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MONTE CARLO EVALUATION OF EMPIRICAL
APPROXIMATION OF MIXING DISTRIBUTIONS

CHAPTER I

INTRODUCTION

Let X be a random variable whose probability distribution

is a member of the class { F(xIX) XcA } where the functional

form of F is given, but the value of the parameter X is unknown.

Statistical estimation procedures are fundamentally concerned with

selecting an estimator 0 which is a function of the random

variable, taking an observation on, the random variable, and using

the subsequent value of the estimator as an estimate of the unknown

value of the parameter X. Selection of the estimator can be based

on various criteria, depending on the assumptions regarding the status

of X. Assumptions about X further serve to distinguish the

statistical framework or theory within which one is working. In an

Empirical Bayesian framework, X is regarded as being the realized

value (realization) of a random variable A , which is distributed

according to some unknown distribution function GOO. In traditional

Bayesian estimation theory, G(X) is termed the prior distribution

and assumed known and specified exactly. G(A) is assumed to express
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vague prior knowledge about A or by other considerations.

Classical (non-Bayesian) estimation theory does not depend on the

notion of a prior G(X). In fact, it denies the existence of G(A)

in most cases and argues that, in others, the exact G(A) is

unknown. Within this framework A is assumed to be a parameter

with some unknown constant value.

Despite the arguments presented against the Bayesian theory,

it is currently recognized that practical situations exist in which

it is proper to formulate an estimation problem with reference to

a distribution of A [10 ], and where suitable data may be

accumulated for its estimation. Robbins [13 ] conceptualized such

situations and initially formalized the Empirical Bayes framework.

Characteristically the problems amenable to Empirical Bayes proce-

dures involve repeated estimation of a realization of A from an

observed value x. This situation may be conceived as arising

from a sequence of independent random variable pairs,

(1-2) ()Cry, (X2,A2),..., (Xn,An),...

where the A
n

are independent random variables with common

cumulative distribution function GM and the conditional dis-

tribution of Xi is dependent on the value of A
n

, i.e.

F(xIA =X) = P(x
n<x- n

lA =X). It is important to understand that actual

observations are never made on A
n

, but on
n

only. The

current value x
n

contains information which may be used to

estimate the realization of A
n

. Under this framework the X
n

are assumed to be generated according to the mixture,
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(1-3) ofF

G
(x) = F(xIX)dG(X),

A

which can be interpreted as a mixing of the kernel F(xIX) by the

mixing distribution G(X).

In the traditional Bayesian context Xs is distributed

according to FG(x), and since G(X) is presumed knoWn, FG(x) and

the estimate for A could theoretically be derived. For example,

it is well known [4,p.46] that for the squared error loss function,

(1-4) L(6(x),A) (6(x) - A)2,

the best estimator of A is given by,

(1-5)
fXdF(x

6 (x)
G fdF(x

X)dG(X)

A) dG(A)

the expectation of the a posteriori distribution of A given N,I=x.

This estimator is called the Bayes estimator of A with respect to

G, and is best in the sense that, within the class of all estimators

it is the one which minimizes the Bayes risk,

(1-6) P(6,G) = EfE[L(6(x),A)1A=X]}.

Having no knowledge of G(A) prevents the computation of (x),

and prompts estimation of G(X) and the use of the estimate in

(1-5) to obtain an estimate of the optimum Bayes solution. Beside

thecurrentvaluexn' it is evident that the previous observations

x1, x2, xn...1 also reflect information about the distribution of

A, creating a propensity to incorporate their information into the

current estimate of A if they are available to the experimenter.
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Additional motivation for this inclination is provided by noting

that the empirical distribution function,

number of realizations on X
n

which are < x
(1-7) F (x)

converges uniformly-to FG(x) with probability 1 as n co.

Hence it .seems reasonable that spme am based on Fn(x) could

be constructed such that,

(1-8) Fn(x);. F(x1X)da(X),

A

and further satisfy the property of convergence in some sense to

G(0). Substitution of an empirical mixing distribution G(X)

for G(a) in the optimum Bayes solution yields an empirical Bayes

estimator of X.'

Determination of G(X)

Before considering any scheme for estimating G(a), a funda-

mental question regarding its uniqueness must be settled. This

question has been studied by Teicher [18, 19, 20 ] under the topic

of identifiability, which addresses itself to determining if more

than one mixing distribution can induce the mixture FG(x) in (1-3).

More precisely, the mixture FG is called identifiable if for any

probability measure. G*, the relationship,

(1-9) FG(x) =fF(xIX)dG(X) =fF(xIX)dG*(X)

A A
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implies that G = G*. Teicher shows in particular that the-class

of mixtures resulting from mixings of either normal or gamma kernels,

where one of the parameters is fixed, are identifiable.

Various restrictions may be placed on G(X) for the purpose of

rendering FG(x) identifiable or as a technical. aid in its estimation.

The simplest albeit presumptuous restriction on G(A) is that it_

belongs to some parametric family {G(AII,52,...,%)), where

the form of G is knoWn but the values of the parameters {(31,...,m} -

are unknown. Under this assumption, FG in turn belongs to some

parametric family dependent on the m parameters and some preferred

conventional technique such as maximum likelihood may be used for

estimating 031,...,aml As the form of G is seldom known in

practice, this approach in general is of limited interest.

A related but more consequential approach is taken by assuming

F
G

is a finite mixture. Here the parameter X is restricted to a
At.

finite number of values and the family of kernels may be.written

{F(x1Xi); i-= 1,2,...,k }, in which case the mixture is given by,

(1-10) FG(x) = .E h.F(xIA.),
Gk s=1 s s

k
where .E

1
h. = 1 and each h. > 0. Under this framework the

2= 2

mixing distribution Gk is a step function with jumps of hi

X. and the problem consists of determining {X/, ...,X } and

1 In case A A
k

are known, then the form of G
k

is known

and this is a special case of parametric estimation, where the

parameters h
/'

...,h
k

must, be estimated.



This step function approach has appeal and underlies most of

the common methods for approximating G(X). The customary attack

is to use some criterion for choosing either {X
1
,X

2'
...,X

k
}, herein

referred to as a grid, or {h1,h2,...,h0 and estimating the other

set. For instance a natural choice for {h1,h2,...,hk} is

hi = h2 hk. Individual solution approaches can be further

characterized by the choice of distance function they employ.

Maritz [8,p.36] utilizes Kullback' [ 5 ] measure of discrepancy

between distributions f
n

and fc
wk

fri(x)
I(fn,fG ) =

JG.1log

dFn(x)

x
k'

where f
n

and f
G

denote the respective probability density

functions of F and F
Gk

. Minimizing I(f
n

) for a fixed

empirical distribution function is equivalent to determining an fG
k

that maximizes the function,

(1-12)

el.L(fri,fGk) = log{f k(x)}dFn(x)

x

n k
= . log{ .E h .

v
f(x I ) }

n j=1

Either the grid {AI,X2,...,X0 or the weights {h1,h2,...hk}

can be chosen and L(i
n ,f G) maximized over the other seta Maritz

k

prefers to choose equal weights and proceed in a manner analogous to

maximum likelihood, where the grid is determined to maximize the

approximate likelihood of the sample. Adoption of this convention

yields {Gk} converging weakly to G.
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In the same monograph, Maritz suggests an alternate-approximation

based on the method of moments and not predicated on specifying. a.

distance function, but remarks that the procedure is tantamount to

the implementation of some tacit distance measure. In an earlier

paper [ 6 ] an approximation based on the X2 goodness of fit

was proposed.

Deely and Kruse [ 3 ] employ the sup norm,

(1-13) - FnII = supIFH(x) - Fn(x)I,

where Fn(x) is the empirical distribution function, and FH(x) is

any mixture for H e Gn where Gn is the class of discrete distri-

butions on A with weights at {XI,X2,...,Xn}. G (A) is selected

to be the distribution in G
n

which yields the inflIF
H

- F
n
II.

HEG
n

The sequence of grids is chosen so that the sequence {Gn} converges

weakly to G. It is then shown that {h h
2'

...,h
n
} may be deter-

mined by the solution of a linear programming problem.

Choi [ 1] adopts a similar approach by selecting the discrete

distribution G
n
(X) that minimizes the Wolfowitz distance,

(1-14)
n
,F
H
) = [F

H
(x) - F (x)]2dF

n
(x).

x

The sequence {G
n
} so constructed is shown to be a consistent

estimator of G, but unlike the method offered by Deely and Kruse

the computational feasibility is not clearly established.

Alternate approaches of estimating G(X) have been established

which depend on placing additional restrictions on either the kernel
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or the mixing distribution. For instance Rolph [16 considers-the

case where X is distributed on the integers and G(X) is defined

on the interval [0,1] such that the kernel is a polynomial in X.

In this situation the mixture can be characterized by the moments

of G(X). A Bayesian approach is then proposed for estimating G(X)

by assuming a prior distribution on the moments of G(X).

Rutherford and Krutchkoff [17 assume that G(X) is a member

of the Pearson family of distributions and that the kernel satisfies,

(1-15) fhk (x) dF(x X) =
k

1,2.,3

for known h
k
(x). An estimator is then developed which converges

in probability to fAkdG(A) for increasing sample size n.

For large, enough n the parameters of a recognizable Pearson curve

may be estimated from their estimator.

Objectives of this-Research_

In a hypothesis testing framework, Robbins [15 suggested a

method of construction of consistent (at the continuity points of

G(X) ) empirical mixing distributions. Following Robbins, Phillips

[11 has developed a procedure for constructing a sequence of

pointwise consistent estimators which approximate the unknown mixing

distribution when the kernel is a member of the exponential family.

The general objective of this paper is to examine the properties of

the Phillips procedure based on small sample sizes and a limited

number of grid points.

The degree to which the estimators approximate- G(X) depends



on the number of grid points and their location, however, the

nature of the relationship is not explicit. Due to the complexity

of the computations involved, this consideration has direct bearing

on the applicability of this procedure. Moreover while asymptotic

properties are desirable, examination of the performance of empirical

Bayes procedures for small sample sizes is also important, as their

use is theoretically appealing in many situations where the amount of

available data is not plentiful. Consequently the choice of an

empirical Bayes procedure over a conventional technique depends on

its comparative effectiveness when the information is limited.

The specific objectives of this paper are:

1. To review the estimation procedure and its properties as

developed by Phillips.

2. To derive the functional relationships necessary for appli-

cation of the estimation procedure to normal and exponential

kernels.

3. To derive the functional form of the expectation and vari-

ance of the estimator for normal and exponential kernels.

4. To compute the expectation and variance of the estimator

for normal kernels and selected grids composed of limited

points.

5. To demonstrate the effect of grid choice on the estimation

procedure.
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6. To compute mixing distribution approximations for normal,

kernels based on small samples of Monte Carlo simulated

observations.

7. To illustrate the effect outlying observations have on the

estimation procedure.

In Chapter II objectives one, two and three are undertaken.

Numerical results addressing the remaining objectives are given

in Chapter III. A summary and the conclusions of the analysis make

up Chapter IV.
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CHAPTER II

Let X
1'
X
2'

...,X
n

be independent observations on the random

variable X with density,

(2-1) fG(x) = f(xIX)dG(X).

A

Assume that the functional form of the kernel f(xIX) of the mixture

is specified, fG(x) E H, GOO E G, and the family H is identi-

fiable in G. Further assume the existence of the cumulative distri-

bution function,

(2-2) F(xjX) = lyxx),

which is absolutely continuous with respect to p the measure on the

measure space (X,A,11) and that,

(2-3) f(x1X)dp(x) < A c A.

A compact subset L of A is assumed to exist such that,

P(A C L) = 1. In this paper A will be the real line and L a

closed interval [Xi,Xr], -co < X/ < Xr < co. Define a grid on

to be a finite sequence {X1,X2,...,Xk} C L, *here

X < X < X < < X < A
Z ' 1 2 k r
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Formulation of the EstimatiamProcedure_

Consider now the Phillips [12 ] method of estimating the value of

the mixing distribution at some fixed point X.. Given the grid,

consider linear combinations of the known kernels as a point estimator

G(A0). For a single observation xv, such a linear combination

may be written,

(2-4) 0(xv

where a;.= = (AxvIX1),,f(xvIX0)

The subscript A. on the alpha vector and, its elements signifies

their dependence on its value.

The expectation of 0(xIX.) is expressed,

(2-5)

By defining,

(2-6)

and

(2-7)

Ex0(xIA.) =f0(xIXOff(xIA)dG(A)dp(x)

A

=ff0(x1A0)f(x1X)digx)dG(X).

A x

ihi(A) = f(xlAi)f(xIA)41(x), i . 1 2,...,k

x

= 01(x),h2(x),...,hk(x)),

the inner integral of (2-5) may be written in vector notation as,

(2-8)

0(x1X0)f(x1X)dp(x) = lot;. cf(xIX)dp(x)
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Hence,

(2-9)

i
Ex()(x1X.) = aio. nxdG(X)

A

= t.
A.-

Now if a
A.n A

could be constructed such that,

(2-10)

where

(2-11)

then

(2-12)

a' n
A

= H(XIX.),
0-

{
1, A < X0

H(XIX0) =
0, X > A.

E 4)(x1X0) = G(X0),

i.e., 0(x1X0) would be an unbiased estimator of G(A0).

Unfortunately this condition cannot be satisfied, since

in general no axe exists such that (2-10) holds for all values

of A. This suggests selecting that axe for which axenx

yields the best approximation in some sense to H(X X.) and

subsequently using that axo when estimating G(X.).

Properties of the Estimation ,Procedure

Many questions can be posed if such a procedure is to be

considered. Three such questions regarding convergence have been

investigated in [12 ].



1. Can one establish a grid selection procedure such that

a n converges in some sense to H(XIX.) as the number
-X0-X

of grid points is increased?

2. If so, will E
x
(1)(x1X0) converge in some sense to G(X0)?

3. Will an estimator based on (1)(x1X0) converge in some sense

to G(X.)?

Recall (2-6) and let hk denote the set of functions,

(2-13) hk = {h1(X),h2(X),...,hk(A)}.

For the general class of kernels under consideration, hk is a

linearly independent set of functions for arbitrary k.

Further results are now restricted to a specific class of

kernels which is of particular interest, namely those which are

members of an exponential family which yield identifiable mixtures.

A member of the exponential family is represented by,

(2-14) f(xIX) = $(A) eax

where,

(2-15) 0.(X) =
11:Xx

dp(x)]
1

,

and }.1(x) is the sigma-finite measure that determines the density

function.Underthisrepresentation,h.(X) is a continuous -and

differentiable function on any L- and is given by,

(2-16) 13(XiMx)

T1.0) =
13(A + A)

14
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Therefore, h forms a basis for a finite dimensional subspace of

the linear space L2[A
1
,A

k
].

It is shown in [12 ] that a, can be chosen so that
-no

a' n
A

will converge in norm to H(X1A0) as k 00, if the independent
-A0-

sequence h = {hi(X)} is chosen so that it is closed. For two spe-

cific families of exponential kernels, normal and gamma, one finds

the grid points can in fact be selected such that h is closed.

In both cases a theorem by Sza'sz [ 2, p. 282] is employed to

provide a grid selection procedure which yields the completeness

of h in L2[AvAr] and C[AvAr]. Closure is provided by a theorem

due to Banach [ 2, p. 263] which specifies that a sequence of

elements in a normed linear space is closed if and only if it is

complete.

Having thus established the theoretical tractability for

approximating H(1IA0) by ai.enx in the normal and gamma cases,

attention is returned to the exponential family in general. A

kernel is defined to approximable if it is a member of the

exponential family which, is identifiable and is such that there

exists a sequence h = {hi(X)} which is closed in L2[X1,Ar] and

c[Xi,Ar]. A theorem [12, p. 29] states:

Let f(xIX) be approximable and A. be a point
of continuity of G(A). Then given e > 0 there
exists a ke,A0 such that,

lENt0) - Gao)I < E.



The subscript k 0 indicates the dimension of the vectors

a, and S from which 0 is comprised.2
-A.

Let C
G

be the set of continuity points of G(A) in

[AvAr], and note the following lemma [12, P. 33]:

Given E > 0 let,

k
e
= sup {k }

6, 0
A eC

G0

Then k <

Now consider an estimator of G(A0) based on a grid comprised of

the elements and a sample of size n defined by,

(2-17)

and define,

(2-18)

Gk(a0) = ;17 Ok(xv I X0)

dk(A0.). = .yk(x1A0).-
e

It is then shown that [12, p. 34],

where,

, a.
G

k
(A0)

'k
e 6

G(A0) - e < Gk(A0) < G(X0) +

for all X0eCG. Note however, that the estimator defined in (2-17)

2 Since f(xIX) is approximable, there exists a
grid points £ = {AJ such that h = 172(A)1 is cl
such an £ and thel'resulting h the theorem states
based on the first k elements of and h, i

6,X0
will be within e of the true mixing distribution's

sequence of
osed. Given
that if 0 is

is expectation

value at A0.

16
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may not be a distribution function-, since it is not necessarily

bounded between zero and one nor monotone increasing. The fol-

lowing modification accomplishes this requirement however. Define,

(2-19) GZ(X0) =

0, Ao< Az

max.{G(0)}, A
r

A <e<x. ke

1, A<
r

So defined, Phillips' final conclusion may be stated:

G
n
(Ao) is a distribution function such that,

o

Palm Gnk (a° ) = (a° ) at every continuity point of G(Ao)} = 1
n- 6

where,

G(ao) - E < dic(ao) < G(ao) + E.

Choice of Norm and Normal; Equations

Although Phillips did not attempt to derive or calculate

approximations to H(XIA0), he did lay the necessary theoretical

groundwork. A natural choice of norm for his results is the square

norm given by,

(2-20)

b

IlflI = ff(x)12dxf1-

a

aA is to be selected to minimize,
A0



(2-21)

A
r

61.

W(96,..) = [c1;011x - 1-1(XIX0]2dX

Al

=

X. A

(01,;:onx - 1) 2 i+ (aonx)2 dA

AZ Ao

ar Ao

;[ DAD; dX]a1.-2a5. px dl

A
z

Al

= (2j:0B ax. - 2gZy + A.-Xi.

18

The normal equations which result from differentiating W(aZ)

with respect to axo and equating the result to the zero vector are.

(2-22) Ba
X.

= y.
--

Once the elements of B and y have been specified, one may solve

for a, by computing,

(2 -2 3) =
ix.

Derivations for Normal Kernels

In the representation of the exponential family given in

(2-14), a normal kernel with unknown mean X and unit variance

is expressed by,

e-X2I2 eXx, < A <00

where,

(2-25) J1(x) = e-x/2
dm



On denotes Lebesque measure). Hence,

(2-26) R(A) = e
-X2/2

and
X .X

(2-27) hi (X) = e
s

Normal Equations

The elements of B and x are derived as follows,

Ar

bij = hi(X)hj(A)dA
.1.X

1

(2-28)

and,

(2-29)

Ar

1
(Xi+X j)

X (X.+X.) X (X.+X.)r j Z j
-e

27(X.+X.)
2 j

(Xr - X
Z
)/27 '

yi

=ihA0

i(X)dX

A

X/ .X X.X
° AZ.AZ
-e L X.00a. 27r

(A0 x )/VifT, A. =

X + X . #_0

X.+X. = 0
s

19
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Expectation of 0(rIxo)

To evaluate the expectation of WIA0) the mixing- distribution

must be specified. For the purposes of this paper, a logical choice

is to specify G(X) to be the naturally conjugate prior distribution.

Hence for a normal kernel, G(X) will be a normal-c.d.f. with

mean p and variance a2, i.e.,

(2-30) dG(X) =
x_02/2a2dx.

Now recall (2-9) and write an element of or dG(X) as,

(2-31)

00

1 1 X.X
t. = (210-i e 1 dG(X)

-00

1
". 2

= (2n)
/

Variance of 0(xIX0)

Given a normal mixing distribution as specified in (2-30),

the-mixture f6(x) is a normal density with mean p and variance

a2+1 [ 8, p. 421. Denote the c.d.f. corresponding to f ( ) by

N(x;p,a2+1) , and write

Ex
{q)(xIX0)}2 = 1.1a' a.W dN(x- a2+1)

-A0-- -X0 "
_Co

00

= ado[ ECdN(x;p,a2+11axo
-

= a' S a
- X,- -X0°



An element of S is given by,

(2-33)

Hence

(2-34)

.I..91.4 = fUlyf(x lAj)d111(x;p,(12171)
-00

el.

-(X2.+X2) (X.+X.)x
-1 2 2 g' 2 j

= (270 e e dNx;11,(52+1)

.00

00

-2(ai+X2.) (X.+X.)p + A.+X.)2((52+1)

= (21r)-' e
d 2 2 a

Vary( 1A,)} = (26:0S2x0 - ax tt"ax

Derivations for ExponentialKernels:

An exponential kernel is a special case of a gamma density

and may be represented as,

0 < x <
(2-35) f(xIX) = Xe-Xx,

0 < A

where,

(2-36)

and hence,

(2-37)

13(A) = A,

X

hi(A) =

The exponential distribution is a natural choice for the mixing

distribution, in which case,

(2-38) dG(X) = pe ca,

< A
P A

0 < 1.4

21



and the mixture is

(2-39)

co

fG(x) = p fAe-(1-1+x)XdA

0
<x < 00

P
o < T.(1-1+x) 2

Normal Equations

The elements of B and

For i 1j,

(2-40)

in (2-21) are given as follows.

fAr

bii = hi (X)h (X) dX

A I

Al

X .X .X2
d

(X .+X) (X .+X) dA
I, d

A. A.

= Xs A. .{ (/f. - a
d Xi+X) (/

Xj +X
)dX}

Ar

1 4)(1= -.X., /dX - A. dA dX
0 s 7.7-7 Au 77.77 +A 'A

dX

s s 0 (A .+X) (X +A)l
3 1, d

Xi Xi Xi Xi

r Ar r Ar

22

A .+A
= X.X.{X - A+ / X21n 1 r

2 j r 1 X -X . i X .-I-X
-7, s Z

A2.In
. "3 21}A .+A

X
a

+X



23

For i =j,

b2.
i

(2-41)

For x,

y .

Ar

2 X2

+ (Aria+X
Xi

=
i Xi+X)

dA

A

(

Jr
Z

X,+X
A?{A

{

. _A - 2A.In .12"..'sr/. / X.+X
Z

X.

X. + X
dA

A )
)(X+X )2 r 7,

(2-42)

A

Ai{10-Ai + Xiln(Xi+Xi) - Xiln(Xi+A0)1.

Expectation of 0(x1X.0)

For the mixing distribution given in (2-38), an element of

ornX
dG(X) in (2-9) can be expressed,

-

co

t/ . =
e

-uX
dX

X. +.X

afiX.X11

0

ail

A
-/, II

= Xip (1 - 77.73)e
-X

dX
/

CO

0

+X

X

= X. - Xift 111 dA
X

0

where the resulting integral cannot be expressed in closed form.
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Variance of (1)(x1A0)

The variance of (1)(xIA.) can be expressed as in 2-34), where

now an elenent of S is given by,

(2-44)

sij { f(x I X.)f(x I X .)f(x I dx}dG(X)foof.
0 0

=i

r
-(Ai+Xj+A)xdx}dG(A)

A.X.Ae

0 0

A1 ..X-A

---1-- dG(A)
2 j

af

A.+A.
.A= A. (1 - A.1+ '---12--) e-PAdA
s 0 A.+A

7, e

CO

0

i e-PX= A .A . - X .X . (A .+X Op , . , dA.
-2 0 2 a 2 a X A-A .+A

2 0

CO

0

Numerical results for this mixture of exponential kernels will

not be offered in this paper. The importance of variance consider-

ations will be seen in the analysis of the results for mixtures of

normal kernels in Chapter III. Since the variance of the mixture of

exponential kernels in (2-39) does not exist, this case was not

pursued further.
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CHAPTER III

Numerical results for the functional relationships derived in

Chapter II are now given. In line with the purpose of:this paper,

only grids consisting of a limited number of points k are considered.

However it should be mentioned that as k increases, inversion errors

result when computing 1. Apparently some of the elements of B

are nearly co- linear, even though they constitute a basis.3

Questions regarding the manner and degree of approximation of

aloha
to H(X1X0) and the expectation of the estimator to the

mixing distribution are considered, where the mixing distribution is

specified by choosing the parameters in (2-30) to be p =_O and

a2 = 1. This choice of parameters yields the normal mixture denoted

by,

(3-1) fG(x) = dN(x;0-,2).

Based on small samples of Monte Carlo simulated observations from

this mixture, empirical approximations are calculated and examined.

Approximation of [4)

To gain an initial evaluation of the approximation procedure,

results were obtained based upon selecting two to seven equally

3
The standard FORTRAN inversion routines contained in the IBM

Scientific Subroutine Package were employed. Construction oLmore
sensitive inversion routines was not warranted for the purposes of
this paper.
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spaced grid points in the following manner.4 Letting AZ= X1 and

A A
r'

the _grid points are spaced one unit -apart and:centered about

zero, the true but supposedly unknown mean of G(A).

1. Fork = 2, t =

2. For k = 3, £ = {-1,0,1}.

3. For k =

4. For k = 5, £ = {-2,-1,0,1,2,}.

5. For k = 6, £ =

6. For k = 7, £ =

Figures 3-1 to 3-6 illustrate the approximations that resulted

from the previous grids for three arbitrarily selected values of A0,

namely A. = X
1, 4

A. = 0, and A. =
r . Several observations should

2

be made-from these figures. For k = 2 the approxiMation is

nearly linear for each selected A.. As k increases the amount

of curvature increases until a n appears to oscillate about
-X.-A

H(AIA0). This.oscillatory characteristic is most apparent for

k = 7 in Figure:3-6c Where a' n equals H(A IX.) at seven points
-Xo-A

and displays_five.relative extreme. Closer collective examination

of the figures supports this ostensible oscillatory pattern. For

each k, a;:n equals H(XIX.) at no less than k - 1 points

and attains equality at k points at least once in every case.

Hence it would.appear that increasing oscillation about H(AIA0)

describes the manner in which a" n converges.
-A0 A

Focusing_on-thn three selected values of A. another apparent

characteristic can be observed; ai.ri appears to approximate H(XIA.)

4 Selection of equally spaced grid points is intuitively appealing
and theoretically sound by Szgsz's theorem.



Figure 3-1a. H(XIA.) and CL;onx for A.0=-1-1+ and t={-1,1-}

Figure 3-1b. H(AIX.) and ot;onx for X0=0 and t=

1

A0 2
1 1
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11
2'2

Figure 3 -lc. H(X1A0) and oti..nx for X.= and t={ -i,i}



Figure 3-2a. H(X I X0) and for X = -1 and t=gA.DA 2

X
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Figure 3-2b. H(XI X0) and ai.nx for X0 = 0 and t ={-1,0,1 }.

Figure 3-2c. H(XIX0) and ct;onx for X0=

A
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A

Figure 3-3a. HOPI. and ct- n for A =---2 and t={-11* -1 1 1212' 2'2' 2

1

-12
2 2 A. 2 12

A

Figure 3-3b. H(A1X0) and A.% for X0=0 and t={-11,-2,2,12 }.

Figure 3-3c. H(A00) and ct;onA for A0=-193-

A

and t= {-II' -I I 1}2' 2'2' 2
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\\12 X

Figure 3-4a. H(X I X0) and cti.onx for X. = -1 and = {-2,-1,0,1,2}.

Figure 3 -4b. H(X1X0) and a.; n for X0= 0 and

Figure 3-4c. H(X1 X0) and aionx for X. =1-}

X

A

d {-2,--1,0,1,2}.
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Figure 3-5a. H(alX0) and Sti.rix for X0=-1.! and £.={-2.i,-11,--1,1,4,2D.
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-1 0 1 2

Figure 3 -5b. H(alX0) and c4;0rIx for a0 =0 and .

-222 1_ 1 A0

Figure 3-5c. H(AIA0) and a;Onx for ao = .11-31 and t =
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Table 3-1. Pertinent values accompanying Figures 3-1 through 3-6.

k £ 1BI A0 adoMa )
-X0

-.250 .0810 (3.1156,-2.4906)

2 {-.5,.5} 2.183x10
-3

.000 .0629 (4.3528,-3.1125)

.375 .0764 (2.7209,- .5547)

-.50 .0765 ( 2.2670,-3.1972, .9868)

3 {-1,0,1} 1.344x10
-3

.00 .1374 ( .8368, 1.2533, -.8368)

.75 .0748 (-1.0626, 5.5904,-1.8281)

-.750 .1244 ( .3118, .4098, -.7739, .1813)

4 {-1.5,-.5,.5,1.5} 1.866x10-2 .000 .1129 (-.6979,4.7931,-3.4423, .5887)

1.125 .0619 ( .1234, .0119, 3.3412,-.8344)

-1.00 .1144 (-.1366,1.6732,-2.5954, .9891,-.0988)

5 {- 2,- 1,0,1,2} 2.187x10 0.00 .1831 (-.1048, .8695, 1.2533,-.8695, .1048)

1.50 .0854 ( .0111,-.0853, 2.5948, .1552,-.0885)

-1.250 .1253 (-.030, .458,-.743, .282,-.035, .001)
6

{-2.5,-1.5,-.5,
.5,1.5,2.5} 8.178x10

6

0.000 .1486 ( .026,-.521,3.618,-2.267, .398,-.020)

1.875 .0864 (-.003, .027, .603, 2.345,-.402, .016)

-1.50 .1477 (.001,-.035,.681,-1.223, .422,-.043, .001)

7 {- 3,- 2,- 1,0,1,2,3} 3.8760(10" 0.00 .2454 (.002,-.070,.623, 1.253,-.623, .070,-.002)

2.25 .0757 (.001,-.019,.197, 1.884, .469,-.082, .003)
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more closely for x. - ixr, , Support for this observation is given in4

Table 3-1, which summarizes the pertinent values accompanying Figures

3-1 through 3-6. For each k except k = 2, the value of the norm,

4/7375, is smallest for X. = !Ar. That the approximation improves

for A, closer to the end points of :IL is not too surprising. For

X. = X the obvious choice for a
A

is the zero vector, in which case
0

a-
.-
n
X

will be identical to H(A IX.). If A. =
r'

a
Xo

can again beX

chosen such that a" n
A

will be identical to H(AIX0), if k is odd.-A.-

1+This results because the central grid point, i.e. eleMent k21
of c,

is zero. Hence element
k21

of DA is a constant function equal to

777. Therefore aX.enx will be identical to H(A(A0) if element
k +1

of a
X0

is chosen to be 727 and the remaining elements zero.

Observanceof.the=istancyofh.(X) for A. =,0 prompts exam-
2 2

ination of a
X.

in Table 3-1. For odd k, the magnitude of the

central element of a
Xo

is largest in every instance. Consequently,

of the individual elenents of nx, the constant function receives

the most weight. It is also of interest to note,the forw of a
X.

for

X. = O. In each case
aao (a1Ao,a2X0"."7a2X,'-a/X0) and the central

element equals 1.2533 =-27-. This results in at;onx being equal

to one half at A = 0 and an odd function about (0,1).5 For k even

there is no constant function in the selected basis, however one of

the two central elements of a
X0

always dominates the remaining

elements.

For A = At, let g(At) = a' n - 2, then -ga
g(-At)
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Computation of a(Ao)

The expectation of (1)(xIX0), given in (2-9) and denoted by

a(x.), was computed based on the previous grids. For the specified

mixing distribution, an element of t in (2-31) is given by,

(3-2)

112

t. = (27) -2 e .

Figures 3-7 through 3-12 depict 5(X.) and corresponding G(A0)

for each of the six cases.

Increasing oscillation about G(A0) appears to summarize the

behavior of E(X0) as k increases. In each case G(Xi) = 0 G(X1),

which is due to the previously noted fact that (4.= 0 at AZ. At

Xr, E(Ar) >G(Xr) in every case and G(Ar) = 1 if k is odd.

Recall this occurs since the central element of ax is (27)2 with

the remaining eleMents zero and the central element of t is (2,0 2.

Between -A and A
r , acko equals G(A0) at an increasing number

of odd points in each succeeding figure; equality occurs at k points

if k is odd and at k-1 points if k is even. Examination of the

values from which G(A0) was plotted for odd k reveals that it is

also an odd function about (0,2) and equal to one half at X. = 0,

for the same reason that ct" fl equaled one half at A = 0.

Further observe that G(A0) is not necessarily increasing

nor bounded between zero and one. Except for k=2 in Figure 3-7,

where G(A0) is nearly linear, no G(A0) illustrated exhibits

monotonicity. This is probably most strikingly shown in Figure 3-8

for k=3, where G(A0) decreases about one half a unit over the

middle half, of L. As k increases, -6(A0) increases monotonically



-1 _1
2

Figure 3-7. G(A0)

0 2

and G(A0) for .e.--1,11.

1

-1 0

Figure 3-8. T(a.) and G(a.) for Z={-1,04}.

1

Ao

ao

-1 0 1

Figure 3-9. TO.) and G(a.) for t={-4,-i,-},lt-}.

11
2
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-2 -1 0 1

Figure 3-10. G(A0) and G(a.) for t=1-2,-1,0,1,21.

Figure 3-11. Z(at)) and GOO for 1=1-21 -11 -1 12, 2, 2,21 ' 1
2

2
2

)

-3 -2 -1 0 1 2

Ao

3

Figure 3-12. G(X0) and G(A0) for t. ={-3,-2,-1,0,1,2,3}.
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over a larger portion of the central region of L with non-

monotonicity being exhibited relatively nearer to the end points of

L. It is readily apparent that G(X0) exceeds one for k=2 in

Figure 3-7, and boundedness between zero and one does not necessarily

accompany increasing k, as can be seen in. Figure 3-12 for k=7.

A cursory examination of the six figures suggests that in some

general sense the average distance between G(A0) and G(X0)

decreases appreciably for the larger values of k. That G(X0)

approximates G(X0) closer for larger k is expected, however,

closer collective examination of the figures suggests that the

influence of the length of L on the approximation should be investi-

gated. Consider the case of k=2 in Figure 3-7. If the length

of L was decreased, it seems reasonable that the slope of G(A0)

would increase over L. On the other hand, 'increasing the length

of L might result in improving the approximation by decreasing

the slope of a(X0) over L. A similar result seems plausible

for k=3. Recall that G(AZ) must equal zero and G(Ar) one.

Now consider the possible result if it is true that G(X0) is inher-

ently compelled to be odd about (0,0 and equal G(X0) at three

points, one of which is at X. = 0. As L is expanded, G(X0)

could tend to resemble the somewhat more realistic (20) depicted

in Figure 3-9, i.e., the apparently inherent oscillations become more

damped as L increases. On the other hand, if L was decreased,

the magnitude of the oscillations could increase. Similar arguments

are applicable to the subsequent figures.

To demonstrate the effect of varying the length of (X0),
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the following examples-are offered. In each case the grid points-are'

equally spaced and centered about zero. For k=2, Figure-3-13 illus-

trates the resulting a(xJ when Li= [-i,t], L2= [-M], and

L = [ -id]. Similarly, Figure 3-14 illustrates Nu when k=3,
3

for L:* [4,0, L2= [-1,1], L3= [1,4], L4= [-3,3], and Figure

3-15 illustrates G(A0) when k=7, for L = [-2,2], L2= [-i,i],

L
3

= [-3,3], and L4= [ -4,4].

For k=2, Figure 3-13 depicts the anticipated result, namely

the slope of (X.,) decreases over the central portion of L as L

becomes longer. a(X0) also tends to exhibit some curvature. as L

lengthens. The results for k=3 and k=7 are similar. As L

increases, the oscillation in a(X0) becomes relatively damped and

confined to the tails of L, with a(A.) increasing monotonically

over the central portion of L. Furthermore in this section where

it increases monotonically, the average slope of G(lo) appears

to decrease as L lengthens. For sufficiently large. L, the plot

of "(X.) proceeds-negative:from zero at X For shorter L,

GOO increases from zero at A and the rate, at which this occurs

increases as L shrinks. This characteristic is accompanied by

oscillations of increasing amplitude over smaller and smaller inter-

vals, where the number of oscillations depends on k.

When employing equally Spaced grid points centered about zero,

k determines the amount of inherent oscillation in a(X.) and the

length of L determines the behavior of the oscillations. It is

evident that the choice of L is important. For instance it is

clear for k=3, that 61(X0) is unacceptable as the expectation of
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Figure 3-13. G1(X0)

G3 (AO

1

2

for

for

1

2

tl = {This"!} C'2 (/10)

t3={-4,4}.

1

for f2

Figure 3-14. G1(A0)

G3 (AO

40

for t1 ={-740041, G2 (A0) for t2 {-1,0,1},

for 23 64(A0) for 24 {-3,0,3}.



Figure 3-15. Z1(X0) for

d3(X.) for

G2(Ao) for z2=t-22,-13,-1,04,4,211,

£3= {- 3,- 2,- 1,0,1,2,3} and -d4(A.) for £4= {- 4,-23,- 13,0,13,23,4 }.

xo
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an estimator for a normal mixing distribution with zero mean and

unit variance. Whereas the damped oscillation in the tails of

G4(10) is probably not critical and the range of monotonicity it' ex--

hibits makes it comparitively appealing. For k =7 in Figure 3-15 the

same contrast applies to G (X.) versus a (A.).
1 4

Computation of the Variance of (1),(xIX0)

For the specified mixing distribution, an element of S as

derived in-(2-,33) is given by,

XiX.+ 2(1 +1j)2
(3-3) 8.. (270 e

se

Using thig result, (2-34) was employed for calculating the variance

of (1)(x1X0). The subsequent numerical results Were deemed to be

unreasonable due to their large magnitude. An example of these

results, for the grids specified in (3-4), is given in Table 3-2.

Table 3-2. Variance of 45(x1X0) for selected values o AO

k A0=-11 10= 0 X0=2

3 106.5 102.5 139.6 0

4 162.9 3,734.1 5,600.2 11,129.1
5 2,390.1 6,250.4 7,591.0 1,228.9
6 168,542.1 294,165.4 395,821.1 628,208.9
7 157,047.9 807,613.7 922,210.1 543,336.2

From a computational standpoint, the contributions provided by

a tt a were correct, babed on the previously computed values
-X -X0

of a(X.). It is the value of the term aX.S a accounts for
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the unreasonably large variance of 0(xIX.).6 Some insight-into-these

excessive variance values may be provided from the Monte Carlo simu-

lation of the estimation'procedure.

In the remaining sections, a Monte Carlo-simulation of the

estimation procedure will be designed and the behavior of the

estimation procedure analyzed. The results of the analysis-may-provide

some insight regarding these excessive variance values.

Monte Carlo Simulation of the Estimation Procedure

To examine the small-sample (as opposed to asymptotid) behavior

of the estimation procedure, the following Monte Carlo simulation

experiment was performed. Five grids consisting of three to seven

points were selected. In each case the grid points are equally

spaced and centered about zero with X
/
=X and A =A

r
. Selection

of the length of L was based on its influence on the behavior of

d(A.). In-each case the corresponding G(X0) exhibits montonicity

over the central portion of L, with the inherent oscillations

restricted to the tails.

1. For k = 3, t = {-2,0,2}.

2. For k = 4, £ =

(3-4) 3. For k = 5, =

4. For k = 6, t =

5. For k = 7, £ = {-3,-2,-1,0,1,2,3}.

Letting xv denote a simulated observation on the random

variable X from the mixed distribution (3-1), a raw estimator of

6 The computation of a'S al was examined to assure that its

correctly
.

value was being calculated rrectly and not subject to rounding error.



G(X0) is

(3-5) G(lo) = 2
n v= (A0).
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Three sets of raw estimators were computed for each grid. Each set

of raw estimators consisted of one hundred values of G(X .) -calculated

at A. = -11, 0, 1, and 2.7 The three sets of raw estimators-are

based on different numbers of observations n, namely n = 10, 100,

and 1000. For each of the fifteen sets, estimates of the variance

were calculated based on the true mean according to,

(3-6)
100

a, = 100 E (Lao) (A0»2)j=1 j

and estimates of the true mean according to,

100
1

(3-7) C(Ao) =
100 j=

.E G.(A0).
1

For the described experiment, a total of 100y000 simulated

observations on X was generated according to the composition

method [ 9, p. 260]. For n=10, the first 1000 of these observa-

tions were utilized for estimation under each grid. Likewise

the first 10,000 were employed for n=100, and the total sample

for n=1000. Thus for a specific n, the jth raw estimate for

each grid is based on the same set of observations.

Examination of the computed values of G(X.) revealed they

were not necessarily bounded between zero and one or monotone

7 For k=3, G(A0) is not computed at A0=2, since A
r
=2

and hence G(2) E 1, due to the structure of ax..
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increasing. Consequently each'set of raw estimators was adjusted

in two ways yielding thirty additional sets of estimators:_ Since

the mixing distribution G(X) is bounded between zero and one,

each G(X0) not in this range was adjusted accordingly. If a. value

of G(A0) was negative it was replaced by zero; it was replace&by

one if it exceeded one. This resulted in fifteen corresponding

sets of bounded estimators. An additional fifteen sets of monotone

estimators were constructed from the bounded estimators for each j,

by adjusting from the left in the manner of (2-19) such that

a.(-11) <a.(0) < a.(1) < a.(2).
J 2

Estimates of the means after both adjustments were calculated,

using (3-7) and estimates of the variance according to,

^2 99 ^ 7
(3-8) aG ^

=
.

91 1 a
E (G. A.) - G(A0))2.

9 ,7=

Appendix A contains all resultant values of G(X0) for the described_

experiment and Tables 3 -3 and 3 -4 summarize the variance and mean

estimates.

For the raw estimates, the estimate of the-Variance of 0(xIX0)

is given by the estimate of the variance of G(X.) times the number

of observations n, i.e.,

(3-9)
^2 "2
a
0
=

"2
Hence for any fixed k and A. in Table 3-3, one would expect aa

for n=10 (n=100) to be on the order of ten times the magnitude of



Table 3-3. Estimated variance of G(a.) for selected values of X. .

k n

For Raw Estimates

= X0 = 0 X0 = 1

For Bounded Estimates

X.= 2 X0=-14 X0 =0 Xo=1 X0 =2

For Monotone Estimates

X0 = -12 Xo= 0 X.= 1 X. = 2

3

10

100

1000

.0499

.2776

.0138

.0621

.1511

.0335

.1050

.0323

.0726

.0384

.0416

.0139

.0296

.0275

.0234

.0333

.0278

.0368

.0384

.0416

.0139

.0267

.0272

.0169

.0281

.0280

.0262-
4

10

100
1000

.0099

.0147

.0029

.0478

.3436

.0128

.0551

.4234

.0468

.0726

.2630

.2837

.0096

.0105

.0030

.0421

.0132

.0094

.0339

.0208

.0260

.0227

.0314

.0546

.0096

.0105

.0030

.0421

.0088

.0046

.0320

.0102

.0085

.0171

.0151

.0201

5

10

100

1000

.0415

.1126

.0171

.0362

.2491

.1010

.0477

.0199

.2099

.0084

.0049

.0427

.0303

.0033

.0012

.0363

.0126

.0252

.0395

.0067

.0052

.0065

.0024

.0274

.0303

.0033

.0012

.0348

.0126

.0252

.0326

.0067

.0052

.0041

.0012

.0003

6

10

100
1000

.0174

.0245

.0016

.0334

.0165

.0080

.0237

.0212

.0183

.0427

.0118

.0736

.0168

.0035

.0007

.0337

.0096

.0042

.0227

.0073

.0035

.0227

.0078

.0009

.0168

.0035

.0007

.0327

.0084

.0042

.0168

.0072

.0035

.0037

.0078

.0009

7

10

100

1000

.0320

.0117

.0083

.0362

.0116

.0291

.0507

.0127

0362

.0249

.0060

.0498

.0213

.0029

.0082

.0336

.0117

.0070

.0364

.0087

.0125

.0198

.0046

.0005

.0213

.0029

.0082

.0319

.0117
00037

.0284

.0082

.0047

.0015

.0009

.0004

rn
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a^
2

for n=100 (n=1000) and one hundred times the magnitude of

^2
ad for n=1000.. However note that the relation,

(3-10) 6 2 (n=10)
(I)

<
o (n=100) < 132 (n=1000)

(I)

holds in all nineteen cases but three: at X0= for k=3,6 and

at X0=0 for k=4. The most dramatic example of this is seen at

A0=2 for k=4 where 6;=.726 for n=10, +26.3 for n=100

and 1;2=283.7 for n=1000. Placing more confidence in estimates
(I)

based on larger sample sizes implies that the variance estimates for

n=10 and n=100 generally underestimate the true variance.

As would be expected, the variance estimates based on the bounded

estimates are universally smaller than the corresponding raw variance

estimates, the exception being for the case where no bounding was

necessary and the subsequent variance estimate is based on G(Xo)

rather than i5(X0). Likewise each of the variance estimates based

on the monotone estimates are at least as small as the corresponding

bounded variance estimates. It is of further interest to notice that

the relation expressed in (3-10) holds in all cases for both the

bounded variance estimates and the monotone variance estimates.

Turning to the raw estimates of a(A0) in Table 3-4, it is

not apparent that the value of k has any discernable effect on how

7
close G(.0) estimates d(Xo) for fixed n and A0. In fact for

any k it appears that many observations are needed before GOO

estimates .6.0.0 as accurately as one might desire. As an_example

consider the difference betWeen (0) and G(0) for n=1000 and

k=5. The magnitude of this difference is .0592 which is quite



Table 3-4. G(A0) and G(X0) for selected values of X.

For Raw Estimates

k n A0 = -12 A0 =0 X0 =1 X0 =2

For Bounded Estimates

A0 = -12 Xo= 0 X0 =1 A0 =2 A0=

For Monotone Estimates

Ao= 0 Jo =1 A0 =2

3

10

100
1000

U( AO

.0684

.1840

.1362

.1407

.5020

.5630

.4676

.5000

.8073

.7893

.6899

.7349

.0857

.1374

.1362

.5116

.5247

.4749

.8304

.7865

.7059

.0857

.1374

.1362

.5150

.5250

.4846

.8348

.7881

.7166

10 .1345 .4685 .6644 .9043 .1345 .4679 .6572 .8658 .1345 .4679 .6598 .8702
4 100 .1593 .3738 .5497 .8021 .1570 .4344 .6134 .8414 .1570 .4557 .637 .8595

1000 .1569 .4196 .5368 .6827 .1569 .4225 .5481 .7442 .1569 .4305 .5806 .7825

d(X.) .1540 .3939 .5398 .7376

10 .0927 .5165 .8022 .9961 .1183 .5165 .7984 .9833 .1183 .5188 .8130 .9858

5 100 .0493 .4471 .8208 .9913 .0874 .4937 .8118 .9808 .0874 .4937 .8118 .9857

1000 .0294 .5592 .9370 .9279 .0592 .5258 .8425 .9321 .0592 .5258 .8425 .9857

G(A0) .0311 .5000 .8812 .9582

10 .1059 .4979 .7586 .9756 .1073 .4979 .7567 .9486 .1073 .5056 .7714 .9682
6 100 .1067 .4887 .7388 .9488 .1200 .4841 .7298 .9398 .1200 .4869 .7299 .9399

1000 .1023 .4654 .7549 .9914 01040 .4681 .7432 .9477 .1040 .4681 .7432 .9477

G(a0) .0846 .4927 .7721 .9892

10 .0853 .5138 .8139 .9884 .1156 .5114 .7953 .9672 .1156 .5151 .8075 .9886

7 100 .0590 .4992 .8436 .9744 .0733 .4992 .8374 .9657 .0733 .4992 .8395 .9845

1000 .0667 .4739 .8271 1.0076 .0677 .4849 .8362 .9719 .0677 .4972 .8457 .9723

U(X.) .0706 .5000 .8076 1.0012
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large considering that G(X) is comprised of 100,000 observations.

For the bounded estimates an unexpected result-occurs. At- A0=2

one would expect the bounded estimate to be less than or equal to the

corresponding raw estimates due to the possibility of over estimation

on the part of the raw estimator. However for k=4 and- n=100

and n=1000 the bounded estimates are in fact larger than the raw

estimates which implies that some of the raw estimates were negative.-

Examination of Table tv-5 and A-6 reveals that this is indeed the

case. lor n=100 in Table Ar.5, negative values of G(2) occur at

j=14 and 47., In TableA.,6 for n=1000, negative values of a(2)

occur at j=38,52,58 and -82. It is of further interest to note that

in each of these cases, the negative. at X0=2 are

accompanied by additional inaccurate estimates for at least one other

value of 1.. That is to say, for a given j, if at least'one

estimate G(10) is quite inaccurate it tends to be.associated

with other inaccurate estimates, which recall are based on, the

same-set of observations. This occurrence coupled with the peculiar

behavior of the variance estimates and fortified by the unreasonably

large values obtained for the variance of 0(x1X0) indicates_the

effect of the .obserVations on the estimator should be investigated.

Effect of the Observations on the Estimation Procedure;

It is instructive to examine the effect of various observed

values on (I)(xIX.), (the individual components whose sum determines

G(10)), in order to become cognizant of their aggregate effect. For

the four selected values of A., Tables 3-5 through 3-8 illustrate

the behavior of 0(x1X0) for each of the grids in (3-4). In each
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table 0(xIX.) is given for observational values ranging from

-8.0 to 8.0 by increments of 0.5.

One readily distinguishable feature in each Table for all grids

is the abrupt increase in the absolute magnitude of (1)(x1X0) as

x increases in absolute magnitude relative to the values of 0(xIX.)

for x close to zero. This general pattern provides insight for

explaining the unreasonably large variance values obtained for

(1)(x1) 0). Recall that these values resulted from the contribution

provided by Ex{0(xl X.)}2. It is apparent that {0(x1X0}-2 becomes

excessive in the tails of the distribution and consequently, while

the probability in this region is small, the value of the variance

attributed to the tails is large. Hence it appears that the values

given in Table 3-2 are realistic though undesirable.

Furthermore the pattern exhibited in Tables 3-5 to 3-8 indicates

an outlier could have a substantial effect on the resulting value of

G(X.). According to the entries in these tables, the absolute magni-

tude of 0(xIX.) is no greater than 4.0 for x values within two

standard deviations of the mean and no greater than 32.0 for x

values within three standard deviations. However depending on the

grid and value of X, 0(xIX.) can be substantially larger for

x values beyond three standard deviations.

For demonstrating the effect an outlier has on the entries in

Appendix A, all observed values beyond three standard deviations of

the mean are reproduced in Appendix B. There were a total of 287

outliers (values beyond three standard deviations of the mean) in the

total set of 100,000 simulated observations which is compatible



Table 3-5.

X

-8.0
-7.5
-7.0
-6.5
-6.0
-5.5
-5.6
-4.5
-4.0
-3.5
-3.0
-2.5
-2.0
-1.5
..1.0

-0.5
U

.5
1.0
1.5
2.3
2.5
3.0
3.5
4.3
4.5
5.j
5.3
6.3
6.5
7.0
7.5
8.)

Selected values of

K=3
30658.1523
11273.4634
4149.0742
1526.3186
561.4607
236.5093
75.9300
27.8925
13.2205
3.7194
1.3277
.4479
.1242
.0051

-3.0386
-0.3547
-0.0604
-0.0621
-0.0615
-0.0579
-0.0476
- 3.0193

.C578

.2674

.8371
2.3858
6.5955

18.0387
49.1446

133.6992
363.5423
988.3206

2686.6441

(1)(xl X.) for

K=4
17905.1583
5154.2172
1492.7298
438.E364
132.5198
42.5577
15.2188
6.3548
3.1352
1.7642
1.0755
.68E6
.4404
.2845
.1812
.1166
.0597
.0194

-0.0173
-G.0565
-0.1036
-0.1617
-3.2235
-6.2375

.616 3

1.3200
6.5624

25.8752
94.8220

337.8025
1189.4253
4167.2466

14569.0033

X0=-11.

K=5
-77210.8276
-21770.5435
-6749.7175
-1632.9166
-414.2056
-90.0483
-10.5623

5.0456
5.6821
3.8117
2.1772
1.1211
.5044
.1606

- 0.0256
-0.1225
-0.1673
-0.1776
-0.1577
-0.1005

.0134

.2175.

.5508

.9959
1.2026

-0.5946
-11.5747
-58.6942

-239.5895
-901.6753

-3269.9358
-11643.1286
.41068.6278

K=6
154858.6292
-33190.3731
-6850.3075
-1301.7811
-197.6238

-5.8591
14.6007
9.9930
5.1649
2.4901
1.2042
.6071
.3245
.1821
.1026
.0515
.0133

- 3.0197
-0.0512
-0.0817
-0.1072
-0.1131
-0.0597

.1467

.7002
1.8891
3.5382
1.2103

-34.0255
-254.1553

-1395.3640
-6892.'4857
32472.8391

K=7
39548.3887
6570.3964
681.5109
-109.5502
-104.4040
...42.9293
-10.9624

.4928
3.1889
2.9630
2.0759
1.2487
.6399

-0.201:9
-0.1603
-0.2252
-0.2264
-0.1667
- 0.0393

.1651

.4364

.6828

.5634
-0.8947
-5.9301
-17.7872
-30.8578
37.5557
719.1685

4842.4548
26307.2760

130755.0407
til

1--'



Table 3-6.

X

Selected values of

K=3

(1)(xIX0) for

K=4

X =O.

K=5 K=6 Kr7
-8.0 21342.0483 1'09691.9525 100349.2116 187803.4618 224772.1552
-7.5 7851.6169 31346.8568 28462.2745 39473.7515 45451.6081
-7.0 2338.7645 .8928.0129 - 8300.1202 7831.7235 8453.2790
-6.5 1063.0331 .2522.97L9 - 2209.2316 1359.7346 1290.2590
-6.G 391.3841 - 699.8045 588.4480 152.4702 84.0401
-5.5 144.2982 - 185.3093 144.61543 - 22.3627 ..-46.8224
-5.0 53.4004 43.0797 28.4238 - 24.2274 - 28.7613
-4.5 19.9610 5.7423 ...1.0162 ..10.4997 - 9.5351
-4.0 7.6593 2.7056 3.6894 - 2.3977 - 0.9836
-3.5 3.1338 3.6427 3.3531 .9304 1.6855
-3.3 1.4689 2.9331 2.3547 1.8974 2.0705-2.5 .8564 2.0845 1.5852 1.9103 1.7794
-2.0 .6311 1.4151 1.1048 1.6083 1.3906
-1.5 .5481 .9413 .8257. 1.2477 1.0669
-1.3 .5174 .6178 .6658 .9157 .8270
-0.5 .5056 .3987 .5694 .6324 .6482

.5000 .2486 .5000 .3931 .5000
.5 .4944 .1419 .4306 .1862 .3518

1.0 .4826 .i6C2 .3342 0.0004 .1730
1.5 .4519 - 0.u103 .1743 0.1735 - 0.0669
2.0 .3689 J.0810 0.1048 ...0.3276 - 0.3906
2.5 .1436 - u.1599 - 0.5852 0.4266 '.0.7794
3.0 -3.4689 0.2459 1.3547 - 0.3627 - 1.0735
3.5 -2.1338 -0.3020 - 2.3531 .1332 - 0.6855
4.0 -6.6593 - 2.6894 1.6433 1.9836
4.5 -18.9610 .8580 2.0162 5.1345 13.5351
5.1; -52.4004 5.1414 29.4238 10.7629 29.7613
5.5 -143.2982 21.2171 145.6043 8.7737 47.8224
6.0 -390.3841 .79.u283 58904480 70.4972 83.0401
6.5 -1062.L331 233.3874 2210.2316 - 603.3832 - 1289.2590
7.J -2837.7645 10 U.5765 8001.1202 - 3434.6719 8452.2789
7.5 -7350.6169 3539.7395 28463.2745 ..17221.5654 - 45450.6080
8.0 21341.453 12276.5668 100350.2109 - 81721.8389 224771.1550



Table 3-7.

X

Selected values of

K=3

4)(xl AO for
K=4

A. =1.
K=5 K=6 K=7

-6.,) 3117.7013 '-.122296.9215 24333.6578 197772.9777 - 127689.6955
-7.5 1147.5276 - 3493.8341 6392.9179 41680.4351 - 25563.8126
-7.0 422.7403 -"3958.5239 1933.0776 8316.2386 - 4656.9060
-6.5 156.1062 2816.3018 531.8725 1464.1909 - 671.6654
..6.0 58.0170 - 782.5821 141.0255 173.9553 - 25.1782
-5.5 21.9320 .208.1924 34.7225 .18.5556 34.2102
....5.3 3.6571 49.0558 7.3045 - 23.9577 18.9330
-4.5 3.7735 - 7.0994 1.0753 - 10.8022 6.6606
-4.3 1.9769 2.5581 .1609 - 2.6994 1.6501
-3.5 1.3160 3.7621 .3644 .7131 .2943
-3.0 1.0728 3.0777 .6712 1.7605 .2646
...2.5 .9834 2.2045 .8911 1.8408 .5727
-2.0 .9504 1.5102 1.0225 1.5989 .8806
-1.5 .9382 1.0219 1.0928 1.2961 1.1010
..1.0 .9334 .6963 1.1230 1.0254 1.2266
0.5 .9309 .4885 1.1231 .8122 1.2656

0 .9278 .3652 1.0928 .6571 1.2204
.5 .9208 .3057 1.0198 .5526 1.0790

1.0 .9022 .2993 .8758 .4884 .8127
1.3 .8521 .3432 .6064 .4492 .3760
2.0 .7158 .4395 .1166 .4056 0.2813
2.5 .3454 .5850 .0.7446 .2916 - 1.1644
3.0 -1.6615 .7319 - 2.1610 0.0484 - 2.0746
3.5 - 3.3985 .672 - 4.1332 - 0.9619 - 2.1744
4.0 ..10.8383 .-0.4775 5.4641 ..3.1337 1.0486
4.5 - 31.0619 --5.9009 .2652 - 7.4435 13.6556
5.0 ..-86.3354 -26.9945 39.6452 - 12.3878 45.6636
5.5 - 235.4687 103.9068 213.3065 2.2636 90.3787
6.0 - 641.6705 .377.3634 387.0966 160.4637 - 30.6371
6.3 .1745.8417 -1339.3978 3365.2465 1099.8937 - 1534.1167
7.0 -4747.2902 -4708.7342 12250.9704 5880.6147 -11029.0001
7.5 -12906.0730 -16486.3298 43706.3442 28714.5955 -61313.4149
8.3 -35083.944u -57620.6574 154320.5634 134520.0979 -308080.2159



Table 3-8.
X

Selected values of
K=3

(1)(x 1 X.) for
K=4

X. = 2.
K=5 K=6 K=7

-8.0 - - 9639J.4381 6734.4375 81618.8497 - 382.5378
-7.5 -. ..27543.9992 1911.2784 16948.4496 - 116.8633
-7.0 - 7843.8088 538.2067 3329.9653 - 36.1217
-6.5 - -2215.8564 149.5181 564.8301 - 10.6609
-6.0 - 614.1311 46.6743 57.6492 ...2.4848
-5.5 - -..162.2892 16.8375 11,923 .1066
-5.3 - .-37.4881 3.6103 .10.4977 .8756
-4.5 - - 4.7989 1.1539 *3.8602 1.6620
4.J 2.54103 .8286 *6.2303 1.0756
-3.5 - 3.3210 .8460 1.1459

1114113Z-3.0 - 2.6697 .9102 1.4613
-2.5 ..- 1.9125 .9603 1.3782
-2.0 - 1.3271 .9917 1.1914 .c9)::;

-1.5 .9281 1.0097 1.0165 .9797
-1.0 .6790 1.6199 .8936 .9806
-0.5 .5456 1.6255 .8342 .9883

0 - .5071 1.6286 .8406 1.0042
.5

1.0
-.. .5569

.7029
1.0305
1.0312 1.0459

1.0307
1.0694

1.5 - .9661 1.0297 1.2253 1.1170
2.0 - 1.3763 1.0199 1.3977 1.1505
2.5 1.9484 .9788 1.4119 1.0856
3.0 2.5822 .8246 .8785 .6692
3.5 2.6887 .2636 - 1.1257 - 0.7791
4.0 - 0.1592 - 1.7340 - 6.5463 - 4.8838
4.5 - -15.0662 - 8.7766 - 18.4810 - 14.7276
5.6 - *74.2453 - 33.4925 -36.6353 - 32.1921
5.5 *292.3312 -126.0115 24.4130 - 32.3988
6.3 - -1676.6721 - 422.4631 269.6171 188.1307
6.5 - ...3813.3612 .1479.0024 2188.6883 1793.7187
7.0 - 13425.7471 - 5168.3302 12280.1734 10692.4711
7.5 47436.1290 -18048.4191 61267.0139 55244.6523
8.0 - -164438.6889 - 63010.0817 289605.8807 267678.4693
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with the expected number of about 270. Of these outliers, none was

beyond five standard deviations of the mean and fourteen were beyond

four standard deviations.

In the initial 1000 observations there is only one outlier,

x(989) = 4.338, and for the estimates based on n=10 it occurs at

j=99. Referring to the tables for n=10 in Appendix A, it can be

seen at j=99 that the estimate of G is unsatisfactory for every

grid. For example the estimate is neither bounded nor monotone

increasing for any grid. Furthermore among all estimates at the

largest value of )c., this estimate is the most inaccurate for every

grid. To illustrate the effect of this observation on the estimation

procedure consider deleting it in the estimate a(2) for k=6.

As given in Table A-10, Z(2) = .9756 but G(2) = -.5270. The

contribution of this observation to G(2) is 71:6- 4)(4.33812) = -1.372.

Without this outlier and based on the remaining 9 observations,

the estimate would be,

G(2) =
10

(-.5270 + 1.372)
9

= .9389,

which is quite close to the expected value and drastically different

from the given estimate. This one outlier is only slightly larger

than the qualifying value and it can be surmised that other unsatis-

factory estimates for n=10 are based on observations which nearly

qualify as outliers.

For n=100 there are at least five estimates that can be termed

more or less unsatisfactory for every grid. They occur at j=14,21,
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47,58,69 and.are associated with the five largest of the 28 outliers

in the first 10,000 simulated observations. Undoubtedly the-most

inaccurate estimate occurs at j=47 and is predictably based on the

largest outlier x(4605) = - 5.924. To illustrate the effect of this

observation again consider an estimate which Incorporates, it against

one which doesn't. For example consider 40) = -5.2655 for k=4

in Table whose expected value is a(0) . .3934. The contribution

to this estimate provided by x(4605) is (1)(-592410) = -5.7416.

Without this observation the remaining 99 values, would yield the

relatively reasonable estimate,

G(0) =.199---- (-5.2655 + 5.7416)

= .4809.

Similar results can be-established for n=1000, notably at j=38

Where the largest outlier x(37620) = 6.530 is incorporated into

the estimate along with three additional outliers,

The effect, of these outliers and an appeal to the increased

accuracy that should accomPany increasing sample size helps to

explain the relation observed and expressed in (3 -10). It appears

that all estimates of the variance were substantially under the true

Values, but generally improved as n increased and more outliers

were observed.
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CHAPTER IV

SUMMARY AND CONCLUSIONS

Summary

The framework underlying Empirical Bayes methods was outlined

and the empirical approximation of mixing distributions as developed

by Phillips was reviewed. Analytic representations of the functional

relationships embodied in Phillips' estimation procedure were obtained

for normal and exponential kernels and the expectation and variance

were derived. For normal, kernels, coefficient values associated with

these functional relationships were numerically computed, based on

selected grids consisting of two to seven equally spaced points.

The effect of grid selection on the coefficient values and the sub-

sequent behavior of the relationships was analyzed. In addition the

influence of grid choice on the expectation and variance of the

empirical approximation was examined.

Five grids of three to seven equally spaced points for which the

resulting expectation of the estimator reasonably approximated the

mixing distribution were selected for a Monte Carlo experiment. For

each grid one hundred samples of size ten, one hundred and one

thousand were simulated and empirical approximations of the mixing

distribution computed. Sample means and variances were computed and

compared. The influence of outlying observations an the empirical

approximation and its properties was illustrated.
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Conclusions

The analytic tractability of Phillips' empirical approximation

of mixing distributions for normal and exponential kernels was

established in the sense that for a square norm, analytic solutions

to the functional relationships he developed were derived. The

numerical solution to these relationships varies significantly

depending on the grid employed. The approximation axonx to

H(AI10) generally improves as the number of grid points increases.

However the desired consequence of how close the estimator's

expectation approximates the mixing distribution cannot be

judged from this consideration.

For equally spaced grid points, the expectation of the

estimator can be made to approximate the mixing distribution

reasonably well for a small number of grid points if the length

of the grid is chosen appropriately. Given a grid of proper

length, the approximation improves as the number of grid points

increases. However, the increase is limited by the computational

singularity of the normal equations, even though their elements

constitute a basis. On the other hand as the grid departs from

an optimal length, the estimator's expectation becomes unrealistic

to the point of exhibiting non-monotone oscillations which are

not bounded between zero and one. While a suitable expectation of

the empirical approximation may exist, the procedure for selecting

a grid to attain it is not apparent.

The results indicate a non-monotone or unbounded (between zero

and one) estimate could occur from either an inappropriate choice
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of grid or outlying observations. Therefore some knowledge of the

mixing distribution and in particular some indication of its

variance would aid in selecting a grid and in determining the

feasibility of this procedure in a given situation. For instance,

a mixing distribution with smaller variance would have given more

encouraging results. The consequence being a subsequent reduction

in the variance of the estimator, the expectation of the estimator

being less sensitive to the choice of grid, and a resulting mixture

of reduced variance which would decrease the probability of observing

values whose magnitude was seen to have a disproportionate effect

on the estimates. Hence the case researched could be useful if

regarded as a practical extreme.

For general applications, however, the estimates of the mixing

distribution for the Monte Carlo experiment investigated indicate

Phillips' empirical approximation is impractical due to its lack

of robustness and cannot be recommended. The lack of robustness

is due to the dissonant effect of outliers on the estimator and an

improvement in the robustness of the empirical approximation for

alternate kernels cannot be anticipated from this research.
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APPENDIX A

The raw estimates, bounded estimates and monotone estimates

obtained from the described Monte Carlo simulation experiment are

contained in the following fifteen tables.
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TABLE A- 2. G(5.) FOR K = 3 ANO N = 103

RAM G(/,) 6000E0 G(04) MONOTONE 3(0,)

J s.=0 =1 ?=0 Ac,=1 xo- )=i
1 .3819 .5627 .8369 -
2 .0943 .5329 .8299 -

3 .0434 .4726 .7865
4 .4909' .5276 .8247
5 .J271 .5274 .8855
6 - 3.3177 .4782 .8536 0 0

7 .1604 .5798 .8376
8 .6628 .5336 .6628
9 .J536 .5052 .8261
10 .4895 .3002 .4797
11 .1669 .5540 .7922
12 .2463 .6904 .9238 -

13 .)427 .5147 .8513
14 1.5161 1.5292 .9937 1.514, 1.6014 1.4566 1.6354 1.4300
15 .0345 .5191 .8096
16 -2.4223 .5113 .9467 L J

17' .J722 .5405 .8622
18 .4856 .5819 .9131
19 .4559 .3651 .6112
2i. .4289 .4204 .7259 -
21 .0321 -4.2253 .1388 - 4 .0321
22 .1924 .2713 .3373 -

23 .5281 .5228 .9777
24 .6272 .8800 .8665 - - .3501
25 .1159 .2245 .3329
26 .0763 .5325 .8457 -

27 .0815 .5611 .8949 -

28 .2483 .6332 .8347 -

29 .1329 .5901 .8797 - -

30 .3156 .4813 .8264 -

31 .0493 .2730 .4769
32 .2279 .6662 .9445
33 .1620 .5432 .7811 _

34 .1272 .5022 .7513 -
35 .1174 .2399 .3615
36 .1153 .5656 .8593
37 .4783 .1981 .3343
38 .477o .7658' .8214
39 .1679 .6431 .9269
40 .0065 .4776 .9294
41 .3694 .5685 59176 -
42 .2253 .4285 .5449
43 .5861 .5102 .6126
44 .3378 .5231 .516." - -
45 .4300 .2455 .3513 - - -
46 .5121 .4942 .5494 - - -
47 4.8545 3.8391 1.2564 1.0301 1.800; 1...0. 1.0300 /415)4 1.3140
48 .3455 .5215 .9598 - - -

49 .3454 .7742 .9535 - - -
50 -0.3281 .4468 .8157 - -

51 -0.0137 .4152 .7533
52 .0518 .4566 .754,
53 .0147 .4776 .8256
54 .0580 .5821 .8076
55 -0.0023 ,513 .8793 0

56 .0235 .4545 .SL.S.
57 .0054 .2100 ..,16.2'.

58 1.4514 1.5199 1.6322 1..351 1.LO.6 1.4054 1.0241 1.0666 1.5000
59 .0745 .5413 .5595 -
60 .J596 .5495 .6678 -
61 .2252 .6651 .9321
62 -6.0051 .1947 .8666 0
63 .2865 .7116 .9146 -

64 .1506 .5444 .8890
65 .0053 .4717 .8212
66 .4370 .3752 .6443
67 .1374 .5385 .7936
68 - 2.J125 .4561 .6151 a
69 .7193 .9325 .8399 .9328
70 .0359 .4775 .8013
71 .0673 .4994 .9339
72 .037J .5255 .8732
73 .0847 .5563 .8652
74 .5112 .5066 .8722
75 .0698 .5133 .8231
76 -3.4064 .4489 .7982 0
77 .5027 .8333 .8956
78 .0914 .5266 .9225
79 .4687 .5340 .8557
80 .1610 .5315 .7635
81 -0.5121 .4259 .7686 0

82 .2179 .6760 .9294
83 .0233 .366J .6465
84 .0561 .5072 .8271
85 .0838 .5153 .8129 -
86 .1523 .5573 45106 - - -
87 .2233 .6741 .9215 -
88 .2421 .6557 .6754 -
89 .2834 .6656 .8553 -
90 .0954 .5653 .8779
91 .J404 .4776 .7974
92 .0027 .5051 .8750
93 .0054 .3573 .6468
94 .1143 .3292 .5503
95 -0.0255 .4179 .7688 6 0

96 .J474 .4831 .7987 -
97 -0.3025 .5213 49428 1 0

98 .2028 .3783 .4601 -
99 .0752 .4935 .7675 -

100 .6329 .8445 .7879 .8445

6100 .14071 .50500 .73494

0(00 .18455 .56299 .78934 .13741 .52466 .78646 .13741 .52498 .78815

P(24) .27756 .15114 .03232 054164 .22755 .02775 .04164 .02722 .02802
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TABLE A - 3.

RAW 60..)

5.- -1i A = 0 A,ml

6(10 FOR K A 3 AND

0095010 au.)

5=0

N '1008

MONOTONE 6(A.)

55=-1i 5. =0 5.=1

1 .0684 .5020 .8073 -
2 .2212 .6226 .8445 -
3 .1531 .4667 .6724 -
4 .1531 .4878 .7945 - -
5 .5682 .8278 .8245 - - .8278
6 .1733 .5656 .8037 -
7 .1486 .5665 .6316 - -
8 .1086 .5471 .8373 - -
9 .1365 .5611 .8316 - -

10 .1093 .4806 .7355 -

11 .3345 .4674 .7865 -
12 .9525 .4563 .7529 -
13 .0712 .3856 .6273 - -
14 .4993 .6161 .8722 - - -
15 .1524 .5043 .8262 - - -

16 .1115 .4939 .7537 -
17 .0537 .4827 .7971 - -
18 .1215 .5168 .7794 -

19 .0638 .4006 .6572 -
20 .1817 .5498 .7714
21 .1593 .3707 .5202 -
22 .2384 .6421 .8572
23 .1985 .4733 .7348
24 .1861 .5306 .7882
25 .2497 .4216 .8157
26 .1183 .4546 .6907
27 .1274 .4616 .7847 -
28 .1736 .3840 .5266 - -
29 .1284 .1969 .2850
30 .1056 .563G .8643 -
31 .9742 .4678 .7497
32 .3737 .4722 .7568 -
33 .0822 .5245 .8283
34 .0944 .4088 .7623
35 .1233 .4756 .7139
36 .J763 .4856 .7748 -
37 .1638 .5112 .7299 -
38 .418, -1.4741 -1.3154 G 0 .418, .4186
39 .0442 .4800 .7973 .
40 .1439 .4538 .7575 -
41 .1155 .5379 .8265
42 .0505 .4976 .8181
43 .1142 .5273 .6019
44 .1273 .2229 .3256
45 .1767 .5371 .7570
46 .J846 .5394 .6488
47 .0697 .4988 .8111
48 .1144 .5485 .8343
49 .1196 .5309 .8021
50 .2045 .5683 .7777 - -
51 .1209 .4694 .7074 -
52 .2638 -0.1237 -0.3332 J - .2638 .2638
53 .0884 .4487 .7144 -
54 .0867 .5118 .8048 -
55 .3192 .6022 .7195 -

:56 .1578 .4736 .7742 - -57 .1198 .2397 .3586 -
58 .1164 -1.3643 -3.1013 3 J - .1144 .1164
59 .J409 .4677 .7815 -
60 .9314 .4316 .7351
61 .0971 .3798 .5937
62 .1936 .5247 .8177
63 .3476 .4444 .7395
64 .0353 .4632 .7799
65 .0885 .4747 .7465
66 .J632 .4650 .7560 -
67 .0482 .4627 .7973 - - -68 .1502 .5267 .7664 -

- - -
69 .4925 .7849 .8314

- - -70 .0703 .4606 .7419 - - - -71 .1413 .2815 .4015 - - -
72 .1833 .4821 .7627 - - -
73 .0411 .4811 .8013 - - -74 .0968 .4957 .7704 - - - -75 .9364 .4699 .7311 - - -
76 .0941 .4524 .7071
77 .2155 .5869 .7956
78 .0211 .4058 .7059
79 .1135 .4357 .6632
80 .0717 .5042 .9075
81 .2431 .6312 .8367 -
82 .1687 -0.0647 -0.1521 4 9 .1687 .168783 .1164 .1679 .2523
84 .1515 .5484 .7982

- -85 .1703 .5167 .8279 -
86 .7451 .9754 .6797 - .975487 .2394 .5457 .7099 -
88 .0895 .3471 .5507 - -
89 .J877 .4494 .7087
90 .4189 .7237 .809J
91 .1108 .5289 .8076
92 .2553 .6306 .8240
93 .3401 .4426 .7440
94 .0915 .5071 .7929
95 .1144 .2908 .4415
96 .1741 .5404 .7644
97 .9509 .4593 .7591
98 .0663 .4885 .7872
99 .0974 .4852 .7539
100 .0527 .2205 .3935

.14071 .50000 .73494

6(5.) .13623 .46762 .68991 .13623 .47489 .70593 .13623 .48457 .71659

a'(A.1 .01381 .D3351 .07255 .91393 .L2336 .03677 .01393 .01688 .02619
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TABLE

J

A - 4.

3.= -1-1.

RAN

40=0

5(4.)

5..1

4(1.)

1. =2

FOR K

X.-

= 4 ANO N =

80050E0 4(4.)

1.=0 1. -1

10

Xo= 2 =

MONOTONE GO, I

1...0 1. -1 1. -2

1 .1741 .5871 .7575 .9161 -
-

2 .1114 .4694 .7459 1.1187 - 1.160G - 1.0000
3 .3593 .8080 .9799 1.1337 - 1.1000 - 1.4020
4 .1391 .4972 .6468 .7869 - -
5 .1860 .3466 .4947 .6675 - -

-
. -

6 .0286 .1949 .4077 .7322 - - -

7 .1401 .5130 .7728 1.1115 1.0011 - - 1.0000
8 .1131 .4305 .5852 .7492 - - -

9 .1070 .4116 .5553 .7040 - -

10 .2167 .7058 .9183 1.1342 1.6410 - 1.0000
11 .1003 .4201 .67.6 1.1209 1.0001 - 1.0610
12 .3893 .3812 .6069 .9118 -

13 .1586 '.5734 .7723 .9819 -
-

14 .072) .3249 .5225 .7884 - - - -

15 .6241 .1999 .4559 .8771 - -

16 .2093 .7479 .9877 1.1328 - - 1.1644 1.0000
17 .2544 .5258 .7193 .9477 -

18 .1635 .3199 .5646 .9171 - -

19 .2734 .7747 .3525 1.4936 - - 1.1041 - 1.0000
20 .1751 .6469 .7229 .7749 - -

21 .0891 .3414 .4572 .5744 - -

22 .1533, .2941 .5492 .9571 - -
- -

23 -4.1059 .1112 .3764 .8165 - - 0 - -
24 .1171 .4450 .6348 .8588 - -

25 .1596 .6066 .8190 1.L,262 1.1401 1.100)
26 .1493 .5594 .7869 1.1340 1.1414 1.0000
27 .1932 .3733 .5364 .7292 -

28 .0167 .1734 .4235 .8533 -

29 .3010 .9119 1.0271 1.2971 1..00 1.3490 1.2000 1.0000
30 .2760 .8395 1.021., 1.1472 1.4330 1.J416 1.0401 1.0000
31 .1652 .3361 .6153 .9967
32 .0857 .3519 .5286 .7511 - -
33 .1151 .4533 .6359 .8537 -

34 .1223 .4846 .7416 .9644 - -

35 .0639 .3439 .646 1.2887 - 1.1060 1.6600
36 .0535 .3246 '.6544 1,1577 - - 1.3120 1.1000
37 .3258 .2175 .4665 .8767 -
38 .0561 .2870 .51,3 .8325 - -
39 .4797 .7379 .5605 .9995 - -
40 .1467 .4159 .574, .7472 - -

41 .1446 .2489 .4689 .7929 -
42 .1365 .5016 .7321 1.0179 1.3101 - 1.0000
43 .3839 .3664 .5742 .8408 -

44 .1441 .3984 .6185 .8181 -
45 .3703 .3018 .4578 .6,52 -
46 .1793 .6148 .7676 .8861 - - -

47 .3660 .9168 1.1390 1,3247 1.03ou ...20u - 1.0000 1.0000
48 .1583 .5599 .7477 .9414 - -

49 .1139 .1595 .3977 .7762 - -
50 .0643 .2959 .4783 .7244 - - - -
51 .J33) .2654 .4111 .7261 -

52 .0441 .2667 .5273 .9238 - -
53 .0544 .2519 .4116 .6283 -
54 .0247 .1971 .4419 .8267 -

55 .1568 .5519 .6904 .7971 -
56 .0353 .2391 .5223 .9672 -

57 .1748 .6129 .7794 .9269 - - - -
58 .1335 .5139 .7474 1.0333 - 1.14,4 - 1.0000
59 .2203 .6862 .8019 .8476 - - -

60 .1554 .3040 .5757 .9824 - -

61 .0732 .3881 .7739 1.3652 1.0000 1.0000
62 .1374 .4979 .6525 .9608 -
63 .1687 .6036 .8165 1.,282 - 1.1001 1.0000
64 .0693 .3704 .7826 1.4457 1.0300 1.0000
65 .4319 .8348 1.1272 1.2384 1.6461 1.0600 1.0401 1.0000
66 -0.1023 .1235 .3942 .8385 - 1

67 .1761 .6472 .8752 1.1171 - 1.6111 1.0040
68 .1528 .2451 .4111 .6130 - -
69 .3606 .8599 .9937 1.0302 - 1.0000 1.0000
70 .2476 .2393 .4204 .6778 - - -
71 .0917 .3905 .5970 .8687 - - - ... -
72 .3205 .1671 .376u .76/2 -
73 .4939 .3997 .6226 .9150 -
74 .034) .2541 .5591 1.6444 - - 1.0334 1.0000
75 .1163 .4291 .5535 .6643 - -

76 .1841 .6705 .9156 1.1833 1.1401 1.4000
77 .1113 .4187 .5498 .6747
78 .3634 .7321 .9807 1.1222 1.4.,14 1.0000
79 .1723 .3244 .5189 .7785 -

80 .2597 .8605 .9909 1.0179 1.1646 - 1.0000
81 .1955 .5472 .7416 .9693 - - .

82 .1952 .6960 .8987 1.1557 1.4006 - - 1.0000
83 .1153 .4530 .6456 .8710 - - -

84 .3146 .9695 1.1604 1.3115 1.0010 1.3,00 - - 1.0030 1.0000
85 .1027 .4146 .5996 .8208 - - - .

86 .1316 .4804 .6257 .7613 - - - -
87 .1325 .4793 .6742 .9007 - - - -
88 .1953 .3991 .0124 .5604 - - .

89 .1503 .2491 .4323 .6911 - . -

90 .1717 .6341 .8383 1.2444 1.0600 1.0000
91 .1173 .4510 .6189 .8010 -

92 .1025 .4217 .6633 .9843 -

93 .4151 1.1563 1.2421 1.3503 1.0060 1.0610 1.1410 1.0110 1.0400 1.0000
94 .1687 .5948 .7256 .81667 -

95 .1612 .5676 .7058 .8176 -
96 .1965 .5811 .5599 .5314 - .5811 .5811
97 .2196 .7521 .8990 .9747
98 .4412 .2478 .4943 .8736
99 .1618 .3946 .1552 -0.1661 2 .3946 .3;46

110 .1099 .4258 .5819 .7497

0(4,) .15401 .39394 .53978 .73759

00.4 .13447 .46848 .66436 .96426 .13455 .46791 .65719 .86580 .13455 .46791 .65979 .87024

6'00 .J0993 .04785 .05512 .07259 .00963 .04218 .03386 .12272 .00963 .04268 .03197 .01706
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TABLE

'J

A - 5.

i

RAN

1.=0

6(9.)

X.= 1

6(9,)

A, =2

FOR

X

K = 4 AND

ROUNDED

5.-0

N =

.,(X.)

X= 1

10]

X4= 2 =

MONOTONE 1(9.)

X0=0 X. = 1 X4=2

1 .1464 .4964 .6865 .905U -
-

2 .1421 .4835 .6565 .9346 - -
3 .1251 .4648 .6717 .9294 - - -

4 .1175 :3943 .6179 .9264 - - -

5 .1159 .4364 .6382 .6876 -
.

6 .0912 .3323 .5889 .3586 - -

7 .1515 .4609 .7121 1.0155 1.4030 1.0500
8 .134, .4647 .6564 .6664 - -

9 .1504 .5322 .7249 .9286
10 .1694 .5493 .6646 .7769 -

11 .1684 .5028 .6862 .9659 -
12 .1652 .3766 .551, .793L - - - -

13 .1317 7.4786 .6766 .9115 - -

14 .449] 2.6026 -6.5603 -3.3705 4 3 3 .449, .4490 .4490
15 .1447 .5273 .7159 .5283 - - - - -

16 .3986 .3898 .5629 .7698 - - - -

17 .1405 .4889 .6197 .9287 - - - -

15 .1666 .5488 .7184 .8854 - - -
-

19 .1342 .4986 .7093 .9774 -
-

20 .1099 .4183 .6147 .5691 - - - -

21 .1381 .4j35 .34713 .223, - .4035 .4035
22 .171] .4462 .5179 ..5761 - -
23 .3493 .3701 .5642 .3183 -
24 .2423 .2238 .3953 .7261 - .2423
25 .1753 .5258 .5981 .6566 -

26 .1251 .4362 .6445 .9125 - -

27 .1534 .5275 .7256 .9495 -

28 .1921 .5561 .7814 1.2632 1.0606 1.03,1
29 .1667 .5264 .7131 .9232
30 .1314 .4951 .6921 .9203 - -

31 .1345 .4653 .5934 .7424 -
32 .2013 .5908 .7964 1.129, - 1.JX61 1.0000
33 .1593 .4908 .7142 1.2059 1.,230 1.0000
34 .1584 .5217 .727, .9771 -

35 .2173 .6317 .6694 .6395 .6694
36 .1215 .3767 .5633 .8682 - -

37 .1283 .4,63 .4919 .5982 - -
38 .2174 .2928 .4763 .7781 -

39 .1701 .4702 .6194 .7120 -

40 .6972 .4039 .6341 .9441 -
41 .1332 .4353 .6168 .6352
42 .1637 .4132 .566i .77,9
43 .1374 .4835 .7631 .9798
44 .1363 .5112 .7111 .9531
45 .1281 .4579 .5891 .7448 -

46 .1074 .4257 .6423 .92/6 -

47 1.2271 -5.2655 -5.7041 1.-116, u 1.100. 1.1013 1.1003 1.3360
48 .1262 .4569 .6536 .8921 -

49 .2192 .4714 .6139 .7836
50 .0754 .3335 .5356 .8120
51 .0874 .3754 .59..5 .8832
52 .1311 .4659 .656, .885..
53 .1139 .4333 .624, .859.
54 .1463 .4963 .7014 .9493 -

55 .1222 .4696 .6622 .3852
56 .1250 .4893 .7344 .9664
57 .0777 .3166 .4742 .7387 -

58 .4419 .1.1870 -6.1167 .291, 0 2 .4419 .4419 .4419
59 .1485 .5001 .6724 .8661
60 .1479 .5183 .7113 .9272
61 .2145 .5943 .752, .9312 -
62 .1062 .4217 .6213 .1692
63 .1842 .4246 .6021 .8391
64 .1533 .5374 .7197 .4483
65 .1075 .4296 .6419 .9131 -

66 .1141 .4267 .599] .3288
67 .1701 .5386 .7359 .9665
68 .102o .3986 .565, .7661 -

69 .238] .0144 .1692 .5489 - .2333 .2380
70 .1167 .4259 .6721 1.6654 1.26,1. 1.0000
71 .1474 .5329 .7516 1.2122 - 1..401 1.0300
72 .1311 .4739 .6616 .9705
73 .1461 .4898 .6737 .8848 -

74 .1142 .4294 .6132 .633, -

75 .1218 .4376 .6657 .9665
76 .1049 .4285 .6448 .5232
77 .2043 .2185 .3991 .73.7
78 .1355 .4740 .6979 .4645
79 .1515 .5276 .7173 .9261
80 .1364 .4145 .6352 .9433
81 .J826 .3644 .59,5 .9..38 -

82 .1679 .4228 .586 .7913
83 .1033 .4220 .5473 .9550 -
84 .1407 .5090 .7171 .9637
85 .1425 .4995 .7244 1.0164 1.0302 1.0000
86 .1723 .5496 .7547 .9953 - -

87 .2084 .5580 .76.3 .9362 -

88 .1954 .5409 .7449 .9927 - -
89 .1941 .4241 .5764 .7774 -

90 .1385 .4366 .6137 .829, - -

91 .1193 .4385 .6388 .8917 - -

92 .1020 .4026 .6119 .8542 -

93 .31966 .3864 .5747 .6267
94 .1363 .4478 .6198 .850, -

95 .0602 .3590 .5795 .0832 -

96 .1114 .3921 .6191 .9296
97 .1103 .4200 .5991 .8106 -

98 .1737 .4684 .5901 .7465
99 .3912 .3324 .5627 .8928

100 .2505 .2517 .4495 .76.4 -

0(9,) .15431 .39394 .53973 .73759

6(9.) .15926 .37384 .54971 .842.9 .15701 .43439 .61342 .84144 .15721 .45572 .63365 .85954

P(A.) .31474 .34361 .42342 .26297 .61,47 .11317 .02379 .03144 .01047 .00876 .61818 .01513
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TABLE A - 6.

RAW E(Xo )

FOR K = 4 AND

BOUNDED

N .1100

USA,) MONOTONE 0(1,)

J A.--11 A.-0 A.=1 A.=2 Ao..-11 A .0 A..1 A.-2 Ae=-11 Ao..0 Ao=1 Ao.2

1 .1345 .4685 .6644 .9043 -
.

2 .1709 .3628 .5368 .7901 -
3 .1593 .4510 .5963 .7769 - -

4 .1597 .4650 .631 .8365 - -

5 .2451 -0.1284 -0.0079 .3691 - 0 - .2451 .2451
6 .1538 .3878 .5690 .8218 - -

7 .1497 .4206 .6077 .8548 - -

8 .1393 .4426 .6460 .9085 - -

9 .1546 .4757 .6715 .9151
10 .1262 .3929 .5833 .8440 -
11 .1252 .4577 .6433 .8671
12 .1060 .3846 .5591 .6654
13
14

.1381

.2257
.4517
.1112

.5749

.2699
.7158
.6123 -

-
- .2257 - -

15 .4402 .6471 .9114 -
- -

16
_.1214
.1518 .4857 .6630 .8751 - - -

17 .1252 .4383 .6332 .8817 -
- -

18 .1393 .4057 .5767 .8008 -
- -

19 .1415 .4648 .5893 .7251 - -

20 .1509 .3761 .5656 .8384 -

21 .1733 .4456 .5039 .5592 -

22 .1734 .3955 .5781 .8348 - -
23 .1365 .4442 .6255 .855/ -
24 .1353 .4602 .6575 .9451 -

-25 .1683 .3665 .5411 .7955
-26 .1507 .4491 .5967 .7764

27 .1116 .4226 .6246 .8846 -

28 .0913 .4626 .4571 .4075 .4626 .4626
29 .1951 .4897 .3761 .1636 .4897 .4897
30 .1457 .4543 .6436 .8777
31 .1291 .4429 .5297 .8657 - -

32 .132) .4438 .6270 .8486 - -

33 .1343 .4404 .6341 .8788 - -
34 .1352 .4168 .5768 .7786 - - -

35 .1520 .4494 .6313 .7871 - -

36 .1344 .4584 .6466 .8799 -

37 .1634 .4451 .5954 .7847
-0

- -
38 .5349 .6505 -0.9093 -3.2883 0

- .6505 .6505
39 .1230 .4513 .6543 .9091 - -

4G .1167 .4339 .6398 .9067 - -

41 .1415 .4295 .6168 .8575 -

42 .1225 .4358 .6351 .8871 -

43 .1416 .4472 .6413 .8869 -
44 .1905 .5017 .4370 .2906 - .5017 .5017
45 .1617 .4510 .6234 .8443 -

46 .1343 .4436 .6363 .9766
47 .1392 .4785 .6643 .885-r
48 .1434 .4511 .6463 .3931
49 .1435 .4515 .6472 .5974 -

50 .1636 .4392 .6170 .8511 -
51 .1477 .4699 .6520 .8816 -

52 .3593 .5956 -0.1891 -1.4209 .5956 .5956
53 .1284 .4203 .5922 .8136
54 .1301 .4301 .6252 .8776 -

55 .1843 .2398 .3867 .6391 - - -

56 .1343 .4711 .6543 .8738 - -

57 .189J .4823 .3998 .2305 - .4823 .4823
58 .2498 .5305 .5911 -4.6243 - .5305 .5305
59 .1246 .4556 .6505 .8918 - - -

60 .1097 .4010 .5936 .5212 - - -
61 .1299 .4110 .5552 .7439 -
62 .1334 .4474 .6553 .9228
63 .1347 .469b .6319 .8186 -
64 .1335 .4711 .6306 .5086 -

65 .1444 .4787 .659, .5785
66- .1267 .4519 -6553 .9152
67 .1213- .4354 .6311 .8783 - -
68

-

.1476 .4041 .5885 .9417 _ - -

69 .2225 .0428 .1753 .4988 .2215 .2225 -

7u .1293 .4397 .6185 .8425 - -
71 .1862 .4625 .4182 .3123 .4625 .4625
72 .1286 .4362 .6321 .3659 -

73 .1149 .4194 .6226 .6861 - -
74 .1331 .4177 .6044 .5497 - -

75 .1255 .4025 .5927 .8493 - -

76 .1356 .4400 ..tig .8627 -
77 .1594 .3598 .7847
78 .1168 .4324 .6063 .9219 -
79 .1552 .4867 .6317 .7980
80 .1295 .4352 .4147 .8363 - -
81 .1615 .3323 .5192 .8315 -

82 .2816 .5532 ..271 -0.8174 .5532 .5532
83 .1916 .4631 .3636 .1395 .4831 .4831
84 .1481 .4241 .6056 .6442 -

85 .1216 .4226 .6285 .6965
86 .2721 0.1625 -0.0326 .3803 .2731 .2701 -
87 .1729 .3212 .4618 .6822
88 .1561 .4765 .553o .6191 -
89 .1448 .4706 .6246 .8032 - -

90 .2027 .2043 .3693 .6830 -

91 .1405 .4424 .6279 .8623 -
92 .1715 .2927 .4673 .7502 -
93 .1249 .4425 .6063 .8065 -

94 .1326 .4395 .6430 .9s75
95 .1789 .4715 .4358 .3364 .4715 .4715
96 .1506 .4180 .6062 .8625 -

97 .0233 .4373 .6192 .8457
98 .1372 .4634 .6362 .8406- -
99 .0260 .4112 .6082 .8718

100 .1515 .4607 .4706 .4410 .4706

6(A.) .15401 .39394 .53978 .73759

G(A.) .15692 .41955 .53675 .68270 .15692 .42246 .54613 .74421 .15692 .43355 .58055 .78253

r?, x. , .00294 .01284 .04677 .28369 .00296 .00940 .02603 .05456 .00296 .00464 .00845 .02010
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TABLE A - 7.

RAN 61X.3

G(A) FOR K = 5 AND N =

BOUNDED 6(X.)

10

MONOTONE a( )

3 -1.1 X. -0 X.- 1 1, -2 A. = -11 A...0 A. 1 X.. 2 -11 A.-0 A.=1 5.-2

1 .137, .6526 .9206 1.3131 - 1.0006 - - 1.0000
2 .1350 .4219 .6252 1.0077 - 1.1002 - - 1.0000
3 .5313 .8627 .8139 .9967 - - - - .8627

4 .0353 ;6257 1.0046 1.0187 - - 1.0020 1.3010 - 1.2000 1.0000
5 -0.0934 .5107 1.0149 1.0253 0 - 1.0030 1.3021 - 1.0000 1.0200
6 -0.1153 .3773 .8769 1.0271 0 - - 1.0000 - 1.0000
7 .2044 .4973 .6440 1.0003 - - - 1.0000 - 1.0000
8 -00281 .5570 .9931 1.0218 C - - 1.0002 - 1.0000
9 -0.3657 .5395 1.3164 1.0236 0 - 1.0030 1.3000 1.0000 1.0000

10 .2860 .6216 .6989 .9912 - - - -
11 .1256 .3622 .5526 .9757 - - - -

12 .0341 .4329 .7614 1.0117 - - 1.3600 1.0000

13 .1292 .5922 .8487 1.0123 - - 1.0600 1.0000
14 -4.0608 .4474 .8957 1.0233 0 - 1.0000 1.0000
15 -0.3082 .1715 .4651 .9546 0 - -

16 .2105 .6853 .8696 1.0075 - 1.0000 - - 1.0020
17 .3593 .7192 .8332 1.0262 - 1.3001 - - 1.0000
16 -0.0103 .3529 .7137 1.0128 C 1.0002 - 1.0000
19 .4197 .8669 .8801 0.0009 - 1.0000 - - 1.0000
20 .3311 .6670 1.2572 1.0179 - 1.0002 1.3000 - 1.1000 1.0000
21 -3.1221 .5391 1.0855 1.0261 0 1.0330 1.0000 - 1.6020 1.2000
22 .3695 .1231 .2966 .9147 - -
23 -0.1083 .2864 .7548 1.2262 0 1.0000 - - 1.0200
24 .3361 .5456 .9041 1.0190 - 1.1060 - 1.0000

25 .1145 .5731 .8372 1.2136 - 1.2000 - . 1.0000
26 .1435 .5729 .8061 1.0124 - 1.0000 - - 1.0300
27 -0.056, .5210 .9820 1.22.36 G 1.0001 - - 1.0000
28 .0006 .1218 .3803 .9171 - - - -
29 .4440 .8343 .7487 .9940 - - - .8343 -

30 .3801 .8353 .8716 1.2,21 - - 1.0060 1.0000
31 .0198 .3286 .6463 1.0133 - - 1.0020 - 1.0000
32 -1.0459 .5113 .9592 1.0235 0

- 1.0000 1.0000
33 .J153 .4670 .8232 1.11196 - - 1.0231 1.0000
34 .2714 .5107 .8133 1.0146 - 1.0000 1.0000
35 .0853 .2147 .4121 .9755 - -
36 .0811 .2427 .4626 1,0352 - - 1.0000 - 1.0200
37 -0.0421 .2524 .6226 1.0614 0 1.0210 1.0000
38 -3.0504 .3576 .7691 1.1173 C 1.0000 3 - 1.0020
39 .6283 .9105 .8826 .9998 - - - - .9005
40 -1.3468 .5352 .9883 1.0229 C 1.0020 - 1.0000
41 -0.3811 .3839 .8417 1.0243 G - 1.2012 - 1.0000
42 .1403 .5310 .7637 1.0112 - - 1.6210 - 1.0000
43 -0.0211 .4335 .8285 1.3179 0 - 1.3000 - 1.2000
44 .3517 .5063 .8381 1.0184 - - - 1.0,,00 - 1.0000
45 -0.1072 .4918 1.0087 1.2263 0 1.0032 1.0000 - 1.3000 1.0002
46 .1093 .6537 .9506 1.0137 - - 1.3021 1.0000
47 .5150 .7986 .668, .9850 - - - .7986
48 .1199 .6212 .8991 1.0147 - - 1.0030 1.0000
49 -0.1078 .3342 .8129 1.2258 0 - 1.0000 1.0000
50 -0.0909 .4403 .9237 1.0245 0 - 1.0100 1.0000
51 -0.1181 .3953 .9021 1.0277 C - 1.0000 1.0000
52 - 2.015, .2655 .6276 1.0054 U

_ - 1.0036 1.0000
53 -0.1312 .4600 .9985 1.0274 0 - 1.5020 1.0000
54 -0.0682 .2992 .7166 1.1133 0 - 1.0000 1.0000
55 .2373 .6319 1.0387 1.3181 -

1.3" i= 1.0020 1.0000
56 -0.0368 .3022 .6832 1.3159 6 i 1.2000
57 .1167 .6602 .9481 1.0144 - - 1.0000 1.0020
58 .1239 .5068 .7469 1.3104 - - 1.0406 1.0000
59 .1001 .7202 1.0405 1.1143 1.0000 1.0000 1.0020 1.0000
60 .0239 .2874 .5882 1.3056 - 1.0000 1.0000
61 .2222 .2338 .2831 .9935 - -
62 .0267 .6022 .9840 1..1189 - - 1.0600 1.0000
63 .1689 .6284 .8471 1.012; - 1.0161 1.0000
64 .3134 .0855 -0.0296 .9275 - 0 - .3136 .3136
65 .7084 .8880 .6951 .9893 - - - .8880 -

66 -0.1005 .2915 .7511 1.0267 0 - 1.0260 1.0000
67 .1949 .6007 .7761 1.3686 - - 1.2610 1.0000
68 -0.1385 .4625 16107 1.6279 0 1.0101 1.0010 1.1:00 1.0000
69 .4763 .9328 .946, .9994 - - - -
70 -0.1163 .4476 .9649 1.0274 0 - 1.0200
71 .0095 .3871 .7275 1.0613 - - 1.0002 1.0000r0

72 -1.1273 .3619 .8719 1..1263 0 - 1.0200
:

1.0000
73 .3173 .4601 .8159 1.619; - - 1.0600 1.0100
74 .0411 .1733 .4156 .4797 - - -
75 -3.3642 .5716 1.0551 1.3232 G - 1.0613 1.0020 1.0000 1.0000
76 .2343 .5852 .7114 1.0263 - - - 1.0000 - 1.0000
77 -4.0717 .5538 1.0415 1.3236 0 - 1.3030 1.3001 - 1.0000 1.0000
78 .5046 .8532 .8604 .9996 - - - -
79 -0.3652 .4505 .9351 1.0240 0 - - 1.0010 - 1.0000
80 .2266 .8098 .9993 1.0077 - - - 1.0600 1.0600
81 .2591 .6483 .8019 1.0043 - - - 1.0000 - 1.0000
82 .1766 .6430 .8501 1.0096 - - 1.3006 - 1.0000
83 .0196 .5226 .8921 1.3193 - - - 1.0000 1.0000
84 .5820 .6475 .3421 .8569 - - - - .6475
85 -0.0183 .4982 .9075 1.3209 0 - 1.0030 1.0000
86 -0.0014 .5974 1.0117 1.0264 0 1.023u 1.3000 1.0000 1.0000
87 .1875 .5824 .8917 1.0166 - 1.0000
88 -0.0102 .4596 .8481 0.0188 1 - 1.0001 1.0000
89 -0.1105 .4423 .9513 1.0269 0 - 1.0001 1.0000
90 .1517 .5453 .7536 1.0002 - - - 1.0000 - 1.0000
91 -0.0087 .5505 .9648 1.2208 0 - 1.0001 - 1.0000
92 .0803 .5051 .7995 1.0174 - 1.0001 1.0000
93 .7049 1.0026 .7505 .9844 - 1.0003 - - 1.0030 1.0000 1.0000
94 .0378 .6520 1.0299 1.0178 1.3001 1.0006 1.0000 1.0000
95 .0492 .6524 1.0184 1.2175 1.0030 1.0000 1.0000 1.0000
96 .2605 .4029 .290J .5194 - - .4029
97 .1627 .7313 .9775 1.3114 - 1.0030 - 1.0000
98 -0.0176 .2888 .6375 .9974 C - - -
99 -0.0238 .4251 .6082 .3736 0 - _ - .6082
100 -0.0423 .5148_ .9562 1.12,6 0 0.0000 - 1.0000

4(1.) .03109 .50000 .88117 .95815

Z-(/.) .19275 .51652 .80218 .99609 .11826 .51649 .79844 .98325 .11826 .51877 .81301 .98575

;'(X.) .04148 .03620 .04765 .03836 .03026 .03626 .03952 .00646 .03026 .03480 .03259 .00412
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TABLE A - 9.

a.- -11

RAM

x..0
'i>( X.)

7..1

6(

7.22

7) FOR K

4.=

. 5 AND N .1110

BOUNDED 3(7.)

1. =0 7.-1 7. =2 1. -1
MONOTONE a(7.)

7.. A. = 2

1 .0928 .5165 .8022 .9961 . -
2 .0405 .4421 .8458 1.0074 1.0008 1.0000
3 .2875 .5442 .8483 .9433 -
4 .1093 .5292 .80112 .9593 . -
5 -0.2505 .0225 .9132 1.2192 0 1.13000 0 - 1.0000
6 .2564 .4562 .8160 .9968 - -

-
7 .0764 .4905 .8214 1.0427 1.0000 - 1.0000
8 .0944 .4952 .7914 10059 10024 - - 1.0000
9 .1203 .5235 .7975 1.0016 1.0201 - - 1.0000
10 .0657 .4515 .7646 .9810 - -
11 .0646 .5140 .8239 .9896 - -

- -
12 .4495 .4427 .7594 .9872 .

- -
13 .2459 *.5639 .9137 .9134 - - - .9137
14 -0.0600 .2357 .8533 1.0219 1.3330 0 - - 1.0003
15 .0741 .4881 .7895 1.2046 1.0001 - 1.0004
16 .1124 .5354 .8048 .9775 - -
17 .0673 .4870 .7954 .9922 - -

18 .J514 .4919 .8415 .9866 - - -

19 .0426 .5793 .9163 .9267 - - - -
20 .0666 .4303 .7714 .9912 - - -
21 .2230 .6232 1.2014 .8623 1.2220 - - 1.2000 1.0000
22 .0833 .4782 .8316 1.0075 - 1.0020 - - 1.0000
23 .J879 .5003 .7890 .9763 - -
24 .2997 .5066 .7838 .9913 - - -

25 .0693 .4607 .8265 .9972 - -
26 .0694 .5353 .8546 .9528 - .
21 .0545 .4702 .7832 .9950 - - -
28 -0.0145 .7343 1.1783 .8287 1.0120 0 - 1.0300 1.0000
29 -0.0695 .8759 1.3535 .6878 1.0320 0 - 1.0000 1.0000
30 .0802 .5205 .8425 1.2131 10020 - 10000
31 .0804 .5019 .7949 .9799 - -
32 .0744 .5247 .8288 .9744 - -
33 .0704 .4957 .8142 1.0035 1.0100 1.0000
34 .0406 .5164 0710 .9751 -
35 .0715 .5336 .8546 .9597 -

36 .0864 .5144 '.8055 .9845 - -
37 .0801 .5398 0648 .9593 -
38 -0.9006 2.8166 4.4333 - 0.5880 1.000u 1.0020 0 0 1.0002 1.0000 1.0000
39 .0783 .4895 .7811 .9969 - -
40 .0763 .4703 .7558 .9872 -

- -
41 .2652 .4916 .8257 1.2025 - 1.0001 - 1.0000
42 .1621 .4655 .8021 1.0026 - 1.0990 - 1.0030
43 .0946 .5006 .7938 .9954 -
44 -0.0246 .8128 1.2362 .7425 0 10221 2 1.3300 1.0000
45 .1091 .5219 .8126 .9769 - .
46 .0744 .5110 .8290 1.3076 - 1.3:00. - 1.0000
47 .0905 .5312 .8217 .9927 - -
40 .2942 .5078 .8068 1.0036 1.0.0720 - 1.0000
49 .1035 .5063 .7903 .9944 - -
50 .1206 .5230 .8083 .9824 - - -
51 .1176 .5117 .7667 .9662 - -
52 -0.4374 1.7952 2.7855 .1117 1.0000 1.0020 0 1.0002 1.0000 1.000053 .0564 .4940 .8146 .967i -
54 .0755 .4923 .8015 .9957 -
55 -0.0215 .3578 .8531 .9695 0 -56 .0823 .5262 0236 .9843 - -
57 -2.0636 .8386 1.3149 .7322 - 1.0010 0 1.0000 1.0000
59 -0.2771 1.2927 2.0237 .4048 1.0294 1.0000 0 1.3030 1.0010 1.0000
59 .0743 .4951 .79u7 .9920 -60 .0313 .4685 .8061 .9783 - - - -
61 0552 .5153 .8276 .9217 - -62 .1017 .4930 .7723 1.0016 1.0021 - 1.0000
63 .2612 .5426 0590 .9694 - - -
64 .J493 .5536 .8893 .9814 -
65 .J992 .5201 .7972 .9774 - -
66 .0928 .4800 .7517 .9858 -
67 .0624 .4457 .7990 .9969 - -68 .2707 .4671 .7964 .9840 -
69 -1.1382 .1941 .9083 1.0099 1.0100 0 1.0003
70 .0692 .5059 .8127 .9764 _ -
71 -0.0424 .7615 1.2168 .7750 1.:720 0 1.0000 1.0000
72 .0843 .4905 .7797 .9837 -

73 .0543 .4644 .7820 1.0007 1.3000 1.0000
74 .3640 .4783 .8009 .9883 -75 .0651 .4531 .7633 .9801 -
76 .3841 .4792 .7662 .9699 -77 .2522 .4507 .8265 .9931 -78 .0397 .4883 .8126 .9680 - -
79 0987 .5691 .8486 .9383 - - -
BD .0583 .5131 .8432 .9949 - - - -81 .0479 .4229 .8147 10261 . - 1.0000 1.0100
82 -2.3067 1.4345 2.2247 .3332 1.1001 1.3021 0 1.0130 10000 1.0000
83 -0.2797 .8729 1.3597 .6922 1.0530 - 0 1.0030 1.000084 .0851 .5025 .8187 .9912 -

-
85 0725 .4812 .7893 1.0053 - 1.0000 1.0000
86 -0.2116 .0035 .885u 1.0338 - 1.0020 0 1.0000
87 0044 .4220 .8616 .9634 - -
88 .3364 .6413 .9863 .8721 - .9863
89 .0781 .5474 0497 .9591 -

-
90 -0.0830 .3082 .8142 1.2021 1.2043 0 1.0000
91 0844 .5147 .8224 .9937 - -
92 .0059 .3779 .8313 1.0051 1.0000 - 1.0000
93 .0455 .5279 .8599 .9718 - -
94 .2912 .4817 .7692 .9954 - -
95 -00433 .7761 1.2293 .7823 1.0221 3 - 1.0000 1.0000
96 .1091 .4860 .7825 .9822 - -
97 .0589 .4987 .8142 .9831 - -98 .0701 .5382 .8516 .9856 - -99 .J772 .4633 .7617 .9861 - -

100 -0.0293 .6872 1.0910 .8039 1.0220 0 1.0010 1.0000

C(1.) .03109 450000 .88117 .95815

6(70 .02945 .55924 .93698 .92788 .25919 .52585 04252 .93211 .05919 .52585 .84250 .98572

a'(A,) .01711 .10105 .20985 .04271 .08124 .02517 .00523 .02742 .00124 .02517 .00523 .00033
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TABLE

J

1

2
3

4
5

6
7
B

9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72

73
74
75

76
77
78
79
80
81
82
133

84
85
86
al

88
89
90

91
92
93
94
95
96
97
98
99

000

t(3,1

0(5)

6'.2(A,)

A - 10.

.1373

.0731

.4415

.0863
.J303

-0.0125
.1243
.0554
.0463
.1894
.0844
.0519
.1105
.0203
.0183
.1635
.3444
.0215
.2993
.1045
.3345
.0571

-0.3376
.0711
.2924
.1013
.0381
.0227
.2995
.2614
.3246
.0359
.0652
.1708
.2430
.0226
.0216
.7162
.6429
.3462
.0105
.1071
.0347
.3633
.0191
.1296
.3181
.1131

-0.3225
.0159

-0.0104
.015o
.0073

-0.0054
.3979
.0003
.1171
.0915
.1311
.u267
.0635
.0826
.1222
.0994
.5822

-0.0364
.1202
.0057
.4186
.0013
.0526

-0.3153
.3439
.1174
.0569
41353
.0502
.4684
.0202
.1865
.2243
.1309
.3597
.3441
.0467
.0732
.0956
.0418
.0034
.1155
.0571
.0602
.4865
.3977
.0990
.2282
.1463
.0176
.1823
.0523

.08456

.10532

.01739

RAM

0. = 0

.5959

.4651

.4937

.5506

.4788

.2408

.4339

.5363

.5657

.6942

.4654
.4231
.6023
.4073
.3182
.7371
.1927
.3971
.4973
.7870
.5059
.4984
.0844
.4778
.6775
.5485
.4695
.3060
.7140
.6946
.4007
.4273
.6111
.5335
.4457
.3368
.2798
.3892
.3151
.5418
.3075
.4692
.4639
.3683
.4260
.7025
.7299
.5537
.1722
.4035
.2539
.3688
.3535
.2473
.6757
.2815
.6623
.5315
.8123
.3732
.2817
.5805
.5759
.2621
.3553
.0929
.6489
.3476
.6352
.2962
.5426
.2158
.4492
.3294
.5923
.6615
.5873
.4061
.4120
.9692
.3836
.7695
.5306
.9582
.5215
.5857
.4563
.4999
.3160
.7543
.5512
.3614
.6868
.7504
.6728
.8226
.8613
.3080
.8702
.5879

.49268

.49786

.03343

G(0.)

0. =1

.3536

.8074

.7125

.8191

.7582

.6257

.7523

.8122

.8215

.8925

.6897

.7343

.8816

.7421

.5190
.963,
.4954
.7263
.7674
.9687
.7464
.5583
.5452
.7899
.9625
.8663
.7675
.4445
.9566
.9393
.7461
.7336
.8311
.8410
.6906
.7199
.5985
'.7024
.5048
.8197
.6764
.7924
.7691
.7292
.712.
.9186
.9313
.8560
.5882
.7183
.6361
.6671
.6694
.6105
.8988
.6545
.9192
.8387
.9954
.6865
.6941
.8426
.8821
.5488
.5746
.5618
.9472
.6633
.7974
.6531
.7600
.5965
.7844
.6160
.8213
.9567
.8251
.6130
.7442

1.1247
.6548

1.0103
.8325
.8409
.8154
.8417
.7773
.8425
.6659
.9568
.8348
.7533
.8667
.9575
.9031
.3347
1.0593
.6099
.1463
.8303

.77205

.75864

.u2375

O(00

0. =2

1.0224
1.1239
.9950
.9383
.9429
1.0236
1.1730
.9824
.9573
1.0156
.912j

1.0112
1.0703
1.0195
.7678

1.0653
.9337

1.0266.

1.0442
.9653
.8746
.6459
1.U625
1.2352
1.1259
1.1153
.9812
.6611

1.1454
1.1388
1.0689
1.0003
.9462

1.0738
.9434
1.1269
.4386
.5786
.8822
.9894

1.6235
1.0777
1.0101
1.1686
.9465
1.0010
1.1902
1.1663
1.0268
.9715
1.0046
.9581
.9294
.9698
.9801

1.0353
1.3544
1.1869
.3959
.9974

1.1877
.9955

1.1117
.9681
.9683
1.2851
1.1515
.9234
.9478
.9778
.9086
.9665

1.0729

.9195
1.1657
.9324
.9173
1.0159
1.0657
.9572

1.1069
1.0471
.6908

1.0153
.9800

1.0495
1.0275
.9785
1.0307
1.0143
2.1302
1.0645
.9941
.9927

-0.0689
1.0707
.9141

..0.5274

.9531

.98924

.97564

.04273

FOR K

0

0

-

2

L

0

-

-

C

-

-

0

-

-

.10732

.01677

A 6 ANO

80240E0

A.= 0

-

-

-

-

-

.49786

.03374

N =

G(X.)

A. =1

-

-

-

-

-

-

1.0300

1.0036

1.2000

.75666

.02266

10

3, =2

1.0000
1.0006

-
-
-

1.2000
0!OL1.0000

-
1.0100

-
1.0000

1.30n120

-

1.0000
-

1000021.0030
-
-

-
1.0002
1.0000
1.0260
.000C1

--
-

1.0001
1.0000
1.0531
1.0000

..,

1.0030
-

1.0630
-
-

-

-

1.0000
1.02G0

11.ff0
-

1.0201

1.t3.1t3J0J

100100.

-

1.0260
-

-

-

-

1.0030
1.1000
1.0000

-

-

1.3,1
-

1.0300
-

-

1.0021
1.0200

-

-

-

-

1.0000
-
-

1.2600

-

1.3000
1.3000

-

1.0600
1.0002

-

1.1002
-

1.6000
1.0000

1.1000
1.1000

1=
-

-

C

1.6000
-
0

-

.94860

.02274

A.=-21

-
-

-

-
-

-

-

0

.10732

.01677

MONOTONE e(x.)
=c) A.=1

-

-
-

-
-
-

-
-

-
-
-

-

-

.3 444 -
-

.6429 .6429

-
-

-

-
-
-

-

-
-

- -

-

-
-

-

-
-

.5822 .5822

-

.4654 -

1.0000

- 1.0000

.9582
-

-

-
- :

-

-

-

' -
` -
- .8226

1.0000

.8702

.50555 .77140

.03265 .01685

a.= 2

1.0010
1.0000

-
1.0000
1.0000

1.0000

1.0000
1.0000
1.0001

1.0000

1.0000
1.6000

87

1.0400

101.0000000

1.0000

-
1.0000
1.0200
1.0000
1.0000

1.0000

1.0000

-
-

-

1.0000
1.0000

ii.t00006

1.19.1g17

1.0000
1.0000

0.0000

1.0000
1.0000
1.0000

1.2800

1.0;.03

-

1.0000
0.0000

-
-

0.0000

1.0000

1.0000
1.0000

1.0000

II:::
2.0000

1.0000
1.0000

1.0000
1.0000
1.0000
1.0000

-
.8226

1.0000

.8702

.96823

.00373
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TABLE

J

A - 11.

A.-11

RAW

A.' 0

6( A.)

A.= 1

G( X.)

A.= 2

FOR K

a,` -11

= 6 ANO N = 100

8005060 0(6,)

A.= 0 A.= 1 X.= 2 X. -14

MONOTONE 0( 5,)

X. = 0 A.= 1 A.= 2

1 .1173 .5055 .7853 1.0103 1.6u00 1.0000
2 .1219 .4827 .7487 .9816

:
- -

.-

3 .0942 .4977 .7576 .9755 - -
4 .0969 .4261 .7188 .9948 - - . -
5 .0779 .4587 .7689 1.0282 1.0008 - - - 1.0000
6 .J472 .4560 .7566 1.3012 1.0006 - - - 1.0000
7 .1459 .4096 .7165 1.0317 - 1.0006 - - - 1.0000
8 .1017 .5165 .7840 .9907 ° . - - -

9 .1135 .5776 .8198 .9886 - - - -
10 .1427 .6482 .7296 .7538 . - -
11 .1606 .5004 .7240 .9245 . - -
12 .1542 .3709 .6725 .9745 . - -

13 .1967 '.5185 .7890 .9989 - -
14 .1913 .3332 .5848 .8562 . - -
15 .1003 .5817 .8451 1.0225 . 1.0600 1.0000
16 .0482 .4706 .7686 .9896 .

17 .1123 .5126 .7839 1.0054 - 1.0006 - 1.2000
OR .1305 .5742 .5342 1.0114 ° 1.0300 - 0.0000
19 .1101 .5606 .7456 .8985 - .
20 .3833 .4929 .713u .0956 - .
21 .3744 .5618 .6187 .6178 - .6187
22 .1626 .4972 .5862 .6804 - -
23 .0671 .4042 .7119 .9831 -

-.-

24 .2414 .2934 .5561 .6964 .-

25 .1422 .5682 .6771 .7585 - - -
26 .1023 .4417 .7315 .9939 - -

- -
27 .1223 .5247 .8065 1.4308 1.2001 - - 1.0000
28 .2140 .4428 .7213 1.0185 1.0000 - - 1.0000
29 .1485 .5151 .7777 .9946 - -

30 .0875 .5695 .8215 .9949 - - -
31 .1015 .5547 .6953 .7969 - - -
32 .2009 .4799 .7710 1.0507 1.0000 - 1.2080
33 .1514 .4903 .7374 .9733 -
34 .1465 .5163 .7450 .9506 - -
35 .1648 .6974 .7727 .7699 - - .7727
36 .1036 .3941 .6962 .9864 - - -
37 .1056 .4952 .5992 .6935 - -
38 .2154 .3701 .6380 .8921 - - -
39 .1521 .4993 .7484 .9435 - -
40 .0603 .4364 .7564 1.0301 1.00.0 1.0000
41 .0980 .4611 .7569 1.0211 1.0001 1.0000
42 .1631 .4424 .6123 .8047 -
43 .1171 .4835 .7535 .9961
44 .0967 .5310 .8172 1.0385 - 1.0000 1.0000
45 .0966 .6329 .6862 .7261 -
46 .0685 .4679 .7711 1.0255 - 1.0006 1.0000
47 1.3234 1.4634 1.9006 1.3532 0 1.0000 1.0214 0.3240 J 1.011u 1.4000 1.0000
48 .4941 .4924 .7693 .9925 -
49 .2260 .4359 .6884 .9345
50 .J337 .4182 .7123 .9632
51 .0497 .4642 .7285 .9519
52 .1015 .5255 .7510 .9279 - -
53 .0770 .5060 .7612 .9554 - - -
54 .1099 .5121 .7786 1.0015 - 1.0000 1.0000
55 .0716 .5494 .8307 1.0251 - 1.0001 1.0000
56 .3871 .5392 .8124 1..231 - 1.0.01 1.0000
57 .0562 .4435 .5773 .7131 -
58 .4074 .1320 .3961 .8288 - - .4074 4074 -
59 .1185 .5301 .7781 .9627 -
60 .1103 .5412 .8213 1.2316 1.0401 1.0000
61 .2058 .5568 .7975 .9859 -
62 .0606 .4860 .7827 1.3143 1.0101 1.0000
63 .1895 .3915 .6723 .9619
64 .1129 .5796 .5390 1.0128 1.0401 - 1.0000
65 .067J .4788 .7678 1.2067 1.0001 - 1.0000
66 .0877 .4984 .6929 .8556 - -
67 .1532 .5552 .7806 .9636 - - -68 .0582 .4972 .7456 .9239 - - -
69 .2183 .2120 .4716 .3311 - .2183 - -
70 .3777 .4383 .7467 1.0351 1.3020 1.0000
71 .1194 .5497 .8027 1.11053 1.0000 1.0000
72 .0929 .5132 .7895 1.0002 1.0200 1.0000
73 .6192 .5044 .7696 .9828
74 .0730 .4961 .7728 .9811 -

-75 .0975 .4458 .7413 1.0144 1.0000 1.0000
76 .0627 .5152 .7536 .3918
77 .2052 .2553 .5547 .9261 -
78 .1146 .4540 .7467 1.0198 1.0000 1.0000
79 .1205 .5488 .8022 .9906 -
80 .1351 .3890 .6564 .9441 - .- -
81 .0470 .4368 .7189 .9693 - -
82 .1597 .4065 .6898 .9586 - - -
83 .3780 .4869 .7109 .9153 - - -
84 .1087 .5371 .7995 1.0u65 1.0100 - - 1.0000
85 .1176 .5208 .7878 1.0143 1.0000 - - 1.0040
86 .1637 .5167 .7591- .9762 - - -
87 .2019 .5429 .7942 1.2017 1.0000 - 1.0000
88 .1943 .4778 .7513 1.0066 1.0500 1.0000
89 .1826 .4825 .7037 .9029 -
90 .1109 .4835 .7516 .9688 -
91 .3883 .4929 .7503 .9617 -
92 .0610 .4541 .7571 1.0052 1.0000 1.0000
93 .0679 .4943 .6894 .8486 - -
94 .1292 .4948 .6447 .7903 -
95 .0419 .4652 .7314 .9525 -
96 .0800 .3951 .6929 .9828 . -
97 .0624 .4878 .7847 1.006C 1.0030 - 1.0000
98 .1745 .5215 .6269 .7327 - -
99 .0810 .3319 .6344 .9539 - -

100 .2876 .2940 .5040 .8182 . -

1?,,,8 .38456 .49268 .77205 .98924

0(5.) .10671 .48874 .73882 .94881 .11995 .48411 .72382 .93984 .11995 .48692 .72993 .93987

;2(a.) .02447 .01646 .12119 .01179 .10350 .00963 .00727 .00784 .00350 .00840 .00719 .00782
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TABLE A - 12.

RAN

0.-0

is A,)

0.-1

611.1 FOR K = 6 ANC) N =1013

BOUNDEO 6(0.)

A. = 0 0, -1 X.,- 2

MONOTONE 6(1.)

A..0 0..1 2

1 .1059 .4979 .7586 .9756 -

2 .1187 .4913 .7461 .9577 - -

3 .1353 .4818 .7009 .8969 -
-

4 .1402 .4934 .7124 .9087 - -

5 -0.0329 .5798 .8468 .9835 0 0
- -

6 .119) .4743 .7236 .9420 -
7 .1231 .4694 .1297 .9591 -
8 .1143 .4671 .7419 .9856
9 .1365 .4892 .7467 .9729 -

10 .1074 .4432 .6816 .9061
11 .0892 .5113 .7642 .9617
12 .3805 .4266 .6951 .9452
13 .0964 .4649 .7274 .9499
14 .1009 .4487 .7256 .9676 -
15 .0918 .4744 .7531 .9911 -

16 .1307 .5151 .7411 .9277 -

17 .0943 .4894 .7484 .9646 - -

18 .1117 .4687 .7101 .9189 - -

19 .0982 .5093 .7531 .9397 -

20 .1197 .4613 .7040 .9277 - -

21 .1246 .4912 .7179 .8987 - -

22 .1464 .4510 .7173 .9651 - -

23 .1166 .4824 .7114 .9103 -
- -

24 .1125 .4826 .7393 .9634
25 .1477 .4266 .4771 .9221
26 .1203 .5051 .7193 .8948
27 .2781 .4770 .7422 .9649
28 .1253 .4772 .1546 .9619
29 .0888 .4261 .8133 1.1.11 1.0004 1.0000
30 .1146 .4962 .7665 .9882
31 .1043 .4763 .7216 .9361 -
32 .1021 .4714 .7355 .9642 -
33 .1031 .4924 .7551 .3722 -
34 .1021 .4736 .7232 .932u -
35 .1231 .5029 .7244 .9076 -
36 .1069 .4889 .7445 .9620
37 .1335 .4851 .1242 .9319
38 -0.1346 -0.2661 1.8961 3.3857 6 0 1.011. 1.3080 0 1.0800 1.0,;28
39 .0915 .4948 .7576 .9754

.0.

40 .0874 .4732 .7339 .9619
41 .1063 .4945 .7526 .9649
42 .0902 .4894 .756. .9753
43 .121) .4768 .7296 .9531
44 .1103 .4831 .7643 .9637
45 .1481 .4723 .7021 .9157
46 .1069 .4791 .7491 .9761
47 .1097 .5162 .7642 .9616
46 .1209 .4791 .7423 .9712
49 .1234 .4685 .7279 .9622 -
50 .1581 .4326 .6758 .9196
51 .1316 .4931 .1136 .9124
52 .0171 .1866 1.2482 1.9644 1.0020 1.0800 1.0000 1.0000
53 .0999 .4728 .7098 .9156
54 .1037 .4625 .7306 .9668
55 .1033 .4590 .6919 .8971 - -
56 .1021 .5119 .7597 .9581 - -
57 .3913 .4497 .7983 1.0506 - 1.0061 - 1.0000
58 .036) .3696 .9725 1.3583 1.0000 1.0000
59 .0923 .5099 .7594 .9589 -
60 .0755 .4717 .7183 .9248 -
61 .1051 .4395 .6627 .8746 _

62 .1113 .4623 .7349 .9806 - _

63 .0973 .5270 .7612 .9372 - . -
64 .3924 .5360 .7764 .9474 - -
65 .1180 .5233 .7507 .9348 - -
66 .1006 .4903 .7404 .9566
67 .0899 .4910 .7486 .9,04
68 .1151 .4664 .7195 .9475
69 .0641 .4746 .7402 .9471 -
70 .1017 .4836 .7236 .9279
71 .1669 .4775 .7595 .9601
72 .1047 .4606 .7217 .9578 -
73 .1830 .4794 .7439 .9653
74 .1630 .4767 .7241 .9383
75 .1045 .4609 .6947 .9074 -
76 .1106 .4960 .7193 .9128
77 .1290 .4422 .6883 .9185
78 .0784 .5138 .7420 .9178
79 .1296 .5077 .7258 .9691 -
BO .1015 .4834 .7363 .9441
81 .1273 .4162 .6896 .9538
82 .0416 .3176 1.3262 1.4958 1.02)0 1.0006 1.0000 1.0000
83 .3933 .4544 .7685 .9898
84 .130) .4521 .7046 .9376
85 .0961 .4501 .7301 .9794 - -
86 .1742 .4293 .7045 .9412 -
87 .1093 .4948 .7142 .8940 - -

88 .1064 .4924 .7430 .9392 - -
89 .1171 .5170 .7328 .9038 - -
90 .1335 .4212 .6727 .9188 -

91 .1182 .4677 .7267 .9549 - -
92 .0987 .4758 .7378 .9588 -
93 .0875 .4962 .7430 .9389 -

94 .1075 .4714 .1337 .9670 -
95 .0966 .4625 .7809 1.0133 1.0001 - 1.0000
96 .1362 .4341 .6877 .937C -
97 .0928 .4936 .7363 .9346 -
98 .1052 .5092 .7551 .9492 -
99 .1071 .4495 .6962 .9255 -

100 .0812 .5023 .7413 .9678

1(0.) .08456 .49268 .77245 .08924

E10.) .10231 .46543 .75487 .99136 .10398 .46819 .74317 .94767 .10398 .46809 .74317 .94767

&'(A.) .00156 .00805 .01825 .07360 .60071 .00415 .00346 .06086 .00071 .00415 .00346 .00086
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TABLE A - 13.

A..--11

RAM

3. - I

a( 0.)

3,, - /

a(x.)

3. =2

FOR

1

K = 7 AND N =

BOUNDED a(0.)

Ao - 0 A.- 1

10

3, =2 i,,= -.1.i

MONOTONE a(X.)

3. -0 3. -1 3. -2
1 .1352 .6316 .8923 1.0241 - 1.0000 - 1.0000
2 .2002 .4045 .5009 1.0372

. 1.0006 - - 1.0000
3 .4022 .5833 .8332 1.0275 - 1.0000 - - 1.0000
4 .0276 6255 1.0057 1..2,4 1.41.6 1.0000 - 1.0000 1.0000
5 -0.1025 .5216 1.0577 1.4184 1.034, 1.0000 0 - 1.0000 1.0000
6 -0.1134 .3064 .8559 1.4453 1.0404 0 - - 1.0000
7 .2199 .4424 .5663 1.0198 - 1.4060 - - 1.0000
8 -0.3241 .5736 1.0036 1.6206 0 1.0030 1.0000 3 - 1.0000 1.0000
9 -0.0613 .5760 1.0562 1.015 1.0040 1.0004 0 - 1.0000 1.0000
10 .2926 .6562 .6806 .9836 -
11 .1143 .4395 .6256 .9289 - -

-
12 .J505 .4259 .7383 1.0165 1.0000 - - 1.0000
13 .1625 .5947 .7782 1.0292 1.3000 - 1.0000
14 -0.0407 .4267 .6688 1.0353 1.600, 3 - 1.0900
15 -0.3565 .2981 .6663 .8601 0 - -

16 .2394 .7111 .8083 1.0185 1.300u 1.0000
17 .1957 .3771 .8925 1.0372 1.1000 1.0000
18 .0249 .3570 .6860 1.0186 1.0004 - 1.0010
19 .3373 .6708 .8275 1.0366 1.000G - 1.0000
20 .0455 .7622 1.0907 1..411 1.0000 1.0600 1.6000 1.0000
21 -0.1577 .5698 1.1887 1.0031 U 1.0040 1.0000 0 1.4000 1.0000
22 .4074 .3884 .6122 .7599 -
23 -0.0913 .1619 .6759 1.4634 1.0501 u - 1.0000
24 .0490 .5159 .8607 1.0356 1.0600 - 1.0000
25 .1901 .6143 .7237 1.0357 1.4000 - - 1.0000
26 .1904 .5510 .6925 1.0421 1.0600 - - - 1.0000
27 -3.0549 .5188 .9948 1.0256 1 1.0000 0

- - 1.0000
28 -0.0824 .3069 .6767 .7767 G 0 - - -
29 .4862 .7408 .6153 1.0336 1.0004 - - .7408 1.0000
30 .3732 .7511 .7703 1.0353 1.0040 - - - 1.0000
31 .4767 .3243 .5711 1..316 1.0.00 - - - 1.000)
32 -0.0462 .4791 .9471 1.0336 1.0010 0 - - 1.0000
33 .0313 .5501 .8668 .9873 -

-
-

34 .1157 .5153 .7381 1.0325 1.0001 - - 1.0000
35 .1155 .3201 .4574 .9320
36 .1634 .2241 .3335 1.0339 1.6001 - 1.0000
37 -0.0412 .2648 .6654 .3813 0 -
38 -0.0337 .3612 .7740 1.0171 0.0010 0 0.0000
39 .3877 .4346 1.0343 1.0268 1.0000 1.0000 - 1.0000 1.0000
40 -0.0333 .5574 .9927 1.3228 1.3001 0 1.0000
41 -6.5623 .3352 .8057 1.0426 1.1000 J 1.0000
42 .1623 .4776 .6812 1.0375 1.000u 1.0000
43 .0051 .4445 .8099 1.0225 1.0404 - - 1.0000
44 .4658 .4302 .7607 1.0479 10100 - - 1.0000
45 -0.1222 .4782 1.0458 1.0235 1.0036 1.0000 2 1.0030 1.0000
46 .1195 .6900 .9452 1.0127 1.0040 - - 1.0000
47 .5001 .7300 .5850 1.0052 1.0000 - .7300 1.0000
46 .1391 .5957 .3316 1.6351 1.0100 - 1.0000
49 -0.0992 .2427 .7668 1.0510 - 1.000G 0 - 1.0000
50 -0.0884 .4289 .9374 1.0274 0 1.0400 4 - 1.0000
51 -0.1164 .3257 .8817 1.0457 1.0400 0 - 1.0000
52 .0144 .2976 .6317 .9910 -

- -53 -0.1545 .4344 1.0478 1.0239 0 1.0000 1.000 0 1.3000 1.0000
54 -4.0663 .2712 .7279 1.0113 1.0006 1 - 1.0000
55 .1442 .6786 1.0227 1.0121 1.0040 1.2000 1.4000 1.0000
56 -4.0051 .2663 .6357 1..312 1.000G - 1.0000
57 .1423 .6784 .8949 1.4259 - 1.0030 - 1.0000
58 .1686 .4985 .6568 1.4317 - 1.0020 - 1.0000
59 .1178 .8058 1.0450 1.0443 1.0040 1.6400 - 1.0000 1.0000
60 .0545 .3049 .5753 1.0120 1.0000 - 1.0000
61 .3114 .1717 .6944 1.0367 1.1000 .3114 .3114 1.000062 .0314 .6167 .9818 1.0205 1.0010 - - 1.0000
63 .2053 .5996 .7371 1.0418 - 1.0400 - 1.0000
64 .3332 .1551 -0.0120 .8729 0 .3332 .3332 -
65 .5137 .4617 .7433 1.u318 - 1.0100 .5137 - 1.0000
66 ..0.0743 .1636 .6531 1.0691 - 1.0000 0 - - 1.0000
67 .2657 .6114 .6347 1.0393 360000 - 1.000068 -0.1654 .4350 1.0655 1.0233 1.0040 1.0004 0 - 1.0000 1.000069 .3467 .7285 1.0053 1.0125 1.00..0 1.0000 - 1.0000 1.0000
70 -0.1275 .3930 .9705 1.0366 1.0600 0 - - 1.0000
71 .0130 .4795 .8646 .9633 - - - -72 -0.1403 .2939 .8813 1.0347 - 1.0000 0 - 1.0000
73 .0599 .4391 .7393 1.0420 - 1.0004 - - 1.000074 .0623 .2395 .4575 .9431 - - -
75 - 4.4771 .6186 1.1213 1.0062 1.0302 1.3000 0 1.4000 1.0000
76 .3111 .5892 .5558 1.0415 1.0601 .5892 1.000077 -0.0765 .6013 1.0975 1.0093 4 1.6396 0.0000 9 1.0000 1.000078 .3269 .5255 .9513 1.0217 - 1.61000 - 1.0000
79 -0.0461 .4314 .8836 1.4361 1.0100 3 - 1.0000
80 .2734 .9170 .9466 1.0068 1.0001 1.0000
81 .1743 .4893 .8288 1.4171 1.0000 1.0000
82 .2424 .7030 .7529 1.0251 1.0101 - 1.0000
83 .0527 .5263 .8418 1.0334 1.1000 - 1.000084 .4782 .9252 .6259 .6901 .9252 .9252
85 .0080 .5125 .8836 1.0282 1.0000 - - 1.000086 .0007 .6224 1.024. 1.0173 1.0000 1.0001 - 1.0000 1.000087 .0903 .5233 .8346 1.0391 1.0000 - - 1.0000
88 .0235 .4733 .8152 1.0273 - 1.0000 - - 1.000089 -0.1173 .3956 .9565 1.0357 - - 1.0000 0 - 1.0000
90 .2036 .6547 .7276 .9874 -

- - -
91 .0116 .5689 .9424 1.0257 - 1.0000 - - 1.000092 .1190 .4219 .6675 1.0596 - 1.0030 - - 1.0000
93 .6040 .7715 .6982 1.0216 : 1.0010 - .7715 1.000094 .0611 .7330 1.0368 1.0486 1.0004 1.0000 - 1.0000 1.000095 .0582 .6979 1.0212 1.0133 1.4000 1.0000 - 1.0000 1.000096 -0.0353 1.0336 1.1284 .0985 0 1.0004 1.0040 1.0074 1.0000 1.0000
97 .2132 .8179 .9179 1.0153 - 1.0300 - - 1.000098 -0.0277 .3163 .7021 .9679 0' - - 0 - - -99 -0.4452 1.2035 1.7773 -0.1565

0

1.6000 1.0000 0 0 1.0000 1.0000 1.0000
100 -0.0329 .5667 .9922 1.0694 0 - 1.0000 0 - - 1.0000

ZGAd .07055 .50000 .80757 1.00124

Z(1d .08534 .51380 .81385 .98842 .11555 .51142 .79528 .96723 .11555 .51512 .80755 98860
0'-(0d .03198 .03624 .05072 .02487 .00133 .03365 .03645 .01961 .02103 .03168 .02641 .00154
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TABLE A - 14.

RAH

X.= 0

Dl X.>

X.- 1

6( X.)

X.= 2

FOR K

X.= -1-1.

= 7 AND NI = 100

BOUNDED a(4.)
X. =0 X. = I X,- 2 X =

MONOTONE

X.=0

a( X. )

),..1 A.2

1 .0976 .5321 .8446 1.0212 - 1.008C - 1.0000
2 .1074 .5065 .7976 .9982 - - - -
3 .0910 .5119 .7807 .9811 - .... - -

4 .2735 .4231 .7382 1.0099 - 1.0000 - - 1.0000
5 .0620 .4853 .8171 1.0305 - 1.000C - - - 1.00)0
6 .0189 .4561 .8121 1.0179 - 1.0040 -

- - 1.0000
7 .1641 .4336 .6873 1.0185 - 1.0000 - - - 1.0000
8 .0707 .5135 .8436 1.3166 1.3000 - - - 1.0000
9 .1156 .5826 .8291 .9940 - .

10 .J526 .7133 .9884 .9063 - - . .9884
11 .1085 .5330 .8561 .9675 - -
12 .J344 .4210 .9282 1.0298 1.000C - 1.0000
13 .2871 .5248 .8166 1.2082 1.0303 - 1.0000
14 -0.1573 .1559 1.1116 .9931 0 1.3000 - 0 1.2020 1.0000
15 .1127 .5753 .8225 1.0142 1.3000 - 1.0000
16 - 0.2252 .5106 .9453 1.0261 1.0000 0 - 1.0000
17 .1038 .5130 .8033 1.0148 1.1000 - . 1.0000
18 .1073 .5999 .9049 1.0224 1.3000 - . 1.0000
19 .1291 .5431 .7124 .9023 -

' -..

20 .3353 .5043 .8289 .9427 - - .
21 -0.1541 .7095 1.1995 .6878 0 1.1306 0 - 1.0000 1.0000
22 -0.3242 .6194 1.0603 .7676 1.0010 - 0 - 1.0003 1.0000
23 -3.0002 .4463 .8719 1.0218 0 - 1.3030 0 - 1.0003
24 .3515 .2874 .8966 .9932 .

.-

25 .J466 .6746 .9639 .7851 . - .9639
26 .0787 .4629 .7911 1.0112 - 1.0000 - 1.0000
27 .1334 .5436 .8014 1.0246 - 1.0310 1.0000
28 .2244 .4684 .6888 1.0095 - 1.3,30 1.0000
29 .1224 .5417 .8488 1.3134 - 1.2020 1.0000
30 .0925 .5545 .8098 .9953 -

31 .0201 .6162 .9222 .8332 - . - - .9222
32 .2201 .5248 .7572 0.0351 - 1.3000 - 1.0000
33 .1572 .4644 .7047 .9826 - - - -
34 .1455 .5290 .7621 .9608 - ...

35 .0792 .8042 1.0494 .7840 - 1.0330 1.2,00 1.0000
36 .,428 .4051 .812, 1.0181 - 1.3000 - 1.0000
37 -0.0525 .6025 1.0114 .7714 - 1.2220 0 1.2000 1.0000
38 .0598 .3439 .8747 .4758 - - -
39 .3361 .5437 1.0093 1.0158 - 1.0013 1.0000 1.3000 1.0000
40 .0771 .4304 .7092 1.0188 - 1.0600 - 1.0000
41 .0385 .4985 .8979 1.0287 - - 1.0030 - 1.0400
42 .0436 .4910 .8846 .5653 - .8846
43 .1304 .4855 .7294 .9948
44 .1212 .5311 .7711 1.0209 1.2080 - 1.0000
45 .2023 .6388 .9301 .7814 - .9300
46 .2713 .4637 .7591 1.0205 1.2020 - 1.0000
47 -0.7882 .8172 .5282 .9622 6 .8170 -
48 .0697 .5053 .8291 1.0119 1.4630 - 1.0000
49 .0725 .5218 1.0267 1.0216 1.030'0 1.0000 1.0000 1.0000
50 -3.3267 .4353 .8440 .9971 3 .
51 .3252 .4510 .7713 .9722 - -

52 .068) .5362 .5356 .9574 '53 .2368 .5155 .8562 .9897 ' .-

54 .1182 .5262 .7755 .9914 -
55 .3655 .5369 .8363 1.0222 1.24110 - 1.0020
56 .1182 .5190 .7395 101024 1.1020 - 1.0000
57 -0.0771 .5060 .911 .8020 0 - .9109
58 -0.0352 .0608 1.1428 1.0207 0 1.0032 1.2000 0 1.0000 1.0000
59 .3704 .5706 .9115 .9967 ..

-60 .1141 .5506 .8231 1.3244 1.0000 - 1.0000
61 .1507 .6030 .9402 1.2202 1.2000 1.0000
62 .0406 .4923 .8270 1.0201 1.2000 1.0000
63 .3732 .4258 .9081 1.0244 1.2006 1.0000
64 .1080 .5885 .8628 1.0173 1.0000 - 1.0000
65 .0673 .4834 .7715 1.3038 1.0000 1.0000
66 .3207 .5343 .8674 .9034 -67 .1482 .5483 .7905 .9757 -
68 -0.0261 .5369 .9541 .9769 0 - 0 .-

69 -0.0615 .1815 .9639 .9730 - 2
70 .1201 .4172 .6427 1.3115 1.3000 1.0000
71 .1622 .5345 .7152 .9935
72 .2685 .5375 .5599 1.2141 1.000C 1.0000
73 .2824 .5392 .8739 1.0062 1.0301 1.0000
74 .0233 .5168 .8895 1.0122 1.0000 1.0002
75 .1080 .4363 .7284 1.2117 1.0020 1.0000
76 . .0663 .4816 .7542 .9935
77 .0222 .2654 .9922 1.2161 1.0021 1.0000
78 .1336 .4685 .7168 1.0079 1.0020 1.0000
79 .1152 .5683 .8360 1.2035 1.0000 1.0000
80 .0997 .4146 .7427 .9747 -
81 .3337 .4243 .7376 .9847 . - .

82 .0364 .4717 .9698 1.4254 1.2200 1.0000
83 .0845 .4723 .6984 .9251 -
84 .1271 .5318 .7646 1.2069 1.2006 1.0000
85 .1498 .4579 .6997 1.0026 1.0020 tmaa
86 .1694 .5367 .7672 .9867
87 .1645 .5732 .8859 1.0234 1.0001 1.0000
88 .1842 .4926 .7721 1.0185 1.0021 1.000089 .0450 .4963 .9789 .9787 - .9789
90 .0365 .5035 .9105 1.0095 1.0000 1.0000
91 .0607 .4967 .8118 .9839
92 .0277 .4728 .8364 1.0242 1.0000 1.0000
93 -0.0002 .5053 .8480 .9073 C -
94 .0627 .5317 .8183 .3451 - -
95 .0165 .4306 .7601 .9814 - -
96 .0677 .4189 .7333 .9984 - -
97 .0092 .5172 .9116 1.2269 1.0000 1.0000
98 .2315 .5875 .9738 .8201 - .9738
99 .0294 .3584 .7477 .9939 .

100 .0618 .2967 .9224 .9481

-t(X,) .07055 .50000 .80757 1.00124

G (A.) .25905 .49915 .84355 .97438 .07335 .49915 .83744 .96572 .07335 .49415 .83953 .98448

82(X.1 01173 .01163 .11266 .30599 .00288 .11175 .00871 .00462 .00268 .01115 .00818 .00087
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TABLE

J

A - 15.

A,- -

RAW

A.= 0

6(2.)
1. =1

e( 2.)

A.= 2

FOR K

A.= -1i

= 7 AND

BOUNDED

5,=0

N =1110

6(2.)

A, = 1 A. =2

MONOTONE

A. 0

a(A. )

A. =1 5, -2

1 .0853 .5138 .8139 .9884
2 .0535 .4661 .8734 .9921
3 .0571 .5309 .9932, .9314
4 .0785 .5264 .8612 .9395 -

-

5 -0.0265 .5368 .8280 .9704 C
-

0
-

6 .0504 .4773 .8603 .9779 - -

7 .2641 .4811 .8528 .9926 - -
8 .0882 .4766 .7984 1.0233 - 1.0000 - - 1.0000

9 .1031 .4990 .8185 .9955 - -

10 .0367 .4616 .8363 .9529 - -
-

11 .0600 .5298 .8416 .9786 - -

12 .0369 .4443 .7936 .9716 - -

13 .0512 '.5197 .4554 .9544 ^ -

14 .9269 .4191 .8467 .9991 - -

15 .0752 .4799 .7896 1.2020 1.0000 1.0000

16 .0857 .5403 .8536 .9574 - - -

17 .0634 .4936 .8139 .9826 - -

18 .5272 .4969 .8991 .9661 - -

19 .3465 .5453 .8836 .9539 - -

20 .0573 .4607 .8267 .9659 -
- -

21 .2301 .542U .9386 .9235 - ... - .9386
22 .0734 .4580 .8589 1.0016 1.0000 - 1.0000

23 .0567 .5112 .8547 .9494
24 .0853 .4989 .8054 .9808 -

25 .1425 .4446 .8911 .9791 - -
-

26 .3429 .5483 .9108 .9321 - - -

27 .0524 .4859 .8029 .9820
28 .0283 .5360 .9783 .9816 -

29 .0913 .4432 .7939 1.0638 1.0001
11.2000000030 .3765 .5054 .8478 1.0096 - 1.2000 - -

31 .0596 .5063 .8356 .9613 - - -

32 .0663 .5028 .8287 .9751 - -

33 .0662 .4974 .8328 .9951 -

34 .0249 .5058 .9008 .9691 -
35 .0474 .5380 .9035 .9434 - -

36 .0760 .5081 .8213 .9768 -

37 .1652 .5183 .8826 .9595 - - -
38 .9745 1.0476 -0.9101 3.0019 - 0 J 1.0101 .8745 .8745 1.0000
39 .0773 .4998 .7930 .9871 - -

40 .0721 .4842 .7757 .9725 -
41 .0616 .5039 .8503 .9907 -

42 .3606 .4914 .8173 .9939 -

43 .0753 .4903 .8298 .9821
44 .0485 .5487 .9263 .9636 -

45 .3722 .5041 .8746 .9566 -

46 .2643 .4941 .8448 1.0138 1..:,-; 1 - 1.0000
47 .0788 .5362 .8450 .3808 -
48 .J804 .489C .8283 .4973 -

49 .0857 .4882 .8160 .9046
50 .0744 .4777 .8698 .9663
51 .0865 .5172 .8246 .9416
52 .3580 0.2505 .2869 1.7865 - 3 1.5100 .3582 .3560 1.0000
53 .2361 .5038 .8624 .9481
54 .5654 .4793 .8183 .9897
55 .3060 .4736 .8968 .4395 - -

56 .0731 .5355 .8397 .9724 - -

57 .0563 .4936 .8795 1.2281 1.0000 1.0000
58 .1194 .3379 .7324 1.2767 1.0000 1.0000
59 .2691 .5169 .8159 .9764 -

60 .2188 .4931 .8514 .9573
61 .0229 .5035 .8746 .9087
62 .0912 .4747 .7835 .9965 -
63 .0503 .5593 .3849 .9568
64 .0412 .5691 .9102 .9711 - - - -
65 .0817 .5386 .8397 .9566 - - -

66 .0851 .4935 .7770 .9701 - - -

67 .1562 .4996 .6252 .9832 - - - -

68 .0656 .4771 .8243 .9709 - - -

69 -0.2253 .4502 .9232 .9767 0 - - - :

70 .0481 .5164 .8581 .9559 - - . - -
71 .0261 .5293 .9473 .9743 - - - -

72 .0721 .4803 .7999 .9741 - -

73 .0529 .4781 .8049 .9083 -
74 .0502 .4955 .6450 .9670 -
75 .0395 .4727 .8340 .9508 -

76 .0641 .5082 .8258 .9417 -
77 .0333 .4623 .9894 .9704 - -

78 .0293 .5332 .8608 .9421
79 .0736 .5537 .8751 .9334 -
80 .0392 .5104 .8817 .9817 - - -
81 .0453 .4220 .8483 .9952 - -

62 .1725 .2621 .6571 1.3852 1.0001 1.0000
83 .0223 .5351 .9513 .9776 -

84 .0575 .4790 .8647 .9781 - -

85 .0647 .4630 .8002 1.2215 1.0000 1.0000
86 -0.0512 .3464 .8872 .9897 G -
87 .0159 .5261 .9116 .9369 -

88 .0532 .5453 .8858 .9466 - -
89 .0501 .5568 .9021 .9402 - -
90 .0248 .4024 .8669 .9726 -

91 .0642 .4934 .8512 .9854 -
92 .0408 .4677 .8471 .9859 -

93 .0342 .5368 .8839 .9608
94 .0827 .4803 .7401 .9842
95 .0429 .5064 .9041 1.0089 1.2001 1.0000
96 .0734 .4589 .8250 .9689
97 .0437 .5166 .8560 .9638
98 .0557 .5366 .8791 .9746 -
99 .0522 .4670 .8189 .9627 -

100 .0061 .5728 .9420 .9138 .9420

T(A0 .07055 .50000 .80757 1.02124

8)5,) .06669 .47394 .82711 1.00759 .06773 .48492 .83622 .97186 .06773 .49725 .84567 .97229

aix.) .00835 .02909 .03622 .04980 .00823 .00696 .01254 .04047 .00823 .10375 .00466 .00043
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APPENDIX B

Of the 100,000 simulated observations, the 287 values which

were beyond three standard deviations of the mean and their indexes

are reproduced in the following table.



Table B-1. Values of the 100,000 simulated observations which lie beyond three standard deviations
of the mean and their indexes.

X(989) = 4.338 X(11722) = -4.384 X(21264) = -5.117X(1105) = ..4.440 X(12097) = 4.387 X(22217) = 4.288
X(1376) = X(12376) = 5.354 X(22471) = 4.621
X(2034) = 4.939 X(13061) = -4.749 X(23238) = 4.489X(2105) = 4.706 X(13248) = -4.332 X(24152) =
X(2337) = X(13766) = -4.258 X(24226) = -4.604
X(2473) = 4.736 X(13809) = -4.599 X(24618) = 5.054X(3033) = 4.547 X(13923) = -5.703 X(24870) = -4.620X(3475) = 4.748 X(15050) = 4.607 X(24888) = 4.392
X(3652) = 4.669 X(15374) = 4.306 X(25347) = -4.831X(3762) = 4.742 X(15391) = -4.268 X(25543) = 4.786
X(4140) = 4.493 X(15593) = -4.298 X(25671) = 4.403X(4142) = -4.320 X(15597) = 4.450 X(25763) = 4.852X(4409) = 4.462 X(16046) = 4.423 X(26001) = 4.410X(4605) = -5.924 X(16117) = -4.335 X(27497) = -4.333X(4878) = X(16635) = 4.476 X(27526) = -4.624X(5669) = 4.405 X(17553) = -4.887 X(27777) = 5.647X(5721) = 5.061 X(17741) = 4.630 X(27806) =
X(5725) = -4.806 X(18475) = 5.306 X(28321) = 4.251X(6297) = -4.245 X(18841) = 4.287 ((28539) =X(6803) = X(19352) = K(28860) = 5.873X(7639) = X(19596) = X(29501) = -4.808X(8200) = -4.308 X(20136) = -4.324 X(30141) = 4.455X(8855) = -4.502 X(20379) = 4.367 X(30955) = 4.537
X(9338) = 4.407 X(20574) = 4.447 X(31797) = 4.956X(9709) = 4.488 X(20610) = 5.489 X(32169) = 4.717
X(9910) = 4.419 X(20632) = -4.851 X(33902) = 4.960
X(9958) = 4.659 X(20778) = -4.483 X(33982) = -4.725X(10286) = 4.639 X(20961) = 4.477 X(34162) = 4.644X(11009) = 4.364 X(21090) = -4.390 X(34298) = 4.921

X(11187) = 4.436 X(21192) = -4.759 X(34545) = -4.776



Table B-1 continued.

X(34883) = -4.294 X(49055) = ".4.344 X(59036) =X(35001) = 4.719 X(49109) = -4.296 X(59045) = 4.742X(35212) = 4.295 X(49409) = 4.597 X(59423) = 4.376X(36255) = -4.941 X(49948) = -4.655 X(60128) = 4.372X(36286) = 4.404 X(50552) = '14.327 X(60242) = 4.705
X(36358) = X(50872) = 4.715 X(60637) =
X(36421) = 5.075 X(50968) = 4.513 X(60657) = 5.109X(37620) = 8.530 X(51354) = -4.666 X(60956) = 4.436X(37736) = X(51577) = 6.297 X(61060) =
X(37792) = X(51819) = -4.376 X(61558) = -4.285X(37808) = -5.124 . X(51962) = X(62387) = 4.428
X(38667) = 4.369 X(51988) = -4.571 X(62610) = 4.448X(39234) = 4.520 X(52026) = -4.357 X(628E7) = 4.856X(40466) = ..4.954 X(52191) = X(63101) = 4.658
X(42874) = 4.292 X(52786) = 4.687 X(63770) = 4.737X(42950) = X(52948) = 4.787 X(64137) = 4.632X(43063) = 4.891 X(53166) = 4.593 X(64173) = 4.390X(43941) = 5.749 X(53723) = X(64794) = ."4.396X(44377) = -4.594 X(54304) = 4.944 X(65143) = 4.529X(44413) = 4.522 X(54388) = X(65243) = 4.295X(44528) = -4.243 X(54542) = 4.389 X(66408) = -4.433X(44683) = 4.340 X(55099) = 4.459 X(67190) =X(44777) = X(55646) = 4.593 X(67655) = 5.064X(44904) = 4.518 X(56111) = X(67866) = 4.779X(44916) = X(56309) = 4.461 X(68075) = 4.565X(45348) = X(56730) = 4.279 X(68184) = 4.483X(45464) = 4.293 X(56941) = 5.810 X(68275) = -5.261
X(46140) = 4.365 X(57312) = 6.111 X(68890) = -5.702X(46214)= 4.332 X(57423) = 4.477 X(69150) = 4.320
X(47362) = X(57731) = 4.831 X(69398) = 4.450X(48061) = 4.348 X(57976) = -4.410 X(69407) = -4.336X(48073) = "4.368 X(58722) = 4.298 X(69430) = 4.311X(48130) = X(58899) = 4.347 X(69664) = 4.543



Table B-1 continued.

X(70108) = 4.447 X(81192) = -4.556 X(90409) = -4.302
X(70451) = -4.823 X(81771) = 4.275 X(90750) = -4.261
X(70783) = 5.728 X(81816) = 5.037 X(91190) = 4.370
X(71015) = 4.700 X(81872) = 4.413 X(91896) = -5.475
X(71233) = 4.294 X(81944) = 4.435 X(92163) = 4.526
X(72132) = 4.430 X(82462) = 4.547 X(92424) = 4.446
Y(73311) = 4.258 X(82509) = 5.781 X(92984) = 4.820
X(73415) = 4.256 X(82619) = 5.206 X(93249) = -4.543
X(73576) = -4.865 X(82720) = -4.395 X(93771) = 4.303
X(74007) = 4.414 X(83248) = 4.597 X(93788) = 4.463
X(74177) = 4.464 X(83702) = -4.700 X(94214) = 5.740
X(74274) = 4.465 X(83843) = -4.500 X(94639) = 4.513
X(74322) = -4.562 X(84304) = 4.393 X(95018) = 4.434
X(75095) = 4.300 X(85296) = -5.360 X(95028) = 4.621
X(75192) = 4.736 X(85356) = -4.829 X(95491) = 4.402
X(75218) = -4.293 X(85722) = -5.661 X(95516) = 4.367
X(755321 = 4.634 X(85849) = 5.496 X(95587) = -4.416
X(76449) = -4.394 X(86745) = -5.408 X(95939) = -4.747
X(76632) = 4.277 X(86945) = 4.651 X(96036) = 4.286
X(76667) = 4.378 X(86986) = -4.262 X(96454) = 4.645
X(76701) = 5.165 X(87000) = 4.945 X(97027) = 4.715
X(76824) = -4.356 X(87883) = 4.520 X(97337) = -4.321
X(77713) = 4.511 X(87997) = 5.494 X(97469) = 4.343
X(77934) = 4.756 X(88020) = 4.574 X(98177) = -4.271
X(78124) = 5.058 X(88180) = 4.246 X(98436) = -4.428
X(78208) = 4.823 X(88695) = 4.922 X(98894) = 4.251
X(79387) = 4.403 X(89020) = -5.194 X(99092) = 5.597
X(79562) = -4.259 X(89263) = 4.468 X(99119) = 4.327
X(79743) = 4.382 X(89633) = 4.464 X(99309) = 4.271
X(80529) = -5.109 X(89973) = 5.'466 X(99474) = 4.790
X(83853) = -5.060 X(90047) = 4434 X(99726) = 4.651
X(81042) = 6.157 Y(90179) = 4.554


