Effect. The design for

this study is diagrammed as follows:

0 X 0
0 X 0

The 0 represents an observation, the X represents exposure to an experi-

mental treatment, and the dashed line indicates the quasi-experimental

nature of the design. The first observation was obtained by the pre-

test and the second by the posttest. Students were exposed to one of

the three treatments T
1
, T

2
, or T

3
.

The Population Samples

The subjects used in this study were Spring term, 1975, Mth 111
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students at Oregon State University. Oregon State University is a state

supported, land-grant university, offering a wide variety of baccalaure-

ate and graduate degree programs, including those in agriculture, for-

estry, and engineering (43). The total, regular session enrollment is

approximately 17,000 full-time students (43, p. 238).

During spring term, 1975, there were seven sections of Mth 111

offered of which six were chosen at random as experimental units. Two

sections were randomly assigned to each of the three treatments. Each

section was assumed to represent a random selection of students, and

no instructor taught more than one section.

The following tables summarize the treatment distributions with

respect to academic pursuits, sex, and class standings of those stu-

dents taking both the pretest and the posttest. The population that

took the final examination was slightly different from the one that

took both the pretest and the posttest. Table number three shows the

class standings of the students with respect to the assigned treatment.

In each treatment group, the largest number of students were Freshmen,

approximately 64 percent in treatment group T1, 65 percent in treatment

group T2, and 74 percent in T3. The next largest number held a sopho-

more class standing, with approximately 12 percent in treatment group

T 23 percent in T2, and 14 percent in T3.
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Table 3. Distribution of Subjects with Respect to Class Standings.

Treatments

Class Standing
n11

T
1

n12 N1
n21

T
2

n22 N2 n31

T
3

n32 N3

Fr 16 22 38 25 24 49 25. 18 43

Soph 4 7 11 7 10 17 4 4 8

Jr 0 2 2 5 3 8 3 0 3

Sr 1 2 3 1 0 1 1 0 1

Other 3 2 5 0 0 0 1 2 3

24 35 59 38 37 75 34 24 58

Then.. represents the number of students in the jth section receiving

treatmentT.and Ni represents the total number of students receiving

treatment T,.
1

Table four shows the distribution of the students among the

treatment groups with respect to sex. The phenomenon of their being

more males than females appeared to be fairly constant across the

treatment groups: approximately 84.7 percent of the students were males

in treatment group T1, 73.3 percent in T2 and 86.2 percent in T3.



Table 4. Distribution of Subjects with Respect to Sex.

Group Male Female Total

32

N n

Treatment T
1

50 84.7 9 15.3 59

Section T
11

21 87.5 3 12.5 24

T
12

29 82.9 6 17.1 35

Treatment T
2

55 73.3 20 26.7 75

Section T
21

27 71.1 11 28.9 38

T
22

28 75.7 9 24.3 37

Treatment T
3

50 86.2 8 13.8 58

Section T
31

29 85.3 5 14.7 34

Section T
32

21 87.5 3 12.5 24

Total 155 80.7 37 19.3 192

Table five shows the distribution of students according to

academic pursuits. The two most sought after goals appear to be engin-

eering and science with approximately 29 percent of the treatment Ti

group, 39 percent of T2 and 29 percent of T3 choosing engineering and

27, 31, and 31 percent choosing science respectively.
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Table 5. Distribution of Subjects with Respect to Academic Pursuits.

Academic
Pursuit

Tl T
2

T
31

n
11

n
12

N
1

n
21

n
22

N
2

n31 n32 N3 N

Agriculture 1 2 3 6 2 8 4 2 6 17

Business 2 5 7 3 5 8 1 3 4 19

Engineering 9 8 17 15 14 29 12 5 17 63

Forestry 3 3 6 2 2 4 5 2 7 17

Graduate 1 1 2 0 0 0 0 2 2 4

Health & Phys. Ed. 1 0 1 0 1 1 0 0 0 2

Language Arts 1 3 4 1 0 1 0 1 1 6

Pharmacy 1 1 2 1 0 1 3 0 3 6

Science 5 11 16 10 13 23 9 9 18 57

Special 0 1 1 0 0 0 0 0 0 1

Total 24 35 59 38 37 75 34 24 58 192

As mentioned previously, for various reasons, the population

that took both the pretest and the posttest was slightly different from

the population that took the final examination. Because of absenteeism,

some students who wrote the final examination failed to write either

the pretest or the posttest. On the other hand, some students who wrote

both the pretest and the posttest failed to write the final examination.

The table below summarizes the difference between the two populations.



Table 6. Population Differences.

Test Written

Treatment Pretest and Final

Groups Posttest Examination

34

Pretest, Posttest
and Final Exam

T
1 n11

24 35 22

a12 35 39 33

N
1

59 74 55

T
2

a21 38 55 36

a22 37 42 33

N
2

75 97 69

T
3 1131

34 37 30

a32
24 32 24

N3 58 69 54

Total N 192 240 178

The Treatments

All students in attendance on the specified testing dates

received the same pretest, posttest, and final examination. The pre-

test was given on the third meeting of the class, the posttest was

given on the first class meeting of the eighth week, and the final

examination was given during final examination week at Oregon State

University. Since all students took the same pretest and posttest and

since these tests were administered at different times according to

the class schedule, the options for the multiple choice items were
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scrambled from class section to class section. This was an attempt

to minimize contamination due to collaboration of students from dif-

ferent sections. For both the pretest and posttest, students were not

informed of the test prior to its administration. All students took

the same final examination under the same conditions at the same time.

Treatment T
1

The control groups for the experiment received treatment T1.

Each instructor of a section receiving treatment T1 was given a set of

pretests, a set of answer keys, and the following instructions (Appen-

dices 1, 2, 3).

1) Distribute pretests to all students in your Mth 111 class on

Friday, April 4.

2) Explain to students that the test will not be used in deter-

mining their term grade.

3) Allow students fifteen minutes to complete the pretest.

4) Distribute the answer keys to the students and tell them to

mark their tests and record the number wrong on the tests.

5) Collect the tests.

Each student was given an answer key with which to mark his own test

(Appendix 2). The answer key instructed the student to correct his own

test and record the number wrong at the top of the test.
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After writing and marking the pretests, the students were given

no further instruction related to the experiment until the posttest

was given. At this time the instructors were requested to do the fol-

lowing (Appendix 4):

1) Distribute the tests.

2) Allow the students fifteen minutes to complete the tests.

3) Collect the tests.

Treatment T
2

Each instructor of a class section receiving treatment T
2
was

given a set of pretests, a set of remediation instructions, a set of

answer keys, and the following instructions (Appendices 1, 5, 6, 7).

1) Distribute pretests to all students in your Mth 111 class on

Friday. April, 4.

2) Explain to the students that the test will not be used in deter-

mining their term grade.

3) Allow students fifteen minutes to complete the pretests.

4) Distribute the answer keys to the students and tell them to

mark their tests and record the number wrong on the tests and

the keys.

5) Tell the students to keep the answer key but return the tests

with their names on them.

6) Tell the students to bring the answer key to class with them

on Monday, April 7.
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7) Distribute the remediation instruction on Monday, April 7.

8) On the next class meeting, supply remediation instructions to

those who took the pretest on Friday but were absent on

Monday.

The answer key instructed the student to correct his own test,

to record the number wrong on the test itself and on the answer key,

and to bring the key to the next class meeting. The remediation

instructions advised students to review the algebra of fractions and

rational expressions if they got more than three wrong answers on the

pretest (Appendix 6). No further treatment was given until the post-

test which was administered under the same guidelines as the posttest

for treatment T
1

(Appendix 4).

Treatment T
3

Each instructor of a class section receiving treatment T
3

received a set of pretests, a set of answer keys, a set of remedia-

tion instructions, and a list of procedures governing the distribu-

tion and collection of the aforementioned (Appendices 1, 5, 8, 7).

The procedures were identical to those given the instructors of the

treatment T
2

sections (Appendix 7). The answer key had instructions

for the student identical to those given in treatment T2, but the reme-

diation instructions were different. The remediation instructions

advised the students who got more than three incorrect answers to check

out the learning module on algebraic fractions from the clerk in the
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Mathematical Sciences Learning Center (MSLC). They were told to study

the module and return it as soon as possible to the MSLC clerk (Appen-

dix 8). The clerk was requested to make the modules available to all

students who asked for them and to record the names of students who

checked them out (Appendix 9). The clerk was also asked to keep avail-

able for student use the following books:

1) Developing Skills in Algebra, Vol. 1, by Nanny and

Cable (41).

2) Schaum's Outline of Theory and Problems of College

Algebra (61).

3) Study Guide for Fundamentals of Algebra, Unit 1, by

Streeter and Alexander (65).

4) Algebra, Unit 12, by Keedy and Bittinger (32).

The posttest and the final examination were given in accordance with

procedure set down for treatments T1 and T2.

Summary of the Treatment Procedures

The procedures governing the implementation of the treatments

were kept as uniform as possible. All treatment groups received the

same pretest, posttest, and final examination and Treatments T
2

and

T
3
received the same answer key instructions. The table below sum-

marizes the treatment procedures. The number in parentheses indicates

the appendix number of the document relating to the procedure.
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Table 7. Treatment Procedures.

Procedures

Treatment Pretest Answer Remedial Module Posttest Final
Key Inst. Exam

T
1

(7) (2) None None (4) (11)

T
2

(7) (5) (2) None (4) (11)

T
3

(7) (5) (8) (10) (4) (11)

The Evaluation Instruments

The three instruments used in the study--the pretest, post-

test, and final examination--were nonstandardized, noncommercial tests.

The final examination was prepared by the Calculus instructors and thus

was beyond the control of the experiment (Appendix 9). The pretest

and posttest were identical except for a scrambling of the options for

the multiple choice items.

The purpose of the pretest was to reveal weaknesses in back-

ground knowledge with respect to the one pre-calculus topic, algebraic

fractions. More specifically, the test was to measure the amount of

proficiency possessed by matriculating Mth 111 students in those topics

involving algebraic fractions which are needed for successfully study-

ing a calculus course using the textbook Calculus by Salas and Hille

(51). Because no published test could be found having the required char-

acteristics, it was necessary to construct the pretest.
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To determine which topics relating to algebraic fractions were

of most importance to Mth 111, the textbook for the course was examined

and a list of the topics and their corresponding utilizations was devel-

oped. From this list, a summary of which is presented in Table eight,

the skills relative to algebraic fractions and prerequisite to Mth 111

were determined. Items for the pretest were then selected on the basis

of their being representative of these skills.

Table 8. Topics in the Calculus Versus Needed Skills.

Topics in the Calculus

Topics in Algebraic
Fractions and
Related Skills Limits

Differ-

entiation

Min-Max

Prob.

Curve

Sketch.

Integra-

tion

I Definition
(knowledge of
definition of
algebraic fractions)

(1) (1)

II Simplification (3.5) (3.5) (3.5) (3.5) (3.5)
(Ability to simplify
algebraic fractions)

III Multiplication
(skill in multiply-
ing algebraic
fractions)

(4) (4) (4)

IV Addition
(skill in adding and
subtracting)

(2.5) (2.5) (2.5) (2.5)

V Equations
(ability & skill in
solving equations)

(6) (6)

VI Inequalities
(ability and skill in
solving inequalities)

(7)

The numerals within the parentheses indicate the corresponding test
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item numbers.

The test was limited to seven items and fifteen minutes dura-

tion to keep the interruption of the Mth 111 classes to a minimum. The

seven items for the test were selected on the basis of their measuring

skills representative of those found to be prerequisite to Mth 111. As

can be seen from table eight, there is at least one item for each of

the six requisite skills. A multiple choice format was chosen for its

versatility and convenience. Options for the items were chosen by

picking the most frequently occurring answers on a pilot run of an open-

ended version of the test. The pilot run, which was given to Winter

term Mth 95, Mth 101, and Mth 111 students, revealed a weak item that

was subsequently repaired. Item analysis showed that the discrimina-

tion of that item was too low.

Content validity, which, according to Mehrens and Lehman, is

related to how adequately the content of the test samples the domain

about which inferences are to be made, was insured by choosing the items

to be representative of the prerequisite tasks implied in table eight

(37). Moreover, to further ensure the relevance of the test to the

skills and abilities needed in Mth 111, the items were constructed to be

as closely related to the textbook prerequisites as possible. For

example, exercise six on page 81 of the textbook requires that the stu-

dent be able to find lim (x + h)
2

x2 which, in turn, requires that
h-0

the student be able to find an equivalent expression for 1
2 12'

(x + h)
using his abilities of simplification and addition. This latter task

requires precisely the skill measured in item number five on the pretest.
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A similar correspondence, shown by table nine, exists between other

prerequisite skills and the other test items.

Table 9. Prerequisite Skills Versus Test Items.

Item number Location of utilization in textbook

1

2

3

4

5

6

chapters 1 and 2

page 94

exercise 3, Page 58

exercise 11, Page 58

exercise 6, Page 81

exercise 13, Page 135

7 exercise 10, Page 148

To further corroborate concurrent validity and general compli-

ance with good test construction techniques appropriate to mathematics,

the test was reviewed by four members of the Oregon State University

Mathematics Department and subsequently amended before its initiation

into the classroom.

The reliability of the pretest was determined by two correlational

methods: the test-retest method and the Kuder-Richardson Formula 21.

The test-retest method involves computing a correlation coefficient

between two administrations of the same test to the same group of sub-

jects. The resulting correlation coefficient, provides a measure of

the stability of the test scores over the interval of time between the

two administrations of the test. Since treatments T
2

and T
3
were dir-

ected at changing the subjects score on the re-test, it was deemed inap-

propriate to consider measuring the test's reliability from those groups

receiving these treatments. Thus, the reliability for the two sections
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receiving treatment T
1

(the control group treatment) was computed, using

the product-moment method, to be .62 and .71 respectively. The reli-

ability of the test was also computed using the Kuder-Richardson For-

mula 21, a method that produces an estimate of the internal consist-

ency. The KR(21) coefficients computed from the administration of the

pretest to the six sections were 0.61, 0.60, 0.80, 0.61, 0.71, and 0.69

respectively.

The Module

The module used in this study was designed and written to remove

the deficiencies in algebraic fractions exposed by the pretest. The

module was divided into six sections according to the six skills in

algebraic fractions that were found to be prerequisite to Mth 111 at

Oregon State University. Each section was designed to teach the stu-

dent one of the skills.

A self-study format was chosen for the module for reasons of

versatility and flexibility. This type of instructional format allows

for different needs: students who require only a light review may skim

through the module, doing only a minimum of exercises; whereas, stu-

dents who require a more extensive treatment may study the module in-

depth, consulting the recommended, auxiliary resources and doing more

than the minimum recommended number of exercises. It allows students

to work at different rates and at different times, to stress different

topics, and to assume more responsibility for learning. Moreover, the
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selfstudy format was chosen because of administrative reasons; it

would have been impractical to organize a groupstudy format because

of scheduling problems.

Beginning each of the six sections is a set of objectives,

labeled purposes, that enables a student to determine what it is he

is trying to accomplish, and moreover, whether he already possesses

the desired goals. For some sections a short pretest is available to

allow the student to determine more precisely whether he should study

that section. In the case that the student answers the questions in

the pretest correctly, he is advised to proceed to the next section

without studying the current section.

The exercises at the end of each section were designed to be

versatile, allowing for different needs. Students were told to work

a problem, check their results with an answer provided in the answer

key, and repeat the problem, in the case that they had an incorrect

answer, until the correct answer was achieved. They were told to do

as many problems as it takes until four consecutive correct answers

were achieved on the first try. Students with more severe weaknesses

were obligated to do more exercises, allowing them more practice. The

stronger students could do as few as four exercises, allowing them to

proceed through the module faster.

The MSLC at Oregon State University is a resource center for

the mathematical sciences--mathematics, statistics, and computer science.

It houses a small library of resource books, provides tutorial help

from faculty and students, and provides a place for students to study.
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Students checked out the modules from the MSLC clerk and returned them

to the same place when they finished. A record was kept of who checked

out a module and when. Students were directed by the module to seek

help from the tutors in the MSLC when they needed it. They were also

directed to specific resource texts which were kept on reserve in the

MSLC for more comprehensive treatments of certain topics.

Since the module used in this study was constructed to test a

more comprehensive remedial program involving several modules, its

length had to take into consideration the fact that the reader was

enrolled in Mth 111 and the possibility that he had more than one nod-

ule to complete. Yet, the nodule had to be comprehensive enough to

meet the needs of the student; therefore, it was written so that com-

pletion would take from three to six hours, depending upon the strengths

and weaknesses of the reader.

Statistics Used

Analysis of variance techniques were used to statistically test

the stated hypotheses. Since the hypotheses involved one factor with

three fixed levels, a parametric, one-way classification model was

employed. Furthermore, since each of the three treatment levels com-

prised two Mth 111 sections, the analysis had to take into considera-

tion subsampling.

To test the hypotheses concerning pretest-posttest gains, the

difference found by subtracting the number of incorrect answers on the
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posttest from that on pretest was computed for each student in each of

the six sections. These gains were then treated in the analysis as

observations. The final examination scores were treated as observa-

tions in the testing of hypotheses concerning the final examination

scores.

The generalized analysis of variance table given below indicates

the computations involved in calculating the F-ratios (44, p. 291).

The F-ratio formed by the experimental error and sampling error mean

squares affords an opportunity to test for classroom effects. A large

value would indicate a high probability of there being extraneous

factors, other than the treatment factor, producing effects within the

classroom. For example, there might be an interaction of the teaching

methods with the remediation treatment.
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The F-ratio formed by the treatments mean square and the exper-

imental error mean square provides a means for testing for treatment

effects. As can be seen from the expected mean squares for these terms,

however, the ratio can only be calculated if the constants C
1
and C

2

are equal (44, p. 293). But this happens only when the samples are of

equal sizes, a condition not met in this experiment. Nevertheless, an

approximate test, due to Satterthwaite (44, p. 302), which synthesizes

the mean squares, can be used to test for differences among treatments.

As noted previously, the number of students who would partici-

pate in a similar remediation program is an important determinant of

the viability of the program. In this experiment, students who checked

out a module from the MSLC were considered to have participated in the

program. A ninety-five percent confidence interval for the proportion

of students participating out of those eligible was constructed by

first allowing the letter Y to represent the random variable that

assigns to each random sample of size n the number of students who

voluntarily check out a module and then finding the distribution of Y.

It was assumed that the probability of a student participating

was a constant p and that participation was dichotomous, that is, a

student either participated or did not participate. With these assump-

tions, Y was distributed as a binomial random variable (38, p. 54),

and, according to the Central Limit Theorem, approximately normally

distributed, with mean 0 and variance 1. Thus

n-
Y
(1-Y)

- Z
n n

<p < Y+ Z,
ct -1 (1-Y)

n -171
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defines approximately a 100 (1-a) percent confidence interval for p

the proportion of students participating in a similar remediation pro-

gram (30, p. 197).

Procedures Used In Collecting Data

The Pretest and Posttest

The pretest on algebraic fractions was administered to all three

treatment groups on the third day of classes of Spring term, 1975, by

the respective instructors of the Mth 111 classes. The instructors

were made aware of the purpose and date of the test prior to the admin-

istration, but the students were not; this was also the case for the

posttest. In each class, the students marked their pretests and re-

turned them to the instructor who in turn returned them to the experi-

menter. The same procedure was used for collecting the posttest data,

except that the tests were marked by the experimenter. The posttest

was given to all classes on the first class period of the eighth week

of the term. In all cases, where possible, the same procedures were

used in each class for collecting the data. Of course, special circum-

stances prevailed where the assignment of treatments necessitated dif-

ferent procedures. The treatment T2 and T3 groups were told after marking

the pretest to bring the answer key with the number wrong marked at the

top to the next class period, while the treatment T
1

group was not.

The final examination was given to all treatment groups at the

same time during final examination week at the end of the term. The
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examinations were marked by the instructors so that no instructor

marked the tests from the class he had taught. The scores were then

obtained by the experimenter.

All of the data were tabulated and then compiled by the Simon

Fraser University IBM 370 computer via a terminal at Malaspina College.

Means, sums, sums of squares, and correlation coefficients were com

puted by the computer and used in the analysis done in chapter four.
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Chapter IV

Analysis of Data

The purpose of the statistical analysis given in this chapter

is to provide evidence for the acceptance or rejection of the null

hypotheses stated in chapter three and to find a 90 percent confidence

interval for the number of students who would participate voluntarily

in a similar remediation program. First, the data relating to the

pretest-posttest gains will be analysed, secondly the final examination

scores will be analysed, and finally a confidence interval will be

computed.

The objective of this study was to determine whether concurrent

remediation could be successfully employed to remove a student's pre-

calculus deficiencies while he was enrolled in the Calculus. Three

treatments, consisting of no remediation (Ti), a recommendation to do

remedial work (T
2
), and access to a learning module (T3) were admin-

istered randomly to sections of Nth 111 at Oregon State University

during Spring term, 1975. A pretest was administered at the beginning

of the term to all three treatment groups to reveal weaknesses in

algebraic fractions, a posttest was administered near the end of the

term to measure the amount of gain made by each of the treatment groups,

and a final examination was administered at the end of the term to

measure achievement in all aspects of the Mth 111. The pretest-posttest

gains and the final examination scores represented observations associated
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with the extent to which the three concurrent remediation treatments

were able to remove the deficiencies in algebraic fractions diagnosed

by the pretest.

Analysis of Pretest-Posttest Gains

The pretest-posttest gains represent the more direct evidence

of the value of the remediation program because both the pretest and

posttest are wholly concerned with the topic algebraic fractions,

whereas the final examination scores are vulnerable to competing defi-

ciencies such as weaknesses in the understanding of logarithms, tri-

gonometry, and problem solving. The gains, which were computed by sub-

tracting the number wrong on the posttest from the number wrong on the

pretest, were treated as independent observations.

A summary of the gains data is presented in table 11. The com-

putations were done on the Simon Fraser University IBM 370 computer via

a terminal located at Malaspina College.



Table 11.

Treatment
Section

Summary of Gains.

No. of Sum of
Obs. Gains

Mean Pretest Pretest
Gain Mean Standard Dev.
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S11

S
12

S
21

S
22

S
31

s32

24 8 .333 3.04

35 11 .314 3.37

38 21 .553 3.32

37 24 .649 3.14

34 26 .765 3.53

24 20 .833 3.75

1.30

1.80

1.38

1.62

1.48

1.57

192 110

The symbol S.j represents the jth section receiving the ith

treatment. An analysis of the pretest scores revealed no significant

differences among the pretest means. Pretest and posttest scores are

listed in appendix 12.

As can be seen from the summary of the data, the treatment

means satisfy a relationship amenable to the hypotheses stated in

chapter three and restated below.

HO1A:

HO2A:

HO3A:

There were no significant differences between the treatment T
1

and T
2

group mean gains.

There were no significant differences between the treatment T
2

and T
3

group mean gains.

There were no significant differences between the treatment T
1

and T
3

group mean gains.
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The mean gain for the treatment T1 group is less than that for the

treatment T
2
group which is less than that for the treatment T

3
group.

This conforms to the stated hypotheses and to the related literature

cited in chapter two. A linear, "less than or equal to" relationship

was demanded because, as noted previously, the more antecedent learning

a student has the more likely it is that the student will perform bet-

ter on subsequent related material. This linearity condition imposed

on the treatments makes the analysis of variance procedures relatively

conservative because these procedures test all possible combinations

of the treatment means (60, p. 272) when it is known that the means

must satisfy the "less than or equal to" relationship.

The analysis of variance was computed according to the methods

outlined for subsampling in the parametric, one-way classification

model presented and summarized in chapter three. The Analysis of Vari-

ance (ANOVA) table summarizes the computations.

Table 12. Analysis of Variance Table for Pretest-Posttest Gains.

Source
of Variation

Degrees of
Freedom

Sum of
Squares

Mean
Square

F Value

Mean 1 61.068

Treatments 2 6.581 3.291 F = 44

Experimental 3 0.244 0.081

(L = 0.075) F = .03

Sampling 186 472.154 2.538 1 = 31
F

Total 192 542.000
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The value L = 0.075 represents Satterthwaite's approximation for the

experimental error mean square. As mentioned in chapter three, it is

necessary to use this approximation because of unequal sample sizes

within the subsamples. Nevertheless, the approximation L is not much

different from the experimental error-which is equal to 0.081. This

is because the sample sizes are not disproportionate.

Of major concern, however, are the disproportionate sizes of

the experimental and sampling error mean squares. The sampling error

mean square is approximately thirty-one times larger than the experi-

mental error mean square, indicating a highly significant negative intra-

class correlation. An F value at the one percent level with 186 and 3

degrees of freedom respectively is, according to the CRC Handbook Of Tables

For Probability And Statistics, 26.13 (28, p. 308). The negative intra-

class correlation is a result of the variance within the classes being

larger than that between classes. Snedecor and Cochran illustrate this

phenomenon with an example:

But if, for instance, four young animals in a
pen compete for an insufficient supply of food, the
stronger animals may drive away the weaker and may
regularly get most of the food. For this reason the
variance in weight within pens may be larger than that
between pens, this being a real phenomenon and not an
accident of sampling (60, p. 294).

Federer claims that positive and negative intraclass correlation

exists when individuals within an experimental unit compete for

something related to the experimental variable, and that this pheno-

menon is relatively common in experimental work (20, p. 59). More-

over, although in some cases this intraclass correlation can be
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controlled by experimental design, in experiments where subsampling

is practiced, the effect of competition cannot be disentangled from

the other components of variance (20, p. 60). From the analysis of

the data obtained in the present study, it is apparent that the

within classes variance cannot be separated from the among classes

variance, and that the variance may not be additive in the sense

assumed by the Completely Randomized model that was chosen for the

analysis (44, p. 302).

Since the experimental error mean square is considerably

smaller than the sampling mean square error, any conclusions obtained

from using an F-ratio employing the experimental mean square error

as a denominator may be overly optimistic. Similarly, any use of

the sampling error mean square as a denominator may be too conserva-

tive. Nevertheless, Federer claims that the experimental error

mean square still provides the best estimate even though the experi-

menter may choose to be more conservative by choosing the sampling

error mean square (20, p. 123). For the data obtained in this experi-

ment, the F-ratio derived from dividing the treatments mean. square

by the experimental error mean square yields approximately the value

44, while the F-ratio derived by dividing by the sampling error

mean square yields approximately 1.3. An F value at the 10 percent

level of significance with two and three degrees of freedom respectively

is, according to the CRC Handbook of Tables For Probability and Statistics,

5.46. An F value at the 5 percent level is 9.55, and an F value at

the 0.5 percent level is 49.8 (28, p. 305-309). Thus for all these
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levels, the more conservative estimate of F obliges an acceptance

of the null hypotheses which states that there are no differences

among the treatment means. However, the more optimistic estimate

provides an opportunity to reject the null hypothesis at the 0.05

level, indicating that there are most likely true differences among

the treatment means and thus among the remediation methods.

The dilemma concerning the usage of either the over-optimistic

or the over-conservative F-ratio, can be resolved by taking a differ-

ent approach to the problem. Since, as mentioned earlier, the treat-

ment effects are, by their nature, ordered hierarchically, the more

conservative F test may be replaced with a student-t test. Moreover,

even when the treatments are not ordered, a t test may be a valid

statistical procedure when only one contrast is considered. That

is, when only one pair of means is considered (18, p. 165).

The t test was set up to test the hypothesis HO3A, which

states that there is no significant difference between the treatment

T
3

and T
1

group means. To run the t test, the two sections within

each of the three treatment groups were pooled, thus ignoring classroom

effects. This procedure is justifiable on the basis that the variance

among experimental units (classrooms) within treatments was extremely

small relative to the within classroom variance (.08 versus 2.53) (44,

p. 297). The t value was calculated according to the formula:

where
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X
3
and X

1,
are treatment means, n

3
and n

1
are treatment sizes, and s 2

an estimate of the population variance. A value for s
2
was found by

using the formula.
3 n.

s
2

= E El (X.. - X.)
i=1 j=1 13

where X.
j 1

is the jth observation in the ith treatment, X. is the ith
1

treatment mean, and n. is the size of the ith treatment. The t value

was computed on an electronic calculator to be 1.61. By using the

sampling error mean square as an estimate of the population variance,

a slightly more conservative t value was computed to be 1.60. Accord-

ing to the CRC tables, t values with 120 degrees of freedom at the 10

and 5 percent levels of significance are 1.289 and 1.658 respectively.

Thus, the difference in treatment means is significant at the 10 per-

cent level. A one way test of significance was applied because, as

argued previously, the treatment means are ordered and, additionally,

because only the one way test was of interest to the study.

Since there is less than a ten percent probability of the

difference in sample means being due to random samplinz, it is reason-

able to conclude that the samples came from populations with different

means and, in turn, that this difference in means was caused by a

difference in treatments. Therefore, the null hypothesis HO3A was

rejected at the 10 percent level of significance and it was concluded

that a concurrent remediation program is of value in removing defici-

encies when students are made aware of their deficiencies, advised

to remove these deficiencies, and given access to the materials to do

SO.
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To test the other two hypotheses, HOlA and HO2A, similar t

statistics were constructed. These yielded values of 1.05 and 0.73

respectively, not large enough to provide enough evidence to reject

the null hypotheses. This coincides with the observation that the

treatment T
2
mean is roughly midway between the T

1
and T

3
means.

Therefore, for lack of evidence to the contrary, it was concluded

that, although it may be of some value over treatment T1, treatment

T2 alone is not as valuable as T3. That is, making a student cognizant

of his deficiences and recommending to the student that he do remedial

work in these areas is not as beneficial in removing these deficiencies

as advising the student of his deficiencies and providing him with

the means of removing them.

A comparison of the pretest-posttest gains made by those

students who voluntarily checked out a module from the MSLC with

those of students in the entire treatment group or in other treatment

groups is, according to Stanley and Campbell, not valid statistically:

If, of those initially designated as exper-
imental group participants, one eliminates those who
fail to show up for experimental sessions, then one
selectively shrinks the experimental group in such a
way not comparably done in the control group, biasing
the experimental group in the direction of the con-
scientious and healthy (15, p. 16).

Those students who volunteer for remediation are those who are most

disturbed by their pretest scores and who are most likely to do the

necessary work needed for success. However, even though no statistical

conclusion could validly be reached, a comparison of the mean gains

was made. Those who checked out the module had a pretest-posttest
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average gain of 1.125, while the treatment T1, T2, and T3 average

gains were 0.322, 0.600, and 0.793 respectively. This is, of course

a predictable result because the pretest, posttest, and module were

all totally concerned with the pre-calculus topic, algebraic fractions.

It is reasonable that the group of students who had checked out the

module from the MSLC would gain the most, especially since this

group had, by the nature of their selection, the most to gain.

Analysis of the Final Examination Data

A common final examination was given to all Mth 111 students

during final examination week at the end of the term. The scores

were used in this experiment as a measure of the success of the

concurrent remediation program. It was assumed that an improvement

in a student's understanding of algebraic fractions would be reflected

to some degree in his final examination score. Accordingly, the

classes with the best remediation program should have the highest

mean on the examination. Thus, the following hypotheses, restated

from chapter three, were formulated.

HO1B: There is no significant difference between the treatment

T
1

and T
2
group means in achievement on the final examination.

HO2B: There is no significant difference between the treatment

T
2
and T

3
group means in achievement on the final examination.

HO3B: There is no significant difference between the treatment

T
1

and T
3

group means in achievement on the final examination.
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The data were collected at Oregon State University and processed with

the pretest and posttest data on the Simon Fraser University computer.

A summary of the processed data is presented in the following table.

Table 13. Summary of Final Examination Scores.

Final Exam Scores

Xij X
2
ij Xij Nij

S
11

1864 110144 53.25714 35

T
1 S 2105 121271 53.97435 39

12
3969 231415 74

T
S
21

3111 194589 56.56363 55

2
S 2807 197451 66.83333 42
22

5918 392040 97

S
31

2013 123159 54.40540 37

T
3 S 1812 111750 56.62500 32

32
3825 234909 69

A distinction that has been previously noted between the two

methods of determining the success of the concurrent remediaticn pro-

gram is that the final examination scores are more susceptible to

extraneous influences than the pretest-posttest gains. This is

because they do not represent direct measurements of the efforts of

the remediation treatments. The final examination scores reflect the

student's understanding of all the first term calculus topics, only

some of which would require an adequate preparation in algebraic

fractions. Therefore, because of the relative inability of the con-

current remediation program when restricted to algebraic fractions to

influence the final examination scores, it could not be assumed that
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the means would be ordered linearly. This made it necessary to test

for differences among all the treatment means before looking for dif-

ferences between pairs of means. Contrasts between pairs of means

could only be tested for providing that there was sufficient evidence

to indicate a difference among the means.

Analysis of variance with subsampling was used to test the

hypothesis that there were no significant differences among treatment

means. The parametric, one-way classification model chosen for the

test was the same as that employed in the testing of the hypotheses

related to the pretest-posttest gains. The Analysis of variance table

below gives a summary of results obtained in the analysis.

Table 14. Analysis of Variance Table for Final Examination Scores.

Source of Degrees of Sums of Mean
Error Freedom Squares Square F Value

Mean 1 783412.26

Treatment 2 2562.64 1281.32 F = 1.47

Experimental 3 2605.66 868.55

(L = 872.64) F = 2.9

Sampling 234 69783.44 298.22

Total 240 858 364

C
1
= 39.61 and C

2
= 39.90

As in the analysis of the gain scores, an approximate test was

necessitated by unequal sample sizes. The L value was a computed value
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of a synthesized mean square having the same expected value as the

experimental error mean square when the null hypothesis is true (15,

p. 302). The approximate F value formed by the ratio of the treatment

error mean square to L was computed to be 1.47. An F value at the

10 percent level of significance with two and three degrees of free-

dom was found in the CRC tables to be 5.41. Thus, since this value

was larger than the computed F value 1.47, the null hypothesis that

there was no significant differences among the treatment means was

accepted for lack of evidence to the contrary. Therefore the null

hypothesis HO1B, HO2B, and HO3B failed to be rejected at the 10

percent level.

It should be noted, however, that there was reason to believe

that there was interaction among the classes. The approximate F-ratio

formed by the experimental error mean square and the sampling error

mean square was computed to be 2.91, whereas an F value at the ten

percent level of significance with 3 and 234 degrees of freedom is,

according to the CRC tables, approximately 2.08. Since the latter

is less than the former, there is reason to suspect some form of

interclass competition (20, p.59).

Number of Students Participating

The number of students who would check out a module given

the opportunity was noted previously as an important determinant of the

viability of the concurrent remediation program. If the demand by stu-

dents for the module is insufficient to justify the operational costs
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of the program in terms of manpower needs and material expenses, then

the program is of questionable value, and an alternative to the con-

current remediation model should be considered. An estimate in the

form of a confidence interval of the number of volunteers for a reme-

diation program similar to the one proposed in this study was computed

to help provide a basis for deciding whether the program is worthwhile

in relation to resources available.

If Y represents the number of the students who volunteer for

the remediation, then, as noted in chapter three, an approximate 100(1

-a) percent confidence interval for p, the proportion of students who

would participate in a similar program is defined by:

Z-
n

n n

p < Zai
n)(1 - 2) 1 - 2)

where n is the number of students eligible to participate and Zal

is a Z-value from the normal distribution tables. Combining the two

classes receiving access to the module, n was found to be 29, and Y

had the value 12; thus the proportion of students who voluntarily

checked out a module out of all those eligible was 12/29. A 95 per-

cent confidence interval for P was computed to be (0.23, 0.59).

Summary

Hypotheses relating to the pretest-posttest gains were tested

using analysis of variance techniques and the student-t test. The

analysis of variance led to inconclusive results because of the appear-

ance of a negative intraclass correlation. Since the treatments had a
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natural hierarchy, the student t test was used.

The hypothesis concerning the difference between treatment T
1

and T
3
mean gains was rejected at the ten percent level of significance.

The other hypotheses concerning the differences between treatment T
1

and T
2
mean gains and between T

2
and T

3
mean gains were not rejected.

Hypotheses relating to the final examinations were tested

using analysis of variance with subsampling, and all three hypotheses

failed to be rejected.

The determination of a ninety-five percent confidence interval

for the proportion of students who would participate in a similar

remediation program yielded confidence limits of 0.23 and 0.59.



Chapter V

Summary, Conclusions, and Recommendation

Summary

66

This study was concerned with devising and testing a plan for

removing pre-calculus deficiencies concurrent with enrollment in first

term university calculus. The need for such a program may stem from

the apparently widespread discrepancies in the pre-calculus back-

grounds of many students. Inadequate preparation in prerequisite

topics is a handicap to further learning according to the research of

many learning theorists. It has been consistently found that the

learning of new material depends upon the acquisition of antecedent

material, and that the more related knowledge a student possesses prior

to the learning activity, the more new knowledge he will be able to

acquire. This makes it imperative that the educational system attempt

to insure that all students are adequately prepared for a course. In

particular, instructors of the Calculus should attempt to insure that

all students have the requisite pre-calculus background.

The purpose of this study was to test a plan for insuring ade-

quate preparation for the Calculus. The model proposed and tested

involved diagnosing deficiencies and prescribing remediation materials

while the student was enrolled in the Calculus. A diagnostic test

administered at the beginning of the term would be used to reveal defi-
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ciencies which could then be treated by providing learning modules

designed to remove them. Students who, on the basis of the test, were

advised to study a module would be encouraged to complete the module

prior to when the necessary skills would be needed in the Calculus.

The worthiness of the model depends upon whether deficiencies can be

removed concurrently with enrollment in the Calculus, whether the pro-

bability for success can be improved by the program, and whether an

adequate number of students will voluntarily participate.

Spring term kith 111 students at Oregon State University were

used in the experiment to test the program. One pre-calculus topic,

algebraic fractions, was selected for the study. A pretest was con-

structed to measure proficiency in algebraic fractions, and a learning

module was written to remove the inadequacies exposed by the pretest.

Evaluation of the program was accomplished through a posttest which

was the same as the pretest, and the course final examination which

measured achievement in the Calculus.

Students were exposed to one of three treatments, according to

the section of Mth ill in which they were enrolled. Two sections

received treatment T
1,

the control treatment. Students in these sec-

tions received no remediation, regardless of their scores on the pre-

test. Students who received treatment T
2
were given a non-specific

recommendation to do remedial work if their scores were below a cer-

tain criterion level. Students who received treatment T
3
were given

access to the learning module if their scores on the pretest were below

the criterion level set for treatment T
2

students. The null hypotheses
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that were tested stated that there would be no differences among the

treatment groups with respect to pretest-posttest gains and final

examination scores.

The experimental design used to test the hypotheses was a

nonequivalent control group design because treatments were assigned to

whole sections rather than to individual students. Since each treat-

ment was assigned to two sections, the statistical design, which con-

sisted of analysis of variance, had to accommodate subsampling.

Conclusions

It was concluded that the concurrent remediation program was

able to remedy deficiencies in pre-calculus, and that diagnosing inade-

quacies and providing remediation materials will significantly improve

a student's performance on a posttest. Moreover, revealing to the

student his pre-calculus deficiencies and providing him with access to

materials to remove them promotes better results than revealing the

deficiencies and merely advising self remediation. Justification for

this conclusion rested on the rejection of the null hypothesis HO3A

and the acceptance of HOlA and HO2A.

The null hypothesis HO3A, which stated that there was no dif-

ference between the treatment T
1

and T
3
pretest-posttest mean gains,

was rejected at the ten percent level of significance. The probability

that the difference in means was due to sampling was too small to

accept. However, the other hypotheses related to the pretest-posttest
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mean gains were accepted for lack of evidence to the contrary. Since

it was concluded that there was a true difference between treatments

T
1
and T

3
rather than one due to sampling, and since it was also con-

cluded that there were no differences between means in the other con-

trasts, the concurrent remediation program as proposed in this study

was judged to be a valuable method for removing pre-calculus defi-

ciencies. Moreover, the students' awareness of their inadequacies and

a recommendation to remove these inadequacies are not as valuable as

actually providing the means for removing pre-calculus deficiencies.

The fact that the average pretest-posttest gain for those who had

checked out a module was higher than the average gains for the three

treatment groups provided reinforcement, although not statistically

valid evidence, for reaching the above conclusion.

The null hypotheses relating to the final examination scores,

HO1B, HO2B, and HO3B, all failed to be rejected. There was insuffi-

cient evidence to allow the rejection of the hypothesis that there was

a true difference among the treatment means. Therefore it cannot be

concluded on the basis of the evidence gathered in this experiment that

the concurrent remediation program provides a means for improving final

examination scores of calculus students. The experiment failed to sup-

ply strong enough evidence to conclude that the program, even though

it is judged valuable in removing deficiencies, is able to improve the

degree of success of students with deficiencies. The inability of the

experiment to provide strong enough evidence, however, may have been

due to the scope of the experiment rather than to the concurrent remedi-
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ation program itself.

The final examination data represented a somewhat more remote

indication of the viability of the concurrent remediation program since

that which was being measured by the final examination was only parti-

ally dependent upon the deficiency that was diagnosed and treated. The

circumstance of a student being deficient in another pre-calculus topic

besides algebraic fractions could overshadow or at least mitigate that

gained by the remediation. For example, if the solving of a problem

on the final examination demanded of the solver skills in algebraic

fractions as well as, say, topic A, then a student who was deficient

in topic A would still not be able to solve the problem even though he

had removed his deficiency in algebraic fractions.

The literature reviewed in chapter two supports the claim that

the inability to reject the null hypotheses regarding final examina-

tion scores was due to the extent of the experiment rather than to the

remediation program. According to many, including Gagne and Ausubel,

antecedent knowledge is a major factor in affecting the degree of suc-

cess in learning new or related material, in the transfer of learning,

and in problem solving. In an experiment involving the learning of math-

ematical tasks, Gagne found that the acquisition of superordinate know-

ledge is highly dependent on the prior mastery of subordinate knowledge

(24,25). Scholckow and Judd showed that transfer depended upon the pos-

session of specific prior knowledge, and Scandura showed that solving

criterion level problems was facilitated by practice in solving prerequis-

ite level problems. An extrapolation from these studies would indicate
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that more positive results should have been derived from the experiment,

particularly since the experiment showed that the concurrent remediation

program is valuable in removing pre-calculus deficiencies. Perhaps

more positive results would have been obtained had several pre-calculus

topics been included in the study. This will be given as a recommend-

ation in the next section.

Because the instructional model proposed in this study was based

on voluntary rather than mandatory participation, the number of students

taking part in the program out of all those eligible was considered to

be an important determinant of the viability of the program. A confi-

dence interval for the proportion of students who would participate of

their own volition in a similar program under similar conditions was

computed to be (0.23, 0.59). Thus there would be a 95 percent probabil-

ity that the proportion would be less than 0.59 and greater than 0.23.

The conclusions thus far are restricted by the limitations

demanded by the conditions of the experiment that were set forth in

chapter one. Specifically, the conclusions are valid for Spring term,

Oregon State University students enrolled in the first tern of a cal-

culus sequence and for the one pre-calculus topic, algebraic fractions.

The generalizability of the results obtained in this study to

larger populations depends upon the representativeness of the popula-

tion tested to the larger populations (57, 71). Generalizing from Spring

term calculus students to others may be hazardous because of the spe-

cial peculiarities of Spring term students. On the other hand, general-

izing from Oregon State University to other similar institutions would
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appear to be a logical extension of the experimental results because

of representativeness. Similarly, the conclusions reached regarding

algebraic fractions appear to be generalizable to other pre-calculus

topics.

Recommendations

Statistical analysis of the pretest-posttest gains provided

enough evidence to justify concluding that the concurrent remediation

program was able to remove the diagnosed pre-calculus deficiencies in

algebraic fractions. The pre-calculus topic, algebraic fractions, was

selected for the experiment because it was judged to be an important

prerequisite to the Calculus by the experimenter and several members

of the Oregon State University mathematics faculty. The results may

be generalized with a small amount of peril to other pre-calculus topics,

but it is recommended that another experiment be undertaken which would

use the same instructional model, with more topics included. The inclusion

of more topics would make improvements produced by the program more per-

ceptible, particularly with respect to final examination scores.

It is recommended that this next study have a longer pretest,

both in terms of time allotted and number of items. Of course, logic-

ally this would be made necessary by the inclusion of more pre-calculus

topics. The longer test should increase the validity and reliability

(46, p. 136).

It is recommended that the program be tested at other types of
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post-secondary institutions, particularly community colleges. Oregon

State University is special in that it is the designated engineering

and agricultural school in the Oregon system of higher education. Thus

the students attending Oregon State University may be special in that

they would react to the remediation program in a way peculiar to stu-

dents in this type of school. It may be anticipated that community

college students would react differently to the program. According to

Monroe, the diversity of abilities and prerequisite backgrounds is more

apparent in the community colleges:

Statistical medians or averages do not reflect
the wide range of ability in a typical community col-
lege population, a range which is greater than for
students in four-year colleges. An open-door commun-
ity college may enroll persons who range from the
borderline defective on the low end of the IQ scale to
near genius on the high end of the scale (39, p. 188).

Since the concurrent remediation program proposed in this study was

designed to treat classes of students with disparate backgrounds, the

program may be even more valuable in the community college. Further-

more, the diagnosis and prescription aspects of the program may pro-

vide the guidance that, according to some, is demanded by the nature

of the community college student:

Community college students tend to be less
intelligent and self motivated than senior-college
students. Therefore, they need more guidance and
control. If students are properly motivated, the
programmed-learning approach seems to provide an ideal
amount of specific direction (39, p. 199).

Therefore, because the program appears amenable the commnity college

setting, it is recommended that the program be tested there.
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It is recommended that the program be tested during Fall term.

Spring term calculus students may be different from Fall term students

in that many would have completed the pre-calculus sequence prior to

enrollment, whereas most Fall term students enroll directly out of

high school. In addition, some Spring term students have previously

been unsuccessful in the Calculus and are repeating it.

Although participation in the program may be considered high

enough to warrant its implementation, it is recommended that another

study be undertaken to determine if a mandatory program would produce

different results. As noted previously, a mandatory program could

produce resentment. This aspect should also be investigated.

Another study should be undertaken to study the effects of

the program on the affective domain. It is anticipated that a concur-

rent remediation program would improve a student's attitude, appreciation,

confidence and morale.

It is recommended that another study investigate the optimum

number of modules in the program. The optimum length of each module

and the optimum number of subtopics included in each module should be

determined.

The maximum number of modules that a student can successfully

complete without overloading him to the extent of decreased productiv-

ity should be investigated. Of course, the amount of remediation

viable would vary among students, but it may be possible to establish

general guidelines.
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In general, it is recommended that the program be instituted

on a trial basis wherever calculus courses are plagued by students

with disparate pre-calculus backgrounds.
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No. Wrong

Name Mth 111 Section 3

Answer Multiple Choice. Use scratch paper if necessary.

1. The following fraction exists for all values of x except
2 2

x - x -
x

x + 2

a) (0, -2) b) (-2) c) (0, 2) d) (0)

2. x 1
9

X - 1 X 1

a) x - 1 b) x
2
+ x - 1 c) 1 d) x

2
+ 1 e) None of

2
x
2
- 1 x - 1 x

2
- 1

these.

a) n +
1

b) n - 1 c) 1 d) 0 e) None of these.
n + 1

4. 1 1

1
(1 - )(x )x

a) x - 1 b) 1 c) -1 + 2 - 1 d) 0 e) None of
these.x

2
- 1 x

x
2
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5. 1 1

(x + h)
2

x
2

h

a) h(2x + h) b) 1 c) -h d) 2x + h

h
2

x
2
(x

2
+ h

2
) x

2
(x + h)

2

e) None of these.

6. What values of x satisfy the following equation?

x - 2 2 x + 2 - (x - 2)
)3(x + 2) (

(x + 2)
2

0

2
a) (2, -2) b)

3
c) (2) d) (-2) 3) None of

these.

7. What values of x satisfy the following inequality?

1 + x
z
- 2x

2

> 0
(1 + x

2
)
2

a) x<1 b) x>-1 c) -1<x<1 d) x>1 or x<-1

e) None of these.
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APPENDIX 2

Answer Key

Section 5

Please correct your test with the following key and record

the number wrong at the top of the test.

1) a 2) d 3) b 4) b 5) e 6) c 7) c
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APPENDIX 3

Instructors

Please administer the pretest according to the following

instructions. Your cooperation is greatly appreciated.

1) Distribute pretests to all students in your Mth 111 class

on Friday, April 4.

2) Explain to the students that the test will not be used in

determining their term grade.

3) Allow students 15 minutes to complete the pretest.

4) Distribute Answer Key to students and tell them to mark

their test and record the number wrong on the test.

5) Collect the tests.
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APPENDIX 4

Posttest Instructions

1) Distribute tests and remind students to put their names

on them.

2) Allow students 15 minutes to complete the tests.

3) Collect tests and put them in your mailbox.
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Answer Key

Section 4

87

Please correct your test with the following Key. Record the

number wrong on the test itself and on this Answer Key in the space

provided. Please bring this key to class on Monday.

1) d 2) c 3) a 4) b 5) e 6) b 7) d

Number Wrong
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APPENDIX 6

The fifteen minute test you took in class on Friday was

designed to reveal a weakness or inadequacy in your preparation for

the Calculus. If you got no more than 3 wrong, you should feel

adequately prepared in the use of algebraic fractions as they apply

to the Calculus. However, if you did get more than 3 wrong answers,

you should review the algebra of fractions and rational expressions.



89

APPENDIX 7

Instructors

Please administer the pretest according to the following

instructions. Your cooperation is greatly appreciated.

1) Distribute pretests to all students in your Mth 111 class

on Friday, April 4.

2) Explain to the students that the test will not be used in

determining their term grade.

3) Allow students 15 minutes to complete the pretest.

4) Distribute Answer Key to students and tell them to mark

their test and record the number wrong on the test and on

the Key.

5) Tell the students to keep the Answer Key but return the

test with their name on it.

6) Tell the students to bring the Key to class on Monday,

April 7.

7) Distribute the remediation instructions to all students on

Monday, April 7.

8) On the next class meeting, supply remediation instructions to

those who took the pretest on Friday but were absent on Mon

day, April 7.
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APPENDIX 8

The 15 minute test you took in class on Friday was designed

to reveal a weakness or inadequacy in your preparation for the

Calculus. If you got no more than 3 wrong, you should feel adequately

prepared in the use of algebraic fractions as they apply to the Cal-

culus. However, if you did get more than 3 wrong answers, you should

go to the Mathematical Sciences Learning Center (MSLC) as soon as pos-

sible (today?) and check out the self-instructional learning module on

algebraic fractions. Ask the clerk in the MSLC for it. Study the

module and return it to the clerk in the MSLC as soon as possible. It

should take you approximately 3 - 5 hours to complete.
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APPENDIX 9

MSLC Clerk

A project involving Mth 111 students is being conducted with

the aid of the MSLC. Your cooperation in complying with the follow-

ing instructions will be greatly appreciated.

1) Give a copy of the learning module on Algebraic Fractions to

all students who request it. Record the names of all students

who receive a module.

2) Ask the students to return the module when they have finished

it.

3) Keep copies of the following books available for student use

in the MSLC.

1. Developing Skills in Algebra, Vol. 1, by Nanny and Cable.

2. Schaum's Outline of Theory and Problems of College Algebra.

3. Study Guide for Fundamentals of Algebra, Unit 1, by
Streeter and Alexander.

4. Algebra, Unit 12, by Keedy and Bittinger.
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APPENDIX 10

DEPARTMENT OF MATHEMATICS

FINAL EXAMINATION

PART I

PART II 1.

2.

TOTAL

3.

4.

5.
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Spring 1974-75

EXAM LETTER GRADE

Instructions.

1. Write your instructor's name, the hour your

class met, and your name in the spaces below.

2. On the multiple choice answer sheet, write

your name, the subject (Mth ill), and the date

(6-10-75) in the spaces provided. Write the

hour your class met in the "HOUR" space. Then

write your instructor's name in the space just

below "DATE" and "HOUR".

3. There are two blank pages for use as "scratch

paper" attached at the end of the test.
YOUR INSTRUCTOR'S NAME

HOUR AT WHICH YOUR SECTION MET

YOUR NAME
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PART I - MULTIPLE CHOICE
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Page 2

Select the single best answer to each question and fill in that
letter on your answer sheet. There are 10 questions each worth 6 points.

1. Find lim (x
2
+ 2x - 3) .

x--0 -3 x + 3

(a) 0 (c) 2 (e) none

(b) undefined (d) - 4

2. Given f(x) = (x
2

- 3)
3
+ 2x

2 5
, find f'(x).

51(x2 3)3
2x2 }4

3(x2 3)2
4x (2x)

(b) 51(x
2

- 3)
3
+ 2x2

i4 3(x2 3)2
(2 ) + 4x

(c)
(

5I(x
2

- 3)
2
(2x) - 4x1-

4

(d) 513(x
2
- 3)

2
(2x) - 4x1

4

(e) 516(x - 3) - 4x1,4

3. Given f(x) = x
3

1 , find f"(x).
3

2x
2

(a) 2x - 6x
4

(c) 6x + 6x
-4

(e) 2x + 3/x
4

(b) 6x + 3 (d) 2x - 3

x
4

x
4

4. The equation of the tangent line to y = x
2
+ 2 at x = 4 is

(a) y = 16x - 46 (c) y = 16x - 18 (e) y = 16x - 56

(b) y = 6x - 14 (d) y= 32x - 16
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5. Estimate 26.5 by differentials.

(a) 80 (c) 163
27 54

(b) 79 (d) 159
27 54

(e) 161/54

94

Page 3

6. Find the slope of the graph for x
2
+ 3xy

2
+ 3y

3
= 7 at (2,-1

(a) 2/3 (c) 2 (e) none

(b) 11/6 (d) undefined

7. The area of the region bounded by y = x
2

and y = 4x - x
2

is

3/2
(a) I (4x - 2x2)dx (c) (4x - 2x )dx (e) none

8.

(b)

0

(2x
2
- 4x) dx

4x
4
+ 1 dx =

(d)

1/2
(2x

2
- 4x)dx

(a) 1 (V5 - 1) (c) 1 (5
3/2

- 1) (e) 1 5
3/2

16 16 16

(b) 1 (5
3/2

- 1) (d) 1 (N/5 - 1)
24 24
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9. fx x +6 dx =

(a) 1

4 x + 6
+ C

95

Spring 1974-75 Page 4

(c) 1(x 2 -+ 6)3/2 + C

2(b) 72
:7

3
C (d) x (x2 + 6) 3/2 + C

j. 210. t (t 3
+ 1)-2 dt =

0

(a) 1/2

(b) - 1/3
(c) 1/6

(d) 7/12

(e) none

(e) none



Mth 111 FINAL EXAMINATION

PART II - SHOW YOUR WORK!
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Answer these problems in the spaces provided. There are 5
problems each is worth 8 points.

1. Let f(x) = -3x
4
+ 4x

3
+ 36.

(i) Find the critical points and indicate in each case whether
it is a local maximum, local minimum or neither.

(ii) Find the intervals on which f is increasing..

(iii) Find points of inflection.

2. An isoceles triangle is drawn with vertex at the origin and base

parallel to and above the x-axis, the vertices of its base lying

on the parabola 12y = 36 - x
2

. Determine the maximum area which

can be realized by such a triangle.
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3. Given y = 1+ x2
.

(i) Find intervals where graph is concave upwards (and concave

downwards).

(ii) Sketch graph, indicating critical points and points of

inflection.

4. The surface area of a cube is changing at the constant rate of

8 in
2
/sec. How fast is the volume changing when the surface is

600 in2.?
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5. Find the area of the region bounded by y = x
3
- 6x

2
+ 8x

and y = x
2

- 4x.

93

Page 7
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Introduction

The results of the short test you recently took in

your Calculus class suggest that you may not be as thoroughly

prepared for Calculus as you could be and that this fact may

lead to some difficulty later in the course. But Do Not

despair. We are here to help you and you have two big

advantages. Firstly, you will be made aware of a specific

weakness, and secondly, you have in your possession the means

for removing this deficiency - in fact, you are reading it

now.

The topics in this learning module were chosen, after

careful examination of the textbook, because of their

importance in Calculus. The table on page two relates the

module topics to the major topics in the course itself.

Since the selected concepts are used in Calculus but they

are not taught there, it is to your advantage to master them

now. Successful completion as early as possible should

result in more success in your Calculus class.
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Topics In Calculus

Topics in

Module Limits Differ.

Min-i.:ax

Prob.

Curve

Sketch Antidiff.

I Definition -

II Simplification

III Multiplication

IV Addition

V Equations

VI Inequalities

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

Differ. - Differentiation

Antidiff. - Antidifferentiation



102

3

Contents

Instructions
I

Page

4

Defining Algebraic Fractions 5

Simplification 10

Multiplication 18

Addition 24

Equations . 30

Inequalities 38

Answer Key 48
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Instructioni

The subject you have been found to be deficient in is

called algebraic fractions. They will be defined herein, and

related skills and operations on them will be explained. If

you have trouble with certain subtopics not directly related

to algebraic fractions, you will be referred to another source

for help. You may also want to seek help from the MSLC

personnel.

The module is designed to remove your deficiency as

quickly and easily as possible but it is up to you to do a

certain amount of work. It is expected that you will do the

exercises in the module. You may use scratch paper, but

please record the main aspects of your solution for each

exercise in the module. In addition, please mark any portion

of the module that seems ambiguous to you. The answers to all

exercises can be found at the end of the module. When you

finish the module, please return it to the clerk in the

MSLC. The fact that you completed the module will be noted

and your instructor will be informed of your success. We

wish you success in Calculus. We hope that this module will

be very helpful to you.
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I

Definitions

Purposes:

After studying this section, you should

1) know the definition of algebraic fraction and rational

expression, and

2) be able to describe the constraints that must be made

in order for given algebraic fractions to be defined.

Prerequisites:

Before beginning this section, you shculd know how to

factor expressions such as the following.

i) x2 - 2x - 3 ii) x2 - 3x iii) x3 - 8x2 + 15x

Stop and factor these three expressions in the space below.

Compare your answers with the answers provided at the bottom

of the next page. If your answers are the same, proceed to

the next paragraph. If they are not, you should study chapter

three in Developing Skills In Algebra. Vol. 1 by Nanny and

Cable. Ask the clerk in the MSLC for it. When you have
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finished studying the section in Nanny and Cable, you should

be ready to start studying this section on defining algebraic

fractions.

Defining Algebraic Fractions

An algebraic fraction is a fraction whose numerator

and denominator are algebraic expressions; e.g. x +
y + 2

x2 + 5x + x , and 2 are algebraic fractions.
1 - 8 - z 3

x

Of course, it must be assured that all denominators are

nonzero quantities. In the case where both numerator and

denominator are polynomials, the fraction is called a

rational expression; e.g. x + 3 is a rational expression
y + 2

whereas ZY + 4 is not. Lc; you see the difference?
y

Since division by zerois not allowed, you must

make sure that the denominator of a fraction is not zero.

For example, the rational expression Y - 5 can be
x2 + 2x - 8

written v - 5 and if either -4 or 2 is
(x + 4)(x - 2)

substituted for x, the denominator becomes zero. Thus,

the fraction Y

x2 + 2x - 8

or x = 2

is undefined when x = -4

Answers: i) (x + 1)(x - 3) ii) x(x - 3) iii) x(x - 5)(x - 3)
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Consider the fraction What are the

constraints that must be placed on x? If you say that x

cannot be -1, you are only partially correct because the

fraction, 1 , in the numerator cannot have a zero denominator
x

either. Thus, x cannot be -1 or 0.

The correct and formal way of writing the above

fraction is 1 - , x # 0, x # -1. However, the

1 + x

constraints x # 0, x # -1 are often omitted and left for

the reader to assume.

Example I - 1

Find the constraints on x for the fraction

x + 1
x - 2x - 3

equivalently, find all values which

x cannot assume.

Solution: Factor the denominator into (x - 3)(x + 1).

Then this r.)roduct is zero when either x - 3 = 0 or

x+ 1= 0. Thus, x o 3 or x 0 -1. Equivalently, x

can assume any real number except 3 or -1 .

Example I - 2

Find all values for which the fraction 2 - --1--
1x -

is undefined. 1Y--
Y

Solution: We will consider this in 3 steps since

there are 3 denominators, namely, x - 1, y, and

y - 1
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Step 1. 1 has denominator x - 1 which is 0

x - 1

at x = 1, so x cannot be 1.

Step 2. 1 has a denominator y so y cannot be 0.

Step 3. 1y- y is a denominator and y- 1= 0

implies y2 - 1 = 0 (multiplying both sides

by y). But y2 - 1 = 0 has solution 1, -1

in the real number system, so y cannot be

1 or -1.

Thus, the fraction is undefined when x = 1,

or when y = 0, 1, or -1 .

Exercises I

Work a problem and then check your results with the

answer provided in the answer key on paEe 48 . If your

answer does not match the answer in the key, repeat the

problem until it does or see a helper in the 1,3LC. Do as

many problems as it takes until you get 4 consecutive

correct answers on the first try.

Find all values for which the 7iven fraction does not exist

(is undefined).

1) __1__ 2) x +
x - 5 x2 - x
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3) x2 - 5x + I

x2 - 5x + 6
4) _31_t

1 - x2'

5) x - -1
2x 6) 2 - 1

x - 1
x2 - 2x - 15

7) x + 1
7.----7

3 + .1

2y'

x

1

9) ---Y-
Y - 5

10) Y
(ix77i. )5

108
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II

Simplification

Purposes:

After studying this section, you should

1) know how to simplify algebraic fractions, and

2) know when a fraction is in simplified form.

Prerequisites:

Before beginning this section you should be able to

do the following.

1) Find the products of algebraic expressions such as:

i) (x - 2)(2x + i) ii) (1 + 1)(2 - x)

iii) (x2 - 3x + 1)(x + 2)

Stop and find these products in the space below.

Compare your answers with the answers provided at the

bottom of the next page. If your answers are the same,

proceed to prerequisite 2). If they are not, you should

study pages 13, 16, and 17 in Schaum's Outline Of Theory

And Problems Of College Algebra. Ask the clerk in the
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MSLC for it. When you have finished studying these

pages in Schaum's you should read prerequisite 2).

2) Find the "least common multiple" (lcm) of two or

more given quantities such as:

i) 2, 6, 8 and ii) x2 - 1, x + 1, x2 - x - 2

Stop and find the lcm for i) and ii) in the space below.

Compare your answers to the answers given at the bottom

of the next paee. If your answers are the same, proceed

to the next paragraph. If they are not, you should

study pages 52 and 53 in the Study Guide for Fundanentals

of Algebra. Unit 1 by Streeter and Alexander. Ask the

clerk in the :ZSLC for it. When you have finished

studying these pages in Streeter and Alexander, you

should be ready to start studying this section on the

simplification of algebraic fractions.

Simplification of Algebraic Fractions

The main principle involved in simplifying algebraic

fractions is stated symbolically as follows;

a where b P 0 and x# 0.
b bx

Answers; i) 2x2 - - 1 ii) 1 - x + 2 iii) x3 - x2 - 5x + 2
2
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Reading from left to right this statement says that we may

multiply numerator and denominator of a fraction by the

same nonzero quantity without changing the value of the

fraction. Reading from right to left this statement says

that nonzero factors common to both numerator and denominator

may be cancelled without changing the value of the fraction.

As an example, consider the fraction x2 + x .

x + 1

By factoring the numerator we get x(x + 1) and by
x + 1

cancelling x + 1 in the numerator and denominator we get

providing x + 1 # 0 .

There are two important points to note.

1) The expressions x2 + x and x are technically not
x + 1

equal if x + 1 = 0 because x2 + x is undefined when
x + 1

x + 1 = 0, whereas x is equal to -1 when x + 1 = 0.

However, we will adopt the usual convention of

expressing them as equal.

2) Only factors (elements of an indicated product) may

be cancelled and not terms (elements of an indicated

SUM). Cancelling terms is a common error made by

Calculus students. For example, the following

mistake is often made.

X2 4. x2 4. 4̂ _ x2 + 1 _ x2 + 1
x + 1 X + 1 1 + 1 2

Answers: i) 24 ii) (x2 - 1)(x - 2)
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The error is committed in the underlined step. Do

you see why cancelling terms is not allowed? If not,

substitute x = 2 into the above equation. On the

left side we get x2 + x 22 + 2 _ 6 _ 2 , whereas
x + 1 2 + 1 3

on the right side we get x2 + 1 _ 22 + 1 -
2 2 2

Clearly, 2
2

Example II - 1

Show that a2 - b2
a - b .

a + b

Solution, a2 - b2 - b) = a - b
a + b

Notes Even though it is important to be aware of the

constraint that the cancelled term be nonzero, we will adopt

the usual convention of not writing it down unless it is

necessary to do so.

Example II - 2

Simplify x + 4
3x4 + 5x - 28

Solutions x + 4 _

3x + 5x - 28 jx-- +I;)(3x - 7) 3x - 7

A rational expression is said to be si-Dlified if there

are no nontrivial (not equal to ±1) factors common to both

numerator and denominator. In exaTples II - 1 and II - 2,

a - b and 1 are simplified but a2 - b2 and
3x - 7 a + b

x + 4 are not because in each case there are factors
3x2 + 5x - 28

(other than 1 or -1) common to both numerator and denominator.
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Example II - 3

Simplify 2x - x2
x2 - x - 2

Solutions 2x - x2 x(2 - x)

x2 - x - 2 (x - 2)(x + 1)

-x
x+ 1) x 1

(Notice that in the second step (2 - x) was rewritten

-(x - 2). This is a common maneuver so you should

make a note of it.)

14.

Example II - 4

Simplify 1 +

x+ 1

Solution: Multiply numerator and denominator by x

using the main principle of simplification.

(1 + 1)x 1

(x + 1)x tx-+-I)x

In this last example. we multiplied by x to simplify

the fraction. You might be wondering how it was determined

that multi lying by x would simplify the fraction. One

method of simplifyinFr complex fractions of this kind (fractions

with fractions in the numerator or denominator) is to multiply

numerator and denominator by the least common multiple (lcm)

of all denominators appearing within the numerator and the

denominator.
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Example II - 5

15

Simplify 2x +
1

3
x + 2

Solution' Multiply numerator and denominator by the

lcm (x - 1)(x + 2).

(2x +
x

1
1

) (x - 1)(x + 2)-
3

(x - 1)(x + 2)
x+ 2

2x(x - 1) (x + 2) -11(x + 2)
1

3(x - 1)( -* -2)

2x(x - 1)(x + 2) + (x + 2) (x + 2)(2x(x - 1) + 1)

3(X - 1) 3(X - 1)

(x + 2)(2x2 - 2x + 1)

3(x - 1)

Exercise II

Work a problem and then check your results with the

answer provided in the answer key on pare 48 . If your

answer does not match the answer in the key, repeat the

problem until it does or see a helper in the MSLC. Do as

many problems as it takes until you get 4 consecutive

correct answers on the first try.



Simplify:

1) 12x2

8xy

3) x2 - It.xy 3y2

Y2 X2

5) x2 - 1

x2 + -2

7) x_t_i +
x -y x+ y

1 +
x + y

2) x3y - y3x

y -

4) 1 +

Y 2

y - 2

6) 24x3y2

lS

8) X3 X

x3 2x2 - 3x

16
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9) x2 - 9 10) a -
x2 - x - 12 a

11) x +
x2 - 9

13) x3y z

x z2 + x2z

12) 8y - 8x
16x - 16y

14) a4 b2
3 a b

17

116
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III

Multiplication

Purposes:

After studying this section, you should be able to

1) find the simplified product of two algebraic fractions, and

2) find the simplified quotient of two algebraic fractions.

Prerequisites:

Before beginning this section, you should

1) know the material in the preceding sections, and

2) know the laws of exponents. For example, you should

be able to simplify

i) ii) (x 1)4cx iii) (2:4)4

x1

Stop and simplify these expressions in the space below.

Compare your answers with those provided at the bottom

of the next pace. If your answers are the same, proceed to the

next paragraph. If they are not, you should study paa-es 42

through 46 in Schaum's Outline Of Theory And Problems Of
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College Algebra. Ask the clerk in the MSLC for it. When

you have finished studying these pages in Schaum's, you should

be ready to start studying this section on the multiplication

of algebraic fractions.

Multiplication Of Algebraic Fractions

The product of two fractions is the product of their

numerators divided by the product of their denominators. For

instance, 1 2 =
8

Symbolically, the rule is written:
2 4

a a . ac
b d bd

Example II - 1

2 ld -
3.4 4 3'2.2 2

Example III - 2

3x 2y Xx-e_y' xi

5y2 6x1 5 x 5574 5Y

Example III - 3

x2 - 1 x(y - 1) (x2 - 1)(xIfy - 1)

xy x - 1 x'Sr (x - 1)

+ 1)(y - 1) (x + 1)(y - 1)

Answers: i) xs'L ii) (x + 1 iii)
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Example III - 4

x2 - 6x + 8 x2 - x - 6 (x2 - 6x + 8)(x2 x - 6)

x2 + 5x - 14 x 2 - 2x - 8 (x2 + 5x - 14)(x2 - 2x - 8)

- 3 x - 3
(x + x + 7

The division of one fraction by another can be considered

to be multiplication by the reciprocal of the divisor. This

can be stated symbolically as

a ad
b d be * 0, c 0, d # 0 .

Example III - 5

2x - 1 1 - 4x2 2x - 1

3Y Y 3y

(2x -
3/(1 - 2x)(1 + 2x) -3124e-=-1)(2x + 1)

-1

3(2x + 1)

Sometimes, the division is indicated by fractional

notation. That is, a means the same thing as a , c
b b d

d

which is the same as a . d .

b c

Notes The longest line represents the indicated division.
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Example III - 6

Z-:--xP

3x22 x + v x

3x2 x - y
x

-y

In this example, the divisor is x - v
x

Example III - 7

xh + h2 xh + h2
(x + h)(x + h + 1) (x + h)(x + h + 1)

h

23.

-
3x(x - y)

h
1

xh + h2 1

+ h +(x + h)(x + h + 1) h

1

x + h + 1

Notes The h was written as h to clarify the division
1

process, however, you may skip this step if you are capable

of doing so without making an'error.

Exercise III

Work a problem and then check your results with the

answer provided in the anser key on pa,:e 42. If your

answer dons not match the answer in the key, repeat the

problem until it does or see a helper in the MSLC. Do as

many problems as it takes until you zet 4 consecutive

correct answers on the first try.



Find the indicated products and quotients

1) 4 3.T.!

6x 2

22

2) 3x2 + 10x + 3 2x2 + 9x - 35

x2 + 10x + 21 6x2 - 13x - 5

3) x2 - 7x + 6 x2 - 1 4) 2x

x2 - 5x - 6 x' + 4x - 5 x + 1

5) x-k x5

x

7) 2x + x2 16x - 20

47r74772;3

6) x2 - 7x + 6 x2 + 4x - 5

X2 - 5x - 6 x 2 - 1

8) 3x2 - 14x - 24

x2 - 7x 10

lx2 + 4x

x3 - 5x2
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9) X2 + 13xy + 12y2 (x + y) 10) 3..x y x + 1
3xy2 xz - 1 x2

13) h - hx2
x + 1

h

12) 3a2 3b

b3

14) x2
-7Y

1.
-

X S

23

122
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IV

Addition

Purposess

After completing this section you should

1) be able to find the sum of two or more algebraic

fractions, and

2) be able to find the difference of two algebraic fractions.

To determine whether you nned to study this section

try to find the sums or differences of the following fractions.

i) 1+ 1 ii) x - 1 x
x y x 37-:-1.

in) x + 1

x2 + 2x - 8 x2 - x - 2

Stop and find these sums and differences in the space below.

If your ans-ers are equal to those provided at the bottom of

the next page, you probably do not need to study this section.

In that case, you should proceed to the next section on

equations. If your answers are not equal to those provided,

you should study this section.



124

25

Prerequisites:

Before beginning this section, you should be able to

Sind the least common multiple (lcm) of two or more given

quantities. Eec=11 discussion of the lcm on o=ge 11.

Addition Of Algebraic Fractions

The sum (or difference) of two fractions having a

common denominator is illustrated symbolically by

1 ) 1 a + c ,

b b

2) 1_2
b b

a - c ,

b

Example IV - 1

1+ 2 _ 1+ 2
5 5 5 5

Example IV - 2

5 +
x + 2

b # 0

b # 0

- + '3x
x + 2 x + 2

A common error made by calculus students is to add

denominators as well as numerators; e.g.

+ - 5 "I' lx
x + 2 x + 2 2x + 4

THIS I5 .,'PC;tG!!

To see that this; equation is not true, let x = O. The

equation reduces to =
2

which is clearly false.

Answers: ii) x3 - 2x2 - x + 1
xy x(xz -1)

in) x2 + 4x + 12

(x + 4)(x - 2)(x + 1)
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Example IV -

x + y y - x2 (x + y) - (y - x2)

x2y x2y x2y

x + y - y + x2 = x + x2

x2y y

$(1 + x) 1 + x
x2y xy
x

It is often convenient to write the indicated difference

of two fractions as an indicated addition. That is,

c = 4. (_ ) = I 4. -_1.

b b b b

Example IV - 4

4
13664g-777 7,±4. -1

To add fractions with unlike denominators, the procedure

is to change the fractions to'eqivalent forms thrt have a

common denominator and then proceed as before. For example,

to find the sum 1 + 1 , change i to and 1 to .

2 3 . 3

Thus 1+1 The common denominator that
2 7

is most often used is the 1cm of the unlike denominators. In

the preceding example, the lcm of 2 and 3 is 6.

Example IV - 5

3 _4

27;

3(v) 5(2x2) _ lv + 10x2

(2x2y)(y) yq2x2) 2xZ3,4
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Example IV - 6

x + 5 3x + 4
x - 2 x + 3

(x + 5)(x + 3) + (3x + 4)(x - 2)
(x - 2)(x + 3) (x + 3)(x - 2)

(x + 5) (x + 3) + ( 3x + 4 ) (x - 2)
(x + 3)(x - 2)

4x2 + 6x + 7
(x + 3)(x - 2)

Example IV - 7

3x + 1
2x2 + llx + 12

x - 2
2x2 - 5x - 12

3x + 1 x - 2
(2x + 3)(x + 4) (2x + 3)(x - 14.)

(3x + 1)(x - 4) (x - 2)(x1-4
(2x + 3)(x + 4)(x - 4) (2x + 3)(x + 4)(x - 4)

(3x + 1)(x - 4) - (x - 2)(x + 4)
(2x + 3)(x + 4)(x - 4)

2x2 - 13x + 4
(2x + 3)(x + 4)(x - 4)

126
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Example IV - 8

2 4x 2 =

7 2 7 73 x + 5

2 4x .2

x - 5 (x - 5)(x + 5) x + 5

2(x + 5) + 4x
2((x - 5)(x + 5) - 5)(x + 5) (x 5)(x :) 5)

2(x + 5) + 4x - 2(x - 5) _
(x + 5)(x - 5)

4x + 20 _ 4(x + - 4

(x + 5)(x - 5) (x + 5)(x - 5) x - 5

Exercise IV

Work a problem and then check your results with the

answer provided in the answer key on pare 48 . If your

answer does not match the answer in the key, repeat the

problem until it does or see a helper in the Do as

many problems as it takes until you et 4 consecutive co-rPct

answers on the first try.

1) g_ + 2) 3 2

5 4 X y

3) 3 .4.
2

x2 + 6x + 9

4) x2 1

x + 1 x + 1
?

127
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5) 2 + 1 =? 6) 3x - 1 25.
x + 2 x - 5 10 15

7) + 1 5 =? ?2x - 1 x x +2 2xz + 3x - 2

8) 2 _ 6 .4. 1

x

9) - 1 x - 1 ?2x+ x - 6 -15 + 7x + 2x2 x2-+ 7x + 10

10) 1 _ ? 11) 2+ 1
2x + 1 3x - 1 x x + 1

12) 1+ 2 13) 2 -?
2 x + 1

=
x + 2 x2 - x - 6
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V

Equations

Purposes

After studying this section, you should be able to

solve equations such as;

i) 2 + 3 = x ii) x2 - 1 - 0 iii) . 1 + x
x 1 x - 5 x + 1

Stop and try to solve these equations in the space below.

30

-

If your answers match those provided at the bottom of the next

page, you may proceed to the next section on inequalities on

page 38 . Otherwise, continue with the next paragraph.

Prerequisites:

Before beginning this section, you should

1) know that the quadratic formula for solving equations

of the form ax2 + bx + c = 0 is x = -b t 'l b2 - 4ac
2a

2) be able to solve quadratic equations such as

2x2 + 6x + 3 = 0 by using the quadratic formula, and
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3) be able to solve quadratic equations such as

x2 - 3x - 4 = 0 by factoring.

Stop and try to solve these equations in the space below.

If your answers are the same as those at the bottom of the

next pare, proceed to the next paragraph on fractional

equations. If your answers are not the same, you should

study pages 37 through 39 and 42 through 44 in Algebra. Unit

by Keedy and Bittinger. Ask the clerk in the XSLC for it.

After you have finished studying tnese pages in Keedy and

Bittinger you should be ready to study this section.

Fractional Equations

A general method for solving fractional equations will

be illustrated with the following example. Given the

equation 1 + 1 4 we will solve for x .
x 2 '

Answerss 0 3, -1 ii) -1 iii) 7 t 118

3
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Step 1. Put all nonzero terms on the left hand side of the

equation.

+
2

-
x

Step 2. Combine terms by finding a common denominator.

x 8x
2x 2x

0
2x

2 - 7x
= 0

2x

Step 3. Set the numerator equal to zero and solve for x .

The resulting solution is the solution of the

entire fraction set to zero because a fraction can

be zero only when the numerator is zero.

2 - 7x = 0

x = 2
7

Step 4. Eliminate from the solution set any values that

make the denominator zero.

2(2) # 0 (Denominator is 2x)
7

Step 5. Substitute solution set into original equation.

I 4. 1 . 4. 1 =
2 2 2 2 (It checks.)

7

Therefore, the solution set must be f 2

7

Answersi ii) -3 t

2

iii) -1, 4

133.
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Solve for y .

--X-- + 1 . 1
y+ 1 Y - 2 2

Step 1. + 1 + 1 = o
y + 1 y - 2 2

Step 2. The common denominator is 2(y + 1)(y - 2)

Step 3.

2y(y - 2) + 2(v + 1) +
2(y + 1)(y - 2) .2(y + 1)(y - 2)

(v + 1)y - _ 0

2(y + 1)((Y -

2)

2)

2y2 - 4y + 2y + 2 + y2 - y - 2
-

2(Y + 1)(y - 2)

3y2 - 3y
2(y + 1)(y - 2)

3y2 - 3y = 0

y2 0

y(y - 1) = 0

0

Possible solution set is f 0, 1}

Step 4. Denominator is 2(y + 1)(y - 2)

0

Neither 0 nor 1 makes this zero.

Steps. 0 1 _ _1
0 + 1 0 - 2 2

and

1 1 1

1 + 1 1 - 2 2

Therefore, solution set is t 0, lj .

1 = _1
2

132



Example V - 2

Solve for x

Step 1.

Step 2.

. + x

34

= 4
x - 5

+ x

x +

- 4 := 0

x(x - 5)

x -5 x + 1

1(x + 1)
(x - 5)(x + 1) (x - 5)(x + 1)

4(x - 5)(x + 1) =
(x - 5)(x + 1)

3(x + 1) + x(x - 5) - 4(x - 5)(x + 1) =

(X - 5)(x + 1)

- 3x2 + 14x + 2,

(x - 5)(x + 1)

Step 3. - 3x2 + 14x + 23 = 0

Step 4.

Step 5.

-14 ±V196 + 276

-6

= - 14+24

-6

7 + /TM

3

Possible roots are 7 +v/TIT 7 - \v

3 3

Neither value of the solution set can make

the denominator zero.

Notes Sometimes, substituting the solution

back into the original equation can be very

tedious. However, this is the only way you

can be sure that you have the solution.
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3 7 +
7 + 0.18

5 3

3 7 4. 4118 + 1

3

9 7 + \Tire"
:g-TTrrg 10 + \rig

9S10 + 517)
(-8 + + .AffT)

+ + 5M)c-8
;118
9

(1(0

7
+ ,118)(-8 + ,

9(10 + 4ir) + (7 + ,118)(-8 ,118)

(10 +-.1118)(-8 + ,;118)

90 + - 56 - %118 + 118

-80 - 8118 + 10118 + 118

152 + 8,118

38 + 2,-118

408-4-27:118)
4

_.3.8-+-2c118

Substitution of 7 - .118 for x yields 4 as well.

3

Therefore, the solution set is 7 +:118 7 - ,118 ;

L 3 3

Exercise V

Work a problem and then check your results with the

answer provided in the answer key on pare 49. If your answer

does not match the answer in the key, repeat the problem until

it does or see a helper in the MSLC. Do as many problems as

it takes until you get 4 consecutive correct answers on the

first try.
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Solve for x.

1) 1 1
x 2

3)
2x + 4 x + 2 3

5)
X

_ I ".

9) 5
2x 3x 1 6z

2) 1

4) + =4x 2

6) 1
x + 1 1 -

8) 1x-

10)
x + 5 + 4

36
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11) 3x + 8 5 x - 4
3x - x x

------- 0
x+ 1 x + 2

14)

15) 2 1- /
2

12) 1
X 2 x

37

136



137

38

VI

Inequalities

Purpose,

After studying this section, you should be able to

solve inequalities involving algebraic frgctions.

Prerequisites,

Before beginning this section, you should be able to

solve linear rich as

i) 3x - 2< 0 ii) 5 - zx > 0, and iii) 4 - 2x >6 - 4x

Stop and try to solve these in the space below.

Compare your answers to those provided at the bottom of the

next page. If they are equivalent, you should proceed to

the next carae-rach on fractional inequalities. If they are

not equivalent, you should study rages 87 through 89 in the

Study Guide to Intermediate Al7ebra. Unit II by Streeter and

Alexander. Ask the clerk in the N:SLC for it. After you

have finished studying these pages in Streeter and Alexander,
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you should be ready to start studying this section on

fractional inequalities.

Fractional Inequalities

A general method for solving inequalities involving

algebraic fractions will be illustrated by an exarple, but

before beginning, the following principles of algebra will be

reviewed.

.

.

.

In words, the product of two positives or two nestives is

a positive and the product of a nositive and a negative is

a neFative. These principles refer to products, but they

are also true of quotients, i.e. the quotient of two ::csitives

or two negatives is a positive and the quotient of a po'tive

and a negative is a negative.

Consider the inequality

x + 3
4 O.

1)

2)

i)

ii)

i)

If

If

If

a> 0

a< 0

a.> 0

and

and

and

b> 0 ,

b< 0 ,

b< 0 ,

then

then

then

ab> 0

ab > 0

ab4 0

x - 1

The first step in solving an inequality of this form Tight

be to plot each factor of the numer,tor and denominator on

the number line aocording to its oolarity (positive,

negative or zero) et each point. The facto-7 are x 3

and x - 1 . Note that x + 3)0 when x> -3 and x - 1> 0

when x> 1.

Answers: i) Lx:x< 9/31 ii) ixtx<1D1 iii) tx:x >li
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+++++++++++++++++++++ x - 1

+++++++++++++++++++++++ +++++++++++++++++++++ x + 3

-4 -3 -2 -1 0 1 2 3 4

Since the quotient is to be negative, we need one factor

positive and one negetive. From observing the graph, we see

this happens when -3< x <1 . Thus the solution set is

(xs 3< x <11 .

The process of solving inequalities can be shortened

by observing that the sign of a fraction changes when the

sign of any factor changes. In the last example, x + 3

changes sign at x = -3 and x - 1 changes sign at x = 1,

so x + 1 changes sign at -3 and at 1. Thus, there are
x - 1

two possibilities for x + 1 . They are displayed below.
x - 1

a) +++++++++++

b) +++++++++++++++++++++++

++++++++++++

-4 -3 -2 -1 0 1 2 3

Notice that the sign of x + 3 alternates either + - +
x - 1

as in line a) or - + - as in line b). Either line a) or

line b) gives the sign of x + 1 in the specified interval.
x - 1
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To determine which is actually the case, substitute a value

for x, say 0, in the fraction. We get 0 + 3 _ 3
0 - 1

Therefore, the first case must be true. Thus, x + 1 < 0
x 1

when -3 < x <1.

Example VI - 1

Solve for x. (x + 1)(x - 2) > 0
(x - 5)

Solution:

Step 1. x - 2 changes sign at x = 2

x + 1 changes sign at x = -1

x - 5 chan7es sign at x = 5

Step 2. Graph

a) +++++++++++
or
b) +++++++++++

+++++++++++

-3 -2 -1 0 1 2 3 4 5 6

Step 3. Substitute a value for x. (x = 0 will work.)

(0 + 1)(0 - 2) 2 > 0
(0 - 5) 3

Therefore, line b) in the graph must represent

the tree distribution of signs. The solution

set of x - 1 > 0 is
(x + 1)(x - 5)

[xi 0( x< 2 or x > 5 .

Warning -s A common mistke is to multiply both sides

of the inequality by x - 5 to get

(x + 1)(x 2) > o (x - 5) .
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This reduces to (x + 1)(x - 2)> 0 which does not have

the same solution set as the original inequality. The

sign of x - 5 must be taken into consideration because

if x - 5 is negative we get (x + 1)(x - 2)< 0 after

multiplication. (Remember, if both sides of an

inequality are multiplied by a negative quantity, the

direction (sense) of the inequality symbol changes).

Example VI - 2

Solve for x. 8(2 - x) 0

(3 + 2x)(x - 1)2

Solutions

Step 1. 2 - x changes sign at x = 2

3 + 2x chars sign at x = -3/2

.
(x - 1)2 does not change si. n. ( Remember any

Step 2.

even power of a nonzero real number is plwEys

positive.) Thus, (x - 1)2 may be ignored

provided x X 1. (x = 1 makes the denominaor

zero.)

+++++++++ .++++
or

+++++++++++++1____

-3 -2 -1 0 1 2 3

Step 3. Substitute a value for x. (x = 0 will work.)

8(2 - 0) - 16 0

(3 + 0)(0 - 1)2 3

The solution must be { xi -3/2 < x< 1 or l< x< 2) .

(Remember, x cannot be equal to 1.) You may wish to

substitute a few values into the original inequality

as a check.
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Example VI - 3

Solve for x.

Solution' Combine 2 and 1 .

x - 1

2 1 2 z x - 1 _ x + 1
x - 1 T7717i Tr=75
Now we can solve

x
> O.

(x. - 1)x

x + 1 changes sign at x = -1 .

x - 1 changes sign at x = 1.

x changes sign at x = 0 .

+++++++++++

-2 -1 0 1 2

Substitute 2 for x . 2 + 1 > o
(2 - 1)(2) 2

Therefore, the solution is [ x: -1 4 x C- 0 or x > 1 .

Exercise VI

Work a problem and then check your results with the

answer provided in the answer key on ppe 49. If your answer

does not match the answer in the key, repeat the problem until

it does or see a helper in the MSLC. Do as many probl "ms as

it takes until you get 4 consecutive correct answers on the

first try.

When you have finished exercise VI, take the short

quiz on page 46. Correct it with answer key provided on

page 47 and record the number correct at the top of the
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page of the quiz. Be sure to return this booklet to the

clerk in the MSLC when you have finished.

Solve for x .

1) *+ 3x< 2x - 1

3) 1+ 2 >OX21 x

2) 3 <6

Z) 4 1 c
x

5) 1 1 > 0 6) 1 1
-7 -7 ---7 >

x + 2
-

(x + 2)

143



7) x 1.6 > o
x3

9) x ( x - 1 )
(x 1)7 >

11) ____x.,_ >0
(x - 1 )i

8) 1 -4 <0
37/

10) x - 1 1

x 2

12) 3(x - 1) > 0

x

45
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Number Correct Quiz

1) The following rational exnression exists for all

real numbers except .

2) Find the difference.

3)

....lc - x _

x + 5 x - 1

Simplify.

X + 1_
x

x2 - 2x - 3

4) Find the product.

72 - k . x + 1

x x2 + 3x + 2

5) Solve for x

1 +2x + 5_____
3x 3 + 2x

6) Solve for x .

x - 3 4

x x + 1

Answers on next page

> 0

2

46

145
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Quiz Answer Key

1) [0, 1].

2) 2x(x - 4)
(x + 5)(x - 1)

3) 1
X 11773-3.

4) (x - 2 )
x

6) ix: x<-3. x>1. -1.cx40/

146
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Exercise I

1) 5

2) 0, 1

3) 2, 3,0

4) -1, 1

5) +5, 0,-3,

6)
3

, 0,

7) -1, 1

8) 0

9) 5, 0

10) -2

1,

Answer

9)

10)

11)

12)

13)

14)

Key

X=1
x - 4

a - 1

1

9)

10)

11)

12)

13)

14)

48

x + 12y

3xy2

3v
x(x - 1)

1

a1";

1 - x

x "Yr

Y
2

x - 3

2

x2v
x + z

b

3aY3

Exercise II

1)
2y

5) x + 1
x + 2

6) Ls!
3Y

7) (x2 + y2)

x(x - y)

8) x - 1
x - 3

Exercise III

1)

2) 1

3) x - 1
x + 5

4) 2x
x - 1

5) x';',"

8) x(x 6)

x - 2

Exercise IV

1) 2.1

20

2) 3v - 2x
xy

3) 5x +

(x - 3)(x +

4) x - 1

5) 3x - 8
(x 2)(x - 5)

6) 3,it_z
3o

3)4

7)
(2x - 1 (x + 2)
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Answer Key

Exercise IV cont.

8) 2x2 - 14x + 25

x2 - 4x

9) 8x - 7
(x + 2)(2x - 3)(x + 5)

10) - 4
(2x + 1)(3x - 1)

11) 3x + 2
x(x + 1)

12) x + 5
2(x + 1)

13) x - 1

(x + 2)(x - 3)

Exercise V

1) 2

2) 12

3) -3. 1
4) 5 t j7

3

8) 1

9) 1

3

10) -37 + 889

16

11) .j
2

12) 11 +1537
8

13) ,4
3

14)

15) -1

148

Exercise VI

1) {xi x<_

2) xi x < 0 or x> 1

3)
3

x4 -2, -1 < x < 0, x> 1

4) [xi x 4 -2 or 0 < x

5) fxi x< -2, -14 x< 0, 0<. x< 2 1

(x = 0 makes 'ienominator zero)

6) ix: x > -1, except x = 0.

7) f xi -2< x < 0 or x -> 2

8) ix: x < -j- or x

9) fxi x >1 or x<0

10) (xi x < 0 or x> 21

11) ix, x 4. 0 or x >11

12) f xs x < 0 or x >
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APPENDIX 12

PRETEST AND POSTTEST SCORES

Treatment
Section

Pretest and Posttest Scores
seven)

(Number incorrect out of

S
II

Pretest 3 4 2 2 3 2 5 3 1 2

Posttest 4 4 4 2 5 1 5 4 2 0

Gain -1 0 -2 0 -2 1 0 -1 -1 2

Pretest 3 5 5 3 5 3 6 2 2 2

Posttest 0 3 4 0 7 5 6 0 1 1

Gain 3 2 1 3 -2 -2 0 2 1 1

Pretest 2 2 3 3

Posttest 0 3 3 1

Gain 2 -1 0 2
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Treatment
Section

150

(cont'd)

Pretest and Posttest Scores (Number incorrect out of
seven)

S
12

Pretest 5 3 2 2 3 3 7 4 2 0

Posttest 2 3 2 3 5 2 5 1 1 3

Gain 3 0 0 -1 -2 0 2 3 1 -3

Pretest 1 2 7 3 5 5 4 5 4 2

Posttest 2 2 7 1 3 6 4 6 4 2

Gain -1 0 0 2 2 -1 0 -1 0 0

Pretest 3 6 4 1 2 2 2 4 4 2

Posttest 2 5 6 0 2 2 2 2 5 0

Gain 1 1 -2 1 0 0 0 2 -1 2

Pretest 4 1 5 7 2

Posttest 3 1 5 5 2

Gain 1 0 0 2 0
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APPENDIX 12

Treatment
Section

(cont'd)

Pretest and Posttest Scores (Number incorrect out of
seven)

S
21

Pretest 1 0 5 2 4 4 5 4 3 2

Posttest 1 1 3 1 4 2 1 1 2

Gain 0 -1 2 1 0 2 4 3 1 -3

Pretest 3 2 4 4 5 1 4 2 3 4

Posttest 2 4 3 4 5 1 1 1 3 3

Gain 1 -2 1 0 0 0 3 1 0 1

Pretest 2 3 2 3 3 6 4 3 3 4

Posttest 5 2 5 1 2 4 4 3 3 1

Gain -3 1 -3 2 1 2 0 0 0 3

Pretest 4 4 4 2 4 3 3 7

Posttest 2 5 4 4 4 0 4 4

Gain 2 -1 0 -2 0 3 -1 3
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Treatment
Section

(cont'd) 152

Pretest and Posttest Scores (Number incorrect out of
seven)

S
22

Pretest 6 3 2 4 1 3 0 4 3 1

Posttest 3 2 0 2 0 1 0 2 3 1

Gain 3 1 2 2 1 2 0 2 0 0

Pretest 1 3 3 3 2 2 3 4 4 2

Posttest 2 2 3 2 3 2 2 6 6 3

Gain -1 1 0 1 -1 0 1 -2 -2 -1

Pretest 4 1 4 2 5 6 3 4 5 5

Posttest 3 1 2 2 2 5 4 3 6 2

Gain 1 0 2 0 3 1 -1 1 -1 3

Pretest 6 3 1 2 6 4 1

Posttest 6 1 1 1 2 3 3

Gain 0 2 0 1 4 1 -2
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APPENDIX 12 (cont'd)

Treatment
Section

Pretest and Posttest Scores (Number incorrect out of
seven)

S
31

Pretest 2 5 3 3 3 5 3 4 5 2

Posttest 4 6 3 1 3 3 4 3 4 5

Gain -2 -1 0 2 0 2 -1 1 1 -3

Pretest 3 6 4 1 2 4 1 4 4 4

Posttest 2 5 3 2 2 3 2 2 2 1

Gain 1 1 1 -1 0 1 -1 2 2 3

Pretest 2 3 5 4 2 2 7 2 5 6

Posttest 2 0 6 3 2 1 4 2 2 3

Gain 0 3 -1 1 0 1 3 0 3 3

Pretest 2 5 3 4

Posttest 2 2 1 4

Gain 0 3 2 0
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APPENDIX 12 (cont'd)

Treatment
Section

Pretest and Posttest Scores (Number incorrect out of
seven)

S
32

Pretest 1 4 3 2 4 3 4 4 4 4

Posttest 0 3 3 3 2 4 3 2 2 4

Gain 1 1 0 -1 2 -1 1 2 2 0

Pretest 3 2 3 5 2 6 2 5 5

Posttest 2 5 3 6 3 5 1 1 1 I

Gain 1 -3 0 -1 -1 1 1 4

Pretest 2 7 6 3

Posttest 2 6 5 3

Gain 0 1 1 0


